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III. Researches in Physical Astronomy. By John William Lubbock, Esq.,

y.if. and lreas. K.o.

Read December 9, 1830.

IN last April I had the honour of presenting to the Society a paper containing

expressions for the variations of the elliptic constants in the theory of the

motions of the planets. The stability of the solar system is established by

means of these expressions, if the planets move in a space absolutely devoid

of any resistance % for it results from their form that however far the ap-

proximation be Carried, the eccentricity, the major axis, and the tangent of

the inclination of the orbit to a fixed plane, contain only periodic inequalities,

each of the three other constants, namely, the longitude of the node, the longi-

* When the body moves in a medium which resists according to any power of the velocity, the

contrary obtains, the major axis and eccentricity acquiring a term which varies with the time, while

the longitude of the perihelion and longitude of the epoch have only periodic inequalities. This

results from the equations given in the former part of this paper, Phil. Trans. Part II. 1830, page 340,
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18 MR. LUBBOCK'S RESEARCHES

tude of the perihelion, and the longitude of the epoch, contains a term which

varies with the time, and hence the line of apsides and the line of nodes revolve

continually in space. The stability of the system may therefore be inferred,

which would not be the case if the eccentricity, the major axis, or the tangent

of the inclination of the orbit to a fixed plane contained a term varying with

the time, however slowly.

The problem of the precession of the equinoxes admits of a similar solution

;

of the six constants which determine the position of the revolving body, and

the axis of instantaneous rotation at any moment, three have only periodic

inequalities, while each of the other three has a term which varies with the

time. From the manner in which these constants enter into the results, the

equilibrium of the system may be inferred to be stable, as in the former case.

Of the constants in the latter problem, the mean angular velocity of rotation
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The major axis decreases perpetually, the eccentricity diminishes perpetually until it reaches zero,

while the perihelion retains the same mean position, and the longitude of the epoch the same mean

value. I stated inadvertently in the former part of this paper, p. 340, that the variations of the

eccentricity are all periodical.
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may be considered analogous to the mean motion of a planet, or its major axis ;

the geographical longitude, and the cosine of the geographical latitude of the

pole of the axis of instantaneous rotation, to the longitude of the perihelion

and the eccentricity; the longitude of the first point of Aries and the obliquity

of the ecliptic, to the longitude of the node and the inclination of the orbit to

a fixed plane; and the longitude of a given line in the body revolving, passing

through its centre of gravity, to the longitude of the epoch. By the stability

of the system I mean that the pole of the axis of rotation has always nearly the

same geographical latitude, and that the angular velocity of rotation, and the

obliquity of the ecliptic vary within small limits, and periodically. These

questions are considered in the paper I now have the honour of submitting to

the Society. It remains to investigate the effect which is produced by the

action of a resisting medium ; in this case the latitude of the pole of the axis

of rotation, the obliquity of the ecliptic, and the angular velocity of rotation

might vary considerably, although slowly, and the climates undergo a con-

siderable change.

The co-efficients of the terms in the development of R, multiplied by the

squares and products of the eccentricities, are susceptible of very great sim-

plification, in consequence of the equations of condition which obtain between

the quantities of which the general symbol is b. I have now given the de-

velopment of i?, as far as the terms depending upon the squares and products

of the eccentricities, in its simplest form. See p. 30.

I have also given methods of obtaining the inequalities of the radius vector,

of longitude, and of latitude in the planetary theory. The expressions in this

paper differ in form from those of Laplace, but their identity may be shown

by means of equations of condition which obtain between some of the quan-

tities involved.

I have taken as a numerical example, the calculation of the co-efficients of

some of the inequalities in the theory of Jupiter, disturbed by Saturn.

On the Precession of the Equinoxes.

Let O be the origin of the co-ordinate axes, coinciding with some point in

the interior of the mass M.

Let x, y, z be the co-ordinates of any element dm parallel to three rectangular

d 2
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axes Ox,Oy,Oz, fixed in space, xp yjy
zp the co-ordinates of the same element

parallel to three other rectangular axes Oxp Oyp O z
t
> fixed in the mass M1

and revolving- with it. Let the line NON'be the intersection of the plane

x
lyl

with the plane x y,

Let the angle NO^ = ^NO^ = <p, and the inclination of the plane x
t y t

upon xy = 6.

Xjzzzx (cos sin
\f/

sin <p + cos \[> cos <pi) + y (cos cos \J/ sin p — sin v[/ cos p) — z sin 9 sin p

^ = x (cos sin
\f/

cos
<f>
-- cos 4> sin cf>) + ^ (cos cos

\J> cos <p -f- sin v^ sin <p) — 2 sin 8 cos p

z
/
= x sin 9 sin \J/ + y sin 8 cos 4> -f 2 cos

Let Xp Yp Z{
be the accelerating forces which act upon the element dm in

the direction of the axes Ox
i9
Oyp O zp

J\y? + V) dm =2 A, C(x* + zf) dm = B, ^f(x? + y^«) d m = C

p d £ = sin p sin d \f>
— cos <p d

g d t = cos p sin d vj/ «f sin d

rd £ = d <p — cos0d$

Cdr + (B -A)pqdt = d tfix, Y- y t
X

t) d m

Bdq + (A — C)rpdt = dtJlz i
X

t
—x

i
Z

t
)d

Adp + (C-B)qrdt = d tj\y
i
Z

i
- x

t
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f
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If the axis of instantaneous rotation coincides with the line O I at any instant

cos I O x, = —j-—JL=——

-
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1 + r*

cos I O y f
=

m

m

Vp3 + ?
2 + rs

cos IOz
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=
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If *, I L be a great circle cutting the plane x
lyi

in L,

cos^QL = cos^^=-^E=
sin IOzj y'pa 4- ^

If the accelerating forces X
9
r,Z= Q and B = A, the integrals of the pre-

ceding equations are

r = n f p = c cos —^1— (b(+v), g = c sin —^— (» * + y)
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and neglecting c2,

= w -f -—-~ sm ( __ n t -f—t— y l

n C \^l A J

4fz=^ ^ — cos ( -~r w £ + ——- y ]nsinw C \A A )

<p~<p +nt< ;
— --cos (-_*u + ——- 7)n sin w C \A A J

n, c, y, &>, ^ , and <p being constants. In the problem of the Precession of the

Equinoxes co is the mean obliquity of the ecliptic, ^o is the longitude of the

first point of Aries when t = reckoned from some fixed line.

Sin I O z, = -
/
-i_- , hence it appears that if a body whose form is that of a

figure of revolution be made to revolve, and be acted upon by no extraneous

force, the axis of instantaneous rotation revolves about the axis of the figure,

the latitude of the former axis remaining constant.

The angle ^OI^s—^— (n t + y)

If the forces X
t
, JTP Zl

arise from the attractions of a distant luminary M',

of which the coordinates referred to the axes O x
k
> Oj/p O z

l9
are #/, y\> %\, the

force varying inversely as the square of the distance.

X
t
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By the properties of the principal axesfxtyfim— 9Jwt
z

t
dm= 0,fyi

%
{
dm= 0,

and by the properties of the centre of gravity J
%

x
l

dm = 0, fyt
dm = 0,

f
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dw = 0, whence
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Bdq + (A~C)rpat^
SMt(*~ C)

z/x<at

Substituting for x], y\, %\ their values from equations, p. 20, upon the sup

position of ^ — 0,

*\MHB — AS r

Cdr + (B-A)pqdt~ ~^ J

|{ (y
f cos 8 - *' sin 9)* - **} sin2<p

+ 2#'(y f cos — a:' sin 8) cos2
<p >

3 M ' (A •— O fBdq+(A- C)rpdt=z ^75
J

< x f

(y
f sin 8 + z 1 cos 0) cos <p

4- (^
f cos 9 — « r

sin 0) (y' sin 6 -f #' cos 0) sin <p >

^dp + (C — #)grd* = ^r—;
J (^cos0-~2 f sin0) (t/'sinfl -f z'cos0) cos<p

— x!

(y
f sin 9 + z ! cos 0') sin <p >

If

r

3i*f

~
j (#' cos — s' sin 0) (y

f sin 8 + * f cos0) j = P

— j *' (y' sin a""+ *' cos 0)1 = P'

Bdq+ (A — C)rpd*=(^~-C)d*{P'cosp~f-Psin?$}

^dp + (C~£)9rd*s(C~£)d*{Pcos<p~P'sinp}

P and P' may be developed according to sines and cosines of angles increasing

proportionally to the time. Let k cos (it + be any term of P, H sin (it + g)

the corresponding term of P',

Bd9 + (-4 — C)rpd * = —™ d* l(k + &') sin (<{> + it -f e) + (A; - #) sin (p - it - 5) j

Jdp-h (C— J5) gr r d i =s g-dM (& + V)cos(p + i* + «) 4- (A: - V) cos (p — it - a) i

The equations which were given p. 21., may still be considered as afford-
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ing a solution of the problem by making the constants n, c, y, u,
%J/ an^

% vary,

dn=0

sin—j— («* + y)dc + c—j-~ cos -^ (w £ + y) d y + ——— nccos—^— (nt + y)dt

A-C
2 A dt <

(
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n sin w xf \ A A /

From the preceding expressions it may be inferred that

n = constant.

jj = series of cosines without any constant quantity, unless the mean mo-



24 MR. LUBBOCK'S RESEARCHES

tion of rotation is commensurate to the mean motion of revolution of the

luminary M1

.

^lz=z series of sines without any constant quantity, except in a similar case.

c being equal to a constant + a series of sines.

57
= a series of sines without any constant quantity.

-™> = a series of cosines + & constant quantity.

^= a series of cosines + a constant quantity.

In the general case where A is not equal to J3, n = constant + series of

cosines.

The form of the preceding expressions is not affected however, for the ap-

proximation may be carried so that except in the case of commensurability

above mentioned^ the mean motion of rotation being also nearly twice the

mean motion of the planet M in its orbit or greater,

n = constant + series of cosines without any constant quantity multi-

plied by the time,

c = constant + series of sines or cosines without any constant quantity

multiplied by the time.

a) = constant + series of cosines without any constant quantity multi-

plied by the time,

y = constant + series of cosines or sines + a constant quantity multi-

plied by the time.

^ = constant + series of sines -j- a constant quantity multiplied by the

time.

<po = constant + series of sines + a constant quantity multiplied by the

time.

The constant quantity multiplied by the time in the value of i// is the pre-

cession of the equinox.

If z f = G, (which amounts to taking for the fixed plane the orbit of the

planet M1

,) and ri be its mean motion, then neglecting the eccentricity,

af-= a cos ri t, y
! = a' sin ri £, rl= a!,

P = _-_ sin w cos w (1 — cos 2 n! t), Pf = -—j- sin u sin

2

n't
2r' 3 2r 3
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Supposing <p = 0, y — 0, c = 0, c being in fact imperceptible to observa

tion, and neglecting cos2^'^ sin 2 a'** in order to find the constant par

of
dt'

i^> = - H£~tyM ! sin w cos w cos4 »'*
d it 2nAat5 A

dt 2nAaf$ A

d*o-HC-A)M, coso) = 3(C-A)
n,»

cosuj
dt 2nCa f* 2nC

This result agrees with that given in the Mec. C61. vol. ii. p. 318, and with

that given by M. Poisson, Memoires de 1'Academie, vol. vii. p. 247. In La-

place's notation & = h, m = ri. In M. Poisson's notation a = 6
3 m = n\

On the Theory of the Motion of the Planets, continuedfrom Part II 1 830?

p. 357.

From the general equations given in the Mec. C6L vol. i. p. 268, the foL

lowing may be inferred.
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A — a* + «/
a
A a A a A
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a2 \ , 2a,

5t _ .0^)^-'-r>
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" (' - $)*

= aF(nt), I ~—
J
= —-—_ .

v y \dr/ dadal^rc*)'
- = Fn t,

da dr

{a2 — 2 a a
k
cos 8 4- a/2}

2 = — {b 1>0 + b
ltl cos 8 + £, 2 cos 2 9 + &e.}

Co *

— (a — a, cos 8)

{a2 — 2 a a, cos 8 -f a/2 }'
I (l^ + ^cos8 + i^cos28 4-&c.l
fli I da da da !

+ ii^icos 8 + lA2cos2 8 * &c.l
da da J

whence

a d. &i,o n

d a

a d.

d a
= —

a d. ^1,2

d a

a d. &1,3

d a

__ a ( a , 1 .,

1
^3,0"*" 2" ^3»2

similarly
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1
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da2 a, I 0,
3 '

1 3,2
J

~dS5-
—
^ l"^7 ' 2 ^ 2^3 >3 /

da 5

«9 d9 .5]4 a (2a, . 3 , 5,1
da2

«i !«/ 2
3 ' 3

2
3,J

J

The value of J? given p. 349 of the former part of tliis paper is susceptibh

of much simplification. The first term of R for instance

m

m

' i - ^" + O^ Ko + 2^5 \
sm*^2 + 2 )

b^

- 27T^ (
2 «4 e2 + 5 aa a,3 (e* + e,«) + 2 a/ e,

2
j 6
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i ) "w

3.2 (a*e* + a*e*) a 3.3 a2 a,2 n
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(a2 + a «)

,
«

63,o
= ^—^5,0- -^^5,1 See p. 26

this term reduces itself to

f &! a a, ( . r e2 -f- e,
2\ ' 3 ca, -, '
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The succeeding terms admit of similar simplifications, so that

-
^fa***'*^} cos(n*-»^+i-a,)

+ "< {~ if
+
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In the general ease, when /^ '2 are ^he inclinations of the orbits of the planets

P and P
i
to any plane, the direction of which is arbitrary,

cos i
t
= cos <! cos

i

2 -f sin ^ sin

!

2 cos (v x
—

y

2)

. n 1, 1 — cos !, cbs.io —.sin*!, sin !
ft
cos (v,— yQ)
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2
-

2

The part of R which is independent of nt, n
t
t

m cos !
x
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.— sin ^ sin !2 cos (j^ — y2)
-~

2 }
4S.i

/3a. (a2 + a?)
E 1

, N
1

""l2^Ao- 2a/3 \i}"i cos (*-«,) I
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*/l + tan2
!

- = 1 — \ tan3 1, sin ! = -
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!
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=
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'
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>\
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6
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"" tea *a cos

y

2)
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!

1
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!
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!
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.
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— e
/ f

V3 S I

f 3 a ,
(a2 -f «,*) ,1 / -a

2a74*.° "" 20/ *s » l

j
ee

'
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and if tan / sin v =p, tan / cos v= £, this quantity

= m
;

-<

/ 3a . a2 -fa 2 1 1

which evidently agrees with the result given by M. de Pontecoulant, Theor*

Anal. vol. i. p. 363. All the other coefficients of terms multiplied by the

squares and products of the eccentricities are susceptible of reductions similar

to those in the two preceding pages, and finally

;

R
a, ^2

a / . 1, e2 + e

cos?2,.
*/ c2 + e;

+

2 2

a (e2 + e,
2
)

a 2 8
(4 63,0 — 4 £3j2) i cos (nt — n, * -f e — *)) [1]
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cos (2 » *- 2 n, * + 2 * - 2 «,)

+ »'.{—Sf
+ 2??

sin2l (*w +M
a (e2 4<?/2

)+ a 2 8 (8 £3>2~ 10 £3j4) I cos (3 n t — 3 n
k
t 4 3 e -r- 3 s

t )

4 m{

4- m{-

y

# (e2 4 e 2
) 1

+._ _L~
(j i j^ s

_ \3b3tb) j cos (4 n t — 4 w,i + 4* — 4 e,)

+ ~ ^±^ (I4.»s,4 — 1-6*3.«)} cos (5 711,-571^ + 5 s -.5.1,)

f 3a 3a 7

(

3T 2a
j

2V3
'° 2

«2
7 « / 1

g — -sr)
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Development

of R.

M

IX!

W

[5]

[6][16J

+ m
' {

"~
a"3

*3»° + 2^ bs
> 1 }

e cos (w * + g ~ ^ [7] [15]

fa a a2 3 a
7 1 r -, r

+ w
/\ ^ 53,i~^A* + [9] [21]

+ m
'

I
~

4ia7**
3 »a ~ 2^ ^3 ' 3 + Ia^^pqS(4^ - 3n, * 4- 4 i - 3 *r, -st) [10] [22]

+ m
*-. {

"" 4tt~As ~ 2^ ^,4 +4"'^ **»* } e C0S *5 n * r- 4 », * 4- 5 * - 4 g, - *r) [l l] [23]

J
3o,

+ m
a 1

2 a,3 " 3 '2 4 fl
8^3,3

|
e cos (n * —2 n, * 4- s — 2 g, 4 &)

/3a,
' 14 a,2

3" 2^
°3>*

~ -£-> K$ ? *t
cos (3 it * — 4 n,* 4 3 s — 4 *, 4 «r)

4flf J

[12] [17]

\4^A« - ^*».s - 4^.4} « cw (2 n * - 3 », f + 2 « - S «, + w) [13] [18_

[14] [19]

+*i{-^s.o + j^-A.} ei«»(M + «,-«i) [15] [7]

* These numbers indicate the arguments which are symmetrical with regard to n£ and n
t
t.
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De
:fr

nt+W'{2^-4 6--4^A4^oS(n< + ,- W/
) [16] [6]

+ m
' {l£ *3 '

'

~~
2lf3
^ ~ Ta^3 ' 3 }

e
'
C0S (2 n * ~ n,t + 2

S

~ S
'
~ W/) C^J C12]

+ m'{j^M-i^hs-~K*} e
'
C0S (3nt - 2n

i
t + 3s - 2s'-^ [18] [13]

V.
J It

+ m
> {t^3 '3~^ Ki ~ 4^*s'*}

e
'
C0S (-4nt - 3n

'
t + 4« -St, - «,) [19] [14]

+ W'{^-2^ 63
-
0- 2¥-363, 1+^A2

}
e

/
cos (« i - 2^ + e - 2£

- + w
/) [20] [8]

+ W'{~4^ 53
' , ~^ 6^ + |^A 3 }«/COs(2ni-3V + 25-3 £/ + W( ) [21] [9]

+ W
-
{ ~4^

63
- 3
~& b3

' 3 + z?*
hi* }

e
'
cos (3 w *

~

4 W/< + 3

£

" 4 £/ + OT/)
C22] M

+ m
< {~^h ' 3~& b3

>4 + 4^A4 e
'
C0S (4nt " 5 "'* + 4£ _ 5£

'
+ ?'> C23] [11]

+ w
' {
" 4P 6s -

'

+
5T» *»•• }

e" cos (2"'' + 2 £
/
- 2 OT> [24] [59]

+ ^{^9 -8^Ao-i^-,*»;.} iico»(»' + »/' + . + .
<
-2«) [25] [58]

+ m,{_|!«
Si0 + |£-5s>I

}«*cos(2n* + 2«-2«r) [26] [57]

+ "'{H.-4^-$^ +18.^}^ (S "'-*'' + S '"''-- 2w> P7] [«3]

+ *"'
{ - i^A'

_
4 $ *»•» + T$*s ' s

}
e" cos (4 w *

" 2 "'* + 4 £ ~ 2 £
'
~ 2 CT)

[28J [641

+ w'.{-^*m- 2^3>3 +
3

!^3 >

4}e2cos(5»*-3V + 5 £ -3 £,-2 OT) [29] [65]

+ w'{~4j 63
-
3_ l$ fe3

'4+7^ 63
' 5

}
e" cos(6 "*~ 4^ + 6£ - 4E'- 2CT) [30] [66]

+-^{-n^ 69
'4
~ 3 §V+T8^}^ C08 ^ w '- 6 "'' +7, --.6,'- 2w) [31] [67]

+ w
' {
~ IB^2 63>a + $^+W^Ki

}
e' cos {n

* ~ 3 W/ ' + £ ~ 3 £
'
+ 2 w> [32] [60]

+ m'.{~"4~ ^A»-+4J 6
».* + l-^

6».»}*' C08 <2 "'- 4M + 2«-4«
< + 2tir). [33] [61]
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+ -'{-rJ^- + 8$^ + ^^}^«-(8.«-5V + 3.-5«
< +2«) [34] [62]

*>•**£»**

+ miTi^3 iee.cos (n* — n/+ s — Sj — w+ ^) f35l

+ m
l\^-Al

b3,o +^bM }ee
l
CQs(2nt-2n

l
t+2 S -2g

l
-w + ^

l ) [36]

'{¥$ 63
' 1 ~l^ 63

- 3 }
ee

'
cos(3wJ~ 3w

'
< + 3£ ~ 3£'~ t!T + ^ ) t37]

{|^ 6«- ~£l h,i }eel
cos(4nt-4n

l
t + 4t-4e

l
-*: + eJ

l ) [38]

— 63)6 > e e, cos (5 n t — 5 n, * + 5 s — 5 *, — w + w,) [39]

m< | 2 £dM _ |. £L&,
>6 } ee,cos (6n* - 6n,t + 6 • - 6e

;
- « - «,) [40]

w

m
;

w
'1 8 a,*

6
**3 ~" 8

+ »»/4^ 63,2 c e, cos (^ - Wj ) [41]

{|"^*3,i-f^J^iCOsfnt-n^ + .-f. + tir-^) [42]

{J^^2-^*3,4}^cos(2n<-2»ii
* + 25-2«

i
+ W -tir

J ) [43]

, {-|^*3,3~^~Aj^ C0S (3w *- 3?^ 4- 3» -3*, + ar-w,) [44]

m,

m

+ m'J_?4 + ±6Sil
_3 ±6

9,,}e e,cos(2 Bj t + 2«,-w--«,) [46] [48]

+ w^_fL. &3jl ee,cos (w* + w^< + g + e, — w — w^)
[47]

+ ^{~S 3 ,
1 -|-^63 ,2 }

ee/ cos(2« 4 + 2 £ - W -^) [48] [46]

+ m'{ tZ}K * " |

*

3 ' 3 ~ TS?*3 -
4
}
"«

°

0S (4 " '

"
2 W'

'

+ 4

6

~ 2 ''

"
W ~ W)

f50^ M
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Dw^^ +mj[M^^-±^_|^J^,,
1
co> (5»<-3M + 5.-S.

l
-«- Wj) [51

+ m<{ 6^*3.4-|-6J, 5 --||i
63,6}ce

/
co8(6»<-4»

<
< + 6«-4»

<
-w- W() [52

To**3' 1
"~
T5"*3*4 "" Wa^3 '3

J
Ce

'
C°* (

n*— 3M + *
- 3 *i + w + w

<) [53

+ mi{xh ^-JT*** "IT*

*

3'4 }
ee

'
C0S (2n*- 4V + 2« -4«, + sr + «,) [54

#

+ m<{ 6 ^63i4 -^!63>5 -|-^J3>6|ee(
co»(4n<-6n

J
* + 4«-.6«

J
-w + w/) [56

+ m' { - ^- 6'.° + T T*
bi

> ,

}
e'* C°* {2n,t + 2

*>
~ 2v,,) 07

+ m'{~T$ 63
' , + ^;

53
*a }

c
'
2cos(2,u+2, ~ 2w

' ) t59

+ m4~T^ 6s'3 + 2l/3'4 + 8^ 63
' 5 }

C
'
COS(4n ' _2n

'
< + 4£ ~ 2,'~ 2w

') C61

+ «;{-f|^^4+-?-is>5 + r

3gJL6
s ,6
}^C(»5n<-3n

<
< + 5e-3«

<
-2 ro/

) [62

+ tt4¥^-|^ i3'°-¥
(

63
'1+ ll^ 63

'2 }
e
'
4c08(tt< - 3n

'
< + '- 3 *' + 2w

')C63

+ w'{-4^i fcV--2
3
5;^ + ^ aV3,3

}^c<»(2»<-4»
/
i+2 g -4f/+ 2 W(

) [64

+ m,{-^±J3<S-|*3 .3 +f|^A4 C
'
4c0S <3B '- 5n'' + 3*- 5e

'
+ 2w') [65

+ ro'{~T^3'3 -^; }3
'4 +T^3' 5 }

c
'
Sc0,(4ni - 6n

'
<+4*- 6

'' + 2w
> [66

[55]

[56]

[49]

[50]

[51]

[52]

[26]

[25]

[24]

[32]

[33]

[34]

[27]

[28]

[29]

[30]
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Development+ **{-re^-^ + g^A.}^«(«»'-^«+fi.-7., + 2.
1 ) [67] [31]

Dev
j°£

+ »/ {^a
~ ^*v>} sin2 £ (» * + n, t + 3 + ,, - 2 ,,)

[68]

-Vh. JL ba>l sm*± cos (2 n
t
t + 2 S/ - 2 v.)

[69]

~¥^ *» , sin*A cos (2 n * + 2 . - 2 ,,) [70]

-
5 |"A» Bin* ^ eos

(
n

' + 3 "'* + e ~ 3 e
< + 2 "'> [71]

-f £*s.« si"2A cos (3 »*-»,< + 3 e - *, - 2 „,) [72]

- f £*s.s sin^ cos (2n f - 4 «,* + 2 a - 4 ., + 2 v,) [73]

_2(^-4
Sj
,Bin»Aco«(4«<~2n

l
«+4.-2e

<
-2K

1 ) [74]2 a.

In the lunar theory, the small value of the quantity — makes it desirable to

ordain the results according to powers of this quantity. Transforming there-

fore the preceding expression for J? by means of the equations given in the

former part of this paper, Phil. Trans, for 1830,, p. 346, neglecting terms mul-

tiplied by —w and supposing /, = 0,

^KO+^+iK-^)?} [o]

+ fc
t
aa$0-J$)}-<—v + .-o [i]

+ ",'{-4$+ i""'i| + T (
'' + ''*) $}

C0" <!! " , - 2 "'' +2*- 2 '' ) PI

+ ™,{--r|+
1

|«»4«7 +f <e' +e'*)5}
co" (3 '"- s "'' +3— 3 '<> M

12



36 MR. LUBBOCK'S RESEARCHES

Development + „,£«> (<+) [6]
of Ji accord- 16 a* ' L J

ing to powers

of 5e + ^ecos(n* + «-.*) [7™

3 &3

+ *»,
Yg^4

ecos (2 » * — w^ + 2 e — £, — «r) [8]

c^

16 a/

'' 4 «/

m,

m

m
'64 ^ e2cos (»< + n^ + s + j

j
-2w)

m, a2

m.-~ —~e cos (3 n t — 2 »,* + 3 g — 2 s, — w) [9]

15 «3

— m,— —e cos (4 w e — 3 n
t
t + 4 £ — 3 s, — w) [10]

9 a%

"*" w^^ ecos (^- 2^ + g ~ 2 */ + w) [12]

45 a3

+ w,~ — ecos(2»* — 3»,*+ 2s — 3sj+ot) [13]

1 3 &2
1

^ + T57/ e
'
cos(w

'
i + £'- OT

') [15]

3 a3

- wi-g --^cos (nt + s
t
- m

t ) j~
j gj

+ mi~8^ 6i
C0S (3?* 1 ~~ 2 w

'* + 3g ~ 2 ^ "" w
i) [18]

9 as

— wi,— — e, cos (w * — 2 »/ + g — 2 g, + w,) r2o]

21 «2~ ro/ "8"^ e
'
COs(2w *~ 3n

'
f + 2£ - 3f

/ + OT
/) [21]

25 a3
,„ , ,

,^?>cos(2^ + 2 £,_2*r)
j-24j

25

+ ^co.<2.* + 2.-2.)
f26]

9 &3

+ m/gj ^e
2 cos(3 nt — »,* + 3* — e, — 2«r)' r^l
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-„4 * ,«(4..-t* + 4.-M-«.) [28]X'r
Ing to powers

- m,^ ?le2 cos(5n* - 3ra/ + 5e - 3s
t
- 2 w) [29] of—

.

64 a* l j a
^

~m^?~e*co&(nt-.3n
i
t + 8--3e

i
+ 2m) [32]

+ jn
/
i-ee

i
cos(n*-n/ + «-gr © + ^) [35J

-f-m^ ?Lee,cos(2?U--2w/ + 2£-2 g/ -«* + «*,) [36]

- w,y — ee,cos(3n*--3»
i
*+ 3* — 3g, — w+ w,) [37]

+ m
'T6

£«««/«»(«-«*) [41]

- w/-g- ^i«^cos (n* - n,* + «-*, + *r - «,) [42]

45 &3-w„ — ee,cos(2n * — 2n
k
t + 2e - 2s

t
-f » — tr,) [43]

45 tt
3 v r- -1

+ mij^jk ee
i
cm (2ni* + 2s

t
- w - w

*) [46]

+ W
/-T
— ee,cos(tt* + »,* + « + ^ — w — ^) [47]

+ m
/
yg^ee

i
cos(2»* + 2*-» wr — ar,) [48]

+ *»/--- —
3
e e

i
cos (3 n t — n,* + 3 e — *, — «r — or,) [49]

©1

+ W/ i| ^ee,cos(4n * - 2n
t
t +4g - 2*, — w - «r,) [50]

1 wh

63 a2+ TO ^ i. ee, cos (nt -3^* + s - 3*, + w + *r,) [53]

+ Wj^r ^Iccjcos (2nl-.4»^ + 2* - 4^ + *r + or,) [54]
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Development f
J_ _ 9 * 1

cos (2 g }
of JR accord- ' I a, 8 u/J '

v
' ' ' L°'J

ing to powers

of 5. ~«/§J^cos(«< + »,*+* + e, -2 W/) [58]

-»», — —e,*cos(3» *-»»,< + 3s- ^-^w,)
[60]

-m,^^e
/
*cos(n<-3V + 8-3^ + 2®,) [63]

-m
/
^-?!e

J

3 cos(2n<- 4n,< + 2e — 4e, + 2w,) [64]

-'»/|J
£tfcos(3iit- 5 »,* + 3t-5i,+ 2«,) [65]

w, -£- psin*-i cos (» < + n, t + « + e
y
- 2 y) [75]

M
'l"S

8inS¥ cos(2^ + 26 ~ 2v)
C76]

-sin3—
2 «/ 2

, ^ ~4
sin3 -i- cos (3 n t - n, t + 3 a - e, - 2 x) [78]

y
"t£ gin3± cos (» * - 3 n, * + s - 3 1, + 2 *) [79]

m'Th sin"^os(2n
l
t+2B

l
-2y)

[77]

m

m

If according to the notation of M, Damoiseau, (Throne Lnnaire, p. 547, M6-

moires des Savans Etrangers,) n t — n
k
t + s — s, = t, and x and z be put for the

mean anomalies of m and m
i
respectively and y for the distance of the planet

m from its node, or, what is the same in the Lunar Theory, the distance of the

moon from her node reckoned on the ecliptic (#, = 0),

[0]

2 a.2 \ 2 a 3 / J I 4 a.3 2 2 o ' 8
v

' 'a.3 J

I] [2]
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+ /_Af!+^ir 4 + ^(^ + e/2)4)cos3 f +l|^cos(< -,)
Development

\ 8 a,* 8 2 a/ 4 v
' a*} 16 a/ ofii aceord-

[3] [6] ing to powers

'

[7]
'

[8]

'

[9]

'

[10]

+ 2flec«(2«-*)+g4««»(3 «-*)-i1 + #-s) e
-
cos *T

4 a,3
v

16 a* U/ 4 o,'J

[12] [13] [15]

-
! £ e/cos (* + »)+ |£ c/Cos (S* + x) +| 2Le,coB (3 * + x)

"'

[16]

"'

[17]
'

[18]

_J_|i Ci cos(<-z)-^e,cos(2*-*)-^£ ei cos(3t-*)
"'

[20]

"'

[21]
'

[22]

-^g e*co.(a*-2»)-g^«»c«(«-2*)+^3««coB2*

[24]

'

[25]
'

[26]

+ JLf!e*cos(< + 2*)- £.ffl«»cos(2t + 2*)-*i[ ^ e* cos (3 1 + 2 x)
64 a,

4 4 a
z

«4 a
j

[27] [28] [29]

- 2

^- Jc^cos (3 * - 2*) + -j j; ee, cos (*- z) + yg ^ ee^cos (!-*+*)
'

[32]
'

[35]
'

[36]

-2™ee,cos(2*-«+-*) + jg~iee,coa(t + z-x) --g- ^ee/Cos(2< + *-*)

[37] ' [41] ' [42]

-— ^4 « e, cos (3 t + * - *) + jg ^i e e
t
cos (t - z - a) + -j —3

e e
i
cos (« + *)

[43] ' [46] ' [47]

+ ^ ~«<^cos (* + « + *) + g-jic^cos (2 * + a + «) + jg
^ee^cos (3 * + * + *)

*'

[48]
'

[49]
'

[50]

... tt
. 225 a3

, f 1 9 a* l

[53]
'

[54] [57]

63 £
2

8 a/

g £,«,»«» (« + 2z)-
T4

-«^cos (3 t + 2z) - -^ -4 e/cos (*- 2«)

[58]
'

[60] [63]

^J.J

.(2*-2.)-^^'co.(3*-2.)-|-^-in^cM («- 3 .)

[64]
'

[65] [75]
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- y jjsm* y cos2# - g- ^sin 2 ycos (2 * - 2y) - -g- —
4
cos (* + 2y)

'

[76]
'

[77]
'

[78]

15 a3
*

-8 V 8in9T C08 <3 '" 2 ^ *

[79]

Let -2.= 1 + ecosf n(l +k)t + s — iff\ +e2 (l + r48 ) cos ^2n(l + ifc
ft) * + 2s — 2sA

+ e
i
*r5g cosf 2n(l + Ar

/2) * + 2g — 2^*,
J
+ r + r

1
cos(nt+ n^ + e — c^

+ r2 cos(2n< — 2w^ + 2c — 2^) + &c. -f cr6 cos («^ + ^ — w) +• &c.

d2 r2 pip
2d*2 r

+ £ + 2/d* + ,(
d-*)=0

Let S . - denote that part of - which depends on the first power of the dis-

turbing force. It is more simple to obtain $ . — from the above differential equa-

tion than cJ r ; and the circumstance that the elliptic value of r3 does not contain

any term e2 cos (2nt+ 2s — 2 s?) , gives an additional facility.

r

d*2

When the disturbing force is neglected

r*-a*il + 3eaA + £1^-3^1 + |-«A cos(w* + g - w) -A c* cos(2 nt + 2e ~~ 2w)

e3 ^4 1
4- cos(3w^ + 3£ — 3«r) + iL. cos (4 rc£ -f- 4s«4w)V

Integrating the above differential equation by the method of indeterminate

co-efficients, yn being the co-efficient of the nth argument in the development of

ro +-i-a 9o =
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iUL^){(l + S^)r4-^(r11 + rM)}-

(5n — 5w
/ )

2
/1 . o o\ . nil A

-^ ^~ (1 -f 3 e2) r5
— r3 H Uo5 =

ft
2 7

f*

ft
2

f 3 1 . m
t „ A

m
r3 + -J.aq

3 = Q

r4 + —1 a <74 =

*(2n-n
w *{. 2~

(3 n — 2 n,)

ft
2

(4 ft — 3 w,) 2

r +
-f-

fl ?9 =

*i| — r8 + ^aq8 =

{
fio- 2" r

3 }-'p

io + -, fl9
1o =

(5n-4ft
/ )

2 f
r _2 r

1
f

. »%„ _

f 3 1 , m, ~(ft — 2 ft,)'

ft
2

(2ft — 3ft
y)

(

ft
2 {

13 }- m l

r
s f —ris + -^aqis — O

(3ft-4ft
/ )

2
/ _3 1

-jT— V 14 2"
r4
/

/*

m.
^14 + ^^714 =

Equations

which serve

to determine
the coeffi-

cients of the

inequalities of

the reciprocal

of the radius

vector.

ft- m.

ft
2

(2 ft — ft-)
2

. ftly
r,± rr~^ r i? - rn + -r a 9i? = °

ft
2

/*

(3 ft -2 ft,)
2 _ +Baa -05 -M8 — M8 n a 718 — U

ft

(4 ft — 3 ft;)
2

. m, A

ft- f*

(n _ 3 ft,)
2 m,

n2 r

(2 ft — 3 ft,)
2 m.

ft
2 *fti — »ai+—^081=0

Wr

(3 ft -4 ft,)
2 _ m _ Q?22 rQ2 T a ¥22 — U

ft

* For the determination of the quantity k t see p. 50.
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Equations (4 n —• 5 n
t
)% m< _ a

which serve
—

—

i
—- r23 — rg3 -f- — a q%3 — u

to determine

vector,

the coeffi- 4 w
v

2 f 3 1 m, A
cients of the ^ j

rM~^ j>
- r24 + — a g24 == u

inequalities of

the reciprocal (n + n,) 2 f „ 3 1 . m,
of the radius ^r^VM—2

ffl

/
- r« + ^ fl *

(Sn — n,)* f 3 1 . wi,
'

A
•

n8 - \
r»7- g" r

8j - f
»7 + — a 9«7 = °

(5rc — 3w,) 2 f 3 1
, m.

*

—

^—~
(
r«>- -2 rio) - ^ + —'«<?*) = o

(6» — 4n,) 2 f 3 ^ 1 . m,

(7n — 5W,) 2 m
31 — fgl H ^#31 ==

w2
i^

-3<) 2 / 3 1
,
w.

(2rc~*4rc,) 2 f 3 1
, m

l
r33 ""2 ri4

}
'S' 1 ' ft ft """»

•

7 33 r — « 5f 33
—

n2 i z j ju,

(?2 — W
; )

2

(
r35--2 T IB j -^35 + ^-«935 =

?2
2

L Z \J ^

(2n — 2w,) 2 r 3 1 , m, A—
nS

'' |*S6- -2*80
J
- 7-

36 -f
~f

a fe = <>

(3rc~-30 2

rc
2

(4»-4nU-\ rs*—-2 r
9*J

~ r38+-i «938 = ^
n2

i z ~~j
^u,

(5n — 5n,) 2
f 3 1 , m, n

A—
"J ^ ^40 - *40 + -1 « ?40 =w2

.
I&

ft

(w — w,) 2 f 3f 3 1 , m,

nZ [
r
42 --J

7
*

17
!

U* + ~^ a^
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<2w ~ 2^ 2

( r„ - I-

r

l8
\ - r43 + B a

q

i3 = Equations

n% I 2 J /* which serve

n2 \ Ub
- r4b + ^ a g45 =

4
.̂2

r 3 1 m

~ H™ 1
r47 7T

T™ f
r47 T- — « Sf47 — U

W2
I 2 J ft

(3n-3»,)*f _3 1 + 5» fl
. _

(4n — 2n,)2
f 3 1 ,m

/flfl _ ft

n2
I ^

— — -U- \ r54
—

" 77 r22 f
r54 "T 77 « 954 — K>

n I * J V*

v —//_ r56 — r56 + -~«9
56 — v

tt
2

P'

n2
/&

r58 — r58 -r — a
!/ 58 — v

?z
2 ^

w2 P

M1L_^_^L r61 - r61 + -^ a g61 =
w2

|&

T—L- r62
— r62 T" a 962 —'

U
W2 ^

^-^^65 - ^3 + —J & 962 =
W2

fO

G 2

to determine

(3n-S»,)» / _3 I ,^
flfl

_ thecoeffi-

inequalities of

(4n-4>Qg / _ , m,
ft

the reciprocal

^ of the radius

vector.
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Equations (2n-4n
t
)*

r _ r
ro, __ Q

which serve n2 64 64
w, *

64

to determine
n2

/&

thecoeffi- (8n — 5»,)« .m, _ Q
cients of the £3

f65 - rw + — « 9«3 - "

inequalities of

the reciprocal (4 n — 6 w,) 2 m, _ n
of the radius & r™ - r«s + — a Ste - u

vector.

— *67 — T61 -T — «
5f 67 ~ U

In order to obtain the values of the coefficients of the inequalities from these

equations when the cubes of the eccentricities are neglected, as has been the

case throughout, the values of r09 rv r2, r33 r45 r5, found from the first six equa-

tions by neglecting the terms multiplied by e2, may be substituted in the suc-

ceeding equations, which will then serve to determine r6> rB, r9> &c. and these

values of r6> rs, r9> &c. being substituted in the terms multiplied by e2, of the

equations which determine rv r2, r35 r4 , &c. more accurate values of those quan-

tities may be obtained. All the other coefficients of which the general sym-

bol is r with a numerical index at foot, may then be obtained in succession

without any difficulty.

d

d
*:=A_JL/**d*
t r* ry dA

Let r denote the elliptic value of r, then

d

dit r* r r f*J dA

^=l+-*+|.* + 2e(l + 5|.^ cos (« * - w) + *i! (l + ^e^cos (2n t - 2m)

+ *|Vcos(3rc*--3sr) + ^e4 cos(4w^-4OT)

i=l +eA - ^cos(»*-w) + eftA - —^ cos (2 » * - 2 or)

4
+ le3 cos(3ni-3ar)+-fe4 cos(4^-4t!r)

8 " 3



IN PHYSICAL ASTRONOMY. TrtJ

Let Rn denote the coefficient of the cosine in the development of R which

corresponds to the number n multiplied by e or e
t
, &c. Thus

Rf
°+l±.b

3i0
-J-b3l --?-b3 A Seep.31

2 2 a/ ' 2 a,3
3
' 4 a/ 3,2

J
H

Since ^x = -gr, ~&j being the differential of R with respect to s, consider-

ing e — vr and s — v constant

(l + 2r
|

X=n il + 2r W-M

+ -I
Sjr^l- J)+|(r6+ r

f

J ^ L \ 2 / (w —• w,) ft,

e*a R 8
n

(2n ~ ft,) }

n

(n — t^)
sin (n t — ft

;
^ + g —• g,)

+ i 2 I r (\ e*\ + e*
(r 4-r \\ mJ (\ 4- *\ aR* n

,

2e*aR9
n 2 e*

-2ft,) J J

n

(2 ft — 2 ft,)

sin (2 ft * — 2 n
t
t + 2 g — 2 g,)

~M 2 /r, (l - A+ f!(r 10 4- r„) 1 -B / A +^ ai*^ + 3<*fl* 10 i» 3e*aR l5 n 1

r 3

V 2/^ 2 ^° + r
»;/ ^ IV'

+
2 ; (» - W/ )

+
(Tft~3^) + (2 n- 3 li j J

n

(3 ft — 3 ft,)

sin (3 ft £ — 3 ft, £ -f 3 g — 3 g,)

4- {,(.-f) + i(„ + ,.)}-^{(. + i^ #4 ft 4 e^a R u n 4e2 a RM n

— ft,)
l

(5 « - 4 w^ ' (3 ft — 4 ft,)}}
w

(4 ft — 4 ft,)

sin (4 ft 2 — 4 ft, £ -j- 4 g — 4 g,)

+

+

a R6 n ,

+

(«

}

-— sin (ft, £ + g, — w)
/v 1

a R,n

) (w - n
t )

ne
(ft — ft)

sin (2 ft £ — ft, £ «f 2 g — s
{
— w)

{
2 ('»+?)-*{(^

-2 ft,) (ft

-3ft,) ^(

a R^n 1

a R3 n 1

fte

(3 ft — 2 ft,)

ft e

(4 ft — 3 ft,)

sin (3 ft t —» 2 ft t -f 3 g — 2 g, — ^r)

sin (4 n t— 3ft, t + 4 g —- 3g, — w)
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Expression r , v «, r 4 « y? w n ft n 1
forthelongi- +\ 2 ( ru + ^W ~ L. , x + T^^^T f , /K „ x

tudc. I V 2 / f* l(5» —

4

W/) (» - w,) J J (5 w - 4»,)
sin (5«<— 4n^ + 5 s — 4g, — w)

2 (r \ M - m*f 2aR i* n + aR* n \
V

'

* 2/ fA l(n-2n
i
)^(»-n

<
)/ J

we

(w— 2»,)
sin (w £ — 2 w

/
* + s — 2 e

/
-f- ot)

V
13 2/ p L(2«— 3^) (» — »J/

we

(2 w — 3 ft,)

sin (2 w 2 — 3 w^ + 2 g — 3 g, + ot)

[ V
14 ^2/ j* l(3» — 4^) (w-w,)J

we

(3w — 4w,)
sin (3 w £ -— 4 w,£ -f- 3 e — 4 s, + w)

-f- 2 7*j
5
—'sin (w, £ + g, — *sr,)

+ /2r l7
- 2

%
fl *i7* \ ^LJL-..^ gin (2 » < - n,* + 2e -«,- nr,)

I
17 ^(2n — n

{ ) i (2 w — w,)
' '

{

3m
18

aE 18 « 1

•z — 2 w,) /

ne,

+ { 2r19
~

p (3n —2n
{
) } (3 n — 2 w,)

a R 19 n \ we

w — 3w,) J (4n —

sin (3 n t — 2 w, £ -f 3 s — 2 g
/
— su*,)

4
/w, (4

L— sin (4 w t — 3 n, t + 4 g — 3 g, — v*
t)

/ 2 r - *"' a ^ao w 1
I

20

p (w - 2 *,) J 1

we

(» — 2w,)
^— sin (w £ — 2 w, £ + g — 2 g

/ -f- mt )

+ / 2r
gffl.a^n 1 nfL sin (2 w t- 3 n, * + 2 g- 2g

#
+ «r,)

I /u, (2 w — 3 »,) J (2 w — 3 w,)

{

3m,aR»n \
22 /rt ~ ITTT f

we

/& (3 n — 4 w,) J (3 w -— 4 w,)
L. . sin (3 n t — 4 n

i
t + 3 s — 4 g

/
+ **/)

**** N Af #

4m
23

jx(4»
t
aRM n \ __J}ih . sin (4 n t — 5 w,£ — 4 g — 5 s

t
-f ^)

\ 2 / jw, I m
/

(w — 2 wj J

w e<
sin (2 w

/
1 + 2 s

i
— 2 ot)

. J2/r j.
r

fi j_ r
< \ _ m

^ / a R^ n _a Re n
mmmum ,jf ^» m | a* <^|^ .— > mmmm

,

' - •»«• ,„,,„„„ „-— "t
.

t l
, ,,

,
., nlT . M _ „u

mmmmm „,,„
.

—

\ 2 2/ ^ I (?i + w/)
w

i

« R
l

n ")

n —n.) )4 (n — w^)

w e^
.—-sin (nt + ni-f-g+ g 2 or)

I
f27

2C A* 1 . O 1 . iA _ Wf/ «^27 W

! / fA 1 (3 w — n
i

,
aR 8 n

5"1" (2R-II,) 4

HaRjn \
(n — n^) J

Kf
(3 n — rc,)

sin (3 w < — w^ + 3 g — - e, — 2sr)
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K Hi 2aKa8 w 2aR n 5aR%?i
*t*

-— ——~* "f~

(4 ft •— 2 w,) (3 w — 2 w,) * 4 (w — w,)

we,2

sin (4 w £ — 2 w^ -f 4 g — 2 s, — 2 «r)

(4 n — 2 n
t )

It 4-
r io 4.

rs\ Jh J 3 a g^ w

V*
9* 2" + 2/ f* l(5»-3n,-MM r29+ ~ + ,

3aR l0 n , 5 a

) (4^-3^) 4 (w — fy)

i23 w 1

Expression

for the longi-

tude.

we-

(5 w — 3 w,)
sin (5 w£—3 n

t
t+5 e—3s

i
—2'm)

A<l(r i

rn ,
r4\_ml J 4aR50 n AaRu n 5aR4 n \

+ [V 3 2"r
2

/
/ p l(6»-4w

i )

T (5n-4w
< )

T 4(»-n
/
)J _

we2

(6w — 4^^
/ )

sin (6n£—4^*+ 6 s— 4e
y
— 2sr)

+ [\2 r
2

>/ ^ l(»-3n,)^(2»-37i
5 a JR3 w„. MtfUNI

i
. i ,i i .i i i n ., . in iiriimii r i

-'

i

-
.

„,,

,) 4 (w - »,)

we.2

(w — 3 w,)
sin (w £ — 3 nf, -f- s — 3 s, + 2 or)

°jr

(
2[r

3.+
2 2

we2

(2 w —- 4 »,)

)_ m, f 4 a E33 w

//, 1 (2 ?2 — 4 w
i

4aR 14 w , 5aJR4 w

)
* (3w — 4w

y )
4 (w — n3 )

sin (2w£—4w^ + 2s— 4g
y
+ 2^r)

+

»»*—

(r36+^-^ ( , "^ ;
+-^2^ 1 1_JL^_ sin (2»<-2»

/
*+2e-2.

i

-W+«
1 )V 2/ /*L(2n-2»,) (n-2f»/|Jj(2»-2»,) v ' '

'("+!*)-?{<!:
2 a J2<7 w , 2 a jR21 w

T*
bS7

3ra,) (2w — 3w
/ )
}

wee
/

(3« — 3w,)

V
38+ TJ~7Zl(4^

a JR38 n , 3 a E t2Q w

4w,) (3w — 4w
y )

wee
(4w~ 4 m,)

sin (3nt—3n
i
t+ 3e--3s

i
~~'m+'&

l )

sin (4nt—4n
i
t+ 4e—4s

i

—'&+'&
l )

I V
s 2/ j^l (5n^5wJ)"

r (4»-5»
i ) J

[ \ 2/ jx L (3 w — 3 w

+ 3aUi 8 w

(5n-5n,) v ' ' i;

nee

2 n
t ) (3 w — 2 n

t
) J J (2 w — 2 w,)

+ 4a Rw n

w
y
)

' (4m--3n
l
)J J (3 « — 3 n

t )}

nee

sm(2nt--2n
i
t'jr2s--2s

i
+m—m

i)

sin(3w£—-3w^ + 3s—3e
i
+w—

^

T
[ \ 2/ ^ L 2w

/
(«~2n

/ ) J
J
2w

/

v
'

"
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for the longi-

48
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MR. LUBBOCK'S RESEARCHES

(r 4-
rA — m</ 2aTt±9 n 4.

2afl 17 w \

V
49

"
1"
2/ p, l(3n-»< )

T (2n-n
l
)J

ft P 6
» L— sin (3 n t — ni + 3 e —• e. — «r — w.)
r (3w — w,)

v
' '

"

fo/~ 1
ris\ w

/ / 3aR50 n . 3aJR 18 w 1] wee, „* /,* , o * * ,« o \

[ \ 2/ jxl(4n — 2»^) (3» — 2n^) J
J
(4n — 2n

i
) ' ' "

aw <n

(_ \ 2 / jx I (5 n — 3 »j ) (4 w — 3 w,) / J (5 w — 3 n,) ' ' '

* \
53

2/ j* I (w-3«,) (2n-3n,)/
^

2 /r »^A_^/J 3ajR 54 w gjgj^w \

V* 2/ p X^n-Any (3n — 4^)/

2^r -j-M-™'/ 4aH55^
.

4flfiM n \"

V
5

2/ f*l(3n-5n,)^(4n-5n,)/
p

wee
7 -*—- sin (w * —3 w,£ + e— 3 s

t -f- -ar -f ot.)
(w — 3 w,)

' ' "

—!Li?£—-sin(2n*—4n
l
t+2e—4e

l
+w+w,)

r (2n-4n
/)

wee

(3 w — 5 n,)

i—-sin(3n<—5n^+3e— 56^+^+^)

+
l
2r58

-^(T+^/(M^7) sin(n< + w
'
< + £ + £'- 2w

')

+
J
2r59

- m
'
aRso

j «,« sin (2n I + 2 - 2 «,)

+
{

2r61 -^
(4 ra -2»

/ )
}(47r^2^ Sm(4wf

- 2^ + 48 - 2 ^- 2^

I
62

|* (5w-3w
/
)/(5w-3w

/)
¥+ ' <;

+ 1 2rM -^ r
JLJ^l!L.'l

we
/

g

- 8in(ft*-3n
i
< + g-3g

/ + 2qr
< )

L ^ (w — 3 n
t ) J (w — 3 n^)

e — 5 $, 4- 2 cr,)

4* < 2r,(2f66
^^ 4aE66 w 1 7L?il-™ Sin(4w^--6wi4-4g-6 5,+ 2^)

L /x (4* w — 6 w,) J (4 w — 6 n
( )

+ (2r67 -^-^g^| ne *

sin(5n^-7n
<
* + 5t-7g

i
+ 2 gr

< )

I ^ (5w — Zw^J (5w — /w^)
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In order to convert the coefficients of the inequalities of the longitude into

sexagesimal seconds, they must be multiplied by—5
, the logarithm ofwhich

number is 5*3 14425 1> the corresponding logarithm for centesimal seconds is

5-8038801.

d R __ J z
(

z — z
t

dz
l
r

>

3

{r2 -2rr/cos(A-;C,) + r/} 1

If % = 0, and the products e tan $
l9
e

{
tan i

i
be neglected,,

d R __ m
t r

~dz
~~

a^
tan ^ sin

(wi
* + ^ — y,) { 1 — #3j0 — #3, 1 cos (n t— w £ + g— g,) — #3}2cos J 2 w £ — 2 rc^+ 2 s — 2s,) }

a 3 d2 s m
i f

-j-^- i- ^ $+— a2 tan ^ sin (^ * H- s
y
— v^) 1 1 — #3,0 ~ ^3,1 cos (w £ — np -j- g — g,)

—
• &c.} =

« — — m
i

n* a*
r 1~ J (jTL n ) („ + „ ) Z*

tan 'ill- 53 , } sin (»,* + «, - v,) Expression
for the tan-

+ 2 sin f (1 -f Z) ?z t -f g — y,
j

&

?w w^ ct^
"

~a

—
7?> -75—r -^ tan 1 , £3 , sin (rc£ — 2rci + g — 2 s. + y,)

p An
i
(2n — 2n

i
) af ' *

x '
'

u

— — p^ r-— ~~ tan 1. 63 o sin (2 rc £ — w,* + 2 g — g, — y,)
ju, 2 (» — »,) (3 n — n,) a/ '

3 ' 2 v '
' "

Wl 72^ £»2

H'

f
r 2(,-3 W/)(3 re -3»

< ) <
tan,'^ Sin

(2wt - 3^ H- 2£ - 3£
'
+ ^

KYI ffi eft— -J
?T77^ o—w^ o—x —

n

tan ', &3 3 sin (3 w £ — 2 wi + 3 g — 2 g, — y,)
/& 2 (2 rc — 2 n

t ) (4 ft — 2 n
t
) af '

3,d v ' ' "

w ft^ fl^+ — ^-77i
-
A
—ttt ^—x —

,

tan 1, b3 4 sin (3 n t ~ 4 wi -f 3 s ~ 4 g, + v-)
jm, 2 (2» — 4n

{ )
(An — 4^) a/2 '

3j4 v *

— -^ttjt, 7;—TT£ 7;
—7 —-itan^^sin (Ant 3np + 4g — 3g, — v.)

2^ a 2

JL= - A^ +'3f.6S0 - /.^-JLjjs (See p. 31.)
6

2 a,8 2 a/*
s, ° 2 a,3

3>1
4 a/

3 '9 v r y

_ 3fl
,

3 a, a2 , a 3 - 3 ^/ a /,_lAl

MDCCCXXXI. H



50 MR. LUBBOCK'S RESEARCHES

3a
, 3 a j a? , a, , 3 «2 f /, , a2\ , n a , a , 1

2 a,2 2 a,2

- |? { **,o ~ I 65)2 } + } J {
6v - K*

}

__ 3a , 3 « , a2 , a , 3 a2
t a2

, ,2a,
- ~ 2V "2 ^ 3>° ~ 2V

6
'' 1 ~ 4^

*s'» + ¥ ^ 6s '' ~
«73

*»•' + T 5?
&3

' 4

. _ 3a . 3 a
j

2 a2
, a,

"" ~
2a~}

+ Ia7 6s'° " 2^
*3 ' ! ~ 4^ 3 '2

The quantities of which the general symbol is q, and which refer to the

terms in the development of R multiplied by the eccentricities, admit of similar

reductions ; so that

/J r»v

Considering only the terms in 2j"dR + n -^7 h of which the arguments are

wf + s ""^ and ^ t + s — ^

2jdR + r( _-
J
= wij ^7

e cos (» £ + s —• to*) + m
i q l6 e

i
cos (n t -j- s — to,)

= wij q cos (n t + g —
%
to^)

provided

And if

q cos fm
l
=zq

1
e cos to + g 16 e, cos to,

q cos m
l
= 97

e sin to + g- 16 e, sin to,

—
- = 1 + r 4- e cos { n (1 4- &) £ + £— iff

l j + &c.

_ w, f a3
, a9

' , \

q^ -s ^a e2 + 2 g7 9 16 e e, cos (to — to,) + g l6
9
e,
2

q = ^7
e + y 16 e

{
cos (to — to,) nearly

f2

~± = -6, 4 L _ 4- 6
3
.cos (to — to,)

e af
3>0 a* -3 ' 1

2a,8 e
3 ' 2 v "

p L2«^ 3,o
4 ^ 2 ^ T

2 flj
3

3>° 2a? 3'
lT 4a

i

23,s
e

v ' ;
J

^(^30^A^31+^32A Cos(to~to,)1
ju, I a/ 3, ° 4 a,2

3,lT^

4 a, 2
3 '
2

e
v /;

J
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dA
dt

n ( 1 -f 2 r ) * + e + 2(1 + r ) e cos ( n ( 1 + &) 2 + £ — fm
l
\

m.i«R
16 e> cos (rc 2 + s — gj\)

and neglecting the square of the disturbing force

dK = n(i + 2r )< + £ + 2(1 + r )ecos(n(l + A) « +
d*

S — IB*

)

1*
a jB 16 e,cos ( n (1 + A;) £ -f s — >m

k
\

If

e ( 1 + k) cos -z*r2 = ( 1 + r ) e cos s^ — —-^- aR l6 et
cos w

y

e(I + k) sinw2
= (1 + r ) esin^ — —^«i^i 6 ^sm ^

A = w(l+2r )^ + £2esin[w(l + A;)^ + £--
-z3*t2

j

m,
e(l+ r ) cos^i = e(l + A) cos^ -f -Ua R l6 e

i
cos'UT

i

Am Ut

m k

e(l + r )sinTO ,

1
= e (1 + A;) sin ar

2 + —^ a fi 16 c, sin w,

c(] +r )=e(l + &) i +~^a Km—L cos (sar2 — tzr.)

COSVT
1

cos^r2 < 1

sin fm
l
= sinw2 < 1

L 2 jx e J 2 w, e
'

<M — ± a R l6
-1 cos ('Ufa ~w, > + ~~La R l& -L$m <us,

L 2 ^ e •

* J2^ e

sin (sra — ^i) =: ~^a R l6
—L cos-sr.

therefore neglecting the square of the disturbing force

_£_ = — < 1 + A - r +i fl jR 16
— cos (m — or ) >

a a I 2 u, e J

a
i + ^h /2 a 3

, 5 a2
.

V 6,
'°
+

2

«'2
a 1

^7 3-7

+

e

a
1+^

"
1 4^7

&3
' 2 + _ 5 „ — _— 6„ , — _— £„ o > —*- cos Oar — ar.) >

&S,1

fl
_ £ > cos

4^ 3 ^ e
(*r-*r,)|

yjr »]^
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Let

n { 1 +{^ 2f(^-4^)}=n
W

(1+A)= n
{

, -55 6- + 5?L
e
^cos(W - W/

)}

X«n« + . + 2e.in(n{l- "S^.^1+ ^.J,A^,co.(—,)}

_ i _ m
> I °3

h - a*
6 1

^ + s — isr2 J
-j- &c,

a

r

, m, f a3
* ,

a2 L d* z e
i / \1

1 ~ ^U? *'.o +T2V
6^ -45?*« f C°S ("-"/)}

cos (n/l-i^ + ^^cos^ -<*,)}
\ 1 4j*a^ J

' 4f*a,*e
3 '2 v ' 7

J

-j- __i <> & — -— b3 , — -—- o3 2 > e, cos (w 2 +

t + 2 — ZtT2

S-W.)

r

a

e i
m

/
f a 3

r 5 a2
, a2

, <?, , .1

cos «X — Iff.) > t -f 5 — S72n<l— -—i-—- &3
. + _-L _ _J-£

2 cos(sx — srj >

i < -— — &, — —-6,, , — -— b« o > e, cos (ft £ + s — cr,) + &c.
14 a,2

3'° 4a, 3>1
8 a* 3 ' 2

J '

v "

If

— = 1 + r + c(l +/) cos (n (1 + A *) t +s - «A + ej
t
cos (w(l + &,) t + c - aA5 — W, J + &C*

Wl,

(l+/){(l + fe)
s (l-3r )-l} +-^aq

7 =

* This quantity & must not be confounded with the quantity k above.
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whence neglecting k2, hfy &c.

/* 3 „_ Mi

similai*ly

__ m, f a3
h a2 , \

/i
{(l+^)s -l} + ^«?.6 =

V + 2A
/
+^A

i?16
= 0, 9l6 =- « 6

3>2

3
i- „ o °3.2 Or -(- -— -—— c/3 2fc,--2-3- 521JM or+^-416,

+ 2e
, l^-jfi- _ |^«i«} s^ (»(!+*,)* + •- »,) + &c . nearly

If
e(l+/)(l+r„)

1 + fc

~

(l+/)=e(l+*-r
)

If _=£_ - 22i a «,„= and if A.2 be neglected
1 + fe, 2 ft

If n (1 + 2 r ) = n, and n2= -£

a = a|l + — r
j

i=l-lr + e|l+*- ^r
J
cos f« (1 +*) * + * -v\ + e,f, cosYw (1 + *,)*+ t-vt\

= l-lr + e{l-|r -B
:

a ?7jcos(n(I+Ir -3a 97)t + £_^
- e

< {^ a 9 l6 -
J«-

a R ie ] cos /n (1 + *,)* + - «,)

^=l+ir -e{l-|r -^a 97}cos(n(l-^r -
2̂ « 97) i+£ -w

)

+ e{|^«?i.-J!L aJl, e }coB(»(l+*,)* + t-wA
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2-= 1 + _r - e 1 1 - -r -^9ij cos(nt + e-m)+ e
f
{p-aq l6

^^I a R l6 \ cos (Kf+g-ar,)

— e
J
~r + J^*flfl7 J

w < sin (n * + g - w) - c ™' a^ n £ Sin (» 2 + s - ^)

In the notation of the Meeanique Celeste

aPfd A(0) \ nn _ a? /d* A^\ 3 a* /dA^ \

_ _ J_ f « „ . ~ o M^ 3)\ ... /d*^
2

/dJ(1)\

Vda' ;
Rw = -^a<(&-£l\-AU

-^-i«»2 \ da / 2

_i*Lr
(

4-f_ - a ft /d ^(0)\ _ a* /d«^o)\ _ 3 , /dA^
6m/° 2

q7 ~~\2\ da ) 4 \ da* J 4® \ da

2aUdA(°\ fl'/dM(0)\

\ da ) 4\ dfl3 /
'/

~"
4

+
4 \ dfl j

+ 4 \ d«2 j
J

u-
.

fl
a /d^ (°\ flVd^ (0)

\ 3 o/d^0)\S— rn -f a qn= — { V — — I — I
—

• — fl
2

{ —~— i

2 m, ° * 7 4\ da ) 4\ da* ) 4 \ da J

gZ/dA&h _ fl3 /dg ^°\ = _ £_ fl^ ,

2 \ dfl / 4 \ dfl2 / 2 4a* 3}i

1 _ If, n /dA(
l\ flS/dM^Kl B fl

,flfl 16 = _v fl^r — fl
2

[ —;
— i —— ( —j—~ ) V

2

2
tlu

2
{""

" \ da I 2 V dfl2 /J 2 "U8 3,s'

These results evidently agree with those given in the Meeanique Celeste^

vol. i. p. 279> with the exception of the sign in the value of/' marked with an

asterisk, which I think requires alteration in that work.

Finally, neglecting the quantities multiplied by t9 which may be made to de~
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pend upon the secular inequalities of the constants s, m> &c., and the squares of

the eccentricities.

r

a
***U^ | «*•

m, j a3
, a2

, 1
eJ 1 COS (ft £ + S — rar)

\ 4 a,2
3'° 4a,

3)
8a, 2 3,2

J '
"

r^cos (»#— «,£ + £-*-€,) — rscos(2ft£—2nt
t + 2e— 2e

t )
— r3 cos (3ft£—3m/+3£—3s,)— &c.

( re — r il 6C <>S ( ?i/£ + ^ — w) — {r
8
— r^} ecos (2 ft £ — n

{
t ~\- 2 s — s, — w)

— {r
9
— r2 } e cos (3 ft t — 2 ft/ -f- 3 s — 2 s, — -ar)

( rio—

r

3
}ecos (4ft^-~ 3 nf, + 4 s — 3 s, — -st) — {rn —

r

4 } e cos (5 ft £ — 4 n
{
t + 5 s — 4 s,—w)

{**ia
— rs} e cos (ft £ — 2 ft,£ + s — 2 s, + is) — {r 13 — r

3 } ecos (2ft* — 3ft,* + 2s — 3s, -f w)

{rH—rjecos (3 nt— 4 ft,*+3s—46,+w)—

r

16 e,cos (»/+€,— w,) —r 17e<
cos(n«+g—'sr

i
)—&c.

The constant part of R

m l

I a, 2«, 2 V 2

e2 + e 2\ a 2

4 a/2
3 ' 2 ,<-»,)} See p. 29.

If this quantity = — F according to the notation of the Th£or. Anal vol. I

336.
2

de= (1 - sf\ - e2) dw
a2

ft /d F\
dt

ts = aft— -~f _
J
d t

\he

ds — d IS

ft L a,3 '

Let, as hitherto, (Phil. Trans, for 1830. p. 336.)

/i
2 s/r+72

fc cos i
2
{ V^I + s2 + e cos (A.* — ^)

Fig. 1.

p

= a { 1 — e' cos (v — a)}

Fig, 2.
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Let P be the place of the planet, Px

its projection on the fixed plane LNPX

(fig. 1 & 2.) SN the line of nodes-, SL the line from which longitudes are

reckoned. The angle L S PN = X\ Let S A be the line of apsides, (fig. 2.)

In the notation of M. de Pontecoulant, vol. i. p. 316, the angle ASN
— g>

£

~~~tr
— l> M. de Pontecoulant has given expressions for the variations of

the constants a, g, e', I, i and v in terms of the partial differences of the quan-

tity R with regard to these quantities. It is easy from these to find similar

expressions for the variations or differentials with regard to the time of the

constants a, mr, e, e, i and v.

Let S AB be a plane cutting the plane of the orbit at right angles, so that

the angle SAB = 90°, ANB = /, BSN = sr — v

dr2 W 2//, . p n
d ft r2 cos t

2 r a

r= a { 1 — e
f

cos (y —- a)

}

When r is a maximum or minimum ^ = 0,

fl ft!_ _ 2 a r 4- r2 = 0, whence r = a ± sj a —
jfc COS l* p cos s

2

r = a (I + e
(

)

= ff (1 -e'2
)

(& COS J
2

By the equation of p. 336, line 12, (Phil. Trans. 1830.

— = a (
1 — e

2
-f e2 sin2 * sin2 (v — z?) \h*

^cos

e'
2 — e*{\ _ sin 2

< sin2 (v — iff)} * = e2 cos2 A S B

Considering R first as a function of the quantities a, g, e
1

, I, / and p, and

then of the quantities a, &9
e, e, i and v

9 we have

/rl »\
dv

df + -r— dv
dy

* The equation I gave, Phil. Trans, for 1830, p. 336, line 17, is not correct.
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By means of this equation^ the equations

€ — iff = n I, ef2 = e2 { 1 — sin^ * sin2 (v — w)

}

and the equations given byM. dePontecoulant^voU. p.328, the values of—,~
t

di ? df 5 di
anc* dl

may ^e eas^y obtained in terms of the quantities a, m3 e, t,

i, ,, and the partial differential coefficients
(*J), (j|), (JJ), (*£), («)

and (JJ).

Substituting in the equations of p. 40, for gn their values and neglecting

&, e?> e e
fi
and sin2^ when a is less than a

t
;

a_i mi/ flS

*fc _^!& Uell- m
'/

rft% 4.
a2

A Mmq^^j-c «\ Expression

7 * * " p 1 5?
h ° V w

i 1 FW ^° 12^5
s'7 J

( + * "~ W)
for the reci-

procal of the

_l Vh
n<1

I
^ n (~— — b \ 4- J?!

radius vector,
+

p (2 n - »,) », I (n - »,) \a? a
k

hl
)
+

a* when « < «r

+ ~i (~ *s,i ~ *s,o - iO }
cos (» t --»,* + s - «,) [1]

-^(^*st9 -i^ fi--4*3,s)}«>8(2»*--2» J
*+2«-2«

l ) [2]

m^ ^3 f 2rc c^

^

+ ^ (4rc — 3 »,) (2 n - 3 n
t) \ (n - n

t
) a

t

M

~~ |i (t 6^ - 4*s,a- ^3,4) }
cos (3« * - 3»,« + 3s - 3 s,) [3]

+ B nl J_*Z!L_JL4l4
p, (5 w — 4n,) (3n — 4*,) l(» — »,) a, '

~ 5 (t*m -**3,s - K») }
cos

(
4w

* - 4M + 4 * + 40 [4]

t
a (6» — 5^) (4w — 5 w,) {(n—n^ a

f

,J

~~
a^ ("a"

6s » 5
"" 2 ^3,4 -P3,6

j }
cos (5 » * - 5 n, * + 5 « - 5 *,) [5]

m,* In the terms multiplied by —-' the quantities a ka9 e & e may be used indifferently.

MDCGCXXXI. I
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Expression

for the reci- —
procal of the

radius vector,

when a <* a,. ,

n-

(n— ft,) (ft + ft,)

«<

2

2^ ri + , f 3 a2 3 a2 , , a3
, a2 , 1 ] , .

, N
rA-i

l^~^7Ao + 2^^-^3, s }
ecos(ft/ + S,-*r) [6]

ft
2

(3 ft— ft,) (ft— ft,)

3(2ft-ft,) 2 _ m
2 ft

2 (2 ft^) l2^"2^ 3'° 2^^ + 4^"2 3 ' 2
J

a2 a2 3 a3
7 3 a2

"*"oTi o^^o + oTs^i2 a,2 2 a. 2 a/ 4V
63

' 2
e cos (2 ft tf — ft/ -f- 2 s — s, — or) M

ft
2

+ (4n — 2n
t )

(2ft -2ft,)

3 (3ft — 2ft,) 2

2 ft
2

6ra
/ * 4ll -J!U +

(3ft -2ft,) I 4 a,2
3}1

2 a, 3 3j2 "r
4

a2 1

"a/
3 ' 3

J

a2
, ,5a3

. 3 a2

2 a/2 2 a,3
5,

2 a,2
3 '

3
£ cos (3 n t — 2 w/ + 3 s — 2 g, — or) W

+
n2

(5 ft -r 3 ft,) (3 ft — 3 ft,)

3(4ft-3ft,) 2
„ _

2w2
7*

8ft

(4 ft — 3 ft,)

/ a2
h a3 h _i_

3a2 a 1IS; 63
' 2 ~2a73 ^3 +4^3 ' 4

J

3 a2 , 7 a3
r 9 a2

,

~4^^ 2 + "2 a7
3 '3 ~ ~4 a/

3
'
4 >e cos (4 ft tf — 3 ft/ + 4 s — 3 s, — or) [10]

+
w

(6ft— 4ft,) (4ft — 4ft,)
J

2ft2

1

3 (5 ft— 4ft,) 2 m.^^4-^
P

10ft / _ a2 , a3
. ,3a2

, 1

(5 ft -4ft/) I 4a/3 '3 2^7

°

3 '4 +4^}
b3

> b

j

a2 9 a3 3 a2~~ 3 - 3 + Ti/ '
,*"? ,s

a 2

i!
e cos (5 ft £ — 4 ft/ + 5 g — 4 s, — -ar)

ft
2

2 ft, (2 ft — 2 ft,)

'

3 (ft — 2ft,) 2
__ ?ftj 2ft /3a2

, a3
, a2 1

2 ft
2

r
* /* 1(ft-2ft

y )
L4a72

3>1 2^3 3 ' 2 4V
63

' 3 j

3 a2 & a2

"*" oTi^i "" Ti^,2 + 5-^2 a/ a,3 2 a,2
3 ' 3

e cos (ft t — 2 ft/ + £ — 2 £, + w)

+ 7
ft
2 3 (2ft — 3ft,)*

[12]

(»— 3»<) (3» — 3n,)| 2ft2
^3- Tfti

jw, (2 ft

4ft f 3 a2
, a3

, a2
, 1

- 3 ft,) 1 4 a, 2
3 ' 2 ~* 2^3 *3 ' 3 ~* 4V ^' 4

J

9a2

+
4V"

3'2
-,63 , 3 + |^4s>4 UceB (2* t - 3 »,t + 2t - S«, + w)
a, fi a, I

"3.2 — * —s "3.3 -f* [13]

+
ft
2

[3(3»-4» <
)» . _

(2 m ~ 4 n
() (4 n — 4 «

() J

2 w2

1

m,f 6ft J3a2
, __ _a^ , __ j^ ,

"1

^1 (3 W __4 Wi ) l4ay

2 3 ' 3 2 a, 3
3 ' 4 4 a,2

3 ^ 5

J

a 3 _ n a 3
, a2

,

a 3 3,3 a,2
> ecos (3 ft < — 4 ft/ + 3 s — 4 s, -{- sr) [14]
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m. n,
9, a

l& (w — n
t )

(n + n
i
)2a

i

7r—JSt iei
C0B(n

l
t + s

i
^'ar

i )

m l n2

\h (n — rij) (3w- n
t )

(2w

L n /3a2
, a , <*

2
a 1

^)14^ s ' 1 ~^, 3'*~4a~2 3 '3
J

9 a2
7 , 2 a , a2

7 /0 . , , \

m.

4 a, 2

n<

a 4 a?

\h (2n — n
t
)(4n — 2 n

t ) (3»"32^14^

^

ft "2^ 3 ' 3 ~4^~2 3 '
4
/

3 a2
7 , 3 a a2

a, 2
*s, ft + - *s,3 - 5^*3,4 K cos (3»* - 2n,* + 3 « -2*, - «r,)

a t

__ m>
ws

\t* (3 w — 2 n
t ) (5 w — 3 »,)

15a2
, ,4a,
£3.3 +

—

b

_(4n

8n /3a2
, a , a2

, \
^3^) l4^3 ' 3 ~~ 2^*3 ' 4 ~4^~2 3 ' 5

/

3 a2

4 a/
— ^3,4 ^"3,5 ^ cos (4 w £ — 3 w/ + 4 g — 3 s, — or,)

[15]
Expression

for the reci-

procal of the

radius vector,

when u < ar

[17]

[18]

[19]

ju, 2 n
t
(2 n — 2 rc,)

[
(n — 2 »,)

/2 a2 a2 a. ,3 a2
7 1

l"V
~ 2^2 3'° ~2^ 3jl + 4^~2 3 ' 2 /

2 a2 . a a
~^~ Ti" "^ ;r&"s,o "~ —-^3,1

a a
y

2
«i

e, cos (ra £ — 2 nf, + s — s, + ^)

__ my
w l

<

l&
(ra — 3 ft,) (3 w — 3 ft,) (2w

4w / a 2
, <* a _i_

3a2
/i I

^3^\-"4^ 63
'
1 "2^ 6s ' fl +

45?
3 ' 3 /

[20]

+~Ki - — *s,a + t4-As h
c

/
cos (2 n * —3 «^ + 2 s — 3 ^ + **,)

a,4 a/2

m
t

n2

^ (2 w — 4 rc,) (4 n — 4 ra,)

4 a/ 3,3

_

6n
(3n — 4 nJ I 4a~r>*

" 2^ 3 ' 3 + 4^~2 3 '4
J

[21]

+^ is,8-^^,3+|^*s,4h«i
cos(3»«--4n^ + 3fi-4€

i
+ «r

i )

m. w2

/& (3 n — 5 ^) (5 n — 5 w,) (4?i

8rc f __ a^
— 5»,) 1 4~a/

'3,3

a
7

,3a2
, 1

2 a,
'3,4

[22]

T
4 a* 3,3

4 a 7 , 9 a2
7

a
(

3>4 4 a/ 3 ' 5
- e

y
cos (4 n t — 5 w^ + 4 s — 5 s

t
+ w^) [23]

Substituting in the equations of p. 45, for Rn their values and neglecting

e2 , eeJ3
e

(

2
, and sin2 -^,

i2
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Expression ^

for the longi-

tude when

n * + 6 + e sin (n t + a - *r)

W — 7ly) I ^ (» — W/ )

£ — W,i + 6 — g,)

W

(3w-3k

(^^^M)}sin(n

i -• — b
l
a > sin (2 n t — 2 rci + 2 s — 2 s,)2 r„ 4- -

(2n — 2^) L jw, (w

(4w

n m

-~— b
l 4 I sin (4 n t —- 4 w

i
£ -f 4 e — 4 s ,)

(5n — 5n
- i 2

r

r
, H

m
i
na— a I sin (5 w f — 5 w, * + 5 e — 5 g,)

,)l ^
T

f* (»-«,) a,
M

J '
.

"

[1]

2]

4.

i
w / o / ,

rA _i_
m

i
n ( ^a2

,
3a2

, a3
.. a9

, \+ ^ I
2
V 6 + "2"/ ^ V K 5S? %°

~~^ %l " 4^ 6s
»V

— 4 / — — — 6i i I ? e sin (n, t 4- g — m)

Trbifi {
2
(" + t)

m n / fl
2

r«]

a?
Q ~—

a 3aS \

r^ 3*y

f8]

w ~
9 ^3

j

(2»-»,) I
" V° ' 2/ ^(2rc-^)\2a,2 2 a/'

3'

2 a, 3 M ^ 4

7YL 7L I fit
2 CL * \ I——

*

( — 5, , | > e sin (2 w £ — n, t + 2 g — g, — ot)

(3 « - 2»,) I V 2 / p (3 » - 2 n
t ) \ 4 «,

2 3>1
2 a,*

3 «2 ^ 4

""^jj bl>2
J

e sin (3 n t - 2 n
t
t + 3 g - 2 s, - w)

[9]

(4w~3^)l~V"' 2/
j

x(4»-3n
/)V 4a,* 3 ' 8 2a/ 3 '

3t
"4a/ 3'7

+ ,77^^ *i.4 esin (4n * - 3 Wj * + 4s - 3., - «) n l

|X (w

< 2 ( f l0 4" -H" I

w
11 4 2/ ^(5n-4ngi

2
V
ll+ 2)

/ a2
. a» . ,3a9

, \

J V~^ '

3 2^3 3|4
4^? '

V

(5 w — 4 w

+ «_

—

l — b, 4 > e sin (5 n t — 4 w, ^ + 5 s — 4? g. —• ot)

t
(w

+ —-.—^—-— £ V esin (n^—• 2n,t + g — 2g,+ ot) ri2i
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+ 5 J »(*-,.+ tJl\- 3m
i
n ( 3a*b - aS

h
a*

h \ ExpressionT
(3n - 3n,) I \ 2 / /* (2n - 3b,) \4< 3,a 2o^ *' ~ 4^ '7 for thelongi

+ ~ ( "- n°) a V} esin (2w «- 3M + 2e-3 £
, + ©) [13]

" / o /„ . ZA — 4m,» / 3 «2
,

«' «* ,T
(3»-4«,)l V 2,1 |* (3 » - 4 n.) VJa?

3 ' 3 ~ 2^ 3>4 ~ 4o? 3 '

3,3

tude when

+ ——/ — 5 I esin (3»i — 4w^ H- 3s — 4e,+ isr) fl4l

o
+ — r 15 e, sin (w, * + g, — w,) n 5!

4.
n Jo, 2 m, w / 3 a2

;
a ,

j g f Or - 3 m/^ / 3 a2
, a 7

"*"

(3 n - 2 «,) I
18 M3^ZT2^)' V?^*

3 '
2 " 2^ 3j3

- T^ h%
") }

e
t
Bin

(3 nt - 2nit + 3 £ ~~ 2 £
i
- ™d [18]

4-
w /sr _ 4fli,w /3a2

, a '

+ (4^T=T^) I
19

M4^^3^) \4^ 3 ' 3 "" 2^ 3 '
4

—
4tS"a 6w) }

c
i
sin

(4 » * — 3 »,* + 4e — 3 ^ —^ [19]

+ (jT^2^) \
Jr

«> -^^^) v~«7 " 2^ ^° ""
2^7

^

+ {^ ^'V }
e

'
sin (

w *
~~ 2 w

'

* + B ~~ 2 s
'
+^ [20]

• (217^3^7) l
Z r21 " M2^=T3^) V *Z* Stl ~~ 2^ 3 ' 2

+ §£*hs}}e,*in(2nt-3n
i
t + 26-36,+ v,) [21]

... g /g r _ m,n /_ a2
, _ a,

"r (3»^-4w
i
)l

22 jx(3rc-4w,)V 4a/ 3 » 8
2 a,

+ |^ &s,4
) j ^ ^n (3 « * - 4 n,t + 3 s - 4 e, + ^

)

[22]

The expression for the tangent of the latitude has already been given^ p. 49,
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When the latitude is reckoned from the plane of the orbit of the planet P, the

following terms must be added., in the general case where / is not equal to zero,

to that expression

;

^2 /i2

2 (n — rij) (3 n — »,) a
{

ft *—- tan * #3jl sin (2 n t — w
y
£ + 2 s — s

/

— v)

j ——_^— tan t b* i sin (n i •+- s. — v.)T
2 (n - n,) (» + n

t )
a? M v

'
' "

ra
2 a2

_— —- —- tan i b3 a sin (3 w £ — 2 wi + 3 s — 2 s, — y

ra
2 "2

4^(2w — 2^) a,2

,2 /*2

— tan i 63j2 sin (« $ — 2 »,£ + s -— 2 g, + v)

n
'"" ""

22(3n — 3»
i
)(5w — 3»,) a,

— tan * 63j3 sin (4 w £ — 3 nf, -f 4 g — 3 e
i
— v)

»a /»2

+ —

-

—tan 1

6

3 3 sin (2 k t — 3 rci + 2 s - 3 s, + v)T
2 (» - 3»,) (3 n - 3 »,) a,2 '

V ' '

All the equations hitherto given apply to the case of an inferior disturbed by

a superior planet, or when a
t
> a, in order to render them applicable to the

case when a,< a it is necessary to write a instead of a
t
in the denominator

of the terms multiplied by h
1 n3

and a3 instead of a? in the denominator of the

terms multiplied by b
3 n , in the disturbing function U, but the expressions for

the quantities q are not the same in this case.

It will I think be admitted that the expressions which occur in the theory

of the disturbances of the planets are more simple in terms of the quan-

tities of which the general symbol is 6, than in terms of the partial differen-

tial coefficients of the quantity called A in the notation of the M^canique

Celeste. The development of the disturbing function J? in terms of the

differential coefficients ^—, g— , &c. admits of reductions, so that it may be

expressed in terms of the differential coefficients of A with respect to a only.

In this state it has been left by Laplace as may be seen, vol. ii. p. 12, but

the coefficients of the terms multiplied by the squares and products of the

eccentricities may be expressed very simply in terms of the quantities of

which the general symbol is 6, by means of reductions, of which two exam-
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pies are given in the Th6or. Anal. vol. i. p. 362. Similar reductions are

-g^j multiplied by the first power of the

eccentricities.

In Laplace's notation

°l,0 — 2°± 9 °1,1 — °i 9 °l,2—°l > ^1,3 — O o
2 2 2

I, _u(°) A » 03
°3,0 — 2°3 > °3,1 — °3 > h3,2— "3

2

fe

(2)
5 -5 (3)
w3,3 — °_3

2

o,0 — 2 W 5. >

2

fit.

^3,0 "-" 2 "3,

1

h, = & 5
(1)

,

dft,
I 1
2 da

(o)

6 5,2 = »5 *

2

— ^3,1 ~~ "3,0
CE

y3,2 2 W3,l 2 W
52 "3,3

2

d a

(2)

6 -5 (3)

2

2 W3,2
—

d^ 1

I
2

da

a
k3,3 2 ^3,2 "" 2 °3,4

d^
2

da

(3)

la °5,2 — 2°5,1 — 2 %3 J
—

d&
(0)

JL 2
5 da

d.h
(2)

da

a
3 l—b

a.
5,1 >,o — 2 "5,2 f

d.&~
2

d a

(l)

d.6
(3)

da

The numerical values of these quantities are given for the principal planets

in the third volume of the Mecanique Celeste.

The following numerical examples will serve to explain the expressions given

above, and to show their accuracy, the results agreeing exactly with those

given in the Mecanique Celeste.

a
ft

e < 1 +
7T 13^3^0 -jg-Ai/ .cos (nt + s — w)

r
t
cos (nt — nit + e — e

t
) See p. 55.

* The coefficient of cos (n t + s — *ar) p. 52 line 1 1, and p. 55 line 3, should be

e < 1 . Vh.fjL h JL*.h 1 >.
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In the theory of Jupiter disturbed by Saturn,

a— = -54531725, fcM = -6206406,
«

53>1 = 3-185493 i3S = 2*082131 —'= _ ,3,2 w 3359*4

6%0
—1^8387 _ 2-X79193

1

n = 337210-78 n, = 135792*34

a = 5*201 16636 e = -0480767

See M6c. C61. vol. iii. p. 61 & 82.

Whence

£fts ,

= -353381, f L l== -473636
2 a,2

J > 1

a3

fl|
3
*S _ JL^ -_.- 120255

log. -120255 =9*0801033

log. 5-20116636 = 0*7161007

log.
3fc

9*7962040

= 4*0033829

5*7928211 = log. -0000620613 minus

Laplace has ..... -0000620566 minus

See M6c. C61. vol. iii. p. 121, line 5.

log. { 1 *b
s ,
- ilLij 1 = 9*4423277

log.e =8-6819347

log. a =0*7161007

log.-&-

8*8403631

= 3-5262617

5-3141014 = log. -0000206111 +

Laplace has ..*...... -0000206111 the sign omitted,

M6c C61. vol. iii. p. 122, line 28.
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Calculation of r1? see p. 57-

log. n, = 5-1328751

log.ra =5-5279013

9-6049738 = log. -4026928

«a a
i,i

log. -04 1075

log —J
:

n

-•041075

8-6135776

0-7761940

1 - 5l - -5973072 8-8373836 = log. -0687676

2

a

a,
'3,1 u3,0 2 W3,2

- 1-48315

log. 1-48315= -1711851

, a*
log.

a 2
9-4732982

9-6444333 = log. '441 045

^

- -1375352

-•441045
j i

'

- -5785802

= •297371

- -281209

log. 1-5973072 = -2033884

log. -4026928 = 9*6049738

log. 3359-4 =3-5262617
Hi, mm*

3-3346239

r1== - -0001301383

Similarly r2 = -000556924, r
3 = -00005809,

log. -28 1209 = 9-4490293

3-3346259

6-1144054 = log. -0001301383

log. a =s -7161007

6-8305061 = log. -000676871 +

. . . -000676876 +p. 120.Laplace has .

r4 = -000015045, r h = -0000049785

Calculation of the coefficient of sin (n t -~ nf + s - t) in the value of X.

p. 59.

See

2r1== - '0002602766

-0000204702

log.

log. - '

0002398064 = 63798601

= 9*7761940

log—— (?1 - ^ 1
1 = 8-8373836

log. 3359-4 = 3-5262617

5-3111219 = log. -0000204702

n

6*6036661

5-8038801 see p. 49.

2-4075461 = log. 255 591 minus.
ttMHMMMMMMH

. . . 255*5917 the sign omitted^ p. 120.Laplace has . . .

In the notation of the M6c. Cel. vol. iii. p. 120.

IV
n = n ,

n, = » .

MDCCCXXXI. K
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The reader is requested to make the following corrections.

The expression for r~ 3 Phil. Trans. 1830, p. 345, should be
-

r- s :=:a~ 3
< 1 + A e9A + L e*\ + 3e(\ + i- <A cos (n * •- w)

+ A ea/i + * e*\ cos (2 n t -- 2 w) + ~ e5 cos (3 nt — 3 w)

-j- ~~ c4 cos (4 n * — 4 rar)

o

The third term (multiplied by d t) in the equations of p. 23, line 4 and 6, and

the second term in the equation of the same page, line 11, must be suppressed.

p. 30, line 21, read + m
t

[~^cos 2^~ €-l^^fc^

p. 32, line 5, read+ ms { |r
~m fc3.o — ^£ *s.i &c. for+ m# {m~ 2^ri 6s - ~^& 63

'
1&c<

p. 39, line 9, read -^£a
ee,cm(2t-z + x) for-— Jee,cos(2t-* + *)

. f f

p, 41, line 4, read -£. for -
n* »/*


