CHAPTER 4
GENERAL MOTION OF A PARTICLE

IN THREE DIMENSIONS
Note to instructors ... there is a typo in equation 4.3.14. The range of the projectile is ...
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F =ix+jy
on the path x=y: dF =idx+ jdy

J.(((;;))F dr = IOI Fdx+ Iol Fydy = J.; xdx + J.; ydy =1

on the path along the x-axis: dr = idx

and on the line x=1: dr = jdy
g = Fav+[ Fdy=1
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F 1is conservative.

F=iy—jx
on the path x=y:

o= [ Rt [ = [ =[xy

and, with x =y '[((1’1))17“ -dr = I(: )ca’)c—'[o1 ydy =0
on the x-axis: '[((LO)) F.dr = J:F dx = J.; ydx
and, with y =0 on the x-axis J.((] :

on the line x=1: .[((1



and, with x =1 j((llol))

on this path j(l’l) F-di=0+1=1
(0,0)
F is not conservative.

2
4.6  From Example 2.3.2, V(z) = —mg( L )
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From Appendix D, (1+x)_1 =l-x+x>+...
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4.7

For a point on the rim measured from the center of the wheel:
7 =ibcos@ — jbsin @
— V0 vt . . .
O=0t=—, so 7 =-—iv,sinf— jv cos@
X b
g Relative to the ground, v =iv, (1 —sin 9) — jv.cos@

For a particle of mud leaving the rim:
Y, =-—bsin@ and v, =-v,cosd
So v, =v,, —gt=-v,cost—gt

and y:—bsinﬁ—votcos@—%gt2

At maximum height, v =0:
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Maximum 4 occurs for an —0=-bhcosh— 2"00025&
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Measured from the ground,
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The mud leaves the wheel at @ =sin™ (_g_b]
vo

48 x=Rcos¢ and x=v, r=(v.cosa)t
Rcos¢
v, cosa

S0 t =
. 1 . |
y=Rsing  and y:voyt—zgt :(vosma)t—agt

2
Rsing =(v,sina) Reosé _lg(—Rcos¢j

v,cosa 2 |\ v cosa
. R cos’
s1n¢:tanacos¢—gzc—osz¢
2v:cos
2v? cos’ . 2y’ : :
:w(tanacos¢—sm¢):Lozsa(smacos¢—cosasm¢)
gcos” ¢ gcos” ¢
From Appendix B, sin(@ + ¢) =siné cos @+ cosfsin ¢
207 :
R =2 CO% cozsa sin (o —¢)
gcos ¢
: : dR 2 L
R is a maximum for — =0 = V"z [—smasm(a—¢)+c0sac0s(0{—¢)]
da gcos” ¢

Implies that cos a cos (o —¢)—sinasin(a —¢) =0
From appendix B, cos(6+¢)=cos®cos¢—sinfsing
so cos(2a—¢)=0

2a—¢:% a:£+£

2y?

o

> cos(£+gjsin(z—gj
gcos ¢ 4 2 4 2

max




Now sin(z—éj:cos[z—(z—gﬂ:cos(zﬁ-gj
4 2 2 4 2 4 2

2
= 2V°2 cos’ (E_,_ﬂ]
gcos ¢ 4 2

Again using Appendix B, co0s26 =cos’ @ —sin” @ =2cos’ -1

2V 1 V4 1 Vv V4
= —| =cos| —+¢ [+ |= —| cos| —+¢ |+1
gcos @| 2 2 2| gcos ¢ 2

Using cos (% + 9) =—siné,
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4.9

(a) Here we note that the projectile is launched
“downhill” towards the target, which is located a
distance /4 below the cannon along a line at an angle
¢ below the horizon. « is the angle of projection

A - that yields maximum range, R,,... We can use the

. results from problem 4.8 for this problem. We

X simply have to replace the angle ¢ in the above

(P \ result with the angle -¢, to account for the downbhill

: slope. Thus, we get for the downhill range ...
2y, cosasin(a+¢)
g cos’ @
The maximum range and the angle is a are obtained from the problem above again by
5 .
replacing ¢ with the angle-¢ ... R = VLM and ... 2a = Z—(p.
g cos @ 2

h _£(1+sin(p)_ v,

singo_ g cos’g g(l—sin(p)

Solving for sing ... sin(ng}zl/(l+g]z)
v v,

We can now calculate o ... R =

max

But, from the above ... sin @ =sin (% - 20:) =cos2a =1-2sin’ a

Thus ... 1—2sin2a:g}zl/(1+g}zl]
v, v,
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Finally ... csc’ a = 2(1 + ghj

(b)

Solving for Ry ... R, = _h = h — = h -
sing 1-2sin"« 1—2/csc a

Substituting for csc* & and solving ...

2
R =2 1+g—lj
g Yo

4.10 We can again use the results of problem 4.8. The maximum slope range from
problem 4.8 is given by ...
R = W o __h
"™ g(l+sing) sing
Solving for sing ...

Vo Vo

Thus ...

cos @

sin @
We can calculate cos¢ from the above relation for sing ...

1
1 2
ovo-(-sf - (1-22) /-2
0 0

Inserting the results for sin¢@ and cos ¢ into the above ...

X, =R _cosp=h

1
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:hw:k(l_zg_f;j
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sinp g v

4.11 We can simplify this problems somewhat by noting that the trajectory is
symmetric about a vertical line that passes through the highest point of the trajectory.
Thus we have the following picture ...



< R

We have “reversed the trajectory so that 4, (= 9.8 ft), and x , the height and range within
which Mickey can catch the ball represent the starting point of the trajectory. 4; (=3.28
ft) is the height of the ball when Mickey strikes it at home plate. & is the distance behind
home plate where the ball would be hypothetically launched at some angle a to achieve
the total range R. x; (=328 ft) is the distance the ball actually would travel from home
plate if not caught by Mickey. (Note, because of the symmetry, v is the speed of the ball
when it strikes the ground ... also at the same angle o at which was launched. We will
calculate the value of xj assuming a time-reversed trajectory!)

2 5 .
(1) The range of the ball ... R= vy Sin2a _ 2v,"sincosa

g g
2
. . R R
(2) The maximum height ... z_ =—tana —%(—j
2 2v,"cos"a \ 2
(3) The height atx; ... h = x, tana —%(x1 )
2v," cos” a
From (1) ... W g —= tan o and inserting this into (2) gives ...
Vv, cos” a

R R R
Z.x = —tana——tana =—tana
2 4 4

Thus, R= tzﬂ and inserting this expression and the first previously derived into (3)
an o

2
t
(4) hl — xl tan o _M
4z

max

Let u = x, tana and we obtain the following quadratic ...

u’—4z_u+4z_ h =0 and solving foru ...

max

1
u=2z_ [li(l—hl/zmax )2} and letting ¢ =L, we get ...

max



u~ Zmaxg = hl

or u~2z, (2-¢)=2z,,(2-.0475)=3.9z,, . This result is the correct one ...

Thus, tang =>27ms 0821 - o =39.4°

X
Now solve for x, using a relation identical to (4) ...
(x, tanax)’
hy, = x, tan ¢ —~———
4z

max

Again we obtain a quadratic expression for u = x, tana which we solve as before. This

time, though, the first result for u is the correct one to use ...
u=z_ &~h, and we obtain ...

hO
tan

=119/

x0=

4.12 The x and z positions of the ball vs. time are

x=vt cole z=vt cosleo siné. —lgt2
2 2 2

) 1
Since v, =v, cos—6,
2

2
. ) I, .
The horizontal range is R= Yo cos’ —6. sin26.
g

. R
The maximum range occurs @ — =0

do,
2
AR =Y 2 cos? 16?0 cos26. —coslﬁo sinlﬁo sin 2490j =0
dog, g 2 2 2

Thus, 2cos’ %60 cos26. = cos%@o sin%@o sin 26,

Using the identities: 2cos’@, =1+cos26, and sin26, =2sind. cosb,
We get:
(1 +cosb, )(2 cos’ 0. — 1) =siné#, sind, cosd, = (1 —cos’ 6, )cos 0,

or (1—1—cos€{))(3cos2 0. —cosﬁo—l):O

Thus cosf =-1, coséd, :%(lix/ﬁ)

Only the positive root applies for the 8, -range: 0<6 < %
cosé. =%(1+\/§ )=0.7676 0. =39°51"

Thus (b) for v, =25ms™ R__=554m @86, =395
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(a) The maximum height occurs at @ =0

dt
1 .
1 v, cos—6, sinf,
v,cos—6 sinf =gT orat T =
2 g
v? 1
or H= ZLCOS2 —6.sin’* 0. maximum at fixed 6.
g
. ) . dH
The maximum possible height occurs @ o =0
a
2
aH _ L(Zcosz 190 siné. cos 6, —coslﬁo sinlﬁo sin’ (90] =0
da  2g 2 277

Using the above trigonometric identities, we get
(1+cosd,)sind, cosd, = %sin 6.sin’* 0. = %sin 6. (1 —cos’ 6, )

or sind, (1+cos,)(3cosd, —1)=0
There are 3-roots: sin@. =0, cosd =-1, cos6 :%
The first two roots give minimum heights; the last gives the maximum

Thus, H,_, =189m @6, =cos™ % =70"32'

4.13 The trajectory of the shell is given by Eq. 4.3.11 with r replacing x
.. &

Z=—r——3
roo2r

2
r
Thus, z=rtané, —‘g—zsec2 6.
vO

r where 7 =v cosf. z =v siné.

Since sec’d. =1+tan’ 6.
We have:

2 2

r r
‘g—ztanz Ho—rtan90+z+§ —=0
VO VO

(r,z) are target coordinates.
The above equation yields two possible roots:

0.5 '

: | 0.4k 2Tz, i

tan@ =—| v’ + (v4 —2gzv: - g’r’ )5
gr

The roots are only real if

vi-2gzv7 — g’ >0

02tz 20 _

The critical surface is therefore: 0.0 0 0 0.5 1

vi-2gzv’ —gr’ =0 ] r 1

4.14 If the velocity vector, of magnitude s, makes an angle & with the z-axis, and its

11



projection on the xy-plane make an angle ¢ with the x-axis:

X=ssinfcos¢ , and F_=F sinfcos¢@=mx
y=ssin@sing , and F, =F,sin@sing =my
z=scos@ , and F, =-mg+F, cos@ =mz

Since F, =—c,§° = —c, ()'cz +y7 + 27 ) , the differential equations of motion are not

separable.
mi = —c,s” sin 6 cos ¢ = —c,$x
dx  dx ds  .dx

M—=mM——=m§— = —C,8X
dt ds dt ds
dx c c
— =—-2ds=—yds, where y =2
X m m
Inx—Inx, =ln—=-ys
xO
x=xe”
X

Similarly y=ye”
415 From eqn 4.3.16, (i+%y’fﬂ+%m[1—%j -0
y ) Ay

From Appendix D: ln(l—u)z—u—?—?—... for |u|<1
3

2 2
x X X X .
ln(l—y _ma‘jz—y max 7 Ymax 7 Ymax | torme in I

. .2 .
X, X 2X; 3%’

3

. 2 3
ZG'X.’-max + gxrflax _ gxxflax _ gxr.n;x _ 87 Xmax + terms in ]/2 =0
Xoooyxoyx 230 3%

Since x,_, >0, the + sign is used.
From Appendix D:
1
- \2 . .N\2
42072 Py 8ra  1PIOrZ ) in a
3g 3g 8\ 3¢

3% 3% 28z Siy
2

+ terms in »°

xmax
4y 4y g 3g

12



4.16

. _2xz 8xzl
max g 3g2 7/

For z =vsina and 2xz =v’sin2a:

_vlsin2a  4v)sin2asina

X — —
max g 3g2
x=Acos(wt+a), x=-Awsin(wt+a)
from x =0, a=0
from x =4, x = Acoswt
y=Bcos(a)t+ﬂ), y=—a)Bsin(a)t+ﬁ)
1 1 1
—kB® =—ky’ +—my’
5 2kyo L

4.17

with  y =44, y, =3wA anda)=\/E:
m

B> =164 +i2(9a)2A2) =254’
@
B=54
Then 44=5Acosf and 3wA=-5wAsinp

S =cos™ B osin[=3 ] =369
5 5

y=54 cos(a)t —36.9°)
Since maximum x and y displacements are +4 and 54,
respectively, the motion takes place entirely within a
rectangle of dimension 24 and 104 .
A=p-a=-369"-0=-36.9

Fromeqn 4.4.15, tan2(//:2"4f¢szA
b BALY
10 4
(24)(54)cos(-36.9°) 5]
tan 2y = i _ _ 1 "
A*~(54) 24 3 &
an!| -2 ° \ /
=—tan | —— [=-9.2
oe3o ()
ox

X:Acos(\/Et+aJ:Acos(m+a)
m

13



oV

mjy = ——— =4’ mx
y Y
y = Bcos(27zt+ f3)
mzZ = _or =-97’mz
oz

z=Ccos(3rt+y)
Since x=y=z=0 at ¢=0, a:ﬂ:y:—%
x:Acos(m—gjzAsinm‘
X = Amcosnt

. 2 .2 ) .2 . . .
Since v =x_+y +z and X, =y, =z,

VO

X =—==Ar
NG
v
A=—=
3
x=—C_sinxt
73
y=Bsin2xt, y=2Brcos2xt
) v
y,=—==2nB
NG
v
B=—=
27r\/§
y= Y- sin2zt
27r\/§
z=Csin3xt, z=3Crmcos3rnt
v
z, =—==3Cr
NG
— vo
373
v, .
z=—"—sin3xt

372'\/§

Since o, =7, w, =27, and @, =37 the ball does retrace its path.

_2mn,  2mn, 27mn,

min - -
w w w

X y z

The minimum time occurs at n, =1, n,=2, n,=3.

14



4.18

4.19

Equation 4.4.15 is tan 2y = %
Transforming the coordinate axes xyz to the new axes x'y’z" by a rotation about
the z-axis through an angle yy given, from Section 1.8:
X' '=xcosy + ysiny, y'=—xsiny + ycosy
or, x=x'cosy—y'siny,and y=x'siny+ )y cosy
x’ 2cosA  y?

From eqn. 4.4.10: = —x +<—=sin’A
4 2 2T B

Substituting:
1 . .
F(x'2 cos’ y —2x'y' cosysiny + y'* sin’ w)
_ 2cosA
AB

[x'z cosy siny + x’y'(cos2 w —sin’ 1//) —y"* cosy sin y/]
1 . . .
+?(x'2 sin” y +2x'y’ cosy siny + y'* cos’ l,//) =sin’ A

For x' to be a major or minor axis of the ellipse, the coefficient of x"y" must
vanish.
2cosysiny  2cosA
4 4B
From Appendix B, 2cosy siny =sin2y and cos’ y —sin’ i = cos 2

2cosy siny
— =0

(cos2 w —sin’ 1//) +

sin2yy  2cosAcos2y  sin2y
- - +———=0

A* AB B
can ZW(L—LJ _ 2¢cosA
B> A AB
2ABcos A
Wy

Shown below is a face-centered cubic lattice. Each atom in the lattice is centered
within a cube on whose 6 faces lies another adjacent atom. Thus each atom is
surrounded by 6 nearest neighbors at a distance d. We neglect the influence of
atoms that lie at further distances. Thus, the potential energy of the central atom
can be approximated as




1

n:[(d—x)2+y2+zz}2
a 2 2 2 —
’ia=(d2—2dx+x2+y2+zz)sz“{ _2d_x+_x +Zz+z j 2

From Appendix D, (1+x)" =l+nx+%n(n—l)x2 +...

2 2 2
I’i_a:d_a l_g _E—i—w +l _g _g_l
2 d d 20 2 2
2 ) 2 2 P 2 2\? 3
(—2—)6) —2(2) al +y2+z 4 X +y2+z thermsinx—3
d d d d d
e =gl &% (x2+ 2+zz)+g 2 4xz+termsinx—3
1 d 22V Y 42| PE
-a _ g-a ax a 2 ) 2 ala 2
n=d {1+7—2d2 (x +y 4z F?(EHJX}
1

v =[(—a’—x)2+y2 -1-22}E :[a’z+2dx+x2 +y2—i-22]2

2 2 2 ‘%
rz‘“=d‘“(1+2+—x Tyt j

d d’
Y al oax o« a(a
r ~d |:1—7—2d2 (x2+y2+22)+?(3+1j)€2:|

ne+ntrd” 2—%(}62 +y° +zz)+%(a+2)x2

Similarly:

2—%()62 er2 +22)+%(a+2)y2

—a

-a -a
Y+ “~d

RO+ =d 2—%(;@ +y° +zz)+%(a+2)zz}

2

Vaed™ [6—2—%(% +y’ +zz)+[%+2—?j(xz +y2+zz)}

~6cd “ +cd (0{2 —a)(x2 +y° +Zz)
VzA+B(x2 +y2+zz)

4.20
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. kB F=q(E+7xB)

JE PxB = fx+jy'+1€z')x1€3=£v3—jx3
v, i F =igyB+ jq(E-B)

B
mjj = F, :qE—qXB:qE—qB(xo+%yj

. gqE qBx. (qBY ¢E eBx. (eBY
e (22,

m m m m m m
.. . ek ) _eB
J+w'y=——+wx,, ®w=—
m m
1 FE
y:—z(—e—+a)xoj+Acos(a)t+6?o)
® m

y=—Awsin(wt +6,)
y,=0, so 6 =0

1 E
».=0, so A=——2(——+a)xoj

y=a(1—cosa)t), a=i(—§+a)5@j
@ m

x:xo+%y=xo —~wy=x,—-wa(l-coswt)
x = (%, —wa)+wacos ot
x=(%,—wa)t+asinwt

X =asinwt+bt , b=x,—wa

mz=F =0

z=zt+z =0

4.21
| b
—mv” +mqh=mg—
y 5 q g2
b vzzg(b—Zh)
2
b E:—mv =-mgcos@+R
X b

17



<:0s9:ﬁ
b

h mv’ mg mg
R=mg————=—=|h—(b-2h)|=—=(3h-b
mg =" =8 (- 21)]= "5 (35 -b)
the particle leaves the side of the sphere when R =0

h zg , l.e., g above the central plane

4.22 %mv2 +mgh=0
at the bottom of the loop, 47 =-b

1
S0 Emv2 =mgh,

v=4/2gb
2
b Fr:—mg+R:mv
» bl CLLL mvz
% R=mg+ 5 =mg+2mg =3mg

4.23 From the equation for the energy as a function of s in Example 4.6.2,

E:lmé2 Jrl e s?,
2 244
s 1s undergoing harmonic motion with:

oo |k 2 1 JE
m 44 2\ A
Since s =4A4sin¢g, ¢ increases by 27 radians during the time interval:
=27 27{2 4]
@ g
For cycloidal motion, x and z are functions of 2¢ so they undergo a

complete cycle every time ¢ changes by 7. Therefore, the period for the

cycloidal motion is one-half the period for s .

T:lT':27z 4
2 g
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