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'HE GERMAN GRAMMARS of Worman are widely preferred on ac-
f their clear, explicit method (on the conversation plan), introducing a system
{Hgy and comparison with the learners’ own language and others commonly

. ‘rts of speaking, of understanding the spoken Ianguage, and of correct pronun-
‘are treated with great success.

tew classifications of nouns and of irregular verbs are of great value to the
The use of heavy type to indicate etymological changes, is new. The Vocabu-
yronymical—also a new feature.

RMAN’'S GERMAN READER contains progressive selections
viGe range of the very best German authors, including three complete plays,
re usualfy purchased in geparate form for advanced students who have com-
e ordinary Reader.

Biographies of eminent authors, Notes after the text, References to all Ger-
ammars in common use, and ai adegrate Vocabulary; alse, Exercises for
‘ton into the German.

* WORMAN’S GERMAN TCHO (Deutsches Echo) is entirely a8 new

o this country. It presents familiar colloquial cxercises without translation,
teach fluent conversation in a few months of diligent study. =
aer method will ever make the student af home in a foreign language. By this
i 8 in, as well as speaks it. For the time bcing he is a German through and
¢ . The laborious process of translating his thoughts no longer impedes free
rrassed utterance.

MAN'S CDMPLE¢TE FRENCH COURSE

I3 INAUGURATED BY

IL>ECEHO DE PARIS,

" rench Echo;” on a })lnn identical with the German Echo described above.
This will be followed in due course by the other volnumes of

THE FRENCH SERIES,

| Viz.©

UPLETE GRAMMAR, fA. FRENCH READER,
tEEMENTARY GRAMMAR,) A FRENCH LEXICON,
A HISTORY OF FRENCH LITERATURE.,

WORMAN'S WORKS

ted as fast as published by many of the best institutions of the country. In
2ness, adaptation, and homogeneity foli consistent courses of instruction, they
are simply

UNRIVALIZD.
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A WHOLE LIBRARY IN FOUR VOLUMES,

GOMPENDIUM %5 LITERATURE,

One Hundred and Twenty Thousand of these Volumes have been sold,
and they are the acknowledged Standard wherever
this refining study is pursued.
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Remarkable for the space and attention given to grammatical principles, to afford &
substantial groundwork ; also for the admirable treatment of synonyms, figurative
language, and the sources of argument and illustration, with notable exercises for pre-
paring the way to poetic composition.

© BOYD'S ELEMENTS OF LOGIC.

explains, first, the conditions and processes by which the mind receives ideas, and
then unfolds the art of reasoning, with clear directions for the establishment and con-
firmation of sound judgment, A thoroughly practical treatise, being a systematic and
philosophical condensation of all that is known of the subject.

BOYD'S KAMES® CRITICISM.

This standard work, as s well known, treats of the faculty of perceptlon, and the
result of its exercise upon the tastes and emotions. It may therefore be termed a Com-
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bas mado it a standard text-book.
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In six cheap volumes. The service done to literature, by Prof. Boyd's Annotations
upon these standard writers, can with difficulty be estimated. Line by line their ex-
pressions and ideas are analyzed and discussed, until the best comprehension of the
powerful use of language is obtained by the learner.
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PREFACE.

ArGEBRA naturally follows Arithmetic in a course of scien-
tific studies. The language of figures, and the elementary
combinations of numbers, are acquired at an carly age.
When the pupil passes to a new system, conducted by
letters and signs, the change seems abrupt; and he often
experiences much difficulty before perceiving that Algebra
is but Arithmetic written in a different language.

It is the design of this work to supply a connecting link
between Arithmetic and Algebraj to indicate the unity of
the methods, and to conduct the pupil from the arithmetical
processes to the more abstract methods of analysis, by easy
and simple gradations. The work is also introductory to
the University Algebra, and to the Algebra of M. Bourdon,
which is justly considered, both in this country and in
Europe, as the best text-hook on the subject, which has yet
appeared.

In the Introduction, or Mental Exercises, the language
of figures and letters are both employed. Each Lesson is
80 arranged as to introduce a single principle, not known

926515



iv PREFACE.

before, and the whole is so combined as to prepare the
pupil, by a thorough system of mental training, for those
processes of reasoning which are peculiar to the algebraic
analysis,

It is about twenty years since the first publication of the
ErLeMENTARY ALGrrrA. Within that time, great changes
have taken place in the schools of the country., The sys-
tems of mathematical instruction have been improved, new
methods have been developed, and these require correspond-
ing modifications in the text-books. Those modifications
have now been made, and this work will be permanent in
its present form.

Many changes have been made in the present edition, at
the suggestion of teachers who have used the work, and
favored me with their opinions, both of its defects and
merits. I take this opportunity of thanking them for the
valuable aid they have rendered me. The eriticisms of
those engaged in the daily business of teaching are invalu-
able to an author; and I shall feel myself under special
obligation to all who will be at the trouble to communicate
to me, at any time, such changes, either in methods or lan-
guage, as their experience may point ont. Itisonly through
the cordial co-operation of teachers and authors—by joint
labors and mutual efforts—that the text-books of the country
can be brought to any reasonable degree of perfection

A Key to this volume has been prepared for the use of

vachers only.
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SUGGESTIONS TO TEACHERS.

1. Tur Introduction is designed as a mental exercise. If
thoroughly taught, it will train and prepare the mind of
the pupil for those higher processes of reasomng, which it
is the peculiar province of the algelraic analysis to develop.

2. The statement of each question should be made, and
every step in the solution gone through with, without the
aid of aslate or black-board ; thcugh perhaps, in the begin-
ning, some aid may be necessary to those unaccustomed to

such exercises.

3. Great care must be taken to have every prineiple on
which the statement depends, carefully analyzed ; and equal
care is necessary to have every step in the solution distinctly

explained.

4, The reasoning process is the logical connection of dis-

tinct apprehensions, and the deduction of the consequences
which follow from such a eonnection. Hence, the basis of
all reasoning must lie in distinct elementary ideas.

5. Therefore, to teach one thing at a time—to teach that
thing well—to explain its connections with other thmgs
and the consequences which follow from such connections,

would scem to embrace the whole art of instruction,
viii
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ELEMENTARY ALGEBRA.

INTRODUCTION.
MENTAL EXERCISES.

LESSON 1.

1. Jor~ and Charles have the same number of apples;
both together have twelve: how many has each?

Axavysis.—Let a denote the number which John has;
then, since they have an equal number, @ will also denote
the number which Charles has, and twice =, or 2z, will
denote the number which both have, which is 12. If twice
z igequal to 12, = will be equal to 12 divided by ¢, which
i8 6 ; therefore, each has 6 apples.

‘WRITTEN.

Let 2 denote the number of apples which John has;

then,
1

z+x =22 =12; hence, = = 5 = 6.

Nore.—When x is written with the sign + before it,
it is read plus a: and the line above, is read, = plus «
equals 12,



10 INTRODUCTION.

Work.—Wliea "2 “is written by itself, it is read one a
and is the same as, ' 12

%% or 14, ‘incans once @, or one

2, “  twice 2z, or two w,

3z, ¢  three times @, or three =z,

4x, “  four times @, or four ,

&e., &e., &e.

. What is « 4 « cqual to?

. Whatis @ 4 2z cqual to?

. Whatis = + 2z 4+ « equal to?
. Whatis & + 5z + 2 cqual to?
. What is « 4 2z 4 3z equal to?

7. James and John together have twenty-four peaches,
and one has as many as the other: how many has each?

Sy Qv W O O

Avavysis—Let @ denote the number which James has;
then, since they have an equal number, & will also denote
the number which John has, and twice @ will denote the
number which both have, which is 24. If twice « is equal
to 24, « will be equal to 24 divided by 2, which is 12;
therefore, each has 12 peaches.

WRITTEN.

Let « denote the number of peaches which James has;
then,

@+ @ = 2¢ = 24; hence, = = = 12.

o] R

VERIFICATION,

A Verification is the operation of proving that the num.
ber found will satisfy the conditions of the question. Thus,
James’ app.cs. John's apples.
12 S A = 24.
Nore.—Let the following questions be analyzed, written,
and verified, in exactly the same manner as the above.



MENTAL EXERCISES. 11

8. William and John together have 36 pears, and one has
as many as the other: how many has each?

9. What number added to itself will make 20?

10. James and John are of the same age, and the sum of
their ages is 32: what is the age of each?

11. Lucy and Ann are twins, and the sum of their ages
is 16: what is the age of each?

12, What number is that which added to itself will
make 307

13. What number is that which added to itself will
make 507

14. Each of two boys received an equal sum of money at
Christmas, and together they received 60 cents: how much
had each?

15. What number added to itself will make 100 ?

16. John has as many pears as William; together they
have 72: how many has each ?

17. What number added to itself will give a sum equal
to 46°? '

18. Lucy and Ann have each a rose bush with the same
number of buds on each; the buds on both number 46:
how many on each ?

LESSON II.

1. John and Charles together have 12 apples, and Charles
has twice as many as John: how many has each?

Axavysis.—Let = denote the number of apples which
John has; then, since Charles has twice as many, 2z will
denote his share, and « + 2z, or 3z, will denote the
number which they both have, which is 12.” If 8 is equal
to 12, « will be equal to 12 divided by 8, which is 4;
therefore, John has 4 apples, and Charles, having twice as
many, has 8. :
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WRITTEXN.
Yet x denote the number of apples John has, then,

22 will denote the number of apples Charles has; and

x4+ 2¢ = 3x = 12, the number both have; then,
12
¢ = = 4, the number John has; and,

2¢ = 2 X 4 = 8, the number Charles has,

. VERIFICATION.
4 4+ 8 = 12, the number both have.

2. William and John together have 48 quills, and William
has twice as many as John: how many has each ?

3. What number is that which added to twice itself, will
give a nimber equal to 60 ?

4. Charles’ marbles added to John’s make 3 times as many
as Charles has; together they have$1: how many has each ?

Axaryss.—Since Charles’ marbles added to John’s make
three times as many as Charles has, Charles must have one
third, and John two thirds of the whole.

Let « denote the number which Charles has; then 2x
will denote the number which John has, and 2 4 2, or
3z, will denote what they both have, which is 51. Then, if
3z is equal to 51, = will be equal to 51 divided by 3,
which is 17, Therefore, Charles has 17 marbles, and John,
having twice as many, has 34.

WRITTEN.

Let 2 denote the number of Charles’ marbles; then,
22 will denote the number of John’s marbles; and
3x = 51, the number of both; then,

3 e %’l = 17, Charles’ marbles; and

17 x 2 = 34, John’s marbles,



MENTAL EXERCISES. s

. What number added to twice itself will make 752
. What number added to twice itself will make 57 ?
. What number added to twice itself will make 39 ?
8. What number added to twice itse]f will give 90?
. John walks a certain distance on Tuesday, twice as
far on Wednesday, and in the two days he walks 27 miles:
how far did he walk each day?

10. Jane’s bush has twice as many roses as Nancy’s: and
on both bushes there are 36 : how many on each ? =

11. Samuel and James bought a ball for 48 cents ; Samuecl
paid twice as much as James: what did each pay?

12. Divide 48 into two such parts that one shall be double
the other.

13. Divide 66 into two such parts that one shall be double
the other, '

14, The sum of three equal numbers is 12 : what are the
numbers ?

-T & W

=]

Axarysis.—Let « denote one of the numbers; then,
since the numbers are equal, @ will also denote each of
the others, and « plus « plus @, or 32 will denote their
gum, which is 12. Then, if 3z is equal to 12, a will be
equal to 12 divided by 3, which is 4: therefore, the numbers
are 4, 4, and 4.

WRITTEN.
Let # denote one of the equal numbers; then,
4 x4 @ =-8c = 12; and
12

ERR= = 4,
3

VERIFICATION.
44444 =12
15. The sum of three equal numbers is 24: what are the
numbers?
16. The sum of three equal numbers is 36 : what are the
numbers ?
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17. The sum of three equal numbers is 54 : what are the
numbers ?

LESSON TIIL

1. What number is that which added to three times itself
will make 48°¢ ’

Axavysis—Let @ denote the number; then, 3a will
denote three times the number, and 2« plus 3z, or 4z,
will denote the sum, which is 48. If 4 is equal to 48,
« wil be equal to 48 divided by 4, which is 12; there-
fore, 12 is the required number.

WRITTEN,

Let « denote the number; then,

3x - three times the number; and
@+ 3x = 4x = 48, the sum: then,
48 q
® = - = 12, the required number.

VERIFICATION,
12 + 3 X 12 = 12 4 36 = 48.
Note.—All similar questions are solved by the same
form of analysis.

2. What number added to 4 times itself will give 40?2 ¢
. What number added to 5§ times itself will give 42?9 7/
. What number added to 6 times itself will give 63 /]
. What number added to 7 times itself will give 88°?
. What number added to 8 times itself will give 81 ?
. What number added to 9 times itself will give 100?
. James and John together have 24 quills, and John has
three times as many as James: how many has each?

9. William and Charles have 64 marbles, and Charles has
7 times as many as William: how many has each ?

=¥ & v o W

oo}



MENTAL EXERCISES. 15

10. James and Johv travel 96 miles, and James travels
11 times as far as John : Liew far does caeh travel ?

11. The sum of the ages of a father and son is 84 years;
and the father is 3 times as old as the son: what is the age
of each ?

12. There are two numbers of which the greater is 7
tunes the less, and their sum is 72: what are the numbers?

13. The sum of four equal numbers 1 64: what are the
numbers ?

14. The sum of six equal numbers is 54: what are the
numbers ?

15. James has 24 marbles; he loses a certain number, and
then gives away 7 times as many as he loses which takes all
he has: how many did he give away? Verify.

16. William has 36 cents, and divides them between his
two brothers, James and Charles, giving one, eight times as
many as the other: how many does he give to each?

17. What is the sum of = and 32? Of = and 7a?
Of z and 52z? Of 2 and 12x7 :

LESSON IV.

1. If 1 apple costs 1 cent, what will a number of apples
denoted by « cost?

Axarysis.—Since one apple costs 1 eent, and since o
denotes any number of apples, the cost of @ apples will be
as many eents as there are apples: that is, « cents.

2. If 1 apvle costs 2 cents, what will a apples cost?

Axarysis.—Sinee one apple costs 2 cents, and since a
denotes the number of apples, the cost will be twice as many
cents as there are apples: that is 2x cents.

3. If 1 apple costs 3-cents, what will « apples cost ?
4, If 1 lemon costs 4:cents, what will 2 lemons cost ?
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5. If 1 orange costs 6 cents, what will 2 oranges cost ?

6. Charles bought a certain number-of lemons at 2. cents
apiece, and as many oranges at 3 cents apiece, and paid in all
20 cents: how many did he buy of each ?

Axsrysis—DLet 2 denote the number of lemons; then,
since he bought as many oranges as lemons, it will also
denote the number of oranges. Since the lemons were
2 cents apiece, 2 will denote the cost of the lemons; and
since the oranges were 3 cents apiece, 3x will denote
the cost of the oranges; and 2z 4- 8z, or 52, will denote
the cost of both, which is 20 cents. Now, since 5z cents
are equal to 20 cents,  will be equal to 20 cents divided by
5 cents, which is 4: hence, he bought 4 of each.

WRITTEN.

Let o denote the number of lemons, or oranges; then,
22 = the cost of the lemons; and
8z = the cost of the oranges; hence,
2z + 3x = 5x = 20 cents — the cost of lemons and
oranges ; hence,

20 cents
= ———— = 4, the number of each.
5 cents
VERIFICATION,
4 lemons at 2 cents each, give, 4 X 2 = 8 cents,
4 oranges at 3 cents each, “ 4 X 3 = 12 cents.
Hence, they both cost, 8 cents 412 cents = 20 cents,

7. A farmer bought a certain number of sheep at 4 dollars
apicce, and an equal number of lambs at 1 dollar apiece,
and the whole cost 60 dollars: how many did he buy of
each ? '

8. Charles bought a certain number of apples at 1 cent
apiece, and an equal number of oranges at 4 cents apiece, and
paid 50 cents in all : how many did he buy of each?
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9. James bought an equal number of apples, pears, and
lemons; he paid 1 cent apiece for the apples, 2 cents apiece
for the pears, and 3 cents apiece for the lemons, and paid
72 cents in all; how many did he buy of each ? Verify.

10. A farmer bought an equal number of sheep, hogs,
and calves, for which he paid 108 dollars; he paid 38 dollars
apiece for the sheep, 5 dollars apiece for the hogs, and
4 dollars apiece for the calves: how many did he buy of
each?

11. A farmer sold an equal number of ducks, geese,
and turkeys, for which he received 90 shillings. The ducks
brought him 3 shillings apiece, the geese 5, and the turkeys
7: how many did he sell of each sort?

12. A tailor bought, for one hundred dollars, two pieces
of cloth, each of which contained an equal number of yards.
For one piece he paid 3 dollars a yard, and for the other
2 dollars a yard: how many yards in each picce ?

18. The sum of three numbers is 28 ; the second is twice
the first, and the third twice the second: what are the
numbers ?  Verify.

14. The sum of three numbers is 64 ; the second is 3 times
the fiyst, and the third 4 times the second: what are the
numbers ?

LESSON V.

1. If 1 yard of cloth costs 2 dollars, what will 2 yards
cost ?

Axarysis.—Two yards of cloth will cost twice as much as
one yard. Therefore, if 1 yard of cloth costs a dollars,
2 yards will cost twice 2 dollars, or 2z dollars,

2. If 1 yard of cloth costs @ dollars, what will 3 yards
cost? Why?



18 INTRODUCTION.

3. If 1 orange costs « cents, what will 7 oranges cost !
Why? 8 oranges?

4. Charles bought 3 lemons and 4 oranges, for which he
paid 22 cents. IIe paid twice as much for an orange as for
a lemon : what was the price of each ?

Axnavysis—Let @ denote the price of a lemon; then, 22
will denote the price of an orange; 3z will denote the cost
of 3 lemons, and 8x the cost of 4 oranges; hence, 3z plus
8x, or 1lz, will denote the cost of the lemons and oranges,
which is 22 cents. If 11x is equal to 22 cents, 2 i3 equal to
22 cents divided by 11, which is 2 cents: therefore, the
price of 1 lemon is 2 cents, and that of 1 orange 4 cents.

WRITTEN,

Let z denote the price of 1 lemon; then,

Qi — ¢ 1 orange; and,
8r 4 8x = 1llx = 22 cts., the cost of lemons and oranges;
hence, z = 221?5' = 2 ets,, the price of 1 lemon;
and, 2 X 2 = 4 cts., the price of 1 orange.
VERIFICATION.

3 X 2 = 6 cents, cost of lemons,
4 X 4 = 16 cents, cost of oranges.
22 cents, total cost.

5. James bought 8 apples and 3 oranges, for which he
paid 20 cents, e paid as much for 1 orange as for 4 apples:
what did he pay for one of each ?

6 A farmer bought 38 ealves and 7 pigs, for which he paid
19 dollars. e paid four times as much for a calf as for a
pig: what was the price of each?

7. James bought an apple, a peach, and a pear, for which
he paid 6 cents. He paid twice as much for the peach as for



MENTAL EXERCISES. 19

the apple, and three times as much for the pear as for the
apple: what was the price of each ?

8. William bought an apple, a lemon, and an orange, for
which he paid 24 cents. e paid twice as much for the
lemon as for the apple, and 3 times as much for the orange
as for the apple: what was the price of each ?

9. A farmer sold 4 calves and 5 ecows, for which he received
120 dollars. He reeeived as much for 1 cow as for 4 calves:
what was the price of each?

10. Lucy bought 3 pears and 5 oranges, for which she
paid 26 cents, giving twice as much for each orange as for
each pear: what was the price of cach?

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a
penknife, for which she paid 80 cents. She paid the same
for the silk as for the tape, and as much for the penknife as
for both : what was the cost of each ?

12. James, John, and Charles are to divide 56 cents
among them, so that John shall have twice as many as
James, and Charles twice as many as John: what is the
share of each ?

13. Put 54 apples into three baskets, so that the second
shall contain twice as many as the first, and the third as
many as the first and second: how many will there be in
cach,

14. Divide 60 into four such parts that the sccond shall
be double the first, the third double the second, and the
fourth double the third : what are the numbers ?

LESSON VL

1. If 2¢ 4 « is equal to 3z, what is 3z — = equal
to? Written, 3z — =z = 2z
2. What is 4z — 2 equal to? Written,
4z — gz — .
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3. What is 8z minus 6x equal to? Written,
8x — 6x = 2.

4. What is 122 — 92 equal to? Ans. 3a
5. What is 152 — 7z equal to?
6. What is 17z — 13z cqual to? Ans. 4.

7. Two men, who are 30 miles apart, travel towards each
other ; one at the rate of 2 miles an hour, and the other at
the rate of 8 miles an hour: how long before they will meet?

Axavysis.—Let « denote the number of hours. Then,
since the time, multiplied by the rate, will give the distance,
22 will denote the distance traveled by the first, and 3.«
the distance traveled by the second. But the sum of the
distances is 30 miles; hence,

2¢ 4 3z = 5x = 80 miles;
and if 52 is equal to 30, z is equal to 30 divided by 5,
which is 6 : hence, they will meet in 6 hours.
WRITTEN.
Let « denote the time in hours; then,
22 = the distance traveled by the 1st; and
Sxr — ¢¢ s 2d.
By the eonditions,
22 4 8z = 5x = 380 miles, the distance apart ;
30

hence, =0 = 6 hours.

VERIFICATION.
2 x 6 = 12 miles, distance traveled by the first.
3 x 6 = 18 miles, distance traveled by the second
'30 miles, whole distance.

8. Two persons are 10 miles apart, and are traveling in
the same direction ; the first at the rate of 3 miles an hour,
and the second at the rate of 5 miles: how long, before the
second will overtake the first ?
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A~avrysis,—Let = denote the time, in hours. Then, 3x
will denote the distance traveled by the first in 2 hours;
and 5z the distance traveled by the second. But when
the second overtakes the first, he will have traveled 10 miles
more than the first: hence,

52 — 3x = 2x = 10;
if 22 is equal to 10, « is equal to 5 hence, the second will
overtake the first in 5 hours,

WRITTEN.

Let « denote the time, in hours: then,
3x — the distance traveled by the 1st;

and, 5z = & “ 2d;
and, 5 — 3¢ = 2z = 10 hours;
10 ] '
or, r = =N 5 hours.,
VERIFICATION.
3 X 5 = 15 miles, distance traveled by 1st.
5 X 5 = 25 miles, “ “ 2d.

25 — 15 = 10 miles, distance apart.

9. A cistern, holding 100 hogsheads, is filled by two
pipes; one discharges 8 hogsheads a minute, and the other
12: in what time will they fill the cistern ?

10. A cistern, holding 120 hogsheads, is filled by 3 pipes;
the first discharges 4 hogsheads in a minute, the second 7,
and the third 1: in what time will they fill the cistern ?

11. A cistern which holds 90 hogsheads, is filled by a pipe
‘which discharges 10 hogsheads a minute; but there is a
waste pipe which loses 4 hogsheads a minute: how long
will it take to fill the cistern?

12. Two pieces of cloth contain each an equal number of
yards; the first cost 3 dollars a yard, and the second 5, and
both pieces cost 96 dollars: how many yards in each ?

13. Two picces of cloth contain each an equal number of
yards; the first cost 7 dollars a yard, and the second 5 ; the first
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cost 60 dollars more than the second: how many yards in
each piece ?

14. John bought an equal number of oranges and lemons
the oranges cost him 5 cents apiece, and the lemons 3; and
he pad 56 cents for the whole: how many did he buy of
each kind ?

15. Charles bought an equal number of oranges and
lemons; the oranges cost him 5 cents apiece, and the
lemons 3 ; he paid 14 cents more for the oranges than for
the lemons: how many did he buy of each ?

16. Two men work the same number of days, the one
receives 1 dollar a day, and the other two: at the end of
the time they receive 54 dollars : how long did they work ?

LESSON VIL

1. John and Charles together have 25 cents, and Charles
has 5 more than J olm: how many has each?

Axarysis.—Let 2 denote the number which John has;
then, « 4+ 5 will denote the number which Charles has, and
x + o+ 5 or 2¢ + 5, will be equal to 25, the number
they both have. Since 2z + 5 equals 25, 2z will be
equal to 25 minus 5, or 20, and = will be equal to 20
divided by 2, or 10: therefore, John has 10 cents, and

(Charles 15.
WRITTEN.

Let « denote the number of John’s cents; then,
245 « Charles’ cents; and,
z+ 2+ 5 25, the number they both have; or,
2¢ 4- 5 = 25; -and,
2 = 25 — b = 20; hence,
20

x x = 10, John’s number; and,

10 4+ 5 = 15, Charles’ number,

I
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VERIFICATION.
John's. Charles’,
10 + 15 = 25, the sum.
Charles’. John’s,
15 — 10 = 5, the difference.

2. James and John have 30 marbles, and John has 4 more
than James: how many has each.?

3. ‘William bought 60 oranges and lemons; there were
20 more lemons than oranges: how many were there of
each sort ? (

4. A farmer has 20 more cows than calves; in all he has
36 : how many of each sort?

5. Lucy has 28 picces of money in her purse, composed
of cents and dimes; the cents exceed the dimes in number
by 16: how many are there of each sort ?

6. What number added to itself, and to 9, will make 29 ?

7. What number added to twice itself, and to 4, will
make 25 °?

8. What number added to three times itself, and to 12,
will make 60 ?

9. John has five times as many marbles as Charles, and
vhat they both have, added to 14, makes 44 : how many has
pach ?

10. There are three numbers, of which the second is twice
the first, and the third twice the second, and when 9 is
added to the sum, the result is 30: what are the numbers?

11. Divide 17 into two such parts that the second shall
be two more than double the first: what are the parts?

12. Divide 40 into three such parts that the second shal}
be twice the first, and the third exceed six times the first
by 4 : what are the parts? q

13. Charles has twice as many cents as James, and John
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has twice as many as Charles; if 7 be added to what they
all have, the sum will be 28: how many has each ?

14. Divide 15 into three such parts that the second shall
be 3 times the first, the third twice the second, and 5 over:
what are the numbers?

15. An orchard contains three kinds of trees, apples, pears,
and cherries; there are 4 times as many pears as apples,
twice as many cherries as pears, and if' 14 be added, the
number will be 40; how many are there of each ?

LESSON VIIL

1. John after giving away 5 marbles, had 12 left: how
many had he at first ?

Anasvysis.—Let & denote the number; then, @ minus 5
will denote what he had left, which was equal to 12. Since
z diminished by 5 is equal to 12, = will be equal to 12,
increased by 5 ; that is, to 17: therefore, he had 17 marbles.

WRITTEN.

Let = denote the number he had at first; then,
2 — 5 = 12, what he had left; and
x 12 4+ 5 = 17, what he first had.

VERIFICATION.

17 — 5 = 12, what were left.

2. Charles lost 6 marbles and has 9 left! how many had
he at first ?

3. William gave 15 cents to John, and had 9 left: how
many had he at first ?

4. Ann plucked 8 buds from her rose bush, and there
were 19 left: how many were there at first ?
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5. William took 27 cents from his purse, and there were
13 left: how many were there at first?

6. The sum of two numbers is 14, and their difference is 2+
what are the numbers? \

Axarysis.—The difference of two numbers, added to the
less, will give the greater. Let a denote the less number;
then, « 4 2, will denote the greater, and = + =z 4 2,
will denote their sum, which is 14. Then, 2z 4 2 equals
14; and 2z equals 14 minus 2, or 12: hence, 2 equals
12divided by 2, or 6: hence, the numbers are ¢ and 8.

VERIFICATION,

6 4+ 8 = 14, their sum; and
8 — 6 = 2, their difference.

7. The sum of two numbers is 18, and their difference 6:
what are the numbers ?

8. James and John have 26 marbles, and James has 4 more
than John : how many has each ?

9. Jane and Lucy have 16 books, and Lucy has 8 more
than Jane : how many has each ?

10. William bought an equal number of oranges and
lemons ; Charles took 5 lemons, after which William had but
25 of both sorts: how many did he buy of each?

11. Mary has an equal number of roses on each of two
bushes; if she takes 4 from one bush, there will remain 24
en both : how many on each at first ?

12, The sum of two numbers is 20, and their difference
is 6: what are the numbers ?

Awnavysis.—If = denotes the greafer number, @ — 6 will
denote the less, and « + « — 6 will be equal to 20; hence,
2¢ equals 20 4 6, or 26, and z equals 26 divided by 2,
equals 13; hence the numbers are 13 and 7.

%
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WRITTEN.

Let = denote the greater; then,
@ —— 6 = the less; and

z 4 2 — 6 = 20, their sum; hence,
2z = 20 + 6 = 26; or,
26
m:—?z 13; and 13 — 6 =: 7.

VERIFICATION,
18 + 7 = 20; and, 13 — 7 = 6.

13. The sum of the ages of a father and son is 60 yéhrs,
and their difference is just half that number: what are the'r
ages?

14. The sum of two numbers is 23, and the larger lacks
1 of being 7 times the smaller: what are the numbers ?

15. The sum of two numbers is 50 ; the larger is equal to
10 times the less, minus 5 : what are the numbers ?

16. John has a certain number of oranges, and Charles
has four times as many, less seven ; together they have 53:
how many has each ?

17. An orchard contains a certain number of apple trees,
and three times as many cherry trees, less 6 ; the whole num-
ber is 80: how many of each sort?

LESSON IX.

1. If = denotes any number, and 1 be added to it, what
will denote the sum ? . Ans.z + 1.

2. If 2 be added to =z, what will denote the sum? If 3
be added, what ? If 4 be added ? &e.

If to John’s marbles, one marble be added, twice his num-
ber will be equal to 10: how many had he ?

AvaLysis,.—Let = denote the number ; then, 2 + 1 will
denote the nnmber after 1 is added, and twice this number,

<
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or 2z 4 2, will be equal to 10. If 2z 4 2 is equal to 10,
2z will be equal to 10 minus 2, or 8; or a will be equal to 4.
WRITTEN,

Let & denote the number of John’s marbles; then,
2 4+ 1 = the number, after 1 is added ; and
2(x 4+ 1) = 2z + 2 = 10; hence,

8
2m=10—2;0rm=§=4.

VERIFICATION.
24 + 1) = 2 x 5 = 10.

4, Write = 4+ 2 multiplied by 3. Ans. 3(x + 2).
What is the produet ? Ans. 3x+-6.
5. Write « 4+ 4 multiplied by 5. Ans. b(x + 4).
What is the produet ? Ans. 5x + 20.
6. Write « + 3 multiplied by 4. Ans. 4(x + 3).
What is the product ? Ans. 4z + 12.

7. Lucy has a certain number of books; her father gives
her two more,swhen twice her munbel is eqml to 14: how
many has she ?

8. Janc has a certain number of roses in blossom ; twa
more bloom, and then 3 times the number is equal to 15:
how many were in blossom at first ?

9. Jane has a certain number of handkerchiefs, and buys
4 more, when 5 times her number is equal to 45: how many
had she at first ?

10. John has 1 apple more than Charles, anl 3 times
_ John’s, added to what Charles has, make 15: Low many
hns each ?

Axarysis.—Let 2 denote Charles’ apples; then & 4- 1 will
denote John’s; and « 4+ 1 multiplied by 3, added to =, or
3z + 8 4- =, will be equal to 15, what they both had; hence,
4z 4 38 equals 15; and 42 equals 15 minus 3, or 12; and
o = 4. Write, and verify.
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11. James has two marbles more than William, and twice
Lis marbles plus twice William’s are equal to 16: how many
has each ?

12, Divide 20 into two such parts that one part shall ex-
ceed the other by 4.

18. A fruit-basket contains apples, pears, and peaches:
there are 2 more pears than apples, and twice as many
peaches as pears; there are 22 in all: how many of each
sort ?

14. What is the sum of @ + 3z + 2(x 4 1)?

15, What is the sum of 2(z + 1) + 1(z + 1) + «?

16. What is the sum of « + 5(x + 8)?

17. The sum of two numbers is 11, and the sccond is equal
to twice the first plus 2: what are the numbers?

18. John bought 3 apples, 3 lemons, and 3 oranges, for
which he paid 27 cents; he paid 1 cent more for a lemon
than for an apple, and 1 cent more for an orange than for a
lemon : what did he pay for each?

19. Luey, Mary, and Ann, have 15 centa; Mary has 1
more than Lucy, and Ann twice as many as Mary ?

LESSON X.

1. If a denote any number, and 1 be subtracted from it,
what will denote the difference? Ans. xz — 1.

If 2 be subtracted, what will denote the difference ? If
3 be subtracted? 4°? &e.

2. John has a certain number of marbles; if 1 be taken
away, twice the remainder will be equal to 12: how many
has he ?

Axavysis.—Let = denote the number; then, & — 1 will
denote the number after 1 is taken away; and twice this
number, or 2(2 — 1) = 2z — 2, will be equal to 12. If 2x
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diminished by 2 is equal to 12, 2z is equal to 12 plus 2, or
14 ; hence, = equals 14 divided by 2, ov 7.

WRITTEN.
Let a denote the number; then,
2 — 1 = the number which remained, and
2(® — 1) = 2 — 2 = 12; hence,
14

2¢ = 12 +2,or14;audw=7= 7.

VERIFICATION.

2(7—1) = 14 —2 =125 also, 2(7 — 1) = 2 X 6 = 12

3. Write 3 times @ — 1. Ans. 3(x — 1).
What is the produet equal to? Ans. 3z — 3.
4, Write 4 times & — 2. Ans. 4(x — 2).
What is the product equal to ? Ans. 42 — 8,
5. Write 5 times @ — 5. Ans. 5(x — 5).
What is the product equal to? Ans. 52 — 25,
6. If @ denotes a certain number, willz — 1 denote a

greater or less number ? how much less?
7. If @ — 1 is equal to 4, what will & be equal to ?
Ans. 4 + 1, or 5,

8. If # — 2 is equal to 6, what i3 2 equal to?

9. James and John together have 20 oranges; John has
6 less than James: how many has each?

10. A grocer sold 12 pounds of tea and coffce; if the tea
be diminished by 3 pounds, and the remainder multiplied by
2, the product is the number of pounds of coffec: how many
pounds of each ?

11. Ann has a certain number of oranges; Jane has 1 less
and twice her number added to Ann’s make 13: hcw many
nag each?

Axarysis.—Let x denote the number of oranges which
Ann has; then, 2 — 1 will denote the number Jane has,
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and @ + 2¢ — 2, or 3z — 2, will denote the number both
have, which is 13. If 82 — 2 equals 13, 8z will be equal
to 13 + 2, or 15; and if 3z is equal to 15, = will be equal
to 15 divided by 3, which is 5: hence, Ann has 5 oranges
and Jane 4.

WR(TTEN.

Let = denote the number Ann has; then,

2 — 1 = the number Jane has; and
2(x — 1) = 2& — 2 = twice what Janc has; also,
T+ 2¢—2 = 3z — 2 = 13; hence,
15
3r = 13 4+ 2 = 15;01‘:2}::—5-:5.

VERIFICATION.

5—4 =1;and2 X 4 + 5 = 13.

12. Charles and John have 20 cents, and John has 6 less
than Charles: how many has each ?

13. James has twice as many oranges as lemons in his bas-
ket, and if 5 be taken from the whole number, 19 will re-
main: how many had he of each?

14. A basket containg apples, peaches, and pears; 29 in
all.  If 1 be taken from the number of apples, the remainder
will denote the number of peaches, and twice that remainder
will denote the number of pears: how many are there of
each sort?

15. If 2z — 5 equals 15, what is the value of «?

16. If 42 — 5 is equal to 11, what is the value of z?

17 If 5& — 12 is equal to 18, what is the value of =?

18. The sum of two numbers is 32, and the greater ex-
ceeds the less by 8: what are the numbers?

19. The sum of 2 numbers is 9; if the greater number
be diminished by 5, and the remainder multiplied by 3, the
product will be the less number: what are the numbers?

20. There are thrce numbers such that 1 taken from the
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first will give the sceond; the second multiplied by 3 will
give the third; and their sum is equal to 26: what are the
nunbers ?

21. John and Charles together have just 31 oranges; if
1 be taken from John’s, and the remainder be multiplied by
5, the product will be equal to Charles’ number: how many
has each? ;

22. A basket is filled with apples, lemons, and oranges, in
all 26; the number of lemons exceed the apples by 2, and
the number of oranges is Jouble that of the lemons: how
many are there of each? -

LESSON XL

1. John has a certain number of apples, the half of which
15 cqual tn 10: how many has he?

Axavvsis.—Let @ denote the number of apples; then,
x divided by 2 is equal to 10; if one half of 2 is equal to
10, twice one-half of o, or o, is equal to twice 10, which is
29 ; hence, z is equal to 20.
Note.—A similar analysis is applicable to any one of the
fracticnal units. Let each question be solved according to
“the analysis,

2. John has a eertain number of oranges, and one-third of
his number is 15: how many has he? ’

3. If one-ifth of a nwnber is 6, what is the number ?

4. If onetwelfth of a number is 9, what is the number ? _

5. What number added to one-half of itself will givea
sum equal to 12°?

Axarysis.—Denote the number by «; then, = plus one
half of = equals 12. But 2 plus one-half of « equals three
halves of @: hence, three halves of x equal 12. If three
halves of = equal 12, one-half of = equals one-third of 12,
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or 4, If one-half of 2 equals 4, 2 equals twice 4, or 8,
hence, = equals 8.
WRITTEN,

Let = denote the number; then,

1 3
c+ sz = g = 12; then,
1
Ex = 4" or. & = 8.
VERIFICATION,
8
8 + 5 = 8 + 4 = 12,

6. What number added to one-third of itself will give a
sum equal to 12?2

7. What number added to onc-fourth of itself will give
a sum equal to 20°? .

8. What number added to a fifth of itself will make 247

9. What number diminished by one-half of itself will
leave 4? Why?

10. What number diminished by one-third of itself will
leave 67

11. James gave one-seventh of his marbles to William,
and then has 24 left : how many had he at first?

12. What number added to two-thirds of itself will give
a sum cqual to 202

13. What number diminished by three-fourths of itself
will leave 97

14. What number added to five-sevenths of itself will
make 24°?

15. What number diminished by seven-eighths of itselt
will leave 4°?

16. What number added to eight-ninths of itself will
make 347



ELEMENTARY ALGEBRA.

CHAPTER 1L
DEFINITIONS AND EXPLANATORY SIGNS.

1. QuAXNTITY is anything which can be increased,
diminished, and measured; as number, distance, weight,
time, &e.

To measure a thing, is to find how many times it con-
tains some other thing of the same kind, taken as a stand-
ard. The assumed standard is called the wnit of measure.

2. MarmeyaTics is the science which treats of the
measurement, properties, and relations of quantities.

In pure mathematics, there are but eight kinds of quantity,
and consequently but eight kinds of Uxrrs, viz.: Units of
Number ; Units of Currency ; Units of Length ; Units of
Surface ; Units of Volume; Units of Weight ; Units of
Time ; and Units of Angular Measure.

8. Arcemra is a branch of Mathematics in which the

guantities considered are represented by letters, and the
operations to be performed are indicated by signs.

1. What is quantity ? What is the operation of measuring a thing?
What is the assumed stendard called ?
2. What is Mathematics? How many kinds of quantity are there ic
:he pure mathematics? Name the units of thos2 quantities.
8. What is Algebra?
1*
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4. The quantities employed in Algebra are of two kinds,
L nown and Unknrown :

Lnown Quantities are those whose values are given;
and

Unknown Quantities are those whose values are 1e
quired,

Known Quantities arc generally represented by the lead
ing letters of the alphabet, as, a, b, ¢, &e.

Unknown Quantities are generally represented by the
final letters of the alphabet ; as, z, v, =, &e.

When an unknown quantity becomes known, it is often
denoted by the same letter with one or more accents; as,
&', ', @', These symbols are read: @ prime; x second;
z third, de.

5. The Sigy or AppirtoN, +, is called plus. When
placed between two quantities, it indicates that the second
is to be added to the first. Thus, @ + b, is read, a plus b,
and indicates that & is to be added to a. If no sign is
written, the sign + is understood.

The sign 4+, is sometimes called the positive sign, and the
quantities before which it is written are called positive quan-
tities, or additive quantities.

6. The Si1GN oF SUBTRACTION, —, i3 called minus. When
placed between two quantities, it indicates that the second
is to be subtracted from the first. Thus, the expression,

4. How many kinds of quantities are employed in Algebra? How are
they distinguished ? What are known quantities? What are unknown
quantities? By what are the known quantities represented? By what
are the unknown quantities represented? When an unknown quantity
becomes known, how is it often denoted?

5. What is the sign of addition called? Wheu placed between two
quantitics, what does it indicate ?

6. What i3 the sign of subtraction called? When placed between two
quautities; what does it indicate ¥



DEFINITION 2F THERMS. 35

¢ — d, read ¢ minus ¢, indicatcs that d is to be subtracted
from ¢. If a stands for 6,and d for 4, then @ — d is equal
to 6 — 4, which is equal to 2.

The sign —, is sometimes called the negative sign, and the
quantities before which it is written are called negative quan-
sities, or subtractive quantities.

7. The Siey or MurtiPLICATION, X, is read, maudtiplicd
by, or into. When placed between two quantities, it indi-
cates that the first is to be multiplied by the second. Thus,
a x b indicates that ¢ is to be multiplied by 5. If a stands
for 7, and & for 5, then, @ x b is equal to 7 x 5, which is
equal to 35.

The multiplication of quantities is also indicated by simply
writing the letters, one after the other; and sometimes, by
placing a point between them ; thus,

a X b signifies the same thing as «b, or as a.b.
a X b % c¢ signifies the same thing as abe, or as a.b.c.

8. A Facror is any one of the multiphers of a product.
Factors are of two kinds, numeral and literal. Thus, in the
expression, 5abe, there are four factors: the numeral factor,
5, and the three literal factors, a, b, and ¢.

9. The Siax oF DivisioxN, +, is read, divided by. When
written between two quantities, it indicates that the first is
to be divided by the second.

7. How is the sign of multiplication read? When placed between two
quantities, what does it indicate? In how many ways may multiplication
be iudicated ?

8. What is a factor? How many kinds of factors are there? How
mauy factors are there in 8abe?

9. How is the sign of division read? When written between two quan-
tities, what does it indicate? How many ways are there of indicating
division ?
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There are three signs used to denote division. Thus,

a -+ b denotes that a is to be divided by .
denotes that @ is to be divided by &.

ouU K

a | b denotes that a is to be divided by &.

10. The Siex or Equanity, =, isread, equal to. When
written between two Juantities, it indieates that they are
equal to each other. Thus, the expression, ¢ 4+ b = ¢, in-
dicates that the sum of « and b is equal to e. If @ stands
for 3, and & for 5, ¢ will be equal to 8.

i11. The Siey or Ixequarrry, > <, is read, greater
than, or less than. When placed between two quantities,
it indicates that they are unequal, the greater one being
placed at the opening of the sign. Thus, the expression,
a > b, indicates that @ is greater than &; and the expres-
sion, ¢ < d, indicates that ¢ is less than d.

12. The sign .. means, therefore, or consequently.

13. A CoxrriciEsT is a number written before a quan.
tity, to show how many times it is taken, Thus,
at+a+a+a+ a = ba,

in which 5 is the coeflicient of a.
A coeflicient may be denoted either by a number, or a
letter. Thus, 5z indicates that z is taken 5 times, and ax

10. What is the sign of equality? When placed between two quanti-
ties, what does it indicate ?

11. How is the sign of inequality read? Which quantity is placed on )
the side of the opening ?

12. What does . *. indicate?

18. What is a coefficient? How many times is a taken in 6a. By
what may a cocfficient be denoted? If no coefficient is written, what
coefficient is understood? In 5Sar, how many times is az taken? [ow
many times is = taken? .
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indicates that = is taken @ times. If no coeflicient is writ-
ten, the coefficient 1 is understood. Thus, @ is the same
as la.

14. Ax ExpoNENT is a number written at the right and
ahove a quantity, to indicate how many times it is taken as
a factor. Thus,

a X a is written a?,

aXaxa £ as,
aXaxaXa s at,
&e., &e.,

m which 2, 3, and 4, arc exponents. The expressions are
read, @ square, a cube or @ third, @ fourth; and if we have
a™, in which @ enters m times as a factor, it is read, a to
the mth, or simply a, mth. The exponent 1 is generally
omitted. Thus, a! is the same as a, each denoting that a
enters but once as a factor. ’

15. A Power is a product which arises from the multi-
plication of equal factors. Thus,

a X @ = a? is the square, or second power of a.
a X a X a = ¢ is the cube, or third power of a.
a X axaXa = at isthe fourth power of a.
3R (LR 0r ol O a™ is the mth power of a.

Il

86. A TRoor of a quantity is one of the equal factors.

The radical sign, v/, when placed over a quantity, indi-
cates that a root of that quantity is to be extracted. The
root is indicated by a number written over the radical sign,

14. What is an exponent? In e, how many times is o taken as a fac
or? When no exponent is written, what is understood ?

15. What is a power of a quantity? What is the third power of 27
Gf 4?7 Of 6°?

18. What is the root of a quantity? What indicates a root? What
indicates the kind of root? What is the index of thv square root? Of
the cube root? Of the mth root?
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called an index. 'When the index is 2, it is generally omit-
ted. Thus,

3/a, or \/a, indicates the square root of a.
{/a indicates the cube root of a.

4/a indicates the fourth root of a.

%/a indicates the mth root of a.

1%7. An Avrcenraic EXPREssION is a quantity written in
algebraic langnage. Thus,

3q { is the algebraic expression of three times
the number denoted by a
52 {is the algebraic expression of five times
the square of «
is the algebraic expression of seven tinmes
7a’? the the eube of ¢ multiplied by the
square of b;
is the algebraic expression of the differ-
8a — 50 ence between three times ¢ and five
times b
is the algebraic expression of twice the
square of @, diminished by three times
the product of a by b, augmented by
[ four times the square of &.

Ra? — 3ab + 40

18 A Terx is an algebraic expression of a single quan-
tity. Thus, 3a, 2ab, — 5a%0? are terms.

19. The Drcrer of a term is the number of its literal
factors. Thus,

3 % is a term of the first degree, because it eontains but
one literal factor.

17. What is an algebraic expression
18. What is a term?
19, Whatigc the degree of a tertu? What determines the degree of a term 7
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is of the second degree, because it contains two lite-
ral factors.

Sa? {
( is of the fourth degree, because it contains four literal

a’b factors. The degree of a term is determined by

the sum of the exponents of all its letters.

29. A Moxoyiar is a single term, unconnected with any
ther by the signs + or —; thus, 8¢?, 34%, are monomials,
21. A PorvxomiaL is a collection of terms connected
y the signs 4 or — ; as, )

3a — 5, or, 2a® — 3b + 4b%
29, A BivouiaL is a polynomial of two terms; as

a + b, 3a®> — ¢?, 6ab — c%

23. A Trixoyar is a polynomial of three terms; as,

abe — a® + &3, ab — gh — f.

24. Howocexeous TerMs are those which contain the
me number of literal factors. Thus, the terms, abe, — a3,
- ¢%, are homogeneous; as are the terms, ad, — gh.

25. A PoLyNoyIAL 18 HOMOGENEOUS, when all its terms
re homogeneous. Thus, the polynomial, abe — a® + ¢, is

omogeneous ; but the polynomial, ab — gh — f is not ho-
0geneous.

¢6. SivmAr TErMms are those which contain the same
teral factors affected with the same exponents. Thus,

Tab 4+ 3ab — 2ab,

. What is a monomial ?

. What is a polynomial?

2, What is a binomial ?

. What is a trinemial ?

. What are homogeneous terms ?

. When is a polynomial homogeneous 2
5. What are similar terms?
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are similar terms; and so also are,

4a?)? — 2a%0% — 3a%?;
but the terms of the first polynomial and of the last, are not
similar,

+ 27. Tor ViNcuLu, , the Bar |, the Paren-
thesis, (), and the Drackets, [ ], are each used to con-
nect several quantities, which are to be operated upon in the
rame manner. Thus, each of the expressions,

alw
a4 b+ cxa +0 (@+b+4¢c) xu
+e

and [a + 6+ c] x =
_indicates, that the sum of a, 8, and ¢, is to be multiplied
by .
28. Tur REecierocal of a quantity is 1, divided by that

quantity ; thus,
1 c

1
(;a a + b’ (—l,
are the reciprocals of
d
a, a+0b, i

29. Tue NumericaL VALUE of an algebraic expression,
is the result obtained by assigning a numerical value to each
letter, and then performing the operations indicated. Thus,
the numerical value of the expression,

ab + be + d,
when, a = 1, 6 = 2, ¢ = 8, and d = 4, is
1X2+4+2x3+4=12;

by performing the indicated operations,

27. For what is the vincular used? Point out the other waysin which
this may be done ?

28. What is the reciprocal of a quantity?

29. What is the numerical value ¢f an slgebraical expression ?
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EXAMPLES IN WRITING ALGEBRAIC EXPRESSIONS.

1. Write ¢ added to b. Ans. a + b,
2. Write b subtracted from a. Ans. a — .

Write the following :

8. Six times the sqnare of ¢, minus twice the square of &,

4. Six times @ multiplied by &, diminished by 5 tinies ¢
cube multiplied by d.

5. Nine times @, multiplied by ¢ plus , diminished by
8 times b multiplied by & cube.

6. Five times ¢ minus 8, plus 6 times a cube into &
cube,

7. Eight times @ cube into ¢ fourth, into ¢ fourth, plus
9 times ¢ cube into d fifth, minus 6 times & into 3, into ¢
square.

8. Fourteen times ¢ plus &, multiplied by e minus ,
plus 5 times a, into ¢ plus d.

9. Six times a, into ¢ plus ¢, minus 5 times b, into @ plus
¢, minus 4 times a cube b square.

, 10. Wiite a, multiplied by ¢ plus &, plus f minus g.

11. Write a divided by & + ¢. Three ways.

12. Write ¢ — b divided by a + 0.

13. Write a polynomial of three terms; of four terms; of
five, of six.

14. Write a homogeneous binomial of the first degree; of
the second; of the third; 4th; 5th; 6th.

15. Write a homogeneous trinomial of the first degree;
with its second and third terms negative; of the second
degree; of the 3rd; of the 4th.

16. Write in the same eolumn, on the slate, or black-board,
a monomial, a binomial, a trinomial, a polynomial of four
terms, of five terms, of six terms and of seven terms, and all
of the same degree.
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INTERPRLTATIO‘I OF ALGEBRAIC LANGUAGE.

Find the numerlal values of the following expressions,

when,
a=1 b=2 ¢=3, d=4.

1. ab + be. o Ans. 8.
2. a + be + d. Ans. 11
3. ad + b — c. Ans, 3.
4, ab + be — d. : Ans. 4.
5. (@ + b) ¢ — d. By Ans. 23,
6. (¢ + b) (d —b) ~Ans. 6.
7. (ab.+ ad) ¢+ d. Ans. 22,
8. (ab + o) (ad — a). Ans. 15
9. 3a%? ~\2(a + d + 1).| Ans.
10. & '2* ° % (@ + d) Ans. 10.
D 2 ) ] Al
11.“+b7+qu'*'b‘;c iy Ans. 32.
abt — ¢ — a® o{cﬁ‘—-b-l—d’{
12. 3 % = 33 Ans. 4.

Find the numcrlcal values of the following expressions,

when,
0 = SRS R = (2 el el e STe

a b
18’ T + ¢ — d. Ans. 2,
14. 5(Zf oy ; d) Ans. 15.
15, [(«? + 1)d] + (a? + d). Ans. 1.
16. 4 (ab(- - —') X (30¢* — ab’d’). Ans. 11088,
a+b+ ¢ abed = 4a®+ b — d? i
Al #—0+ I “ab i, 20T T TN noiial
— 3
16, J(Z‘;i‘éj‘”’) — 1+ ana x a'peld’. Ans. 3405,
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20. AbpprmmoxN is the operation of finding the simplest
equivalent expression for the apgregate of two or more
algebraic quantities. Such expression is called their Sva.

When the terms are similar and have like signs.

+  a
21. 1. What is the sum of a, 2a, 3a, and 4a? | 1 o4
Take the sum of the coefficients, and annex the | 4 3,
literal parts. The first term, @, has a coefficient, | 4 44
1, understood (Art. 13).

+ 10a
. 2ab
2. What is the sum of 2ad, 3ab, 6abd, and ab: Sab
When no sign is writtten, the sign - is under- 6ab
stood (Art 5). ab
Add the following : 12ab

(3.) (4.) (5.) (6.)

a 8ab Tac + 4abde

5 a ab 5ac 3abe

+ 2a 15ab 12ac + Tabe -

i
30. What is addition ?

31. What is the rule for addition when the terms are gimilar and have

Uke signs?



44 ELEMENTARY ALGEBRA.

(1) (8) (9) (10)
— 3abe — 3ad — 2adf —~ 9abd
— 2abe — 2ad — 6adf — 15abd
— Sabe — bad — 8adf — 24abd

Hence, when the terms are similar and have like signs:

RULE.
Add the coefficients, and to their sum prefix the common
sign ; to this, annex the common literal part.

EXAMPLES.

.

(11.) (12.) (13.)
9ab 4+ ax 8ac? — 3bH* 15ab%¢* — 12abc?
3ab -+ 3ax Tact — 8bH2? 12alic* — 15abc?
12ab + 4ax 3ac? — 9H? abdet —  abe?

When the terms are similar and have unlike signs.

32, The signs, + and —, stand in direct opposition to
each other.

If a merchant writes 4 before his gains and — before Jis
losses, at the end of the year the sum of the plus numbers
will denote the gains, and the sum of the minus numbers
the losses. If the gains exceed the losses, the difference,
which is called the algebraic sum, will be plus; but if the
losses exeeed the gains, the algebraic swm will be minus.

1. A merchant in trade gained $1500 in the first quarter
of the year, $3000 in the second quarter, but lost §3006 in
the third quarter, and $800 in the fourth: what was the re-
sult of the year’s business?

1st quarter, 4 1500 3d quarter, — 3000
2d & 3000 4th  « — 800
-+ 4500 — 3800

+ 4500 — 3800 = - 700, or §700 gain.

32. What is the rule when the terms are s'milar and have unlike signs?
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2. A merchant in trade gained $1000 in the first quarter,
and §2000 the second quarter; in the third quarter he lost
£1500, and in the fourth quarter $1800.: what was the result
of the year’s business?

1st quarter, -+ 1000 3d guarter — 1500
2d ¢+ 2000 4th ¢« — 1800
+ 3000 — 3300

-+ 8000 — 3300 = — 300, or $300 loss.

3. A merchant in the first halfyear gained « dollars and
lost & dollars; in the second half-year he lost ¢ dollars and
gained b dollars: what is the result of the year’s business ?

1st halfyear, + @ -
2d e —a + &
Result, 0 0

Hence, the algebraic sum of a positive and negative quan-
tity is their arithmetical difference, with the sign of the
greater prefized.  Add the following :

8ab d4ach? — 4a?%c?

3ab — 8ach? + 6a?he?
— 6abd ach? — 2a?h?c?

5ab — 3ach? 0

Hence, when the terms are similar and have unlike signs:

1. Write the similar terms in the same column :

II. Add the coefficients of the additive terms, and also
the coefficients of the subtractive terms :

L. Take the difference of these sums, prefix the sign
of the greater, and then annex the literal part.

EXAMPLES.

1. What is the sum of
2070 — 5a*0° +17a%% + 6a?h® — 11a%°?
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i.c " 2a°%*
Having written the similar terms in the same | 4 255

eolumn, we find the sum of the positive coefii- +Tah

cients to be 15, and the sum of the negative 4 6ard

coeflicients to be — 16: their difference is — 1 — 11a®’
hence, the sum is — a2, o

2. What is the sum of
+ \B °h + 5azb — 3¢ + 4a*b — 6a’h — a?h? Ans. 2a?b,
35 \Vhat is the sum of
12¢%b¢*— 4a%bc®>+ 6a’be* — 8abe* -+ 11a’he??  Ans. 17a%c?

4, What is the sum of

e

4a?b — 8a*h — 9a?b + 11a2b? Ans. — 2u?b ,‘

5. What is the sum of
Tabe* — abe? — Tabc® + 8abe® + 6abe?? Ans. 13abe?
6. What is the sum of .
J= 3_ 2 B3 24 p
9cb® — 5¢b 8ac +ﬁ0(,b + 9ac 2493(? Ans. + ac’.

/

To add any Algebraic Quantities.

33. 1. What is the sum of 3a, 50, and — 2¢°?
Write the quantities, thus,
3a 4 50 — 2¢;
which denotes their sumn, as there are no similar terms.

2. Let it be required to find the sum of the quantities,

2a? — 4ab
3a% — 3ab + /02
2ab — 5h2

5a2 — bab — 4b*

$3. What is the rule for the addition of any elgedraie quantitiea?
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From the preceding examples, we have, for the addition
of algebraic quantities, the following

RULE.
L. Write the quantities to be added, placing similar terms
in the same column, and giving to each its proper sign :

H. Add up each column separately and then annex t/Le
dissimilar terms with their proper signs.

EXAMPLES.
1. Add together the polyﬁomials,
a? — 20? — 4ab, 5a* — 0* + 2ab, and 3ab — 3c2 — 288,
The term 3a? being similar to
50, we write 8a? for the result
of the reduction of these two

terms, at the same time slightly
crossing them, as in the first term.

32 — 40b — 28
547 + 2db — B
[ 1L m’b — 25 —

8a? + ab — 5b% — 3("

Passing then to the term — 4ad, which is similar to
4+ 2ab and + 3ab, the three reduce to -+ abd, which is
placed after 8a?, and the terms crossed like the first term.
Passing then to the terms involving 62, we find their sun
to be — 552, after which we write — 3¢2

The marks are drawn across the terms, that none of them
may be overlooked and omitted.

(2) (3.) (4.)
7abe + 9azx. 8ax + 3b 12a — 6e
— 3abc — 3ax 5ax — 9b — 3a.— 9¢
4abc + 6ax 13ax — 65, 9a — 15¢

Nore—If a =5, b =4, ¢ = 2, © = 1, what are the
numerical values of the several sums above found ?
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(5.) (6.) (17.)
8a 4 f 6ax — B8ac 3af+ g +m
—6a + g — Tax — 9ac ag — 8aff — m
— 2a¢ — f ax + 17ac ab — ag+ 29
a +3 ) o + at
“(8) (9.) -
72 -+ 3ab + 3¢ 822 + 9acx + 13a?h%?
— 3x — 3ab — 5¢ — T2 — 13acx + 14a%)%c?
5z — 9ab — 9c — 4a® 4 [dacx — 20a7b%c?
Ty — 9ab —jc e Sl TR B
9 ?10-) e 2x (-lf'l y S
22k — 3¢ — If'+ 3y 19al? 4 3a’b* — 8uaxt
— 3k + 8¢ — 2f — 99 + 52— 17ak® — 94t + 9ax ,
—Qqf(—~ba + 5x T .kablf o
AT QT i
e — 9y +524+3— g . 8a + b
- z— 3y —8—~ 9 2¢a — b+ ¢
— 24+ y—%+Y+ 19 —38a+ b + 2d
— 2+ 6y +382—1-— g — 60 — 3¢ + 3d
3x —5y +53 =35 F78 Fo. =56 —2¢ +354,

14. Add'together — & + 3¢ — d — 115¢ + 8/ — 5g, 3D
— 2 — 3d — e + 27f, 5¢— 8d + 3f — Tg, — 16— 6¢
+17d+ 96 —5F1-11g, —3b —5d—2 -6 —9g9+ h.

Ans. — 8b — 109¢ + 37f — 10g + A.

15. Add together the polynomials 7a? — 3abe — 8b%¢
= 9¢® + cd?, 8abe— 50%b + 3¢® — 4b% + cd? and 4a%
— 8¢3 + 9b% — 3d>

‘ Ans. 6a?b 4+ babe — 3b%¢ — 14¢® + 2¢d? — 3d3.

16. What 18 the sum of, 5a2b¢c + 6bx — 4af, — 3abe

—0bx + 14af, — af + 9bx +- 2a%c, + 6af — 80z 4 6a%bc?
Ans. 10a?be + bz + 15af.

. What is the sum of a?n? 4 3a®m + b, — Ga?n?
— 6a®m -0, + 90 — 9aPm — 5a’n??
Ans. — 10a?n? — 12a%n + 9b.



ADDITION. 49

18. What is the sum of 4a%?% — 16a*z — 9ax’d,
-~ 6a’b?c — Gax’d + l7a‘z, <+ 16ax’d — a*x — 9a3b%c?
Ans. a¥b?e + ax’d.

19. What is the sum of — 7g + 30 + 49 — 2b + 3y

— 3b + 207 Ans, 0.

20. What is the sum of, @b + 32y —m —n, — Gxy

— 3m + 1ln + cd, + 3xy 4 4m — 10n + fy?
Ans. ab + cd + f9g.

21. What is the sum of 4ay + n + 6ax + 9am, — Gxy
+ 6n — 6ax — 8um, 2xy — Tn 4+ ar — am? sns. + o,

22,) (23.) (24.)
2(a + b 5(a? — ¢?) 9(c? — af?®)
3(a + b) — 4(a® — ¢?) (¢ — af*)
‘27(0, + ) — 1(a® — ¢?) — 10(c* — af?)
(e + b) J 6(c® — af?)

Note. The quantity within the parenthesis must be
regarded as a single quantity.

25. Add Ba(g* — 1?) — 2a(g? — %) + 4da(y? — 1?)

+ Ba(g? — 1?) — 2a(g? — 12). Ans. 1a(y? — 2.

26. Add 3e(a’c — 82) — 9c(a?ec — 1?) — Te(ate — B?)

+ 15¢(a?c — &) + c(a?e — &°). Ans, 3c(a?c — b?).
N L

34. In algebra, the term add does not always, as in
arithmetic, convey the idea of augmentation; nor the term
sum, the idea of a number numerieally greater than any of
the numbers added. For, if to @ we add — b, we have,
@ — &, which is, arithmetically speaking, a difference be-
tween the number of units expressed by @, and the number

34, Do the words add and sum, in Algebra, convey the same ideas sa
in Arithmetic. What is the algebraic sum of 9 and —4? Of 8 and
-2? May an algebraic sum be negative? What is the sum of 5 and
~10? How are such sums distinguished from arithmetical sums ?
3
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of units expressed by &. Consequently, this resuit is un
merically less than a. To distinguish this sum from an
arithmetical sum, it is called the algebraic sum.

SUBTRACTION.

35. SusrracrioN is the operation of finding the differ-
ence between two algebraic quantities.

26. The quantity to be subtracted is called the Subtra-
hend ; and the guantity from which it is taken, is called the

DM inuend.
The difference of two quantities, is suech a quantity as
added to the subtrahend will give a sum equal to the min-

uend.

EXAMPLES,

1. From 17a take 6a.

n . OPEEATION,

In this example, 17a¢ is the minuend, and 6a 17a
the subtrahend : the difference is 1la; because, 6a
11a, added to 6a, gives 17a. ! 1la

The difference may be expressed by writing the quantities

thus:
17¢ — 6a = 1lla;

in which the sign of the subtrahend is changed from <
to —.

2. From 15z take — 9z.

The difference, or remainder, is such a quantity, | crezarion
a6 being added to the subtrahend, — 9z, will 152
give the minuend, 15x. That quantity is 24z, | = 92
and may be found by simply changing the sign 249
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of the subtrahend, and adding. Whence, we may write,
152 — (— 92) = 24a.

3. From 10ax take a — b.

The difference, or remainder, is such a quantity, as added
to a — 0, will give the minuend, 10az: what is that quan-
tity ?

If you change the signs of both OPERATION.
terms of the subtrahend, and add, 10aw
you have, 10az — a + 6. Is this _ ta-3
the true remainder ?  Certainly. | Rem. 10az — « + &
For, if you add the remainder to | add +a—2>d1
the subtrahend, o — b, you obtaiul 10ax )

the minuend, 10az.

Tt is plain, that if you change the signs of all the terms
of the subtrahend, and then add them to the minuend, and
to this result add the given subtrahend, the last sum can be
no other than the given minuend; hence, the first result is
the true difference, or remainder (Art. 36),

Hence, for the subtraction of algebraic quantities, we have
the following

RULE.

1. Write the terms of the subtrahend under those of the
ninuend, placing similar terms in the sarme column :

II. Conceive the signs of all the terms of the subtralend
to be changed from + to —, or from — to +, and then
proceed as in Addition.

EXAMPLES OF MONOMIALS,

(1) (2. ()
From 3ab. 6aw. Sabe
taks 3ab S igdg

Rem. abd Sux 2ube
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From
take

Rem.

I'rom
take
Rem.

10. From

il. From 16a%ry tike — 15a%xy.

12. From
13. From
14, From
15. From
16. From
17. From
18. From
19. From
20. From
21. From

" 24, From
25. FFrom
26. From

27. From @® + ° take — a’ — 8.

28. From
29. From

ELEMENTARY

ALUOEBRA.

(4.) (6.)
16a?b?c 17¢30% 2420%c
92b?e 3u’bie 7£12b2m
Tathie 14a’l’c 17¢¥%
(7.) (9.)
Sax 4abx 2um
8¢ Yace ) ax
3az — 8¢ dabx — 9ac 2am — ax

9a20° take 3a2d2

12a°y® take 8a'y>.

194518y take — 18a’x%y.

3a20% take 3a’0.
7a2b take Gt
3al? take «?bd.

a2y take ya.

3x%y® take ay.
8a’y*z take ayz.
94202 take — 3a%02,

14a%y? take — 200y,
> 22. From -- 244'0 take 16a*bs.
23. From — 132%y* take — 14p%°,

Ans, 6a’bl,

Ans. 3laxy.

Ans. 404;{/3.

Ans. 37(2-”9083/.

Ans. 3a*® — 3a%%
Ans. Ta*t — 6402
Ans. 3al* — a?l?.
Ans. ¥y — y2.
Ans. 3z — xy.
Ans. 8a*yix — xye.
Ans. 12a%02%
Ans. 3aa*y?,
Ans. — 40a'?®,
Ans. a2yt

4 —
— 47a%?y take — 5a%c%y, Ans. — 424,

— 94a%? take 3aZ2,

a + 2* take — /8,

Ans. — 97a2e?
Ans. a -+ x* + 3,
Ans 2a 4 253

— 16a%3y take — 19a’z%. Ans. + 3a’xz’y.

3
a? — a? take a? + 2%

Ans, - 2x2
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GENERAL EXAMPLES.

(1) 223

From 6ac — 5ab + ¢ é"S =

= 3 T2

- Lake@c-‘};3ab+..7c\J ;_@f
Rem. 3ac — 8ud + ¢ —Te.55%

(2.)
From 6ax — a + 302
take — 9ax —x 4~ H?

(1.)
6ac — Sab + ¢
_—_3}10 = 3qb — e

3ac — 8ab 4+ ¢ -~ o

(3

6yx — 3x? + 50

-y —3 -+ «

Rem. — 8azx — a + « 4 282

(4.)
" From 5a® — 4a2b + 380%
take 4- 2a° - 3a% 4+ 8b%

5yx — 322 + 3 + 5b — a.

(5.
dad — cd 4 Sa?
S5ub — ded - 3a® + HHt

Rem. f7a3 — 7a?b + 110%.

From @ 4 8 take ¢ — 5.

@D T »

— ab + 3 Wl — 50°

ALns. @ —c¢ + 18

From €¢a? — 15 take 9a%+ 30. dAns. — 3a® — 45
From 6xy — 8a%¢® take L Tay L a?c.

Ans. 13zy — Ta’c?

9. From a + ¢ take - ¢ — ¢ Ans. 2a + 2¢
10. From 4(a + 0) take 2(a + ). Ans. 2(a + b)
11. From 3(a + ) take (a@ + z). Ans. 2(a + @)
12. From 9(a? — «?) take — 2(u® — 7).

Ans. 11(a? — a7)

13. From 6a? — 150% take — 3a2 + 902

Ans. 9a® — 2452

.3
14, From 3a™ — 26" take am™ — 20, Ans. 2a™,

15. From 9¢?m? — 4 take 4 — 7¢?m?,. Ans. 16¢2m? — 8,

16. From 6am + y take 3am — x Ans, 3am + x + y

197. From 8ax take 3az — y.

Ans. 4 4
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+ _
18. From — 7f + 3m — 8z take — Gf—f- 5m ~ 9% +
3d + 8. Ans. — f+ 8m — 6z — 3d — 8

19. From —a —5& + Te + d take 46 — ¢ + 2d 4- 24,
Ans. —a — 90 + 8¢ — d — 24,
j»
20. From — 3a + b — 8¢ + Te — 5+ 3h — Tz — 13y
take £ + 20 — 9¢c + 8¢ — T + f —y — 8l + k.
Ans. —ba 4+ b+ ¢c—e— 12f 4+ 3h — 12y + 3

21. From 2x — 4a — 26 + 5 take 8 — 5b + a + 6.
Ans. — 4x — 5a + 3) — 8.

22. From 3a+b+.c-—d—10 take ¢ + 2a — d.
Ans. a + b — 10.

23. I'rom 8¢ + b + ¢ - d — 10 take ' — 19 + 3a.
. Ans. ¢ — d + 9.
24. From @® + 3b% + ab® — abe take b° + ab® + abe.
Ans. a® 4 30% — b3,
95 Trom 122 + 6a — 45 + 40 take(4) — 3a + 4z +
6d — 10, Ans. 8z + 9a — 8b — 6d + 50.

26. From 2z — 3a + 4b + Gc — 50 take'\9a + = + 63
— 6¢ — 40.) Ans. @ — 12a — 2b + 12¢ — 10,

24. From 6a — 4b — 12¢ + 12z take (22 — 8a + 4b
— 6Ge, Ans. 14a — 85 — 6¢ + 10z

38. In Algebra, the term difference does not always, as
in Arithmetic, denote a number less than the minuend. For,
if from « we subtract — b, the remainder will be @ + &
and this is numerically greater than «. We distinguish
between the two cases by calling this result the elgebraic
difference.

88. Tu Algcebra, as in Arithmetic, docs the term diference denote a
pumber less than the minuend ? How are. the results in the twc cascs,
distinguished from each other?
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39. When a polynomial is to be subtracted from an al-
gebraic quantity, we inclose it in a parenthesis, place the
minus sign before it, and then write it after the minuend
Thus, the expression, s B

6a? — (3ab — 20* 4 20c),
indicates that the polynomial, 3ab — 212 + 2be, is to be
taken from 62 DPerforming the operations indicated, by
the rule for subtraction, we have the equivalent expression :
6a? — 3ab + 20% — 2bc. '

The last expression may be changed to the former, by
changing the signs of the last three terms, inclosing them in
a parenthesis, and prefixing the sign —. Thus,

6a? — 3ab + 20? — 2lc = 6a® — (3ab — 2b* + 2bc).

In like manner any polynomial may be transformed, as in-
dicated below :

Ha® — 8ah — 4% + 617 = Ta® — (8a*h + 4b% — 60%)

: = fad — 8a% — (40%c¢ — 60%).
8a3 — 24+ ¢c—d = 8a®— (W% —c+ d)
' T = 8a® =1 — (—c+ d).
9 — a + 3a% — d = 90 — (a — 3a? -+ d)
903 — a — (— 3a® + d).

Nore.—The sign of every quantity is changed when it is

placed within a parenthesis, and also when it is brought out.

i

40. From the preceding principles, we have,
a—(+86) = a— 0b; and
a—(=0) = a+b.

89. How i3 the subtraction of a polynomial indicated? Tlow-is tkis
fndicated operation performed? How may the result be again put under
the first form? What is the general rule in regard to the parenthesis ?

40. What is the sign which immediately precedes a quantity called?
What is the sign which precedes the parenthesis called? What is the
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The sign immediately preceding & is called the sign of the
quantity ; the sign preceding the parenthesis is called the
sign of operation ; and the sign resulting from the combin-
auion of the signs,is called the essential sign.

When the sign of operation is different from the sign of
the quantity, the essential sign will be — ; when the sign of
operation is the same as the sign of the quantity, the essen.
tial sign will be +-.

MULTIPLICATION.

41, 1. If'a man earns « dollars in 1 day, how much will
he earn in 6 days?

AnavLysis.—In 6 days he will earn six times as much as in
1day. If hecarns ¢ dollars in 1 day, in 6 days he will earn
6« dollars,

2. If one hat costs d dollars, what will 9 hats cost ?
Ans. 9d dollars,

3. If 1 yard of cloth costs ¢ dollars, what will 10 yards
€ost ? ns. 10¢ dollars.

4. If 1 cravat costs & cents, what will 40 cost ?

Ans. 406 cents,

5. If 1 pair of gloves costs & cents, what will ¢ pairs
cost ?

Axavysis.—If 1 pair of gloves cost & cents, ¢ pairs will
cost as many times & cents as there are units in a: that is,
b taken a times, or ab; which denotes the product of o
by a, or of « Ly .

resulting sign called? When the gign of operation is different from the
sign of the quantity, what is the essentinl sign? When the sicu of ope-
mtion is the same as the sign of the quantity, what is the easential sign

41. What is Multiplication? What is the quantity to be multiplied
called? What is that called by which it is multiptied? What is the
result called ?
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MurtirLicatiox is the operation of finding the product
of two quantities. .

The quantity to be multiplied is called the Mudtiplicand ;
that by which it is multiplied is called the Multiplier ; and
the result is called the Product. The Multiplier and Mului
plicand are called Zuctors of the Product.

6. If a man’sincome is 3a dollars a week, how much will
he receive in 40 weeks?

2a X 4b = 12abd.

If we suppose @ = 4 dollars, and b = 3 wecks, the pro-
duct will be 144 dollars.

Nore.—Itis proved in Arithmetic (Davies’ School, Art. 48,
University, Art. 50), that the product isnot altered by chang:-
ing the arrangement of’ the factors; that is,

1200 = a X b x12 = b Xax12 =aXx12xb

MULTIPLICATION OF POSITIVE MONOAMIALS.
492, Multiply 3a2b? by 2a?. We write,
a?? X 2 = 3 X 2 X a®X a? X P X b
=3xX2aaaaldbdi;
m which a is a factor 4 times, and & a factor 3 times;
hence (Art. 14),
3a2? X 2020 = 3 X 2ar)® = 6ald,

in which we mudtiply ihe cocfficients together, and add the

exponents of the like letters.

The product of any two positive monomials may be found

in like manner; hence the
RULE.

L. Jhuliiply the coefficients together for a new cocfficient :
II. Write after this coefficient all the letters in both mono-

42 What is the rule for multiplying one monomial by another ?
3%
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mials, giving to each letter an exponent equal to the sum of
its exponents in the two fucéors.

EXAMPLES,

1. 8atbet X Tabd® = 56a°b*c*d,
2. 21a%0%d X 8ubc® = 168a*detd.
3 dabe X 1df = 28abedf.
(4.) (5.) (6.)
Bultiply 8a*d 12a%. 6y
by 2a2%h 12x%y iz,
Gatd? 144’y 6uxyiz?
(7. (8) (9.)
a’xy 3al?c? 87ax’y
2ay? 9a?h3c 3h5ty3
2_622;52]/3 © 9Taiet 261 ad’2by*
10. Multiply 5a30%? by 6c°aS. Ans. 30a30%c"s,
11. DMultiply 10640%® by 7acd. Ans. T0atbiedd.
12. Multiply 364%07¢5d® by 20ab?c*d*t. Ans. 120a°0°c°d®
13. Multiply 5¢™ by 3ad™. Ans. 15a™*10m,
14. DMultiply 3a™0® by 6a?)m. Ans. 18am*7h~+3,
15. Multiply 6am0 by 9a07. Ans. 5damtolrt,
16. Multiply 54m0" by 2arbq. Ans. 10gm*ehnta,

17. Multiply 5am%c* by 2abre. Ans, 10a™+1m+2c3,
18. Multiply 6a?)mc* by 3a’?ct.  Ans. 18a®dm+2en+?,
19. Multiply 20a%0°cd by 12a%x?y. Ans. 240a’b°cdx?y.
. Multiply 14a*0°d%y by 20a’cx%y. A. 280a’bc*d ‘x?y*
Multiply 8a%0%* by Ta‘bays. Ans. 56a7btay®
Multiply 75azxyz by 5a’bedx®y?. Ans. 375a%bedxyz.

| SR
<

o
O
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23. Multiply
24. Multiply
- 25. Multiply -

. Multiply

50

s4a'mietyz by 8abied. A. 512a‘b*c*mixtye.
9abic*d? by 12a30AcS.
216ab7c3d® by 3a’bic .
70att et d?f e by 12¢7 0% dxtys.

108asb5c8a3
648a*l°c?d®

Ans.
Ans.

Ans. 840a1%5'3c d3fty

MULTIPLICATION

1. Multiply @ — & by c.

It is required to take the difference
between « and b, ¢ times; or, to
take ¢, @ — b times.

As we can not subtract o from e,
we begin by taking «, ¢ times, which
is ac; but this product is too large
by & taken ¢ times, which is bej
hence, the true product is ac — be.

&3.

If a, b, and ¢, denote numbers,as a = 8, b = 3,

OF POLYNOMIALS,

a—b

¢

ae — be
8— 3 = b
¢ o

56 — 21 = 35

¢ = 7, the operation may be written in figures.

Multiply @ — & by ¢ —d.

[t is required to take a — b as
many times as there are units in
¢ — d.

If we take @ — b, ¢ times, we
have ac — be; but this product is
too large by @ — b taken ¢ times.
But @ — b taken d times, is ad—dD.
Subtracting this produet from the
preceding, by changing the signs of
its terms (Art. 37), and we have,

Lo
(@ — 1) X (a—

-

h = ab ~ be — ad + bd.

and
a—b
¢ —d
ac— be
—ad + bd
ac— be — ad 4 bd
8,_. ' 3 = 5
7T— 2 = 5
56 — 21
— 16 4+ 6
56 — 37 + 6 = 25,

4
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Hence, we have the following
RULE FOR TIE SIGNS,

L When the fuctors have like siyns, the sign of their
product will be + :

[T When the factors have unlike signs, the sign of their
vroduct will be — :

Therefore, we say in Algebraic langnage, that 4+ wulti-
plied by +, or — multiplied by —, gives +; — multi-
plied by + or + multiplied by —, gives —.

Hence, for the multiplication of polynomials, we have the
frllowing

RULE.
Multiply every term of the nudtiplicand by each term of

the multiplier, observing that like signs give ++, and widike
gigns — ; then reduce the result to its simplest form.

EXAMPLES IN WHICH ALL TUE TERMS ARE PLUS.
1. Multiply e e e . Ba® 4+ dadb + 0?
by SO L 2a 6D
6a® + 8Sa*b+ 2ad?
The product, after reducing, + 15a?h+ 20ad? 4+ 5H°
becomes . . . . 6¢® + 23¢%0+ 22ad* + 500,

44. Note.—It will be found convenient to wrange the
terms of the polynomials with reference to some letter; that
is, to write them down, so that the highest power of that
letter shall enter the first term; the next highest, the
second term, and so on to the last term. .

44. How are the terms of a polynomial arranged with reference to a
particular letter?  What is this letter called ? It the leadiug letter in the
multiplicand and multiplier is the same, which will be the leading letter
In the product?
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The letter with reference to which the arrangement is
made, is called the leading letter. In thg above example the
leading letter is @. The leading letter of the product will
always be the same as that of the factors.

2. Multiply «® + 2ax + «* by z + a.
Ans., &® + 3ax? 4+ 3a*x + g3
3. Multiply «2* 4+ »°® by = + y.
Ans. ot + 2y + @y + yh
4. Multiply 8ad? 4+ 6a2¢® by 3al? + 30?2
Ans. 9at A+ 27a™%? + 18a’ct.
5. Multiply «?? 4 ¢*d by « + b.
b Ans. a®b? + actd + a*b3 + beid.
6. Multiply 38aa® + 9ab® + e¢d® Dby 6a’c ‘
Ans. 18a’cx? + 54a3¢20% + Ga?c3d®.

=2

Multiply 64a’x® + 27a%x + 9ab by 8acd.
Ans. 512abedxd 4 216a’cdx -+ T2a*bed

8. Multiply «® + 3¢ + 3ax® + «® by « + z.
v dAns. a* + 4a’x + 6a’x® + 4ax? + =,
9. Multiply a2 + y2 by = + v.
Ans. o + zy? + aty + 4
10. Multiply «® + «y 4+ 7ax by ax + Saw.
Ans. 6ax® 4+ 6ax’y® + 42a%w?

11. Multiply @® + 3a% + 3ab® + 0® by a 4 b.
& Ans. a* + 4a®b + 6a%0? + 4ab® + 8.
12, Multiply a® + 2% + @2 + 43 by z= + v.
Ans. x + 22%y + 22%°% + 22y + 4
18. Multiply o2 4+ 222+ 2 + 3 by 3z + 1.
Ans. 328 + T3 4 52 4+ 102 + 8.
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GENERAL EXAMPLES.

1. Multiply . = . . . . . 2z — 3ab

DAl e o 0 o 6k o S e
The product . . . . . . . Gax?— 9abx
becomes after . . . . . , C— 2abx + 3ab®
reducing . . ; Gax?— 1ladx + 3abd2.
2. Multiply a* — 203 by a — b.

10.

11.

12.

Ans. a® — 2ab® — a*b +~ 204

. Multiply «® — 8z — 7 by a2 — 2.

Ane, x3 — 5a? — a 4 14,

. Multiply 8a? — 5ad + 20* by o — %ab.

Ans. 3a* — 26a3b 4 87a%? — 14ald®,

. Multiply 22 4 0* + 0® by 0 — 1. Ans. 18— 02
. Multiply zt— 2a%y 4 42%y>— 8xy3+- 16y* by « + 2.

Ans. x* 4- 325,

. Multiply 422 — 2y by 2u. Ans. 8xy — 4y,
. Multiply 2z + 4y by 22 — 4y. Ans. 422 — 1632
. Multiply a® + a?%y + a2y + »® by & — .

Ans. ot — y*.
Multiply a2 + =y + 3 f by a2 — ay + ¥2
Ans. o + a2 + yi.
Multiply 2a® — 3ax + 4a® by 5a® — 6ax — 22
Ans, 10a* — 27a%x + 34a2x? — 18aa® — Sab,
Multiply 82? — 2xy 4+ 5 by 2? + 22y — 3
Ans. 3zt 4 4%y — 4a® — 422y + 16xy — 15,

. Multiply 8a® + 2x%2 4+ 3y? by 2x® — 3a%? 4 57

628 — ba*y? — Gxtyt + Ga’y? +

A { 152%3 — 922 + 10a%y* + 1535

14. Muliiply 8ax — 6ab — ¢ by 20z + ab + c.

Ans. 16a%? — 4a¥xr — 6a?h® 4 6ace — Tabe — c2.
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15. Multiply 3a? — 5% + 3¢ by a® — %
Ans. 3a* — 8a®?* + 3urc? + 55 — 3b%3.
16. 3a® — 5bd + <¢f
— 5« 4 4bd — Scf.
Pro.red, — 15¢* + 37c2bd—29¢%cf—200°d >4 44bedf— 822

17, Multiply a™x — a?0* by a?z",
Ans. antirtl — atdixn.
1€, Multiply a™+ b by u™— b Ans. a* — b,
19. Multiply «™ + 8 by a™+ b~
5 Ans. a? ¥+ 2amd™ + B*=.

DIVISION.

45. Divisiox is the operation of finding from two quan-
tities a third, which being multiplied by the second, will
produce the first.

The first is called the Dividend, the second the Divisor,
and the third,the Quotient.

Division is the converse of Multiplication. In it, we have
given the product and one factor, to find the other. The
rules for Division are just the converse of those for Multi-
plication.

To divide one monomial by another.

46. Divide 72a¢° by 8a3. The division is indicated,

thus:
T2a5

8a?

.

The quotient must be such a monomial, as, being mulitiplied
by the divisor, will give the dividend. Hence, the coeflicient

45. What is division ? What is the first quantity called? The second?
The third? What is given in division? What is required ?
46, What is the rule for the divizion of monomiala?
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of the quotient must be 9, and the literal part «2; for these
quantities multiplied by 8«® will give 72«5 Hence,
720
Bu®
The cocflicient 9 is obtained by dividing 72 by 3; and
the literal part is found by giving to @, an exponent equal
to 6 minus 3.
Hence, for dividing one monomial by another, we have
the following

= 9u’.

RULE.

I. Divide the coefficient of the dividend by the covefficient
of the divisor, for a new coefficient :

II. Afior this coeflicient write all the letters of the dividend,
giving to each an exponent equal to the excess of its expo-
ponent in the dividend over thut in the divisor.

SIGNS IN DIVISION,

47. Since the Quotient multiplied by the Divisor must
produce the Dividend: and, since the product of two factors
having the sume sign will be + ; and the product of two
factors having different signs will be —; we conclude:

1. When the signs of the dividend and divisor are like,
the sign of the quotient will be 4.

2. When the signs of the dividend and divisor are unlike,
the sign of the quotient will be —, Again, for brevity, we
38

+ divided by +, and — divided by —, give +;
— divided by 4+, and + divided by —, give —.

+ ab — ab
+Z=+b; Feg o

47. What is the rule for the signw, in division ?



(15 (2)
ER 522 _ I

() (4)
— 24a‘be 328 0xb
+ Sabe = T %% e = — et
5. Divide 15a2?y® by — 3ey. Ans. — bx*y?,
6. Divide 84ud3z by 1282 Ans. Taba,
7. Divide — 36a'd%c? by 9a’b%c. Ans. — 4abe.
8. Diwvide — 99a'b*x® by 11a?b%ct. Ans. — 9ad.
9. Divide 108xz%y%23 by 54wz, Ans, 2wyt
10. Divide 64ax’y®2¢ by — 16a°y42°. Ans. — axyz.
11. Divide — 96a’0%¢® by 12a%be. Ans, — 8atbict.
12. Divide — 38a*l®d* by 2¢%0%d. Ans. — 19abd?3,
13. Divide — 64a®)ic® by 32a‘be. Ans. — 2ub’c’.
14, Divide 128¢%2%y7 by 16axy*. * Ans. 8arxiyd,
15. Divide — 256a'0%®d™ by 16a°bes. Ans. — 16abie?d’.
16. Divide 200a*m?n? by — 50a’mn.  Ans. — 4amn.
17. Divide 300x%y*2? by 60xy?%. Ans. 5a%yz,
18. Divide 27a%0%c* by = 9abe. Ans. — 3atbe.
19. Divide 64ay%2® by 32ay®. Ans. 2a%yz.
20. Divide — 88a®08¢® by 11a®b'cS. Ans. — 8ubct
21, Divide 77a*y’z* by — 1la*y’zt. Ans. — 1.
22. Divide 84a'b%c?d by — 42ab%*d. Ans, -- 2.
23. Divide — 88a®4’c® by 8a°bcS. Ans. — 1lab.
24. Divide 16a? by — 8a. Ans. — 2.
25. Divide — 88«¢")? by 1lamb. Ans. — Bar—mb.

DIVIEION.

EXAMPLES,
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26. Divide 77a"d* by — 11a%’.  Ans. — Ta"—%~3

27. Divide 81a%b" by 420"0". Ans. 2a5="1"=2,
28. Divide — 88a’0" by 8a"6".  Ans. —1la”="5"~™
29. Divide 96al? by 4840 Ans. 2a'—"r 1,
30. Divide 168z by 12z ™ Ans. 14z ="y ="

81. Divide 256ab’c® by 16ab"c?. Ans. 16a'~"0* ="c*
MONOMIAL FRACTIONS,

48. It follows from the preceding rules, that the exact
division of monomials will be impossible:

1st. When the coeflicient of the dividend is not exactly
divisible by that of the divisor.

2d. When the expauent of the same letter is greater in
the divisor than in the dividend.

3d. When the divisor contains one or more letters not
found mm the dividend.

In either case, the quotient will be expressed by a fraction.
A fraction is said to be in its simplest form, when the
numerator and denominator do not contain a common factor.
For example, 12a'l%d, divided by 8a?b¢c?, gives
12a'0*d
8abc?
which may be reduced by dividing the numerator and de-
nominator by the common factors, 4, a?, &, and ¢, giving

12atdh%ed . 3abd

8abe> ~  2c

2505023 Aa
Alec, Babd = 56'd

43, T'nder what circumstances will the division of monomials be im-
possible ? Ilow will the quantities then be expressed? How is a meno
mial fraction reduced to its simplest form ?
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Hence, for the reduction of a monomial fraction to its sim-
plest form, we have the following

RULE.

Suppress every factor, whether numerical or literal, that
s conunon to ooth termms of the fraction ; the result will be
the reduced fraction sought.

EXAMPLES.

¢ 1) (2.)

48a*0’ed®  _ dad? an 87ab’c’d  8Tb%
36a?b’c*de ~ 3bce’ 6a’berd? T 6atd’
(3) - (4
oo 9% 1 - 40?204
2 14430 — 2ab” Gabt T 357
2
5. Divide 49a%%c® by 14a’bct. Ans. '%bg.
\ @&
6. Divide Gamn by 3abe. Ans. QZm-
¢
2
7. Divide 18a2%mi? by 12a*d'ed. Ans. _E{m;_
- 2uth%ed
LTy
8. Divide 28a®0%¢’d® by 16abcd m. Ans. :_;/;_d .
s’ s
2 g 6
3 - %
9 Divide 72a%c?0? by 12a°¢*d°d. Ans. i
dabbxmn

10. Divide 100a®0’xmn by 25a3bd. Ans.

——— d

37,848
11, Divide 96¢°0%cdf by T5a%cxy. Ans. S2aBLME

25zy

202943

12. Divide 83m*nifa?y® by 15amnf.  Ans. Hnﬁﬁ:’l—
——————— 1ay 7%
127

13. Divide 127d%x%y? 16dawty*. )
ivide «*y? by 16d'aty ns 1627
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49. In dividing monomials, it often happens that the
exponents of the same letter, in the dividend and divisor,
are equal; in which case that letter may not appear in the
quotient. It might, however, be retained by giving to it the
cxponent 0.

If we have expressions of the form

a a @ ot ad

a’ @B oat? ¢

&e.,
and apply the rule for the exponents, we shall have,
« Y P u?
= ql—=1 — 40 —_ =272 — 40— 43—3 — 40 -
= WTi=dy 5=a ._.a,(&_u’ = a% &o.
But since any quantity divided by itself is equal to 1, it fol-
lows that,
@ «? _
a:a":l,é—ﬁ:az = @ = T dasg
or, finally, if we designate the exponent by m, we have,
aﬂl
um
The 0 power of any quantity is equal to 1: therefore,
Any quantity may be retained in a term, or introduced
tnto a termn, by giving it the exponent 0.

= T2 5 @ =g ek

’

EXAMPLES,

1. Divide 6a®0%* by 24?02

.G_az_by = 3a?~ %22t = 3a")%c* = 3¢t

2a-b*
2. Divide 8usd3c® by — 4a'de. Ans. — 2a"¢ct = — 2¢4,
3. Divide - 32m®n?x?y? by 4miniry.

Ans. — 8m'nry = — 8w

49. When the exponents of the same letter in the dividend and divisor
are equal, what takes place? May the letter still be retained? With
what exponent? What is the zero power of any jnantity equal to?
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4. Divide — 96a%0%" by — 24a*b®. Ans. 4a°0%" = 4c»
5. Introduce «, as a factor, into 65°%. Ans. 6abct,
6. Introduce ab, as factors, into 9¢?dr.  Ans. 9a0'cdn.
7. Introduce abe, as factors, into 84! /™.  A. 8a’)°c"d!f™.

50. When the exponent of any letter is greater in the
divisor than it is in the dividend, the exponent of that letter
in the quotient may be written with a negative sign. Thus,

L1 ako, & = a2=5= a3 by theru
C?’_a—a,aso,(?s_a = a~° by the rule;
~3 1
hence, a=3= —-
=
” s 1 hay s b
Since, a~® = —, wehave N — pt)

that is, @ in the numerator, with a negative exponent, is
equal to « in the denominator, with an equal positive ex-
ponent ; hence,

Any quantity having a negative exponent, is equal to the
reciprocal of the same quantity with an equal positive ex-
ponent. :

Ienee, also,

Any factor may be transferred from the denominator to

the numerator of a fraction, or the reverse, by changing the
sign of its exponent.

Voo
EXAMPLES.
1. Divide 32a?bc by 16a°0%
32a%he 2e
0L T 9p=3p—1g = S
Ans. T = Uhialh ey = 20

50. When the exponent of any letter in the divisor i3 greater than in
the dividend, how may the exponent of that letter be written in the quo.
tient? What is a quantity with a negative exponent equal to? How
may a factor be transferred from the numerator to the denominator ¢f n
fraction ?
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54a%h% Ge
LS = 6a— . .
9575 a=%~% Ans e
172%y% clal2e z
3. Reduce ST Ans. 57 O 55
4, In 5ay~%x~?, getvid of the negative exponents,
-
Ans. —%ﬁ
ye
5 1 40203z id of th "
5. In 3a=35-5" get rid of the negative exponents.
4 568
Ans. .
ns. ——

15a=3%~*d—5 .
e R rid of the negative exponents.

x'syﬁ
Auns. EWGEJV
1 Sa—ﬂbsc | 4a—-501000 I 4610
7. Reduce o= Ans. z 2l
8. Reduce 72a%h? <+ 8as)3. Ans. 9a=15-1, or o
ab
15a— 4081 3 :
9. In 5—(;:_26‘—1’ get rid of the negative exponents.
35
Ans. S
a%c-
— 15aq =50 —5¢2
10. Reduce O Ans. 3ab%*~

—5a¢—%~"

To divide a polynomial by a monomial.

51. To divide a polynomial by a monomial:

Divide each term of the dividend, separately, by the
divisor ; the algebraic sum of the quotients will be the quo-
tient sought.

EXAMPLES.
1. Divide 8a¢?? — a by a. Ans. 3ab* — 1,

51. How do you divide a polynomial by a monomial ?
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2. Divide 5a%? — 25a¢*0? by 5a°)". Ans. 1 — 5a,
3. Divide 85a%)? — 25ad by — 5ab. Ans. --7ab + 5
4. Divide 10ad — 15ac by 5a. Ans. 2b - 3c.
5. Divide 6ad -- 8ax + 4a’y by 2a.

Ans, 3b — 4 + 2ay.
Divide — 15a2? 4 623 by — 3z. Ans. bax — 222
+ 7. Divide — 2lay? + 35a%b%y — 1c%y by — 7y.
) Ans, 3ay — 5a20% + ¢,
8. Divide 40a®* + 8a*d? — 32a%'bic* by 8a‘lt.
Ans. 5at + 03 — 4¢b

=

DIVISION OF POLYNOMIALS.

52. 1. Divide — 2¢ + 642 — 8 by 2 + 2a.

Dividend. Divisor.
6a? — 2a — 8 | 2a + 2

6a® + 6a " 8a — 4 Quotient.
— 8a — 8
— 8u — 8
Ty 0 Remainder.

We first arrange the dividend and divisor with reference
to @ (Art. 44), placing the divisor on the left of the dividend.
Divide the first term of the dividend by the first term of
the divisor; the result will be the first term of the quotient,
which, for convenience, we place under the divisor. The
product of the divisor by this term (6a? 4 6a), being sub-
tracted from the dividend, leaves a new dividend, which may
pe treated in the same way as the original one, and so on to
the end of the operation.

62. What is the rule for dividing one polynomial by another? When
is the division exact? When is it not exact ?
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Since all similar cases may be treated in the same way, we
have, for the division of polynomials, the following

RULE.

L. Arrange the dividend and divisor with reference to the
same letter :

1. Divide the first term of the dividend by the first term
of the divisor, for the first term of the quotient. Multiply
the divisor by this term of the quotient, and subtract the
product from the dividend:

IIL. Divide the first term of the remainder by the first
term of the divisor, for the second term of the quotient.
Multiply the divisor by this term, and subtract the product
Jrom the first remainder, and so on:

IV. Continue the operation, until a remainder is found
equal to 0, or one whose first term is not divisible by that
of the divisor.

Nore—1. When a remainder is found equnal to 0, the
division is exact.

2. When a remainder is found whose first term is not
divisibie by the first term of the divisor, the exact division
is impossible. In that case, write the last remainder after
the quotient found, placing the divisor under it, in the form

of a fraction.
SECOND ‘ EXAMPLE.
Let it be required to divide
51a%2+ 10a* — 48030 — 156'+ 4ad® by 4ab — 5a? - 352
We first arrange the dividend and divisor with reference

w a.
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Dividend. Divisor.
10at— 48a%b + 5142+ 4ad*—156%| | — 5a“+ 4ud 4 30*
4 10a'— 8a’b — 6a*? — 2024 8ab — 50°
— 40a°d + 57a20*+ 4abd—150* Quoticnd.

— 40a3b + 32a*0*+24ab?
250202 —20ab’ —150*
25025 —20ab® —156*

(3)
o+ 2y ety Layt— 2y 2ty 9
z + 2%y R w——«_f_/y
+ 2%y + xy?
+ 2%y + xy?
_Qy

Here the division is not exact, and the quotient is frac-

tional.
(4)
14+ all —a.
1— al|l+4 2+ 2a®+ 22° +, &o.

+ 2a
+ 2a — 2a?
+ 2a?
+ 20 — 2a°

+ 2a°

In this example the operation does not terminate. It may
be continued to any extent.

EXAMPLES.,

1. Divide a? + 2ax 4 2? by a + =. Ans. a + =

2. Divide @® — 3a% + 3ay>* — y® by ¢ — .
Ans. a® — 2ay + 32

4
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8. Divide 24a?0 — 12¢%¢0? — 6adb by — Gab.
Ans. — 4a + 2a%c¢h + 1.
4. Divide 6x* — 96 by 38z — 6. ;

y Ans. 203 + 42 4 8x -+ 16,
— 5, Divide % — 5a*xz + 10a°2? — 10a%® + Saxt — of
by a'— 2ax - «* Ans, a® — 3a*x + 3ax? — @

6. Divide 48x® — 76ax? — 64¢*x + 105¢® by 2z — 3a.

Ans. 24x? — 2ax — 352,
%7 Divide 3% — 3y*x? 4 3y%* — a® by 93 — 3y’ +
Bya? — a, Aws. y? + 3y%x + 3yat + o,

v

8. Divide 64@d® — 25a%0* by 8a*0® + bab'.

Ans. 8a*bt — 5ub?,
9. Divide 6a3+ 23a2 + 22ad%+ 50° by 3a*+ 4ad+ 02
Ans. 2a + 5b.

10. Divide €ax® + 6ua?y® + 42¢%? by gaa: -tfé‘ky;‘-.’
Ans. o 4 wyb + Tqa.
11. Divide — 15a* + 37¢20d — 29a’cf — 200*d* + 44bedf
Y — 8¢ by 3u? — 5bd + ¢f. Ans. — but + 4bd — 8¢fl

X

v

12, Divide o* + 2% + y* by x* — «xy + ¥%
Ans. «® + xy + v
13. Divide a* — 3* by = — ¥. ~
Ans. @ + «?y + =y + Yo
14. Divide 8a*— 8a2b*+ 3uict+ 5b*— 3b%* by a«?*— b?
Ans. 3u? — 50% 4 3¢,
15. Divide 625 — 5ady? — 6ty + 6a’y *+ 15x°y3— 92yt

4+ 102%y® + 15y° by 38a® + 2xy* + 3y

Ans. 2x® — 3a?y? + 513
16. Divide — 24 16a*x*— Tabe — 4a*be — 6a?h?+ 6aca
by 8ax — 6ab — c. Ans. 2ax 4+ ab + e
17. Divide 38a* + 4y — 4o? — 4ducty? + 16wy - 16 by

3

X

2xy 4- @ — 3. Ans. 3«t — 2my + 5.
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18. Divide «® + 3Sy® by « + 2.
Ans, @ — 2x8y + 4x?y® — 8Baxy® + 16y*.

3ut — 260%h — 14alb® + 37a%* by 26 — 5ab

19. Divide
+ 3a% Ans. a* — Tubd.
20, Divide at — &* by a® + a? + ab* + b
Ans. a — b
21. Divide «3 — 322y + ¥* by = + .
3y3

Ans. x* — 4 492 — .
ns. xy + 4y z+y

22. Divide 1 4+ 2aby 1 — a — a*
Ans. 1 + 8a + 4a® + 1a® + , &e.
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CHAPTER III.

USEFUL ¥ORMULAS. ¥FACTORING. GREATEST COMMON DIVISOR.
LEAST COMMON MULTIPLE.

USEFUL FORMULAS.

53. A Toraura is an algebraic expression of a general
rule, or principle.

Formulas serve to shorten algebraic operations, and are
also of much use in the operation of tactoring. When trans-
lated into common language, they give rise to practical rules.

The verification of the following formulas affords addi-
tional exercises in Multiplication and Division.

(L)

54. To form the square of @ + &, we have,

(@ + 6= (@a+d)(a+10b) = a4+ 2ab + b
That is,

The square of the sum of any two quantities is equal to
the square of the first, plus twice the product of the first by
the second, plus the square of the second.

1. Find the square of 2a 4+ 3). 'We have from the rule,

(2a + 8b)? = 4a? + 12ab + 902

63. What is a formula? What are the uses of formulas ?
54. What is the square of the sulm of two guantitics equal to?
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- 2. Find the square of 5ab + 3ac.
Ans. 25a%0? + 30a%c + 9a’c?
3. Find the square of 5a? 4+ 8«2,
Ans. 25at -+ 80a'b + 64a‘d.
4. Find the square of 6az + 9a%2 5
Ans. 86a%x? + 108a’x® 4 8later

(2.)
55. To form the square of a difference, ¢ — &, we have, ’
(a =02 = (a—0)(a —d) = a*— 2ab + 2
That is,
The square of the difference of any two quantities is
equal to the square of the first, minus twice the product of
the first by the second, plus the square of the second.

1. Find the square of 2¢ — b, - We have,
(2a — 0)? = 4a® — 4ab + 02
2. Find the square of 4ac — be.
Ans. 16a%? — 8abe? + 0?2
3. Find the square of 7a¢?0? — 12ad3. ;
Ais. 49a*d* — 168430 + 144a208.
(3)
56. DMultiply @ + 6 by @ — 5. We have,
(a + 6) X (@ — b) = a*— 1% Tence,
T'he surn of tiwo quantities, multiplied by their difference,
is equal to the difference of their squares.
1. Multiply 2¢ 4+ & by 2¢ — b. Ans. 4¢® — B

2. Multiply 9ac - 8be by 9ac — 3be.
Ans. 81a%c® — 94%c?

56. What is the square of the difference of two quantities equal to?
56. What is the sum of two quantities multiplied by their difference
equal to?
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3. Multiply 8a® + 7ab® by 8a® — 7ad?, .
Ans. 64a® — 4'0{;:311’4
, (4.
§7- DMultiply a® 4+ ab + 4* by @ — b, We have,
(a* + ab + ) (a — b) = a® — DA
(3.)
58. Multiply a®> — ab + 8 by a + 5. We have,
(a2 — ab + ) (a + b) = &® + VA
(6.)
59. I\Iu]tiplx_’togetll’er, a+ b a—>b, and a? + b

We have, o -
(¢ + 0) (@ — b) (a*+ 0*) = a* — b

e

60. Since every product is divisible by any of its factors,
each formula establishes the principle set opposite its number.

1. The sum of the squares of any two quantities, plus
twice their product, is divisible by their sum.

2. The sum of the squares of any two quantities, minus
twice their product, is divisible by the difference of the
quantities.

2. The difference of the squares of any two quantities
is divisible by the sum of the quantities, and also by their
difference.

4. The difference of the cubes of any two quantities is
divisible by the difference of the quantities; also, by the
sum of their squares, plus their product.

8. The sum of the cubes of any two quantities is divisi

60. By what is any product divisible? By applying this priveiple, what
follows from Formula (1)? What from (2)? What from (3)? What from
(#)? What from (5)? What from (6)?
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ble by the sum of the quantities ; also, by the sum of their
squares minus their product.

6. 1'he difference between the fourth powers of any twe
quantitics is divisible by the sum of the quantities, by their
difference, by the swm of their squares, and by the dif*
ference of their squares.

FACTORING.

6t1. Factoring is the operation of resolving a quantity
into factors. The principles employed are the converse of
those of Multiplication. The operations of factoring are
performed by inspection.

1. What are the factors of the polynomial
ac + ab + ad.

We see, by inspection, that ¢ is a common factor of all
the terms; hence, it may be placed without a parenthesis,
and the otner parts within; thus:

ac + ab + ad = e + b + d).

2. Find the factors of the polyromial @?h? + a?d — o?f.
Ans. a®(b> + d — 7).
3. Find tne factors of the polynomial 3u?6 — 6a%h2 + b2d.
Ans. U(3a? — 6a?b + bd).
4. Find the factors of 8a% — 9a’c — 18a%y.
- Ans. 8a*(b — 3¢ ~ 6xy).
5. Find the factors of 8a?ex — 18uca? + 2ac’y — 30ab:,
Ans. 2ac(4ax — 92 4+ cty — 15a>ct).
6. Iactor 30ath’ — 6a’b*d® + 18a%2c2,
Ans. 6a’6%(5ac — d3 4+ 3¢?).
7. Factor 12¢%0d? — 15¢3d+ — 6¢2d3f.
' Ans. 3&?(13(4@1) — Sed — 2f).

¢1. What ie factoring ¥
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8. Factor 15a%ecf — 10abet — 25abed.
Ans. abe(3¢Y — 222 — 5d),

62. When two terms of a trinomial are squares, and
positive, and the third term is equal to twice the product of
their square roots, the trinomial may be resolved into factors
by Formula (2).

1. Factor «? + 2ab + 7 Ans. (a 4+ b) (@ + b).
2. Factor 4a? 4 12ab + 902 ) ,
“Ans. (2a + 88, (2a + 30).

3. Factor 9a? 4+ 12ad + 40%
Ans. (3a + 20) (3a + 2b).

4. Factor 4x® + 8z + 4. Ans. (2z + 2) (2z + 2).
. Factor 9a20? + 12abe + 4%
Ans. (3ab + 2¢) (3ab + 2¢).
6. Factor 16x%y% + l6ay? -+ 4yt
Ans. (dzy + 2y?) (4xy + 242).

Qe

63. Wlhen two terms of a trinomial are squares, and
positive, and the third term is equal to minus twice their
gquare roots, the trinomial may be factored by Formula
(2).

1. Factor a® — 2ab + 0% Ans. (@ = b) (@ — b).

2. Factor 4a? — 4ab + 3% Ans. (2a — b) (2a — D).

3. Factor 9a® — 6ac + ¢%  Ans. (3a — ¢) (3@ — ¢).

4. Factor a%? — d4ax + 4.  Ans. (ax — 2) (az — 2)

5. Factor 4x? — 4oy + y2.  Ans. (22 — y) (22 — y)

62. When may a trinomial be factored ?
68. When may a trinomial be factored by this method?
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6. Factor 36z? — 24xy + 4y~
Ans. (6x — 2u) (6x — 2y).

64. When the twa terms of a binomial are squares and
have contrary signs, the binomial may be factored by
Formula (8).

1. Factor 4¢® — b Ans. (2¢ + 6) (2¢ — b)

2. Factor 8la?? — 90%2.

Ans. (9ue + 3b¢) (Sac — 3be).

3. Factor 64a'd* — 2522

Ans. (8ab* + bry) (8¢’0* — 5xy).

4. Factor 25a% — 9aty™

Ans. (5ac + 3x%y) (bac — 3uy).
5. Factor 36a'b'c¢® — 95
Ans. (6a2l?c + 327) (6a%0% — 32°).

6. Factor 49x* — 36yt Aus, (72?4 6y*) (7o’ — 6y°).

&53. When the two terms of a bLinomial are ecubes, and
have contrary signs, the binomial may be fictorcd by
Formula (4).

1. Factor 8a® — ¢ Ans. 2a — ¢) (4a? + 2. + ¢?).

2. Factor 27a«® — 64.

Ans. (3a — 4) (9a + 124 + 16).

3. Factor a® — 6453
Ans. (@ — 4D) (a® + 4ab + 1682),

4, Factor a® — 2703 Ans. (@ — 3b) (a® + 3ad + 98%).

>
59

. When may a binomial be factored ?
65. When may a binomial be fastored by th 8 method?
4*



82 ELEMENTARY ALGEBRA.

66. When the terms of a binomial are cubex and have
tike signs, the binomial may be tactored by Formula (5).

1. Factor 8a® + 3.  Ans. (2a + ¢) (4a? — 2ac + ).

2, Factor 274 4+ 64.

o,

Ans. (3a + 4) (9a® — 12a + 16},
5. Factor a® + 340°%

Ans. (a + 4b) (a® — 4ubd + 160%).
4. Factor a® + 2703 Ans. (a 4 3b) (a® — 3abd 4 007},

67. When the terms of a binomial are 4th powers, and
have contrary signs, the binomial may be factored by
Formula (6).

1 What are the factors of at — »*°?
Ans. (@ + b) (a = b) (2 4 b?).

2 What are the factors of 8la* — 165 ?
Ans. (3a + 20) (Bu — 2b) (942 + 482).

3. What are the factors of 1640t — 81¢4(04?
Ans. (200 4 3ed) (20d — Bed) (44?02 + 9c*d?).

GREATEST COMMON DIVISOR.

68. A Comyox TWvISor ot two quantities, 18 a quantity
that will divide them both without a remainder. "Thus,
saby is a common divisor of 9a*l% and S« — 6303,

f¢  When may a binomial be factored by this method?
67. When may a binomial be factored by thiz method?
€€, What ia the common divisor of two guantitiest
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€69. A Snoyrre or Prive Facror is one that cannot be
resolved into any other factors,

Every prime factor, common to two quantities, is a com-
mon divisor of those quantities. The continued product of
any number of prime factors, common to two quantities, is
also a common divisor of those quantities.

70. The Greatest Codmox Divisor of two quantities,
is the continued product of all the prime factors which are
common to both.

71. When both guantities can be resolved into prime
factors, by the method of factoring already given, the great-
est common divisor may be found by the following

RULE.

1. Resolve both quantities into their prime factors :
II. Zind the continued product of all the factors which
are common to both ; it will be the greatest common divi-
sor required.

EXAMPLES,

1. Required the greatest common divisor of 75a242¢ and
25abd. Factoring, we have,
T5a2btc = 3 X 5 X daabbe
25abd = 5 X bSabd.
The factors, 5, 5, @ and b, are common ; hence,
5 X5 X axb= 25ab,

18 the divisor sought.

69. What is a simple or prime factor? Isa prime factor, common to
two quantities, a common divisor ?

70. What i3 the greatest common divisor ?

71. If both quantities can be resolved into prime factors how do you
find the greatest common divisor ?
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VERIFICATION,

5a2b%c =+ 25ab = 3abe
25adbd = 25ab = d;

and since the quotients have no common factor, they cannet
be further divided.

2. Required the greatest common divisor of a? — 2ad +
0* and a® — 2 Ans. @ — b

3. Required the greatest common divisor of a? + 2abd 4
b* and a + b. - dAns. a + b

4. Required the greatest common divisor of «’x? — 4azx
+ 4 and az — 2. Ans. ax — 2.

5. Find the greatest common divisor of 3a? — 9a%
- i8a*ry and b%c — 3bc? — 6Gbexy. Ans. b — 3¢ — 6ay.

6. Find the greatest common divisor of 4a*c — 4ace and

3a%g -- 3age. Ans. ala — @), or o — au.
7. Find the greatest common divisor of 4¢? — 12¢cx 4 927
and 4¢2 — 9% Ans. 2¢ — 3.
8. I"ind the greatest common divisor of «? — ® and
x? — yi Ans. x — y.
9. Find the greatest common divisor of 4¢? 4 4de -} 42
and 4¢? — 02 Ane. 2¢ + b.
10. Find the greatest common divisor of 25¢2R— 9xty*
and facd? 4 3d%y2 Ans. Lae 4- 3Py

Note~—To find the greatest conlmon divisor of three
quantities. I'irst find the greatest common divisor of two
of them, and then the greatest conmnon divisor between this
result and the third.

1. What is the greatest common divisor of 4ax%y, 16aba?,
and 24aca?? Ans. 2ax’.

2. Of 82%— 6w, 223~ 42, and «%y — 22y ? Ans. a’— 2

72 When is one quantity a multiple of anotber?
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LEAST COMMON MULTIPLE.

72, One quantity is a MULTIPLE of another, when it can
be divided by that other without a remainder. Thus, 8a2},
{s a multiple of 8, also of a?, and of . *

78. A quantity is a Common Multiple of two or morg
quantities, when it can be divided by each, separately, with-
out a remainder. Thus, 24a%3, is a common multiple of
6ax and 4a?x.

74. The Least Coatsron MorTirLE of two or more quan-
tities, is the simplest quantity that can be divided by cach,
without a remainder. Thus,. 12a%0%x?, is the least commdn
multiple of 2a¢%x, 4ad? and 6u?b%w?.

75. Since the common multiple is a dividend of each of
the guantities, and since the division is exact, the common
multiple must contain every prime factor in all the quanti-
ties; and if the same factor enters more than once, it must
enter an equal number of times into the common multiple.

When the given quantities can be factored, by any of the
methods already given, the least common multiple may be
found by the following

RULE.

L. Resolve each of the quantities into its prime factors:

1. Zake each factor as many times as it enters any one

of the quantities, and jform the continued product of these
JSuctors ; it will be the least commion mudtiple.

73. When iz a quantity a common multiple of several others ?

74, What is the least common multiple of two or more quantities ?

75. What does the common multiple of two or more quantities contain,
as factors? How may the least common multiple be found ?

* The mulliple of a quant!ty, la aimply 1 dividend which will give an exact quotient,



36 ELEMENTARY ALGEBRA,

EXAMPLES,

1. Find the least common multiple of 12a30%¢* and 8a2d",

12a%6%¢® = 2.2.8.aaabbee.
8ul3 = 2.2.2.aabbb.

Now, since 2 enters 8 times as a factor, it must enter 3
vimes in the common multiple: 3 must enter once; a, 3
times; 0, 3 times; and e, twice; hence,

2.2.2.8aaabbbcc = 24a’b’c?,

is the least common multiple.

Find the least common multiples of the following :

2. 6a, 5ab, and 25abc?. Ans. 150a%bc?
3. 3a?b, 9abe, and 27a%x®. Ans. 27abex?,
4. 4a%x?y?, 8alxy, 16a'y’, and 24a’y'w. Ans. 48aSxyr.
5. ax — bx, ay — by, and a2

Ans, (a — D)y = ax?y? — dayr.
6. a + b, a* — 0% and a*® + 2ab 4 0.
Ans. (@ + 0)? (@ — b).
7. 3aBl%, 9a%x?, 18a*yB, 3u?y? | Ans. 18uthety?,
8. 8a%(a ¥ b), 15a*(a — b)? and 12a3%(a® — 22).
. Ans. 120a%(a — b)? (@ + D).
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CIIAPTER IV.
FRACTIONS,

26 Ir the unit 1 be divided into any number of equal

] 1 i
parts, each part is called a FracrroNaL unit. Thus, Sl

1 1 P .
g0 70 are fractional units.
7v7. A Fracriox is a fractional unit, or a collection of

. q 1 3 6 « .
fractional units, Thus, S0l ol sp S fractions.

78. Every fraction is composed of two parts, the De-
nominator and Numerator. The Denominator shows inte
how many equal parts the unit 1 is divided; and the Nuw.
merator how many of these parts are taken, Thus, in the

Nl ] e Toad) .
fraction 5 the denominator b, shows that 1 is divided into

b cqual parts, and the numerator a, shows that @ of these
parts are taken. The fractional unit, in all cases, is equal to
the reciprocal of the denominator.

76. If 1 be divided into any number of equal parts, what is rach part
called ?

77. What is a fraction ?

78. Of how mauy parts is any ‘raction composed? What are they
sslled?  What does the denominator show? What the nnmerator ?
What is the fractional unit equal to ?
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79. An Extire QuaxTrry is one which contains no
fractional part. Thus, 7, 11, «’x, 4x® — 3y, are entire
quantities,

An entire quantity may be regarded as a fraction whose

7 ad

denominator is 1. Thus, 7 = !

,ab:

—

€0 A Mixep QUANTITY is a quantity containing bath
. . bx
entire and fractional parts. Thus, 74, 8, ¢« + —, are
@

mixed gnantities.

a ]
81. Let 5 denote any fraction, and ¢ any quantity
: e «
whatever. From the preceding definitions, A denotes that

1S . a 1 .
5 taken ¢ times; also, ?q denotes that 3 S taken

aq times; that is,
a a ‘
3 =5 X O hence,

Hlultiplying the numerator of a fraction by any quan-
tity, is equivalent to multiplying the fraction by that
quantity.

We sce, also, that any quantity may be multiplied by a
fraction, by multiplying it by the numerator, and then
dividing the result by the denominator.

g2, It is a principle of Division, that the same result will
be obtained if we divide the quantity ¢ by the product
of two factors, p X ¢, as would be obtained by dividing it

79. What is an entire quantity 2 When may it be regirded as a frac
tion ?

80, What is a mixed quantity ?

€1, How may a fraction be multiplied by any qnantit; ¥

§2 How may a fraction be divided by any quantity ¥
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first by one of the factors, p, and then dividing that result
by the other factor, ¢. That is,

2 - (Q) < gq; or L ((—l) - p; hence
pg \p/ T T T pg T \g/ T ’

Multiplying the denominator of a fraction by any quan

tity, is equivalent to dividing the fraction by that quantity

§3. Sinee the operations of Multiplication and Division
are the converse of cach other, it follows, from the preced
ing principles, that,

Dividing the numerator of a fraction by any quantity,
is equivalent to dividing the fraction by that quantity ;
and,

Dividing the denominator of a fraction by any quantity,
is equivalent to multiplying the fraction by that quantity,

84. Since a quantity may be multiplied, and the result
divided by the same quantity, without altering the value,
it follows that,

Lotk terms of a fraction may be multiplied by any quan-
tity, or both divided by uny quantity, without changing the
value of the fraction.

TRANSFORMATION OF FRACTIONS.

85. The transformation of a quantity, is the operation
of changing its form, without altering its value. The term
reduce has a technieal signification, and means, to Zrans
Jorm.

83. What follows from the preceding principles ?

84. What operations may be performed without altering the value of
a fraction?

85. What is the transformation of a quantity?
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TFIRST TRANSFORMATION,

To reduce an entire quantity to a fractional form having a
given denominator.

86. Let a be the quantity, and & the given denomi.

nator. We have, evidently, ¢ = %—b-; hence, the

RULE.

DMultiply the quantity by the given denominator, and
write the product over this given denominator.

SECOND TRANSFORMATION.

To reduce a fraction to its lowest terms.

87. A fraction is in its lowest terms, when the numerator
and denominator contain no common factors.

It has been shown, that both terms of a fraction may be
divided by the same quantity, without altering its value,
Hence, if they have any common factors, we may strike
them out.

RULE.

Resolve each term of the fraction into its prime fac-
tors ; then strike out all that are common to both.

The same result is attained by dividing both termns of the
fraction by any quantity that will divide them, without a
remainder ; or, by dividing them by their greatest common
divisor.

86. How do you reduce an entire quantity to a fractional form haviug
a given denominator ?
87. How do you reduce a fraction to its lowest terms?
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1. Reduce

a g
Factoring,

N|

(3]

. Reduce

3. Reduce

. Reduce

5. Reduce

. Reduce

Reduce

8. Reduce

9. Reduce

10. Reduce

11. Reduce

12. Reduce

EXAMPLES.

15a%c?

91

15a%c? 3
- to its lowest terms,
25ucd

3.5aace .

25acd . B.5acd’

Canceling the common factors, 5, a, and ¢, we have,

15a%¢? 3¢
25acd . 5d
[507edd
1566
605
j26°dS
ab — ac
Ere
n?— 2n + 1
nt— 1 '

3 — ox?
x? — 2ux + a
9613h%
124
240 — 36ab*
48a'b' — 664505
aZ e bZ
@ — %ab + 02

5a® — 10a%b + 5ab?

8a® — 8Su*b
3a? 4 6a2h?
12a* 4+ 6a’c?
a? 4 2qx 4+ x?
3(a? — a?)

Ans.

(o]

Ans.

_— = — 8,

1
4b — 6a

ns, ———m———.
N8 St — 11adb

Ans.
a

A}ls. E.(i.:]i)_o
8a
1 4 o2
* 4a? 4 2ac?

Ans

atz
S — x)

Ansl..
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TIHIRD TRANSFORMATION,

To reduce a fraction to a mixed quantity.

88. When any term of the numerator is divisible by any
term of the denominator, the transformation can be effected
by Division.

RULE.

Perform the indicated division, continuing the operation
as far as possible ; then write the remainder over the deno-
minator, and annex the result to the quotient found.

EXAMPLES.

2

ax — a? a
1. Reduce ——— Ans. a — —.
T . x
) ax — x?
2. Reduce = Ans. a — =.
ab — 2a? 2a?
3. Reduce == . Ans. a — T

a? — x?
4, Reduce(zk———; . Ans. a +'%

xd — o3
5. Reduce ':L_—f Ans. a? + xy + 2
) — 4,
102 — 520 4 3 3
6. Reduce — hee Ans. 22 — 1 + —--
5z e
3623 — 72 2a%x? Qe
7. Reduce e F7a:+8am ..49:2—8-{_3_”_.
9 9
o adack 18acf — 6{';(70:;' — 2ad '. ) Be  2he B _2_;
Sady d a 37
2 4+ ax — 4 )
9. Reduc —_ Ans, £ — 1 — ——.
educe =1 b ns. @« o

B8, How do you reduce & fraction to a mixed quar tiny ¢
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@+ B 247
10. Reduce ﬂ—g . Ans. a — b + m
. 5 = af ;
11. Reduce m_.%—Q—D Ans. 2 + 7 4 :

x — 4
FCURTH TRANSFORMATION.

79 reduce a mized quantily to a fractional form.

89. This transformation is the converse of the preced-
ing, and may be effected Ly the tollowing

RULE.

Multiply the entire part by the denominator of the frac-
tion, and add to the product the numerator ; write the resull
over the denominator of the fraction.

EXAMPLES.

1. Reduce 6§ to the form of a fraction.

6 X1 = 42; 42 + 1 = 43; hence, 6} = 4—791
Reduce the following to fractional forms:
& ot —ad) 2 — (g2 — a? e b
v -y o (@@ —a?) s, 2? — a*
T x x
/ \ 2 -— 2
3.33—‘255——}—%' An (19_!3_-:}3
2a . 2
2x — 17 172 — 7
4, 5 4+ —- )8, e
9 - Ans o
= 1) %2 — 2 + 1
—a — — i
L3 e . Ans. s
a a
=93 72
6. 1 + 2x ——3._ A»ls_ .]O’r—+’m_t§

bz %4

89. How do you reduce a mixed quantity to a fractional form?
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3 4 il 8h —- 3¢ — 4
7. 2a + b — c+ . Ans. Ga + e )
8 8
2, — 2, [:4
& Pt D — 6a%x ab. e 18a%x + 5ab
4a 4
8 4 6ab%xt
SRR e

96abxt + 80azb’x* — 8

Ans. T Saba

FIFTH TRANSFORMATION,

70 reduce fractions having different denominators, to equa-
valent fractions having the least common denominator.

90. This transformation is effected by finding the least
common multiple of the denominators.

138 5 . .

1. Reduee =, 7 and T to their least common denomi-
nators.

The least common multiple of the denominators is 12,

which is also the least common denominator of the required

fractions, If each fraction be multiplied by 12, aud the result
divided by 12, the values of the fractions will not be changed.

1

3 X 12 = 4, 1st new numerator;

3

7 X 12 = 9, 2d new numerator;

5

TR 12 = 5, 3rd new numerator; hence,
s and 4 are the new equivalent fractions
1212 Mg 1 '

90. How do you reduce fractions having different dencminators, to equi
valent fractions having the least common denominator ? When the nu-
merators huve no corumon factor, how do you reduvce them?
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RULE.

1. Find the least common muldtiple of the denominators:
1. Multiply each fraction by it, and cancel the denouw
inator :
III. Write each product over the common multiple, and
the results will be the required fractions.

GENERAL RULRE.

Hultiply each numerator by all the denominators except
its own, for the new numerators, and all the denominators

together for a common denominator.
EXAMPLES.

to their least common

y a c
1. Reduce pra o and PR

denominator.
The least common multiple of the denominators is (a + b)

{« —b):

a
Zﬁt—b-zx (a+b)(a—b) = a

e
a5 x (@ + b) (¢« — b) = ¢(a — b; hence,

ela — b) , are the required

a
and
C+rH@—=20 " @+0)(a—-0
fractions.
Reduce the following to their least common denominators
3¢ 4 122 45x 40 4823
o e M=o L =L Ans. —, —, ——
i e A L B "5 0’ @0° 60
3% 5¢3 12a¢ 96 10¢
3.'a, T, and —‘é—' Ans. 72-3 ﬁ, -12‘—
3z 20 k 9cx 4ub 6uacd
4 and d Ans. B (b B

‘2a’ 3¢’

¥



96 ELEMENTAKY ALGEBRA,

Lo
3 2z 2x 9a 8ux 12a% 4+ 24z
B g0t @ AN e e,
x T T
N AN NP .3 <
i —z’ (1 —a)?’ = (1 —x)?
2(1 — 22 (1 — ) z*
Ans. d -
BT e R R E L el QY
., ¢ c—20b &
. = and ——-
“Ba’ e Mot
as? + be? ba2e — 5@ + 5abc — 5ab? 5ac?
5a% + 5abé’ ba%c + bakbe '’ ba*c + babeo
cx da? 1' 3
¢« -2’ a+ 2’ ) a4z
cx(a ) de(a —x) L2 a — @)
Ans. e e sl and -

ADDITION OF FRACTIONS.

91. Fractions can only be added when they have a com.
mon unit, that is, when they have a ecommon denominator,
In that case, the sum of the numerators will indicate how
many times that unit is taken in the entire collection,
Hence, the

RULE.

1. Reduce the fractions to be added, to a common denom
inator :

II. Add the numerators together for a new numerator,
and write the sum over the common denominator,

EXAMPLES,

1. Add

o)

2
g , and 5 together.

W

91. What is the rule for adding fractions ?
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By reducing to a common denominator, we have,

6 X3 X5 = 90, 1st numerator.

4 xX2x%x5 40, 2d numerator.

2 X 3 Xx 2 = 12, 3d numerator. v
2 X 8 X 5 = 80, the denominator.

ITence, the expression for the sum of the fractions becomes

90 40 1 142
30 T30 T3 = 30’

which, being reduced to the simplest form, gives 414.

2. Find the sum of Z’ (_cl, and ‘;,-
Here, a X d X f = adf
¢ X b X f = cbff [ the new numerators.
e Xb Xd= ebd
and b xdXxjf =bdf thecommon denominator.

cbf ebd _ adf + cbf + ebd
o adf | ¢ ;
ence, bdf+ dr bc{f BdF , the sum
Add the following :
2 N —— 2
& a—3—m—, and b+gfz—g-c- Ans. a+b+——-—————2abx L
b ¢ be
x x x
4 5 39 and " Ans.w-f-m-
2 — 2 4z 19z — 14
5. 3 and —7—- . Ans. RIaT 7 10 0
8. = 4 = and 3:z:+2m_3- Ans.4m+Lml;—l7-
a2 2
7. 42, —, and g Ans. 49:+M—+—a—-
2a 2ax
. 2 + 1 49 + 12
8. —3—, -4—, and 5 . Ans. 2 60
hm-
9. 4, —‘5—, and 2-}-; Ans. 2+4m+4—:c
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] 8x 23z
10. 83z + — and S oL
I s and z 5 Ans. 3z + o
6b ¢
11 —_— UL G
ac e and 1 a
Ans. 1 + ac — g Bacc
" . 8ad
12, 5
(2 — 1) (& — 1)’ ol x—1
2
Ans. 4z Sz + 4
(® — 1)

1 1
13 and . Ans. 1;

"4l Fa) (1 =a)’ 2(1 —~ a@?) a2

SUBTRACTION OF FRACTIONS.

92. TFractions can only be subtracted when they have
the same unit; that is, a common denominator. In that
case, the numerator of the minuend, minus that of the sub-
trahend, will indicate the number of times that the common
unit is to be taken in the difference. Hence, the

RULE.

1. Reduce the two fractions to a common denomi-

inator :
. Then subtract the numerator of the subtrahend from

that of the minuend for a new numerator, and write the
remainder over the common denonminator.

EXAMPLES.

3 3 2
1. What is the difference between 7 and Bt

92, What is the rule for subtracting fractions
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s i rer %a — 4
2, Tind the difference of the fractions —; A and ==

. —_ X 3¢ = 3cx — 3ac
I { (& — a) } h -
i (2a — 42) X 2b = 4ab — 8bx e e

and, 2b X 3¢ = 6bc the common denominator.
3cx—3ac  4ab—8bx  3cw—3ac—4ab—|-8bx
Hence, ol 1 o 05 - Ans.
5 . 3
8. Required the difference of 1—? and —35£ Ans. 7?; .
2 q 3y 3
4. Required the difference of 5y and %‘y . Ans. %?/ .
c 3 2 13
5. Required the difference of 3—: and ;n Ans. _G?x
— 4
6. From w__—}—_y subtract sl Ans. ;ﬁy—;
B x4+ Yy €t — Y=
=
7. From subtract 2—1—2 Ans. i’—*;iT .
T Dl X e G

Find the differences of the following :
x4+ a = 2z + 7 P 24 + 8a—100z — 85b
* {55 8 i 400
, i Y L
9. 3 + 7 and & — 2= 2. Ans. 23;4_.‘;_1‘;_“_0___“_,

b

Ans. a — —a—z—_'_—mz

- 814 ala+=z) " ala—a)

MURTIPLICATION OF FRACTIONS.

c ¢
83, Let % and 7 represent any two fractions. It hag

been shown (Art. 81), that any quantity may be multiplied

98. What is the rule for the multiplication of fractions?

a— 'a+:z: 4

%



100 ELEMENTARY ALGEBRA.
by a fraction, by first multiplying by the numerator, and
then dividing the result by the denominator.

To multiply % by ch’ we first multiply by ¢, giving %c
then, we divide this result by d, which is done by multipl y-

ing the denominator by d; this glves for the product, 3 d’
that is,

e X AR 4% henc
5% a”= v’ %
RULE.

L If there are mixed quantities, reduce them to a frac-

tional form ; then,
II. Dultiply the numerators together for a new numera-
tor, and the denominators for a new denominator.

EXAMPLES.

: b ¢ 5 be _ a®+ bz
1. Multiply e + o by 7 First, a + — = —=,
-2 2,
hence, - sl ST = -Ad g Ans.
a d ad
Find the products of the following quantities:
2x 3ab 3ac
2. = e and °h Ans. 9azx.
3. b+ _f_l? and - Ans. ill.j-;‘x.
a @ x
- ? + /x4 at — b
4, 7o and bay . Ans. s
e x4+ 1 2 —1 fm:?—aac—l—a:z—l‘
x 4 , and G Ans. @&+ ab
s =g - 2 L vy3
6. a cus and 4 e Ans ?——F——a—?

a—z x + a o 4 a?
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7 Maltiply %= by Z2 2.
‘We have, by the rule, 3010 T 2
2a at— B Qa,(az";," b“) . 2ala +l-(;)“ (a —B)
a—5 % TE T Sla=by T e e by,
- %‘f(a +b).

After indicating the operation, we factored both numeras
tor and denominator, and then canceled the common factors,
before performing the multiplication,  Z%és showld be done,
whenever there are common factors.

8.

10.

11,

12,

18.

14,

14.

2 — /2
2 by i - S8

T — Y- a
x? — 4 4
3 y x4+ 2
Ch ..
2 by (a + 0)
(x —11)2 i (@ + 1)*
Y’ z—1
(« — %) 1+ 2
1 — 22 ] a+ «
ol 2xy » 2xy
Y T+ Yy
2a b . Sa—2
41a b2— 2ud
Y 3 LA
s by y+a:

Ans. Uz + 93,
a
dz(x — 2)

Ans
" 3

Ans. 2z(a + B).

Y=

Ans. = :
Yy

Ans, =%

1 —=2

Ans, a2,

dne, B
2ab

A, LK
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DIVISION QF FRACTIONS.

p ¥ Ui 1
o4 Smce 4—0—; ¥4 X -, it follows that, dividing by a
qn’m(:ty is' oqu alent to multlplym by its reciprocal. But

the reciprocal of a fraction, is ‘;j (Art. 28); conse-

d i
quently, to divide any quantity by a fraction, we invert the
terms of the divisor, and multiply by the resulting fraction.
Hence,

d __ad.

XE be

>R

SR
ISP
fl

Whenee, the following rule for dividing one fraction by
another :
RULE.

1. Reduce mixed quantities to fractional forms:

II. Tuvert the terms of the divisor, and mudtiply the
dividend by the resulting fraction.

Nore.—The same remarks as were made on factoring
and reducing, under the head of Multiplication, are apph-
cable in Division.

EXAMPLES.

b J
1. Divide @ - by =-

g
b 20 —1b
a_Qc 2¢
b  f _2ac—b g _ 2acg—dg A
Henee,a—2—07§__—25 xf_—Q(f . Ans

94. What is the rule for the division of fractions?
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0. Divide 2@ 1Y) 4, 28,
a a
2(z 4- v) a 2(x + %) .a
a A @ — *
a @+ y -y
-2, Ans.
T—=Y
3. Let - be divided by —2. Ane s,
5 13 60
2
4. Let 472: be divided by 5z, Ans. %%
2+ 1 o 2x z 4 1
5. ride =
Let 5 be divided by £ Ans. v
8. Lot —— 3 be divided by g Ans. 3
5z e 2a 5bx
7. Let 3 be divided by =1 Ans. T
z—b o F 3cx e —0b
8. Let ¥ be divided by o b Ans. T
Divide the following fractions:
4x? — 8z a? — 4 4z
9. : by e Ans. ST E
ot — b a? + b b
0 ey e Y w0 RS2 g,
422 < a4 b
11. 2x(c + 8) by T B Ans. P
2 X 2 == 2
o B AndE B
Yy =l
i a — azx 3(c — =) T da(a® — a?)

be ¥z 0 ¢ F 2) "8 Bb(eE — %)
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14.

16

16.

ELEMENTAR

a—-zb 1+a:.
1 —a ya-l-w
2 by « — me.
x4y
b — 3a 6a — 2b
2ab b — 2ab
By T LY
Tty yy+m
N

Y ALGEBRA.

a? — a?
Ans. ———=.
1 —

Ang, L2
z—y
e b
4a
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CHAPTER V.
FQUATIONS OF THE FIRST DEGREE,

95. Ax Equatioxn is the expression of equality between
two quantities. Thus,

z =0+ ¢

is an equation, expressing the fact that the quantity e, is
equal to the sum of the quantities 5 and e.

96. Every cquation is composed of two parts, connected
by the sign of equality. These parts are called members :
the part on the left of the sign of equality, is called the first
member ; that on the right, the second member. Thus, in
the equation,

24 a =0b—c

= + a is the first member, and b — ¢, the second member.

97. An equation of the first degree is one which involves
oaly the first power of the unknown quantity; thus,

6x 4+ 3z — 5 = 13; (1)
and ax + bx +c¢c = d; (2)

are equations of the first degree.

95. What is an equation?

96. Of how many parts is every equation composed? How are the
parts connected ? What are the parts ecalled? What is the part onthe -
left called? The part on the right?

97. What is an equation of the first degree

5%
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98. A NUMERICAL EQUATION is one in which the coeffi.
cients of the unknown quantity are denoted by numbers.

99. A LITERAL TQUATION is one in which the coeflicients
of the unknown quantity are denoted by letters.

Equation (1) is a numerical equation ; Equation (2) is a
literal equation.

EQUATIONS OF THE FIRST DEGREE CONTAINING BUT ONE
UNENOWN QUANTITY.

100. The TraxsForMATION of an equation, is the opera-
tion of changing its form without destroying the equality
of its members.

101. An Axiox is a self-evident proposition.

102. The transformation of equations depends upon the
following axioms:

1. If equal quantities be added to both members of an
equation, the equality will not be destroyed.

2. If equal quantities be subtracted from both members
of an equation, the equality will not be destroyed.

3. If both members of an equation be multiplied by the
same quanltity, the equality will not be destroyed.

4. If both members of an equation be divided by the same
quantity, the equality will not be destroyed.

5. Like powers of the two members of an equation are
equal.

6. Lilke roots of the two members of an equation are
equal.

98. What is a numerical equation ?
99 What is a literal equation ?
100. What is the transformation of an equation ?
101 What is an axiom?
102. Name the axioms on which the transformation of an equation

dependa.
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103. Two principal transformations are employed in the
solution of equations of the first degree: Clearing of frao-
tions, and T'ransposing.

CLEARING OF FRACTIONS.

1. Take the equation,

The least common multiple of the denominators is 12. If
we multiply both members of the equation by 12, each term
will reduce to an entire form, giving,

8x — 92 4 22z = 132.

Any equation may be reduced to entire terms in the same
manner.

104. Hence for clearing of fractions, we have the fol-
lowing
RULE.

1. Find the least common multiple of the denominators :
II. BMultiply both members of the equation by it, reduc-
ing the fractional to entire terms.

Note—1. The reduction will be effected, if we divide the
least common multiple by each of the denominators, and
then multiply the corresponding numerator, dropping the
denominator.

2. The transformation may be effected by multiplying
each numerator into the product of all the denominators
except its own, omitting denominators.

108. How many transformations are employed in the solution of equa-
tions of the first degree? What are they?

104. Give the rule for clearing an cquation of fractions? In what threo
ways may the reduction be effected ?
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3. The transformation may also be effected, by multiplying
both members of the equation by any multiple of the de-
neminators.

EXAMPLES,

Clear the following equations of fractions:

1.”5”+’75_4=3. Ans. Tz + 5z — 140 = 105
& X &X
. = === — = O, . T = 432.
2 6+9 Y 8 Ans, 9x + 6z — 2z 32
@& T X x
Ans. 18z + 122 — 42 + 3z = 720.
4. §+E’_‘f=4. Ans. 14z + 10x — 30 = 280.
57T 2
6. 2242 _ 15 Ans. 15z — 122 + 10z = 900
1 578 \
x — 4 x— 2 5
b — =~ T3
Ans. — 2z +8 — 24+ 2 = 10
3
7. —% 44 = 2. Ans. 5z + 60 — 20z = 9 — 3.
SIS $on 5 }
& & X @
- T R SO 7
B s Tt g

Ans. 18 — 12z + 9z + 8x = 864,
9. g—f;l-‘pf: g Ans. ad — be + bdf = bdy

ax 2¢% 4bctx  5a®  2c¢?
Moy g v = SgR— etk o o8k

'The least common multiple of the denominators is a%b?

a‘dbxr — 2atbcix 4 4a*d? = 4bclx — 5a° + 2a%b*c? — 8adhs.
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TRANSPOSING.

105. TRANSPOSITION is the operation of changing a term
from one member to the other, without destroying the
equality of the members,

1. Take, for example, the equation,
52 — 6 = 8 4 2.

If, in the first place, we subtract 22 from both members
the equality will not be destroyed, and we have,

52 — 6 — 22 = 8,
Whence we see, that the term 2, which was additive in
the second member, becomes subtractive by passing into
the first.

In the second place, if we add 6 to both members of
the last equation, the equality will still exist, and we have,

52 —6 — 2 + 6 = 8 + 6,
or, since — 6 and + 6 cancel each other, we have,
S5r — 2x = 8 4 6.

Hence, the term which was subtractive in the first member,
passes into the second member with the sign of addition.

106. Therefore, for the transposition of the terms, we
have the following
RULE.

Any term may be transposed from one member of an
equation to the other, if the sign be changed.

106. What is transgpasition ?
108. What is the rule for the transposition of the terms of an equation?
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EXAMPLES.

Transpose the unknown terms to the first member, and
the known terms to the second, in the following :

1. 832 4+6—5 =2x—17. Ans. 3z —2x =—1T - 6 + 5.
2. ax + b = d — cx. Ans. ax + ce = d — 0.
3. 42 — 3 = 2z + 5. Ans. 4z —2x = 5 + 8.
4, 9z + ¢ = cx — d. Ans, 92— ¢ = — d — c.
5. ax + f = dx 4+ 0. Ans. ax — de = b — f.
6. 6B —¢c = — ax + b. Ans. 62 + ax = b + ¢.

SOLUTION OF EQUATIONS.

10%7. The SoruTiox of an equation is the operation of
finding such a value for the unknown quantity, as will
satisfy the equation; that is, such a value as, being sub-
stituted for the unknown quantity, will render the two mem-
bers equal. This is called a roor of the equation.

A Root of an equation is said to be verified, when being
substituted for the unknown quantity in the given equation,
the two members are found equal to each other,

1. Take the equation,

3 4(x — 2)
SRR et ) .
) 8 + 3

Clearing of fractions (Art. 104), and performing the opera
tions indicated, we have,

122 — 32 = 4 — 8 1+ 24,

107. When is the solution of an equation? What is the found value
of the unknown quantity called? When is & root of an equaticn said to
be verified.
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Transposing all the unknown terms to the first member,
and the known terms to the second (Art. 106), we have,

120 — 4 = — 8 4 24 4 32.
Reducing the terms in the two members,
8x = 48.
Dividing both members by the coefficient of ,
48
= — = 6.
=3
VERIFICATION.
4(6 — 2
3;6—4 = ———-—( 8——)—}-3; or,

+ 9 —4 = 2 48 = 5,

Hence, 6 satisfies the equation, and therefore, is a root.

108. DBy processes similar to the above, all equations of
the first degree, containing but one unknown quantity, may
be solved.

RULE.

1. Clear the equation of fractions, and perform all the
indicated operations :

II. ZTranspose all the unknown terms to the first member,
and all the known terms to the sccond member :

L. Reduce all the terms in the first member to a single
term, one factor of which will be the unknown quantity,
und the other fuctor will be the algebraic sum of its coeffi-
cients:

IV. Divide both members by the coefficient of the unknown
quantity : the second member will then be the value of the
unknown quantity.

108. Give the rule for solving equations of the first degree with oue
unknown quantity.
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EXAMPLES.

1. Solve the equation,

5x 4z
12 3

13z

— 13 = -
6

@~

Clearing of fractions,

102z — 322 — 312 = 21 — 52z,

By transposing,

102 — 322 4+ 52x = 21 4 312.

By reducing. 30z = 383;
333

hence T = — =
’ 30

111

10

= 11.1;

a result which may be verified by substituting it for « in

the given equation,

2. Solve the equation,

(8a — x) (@ — b) + 2ax = 4b(z + a).

Performing the indicated operations, we have,

3a? — ax — 3ab + bx + 2ax = 4dx 4 4ab.

By transposing, y

— ax + ba + 2ax — 4bx —= 4adb + 3ab — 3a2,

By reducing, ax - 3bx = Tab — 3a?;
Factoring, (@ — 3b)x = 7ad — 3a?.
Dividing both members by the coeflicient of ,

__ Tab — 3a®
a — 3b

3. Given 3z — 2 + 24 = 31 to find =.

Ans. x = 3,

4. Given =z 418 = 3z —5 tofind @ Ans. = = 11}
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5. Given 6 — 2x + 10 = 20 — 3x — 2, to find .
Ans. 2 = 2.

6. Given =+ jx + & = 11, to find @. Ans. © = 6,

7. Given 2z — lz 41 = 5z — 2, to find .

Ansif =3
Solve the following equations:
a 6 — 3a
8. 3ax + -2- — 3 = bx — a. Ans. ¢ = m'
x— 3 ® © — 19
o 2 —= . . — 1931,
9. 3 + = 20 3 Ans. z 23]
43 = z— 5 &
10. 2 + 3 4= o Ans. € = 3y%-
@ 3z 4z
11, Z——2—+m_§-—3. 11716'.&!:4.
Sax 20z edf + ted
120, — — —( -4 = f. ' 3 =
c — d 4 ; \Ans T = Bud — 20e
. + 57T
18, 2 . = —é"‘f_,‘; ) @ > 2)= 10a + 110.

Ans. * = 25a + 240.

L Sl
z (8T (5+w) 1
14. 1—2'—Tv 4/+—4~_0. Ans.a: 12,

a+c¢c  a—c 252 -0
5. = " =
1 a+a:+a—m B Ans. = =
8ax — b 3b—c
16, —_ = 4 — ). .
(1] - 3 b
11728 X == 5—-——6 + 9———b —-—-76
16a
© o —2 ) 13
1 =t - == — =
7 £ 3 + % 5 Ans 2 10,
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abedf
= bed = acd + abd — abe’

Nore.—What is the numerical value of x, when a =1,
b=2 ¢=38, d=4, and f=67?

19 2K Sl e Ans. = 14,
K 9 5 f
- 7
- —2
20 m-—3m 5-{—4&c =4+ 1. Ans. * = 6.
13 Bl
x « @
. b e SVASE A = 60,
21 m+4+5 5 2x — 43 Ans., « 0
do—12 3z — 1
DEN O = 2 = " Ans. = = 3.
23. 3 —l—,bz d_m-l—a A??S.mz?ﬁ-ﬂ
R
ar —b  «a b bz —a
S F YTy 8
3b
. Ans.w__aa 25
et e e Ans, z = 3=.
b — x
2z + 1 402 — 3z 471 — 6
. 29 - 12 _9_——2—‘
Ans. ©z = 79
b) (o — dab — b2 —
o4 (a4 b) (= b)_3 o dab— b 2:c+ bc

a—> i L a+b
a* + 3a3d + 4a?b? — G6ad? +- 22‘
20(2a® + ab — 0?)

Ans, = =
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PROBLEMS.

109. A PropreEM i3 a question yroposed, requiring a
solution,

The SorvTron of a problem is the operation of finding s
quantity, or quantities, that will satisfy the given conditions.

The solution of a problem consists of two parts:

I. The staTeMENT, which consists in expressing, algebra-
ically, the relation between the known and the required
quantities.

II. The sorutioN, which consists in finding the. valucs
of the unknown quantites, in terms of those which are
known. "

The statement is made by representing the unknown
quantities of the problem by some of the final letters of the
alphabet, and then operating upon these so as'to comply
with the conditions ef the problem. The method of stating
problems is best learned by practical examples.

1. What number is that to which if 5 be added, the sum
will be equal to 97
Denote the number by «. Then, by the conditions,
63 b5 = £k
This is the statement of the problem.

To find the value of a, transpose 5 to the second member;
then, .
= 9—5=4,

This is the solution of the equation.

kS

VERIFICATION,
x4+ 5 = 9.

109. What is a problem? What is the solution of a problem? Of
bow many parts does it consist? What are they? What is the state
ment? What ig the solution ?
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2. Find a number such that the sum of one-half, one-third,
and one-fourth of it, augmented by 45, shall be equal to 448

Let the required number be denoted by .

Then, one-half of it will be denoted by g,
2

one-third g < by =t

x

one-fourth ¢ ¢ by it

aud, by the conditions,
x -z
- = - 45 = 448.
G e 8
This is the statement of the problem.

Clearing of fractions,
6x + 4z + 3x + 540 = 5376,

Transposing and collecting the unknown terms,

132 = 4836;
4836
hence, ¢ =5 = 372,
VERIFICATION,

T2l +?_33+45=186+124+934 s P

-

3. What pnumber is that whose third part exceeds its
fourth by 16? :

Let the required number be denoted by @. Then,

]

= the third part,

Cof

= the fourth part

Ly
]
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and, by the conditions of the problem,
1 1
éa: = ZCU =R163
This is the statement. Clearing of fractions,
4 — 3z = 192,
and hence, x = 192.

VERIFICATION.

192 192
A - Ty — 48 = 186.
3 2 64 8 16

4. Divide $1000 between A, B, and C, so that A4 shall .
have $72 more than B, and € $100 more than 4.

Let 2 denote the number of dollars which B3 reccived.

Then, x = J¥s number,
z 4+ 472 = A’s number,
and, 2z + 172 = (’s number;

and their sum, 3z 4+ 244 = 1000, the number of dollars,
This is the statement. By transposing,
8z = 1000 — 244 = 756

.
5
and, x = -‘3—6 = 252 = Is share.
Hence, = 4 72 =252 4+ 172 = 3824 = _A’s share,
and, x 4+ 172 = 25¢ 4 172 = 424 = (s share.

VERIFICATION.
252 + 324 + 424 = 1000.

5. Out of a cask of wine which had leaked away a third
part, 21 gallons were afterwards drawn, and the cask being
then gauged, appeared to be half full: how much did it
hold ?
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Let 2 denote the number of gallons,
Then, g = the number that had leaked away.
and, g 4 21 = what had leaked and been drawn,

Ience, by the conditions, g 4+ 21 = g .

This ie the statement. Clearing of fractions,
2z 4 126 = 3,
and, —x = —126;
and by changing the signs of both members, which does not
destroy their equality (since it is equivalent to multiplying
beth members by — 1), we have,

x = 126.

VERIFICATION,

1—2.§+21_40+21_.63 1—3—6-

Mt

6. A fish was caught whose tail weighed 91bs., his head
weighed as much as his tail and half hlb _body, and his body
weighed as much as bis head and tail towether what was
the weight of the fish?

Let 2¢ = the weight of the body, in pounds.
Then, 9 + « = weight of the head;
and since the body weighed as much as both head and tail,
22 = 9 -+ 9 4+ @,
which is the statement. Then,
2¢ — 2z = 18, and & = 18.
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Hence, we have,
2z = 36lb. = weight of the body,
9 4- & = 27lb. = weight of the head,
9lb. = weight of the tail;

hence, 720b. = weight of the fish, *

7. The sum of two numbers i3 67, and their difference 19.
what are the two numbers?

Let « denote the less number.
Then, & + 19 = the greater; and, by the conditions,

22 4+ 19 = 67.
This is the statement. Transposing,
o = 67 — 19 = 48;

48
hence, ® = - = 24, and « 4 19 =43,
VERIFICATION.

43 + 24 = 67, and 43 — 24 = 19.

ANOTHER SOLUTION.

Let @ denote the greater number,

Then, ~ @ — 19 will represent the less,
and, 2¢ — 19 = 67; whence 2z = 67 + 19.
Therefore, T = %—6- = 43;

and, consequently, @ — 19 = 43 — 19 = 24,

GENERAL SOLUTION OF THIS PROBLEM,

The sum of two numbers is 8, their differenceis d: what
are thetwo numbers ?
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Let x denote the less number.
Then, « 4+ d will denote the greater,
and 2z 4+ d = s, their sum. Whence,
_s—d_s _d
— 2 2 -39
and, consequently,
s d s d
Bl s s i

As these two results are not dependent on particular
values attributed to s or d, it follows that:

1. The greater of two numbers is equal to half their sum,
plus half their difference :

2. The less is cqual to kalf their sum, minus half their
difference.

Thus, if the sum of two numbers is 32, and their differ-
ence 16,

q 32 16
the greater is, = + - = 16 4+ 8 = 24; and
32 16
the less, ?—?=16—8= 8.
VERIFICATION.

24 4 8 = 382; and 24 — 8 = 16.

8. A person engaged a workman for 48 days. For each
day that he labored he received 24 cents, and for each day
that he was idle, he paid 12 cents for his board. At the
end of the 48 days, the account was settled, when the laborer
received 504 cents. Required, the number of working days,
and the number of days he was idle.

If the number of working days, and the number of idle
days, were known, and the first multiplied by 24, and the



PROBLEMS. 121

second by 12, the difference of these products would be
504. Let us indicate these operations by means of algebraic
signs. }

Let 2 denote the number of working days.
Then, 48 — a = the number of idle days,
24 x x =— the amount earned,

and, 12(48 — z) = the amount paid for board.
Then, 24z — 12(48 — x) = 504,

what was received, which is the statement.
Then, performing the operations indicated,

24z — 576 + 12 = 504,

or, 36x = 504 + 576 = 1080,
1080 .
and, €= = 30, the number of working days;
whence, 48 — 380 = 18, the number of idle days.
VERIFICATION.

Thirty days’ labor, at 24 cents
a day, amountsto . . . . .

And 18 days’ board, at 12 cents
a day, amountsto . . . .

}30 X 24 = 720 cents.
}18 X 12 = 216 cents.

The difference is the amount received . . . . 504 cents.

GENERAL SOLUTION.

This problem may be made general, by deroting the whole
number of working and idle days, by 7 ;
The amount received for each day’s work, by a;
The amount paid for board, for each idle day, by 5;
And what was due the laborer, or the balance of the
aoccount, by c.
6
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As before, let the number of working days be denoted
by 2.

The number of idle days will then be denoted by n — =.

Hence, what is carned will be ¢xpressed by ez, and the
sam to be deducted, on acconnt of board, by 4(n — @).

The statement of the problem, therefore, is,

ax — b(?la —@) =c
Performing indicated operations,

ar — bn + bz = ¢, or, (a + )z = ¢ + bn

- ¢+ on :
whence, ey e number of working days;
bl = c+bn _ an+bn—c—bn

? " a+d a+d ’

an — ¢ q
— —_ . = 1 .
or, SlEei= T = number of idle days.

Let ussuppose » = 48, a = 24, b = 12, and ¢ = 504;
these numbers will give for @ the same value as before
found.

9. A person dying leaves half of his property to his wife,
one-sixth to each of two daughters, one-twelfth to a servant,
and the remaining 600 to the poor; what was the amount
of the property?

Let 2 denote the amount, in ddllm's,
Then, g = what he left to his wife,
£ = what he left to one daughter,
and, -26'5 ES g what he left to both daughters,
also, lw—? = whart he left to his servant,

and, $600 =  what he left to the poor.
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Then, by the conditions,

g + :%c + ]_a:é + 600 = 2, the amount of the property,
which gives, @ = $7200.

10, A4 and .B play together at cards. - sits down with
¢84,and B with $48. Kach loses and wins in turn, when
it appears that 4 has five times as much as B. Ilow much
did 4 win?

l.et 2 denote the number of dollars 4 won.

Then, A rose with 84 + a dellars,
and DB rose with 48 — 2 dollars,
But, by the conditions, we have,
84 + 2 = 5(48 — 2),
hence, 84 + 2 = 240 — 5z;
and, 6x = 156,
consequently, z = 26; or A won $26.
VERIFICATION,

84 + 26 = 110; 48 — 26 = 22;
110 = 5(22) = 110.

11. A4 can do a piece of work alone in 10 days, B in 13
days; in what time can they do it if they work together ?

Decnote the time by 2, and the work to be done, by 1.
Then, in

1 day, A can do 11—0 of the work. and
B can do T]:; of the work; and in

z days, A can do 1—9; of the work, and
=

1

B can do 5 of the work.:
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Hence, by the conditions,

® , ® AT
50 1 13 = A which gives, 18z 4 10z == 130;

130
hence, 23z = 130, = = 23 = 54 days.

12 A fox, pursued by a hound, has a start of 60 of hig
own leaps. Three leaps of the hound are equivalent to 7 of
the fox ; but while the hound makes 6 leaps, the fox makes
9: how many leaps must the hound make to overtake the
fox ?

There is some difficulty in this problem, arising from the
different units which enter into it.

Since 3 leaps of the hound are-equal to 7 leaps of the fox,
1 leap of the hound is equal to Z—, fox leaps.
Since, while the hound makes 6 leaps, the fox makes 9,

“ while the hound makes 1 leap, the fox will make (—2, or g
leaps.

Let = denote the number of leaps which the hound makes
before he overtakes the fox; and let 1 fox leap denote the

unit of distance.
Since 1 leap of the hound is equal to g of a fox leap, z
leaps will be equal to —gac fox leaps; and this will denote the

distance passed over by the hound, in fox leaps.
Since, while the hound makes 1 leap, the fox makes g

leaps, while the hound makes « leaps, the fox makes gm leaps;
and this added to 60, his distance ahead, will give
gm 4- 60, for the whole distance passed over by the fox
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Hence, from the conditions,

T 3

- el -+ 603 wnence,
14z = 92 + 360;

BE =072,

The hound, therefore, makes 72 leaps before overtaking

¢ 3 3
the fox; in the same time, the fox makes 72 X 7o 108

leaps.
VERIFICATION,
108 4 60 = 168, whole number of fox leaps,
%
2 2 2 )
72 % 3 168

13. A father leaves his property, amounting to $2520, to
four sons, 4, B, C, and D. Cis to have $360, B as much
as C and D together, and A4 twice as much as B, less $1000:
how much do 4, B, and D receive ?

Ans. A, $760; B, $880; D, $520,

14. An estate of $7500 is to be divided among a widow,
two sons, and three daughters, so that each son shall receive
twice as much as each daughter, and the widow herself $500
more than all the children: what was her share, and what
the share of each child ?

Each son’s, 1000.

Widow’s share, $4000.
Ans
Each daughter’s,  500.

15. A company of 180 persons consists of men, women,
and children. The men are 8 more in number than the
women, and the children 20 more than the men and women
together : how many of each sort in the company ?

Ans. 44 men, 36 women, 100 children,
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16. A father divides $2000 among five sous, 8o that each
elder should receive $40 more than his next younger bro.
ther: what is the share of the youngest ? Ans. $320.

17. A purse of $2850 is to be divided among three per.
gons, A, B, and . _A’s share is to be to B’s as 6 ta 11,
and C is to have $300 more than A and B together: what
is each one’s share ? A’s, $450 ; Bs, §825; (s, §1575.

18. Two pedestrians start from the same point and travel
in the same direction; the first steps twice as far as the
second, but the second makes 5 steps while the first makes
but one. At the end of a certain time they are 300 feet
apart.  Now, allowing each of the longer paces to he 3 feet,
how far will each have traveled ?

j Ans. 1st, 200 feet; 2d, 500.

19. Two carpenters, 24 journeymen, and 8 apprentices
received at the end of a certain time $144. The carpenters
received §1 per day, each journeyman, half a dollar, and
each apprentice, 25 cents: how many days were they em-

ployed ? Ans. 9 days.

20. A capitalist receives a yearly income of $2940 ; four-
fifths of his money bears an interest of 4 per cent., and the
remainder of 5 per cent.: how much has he at interest ?

Ans. §70000.

21. A cistern containing 60 gallons of water has three
unequal cocks for discharging it; the largest will empty it
in one hour, the second in two hours, and the third, in three:
in what time will the cistern be emptied if they all run to-
gether ? Ans. 32:% min,

22. In a certain orchard, one-half are apple trees, one-
fonrth peach trees, one-sixth plum trees; there are also, 120
cherry trees, and 80 pear trces: how many trees in the
orchard ? Ans. 2400.

23. A farmer being asked how many sheep he had,
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answered, that he had them in five fields ; in the 1st he had
1, in the 2d, }, in the 3d, 1, and in the 4th, %, and in the
5th, 450 : how many had he ? Ans. 1200.

24. My horse and saddle together are worth $132, and
the horse is worth ten times as much as the saddle: what
is the value of the horse ? Ans. $120.

25. The rent of an cstate is this year 8 per cent. greater
than it was last, This year it is $1890: what was it last

year? Ans, $1750.
26. What number is that, from which if 5 be subtracted,
% of the remainder will be 40°? Ans. 65,

27. A post 18 1 in the mud, 1 in the water, and 10 feet
above the water: what is the whole length of the post ?
Ans. 24 feet.
28. After paying { and 1 of my money, I had 66 guinecas
left in my purse : how many guineas were in it at first ?
Ans. 120.
29. A person was desirous -of giving 3 pence apieee to
some beggars, but found he had not money enough in his
pocket by 8 pence; he therefore gave them each 2 peuce
and had 8 pence remaining: required the number of beg-
gars. Ans. 11,
30. A person, in play, lost 1 of his money, and then won
3 shillings ; after which he lost L of what he then had ; and
this done, found that he had but 12 shillings remaining:
what had he at first ? Ans. 20s.
31. Two persons, 4 and D, lay out equal sums of money
in trade; < gains $126, and B loses $87, and 4’s money is
then double of I’s: what did cach lay out? Ans. $300. §

32. A person goes to a tavern with a certain sum of
money in his poeket, where he spends 2 shillings: he then
borrows as much money as he had left, and going to another
tavern, he there spends 2 shillings also; then borrowing
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again as much money as was left, he went to a third tavern,
where likewise he spent 2 shillings, and borrowed as much
as he had left: and again spending 2 shillings at a fourth
tavern, he then had nothing remaining. What had he at
first ? i Ans. 8s. 9d,

33. A tailor cut 19 yards from each of three equal pieces
of cloth, and 17 yards from another of the same length,
and found that the four remnants were together equal to
142 yards. How many yards in each piece? Ans. 54,

34. A fortress is garrisoned by 2600 men, consisting of
infantry, artillery, and cavalry. Now, there are nine times
as many infantry, and three times as many artillery soldiers
as there are cavalry. IIow many are there of each corps?

Ans. 200 cavalry; 600 artillery ; 1800 infantry.

35. All the journeyings of an individual amounted to 2970
miles. Of these he traveled 3} times as many by water as
on horseback, and 21 times as many on foot as by water,
How many miles did he travel in each way?

Ans. 240 miles; 840 m.; 1890 m.

86. A sum of money was divided between two persons,
A and B. A’s share was to s in the proportion of 5 to 3,
and exceeded five-ninths of the entire sum by 50. What
was the share of each?  Ans. A’s share, 450; DB’s, 270.

3%7. Divide a number & into three such parts that the
second shall be n times the first, and the third m times a¢
great as the first.

a na mae
! SR e =T
 TEwm s P IifmEn O Ixmin

38. A father directs that $1170 shall be divided among
his three sons, in proportion to their ages. The oldest is-
twice as old as the youngest, and the second is one-third
older <han the youngest. Iow much was each to receive?

Ans. $270, youngest; $360, second ; §540, oldest.

1st.
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89. Three regiments are to furnish 594 men, and each to
farnish in proportion to its strength. Now, the strength of
the first is to the second as 3 to 5; and that of the second
to the third as 8 to 7. How many must each furnish ?

Ans. 1st, 144 men; 2d, 240; 3d, 210

40. Five heirs, 4, B, C, D, and F, are to divide an inher -
itance of $5600. B is to receive twice as much as A, and
$200 more; C three times as much as 4, less $400; D the
half of what B and C reccive together, and 150 more; and
L the fourth part of what the four others get, plus $475.
How much did each receive ?

A’s, 85005 I’s, 12005 (s, 11003 D’s, 1300; Ls, 1500.

741, A person has four casks, the second of which being
filled from the ﬁlst leaves the first fouy-sevenths full. Fhe
third being filled from the second, leaves it, one- fourth full,
and when the thixd is emptied into the fourth, it is found to-
fill enly nine-sixteenths of it.  But the first will fill the third
and fourth, and leave 15 quarts remaining. Ilow many
gallons does each hold ?

Ans. 1st, 35 gal.; 2d, 15 gal.; 8d, 111 gal.; 4th, 20 gal.

42. A courier having started from a place, is pursued by
a second after the lapse of 10 days. The first travels 4
miles a day, the other 9. IIow many days before the
second will overtake the first ? Ans. 8.

43. A courier goes 31} miles every five hours, and is fol-
lowed by another after he had been gone eight hours. The
second travels 22} miles every three hours. How many
hours before he will overtake the first ? Ans. 42,

44. Two places are eighty miles apart, and a person leaves
one of them and travels towards the other at the rate of 3}
miles per hour. Eight hours after, a person departs from

e*
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the second place, and travels at the rate of 5} miles per hour
How long before they will be together ?
Ans. 6 hours,

EQUATIONS CONTAINING TWO UNKNOWN QUANTITIES,
120. If we have a single equation, as,

2x 4+ 3y = 21,

containing two unknown quantitics, « and ¥, we may find
the value of one of them in terms of the other, as,

21 — 3y
= 0—--...(]‘)

&

Now, if the value of ¥ is unknown, that of = will also be
unknown. Hence, from a single equation, contaming two
unknown quantitics, the value of @ cannot be determined.

If we have a second eguation, as,
5 4 4y = 35,

we may, as before, find the value of @ in terms of y, giving,

A N (2ry

Now, if the values of = and y are the same in Equations
(1) and (2), the sccond members may be placed equal to
each other, giving,

__35—4y

21 — 3y _ 35 — 4y
2 if 5

or 105 — 15y = 70 — 8y;

from which we find, ===

110. In one equatioa containing two unknown quantities, can you find
the value of esher? 1If you have a second equation involving the same
two unknown quantities, can you find their values? What are such equa
tions called ? H
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Subtituting this value for y in Equations (1) or (2}, we
finl « = 3. Such equations are called Simultaneous
equations. ence,

111. SnwrrtaNeous Equatioxs are those in which the
values of the unknown quantity are the same in both.

ELIMINATION.

i22, Einnxartiox is the operation of combining two
equations, containing two unknown quantities, and deducing
therefrom a single equation, containing but one.

There are three principal methods of elimination :

1st. By addition or subtraction.
2d. By substitution.
3d. By comparison.
‘We shall consider these methods separately.

Elimination by Addition or Subtraction.
1. Take the two equations,
Sz — 2y = 7,
8z + 2y = 48.

If we add these two equations, member to member, we
obtain,
llz = 55;

which gives, by dividing by 11,
% = &

and substituting this value in eitter of the given equations,
we find,

111. What are simultancous equatiozz ¥
112. What is elimination? How many methods of elimination are
there? What are they ?
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2. Again, take the equations,
8x + 2y = 48,
3z 4+ 2y = 23,
If we subtract the 2d equation from the 1st, we obtain,
52 = 25,
which gives, by dividing by 5,
x. = 5
and by substituting this value, we find,
v = 4.
3. Given the sum of two numbers equal to s, and their
difference equal to d, to find the numbers.

Let = = the greater, and y the less number,

Then, by the conditions, . . . . . . x+4+gy = g
and, . . . . . . ... ... Y =4d
By adding (Art. 102, Ax. 1), . . . . . 2 = s+ d
By subtracting (Art. 102, Ax. 2), . . . 2y = s — d,
Each of these equations contains but ¢ne unknown quantity.

s - d
o

-

f"d

From the first, we obtain, . . . . . . 2 =

and from the second, . . . . . . , . y = =
These are the same values as were found in Prob. 7, page
120.

4. A person engaged a workman for 48 days. For each
day_that he labored he was to receive 24 cents, and for each
day that he was idle he was to pay 12 cents for his board.
At the end of the 48 days the account was settled, when the
laborer received 504 cents. Required the number of work:
ing days, and the number of days he was idle.
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Let # = the number of working days,
y = the number of idle days.

Then, 242 = what he earned,
and, 125, = what he paid for his hoard.

Then, by the conditions of the question, we have,

x 4 Yy = 48,
dnd, 242 — 12y = 504.

This is the statement of the problem.

It has already been shown (Art. 102, Ax. 3), that the two
members of an equation may be multiplied by the same num-
ber, without destroying the equality. Let, then, the first
equation be multiplied by 24, the coeflicient of « in the
seeond ; we shall then have,

24z + 24y = 1152

24z — 12y = 504
and by subtracting, 36y = €48
648
* Yy = —56- = 18

Substituting this value of % in the equation,
24z — 12y = 504, wehave, 24z — 216 = 504;
which gives,

242 — 504 4 216 = 720, and 2 = — = 30,

VERIFICATIUN.,

z+ oy 48 gives 30 + 18 = 48,
24z — 12y = 504 gives 24 X 30 — 12 X 18 = 504
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1£3. In a similar manner, either unknown quantity may
be climinated from either equation; hence, the following

RULE.

1. Prepare the equations so that the coefficients of the
quantity to be eliminated shall be numerically equal :

II. If the signs are unlike, add the equations, meinber
to member ; if alike, subtract them, member from member.

EXAMPLES.

Find the values of 2z and %, by addition or subtraction,
in the following simultanecus equations :

5{3;;2223} As e =12y = 8.
m—u-—-—-22} . .
6{593-{-2./: o dns. ¢ =5, y = 6.

2m+6./:42§

7'{ 7. = = .
g — Gy = 9 Ans. © = 4}, y = 5}
83:—{1/:11>

8. = = 1.
{Gm—3J=4m Aok by =3
14:1:—10J=12}

9 = =
{ e 4 8y = 87 Ans. = = 8,y = 9.
%x-}-s-y:G
{ d Ans. s 2 =6, y = 9,
3m+§y=6}

1 1
2+ -y = 4

.47 8¥ Ans. { = = 14, y = 16

x— Yy = —2

118. What is the rule for elimination by addition or subtraction ?



ELIMINATION. 135

12. Says 4 to B, you give me $40 of your money, and

I shail then have five times as much as you will have left,
Now they both had $120: how much had each?

' Ans. Each had $60.

13 A father says to his son, “twenty years ago, my age
was four times yours; now it is just double:” what were
their ages? A { Ifather’s, 60 years.

*(Sow’s, 30 ycars,

14. A father divided his property betwcen his two sons.
At the end of the first year the elder had spent one-quarter
of his, and the younger had made $1000, and their property
was then equal. After this the elder spent $500, and the
younger made $2000, when it appeared that the younger had
jast double the elder: what had each from the father?

Elder, $4000.
s { Younger, $2000.

15. If John give Charles 15 apples, they will have the
same number; but if Charles give 15 to John, John will
have 15 times as many, wanting 10, as Charles will have left.
How many has each? T { John, 50.

" ( Charles, 20.

16. Two clerks, A4 and B, have salaries which are together
equal to $900. A spends ;% per year of what he receives,
and B adds as much to his as 4 spends. At the end of the
year they have equal sums: what was the salary of each?

Y {A’s = $500.
“( Brs = $400.
Llimination by Substitution.
134. Let us again take the equations,
bz + Ty = 43, (1)
z+ 9y = 69. (2)

114 G've the rule for elimination by substitution. When ie this method
ased to the greatest advantage?
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Find the value of @ in the first equation, which gives,
43 — Ty

5

Substitute this value of « in the second equation, and we
have,

43 — 7
11 x ——-—5-—3! + 9y = 69;
or, 473 — Ty + 45y = 345;
or, — 32y = — 128.

Here, & has been eliminated by substitution.

In a similar manner, we can eliminate any unknown quan-
tity ; hence, the

RULE.

L Find from either equation the value of the unknown

quantity to be eliminated ;

II. Substitute this value for that quantity in the other
equation.

Note.—This method of elimination is used to great advan-
tage when the coefficient of cither of the unknown quantities
is 1.

EXAMPLES,

Find, by the last method, the values of = and ¥ in the
following equations:

1. 8¢ —y =1, and 3y — 22 = 4.

2ns s — 1, =3
2. by — 4 = — 22, and 3y 4 4x = 38,

Ans. » = 8, y = 2.
8 4+ 8y = 18, and y — 32 = — 29.

Ans. = B0 Yisit
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2
4, 52 - y = 13, and 8m+§y=29.
Ans. ® = 3}, y = 44
5. 10:1:—% = 69, and wy_.‘,-'; = 49.
Apisy o8] =SS —u 5
E il g LAY W)
6.w+§m-—5_10, and8+10_2.
Ans. & = 8, y = 10.
.2 = Y = 11s
Ty—3+5=2 e+ =11
nsthgg = 15; Wy =g,
= e R L
8.2-}—3-}-3_6& and4 e
Ans, @ = 3%, y = 4. v
s s BN
9. 8 4+6_5, and g 0
Ay, el =) 12, 04/ —RIlB I
- I SR L el
10. y 2 T== 9, and 5z yr = 205

Ans. 2 = 8, vy = T

11. Two misers, 4 and B, sit down to count over their

money. They both have $20000, and 2 has three times ag
much as 4 : how much hag each ?

A, $5000.
casia {B, $15000.
12. A person has two purses.

If he puts $7 into the first,
the whole is worth three times as much as the second purse:

but if he puts $7 into the second, the whole is worth five
times as much as the first: “what is the value of each purse?

Ans. 1st, $2; 24, $3,
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13. Two numbers have the following relations: if the
first be multiplied by 6, the product will be equal to the
sccond multiplied by 5; and 1 subtracted from the first
leaves the same remainder as 2 subtracted from the second:
what are the numbers? Ans. 5 and 6.

‘14, Find two numbers with the following relations: the
first increased by 2 is 3} times as great as the second ;
and the second increased by 4 gives a number equal to half
the first: what are the numbers? Ans. 24 and 8.

15. A father says to his son, “twelve years ago, I was
twice as old as you are now: four times your age at that
time, plus twelve years, will express my age twelve ycars
hence :” what were their ages?

y Father, 72 yecars,

Son, 30 «

Elimination by Comparison.

2115. Take the same equations,
ba + Ty = 43
11z + 9y = 69.
Finding the value of 2 from the first equation, we have,

43 — Ty
e e

5

and finding the value of 2 from the second, we obtain,

_ 0 —9y,
i 11

115. Give the rule for elimination by comparison.
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Let these two values of @ be placed equal te each other,

and we have,
43—y 69 — 9y

5 11
Or, 473 — 1Ty = 3845 — 45y
or, — 32y = — 128,
Hence, y = 4.
69 — 36
d = — = .
And, x 5. 3

This method of elimination is called the method by come-
parison, for which we have the following :

‘RULE.

L Find, from each equation, the wvalue of the same
unknown quantity to be eliminated :

II. Place these values equal to each other.
EXAMPLES.

Find, by the last rule, the values of « and ¥, from the
following equations,

2
Ams.. o = RGN a5,

15 3:c+%/+6 = 42, and y — = = 14}-
5

- L - Yy chan g
% J—r45 =6 md Iis=mx e
Ans, @ = 28, y = 20.
g B2 B R "o
% 15 4-l = 1, and 8y —a = 6.

Ans. 2 = 9, y = b,
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yrkh e el o M AP s
b. % +2_y 2 and8+7_m 13.
Ans. 2 = 18, y = T
y+=« Yo g _gﬂ — 16
6.—2 -}-—2 =@ 3,andm+y_l.
Anse = 10, =6,
% Qz;ﬂzw—%,a’—ygl 0

8. 2y+3m=y+43,y—m; z

A, i =1 10, yl="J18.

9. 4y—m;y = 2418, agnd 27—y =2+y + 4
Ans. 2 = 9, y = 1.

A A =2

(3 3

4 A = = 164, %’-2:

Ans. © = 10, =020

<<

116 Having explained the principal methods of elimina-
tion, we shall add a few examples which may be solved by
any one of them ; and often indeed, it may be advantageous
to employ them all, even in the same example,

GENERAL EXAMPLES.

Find the values of  and y in the following simultaneous
equations:

1. 22+ 3y = 16, and 3z — 2y = 11.
gAns: v = i53ier = X2,
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2, 3y _ 9 3x _! 61
B.oEl g ed 7 TR
1 1
Ans.z:a,y—_—.é.
3, ‘;+7y=99, and%/+7m=51

Ans. & = 1, y=14.

40 F-12=Y 4 TRV LT g WDy

4
Ans. x = 60, y = 40.
4
a— 3ty 4+ — = 64 =16
5 Ans.
m__
+1x=41 yr=18
Conzsih S0
+ 24 e =15
6 4 5 " Ans.
x—y 4 4 121 y=23
(o
y—ae | 22—y
o o i = 5 eE—30
7.4 5 Ans.
— 2
6x — v + 7 = 43} Oh= 5
(82 — 8  y —6
1 +'/5 + v = 187% » = 10
8. < Ans
6 —y
g —3— — Y — 19 y =12
\
dx—4 y—35
B iy + 6 = 122 L= 6,
9 Ans
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10.

1

13.

14,

15.

16.

52

ELEMENTARY ALGEBRA.

¢+ ab—-bd

ax — by =-c zi= A
Ans. : o

a—y4+z=d y::a——_:-f_—fbi-

' g13x+7y—341 = 7123/-}—43%:1:} Ans.{”z —12

e+ 3y =1 y = §0.

{ (z45) (y+7) = (x+1) (y—9)+112 } Ans.{m = 3.

2x+10 = 3y+1 y = 5.
( ax = by o be
< ) Ans. a+?b
\ac+g/:c y:a—:l:—b-
4 i=
ax + by = ¢ P A
< Ans ag — o
' k —gf
:/7, :a_—--
1§ S Y=gy
J « _ po WGt d
X T Ans. gige 3:2 a
ax 4 2by = d R e imi
3b
f a
bcac:cy—?‘b =E.
< (-0 o Ans. =
- a(cd =0y _ 20 1 _a
Lby+ be T e o y=—72
r 85 — 2F)h b
3“+5y=(‘b2——fy “=b—-£}~
< o3 Ans. o
et T V= 5v7
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PROBLEMS.
1. What fraction is that, to the numerator ot which if 1
. 1 . 2
Le added, the value will be =, hut if 1 be added to its
o

denominator, the value will be 4:?

Let the fraction be denoted by g
Then, by the conditions,

il TE o SRS
Y _S’a’y+1—4

whenee, 8r+ 3 = gy, and 4z = y +1.
Therefore, by subtracting,
x—3 =1, and = = 4.
Hence, 12 43 = y;
y = 15,

(]

2. A market-woman bought a certain number of eggs at
2 for a penny, and as many others at 3 for a penny; and
having sold them all together, at the rate of 5 for 24, found
that she had lost 4d: how many of both kinds did she buy ?

Let 2z denote the whole number of eggs.
Then, « = the number of eggs of each sort.
s i
Then will, 3% = the cost of the first sort,
1
and, P = the cost of the second sort.

But, by the conditions of the question,

4
5:29:::2:33:;

hence, %;f will denote the amount for whick the eggs

were sold.
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But, by the conditions,

1 1 4z
5&3 + 5&3 e g— = 4,
therefore, 152 + 10z — 24 = 120;

.*. @ = 120; the number of eggs of each sort.

3. A person possessed a capital of 30,000 dollars, for
which he received a certain interest; but he owed the sum
of 20,000 dollars, for which he paid a certain annual interest.
The interest that he received exceeded that which he paid
by 800 dollars. Another person possessed 85,000 dollars, for
which he received interest at the second of the above rates;
but he owed 24,000 dollars, for which he paid interest at the
first of the aliove rates. The interest that he received, an-
nnally, exceeded that which he paid, by 310 dollars. Re-
quired the two rates of interest.

Let @ denote the number of units in the first rate of
interest, and ¥ the unit in the second rate. Then each may
be regarded as denoting the interest on $100 for 1 year.

To obtain the interest of $30,000 at the first rate, denoted
by =, we form the proportion,

. 30,000z

100 : 30,000 :: & : 7 =, or 300z

And for the interest of $20,000, the rate being ¥,

20,000;
100 : 20,000 :: ¥ : ,100J

, or 200y.

But, by the conditions, the difference between these two
amounts is equal to 800 dollars,

We have, then, for the first equation of the problem,
300x — 200y = 800
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algebraically, the second condition of the
a second equation,

By express
problem, we o

y — 240z = 310.

'st equation being divisible by 100

Both members of t
0, we have,

and those of the’i&con
gy'dit-—?ﬁ: 8, 36y — 24x = 31.

To eliminate @, multiply the first equation by 8, and then

add the result to the second ; there results,
19y = 95, whence, y = 5.

Substituting for y, in the first equation, this vaiue, and

that equation becomes,
3z — 10 = 8, whence, = = 6.

Therefore, the first rate is 6 per cent, and the second 5.

VERIFICATION.

$30,000, at 6 per cent, gives 380,000 X .06 = $1800.
$20,000, 5 o« “ 90,000 X .05 = $1000.

And we have, 1800 — 1000 = 800.
The second condition can be verified in the same manner,

4. What two numbers are those, whose difference is 7,

and sum 33 ? Ans, 13 and 20.

5. Divide the number 75 into two such parts, that three
times the greater may exceed seven times the less by 15.

Ans. 54 and 21.

6. In a mixture of wine and cider, } of the whole plus 25

gallons was wine, and 1 part minus 5 gallons was cider: how

many gallons were there of each ?
"~ “Ans. 85 of wine, and 35 of cider.

f
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7. A bill of £120 was paid in guineas and moidores, and
the number of picces used, of both sorts, was just 100. If
the guinea be estimated at 21s, and the moidore at 27s, how
many pieces were there of each sort ? Ans. 50.

8. Two travelers set out at the same time from ILondon
and York, whose distance apart is 150 miles. One of them
travels 8 miles a day, and the other 7: in what time will
they meet ? Ans. In 10 days,

9. At a certain election, 875 persons voted for two candi-
dates, and the candidate chosen had a majority of 91: how
many voted for each ?

Ans. 233 for one, and 142 for the other.

10. A person has two horses, and a saddle worth £50.
Now, if the saddle be put on the back of the first horse, it
makes their joint value double that of the second horse;
but if it be put on the back of the second, it makes their
joint value triple that of the first: what is the value of each
horse ? Ans. One £30, and the other £40.

11. The hour and minute hands of a clock are exactly to-
gether at 12 o’clock : when will they be again together ?
Ans. 1h, 5F5m.

12. A man and his wife usually drank out a cask of beer
in 12 days; but when the man was from home, it lasted the
woman 30 days: how many days would the man alone be
in drinking it ? Ans. 20 days.

- 13. If 32 pounds of sea-water contain 1 pound of salt, how
much fresh water must be added to these 32 pounds, in order
that the quantity of salt contained in 82 pounds of the new
mixture shall be reduced to 2 ounces, or  of a pound ?

) 25 Ans. 224 18,

14, A pors'al who possessed 100,000 dollars, placed the
greater part of it out at 5 per cent interest, and the other
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at 4 per cent. The interest which he receiyed for the whole,
amounted to 4640 dollars. TRequired the two parts.
' Ans. $64,000 and $56,000.

15. At the close of an eclection, the successful eandidate
had a majority of 1500 votes. Had a fourth of the votes of
the unsuccessful candidate been also given to him, he would
have received three times as many as his competitor, want-
ing three thousand five hundred : how many votes did each
receive? A { 1st, 6500.

2d, 5000.

16. A gentleman bought a gold and a silver watch, and a
chain worth $25. 'When he put the chain on the gold watchs
it and the chain became worth three and a half times more
than the silver wateh; but when he put the chain on the
silver watch, they became worth one-half the gold wateh
and 15 dollars over: what was the value of each watch?

4 ' {Gold wateh, $80.
Silver ¢  $30.

17. There is a certain number expressed by two figures,
which figures are called digits. The sum of the digits is 11,
and if 13 be added to the first digit the sum will be three
times the second: what is the number ? Ans. 56.

18. From a company of ladies and gentlemen 15 ladies
retire; there are then left two gentlemen to each lady.
After which 45 gentlemen depart, when there are left 5
ladies to each gentleman : how many were there of each at
first ? 4 { 50 gentlemen.

40 ladies. .

19. A person wishes to dispose of his horse by lottery.
If he sells the tickets at £2 each, he will lose $30 on his
horse; but if he sells them at 3 each, he will reccive $30
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more than his horse cost him. What is the value of the.

horse, and number of tickets? { Horse, §150,
Ans , .

No. of tickets, 60.

20. A person purchases a lot of wheat at $1, and a lot of
rye at 75 cents per bushel ; the whole costing him $117.50.
He then sells } of his wheat and } of his rye at the same rate,
and realizes $27.50. How much did he buy of each?

e { 80 bush. of wheat,
1 50 bush. of rye.

21. There are 52 pieces of money in each of two bags. A4
takes from one, and B3 from the other. A takes twice as
much as B left, and B takes 7 times as much as A left.
How much did each take? A, 48 picces.

Ans. .
B, 28 pieces.

22. Two persons, 4 and B, purchase a house together,
worth $1200. Says A4 to B, give me two-thirds of your
money and I ean purchase it alone; but, says B to 4, if
you will give me three-fourths of your money I shall be able
to purchase it alone. How much had each ?

Ans. A, $800; B, $600.

23. A grocer finds that if he mixes sherry and brandy in
the proportion of 2 to 1, the mixture will be worth 78s. per
dozen; but if he mixes them in the proportion of 7 to 2, he
can get 79s. a dozen. What is the price of each liquor per
dozen? Ans. Sherry, 81s.; brandy, 72s.

Equations containing three or more unknown quantities

117. Let us now consider equations involving three or
more unknown quantities.
Take the group of simultaneous equations,

117. Give the rul¢ for solving any group of simultaneous equations ?
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. bx—6y+ 4z =15 (1) '
Te + 4y — 3z = 19, . (2.)
2 + y 46z = 46. . . . (3)

To eliminate z by means of the first two equations, multi-
ply the first by 3, and the second by 4; then, since the
coeflicients of z have contrary signs, add the two results
together, This gives a new equation:

430 — 2, = 121. . . . . (4.)

Multiplying the second equation by 2 (a factor of the
coefficient of z in the third equation), and adding the result
to the third equation, we have,

6497 =84. . . . . (5)

The question is then reduced to finding the values of «
and ¥, which will satisfy the new Equations (4) and (5).

Now, if the first be multiplied by 9, the second by 2, and
the results added together, we find,

4192 = 1257; whenee, o = 8.

We might, by means of Equations (4) and (5) deter-
mine ¥ in the same way that we have determined a; but
the value of ¥ may be determined more simply, by substi-
tuting the value of @ in Equation (5); thus,

4 — 4
48 | 9y = 84. .‘.y:s—-9—3-=4.

In the same manner, the first of the three given equations

becomes, by substituting the values of  and y,
24

4=6.

15 — 24 4 42 = 15

In the same way, any group cf simultancous equations
may be solved Hence, the
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RULE. -

1. Combine one equation of the group with each of the
others, by eliminating one unknown quantity ; there will
result a new group containing one equation less than the
original group :

II. Combine one equation of this new group with eark
of the others, by eliminating « second unknown quantity ;
there will result @ new group containing two equations less
than the original group:

III. Continue the operation until a single cquation is
Jound, containing but one unknown quantity :

IV. Find the value of this unknown quantity by the
preceding rules 5 substitute this in one of the group of
two equations, and find the value of a second unknown
quantity ; substitute these in either of the group of three,
finding a third unknown quantity ; and so on, till the
values of all are found,

Norrs.—1. In order that the value of the unknown quan-
tities may be determined, there must be just as many inde-
pendent equations of condition as there are unknown quan-
tities. If there are fewer equations than unknown quantities,
the resulting equation will contain at least two unknown
quantities, and hence, their values cannot be found (Art. 110).
If there are more equations than unknown quantities, the
conditions may be contradictory, and the equations impossible.

2. It often happens that cach of the proposed equations
does not contain all the unknown quantities. In this ease,
with a little address, the elimination is very quickly per-
formed.

Take the four equations involving four unknown quanti.
ties:

22 — 3y + 2 = 13. (1.) 4y + 22 = 14. (3)
4u — 2x == 30. (2.) 5y 4+ 3u = 32, (4.
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By inspecting these equations, we see that the elimination
of z in the two Equations, (1) and (3), will give an equa-
tion involving # and %; and if we eliminate » in Equa.
tions (2) and (4), we shall obtain a second equation, in-
volving @ and %. These last two unknown guantities may
therefore be easily determined. In the first place, the
elimination of z from (1) and (3) gives,

Ty — 2 = 1;
That of 4 from (2) and (4) gives,
20y + 6z = 38.
Multiplying the first of these equations by 3, and adding,
41y = 41;
Whence, y =2 L
Substituting this value in 7y — 2z = 1, we find,
x = 3.
Substituting for « its value in Equation (2), it becomes
4u — 6 = 30.
Whence, % = 9.
And substituting for y its value in Equation (3), there

results,
z = 5,

EXAMPLES,

e+ ¥+ 2z =29

1. Given 12: i fy o ::z = 02 to find «, y, and =
Fhgy =10

Ans, 2 = 8, y = 9, z = 12,
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2x 4 4y — 3z = 22
2. Given { 42 — 2y + 5z = 18

}to find @, y, and 2,

b6x 4 Ty — 2z 63
Ans. = 8, y =1, 2z = 4.
1 1
[m+§y+§z=32]
3Givenf_m.*.iy_;.%z:mrtoﬁndm,y,andz
1 1 1
;w+5y+(—sz=12j
Ans. ¢ = 12, y = 20, z = 30.
x4y 42z = 291
4. Given {w—}—y—z = 18%}to find «, ¥, and =.
T —y+2 = 133
Ans. 2 = 16, y = 73, z = 5}.
3z 4+ 5y = 161
5 Given{’im+2z = 209}t0 find «, v, and =z
2y + 2z =
Ans. & = Yy = 22, z = 45.
a3
Ata =
6. Given }4-1=bftoﬁndx,z,andz.
oz
1 1
-——l——:CJ
Yy oz
2 2 2
m=a+b—-c’y—'a+c——_b’z_b+c——a

Note.—In this example we should not proceed to clear
the equation of fractions; but subtract immediately the
second equation from the first, and then add the third: we

thus find the value of .
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PROBLEMS.

1. Divide the number 90 into four such parts, that the
first increased by 2, the second diminished by 2, the third
multiplied by 2, and the fourth divided by 2, shall be equal
each to each.

This problem may be easily solved by introducing a new
unknown quantity.

Let «, v, 2z, and wu, denote the required parts, and desig.
nate by m the several equal quantities which arise from the
conditions. We shall then have,

t+2=m yY—2=m 2= m, gzm.
From which we find,

t=m—2, y=m-+ 2, z:%, U = 2m,
And, by addiﬁg the equations,

m+y+z+u=m+m+%?'+2m=4;-m.

And since, by the conditions of the problem, the first
member is equal to 90, we have,

4lm = 90, or $m = 90;
hence, m = 20.

Having the value of m, we easily find the other values;

ViZ, :
=18, y = 22, 2z = 10, u = 40.

2. There are three ingots, composed of different metals
mixed together. A pound of the first contains 7 ounces of
silver, 3 ounces of copper, and 6 of pewter. A pound of -
the second contains 12 ounces of silver, 3 ounces of copper,
and 1 of pewter. A pound of the third contains 4 ounces
of silver, 7 ounces of copper, and 5 of pewter. It is required

7*
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to find how much it will take of each of the three ingots to
form a fourth, which shall contain in a pound, 8 ounces of
gilver, 83 of copper, and 41 of pewter.

Let @, y, and z, denote the number of ounces which it
is necessary to take from the three ingots respectively, in
order to form a pound of the required ingot. Since there
are 7 ounces of silver in a pound, or 16 ounces, of the first
ingot, it follows that one ounce of it contains % of an ounce
of silver, and, consequently, in a number of ounces denoted

. Tz .
by @, there is g Ounces of silver. In the same manner,

of silver taken from the second and third; but, from the
enunciation, one pound of the fourth ingot contains 8 ounces
of silver. We have, then, for the first equation,

we find that, , denote the number of ounces

7—2 otz }1_2(:)2 + ‘11—: = 8;
or, clearing fractions,
Te + 12y 4 42 = 128,
As respects the copper, we should find,
3z + 8y + 7z = 60;
and with reference to the pewter,
6x 4 y + 5z = 68.
As the coefficients of 4 in these three equations are the
most simple, it is convenient to eliminate this unknown

quantity first.

Multiplying the second equation by 4, and subtracting the
first from it, member from member, we have,

S5z + 24z = 112.
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Multiplying the third equation by 3, and subtracting the
second from the resulting equation, we have,

15z 4 82 = 144.
Multiplying this last equation by 8, and subtracting the
preceding one, we obtain,
40x = 320,
whence, ) = 6L
Substitute this value for = in the equation,
15z + 8z = 144;
it becomes, 120 + 8z = 144,
whence, z = 8.

Lastly, the two values, 2 = 8, z = 3, being substituted

in the equation,
6z +y + 52 = 68,

give, 48 + vy + 15 = 68,
whence, y = B.

Therefore, in order to form a pound of the fourth ingot,
we must take 8 ounces of the first, 5 ounces of the second,
and 3 of the third,

VERIFICATION,
If there be 7 ounces of silver in 16 ounces of the first
ingot, in eight ounces of it therc should be a number of
ounces of silver expressed by

7 %X 8
16

In like manner,
B2 X5 4x8

16 > ™ g5

?
will express the quantity of silver contained in 5 ounces of
the second ingot, and 3 ounces of the third.
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Now, we have,

7 X 8 12 x 5 4 X 38 128
w6 T 16 T T 16

:8;

therefore, a pound of the fourth ingot contains 8 ounces of
silver, as required by the enunciation. The same conditions
may be verified with respect to the copper and pewter.

3. A’s ageis double Is, and B’s is triple of C’s, and the
sum of all their ages is 140: what is the age of each?
Ans. A’s = 84; D’s = 42; and C’s = 14,
4. A person bought a chaise, horse, and harness, for £60;
the horse came to twice the price of the harness, and the
chaise to twice the cost of the horse and harness: what did
he give for each? £13 6s. 8d. for the horse.
Ans % £6 13s. 4d. for the harness,
£40 for the chaise.

5. Divide the number 36 into three such parts that L of
the first, 1 of the seeond, and 1 of the third, may be all

equal to each other. Ans. 8,12, and 16.

6. If 4 and D together can do a piece of work in 8 days,
A and ( together in 9 days, and B and C in ten days, how
many days would it take each to perform the same work
alone ? Ans. A, 1434; B, 17335 C, 287,

7. Three persons, .4, B, and C, begin to play together,
having among them all £600. At the end of the first game
- has won one-half of Z”s money, which, added to his own,
makes double the amount 7 had at first. In the second
game, A loses and B3 wins just as much as C had at the be.
ginning, when A4 leaves off with exactly what he had at first:
now much had each at the beginning ?

Ans. A, $300; B, $200; C $100.

8. Three persons, A4, B, and C, together possess 3640,
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If B gives 4 $400 of his money, then 4 will have $320
more than B; but if B takes $140 of C’s money, then BB
and C will have equal sums :. how much has each ?

Ans. A, $800;, DB, $1280; C, $1560.

9. Three persons have a bill to pay, which neither alone
is able to discharge. A says to B, “Give me the 4th of
your money, and then I can pay the bill.” B says to ¢/
“Give me the 8th of yours, and I can pay it.” But C says
to A, “You must give me the half of yours before I can
pay it, as I have but &8 : what was the amount of their
bill, and how much money had 4 and B?

{ Amount of the bill, $13,
Ans.
A had 8§10, and B $12.

10. A person possessed a certain capital, which he placed
out at a certain interest. Another person, who possessed
10000 dollars more than the first, and who put out his capital
1 per cent. more advantageously, had an annual income
greater by 800 dollars. A third person, who possessed
15000 dollars more than the first, putting out his capital 2
per cent. more advantageously, had an annual income greater
by 1500 dollars. Required, the capitals of the three per-
sons, and the rates of interest.

A {Sums at interest, $30000, §40000, $45000.
* { Rates of interest, 4 5 © 6prect

11. A widow receives an estate of $15000 from her de
ceased husband, with directions to divide it among two sons
and three daughters, so that each son may receive twice as
much as each daughter, and she herself to receive $1000
more than all the children together: what was her share,
and what the share of each child?

The widow’s share, $8000
Ans. 3 Each son’s, - $2000
Each daughter’s, $1000
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12. A certain sum of money is to be divided between
three persons, 4, B, and C. A is to rececive $3000 less
than half of it, 3 $1000 less than one-third part, and C to
receive $800 more than the fourth part of the whole: what
is the sum to be divided, and what does each receive ?
Sum, $38400.
A receives $16200
B g $11800.
C ¢ $10400.

Ans.

13. A person has three horses, and a saddle which is worth
£220. If the saddle be put on the back of the first horse, it
vill make his value equal to that of the second and third ;
if it be put on the back of the second, it will make his value
double that of the first and third ; if it be put on the back
of the third, it will make his value triple that of the first

and second: what is the value of each horse ?
Ans. 1st, $20; 2d, $100; 3d, $140.

14. The crew of a ship consisted of her complement of
gailors, and a number of soldiers. There were 22 sailors to
every three guns, and 10 over; also, the whole number of
hands was five times the number of soldiers and guns to-
gether. "‘But after an engagement, in which the slain were
one-fourth of the survivors, there wanted 5 men to make
13 men to every two guns: required, the number of guns,
soldiers and sailors.

Ans. 90 guns, 55 soldiers, and 670 sailors,

15. Three persons have $96, which they wish to divide
equally between them. In order to do this, 4, who hasthe
most, gives to BB and C as much as they have already ; then
B divides with 4 and C in the same manner, that is, by
giving to each as much as he had after 4 had divided with
them+ C then makes a division with 4 and B, when it is
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found that they all have equal sums: how mach had each
at first ? Ans. 1st, $52; 2d, $28; 3d, $186.

16. Divide the number @ into three such parts, that the
first shall be to the second as m to n, and the second to the
third as p to ¢.

.- amp i anp e anq
mp+np+ng’ mp—i—np—i—nq’ mp+np—+ngq

17. Three masons, 4, B, and C, are to build a wall. 4
and B together can do it in 12 days; B and € in 20 days;
and 4 and Cin 15 days: in what time can each do it alone,
and in what time can they all do it if they work together ?

Ans. A,in 20 days; B, in 80; and C, in 603 all, in 10,
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CHAPTER VL
FORMATION OF POWERS

118. A Power of a quantity is the product obtamned by
taking that quantity any number of times as a factor.

If the quantity be taken once as a factor, we have the first
power; if taken twice, we have the second power; if three
times, the third power; if » times, the n** power, n being
any whole number whatever.

A power is indicated by means of the exponential sign

thus, .
a = a* denotes first power of a.*

axa = a? « square, or 2d power of a.
axaxae = a® & cube, or third power of a.
axaxaxa = at L fourth power of a.
axaxaxaxae = a ¢ fifth power of «.
axXaxXaxXa.... = am ¢ m** power of a.

In every power there are three things to be considered ;

1st. The quantity which enters as a factor, and which is
called the first power.

2d. The small figure which is placed at the right, and
a little above the letter, is called the exponent of the

*Since a®= 1 (Art. 49), a® X @ = 1 X a = a'; so that the two
factors of a', are 1 and a.

118. What is a power of a quantity? What is the power when tkte
quantity is taken once as a factor? When taken twice? Three times?
n times? How is a power indicated? In cvery power, iow many thinge
are considered? Name then.
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power, and shows how many times the letter enters as a
factor.

3d. The power itself, which is the final product, or result
of the multiplications,

POWERS OF MONOMIALS.

119. Let it be required to raise the monomial 2038 to
the fourth power. We have,
(2030%)* = 2a%% X 2a%H? X 2a°D* X 2a°0%

which merely expresses that the fourth power is equal to
the product which arises from taking the quantity four
times as a factor, By the rules for multiplication, this pro-
duct is
(20%0%)* = 2ta3+3+3+apztatata — gig12ps8;

from which we see,

1st. That the coefficient 2 must be raised to the 4th
power ; and,

2d. That the exponent of each letter must be multiplied
by 4, the exponent of the power.

As the same reasoning applies to every example, we have,
for the raising of monomials to any power, the following
RULE.

1. Raise the coefficient to the required power:

II. Dultiply the exponent of each letter by the exponent
of the power.
EXAMPLES.

1. What is the square of 3a?y3? Ans. 9atys

119. What is the rule for raising a monomial to any power? Wken
the monomial is positive, what will be the sign of its powers? When
negative, what powers will be plus® what minus?
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2. What is the cube of 6a%y%? Ans. 216a'%ysxd.
8. What is the fourth power of 2a3y%h? 16at2y12520,
4. What is the square of a?%y3? Ans. atdroys.

5 What is the seventh power of a2bed??
Ans. a¥*d'c'd?

. What is the sixth power of a?b%d?
Ans. a'?b*c *d°,

7, What is the square and cube of — 2a%)??

(=

Square, Cube.

— 2a2h? - 2a%b%

— 2a%b? — 2a%3

2 4atdt, + 4a'd*
— 2a%h?
— Bashs.

By observing the way in which the powers are formed,
we may conclude,

18t. When the monomial is positive, all the powers will
be positive. _

2d. When the monomial is negative, all even powers will
be positive, and all odd will be negative.

8. What is the square of — 2a*b°? Ans. 4a®b™.
9. What is the cube of - 5amp?? Ans. — 125a°05.

10. What is the cighth power of —a%ry?? ,
Ans. + aaby’®

11, What is the seventh power of — a™b*c?.
Ans. — a™b'¢!

12. What is the sixth power of 2adfy®?
Ans. 64ash3¢y*,
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13. What is tae ninth power of — arb¢®?

Ans. — a*d%'®,
14. What is the sixth power of — 3ab?d?

Ans. '7129a°b1%de,

15. What is the square of — 10a™b"c®?
Ans. 100a?mp?*cs,

16. What is the cube of — 9amb"d3f??
Ans. — 729a*5d *fS,
17. 'What is the fourth power of — 4a®b%ctd®?
Ans. 256a2°0'%c16d2°

18. What is the cube of — 4a?m}?r¢3d ?
Ans. — 64a%mb5rcqd3
19. What is the fifth power of 2a%%xy ?
Ans. 32050105,
20. What is the square of 20a"y™c®? Amns. 400x?"ymell,
21. What is the fourth power of 8a*32"¢3?

Ans. 8la*nddrel?,

22. 'What is the fifth power of - erd®mx2y? ?
Ans. — eonqromgioy1o, o,

23, What is the sixth power of — and?¢m? G
Ans. atrpremeem,
24. What is the fourth power of — 2a2c2d 3
Ans. 16abctd?
POWERS OF FRACTIONS.

120. From the definition of a power, and the rule for

the multiplication of fractiors, the cube of the fraction 2, is

b)
(a)3_a axa_ai*.
AR Sl e &

120. What is the rule for raising a fraction to any power ?

written,
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and since any fraction raised to any power, may be written
under the same form, we find any power of a fraction by
the following

RULE,

Raise the numerator to the required power for a new
numerator, and the denominator to the rzquired pomoer jor
a new denominator.

The rule for signs is the same as in the last article,

EXAMPLES

Find the powers of the following fractions:

L (F) Ans, B 200T S
b+c ‘ 0% + 2be + ¢
. (22, an. 2.
3. (—;z?/)" Ans. %.
. (g
5. (— %)3 Ans. — ;l;;z
6. (%) dns, 5L
N v, B
8. Fourth power of 5:;2 Ans. %:.g:%:} :
Tz —y — 32%y 4 3ay? — 1/

9. Cube of

- Ans.
x4y S m3+ 3x?y + 3xy? + 3
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aman atmpin

10. Fourth power Of"A\a"yq Ans. ‘16a4py—4q"
) 9])0" o b b505nmﬁm

11. Fifth power of = reyra Ans. — 325777

POWERS OF DBINOMIALS.

121. A Binomial, like a monomial, may be raised to any
power by the process of continued multiplication.

1. Find the fifth power of the binomial a + &.
a4d . . . e . . < . . lstpower
@ 4+ b
a+ ab

+ ab + 8
a? + 2ab + B2 e « « « « + . 2d power
a + b )
a® + 2020 + ab?
+ a* + 2ab> + BB
ad + 3a% + 3ab® + ¥ . . . . 3d power.
a + b
at + 3a*h + 3a*h? 4 abd
+ a’ + 3a%® + 3ab3 4+ bt
at 1 44’ 4+ 64?0 + 4ab® + b*  4th power.
a + b . ’
a® 4 4a%dh + 6430  + 4@ + abt
+ @b+ 46’0 4+ 6a2l? + 4abdbt 4 b
a® + 5a'd + 1043 + 10a%6° + 5ab* + b5 Ans.

12?. How may a binomial be raised to any power?

122. How does the number of multiplications compare with the ex:
ponent of the power? If the exponent is 4, what is the number of
multiplications? Ilow many when it is m? How many things are con.
sidered in the raising of powers? Name them.
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Nore—122. It will be observed that the number of
multiplications is always 1 less than the units in the expo
nent of the power. Thus, if the exponent is 1, no multipli-
cation is necessary. If it is 2, we multiply onee; if it is 3,
twice; if 4, three times, &c. The powers of polynomials
may be expressed by means of an exponent. Thus, to
express that @ 4 b is to be raised to the 5th power, we
write ~

(@ +0)°;
if to the mth power, we write
' (a + o)™
2. Find the 5th power of the binomial a — .

a— b . ., . .. . . . . lstpower

a— b

a?— ab

— ab + 8

@ —%ab + 8 . . . . . .. 2 power.

a — b

a® — 2a% + ab?
— a® + 2a0* — B

a — 3a%h + 8ab> —0 . . . . 3d power.

a —b

at — 3a’h + 3a** — ab?
— &b + 3a%? — 3ab® + b

at — 4a3b + 64 — 4ad® + B . 4th power.

a—b

at — 4a'd + 6a%0* — 4a?® + abt
— a'h + 4a% — 6a%b® + 4abt — b

“a* — 5a'h + 10a°6* — 10a70° 4 5alt — & - Ana,
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In the same way the higher powers may be obtained. By
examining the powers of these binomials, it is plain that four
things must be considered :

1st. The number of terms of the power.
2d. The signs of the terms,

3d. The exponents of the letters,

4th, The coeflicients of the terms,

Let us see according to what laws these are formed.

Of the Terms.

123. By examining the several multiplications, we shall
observe that the first power of a binomial contains two terms;
the sccond power, three terms; the third power, four terms;
the fourth power, five; the fifth power, six, &c.; and hence
we may conclude:

That the number of terms in any power of & binomial, ¢
is greater by one than the exponent of the power.

Of the Signs of the Terms.

124. It is evident that when both terms of the given
binomial are plus, a¥l the terms of the power will be plus.

If the second term of the binomial is negative, then all
the odd terms, counted from the left, will be positive, and
all the even terms negative.

123. How many terms does the first power of a binomial contain? The
second ? The third? The nth power?

124. If beth terms of a binomial are positive, what will be the signs
of the terms of the power? If the second term is negative, how are the
signs of the terms?
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Of the Exponents.

125. The letter which occupies the first place in a bino-
mial, is called the leading letter. Thus, a is the leading
letter in the binomials @ + &, and @ — 0.

1st. It is evident that the exponent of the leading letter
in the first term, will be the same as the exponent of the
power; and that this exponent will diminish by one in each
term to the right, until we reach the last term, when it will
be 0 (Art. 49).

2d. The exponent of the second letter 1s 0 in the first
term, and increases by one in each term to the right, to the
last term, when the exponent is the same as that of the given
power.

3d. The sum of the exponents of the two letters, in any
term, is equal to the exponent of the given power. This
last remark will enable us to verify any result obtained Ly
means of the binomial formula.

Let us now apply these prineiples in the two following
examples, in which the coefficients are omitted :

(¢ + 8. .. a + a® + a'd® + a*D® + a?bt + ab’® + 5,
(@ —0)0...a — a4+ a'd® — a®V® + a?* — ab’ + bE.

As the pupil should be practised in writing the terms with
their proper signs, without the coeflicients, we will add a
few more examples.

125. Which is the leading letter of a binomial? What is the exponent
of this letter in the first term ? - How does it change in the terms towards
the right? What is the exponent of the second letter in the second term?
How does it change in the terms towards the right? What is it in the
last term ?  What is the sum of the exponents in any term equal to ?
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1. (@+ b). .d+a?b+ab® + B

2. (@ —0) . .a*—a’b+-a?t?— alb® + Bt

8. (@ + b)°. .+ a'b+ @+ a3 +-ab* + b5

1, (@ —0)". . —a%D+a*b*— a3 +a’b*— a2+ ab® — b,

Of the Coefficients.

126. The coeflicient of the first term is 1. The coeffi
cient of the second term is the same as the exponent of the
given power. The coeflicient of the third term is found by
multiplying the coefficient of the second term by the expo-
nent of the leading letter ir’that term, and dividing tho
product by 2. And finally:

If' the coefficient of any term be multiplied by the expo-
nent of the leading letter in that term, and the product
divided by the number which marks the place of the term
Jrom the left, the quotient will be the cocfiicient of the
next term., 3

Thus, to find the coeflicients in the example,
(@—=20)...d—a%+ a**— a'0’+ o’V — a®* + alf— ¥',
we first place the exponent 7 as a coeflicient of the second
term. Then, to find the coeflicient of the third term, we
multiply 7 by 6, the exponent of @, and divide by 2. The
quotient, 21, is the coeflicient of the third term. To find the
coeflicient of the fourth, we multiply 21 by 5, and divide
the product by 3; this gives 85. To find the coeflicient of
the fifth term, we multiply 35 by 4, and divide the product
by 4; this gives 35. The coeflicient of the sixth term, found

126. What is the coefficient of the first term? What is the coefficient
of the second term? How do you find the coefficient of the third term
How do you find the coefficient of any term? What are the coefficieuts
of the first and last terms? How are the coefficients of the exponenta
ot any two terms equally distant from the two extremes?

8

.
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in the same way, is 21; that of the seventh, 7; and that of
the eighth, 1. Collecting these coefficients,

((1 s b)7 ==
a’ — 7050 4- 21a°0*—35a*0® + 35030 — 21a%® + Tads — b,

Note.-~We see, in examining this last result, that the
coefficients of the extreme terms are each 1, and that the
coefficients of terms equally distant from the extreme terms
are equal. It will, therefore, be sufficient to find the coeffi-
cients of the first half of the terms, and from these the
others may be immediately written.

EXAMPLES
1. Find the fourth power of @ + b.
Ans. a* + 4a?b + 6a?0% + 4ab® + bt

2. Find the fourth power of a — 0.
Ans. a* — 4a3d + 6a20? — 4ab3 4 bt

3. Find the fifth power of @ + .
Ans. a® + 5a'0 4+ 10a30? 4 10020 -+ 5ab* + b5,

4. Find the fifth power of @ — .
Ans. a® — 5ad + 10a%0?* — 10a?0* -+ 5ab’ — b5,

5. Find the sixth power of a+ b.

a® + 6a%b 4 15a%b? 45200°0° + 15a°6* - 6ab® + &5,
8. Find the sixth power of ¢ — &.

ab — 6a’h + 15a10? — 2040 + 150°0* — 6ads + b°,

127. When the terms of the binomial have coefficients,
we may still write out any power of it by means of the
Binomial Formula.

7, Let it be required to find the cube of 2¢ 4- 3d.
(a + 3)® = a® + 3a% + 3ab® + B°.
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Here, 2¢ takes the place of @ in the formula, and 3d the
place of 5. Hence, we have,

(2¢4+3d)? = (2¢)*>+38.(2¢)2.3d+3(2¢)(3d)*+(8d)® . (1)
and by performing the indicated operations, we have,
(2¢ + 38d)3 = 8¢® + 36¢’d + 54cd? + 27d3,

1f we examine the second member of Equation (1), we
gee that each term is made up of three factors: 1st, the
numerical factor; 2d, some power of 2¢; and 3d, some
power of 3d. The powers of 2¢ are arranged in descend-
ing order towards the right, the laat term involving the 0
power of 2¢ or 1; the powers of 3d are arranged in ascend-
ing order from the first term, where the 0 power enters, to
the last term.,

The operation of raising a binomial involving coefficients,
is most readily effected by writing the three factors of each
term in a vertical column, and then performing the multiph
cations as indicated below.

Find, by this method, the cube of 2¢ + 3d.

r
/

s

OPERATION,

1 + 3 + 3 + 1 Cocfficients.
83+ 4¢2 4+ 2¢ + 1 Powers of 2¢
1 4+ 3d 4+ 9d2 4+ 27d3® Powers of 3d

(2¢ + d)* = 8¢3 + 36¢%d + 5ded? - 27d3

The preceding operation hardly requires explanation, In
the first line, write the numerical cocflicients corresponding
to the particular power; in the second line, write the de-
scending powers of the leading term to the 0 power; in the
third line, write the ascending powers of the following term
from the 0 power upwards. Tt will be easiest to commence
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the second line on the right hand. The multiplication should
be performed from above, downwards.

8. Find the 4th power of 3a% — 2bd.

(@ + 0)* = a* + 4a°0 + 64?0 + 4ad® + b4

1 4+ 4 + 6 + 4 T |
8lac* + 27afc® +  9atc? + 3a% + 1
1 —  2bd 4 4bd2 — 813d® 4+ 16%d .

8lafct — 216abc2hd + 216ac?b?d? — 96a2cl3d? + 16H4ds.™

9. What is the cube of 3z — 6y ?
Ans. 272 — 162x%y + 324axy? — 216y°.

10. What is the fourth power of @ — 38?
Ans. a* — 12a3b + 54420 — 108ad?® + 8154,

11. What is the fifth power of ¢ — 2d?
Ans. ¢ — 10¢*d 4+ 40c¢3d? — 80c¢?d3 - 80cd* — 32d5,

12. What is the cube of 5¢ — 3d?
Ans. 125a3 — 225a’d + 185ad? — 27d3.

*This ingenious method of writing the development of a binomisl is lue to
Profescor WiLLIAM G. PECK, of Columbis College,
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CHAPTER VIL

EQUARE ROOT. RADICALS OF THE SECOND
DEGREE.

128. Tur Square Roor of a number is one of its two
equal factors. Thus, 6 X 6 = 36; therefore, 6 is the square
root, of 36.

The symbol for the square root, is 4/ , or the fractional
exponent % ; thus,

\/a—, or cci,
indicates the square root of @, or that one of the two equal
factors of @ is to be found. The operation of finding such
factor is called, Eatracting the Square Root.

129. Any number which can be resolved into two equa!
integral factors, is called a perfect square.

The following Table, verified by actual multiplication, in-
dicates all the perfect squares between 1 and 100,

TADLE.

1, 4, 9, 16, 25, 386, 49, 64, 81, 100, squares,
1, 26 3888 45 5, 6, 75 8, 9 10 Togik!

128. What is the rquare root ¢f a number? Wha is the operation of
finding th¥® equal factor called ?

129. What is a perfect square ? How many perfect squares are thers
between 1 and 100, incl~ding botl numbers ?  What are they?
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‘We may employ this table for finding the square root of
any perfect square between 1 and 100.

Look jfor the number in the first line; if it is found
there, its square root will be found immediately under it

If the given number is less than 100, and not a perfect
square, ¢t will fall between two numbers of the upper line, and
s square root will be found between the two numbers directly
below ; the lesser of the two will be the entire part of the
root, and will be the true root to within less than 1.

Thus, if the given number is 55, it is found between the
perfect squares 49 and 64, and its rootis 7 and a decimal
fraction.

Nore.—There are ten perfect squares between 1 and 100,
if we include both numbers ; and eight, if we exclude both,

If a number is greater than 100, its square root will Le
greater than 10, that is, it will contain fens and wnits. Let
AV denote such a number, = the tens of its square root, and
y the units; then will,

N=(x+y2=a*+ 22y +y*= 2>+ (2 + y)y.

That is, the number is equal to the square of the tens in its
roots, plus twice the product of the tens by the units, plus
the square of the units.

EXAMPLE.,

1. Extract the square root of 6084.

Since this number is composed of more than
two places of figures, its root will contain more 60 84
than one. But since it is less than 10000, which
is the square of 100, the root will contain but two fignures-
that is, unite and tens.
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Now, the square of the tens must be found in the two
left-hand figures, which we will separate from the other two
by putting a point over the place of units, and a second over
the place of hundreds. These parts, of two figures each,
are called periods. The part 60 is comprised between tle
two squares 49 and 64, of which the roots are 7 and 8 ; hence,
1 expresses the number of tens sought ; and the required
root is composed of 7 tens and a certain number of units.

The figure 7 being found, we

write it on the right of the given ) 60 84 |78
number, from which we separate 49

it by a vertical line: then we 7 X 2 = 1481184
subtract its square, 49, from 60, 118 4
which leaves a remainder of 11, 0

to which we bring down the two

next figures, 84. The result of this operation, 1184, con-
tains fwice the product of the tens by the units, plus the
square of the units.

But since tens multiplied by units cannot give a product
of a less unit than tens, it follows that the last figure, 4, can
form no part of the double product of the tens by the units,
this double product is therefore found in the part 118, which
we separate from the units’ place, 4.

Now if we double the tens, which gives 14, and then
divide 118 by 14, the quotient 8 il express the units, or a
number greater than the units. This quotient can never be
too small, since the part 118 will be at least equal to twice
the product of the tens by the units; but it may be too
large, for the 118, besides the double product of the tens by
the units, may likewise contain tens arising from the square
of the units. To ascertain if the quotient 8 expresses the
right number of units, we write the 8 on the right of the 14,
which gives 148, and then we multiply 148 by 8. This
multiplication being effected, gives for a product, 1184. s
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number equal to the result of the tirst operation. Hav-
ing subtracted the product, we find the remainder equal
to 03 hence, 78 is the root required. In this operation,
we form, 1st, the square of the tens; 2ud, the doulle
product ot the tens by the units; and 3d, the square of
the units,

Indeed, in the operations, we have merely subtracted from
the given number 6084 : 1st, the square of 7 tens, or of 70;
2d, twice the product of 70 by 8; and, 3d, the square of 8;
that is, the three parts which enter into the composition of
the square, 70 4+ 8, or 78 and since the result of the sub-
traction is 0, it follows tha’, 78 is the square root of 6084.

130. The operations in the last example have been per-
formed on but two periods, but it is plain that the same
methods of reasoning are equally applicable to larger num-.
bers, for by changing the order of the units, we do not
change the relation in which they stand to each other.

Thus, in the number 60 84 95, the two periods 60 84,
have the same relation to each other as in the number
60 84 ; and hence the methods used in the last example are
equally applicable to larger numbers,

131. Hence, for the extraction of the square root of
numbers, we have the following

RULE,.
I Point off the given number into periods of two figures
each, beginning at the right hand :

IL. Note the greatest perfect square in the first period on
the left, and place its root on the vight, after the manner of

131. Give the rule for the extraction of the square rodt of numbers?
What is the first step? What the secmd?  What the third?  What the
fourth? What the fitth ?
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a quotient in division ; then subtract the square of this
root from the first period, and bring down the second period
Jor a remainder:

III. Double the root already found, and place the result
on the left for a divisor. Seck how many times the divisor
18 cordained in the remainder, exclusive of the right-hand
figure, and place the figure in the root and also at the right
of the divisor :

IV. Duliiply the divisor, thus augmented, by the last
fgure of the root, and subtract the product from the re
mainder, and bring down the next period for a new remdin-
der. Dut if any of the products should be greater than
the remainder, diminish the last figure of the root by one :

V. Double the whole root already found, for a new di-
visor, and continue the operation as before, until all the
periods are brought down.

132. Nore—1. Ifj after all the periods are brought
down, there is no remainder, the given number is a perfect
square.

2. The number of places'of figures in the root will always
be equal to the number of periods into which the given
number is divided.

3. If the given number has not an exact root, there will
be a remainder after all the periods are brought down, in
which case ciphers may be annexed, forming new periods,
for each of which there will be one decimal place in the root.

132. What takes place when the given number is a perfect square?
ffow many places of figures will there be in the root? If the given num-
Ler is not a perfect square, what may “e done after all the periods are
brought down ?
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EXAMPLES.
1. What is the square root of 36729°?

3 67 29 191.64+
N
29267
261 .
In this example there are 4
two periods of deeimals, Ee e
and, hence, two places of Sol
decimals in the root. 382 6 | 24800
| 22956
3832 4 ’ 184400
153296
"~ 31104 Rem.
{ 2. To find the square root of 7225. Ans. 85,
3. To find the square root of 17689. Ans. 133,
4, To find the square root of 994009. Ans. 9917.
5. To find the square root of 85673536. Ans. 9256.
6. To find the square root of 67798756. Ans. 8234,
%. To find the square root of 978121, Ans. 989,
8. To find the square root of 956484. Ans. 978,
9. What is the square root of 363729617  Ans. 6031,
10. What is the square root of 220712042  Ans. 4698,
11. What is the square root of 106929 ? Ans. 3217.
12. What of 12088868379025 ? Ans. 3476905,
13. What of 2268741 ? Ans. 1506.23 4-
14. What of 7596796 ? Ans. 2756.22 +
15. What is the square root of 96 2 Ans. 9.79795 -+
16. What is the square root of 1537 _Ans. 12.36931 .

-
T

. What is the square root of 101. Ans. 10.04987 4.
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18. What of 285970396644 ? Ans. 534762.
19. What of 41605800625 ? Ans. 203975.
20. What of 48303584206084 ? Ans. 6950078,

EXTRACTION OF THE SQUARE ROOT OF FRACTIONS,

133. Since the square or second power of a fraction is
obtained by squaring the numerator and denominator sepa-
rately, it follows ihat

The square root of a fraction will be equal to the square
root of the numerator divided by the square root of the
denominator.

a? a

For example, the square root of 7 is equal to 3 for,
¢ 0_@
b7 b7 b
o 1 1
1. What is the square root of Z? Ans. .
. 9 3
2. What is the square root of T ? Ans._ ye
. 64 8
3. What is the square root of 1 2 Ans. 5
) 256 16
4, What is th f b oo
‘What is the square root o a1 Ans =
. 16 1
5. What'is the square root of o ? Ans. 5
g 4096 64
. tk f ? =
6. What is the square root o 51600 Ans 547
. 582169 763
7, What is the square root of o0y % Ans. =N

188. To what is the square root of a fraction equal
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134, If the numerator and denominator are not perfect
squares, the root of the fraction cannot be exactly found.
We can, however, easily find the approximate root.

RULE.,

DMultiply both terms of the fraction by the denominator :
Then extract the square root of the numerator, and divide
this root by the root of the denominator ; the quotient will
be the approximate root.

o 3
1. Find the square root of =5

Multiplying the numerator and denominator by 5

\/ 1" ‘_{51__5 = (3.8729 +) + 5;

hence, (3.8729 +) =5 = .i145 + = Ans.
2. What is the square root of Z? Ans. 1.32287 +,
o 14 )
3. What is the square root of ?? Ans. 1.24721 +.
4. 'What is the square root of lli-é? Ans. 3.41869 -+.
5. What is the square root of 7;—2 ? Ans. 271313 +.
. 15
6. What is the square root of SE ?  Ans. 2.88203 +.

7. What is the square roct of li ? Ans. 0.64549 +.

g 3
8. What is the square root of 10—? Ans. 3.20936 -+,

134. What iz the rule when the numerator ard denominator are not
perfect squares ?
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235. Finally, instead of the last method, we may, if’ we
please,

Change the common fraction into a decimal, and continue
the division until the number of decimal places is double
the number of places required in the root. Then extract
the root of the decimal by the last rule.

EXAMPLES,

1 oA q
1. Extract the square of % to within .001. This num

ber, reduced to decimals, is 0.785714 to within 0.000001 ; but
the root of 0.785714 to the nearest unit, is .886; hence,

. 11 S
0.886 is the root of T to within .001.

- /13 e
2. Find the 2%3 to within 0.0001. .Ans. 1.6931 +.

3. What is the square root of i177 ? Ans. 0.24253 +.

4. What is the square root of g? Ans. 0.93541 +.
5. What is the square root of g? Ans. 1.29099 .

EXTRACTION OF THE SQUARE ROOT OF MONOMIALS.

136. In order to discover the process for extracting the
square root of a monomial, we must see how its square is
formed.

By the rule for the multiplication of monomials (Art. 42)
we have,

(5a2b%)? = 5a%b’c X ba*h’c = 25a'lSc?;

185. What is a second method of finding the apgroximate root ?
186. Give the rule for extracting the square root of monormials?
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that is, in order to square a mo;nomial, it is necessary to
square its coefficient and double the exponent of each of the
letters. Ience, to find the square root of a monomial, we
have the following

RULE.

I Extract the square root of the coefficient for @ new
coefficient : :

L. Divide the exponent of each letter by 2, and then
annex all the letters with their new exponents.

Since like signs in two factors give a plus sign in the pro-
duct, the square of — a, as well as that of 4 @, will be
+ a?; hence, the square root of @2 is either -+ @, or
— a. Also, the square root of 25a20%, is either + 5ad?,
or — 5ab% Whence we conclude, that if a monomial is
positive, its square root may be affected either with the sign
4 or —; thus, 4/9a* = & 8a?; for, + 3a? or — 3a?,
squared, gives - 9a*. The double sign 4, with which the
root is affected, is read plus and minus.

EXAMPLES.

1. What 1s the square root of 64a5*?
V64a8b* = +8a°0%; for +8a%h?x --8a30%*= -+64atd*

and, 1/64a%0* = —8a3%?; for —8a’h?X —8a¥?= +64ah*
Hence, Vv 6Aabt = + 8ab¥
2. Find the square root of 625a25%®. + 25adtc?,
3. Find the square root of 576a*b%¢8. + 24ab3c.
4. Find the square root of 196a5y%z¢, + 14aiyz2.

5. Find the square root of 441af05¢10d'6, 4 21a*d3c5ds,
6. Find the square root of 784a'20'c'%d?% 4 28adcid.
7. Find the square root of 81a8bet, + 9atd’
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Nores.—13%. 1. From the preceding rule it follows,
that when a monomial is a perfect square, its numerical
coefficient is a perfect square, and all its exponents even
numbers. Thus, 25a¢*)? is a perfect square.

2. If the proposed monomial were negative, it would be
impossible to extract its square root, since it has just been
shown (Art. 136) that the square of every quantity, whether
positive or negative, is essentially positive. Therefore,

\[_ 9, '\/— 4&2, '\/"‘ 8”26’

are algebraic symbols which indicate operations that eannot
be pe1f01mcd They are.called dmaginery quantities, or
rather, émaginary expressions, and are frequently met with
in tLe resolution of equations of the second degree.

IMPERFECT SQUARES,

138. When the coeflicient is not a perfect square, or
when the exponent of any letter is uneven, the monomial is
an imperfect square: thus, 98ad* is an imperfect square.
ts root is then indicated by means of the -adical sign ; thus,

- V/98ub*.

Such quantities are called, radical quantities, or radicals of
the second degree : hence,

A RADICAL QUANTITY, is the indieated root of an imperfect
power.

137. When is a monomial a perfect square? What monomials are
these whose square roots cannot be extracted? What are such expres.
tions called ?

138. When is a monomial an imperfect square? What are such gren
titieg called ?  What is a radical quantity ?
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’

TRANSFORMATION OF TRADICALS.

£39. Let @ and b denote any two numbers, and p
the product of their square roots: then,

ﬁX\/ézp. e .. (L)
“qnaring both members, we have,
axb=p . ... (2)
Tlien, extracting the square root of both members of (2),

Vab =p. . . . . (3)

And since the second members are the same in Equations
(1) and (3), the first members are equal: that is,

The square root of the product of two quantities is equal
to the product of their square roots.

140. Let @ and b denote any two numbers, and ¢
the quotient of their square roots; then,

va _
‘/_b_q. 5 o d a o @Y

Squaring both members, we have,

‘ \/gzg.....(:i)

and since the second members are the same in Equations (1)
and (3), the first members are equal ; that is,

139. To what is the square root of the product of two quantities equal?
140. Te what is the square root of the quotient of two quactities
equal ?
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The square root of the quotient of two quantities is equal
to the quotient of their square roots.

These principles enable us to transform radical espres-
sions, or to reduce them to simpler forms; thus, the expres-
sion,

98adt = 49b* X 2a;
hence, V98ab* = /495 x 2a;
and by the principle of (Art. 139),
V490t X 2 = 1/490* X /2a = 78?4/2a.

In like manner,

V450203t d = +/9a%b%c® X 5bd = 3abey/50d.
V/864a%05c! = 1/144a?b%c'% X 6bc = 12ab%®+/6be.

The coerricieNT of a radical is the quantity without the
sign ; thus, in the expressions,

7024/2a, Sabey/5bd, 12abic+/6be,

the quantities 702, 3abe, 12ab%® are coefficients of the
radicals.

141. Hence, to simplify a radical of the second degree,
we have the following

RULE.

1. Divide the expression under the radical sign into two
Jactors, one of which shall be a perfect square :

IL FEuxtract the square root of the perfect square, and

then multiply this root by the indicated squa~e root of ths
remaining factor.

141. Give the rule for simplifying radicals of the second degree. How
do you determine whether a given number has a factor which is a perfoct
square ¥
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Nore.—To determine if a given number bas any factor
which is a perfect square, we cxamine and see if it is divi-
sible by either of the perfect squares,

4, 9, 16, 25, 36, 49, 64, 81, &c.;

of it is not, we conclude that it does not contain a factor
which is a perfect square.

EXAMPLES,

Reduce the following radicals to their sumplest form:

1. /75a%c. Ans. 5a+/3abe.
2. 4/1280%a5d> Ans. 802a’d+/20.
3. 1/5—2?"6_82 Ans. 4a*b y2ac.
4. \/W Ansi—leabzc“.
5. 4/1024a%7¢5. Ans. 32a*l3c®+/abe.
6. \/@d’?}gc—s—cf Ans. 27a302c3+/abd.
7. /STEETA Ans. 15a%0%0+/300d.
8. +/1445a°cd". Ans. 17actd?/5a.
9. Vm Ans. 12a*d3m*+/Tad.

10. 4/2150a1%8¢S, Ans. 14a5b4c3+/11.
11. 4/405a705d®. Ans. 9a36°d*1/5a.
242. Notes.—1. A cog¢fficient, or a factor of a coeffi

cient, may be carried under the radieal sign, by squaring it.
Thus,

1. 3a®+/be = +/(3a%) x be = +/9a'be.
2. 2ab+/d = 2v/a?*d = +/1a?b*d.

142. How may a coeflicient or factor be carried under the radical sign
To what is the aquare root of a negative quantity equal ?
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8. 4(a+b)va—b=4/{a+0)(a—0)=4v/(@=0)(a+)
4. bley/a? — ¢ = 547b%H(a? —c?).

2. The square root of a negative guantity may also be
simplified ; thus,

V=9 = 10X —=1=+0x /=1 =238/-1,
and, V—4a® = V4a2 X ¢/—1 = 2ay/— 1; also
V=807 = /3aPX —2b = 2a4/—2b = 2av/2b X V/—1;

that is, the square root of a negative quantity is equal to
the square root of the same quantity with a positive sign,
muldtiplied into the square root of — 1.

Reduce the following :

1. v — 64a%2 Ans. 8ab+y/ —1.
2. v/ — 128a*?. Ans. 8a%0%4/2b+/—1.
3. 2/ — 12a%07¢E. " Ans. 6a?b3c+/2ab+/—1.

4. v/ — 48a%c®. Ans. 4ac?y/3abe+/—1.

ADDITION OF RADICAIS.

243. Snarar Rapicars, of the second degree, are those
in which the quantities under the sign are the same. Thus,
the radicals 34/0, and 5c+/3 are similar, and so also are
9/2, and 74/2.

E44. Radicals are added like other algebraic quantities
hence, the following

143. What are similar radicals of the second degree ?
144. Give the rule for the addition of radicals of the second degree ?
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RULE.

L If the radicals are similar, add their coefficients, and
to the sum anncx the common radical :

IL. If the radicals are not similar, connect them together
with their proper signs.

Thus, 3ay/b + 5¢y/b = (3a + 5¢)/6.
In like manner,

Tv2a + 3y/2a = (1 + 3)v2a = 10/2a.

Notes.—1. Two radicals, which do not appear to be sim-
ilar at first sight, may become so by transformation (Art.
141.)

For example,
V18ub? + b+/15a = 4b+/3a + 5b4/3a = 9b+/3a;
24/45 + 34/5 = 6+/5 + 35 = 9./5.

2. When the radicals are not similar, the addition or sub-
traction can only be indicated. Thus, in order to add 3/5
to 54/a, we write,

5v/a + 34/b.

Adad together the following :

1. v/27a* and /48a2. Ans. Ta+/3.

2. +/50a*® and ;/7_2_(#—1)2_ Ans, 11a20+/2.

32 [a? \/T
8. — and A/ 320 Ans. 4a i

4. /125 and +/500a2. Ans. (5.4 10a) /5.

50 100 10
6. \/—5 and /— et 0
S and B Ans BTV ¢
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8. 1/98a% and /362 — 3602
Ans. Ta/2z + 6/a* — a

7. v/98a% and +/288a%’.  Ans. (Ta + 12a%?)y/ 2.
J 8 /72 and /128 Ans. 144/2.
9. 4/27 and +/147. Ans. 101/2.

vy 10. \/g and \/g—% /:,/"-f"‘ Ans. 3%
11. 2¢/a% and 3+/640at, ’/” Ans. (2a + 24a?)4/b.

\ 12. /243 and 104/363. Ans. 119+4/3,
13. /320a20* and +/245a%05. Ans. (8ab + 7a‘t?)+/5.
14. /754557 and +/300a°%5. Ans. (5a%0° + 10a%?)+/3b.

n ¥

: "
L 4+ (e 4 (0

4 SUBTRACTION OF RADICA.LS

k

145, Radicals are subtracted like other a.lgebraw quan-
tities ; hence, the following
RULE,

1. If the radicals are similar, subtract the coefficient of
the subtrahend from that of the minuend, and to the differ-
ence annex the common radical :

II. If the radicals are not similar, indicate the operation
by the minus sign.

EXAMPLES,

1. What is the difference between 3a+/3 and a/6?
Here, 8ay/b — avy/b = 2a+/b. Ans.

145. Give the rule for the subtraction of radicals.
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2. From 9a4/273% subtract 6a+/270%
First, 9a1/270* = 27ab/3, and 6a+/270% = 13ad+/3
and, 27aby/3 — 18ab+/3 = 9aby/3. Ans.

Find the differences between the following :

3. +/75 and +/48. -~ Ans. /3.
4. v/24a?? and +/540% Ans. (2ad — 30%)+/6.

3 5 4
5. \/; and \/;; Ans. ‘-131/15.

6. y/128a%% and +/32¢. Ans. (8ab — 4a*)y/2a.
7. v/48a%® and +/9ab. Ans. 4ab+/3ab — 3+/ab.

@

. v/242a050% and +/2a%%.  Ans. (11a%8% — ab)+/2ab.

3 3 1
9. \/Z and \/?; Ans. 5‘/3—'
10. 4/320a® and +/80a2 Ans. 4a+/5.
11. 1/720¢°0® and +/245abc?d?

Ans, (12ad — 7ed)+/5ab.

12. /968a%% and /2004782 Ans. 12ab+/2.
18, 4/1124%5° and +/284%%S. Ans. 2a4b34/7.

3]

MULTIPLICATION OF RADICALS,

£26. Radicals are multiplied like other algebraic quan.
{ities ; hence, we have the following

RULE.

L. Blultiply the cocflicients together for a new coefficient:

146. Give the rule for the multiplication of radicals.
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II. Blultiply together the quantities under the radical
ségns 2 :
II. T7en reduce the result to its simplest form.,

1. Multiply 3a+4/bc by 2+/ad.
Say/be X 24/ab = 3a X 2 X 1/be X +/ab.

which, by Art. 139, = 6ay/PPac = 6aby/ac.

Multiply thefollowing :

2. 3y/5ab and 44/20a. Ans. 120a+/5,

8. 2a+/be and 3a+/be. Ans. 6a2be.
4. 2a/@+ 7% and — 3a+/@P+ B A. — 6a?(a? + b2.)
5
6

. 2aby/a + b and acy/a — b. Ans. 2a%bcy/a? — b2

. 34/2 and 2+/8. Ans. 24,
-~ 7. £4/30°0 and #54/3¢%0. Ans. Fabeq/15.
8. 2 + /b and 22 — +/b. Ans. 42 — b

9. va + 26 and va — 2+/0. Ans. y/a? — 4b.
10. 3ay/27a® by +/2a. Ans. 9a34/8

DIVISION OF RADICAILS.
147. Radical quantities are divided like other algebraio
quantities ; hence, we have the following

RULE.

L Divide the coefficient of the dividend by the coefficient
of the divisor, for a new coefficient :

147. Give the rule for the division of radicals,
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I1. Divide the quantities under the radicals, in the same
manner:
HOI. Zhen reduce the result to its simplest form.

EXAMPLES.

1. Divide 8a+v/d°c by 4a+/bc.

Art. 140,

hence, the quotientis 2 X =

© W = &

10.
11,
12.
13.

. Divide
. Divide
. Divide
. Divide 4a?
. Divide
. Divide
. Divide
. Divide

Divide
Divide
Divide
Divide

VP \/b_
N be? &

8a

i 2, new coeflicient.

O Qe

b
c

5a4/b by 2b4/c. Ans. z—‘z\/g—

12ac+/6bc by 4c4/28. Ans. 3a+/3c.
6a+/965* by 3+/802. Ans. 4ab+/3.
V5005 by 2a%4/5b. Ans. 2024/10.
26a°b/81a%0* by 13ay/9ab. A. 6a?by/ab.
84a%*+/27ac by 42aby/3a. A. 6a??+/e.
Via? by +/2. Ans, la.

6a2b?+/20a by 12+/5a. Ans. a*b
6a4/100 by 3+/5. Ans. 2ab+/2.
48544/15 by 20%+/7% Ans. 36002,

8a?bic®y/1d?® by 2a+/28d. Ans. 2ab‘cid.
96a‘c®4/980° by 48abeq/2b.  A. 14a’be?,
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14. Divide 274%0%4/21¢* by +/Ta.  Ans. 27a5%+/3.
16. Divile 184%°y/8a* by 6aby/al. Ans. 6450 /2.

SQUARE TROOT OF POLYNOMIALS.

148, Before explaining the rule for the extraction of the
square root of a polynomial, let us first examine the squares
of several polynomials: we have,

(@ 4+ 8)? = a? + 2ab + 3
(@ + b+ ¢)2= a*+ 2ab + ¥* + 2(a + b)ec + &,
(@a+d+c+ d)? = a*+ 2ab + 6+ 2(« + b)e + ¢
+ 2(e + b + e)d + d*
The law by which these squares are formed can be enun

clated thus:

The square of any polynomial is equal to the square of
the first term, plus twice the product of the first term by the
second, plus the square of the second ; plus twice the first
two terms multiplied by the third, plus the square of the
third ; plus twice the first three terms madtiplied by the
Jourth, plus the square of the fourth ; and so on.

149. Hence, to extract the square root of a polynomial,
we have the following

RULE.
1. Arrange the polynomial with reference to one of its

letters, and extract the square root of the first term: this
will give the first term of the root :

148, What is the square of a binomial equal to? What is the square
of a trinomial equal to? To what is the square of any polynomial equal #
149. Give the rule for extracting the square root of a polynomial ?
What is the first step? Wlat the second? What the third ? What the
fourth ?
9
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IL. Divide the second term of the polynomial by double
the first term of the root, and the quotient will be the second
term of the root :

HOL Then form the square of the algebraic sum of the
two terms of the root found, and subtract it from the first
polynomial, and then divide the first term of the remainder
oy double the first term of the root, and the quotient will be
the third term :

IV. Form the doudle product of the sum of the first and
second terms by the third, and add the square of the third ;
then subtract this result from the last remainder, and divide
the first term of the result so obtuined, by double the first
term of the root, and the quotient will be the fourth term.
Then proceed in a similar manner to find tie other terms.

EXAMPLES.

1. Extract the square root of the polynomial,
49a20* — 24al® + 25a* — 304°b + 160%
First arrange it with reference to the letter «.
25a — 30a3h + 49a?0® — 24al® + 164* | 5a? — 3ad -I—Lb‘
25a* — 30a%b + 9ul? 10a? ‘
40020* — 24ab® + 160* . . 1st Bem.
40’0 — 24ad® + 16H
0 . . Wit RdiRen:

After having arranged the polynomial with reference to
a, extract the square root of 25a*; this gives 5a?, which
is placed at the right of the polynomial: then divide the
second term, — 30a®h, by the double of 5a% or 10a%;
the quotient is — 8ab, which is placed at the right of 5a2
Hence, the first two terms of the root are 5a® — 3ab.
Squaring this Linomial, it becomes 25a¢* — 30a%0 + 9a%8?,
which, subtracted from the proposed polynomial, gives a
remainder, of which the first term is 40a?b2.  Dividing this
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first term by 10a2,/ (the double of 5a?), the quotient is
+ 4b%; this is the third term of the root, and is written on
the right of the first two terms. DBy forming the double
product of 5a? — 3ab by 402, squaring 407 and taking
the sum, we find the polynomial 40a%0? — 24ad® + 160%,
which, subtracted from the first remainder, gives 0. There-
fore, 5a® -- 3ab + 40% is the required root.

2. Find the square root of a*4- 4a’x+ 6a’x?+4aan®+ ot
Ans. a4+ 2ax + «2.
8. Find the square root of a*— 4a’x+6a*w?— 4ax®+ 2%
) Ans. a® — 2ax + 2%

4. Find the square root of

428 + 122% 4+ 5t — 2® + T2 — 22 -+ 1.

Ans. 2x3 + 322 — a2 + 1,

5. Find the square root of

9t — 124°b + 28a2b? — 16al® + 160t
Ans. 3a® — 2ab + 402,
6. What is the square root of
ot — daxd + 4a’x? — 42?2 + 8ax + 4°?
Ars. «? — 2ax — 2.
7. What is the square root of
0x? — 122 + 6y + y>— 4y + 47

Ans. 3z + y — 2.
8. What is the square root of y* — 2y%? + 222 — 2y
+ 14 at? Ans. y? — @ — 1,
9. What is the square root of 9a*b* — 300’03+ 250?59
‘ Ans. 3a?b? — 5ab,

10. Find the square root of
2bath? — 40a3b% + T6a2D%c* — 48ab’c® - 360%* — 80atdc

+ 24a3bc? — 36a%bcd + 9ate?.

Ans. 5a?b — 3% — dabe + 6be?,
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150. W will conclude this subject with the following
remarks:

1st. A binomial can never be a perfect square, since we
know that the square of the most simple polynonaal, viz.
a binomial, contains three distinct parts, which cannot ex
perience any reduction amongst themselves, Thus, the
expression «? + 0%, is not a perfect square; it wants the
term 4 2ad, in order that it should be the square of « + b.

2d. In order that a trinomial, when arranged, may be a
perfect square, its two extreme terms must be squares, and
the middle term must be the double product of the square
roots of the two others, Therefore, to obtain the square
root of a trinomial when it is a perfect square: Hetract the
roots of the two extreme terms, and give these roots the same
or contrary signs, according as the middle term is positive
or negative. 1o verify it, see if the double product of the
two roots is the sume as the middle term of the trinomial.

Thus, )
9a® — 48a'l? + 64a?*, is a perfect sqnare,

since, V9d® = 343, and +/64¢¥* = — 8ab?;
and also,
2 X 8a® X — 8al? = — 48a*}? = the middle term.

But, 4a® 4 14ad + 90 is not a perfect square: for,
although 4«¢? and + 9% are the squares of 2¢ and 39,
yet 2 X 2¢ X 36 is not equal to 14ud.

3d. In the secries of operations required by the general
rule, when the first term of one of the remainders is not
exactly divisible by twice the first term of the root, we may

150. Can a binomial ever be a perfect power? Why not? When is
u trinomial a perfect square? When, in extracting the square root, we
find that the first term of the remainder is not divisible by twice the root,
is the polynomial a perfect power or not?
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conclude that the proposed polynomial is not a perfect
square. This is an evident consequence of the course of
reasoning by which we have arrived at the general rule tor
extracting the square root.

4th, When the polynowmial is 20t a perfect square, it may
sometimes be simplified (Sce Art. 139).

Take, for example, the expression, /u% + 4a20? + 4ab?

The quantity under the radical is not a perfect square;
but it can be put under the form ab(a® + 4ad + 442)
Now, the factor within the parenthesis is evidently the
square of « + 2b, whence, we may conclude that,

s ‘ﬂﬁb + 4?0 + 44l = (a + 20) 1/53.

2, Reduce 1/2a% — 4al® + 2% to its simplest form.,
Ans. (@ — b) /25
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CHAPTER VIIL

EQUATIONS OF THE BSECOND DEGREE.

EQUATIONS CONTAINING ONE UNKNOWN QUANTITY.

151. Ax Equation of the second degree containing but
one unknown quantity, is one in which the greatest exponent
is equal to 2. Thus,

2 =a, ar*4+dlr = ¢
are eqnations of the second degree.

152, Let us see to what form every equation of the
second degree may be reduced.

Take any equation of the second degree, as,

3] x| a?
1 [ —= 5 e - =5
1+ 2 yid 10 4+2

Clearing of fractions, and performing indicated operations,
we have,
4 4 8x 4 4a? — 3x — 40 = 20 — = + 22°.
Transposing the unknown terms to the first member, the
known terms to the second, and arranging with reference to
the powers of «, we have,

407 — 207 + 8z — Bz + @ = 20 + 40 — 4;

161, What i an equation of the second degree? Give an example.
162. To what form may every equation of the sccond degree be reduced?



EQUATIONS OF THE BECOND DEGREE. 190
and, by reducing,
2x? + 6 = 56
dividing by the coeflicient of «?, we have,
x? 4 3x = 28 i
If we denote the coeflicient of 2 by 2p, and the second
member by ¢, we have,
«* 4 2px = q.

This is called the reduced equation.

153. When the reduced equation is of this form, 1t con-
tains three terms, and is called a complete equation. The
terms are,

First Tera.—The second power of the unknown quan-
tity, with a plus sign.

Secoxp Tery.—The first power of the unknown quantity,
with a coefficient.

Tump Tervm.—A known term, in the second member.

Every equation of the second degree may be reduced to
this form, by the following

RULE.
L Clear the equation of fractions, and perform all the
indicated operations :

II. Transpose all the unknown terms to the first member,
and all the known terms to the second member:

153. How many terms are there in a eomplete equation ?  "What is the
first term ?  What is the sceond term? What is the third term? How
many operations are there in reducing an equation of the second degree
to the required form? What is the first ? What the second ? What the
third?  What the fourth?
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. Reduce all the terms containing the square of the
unknown quantity to a single term, one factor of which is
the square of the unknown quantity ; reduce, also, all ihe
terms containing the first power of the unknown quantity,
to a single term :

V. Divide both members of the resulting equatron by
the coefiicient of the square of the unknown quantity.

£54. A Roor of an eqnation is such a value of the un.
known quantity as, being substituted for it, will satisfy the
equation ; that is, make the two members equal,

The SovvrioN of an equation is the operation of finding
its roots.
INCOMPLETE EQUATIONS.

155. It may happen, that 2p, the coefficient of the first
power of z, in the equation = + 2px = ¢, is equal to 0.
In this case, the first power of @ will disappear, and the
equation will take the form,

G ==0] 06y o onte 0 o (L)
This is called an incomplete equation ; hence,

AN INCOMPLETE EQUATION, when reduced, contains but
two terms; the square of the unknown quantity, and a
known term,

156. Extracting the square root of both members of
Equation (1), we have,

x = ++7.

154. What is the root of an equation? What is the solution of an
equation ?

155. What form will the reduced equation take when the coefficient ot
ris 0? What is the equation then called? [ow many terins are there
in an incomplete equation ¢ What are they?

156. What is the rule for the solution of an incomplete equation?
How many roots are there in every incomplete eqration? How ao the
roots compai + with each other?
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Hence, for the solution of incomplete equations:

RULE.

1. Reduce the equation to the form «* = q:
I Then extract the square root of both members.

Note.—There will be two roots, numerically equai, bui
having contrary signs. Denoting the first by «’, and the
gecond by «’’, we have,

o = ++/¢, and 2 = — =i

VERIFICATION,

Snbstituting 44/, or —+/¢, for @, in Equation (1),
we have,

(+v9? = ¢; amd, (—=vg) = g;
hence, both eatisfy the equation ; they are, therefore, roots
1Art. 154.)
EXAMPLES,
1. What are the values of @ in the equation,

322 4+ 8 = 522 — 10°?

By transposing, 32? — 52 = — 10 — 8.

Reducing, — 222 = — 18,

Dividing by — 2, A —No!

Estracting square root, # = #+/9 = + 3 and — 8.
Hence, 2 = + 8, andz” = — 3.

2. What are the roots of the equation,
322 4+ 6 = 42 — 107

dns. & = + 4, v = —4,
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3.

4.

5.

6.

1.

8.

9

N
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What are the roots of the equation,
1 ?
txt o 8 = o
3 8 9 + 107
Ans, ' = +9, " = — 9,
What are the roots of the equation,
422 18 — 222 = 45°?
Ans, o' = 44, o = — 4,
What are the roots of the equation,
6x? — 7 = 822+ 57

Ans. o' = 42, o' = — 92,
What are the roots of the equation,

2
8 4+ 5a? = 3“5.4. 422 4 287

I
i
a

Ans. o’ = + 5, «”

What are the roots of the equation,

24 5 2
3"’8'*' Wi, ';29 = 117 — 5a??

Ans, ' = + 5, &’ = — 5,

What are the roots of the equation,
2 + ad = 5x*?

Ans. & = + 3} /&%, =" = — }+/ab.

What are the roots of the equation,

zy/a + a2 = b + a??

b b

Gl e a1

va -2’ Va — 2b

Ans, 2 =
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PROBLEMS.
1. What number is that which being multiplied by itself
the product will be 1447
Let # — the number: then,
x X = 22 = 144.

It is plain that the value of z will be found by extracting
the square root of both nfembers of the equation: that is,

Va? = 4/T44: thatis, = = 12.

2. A person being asked how much money he had, said,
if the number of dollars be squared and 6 be added, the sum
will be 42 : how much bhad he?

Let = = the number of dollars.

Then, by the conditions,

2?4+ 6 = 42;
Lenece, x? = 42 — 6 = 86,
and, x = 8. Ans. %6,

3. A grocer being asked how much sugar he had sold to
a person, answered, if the square of the number of pounds
be multiplied by 7, the product will be 1575. How many
pounds had he sold ?

Denote the number of pounds by «. Then, by the con.
ditions of the question,

et = 1578
hence, G = )5
and, zt = § I5) Ans. 16,

4. A person being asked his age, said, if from the square
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of my age in years, you take 192 years, the remainder will
be the square of half my age: what was his age ?

Denote the number of years in his age by .
Then, by the conditions of the question,

1 x?

22 — 192 = (—{t)z = —

2 4’

and by clearing the fractions,

422 — 768 = a?;
hence, 42 — a2 = 768,
and, 322 = 768,
r? = 256

x = 16 Ans. 18 years.

5. What number is that whose eightn part multiplied by
its fifth part and the product divided by 4, will give a quo-
tient equal to 402

Let @ = the number,

By the conditions of the question,

nee = 40;
hence, T 03
by elearing of fractions,
«? = 6400,
a3 = Ans. 80,

6. Find a pumber such that one-third of it multiplied by
one ﬁmrth“sﬁnll be equal to 108. Ans. 38,

7. What number is that whose sixth part multiplied by
its fifth part and the product divided by ten, will give a
quotient equal to 87 Ans, 8
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8. What number is that whose square, plus 18, will be
equal to half the square, plus 304 ? Ans. 5.

9. What numbers are those which are to each other as
1 to 2, and the difference of whose squares is equal to 75 ?

Let 2 = the less number.
Ther, 2x = the greater.

Then, by the conditions of the question,

4a? — ¢? = 75
hence, 3x? = 175,
and by dividing by 3, «? = 25, and z = 5,
and, 2¢ = 10.
Ans. 5 and 10

10. What two numbers are those which are to each other
as 5 to 6, and the difference of whose squares is 44?7

Let 2 = the greater number.
5
Then, it = the less.

By the conditions of the problem,
25
x?2 — —a? — 44;
36" ’
by clearing of fractions,

3622 — 252% = 1584;

hence, 112 = 1584,

and, 2 = 144

hence, x = 12,
5

and, & = 10.

Ans. 10 and 12
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11. What two numbers are those which are to each other
as 3 to 4, and the difference of whose squares is 28 ?
Ans. 6 and 8.

12. What two numbers are those which are to each other
as 5 to 11, and the sum of whose squares is 584 ?
Ans. 10 and 22,

13. A4 says to B, my son’s age is one quarter of yours,
and the difference between the squares of the numbers
representing their ages is 240 : what were their ages ?

Eldest, 16
Ans. { = ’
Younger, 4.

Two unknown quantities.

157. When there are two or mors unknown quantities:

1. Eliminate one of the unknown quantities by Art.
113:

© IL. Then extract the square root of both members of the
equation.

PROBLEMS.

1. There is a room of such dimensions, that the difference
of the sides multiplied by the less, is equal to 36, and the
produet of the sides is equal to 860 : what are the sides ?

Let = = the length of the less side;
y = the length of the greater.
Then, by the first condition,
(y — o)z = 36
and by the 24, xy = 360.

157. How do ysa proceed when there are two or more unknown quan-
titien ?
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From the first eqaation, we have,

xy — o = 36;

and by subtraction, x? = 324,
Hence, x = 4/324 = 183
360
Yy = — = 20.
Y= 18

Ans. ¢ = 18, y = 20,

2. A merchant sells two pieces of muslin, which together
measure 12 yards. 1le received for each picce just so many
dollars per yard as the piece contained yards. Now, he gets
four times as much for one piece as for the other : how many
yards in each piece?

Let a = the number of yards in the larger piece;

y = the number of yards in the shorter piece.

Then, by the conditions of the question,

@+ o =112
z X # = «? = what he got for the larger picce;
¥ X y = y*> = what he got for the shorter;
and, «? = 492, by the 2d condition,
@ = 2y, by extracting the square root.

Substituting this value of « in the first equation, we have,

y+2y = 125
and, eonsequently, =
and, Ta—arBh

Ans. 8 and 4.

3. What two numbers are those whose product is 80, and
the guotient of the greater by the less,31? _Ans. 10 and 3,

4. The product of two numbers is @, and their quotient

b: what are the numbers?
Ans. 4/ud, and \/gl—-
[
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5. The sum of the squares of two numbers is 117, and the
difference of their squares 45 : what are the numbers ?
Ans. 9 and 6.

6. The snm of the squares of two numbers is @, and the
difference of their squares is &: what are the numbers?
a+ b . a—d

2 &

Ans. & = y Y= :
7. What two numbers are those which are to each other
as 3 to 4, and the sum of whose squares is 225 ?

Ans. 9 and 12

8. What two numbers are those which are to each other
as m to n, and the sum of whose squares is equal to @??
Ans.

ma na
Vvm? +n? m? + 22
9. What two numbers are those which are to each other

as 1 to 2, and the difference of whose squares is 75 ?
Ans. 5 and 10.

10. What two numbers are those which are to each other
as m to n, and the difference of whose squares is equal to 42 ?
b nb

m
Vvm? — w2’ ‘m? —
11. A certain sum of money is placed at interest for six
months, at 8 per cent. per annum. Now, if the sum put at
interest be multiplied by the number expressing the interest,
the product will be $562500: what is the principal at 1n-
terest ? Ans. $3750.

Ans.

12. A person distributes a sum of money between a num-
ber of women and boys. The number of women is to the
number of boys as 3 to 4. Now, the boys receive one-half
as many dollars as there are persons, and the women, twice
as many dollars as therc are boys, and together they receive
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138 dollars : how many women were there, and how many

boys ?
36 women.,

e 2 % 48 boys.

COMPLETE EQUATIONS.

158 The reduced form of the complete equation (Art,
153) is,
2?2 4 2px = q.

Comparing the first member of this equation with the
gquare of a binomial (Art. 54), we see that it needs but the
square of half the coeflicient of «, to make it a perfect square.
Adding p? to both members (Ax. 1, Art. 102), we have,

@ + 2pz + p* = ¢ + pP.

Then, extracting the square root of both members (Ax. 5),

we have,
z+p = £vq + pi

Transposing p to the second member, we have,

z = —px Vg+p-

Hence, there are two roots, one corresponding to the plus
sign of the radical, and the other to the zunus sign. De-
noting these roots by «’ and z’/, we have,

= —p+ Ve +p, and ¥’ = —p — Vg + p
The root denoted by a' is called the first root; that de-
noted by 2’ is called the second root.

158. What is the form of the reduced equation of the second degrec ?
What is the square of the binomial » + p? Ilow many of those terms
are found in the first term of the reduced equation? What must be
added to make the first member a perfeet square? How many roots are
there in every equation of the first degree¥ What is the first root equal
to? What ig the second equal to ?
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159. The operation of squaring half the coeflicient of
e and adding the result to both members of the equation, is
called Completing the Square. For the solution of every
complete equation of the second degree, we have the fol-
lowing ]

RULE,

L. Reduce the equation to the form, «* + 2px = ¢q:

1L Take half the coefficient of the second term, square
it, and add the result to both members of the equation :

HI. Then extract the square root of both members ; after
which, transpose the known term to the second member.

Note.—Although, in the beginning, the student should
complete the square and then extract the square root, yet
he should be able, in all cases, to write the roots immediately,
by the following (See Art. 158)

RULE.

I The first root is equal to half the coefficient of the
second term of the reduced equation, taken with a contrary
sign, plus the square root of the second member increased
by the square of half the coeflicient of the second term :

0. The second root is equal to half the cocfficient of the
second term of the reduced equation, taken with a contrary
sign, minus the square root of the second member increased
by the square of half the cocfficient of the second term.

160. We will now show that the complete equation of

159. What is the operation of completing the square? How many
cperations are there in the solution of every equation of the second de-
gree? What is the first? What the second? What the third? Give
the rule for writing the roots without completing the square?

180. How many forms will the complete equation of the seccond degree
assume?  On what will these forms depend? What are the signs of 2p
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the second degree will take four forms, dependent on the
gigns of 2p and ¢.

1st. Let us suppose 2p to be positive, and ¢ positive ; we

shall then have,
22 4 2pr = q. S A e (1)

2d. Let us suppose 2p to be negative, and ¢ positive
we shall then have,
2 — 2pxr = q. olio o o (%),
3d. Let us suppose 2p to be positive, and ¢ negative ;
we shall then have,
2?42z = —¢q. . . . (8)
4th. Let us suppose 2p to be negative, and ¢ negative;

we shall then have,
22— pr = —¢q. . . . (4)

As these are all the combinations of signs that can take
place between 2p and ¢, we conclude that every complete
equation of the second degree will be reduced to one or the
other of these four forms:

x4 2px = + q, . o 1Ist form.

@ — 2px = + g, » o 2d! form!
? 4 pr = — @, . . 3d form.
- 2 = —q, . o 4th form.

EXAMPLES OF THE FIRST FORM.
1. What are the values of z in the equation,
202 4 8x = 64°?
If we first divide by the cocflicient 2, we obtam
x? + 42 = 32,

and ¢ in the first form? What in the second? What in the third?
What in the fourth ?
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Then, completing the square,
2+ 42+ 4 = 32 + 4 = 36.
Extracting the root,
242 = +436 = + 6, and — 6.
Hence, = —24+6 = + 4;
and, 2= —2 -6 = — 8,

Hence, in this form, the smaller root, numerically, is positive
and the larger negative.

VERIFICATION.

If we take the positive value, viz.: &' = + 4,
the equation, 2% + 4z = 32,
gives 424 4 X 4 = 32,
and if we take the negative value of @, viz.: @'’ = —8,
the equation, 2?4+ 4z = 32,
gives (— 8)2+ 4(— 8) = 64 — 32 = 32;
from which we see that cither of the values of =z, viz:
x' = + 4, or &’ = — 8, will satisfy the equation.

2. What are the values of z in the equaticn,
S22 4 122 — 19 = — a2 — 12x 4 89°?
By transposing the terms, we have,
Sa2 4 a2 4 12 4+ 122 = 89 + 19;

and by reducing,
422 4 242 = 108;

and dividing by the coeflicient of 2,
2 4+ 6 = 27.
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Now, by completing the square,
2+ 6x + 9 = 363
extracting the square root,
£+8 = +/36 = 4 6, and ~ 6
hence, = +6—8 = + 3;

end, ¥ = —6—3 = — 9.

VERIFICATION,
If we take the plus root, the equation,
x? + 6x = 27,
gives (3)2+ 6(3) = 27;
and for the negative root,
x? 4 6x = 27,

gives (— 92+ 6(—9) = 81 — 54 = 27,

3. What are the values of @ in the equation,

2
22 — 10z + 15 = %—34m+155?

By clearing of fractions, we have,
522 — 50x + 75 = @ — 170x + 7763
by transposing and reducing, we obtain,
42? + 120 = 700}
then, dividing by the coeficient of «?, we have,
z + 30z = 175;
and by szompleting the square,
x4 30z + 225 = 4003
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and by extracting the square root,

x + 15 = =4/400 = + 20, and — 20

Hence, ¢ = 4+ 5, and ' = — 35.

VERIFICATION,
For the plus value of «, the equation,
@2 + 302 = 175,
gives, (52 + 80 X 5 = 25 4 150 = 175.
And for the negative value of «, we have,
o

(— 85)2 4 80(— 35) = 1225 — 1050 = 1%5.

4. What are the values of « in the equation,

Clearing of fractions, we have,
1022 — 6 + 9 = 96 — 8x — 1222 + 273;
transposing and reducing,
- 2222 4 2 = 360;
dividing both members by 22,

2 360
2 — —_— —
@+ 55 = 53

2
Add ( 215) to both members, and the equation becomes,
2 R 360 1\2
2 =y ] p— N .
Sl e (22) Segg T (22)’
whence, by extracting the square root,

1 360 1)2 i
@+ == E*’(?ﬁ ,
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therefore, o
1 360 1
) - = )
=TVt (29)’
1 360 1 N
) ,’— — ————— _— .
s =5 23 (22)

It remains to perform the numerical operations. In the
first place,
360 1\
ot

must be reduced to a single number, having (22)? for its
denominator. Now,

360 (1)2__360><22+1 7921

220 " 129 (22)? = (222

extracting the square root of 7921, we find it to be 893

therefore,
360 1\2 89
“Vtlm) = =@

Consequently, the plus value of z is,

mll_ _____ o |

that is, one of the two values of & which will satisfy the
proposed equation is a positive whole number, and the other
a negative fraction,

Note.—Let the pupil be exercised in writing the roots, in
the last five, and in the following examples, without com-
pleting the square.
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5. What are the values of 2 in the equation,
3x? + 2w — 9 = T6°?

’
5.
Ans. { o

’7 =
x = 2

6 What are the values of « in the equation,

5 2
2x% 4 8x + 7 _—_—E—-ai+197?
4 8
x’ = 8.
Ans. {m"z — 114

7. What are the values of = in the equation,

z? a3 x?
—_— — = = — - 19
7 3% 15 ) 8x + 95)°?
¥ =9
ns. :
" = — 64

8. What are the values of z in the equation,

x
o e o) = S = 9
1 8_2 T 4 647

AILS. {:n: _2_. 7}

Il

9. What are the values of z in the equation,

x? z a2 @ 13
2 4 5 10 20
:1:' = ].
Ans. {x”: e

EXAMPLES OF THE SECCND FORM.

1. What are the values of « in the equation,

22 — 8x 4+ 10 = 197
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By transposing,
2? — 8z = 19 —10 = 9

e

then, by completing the square,

22— 8x+ 16 = 9+ 16 = 25;
and by extracting the root,

®#—4 = 4125 = +5, or —5.
Hence,

o = 44+5 =29, and 2’'=4—-5 = — L
That is, in this form, the larger root, numerically, is

positive, and the lesser negative.

VERIFICATION.

If we take the positive value of @, the equation,

®?— 8x = 9, gives (9)?—8 X9 =81 —72 = 9;
and if we take the negative value, the equation,
@? —8x = 9, gives (—1)2—8(—1) =1+8 = 93
from which we see that both roots alike satisfy the equa-

tion.
"

9. What are the values of @ in the equation,
2 @ a?
—+ =15 =~ —143°?
s 13 g e

By clearing of fractions, we have, 4
6a? + 4z — 180 = 8% 4 12z — 177,
and Dy transposing and reducing, \
3x? — 8ax = 33
and dividing by the coefficient of «?, we obtain,
8

2 — - = 1.
10 3 *
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Then, by completing the square, we have,

8 16 16 25
2 -_— = —_— ==
2t gl = b= g

and by extracting the square root,
4 25 5 5
-3 = i\/; S gaend, s

= 4+ 8, and o' =

Hence,

[V RIS
IS
i
@i
]
|

4
= -
i
VERIFICATION,
For the positive root of «, the equation,’

8
a:z—ga: =1,

gives 3z—§x3=9—8=1

and for the negative root, the equation,

w2—§m= il

ives ( 1)2 §>< !
gives 3] 3 3

3. What are the values of z in the equation,

Cleanng of fractions, and dividing by the coefficient of
x?, we have,
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Completing the square, we have,

3 9 9 — 36°

then, by extracting the square root, we have,

1 /49 7 7
T — = = — = = and — =
s = TV = T ¢ T
hence,
1 7 9 1 7
= - - = - = 14, a "= 2 — ~ =
w=gtg=g=1h md =357
VERIFICATION.
If we take the positive root of @, the equation,
2
x? — Eac = 1},
3 2 2 1 1
gives (1%)—§x1§=2‘—-1=1};
and for the negative root, the equation,
2 2 1
a— g = 1},
" ( §)2 2., _5_2 10 45
gives 8/ "3 § 3618 36

4. What are the values of % in the equation,

4% — 222 + 2azx = 18adb — 1857

b

By transposing, changing the signs, and dividing by 2,
the equation becomes,

22 — ax = 20° — 9ab 4 90%;
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whence, completing the sqnare,

2 92
ocz—acc-{-% =-§-—9ab+9bz;

extracting the square root,

a 9a?
. o 2
x 5 + 7 9ab + 962

9a? q g
Now, the square root of —% — 9ab + 90% is evidently
3a

7 85. Therefore,

a 3a @ = 2z — 3D
=3 =+ (E— —36)’ e {a:"_—_ — a + 3b.
What will be the numerical values of z, if we suppose
«w = 6, and b = 17?

5. What are the values of « in the equation,

1 4
ga:—-4—w2+2a:—5m2: 45 — 3x? 4 4z ?
e {m’ = 7.12 }to within
‘o = —5.73 0.01.

6. What are the values of = in the equation,
8x? — 14z 4 10 = 2x + 34°?

' = 3.
Ans. {:c” - — L
7. What are the values of @ in the equation,
a2
z——-30+m= 2x — 227
' = B,
Ans. {a:” e

8. What are the values of  in the equation,
2
a? — 8z + % £ 90 + 1332

!
Ans. { ’ it

:l‘”:—l
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9. What are the values of « in the equation,
Qax — x? = — 2ab — b%?
i 2a - b.

Ans. {m F

! = — b

10. What are the values of « in the equation,

m2a?

=6

a? 4 0 — 202 + x? =

p n
® = m(bn + Varm? + mt — a’nz) ]L

n

W = ——(bn — Yam? + Pmt — a”nz)

Ans,

nz — m?

EXAMPLES OF THE THIRD FORM.
1. What are the values of & in the equation,
x? 4 4o = — 37
First, by completing the square, we have,
Wb de+ 4= —3+4 = 1;
and by extracting the square root,
24+ 2 = +¢/1 = +1, and — 1;
hence, 2’ = —2+1=—1; and @’/ = —2—1 = —3

That is, in this form both the roots are negative.

VERIFICATION.
If we take the first negative value, the equation,
2?4+ 4o = — 3,
gives (= 1)24+4(—1) =1—4 = — 83
and by taking the second value, the equation,
2?4 4z = — 38,
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gives (—3)2+4(—3) = 9—12 = — 33
hence, both values of = satisfy the given equation.

2. What are the values of z in the equation,

2 1
—5—52:-—16=12+§m2+6m?

By transposing and reducing, we have,
—x? — 1l = 28;
then, dividing by — 1, the coefficient of x?, we have,
@ + 1l = — 28; .'

then, by completing the square,

z? + 11z + 380.25 = 2.25;

hence, = + 55 = +4/2.25 = + 1.5, and — 1.5}
consequently, &« = — 4, and 2/ = — 1.

8. What are the values of z in the equation,
2

@ _Zz
_—8_—29:_5_89: + 52+ 5°?

! =

Ans. ;m" =

) = — 8.

4. What are the values of z in the equation,
9
2m2+ 3 = ——233——5(1)?

) = —1,

Ans. ;m,, S z

5. What are the valucs of z in the equation,

3
4? + & + 32 = —~ 142 — 3] — 4a??
o

’

Ans. % *

z'’ =

I
o :,..l..



COMPLETE EQUATIONS. 293

8. What are the values of = in the equation,

3 42
—?— 4= o = "2 4 oup 4 22
4 2
¥ = —1,
A, {m" = - g
7. What are the values of = in the equation,
1
§m’+ E 4+ 20 = — gmz-— 11z — 60°?
® = — 8.
%l {m” = — 10.
8. What are the values of z in the equation,
5 1 1 1
Ca? — S — — Qlp — - — =
Pl + 5 = 9l 6% 2?
o = — 1,
Ans. 'g o — — g
9. What are the values of z in the equation,
4 1 1 3
a2 S = — g 51— %
5% +5m+4_ e 5% 4?
o = —
=t % @ = — 10.
10. What are the values of 2 in the equation,
T— 22— 3 = 62+ 17
2 = — 1.
k“i Ans. {a‘” - — 4
11. What are the values of  in the equation,
2?4 42 — 90 = — 93°?
¥ = —1.
Ca gm” — —3.

EXAMPLES OF THE FOURTH FORM.

1. What are the values of x in the equation,
e — 8 = — 1°?
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By completing the square, we have,
> —8x 4+ 16 = — 7 + 16 = @
then, by extracting the square root,
z—4 = +4/9 = + 3, and — 33
hence, @ =+ 7 and 2’ = + L

That ig, in this form, both the roots are positive,

VERIFICATION.
1f we take the greater root, the equation,
w?—8r = — 7, gives, 72 —8 X7 = 49 —56:= —7;
and for the lesser, the equation,
22 —8x = —17, gives, ?’—8Xx1 =1—8 = —%

hence, both of the roots will satisfy the equation,

2. What are the values of @ in the equation,
— 11a? 4 3z — 10 = 1lo? — 182 + 322?
By clearing of fractions, we have,
— 3% + 6x — 20 = 3a% — 36x + 40;
then, by collecting the similar terms,
— 6a? + 42z = 60;

then, by dividing by the cocflicient of 2, which is .~ 6
we have,

b
x? — Te = — 10.
By completing the square, we have,

x? — e + 12.25 == 2.25,
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and by extracting the square root of both members,
x — 35 = 4+4/225 = 4+ 1.5, and — 1.5;
hence,
# = 35415 =5, and o’/ = 385 —15 = 2
VERIFICATION,

If we take the greater root, the equation.
2t — o = — 10, gives, 52— 17 X 5 = 25 — 35 = — 103
and if we take the lesser root, the equation,

@ — e = —10, gives, 22—7Tx2=4—14 = —1G

3. What are the values of « in the equation,
— 8%z 4+ 224+ 1 = 174 — 22> — 37

By transposing and collecting the terms, we have,

da? — 208w = — 43
then dividing by the coeflicient of 2, we have,
x? — b = — 1.
By completing the square, we obtain,
169 169 144
2 _Blg e = — 14 o= = ——3
S ST T T e
and by extracting the root,
144 12 12
2 _ 93 — e o ==
@ — 2} = 24/ 55 T+ and 5
hence,
12 12 1
7y = 2%+~5» = 5, and, z/ = 2% — 5 = §
VERIFICATION.

If we take the greater root, the equation,

¥ —5lw = —1, gives, 52 --5} X5 =25 —26 = —1;
s .
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and if we take the lesser root, the equation,

10,

c I\ 1 1 26
2 — 5}l = —1 res (—)—5lx—=—~—_=_
1 gives, \> 5 X 5=2%5 " 95 L
4. What are the values of @ in the equation,
1 1 6 1 1
—x2 — 3 - = — -2 —p — -
7Tt PEET
¥ =
Ans. {m” I
5. What are the values of « in the equation,
I
— 422 — ;‘_m+ 13 = — ba? 4 Ba?
o =
Ans. {m” _
6. What are the values of 2 in the equation,
8 1 1 1
o DAL g B 8 oo 2 —
T T N A T AT
=
Ans. {a:” _
7. What are the vatues of 2 in the equation,
22 — 102 = — 1°?
x =
Ans. { "

8. What are the values of 2 in the equation,

ko2 02
— 2%z 4 L;i-moo: 5i+12x-—26?

x =
Anas. %:c” _
8, What are the values of 2 in the equation,
k2
X %“—Z—sza;+15=—-‘§i+2sx—so?

L.

Ans. { 3

o

Toe

6.
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10. What are the values of « in the equation,

3
222 — 30z 4+ 3 = —m2+3f’aac—ﬁ?
el =11}
Ans. {m” — Ylﬁ’

PROPERTIES OF EQUATIONS OF THE SECOND DEGREL,

FIRST PROPERTY,

161. We have secen (Art. 153), that every complete
equation of the second degree may be reduced to the form,

e?+2pr =9 . . . . (L)
Completing the square, we have,
@+ 2px + p? = g + p*;
transposing ¢ + p? to the first member,
@+ 2px+pP—(¢g+p?) =0 . (2)

Now, since #? + 2px + p? is the square of @ + p, and

9 + p? the square of 1/¢ + p? we may regard the first
member as the difference between two squares. Factoring,
(Art. 56), we have,

E+r+vVe+pP)@+p—Vve+p) =0 . (3)

This equation can be satisfied only in two ways:

1st. By attributing such a value to 2 as shall render the
first factor equnal to 0; or,

161. To what form may every equation of the second degree be re-
duced? What form will this equation take after completing the square
and transposing to the first member? After factoring? In how many
ways may Equation (8) be satistied? What are they? How manjy roots
hag every equation of the second degree ?
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2d. By attributing such a value to z as shall render the
second factor equal to 0.

Placing the second factor equal to 0, we have,

24+p—V¢+p*=0; and @’ = —p+ Vo +p2  (4)

Placing the first factor equal to 0, we have,

+pVe+PA =0; and @' = —p—+/g+p.  (5)

Since every supposition that will satisfy Equation (3), will
also satisfy Equation (1), from which it was derived, it fol-
tows, that @’ and '’ are roots of Equation (1); also, that

Lvery equation of the second degree has two roots, and
only two,

Note.—The two roots denoted by «’ and =/, are the
same as found in Art. 158.

SECOND PROPERTY.

162. We have scen (Art. 161), that every equation ot
the second degree may be placed under the form,

@+p+Ve+p»)E+p—Ve+p?) =0

By examining this equation, we see that the first factor
may be obtained by subtracting the second root from the
unknown quantity «; and the second factor by subtracting
the first root from the unknown quantity «; hence,

Erery equation of the second degree may be resolved into
tiwo binomial factors of the first degree, the first terms, in
both factors, being the wnknown quantity, and the sccond
terms, the roots of the equation, taken with contrary signs,

162. Into how many binomial factors of the firs: degree may every
equation of the second degree be resolved? What a:e the first terme of
theee factors?  What the second ?
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TIIRD PROPERTY.

163. It we add Equations (4) and (5), Art. 161, we

have,
@ =—p+VI+p
= —p— VIT P

o+ = — 2p; that is,

In every reduced equation of the second degree, the sum
of the two roots is equal to the coefficient of the second term W
taken with a contrary sign.

FOURTH PROPERTY.

164. If wemultiply Equations (4) and (5), Art. 161,
member by member, we have, )

& x @t = (=p+ VITP) (~p — VIFTP)
= p*— (¢ + p*) = — ¢; thatis,
In every equation of the second degree, the product of
the two roots is equal to the known term in the second meme
S ber, taken with a contrary sign.

FORMATION OF EQUATIONS OF THE SECOND DEGREE.

165. By taking the converse of the second property,
(Art. 162), we can form equations which shall have given
roots; that is, if they are known, we can find the corre
gponding equations by the following

RULE. :
L. Subtract each root from the unknown quantity : \S

163. What is the algebraic sum of the roots equal to in every equation
of the second degree ?

164. What is the product of the roots equal to?

165. Uow will yon find the equation when the roots are known ?
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DMultiply the results together, and place their product

equal to 0.

EXAMPLES.

Note.—Let the pupil prove, in every case, that the roots
will satisfy the third and fourth properties.

1. If the roots of an equation are 4 and — 5, what is the
equation ? Ans. @ 4 & = 20.
2. What is the equation when the roots are 1 and — 3°?

.CO

10.

11.

Ans. a? + 22 = 3.
‘What is the equation when the rootsare 9 and — 10?

Ans. a* + & = 90,
‘What is the equation whose roots are 6 and — 167?

Ans. x® 4 42 = 60.

. What is the equation whose roots are 4 and — 8°?

Ans. a2 —x = 12,

. What is the equation whose roots are 10 and — 5 ?

Ans. a? — 98z = 1.

. What is the equation whose roots are 8 and — 2°?

Ans. x? — 6z = 16.

. What is the equation whose roots are 16 and — 5 ?

Ans, 2 — 1l = 80

. What is the equation whose roots are — 4 and — 51

Ans. 2t + 9z = — 20,
‘What is the equation whose roots are — 6 and — 77
Ans. «* + 132 = — 42,

. 2 3 .
What is the equation whose roots are — ) and — 2%

Ans. 22 + 23 = ~ g-

. What is the equation whcse roots are — 2 and — 37

Ans. a® 4+ 5 = — o,
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18. What is the equation whose roo*s are 4 and 3?

Ans. x* — Te = — 12
14, What is th equation whose roots are 12 and 2°?
Ans. x? — 142 = — 24
15. What is the equation whose roots are 18 and 2?
Ans. x? — 202 = — 30,
16. What is the equation whose roots are 14 and 3°?
Ans. 2 — 172 = .~ 42.

5 5 4
17. What i8 the equation whose roots are 3 and — g?

65
Ans. 22 + —x = 1,
36

18. What is the equation whose roots are 5 and — 2?

«

13 10
Ans. & — —x = -
" 3 3
19. What is the equation whose roots are @ _and 6?
Ans. x* — (a + b)x = — ab.

20. What is the equation whose roots are ¢ and — d?
Ans. @ — (c.— d) @ = cd.

TRINOMIAL EQUATIONS OF THE SICOND DEGREE,

165.° A trinomial equation of the second degrce con-
tains three kinds of terms:

1st. A term involving the unknown quantity to the second
degree.

2d. A term involving the unknown quantity to the first
degree ; and

3d. A knowu term. Thus,

a2 — 40 — 12 = 0,

ie a trinomial equation cf the second degree.
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FACTORING.

165.” What are the factors of the trinomial equation,
@? — 4 — 12 = 0°?

A trinomial equation of the second degree may always be
reduced to one of the four forms (Art. 160), by simply trans-
posing the known term to the sccond member, and then
solving the equation. Thus, from the above equation, we
have,

a? — 4o = 12.

Resolving the equation, we find the two roots to be + 6
and — 2; therefore, the factors are, @ — 6, and = 4 2
(Art. 162).

Since the sum of the two roots is equal to the coeflicient
of the seecond term, taken with a contrary sign (Art. 163);
and the product of the two roots is equal to the known
term in the second member, taken with a eontrary sign, or
to the third term of the trinomial, taken with the same
sign: hence it follows, that any trinomial may be factored
by inspection, when two numbers can be discovered w/hose
algebraic sum is equal to the coefficient of the second term,
and whose product is equal to the third term.

EXAMPLES

1. What are the factors of the trinomial, @? — 92 — 367

Tt is seen, by inspection, that — 12 and + 8 will fulfil the
conditions of roots. Ifor, 12 — 8 = 9; that is, the eco
eflicient of the sccond term with a contrary sign; and
12 X — 3 = — 36, the third term of the trinomial ; hence,
the factors are, # — 12, and « + 3.

2. What are the factors of a2 — 7 — 30 = 0°?
Ans. @ — 10, and =z +5
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8. What are the factors of «? + 152 4 86 == 0? ,

Ans. « 4 12, and z 4 3.
4. What are the factors of @? — 122 — 28 = 0°?

Ans. © — 14, and = 4 ¢
5. What are the factorsof 22 — 7z — § = 0°?

Ans, @ — 8, and = + 1. .

TRINOMIAL EQUATIONS OF THE FORM
mZn + T q.

In the above equation, the cxponent of @, in the first term,
is double the exponent of « in the second term.

28 — 43 = 32, and @t 4+ 42?2 = 117,

are both equations of this form, and may be solved by the
rules already given for the solution of equations of the
gecond degree.
In the equation,
@t + Zpat = ¢,

we see that the first member will become a perfect square,
by adding to it the square of half the coeflicient of ; thus,

@ + 2pat + p? = ¢ + pP

in which the first member is a perfect square. Then, ex.
tracting the square root of both members, we have,

e+ p = & VITP
hence, ot = — p + Vq + p*

then, by taking the nth root of both members,

s = VPt VTP
i = —p—vV_ptp
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. EXAMPLES,
1. What are the values of « in the equation.
b + 623 = 112°?
Completing the square,
ot 4 62+ 9 = 112 4 9 = 1213
then, extracting the square root of both members,
B4+ 3 = + Vﬁ—l- == 4 11; hence,

& = m, and =/ = V:ifﬁ; hence,
w’:"\/8_=2, and m”:VT—Tz'—314.
2. What are the values of « in the equation,
ot — 8x? = 97
Completing the square, we have,
xt — 822 4 16 = 9 4 16 = 25.
Extracting the square root of both members,
@ — 4 = 4 4/25 = + 5; hence,
@ = 4+ /4 + 5, and «” = =+ /4 — 5; hence,
2=+4+8and —3; and «” = + ¢/— 1 and — /—1.
3. What are the values of = in the equation,
2 4+ 200 = 697
Completing the square,
«f 4 202° 4+ 100 = 69 4 100 = 169.
Extracting the square root of both members,

«* 4+ 10 = + 4/169 = =+ 13; hence,

o =3/—10 + 13, and 2"’ = 3/— 10 — 13.
x = 3\/5, and 2z = 3/— 23,
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4, What are the values of z in the equation,
ot — 222 = 3°?
Ans. @ = =+ /3, and @’ = + +/—1.
6. What are the values of z in the equation,
x4 823 = 9°?

Ans. 2 = 1, and 2’ = 3/— 9,

6. Given @ = /9z + 4 = 12, to find .
Transposing « to the second mmember, and then squaring,
9z + 4 = a? — 24x + 144;
22— 33x = — 140;

and, = 28, and 2 = 5.

7. dx £ 44/ + 2 = 7. Ans. " = 4}, o’ = L

8. = /52 + 10 = 8. Ans. o’ = 18, o/ = 3.

NUMERICAL VALUES OF TIIE ROOTS,

£166. We have seen (Art. 160), that by attributing all
possible signs to 2p and ¢, we have the four following

forms:
x? 4+ 2px = q. S o D o ()
o2 — 2px = q. PN )
24+ pr = —¢q . . . . (3)
2 —-pr=-9¢ . . . . (4)

166. To how many forms may every equation of the second degree he
reduced? What are they ?
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Flirst Form.

26%7. Since ¢ is positive, we know, from Property
Fourth, that the product of the roots must be negative:
hence, the roots have contrary signs. Since the coeflicient
2p is positive, we know, from Property Third, that the alge- -
braic sum of the roots is negative ; hence, the negative root
is numerically the greater.

Second Torm.

168. Since ¢ is positive, the product of the roots must
be negative; hence, the roots hace eontrary signs. Since
2p is negative, the algebraic sum of the roots must be posi-
tive ; hence, the positive root is numerically the greater.

Third Form.

169. . Since ¢ is negative, the product of the roots is
positive (Property Fourth) ; hence, the roots have the same
sign. Since 2p is positive, the sum of the roots must be
negative ; hence, both are negative.

Tourth Iorm.

170. Since ¢ is negative, the product of the roots s
positive ; hence, the roots huave the same sign. Since 2@ is
negative, the sum of the roots is pesitive; hence, the roots
are both positive.

167. What sign has the product of the roots in the first form? Ilow
are their signs? Which root is numerieally the greater? Why?

168, What sign kas the product of the roots in the second form¥ How
are the signs of the roots? Which root is numerically the greater?

169. What sign has the produet of the roots in the third form? How
are their signs ?

170. What sign has the product of the roots in the fourth form? How
are the signs of the roots ?
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First and Second Forms.
171. If we make ¢ = 0, the first form becomes,
x? - 2px = 0, or (x4 2p) = 0;
which shows that one root is equal to 0, and the other to —2p,
Under the same supposition, the second form becomes,
a? — 2px = 0, or w(x — 2p) = 0;
which shows that one root is equal to 0, and the other to
2p. Both of these results are as they should be; since, when

7, the product of the roots, becomes 0, one of the factors
must be 0; and hence, one root must be 0.

Third and Fourth Forms.

172. If, in the Third and Fourth Forms, ¢ > p?, the
quantity under the radical sign will become negative ; hence,
its square root cannot be extracted (Art. 137). Under this
supposition, the values of @ are ¢maginary. Iow are these
results to be interpreted?

If a given number be dividew into two parts, their pro-
duct will be the greatest possible, when the parts are equal.

Denote the number by 2p, and the difference of the parts
by d; then,

P+ (El = the greater part, (Page 120.)

and, P — g = the less part,
d? 3
and, P — T = P, their product.

171. If we make ¢ = 0, to what does the first form reduce? What,
then, are its roots ? Under the same supposition, to what does the second
form reduce ? What are, then, its roots?

172. If ¢ > p?, in the third and fourth forms, what takes place ?

If a number be divided into two parts, wien will the product be the
greatest possible ?
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It is plain. that the product I’ will increase, as d dimin-
ishes, and that it will be the greatest possible when d = 0
for then there will be no negative quantity to be subtracted
from p? in the first member of the equation. But when
d = 0, the parts are equal ; hence, the product of the two
parts is the greatest when they are equal,

In the equations,

2?4 2pr = —¢q, «*—2px = —gq,

2p is the sum of the roots, and — ¢ their product; and
hence, by the principle just established, the product ¢,
can never be greater than p?  This condition fixes a limit
to the value of ¢. If] then, we make ¢ > p?, we pass this
limit, and express, by the equation, a condition which cannot
be fulfilled ; and this incompatibility of the conditions is
made apparent by the values of a becoming imaginary.
Hence, we conclude that,

When the values of the unknown quantity are imaginary,

the conditions of the proposition are incompatible with
each other.

EXAMPLES.

1. Find two numbers, whose sum shall be 12 and pro-
duct 46.

Let z and ¥ be the numbers.
By the 1st condition, & + y = 12;
and by the 2d, xy = 46.
The first equation gives,
w=L2 —
Substituting this value for @ in the second, we have,
12y — y* = 46;
and changing the signs of the terms, we have,

y: — 12y = — 46
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Then, by completing the square,

9? — 12y + 86 = — 46 + 36 = — 10;
which gives, ¥y = 6 + +/— 10,
and. Y’ =6 — 4/ — 10;

both of which values are imaginary, as indeed they should
be, since the conditions are incompatible.

2. The sum of two numbers is 8, and their product 20:
what are the numbers ?
Denote the numbers by 2 and .
By the first condition,
z+y = 8;
and by the second, xy = 20.
The first equation gives,
= 8—1.
Substituting this value of 2 in the second, we have,
8y — y* = 203
changing the signs, and completing the square, we have,
Y'— 8y + 16 = —4;
and by extracting the root,
Y =44 /=4, and y’ = 4 — y/— 4.
These values of ¥ may be put under the forms (Art. 142),
y = 4+2y/—1, and y = ¢ — 2y/— 1.
3 What are the values of « in the equation,
x4+ 2 = — 10°?
Ans. {m’ S lat Ul T
o = —1— 34— 1
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PROBLEMS.

1. Find a number such, that twice its square, added to
three times the number, shall give 65.

Let 2 denote the unknown number. Then, the equation
of the problem is,

whence,
3 65 0 3 23
*=iEVe T iy
Therefore,
3 23 3 23 13
) = — - —_ = 3 Vo e - — = —
x = 4+ 7 5, and 1 1 3

Both these valucs satisfy the equation of the problem.
For,
2 X (5)24+3 x5 =2x25+15 = 65;

13\2 13 169 39 130
_— 3 —_—_— = —— = = = —— = .
and, 2( 2)+ * =3 2 T 3 g = 6
Nores.—1. If we restrict the enunciation of the problem
to its arithmetical sense, in which ¢“added means numer-
ical increase, the first value of 2 only will satisfy the con-
ditions of the problem.

2. If we give to ‘“added,” its algcbraical signification
(when it may mean subtraction as well as addition), the
problem may be thus stated :

To find a number such, that twice its square diminished
by three times the number, shall give 65.

The second value of « will satisfy this enunciation ; for,

13\2 13 169 39
2(?)_3X?-—T_—§ = 65,
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3. The root which results from giving the plus sign to the
radical, is, generally, an answer to the question in its arith-
metical sense. The second root generally satisfies the pro-
blem under a modified statement.

Thus, in the example, it was required to find a number,
of which twice the square, added to three times the num-
ber, shall give 65. Now, in the arithmetical sense, added
means increased ; but in the algebraie sense, it implies dimi-
nution when the quantity added is negative. In this sense,
the second root satisfies the enunciation.

2. A certain person purchased a number of yards of cloth
for 240 cents. If he had purchased 3 yards less of the same
cloth for the same sum, it would have cost him 4 cents more
per yard : how many yards did he buy ?

Let & denote the number of yards purchased.
9
Then, %(—) will denote the price per yard.

If, for 240 cents, he had purchased three yards less, that
is. @ — 8 yards, the price per yard, under this hypothesis,
would have been denoted by fi{; - But, by the condi-
tions, this last cost must exceed the first by 4 cents, There-
fore, we have the equation,

240 240 _ .
x—3 o
whence, by reducing, «? — 8z = 180,

3 9 3 + 27
and - - + ps Y 0
3 x 2_\/4-}-180 "R

therefore, ' = 15, and 2’/ = — 12.

Nores.—1. The value, &’ = 15, satisfies the enunciation

in its arithmetical sense. For, if 15 yards cost 240 cents,
11
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240 -+~ 15 = 16 cents, the price of 1 yard ; and 240 + 12 = 2¢
cents, the price of 1 yard under the second supposition.

2, The second value of @ is an answer to the following
Problem:

A certain person purchased a number of yards of cloth
for 240 cents.  If he had paid the same for three yards more,
it would have cost him 4 cents less per yard: how many
yards did he buy?

This would give the equation of cundition,

240 240
e z+ 3
2?2 — 3z = 180;

= 4; or,

the same equation as found before ; hence,
A single equation will often state tiwo or more arith-
metical problems.

This arises from the fact that the language of Algebra is
more comprehensive than that of Arithmetic.

3. A man having bought a horse, sold it for $24. At the
gale he lost as much per cent. on the price of the horse, as
the horse cost him dollars: what did he pay for the horse ?

Let = denote the number of dollars that he paid for the
horse. Then, 2 — 24 will denote the loss he sustained. But

®
as he lost @ per cent. by the sale, he must have lost 156

upon each dollar, and upon a dollars he lost a sum denoted
a?

Dy I—(—)?)
a?
100

; we have, then, the erquation,

= « — 24; whence, 2?-- 100z = — 2400,
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and, @ =: 50 + 4/2500 — 2400 = 50 + 10.
Therefore, ' = 60, and =« = 40.
Both of these roots will satisfy the problem.

For, if the man gave $60 for the horse, and sold him for
%24, he lost $36. From the enunciation, he should have lost
60 per cent. of $60 ; that is, i

60 60 X 60
100 ' *° = T100
thercfore, $60 satisfies the enunciation.

Had he paid $40 for the horse, he would have lost by the
sale, $16. From the enunciation, he should have lost 40 per
cent. of $40; that is,

0 40 X 40 -
100 - 100
therefore, $40 satisfies the enunciation.

4, The sum of two numbers is 11, and the sum of their
squares is 61 : what are the numbers? Ans. 5and 6

5. The difference of two numbers is 3, and the sum of their
squares is 89 : what are the numbers? Ans. 5 and 8.

6. A grazier bought as many sheep as cost him £60, and
after reserving fifteen out of the number, he sold the re-
mainder for £54, and gained 2s. a head on those he sold:
how many did he buy ? Ans. 75,

7. A merchant bought cloth, for which he paid £33 15s.,
which he sold again at £2 8s. per picce, and gained by the
bargain as much' as one piece cost him: how many picces
did he buy ? RS,

8. The difference of two numbers is 9, and their sum,
maltiplied by the greater, is equal to 266: what are the
numbers? Ans. 14 and 5
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9. To find a number, such that if you subtract it from 10,
and multiply the remainder by the number itsclf, the pro-
dnet will be 21. Ans. 7 or 3.

10. A person traveled 105 miles. If he had traveled 2
miles an hour slower, he would have been 6 hours longer in
completing the same distance : how many miles did he travel
per hour? Ans. 7 miles,

11. A person purchased a number of sheep, for which he
paid $224. Had he paid for each twice as much, plus 2 dol-
lars, the number bought would have been denoted by twice
what was paid for each: how many sheep were purchased ?

Ans. 32.

12. The difference of two numbers i3 7, and their sum
multiplied by the greater, is equal to 130: what are the
numbers ? Ans. 10 and 3.

13. Divide 100 into two such parts, that the sum of their
squares shall be 5392, Ans. 64 and 36.

14. Two square courts are paved with stones a foot square;
the larger court is 12 feet larger than the smaller one, and
the number of stones in both pavements is 2120: how long
is the smaller pavement ? Ans. 26 fect.

15. Two hundred and forty dollars are equally distributed
among a certain number of persons. The same swm is agsan
distributed amongst a number greater by 4. In the latter
case each receives 10 dollars less than in the former: how
many persons were there in each case. Ans. 8 and 12.

168. Two partners, 4 and B, gained 360 dollars. A’
money was in trade 12 months, and he received, for prin-
c¢ipal and profit, 520 dollars, s money was 600 dollars,
and was in trade 16 months: how much capital had A ?

Ans. 400 doilars,
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EQUATIONS INVOLVING MZRE THAN ONE UNKNOWN QUANTITY,

173. Two simultancous equations, each of the second
degree, and containing two unknown quantities, will, when
combined, generally give rise to an equation of the fourth
degree. Hence, only particular cases of such equations can
be solved by the methods already given,

FIRST,

Two simultancous equations, involving two wunknown
quantities, can always be solved when one s of the first
and the other of the second degree.

EXAMPLES.

1. Given {f: ::__ Zz : 1(1); } to find « and %.
By transposing ¥ in the first equation, we have,
= 14 — y;
and by squaring both members,
x? = 196 — 28y + v~

Substituting this value for a? in the second equation, we
have,
196 — 28y + y% + y* = 100;

from which we have,
y? — 14y = — 48
By completing the square,

y?— 14y + 49 = 13

178. When may two simultaneous equations of thc second degree be
gotved ?
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and by extracting the square root,

Yy—17=+/1=+1, and —1;
hence, ¥ = 7+ 1 = 8, and ¥’ =7 —1 = 6.

If we take the greater value, we find =z = 6; and if we
take the lesser, we find « = 8.
’?

ml
Y=

8,
Ans. { 6

x 6.
» Y= 8
VERIFICATION.
For the greater value, ¥ = 8, the equation,
z +y = 14, givés 6+ 8 = 14;
and, «® 4 y? = 100, gives 36 4 64 = 100.
For the value % == 6, the equation,
z +y = 14, gives 84+ 6 = 14;
and, @ + y® = 100, gives 64 4 36 = 100.
Hence, both sets of values satisfy the given equation.

. x —y = 3
2. Given {mz—yzz e

} to find = and .
Transposing % in the first equation, we have,
z =3 +Y;
then, squaring both members,
x? = 9 + 6y + 2
Substituting this value for #? in the second equation, we

have,
’ 9+ 6y + 1F — y* = 45;

whence, we have,

6y = 36, and ¥ = 6.
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Substituting this value of ¥, in the first equation, we have,
® — 6 = 3,

end, consequently, «' = 3 46 = 9.

VERIFICATION,
¢@—y = 8, givs 9 — 6 = 3;
and, x?— y? = 45, gives 81 — 36 = 45.
Solve the following simultaneous equations :
x4ty =12 iy =3 Y
3.
%wz— ‘/2=24} Ans {y’=5
m—J: 3 =9, ¢’= — 6.
4. 5 ’
{m — 117} i {y’: 6, y'= — 9.
® = 6, z''= 5.
5%2 Q:ZJJ+J:1} Ans.{y,:4, Y= 4.
6. {57V =
{mz—}- 22y + o= 225}
¢ = 10, x''= — 5.
Ans. {y’z 5, ,!/H: — 10.

SECOND.

174. Two simultaneous equations of the second degree,
which are homogeneous with respect to the unknown quan-
tity, can aleays be solved.

EXAMPLES.,

. 2? + 3xy = 22 e e e e (1)
1= {mu- Szy + 22 = 40 . . . . . (2)
to find = and .

174. When may two simuitaneous equations of the second degree be
golved ?
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Assume & = ¢y, ¢ being any auxiliary unknown quantity,
Substituting this valtie of « in Equations (1) and (2),
we have,

2
2942 & — . 2 A
2y + 3ty = 22, Py IP = 1 a0 (3)
2yt - 8ty? + 2y% == 40 ceoyt= DU (4)
’ 2+ 3t + 2’
hence. = — 0 .
’ ?+3 £+ 3t+2°
hence, 2282 + 66¢ + 44 = 402 4 120¢;
. 2
reducing, 2+ 8t = ?2;
whence t/ = =, and = — E
2 S 3, —_— 3

Substituting ecither of these values in Equations {38) or
(4), we find,
Y = + 3, and ¥y’ = — 3
Substituting the plus value of y, in Equation (1), we
have,
x4 9 = 22;
from which we find,

' = +4+ 2, and «” = — 11.
If we take the negative value, 3’ = — 3, we have,
from Equation (1),
az — 9x = 22;
from which we find,
' = + 11, and o’ = — 2.
VERIFICATION.

For the values %’ = + 8, and @’ = + 2, the given
equation, .
«? + 3&3:1/ = 22,
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gives, 2243 X2X3 =44 18 = 22;
and for the second value, 2’ = — 11, the same equation,
a? - 3933/ ==
gives, (—11)24-3 x — 11 X3 = 121 — 99 = 22.
If, now, we take the second value of y, thatis, y”’ = — 8,
and the corresponding values of z, viz.,, ' = + 11, and
®’ = — 2; for @’ = + 11, the given equation,

z? + 3xy = 22,
gives, 11243 x 11 X —3 = 121 — 99 = 22;
and for «// = — 2, the same equation,

z? 4 3xy =
gives, (—2)?2°4+3 X —2X —3 = 4 + 18 = 22,

The verifications could be made in the same way by em.
ploying Equation (2 ).

Nore.—In equations similar to the above, we generally
find but a single pair of values, corresponding to the valnes
in this equation, of ¥’ = + 3, and &’ = -+ 2.

The complete solution would give four pairs of values.

- y?= —9 ) == 7 5

2. {yz—a:y _ 5} Ans.{y:i

oy —y? = — 17 xr = 6.

3. {J Lo — 85} Ans'{y:'].
2 jo— —

4 {Qm +3w_/_ 470} Am_{m_lo.

:—9 y =9

5ay — 8y? = 82 (2 =1,

he {{L' !—J2+3xy=7l} Ans.?y:l.

3165
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THIRD.—PARTICULAR CASES.

175 DMany other equations of the second degree may be
so transtormed, as to be brought under the rules of solution
already given. The seven tollowing formulas will aid in
such transformation.

(1.)
" When the sum and difference are known:

x4y =8
) r—Yy = d.
Then, page 132, Example 3, 5
s+ d 1 1 . s —d 1 1
5 _§s+§d, and y:T=§8—§d'

When the sum and product are known:
=) SPRII= Nt o “ow'8 b oo #{(18)

LS 72 Al o BN (O1)
«* 4 2ry + y* = % by squaring (1);
- day = 4p, by mult. (2) by 4.

x? — 2y + y? = s* — 4p, by subtraction.
x— ¥y = £ ys?— 4p, by ext. root.

But, x+y = s;
bence ¢ = g + % Vst —4p-

1
and, ) = : 5 Vst — 4p.

175. What is the first formula of this article? What the second?
Third? Fourth? Fifth? Sixtk? Seventh?

[
o}
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(3.)
When the difference and product are known:
e R0 % o o ot o o (5

rry':p.......(2.)}
2 — 22y + y? = d? by squaring (1)
4xy = 4p, mult. (2) by 4.
22 + 2y + y? = d% + 4p, by adding.
z+y = + V&P A+ 4p
z—y = d
x = d+i/dE+ 4p.
y = —id+ LV/d?+ 4p.

4.)
When the sum of the squares and product are known .
24+yr=28..(1) zy=p..(2) .20y =2p..(3)
Adding (1) and (3), «? + 2xy + > = s + 2p;
hence, e +y = = 15+ 2p (4)
Subtracting (3) from (1), =2 — 2zy 4 y* = s —2p;
hence, z—y = x5 —2p (5)
Combining (4) and (5), = = /5 + 2 + /5 — 2p,
and, y=4V/s+ 22— Vs — 2
(5.)
When the sum and sum of the squares are known:
z +y 8 gwo o @ o {0
24+ =¢ . .. . . (2)
2 + 2xy + y? = s* by squaring (1)

2y = 2 — ¢

wy = = p (3)
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By putting zy = p, and combining Equations (1) and
(3), by Formula (2), we find the values of @ and .

(6.)

When the sum and sum of the eubes are known:

x +y
m3+y3

& + 3a%y + 3y + y°

3x%y + 3xy?
zy(x + )
Bay(8)
24y

hence, xy

Combining (1) and (3), we find x =

(7.)

=8 (1)
= 152 (2)
= 512 by cubing (1).
= 360 by subtraction.
= 360 Dby factoring.
= 360 from Equa. (1)
= 360
= 1 (3.)
5 and y = 3,

‘When we have an equation of the form,

(e+y)P+(=z+y =

Let us assume = + 4y = =z

Then the given equation becomes,

2+ 2= ¢; and z = ——:t\/7+—
1 1
O Y A ol a (A= 1
EXAMPLES.
peR=Ny% (1)
1. Given gm +y 42 =1 (2)$toﬁndx,y,andz.
2+ yr 4+ 22 =21 (3)
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Transposing ¥ in Equation (2), we have,
c+z2="17—y; e . (4)
then, squaring the members, we have,
a? 4 2wz 4+ 22 = 49 — 14y + ¥

If now we substitute for 2z, its value taken from Equa
tion (1), we have,

a? 4+ 2% + 22 = 49 — 4y + %5
and cancelling %2, in each member, there results,
x4+ y? 22 = 49 — 14 4.

But, from Equation (3), we sec that each member of the
last equation is equal to 21; hence,

49 — 14y = 21,

and, 14y = 49 — 21 = 28,
28
hence, Yy =1 =

Substituting this value of y in Equation (1), gives,
rz = 4;
and substituting it in Equation (4 ), gives,
x4+2 =25 or x =15—z

Substituting this value of @, in the previons equation, we

obtain
5z — 22 = 4, or 22— 5z = — 4;

and by completing the square, we have,

22 — bz + 6.25 = 2.25,
and, 2z — 2.5 = im5: 4+ 1.5, or — 1.5
hence, 2 = 25 + 1.5 =4, and z = + 256 — 1.b = 1
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2, Given @ + yay +y = 19

and o 4 my+y2=133€ to find « and .

Dividing the second equation by the first, we have,
z— ey + y = 17

but, z+ 4oy + y =19

hence, by addition, 2z + 2 = 26

or, x+ y =13

and substituting in 1st Equa,, voy + 13 = 19

or, by transposing, Vay = 6

and by squaring, xy = 36.
Equation 24, is x* + xy + y* = 133

and from the last, we have, sy = 108

Subtracting, x? — 2wy + g/; = 75

Lence, r—y = x5

but, c+y = 13

hence, 2 = 9 and 4; and % = 4 and 9.

PROBLTAIS.

1. Find two numbers, such that their sum shall be 15 and
the sum of their squares 113.

Let  and % denote the numbers; then,
*+y =15 (1.) and a2 4 2 = 113. (2.)
From Equation (1), we have,
@? = 225 — 30y + ¥°
Subst itlltil;g this value in Equation (2),

225 — 30y + ¥* 4 y? = 113;
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hence, 2% — 80y = — 112,
y? — 15y = — 56,
henee, Y=g and s i

The first value of  being substituted in Equation (1Y),

4

gives @’ = 7; and the second, "/ = 8. IHence, the nume
bers are 7 and 8.

2. To find two numbers, such that their produet added to
their sum shall be 17, and their sum taken from the sum of
their squares shall leave 22.

Let = and % denote the numbers; then, from the con-
ditions,
+y)+oey =17. . . . (1)

24+ y2—(x+y) =22 . . . (2)
Multiplying Equation (1) by 2, we have,
2xy + 2(x+y) =34 . . . (3)
Adding (2) and (3), we have,
a? + 2xy + 2 + (2 + y) = 56;
hence, @+ 2+ @+y) =356 . . (4.)

Regarding (z + y) as a single unknown quantity (page

248),
1 T
@ty =—,£\/56+ ;="

Substituting this value in Equation (1), we have,
7T+ xy =17, and y = 5.

Hence, the numbers are 2 and 5.

3. What two numbers are those whose sum is 8, and sum
of their squares 34 ? Ans. 5 and 3.
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4. It is required to find two such numbers, that the first
shall be to the second as the second is to 16, and the sum ot
whose squares shall be 225 ? Ans. -9 and 12,

5. What two numbers are those which are to each othe:
as 3 to 5, and whose squares added together make 1666 ?
Ans. 21 and 35.

6. There are two numbers whose difference is 7, and half
their product plus 30 is equal to the square of the less
number: what are the numbers? Ans. 12 and 19.

7. What two numbers are those whose sum is 5, and the
sum of their cubes 35 ? . Ans. 2 and 3.

8. What two numbers are those whose sum is to the
greater as 11 to 7, and the difference of whose squares is
132°? Ans. 14 and 8.

9. Divide the number 100 into two such parts, that the
product may be to the sum of their squares as 6 to 13.
Ans. 40 and 60

10. Two persons, A and B, departed from different places
at the same time, and traveled towards each other. On
meeting, it appeared that 4 had traveled 18 miles more
than 23; and that 4 eould have gone B’s journey in 15%
days, but B would have been 28 daysin performing A’s
journey : how far did each travel ? " { A, 72 miles,

D U D, 54 miles.

11. There are two numbers whose difference is 15, and
half their product is equal to the cube of the lesser number:
what are those numbers ? Ans. 3 and 18,

12. What two numbers are those whose sum, multiplied
by the greater, is equal to 77 ; and whose difference, malti-
plied by the less, is equal to 12 ?

Ans, 4 and 7, or $4/2 and V2.
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13. Divide 100 into two such parts, that the sum of their
square roots may be 14, Ans. 64 and 36,

14. It is required to divide the number 24 into two such
parts, that their product may be equal to 35 times their dif-

ference. Ans. 10 and 14,
15. The sum of two numbers is 8, and the sum of their
cubes is 152 : what are the numbers ? Ans. 3 and 5,

16. Two merchants each sold the same kind of stuff’; the
gecond sold 3 yards more of it than the first, and together
they receive 35 dollars. The first said to the second, “I
would have received 24 dollars for your stuff';” the other
replied, “And I should have received 12} dollars for yours :”
how many yards did each of them sell ?

"5k { 1st merchant o’ = 15, 3 x’ = 5.
“lea o« yr=18, T y’=3s.

17. A widow possessed 13,000 dollars, which she divided
into two parts, and placed them at interest in such a manner
that the incomes from them were equal. If she had put out
the first portion at the same rate as the second, she would
have drawn for this part 860 dollars interest; and if she
had placed the seeond out at the same rate as the first, she
would have drawn for it 490 dollars interest: what were
the two rates of interest ? Ans. 1 and 6 per cent.

18. Find three numbers, such that the difference between
the third and second shall exceed the difference between the
seecond and first by 6 ; that the sum of the numbers shall be
83, and the sum of their squares 467.

y Ans. 5, 9, and 19.

19. What number is that which, being divided by the
product of its two digits, the quotient will be 8; and if 18
be added to it, the resulting number will be expressed by
the digits inverted ? Ans. 24.
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20. What two numbers are those which are to each other
as m to n, and the sum of whose squares is 5 ?

m+/b 74/b
Ans. = -,
Vm? + n? 4 nl
21. What two numbers are those which are to each other
as m to n, and the difference of whose squares is 5 ?

m 1/[) 7 \,/-b
VmE =2’ P = n?

22. Required to find three numbers, such that the product
of the first and second shall be equal to 2; the product of

the first and third equal to 4, and the sum of the squares
of the second and third equal to 20. Ans. 1, 2, and 4.

Ans.

23. Tt is required to find three numbers, whose snum shall
be 88, the sum of their squares 634, and the difference
between the second and first greater by 7 than the difference
between the third and second. Ans. 3, 15, and 20.

24. Required to find three numbers, such that the product
of the first and second shall be equal to a; the product of
the first and third equal to &; and the sum of the squares

of the second and third equal to e.
( [a® + b2
r = —_—
¢

/ c

~ Ans.éyza m.
C

= = Wats:

25. What two numbers are those, whose sum, multiplied
by the greater, gives 144; and whose difference, multiplied
by the less, gives 14 ? Ans. 9 and 7.
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CIIAPTER IX.

OF PROPORTIONS AND PROGRESSIONS.

176, Two quantities of the same kind may be compared,
the onc with the other, in two ways:

1st. By considering /0w muck one is greater or less than
the other, which is shown by their difference; and,

2d. By considering how many times one is greater or less
than the other, which is shown by their quotient.

Thus, in comparing the numbers 3 and 12 together, with
respect to their difference, we find that 12 exceeds 3, by 9;
and in comparing them together with respect to their quo-
tient, we find that 12 contains 3, four times, or that 12 is 4
times as great as 3.

The first of these methods of comparigon is called Arith- |
metical Proportion, and the second, Geometrical LPropor-
tion.

Ilence, Arithmetical Proportion considers the relation of
quantities with respect to their difference, and Geometrical
Proportion the relation of quantities with respect to their
quotient.

176. In how many ways may two quantities be compared the one with
the other? What does the first method consider? What the seconi?
What is the first of these methods called? What is the second called ¥
How then do you define the two proportions?
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OF ARITIMETICAL PROPORTION AND PROGRESSION.

177. If we have four numbers, 2, 4, 8, and 10, of which
the difference between the first and second is equal to
the difference between the third and fourth, these numbers
are said to be in arithmetical proportion. The first term 2
is called an antecedent, and the second term 4, with which
it is compared, a consequent. The number 8 is also called
an antecedent, and the number 10, with which it is com.’
pared, a consequent.

‘When the difference between the first and second is equal
to the difference between the third and fourth, the four
numbers are said to be in proportion. Thus, the mumbers,

2, 4, 8, 10,

are in arithmetical proportion.

1%8. When the difference between the first antecedent
and consequent is the same as between any two consecutive
terms of the proportion, the proportion is called an arith-
metical progression. Hence, a progression by differences,
or an arithmetical progression, is a series in which the sue-
cessive terms are continually increased or decreased by a
constant number, which is ealled the common difference of
the progression.

Thus, in the two series,

1, 4, 7, 1o, 13, 16, 19, 22, 25, ...
60, 56, 52, 48, 44, 40, 36, 32, 28, ...

177. When are four numbers in arithmetical proportion? What is the
Arst called? What is the second called? What is the third called?
What is the fourth called ?

178. What is an arithmetical progression ? What is the number called
by which the terms are increased or diminished? What is an increasing
progression? What is a decreasing progression? Which term is only
an antecedent ?  'Which only a consequent ?
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the first is called an éncreasing progression, of which the
common difference is 3, and the second, a decreasing pro-
gression, of which the common difference is 4.

In general, let a, b, ¢, d, e, f, ... denote the terms of
a progression by differences; it has been agreed to write
them thus:

a.b.ec.d.e.f.g.h.i. k...

This series is read, aisto b, asbistoe, ascistod, as d
is to e, &e. This is a series of continued equi-differences, in
which each term is at the same time an antecedent and a
consequent, with the exception of the first term, which is
only an antecedent, and the last, which is only a consequent.

179. Let d denote the common difference of the pro-

gresion,
a.b.c.e.f.g.h &,

which we will consider increasing.

From the definition of the progression, it evidently fol
lows that,

b=a+d c=b+d=a+2d, e=c+d=a+3d;

and, in general, any term of the series is equal to the first
term, plus as many times the common difference as there are
preceding terms.

Thus, let I be any term, and » the number which marks
the place of it ; the expression for this general term is,

I = a+ (n—1)d.

Hence, for finding the last term, we have the following

179. Give the rule for finding the last term of a series when the pro-
gression is increasing.
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RULE.
-

1. Multiply the common® difference by the number of
terms less one:

. 7o the product ald the first term ; the sum will be
the last tern.

EXAMPLES.
The formula,
l = a+ (n— 1),
gerves to find any term whatever, without determining all
those which precede it.
¥

1. If we make n = 1, wehave, I = «; thatis, the
geries will have but one term.

2. If we make n = 2, wehave, I = a + d; that is,
the series will have two terms, and the second term is equal
to the first, plus the common difterence.

3. If « =3, and d = 2, what is the 3d term?
Ans. 7.

4. If @ = 5, and d = 4, what is the 6th term?
: Ans. 25

5. If a = 7, and d = 5, what is the 9th term?
Ans. 41,

6. If a = 8, and d = 5, what is the 10th term ?
cns. 55

7 If @ = 20, and d = 4, what is the 12th term?
Ans. 64,

8, If a = 40, and d = 20, what is. the 50th team?
Ans. 1020,

9. f @ = 45, and d = 30, what is the 40th term?
Ans. 1215.
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10. If @ = 30, and d = 20, what is the 60th.term?
Ans. 1210.

11. If @ == 50, and d = 10, what is the 100th term?
Ans. 1040.

12. To find the 50th term of the progression,
1.4.7.10.13 .16 .19... “én
we have, ! =14 49 X 3 = 148.

13. To find the 60th term of the progression,
I 510 0181 VT 2 st 25T kg
we have, ! =14 59 x4 = 237,

180. If the progression were a decreasing one, we

should have,
! = a—(n—1)d

Ience, to find the last term of a decreasing progression, we
have the following
RULE.
L. Multiply the conumon difference by the number of terms
less one:
IL. Subtract the product from the first term ; the ro-

mainder will be the last term.

EXAMPLES.

1. The first term of a decreasing progression is 60, the
number of terms 20, and the common difference 3: what is
the last term ?
i=a—(n—1)d, gives 1=60—(20—1)3 =60—57=3

180. Give the rule for finding the last term of a series, when the pro-
gression is decreasing.
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2. The first term is 90, the common difference 4, and the

number of terms 15 : what is the last term ? Ans. 34.
3. The first term is 100, the number of terms 40, and the
common difference 2: what is the last term ? Ans. 22.

4. The first term is 80, the number of terms 10, and the
common differenee 4 : what is the last term ? Ans. 44,

5. The first term is 600, the number of terms 100, and
the common difference 5: what is the last term ?

Ans. 105.

6. The first term is 800, the number of terms 200, and

the common difference 2 : what is the last term?
Ans. 402,

182. A progression by differences being given, it is pro-
posed to prove that, the sum of any two terms, taken at
equal distances jfrom the two extremes, is equal to the sum
of the two extremes.

That is, if we have the progression,

2.4.6.8.10. 12,
we wish to prove generally, that,
4 4+ 10, or 6 4+ 8,
is equal to the sum of the two extremes, 2 and 12.

Let a.b.c.e.f ... <.k.1 Dbe the proposed
progression, and 7 the number of terms.

We will first observe that, if @ denotes a term which has
p terms before 1t, and y a term which has p terms after it,
we have, from what has been said,

181. In every progression by differences, what is the sum of the two
extremes equal to? What is the rule for finding the sum of an arith.
metical series?
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2z =a+p X d
and, y=1—pxd;
whence, by addition, =z 4+ y = a + |,
which proves the proposition.

Referring to the previous example, if we suppose, in the
first place, = to denote the second term 4, then y will de-
note the term 10, next to the last. If @ denotes the third
term 6, then ¥ will denote 8, the third term from the last.

To apply this principle in finding the sum of the terms
of a progression, write the terms, as below, and then
again, in an inverse order, viz.:

a.b.e.d.e.f...i.k.1L
IR 85 6 ou's a0l o ofkasc e.b.a
Calling S the sum of the terms of the first progression,

28 will be the sum of the terms of both progressions, and
we shall have,

98=(at0)+B+E) +(c+5) - . . +(@+0)+k+b)+ (+a).

Now, since all the parts, @ + 4, b+ %, ¢ + 4 ... are
equal to each other, and their number equal to »,

28 = (a+1) xn, or S:(a;_l)xn.

Hence, for finding the sum of an arithmetical series, we
have the following

RULE.

1. Add the two extremes together, and take half their sum:

1. Multiply this half-sum by the number of terms ; the
product will be the sum of the series.
12
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EXAMPLES,.

1. The extremes are 2 and 16; and the number of terms
8: what is the sum of the series ?

- a—r—l)\ , . .
S_(—2 X ». gives 8 =

2 4+ 16

) X8 i==1702,

2, The extremes are 8 and 27, and the number of terms
12: what is the sum of the scries ? Ans. 180.

3. The extremes ars 4 ard 20, and the number of terms
10: what is the sum of the series? Ans. 120,

4. The extremes are 100 and 200, and the number of
terms 80: what is the sum of the series ¢ Ans. 12000,

5. The extremes are 500 and 60, and the number of terms
20 : what 1s the sum of the series ? Ans. 5600

6. The extremes are 800 and 1200, and the number of
terms 50: what is the sum of the series? Ans. 50000,

182. In arithmetical proportion there are five members
to be considered:

1st. The first term, a.

2d. The common difference, d.
3d. The number of terms, 7.
4th. The last term, 7,

5th. The sum, S.

The formulas,

! =a+ (n —1)d, and S:(a;—l)xn,

contain five quantities, a, d, n, !, and S, and consequently
give rige to the following general problem, viz.: Any three

182. How many numbers are considered in arithmetical proportion?
What are they ? In every arithmetical progression, what is the common
difference equal to ?
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of these five quantities being given, to deterriine the other
tico.

We already know the value of S in terms of a, n, and 4
Trom the formula,
{ = a+ (n— 1),
we find, a=1— (n—1)d
That is: The first term of an increasing arithmetical pro-

gression s equal to the last term, minus the product of the
common difference by the number of terms less one.

From the same formula, we also find,

d =

n —1

That is: In any arithmetical progression, the common dif-
Jerence is equal to the last term, minus the first term, divided
by the number of terms less one.

The last term is 16, the first term 4, and the number of
terms 5: what is the common difference ?

The formnula, d = =10
n—1
), — 4
gives, d = fd iml . = 3.

2. The last term is 22, the first term 4, and the number
of terms 10 : what is the common difference ? Ans. 2.

183. The last principle affords a solution to the follow-
ing question:

To find a number m of arithmetical means between two
given numbers a and b.

183. How do you find any number of arithmetical means betweer twe
given numbers ?
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To resolve this question, it is first necessary to find the
common difference. Now, we may regard ¢ as the first
term of an arithmetical progression, & as the last term, and
the required means as intermediate terms. The number of
terms of this progression will be expressed by m + 2.

Now, by substituting in the above formula, & for I, and
%1+ 2 for n, it becomes,

b —a b —a.

T m4+2—~1" m+4+1’

that is: Z'he common difference of the required progression
is obtained by dividing the difference between the given
numbers, a and b, by the required number of means plus one.

Having obtained the comnon difference, d, form the second
term of the progression, or the first arithinetical mean, by
adding d to the figst term a. The second mean is obtained
by augmenting the first mean by d, &e.

1. Find three arifhmetical means between the extremes
2 aad 18.

b —a
The formula, d = w1
—9
gives, a=13 T =4

hence, the progression is,
2.6.10.14 . 18.

2. Find twelve arithmetical means between 12 and 77,

b —a
The formula, dw= Sk Ip
, 77— 12
gives, d = S e L

hence, the progression is,

Bl 0 S DA e
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184. ReyArRR.—If the same number of arithmetical
means are inserted between all the terms, taken two and
two, these terms, and the arithmetical means united, will
torm one and the same progression.

For,let ¢.b.c.e.sf... be the proposed progression
and m the number of means to be inserted between ¢ and
b, bande, cande.... &e.

From what has just been said, the common difference of
each partial progression wiil be expressed by

b—a ¢—b e—c
m+1> m+1° m$1°"""

expressions which are equal to each other, since «, b,¢. ..
are in progression ; therefore, the common difference is the
same in each of the partial progressions; and, since the last
term of the first forms the first term of the second, &c., we
may conelude, that all of these partial progressions form a
gingle progression.

EXAMPLES,.

1. Find the sum of the first fifty terms of the progression
2002, 161230 8.

For the 50th term, we hLave,

! = 2449 x 7 = 345.

50
Hence, S = (2 - 345) X > = 847 X 25 = 86%5.

2. Find the 100th term of the series 2.9.16.23 ...
Ans. 695

3. Find the sum of 100 terms of the series 1.3.5.1%.
D8 ol Ans 10000.
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4, The greatest term is 70, the common difference 3, and
the number of terms 21: what is the least term and the
sam of the series ?

Ans. Least term, 10 ; sum of series, 840,

5. The first term is 4, the common difference 8, and the
number of terms 8: what is the last term, and the sum of
the series? Ans. § Last term, 60

(Sum = 256.

6. The first term is 2, the last term 20, and the number
of terms 10: what is the common difference ? Ans. 2.

7. Insert four means between the two numbers 4 and 19:
what is the series ? Ans. 4.%7.10.13.16.19.

8. The first term of a decreasing arithmetical progression
is 10, the common difference one-third, and the number of
terms 21 : required the sum of the series. Ans. 140.

9. In a progression by differences, having given the com-
mon difference 6, the last term 1\85, and the sum of the
terms 2945 : find the first term, and the number of’ terms.

Ans. First term = 5 ; number of terms, 31.

10. Find nine arithmetical means between each antecedent
and consequent of the progression 2.5.8.11.14..,
Ans, Common diff,, or d = 0.3.

11. Find the number of men contained in a triangular
battalion, the first rank containing one man, the second 2,
the third 3, and so on to the 7n** which contains n. In other
words, find the expression for the sum of the natural num-
bers 1, 2, 3..., from 1 to n inclusively.

1
Ans. S = n(n + 1)
2

12. Find the sum of the n first terms of the progression

of uneven numbers; 1.3.5.7.9,... Ans. 8 = n3
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18. One hundred stones being placed on the ground in a
straight line, at the distance of 2 yards apart, how far will
a person travel who shall bring them one by one to a basket,
placed at a distance of 2 yards from the first stonc ?

Ans. 11 miles, 840 yards,

GEOMETRICAL PROPORTION AND PROGRESSION.

185. DRatio is the quotient arising from dividing one
quantity by another quantity of the same kind, regarded
as a standard. Thus, if the numbers 3 and 6 have the same
unit, the ratio of 8 to 6 will be expressed by

And 1 general, if 4 and B represent quantities of the same
kind, the ratio of 4 to B will be expressed by

B

A

186. The character o indicates that one quantity is
proportional to another. Thus,

A «< B,
is read, A proportional to B.

If there be four numbers,
2, 4, 8, 16,

having such values that the sccond divided by the first is
equal to the fourth divided by the third, the numbers are

185. What is ratio? What is the ratio of 3to 6? Of 4 to 12?

186. What is proportion? How do you express that four numbers
are in proportion? What are the numbers callnd? What are the first
and fourth terms called ? What the second and third ?
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said to form a proportion. And in general, if there be four
quantities, 4, B, C, and D, having such values that,

B D

i=70

then, A is said to have the same ratio to B that C has to D:
or, the ratio of 4 to B is equal to the ratio of Cto D.
When four quantities have this relation to each other, com.
pared together two and two, they are said to form a geo-
metrical proportion.

To express that the ratio of 4 to B is equal to the ratio
of C to D, we write the quantities thus,

AL B O RD)
and read, 4 is to B as C to D.

The quantities which are compared, the one with the
other, are called terms of the proportion. The first and last
terms are called the two extremes, and the second and third
terms, the two means. Thus, A and D are the extremes,
and B and C the means.

387. Of four terms of a proportion, the first and third
are called the antecedents, and the second and fourth the
consequents ; and the last is s2id to be a fourth proportional
to the other three, taken in order. Thus, in the last pro-
portion 4 and C are the antecedents, and 3 and D the con-
sequents.

188. Three quantities are in proportion, when the first
has the same ratio to the second that the second has to the

187. In four proportional quantities, what are the first and third called ?
What the second and fourth ?

188. When are three quantities proportional? What is the middle one
called ¥



GEOMETRICAL PROPORTION. 273

third; and then the middle term is said to be a mean pro-
portional between the other two. For example,

3:6::6:12;
and 6 is a mean proportional between 3 and 12.
189, Four quantities are said to be in proportion by in-

version, or inversely, when the consequents are made the
antecedents, and the antec:dents the consequents,

Thus, if we have the proportion,
3:6::8"16,
the inverse proportion would be,

6:3::16 . 8.

190. Quantities are said to be in proportion by alterna |/
tion, or alternately, when antecedent is compared with ante-
cedent, and consequent with consequent.

Thus, if we have the proportion,
GHENGEL 88 ai(E,
the alternate proportion would be,
3:8::6:16.
191. Quantities are said to be in proportion by conipo-

sition, when the sum of the antecedent and consequent is
compared either with antecedent or consequent

Thus, if we have the proportion, \J\’V\
2:4::8:16,

189. When are quantities said to be in proportion by inversion, or in
sersely ?
190. When are quantities in proportion by alternation ?
191. When are quantities in proportion by composition f
12
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the proportion by composition would be,
2+4:2::8+416: 8;
and, 2+ 4:4::8416:16.

192. Quantities are said to be in proportion by division,
when the difference of the antecedent and consequent is
compared either with antecedent or consequent.

Thus, if we have the proportion,
3:9::12 : 36,
the proportion by division will be,
9 —3:3::86—12:12;
and, 9 —3:9::36—12: 36;
193. Equi-multiples of two or more quantities are the
products which arise from multiplying the quantities by the

same number.

Thus, if we have any two numbers, as 6 and 5, and mul-
tiply them both by any number, as 9, the equi-multiples will
be 54 and 45 for,

6 X9 = 54, and 5 X 9 = 45.

Also, m x A, and m X D, are equi-multiples of 4 and
B, the common multiplier being m.

194. Two quantities 4 and B, which may change their
values, are reciprocally or inversely proportional, when one
ts proportional to unity divided by the other, and then thesr
product remains constant.

192. When are quantities in proportion by division ?
198, What are equi-xultiples of two or more quantitiea?
194, When are two quantities said to be reciprocally proportioual f
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We express this reciprocal or inverse relation thus,

Aoc_—l—B-

in which 4 is said to be inversely proportional to B.

195. If we have the proportion,
4A:B:: C: D,

B D
we have, 4= (Art. 186);
and by clearing the cquation of fractions, we have,
BC = AD.

That is: OF jfour proportional quantities, the product of
the two extremes is equal to the product of the two means.
This general principle is apparent in the proportion be.
tween the numbers,
2:10 :: 12 : 60,
which gives, 2 x 60 = 10 x 12 = 120.

196. If four quantities, 4, B, C, D, are so related to

each other, that
AxD = Bx C,

B D
we shall also have, =0
and hence, A:B:: C:D.

That is: If the product of two quantities is equal to the
product of two other quantities, two of them may be made
the extremes, and the other two the means of a proportion.

195. If four quantities are proportional, what is the product of the two
means equal to?

196. If the product of two quantities is equal to the product of twa
other quantities, may the four be placed in a proportion? How?
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Thus, if we have,
2 X8 =4 X 4,
we also have,
P3anzt B8 el S Ik

197. If we have three proportional quantities,
A:DB:: B: C

we have = = 0'
’ Z = E’
hence, B2 = AC.

That is: 1f three quantities are proportional, the square of
the middle term is equal to the product of the two extremes

Thus, if we have the proportion,

& 8 0988 (&8 U2
we shall also have,

6 X6 = 62=3x12 = 36.

198. If we have,

S

A: DB:: C: D, and consequently, g =

, and

Ya al

multiply both members of the last equation by

we then obtain,

c D,
A4~ B
and, hence, AR Chi e B D):

That is : If four quantities are proportional, they will be
tn proportion by alternation.

197. If three quantities are proportional, what is the product of the

2xtremes c¢qual to ?
198, If four guantities are proportional, will they pe in proportion by

alternation ?
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Let us take, as an example,
10 : 15 :: 20 30.
We shall have, by alternating the terms,
10 : 20 - : 15 : 30,
199. If we have,
A:B:: C:D, and A:B:: E: F,

we shall also have,

B D B F
7 =gy e L
D 2
hence, o= B and C:D:: KE: F

That is: If there are two sets of proportions having an an
tecedent and consequent in the one, equal to an antecedent
and consequent of the other, the remaining terms will be
proportional.

If we have the two proportions,

2:6::8:24, and 2:6 :: 10 : 30,
we shall also have,
8:24::10: 30.

200. If we have,
B D
4~
we have, by dividing 1 by each member of the equation,

A C
7= and consequently, BB : A :: D : C.

A:B:: C: D, and consequently,

199. If you have two scts of proportions having an antecedent and cou-
aequent in each, equal ; what will follow ?

200. If four quantities are in proportion, will they be in proportion
when taken inveraely ?
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That is: Fowr proportional quantities will be in proportion,
when taken inversely.

To give an example in numbers, take the proportion,
7:14::8:16; '
then, the inverse proportion will be,
Tie ik 16 N: #8

in which the ratio is one-half

201, The proportion,
A4d:B:: C: D, gives, A xD = B x C.
To each member of the last equation add B x D. We
shall then have,
A4+ DB)xD = (C+ D) x B;
and by separating the factors, we obtain,
A+B:B:: C+D: D v
If, instead of adding, we subtract B x D from both
members, we have,
(A —-DB)xD = (C— D) x B;
which gives,
A—-—B:B:: C—-D: D

That is: If four quantities are proportional, they will be
in proportion by composition or division.

Thus, if we have the proportion,
AR (P4 3'aLE 8

201. If four guartities are in proportion, will they be in proportion by
composition ? Will they be in proportion by division? What is the
{ifference between composition and division ?
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we shall have, by composition,
9+ 27 - 27 :: 16 + 48 : 48;
that is, 36 : 27 :: 64 : 48,
in which the ratio is three-fourths.
The same proportion gives us, by divisicn,
97 — 9 : 27 :: 48 — 16 : 48;
that is, 18 : 27 :: 32 : 48,

in which the ratio is one and one-half.

202, If we have,
B D
4~ &
and multiply the numerator and denominator of the first
member by any number 7, we obtain,

G R R Y o) o )

md — C°
That is: Foual multiples of two quantities have the sams
ratio as the quantities themselves.

For example, if we have the proportion,
) 5:10:: 12 : 24,
and multiply the first antecedent and consequent by 6, we

have :
’ 30 : 60 :: 12 : 24,

in which the ratio is still 2.

203. The proportions,
A:B:.C:D, and A4 : B :: F: F

202. Have equal multiples of two quantities the same ratio as the
quentities ?

203. Suppose the antecedent and consequent be augmented or dimin:
ished by quantities having the same ratio ?
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give, AXD=BxC and Ax¥F=DBxE;
adding and subtracting these equations, we obtain,
AD+F) =B(CxE), or A:B::C+E: D+ F
That is: If C and D, the antecedent and consequent, be
augmented or diminished by quantities E and I, which

have the same ratio as C to D, the resulting quantities will
also have the same ratio.

Let us take, as an example, the proportion,
9 :18 :: 20 : 40,
in which the ratio is 2.

If we augment the antecedent and consequent by the
numbers 15 and 30, which have the same ratio, we shall

have,
9+ 15:18 4 30 :: 20 : 40;

that is, 24 : 48 :: 20 : 40,
in which the ratio is still 2.

If we diminish the second antecedent and consequent by
these numbers respectively, we have,

9:18 +: 20 — 15 : 40 — 30;
that is, 9:18::5 :10,
in which the ratio is till 2.
204. If we have several proportions,
A:DB:: C:D, whichgives 4 x D = B x C,
A:B:: E:F, whichgives 4 x F = B x E,
Ad:B:: G: 1 whichgives 4 x Il = B x G,
&e., &c.,

204. In any number of proportions having the same ratio, how will
any one antecedent be to its eonsequent ?
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we shall have, by addition,

AD + F+ I) = B(C+ E+ G);
and by separating the factors,

4:B:: C+FEF+G:D+ T+ H

That is: In any number of proportions having the sane
ratio, any antecedent will be to its consequent as the sum
of the antecedents to the sum of the consequents.

Let us take, for example,

. 2:4::6:12, and 1:2::3:6, &
Then 2:4::64+3:12+ 6;

that is, 2:4::9:18,

in which the ratio is still 2.

205. If we have four proportional quantities,
B D,
4 -
and raising both members to any power whose exponent is
n, or extracting any root whose index is n, we have,
B D
T = o
Z@P g 15383 (6218, TiR,
That is: If four quantities are proportional, their like
powers or roots will be proportional.

A:DB:: C: D, wehave,

and consequently,

-

If we have, for example,
2 :4 ::3 :6,

we shall have 22: 4% :: 32: 6%

205. In four proportional quantities, how are like powers or roots ?



282 ELEMENTARY ALGEBRA.
that is, 4 :16::9 : 36,
in which the terms are proportional, the ratio being 4.

206, Let there be two sets of proportions,

s B D

A:B:: C: D, which gives 1=

- o

K: F :: G: I, which gives =G
Multiply them together, member by member, we have,

BxF DxnH X
Ax H = Cx G '

AXFE:BxF:: Cx G:Dx H

That is: In two sets of proportional quantities, the products
of the corresponding terms are proportional.

Thus, it’ we have the tswo proportions,
816 inl0iy 20,

and, 3: 4:: 6: 8,
we shall have, 24 : 64 :: 60 : 160,

GEOMETRICAL PROGRESSION.

207. Wehave thus far only considered the case in which
the ratio of the first term to the second 1is the same as that
of the third to the fourth.

206. In two sets of proportions, how are the products of the correspound
Ing terms? L

207, What i3 a geometrical progression? What is the ratio of the
progression? If any term of a progression be multiplied by the ratio,
what will the product be? If any term be divided by the ratio, what
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If we have the farther condition, that fhe ratio of the
second term to the third shall also be the same as that of
the first to the second, or of the third to the fourth, we shall
have a series of numbers, each one of which, divided by
the preceding one, will give the same ratio. Ience, if any
term be multiplied by this quotient, the product will be the
succeeding term. A series of numbers so formed, is called
a geometrical progression. Ienee,

A Geometrical Progression, or progression by quotients,
1s a series of terms, each of which is equal to the preceding
term multiplied by a constent number, which number is
called the ratio of the progression. Thus,

1:3:9:27:81: 243, &e,

is a geometrical progression, in which the ratio is 3. Tt is
written by merely placing two dots between the terms,

Also, 64:32:16:8:4:2:1,

is a geometrical progression in which the ratio is one-half.

In the first progression each term is contained three times
in the one that follows, and hence the ratiois 8. In the
second, each term is contained one-half times in the ome
which follows, and hence the ratio i3 one-half,

The first is called an éncreasing progression, and the
second a decreasing progression.

Let a, b, ¢, d, ¢, f, . . . be numbers, in a progression by
quotients * they are written thus:

A )8 @ 2ur) 8 CRRNITB @hlcion &

and it is enunciated in the same manner as a progression by
differences. It is necessary, however, to make the distine-

will the quotient be? How iz a progression by uotients written? Which
of the terms is only an antecedent? Which only a consequent? How
may each of the others be considered?
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tion, that ome is a series formed by equal differences, and
the other a series formed by equal quotients or ratios. It
should be remarked that each term is at the same time an
antecedent and a consequent, except the first, which is only
an antecedent, and the last, which is only a consequent.

208, ILet r denote the ratio of the progression,
a:b:c:d...
7 being > 1 when the progression is éncreasing, and r<1,
when it is decreasing. Then, since,

=7r - =7 S5=T7T &?ﬁ.,

we have,

b=ar, ¢c=br = ar?, d =cr=ar’, e=dr=ar
pr="erN=Nar> N

that is, the second term is equal to ar, the third to a»?, the

fourth to ar3, the fifth to ar!, &e.; and in general, the nth

term, that is, one which has » — 1 terms before it, is ex-

pressed by ar*—L
Tet I be this term - we then have the formula,

obliged to find all the terms which precede it. Ilence, to
find the last term of a progression, we have the following

RULE.

1. Raise the ratio to a power whose exponent is one less
than the number of terms.

11, Bhultiply the power thus found by the first term : the
product will be the required term.

208. By what letter do we denote the ratio of a progression? In an
Inereasing progression is r greater or less than 1? In a decreasing pro-
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EXAMPLES.

1, Find the 5th term of the progression,
2:4:8:16...
in which the first term is 2, and the common ratio 2.

sthterm = 2 X 2t = 2 X 16 = 32. Ans.

2. Find the 8th term of the progression,
2:6::18:54 ...
Sthterm = 2 X 3" = 2 X 2187 = 4374. Ans.

3. Find the 6th term of the progression,
2:8:32:128...
6thterm — 2 X 45 = 2 X 1024 = 2048. Ans

4. Find the 7th term of the progression,
L8 "8 g8 B 510 0
7th term = 3 X 35 = 3 X 729 = 2187. Ans.

5. Find the 6th term of the progression,
4:12:386:108...
6thterm = 4 X 8% = 4 X 243 = 972. Ans.
6. A person agreed to pay his servant 1 cent for the first
day, two for the second, and four for the third, doubling

every day for ten days: how much did he receive on the
tenth day ? Ans. $5.12.

gression is r greater or less than 1? 1If a is the first term and » the
ratio, what is the second term equal to? What the third? What the
fourth? What is the last term equal to? Give the rule for finding the
last term.
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7. What is the 8th term of the progression,
Y 9:36:144: 57 . . .
8thterm = 9 X 47 = 9§ X 16384 — 147456. <ns.

8. Find the 12th term of the progression,
1

64 :16:4:1:-...
WL\,\ 4

1\ 43 1 1
12th term = 64(2) =@ =g = é—{_;lﬁ Ans.

209, We will now procced to determine the sum of n

terms of a progression,
@200 3" ORR ) B A RN B0 do 8 1 8 (183

[ denoting the nth term.

‘We have the equations (Art. 208),
BF=Nar, Rci=\bn) W di—her N Fel=— d, Fa-na Li=1et, wii=1kz)
and by adding them all together, member to member, we
deduce,

Suwm of 18t memlers. Sum of 2d membere.
btetdtet ... +Ehtl=(a+bFc+d+ .. 4+ &)y

in which we see that the first member contains all the terms
but ¢, and the polynomial, within the parenthesis in the
second member, contains all the terms but Z. Hence, if we
call the sum of the terms S, we have,

S—e-a=8-0)r=8~-Ur, .. —-8=UFr—a

r—a
r —1

whence, Si=

209. Give the rule for finding the sum of the series. What ig the first
step? What the second? What the third ?
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Therefore, to obtain the sum of all the terms, or sum of the
series of a geometrical progression, we have the

RULE.

1. Multiply the last term by the ratio :
II. Subiract the first term from the preduct :
III. Divide the remainder by the ratio diminished by 1
and the quotient will be the sum of the series.

1. Find the sum of eight terms of the progression,

2 :6:18:54:162...2 X 38" = 4374,

= 13122 — 2
sgm e (LGS e o a1l = 6560.
r —1 2

2. Find the sum of the progression,
2:4:8:16: 32
_Ir—a _ 64—2

S_r—I: T = 62.

3. Find the sum of ten terms of the progression,
2:6:18:54:162...2 X 3 = 39366.
Ans. 59048

4, What debt may be discharged in a year, or twelve
months, by paying $1 the first month, $2 the second month,
$4 the third month, and so on, each succeeding payment
being double the last; and what will be the last payment?

i {Debt, .. 84095
" { Last payment, $2048

5. A daughter was married on New-Year’s day. Her
father gave her 1s., with an agreement to double it on the
first of the next month, and at the beginning of each succeed-
ing month to double what she had previously received. How
mnch did she receive ? Ans. £204 15s.
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6. A man bought ten bushels of wheat, on the condition
that he should pay 1 cent for the first bushel, 3 for the second,
9 for the third, and so on to the last: what did he pay for
the last bushel, and for the ten bushels ?

A % Last bushel, $196 83.
* { Total cost, $295 24.

7. A man plants 4 bushels of barley, which, at the first
harvest, produced 32 bushels; these he also plants, which,
in like manner, produce 8 fold ; he again plants all his crop,
and again gets 8 fold, and so on for 16 years: what is his
last crop, and what the sum of the series ?

4 {Last, 140787488355328 bush,
Sum, 160842843834660.

210. When the progression is decreasing, we have,
r< 1, and !< @ ; the above formula,

_lr——a

R
for the sum, is then written under the form,

a —Ir
1 -9’

8 =
in order that the two terms of the fraction may be positive,

1. Find the sum of the terms of the progression,
32 :16:8:4:2

1

32 — 2 X =

a—1Ir 2
S: —_— =
1l —7r

(V™)
[

62.

Nah-l]

4
2

210. What is the formula for the sum of the series of a decreasing
progression ?

|
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2. Find the sum of the first twelve terms of the pro-
gression,

64 16:4:1:: '64(1)1] or —
. . . Z nnnnn 4 ) 65536
|, 1
g_ =l _64"‘(;5536 X1 256 — 55536 _ g5 4 85885
T =r T 3 - R 196608
4

211. Remarg.—We perceive that the principal difficulty
consists in obtaining the numerical value of the last term, a
tedious operation, even when the number of terms is not
very great.

3. Find the sum of six terms of the progression,

5128128 RS 28N
Ans. 682}

4. Find the sum of seven terms of the progression,

2187 : 729 : 243 . ..
Ans. 3279

5. Find the sum of six terms of the progression,

972 : 324 : 108 ., ..
Anrs. 1456

6. Find the sum of eiglit terms of the progression,

147456 : 36864 : 9216 . . .
Ans. 196605,

OF PROGRESSIONS HAVING AN INFINITE NUMBER OF TERMS

212 Let there be the decreasing progression,
a:bic:d:eif:...

212. When the progression is decreasing, and the number of termas in.

finite, what is the expression for the value of the sum of the zeries?
13
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containing an indefinite number of terms. In the formula,

a—Ir
8= 1 —7¢’

substitute for / its value, ar” =1, (Art. 208), and we have,

a — ar®
1 —7

S

)

which expresses the sum of n terms of the progression,
This may be put under the form,

a ar*
TR

.

Sh=

Now, since the progression is decreasing, » isa proper
fraction ; and ~ is also a fraction, which diminishes as n

increases. Therefore, the greater the number of terms we

take, the more will X r* diminish, and consequently,

the more will the entire sum of all the terms approximate

to an equality with the first part of S, that is, to e

Finally, when 7 is taken greater than any given number,

or 7 = infinity, then

= will be less than any

given number, or will become equal to 0; and the expres

sion, g il_ - will then represent the true value of the sum
of all the terms of the series. Whence we may conclude,
that the expression for the sum of the terms of a decreasing
progression, in which the number of terms is infinite, is,

a .
VST

S

that is, equal to the first term, divided by 1 minus the ratio.
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This is, properly speaking, the limit to which the partial

sums approach, as we take a greater number of terms in the
: 3 a

progression, The difference between these sums and =

nay be made as small as we please, but will only become

nothing when the number of terms is infinite.

EXAMPLES.

1. Find the sum ot
1T 1 1 c 5
IR = = .
37937 ' a2 to infinity,
We have, for the expression of the sum of the terms,

a 1 3
= 11. Ans.

The error committed by taking this expression for the
value of the sum of the 7 first terms, is expressed by

© = Y1)
1 —r T 2\3

First take n = 5; it becomes,

3(1)6_ 11
2\3/ — = lez’

When n = 6, we find,

3(1)6_ 3 ol 1
2\3/ ~ 162 © 3 T 486’

Hence, we see, that the error committed by taking ? for
2
the sum of a certain number of terms, is less in proportion

a3 this number is greater.
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2. Again, take the progression,

L [ 1 1

1.§.Z.§.E.§-§.&C.-..
; a 1

Welave, § = —— = —— = 2. Ans.

-y

8. What is the sum of the progression,

oy ! L e Yt

* 70’ 100° 71000’ 1iooop® ©C o imumity.
1

S = L = = 1

1
1=z 1 5' Ans.

213. In the several questions of geometrical progres
sion, there are five numbers to be considered :

1st. The first term; . . a.
2d. Theratio, . . . . 7
3d. The number of terms. 7.
4th., The last term, . . &
5th. The sum of the terms, S.

214. We shall terminate this subject by solving this

problem:
To find a mean proportional between any two numbers,
as m and n.

Denote the required mean by @« We shall then have
(Art. 197),

g2 =Rl

and hence, x = ym x n.

213. How many numbers are considered in a geometrical progression ?
What are they ?
214. How do you find a mean proportional between two cumbers?
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That is: Medtiply the two numbers together, and extract the
square root of the product.

1. What is the geometrical mean between the numbers
2 and 87

Mean = /8 X 2 = /16 = 4. Ans.

2, What is the mean between 4 and 16 ? Ans. 8
3. What is the mean between 3 and 272 Ans. 9
4. What is the mean between 2 and 727 Ans. 12,
5. What is the mean between 4 and 64 ? Ane, 16.

A 250
/"}/@‘//j/‘ \j"‘/ 2
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CHATTER X.

OF LOGARITHIMS,

215. THE nature and properties of the logarithins in
common use, will be readily understood by considering
attentively the different powers of the number 10. They
are,

10° = 1

10! = 10

102 = 100
10° = 1000
10 = 10000
10° = 100000
&e., &e.

It is plain that the exponents 0, 1, 2, 3, 4, 5, &e., form an
arithmetical series of which the common difference is 1; and
that the numbers 1, 10, 100, 1000, 10000, 100000, &ec., form
a geometrical progression of which the common ratio is 10.
The number 10 is called the dase of the system of logarithins;
and the exponents 0, 1, 2, 3, 4, 5, &c., are the logarithms of

215. What relation exists between the exponents 1, 2, 8, &c.? How
aro the corresponding numbers 10, 100, 1000? What is the common
difference of the exponents? What is the common ratio of the corre-
aponding numbers? What is the base of the common system of loga-
rithms ? What are the exponents ?  Of what number is the exponent |
the logarithm ? Tle exponent 2? The exponent 8?
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the numbers which are produced by raising 10 to the powers
denoted by those exponents,

216. If we denote the logarithm of any number by m,
then the number itself will be the mith power of 10; that is,
if we represent the corresponding number by M,

10" = M.
Thus, if we make m = 0, M will beequal to 13 if m =1,
M will be equal to 10, &e. Ilence,
The logarithm of a number is the exponent of the power

to which it is necessary to raise the base of the system in
order to produce the number.

217%. If, as before, 10 denotes the base of the systen
of logarithms, m any exponent, and M the corresponding
number, we shall then have,

10" = AN, (1.)
in which s is the logarithm of’ A7,
If we take a second exponent », aud let N denote the
corresponding number, we shall have,
10" = N, (2.)
in which 7 is the logarithm of V.
If; now, we multiply the first of these equations by the
second, member by member, we have,
10m x 10" = 10m+" = M x N;
bat since 10 is the base of the system, m + »n is the loga-
rithm M x V; hence,

216. If we denote the base of u system by 10, and the exponent by
sn, what will represent the corresponding number? What is the logarithm
of a number ?

217. To what is the sum of the logarithms of ‘any two numbers equal?
To what, then, will the addition ¢f logarithmns correspond ?
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The sum of the logarithms of any two numbers is equal
to the logarithm of their product.

Therefore, the addition of logarithms corresponds to the
multiplication of their numbers.

218. If we divide Equation (1) by Equation (2), mem.
Ler by member, we have,
0 M.
10" N

but since 10 is the basc of the system, m — 101is the logs-

-

rithm of }_”V{; hence,

1f one number be divided by another, the logarithm of
the quotient will be equal to the logarithm of the dividend,
diminished by that of the divisor.

Therefore, the subtraction of logarithms corresponds to
the division of their numbers.

219. Let us examine further the equations,

100 = 1
10! = 10
102 = 100
103 = 1000
&e., &e.

It is plain that the logarithm of 1 is 0, and that the loga-
rithm of any number between 1 and 10, is greater than

218. If one number be divided by another, what will the logarithm
of the quotient be equal to? To what, then, will the subtraction of loga
ithms correspond ?

219. What is the logarithm of 1? Between what limits are the loga-
rithms of a: numbers between 1 and 10? How are they generally ex-
preesed ?
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0 and less than 1. The logarithm is generally expressed by
decimal fractions; thus,

log 2 = 0.301030.

The logarithm of any number greater than 10 and less
than 100, is greater than 1 and less than 2, and is expressed
by 1 and a decimal fraction; thus,

log 50 = 1.698970.

The part of the logarithm which stands at the left of the
decimal point, is ecalled the characteristic of the logarithm,
The characteristic is always one less than the number of
places of figures in the number whose logarithm is taken.

Thus, in the first case, for numbers between 1 and 10,
there is but one place of figures, and the characteristic is 0.
For numbers between 10 and 100, there are two places of
figures, and the characteristic is 1; and similarly for other
numbers.

TABDLE OF LOGARITHMS,

220. A table of logarithms is a table in which are writ-
ten the logarithms of all numbers between 1 and some other
given number. A table showing the logarithms of the
numbers between 1 and 100 is annexed. The numbers are
written in the column designated by the letter N, and the
logarithms in the column designated by Log.

How is it with the logarithms of rumbers between 10 and 1002 What
ir that part of the logarithm ealled which stands at the left of the char
acteristic?  What is the value of the eharacteristic?

220. What is a table of logarithms? Explaic the manner of finding
the logarithms of numbers between 1 and 100 ?

13*
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TABLE.

'y_ Log. N. Log. N. Log. N. Log.
11 0.000000 |{ 26 | 1.414973 || 51 | 1.707570 || 76 | 1.880814
2| 0.301030 || 27 | 1.431364 || 52 | 1.716003 || 77 | 1.886491
S| 0.477121 || 28 | 1.447158 || 53 | 1.724276 || 178 | 1.892095
1] 0.602060 || 29 | 1.462398 || 54 | 1.732394 || 79 | 1.897627
51 0.698970 || 30 | 1.477121 || 55 | 1.740363 || 80 | 1.903090
6| 0. 178151 31 | 1.491362 || 56 | 1.748188 || “81 | 1.908485
7| 0.845098 || 32 | 1.505150 ] 57 ' 1.755875 || 82 | 1.913814
8 | 0.903090 83 | 1.518514 || 58 | 1.763428 || 83 | 1.919078
9| 0.954243 || 34 [ 1.531479 [| 59 | 1.770852 || 84 | 1.924279
10 | 1.000000 || 35 | 1.544068 || 60 | 1.778151 || 85 | 1.929419
11 | 1.041393 || 36 | 1.556303 || 61 | 1.785330 | ~86 | 1.934498
12 | 1.079181 || 37 | 1.568202 || 62 | 1.792392 || 87 | 1.939519
13 | 1.113943 || 38 | 1.579784 || 63 | 1.799341 || 88 | 1.944483
14 | 1.146128 || 39 | 1.591065 || 64 | 1.806180 || 89 | 1.949390
15 | 1.176091 || 40 | 1.602060 || 65 | 1.812913 || 90 | 1.954243
16 | 1.204120 || 41 | T.621784 || G6 | 1.819544 || 91 | 1.959041
17 | 1.230449 (| 42 | 1.623249 || 67 | 1.826075 || 92 | 1.963788
18 | 1.255273 || 43 | 1.633468 || 68 | 1.832509 || 93 | 1.968483
19 | 1.278754 || 44 | 1.643453 || 69 | 1.838849 || 94 | 1.973128
20 | 1.301030 || 45 | 1.653213 || 70 | 1.845098 || 95 | 1.977724
21 | 1.322219 || 46 | 1.6627568 || 71 | 1.851258 || 96 | 1.982271
22 | 1.342423 || 47 | 1.672098 || 72 | 1.85733: 97 | 1.986772
23 | 1.361728 || 48 | 1.681241 [} 73 | 1.863323 || 98 | 1.991226
24 | 1.380211 || 49 | 1.69019G || 74 | 1.869232 || 99 | 1.995635
25 | 1.397940 |1 50 | 1.698970 || 75 | 1.875061 || 100 | 2.000000

EXAMPLES.

1. Let it be required to multiply 8 by 9, by means of

logarithms,

logarithms is equal to the logarithm of the produect.
fore, find the logarithm of 8 from the table, which is 0.903090,
and then the logarithm of 9, which is 0.954243; and their
sum, which is 1.857333, will be the logarithm of the product.
In searching along in the table, we find that 72 stands oppo-
site this logarithm ; hence, 72 is the produet of 8 by 9.

‘We have scen, Art. 216, that the sum of the

There-
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2. What is the product of 7 by 12°?

Logarithm of 71is, . c c . 0.845098
Logarithm of 12 is, . : c . 1.079181

Logarithm of their product, 5 . 1.924279

and the corresponding number is 34.

3. What is the produet of 9 by 11°?

Logarithm of 9is, . ; : . 0.954243
Logarithm of 11 is, . 3 o 1.041393

Logarithm of their product, . 1.995636

and the corresponding number is 99.

4. Let it be required to divide 84 by 3. 'We have scen
in Art. 218, that the subtraction of Logarithms eorresponds
to the division of their numbers. Hence, if we find the
logarithm of 84, and then subtract from it the logarithm of
3, the remainder will be the logarithm of the quotient.

The logarithm of 84 is, 5 g . 1.924279
The logarithm of 3 is, : . . 0477121

Their difference is, . . . 1447158

and the corresponding number is 28.

5. What is the product of 6 by 7°?
Logarithm of 6 is, : c 5 . 0.778151

Logarithm of 7 is, . . . 0.845058
Their sum is, . - 1.623249

and the corresponding numbel of the table, 42,






Tre Naltional Series of Standard Scronl-Bools.

MATHEMATICS.
DAVIES" NATIONAL COURSE.

ARITHMETIC.

A . . . SLATED

i. Davies’ Primary Arithmetic,. . . . . . . . .8 25 § &

2. Davies’ Intellectual Arithmetic, .. 40 43

3. Davies’ Elements of Written Arlthmetlc, 'y 50 60

4. Davies’ Practical Arithmetic, 3 90 100
Key to Practical Arithmetic, 90

5. Davies’ University Arithmetic,. e 140 150
Key to University Arithmetic, . *1 40

ALGEBRA.

I. Davies’ New Elementary Algebra, . . . . . .*125 135
Key to Elementary Algebra, . *1 25

2. Davies’ University Algebra, . 5 . 15 160
Key to University Algebra, . . *1 50

3. Davies’” New Bourdon’s Algebra, 22 2388
Key to Bourdon’s Algebra, . *2 25

GEOMETRY.

1. Davies’ Elementary Geometry and Trigonometry, 140 150

2. Davies’ Legendre’s Geometry, . X 20258 KRN 38

3. Davies’ Analytical Geometry and Ca!culus 250 263

4. Davies’ Descriptive Geometry, . 27 288
6. Davies’ New Calculus, 2 00

MENSURATION.

1. Davies’ Practical Mathematics and Mensuratlon, . 15 160

2. Davies’ Elements of Surveying, 250 263

3. Davies’ Shades, Shadows, and Perspectlve 37 388

MATHEMATICAL SCIENCE.

Davies’ Grammar of Arithmetic, . . . o ¢
Davies’ Outlines of Mathematical Smence, g

Davies’ Nature and Utility of Mathematics, 8vo, >I2 00 12mo

Davies’ Metric System, .
Davies & Peck’s Dictionary of Mathemahcs,
Davies’ Foundations Mathematical Science, .

17
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SA00
*1 &
*1 50
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The walional Scries op Standard School-Boolks,

MATHEMATICS—Continued.
ARITHMETICAL EXAMPLES.

Reuck’s Examples in Denominate Numbers $ 50
Reuck’s Examples in Arithmetic. . . . . 100

These volumes diffef from the ordinary arithietic in their peculiarly
practical character, They are composcd mainly of examples, and afford
the most severe and thorough discipline for the mind. While a book
which should contzin a complete treatise of theory and practice would be
too cumbersome for every-day use, the insufticiency of practical examples
has been a source of coinplaint,

HIGHER MATHEMATICS.

Church’s Elements of Calculus . . . . . 250

Church’s Analytical Geometry. . . . . . 250

Church’s Descriptive Geometry, with Shades,
Shadows, and Perspective ... o400

These volumes constitute the ** West Point Course” in their several
departrents.

Courtenay’s Elements of Calculus . . . .

A werk especially popular at the South.

Hackley’s Trigonometry . . . . . . . .25)

With applications to navigation and surveying, nantical and practical
geometry and geodesy.

Peck’s Analytical Geometry . . . . . . 175
Peck’s Practical Calculus. - . . . . . . 17
APPLIED MATHEMAT :
Peck’s Ganot’s Popular Physics . - . . - 1
Peck’s Elements of Hechanics - - - . . 200
1
1

60

co

-
Q
w2

t

Peck’s Practical Calculus . . . . . . -
Peck’s Analytical Geometry, - . - - - -

Prof. W. G. Peck, of Columbia College, has designed the first of theee works for
he ordinary wants of schools in the department of Natural Philosophy. The
other volumes are the briefest treatises on those subjects now published. Their
methods are purely practical, and unembarrassed by the details which rather con-
fase than simplify science.

SLATED ARITHMETICS.

This consists of the application of an artificially slated rurface to the inner cover
of a boak, with flap o the same opening outward, so that stndents may refer to
the book and use the slate at one and the same time, and as though the slate were
detached. When folded np, the slate preserves examples and memoranda til
needed. The material uged is as durable as the stone elate. The additionai cost
of booke thus improved is trifling.

20
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One-third or one-half shorter than any other similar
course containing the same amount of Knowl-
edge, and thoroughly Scientific.

PECK’S
BRIEF COURSE IN ARITHMETIC.

By W. G. PECK, LL.D,

Professor of Mathematics and Astronomy in Columbia College, N. Y.
Author of ¢ Analytical Geometry,” ¢ Practical Calculus,”
“ Elementary Mechanies,” “ Ganot’s Physics.”

The Theory of this concise as well as comprehensive
Course of Arithmetic to meet the wants of all classes is as
follows :

|—FIRST LESSONS IN NUMBERS.
18mo, half bound, ; slated,

This book begins with the simplest Elementary Combinations, illue
trating the processes by suitable cuts, but not by pictures culled from the
primary readers and children’s magazines. The true idea of illustration
is to have a leading picture at the head of each part as Counting, Adc.
tion, Subtraction, Multiplication, Division, and Fractions. The indivi-
dual steps should be illustrated by diagrams neatly engraved auad
grouped, and aiding in developing the arithmetical ideas desired. This
style of treatment, covering 50 or 60 pages, precedes the subject of
Mental Arithmetic. The book thus formed should be all the Arithmetic
needed to enter upon either the Manual or the Complete Arithmetic. Its
vlace in all schools would be in classes of pupils younger than about
twelve years.

i\



Peck’s Arithmetical Course.

I.—MANUAL OF PRACTICAL ARITHMETIC.

208 pp., 18mo, half bound, 507 ; slated, 607.

This book has the definitions clearly laid down (just as they are to
stand throughout the course); the rules too are laid down exactly as they
are to stand in all the after course of mathematics. There is a carefully
illustrated example after each rule (illustrated, that is, by being wrought
out and explained), and then follows a sufficient number of graded ex-
amples to impress the rule on the minds of the pupils. The place of
this book would be in the ordinary district schools where the pupils are
simply fitting themselves for the farm and the workshop, or in graded
schools as a good practice before entering on the study of the Complete
Arithmetic. It is adapted to children twelve to fourtcen years of age,
and contains enough of practical arithmetic for common life. As this
course of books is chiefly intended for live teachers, and not so much
for lazy ones, such questions are omitted as, “If one cow has two
horns, how many horns have two cows ?” The live teacher, after having
taught the First Lessons, can form enough of these examples from the
objects around him, and will do so.

I.—THE COMPLETE ARITHMETIC.

318 pp., 12mo, half bound, 907 ; slated, $1.00.

This book containg everything necessary to a complete arithmetician,
Every step i3 explained scientifically. Every prineiple is laid down in
clear language. Every rule is demonstrated. A suitable number of
illustrative examples are given. In this book pupils of intellicence are
addressed, such as are our children of fourteen years in our average:

schools. The book is made consecutive, logical, scientific, concise, simple.

A student who follows this course in the order indicated
will be an Arithmetician capable of making any application of*
his principles, and able to give a reason for the faith that i3
in him. :



Peck’s Arithmelical Course.

Such a course requires for its full development a live
teacher—but in the end the fruits will be worthy of his labors.

An Arithmetical course should be progressive, and, as far as
possible, repetitions should be avoided.

The place for such questions as a recent author uses to usher
in his subjects, is in the Primary and Mental. To introduce
them into either of the higher books would be a needless repe-
tition, and one of our ablest teachers assures us that such ques-
tions are always passed over by all good teachers.

No course in Arithmetic can be studied and mastered with-
out much labor on the part of both pupil and teachers, and
we have yet to learn of any plan by which the subject can be
made so easy that children will cry for it.

With respect to the outery of keeping up to the spirit of the
age, we will say that the continually-widening circle of knowl-
edge demands that each subject should be made ever more and
more concise, more and more abbreviated.

By abbreviations emasculation is not meant, but rather
climination of all trash and superfluous matter. The repeti-
tion of primary principles in an advanced work, for instance,
and the introduction of pictures from Chatterbox, are not in
the direction of what we may censider the spirit of the age.

How well these ideas have been carried out in this course
will be determined by the popular verdict from the great mass
of intelligent teachers of the country, and their name is le-
gion. We will send specimen pages free, or copies for exam-
ination fo feachers at one-half the retail price, or a full set,
WITH SLATES ATTACHED, for $1.00.

Address

A. S. BARNES & CO., Publishers,

NEW YORK AND CHICAGO.
3



Peck’s Arithmetical Couwrse.

Peck’s Brief Course
MATHEMATICS AND MECHANICS.

GANOT'S POPULAR PHYSICS
For the use of schools and academies. 12mo, 504 pp., half roan. Elegantly illustrated.
Price $1.75.

PECK'S TREATISE ON MECHANICS,

With Calculus. For the use of Colleges, Academies, and High Schools, where the
Calculus is not separately tanght. 12mo, 344 pp., half roan, marbled edges. Price
$2.00.

PECK'S ELEMENTARY MECHANICS,
Without Caleulus. For the use of Colleges and Schools of Science. 12mo, 300 pp.,
half roan, marbled edges. Price $2.00.
This work is a rewritten edition of the TREATISE oN MEcHANICS. Its principal
difference is in the omission of the Calculus, which is published separately in fuller
and perfected form.

PECK'S PRACTICAL CALCULUS.

A Practical Treatise on the Differential and Integral Calcnlus, with some of its appli-
cations to Mechanics and Astronomy. 12mo, 208 pp., half roan, marbled edges.
Price $1.75.

PECK'S ANALYTICAL GEOMETRY.

A Treatise, with applications to lines and surfaces of the first and second orders.
12mo, 212 pp., half roan. Price §1.75.

DAVIES & PECK'S MATHEMATICAL DICTIONARY,
# EVERY TEACHER SHOULD HAVE A COPY.”

MATHEMATICAL DICTIONARY AND CYCLOPZEDIA OF MATHEMATICAL ScCIENCE: Com-
prising definitions of all the terms employed in Mathematics, an analysis of each
branch, and of the whole as forming a single science, By CHARLES DAvIEs, LL.D.,
and Wn. G. PEcg. Price $5.00.

One or more of these works by PECK are used in most American Colleges—among
them YarLe, HARVARD, CoLUMBIA, PRINCETON, TRINITY, CORNELL, ILLINO1S, WES-
LEYAN, STATE UNIVERsITY, WiscoNsIN, CariroL UNIVERsITY, OHIO. Also in the
Schools of Mines and Scientific Schools, almost withont exception—such as N. Y.
ISECHOOE orF MiNEs, TROY PoLYTECHNIO, YALE and HARVARD SCIENTIFIC SCHOOLS,

TC., ETC.

Mny or all of the above works are senl, post-paid, on receip? of price, or
al one-ikird off lo leackers for examinalion.

A. 8. BARNES & CO., Publishers,
111 & 118 WILLIAM ST., 118 & 118 STATE ST,
New York. Chicago.



The Nalional Series of Standard School-Books.

NATURAL SCIENCH.

— e —

“ FOURTEEN WEEKS” IN EACH BRANCH.
By J. DORMAN STEELE, A. M.

Steele’s 14 Weeks Course in Chemistry 5% &1 50
Steele's 14 Weeks Course in Astronomy - 159
Steele’s 14 Weeks Course in Philosophy . 1 50
Steele’'s 14 Weeks Course in Geology. . 150
Steele’s 14 Weeks Course in Physiology - 160

Our Text-Books in these studies are, as a general thing, dull and uninieresting,
They contain from 400 to 600 pages of dry facts and unconnccted details. They
abound in that which the student cannot learn, much less reraember. The pupil
commences the study, i3 confused by the fine print and coarse print, and neithcr
knowing exactly what to learn nor what to hasten over, is crowded through the
single term generally assigned to cach branch, and frequently comes to the close
without & definite and exact idea of a single scientific principle.

Steele’s Fourteen Weeks Courses contain only that which every well-informed
person should know, while all that which concerns only the professional scientist
is omitted. The language is clear, simple, and interesting, and the illustrations
bring the subject within the range of home life and daily experience. They give
such of the general principles and the prominent facts as a pupil can make famil-
iar as household words within a single term. The type is large and open; there
i8 no fine print to annoy; the cuts are copies of genuine experiments or natural
phenomena, and are of fine execution.

In fine, by a system of condensation peculiarly his own, the anthor reduces each
branch to the limits of a single term of study, while sacrificing nothing that is es-
sential, and nothing that is usually retained from the study of the larger manuals
in common use. Thus the student has rare opportunity to economize lis time, or
rather to employ that which he has to the best advantage.

A notable feature is the author’s charming * style,” fortified by an enthusiasm
over his subject in which the student will not fail to partake. Believing that
Natural Science is full of fascination, he has moulded it into a form that attracts
the attention and kindles the enthusiasm of the pupil.

The recent editions contain the author’s * Practical Questions™ on a plan never
before attempted in scientific text-books. These are questions as to the nature
and cause of common phenomena, and are not directly answered in the text, the
design being to test and promote an intelligent use of the student’s knowledge of
{the foregoing principles.

Steele’s General Key to his Works. . . . *1 50

This work is mainly composed of Answers to the Practical Questions and Solu-
tions of the Problems in the author’s celebrated *Fourteen Weeks Courses ™ in
the several sciences, with many hints to teachers, minor Tables, &c. Should ba

on every teacher’s desk.
34




The Nalional Series of Starndard School-Dooks.

MODERN LANGUAGLE.

French and English Primer,- . . . . $ 10
German and English Primer, . . . . . . 10
Spanish and English Primer, . . . . . . 10

The names of common objeets properly illustrated and arranged in aasy
lessons.

Ledru’s French Fables, . - - - - . . . . 7
Ledru’s French Grammar, . . . . . . . 100
Ledru’s French Reader,. - - ¢ - . . . .100

The anthor’s long experience has enabled him to present the most thor.
oughly practical text-books extant, in this branch. The system of pro-
nunciation (by phonetic illustration) is original with this author, and "will
commend itself to all American teachers, as it enables their pupils to se-
cure an absolutely correct pronunciation without the assistance of a native
master. This feature is peculiarly valnablealso to *¢ self-taught'’ students,
The directions for ascertaining the gender of French nouns—also a great
stumbling-block—are peculiar to this work, and will be found remarkably
competent to the end proposed. The eriticism of teachers and the test of
the sehool-room is invited to this excelleat serjes, with confidence.

Worman’s French Echo, . . . . . . . . 125

To teach conversational French by actual practice, on an entircly new
plan, which recognizes the importance of the stndent learning to think in
the language which he speaks. It furnishes an extensive vocabulary of
words and expressions iH common use, aud suffices to free the learner
from the embarrassments which the peculiarities of hiz own tongue are
likely to be to him, and to make him thoroughly familiar with the nse
of proper idioms,

Worman’s German Echo, - . . . . . . . 123

On the same plan, Sce Worman's German Series, page 42.

Pujol’s Complete French Class-Book, . . .2 25

Ofers, in one volume, methodically arranged, a complete French eourse
—ausually embraced in series of from five to twelve books, including the
bulky and expensive Lexicon. Here are Grammar, Conversation, and
choice Literature—selected from the best French anthors. Each branch
is thoroughly handled ; and the student, having diligently completed tha
course ag prescribed, may consider himself, without further applieation,
au fuit in the most polite and elegant language of inodern times.

Maurice-Poitevin’s Grammaire Francaise, - 1 00

Amecrican schools are at Jast supplied with an American edition of this
famous text-book. Many of our best institutions have for years been pro-
curing it from abroad rather than forego the advantages it offers. The
policy of putting students who have acquired some proficiency from the
ordinary text-books, into a Grammar written in the vernacular, can not
be too highly commended. It affords an opportunity for finish and review
at once; while embodying abundant practice of its own rules,

Joynes’ French Pronunciation, . . . . . 30
Willard’s Historia de les Estados Unidos, . 2 00

The History of the United States, translated by Professors ToLox and
Dr TorNos, will be found a valuable, instructive, and cntertaiding reud-
ing-book fur Spanish classes, 40
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The National Teackers’ Library.

THE

TEACHERS LIBRARY,

Object Lessons—Welch . . . . . . . . 71 0C

This is a complete exposition of the popular modern system of
“ object teaching,” for teachers of primary classes.

Theory and Practice of Teaching—Page . . *1 50

This volume has, without doubt, been read by two hundred thousand
teachers, and its popularity remains undiminished—large editions
Dbeing exhausted yearly. It was the pioneer, as it is now the patri-
arch of professional works for teachers.

The Graded School—Wells . . . . . . . .*I 25

The proper way to organize graded schools is here illustrated. The
author has availed hizmself of the best elements of the several systems
prevalent in Boston, New York, Philadelphia, Cincinnati, St. Louis,
and other cities.

The Normal—Holbrook - . . . . . . . . %150

Carries a working school on its visit to teachers, showing the most
approved methods of teaching all the common branches, including the
technicalities, explanations, demonstrations, and definitions intro-
ductory and peculiar to each branch.

The Teachers’ Institute—Fowle . . . . . . *125

This is a volume of guggestions inspired by the author’s experience
at institutes, in the instruction of yonng teachers. A thousand points
of interest to this class are most satisfactorily dealt with.

Schools and Schoolmasters—Dickens . . . *1 25

Appropriate selections from the writings of the great novelist.

The Metric System—Davies . . . . . . .*150

Considered with reference to its general introduction, and embrac-
ing the views of John Quincy Adams and Sir John Herschel,

The Student ;—The Educalor—Phelps . each,*1 50
The Discipline of Life—Phelps - . . . . . *1 %

The authoress of these works is one of the most distingnished
writers on education; and they cannot fail to prove a valuable addi-
tion to the School and Teachers’ Libraries, being in a high degree
both interesting and instructive.

A Scientific Basis of Education—Hecker. . *2 50
Adaptation of study and classification by temperaments,
43




Zhe National Zeackers’ Library.

Liberal Edubation of Women—Orton . . *8$1 50

Treats of ‘ the demand and the method ;” being a compilation of the best and
most advanced thought on this subject, by the leading writers and educators in
England and America. Edited by a Professor in Vagsar College.

Education Abroad—Northrop . . . . . . *1 50

A thorough discussion of the advantages and dizsadvantages of sending American
children to Europe to be educated ; also, Papers on Legal Prevention of Illiteracy,
Study and Health, Labor as an Educator, and other kindred subjects. By the Hon.
Secretary of Education for Connecticut.

The Teacher and the Parent—Northend . . *1 50

A treatise upon common-school education, designed to lead teachers to view their
ealling in its true light, and to stimulate them to fidelity.

The Teachers’ Assistant—Northend . . . . *1 50

A natural continuation of the author’s previous work, more directly calculated for
daily use in the administration of school discipline and instruction.

School Government—Jewell . . . . . . . %150

Full of advanced ideas on the subject which its title indicates, The criticisms
upon current theories of punichment and schemes of administration have excited
general attention and comment.

. . *
Grammatical Diagrams—Jewell . . . . . 100
The diagram system of teaching grammar explained, defended, and improved.
The curious in literature, the searcher for truth, those interested in new inventions,
as well ag the disciples of Prof. Clark, who would see their favorite theory fairly
treated, all want thig book. There are many who would like to be made familiar
with this system before risking ite use in a class. The opportunity is here afforded.

. *1 OR

The Complete Examiner—Store . . . . . . *1 25

Consists of a series of questions on every English branch of school and academic

instruction, with reference to a given page or article of leading text-books where

the answer may be found in full. Prepared to aid teachers in securing certificates,
pupils in preparing for promotion, and teachers in selecting review questions.

¥

School Amusements—Root - . . . . . . . *1 50

To assist teachers in making the school interesting, with hints upon the manage-

ment of the school-room. Rules for military and gymnastic exercises are included.
Illustrated by diagrams.

1 *
Institute Lectures—Bates. . . . . . . . .*1 50
These lectures, originally delivered before institutes, are based upon various
topics in the departments of mental and moral eulture. The volume is caleulated
to prhepare the will, awaken the inquiry, and stimulate the thought of the zealous
teacher.

n ] *
ilethod of Teachers’ Institutes—Bates . . . %75

Sets forth the best method of conducting institutes, with a detailed account of the
object, organization, plan of instruction, and true theory of education on which
such instruction should be based.

History and Progress of Education . . . . *1 50

The rystems of education prevailing in all nations and ages, the gradual advance
to the present time, and the bearing of the past upon the present in this regard, are
worthy of the careful investigation of all concerned in edncation.

49



Tre National ZTeackhers® Zidrary.

American Education—Mansfield . . . . .$1 50

A treatise on the principles and el ts of edncation, as practiced in
this country, with ideas towards distinctive republican and Christian edu-
cation.

American Institutions—De Tocqueville . .*1 50

A valuable index to the genius of our Government.

Universal Education—Iayhew . . . . X175

The subject is approached with the clear, keen perception of one who
has obscrved its necessity, and realized its feasibility and expediency
alike. The redeeming aud elevating power of improved conmimon schools
constitutes the inspiration of the volume.

Higher Christian Education—Dwight . . .*1 50

A treatise on the principles and spirit, the modes, directions, and ra-
sults of all true teaching; showing that right education should appeal to
every element of enthusiasm in the teacher’s natura.

Oral Training Lessons—Barnard . . . . *1 00

The object of this very usefnl work is to furnish materin! for instruc-
tors to impart orally to their classes, in branches not usually tanght in
common schools, embracing all departments of Natural Science and
much general knowledge.

Lectures on Natural History—Chadbourne * 75

Affording many themes for oral mstruction in this interesting science—
especially in schools where it is not pursued as a class exercise,

Quilines of Mathematical Science—Davies *1 00

A manual snggesting the best methods of presenting mathematical in-
struction on the part of the teacher, with that comprehensive view of the
whole which is necessary to the intelligent treatment of a part, in science.

Nature & Utility of Mathematics—Davies . .*1 50

An elaborate and lucid exposition of the principles which lie at the
foundation of pure matBematics, with a highly ingenious application of
their results to the development of the essential idca of the different
branches of the science. {

Mathematical Dictionary—Davies & Peck .*5 00

This cyclopedia of mathematical science defines with completeness,
precision, and accuracy, every technical term, thus constituting a popular
treatise ou each brancl, and a general view of the whole subject.

School Architecture—Barnard - . . . . .*2 25

Attention is here called to the vital connection between a good school-
houige and a good school, with plans and specifications for securing the
former in “he moxt econoinical and satisfactory manmner.

50



National Sclhkool Library.

THE SCHOOL LIBRARY.

The two elements of instruction and entertainment were never more happily com-
bined than in this eollection of standard books, Children and adults alike will here
find ample food for the mind, of the sort that is easily digested, while not degener-
aiing to the level of modern romance.

LIBRARY OF LITERATURE.

[iilton’s Paradise Lost. Boyd's Illustrated Ed., $1 60
Young’s Night Thoughts . . . . do. . . 160
Cowper’s Task, Table Talk, &c. . do. . . 160
Thomson’s Seasons - . . . . . do. . . 160
Pollok’s Course of Time . . . . do. . . 160

These works, models of the best and purest literature, are beautifully illustrated,
and notes explain all doubtful meanings.

Lord Bacon’s Essays (Boyd’s Edition) . . . 160

Another grand English classic, affording the highest example of purity in lan-
gnage and =iyle.

The lliad of Homer. Translated by Pore. . . 80

Those who are unable to read this greatest of ancient writers in the original,
ghould not fail to avail themselves of this metrical version.

Compendium of Eng. Literature—Cleveland, 2 50
English Literature of XIXth Century do. 250
Compendium of American Literature do. 2 50

Nearly one hundred and fifty thousand voluines of Prof. CLEVELAND’S inimitable
ecompendiums have been rold. Taken together they present a complete view of
literature. To the man who can afford but a few books these will supply the place
of an extensive library. From commendations of the very highest authorities the
following extracts will give some idea of the enthusiasmn with which the works are
regarded by rcholars :

Vith the Bible and your volumes one might leave libraries without very painful
regret.—The work cannot be found from whichein the same limits so much interest-
ing and valuable information may be obtained.— Good taste, fine scholarship,
familiar acquaintance with literature, unwearied industry, tact acquired by practice,
an interest in the culture of the young, and regard for truth, purity, philanthropy
and religion are united in Mr. Cleveland.—A judgment clear and impartial. a taste
at once delicate and severe.—The biographies are just and discriminating.—An
admirable bird’s-eve view.—Acquaints the reader with the characteristic method,
tone, and quality of eaeh writer.—Succinct, carefully written, and wonderfully comn-
prehensive in detail, etc., ete.

Milton’s Poelical Works—CLEVELAND . . . 2 50
This is the very best edition of the great Poet. It includes a life of the author,
notes, dissertations on each poem, a fuultless text, and is the only edition of Milton
with a complete verbal Index,
51
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“FOURTEEN WEEKS" IN NATURAL SCIENCE.

A BRIEF TREATISE IN EACH BRANCH

i DORMAN STEELE, A.M.

NATURAL PHILOSOPHY,

! 4 WEEES (™ Asrovowmy
(ODRSES i =5 T

These volumes constitute the most available, practical, and attractive text-books on
the Sciences ever published. Each volume may be completed in a single term of study.
THE FAMOUS PRACTICAL QUESTIONS
devieed by this anthor are alone sufficient to place his books in every Academy ana
Grammar School of the land. These are questions as to the nature and cause of com-
mon phenomena, and are not directly answered in the text, the design being to test
and promote an intelligent use of the student’s knowledge of the foregoing principles.
70 MAKE SCIENCE POPULAR
is a prime object of these books. To this end each smbject is invested with a charm-

nterest by the peculiarly happy use of language and illustration in which this

author excels. 3
THEIR HEAVY PREDECESSORS
demand as much of the student’s time for the acquisition of the principles of a single
branch as these for the whole course.
PUBLIC APPRECIATION.
The anthor’s great success in meeting an nrgent, popular need, is indicated by the

fact (probably unparalleled in the history of scientific text-books), that althongh the
first volume was issued in 1867, the yearly sale is already at the rate of

FORTY THOUSAND VOLUMES.

PHYSIQOLOGY AND HEALTH.
By EDWARD JARVIS, M.D.

J ARVIS, CLEMENTS OF PHYSIOLOGY,
LAY Y AY) PHYSIOLOGY AND LAWS OF HEALTIL

The only books extant which approach this subject with a proper view of the true
object of teaching Physiology in schools, viz., that scholars may know how to take
care of their own health. The child instructed from these works will be always

FHIS OWIN DOCTOR.
“@onsidey the Lilies.”

BOTANY.
WO0O0D’S AMERICAN BOTANIST AND FLORIST.

This new and eagerly expected work is the result of the author’s experience and

life-long labors in
CLASSIFYVING THE SCIENCE OF BOTANY.,
He has at length attained the realization of his hopes by a wonderfully Ingenions pro-
cess of condensation and arrangement, and presents to the world in this single moder-
ate-gized volume a COMPLETE MANUAL.
In 370 duodecimo pages he has actually recorded and defined
NEARLY 4,000 SPECIES.

The treatises on Descrl]{)tive and Structural Botany are models of concise statement,
which leave nothing to be raid. Of entireli new features, the most notable are the
Synoptical Tables for the blackboard, and the distinction of specles and varieties by
variation in the ty&(;. 4

Prof. Wood, by this work, establishes a just claim to his title of the great

AMERICAN EXPONENT OF BOTANY.
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And Only Thorough and Complete Mat‘hematical Series,:f

I TEREERE PARTS.

l. COMMON SCHOOL COURSE.

Davies’ Primary Arithmetic.—The fundamental principles displa
Object Lessons, E

Davies’ Intellectnal Arithmetic.—Referring all operations to the mﬂ
the only tangible basis for logical development. :

Davies’ Elements ef Written Arithmetic.—A practical introd
the whole subject. Theory subordinated to Practice,

Davies’ Practical Arithmetic.*—The most successful combination of
and Practice, clear, exact, brief, and comprehensive,

I. ACADEMIC COURSE.

Davies’ University Arithmetic.*—Treating the subject exhanstiy
a science, in a logical series of connected propositiens,
Davies’ Elementary Algebra.*—A connecting link, conducting the
eagily from arithmetical processes to abstract analysis,
Davies’ University Algebra.*—For institutions desiring 2 more co;
but not the fullest course in pure Algebra.
Davies’ Practical Mathematics«—The sclence practically applied
~. useful arts, as Drawing, Architecture, Surveying, Mechanics, etc. g
Davies’ BElementary Geometry.—The important principles In simpl¢
but with all the exactness of vigorous reasonings
Davies’ Elements of Surveying.—Re-written in 1870, The simple
most practical presentation for youths of 12 to 16. i

I11. COLLEGIATE COURSE.

Davies’ Bourdon’s Algebra.*—Embracing Sturm's Theorem, and a
exhaustive and scholarly course.

Davies’ University Algcbra.*—A shorter course than Bourdon, for I
tions have less time to give the subject. i

Davies’ Liegendro’s Geometry.—Acknowledged die only satisfactory t:
of its grade. 300,000 copies have been sold.

Davies’ Analytical Geometry and Calculus.—The shorter tr
combined in one volume, are more available for American courses of study.

Davies’ Analytical Geometrys }The original compendiums, for the

Davies’ Diffu & Int. Calculus. siring to give full tlme to each bra

Pavies’ Descriptive Geomaetry.—With application to Spherical Trigo
try, Spherical Projections, and Warped Surfaces.

Davies” Shades, Shadows, and Perspective.—A succinct exposi
the mathematical pnnciplcs involved.

Davies’ Science of Mathematics«Tor teachers, embracing

I GRAMMAR OF ARITHMETIC, II1. Loa1o AND UTILITY OP MATHE:
IL OUTLINES OF MATHEMATICS, 1V. MATHEMATICAL DICTIONARY,

. EEYY MAY BE OBTAINED FROM THE PUBLISHERS

BY TEACHERS QLY.



MU Hen, all Ranners, and all Times.

s HISTORY. s
istory is Philosophy teaching by Example.;.”

UNITED STATES.. » Youns History f the

UNITED STATES. By JAmMES

TEITH, author of the National Geographical Series. An elementary work

“n the catechetical plan, with Maps, Engravings, Memoriter Tables, etc. For
oungest pupils. ¢

““ard's School H is‘tory, for Grammar Schools and Academic classes.
“igned to cultivate the memory,the intellect, and the taste, and to sow the
18 or yintna_hu conteniplation of the actions of the good and great.

926515
RA153
D35

THE UNIVERSITY OF CALIFORNIA LIBRARY

Y

L] esting and chivalrous history, profusely illustrated, with the Yegems—
~ 1 doubtful portions so introduced as not to deceive, while adding extended
“arm to the snbject. -

ERAL Willard's U niversal H istor—y. A vast subject so arranged
= and illustrated as to be less difficult to acquire or retain. Its
" 10le substance, In fact, is summarized on one pege, in a grand * Temple of
# mc, or Picture of Nations,

~ neral Summary of History. Being the Summaries of American, and
English and French History, bound in one volume. The leading events in
. @ histories of these three nations epitomizéd in the briefest manner. :

. S. BARNES & CO,

PUBLISEERS.
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