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PREFACE TO THE SIXTH EDITION.

THE first edition of the present work, entitled “Notes to
Mechanical Laboratory Practice,” was published in 18go; a
second edition was published in 1891, and soon exhausted by an
unexpected demand from engineering schools and the profession.
The two early editions were prepared especially for the use of
students in the Laboratory of Experimental Engineering, Sibley
College, Cornell University, for the purpose of facilitating in-
vestigation of engineering subjects, and of providing a systematic
course of instruction in experimental work.

The book was rewritten and much enlarged in 1892, and the
title changed to Experimental Engineering. Four revised editions,
containing a total of nearly ten thousand volumes, have been
published since that time, in which various errors in the previous
editions have been eliminated and additions made as required
by the advance in the engineering art. The present, or sixth,
edition is a complete revision of the entire book, with a new
index and more than 100 pages of additional matter, including
chapters on the testing of the Steam-turbine, the Air-compressor,
and thce Refrigerating-machine. It also contains much new
matter relating to the testing of the Gas-engine.

Respecting the field of the book, attention is called to the
well-known and universally acknowledged fact that nearly all
the recent progress in the engineering art is due to experimental
investigation and research. Without such research the coefficients
which are employed in making practical application of theoretical

« laws would not have been known, and engineering constructions
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and machines which are now designed with confidence to pro-
duce definite results, in advance of actual trial, would not have
been possible. Experimental rescarch and test are also valuable
in.discriminating between correct and false theories, since it is
true that any reliable theory will be verified by experiment, whereas
no theory can be correct which does not accord with experimental
results.

On the other hand, experimental results may lead to erroneous
conclusions if the fundamental rational theory which applies is
unknown, and it is for this reason important to understand the
fundamental theory, if any exist, in advance of the experimental
work. The fact should be noted and appreciated that without
theory all engineering knowledge would be reduced to a mere
inventory of the results of observations. It is attempted in the
work on Experimental Engineering .to point out the relation
between the fundamental theory and the experimental results
where such a theory exists, and for other cases to point out general
methods of drawing conclusions from the observations and data
obtained in performing the experiments.

The principal object of the present edition is to supply a text-
book for laboratory use, but it is also believed that the volume will
not be without value as a reference-book to the consulting and
practising engineer, since it contains in a single volume the prin-
cipal standard methods which have been from time to time adopted
by various engineering societies for the testing of materials, engines,
and machinery, and an extensive series of tables useful in com-
puting results. It also contains a description of the apparatus
required in testing, directions for taking data and deducing results
in engineering experiments, as applied in nearly every branch of
the art.

The book is, however, intended chiefly for use in engineering
laboratories, and presents information which the experience of
the author has shown to be necessary to carry out experiments
intclligently and without great loss of time on the part of students.
For this purpose it gives a brief statement of the theoretical prin-
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ciples involved in connection with each experiment, with references
to complete demonstrations, short descriptions of the various
classes of engineering apparatus or machinery, a full statement
of methods of testing and of preparing reports. For a few cases
where references cannot readily be given, demonstrations of the
fundamental principles are given in full.

An attempt has been made, by dividing the book into several
chapters of moderate length, by making the paragraphs short,
and by placing the paragraph-numbers at the top of the page,
to make references to the book easy to those who care to consult
it. References which will, it is believed, be found ample for all
purposes of the student or enginecer are given, where needed, to
more complete treatises on the various subjects discussed.

The importance of an engineering laboratory is now so fully
recognized in colleges of engineering that it is hardly necessary
to refer to the advantages which it confers. If devoted to educa-
tional purposes, it should afford students the opportunity of
obtaining practical knowledge of the application and limitation
of theoretical principles by personal investigation, under such
direction as will insure systematic methods of observation, accurate
use of apparatus, and the proper methods of drawing conclu-
sions and of making reports. If of an advanced character, it
should also provide facilities for systematic research by skilled
observers, for the purpose, among other things, of discovering
laws or coefficients of value to the engineering profession.

This work deals principally with the educational methods,
the use of apparatus, and the preparation required for making
a skilled observer.

In an engineering laboratory for the education of students,
a systematic schedule of experiments parallel to the course of
instruction in theoretical principles is recommended. While such
a laboratory course cannot be laid down here as applicable to all
courses of instruction in engineering, the following schedule of
studies is presented for consideration as one which has been
successfully adopted in the instruction of large classes in Sibley
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College. The order of the experiments was largely determined
by the previous training of the men, and by the attempt to
make a limited amount of apparatus do maximum duty. The
schedule is presented more as an illustration of one that has
been practically tested, and for which the work on Experimental
Engineering is adapted, than as a model for other institutions
to follow.

COURSE OF EXPERIMENTS,
SIBLEY COLLEGE ENGINEERING LABORATORY.

Junior YEAR.
First Term.

Strength of Materigls—Tensile and Transverse; Calibration—Indicator-
springs and Steam-gauges; Weirs and Water-meters; Mercurial Thermom-
eters; Pyrometers; Transmission-dynamometers; Slide-rule; Calculating-
machines; Planimeters; Calorimeter and Indicator-practice.

Second Term.

Strength of Materials—Compression and Torsion; Lubricants—Viscosity;
Flash-test; Coefficient of Friction; Steam-engine—Valve-setting; Flue-gas
Analysis; Temperature—Pyrometers, Air-thermometers; Calibration—Indi-
cator-springs; Efficiency-tests—Steam-boiler; Steam-pump; Steam-engine;
Hydraulic Ram.

SENIOR YEAR.
First Term.

Strength of Materials—Brick; Stone; Cement; Efficiency-tests—Hot-air
Engine (2 tests); Gas-engine (3 tests); Injector; Centrifugal Pump; Hydrau-
lic Motor; Beliing; Steam Boiler; Compound Engine; Oil-engine (2 tests);
DeLaval Steam Turbine; Parsons Steam Turbine.

Second Term.

Strength of Malerials — Springs; Tension test on Emery-machine;
Efficiency-tests—Air-compressor; Triple-expansion Engine; University Elec-
tric-lighting Plant; Doble Water-wheel; Pelton Wheel; Refrigeration; Com-

pound and Triple-expansion Engine by Hirn’s Method; Special Research;
Thesis Work.

The work required of each student per week is substantially
as follows: one laboratory exercise three hours in length, one
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recitation one hour in length, and the computation of the data
and the preparation of a report, including data, results, and all
necessary curves. The report is required to be full and com-
plete, and is expected to train the young man in methods of writing
English and of reporting in his own language what he has learned
respecting the subject under investigation in the laboratory and
in the references, as well as to teach him methods of observing
and recording the data and of computing the results of the test.
For the purpose of performing the experiments the students are
divided into groups of three, and the experiments are usually
arranged as to require three observers or multiples thereof. The
computation of results is made by all the members of the group,
but each man is required to write an individual report of the test.
The credit given is the same as for a recitation course requiring
three hours per week. The student’s work is performed under
the personal direction of a competent instructor, who has charge
usually of twelve to fourteen men, who gives such detailed instruc-
tion as is required, and reads, corrects, and grades all reports.
The student is required, whenever practicable or possible, to
operate his own machine or apparatus during the test, in order
to obtain practical skill in the handling and operation of appara-
tus, machines, and prime movers, which is believed to meet an
important requirement of an engineering laboratory. He is not
expected to do the shop work required for construction of the
apparatus, or that required for the preparation of the experi-
ment, as the time at his command is not sufficient for such work;
and besides, instruction in shop work is given in a different
department in Sibley College.

The full list of subjects treated in the book is given in the
table of contents which immediately follows the preface. Some
of the more important divisions of the work are as follows*

Experimental Methods of Investigation.

Reduction of Experimental Data Analytically and Graphically.

Apparatus for Reduction of Experimentai Data, including use of Slide-rule,
Planimeter, etc.
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Strength or Materials, including Genzral Formule, Description of Testing
machines, and Methods of Testing.

Cement-testing Machines and Methods of Testing.

Machines and Methods for Testing Lubricants and Friction.

Dynamometers and Machines for the Measurement of Power.

Hydraulics, Hydraulic Machinery, and Methods of Testing.

Measurement of Pressure and Tempezrature.

Measurement of Moisture in Steam by Calorimeters.

Fuel-calorimeters and Flue-gas Analysis.

The Stzam-engine and Methods of Testing.

The Steam-boiler and Methods of Testing.

The Steam-turbine and Methods of Testing.

Gas and Hot-air Engines and Methods of Testing.

The Injector and Methods of Tcsting.

Methods of Testing Locomotives.

Methods of Testing Pumping-engines.

Air-compressors and Methods of Testing.

Refrigerating-machines and Methods of Testing.

The author has been assisted in the preparation of the various
editions of the book by his colleagues and assistants in Sibley
College, and is indebted to them for many suggestions and a
great deal of valuable information. Ample credit is given authori-
ties from whom information has been obtained in the body of the
book in connection with the matter under discussion. In the
early editions of the work the writer was under special obligation
to the late Dr. R. H. Thurston and to Professor C. W. Scribner;
for the later editions to Assistant Professqr H. Diederichs, and
C. Hirshfeldt, and to Mr. R. L. Shipman, Mr. W. M. Sawdon,
and Mr. G. B. Upton.
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INTRODUCTION.

1. Objects of Engineering Experiments.—The object of
experimental work in an engineering course of study may be
stated under the following heads: firstly, to afford a practical
illustration of the principles advanced in the class-room ; sec.
ondly, to become familiar with the methods of testing; thirdly,
to ascertain the constants and coefficients needed in engineer.
ing practice; fourthly, to obtain experience in the use of vari.
ous types of engines and machines, fifthly, to ascertain the
efficiency of these various engines or machines; sixthly, to de-
duce general laws of action of mechanical forces or resistances,
from the effects or results as shown in the various tests made.
The especial object for which the experiment is performed
should be clearly perceived in the outset, and such a method
of testing should be adopted as will give the required informa-.
tion.

This experimental work differs from that in the physical
laboratory in its subject-matter and in its application, but the
methods of investigation are to a great extent similar. 1ln per.
forming engineering experiments one will be occupied princi-
pally in finding coefficients relating to strength of materials or
efficiency of machines; these, from the very nature of the ma.
terial investigated, cannot have a constant value which will be
exactly repeated in each experiment, even provided no error
be made. The object will then be to find average values of

these coefficients, to obtain the variation in each specific test
1
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from these average values, and, if possible, to find the law and
cause of such variation.

The results are usually a series of single observations on a
variable quantity, and not a series of observations on a con-
stant quantity; so that the method of finding the probable
error, by the method of least squares, is not often applicable.
This method of reducing and correcting observations is, hows
ever, of such value when it is applicable, that it should be
familiar to engineers, and should be applied whenever practi.
cable. The fact that single observations are all that often can
be secured renders it necessary in this work to take more than
ordinary precautions that such observations be made correctly
and with accurate instruments.

2. Relation of Theory to Experiment.—It will be found
in general better to understand the theoretical laws, as given
in text-books, relating to the material or machine under inves.
tigation, before the test is commenced ; but in many cases this
is not possible, and the experiment must precede a study of the
theory.

It requires much skill and experience in order to deduce
general laws from special investigations, and there is always
reason to doubt the validity of conclusions obtained from such
investigations if any circumstances are contradictory, or if any
cases remain unexamined.

On the other hand, theoretical deductions or laws must be
rejected as erroneous if they indicate results which are con.
tradictory to those obtained by experiments subject to condi-
tions applicable in both cases.

3. The Method of Investigation is to be considered as
consisting of three steps: firstly, to standardize or calibrate the
apparatus or instruments used in the test; secondly, to make
the test in such a way as to obtain the desired information;
thirdly, to write a report of the test, which is to include a full
description of the methods of calibration and of the results,
which in many cases should be expressed graphically.

The methods of standardizing or calibrating will in gen-
eral consist of a comparison with standard apparatus, under
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conditions as nearly as possible the same as those in actual prac-
tice. These methods later will be given in detail. The manner
of performing the test will depend entirely on the experiment.

The report should be written in books or on paper of a pre-
scribed form, and should describe clearly: (1) Object of the
experiment; (2) Deduction of formulz and method of perform-
ing the experiment; (3) Description of apparatus used, with
methods of calibrating; (4) Log of results, which must include
all the figures taken in the various observations of the calibra-
tion as well as in the experiment. These results should be
arranged, whenever possible, in tabular form; (5) Results of
the experiment; these should be expressed numerically and
graphically, as explained later; (6) Conclusions deduced from
the experiment, and comparison of the results with those given
by theory or other experiments.

4. Classification of Experiments.—The method of per-
forming an experiment must depend largely on the special object
of the test, which should in every case be clearly comprehended.
The following subjects are considered in this treatise, under
various heads: (1) The calibration of apparatus; (2) Tests of
the strength of materials; (3) Measurements of liquids and
gases; (4) Tests of friction and lubrication; (5) Efficiency-
tests, which relate to (e¢) belting and machinery of transmission,
(b) water-wheels, pumps, and hydraulic motors, (¢) hot-air and
gas engines, (d) air-compressors and compressed-air machinery,
(¢) steam-engines, boilers, injectors, and direct-acting pumps.

s. Efficiency-tests.—Tests may be made for various ob-
jects, the most important being probably that of determining the
efficiency, capacity, or strength.

The efficiency of a machine is the ratio of the useful work
dclivered by the machine to the whole work supplied or to the
whole energy received. The limit to the cfficiency of a machine
is unity, which denotes the efficiency of a perfect machine.

The whole work performed in driving a machine is evidently
equal to the useful work, plus the work lost in friction, dissi-
pated in heat, etc. The lost work of a machine often consists
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of a constant part, and in addition a part bearing some definite
proportion to the useful work; in some cases all the lost work
is constant.

Efficiency-tests are made to determine the ratio of useful
work performed to total energy received, and require the deter-
mination of, first, the work or energy received by the machine;
second, the useful work delivered by the machine. The friction
and other lost work is the difference between the total energy
supplied and the useful work delivered. In case the efficiency
of the various parts of the machine is computed separately, the
efficiency of the whole machine is equal to the product of the
efficiencies of the various component parts which transmit energy
from the driving-point to the working-point.

The work done or energy transmitted is usually expressed
in foot-pounds per minute of time, or in horse-power, which is
equivalent to 33,000 foot-pounds per minute, or 550 foot-pounds
per second of time.
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REDUCTION OF EXPERIMENTAL DATA. .

METHOD OF LEAST SQUARES—NUMERICAL CALCULATION S—
GRAPHICAL REPRESENTATION OF EXPERIMENTS.

CHAPTER 1.
APPLICATION OF THE METHOD OF LEAST SQUARES.

IN the following articles the application of this method to
reducing observations and producing equations from experi-
mental data is quite fully set forth. The theory of the
Method of Least Squares is not given, but it can be fully
studied in the work by Chauvenet published by Lippincott &
Co., or in the work by Merriman published by John Wiley &
Sons.

6. Classification of Errors.—The errors to which all ob-
servations are subject are of two classes: systematic and acci-
dental.

Systematic errors are those which affect the same quanti-
ties in the same way, and may be further classified as énstru-
mental and personal. The instrumental errors are due to
imperfection of the instruments employed, and are detected by
comparison with standard instruments or by special methods
of calibration. Personal errors are due to a peculiar habit of
the observer tending to make his readings preponderate in

a certain direction, and are to be ascertained by comparison of
5
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observations: first, with those taken automatically; second,
with those taken by a large number of observers equally skilled ;
third, with those taken by an observer whose personal error is
known. Systematic errors should be investigated first of all,
and their effects eliminated.

Accidental errors are those whose presence cannot be fore-
seen nor prevented; they may be due to a multiplicity of causes,
but it is found, if the number of observations be sufficiently
great, that their occurrence can be predicted by the law of
probability, and the probable value of these errors can be com-
puted by the METHOD OF LEAST SQUARES.

Before making application of the “ Method of Least
Squares,” determine the value of the systematic errors, elimi-
nate them, and apply the method of least squares to the de-
termination of accidental errors.

7. Probability of Errors.—The following propositions are
regarded as axioms, and are the fundamental theorems on
which the Method of Least Squares is based :

1st. Small errors will be more frequent than large ones.

2d. Errors of excess and deficiency (that is, results greater
or less than the true value) are equally probable and will be
equally numerous.

3d. Large errors, beyond a certain magnitude, do not occur.
That is, the probability of a very large error is zero.

From these it is seen that the probability of an error is a
function of the magnitude of the error. Thus let x represent
any error and y its probability, then

y = flx).

By combination of the principles relating to the probability
of any event Gauss determined that

¥ =ce M,

in which ¢ and % are constants, and ¢ the base of the Napierian
system of logarithms.
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8. Errors of Simple Observations.—It can be shown by
calculation that the most probable value of a series of obser-
vations made on the same quantity is the arithmetical mean, and
if the observations were infinite in number the mean value would
be the true value. The residual is the difference between any
observation and the mean of all the observations. The mean
error of a single observation is the square root of the sum of the
squares of the residuals, divided by one less than the number
of observations. The probable error is 0.6745 time the mean
error. The error of the result is that of a single observation
divided by the square root of their number.

Thus let z represent the number of observations, S the sum
of the squares of the residuals; let ¢, ¢, ¢,, etc., represent the
residual, which is the difference between any observation and
the mean value; let 2 denote the sum of the quantities indi-
cated by the symbol directly following.

Then we shall have

Mean error of a single observation + \/ a1 (2)

Probable error of a single observation + 0.6745\/ p f - 3)

S

Mean error of the result + \/ A= (4)

Probable error of the result + 0.6745 \/

=y

In every case S = 2.

9. Example.—The following example illustrates the method
of correcting observations made on a single quantity:

A great number of measurements have been made to
determine the relation of the British standard yard to the
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meter. The British standard of length is the distance, on a
bar of Bailey's bronze, between two lines drawn on plugs at
the bottom of wells sunk to half the depth of the bar. The
marks are one inch from each end. The measure is standard
at 72° Fah,, and is known as the Imperial Standard Yard.

The meter is the distance between the ends of a bar of
platinum, the bar being at 0° Centigrade, and is known as the
Metre des Archives.

The following are some of these determinations. That
made by Clarke in 1866 is most generally recognized as of
the greatest weight.

COMPARISON OF BRITISH AND FRENCH MEASURES.

Observed |Difference from uare of the
Name of Observer. Date. [length of meter| - the mean. esiduals.

in inches. Residual = e. a3,
Kater..ooiieeeieee voes 1821 39.37079 — 0.001460 | 0.0000021316
Hassler...... ceesese 1832 39.38103 + 8780 | 0.0000770884
Clarke... cooriveneeenne 1866 39.370432 | — 1818 | 0.0000033124
Rogers..... PN B ¢ -1-X1 39.37015 - 2100 | 0.0000044100
ComstocK scoenenannaes 1885 39.36985 — 0.002400 | 0.0000057600
Mean value ..oocevvens 39.372250 0.0000g07024

2¢ = § = 00000907024, 7 =135, n(n— 1) = 20.

Mean error of a single observation = + \/ o 0.00476.
Probable error of single observation = 4 0.00317.

M f ! =t4/ =

Mean error of mean value =% A=) — 0.00213

Probable error of mean value = 4 0.00142.



$§ 11.] APPLICATION OF METHOD OF LEAST SQUARES. 9

That is, considering the observations of equal weight, it
would be an even chance whether the error of a single obser-
vation were greater or less than 0.00317 inch, and the error
of the mean greater or less than 0.00142.

10. Combination of Errors.—When several quantities are
involved it is often necessary to consider how the errors made
upon the different quantities will affect the result.

Since the error is a small quantity with reference to the re-
sult, we can get sufficient accuracy with approximate formula.

Thus let X equal the calculated or observed result, # the
error made in the result; let » equal one of the observed
guantities, and f its error. Then will

ax
F=f(§........(6)

in which %—Y is the partial derivative of the result with respect

to the quantity supposed to vary. In case of two quantities
in which the errors are F, F’, etc., the probable error of the
result

=+ VEFF" v o e ()

II. Asan example, discuss the effect of errorsin counting the
number of revolutions, and in measurement of the mean effec-
tive pressure, acting on the piston, with regard to the power
furnished by a steam-engine. - Denote the number of revolu-
tions by », the mean pressure by p, the length of stroke in feet
by /, and the area of piston in square inches by a; the work
in foot-pounds done on one side of the piston by W. Then

W = plan, F = lanf,
F_dWw _ _ ,
?_7‘0—_1411, F =plaf’.
F'  dw
-};7 =-g'-‘— =pla.
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The error f in the mean pressure is itself a complicated
one, since p is measured from an indicator-diagram and depends
on accuracy of the indicator-springs, accuracy of the indicator-
motion, and the correct measurement of the indicator-diagram.
These errors vary with different conditions. Suppose, however,
the whole error to be that of measurement of the indicator-
diagram. This is usually measured with a polar planimeter, of
which the minimum error of measurement may be taken as
0.02 square inch; with an indicator-diagram three inches in
length this corresponds to an error of 0.0067 of an inch in ordi-
nate. In a similar manner the error in the number of revolu-
tions depends on the method of counting: with a hand-counter
the best results by an expert probably would involve an error
of one tenth of a second; with an attached chronograph the
error would be less, and would probably depend on the accu-
racy with which the results could be read from the chronograph-
diagram. The ordinary errors are fully three times those
given here.

Take as a numerical example, @ = 100 square inches,
! =2 feet, n = 300, p = 50 pounds, f=0.335, f' =o0.5.

F = 20,100, F' = 5,000, W = 3,000,000.

Probable error = + #Z°  F* = 20,712 ft.-lbs., which in this
case is 0.0069 of the work done.

12, Deduction of Empirical Formul®.—Observations are
frequently made to determine general laws which govern
phenomena, and in such cases it is important to determine
what formula will express with least error the relation between
the observed quantities.

These results are empirical so long as they express the re-
lation between the observed quantities only; but in many cases
they are applicable to all phenomena of the same class, in
which case they express engincering or physical laws.

In all these cases it is important that the form of the equa-
tion be known, as will appear from the examples to be given
later. The form of the equation is often known from the
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general physical laws applying to similar cases, or it may be
determined by an inspection of the curve obtained by a
graphical representation of the experiment. A very large class
of phenomena may be represented by the equation

y=A+4+Bx+Cx¥+Dx'+etc.. . . . (8

In case the graphical representation of the curve indicates a
parabolic form, or one in which the curve approaches parallel-
ism with the axis of X, the empirical formula will probably be
of the form .

y=A+ B+ C+ D2t fetc. . . . (9

In case the observations show that, with increasing values of x,
7 passes through repeating cycles, as in the case of a pendulum,
or the backward and forward motion of an engine, the charac-
teristic curve would be a sinuous line with repeated changes
in the direction of curvature from convex to concave. The
equation would be of the form

y=A+ B,sin 3-%004'4- B,cos %;z‘?:x + C,sin 36°°2x

m

+ C,cos 36°°2x+ etc. . « . 10)

m
Still another form which is occasionally used is
y=A-4Bsinmx 4 Csin*mx4etc. . . (11)

13. General Methods.—A method of deducing the em-
pirical formula is illustrated by the following general case:

In a series of observations or experiments let us suppose
that the errors (residuals) committed are denoted by ¢, ¢/, ¢”,
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etc., and suppose that by means of the observations we have
deduced the general equations of conditions as follows:

e =k +ar +by ez
¢ =l +ax +by +c'g
ell P kli +allx +bll‘y + ‘_llz,
e/ll — k/l/ +aIII’+ bl/l.y+clllz,
etc. etc. etc.

Iet it be required to find such values of z, y, 2, etc., that the
values of the residuals ¢, ¢/, ¢, ¢'”, etc., shall be the least pos-
sible, with reference to all the observations.

°*If we square both members of each equation in the above
group and add them together, member to member, we shall
have

e+t 47+ "+ ete. = 2'(a* +a’* + a”* + etc.)
+2z{(ak + a'l' + a"' k'’ + etc.)+ a(by + cz + etc.)
+ a'(6’y + ¢'s 4 etc.) +etc.} 4 £ 4 A" + etc.

This equation may be arranged with reference to x as
follows:

u=e+e"+ "+ etc. = Py’ +20r+ R+ etc.;

in which the various coefficients of the different powers of =
are denoted by the symbols P, Q, R, etc.

Now in order that these various errors may be a minimum,
&+ e*+ ¢’* + etc. = ¥ must be a minimum, in which case
its partial derivative, taken with respect to each variable in
succession, should be separately equal to zero. Hence

or, substituting the values of P and Q,
z(a' + a” 4-etc.) - ak + ak' + etc. + a(by 4 cz +etc)
+a'(b’y + s 4 etc.) +etc. m= 0

Similar equations are to be formed for each variable.
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From the form of these equations we deduce the principle
that in order to find an equation of condition for the minimum
error with respect to one of the unknown quantities, as & for
example, we kave simply to multiply the second member of each
of the equations of condition by the coefficient of the unknown
quantity in that equation, take the sum of the products, and place
the result equal to zero. Proceed in this manner for each of the
unknown quantities, and there will result as many equations as
there are unknown quantities, from which the required values
of the unknown quantities may be found by the ordinary
methods of solving equations.

14. Example.—As an illustration, suppose that we require
the equation of condition which shall express the relation be-
tween the number of revolutions and the pressure expressed
in inches of water, of a pressure-blower delivering air into a
closed pipe. Let m represent the reading of the water-column,
and n the corresponding number of revolutions. Suppose
that the observations give

for m = 24 inches, n = 297 revolutions*
({3 m = 32 “ n —= 340 “

[} m= 33 [{3 n = 355 [{3

[} m= 35 {3 n = 376 [{3

Average values for m = 31 inches, » = 342 revolutions.

Arranging the results in the following form, we have:

Water-column. Revolutions.
Obecrvations. Residuals. Observations. ’ Residuals,
34 -1 297 —45
32 I I 340 - 2
33 2 355 +13
35 +4 376 + 34

Assume that the equation of condition is of the form

A4 Br4Cx'=y.
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To find those values of 4, B, and C which will most
nearly satisfy the equation, as shown in the experiment:
‘Taking the values of x, as the residual or difference between
the mean and any observation in height of water-column, and
the value of y as the corresponding residual in number of
revolutions, we have the following equations of condition:

A — 7B+ 49C = — 45,
A+ B+ C=-— 2
A+42B+4 4C=+13,
A+4B+16C = + 34.

Multiplying each equation by the coefficient of 4 in that
equation, we have

A — 7B+ 49C = — 45,
A4+ B+ C=— 2, Equations of minimum condi.
A+42B4+ 4C=+13, IL  tion of error with respect to A.
A+ 4B+416C = + 34.

44 + 0B+ 70C = o. III. Sum of equations in group II.

Multiplying each equation in group I by the coefficient of
B in that equation, we have

— 744498 —343C= 315

- _ Equations of minimum
2ﬁi 4§i 82; 22 IV. condition of error with
44+ 16B+ 64C= 136 respect to B.

04+ 708 —270C= 475 Sum of equationsin group I'V.

Multiplying each equation in group I by the coefficient of
C in that equation, we have

494 — 3438 + 24010 = — 2205 Equations of minimum

ﬁi 821- 162-:_ Sz V. condition of error with
164 4+ 648+ 256C = 544 respect to C.

704 — 268B 4 2674C = — 1611 Sum of equationsin group V.
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The sums of these various equations of minimum condition are
the same in number as the unknown quantities, and by com.
bining them the various values of 4, B, C, etc., can be deter-
mined. We have, in the following case:

444+ oB+4 70C= o
0A 4 70B — 270C = 475 }Vl.
704 — 268B - 2674C = — 1611

Solving the above,
A = 1508; B = 7.140; C = —o.0919
Substituting in the original equation of condition,
¥ = 1.608 4 7.140x — 0.09192",

To reduce this form to an equation expressing the probable
relation of the number of revolutions to the height of the water.
column, we must substitute for y its value, # — 342; and for »
its value, m — 31. In this case we shall have

8 — 342 = 1.608 + 7.14(m — 31) — 0.0919(m — 31)*;

which reduced gives the following equation as the most proba-
ble value in accordance with the observations:

7 = 34.952 -+ 13.02m — 0.091gm";

which is the empirical equation sought.

15. Rules and Formulz for Approximate Calculation.—
When in a mathematical expression some numbers occur which
are very small with respect to certain other numbers, and which
are therefore reckoned as corrections, they may often be ex
pressed with sufficient accuracy by an approximate formula,
which will largely reduce the labor of computation.
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On the principle that the higher powers of very small quan.
tities may be neglected with reference to the numbers them.
selves, we can form a series by expansion by the binomial
formula, or by division, in which, if we neglect the higher
powers of the smaller quantities, the resulting formula become
much more simple, and are usually of sufficient accuracy.

Thus, for instance, let ¢ equal a very small fraction; then
the expression

(@ + Oy = a™ + ma™- '6-1-m( Py )a"' -16% 4 etc.,

will become a™ - ma™-'d, if the higher powers of d be neglected.
If 6 is equal to %y part of a4, the error which results from
omitting the remaining terms of the series becomes very
small, as in this case the value of 6* = 1ylyyopa.

The following table of approximate formula® presents several
cases which can often be applied with the effect of materially
reducing the work of computation, without any sensible effect
on the accuracy:

(G40 =14m, (@=060"=1—m0; . . . . (12)
(14 96y =1+ 296, (1—¢6) =1—20;. . . . . (13)
Y1406 =149, V1I—d=1—36;. . . . . (19)
(14 6) =1+ 39, (1—8)=1—38;. . . . . (15

Ti? =1-2, nia =146 . . . . . (16

Zl_-f%s?=l—26' (T’-i_67'='+26;' « oo . (12)
1 I

-4/_[_—_'__-6:=1—i6’ —1/—1—-——-=!+%8;. o o o (!8)

(140)1+4e14+8).c.14+64+e+8;. . o o o . (19
G—0)(1—e1—¢...t— —e—=C;. . « ¢« .« . (20
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Q£ £t xdtexl. o o o . . (20)

+ 6
g;i;e)_'%i—g eel O ECFEFN « « o o (22)
‘/P—" -_-'-?_-%"—’; e @ e o o o o o o o o © o o o (23)

sin(x +6)=sinxr4dcosz; . + « ¢« o o o 0 . (24)

cos(xFO)=cosz—08sinz; . . . o o o o o« (29)

é
tan(x+6)=tanx+m=tanz+¢$sec'x; . « (26)

Sin(x—6)=sinx—dcosx; e o o o o o o o o (27)
cos(x —8)=coszx+48sinx. . . . . . . .. . (28)

16. The Rejection of Doubtful Observations.*—It often
happens that in a set of observations there are certain values
which are so much at variance with the majority that the ob-
server rejects them in adjusting the results. This might be
done by application of Rule 3, Article 7, provided the magni-
tude of the errors which could not occur were definitely deter-
mined; but to reject such observations without proper rules is
a dangerous practice, and not to be recommended.

This brings into sight a class of errors which we may term
mistakes, and which are in no sense errors of observation, such
as we have been considering. Mistakes may result from vari-
ous causes, as a misunderstanding of the readings, or from re-
cording the wrong numbers, inverting the numbers, etc.; and
when it is certainly shown that a mistake has occurred, if it
cannot be corrected with certainty, the observations should
be rejected. After making allowance for all constant errors, no
resulls except those whick are unquestionably mistakes should be
rejected.

The remaining discrepancies will then fall under the head

# See Adjustment of Observations, by T. W. Wright. N. Y., D. Vap
Nostrand.
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of irregular or accidental errors, and are to be corrected as ex-
plained in the preceding articles; the effect of a large error is
largely or wholly compensated for by the greater frequency of
the smaller errors.

17. When to Neglect Errors.—Nearly all the observa-
tions taken on any experimental work are combined with
observations of some other quantity in order to obtain the
desired result. Thus, for example, in the test of a steam-
engine, observations of the number of revolutions and of the
mean effective pressure acting on the piston are combined with
the constants giving the length of stroke and area of piston.
The product of these various quantities gives the work done
per unit of time.

All of these quantities are subject to correction, and it is
often important to allow for such correction in the result. Just
how important these corrections may be depends on the degree
" of accuracy which is sought.

As the degree of accuracy increases, the number of influenc-
ing circumstances increases as well as the difficulty of eliminat-
ing them; hence this part of the work is often the most difficult
and sometimes the most important. To what limit these cor-
rections may be carried depends on our knowledge of the laws
which govern the experiments in question, as well as the
accuracy with which the observations may be taken. It is
evidently unnecessary to correct by abstruse and difficult cal-
culation for influences which make less difference than the
least possible unit to be determined by observation, and this
consideration should no doubt determine whether or not correc-
tions should be taken into account or neglected.

Thus, in the case of the test of a steam-engine, we have
errors made in obtaining the engine constants, i.e., length of
stroke and area of piston. These errors may be simply of
measurement, or they may be due to changes in the tempera-
ture of the body measured. The errors of measurement depend
on accuracy of the scale used, care with which the observations
are made, and can be discussed as direct observations on a single
quantity. The errors due to change of temperature can be cal-
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culated if observations showing the temperature are taken, an¢
if the coefficient of expansion is known. A calculation will, in
case of the steam-engine constants referred to above, show that
in general the probable error of observation is many times in
excess of any change due to expansion, and hence the latter
may be neglected. The effect of errors in the other quantities
has already been discussed in Article 11.

It is to be remembered that the method of correction
outlined in the “ Method of Least Squares” applies only to
those accidental and irregular errors which cannot be directly
accounted for by any imperfection in instruments or peculiar
habit of the observer; usually the correction for instrumental
and personal errors is to be made to the observations them-
selves, before computing the probable error.

18. Accuracy of Numerical Calculations.—The results of
all experiments are expressed in figures which show at best
only an approximation to the truth, and this accuracy of ex-
pression is increased by extending the number of decimal figures.
It is, however, evidently true that the mere statement of an ex-
periment, with the results expressed in figures of many decimal
places, does not of necessity indicate accurate or reliable ex-
periments. The accuracy depends not on the number of
decimal places in the result, but on the least errors made in
the observations themselves.

It is generally well to keep to the rule that the result is to
be brought out to one more place than the errors of observa-
tion would indicate as accurate: that is, the last decimal place
should make no pretensions of accuracy; the one preceding
should be pretty nearly accurate. In doubtful cases have one
place too many rather than too few. No mistake, however,
should be made in the numerical calculations; and these, to
insure accuracy, should be carried for one place more than is
to be given in the result, otherwise an error may be made that
will affect the last figure in the result. The extra place is dis.
carded if less than §; but if § or more it is considered as 10, and
the extra place but one increased by 1.

In performing numerical calculations, it will be entirely
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unnecessary to attempt greater accuracy of computation than
-can be carried out by a four-place table of logarithms, except in
cases where the units of measurement are very small and the
numbers correspondingly great. In general, sufficient accuracy
can be secured by the use of the pocket slide-rule, the readings
of which are hardly as accurate as a three-place table of loga-
rithms. The slide-rule will be found of great convenience in
facilitating numerical computations, and its use is earnestly
advised.

19. Methods of representing Experiments Graphically.
—Nearly all experiments are undertaken for the purpose of
ascertaining the relation that one variable condition bears to
another, or to the result. All such experiments can be repre-
sented graphically by using paper divided into squares. The
result of the experiment is represented by a curve, drawn as
follows: Lay off in a horizontal direction, using one or more
squares as a scale, distances corresponding with the record values
of one of the various observations, and in a similar manner,
using any convenient scale, lay off, in a vertical direction from
the points already fixed, distances proportional to the results
obtained. A line connecting these various points often will be
more or less irregular, but will represent by its direction the
relation of the results to any one class or set of observations.
A connecting line may form a smooth curve, but if, as is usually
the case, the line is irregular and broken, a smooth curve should
be drawn in a position representing the average value of the ob-
servations. ‘The points of observation, located on the squared
paper as described, should be distinctly marked by a cross, or a
point surrounded with a circle, triangle, or square; and farther,
all observations of the same class should be denoted by the same
mark; so that the relation of the curve to the observations can
be perceived at any time.

The value of the graphical method over the numerical one
depends largely on the well-known fact that the mind is more
sensitive to form, as perceived by the cye, than to large num-
bers obtained by computation. Indced, when numbers are
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used, the averages of a series of observations are all that can
be considered, and the effect of a gradual change, and the
relation of that change to the result, which is often more im-
portant than any numerical determination, is entirely disre-
garded, and often not perceived.

Every experiment should be expressed graphically, and stu.
dents should become expert in interpreting the various curves
produced. A sample of paper well suited for representing
experiments is bound in the back portion of the present work.

All important tests should also be accompanied by a
graphical log ; in this case time is taken as the abscissa, and the
various observations corresponding to the time are plotted at
convenient heights. The variation of these quantities from a
horizontal line shows in a striking way irregularities which
occur during the test, a horizontal line indicating uniform con-
ditions.

20. Area of the Diagram represents Work done.—
In case the horizontal distances or absciss@ represent space
passed through, and the vertical distances or ordinates represent
the force acting, then will the area included between this curve
and the initial lines, represent the product of the mean force
into the space passed through,—or, in other words, the work
done. The units in which the work will be expressed will
depend on the scales adopted. If the unit of space represent
feet, the unit of force pounds, the results will be in foot-pounds.
The initial lines in each case must be drawn at distances corre-
sponding to the scales adopted, and must represent, respectively,
zero-force and zero-space.

21. Autographic Diagrams.—In various instruments used
in testing, a diagram is drawn automatically, in which the ab-
scissa corresponds to the space passed through, the ordinate
to the force exerted, and the area to the work done. A
familiar illustration is the steam-engine indicator-diagram, in
which horizontal distance corresponds to the stroke of the
piston of the engine, and vertical distance or ordinates to the
pressure acting on the piston at any point. The absolute
amount of the pressures may be determined by reference to the
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atmospheric line. The distance vertically between the lines
drawn on the forward and back strokes of the engine is the
effective pressure acting on the piston at the given position of
its stroke; the mean length of all such lines is the mean
effective pressure utilized in work. The vertical distance from
any point on the atmospheric line to the curve drawn while the
piston is on its forward stroke is the forward pressure, the
corresponding distance to the back-pressure line is the back
pressure, and the areas between these respective curves give
effective or total work per revolution.

An autographic device is put on many testing-machines: in
this case the ordinates of the diagram drawn represent pres-
sure applied to the test specimen, and absciss® represent the
stretch of the specimen. This latter corresponds to the space
passed through by the force, so that the area of the diagram
included between the curve and line of no pressure represents.
the work done,—at least so far as the resistance of the test-
piece is equal to the pull exerted, which is the case within the
elastic limit only.

Various dynamometers construct autographic diagrams, in
which ordinates are proportional to the force exerted and ab-
sciss@ to the space passed through, so that the area is propor-
tional to the work done. The diagram so drawn would repre-
sent the work done equally well were ordinates proportional
to space passed through, and abscissa to the force exerted, but
such diagrams are not often used.

22. Reduction of Diagrams.—In the reduction of auto-
graphic diagrams the process is reversed as compared with the
construction of the diagram. The important data required are,
first, the position of initial lines of force and of space ; second,
the respective scales of force and of space. In computing the
work, it is usually customary to find the mean pressure from
the diagram, and multiply this result by the space through
which the body actually moves, instead of multiplying by the
length of the diagram.

To find the length of the mean ordinate, from which the
mean pressure is easily obtained, vertical lines are drawn so
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close together that the portion of the curve included between
them is sensibly straight; the sum of these lines, which may
be expeditiously taken by transferring them successively to a
strip of paper and measuring the total length, is found; and
this result divided by the number gives the length of the mean
ordinate. This length multiplied by the scale gives the pres-
sure. An integrating instrument, the planimeter, is more
‘requently used for this purpose, and gives more accurate
results. The theory of the instrument and method of using is
of great importance to engineers, and is given in full in the
following chapter.

Logarithmic Cross-section Paper is very convenient for
the reduction of certain forms of curves to algebraic or
analytic equations. The rulings of this paper are made at
distances proportional to the logarithms of the numbers which
represent the ordinates and absciss®. Any curve which may
be represented by a simple logarithmic or exponential equa-
tion would be represented on paper ruled in this way by a
straight line. Thus, an equation of the general form y =
Br® can be reduced so that log y = log B + # log x, which
is the equation of a straight line in logarithmic units. In
this equation 7 is the tangent of the angle which the line
makes with the axis of absciss®, and B is the intercept on this
axis from the origin. Paper ruled in this manner can be ob-
tained from most dealers in technical supplies. In case it
cannot be obtained, ordinary cross-section paper, as shown in
the Appendix to this book, may be used by numbering the
graduations on the axes of absciss® and ordinates as propor-
tional to the logarithms of the distances from the origin.



CHAPTER 1L

APPARATUS FOR REDUCTION OF EXPERIMENTAL DATA
AND FOR ACCURATE MEASUREMENT.

23.The Slide-rule.—The slide-rule is made in several forms,
but it consists in every case of a sliding scale, in which the
distance between the divisions, instead of corresponding to the
numbers marked cn the scale, corresponds to the logarithms of
these numbers. This scale can be made to slide past another
logarithmic scale, so that by placing them in proper positions
there may be shown the sum or difference of these scales, and
the number corresponding. As these scales are logarithmic, the
number corresponding to the sum is the product, that corre-
sponding to the difference is the quotient. Operations involv-
ing involution and evolution can also be performed. Scales
showing the logarithmic functions of angles are also usually
supplied.

F16. 1.—THE SLIDE-RULE.

The usual form of the slide-rule is shown in Fig. 1. This
form carries four logarithmic scales, one on either edge of the
slide, and one above and one below. Either scale can be used;
that above is generally to one half the scale of the lower, and
while not quite as accurate, is more convenient than the one
below. The trigonometrical scales are on the back of the slide.

24
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The principal use to the computer is the solution of problems
in multiplication and division.

The following directions for use of the plain slide-rule,
which is ordinarily employed, give a simple practical method
of multiplying or dividing by the slide-rule, experience
having shown that when these processes are fully understood
the others are mastered without instruction.

Suppose that a student has a slide-rule of the straight kind,
and similar to the one in Fig. 1, which consists of a stationary
scale, a sliding-scale, and a sliding pointer or runner. These
parts we will term, respectively, the * scale,” the slide, and the
runner.

24. Directions for using the Slide-rule.—Holding the
rule so that the figures are right side up, four graduated edges
will be seen, of which only the upper two are used in the
problem we are about to describe. (The method of using the
two lower scales would be exactly the same, the difference
being, that they are twice as long, and that the slide is above
instead of below the scale.)

Move the slide to such a position that the graduations
agree throughout the length of the scale, and place the runner
at a division marked 1, and the rule is ready for use. Arrange
the factors to be dealt with in the form of a fraction, with one
more factor in numerator than in denominator, units being in-
troduced if necessary to make up deficiencies in the factors.

Thus, to multiply 6 by 7 by 3 and divide by 8 times 2,
arrange the factors as follows :

6X7X%X3
8X2

The factors in the numerator show the successive positions
which the runner must take; those in the denominator the
positions of the slide. Thus, to solve above example, start (1)
with runner at 6 on the scale, always reading from same side of
runner; (2) bring figure 8 on slide to runner; (3) move runner
to 7 on slide: the result can now be read on the scale; (4)
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bring 2 on slide to runner; (5) move runner to 3 on slide. The
result is read directly on the scale at position of runner.
Another example : Multiply 11 by 6 by 7 by 8, and divide

by 31.
In this case arrange the factors

ITX6X7X8
IX 1 X301

‘Start with runner at 11 on scale, move I on slide to runner,
move runner to 6 on slide, move I on slide to runner, runner
, to 7 on slide, move 31 on slide to runner, runner to 8 on slide:
read result on scale at runner.

The numbers on the slide-rule are to be considered signifi-
cant figures, and to be used without regard to the decima]
point. Thus the number on the rule for 8 is to be used as .8
-or 80 or 800, as may be desired, even in the same problem.
The significant figures in the result are readily determined by
a rough computation. In case the slide projects so much
beyond the scale, that the runner cannot be set at the required
figure on the slide, bring the runner to 1 on the slide, then
move the slide its full length, until the other 1 comes under
the runner. Then proceed according to directions above; i.e.,
move runner to number on slide, and read results on the scale:

6><25><3.5><7><7><31_?
X426 XQ9I4 X 1 X1

Begin with the first factor in the numerator, and multiply
and divide alternately,—

X6, +m X25 =426, X3.5 =914, etc,—

until all the factors have been used, checking them off as they
.are used, to guard against skipping any or using one twice.
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To multiply, move the runner; to divide, move the slide: in
either case see that the runner points to a graduation on the
slide corresponding to the factor. The result at the end or at
any stage of the process is given by the runner on the station-
ary scale. Or, to be more exact, the significant figures of the
result are given, for in no case does the slide-rule show where
to place the decimal point. If the decimal point cannot be
located by inspection of the factors, make a rough cancel-
lation.

Involution and evolution are readily mastered by
simple practice. Slide-rules working on the same prin-
ciple are frequently made with circular or cylindrical scales,
which in the Thacher and Fuller instruments are of great
length.

Thacher’s calculating instrument consists of a cylinder 4
inches in diameter and 18 inches long, working within a frame-
work of triangular bars. Both the cylinders and bars are grad-

Ci

P16. 2.—THACHER'S CALCULATING INSTRUMENT.

uated with a double set of logarithmic scales, and results in
multiplication or division can be obtained from one setting of
the instrument, hence it is especially convenient when a series
of numbers are to be multiplied by a common factor. The
scales in this instrument are about 50 feet in length, and results
can be read usually to five places.

The instrument is similar to the straight slide-rule previously
described, the scale on the triangular bars corresponding to the
stationary scale, that on the cylinder to the sliding scale, and a
triangular index 7 to the sliding pointer or runner. The method
of using is essentially similar to that of the plain slide-rule;
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thus, to solve an example of the form a/4, put the runner / on
the triangular scale at the number corresponding to 4, bring
the number corresponding to & on the cylindrical scale to
register with @ on the triangular scale ; the respective numbers
on the trianglar scale and cylinder will in this position all be in
the ratio of @ to 4, and the quotient will be read by noting that
number on the triangular scale which registers with 1 on the
cylindrical scale. The product of this quotient by any other
number will be obtained by reading the number on the trian-
gular scale registering with the required multiplier'on the cylin.
drical scale.

Fuller's slide-rule consists of a cylinder C which can be
moved up or down and turned around a sleeve which is attached
to the handle /. A single logarithmic scale, 42 feet in length,

Fic. 3.—THe FULLER SLIDE-RULE.

is graduated around the cylinder spirally, and the readings are
obtained by means of two pointers or indices, one of which, A,
is attached to the handle, and the other, B, to an axis which
slides in the sleeve. This instrument is not well adapted for
multiplving or dividing a series of numbers by a constant, since
the cylinder must be moved for every result. The instrument
is, however, very convenient for ordinary mathematical com-
putations, and the results may be read accurately to four deci-
mal places.

The method of using the instrument is as follows: Call the
pointer A, fixed to the handle, the fixed pointcr, the other B5’.
which may be moved independently as the movable tndcx.
To use the instrument, as for example in performing the oper-
ation indicated by (¢ X 4) =+ ¢, set the fixed pointer 4 to the
first number in the numerator, then bring the movable index
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B to the first figure in the denominator; then move the cy-
linder C until the second figure in the numerator appears under
the movable index, finally read the answer on the cylinder C
underneath the fixed pointer 4.

In general, to divide with this instrument move the index
B; to multiply, move the cylinder C'; read results under the
fixed pointer 4. The movable index BB’ has two marks,
one at the middle, the other near the end of the pointer, either
of which may be used for reading, as convenient, their distance
apart corresponding to the entire length of the scale on the
tylinder C.

25. The Vernier.—The vernicr is used to obtain finer sub-
divisions than is possible by directly dividing the main scale,
which in this discussion we will term the /Ziméb.

The vernier is a scale which may be moved with reference
to the main scale or limb, or, ©ice versa, the vernier is fixed
and the limb made to move past it.

The vernier has usually one more subdivision for the same
distance than the limb, but it may have one less. The
theory of the vernier is readily perceived by the following
discussion. Let 4 equal the value of the least subdivision
of the limb; let 7 equal the number of subdivisions of
the vernier which are equal to # — 1 on the limb. Then the

. . L n—1
value of one subdivision on the vernier is d( )
n

The difference in length of one subdivision on the limb and

one on the vernier is
n—1 d
o dr) =
n n

which evidently will equal the least reading of the vernier, and
indicates the distance to be moved to bring the first line of
the vernier to coincide with one on the limb. In case there is
one more subdivision on the limb than on the vernier for the
same distance, the interval betwcen the graduations on the
vernier is greater than on the limb, and the vernier must be
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behind its zero-point with reference to its motion, and hence is
termed retrograde. The formula for this case, using the same
notation as before, gives d(” _: ) —

The following method will enable one to readily read any
vernier: 1. Find the value of the least subdivision of the limb.
2. Find the number of divisions of the vernier which corre-
sponds to a number one less or one greater than that on the
limb: the quotient obtained by dividing the least subdivision
of the limb by this number is the value of the least reading of
the vernier. The following rules for reading should be care-
fully observed:

Firstly. Read the last subdivision of the limb passed over by
the zero of the vernier on the scale of the limb as the reading of
the limb.

Secondly. Look along the vernier until a line is found which
cotncides with some line on the limb. Read the number of this
line from the scale of the vernicr. This number multiplied by
the least reading of the vernier is the reading of the vernier.

Thirdly. The sum of these readings is the one sought.

Thus, in Fig. 5, page 31, (1) the reading of the limb s 4.70
at a; (2) that of the vernier is0.03; (3) the sum is 4.73.

26. The Polar Planimeter.—The planimeter is an instru-
ment for evaluating the areas of irregular figures, and in some
one of its numerous forms is extensively used for finding the
areas of indicator and dynamometer diagrams. ,

The principal instrument now in use for this purpose was
invented by Amsler and exhibited at the Paris Exposition in
1867. - This form is now generally known as Amsler’s Polar
Planimeter; as most of the other instruments are modifications
of this one, it is important that it be thoroughly understood.

The general appearance of the instrument is shown in Fig.
4, from which it is seen that it consists of two simple arms PK
and FK, pivoted together at the point X. The arm PX during
use is free to rotate around the point £, and is held in place by
a weight. The arm K/F carries at one end a tracing-point,
which is passed around the borders of the area to be integrated

= g for the least reading.
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It also carries a wheel, whose axis is in the same vertical plane
with the arm KF, and which may be located indifferently be-
tween K and F, or in KF produced. Itisusually located in K7,
produced as at D. The rim of this wheel is in contact with
the paper, and any motion of the arm, except in the direction
of its axis, will cause it to revolve. A graduated scale with a
vernier denotes the amount of lineal travel of its circumference.
This wheel is termed the record-wheel.

i P —————
- R s
. ‘ Na
¢

Fi1G. 4—AMSLER'S POLAR PLANIMETER.

The detailed construction of the record-wheel, and the ar-
rangement of the counter G, showing the number of revolutions,

6. 5.—THE RECORD-wuBRL., AMsix's Porar PrLaniumTER,

is shown in Fig. 5. The wheel D is subdivided into a given
number of parts, usually 100 ; the value of one of these parts is
to be obtained by dividing the circumference of the rim of the
wheel which is in contact with the paper by the number of
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divisions. This result will give the value of the least division on
the limb; this is subdivided by an attached vernier, in this par-
ticular case to tenths of the reading of the limb, so that the least
reading of the vernier is one thousandth of that of one revolution.

27. Theory of the Instrument. (See Fig. 9.)—The Zero-
circle.—If the two arms be clamped so that the plane of the record-
wheel intersects the centre P, and be revolved around P, the
graduated circle will be continually travelling in the direction of
its axis, and will evidently not revolve. A circle generated under
such a condition around P as a centre is termed the zero-circle.
If the instrument be unclamped and the tracing-point be moved
around an area in the direction of the hands of a watch outside
the zero-circle, the registering wheel will give a positive record;
while if it be moved in the same direction around an area inside
the zero-circle, it will give a negative record. This fact makes it
necessary, in evaluating areas that are very large and have to be
measured by swinging the instrument completely around P as a
centre, to know the area of this zero-circle, which must be added
to the determination given by the instrument, since for such cases
that circumference is the initial point for measurement.

Geometrical and Analytical Demonstration.—If 