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Preface

Target acquisiton in communication electronic warfare (EW) systems is a requisite
function for proper system functioning. In general it consists of determining the
presence of signals at particular frequencies and whether those signals are targets
or not. Measurements of signal parameters are required so such determination can
be accomplished. These measurements are automated to the maximum extent
possible.

This book is intended for technical practitioners, such as engineers and
scientists, who are interested in learning the basics of how to acquire target signals
in communication EW systems. The educational level required is that of a
baccalaureate degree in an appropriate technical discipline. The material is
suitable for one new to the EW field and contains references to additional, more
advanced material for those motivated to pursue such investigations.

Chapter 1 provides a brief introduction to the tagret acquisition problem. The
communication system model is introduced as well as what is meant by electronic
warfare in a communication system setting.

There are two generalized classifications for signals: random and nonrandom.
The latter is usually termed deterministic in the sense that if the value of the signal
is known at any point in time, then its future (and past) values can be determined.
In the former, one or more parameters associated with the signal are random, and
therefore knowing the signal’s value does not allow for ascertaining its value at
other times. These signals are called stochastic. Such signals can only be
described in probabilistic terms.

Chapter 2 presents background material on statistical processes and contrasts
deterministic versus stochastic processes. For the most part, the signals of concern
for communication EW systems are determinsistic with one or more random
parameters. The theory of communications has developed along certain paths, and
the design of modern communication systems utilizes these concepts. For
example, the oscillators used to transform signals from one frequency regime to
another (frequency conversion) are sinusoidal. The characteristics of sinusoids are
well known, and except perhaps for unknown (and maybe random) amplitude and
phase, they are deterministic. A review of Fourier transforms is presented to
remind the reader of the fundamental principles involved. A thorough coverage of
such transforms is certainly beyond the scope of this book, however.

xi



xii Target Acquisition in Communication Electronic Warfare Systems

Chapter 3 provides a brief introduction to radio frequency (RF) spectrum
search techniques. Searching the RF spectrum is required when the targets of
interest do not necessarily occupy the same frequency all the time. For static
situations, the targets remain fixed and searching is simple. In fact, searching may
not be necessary at all—just tune receivers to the known frequencies where the
targets of interest are located and leave them there. In most cases of interest,
however, this will not be true and some form of searching is required. This is
dictated by the limited resources available compared to the number of targets of
concemn.

Chapter 4 introduces the reader to the notion of hypothesis testing applied to
target detection. Hypothesis testing is a statistical technique used to ascertain
whether particular conditions are true or not in an optimal way.

Estimation of target parameters is important so that determination of whether
the signal is one of interest or not can be made. The fundamentals of this area as
they apply to EW target acquisition are introduced in Chapter 5. The target
parameters of interest extend beyond just the frequency of active signals. They
include signal modulation type and power levels, to mention just a few.

Perhaps the most important parameters of interest are the frequencies of target
signals. The methods for estimating the spectrum of a target are introduced in
Chapter 6. The methods discussed produce relatively low frequency resolution,
however. Resolution in this sense is the ability to distinguish two signals that are
closely spaced in frequency. In many practical scenarios where EW systems are
applied, the RF spectrum is very crowded and many signals are present. The
ability to separate signals in those cases becomes very important.

Chapter 7 introduces the reader to methods for detection of deterministic
signals. As mentioned, for the most part a considerable amount is known about the
signals of interest from communication targets. Typically one or more parameters
are random in nature, but for the most part the signals are a sinusoid of some type.
Therefore, detection methods for deterministic signals are important.

Chapter 8 is the counterpart to Chapter 7 for detection techniques for stochastic
signals. Normally, the less that is known about the signal to be detected, the poorer
the detection performance. When the signal is completely known the best
technique for detection is the matched filter. Such filters can be designed to detect
known signals in an optimum sense; what is meant by optimality is described in
Chapter 7. When one or more parameters about the signal are not known, then the
matched filter is no longer optimal and some other methods must be employed for
detection.

As mentioned above, classical methods for signal detection lead to relatively
low resoluton in signal separation, which can be detrimental in crowded RF
environments. High-resolution techniques have been devised to deal with this
problem, and such methods are introduced in Chapter 9. Two methods are
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described in detail to give the reader a flavor of what is involved. Other techniques
are discussed in general terms and a table is presented that compares most of the
known methods of high-resolution spectrum estimation.

Chapter 10 introduces two artificial intelligence methods for automation or
partial automation of the signal identification process. The chapter is not intended
to provide a comprehensive treatise on the subject, but instead to provide a few
techniques as an introduction to the subject, providing an existence proof for such
techniques.

The process of conducting electronic warfare in any real situation is extremely
complicated, and there are never enough resources to thoroughly cover all targets.
Chapter 11 contains an introduction to methods for resource allocation and
techniques for evaluating system performance when there are limited resources.

This book is not intended to be a textbook on target acquisition for electronic
warfare, but rather a reference that can be consulted on specific topics as they arise
in system design. It can also serve as a reference for short courses on the subject.

I would like to acknowledge two colleagues at [2WD. The efforts of John
Kosinski who read the manuscript in detail are appreciated. I would also like to
note the actions of Maria Wright to get the timely security release.






Chapter 1

Introduction

Electronic warfare (EW) is one of the tools available to force commanders
conducting military operations. It is similar to artillery fire in the sense that it is an
indirect method for application of its effects. It is indirect because direct line of
site with a target is not required for its use. All that is required is that the target be
within radio line of sight, the range of which is often much longer than visual line
of sight.

The direct effects of the application of EW are temporary—they go away when
the EW energy is removed. This is not to say that the overall effects are temporary.
Indeed, the application of EW techniques and methods can have significant impact
on the outcome of hostile activities.

This chapter serves as a general introduction to EW and its main components.
The remainder of the book focuses on a specific aspect of communication EW that
is important enough to deserve such extensive coverage.

1.1 Electronic Warfare

The appellation EW applies to any attempt to conduct adverse actions on
electronic equipment. It consists of three main components: electronic support
(ES), electronic attack (EA), and electronic protect (EP) [1]. The contents of this
book apply primarily to one of the components of ES: target detection.

ES is a supporting function for EA. It consists of extracting information about
relevant signals to be attacked, so that the attack will be more effective. The four
main functions performed for ES are all passive and are:

e  Searching for signals;
o Intercepting and categorizing signals of interest (SOI);

e Direction finding/emitter location;

1
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e  Analysis of the ensuing information.

This information consists of technical information, such as frequency and
modulation, as well as operational information, such as enemy intent and high-
value target determination. Herein, communication'ES will be the focus.

EA refers to attacking an electronic device in some fashion short of physical
destruction. It generally refers to emitting energy into receiving components so
that such receivers will not correctly decode an intended signal. Such signals can
be communication, radar, or telemetry signals, or any other radiated energy, man-
made or natural. The principal EA activity is active, which is jamming.

EP consists of those activities conducted to prevent adversaries from being
effective at EA and ES of our own electronic devices, and is, in a sense, the
counterpart to EA and ES. EP can be either active or passive. Examples of passive
EP are:

Physical siting of the EW system;
Shielding of the electronic emissions in the direction of hostile EW
systems;

e FEmission control (EMCON), which controls when friendly
communications occur;

e Directional antennas that transmit and receive signals in perferred
direcions;
Frequency management;
Deception.

Examples of active EP are:
e  Encryption;
e Low probability of intercept (LPI) modulations;

e Antijam (AJ) communications.

Nothing more will be said of EP herein except to the extent that the EA and ES
topics discussed can be used for friendly EP.

1.2 Communications and EW

Communication is the exchange of information between two or more entities. It
could be physical, as in the case of a transmitter and receiver in separate locations,
or it can be temporal, as in the storage of informaiton on a tape recorder, for
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Figure 1.1 Communication channel model.

example. The communication channel of concern here is illustrated in Figure 1.1
[2-7].

The source generates information that it wishes to transfer to the destination.
That source information is encoded for the purpose of removing redundancy in the
baseband data. The source-encoded data is subsequently sent to the channel
encoder. The purpose of this function is to add redundancy to the data to combat
channel noise. The two encoding operations are shown as separate functions
because, typically, they are different physical functions and the techniques and
rationale for doing the two are different. The block labeled transmitter is the part
that modulates the baseband data onto a carrier, amplifies the resultant signal, and
sends the carrier out onto the channel. Not much will be contained herein on those
functions, as they are covered extensively in other books. The channel is the
physical medium over which the information is exchanged. In the case of a
transmitter and receiver, the channel would normally be the open ether between
them. In the case of storage of information for later retrieval, it would be the
storage device. The channel is typically perturbed with noise and interference, the
latter of which could be intentional or unintentional. At the destination, the
receiver takes in the signal from the channel, converts that signal to a lower
frequency, and demodulates the results. This baseband data is sent to the channel
decoder, where the channel coding is removed. Next, the source coding is removed
in an attempt to recreate as accurate a replication of the source information as
possible. If there is no noise or interference, then this replication is perfect, with no
errors. More typically, however, the replication is an approximation to the original
data.

A countercommunication EW system, or jammer for short, creates intentional
interference for the channel. This interference could be in the form of additional
noise or one or more tones that may or may not be modulated. The purpose of this
interference is, of course, to make it more difficult for the communication system
to exchange information [8].
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Although there are many types of channels, the one of primary interest herein
is the additive white Gaussian noise (AWGN) channel. In such a channel the noise
present, generated by thermal and galactic sources, is added to the signal. That is
the case whether the noise is background noise or jammer noise [9-12].

One type of channel that is particularly important for wireless communications,
the type of communications of interest here, is the fading channel [13-16). There
are several sources of fading, but probably the one most relevant for wireless
communications is multipath reflection. As a transmitter or receiver moves, or
obstacles enter the path between them, the signal strength of multipath reflections
changes, thus causing fading. Although fading is important for analysis of
communication effectiveness, as well as analysis of jamming effectiveness in
fading situations, nothing more will be mentioned here.

1.3 Signal Detection

The first step in signal processing in communication EW systems is to determine
the presence of the signal. Herein that is known as the signal detection problem.
To determine if a detected signal is a signal of interest, further processing of the
signal is frequently required to determine or estimate parameters associated with
the signal.

Detecting the presence of a signal is a different problem from estimating
the value of some parameter. Detecting presence is a binary problem, or at least a
problem of limited dimension—detecting the presence of one of m types of
signals, for example. The variate takes on only certain values and there is a finite
number of them. In parameter estimation, on the other hand, the variate can, in
general, take on any value from a range of values—an uncountably infinite
number of possibilities.

The target set for communication EW systems consists of all types of
communication systems of interest to the users of the EW system. It is frequently
not known ahead of time what all those signals will be, so the signals arriving at
the receiver belonging to the EW system likely have an unknown form until they
are processed further [17]. Known-signal searching is the most applicable
approximation for searching for signals in communication EW systems because
the processing to make the determination if the signal is present is usually
performed prior to demodulating the signal. For most modulating schemes, there is
a substantial carrier component to the signal. That carrier originates from an
oscillator at the transmitter that generates sinusoidal waves in most cases of
interest here. Therefore, the signal being sought is a sinusoidal signal with some
form of modulation on it. The form of the carrier is therefore known.
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Typically, in the spectrum of interest to an EW system, there will be several
signals present. These signals may be close together—indeed they can be in the
same frequency channel. This leads to the question of how well two (or more)
signals can be separated when they are close together and what the impacts are of
signal amplitude on this resolvability. Chapter 5 presents what are more traditional
methods of signal detection, couched in the terminology of spectral estimation.
Spectral estimation is determining (estimating) the parameters of a signal such as
its frequency and amplitudes (or power levels). These techniques typically have
low resolution compared with some other techniques.

Reliably detecting the presence of a signal at a frequency when little or nothing
is known about that signal is a difficult and challenging problem. When the radio
frequency (RF) environment is composed of many communication networks, there
can be many signals to sort through, especially when many of these signals belong
to friendly forces and are therefore normally of little interest. In such environments
the resolution provided by simple search schemes may not be fine enough.
Techniques have been devised to increase this resolution, and some of these
techniques are presented in Chapter 8.

Cochannel interference [18] is also a significant problem in crowded
environments. There is only so much RF spectrum available to all sides in an
adversarial relationship. What is available must be shared, and between hostile
parties this sharing is not cooperative. The same frequencies are used by all sides.
Cochannel interference results where two (or more) signals use the same
frequency channel at the same time. This certainly affects the communication
systems if a comunication receiver hears both transmitters. It also significantly
affects the ability of an EW system to intercept the signals.

The most straightforward way to do spectral analysis of a signal is to present
the signal to a bank of narrowband filters, either analog or digital. This
configuration produces an approximation to the short-term Fourier transform
(STFT) of the signal. The characteristics of such an approach are limited only by
the practicality of its implementation.

The resolution of such an approach is limited to the number of practical filters,
which, by implication, determines the bandwidth of each filter. In addition, the
time the signal must be present at the input to the filter bank is proportional to the
bandwidth of the filters—for finer resolution (narrow bandwidth) the signal must
be present for a longer duration, and vice versa, for low-frequency resolution, the
signal need only be present for a short period.

Presenting the signal to the filters for only a finite time creates a window effect
in the frequency domain. Limiting the sample time to T seconds places a
rectangular window around the time function. In the frequency domain this creates
the convolution of the signal spectrum S(f) with the spectrum of the sample
function. This, in turn, creates false responses in the frequency domain. Windows
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Figure 1.2 Time domain signal detector.

other than the rectangular pulse are possible and ameliorate this effect to a certain
degree. Windowing a time series always produces some distortion in the frequency
spectrum. Energy from the channel being examined appears in other channels.
When this occurs, it is called leakage. This leakage can appear in close channels or
channels far away. Windowing also always broadens the peak response width.
This is called smearing. Windows are discussed in Chapter 5.

In general, it is possible to detect signals in the time domain or the frequency
domain. Simplistically, time domain detection is possible by applying the received
signal to an AM detector as illustrated in Figure 1.2. Irrespective of the type of
modulation the signal has (assuming a signal is present), it has some amplitude.
The triangle-shaped element in Figure 1.2 is a comparator with the transfer
characteristic

1, input > v

output:{ (1.1)

0, input <~y

Therefore, if the output of the detector exceeds the threshold given by y, then the
output of the comparator will be a logical 1 and signal presence is indicated.
Unfortunately, this type of detection is normally not optimum in that better signal-
to-noise ratio (SNR) performance is possible with more sophisticated techniques.

To detect signals in the frequency domain, the technique illustrated in Figure
1.3 is intuitive. In this case, the signal is converted into the frequency domain by
computing the Fourier transform (FT). Each resulting frequency bin is examined
simultaneously for energy above some threshold 7. The last module is an OR gate
whose output is a logical 1 if any one or more of its inputs is a logical 1. If any bin
contains sufficient energy, its corresponding comparator output will be a logical 1,
as will the OR output, and a signal present is declared. The FT essentially forms
parallel filter banks and is usually implemented digitally—that is, samples of the
signal are obtained and the discrete Fourier transform (DFT) is used to compute
the FT.
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It can be shown that a Fourier receiver, that is, a receiver in which the FT of
the time series followed by incoherent integration is used for signal detection, is
the optimum configuration for a significant set of signals, including many
communication signals of interest herein [19]. This set consists of narrowband
signals with random phase, duration longer than the reciprocal of the bandwidth,
with constant amplitude, and unknown frequency. This receiver is optimum
according to the Bayes criterion (discussed later).

Spectral estimation for use in EW systems is for the purpose of determining the
distribution in frequency of the power of signals that are random processes. This
estimate is useful for determining the presence of signals, their power content, and
their frequencies. Spectral estimation may be classified as either nonparametric or
parametric. The nonparametric approaches such as the periodogram, average
periodogram, Blackman-Tukey (BT), and minimum variance spectral estimation
(MVSE) require no assumptions about the data other than wide-sense stationarity
(wss, defined in Chapter 2). The parametric spectral estimators are based on
rational transfer functions of /linear, time-invariant (LTI) filters or time series
models of the data. We assume that these filters are driven by a Gaussian noise
source, and the parameters of the filters are adjusted so that the observed time
series emerges at the output. The advantage of the parametric spectral estimator is
that when applicable they yield more accurate spectral estimates. The drawback is
that it is critical that the model is correct, and any departure from the model will
result in a bias error in the spectral estimate and hence the parameters sought.
Compared with nonparametric methods, parametric methods have restricted
applicable areas; however, if applicable, usually more accurate estimates result.

Table 1.1 lists some of the ways the power spectral density (psd) is estimated.
More will be presented later. The two classical methods listed in Table 1.1 are the
fastest and most efficient, as indicated by the N log,N complexity. The psd
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Table 1.1 Spectral Estimation Methods

Class Model Method Complexity Resolution Control
Classical Preselected sines Periodogram Nlog,N Window
Classical None Correlogram Nlog:N Window
Parametric Autoregressive Yule-Walker N AR order
Parametric Autoregressive Burg N AR order

estimates are proportional to the power in whatever sinusoids are present in the
data stream. The main disadvantage is the distortion caused by windowing the
data. Windowing the data naturally occurs when the input data is limited to a finite
time window, which is always necessary. Weighting of the input data can reduce
the effect of sidelobes at the expense of decreasing the spectral resolution. Also,
the statistics associated with the input data tend to vary with subsequent sample
windows (stationarity assumption is violated). This statistical instability can be
minimized by ensemble averaging; however, this occurs with further reduction of
the spectral resolution. Generally, the resolution of the classical methods can be no
better than the reciprocal of the total time window length, independent of the
characteristics of the data. The methods are therefore not well suited for short data
records.

Alternative methods, such as using parametric models, may improve or
maintain high resolution without sacrificing much statistical stability. The
transformation relationship between the autocorrelation function and the psd by
Fourier transformation is a nonparametric description of a second-order statistic. A
parametric description may be devised by assuming a time series model of a
random process. The psd of such a model will then be dependent on the model
parameters and not on the original autocorrelation data.

The parametric approach to spectral estimation involves three steps: select a
parametric time series model to represent the measured data, either autoregressive
(AR), moving average (MA), or combined auforegressive moving average
(ARMA); estimate the parameters of the model; and finally insert the parameters
into the theoretical psd expression for that model. The characteristics of these
methods are:

e Parametric methods have a good frequency resolution even on small data
sets (this is their main advantage).

e Spurious peaks are generated if a large model order is selected relative to
the number of data samples, so model order selection is very important.
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The nonlinear relationship of spectral power to actual power exhibited by most
parametric methods makes absolute power measurements meaningless, so only
relative power measurements are possible.

There are several factors that need to be taken into consideration in detection
theory. Roberts [20] points out the following:

e If available, increased observation time will almost always
be useful, assuming that the signal persists.

e Another point of view, another location, even another
system might improve the situation. For example, in
antisubmarine warfare, is it better to listen for submarines
on dry land, from hydrophones near shore, or from
hydrophones at sea with telephone lines to shore, or is it
better to fly airplanes or sail ships to the submarines’
operating areas and provide ways for them to listen?

e  Signal processing exists to exploit differences in the nature
of signals and noise. If differences exist, signal processing
can transform both to some appropriate domain (e.g.,
frequency domain) where they are orthogonal and where
they may be separated more distinctly. But signal
processing cannot create what is not there; it cannot increase
the information content. (This is a manifestation of the data
processing theorem from the field of information theory
[21])

e To utilize signal processing, engineering knowledge of
signals and noise is necessary. Noise measurements can
come from ordinary engineering experiments, but if the
signal source is uncooperative (such as is the case for
communication EW systems) then information relating to it
will need to come from wuncontrolled available
measurements and subsequent deductions and calculations.

e With consideration of the consequence, it is important to
evaluate how good or bad the decision will be, once made,
in some average sense. Such evaluation might, for example,
indicate the need for more equipment, or operators, or
training.

1.4 Signal Searching

Typically a communication EW system operates in an RF environment that is
hostile and noncooperative. Sometimes some of the parameters of the signals of
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interest, such as frequency and modulation type, are available, but often not
entirely. These parameters must be detemined when they are unavailable.
Searching for signals of interest can be accomplished in several ways, such as
rapidly tuning a receiver through the spectrum. When little or nothing is known
about the target environment, the problem is different from when most of the
targets have been identified. The former requires searching over a region of the
spectrum in a continuous and contiguous fashion, looking for energy
corresponding to unknown (a priori) frequencies. In the latter, the frequency
locations of target signals are generally known—the problem is to find out if such
signals are either still at that location or have moved, presumably because it is
known that they stopped transmitting for some period. These search problems are
discussed in Chapter 3.

1.5 Notation

Herein, scalars are denoted as italic plain text letters, while small bold letters
denote vectors, and large bold letters denote matrices. Thus, 8is a scalar while 6 is
a vector and ® is a matrix. A vector 0 normally consists of scalars but could also

consist of other vectors or matrices. Thus, normally, 8=[6, 6, - 6,] .

At various points throughout the presentation, sections are cordoned off with
the title “Scholium.” This refers to material that is important and interesting, but is
not central to the development being presented.

The end of a section describing a singular thought, a theorem and its proof, for
example, is delineated by the symbol m so that the reader knows the preceding
discussion has been concluded.

1.6 Concluding Remarks

The literature on signal detection and estimation is vast. Perhaps one of the most
cited references is the series of books by Van Trees [22-24]. Another early source
is due to Helstrom [25]. An excellent overview of the history of the development
of the field is given in [26]. A very readable introduction to the theory of signal
detection in noise for both communication and radar signals is presented in [27].
Root provides an introduction to the theory of signal detection in noise [28].

The topics covered in this work are certainly focused on a narrow field—
communication EW system theory. It will be established, however, that there are
fundamental principles involved with this topic, and the operation of these systems
is based on sound first principles.
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Chapter 2

Deterministic and Stochastic Processes

A signal or function is deterministic if its future value can be predicted when the
current value is known. A signal or function is random, or stochastic, if its future
value can only be described statistically; the precise future value cannot be
determined even if the current value is known.

Communication signals in noise can be considered as exemplars of stochastic
processes. Sometimes the signals themselves, without the noise, are modeled as
stochastic processes. An example of this is general searching (defined in Chapter
3), where little or nothing is known about the signals received except, perhaps, that
there is energy at some frequency. Such signals can be modeled as random,
stochastic processes. In general, stochastic processes can be scalar- or vector-
valued quantities that vary with time. Thus, if two samples of the process were
measured at the same time, the measured value would likely be different.

Spectral analysis is a commonly used tool for analysis of signals, to include
communication signals of interest for EW systems. The mathematical foundations
of spectral analysis date back to the French mathematician Jean-Baptiste Fourier
(1768-1830) who discovered the relationship between a deterministic time domain
function s(¢) and its unique representation in the frequency domain, commonly
referred to as its spectrum, or Fourier spectrum in honor of the mathematician.

2.1 The Fourier Transform

If s(f) is a signal in the time domain then its FT, denoted by S(f), in the frequency
domain is given by

S(f)= j‘s(t)e'fz"ﬁdt @.1

Similarly, if S(f) is the FT of a signal s(¢), then s(¢) is given by

13
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s@O)= [ (e’ af 2.2)

This relationship is denoted by
s@) < SN 2.3)
In general, the FT is a complex function, with a real part denoted by Re{S(f)} and

an imaginary part denoted by Im{S(f)}. Equivalently, S(f) has a magnitude
(argument)

IS = VR {S(f)} +Im {S(/)} (2.4)
and phase angle
)
#(f)=tan 1—Re S0 f)}] (2.5)

It is usually the magnitude of the FT that is called the spectrum of the signal. As
will be discussed at length later in this section, the FT does not exist for all
functions.

Scholium
Notice that

e The value of S(0) is equal to the area under the graph of s(¢):

S(0)= js(!)dt (2.6)
e Similarly, the value of 5(0) is equal to the area under S (f):

s(0)= T S(f)df @7

These are general results and are useful for checking.
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(@) (b)

Figure 2.1 (a) Rectangular pulse and (b) its FT.

2.1.1 Important Fourier Transforms

Several examples of time waveforms and their FTs that are common in EW
systems analysis and design are presented in this section. In addition, some of the
more important properties of FTs and their associated time waveforms are
presented. More complete lists can be found in [1].

2.1.1.1 The Rectangular Pulse/Time Window

The rectangular pulse, boxcar, or time window function is

s(t)= Al ()= [A’ < % (2.8)

0, otherwise

which is illustrated in Figure 2.1(a). The FT is given by

% —j2nft %
S(f)=fAe'ﬂ"ﬂdt=A 6.2
-1 —-j2nf -7
_jaasL i2m L .
. szz_enfz =Asm(7-rf7")
—j2rf mf

= ATsinc(/T) (2.9)
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NGO
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Figure 2.2 (a) Two rectangular pulses and (b) their FT.

where

sin(mx)

sinc(x) = (2.10)

TX
This FT is shown in Figure 2.1(b).
Scholium

Notice that the zeros of S(f) are at integer multiples of 1/T . Thus, the wider the
pulse in the time domain, the narrower the transform in the frequency domain.

]
2.1.1.2 Double Pulses
The signal shown in Figure 2.2(a) can be written as
1, ~T<t<0
s()={-1,  0<t<T (2.11)
0, otherwise

as well as

S, (z)=HT[z+—]—HT[z—1] (2.12)
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Using linearity, the shifting theorem, and the FT of the pulse (2.9),

jearL

S(f)=Te 2 sinc(jT)—Te—jzrfgsinc(fT)
:j_f sin (WfT)

This FT is shown in Figure 2.2(b).

2.1.1.3 Triangular Pulse

The triangular pulse shown in Figure 2.3(a) can be written as

T+t

, —I'<t<0
T
S(t): T—_—l 0<t<T
T b
0, otherwise

This is 1/7 multiplied by the integral of the double pulses. Since
when s(¢) < S(f)

then f s(r)dT > 2——fS( 1)+ S(0)5(0)

-0

Now the area under the double pulse function is zero:

17

(2.13)

(2.14)

(2.15)

(1) T
1
z S
-T 0 T 3T 2T -1UT 0 Vr 2/T 3/T..
(a) (b)

Figure 2.3 (a) Triangular pulse and (b) its FT.
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[s,t)=0 2.16)

1 1 2j .,
=— = sin’ (7 fT)+ 056(0
(f> T ji2nf nf ( 'fT) ©
1 2
=T —— sin® (7 /T)
(mfT)*
= T'sinc? (fT) (2.17)
The FT is shown in Figure 2.3(b).
]
2.1.1.4 The Exponential Pulse
The exponential pulse illustrated in Figure 2.4(a) is given by
s(t)=eu(t) (2.18)
where u(?) is the unit step function. The FT of the exponential pulse is given by
S(f) — e—mu(z)e-jlwﬁdt — e—(n+j27r[)tdt
] /
. 1
a+ j2nf
1 —jtan”' 2/
L — o (2.19)

/az +47r2f2

The magnitude of this function is plotted in Figure 2.4(b) and the phase is shown
in Figure 2.4(c) for a = 1. The magnitude exhibits a sharp peak at = 0, while the
phase function transitions from n/2 to —n/2 radians quickly in the same region.
With larger values of « the time function falls faster and the magnitude of the
spectrum is less sharp, while the phase still changes from 7/2 to —n/2, but slower.
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-Figure2:4-(a)-An-exponential-pulse-and (b) the-magnitude-and-(c) phase of its FT when a= 1.
=
2.1.1.5 The Gaussian Function
The Gaussian function is given by
s(t)=e" (2.20)
which is illustrated in Figure 2.5(a). Calculation of the FT yields
% ) % ol
S(f)= fe—m’e—n"f'dz = fe [ “ ]dt (2.21)
Adding the necessary term in the exponent to complete the square yields
0o _ [1 M_ﬁ nif? iyt -7"f2
a|t®+j " —a _. —a|t+j——
S(f)=fe “’]e =g o fe [ “]dt (2.22)

-00
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S
s() Vni2

2 0 2 2 0 2
(a) (b)
Figure 2.5 (a) The Gaussian function and (b) its FT when @ =2.

Make the variable substitution u = ¢ + jnf/, then dt = du and

g =,
S(f)=e = f e du (2.23)

—oo+j7'%

which is a contour integral in the complex plane. The integral over the rectangular
contour is

B+j”f/ -+,
o gy - f o iy 4 f oo gy 4 f e dy (2.24)
—ﬂ+j’”/ 6+ A

where in each integral, the straight-line path between the limits is taken. Since the
integrand is analytic throughout the complex plane, Cauchy’s theorem states that
the integral over any closed contour is zero [2]. As # becomes large, the integrals
along the lines (8+ jmf/c,B) and (—B,~B -+ jmf/a) become small since the
integrand falls off rapidly while the length of the contour stays fixed. Hence, in the
limit as 3 — oo, these integrals vanish leaving

A oo
f e du+ f e du=0 (2.25)

—oo+j7r% L)
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or
A s
f e—auzdu _;f e-—nuzdu _ \/E (2'26)
—oot j"% -0 @
Therefore,

S(f)= \[.ge‘"f @.27)

which is shown in Figure 2.5(b). In general, as the width of the pulse in the time
domain broadens, the width of that in the frequency domain narrows, and vice
versa.

| |
Property: Shannon/Nyquist Sampling Theorem [3, 4]
Let x(?) be a signal with FT X(f) such that X(f) = 0 for| f| > /. . Then
x()= > x(kT) sinc[2n f, (¢t —kT,)| (2.28)
k=—o0

where f; = 2f; and T = 1/f..

n
Thus, the time function that is band limited to a finite frequency region has infinite

extent in the time domain. Furthermore, that time function can be exactly
reproduced with appropriately scaled sinc functions.

Property: Cosine Function

If

x(t) = Acos(27 ft) (2.29)
then

X(f) =§6(f—ﬁ,>+§5<f+fo) 230)
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The FT of a cosine function of infinite extent consists of two positive Dirac delta
functions located at the positive and negative frequencies of the function.

Property: Sine Function

If
x(t) = Asin(27 f,1) (2.31)
then
X(N) = 558U + F) =558~ £) (2.32)
.

The FT of an infinite sine function consists of two Dirac delta functions located at
the positive and negative frequencies of the function shifted in phase. The positive
delta function is shifted +n/2 radians and the negative delta function is shifted —n/2
radians.

2.2 Deterministic Signals

As mentioned, a deterministic signal is known for all time given its value at a
single time. Examples of deterministic signals are the cos( ) and sin( ) functions.
Such functions are, of course, useful for system analysis. Many practical signals of
interest in communications EW analysis and design are, however, stochastic or at
least have some parameters associated with them that are stochastic. These signals
will be considered in the next section.

Parseval’s relationship says that if

sy~ S() (2.33)

then the energy, e(¢), in the time domain is related to that in the frequency domain
as

E, = [lsf dt =[S ar (2.34)
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This simply says that the total energy in a signal s(?) is equal to the area under the
square of the magnitude of its FT." |S(f)[" is typically called the energy density, or

energy spectral density function, and [S(f)|"df describes the density of signal
energy contained in the differential frequency band from f'to '+ df.

Scholium

The average power in electronic circuits is given by P = i*R or P = v¥R. As is
commonly assumed, when considering the analysis of signals it will here be
assumed that this resistive value is unity, allowing the power to be expressed
simply as s%(£) = v¥(£) or = *(£). This allows units of power to be expressed as the
square of the signal amplitudes and the units of energy measured as volts>-second
(amperes*-second).
u
The average power, P,y,, over a time interval ¢, to ¢, is obtained by integrating
s%(¢) from t, to t, and then dividing the result by T=#,—t, or

1 T
Pu=7 f s:(t)dt (2.35)
)

where T is the period of the signal. Total energy can thus be expressed in terms of
power, p(?),

E=7ﬁ@m

! Recall the electrical energy storage elements (assuming zero initial energy):
e Inductor
o(t) = Ldi(t) / dt
[ 0 f 1
1
= L) = = i(H)dt = (i) = = 4%
e(t) { v(t)i(t)dt / L= =it =1 [ i(t)di(2) 5 Li*(T)
e Capacitor
i(t) = Cdu(t) / dt
T T d (t) T ]
. V)l
)= t)i(t)dt = 1)C ——2dt = ==Cv
(t) fmﬁo jbocdt clh@mm Lo

0 0



24 Target Acquisition in Communication Electronic Warfare Systems

- 7 p(t)dt (2.36)

In general, the quantities discussed here are complex and therefore have both real
parts and imaginary parts, or amplitudes and phase functions.

2.2.1 Energy and Power in Deterministic Signals
2.2.1.1 Finite Energy Signals

All deterministic signals can be divided into finite energy signals or infinite energy
signals. Most real signals exist for only a finite amount of time and, generally,
have a limited frequency range of interest. Theoretically, no signal can have both
finite duration and finite frequency extent, however.

The total energy in the signal s(?) is given by (2.34). Signals such that E; < «
are called finite energy signals and are also referred to as £* functions. If s(7) is a

finite energy signal, then lim s(t)=0.
1—En0

If s(¢) is passed through an ideal bandpass filter of bandwidth B, with transfer
function H(f) given by

B
H(f)={" <3 (2.37)
0, otherwise
producing y(z) at the output, then the energy in y(¢) is given by
E,= [[r(rfdar= [|s(r)H ()] o
% 2
- f IS(f ar (2.38)
-%

2.2.1.2 Finite Power Signals

Not all signals have finite energy, that is, there is an infinite amount of energy in
them. Typical examples are the sin and cos functions, as well as impulse functions.
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For this type of function, the power is the important parameter. The average power
in s(f) is given by

=lim— | |s(¢ dt (2.39)
f s

T—ooo

and functions for which Pr < o are called finite power functions.

2.3 Stochastic Processes
This section introduces the basic notions behind stochastic processes.
2.3.1 Ensembles

Consider the hypothetical communication system shown in Figure 2.6. All of the
transmitters are perfectly collocated and are identical. They all transmit the exact
same signal to the single receiver at exactly the same time. Noise is added to each
of these signals, which causes the signals arriving at the receiver to be different,
even though the transmitted signals were the same. At any specific instant in time,
say ¢t = 5, the amplitude of any given one of these received signals will have some
value, but this amplitude is unpredictable. This collection of signals is called an
ensemble. The statistical descriptions for stochastic processes always refer to such
an ensemble of waveforms. Any one of these waveforms is referred to as a
realization of the stochastic process.

A specific example of an ensemble of time functions consisting of four
elements is shown in Figure 2.7. The statistics of this random process are
calculated across ensemble elements. Thus the average value at £ = #, is

S (8) = 15,0+ 5,6) 4 5,0) +5,6)] =2 (2.40)

An ensemble represents the complete and exhaustive set of possible
waveforms that can be received. The value actually received in one experiment
with this system at a particular time, say xs, is thus a random variable (rv) with,
for example, an associated probability density function (pdf), cumulative
probability distribution function, mean value, variance, and standard deviation.
Here, the pdf will be denoted by p(s), and when a particular time is important, say
t =5, then ps(s). The cumulative probability density function, cdf, will be denoted
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Figure 2.6 Example of an ensemble of a statistical process.
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Figure 2.7 Ensemble consisting of four time functions.
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P(s) with similar additions when time is important. The mean value of ss is given
by

E{s}= Tsps (s)ds (2.41)

where £{.} refers to the ensemble expected value function. Likewise, the variance
of 55 is given by

cf'{(s—c‘,'{ss})z}:—j‘(s~£'{ss})2 ps (s)ds

2

= T s’ ps (s)ds — Tsps (s)ds
=£{s}-£{s;} (2.42)

The mean (E{ss}) and variance (£{s?}) are two examples of the moments of the
rv. The pth moment of an rv is calculated at = 5 as

5]

£fst}= f ? py (s)ds (2.43)

2.3.2 Power Spectral Densities

The FT of a time signal is a representation of the frequency content of the signal.
There are various ways of using this transform to ascertain this frequency content.
Each of these approaches has strengths and weaknesses. The ones examined in
detail here are based on parametric models of the underlying stochastic time series
that emerges from digitizing the predetection signal from a receiver [5]. Power
spectral densities and autocorrelation functions for statistical processes are related
by the FT when the process is continuous. The analogous transform when the time
series is discrete is the z transform.
The correlation of two sample functions x(f) and y(¢) is given by

Yy (T) £ S{x(t + T)y(t)} (2.44)
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If x(f) <> X(f), the Wiener-Khinchin theorem states that the autocorrelation
function of x(¢) is related to its FT, X(f), as

Y (P) = X () (2.45)

where 7 is time delay and fis frequency. Thus, the absolute value of the FT of the
autocorrelation function is the psd of that function.

For discrete time processes x, and y,, where # is a running index such that the
sample times are £, = nT when T is the time between samples (assumed constant),
the correlation function is given by

Vegn = E{Xpam¥n } (2.46)

This value is to be estimated using N values of the functions as x, X1, ..., Xy and

Yos Yis -5 YN-1-
One estimate of the autocorrelation function is given by

N- l——]ml

=% Z n+|m| n? |m| S N—l (2.47)

which is called the sample autocorrelation function. The expected value of the
sample autocorrelation function is given by

| N
— £ 2.4
N poerd { n+|m] } T’Yxx,m ( 8)

E{rwnt=
so the expected value of the sample is not equal to the actual expected value of the
series. When this occurs, the estimate is said to be biased.

The calculation of an estimate is consistent if the estimate converges to the true
value as N approaches infinity. This will be true if the bias as well as the variance
both converge to zero as N approaches infinity. This is true for ,, as well as the
variance when x, ~ A{0, ).

2.3.3 Mean, Autocorrelation, and Autocovariance Functions

Correlation functions of a stochastic process can be defined that, in general,
indicate how well the v in one realization from the ensemble at a point in time is
similar to another realization. The mean of the process is defined as
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o

)=&s (@)} = [ sp.(s)ds (2.49)

~00

It is worth pointing out again that there is a mean value for each ¢, since the
averaging taking place is over the ensemble at each ¢, as opposed to over time.

The similarity of the stochastic process at two distinct times is given by the
autocorrelation function defined as

00 00

Ve (tist5) 8{ } ffsl*szp(sl,t,;sz,tz)ds,dsz (2.50)

—00 —00

while the autocovariance function at two different times is an indication of the
spread of the rv around the mean value. It is given by

o (1ot = {[s — i (8)|[s(&) = 1. (2, )]} (2.51)

These definitions can be extended to two distinct sample functions s, and s, from
the random process as v,,, and x_  , respectively.

55,
There is no limit on the number of times that can be included in these statistics,
so the joint moment at » time instants is given by

’Yss(tlatza"' n ég{s tl)s (tn)} (2.52)

2.3.4 Stationary and Wide-Sense Stationary Processes

Il

fS; "S,.p(sxat1§sz:t2§'"§Sn’tn)dslds2mds" (2.53)

-0

There are two important definitions of stationarity for stochastic processes. Both
imply characteristics of the behavior of the process with time.

2.3.4.1 Strict-Sense Stationarity

If the statistics of a stochastic process are independent of the choice of the time
origin, the process is said to be strict-sense stationary. Therefore, instead of
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having a pdf for each time instant #, p(s; #), a stationary process has a single
probability density independent of ¢ given by p(s). The mean of a stationary
random process is a single value rather than a function of time. The n-time joint
probability density is given by

p(sl,tlgsz,tz;---;s,,,tn)= p(s,,t1 4+ T38,,0 T3S, L, —{—'r) (2.54)

for any z The autocorrelation and autocovariance functions then depend only on
the time difference between the two sample times and

Y (T) 2 5{5* (£)s(t +7')} = 7 7sf52p(sl,t;sz,t +7)ds,ds, (2.55)
K (T):é'{[s' (f)—lisHS(H'T)’#s]} (2.56)

A strict sense stationary process requires that the autocorrelation functions of
all orders be independent of absolute time.

2.3.4.2 Wide-Sense Stationarity

If it is only known that the mean and two-time autocorrelation function are
independent of the time origin, the process is said to be wide-sense stationary
(wss). It is frequently only realistic to establish that a signal is wss. Establishing
stationarity in general is a difficult problem to solve.

2.3.5 Ergodic Processes

Ergodic processes are those for which the ensemble averages can be replaced with
the time averages over a single realization of the process. Ergodic processes are
always stationary, but the reverse is not true, although a stationary process may be
ergodic.

2.3.6 Cyclostationary Processes

If the statistics of a process repeat after a period of time, then the process is said to
be cyclostationary [6, 7).
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2.4 Stochastic Signals

The discussion in Section 2.2 on deterministic signals does not apply directly
when the signals under consideration are stochastic. There are two reasons for this.
First, S(f) is a random variable, since, for any fixed f, each sample would be
represented by a different value of the ensemble of possible sample functions.
Hence, it is not a frequency representation of the process but only of one member
of the process. The second reason for not using the S(f) of (2.1) is that, for
stationary processes, it almost never exists. One of the conditions for a time
function to have an FT is that it be absolutely integrable so that

j |s(6)|dt < oo (2.57)

A sample from a stationary random process can never satisfy this condition (with
the exception of generalized functions inclusive of impulses and so forth) because
if a signal has nonzero power, then it has infinite energy and if it has finite energy
then it has zero average power. The class of functions having no Fourier integral,
due to (2.57), but whose average power is finite can be described by statistical
means.

Let s(?) be a realization of a stochastic process. Define the truncated version of
the function s(?) as

_|s®,  <T
sp(t) = {o, W>T (2.58)
and -
s(t) = lim 5,.¢) (2.59)

If s(¢) is a power signal, then the transform of s(¢) is not defined, but the transform
of s¢(?) is defined because

7 |s; (O)|dt < o0 (2.60)

The FT pair of the truncated function s1(¢) can thus be found using (2.1) and (2.2).
Since s(7) is a power signal, there must be a power spectral density function
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associated with it and the total area under this density must be the average power
despite the fact that s() is non-Fourier transformable.
Equation (2.34) using the truncated function s(?) is

S s at= [15,(nf éf 2.61)
Dividing both sides by 2T yields
1 7 2 1 % )
5}‘:[0 jsrtof dr = _fw |- (N[ df (2.62)

The left side of (2.62) is proportional to the average power of the realization in the
time interval —T to 7. This assumes s7(¢) is a voltage (current) associated with a
unit resistance. It is the square of the effective value of sy(f) and for an ergodic
process approaches the mean-square value of the process as T approaches infinity.

Since Sy{f) is nonexistent in the limit, the limit as T approaches infinity cannot
be taken. Recall, though, that Si(f) is a random variable with respect to the
ensemble of sample functions from which s(¢) was taken. The limit of the expected
value of

1 2
EIST ) (2.63)

does exist, since its integral, (2.62), is never negative and exists. If the
expectations of both sides of (2.62) are determined

g{% [O s, ] et } =& [gllesr(f ) df ] (2.64)

then interchanging the integration and expectation® yields

% If flt) is a nonrandom time function and s() a realization of a random process, then

4 L}
5’ f s(t)f(t)dtl = [efs}sityae
4 4

is allowed under the conditions
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%zc‘:ﬂsr(t)r}dt - ’;?zgﬂS’ (O }ar (2.65)

Taking the limit as T — o,

.1 7 .17 )
lim 3wl ” (ds = Jim —— [a s, ol }er (2.66)
results in
Y . 1 2
()= J lim E‘Sﬂsf (I e (2.67)

—00

where <s_2(t)> is defined as the mean-square value (; denotes ensemble averaging

and <x> denotes time averaging).
As long as the process under consideration is stationary then the time average
of the mean-square value is equal to the mean-square value, and (2.67) becomes

= N )
$@= [ lim {5, (N[ }4r (2.68)

—00

The integrand of the right side of (2.68), similar to (2.34), is called the psd
function of a stochastic process and is denoted by S(f); thus,

. 1 2
5¢)=tim & {Js, ) 69

It is important to note again that letting 7 — oo is not possible before finding the
expectation in (2.69).

Yy
o et <oo;
A

e s(t)is bounded on the interval 7, to #,. Note that ¢, and/or 1, may be infinite. Also, s(f) may be
stationary or nonstationary.
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If s(¢) is a voltage (current) associated with a 1) resistance, s(t) is the average
power dissipated in that resistor and S(f) is the average power associated with a
bandwidth of 1 Hz centered at f Hz.

S(f) has the units volts’-second and its integral, (2.68), leads to the mean-
square value, hence,

S0 = [ s 270
Since S7(f) is the FT of s7(f), assuming a nonstationary process, from (2.69),
1T 2y g [ j2r
S(f)= Tlggﬁs[f s, (t)e M dt, fsT t,)e” f’Zdtz} 2.71)

The subscripts of ¢, and #, have been introduced to keep the variables of integration
distinct. So,

S(f)= lim

-0

1 o o0 i »
275‘ fm dt, [ et "sr(zl)s,(zz)dtl}

= lim

T—00

(2.72)

1 7 7 ,
o7 J [ Els s @}e e a

The expectation &£ {s, )s; (tz)} is the autocorrelation function, y(#, t; ), of the
truncated process where

E{sr )5 (1)} =7, (1,1, ANARS (2.73)

Substituting
b =T 2.74
dt, =drt .79

(2.72) becomes
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S(f)=lim Elfg{ f dr f Yo (ots +T)e-f“f*dt,} (2.75)
or
o0 1 T
SN = {f }ijl;ﬁf%s(tl,zl +7‘)dtl}e’ﬂ”’d7’ (2.76)
—00 -T

Thus, the spectral density is the FT of the time average of the autocorrelation
function. The relationship of (2.76) is valid even for nonstationary processes.

For the stationary process, the autocorrelation function is independent of time
origin, and therefore

(Va sty + 7)) =7,,(7) 2.77)

It has just been shown that for a stationary random process the autocorrelation
function is the inverse FT of the spectral density function. This cannot be said for
nonstationary processes, however.

The FT of the autocorrelation function is called the psd, or the power spectrum
of 5(2), denoted by S(f):

S()= jms (r)e™ " dt (2.78)
and
Yo (T) = f S(f)e* *df (2.79)

The average power of a stationary stochastic process is defined as
P= £{|s(t)|2} (2.80)

Likewise, the autocorrelation of s(f) is given by
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Yoo (7) = E{s (1)t +7)} @.81)

and the cross-correlation function of s(f) and x(¥) is given by
Yo(r)=E{s" (O)x(t+7)} (2.82)
If a stationary stochastic process s(f) is input to an LTI filter with impulse

response /(¢) producing output y(¢) = (s * h)(¢), the cross-correlation of the input
and output is

Vey ([“12):5{5* (tl)y(tz)}

00

=£1s (tl)fh(v)s(tz—v)dv

—00

= j h(v) v (8 =1, —v)dv
= j h(v)e {S' (t)s(n _v)}dv
= ('Yss */1)([2 —tl) (2.83)

Thus, %,(.) is not a function of time but a function of only the time difference
T=1~ 1, SO

Yoy (7) = (v ¥ h)(7) (2.84)
By a derivation similar to (2.83),
Yy ()= (v #B) () = (,, ki ) (7) (2.85)
where /2(1) = h" (—¢). Note that the psd is an even function of frequency.

The autocorrelation and cross-correlation functions are defined for finite power
stochastic functions as
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Y = }L“;% f s"(e)s ()t (2.86)
72
and
%
Vo, = Th_{{’loF f s (t)s, (147t (2.87)
2
respectively. When 7= 0,
%
=t | <= e
Nz
=k (2.88)

By derivations similar to that leading up to (2.84), it can be shown that the
autocorrelation of the output of an ideal LTI filter is given by

Yy (7) = (s %) (7) (2.89)

with corresponding FT

S, (f)=SJE () (2.90)

vy

If a finite power signal is passed through an ideal bandpass filter of bandwidth
B, the average power of the output, calculated in a similar manner to the above, is

1, (0)= [ S.(f)ar 2.91)

which justifies calling S, (/) the psd of s().
The cross-correlation function of the input and output is similarly given by
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Yy (7)= (1 #2)(7) (292)
with corresponding FT
Sy(N)=SH(f) (2.93)
Assuming that y is wss, the psd @ (ej“’)can be shown to be lY (e"“’)2 as
follows.
o, (ej‘”) = i @, (m)e™", || <7
= 3 E{ani}e™
=& {y; _f: yn+me"’"’“’}
=X (ej‘“)X(e/“)
= &{yiemx (e} (2.94)
. 2
=[x (e”) (2.95)

where © (ej“’) is the psd of y and @, (m) is the autocorrelation sequence of y.
Equation (2.94) is true by the time shifting property of the FT. This is known as
the Weiner-Khinchin theorem.

If y(k) represents a specific instance of the wss ergodic random process Yy, a
finite-length sequence can be defined as

y(k), -N<k<N
k)= . (2.96)
0, otherwise
From this an estimate 7,,(m) of the autocorrelation of y can be generated as
. N
£, (m) Yk +m)y, (k) 2.97)

TN+,
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Thus,

7 (ke ™, |w| <7

=2 "%
=Z 2N +1 MEN Yulm )y (m)’e" )

2N +1 M_E_N yu(m) Z yulkt m)]e_]kw

1 ] * fhw
=TI Y, (e’ )m;N ¥, (m)e* (2.98)

2

1 w
=m| )

"”‘“‘ 2.99
2N +1]4 (2.99)
Again, (2.98) is possible due to the time shifting property of the FT.
The true psd is the expected value of éyy(ej“) as N — «:
P, (e*) = lim ¢fe,, )}
= lim £ —Jhw 2.100
Jim [2N+1 2 e } (2.100)

2.5 White Noise

If the psd of a stationary stochastic process x(¢) is a constant value with frequency
it is said to be white (see Figure 2.8). This corresponds to the naturally occurring
thermal noise in the atmosphere as well as all electronic devices. The psd can be
specified either over the entire frequency spectrum of —o < f'< c0, when it is given
by Ny / 2 W/Hz, or equivalently, over just the positive frequency range of 0 < f'<
oo, where it is specified by N, W/Hz.
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YaalT)
N,

Figure 2.8 White noise.

Considering the positive frequency range only, the autocorrelation function is
given by

’Ynn (T) = f Noejhﬁdf
=N,6(7) (2.101)

which is also illustrated in Figure 2.8.

Thus, the values of the process at any two distinct times are uncorrelated. Since
P¢ = %x(0), it also means that instantaneous power is infinite so that the value of
the process at each time can be arbitrarily large. In most cases of practical interest,
the noise is modeled with a flat spectral density over the range of frequencies of
interest. All real noise sources tend to zero due to natural causes as the frequency
gets large.
2.5.1 Signals in Noise
In many cases of interest in communication EW system analysis, the signal is

embedded within a stationary noise process. If s(?) is the deterministic signal and
n(f) represents a realization of a noise process, the received signal 7(¢) is given by

r(t)=s(t)+n(2) (2.102)
The SNR, denoted here by v, is defined as

e Average signal power

- (2.103)
Total noise power

For example, if the signal is given by
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s(t) =28 sin(2n ft) (2.104)

where S is the average power in the signal, the noise is specified as Ny W/Hz, and
the total noise power in a double-sided bandwidth B is Py = BN, then the SNR is

v=—0_— (2.105)

2.6 Concluding Remarks

The fundamental properties of deterministic and stochastic processes were
presented in this chapter. Processes in the context important here are signals and
the mechanisms that generate them.

Deterministic signals are idealizations of realistic signals. Most signals of
importance to communications EW are stochastic in some sense. There are one or
more parameters about them that are random, and therefore these signals can only
be described by probability functions and the resulting statistical properties.
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Chapter 3

Target Search Methods

In communication EW problems, signal detection refers to establishing the
presence or absence of a signal at a frequency by searching the frequency
spectrum [1]. There are three distinct types of such searching: general search
(GS), directed search (DS), and signal verification. This last category is not
searching in the same sense as the other two—it consists of verifying that the
target signal is still present at the frequency channel that is being jammed [2].
Characteristics of these search schemes are examined in this chapter [3].

GS is the type of search when little or nothing is known about the signal
environment and the frequencies of the active targets must be established—this is
an ES function. The search receiver scans the frequency spectrum from some start
frequency to some stop frequency (or multiple bands of these) and measures the
energy present at each channel. If energy is detected, then that frequency is tagged
as active and the receiver moves on. Alternatively, other actions can occur upon
detection of an active channel, such as notifying an operator or automated
processing equipment to begin making measurements on the signal.
In GS searching, the target types, in general, are unknown, although there can be
exceptions to this. Therefore it is best assumed that the signals have at least some
random parameters. These parameters are the signal’s amplitude, time of
detection, and phase of the carrier. The frequency is known because it is either
assumed to be the center of the channel being searched, or it can be measured as
the position of the centroid of the spectrum or the highest peak of the spectrum.
The two types of signals of interest then are:

e Targets with random amplitude and phase at known frequency;

e Modulated sinusoid with known frequency, random modulation, random
amplitude, and random phase.

43
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Figure 3.1 Wideband receiver for signal searching.

DS assumes that most or all of the frequencies of the targets of interest are
known. In addition, other characteristics of the signals may be known, such as the
modulation type. The search receiver tunes to each discrete channel, the priorities
of which can be taken into account. The search only covers those frequencies that
are known active at some point in the recent past. In addition, if an operator or
automation has determined that the signal at a particular frequency is a high-
priority target, that channel could be revisited more often than some other channels
that may be of just general interest. With DS searching, there is a much higher
probability of knowing the target type associated with the frequency. Thus,
specific targets can be modeled as:

e Random targets at known frequency with known amplitude, known
modulation, and unknown phase;

e Modulated sinusoidal target with known frequency, known modulation,
known amplitude, and random phase.

Combinations of GS and DS are also possible. This scenario would be used
when the target environment is partially known (DS), but a significant portion is
not (GS).

As mentioned, verification is ensuring that the target being jammed at a
frequency is still active at that frequency. This is also called look-through. During
the look-though period, the jamming signal must be blanked to not damage the
sensitive ES equipment. In this case, the signal type is known, including all the
relevant parameters. In that case, the hypothesis testing approach for signal
detection, discussed later, is probably not required. The high-resolution signal
detection capabilities are required, which is true of all of the search strategies
discussed here.

Searching is typically accomplished by converting the signal output of a
relatively wideband receiver into the frequency domain and determining the
frequencies where the peaks occur, as illustrated in Figure 3.1. There are two
fundamental types of spectral estimation methods that can be used for signal
detection. The first is called the traditional method and is used when relatively low
resolution is adequate with resolution defined as indicated in Figure 3.2. Two
equal amplitude signals are resolved when their peak levels are separated by a
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Figure 3.2 Frequency resolution. The signals are just resolvable when the dip between two signals is 3
dB below the peak levels. This frequency separation is approximately 1/T for low-resolution spectrum
estimation. An alternate definition is used in Chapter 9 that allows for differing power levels of the
signals.

frequency span defined by the 3-dB drop from the peaks values. In Figure 3.2, this
span is given by £, — f;. When this amount of resolution is not adequate, the second
technique provides for higher resolution signal detection at the expense of a higher
computational burden. Two traditional techniques are presented in Chapter 4: the
periodogram and the Blackman-Tukey method. The higher resolution methods are
presented in Chapter 8.

All spectral estimation techniques are imperfect in that false detections occur
and detections are sometimes missed, as discussed in this chapter.

3.1 General Search

As indicated in Chapter 1, general searching for signals of interest is used to
establish where signals are located in the RF environment. The signal environment
in GS is assumed to consist of deterministic signals with random parameters, as
well as random signals with unknown parameters as the most general case. The
background noise is assumed here to consist of AWGN.

When little or nothing is known about the signal being detected, the optimum
detector is the radiometer. The radiometer estimates the amount of energy and
noise present in the signal. Detailed discussions about the radiometer are presented
in Chapter 5.
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The parameters for GS must be provided by tasking prior to a mission. The
most general tasking for GS is to search a single frequency band from start to
finish, repetitively. The frequency band list, of course, can be modified during a
mission. Once a signal is detected, system assets are tasked to determine as much
about the signal as possible for subsequent use in DS or for other purposes, such as
tasking set-on receivers. Databases could also exist that are provided by external
sources or determined on prior missions as to frequencies in use by SOIs.

When energy is detected, signal detection is declared. Rarely is this sufficient
to declare the signal as being associated with a target, even though the frequency is
the same. Further processing is almost always required for target declaration. This
further processing could be determining the type of modulation present (if any)

Another possibility is to obtain a line of bearing (LOB) on the target and/or
task other EW systems to do the same. An LOB is the direction from which the
signal arrives at the EW system. The resultant data could then be used to calculate
a position fix (PF). A signal classifier could be tuned to the frequency where the
energy is detected, making appropriate measurements to ascertain the modulation
of the signal. A set-on receiver could be tuned to the frequency so that the signal
can be intercepted. These are but a few of the possibilities, but they all start with
the fundamental requirement to measure the energy to detect the presence of
signals.

Two or more signals can be occupying the same frequency channel. In general
these signals can be targets, friendly interferers, or gray interferers. Based on the
detected energy alone, the distinction is difficult to ascertain. Other means must
then be employed to determine the status of the signals. This assumes that it is
possible to determine the presence of more than one signal, which is a dubious
assumption at best. In the tactical military communication frequency bands, the
channelization is fairly narrow—10 kHz in the HF band, 25 kHz in the low VHF
band (30-90 MHz), and 50 kHz in the low UHF band (110-400 MHz). If a signal
is using a channel in one of these bands, it will likely use the whole channel, and if
two or more signals are present, they will almost assuredly substantially overlap in
frequency content.

In some cases it is possible to remove one (or more) of the interfering signals
when cochannel interference occurs. The system shown in Figure 3.3 is one such
technique for FM signals. The first PLL locks onto the stronger of the signals at
the input and forms an identical signal that is & radians out of phase with it (as
indicated by the negative sign at the adder in Figure 3.3). That signal is then added
to the incoming signal that effectively removes the stronger signal. The resultant
signal is the weaker of the signals at the input. This could be repeated a number of
times.
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Figure 3.3 Coupled phase-locked loops (PLL) for extracting two cochannel FM or PM signals.

The same technique can also be used as an indication of the presence of
cochannel interference. If there is little signal left after subtracting the stronger
component, it is an indication that it was the only signal there.

Modern military communications tend to standardize on the type of
modulation depending on frequency band. In the HF band, analog AM is popular
for voice and binary frequency shift key (BFSK) is popular for teletype signals. In
the low VHF band, analog FM is popular for voice communications, and
frequency shift key (FSK) and phase shift key (PSK) are present as well for digital
communications. In the low UHF range, analog AM is popular for airborne
communications. Radars can show up as interferers in all of these bands as well.
Therefore, in general, it is highly unlikely that the correct interfering modulations
will occur, whereas for specific segments of the RF band the probability is
considerably higher.

Modern radio transmitters, implemented with largely digital components, are
better at retaining proper channelization than older analog radios. If the transmitter
drifts, this also can cause interference problems, even if the channel is not
completely overlapped by the interference. With the large thrust toward
commercial use of the RF spectrum for communications as exemplified by the
proliferation of personal communication systems (PCS) and cellular phone
systems around the world, the drift problem is likely to be less of a concern in the
future. .

In ground-based EW systems, target signals are likely to be weaker than
friendly interferers most of the time. That is because they are likely to be further
away. This, of course, does not apply to airbome EW systems. In particular, for
unattended aerial vehicle (UAV)-based systems for example, the UAV can fly
closer to the targets to cause them to be larger in amplitude. Also, in conflicts in
urban terrain, the targets are totally mixed with friendly and gray signals, so this
comment does not apply. In general, signal amplitude is a bad sort criterion for
determining whether a signal is a target or not.

Sometimes the angle of arrival of a signal can be used as an indication of
whether a detected signal is a target or not. If the general region of the target array
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Figure 3.4 Typical noise characteristics in the low RF spectrum: A: atmospheric noise, value exceeded
0.5% of the time; B: atmospheric noise, value exceeded 99.5% of the time; C: man-made noise, quiet
receiving site; D: galactic noise; and E: median business area man-made noise; minimum noise level
expected. (From: [4], © 1982 CRC Press, Inc. Reprinted with permission.)

is known, even approximately, then signals not coming from that region may be
assumed to be friendly or gray.

Digital signals are normally easier to classify than analog voice. The telltale
characteristics of digital signals are easier to isolate than those associated with
voice.

The frequency resolution is inversely proportional to dwell time for the most
common type of spectrum estimation technique, the periodogram. However, the
longer the dwell time, producing better frequency resolution, the lower the revisit
rate possible to other channels for scanning implementations where the search
receiver moves from one set of channels to the next. For implementations where a
staring receiver is used, revisit time is not an issue.

Staring is possible over limited portions of the tactical communication
frequency range. Digital staring receivers can cover the entire HF band, although
noise variations would typically require some degree of channelization. The noise
levels below 100 MHz are typified by that shown in Figure 3.4 [4], and to stare at
the entire band would require a dynamic range in the receiver beyond that
available today. The noise alone over 1 to 30 MHz varies by about 50 dB
minimum. That is before any signals are present, which in the HF band can vary
by 100 dB or more. In Figure 3.4, noise levels are shown in decibels above k7B,
where k is Boltzmann’s constant, ¥ = 1.38 x 107 W/K/Hz, T = temperature
(Kelvin), and B = noise bandwidth (Hz). Portions of the VHF (30-300 MHz) band
can be covered with staring receivers when the requirement for high dynamic
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range is considered. The same is true for the UHF band, although the important
PCS bands can be covered with adequate dynamic range, typically 15 MHz around
400 MHz, 70 MHz around 900 MHz, and 140 MHz around 1.9 GHz (1.850-1.990
GHz).

The results of GS are a list of signals with their parameters. These parameters
could be:

Frequency;

Power level;
Modulation type;
Geolocation/LOB.

and other, more detailed information.

3.2 Directed Search

Directed search is used when most of the parameters associated with the targets
are known. Most importantly, it is known that the signal at a DS frequency is a
true, or at least suspected, target. The DS frequencies are known, and the EW
system moves from one frequency to the next, measuring the energy at each
frequency channel to determine the presence or absence of a signal. Just as for GS,
if energy is detected, several subsequent actions are possible, and whether any of
them are executed depends on the particular mission and the signal.

The data required for directed searching, such as frequencies, signal types,
amplitudes, and so forth, are provided for directed search. This information could
be provided by other sources, prior to or during the mission, or it could be the
result of GS discussed in Section 3.1. The more information that is provided, of
course, the higher the probability is that a detected signal is a SOI.

For scanning implementations, the time it takes to revisit a DS frequency
impacts on the probability of detecting that target on its next transmission, which
may be important for some missions.

3.3 Concluding Remarks

Determining the presence or absence of signals is the purpose of spectral
searching. If little is known about the target environment then, GS is implemented
to establish where the signals are and to determine as much about them as
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possible. If the target environment is fairly well known, then DS can be used. In
DS, the frequencies are known, as are several other threat signal parameters.

The result of GS is a list of frequencies where potential threat signals may be
located. These results are used for subsequent DS when targets are further
exploited.

In practice, both GS and DS are conducted simultaneously. With limited
system assets, the two search methods might share the same receiver, alternating
between the two search types with that receiver. In larger systems, separate
subsystems can be used for the two search modes. GS can be running separately,
categorizing the target environment, while DS is used to keep track of known
targets.
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Chapter 4

Hypothesis Testing for Signal Detection

There is a firm theoretical background for optimal detection of signals in noise
available with hypothesis testing [1-3]. Hypothesis testing is one method used to
optimally or suboptimally determine whether a signal is present or not [2, 4-8].

4.1 Hypothesis Testing

The simplest case to consider is when all of the parameters of a deterministic
signal are known and the channel provides AWGN, whether the signal is present
or not. Suppose that the receiver in the EW system outputs a predetection (not
demodulated) waveform x = {x(f) : ¢ € [0, T]} over the observation time interval
[0, T]. This signal may have been produced by noise alone or by a received signal
of known form plus noise. These two hypotheses can be expressed as

H, : x = noise;

4.1)

H, : x = signal + noise
Stated another way, there are two possible hypotheses:

Hy: there is no signal and the time series consists of noise only ~ py
H,: the time series consists of the sum of the signal and noise ~ p,

That is, hypothesis Hy has a priori probability distribution p, and H; has a
priori probability distribution p;. The noise associated with the reception of a
signal causes this to be a stochastic problem, and even though the characteristics
of the signal are completely known, the received signal can only be described
statistically. The observation upon which the decision as to which hypothesis is to
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be selected is denoted by Y. H, is referred to as the null hypothesis and H, is called
the alternative hypothesis. Hy and H, are called simple hypotheses when the pdf of
x under Hy and H; does not depend on any unknown parameters such as signal
amplitude or phase. When such unknown parameters are involved, these
hypotheses are called composite hypotheses. The unknown parameters are called
nuisance parameters. Their values are uninteresting with regard to the problem at
hand, yet their presence influences the ability to correctly decide the presence or
absence of a signal.
An example of a simple (binary) hypothesis test is

H(): Y=Y0
H]fY=Y1

where there are only two possible outcomes and they are completely specified. An
example of a composite hypothesis test is

Hy Y=Y,
H:Y# Y

so that in Hy, more than one outcome is possible.

Consider Table 4.1. Ignoring the first row in Table 4.1, the remaining table
entries are denoted by dj; j=1,2. This table indicates, for each condition of having
the signal present or absent, the possible outcomes of making a decision, and each
of these outcomes has an associated probability. Since one of the decisions must
be made, the sum of the probabilities for any one column must total to unity. For
decision (1, 1), (decide the signal is present when it is present), denoted by d;, the
outcome of the decision is the correct one. The probability in this case is called the
probability of detection, denoted by Py. For dy, the signal is there but it was not
detected. The corresponding probability for this decision is called the probability
of miss, and denoted by Py,. Thus,

P,=1-P (4.2)

m

For d,, the detector thought the signal was there and it actually was not. This is
known as a false alarm, with the probability denoted by Py,. Lastly, for dy, the

Table 4.1 Possible Decisions

Signal Present Signal Absent
Decide signal present ~ Decide signal present
Decide signal absent Decide signal absent
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signal was declared absent when it actually was not there. This is a correct
decision, but its probability does not carry a particular designation; this particular
event is of little direct interest.

To estimate which hypothesis is true, the signal can be compared to a threshold
and H,; declared true only if the signal is larger than the threshold. The higher the
threshold value, the lower the chance that a signal will be declared present when it
is not present. On the other hand, the lower the threshold value, the lower the
chance that a signal will be missed if it is in fact present. Thus, there are two types
of errors possible: (1) the error of declaring the signal present when it is absent
(declare H; when Hj is true), and (2) the error of missing the signal when it is
present (declare Hy, when H, is true). The first of these is called a Type I error as
well as a false alarm. The second of these is called a Type II error as well as a
missed detection. In all realistic cases of signal detection, then, there is a trade-off
between setting the threshold high to lower Py, and setting the threshold low to
lower Py, To ascertain the quantitative effects of this trade-off, it is necessary to
specify the pdf for x in (4.1) under each of the hypotheses Hy and H;.

Depending on the situation, one of the error types can be more important than
the other. False alarms corresponding to type I errors task system resources
unnecessarily and thereby slow down system throughput. If there are enough
system resources to adequately handle the signal environment with significant
false alarms, then this is not a significant problem. On the other hand, rejecting the
presence of a signal when in fact there is one present (missed detection) can cause
critical signals to be missed.

A decision rule (or hypothesis test) 6 partitions the observation space I" into
two regions given by I'y and I'y such that if Y e T, hypothesis Hy is chosen and if
Y e T}, hypothesis H; is chosen. The set I'; is referred to as the rejection region
and the set I’y is called the acceptance region. Such a decision rule is illustrated in
Figure 4.1 for arbitrary probability densities. The decision rule, 8, is thus defined
as a function of the observation Y as

i, Yel
§(Y)= : (4.3)
0, YeT,
T, T,
po(D) PV
lliu Y ll'll 14

Figure 4.1 Decision regions for decision rule 8.
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In statistics, I'; is known as the critical region because it is in this region
within which the null hypothesis is rejected. Alternatively, if the observed value is
not in the critical region (that is, it is in I'y), the conclusion is to not reject the null
hypothesis. The critical value for a hypothesis test is a threshold that determines
whether the null hypothesis is rejected. In addition, in statistics, the significance
level is the probability of false alarm—that is, the probability of incorrectly
rejecting the null hypothesis. The power of a statistical hypothesis test is the
probability of detection—that is, the probability of correctly rejecting the null
hypothesis.

4.2 Receiver Operating Characteristic

The threshold for x is denoted by y. The critical region, denoted by R, is that
range for x for which x(#) > y. That is,

R, = {x:x(t) >~} 4.4)
This region then specifies the conditions on x for which the detector declares the

signal to be present. Based on the critical region, then, the probability of detection,
Py, is given by

P, =P(R, |H,) (4.5)
B, =P(Ry |H,) (4.6)

and
P,=1-P 4.7

where P(A4 |B) denotes the probability of event 4 given hypothesis B.

The two-dimensional graph of Py(y) versus Pg(y) specifies the error
performance of the detector for various values of Py4(y) and Pg(y), an example of
which is shown in Figure 4.2 for a particular value of 7 When the plots are
included so that —co <y < oo are contained on the graph, or some limited range

for y of interest, it is referred to as the receiver operating characteristic (ROC), an
example of which for 2 1 is shown in Figure 4.3.
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Figure 4.2 ROC curve.

1.0

Figure 4.3 ROC curves.
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The ROC curve for a good detector is characterized as being convex, the curve
is monotonic as Py, increases, and the slope of the curve at (0, 0) is large.

In the above case it was assumed that the signal characteristics and noise
statistics were completely known. That resulted in simple hypotheses, and an
optimal detector can be found such that the ROC curve for any other detector will
be less than the ROC curve for the optimal detector. “Less than” means that for
any given Py, the Py for these other detectors will be less than the P, for the
optimum detector. Thus, the ROC curve for the optimal detector forms an upper
bound on the possible ROC curves. Such an optimal detector is called the
uniformly most powerful (UMP) test.

It is much more common if the signal or the noise (or both) are associated with
some nuisance parameters so that at least one of the hypotheses is composite. In
that case there will be a different ROC curve for different values of the parameters.
This results in the paucity of cases when the UMP test is available.

4.3 Likelihood Ratio

Let 8 denote an unknown parameter from parameter space ©. Partitions @y and ©,
are nonempty subsets of ® which separate ® into two regions. These sets are
disjoint such that ©,N©, =& and exhaustive such that©,U®, =© . Then

p(x[t‘)) denotes the conditional pdf of x given the occurrence of 6, and we assume
that this pdf is known. The hypothesis test (4.1) can then be rewritten as

Hy:x~ p(x|0),9 €6,

H, :x~ p(x[0),6 €6, 49

For any pair of parameters 6 € @y and 6, € ©,, P4 and P, can be found by
integrating the pdf over I';,

B= [ pelgydx 4.9)

xely

and

B = [ p(x|g,)ax (4.10)

xely
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If the two hypotheses as expressed by (4.8) are simple (not composite),
then © = {6,,6,} . In that case, ©, = {6,} and©, = {f,}, each consisting of a single
element. The Neyman-Pearson theorem [8] states that in this case there exists a

UMP test such that Py is maximized subject to a set level of Pp,; that is, Pp, < a.
The UMP test is called the likelihood ratio test and is given by

Mx) 2 Ty (4.11)

where y is a threshold value determined by o = Pg,. The value of y is determined
by

a= [ p(y|8,)dy (4.12)

where p(y|0) is the pdf of the likelihood ratio statistic A(x).

When one of the hypotheses is composite, then the Neyman-Pearson theorem
does not apply. In that case the generalized LRT (GLRT) is often used. This is an
ad hoc extension to the LRT and is given by

max p(x|6,) #

)‘G (x) é 6,€0,

weo -~ 1> (4.13)
max p(x[6y) 5,

That is, the GLRT replaces the unknown parameters with their maximum
likelihood estimates in the pdfs. There is no underlying theory that guarantees that
the GLRT will yield optimum results, but it generally produces good results in
practice.

4.4 Hypothesis Tests

In general, the specific parameter of interest may not be measurable directly. In
that case, one or more quantities related to the parameter of interest are measured
instead. Such measurements and the ensuing judgments are called fests. Two of
the more common types of tests are the aforementioned UMP test and the locally
most powerful (LMP) test. Formally,
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Definition. Let w{x) be the pdf for k for hypothesis H;. Then

p,(v|E)= [ p.(y)w (4.14)
The UMP test criterion, given

Hy:P forrel

(4.15)
H :P forkel,
is
méade (6,x) Ve el (4.16)
subject to
F,(6,k)<a, VkeT, (4.17)
]
Hence, UMP tests are independent of the particular «.
Definition. Given that
H,: P, for k =k,
(4.18)
H,: P, for k€T =(x,,00)
the LMP test is
5} .
m?xan (6,5)]  subjectto B, ()< e (4.19)
so the likelihood ratio becomes
7]
B P (y)
K N:Ko
Ay)=——>r" (4.20)
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For the generalized likelihood ratio test, the likelihood ratio is

max p, (y)

A= mjx p.(¥)

KEA,

(4.21)

4.4.1 Bayes Criterion

Given the observation Y, how is the hypothesis selected? One approach assigns
cost functions to each of the possible decisions. These costs are denoted by Cy,
Co1, Cio, and Cy; corresponding to doo, do1, dio, and dyy, respectively. These cost
functions, denoted by Cj;, are defined as

C,; = costof chosing H, when H  is true (4.22)

This approach was first investigated by Thomas Bayes (1702-1761), and
carries his name. The costs are referred to as Bayesian costs. The Bayes rule is

used to minimize Bayesian costs. Let m; denote the a priori probability that H; is
true.
Let

P, (T,) = probability of choosing H, given that H is true (4.23)
then the conditional risk is given by
r,(8)=C,P,(T,)+C,P (T,) (424

1 5

Let the pdfs of Hy and H; be denoted by po(Y) and p1(¥), respectively. Then the
probabilities of error are given by

B(0)= [ py(¥)ay (4.25)

and

R(Ty)= [ p(¥)dr (4.26)
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For example, if ¥ is a normal random variable, then

(Y"#O)z

20*

1
po(Y)= exp|—
0( ) 2na?

(4.27)

and

(4.28)

The Bayes (average) risk or cost is given by

7(8) = myry (8)+mn (6)
=7y |CooFs () + Co B (T)]
+m,[Cy B (T,)+C\ B (T))]
=7r0{C00[1—P )+ CoB (1))}
m{Ca[l-R(0)]+CR(T,)}
=1, [Cop = CooB (1) + CoB (T)]
+7,[Coy = Co B (L)) + C, B (T))]
=T, [Coo +BR(T,)(Co = Coq )]
+m [Cor +R(,)(C, ’Cm)]
=7m,Coo + T, (Cm - C,m)P0 (I‘,)
+m,Cyy (C,1 - CO,)R (l"l)
=m,Cyoo + 7, (C“J —Cou)fpo (y),u(dy)

(4.29)
+m Gy, + (Cn "Cm)fpl (y),u(dy)

The optimal decision rule is known as the Bayes rule and is determined by
choosing set I'y to minimize r(8). Thus, choose I'; to be
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o {x €T, (Cio — Coo) o () }

l +m (Cn —Col)p] (x) <0

(4.30)

_{xer‘wl (C,—Co)pi (x) }
< (Coo _Clo)Po (x)
It is normally the case that the costs of the mistakes are larger than the cost

associated with making a right decision. Therefore, C;; < Cy; and Cyp < Cp, 50 I';
can be written as

T ={Yel|p,(Y)/p,(¥) 2 7s} “31)
where
Ty (Cm - Coo)
Vg =— 2 (4.32)
? ur (Cm - Cn)

The Bayes rule is given by the likelihood test

A(F)= P (Y) [>~, choose H, 433)
Po(Y) |< 73 choose H,
and
1 MY) >,
6y (¥)= 4.34
) {0’ M) <7 @39

Note that the region defined by {Y € I‘| 2(Y)=p, (Y )} does not contribute to

the risk, so therefore it can be deleted or only part of it retained. Therefore, 8p is
not necessarily uniquely defined.

The conditional probability that Hj is true, given that the observation X takes
on the value x, is given by
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()= P{1, el =)= P8 <~ T 39

The probabilities 7o(Y) and n;(¥) are called the a posteriori probabilities of the
hypotheses. The Bayes decision rule can be written in terms of the a posteriori
probabilities as

= = (4.36)

Thus, the minimum probability of error decision rule chooses the hypothesis with

the maximum a posteriori probability of occurrence, given that ¥ = y. A decision

rule such as this is referred to as a maximum a posteriori (MAP) decision rule.
Suppose the hypothesis in question is given by -

Hy:Y ~ N(145,0%)
Hy:Y ~ M, 0)

where 1 and g are two fixed numbers with 24 > . The likelihood ratio for this
test is given by

(r-m)
1 o 27

e 202
27m0?
=exp Hy _zp'o [X— Byt ]] (437)
o 2

with the corresponding Bayes test

1, exp >y

o? 2

o — [x_ﬂ,+u0]

(4.38)

0, otherwise
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Since the log is a monotonically increasing function of its argument, the test
parameter can be put into a different form as

Hy — g Byt
1, — > lo
5,(1) = - [" 2 ] &7

0, otherwise
2

g Myt
1, x> log vy +
= = e B 2 (4.39)

0, otherwise

If the priors are equal and the costs are uniform, then

-y
1 vttt
5, = ZT (4.40)

0, otherwise

which is illustrated in Figure 4.4.
In this case, Py(T';) = P(I'), so

Ty L

2
N0 ) N(,,0")

T T
Ho ot iy H Y
2

Figure 4.4 Binary hypothesis test with normal pdfs, uniform costs, and equal priors.
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Figure 4.5 Bayes cost for normal pdfs, uniform costs, and equal priors.

:1_@[&__&]

20

—1-0|&

— @[2] (4.41)

where @ is the distribution function for the standard normal random variable
M0,1) and
2
i) (4.42)

2
g

is the SNR. The Bayes risk in this case as a function of the SNR is illustrated in
Figure 4.5.

4.4,2 Minimax Criterion
In many practical cases of interest, the a priori probabilities are not known or,
perhaps, not knowable. The minimax criterion is useful in this case. The minimax

risk is given by

r(m,6) =1, (6)+(1=m)5 (6) (4.43)



Hypothesis Testing for Signal Detection 65

When & is fixed, r(n, 8) is an affine function' of =, so

max r (7r,6) = max {1‘0 (6), I (6)} (4.44)

0<n<l
The goal is to find the decision rule §* that minimizes (4.43); that is,

max r(m,6%) = mﬁin max r(,6) (4.45)

0<n<l 0<w<l

In order to find this decision rule, assuming it exists, we assume that there is an
associated probability ©* such that

max r(m,6*) < r(m*,6%) < méin r(m*,6) (4.46)

0<n<l

Such a n* is the least favorable probability for 8*, while §* is a Bayes rule for n*.
Now, for any pair (m, ) it is necessarily true that

méin r(m*,6) <r(w*,6%) < max (m,6%) (4.47)

S v
0<w<l
Therefore, for the pair that satisfies (4.46),

max r(m,6*) = r(m*,6%) = m6inr(7r*,5) (4.48)

0<r<l
Therefore,

r(m*,6%) = rr?n r(m*,6)

< max mﬁinr(vr,&)

' An affine function or transformation is one that is invariant to a linear transformation followed by a
translation. In one dimension, an affine function is of the form y = ax + b; that s, it is composed of a
linear function plus a constant and the graph of y is a straight line. In two dimensions it is of the form z
=ax + by + ¢, and the graph is still a straight line. This can be extended to any number of dimensions.
The properties of such a function are:
. If three points are on a straight line before the transformation, they will still be on the line
after the transformation;
e Parallel lines remain parallel;
e The ratio of the length of line segments remains constant after the transformation;
*  Quadratic functions remain the same after the transformation—that is, parabolas remain
parabolas, ellipses remain ellipses.
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< mﬁin 51;1% r(7r,5)

0<r<l
or
ggf;r(m&*) =r(m*,6%)= méi“ gf;(lr(w,é) (4.49)

which means that 8* is a minimax rule. In addition,

max minr(,6) = minr (7*,6) (4.50)

0g<n<l 6

which states that ©* is a least favorable pr obabzlzty distribution in terms of the
minimum Bayes risk.

Property: Minimax

If n* is a least favorable distribution associated with &*, and one of the following
conditions is true:

(1) 7(8%) = r(8%)
(2) ©* =0 and ro(6*) < &*
(3) ©* =1 and ro(&*) = (&%)

then 6* is a minimax rule.

=
Let
Vim)= méin r(7r,5) = minimum Bayes risk for 7 (4.51)
V(m) is a concave and continuous function and, given that C;; 2 C; for i =, V(0) =
C” and V(l) = Cgo.
The minimax rule is then given by
min max|r, 2 (6),7 (6)] = minmaxr (m,6) ws2)

= max min r(m6)= max V(m)
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The minimax rule is the Bayes rule for n*, where

7* = arg max V' () (4.53)

0<n<l

4.4.3 Neyman-Pearson Criterion

If neither the a priori probabilities nor costs are available, then the Bayes criterion
cannot be applied to ascertain which hypotheses to adopt. In that case, the
Neyman-Person (NP) criteria can be used. The NP criterion maximizes Py while
simultaneously limiting the value of Pg,.

As indicated above, the power of a test is given by the probability of detection
Py = P\(I'y). The significance of that test, ¢, is the maximum probability of false
alarm, Py, = P1(I'y), that is tolerable.

The power function is a graph of P4 versus SNR for a fixed a. An example of
a power function is illustrated in Figure 4.6.

The randomized decision rule is a generalization of the decision rule discussed
above,

0
-10 -5 0 5 10 15 20 25 30 35 40 45 50
v (dB)

Figure 4.6 Example of a statistical power function.



68 Target Acquisition in Communication Electronic Warfare Systems

Lif M(y)>~
§(y)=1nifA(y)=7 (4.54)
0ifA(y)<~y
Then
P, (8)=&{8(¥)}= [ 8(3)po (»)n(a)
=P [MY)>7]+nB[A(¥)=1] (4.55)
and

R(6)=£{s(¥)}= [6(3)p,(»)n(d)

= BA¥)> ]+ R [A(r) =1] (*56)

The NP rule is a likelihood ratio test where the threshold # and the randomization
7)o are chosen such that Pg, = a. That is, the false alarm probability is fixed at some
desired value. Such testing is also called constant false alarm rate (CFAR) testing.

4.5 Multiple Measurements

The more usual case is when there are several measurements that can be combined
and used in some fashion to make the decision. For a time series of samples, for
example, perhaps 64 sequential samples of the signal are available.

For example, given that H, is true, let D;be a 1 if the detector correctly detects
the signal present during test 7 and 0 if the detector detects incorrectly during test i.
Then, if there are M frames of data,

>

o

1 M
= _Z D, (4.57)
M5
is an estimate of the probability of detection. Generating an estimate for the
probability of false alarm, ﬁra is done in the same way. Let D; = 1 if the detector

incorrectly detects the signal during test 7 and 0 if the detector correctly rejects the
signal during test /. Then, for the M frames of data
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1
B, = HZD, (4.58)

4.6 Multiple Hypotheses

The notions introduced in prior sections assumed that there was only one unknown
parameter and that parameter could assume only one value. With testing of
multiple hypotheses, that parameter can take on many values, with a hypothesis
associated with each one. In that case, there is more than one hypothesis associated
with each decision region. Symbolically,

H_~P KEA, (4.59)

ik [ i

That is, hypothesis H; . has distribution P,, where k parameterizes the distribution
and x is drawn from set A,.

4.7 Concluding Remarks

Hypothesis testing for signal detection is the process of making guesses
(hypotheses) about whether a signal is present based on the data series received. A
threshold is established based on whichever technique is being used. If some
aspect of the data series exceeds that threshold, signal presence is declared. If it
does not exceed that threshold, then signal absence is declared.

There are two types of errors that can occur in this process: declaring that a
signal is not present when it is (missed detection) and declaring that a signal is
present when it is not (false alarm).

Optimal signal detectors can be designed based on the criteria presented in this
chapter. The definition of optimum depends on the type of detection technique
used. The Bayes criterion minimizes the overall cost (risk) in the detection
process. The Bayes technique, however, requires that the a priori probabilities are
known or can be estimated. When that is not the case, the minimax criterion can be
applied. The NP detection criteria assures that the probability of detection is
maximized while keeping the probability of false alarm below a prescribed level.



70

[5)

(6]
(7

(8]

Target Acquisition in Communication Electronic Warfare Systems

References

Whalen, A. D., Detection of Signals in Noise, New York: Academic Press, 1971, Chapters 5-
9.

Roberts, L. R., Signal Processing Techniques, Anaheim, CA: Interstate Electronics
Corporation, 1981, Chapter 4.

Van Trees, H. L., Detection, Estimation, and Modulation Theory, Part I, New York: John
Wiley & Sons, 1968, Chapter 2.

Neyman, J., and E. Pearson, “On the Problem of the Most Efficient Tests of Statistical
Hypotheses,” Philadelphia Transactions of the Royal Society, Series A, 231, 1933, pp. 289~
337.

Helstrom, C. W., Statistical Theory of Signal Detection, New York: Pergamon Press, 1960,
Chapter 4.

Whalen, A. D., Detection of Signals in Noise, New York: Academic Press, 1971, Chapter 4.
Johnson, D. H., and D. E. Dudgeon, Array Signal Processing Concepts and Techniques,
Upper Saddle River, NJ: Prentice-Hall, 1993, Chapter 4.

Hoel, P.G., S. C. Port, and C. J. Stone, Introduction to Statistical Theory, New York:
Houghton foﬂm, 1971, pp. 56-67.



Chapter 5

Target Parameter Estimation

The process of recognizing targets in communication EW systems generally
consists of two steps:

1. Extract parameters (also called features) from the intercepted signal by
measurement;

2. Process these parameters by using some applicable technique to ascertain
whether the signal is one of interest, referred to as an SOL.

This process is illustrated in Figure 5.1, which also lists some of the parameters
used when recognizing communication EW targets.

5.1 Signal Parameter Estimation

Parameter estimation is the process of recovering an estimate of some feature of a
signal by measurements of some sort. Signals are typically corrupted by noise, and
any measurements are therefore corrupted. As opposed to the signal detection
problem discussed in Chapters 7 and 8, where the results of the detection process
result in a finite number of answers (in the binary case, for example, the answer
takes on only two values), the parameters of interest can take on an infinite
number of values. These values, however, are normally confined to a certain range
[1-3].

Parameter estimation is important in EW systems for several reasons.
Parameters of interest include the angle of arrival of the signal, or the time of
arrival for the purpose of establishing the geolocation of a target. The modulation
type is also of interest so that signal sorting based on targets of interest can be
performed. The phase angle of a signal can be important as well. The amplitude, or
equivalently, the power of a signal, is important. These and other parameters

71
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Figure 5.1 The communication signal target recognition process.

typically must be determined essentially in real time across a broad frequency
range.

The signal x(¢) for which parameters are to be estimated is assumed to be
sampled at regular intervals generating the sample set {x;}. Signal x(¢) could be a
predetection signal (prior to demodulation) or could be demodulated.

The concept of composite hypothesis testing introduced in this chapter can be
used for the purpose of signal classification, recognition, or otherwise estimating
some parameters associated with target signals.

The Fisher information matrix and its inverse, the Cramer-Rao lower bound
(CRLB), quantify how well a specific set of parameters can be estimated when
there are other, unknown nuisance parameters present that influence the
parameters of interest. The entries in the Fisher information matrix consist of the
Fisher information, which is a measure of the information content of the measured
signal relative to a particular parameter. The Cramer-Rao bound is a lower bound
on the error variance of an unbiased best estimator for estimating this parameter
when the noise is AWGN.

For the multivariate parameter estimation problem, the information available
consists of 0, the unknown parameters—that is, it is known which parameters are
to be estimated; x, the measurements or observed variables; p(x; 0), the pdf x

parameterized by © (often called the likelihood function);, andp(x|e) the

conditional pdf of x given 0. The goal is to find a function of the data that provides
the best “guess” of © from x. This function is denoted either as q orq (x)

As an example of an estimator, consider the navigation systems on an airplane.
The three dimensional forces on accelerometers are the measurements, while the
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parameters to be estimated are the three dimensional location of the aircraft. By
Newton’s second law of mechanics, F = ma, where F are the forces, m is the mass
of the accelerometer, and a is the acceleration vector. Since the velocity is the time
integral of the acceleration, it can be estimated by measuring these forces.
Likewise, the location is given by the time integral of the velocity, so it too can be
estimated.

As in detection theory, there are several approaches to estimation. Bayesian
estimation is in common use, where the underlying first principle is the Bayes
theorem from probability theory. In Bayesian estimation, it is assumed that @
consists of random variables whose pdfs, p(0), are known; the conditional

densities p(xlq) are also known. Bayesian estimation also requires cost

functions C(0,8), which are the costs, or penalties incurred, for estimating 0
with q . Usually (but not always), these cost functions are the squared error in the
estimate. When the cost functions are the squared error, the optimal Bayesian
estimates are £ {Glx} , the conditional means of the unknown parameters given the
observed data.

Minimum mean square error estimation (MMSE) leads to the Weiner and
Kalman filters, which optimally estimate (in a mean square error sense) signal
parameters. In MMSE the performance measure that is optimized is the mean
square error of the estimate from the true value of the parameter.

Discussed in detail here is maximum likelihood estimation (MLE). In MLE, it
is assumed that 0 is unknown and nonrandom. The likelihood function is the pdf
of x parameterized by 6.

5.2 The Cramer-Rao Bound

The Cramer-Rao lower bound (CRLB) provides a lower bound on the variance of
an unbiased estimator. It takes on different forms depending on whether there is
one or more than one unknown parameter to be estimated. In the former case, the
CRLB is a scalar, and in the latter, the CRLB is a vector.

An estimator is called efficient if it achieves the CRLB. An estimator is

consistent if the estimate § approaches & in some probabilistic sense. The bias of
an estimator is defined as&{q}. 6 is an unbiased estimator if its bias is
zero: E{0}—0 =0, or {0} =6.

The estimate variance of 6 is
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ot =G - £10) (5.1)

Example:

The estimate variance of the sample mean
X, (5.2)
is found as follows. The mean square value is

v-1 )

D%

k=0

N-1 N-1

ZS{x IEDPPWALALIEN:

i=0 j=0
=i

5{éz}=7v1—25{

L
N?

L NS{x:}+§5{x,}§£{xj}

J=i

1 N-—-1
=_¢ 2 + [ 53
N {3+ N (53)

where y, is the mean value of x;, assumed the same for all i. Thus, the estimate
variance is

o =E{6* -0}

A BT
— ety 4]
— Lo (5.4)

N X
. - .
This example illustrates the fact that as the number of observations, N,
increases, the variance of the sample mean decreases. Since the bias is zero, the
sample mean is a consistent estimator.
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Example:

Suppose the mean value, 6, is known and the variance is to be estimated. Then

. 1 N-1
6% =—> (x,—0) (5.5)
N i=0
which is a consistent estimator.
]
Example:
Suppose that both the mean value and the variance are to be estimated. Then
2 IES A2
Gf=— x —8 5.6
N 'Z:;( . —0) (5-6)
where 8 is the sample mean.
]

The only difference between (5.5) and (5.6) is that (5.5) uses the true mean value
while (5.6) uses the sample mean. The mean value of the variance estimate is
determined as

£6*) = L IE - T

- %Ni[g{xf }=26{x 0} + 5{92}]

i=0

1 N-1 5 2 N-1|N-1 1 N-1|N-1
== ST — 5 DD e} D D e}
Nz N == N ==

N-1| N-1

=S et - e+ Y| et et)

0

g

J
J
N-1

Z_:E{xf}-i-z

i= i=

N-

Zg{xi}ﬁ{xj}]

1
Y :

j=
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1 2 2 2 2
= WNe;”{x,. } —F[Ng{xi }+ NNV —1)6]

1 2 2
+F[N€{x,. }+ NV -1)6]

1 2N NN —1)
N NN -1
+—25{x‘2}+%92
= LNepd) - Zep - 2D

1 N-1
e+t
TR ERITTS

_1 2 1 2 N — 2
=[Nl - el - =0
:Eg{xiz}*bgz

N

N-1,
=—0

N

(5.7)

Thus, the mean of the sample variance is biased away from the true variance by a
factor of (N — 1)/N. As N becomes large, however, this factor approaches unity,

and therefore the sample variance is asymptotically unbiased.

To determine whether this estimator is consistent, assume the mean is zero for

convenience. Let¢ = 4. Then

1N
(=g

and

N-1

[NEG + NV —1)E {2 }

N-1

D e

Jj=0

ey =

1
N4
1
N
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— e+ (v -ner)]
but
£y = £}
"

var(6%) = £(¢7} - £2(0)
= lee-e20) 59)

Therefore, based ou (5.7) and (5.8), as N gets large the sample variance produces a
consistent estimate.

]
5.2.1 CRLB for Signals in AWGN

5.2.1.1 Scalar CRLB

The scalar CRLB is an indication of how well a single parameter of a signal, such
as its amplitude, frequency, phase, or direction of arrival, can be estimated. The
signal is given by

X, =Sg +1, k=01 ,N-1 5.9)

where. 8 is unknown, n; ~ MO, %), and the x; are independent and identically
distributed (i.i.d.).

The scalar CRLB is given by the negative expected value of the inverse of the
second derivative of the natural logarithm of the pdf of the x;, parameterized on
the parameter to be estimated. This falls out of the definition of Fisher

information. Denote the CRLB with var(§). Then

8% 1In p(x;0)

var(é) =-£ {l 207

_ ] (5.10)

For a signal in AWGN, the CRLB is determined as follows.
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1 J R 2
P (g3, 130) = (27T)N/20'N exp _Ec_kazo(xk Sor.)
N2 N 1 ¥ 2
In p(x,, -, %y_;6) = —In(27) Py (%, — gt
0 k=0
Ol p(xy,,xy_;0 1 & 0Os
( 069 = ):?k—o(xk _sok)a—;k'
821np(xo:"':x)v_1;9) 1 N 82S9k 839,( z
06? O e
Now
82111p(x0 '“’xN—I;e) 1 N-1 . azs [8.5' ]2
2 =£1— - ok | 200k
¢ 56” o7 2 (5 ) 5 [
1= &s Bsy )
0D (TSI LE —EH ) ] an
1 & 8’s 85y, )
= a|(E b E gt 5{[6_3”
but
Elnt=E{s+n}t=E{s}+E{nt=E{s}=0n, (5.12)
and the last term in the summation in (5.11) is given by
& agi]z = O : (5.13)
o6 06

SO

O In p(xy,+,xy_1;0) 1 =2 d%s Os
£ 02 TN=DTIL ok | OSex
[ o6 02,;(“* ) 507 [39}




Target Parameter Estimation 79

1 21(8s,, Y’
= 5.14
o’ kz:(,:[ 1ol7} ] (.19
So the CRLB for signals in AWGN is
0225
ar(f| > ———— (5.15)
g[asak ]z
k=0 a0
An unbiased estimator that is an efficient estimator exists if and only if:
Olnp(x;0
-——LJ=F@@@yﬂ (5.16)
00
If this is true,
0=g(x) (5.17)
]
Example:
Suppose the measurement sample is given by
Xy =6+n, (5.18)

where 6 is an unknown constant that is to be estimated and ny ~ MO, o°). The
variance of the unbiased estimator with the smallest variance is found as

1 2
;0)= ——(x,—0
P(x0:9) o’ exp 752 (%, —0) ]
In p(x;0) = —InV2mo® —|—(x, —9)2}
Oln ;0
p{x )=l(x0—9) (5.19)
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8% 1In p(x,;6) _ 1

06> T
%1 ;0
—é’{ n@p;(zx0 )}:%
50
var (é) > o? (5.20)

The efficient estimator is determined from (5.16) and (5.19). If F(0) = 1/¢* and
£(xp) = xo, then the estimator is

6=x, (5.21)

]
Example:

Suppose there are N i.i.d. samples with an exponential density with parameter 6.
The CRLB for this parameter can be estimated as follows. The exponential density
is given by

N=1
P(xpsxy_y30) =0" exp| 0> x, (5.22)
k=0
S0
N-1
1np(x0,~--,xN_,;9)=Nan—GZxk
k=0
alnp(xo,...,xN_];g) N M
=—=) X (5.23)
o6 % kZ; k
0* lnp(xo,---,xN_I;O) _ _]_V_
892 - 92
and finally

var (9) > %92 (5.24)
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In this case, the CRLB depends on the value of the unknown @ that is being
estimated. Also, (5.23) cannot be factored into F(6) and g(x,), so the estimator
cannot be stated easily.

]
Example:

Suppose the signal is a cosine wave and that the amplitude is not known. Then
x, = 0cos (27 fik)+n, (5.25)

and @ is to be estimated. In this case, the frequency f; is known. The CRLB is
found as

So = Ocos (2 fok)

0Os
—8—2" = cos(2m f,k)

and

2
g
1

cos’ (27 fok)

k=0

var() > - (5.26)

The denominator of (5.26) is plotted in Figure 5.2 for f; = 0.1, 0.2, and 0.3. The
curves are virtually identical for all values of N considered. Furthermore, the
denominator is well approximated by N/2. Thus,

2
Py o
2
]
Example:
In this case, the amplitude is known but the frequency is not. Then
x, =28 cos (2m0k) +n, (5.28)

where S is the average power in the signal. In this case,
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30

25

20

0 10 20 30 40 50
N

Figure 5.2 Denominator of the variance for cosine wave with unknown amplitude. The three curves are
for f5=10.1,0.2, and 0.3.

28 cos(2n0k) (5.29)
%% =28 27k sin (276k) (5.30)
and
var(9) > = i
A:O(\/— 2k sin? (2n6%)
! (5.31)

2ky Z 27rk sin (27r9k)

Note that this CRLB is a function of 8. The CRLB is plotted in Figure 5.3 when v
=25/0> =1 and 10 with N = 10 as a function of 6.
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2.0

“Hz)

Var(0) (x10

0.5 v=0dB
’ 10dB
A A A
0
0 0.1 0.2 0.3 0.4 0.5

6 (Hz)
Figure 5.3 CRLB for frequency estimation when N =10 and v=0 dB and 10 dB.

5.2.1.2 Vector CRLB

In this case, let O denote a vector of unknown parameters that are to be estimated.
0 is the estimate of 6, while 6, is the ith element of 0 and is a scalar. This is the

most common case for communication EW target detection. The unknowns are
typically the center frequency, mean value, power (variance), and phase.

Definition: The CRLB of the components of 0 is given by

var(6,) >[F (6)] (532)

ii

where [F" (q)],__ is the iith element in the inverse of Fisher information matrix

F(.), defined as
8*Inp(x;0)
[FO)], =~ ‘Tagj (533)
=
An unbiased estimator that attains the bound (i.e., an efficient estimator) exists
if and only if O1ln p(x;0)/80 can be factored as
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dlnp(x;0)

T F(0)[g(x)—9) (5.34)

If this is true,
0= g(x) (5.35)

The Fisher information matrix can be expressed as

F,=&(VV"} (5.36)
where
T
1o} 0
V =|—1In p(x|0) ——1In p(x|0) (5.37)
06, ‘ o=y, 06, | o,

Under the N (0,0%) process assumption, (5.36) reduces to

_ ox" (8)

o (5.38)

F(q) = iZGTG, G’
(o2
The matrix G is called a sensitivity matrix.
Assume that the parameter vector O is partitioned into two sets so that
0=[06] 0]]". The first set of these parameters ] will be those quantities to be

estimated. The other set 0] are nuisance parameters because they influence the

measured data but whose values are not desired. Most of the time, this second set
of parameters negatively impacts the estimation of the parameters in the first set.

By partitioning the matrix G of (5.38) according to the partitioning into 6, and
925

ox(0) G - 0x(0)

G=[G, G,, G =
(G Gl G dq, ' oq,

(5.39)

The inverse of the Fisher information matrix of (5.38) is given by
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Tl -1
F-! (q) — 5 [G' QGzG‘] 0 . (5.40)
0 [67Q:,G,)
where
Q. =1-G,[G'G,| GT (5.41)

is a projection matrix projecting onto the space orthogonal to the space spanned by
the matrix G,. I is the identity matrix.

5.2.1.3 CRLB on the Modulation Parameters of Phase Shift Key Signals

PSK modulation is a common method for digital signaling. In particular, it is by
far the most popular modulation for direct sequence spread spectrum signals. In
PSK modulation, the phase of the carrier is changed to carry the selected symbol
during the time intervals. Binary PSK (BPSK) is also a popular modulation for
digital communications with low-speed modems. In BPSK, there are two possible
phase shifts, usually 0 and = or w and —= radians, but others are possible.

Ho derived the CRLB on the modulation parameters of PSK signals [4]. The
signal model in quadrature form is given by

5(#) = oy (2) cos(2m fo) — o, sin(2m ft) (5.42)
where the o;’s, i € (I, Q}, are the in-phase and quadrature amplitudes given by
o, ()= S cos¢,g(t—nT,) (5.43)
and
ag() =Y Ssing,g(t—nT) (5.44)

when the samples are indexed by n. Furthermore,

J, = center frequency

T, = symbol time
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S = average power in each channel

9, e{zwm,m=o,1,.--,M*1}
M

M = order of the modulation [BPSK, M = 2; quaternary phase shift key (QPSK),
M =4; and so forth]
g(t) = pulse shaping function.

The signal intercepted by the EW system is corrupted by AWGN and so is
given by

#(1) = s(t) + n(t), 0<t<L (5.45)

where n(f) ~N'(0,02). The PSK signal parameters are given by 0 =[f;,T.,5]",

for which the CRLB is to be determined.
Because n(f) is AWGN, the pdf for x is given by

L

p(x,t,0) =K exp|— 12 f x(£) — s(t,0)) dt (5.46)

0

with the natural log given by

In[p(x,,0)] = —5(2,0)]" dt (5.47)
BPSK
For BPSK,

o(t)=28Y d,p,gt—nT),  ay()=0 (5.48)

where d,e {+1, —1} with equal probability. The derived elements of the Fisher
information matrix are (see [4] for details)

F, 47rS

f £ sin® (2 fot)z g(t—nT.)dt (5.49)
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L

F, = izfcosz(Zﬂ'fot)ang(t —nT) dt (5.50)
a, Y P
1 L

Fy=— [cos’@n ) g(t—n,)dt (5.51)
on Y P

F.=F —ﬁjtsin(4ﬂft)2n (t—nT)g'(t—nT,)dt (5.52)

12 21 e J 0 8 g )8 s .
L
F, = _W;/E f tsin(4m f1)  g(t—nT,)*dt (5.53)
a, "

and

L
F,=F, = ‘/F f cos?(2m fo)S ng(t—nT)g (¢ —nT)dt  (5.54)
n 0 n

g

where g'(¢) is the time derivative of g(z).
M-ary PSK

For higher forms of PSK, the amplitude modulations on the two channels are
given by

0y (t) =53 d, 6,8(t—nT),  dy, =cos [2“7’"] (5.55)
and
ao() =S dy, 48t —nT), d,,=sin [2”7’"] (5.56)

where 0 < m < M-1, each with probability 1/M. In this case, the elements of the
Fisher information matrix are

F, = 2”2‘9]:22 (t—nT ) dt (5.57)
1n - 0'2 g s "
n 0 n
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L

S |
=57 {;nzg (t —nT,)*dt (5.58)

1 L

Fy= szg(t—-nT;)zdt (5.59)
g, o n

F,=F,=F;=F,=0 (5.60)

and
_Js ¢
Fy=F,=—"5 [ 2gt—nT)g'e~nT)di (5.61)
n o N

Clearly, the pulse shaping functions affect the accuracy with which these
parameters can be estimated. In [4], simulations were performed using typical
pulse shaping functions. The CRLB for 2" PSK, for all M > 2, are equivalent.
BPSK and 2" PSK are not the same, but very close. These results are illustrated in
Figure 5.4.

The CRLB for estimating the center frequency with a resistive/capacitive (RC)
shaping function is shown in Figure 5.4(a). This CRLB is quite low at about —38
dB, as is the CRLB for estimating the symbol time [Figure 5.4(b)]. Power
estimation is not as good, with the CRLB at about —6 dB. When using a lowpass
pulse shaping function, the CRLBs are somewhat larger than when using the RC
function. These are shown in Figure 5.4(d)-(f).

5.3 Maximum Likelihood Estimation

When the outcome of an experiment is observed and probabilities are calculated
based on these outcomes a model is implicitly assumed that generates the
experimental outcomes. For example, observing events such as the outcome of a
toss of a coin, a model is assumed that produces heads one-half the time and tails
the other times. In the case of a coin, the model would state that there is a fixed
probability for the particular outcomes. This model has one parameter, 6, the
probability of the coin landing on heads. If the coin is fair, then 8= 0.5.
If the probability of an event x dependent on model parameter 8is written



Target Parameter Estimation 89
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Figure 5.4 CRLB for PSK signals: (a), (b), and (c) RC pulse shaping function; (d), (€), and (f) lowpass
pulse shaping function. The CRLB are normalized by the noise variance and expressed in decibels
relative to that value. (From: [4]. © 1999 IEEE. Reprinted with permission.)
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Pr(x|0) (5.62)
then the corresponding likelihood is
A(0)x) (5.63)

that is, the likelihood of the parameters given the data.

In most cases, certain values are more probable than others. The underlying
principle of maximum likelihood estimation is to find the parameter value(s) that
makes the observed data most likely. This is because the likelihood of the
parameters given the data is defined to be equal to the probability of the data given
the parameters.

When predicting outcomes based on a set of assumptions, then probabilities
are of interest—the probabilities of certain outcomes occurring or not occurring.
In the case of data analysis, however, the data are already available—there is no
randomness to it. Once the data have been observed, they are fixed, there is no
“probabilistic” part to them anymore. In this case, the likelihood of the model
parameters are of interest that underlie the fixed data.

The two approaches can be summarized as

Determining probabilities: The parameters are known, estimate the probabilities;
Determining likelihood: Having observed the data, estimate the parameters.

The MLE of 0 given x is

6 = argmax p(x|) (5.64)
[:]

The argmax function returns the value of 0 that maximizes p(xle); 0 is the “most
likely” value for O given the observed values x. Normally, p(x|9) is thought of as
a function of x with 0 as a fixed parameter. In this context, p(xle) is thought of as
a probability density. For MLE, p(x |6) is thought of as a function of ® with x as a

fixed parameter. In this context, p(x\e) is thought of as a likelihood function.

For large sample sets, MLEs are asymptotically optimal. Also, for large N,
MLEs are asymptotically unbiased, normally distributed with minimum variance.
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0 is usually determined by the classical technique from elementary calculus of
differentiating the likelihood function (or the logarithm of the likelihood function
if such a logarithm is a nondecreasing function of the parameters) by 0, setting the
derivative to zero, and solving for € in terms of x.

Let the unknown parameters of a given system be denoted by the vector 0 as

0=[0 6, - 6,1 (5.65)

where the noiseless measurement is some vector function of these parameters. All
actual measurement in any real circumstance will be corrupted by noise. Let the

noisy measurement be given by x(8). Assume the noise is M0, ¢”). The ability,
on the average, to estimate 6 is bounded by the Cramer-Rao bound discussed in

Section 5.1.
For a scalar, the likelihood equation is

0
1 = .66
Y ogp(x|9) i 0 (5.66)

If p(x|6) is from an exponential family (defined below), then there is a unique
solution to the likelihood equation. However, in general, there may be one, many,

or no solutions. If § achieves the CRLB, then it is a solution to the likelihood
equation.
The MLE equation in vector form is

o}
—log p(x|0) =0
a6, | omt,
(5.67)
i10g p(x]0) =0
o6, o

Example:

Suppose N =1 and x, ~ M6, ¢®), where 6is unknown and o is known. The MLE
of Ais found as
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Plif)= 2;02 P (xoz;(?)z
In p(x;0)= —ln\/ﬁ_(’%;f_)2
%1;7(;0@:%2(% —6)=0 (5.68)
Therefore,
% =0 (5.69)
Example: u

Suppose N = 1, x, is drawn from an exponential density with parameter 6
illustrated in Figure 5.5:

—6xy >
G, %20 (5.70)
0, x, <0

P(xo59):‘[

The MLE of &in terms of x, is determined as follows. For xo < 0, §=0. For Xo 2
O’

0.4
—_
> 02
_y
0
0 5 10

Figure 5.5 Example of exponential density when N= 1,
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Inp(x;0)=Inf+Ine™ =nb—0x,

SO
f=— (5.71)

Example:

Suppose observations x, through xy_; are i.i.d. exponential with parameter 6. The
MLE of @in terms of x, through xy.; is determined by

N-1
P (%0, %, xy_30) = 0" exp[—QZxk] (5.72)
k=0

In p(x,, %, %y_;60)= NInf+In

exp[_aﬁxk]

k=0
N-1
=Nhé- 92 X,
k=0
1% N
%mp(xo,x,,m,x,v_,;Q) = —9_—kZ:<>Xk =0
S0
s N
0=-7 (5.73)
PPEA
k=0
[ ]
Example:

Suppose x, through xy_; are i.i.d. with x;~ A6, 6*). The MLE is found as
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exp

2372 z(x" B 9)2]

1 X 2
e

1
P(xo:xn"‘:xzv~|;0)= \/2—7
o

In p(xy, %, %y, ) = ——;— In270? +Inexp

2

k=0
1 2 1 N-1 2
= -5 In2mo® — o ;(xk ~¢9)
1 s 1=, 002
:—E ]11271'0 —ngk —2xk +0
1 N-1
%lnp(xo,x,,...,xN_,).:ZUzg_zxkeJrza:o
S0
N 1 N-1
O =N;xk (5.74)
Now
R 1 ¥ %5 1 N-l
E{GML}:J{ﬁkzoxk}z:{‘oﬁ;xkp(xo,xl, ,xN_Ile)dx
1 N=1 %
:Nhokap(xo:xn' Xy le)dxk
1 N-—l_c‘o
=ﬁk=0£{xk|9}

Because of the i.i.d. assumption,

S {n o} = Ve fx,Jp)

k=0

and, thus,

)= %Né’{xk 6} =6 (5.75)
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Therefore, this is an unbiased estimator.

]
An unbiased estimator is minimum variance unbiased (MVUB) if the error
variance ¢ cannot be made smaller by any other unbiased estimator of 6. #(x) is a
sufficient statistic for @if the pdf of x given #(x) is independent of 8. This is true if
and only if the pdf of x factors as a(x)bg({); a(x) cannot depend on & and b)
cannot depend on x except through ¢. A sufficient statistic is a minimal sufficient
statistic for @if it is a function of every other sufficient statistic for 6.

Two characteristics of sufficient statistics are:

e A sufficient statistic summarizes all of the information about &in x.

e Ifa sufficient statistic for 8 exists, the maximum likelihood estimate 6 is
a function of the sufficient statistic.

Two characteristics of MVUB estimators are:

e Every efficient estimator is MVUB;
e  An estimator may be MVUB but not achieve the CRLB.

Property: Rao-Blackwell

Given that &(x)is an unbiased estimator of g(6) and that T(x) is a sufficient
statistic for &, define

g(x) =& {a(x)|r(x)=1(x)} (5.76)
then

(a) g(x)is also unbiased.
() var, {gr (x)} < var, {g (x)} .
(c) with equality if and only if B, [ (X) = (X)| =1.

Definition: The family {Pg 6 € ®} is said to be complete if

E{f(X)}=0voc0 > B[f(X)=0]=1 (5.77)
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If the family {Pg 0 € ®} is complete, then there is no nontrivial sufficicnt statistic
for @ that is, the x and all sufficient statistics are 1:1.

=
Suppose 7(x) is sufficient for {Pg 0 € @} and let O, be the distribution for
T(x) if X ~ Po If {Qg @ € O} is a complete family, then 7(x) is a complete
sufficient statistic. Any unbiased estimator that is a function of a complete
sufficient statistic is unique and thus is a MVUB.
A class of distributions is said to be an exponential family if there exist the
real-valued functions C, Q, ..., Qu, T, ..., T, and / such that

2
weG,0c0Zl (578
Ou

3°0,(6)7;(x)

Py (x)=C(6)h(x) exp

These T; are complete sufficient statistics if © contains an m-dimensional
rectangle.

Example:

Given that x; through xy_; are i.i.d. Gaussian with unknown mean 8 and known
variance ¢, a sufficient statistic for &is found as

N-1

1 1
p(xo,---,xN_,;O) =W cXPl‘T._f (xk ‘6)2]

k=0

1 N-1
o< —2xk0+02’

1
= exp
Ni12 2
[ uf 20 k=0

(2m)

_ 1 1 2
" (2n)" " °xPl 20T 2%

k=0

1 N-1 )
—272[—202::, +N6 J]

X exp
k=0

SO

(5.79)

k=0

and
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N-1
B, (t)=exp|— 12 [—292 x, + N@z]] (5.80)
20 k=0
The sufficient statistic is
N-1
= Z X, (5.81)
k=0

Note that the MLE of fis a function of this statistic.

Example:

Given that x, through xy_; are i.i.d. exponential with unknown parameter 6, a
sufficient statistic for 8is found as follows:

N-1
P (%05, xy_y30) =0 exp —GZxk
k=0
a(x)=1 (5.82)
N-1
b, (t) =0" exp ——GZ X
k=0

The sufficient statistic is

t =exp (5.83)

2 %

k=0

Note that the maximum likelihood (ML) estimator of & is a function of this
statistic.

Example:

Given that x, through xu., are i.i.d. binomial with unknown probability 6, a
sufficient statistic is found as:

P(x,=00)=1-0=6%(1-6)"



98 Target Acquisition in Communication Electronic Warfare Systems

LOP,

Pi

Ad;

\¢,-

Figure 5.6 Stansfield’s PF geometry. (From. [5], © 1947, IRE. Reprinted with permission.)
Px, =1;0)=0=0%(1-0)"
N-1 -
p(xo,---,xN_I;O) = H9 b (1—9) *
k=0

— pT (1 _g)' R (5.84)

Stansfield’s Fix Algorithm

Stansfield’s original technique for calculating the PF of an emitting target is an
example of an EW application of maximum likelihood estimation [5]. Stansfield’s
approach can be viewed as a small error approximation to the MLE. The geometry
involved is illustrated in Figure 5.6. As described in [6, 7], the goal is to minimize
the expression for the joint probability of miss given as a function of the miss
distances given by
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1 13N df
P(d,dy, sy ) = ——————exp —520—2 (5.85)
(271')/2 o

i=1 Ip,

This expression is minimized when the summation in the argument of exp is
maximized. The result is the PF that is the most likely location of the target.

5.4 Concluding Remarks

Some of the more salient aspects of extracting parameters from emitting
communication EW targets were presented in this chapter. In general, target
recognition proceeds in two steps:

(1) Signal parameter estimation;
(2) Target recognition based on those parameters.

The parameters chosen to estimate depend on the SOIs, and some fairly general
ones were discussed. The power level was one of these, and it could be expected to
remain much the same from one transmission to the next, as long as the transmitter
and receiver are not moving rapidly and the target is stationary in frequency.

MLE was the method presented in the chapter to estimate the parameters.
There are other techniques, each with their strong points and weak points. The best
technique to estimate parameters depends on the particular application.
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Chapter 6

Spectrum Estimation

Detecting targets in communication EW systems consists of determining if energy
at a frequency is present and, if it is, subsequently processing the signal to
establish whether it is an SOI or not. This is normally accomplished by computing
the psd of the signal and finding where the peaks occur. Therefore, even though
this process is usually referred to as spectrum estimation, it is not the spectrum that
is of primary interest—it is some parameters associated with the spectrum that are
of interest for target acquisition.

In this chapter, two basic methods of power spectrum estimation are presented.
These are relatively low resolution processes (the meaning of resolution will
subsequently become clear). Higher resolution methods, which may be necessary
as the spectrum crowding increases, are presented in Chapter 8.

The two methods presented in this chapter are the periodogram and Blackman-
Tukey estimation. The former applies when the signal environment is
deterministic or almost so, while the latter assumes that the SOIs are stochastic.

6.1 Spectrum Estimation with the Periodogram

Because the FFT of a signal is a representation of the signal in the frequency
domain, and the power at each frequency is the information contained therein,
searching for the peaks in the FFT can be used for signal detection while
simultaneously providing estimates of the location of those signals in the
frequency domain [1, 2]. The FFT is a filter bank and is illustrated in Figure 6.1.
This is the notion behind the periodogram.

The periodogram is the classical nonparametric spectral estimation method.
The periodogram assumes that the process being analyzed consists of several
harmonically related sinusoids with additive noise. It estimates the psd by forming

101
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Figure 6.1 Structure for an FFT detector.




Spectrum Estimation 103

a bank of narrowband filters with sin x/x-like response. The periodogram is an
unbiased estimator, but the variance does not decrease with an increase in N,
which is usually an undesirable characteristic. Even though the periodogram is not
a good estimator for all types of problems, it is still widely used. It can be shown
that the discrete periodogram spectral estimate computes a least squares fit of a
harmonically related set of complex sinusoids to the data [3].

When x(n) is a wss random process with autocorrelation function y.(m) and
sample psd,

X(£)= 22 Yome " ©6.1)
create the windowed process from x(#) as

Xy, =a,X (6.2)

g n’n

where a, are the time samples of the window. This window has the property that a,
=0 for n <0 and n 2 N. The z-transform of x,, is

Xy (z)= i Xy, 2" = Nz—:lanx”z'" (6.3)
n=-o00 n=0
Let
Xy (f)=X%, (") (6.4)

The sample autocorrelation function for the windowed sequence is

1 00
0% _— X X =—Xx, *X 6.5
INon N . Mok N = TN TN = (6.5)

Because of the window, however, ¥, , = 0f0r|n| > N . The z-transform of ¥, , is
given by

B(z)= 3" 4y (n)z" =%XN (2)%, (=) 6.6)
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Figure 6.2 Signal flow diagram for signal detection with the periodogram and signal.
Therefore,
1 1 2
B () =2 ()X (=) =1 (1) 7

P\(f) is the periodogram. The signal flow for the periodogram used for signal
detection is shown in Figure 6.2. Thus, the intuitive technique for signal detection
illustrated in Figure 6.1 is in fact optimal in some cases, as long as the magnitude
of the FT is used.

For real signals, the autocorrelation function is real and even, and therefore the
psd is real and even. The psd is a measure of the relative probability that the signal
contains energy at frequency bin .

The above described periodogram method for estimating the power spectrum is
accomplished by dividing the time series into consecutive blocks, calculating the
autocorrelation estimate for each block, taking the DFT of each of these
autocorrelation estimates, and averaging. By the correlation theorem, this is the
same as averaging the squared-magnitude DFTs of the signal blocks directly,
without calculating the autocorrelation functions. That is,

B, f)=71V—|XN o H% (6.8)

N1
Z XXt
k=0

where Xp(f) is normally obtained with the FFT.

For a single FFT there is no noise averaging resulting in high false alarm rates.
If the signal is available for long enough, then multiple FFTs can be obtained and
averaged. Since the signal is at least partially deterministic while the noise is
random, it would be expected that with multiple spectrum samples available the
noise would tend to cancel when they are averaged. That is indeed what happens,
and for the first few averages the gain in SNR is about 2.2 dB/doubling of
samples. The variance of the resulting average, however, does not tend to zero [3],
but settles asymptotically to 1.6 dB/doubling of FFTs [1].

Windows are frequently used with FFT detection to improve the sidelobe
response. With a rectangular window applied to the time series, which occurs
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simply by sampling the signal over a finite period, the peak sidelobe response,
which occurs in the adjacent channel, is only 13 dB less than the main peak
response. With more sophisticated windows applied to the time series, this
response can be substantially reduced, but at the expense of increasing the width
of the main lobe.

6.1.1 Averaged Periodogram

The periodogram is a random variable itself with a standard deviation on the same
order of magnitude as its mean. Any individual periodogram can deviate
significantly from the true spectrum estimate. This can be addressed by averaging
several sample periodograms, which reduces the variance of the spectral estimate
at the expense of lower resolution. Such averaging in the frequency domain
corresponds to windowing in the time domain. This is the basis of Bartlett’s
method for estimating the psd of a time series.

One concern with this technique is the number of periodograms averaged. In
order for the periodogram approach to work, the signal being analyzed must be
stationary. The more individual periodograms are used for the averaging, the
longer the signal must be stationary. In the RF environments typified by EW
system employments, the stationary assumption may be short lived.

This method segments the data into K nonoverlapping blocks of length L, and
computes the periodogram on each block. The results are then averaged to obtain
the psd. This method can reduce the variance in proportion to X if those blocks are
uncorrelated. Since the data are usually continuous, they are rarely totally
uncorrelated; thus, the variance reduction factor will be less than X.

Given a fixed-length data set, the block length, L, cannot be made arbitrarily
short. The rectangular window function generates a bias in the estimation, and
when the window length is too short, distortion is introduced. To avoid excessive
smearing effects, the block length L must be large enough so that the narrowest
peak in the psd can still be resolved. Therefore, when averaging the blocked
periodograms, there is a trade-off between the variance and the bias.

In both the periodogram method and the averaged periodogram methods, the
higher lags of the estimated correlation produce poorer estimates, since they
involve fewer lag products. One way to avoid this problem is to weight the higher
lags less using appropriately structured windowing functions.

Definition: Bartlett’s Method
Let the /th sample in the kth segment of the nonoverlapped random time series x be

given by x;;, where /=0, 1,...,L-1and k=0, 1, ..., K- 1, and KX is the number
of frames. The periodogram of the kth block is then
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Pk( =—~DFT x,. = Zx," T

n=0

(6.9)

and the Bartlett estimate of the psd is

HI>

NIH

§: 2 (6.10)
k=0

L
Finding the periodogram via the Bartlett method by averaging K individual
periodograms based on K nonoverlapping segments of the time series reduces the
variance of the periodogram by a factor of K. However, since the frequency
resolution is given by 1/T, where T is the length of the time window, and each
individual sample set has length 77K the frequency resolution is reduced by the
factor of K. A modification to the Bartlett method is given by the Welch method.

Definition: Welch Method

In the Welch method of spectral estimation, the time series segments are
overlapped and windowed prior to computation of the DFT. Such overlapping is
illustrated in Figure 6.3, where the overlap is 50%. The resulting time series is
then wyxy; where /=0, 1, ..., L-1 and k= 0, 1, ..., K-1, and where w, is the
window function. Such overlapping recovers some of the lost frequency resolution
while maintaining the advantage of reducing the variance.
]
Note that | X,

a linear correlation with zero padding of the time series; that is, {x;} is replaced by
{x1, 0,0, ..:, 0}. Estimator (6.10) is biased, however, in that the true autocorrelation

is weighted by N —|I| ,6 which can be removed by division. It is common to leave

it in, however, since it is equivalent to smoothing the power spectrum with a sinc?
kernel by multiplying the autocorrelation function with a triangular window, called
the Bartlett window. This smoothing puts less weight in the large-lag estimates
that are less reliable. The Bartlett window is given by
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Figure 6.3 Data segment overlapping for the Welch method.
1- ] k| <N
w, = N’ - (6.11)
0, otherwise
with spectrum given by
S, = Nsinc’ (kN) (6.12)

These functions are shown in Figure 6.4.
A comparison of the three techniques just discussed for detection of a sinusoid

S(k)
@) N

L) 1l v T U |
N k .-3IN 2N -UN 0 /N 2/N 3IN. K

N 0
(@ ®)

Figure 6.4 Bartlett window: (a) time domain and (b) frequency domain.
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and frequency estimation in AWGN was conducted by So et al. [4]. When the
frequency was fy = 0.25 (in other words, precisely at a DFT point), the ROC for
the normal periodogram and that computed with the Bartlett method (4 segments)
are shown in Figure 6.5. For these curves, N = 256, so there are 64 data points per
segment. The regular periodogram has better Py versus Py performance, as
expected since the periodogram is the optimum ML detector. The variance of the
lower curves, however, is smaller by a factor of 6.
The CRLB for estimating the frequency with the periodogram is given by [4]

. 3
(M= = (6.13)

where v is the SNR. When SNR is above a threshold, ¥, this bound is achieved. If
v < y, however, the frequency estimation performance, as measured by the mean
square frequency error (MSFE) deviates substantially from this value. Examples
are shown in Figure 6.6 when f; = 0.26. Again, the normal periodogram achieves
the CRLB at the lowest SNR. The Welch method with 50% overlap and
rectangular window is next for low SNRs but remains high after about v=-5 dB.

Next is the Bartlett method, which also remains higher for larger SNRs. The
worst performance is for the Welch method with no overlap and the Hanning
window.

6.2 Blackman-Tukey Spectral Estimation

If the time sequence is stochastic, then, as discussed in Chapter 2, the FT of the
time sequence does not exist and some other technique must be used to determine
the frequency content. '

In 1958, Blackman and Tukey published a short book that presented an
implementation of Wiener’s autocorrelation to the power spectral estimation
method [5]. First, the autocorrelation lags of the time sequence are determined.
This sequence is then windowed with an appropriate window that tapers to small
values at the edges. The FFT of this sequence is then obtained to obtain the psd
estimate [3]. Thus, the autocorrelation function of s(¢) is denoted by

Yes (T) = E{s( +7)5" (1)} (6.14)

The psd is obtained by taking the FT of y4(7) due to the Wiener-Khinchin
theorem,
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Figure 6.5 Signal detection performance when f; = 0.25 for (a) normal periodogram and (b) Bartlett
method with 4 segments. (From: [4], © 1999 IEEE. Reprinted with permission.)
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Figure 6.6 MSFE performance comparison for the three techniques to compute the periodogram when
fo=0.26. (From: [4], © 1999 IEEE. Reprinted with permission.)

SN = [ 7(7) exp(—j2mfr)dr (6.15)

When s(?) is ergotic, which in practice it almost always is, then the time statistics
are equal to the ensemble statistics, and the autocorrelation function can be
obtained by averaging over time as opposed to over the ensemble. In that case,

T
7.(7) = lim % [ stt+m)s 0 . (6.16)
-T

and the psd is obtained as

2

S(/) = lim& % ['ste) exp(—j2m oyt 6.17)

-7

The psd determined with the BT process can produce negative regions, which
leads to complications in interpreting the spectrum function as a psd, since the
power cannot be negative in such processes.
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Figure 6.7 (a) Boxcar time window function and (b) its magnitude spectrum.

6.3 Windows

The periodogram is a poor estimate of the psd of a time series and actually
fluctuates more as the record length increases; that is, the variance increases.
There are two generally accepted ways of dealing with this problem. The first is to
compute the periodogram of several shorter length segments of the series and
average the results at each frequency as indicated above. The second method uses
a window function with other than simply the unit amplitude and with particular
properties to smooth the periodogram. In both these cases, there is a trade-off
between spectral resolution and the variance. If high resolution is desired, then a
larger variance is necessary and vice versa.

The resolution is one of the most important parameters associated with
spectrum analysis. It specifies how close two signals can be in the spectrum and
still be identified as two signals. The resolution of the periodogram is limited,
which is its greatest shortcoming. Irrespective of the characteristics of the signals
being analyzed, the resolution of FFT-based spectral analysis is limited to
approximately 1/T, where T is the length of the sample time series. Equivalently, it
is the width of the window placed on the time series. High-resolution spectral
analysis is discussed in Chapter 8.

Time windowing the data sequence can cause problems with energy leakage
into adjacent frequency bins. The amplitude of the spectrum of the boxcar function
shown in Figure 6.7(a) has a 'sinvr finf ‘ shape as shown in Figure 6.7(b).
Multiplication by a boxcar function in (6.2) implies convolution by its spectrum in
the frequency domain, and convolution by the spectrum shown in Figure 6.7(b)
causes leakage into adjacent frequency bins as well as widening of the main
spectral lobe. If the input is a monochromatic sine wave, the output spectrum will
have the sinzf /7 f shape. The null-to-null width of the spectrum is 2/7, while

the 3 dB width is approximately 1/7. This is the resolution.
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6.3.1 Other Windows

Windows other than the boxcar function can also be used that lessen the leakage
and main lobe widening; however, applying any time window to the data causes
these effects to some degree [6].

6.3.1.1 Welch Window

The Welch window for N points is defined as

N 2
j—=
_ 2
w,=1— IV (6.18)
2

where 0 < i < N. This window is illustrated in Figure 6.8 for N = 1,024. This
window is commonly used as a window for power spectral estimation. The
spectrum magnitude is illustrated in Figure 6.9.

6.3.1.2 Cosine Window

The raised cosine window is given by

2mi

w=a+(l-a) COS[T] (6.19)

0.5

w;

0 200 400 600 800 1,000

Figure 6.8 Welch window for N = 1,024.
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Figure 6.9 Magnitude of the Welch spectrum for N = 256.

Two specific examples of the raised cosine window are the Hanning and
Hamming windows. The Hanning window for N points is defined by a= 0.5 as

w, =0.5+0.5 cos[%] (6.20)

where —N /2 <i < N/2. The Hamming window is defined by o= 0.54 as

w, = 0.54+0.46cos[% (6.21)

The Hanning and Hamming windows are illustrated in Figure 6.10. The magnitude
of the Hanning spectrum is shown in Figure 6.11.

6.3.1.3 Kaiser-Bessel Window

The Kaiser or Kaiser-Bessel window approximates a time limited function with
minimum energy outside a specified frequency band. In the discrete case it is
defined as
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Figure 6.11 Magnitude of the spectrum for a Hanning window for N = 128,
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Sl
N-1 N-1 N-1 6.22)

Wei = - <i<
' 1,(B) ’ 2 't

0, otherwise

where B is half the time-bandwidth product. B determines the trade-off between
the magnitude of the sidelobes and the energy in the main lobe. It is often
specified as a half integer multiple of m. I, is the zero-order modified Bessel
function of the first kind.

Closed-form expressions for the spectrum are not yet available. It can be
shown, however, that the spectrum for the continuous case is proportional to

4]

w, (f) o< [f]’ . (6.23)
-

where 27f; is the width of the main lobe. Example curves for different values of B
are shown in Figure 6.12.

1/2

6.3.2 Windows Summary

The definitions for some of the most common windows are given in Table 6.1.
The performance of these windows is given in Table 6.2, while the highest
sidelobe levels for most of the popular windows are shown in Figure 6.13 [6].

6.4 Frequency Domain Detector Performance

The performance of the frequency domain detector is similar to that in the time
domain. The time series in question in this case is a parallel stream of data vectors
that correspond to the power in the signal at a particular frequency (frequency bin
actually). The probability of false alarm is given by
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Figure 6.12 Kaiser-Bessel window for N = 128,

Table 6.1 Definitions for Some Discrete Windows

Window Definition
1, =0, ,N-1
Rectangle | v = {0 :lhcrwise
n N
—, n=01-,—
% 2
2
. W" = N
Triangle w(N —n), n=—, N-1
2
0, otherwise
sin® i-rr . n=0,1--,N-1
cos®(x) Wy = N
0, otherwise
_ 0.54+0.46cos[121r]. n=01,--,N-1
Hamming | ™7 = N
0, otherwise

Source: [6].
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Table 6.1 (Continued)

1, 0<|n<a—
2
N
Tukey wy, = n-a ? N N
0.5{1+cos|t——=—|t, a—<|n<s—
21 —a)— 2 2
2
0, otherwise
|| ll) [l N
1‘7 cos "N— +-—sin|T 7|, 0<|nl < —
Wy = / n / 2
Bohman n 2 2 2
0, otherwise
|nl N
. exp| "¢ N7 |, 0<lal<s—
Poisson | w, = A 2
10, otherwise
n |n| N
Hanning- _ 0.5|1+ cos "? exp '“V , 0<n<—
Poisson | "7 T 2 2 2
0, otherwise
! 0<|nl < N
2 ==
. n 2
= a—
Cauchy | "n =11+ Ay
2
0, otherwise
2
a— 0<nl < i
expl-= s Sl —
Gaussian | Wy = 2 %_ 2
0, otherwise
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Table 6.1 (Continued)
cos {N cos ! [Bcos [1r —l—‘-] }
wy, =1(=1)" — ALl 0<ngN-1
cosh [ N cosh (p)]
0, otherwise
where
1 —
Dolph. | /= cosh [_ cosh™ ' (10%)
Chebyshev N
T tan”! [ - I« <1
- - ’ xl S
cos l(x)= 2 Jl—x2
l“(x-l-\/xz—l)v Il >1
2
P n
0|ma ]_[V
\Vn= ———2' 0<|"|S—
’0 (ma)
0, otherwise
where
Kaiser-Bessel 2
k
o= Z\2)
k!
AR
n n N
—6l==| I1-
1 G,V] 7 osl..ls;
2 2
Dela w. =
Valle Poussin n= [«| N N
2|!- Al —<hls~
2
0, otherwise
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Table 6.1 (Continued)

Acos[y(n)]+ B M sin[y(n)]
" ¢ 5 , Oﬁlnlﬁ‘;
n (C+AB){1("_) +1}
0, otherwise
where
. A = sinh(C) = V10%% —1
Barcilon-
Temes B = cosh(C) = 10%
€ =cosh ™ (10%)
C
B = cosh [—]
N
-1 n
y(n) = Ncos !ﬂ cos [‘n —]
N
N/2
Blackman S (~1)™a,, cos| m2r|  n=0,1,..,N/2
n = 1m=0 N
0, otherwise
. n
sin [— 27rJ ’ N
_N__=sinc[_“], 0<| s =
wy, = n N 2
Rieman ;277
{0, otherwise
2
1 - 0<ld < N
={1=In/] - Slals—
Reisz ¥n A 2
0, otherwise
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Table 6.2 Window Performance
Worst Overlap
High SL Equiv 3dB Scallop Case 6dB Corr
Window SL Fall-off Coh Noise BW (bins) Loss Process BW (%)

Level (dB/oct) Gain BW (bins) (dB) Loss (bins) 75% OL 50%

(dB) (dB) oL
R 1 -13 —6 1.00 1.00 0.89 3.92 3.92 1.21 76.0 50.0
Triangle 27 -12 0.50 1.33 1.28 1.82 3.0 1.78 71.9 26.0
cos®(x)
a=1 -23 -12 0.64 1.23 1.20 2,10 3.01 1.65 76.5 318
@ =2 (Hanning) -32 -18 0.50 1.50 1.44 1.42 318 2.00 66.9 16.7
a=3 -24 -24 0.42 1.73 1.66 1.08 3.47 2.32 56.7 8.5
a=4 -30 -30 0.38 1.94 1.86 0.86 3.75 2.59 48.6 6.3
H. —43 -6 0.54 1.36 1.30 1.78 3.10 1.81 70.7 23.5
Reisz =21 -12 0.67 1.20 1.16 2.22 3.01 1.59 76.5 36.4
Rieman =26 -12 0.59 1.30 1.26 1.89 3.03 1.74 73.4 27.4
Dela =53 -24 0.38 1.92 1.82 0.90 3.72 2.55 49.3 6.0
Valle Poussin
Tukey
=025 -14 -18 0.88 110 1.01 2.96 3.39 1.38 76.1 46.4
a=0.50 -15 -18 0.75 1.22 1.15 2.24 3n 1.57 72.7 36.4
=075 -19 -18 0.63 1.36 1.31 1.73 3.07 1.80 70.5 26.1
Bohman —46 -24 0.41 1.79 1.7 1.02 3.54 2.38 56.5 74
Poisson
a=2 ~19 -6 0.44 1.30 1.21 2.09 323 1.69 69.9 278
a=3 —24 -6 0.32 1.65 145 1.46 3.64 2.08 56.8 16.1
a=4 =31 -6 0.25 2.08 1.75 1.03 6.21 2.58 40.4 7.4
Hanning-Poisson
a=0.5 =35 -18 0.43 1.61 1.54 1.26 333 2.14 61.3 12.6
a=10 -39 -18 0.38 1.73 1.64 LI 3.50 2.30 56.0 9.2
=20 None -18 0.29 2.02 1.87 0.87 3.4 2,65 46.6 6.7
Cauchy
a=3 =31 -6 0.42 1.48 134 1.7 3.40 1.90 61.6 20.2
a=4 =35 -6 033 1.76 1.50 1.36 3.83 2.20 48.8 132
a=5 ~30 -6 0.28 2.06 1.68 1.13 6.28 2.53 383 9.0
Gaussian
a=2.5 —42 -6 0.51 1.39 1.33 1.69 3.14 1.86 67.7 20.0
=30 -55 -6 0.43 1.64 1.55 1.25 3.40 218 57.5 10.6
a=13.5 —£9 -6 0.37 1.90 1.79 0.94 3.73 2.52 47.2 6.9
Dolph-Chebyshev
a=25 -50 0 0.53 1.39 133 1.70 312 1.85 69.6 22.3
a=30 —60 0 0.48 1.51 1.44 1.44 3.23 2.01 66.7 16.3
=35 -70 0 0.45 1.62 1.55 1.25 335 2.17 60.2 11.9
a=60 -80 0 0.42 173 1.65 L.10 3.48 231 56.9 8.7
Kaiscr-Bessel
a=25 —46 -6 0.49 1.50 1.43 1.46 3.20 1.99 66.7 16.9
o=3. -57 -6 0.44 1.65 1.57 1.20 3.38 2.20 59.5 112
a=3.5 —69 -6 0.40 1.80 1.7 1.02 3.56 2.39 539 74
a=6.0 -82 -6 0.37 1.93 1.83 0.89 3.74 2.57 48.8 6.8
Barcilon-Temes
a=30 =53 -6 0.47 1.56 1.49 1.34 3.27 2.07 63.0 16.2
a=3.5 -58 -6 0.43 1.67 1.59 1.18 3.40 2.23 58.6 10.4
«=6.0 68 -6 0.41 1.77 1.69 1.05 3.52 2.36 56.4 16
Exact Blackman =51 5 0.46 1.57 1.52 1.33 3.29 2.13 62.7 16.0
Blackman —58 -18 0.42 1.73 1.68 1.10 3.47 2.35 56.7 9.0
Minimum
3-Sample —67 -6 0.42 L7 1.66 113 3.45 1.81 572 9.6
Blackman-
Haris (B-H)
Minimum
4-Sample B-H -92 -6 0.36 2.00 1.90 0.83 3.85 2.72 46.0 38
61 dB 61 -6 0.45 1.61 1.56 1.27 3.34 2.19 61.0 12.6
3-Sample B-H
74 dB -74 -6 0.40 1.79 1.74 1.03 3.56 2.44 53.9 7.4
4-Sample B-H
4-Sample a =3 —69 -6 0.40 1.80 1.74 1.02 3.56 244 539 74
Kaiser-Beswsel

SL: Sidelobe, Coh: Coherent, BW: Bandwidth, Corr: Correlation, OL: Overlap

Source: [G].
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Figure 6.13 Levels of the highest sidelobes for many window types. (From: [6], © 1978 IEEE.
Reprinted with permission.)
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P 112 2

a Yy TONIg?
da = e Nodg=¢ N7 6.24
pla)da f o (6:24)

P =

4%8

where o” is the variance of an individual data vector, assumed to be the same, and
N represents the number of points used in the detection—the length of the FFT if
that is the technique used [7].

The detection performance depends on the frequency of the input signal(s)
relative to the placement of the frequency bins in the FFT and the length of the
signal sample included in the FFT computation [7]. The variance in the detection
performance is also No?, however. '

The amplitude pdf in this case is

p(a)= e I, '

aZ+X2
a 55 aX,
= [Nal] (6.25)

The results are summarized in Table 6.3. The first row in Table 6.3 represents the
best-case detection performance while that in the fourth row represents the worst-
case conditions. For conditions other than those in Table 6.3, the detection
performance falls between these two.

6.5 Concluding Remarks

The periodogram assumes that the data values, be they sampled from the original
sequence or autocorrelation lags, outside the sample window are zero. This
typically is an unrealistic assumption. This leads to distortion of the psd due to
smearing and leakage into other frequency bins. Some of the high-resolution
spectral estimation techniques discussed in Chapter 8 address this concern.

The advantages to using the FT or periodogram approach for spectrum
estimation are:

They are computationally efficient for small data sets.

e For sinusoidal processes, the peaks of psd are proportional to the power
of the signal at that frequency.
¢ For sinusoids in noise, they provide optimal estimates.

The disadvantages are:
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Table 6.3 Detection Probabilities in the Frequency Domain

Spectral An;phtude Signal-to-Noise Ratio in
|x (k)] 2 x,

Condition Time Domain

Signal fills time g/ 1

window NA 1— fp(a) da —v

and spectral line
hit

Signal fills
window and 24

T
input frequency T N|1—cos [—]]
iy
1/2 way 2—2cos— 1=41-Fh LN,
between spectral N 2

lines

Signal fills 1/2
time
window and NA 2
© spectral Py 1= f p (a) da -7
line hit 0

Signal fills 1/2
window A
and input
frequency 1—cos [1] 1—4/1-PB N
1/2 way between N
spectral lines
Source: [7].

P, tepresents the probability of detection from two adjacent spectral lines and v is the SNR in the
frequency domain.

e The sidelobes of the main lobe response can hide the main lobe of weaker
nearby signals.

e The frequency resolution is limited to the reciprocal of the duration of the
sample size. This produces relatively low resolution spectral estimates.

¢ Distortion of the psd occurs due to the finite sample time.

e Typically, several psd estimates must be averaged for statistical
consistency.

e Negative psd regions can occur in some cases.
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Chapter 7

Detection of Deterministic Signals

The target set for communication EW systems consists of all types of
communication systems of interest to the users of the EW system. It is frequently
not known ahead of time what all those signals will be, so the signals arriving at
the receiver belonging to the EW system likely have an unknown form until they
are further processed [1].

- The first step in such processing is to determine the presence of the signal at
all. Herein that is known as the signal detection problem. To determine if a
detected signal is a signal of interest, further processing of the signal is frequently
required to determine or estimate parameters associated with the signal. A brief
introduction to the theory of signal detection and, in particular, its application to
communication EW problems is presented in this chapter.

Typically, in the spectrum of interest to an EW system there will be several
signals present. These signals may be close together—indeed they can be in the
same frequency channel. This leads to the question of how well can two (or more)
signals be separated when they are close together and what are the impacts of
signal amplitude on this resolvability. This chapter presents what are more
traditional methods of signal detection, couched in terminology of spectral
estimation. Spectral estimation, as discussed in Chapter 5, is determining
(estimating) the frequency of signals and their amplitudes (or power levels). These
techniques typically have low resolution compared to some other techniques.
These latter methods are known, appropriately, as high or super resolution
techniques for spectral estimation. Such approaches are presented in Chapter 8.

Detecting the presence of a signal is a different problem from estimating the
value of some parameter. Detecting presence is a binary problem, or at least a
problem of limited dimension—detecting the presence of one of m types of
signals, for example. The variate takes on only certain values and there are a finite
number of them. In parameter estimation, on the other hand, the variate can, in
general, take on any value from a range of values—an infinite number of
possibilities.

125
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The communication EW problem is characterized by its noncooperative nature.
Two communication nodes, trying to exchange information, know a considerable
amount about the other node—that is, they cooperate with one another. The
intercept of the signals exchanged between these nodes by a casual interloper is
considerably more difficult. Frequently, very little is known by the EW system
about the nodes or the signals they pass.

The parameters of signals can be deterministic or random. These parameters
are the signal’s amplitude, modulation, time of arrival, and phase of the carrier.
The frequency may be known because it is either assumed to be the center of the
channel being searched, or it can be measured as the position of the centroid of the
spectrum or the highest peak of the spectrum.

Therefore, for the signal detection problem in communication EW systems,
there are two cases of most interest. The signals are either:

e Deterministic except for one or more unknown parameters. That is,
modulated deterministic sinusoidal with unknown frequency,
amplitude, time of arrival, and phase.

e Completely random specified only by known (or assumed) statistical
distributions.

The noise vector is assumed to be independent of both types of signal vectors.
Coherent detection of signals is possible when the phase of the carrier is
known. For coherent detection, the receiver recovers the carrier phase and locks to
it, thereby allowing for better detection performance. Coherent detection typically
produces 3 dB (SNR) improved performance over incoherent detection. However,
the phases of the signals in the pass band of the receiver in an EW system will
almost never be known, at least at this stage of signal processing. Therefore,
coherent detection is precluded—only incoherent detection will be considered.
Detection of deterministic signals with known as well as unknown parameters
is discussed in this chapter. Detection of random signals is presented in Chapter 8.

7.1 Detection of Deterministic Signals with Known
Parameters

When all the parameters associated with the signal to be detected are known,
except for the delay, and the noise is AWGN, the optimum detector is the matched
filter. This filter maximizes the SNR at its output; although it is not necessarily
true that maximization of the output SNR is optimum. This will be shown in this
section. While this is not the normal problem being addressed by the
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() @ ul e |—20 N 2
Sample
at,

n(t)

Figure 7.1 Block diagram of a filter.

communication EW system, characteristics of the matched filter are included for
completeness and comparison. There could be times when all the parameters of the
SOI are known or can be estimated fairly accurately.

7.1.1 Matched Filter Detection

When the signal characteristics are completely known and the signal is embedded
in noise of known psd Sy.(¢), then the optimum detector is the matched filter. The
matched filter, while maximizing the output SNR, produces the maximum Py for a
specified value of P when the noise is Gaussian [2]. Even when some of the signal
parameters are unknown, the matched filter with minor modifications is still the
optimum detector [3]. This filter does not necessarily maintain the structure of x(¢)
at the output, but it does maximize the output SNR. Consider the block diagram
shown in Figure 7.1. The filter input signal is

y(t)=x(t)+n(t) (7.1

Let the optimizing filter impulse response be given by A(f), which is the function
sought. The output z(?) is given by

()= [H(Y (e ar (72)

The maximum SNR is produced at time ¢ = £, when the output is sampled.
The peak signal at the output is given by

2

peak signal = TH(f)X(f)ejz"ﬁ“df (7.3)
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From Chapter 2, the psd of the noise at the outputis ®_| ( f )IH ( I )r and the total

noise at the output is given by
. ¢ 2
total noise power = f@nn (f)lH(f)l df (7.4)
Therefore, the SNR to be maximized is given by

2

[H()x(f)e " ar
V= —0

S (1.5)
Je.(NH ) 4

In a Euclidean vector space, for any two vectors a and b, the Cauchy-Schwartz
inequality states that [4]

a<b

< [afo] (7.6)

72 . . .
where ”x” = (x,x) is the norm of x. The norm of x in a Euclidean vector space

consisting of vectors a, B, and p and constant ¢ is any function over that vector
space that obeys the following properties [5]:

(e,p)=(B,a) (1.7

(o +B,p) = (o,p) +(B,n) (7.8)
(ca,B) = c(a,B) (7.9)
(a,a) > Ounlessa. =0 (7.10)

and a-b is the dot product of vectors a and b. Equality holds if and only if the
vectors are collinear; that is, a = kb" for some k € R . In this case, the vectors are
functions U(f) and V(f) with inner product given by

(a,b)sz(f)V(f)df (7.11)



Detection of Deterministic Signals 129

By direct substitution it can be shown that (7.11) satisfies (7.7) through (7.10).
Thus,

v < [l ar [l () ar (7.12)

We can make the following associations in (7.5)

=42, (N)H(f) (7.13)

and
X (f)eﬂﬂﬁu
V(f)=—F"t— (7.14)
=R
The Cauchy-Schwartz inequality yields
f H(f)X(f)e > df
f o, (N ar
o ) ) X f 2 ell”f’o
Fon (1) ()ar f%
f@AﬂHUV#
(s
7.15
I@Mf 719

—00

since |e’2”ﬂ°

=1, and where v is the SNR. Therefore, the maximum SNR is
independent of H(f). The maximum SNR is achieved when equality holds so that
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*

X (f)ejlﬂﬁo
e, (/H(f)=k|l—F=— (7.16)
\l®nn (f)
and the optimum filter transfer function that ensues is
X (f)e o
H(f)=h———r—— (7.17)
=, )

The filter response is “matched” to the conjugate of the psd of the signal, thus the
appellation “matched filter.” The resulting maximum SNR is then

o0 | 1{(]‘)'2
v o= | ————d 7.18
max :{;@m (f) f ( )

Calculation of (7.17) requires knowledge of the noise psd, both in the design of the
filter and in operation, since the noise environment in which EW systems operate
varies with time and location in the frequency spectrum.

When
N,

o (f)ZTO (7.19)

which corresponds to AWGN, this filter is
Hmz%nyW% - (720)

0
and

y:iﬁﬂﬁy (7.21)

max N0 <

The filter impulse response is
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h@:jHUWW#

]

_ I%X* (f)e—jlfrﬁoejhrﬂdf
oo Mo

ka * j2mf(t—1,
=FIX (f)eﬂ 1l n)df

0 -0
*

2k r j27 f (tg—1
ZFO!X(J{)QJ Sl )df]
= %x” (t,—1) (7.22)

0

Therefore, the filter impulse response is equivalent to the signal conjugated,
reversed in time, and delayed by .
The output signal has the form

(exh)(1) = fv_"o‘[x(t)*x* (t,—1)] = fv_’:% (t—1,) (7.23)

Therefore, matched filter detection when searching for known signals in noise will
perform best when the signal has a large and peaked autocorrelation

functiony,, (£ —7, ).

7.1.2 Matched Filter Performance

Given that the signal is given by sample vector x, the detection problem is given
by the two hypotheses

Hy:x, =n, i=0,1,...,N-1 (7.24)
H :x,=s+4+n i=12,..,N-1 (7.25)

where s; are samples of the known signal and »n; are samples of the noise. The
Neyman-Pearson likelihood ratio test for detecting a known deterministic signal
with Gaussian noise of variance o” is given by
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L(x) = p(x:H))
p(x:Hy)

where X = [x,,,,%,_,]" and

N-1

1
—  exXpl—
(271_0_2)N/2 p[ 20_2 e

p(x:H)= (x,.—s,.)Z]

(x:H,)= ! exp|—— N_lx2
PR¥:Ho  Q2uot)? P pr

Thus the test is

L(x):exp{ —[Z(x —s,) ~Zx

i=0

s

Taking the natural logarithm of both sides yields

>Invy

AX) = In[L(x)] = —‘Z(x —s,) —Zx

The test statistic is to choose H, if

1 N- 1 N-|
—?Z = Zs,z >ln-y
i=0

i=0

or

)
t(x):Z s, >0 Iny+= Zs =7'
i=0

=0

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

The second term on the right in (7.32) is the energy in s and is known because it is

assumed that s is known. Thus, decide H, if
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x; s(-1) t > H,
S*(2nf) i=N-1 <y’ Ho
(b)

Figure 7.2 Neyman-Pearson detector for a deterministic signal in AWGN (a) correlator and (b)
matched filter.

N-1
1(x)=> x,5,>7" (7.33)
i=0

Two equivalent forms of the optimum detector employing the Neyman-Pearson
criterion for a known signal in AWGN are shown in Figure 7.2. The configuration
shown in Figure 7.2(a) is called a correlator, while that in Figure 7.2(b) is called a
matched filter.

Test #(x) is a linear sum of Gaussian random variables and therefore is itself
Gaussian. Then

E(x): H,} = 5{%' n,.s,.} -0 (7.38)
E4(x): H) = g{f(s,. 4n )s,.} ) (7.35)

where [ is the energy in the signal. In addition
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Figure 7.3 Pdfs for the matched filter when the signal is completely known.

var(#(x): H,] = var {{j w,.s,.}

i=0

N-1
= var(w,)s
‘=0N—I
=0y st =0"E (7.36)

Likewise, var[t(x): H,] = ¢’E . Therefore,

N(0,0°E) under H,

t~ (7.37)
N(E,0°E) under H,

The pdfs corresponding to this test are illustrated in Figure 7.3.
This test statistic is often scaled by 1/+/o*E , which makes the test

N(0,1) under H,

t~ (7.38)
NHE/¢*,1)  under H,

As discussed in Kay [6], this test statistic is equivalent to that of a matched filter
given by (7.33). Now

P, =Pr(t> " H,) (7.39)
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,YV
=0|— 7.40
Q[ GZ]E] (7.40)
and
P =Prt>~"H) (7.41)

<[]

where Q( ) is the Q-function. Since the Q-function is monotonic in its argument, it
has an inverse denoted by 07'( ) and

(7.42)

v'=Vo’EQ™'(R,) (7.43)

n=oee- B (744

d* =E/o?is referred to as the deflection coefficient. Equation (7.44) is plotted in
Figure 7.4 for several values of the parameters.

Thus,

7.2 Detection of Deterministic Signals with Unknown
Parameters

The detection of deterministic signals where one or more of the parameters is
unknown is presented in this section. The parameters in question can be any of the
set {S, &, fo}, where S is the average power, ¢ is the phase angle, ¢ € [0, 2r), and f;
is the carrier frequency.

7.2.1 Quadrature Detector
The quadrature receiver is a noncoherent technique for detecting signals in the

time domain. Such a detector is illustrated in Figure 7.5. With no signal present,
the Gaussian noises from the lowpass filters have the pdf given by
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Figure 7.5 Quadrature detector.
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p(v)= Jz_;;e"? (7.45)
and
LA
p(vg)= — e (7.46)

where ¢ is the variance of the stochastic noise process, assumed to be the same
for both channels. It is also the average power of the noise. Noise processes v; and
vq are assumed to be i.i.d., so therefore their joint pdf is given by

p(vlavq) = p(vl)p(vQ) (7.47)
The pdf of a is therefore given by

2 27 “("I1 + "é)

1 bixs)
pla)= [ ap(4)p ()40 =5 [ ae 7 df (7.48)

which is
pla)= %e_ﬁ (7.49)

where a= v +v; and 6= tan™ (v/v;). Expression (7.49) can be identified as

the Rayleigh pdf.
A false alarm occurs when there is no signal present but the detector indicates
that there is. The probability of this occurring is given by

2 2

P, =fp(a)da=f§e 2= 27 (7.50)
Y i

Constant false alarm rate detection is accomplished by setting the probability of
false alarm, Py, = Py(Ip), to the maximum that is tolerable and making an estimate
of the noise power present as given by o?. The threshold y is then adjusted to
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maintain the false alarm rate. Note that if the noise level changes, new estimates
must be calculated. Changing noise levels are common in EW system operation.
When there is a signal present then

plv)= e (7.51)
()=
and
( 1 _(”0"70)z
ply, )= 2 (7.52)

where ¥, and ¥, are the average values of the voltages coming from the lowpass

filters. These values are given by
v, = Acos¢ (7.53)

and

<|

q = Asing (7.54)
where ¢ is the initial phase of the input signal. Likewise,

v, =acosd (7.55)
and

Vv, =asind (7.56)
The joint amplitude and phase density function is

p(r,@’qS) = ap(vl)p(vQ)

[az + 4% —20A(cos¢cosﬂ+sin¢sin0)l

p— a e 207

2mo?
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laz+Az-2aAcos(¢—9)l
a o et e |

= e 20 7.57
270’ ( )

The dependence on the phase can be removed by averaging over (0, 27) as
27
(alo)= [ p(a.0l¢)a0
0

a +AZ
=2 10[”’4] (7.58)
o3

2
g

which is recognized as the Ricean pdf. Notice that the expression on the right is
independent of ¢.

Note that (7.50) and (7.58) are based on making a detection decision on a
single sample. Higher reliability in these decisions can be obtained by using more
than one sample. If at least M out of the N samples must indicate the
corresponding decision, then

fa ,multiple = i [ ]‘Pf: fa )N_k (759)
i

and

Pd,mul!iplc = z :

]Pf (1-p)"* (7.60)

where |x| indicates the integer part of x.

The block diagram of a near-optimum receiver where k& noncoherent samples
are to be used for detection is shown in Figure 7.6. The square root function
provides for detection of the envelope of r(z). Samples of this envelope are
integrated (summed) in the postdetection integrator, the output of which is
sampled after k samples are collected.
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Figure 7.6 Quadrature envelope detector for detection of k noncoherent samples.

There is a noncoherent detection loss associated with the detector in Figure 7.6
compared with coherent detection (when the phase of #(¢) is known). This loss is
tabulated in the chart shown in Figure 7.7 [7]. Thus, for example, when
v=10 dB and & = 200, there is an additional approximately 8-dB loss due to non-
coherently adding the samples.

Until now it has been assumed that the local oscillator that generates the sin
and cos signals is perfectly tuned to the frequency of #(¢). This is likely to be rare,
and there is an associated loss due to this offset. The loss can be expressed as
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Figure 7.7 Noncoherent integration loss. The SNR in this chart is the postdetection signal power-to-
noise power ratio. (From: [7]. © 1988 Computer Science Press. Reprinted with permission.)
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sin (w6t
L= sin (w6t (7.61)
ot

where & is the frequency offset. This is plotted in Figure 7.8.
7.2.2 GLRT Detection

The development in this section follows that in Kay [6] fairly closely. Assume that
the observation samples are measured over a time window given by N samples.
The two hypotheses for this problem are given by

H,:x,=n, i=0,L...,N-1
. (7.62)
H :x,=s+n, i=0L..,N-1
where
s, = Acos(2m fyn + @) (7.63)

and 4=+/2S when S is the average power in the signal. In this case, any or all of
the set {4, fo, ¢} are unknown. The noise is represented by samples #;, ~ A0, &%).
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Figure 7.6 Quadrature envelope detector for detection of k noncoherent samples.

There is a noncoherent detection loss associated with the detector in Figure 7.6
compared with coherent detection (when the phase of #(f) is known). This loss is
tabulated in the chart shown in Figure 7.7 [7]. Thus, for example, when
v=10 dB and k = 200, there is an additional approximately 8-dB loss due to non-
coherently adding the samples.

Until now it has been assumed that the local oscillator that generates the sin
and cos signals is perfectly tuned to the frequency of #(¢). This is likely to be rare,
and there is an associated loss due to this offset. The loss can be expressed as
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Figure 7.7 Noncoherent integration loss. The SNR in this chart is the postdetection signal power-to-
noise power ratio. (From: {7]. © 1988 Computer Science Press. Reprinted with permission.)
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mo,t
where & is the frequency offset. This is plotted in Figure 7.8.

7.2.2 GLRT Detection

The development in this section follows that in Kay [6] fairly closely. Assume that

the observation samples are measured over a time window given by N samples.
The two hypotheses for this problem are given by

Hy:x,=n, i=0,1,...,.N—1
. (7.62)
H :x,=s+n, i=0,1,.,N-1
where
s, = Acos(2 fyn+ @) (7.63)

and 4A=+/2S when S is the average power in the signal. In this case, any or all of
the set {4, fo, #} are unknown. The noise is represented by samples #;, ~ M0, ).
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The optimal detector, that is, a UMP test, does not exist when any of the
parameters is unknown. The GLRT discussed in Chapter 3 produces a suboptimal
detector, but in most cases an acceptable one. The GLRT will decide H; if

P A Jo By (.60
p(x:H,)

where /:I,qB, and f"o are the MLE estimates of 4, ¢, and f;, respectively, which are

given by [6]

A= &7 + & (7.65)
¢ = tan™! [—ﬂ] (7.66)
al
where
2 N—-I| n
& =—> " x cos(2m f,i) (7.67)
N %3
2 N-1 n
&, = Win sin(27 £,1) (7.68)
i=0

and jA'O is determined by computing the periodogram and finding the frequency
where the largest peak occurs. Denoting the periodogram evaluated at fj as I(f;)

2

N—I
I(fy) == |3 x e e (7.69)
N
and using (7.64),
p(x: A4, fp,H) _ 1
2P0 f(£y>n 7.70
px: Hy) = (fo)>Iny (7.70)

Thus: for a deterministic signal when the amplitude, phase, and frequency are all
unknown, decide H, if

I(f,)> o’ Iny (7.71)
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Figure 7.9 Typical performance curves for the GLRT decision logic when the signal is deterministic
with unknown amplitude, phase, and frequency.

Therefore, the decision that a signal is present is made if the maximum value of
the periodogram exceeds a threshold. When it does, that peak is at the MLE of the
frequency.

The probability of detection is related to the other parameters through the
expression

P, =sz[m2][21nN/2—1] (7.72)

20‘2 fa

where there are N observations and

k

» X

R [E]
eXp[—EX]kZ;—‘k‘ o

0 [Ni] (x)=120(x), v=1 (7.73)

X2
202

v>l,veven

1 -1 1

oo -1 s
D) (k—D1(2x)
Jr ; (2k—1)!

, v>2,vodd

20(x)+

is the right-tail probability for a y-square rv. The noncentral y-square rv with
noncentrality parameter £ is denoted by ng. Typical performance curves for this
GLRT detector are illustrated in Figure 7.9.
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Figure 7.10 GLRT detector when the signal is deterministic with unknown amplitude, phase, and
frequency.

The block diagram for the structure that implements this decision logic is
shown in Figure 7.10.

Urkowitz followed a similar line of reasoning to develop an approximation to
the optimal receiver for deterministic signals with unknown parameters [8]. He
based his development on the approximation that a signal uniformly sampled at a
rate of 2I¥, where W is the highest frequency component present, for T’ seconds
can be approximately recovered from these samples. The rationale for this
approximation is presented in the appendix of [8]. Thus, for any signal s(¢),

2TV

s()~ ) s, sinc(2Wt —i) (7.74)

where
s, =s,/2W (7.75)
This decomposition is based on the orthogonal property of the sinc function

= 12w, i=k
[ sinc(@we —iysinc(amt ~ kydr = '

-0

(7.76)

s i=k
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Assuming that the signal is represented as a bandpass process, then the noise
can be expressed as

n(t) = Re[7i(t)e’ i
where
(t) = n, () + jng (1) 7.77)

is known as the complex envelope while n;(f) and nq(z) are the real and imaginary
components. Thus,

n(t) = Re{[n, (1) + jng ()[cos(2m fyt) + jsin(2m fy1)]}
= Refn(¢) cos(2m fot) + jn (¢) sin(2m fyt)
+jng (£) cos(2m fot) — ng (1) sin(27 fo1)]
= Re{[n,(2) cos(27 fot) — ny () sin(27 /)]
+j[n, (£) sin(2m f3£) + ng (¢) cos(2m fo1)]}
= m(£) cos(2m fot) — ng (¢) sin(27 ft) (7.78)

where f is the frequency in the center of the pass band, ni(f) is the in-phase
component of the noise, and nq(?) is the quadrature component. The noise energy
is

T ) 1w
fnl (t)dt = a’
0 i=1
, (7.79)
f 2(t)dt 1% 2
n =—> ag
J Mo w2
where
ay =n; I W 7.80)
Qg =ne, [ W .

Define measures of SNR as
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(7.81)

' i
" own, ¢ 2w,

where Ny is the band-limited (to width W) noise psd. WN, is the total noise power
in either of the quadrature channels when N, is the two-sided noise psd. Under H,,
the test statistic is

Vi= Lfnl(z)dz
= Z(b2 +bg;) (7.82)

The variance of all of the by; and bg; is unity, so the sum in the second line in
(7.82) has a y-square distribution with 7W degrees of freedom.

Just as the noise can be represented in quadrature as in (7.78), the signal can be
represented in quadrature as well:

s(t) = s,(1) cos(2m fy1) — 54 () sin(27 fyt) (7.83)
where si(f) and sq(f) are lowpass functions band-limited to]f‘ < W/2. These

components can be represented as

i

s,()=" oy sinc(Wt —i)

o (7.84)
sq() =)oy, sinc(t —1)
i=1
where
Qy = Sy (7.85)
Qi = Squn

The observed signal plus noise is thus given by

x(1) = [5;(1) +n, (1)] cos(2m fo1) —[54 (£) + g ()] sin(27 fi1)
= x,(t) cos(2m fot) — x4 (1) sin(27 fyt) (7.86)
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These components, in tum, can be represented as

W

5,0 = 5,0+ 1,0 = 2> (e + @ )sinc( —i)

[ (7.87)
xq (1) = sq(O) + o (1) = WZ (aq; + ay) sinc(Wt —i)
i=1
Again, define SNR measures
S
ﬁ,‘ Li/W
"2,
(7.88)
SA:
ﬁ = Qilw
¢ amn,
The SNR is
1T LA -/
— [S0ar=> B+ ) = (7.89)
No 0 i=1 Na

where E; is the signal energy.
Under hypothesis H,, where it is assumed that the signal is present, the total
energy in the observation is

T

ffmm:

0

[x}(t) + xé ]dt

N | =

e e

. (7.90)
2 2 1 2 2
[5} )+ a4 [ [s2 (£) + 2 Jdt

N —

which yields the test statistic

T
V= Z;[(bu +B8,) + (by +B4)’] (7.91)
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This statistic has a noncentral y-square distribution with 277 degrees of freedom
and noncentrality parameter

f=1s (7.92)

When the threshold is given by %, the probability of false alarm is given by
B, =Pu(V'>y|H,) =Pr{x;p, >7) (7.93)
and the probability of detection is given by

By =Pr(V">|H,) = Ptlx 3y (§) > 7] (7.94)

where X', (§) rtepresents a noncentral y-square variate with noncentrality

parameter &, given by (7.92).

Urkowitz used an approximation to the noncentral y-square distribution based
on the central y-square distribution with modified threshold and degrees of
freedom. In particular, the modified threshold is given by

. 0
- 7.95
Ry Y (7.99)

2TW +¢

and the modified degrees of freedom is given by

2
5 2TW +¢) (7.96)
2TW +2¢
In that case, the probability of detection is given approximately by
Py = Ptlxyz (§) > 7] =Pr(x; > ) (7.97)

The ROC curves in Figure 7.11 were computed using this approximation to the
noncentral y-square distribution. (Actually, Figure 7.11(a) was computed using a
different method, which is explained in [8].) As these charts indicate, as 2TW gets
larger for a given Py, Py decreases.
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Figure 7.11 ROC curve when (a) 2TW = 2; (b) 2TW = 10; (c) 2TW = 20; (d) 2TW = 30; amd (e) 2TW =
50. (From: [8]. © 1967 IEEE. Reprinted with permission.)
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Figure 7.11 (Continued)
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Figure 7.11 (Continued)

Figure 7.12 shows examples of the required SNR as a function of the degrees of
freedom. As the number of samples of the signal increases, the SNR required for
given levels of P, and Py, also increases. This is due to the incoherent combining
loss that occurs with more samples.

Another curve of interest from [8] is shown in Figure 7.13. This curve shows
the increase in SNR required by the energy detection approach as compared to the
matched filter, when the decision statistic in the matched filter is based on the
envelope of the output of the matched filter. One curve applies to all of the Py and
Pg, combinations because the curves in Figure 7.12 are essentially parallel. Recall
that a matched filter, having its impulse response matched to the signal to be
detected, has knowledge of the signal structure. The energy detector does not have
this knowledge. Therefore, Figure 7.13 represents the penalty paid for this
ignorance.

7.2.3 Detection of Sinusoidal Carriers with Unknown Parameters

The problem considered is expressed as follows:
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Figure 7.13 Required SNR comparison of energy detector to the matched filter. (From: [8], © IEEE
1967. Reprinted with permission.)
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H,:y, =5, +n, k=0,1,---,N—1 (7.98)

H y, = s +n, k=01 ,N-1 (7.99)
where y = (o, Y1, -+ -» yN_l)T e R" is the vector of observation samples, n = (ng, ny;
..., By.1)T is a vector of noise samples and sy = (So0, So15 -- - Son1)” € RV and s, =
(510, S11, o> S1v-1)” € RY are vectors of samples of two signals.

7.2.3.1 Noncoherent Detection of a Single Modulated Sinusoidal Carrier with
Known Amplitude and Unknown Phase

If the signal amplitude is known, or can be estimated, then the hypotheses in this
case consist of

H;:y=n (7.100)
H :y=s+n (7.101)

where n ~ A0, o°I). The elements of s are
sk(¢k)=Aksin[(k—l)27rﬁ)I; +¢k], k=12,--N  (7.102)

where A = (4,, 4y, ..., AN)T is the vector of the known amplitudes and each ¢ is
uniformly distributed over [0, 2n]. The sample time is given by T; and f; is the
signal carrier frequency; these two satisfy

NiT =m (7.103)

for some integer m.

This model is called the felegraph signal, where the signal is either present or
absent, corresponding to key down and key up events. When the key is down, the
sinusoid carrier with known amplitude and random phase is transmitted. To this is
added the random thermal noise. For the other case, only noise is present.

The likelihood function for this model is given by [9]

A(y)= e_%lo [L] (7.104)
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Figure 7.14 Quadrature envelope detector for noncoherent detection of a single sinusoidal carrier with
random phase.

where
N
Ve =y Ay cos[2m(k=1) £, (7.105)
k=1
N
o=y A sin[2r(k—1) £,7] (7.106)
~ k1=l .
A==5"4 (7.107)
N k=1
and

r=1y 47 (7.108)

and Io( ) is the modified Bessel function of the first kind and zeroth order.

T, in these expressions is the sample interval for the telegraph signal. For the
EW detection problem of concern here, it is the duration of the sample time as
well.

Since y(x) is monotonically increasing the decision rule for the optimum
detector can be written as
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0, r<y
b6 =11, r=x (7.109)
1 r>vy
with
S B Vs
v =0 (Te,wz) (7.110)

where threshold 7 depends on the definition of optimality for the test. For example,
the threshold for a Pg,-level Neyman-Pearson test is given by

T=0®"(1-F,)+p, (7.111)

where @ is the cumulative distribution function for the standard normal MO0, 1)

random variable. The detector for this test is the envelope detector illustrated in
Figure 7.14.

7.2.3.2 Noncoherent Detection of Multiple Sinusoidal Signals with Known
Amplitude and Unknown Phase

The above can be extended to more that one signal present. Presented here is when
there are two signals possible. Extension to more than two signals is
straightforward. In this case the two hypotheses are

Hy:y=s,+w (7.112)

versus
Hi:y=s+w (7.113)

where
sy ()= Ay sin[2m(k=1) £,T, + ¢, ] (7.114)

for j =0, 1. The likelihood ratio is found by assuming a third hypothesis which is
the noise-only hypothesis and comparing it to each of (7.112) and (7.113). Thus,
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2 I
e ] —0‘2]
My)=—x
ey F;
¢ 4”21 0'02}

where
. 1,
A=—5"4
=yt g

N
o= A ool 5]
k;]
Yy = ;

Ay, sin[2m(k=1) £,T]

(7.115)

(7.116)

(7.117)

(7.118)

(7.119)

Again, T, is the sample time for detection of the presence of the signals.
If A2 = A} , with uniform costs and equal priors, then the optimal Bayes detector is

given by
0, K<t
ss(y)=1{00rl, r=r
1, n>

If it is further assumed that

N
ZA]!:AII: =0, Jj=I
k=1

and that

N
S A, A, sin[2m (k1) £,T, +,] = 0
k=1

for all ¢, then the error probability for this detector is

M
pc =le 80’
2

(7.120)

(7.121)

(7.122)

(7.123)
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Figure 7.15 Probability of error for multiple signals optimal Bayes detection.

Recognizing thaty = NA? / o, this function is plotted in Figure 7.15.

7.2.4 Locally Optimum Test for Weak Signal Detection

Hoh [10] reported on the analysis of a locally optimum detector (LOD) for weak
deterministic signals with unknown amplitude, random phase over [0, 27) (not
necessarily uniform), in non-Gaussian noise and interference environments. The
hypotheses of the problem are

H,:x =n, +i, k=0,1,..N—1
R (7.124)
H :x, =s,+n +i, k=0,1,.,N-1

where n; are i.i.d. samples from a noise process independent of s; and #, s; are
samples of the signal to be detected independent of n, and i, and i, represents
samples from an interference process such as man-made noise, atmospheric noise,
or intentional jamming. The observed process X consists of complex samples

X, =Xy + Jxg (7.125)
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Figure 7.16 Quadrature channels.

The real and imaginary components of x; are obtained by sampling the output of
the in-phase and quadrature channels as illustrated in Figure 7.16.
Expression (7.125) can be put into polar form as

x, =a, ™ (7.126)
where
a,, =[x +xg (7.127)
and
X,
¢, =tan™' —% (7.128)
X1k

with the obvious associations

X, =a, cosd,
weom TR (7.129)
Xor =4, SINQ,

Likewise, iy and n, can be expressed in rectangular and polar form with the
components expressed as iy, igx, a, ,% and ny, no, a, P, > respectively.
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The known signal with unknown amplitude is expressed as
s, = A, k=12,. ,N-1 (7.130)

where A4 is the unknown amplitude and £, is the signal that has been normalized to
have an energy of one;:

=1 (7.131)

Cn

Z_CkCI: =
k=

0

The components of ¢, are similarly defined in rectangular and polar coordinates as
glk, ng’ le| 3 and ng" .
Let z; = . + iy, and Z = {z;}. Under H,, the pdf for X is given by

PX(X|H0) = p,(X)
N1

= | | Paizq (s Xgi) (7.132)

k=0

where pzizq( ) is the joint pdf of the in-phase and quadrature phase total
interference components. This expression is true because each of the samples x; is
i.1.d. because the underlying noise process n; is i.i.d. Under H;, the pdf is

px(X|H|)= pz(X—S)

N-1

=1 | Paizo O —Su> Xox — Sqi) (7.133)
k=0

The test statistic used by the optimum receiver is given by the likelihood ratio

N-1

Py (X|H,) = ngLZQ(x"‘ = Sy Kok ~Sqi)
px(X|Hy)

g (7.134)
l—_[ Pzizq (X Yok )
k=0

or its logarithmic equivalent, yielding
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Prizq K — Sy> X — Sax)

Pazq (s Xar )

t(X:A):i;J] In (7.135)

and Hy is chosen if {X: 4) < %, and H; is chosen in #(X: 4) > .

With so little known about the pdf, a UMP cannot be determined. An
alternative is to replace 4 with its MLE and the resulting detector is the well-
known GLRT detector. However, this technique performs poorly for small 4 and
small sample size. In addition, GLRT detectors are frequently complex to
implement. Another alternative determines locally optimum (LO) detectors for
which 4 can be unknown. In addition to simple implementation, LO detectors are
optimum for the case of vanishingly small SNR. For the weak signal LOD being
considered here, the appropriate structure maximizes the slope of the likelihood
ratio at 4 = 0 while keeping a fixed Py, [see (4.19)]. According to the generalized
NP lemma and under mild regularity conditions [11], the LO test is

Op(X |H,)
>y=H,

04
=0 (7.136)
p(X|H,) <y=H,

It can be shown that this is the same as the threshold test with the test statistic
changed to [12]

Bt(X : 4)

(X :A)= 54

(7.137)

A=0

The Taylor series expansion of f{x) around a point a is given by

(x— a) (x a)

fx)=f@+x—a)f(a)+—"f"(a)+ ~——f"(a)+-- (7.138)

where the notation f"(a) refers to the nth derivative of f{x) evaluated at point a. In
two dimensions this becomes
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fla+hb+k)= f(asb)+[hi+k2]f(x,y)|,=a e
6x (9y y=b
(7.139)

1(, 8 ayY
=t k= P )kma +
+n![ Ox 6y] aS y)y=b+

where the bar and subscripts mean that after differentiation, x is replaced with a
and y is replaced with b. Also, in this notation,

[hi-i-ki]f(x,y):[h

I (x,y)]
Ox Oy Ox ’

oy

8 ,0) 8 f(x,) 81 (%,Y) | .2 Of(x,7)
h—+k— ,y) = h? 2. 4 2hk 22 4 i 2
[ o ay] Jx) ax " ey 0 oy

Under the assumption that 4 is small, A4 = 0, the logarithm of the pdf can be
approximated by expanding it in a Taylor series yielding (ignoring other than the
first two terms)

In Pz1zq (ey — 4Gy, Xor — ACQk) = ln[pZI,ZQ (X Xqk )]
0 ]n[pZI,ZQ Gy Xok )

—AG, . (7.140)
*
—ACy, 9 ln[Pzngiijm +Xqi)]

Using (7.140), (7.137) becomes

t'(X . A) — %i In PZI,ZQ(x[k _ACLk:ka _ACQk)‘
k=0

2 DPzizq (o Yok ) ' 40

i In Pzizq (o — ACy s Xor Ang )\
04 Pzizq (. Xok )

M
M

A=0

4

. 0
= a[ln Pzzq (Xm - A(,k s Xk ACQI() —In Pzizq (xl,‘ > Xok )]
=0

=

A=0
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OIn[pyy o (xy s X )]
y-1 g 1H[Pzr,zQ (xuc:ka N — 4G, ZLnglk L
¥ oa O] iz (5 7q0)]
k=0 “AQ.Qk ZIgQ o _]'anI,ZQ (xvuka)
Fox =0
_ N_l% 4, aln[pZL;Z(ka,ka)] —ACQ; Bln[pZ,gi(x,k,ka)]
k=0 Lk Qk A=0
_ L ¢ aln[pz[,zq (xlk’ka )] —¢ 8ln[p21,zQ (xlk:qu)]
= Ox,, * Oxgy 40
S0
Nl
DX A= T(X) (7.141)
=0
where
o1 X Oln o> Xop
T,(X) = —{Cm n[p“'g;(x“ ol o [p”‘gi(x“ o)l (714
" ok

The pdf expressed in terms of a, and ¢, can be determined from the pdf

expressed in terms of xy and xq using the pdf transformation theorem [13]. This
theorem states that

1

Pz(ax‘ >¢x‘ )= m

Pz (X Xge) (7.143)

where lJ(x,k,ka )| is the absolute value of the Jacobian of the transformation

given by

Og(x,y) Og(x,)
| ox dy
J(x,y)= Ohx.y) Oh(r.y) (7.144)

Ox Oy
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where g( ) and A( ) are the equations of the transformation from one set of
variables to another. In this case,

g(x,y) = gy, X ) = X5 + X3 (7.145)

and

Z(JC, y) Z(xu- s ka) = tan ' ( 7. 146)
X
Tk

Now, from (7.127)

ag(x)y) — aaxk — xlk
Ox Oy [xd +xd,

and substituting (7.129) into this

Oa,, a, cosg,

2 2 2
Oxy, \/an cos” ¢, +a, sing,

S0
Oa,
= cos®, (7.147)
Ox,, *
Likewise,
8g(x= y) — aaxk — ka
Oy Oy X5+ X
yielding
Oa,
L =sing, (7.148)
Ox, *

Qk



164

As for the second function in the Jacobian,
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X,
Otan~' |~
Oh(x,y) 0o, [ Xy
Ox Ox,, Oxy,
8 For
_ 1 Xy
1 " [ka ] (9ka
Xy
It
- 2 2
1+ [&k_] "
X
—sing,,
(. sin’g,
[1 — ]ax cos’ ¢,
cos ¢, | g
—sin
= 23 (7.149)
a,
Likewise,
X
dtan™'| =%
Oh(x,y) _ 9%, _ [xu
Oy Oy Ox
cos
_ o8, (7.150)
a,
Therefore,
sing,  sing,
J(x,y)=|—sin¢g,  cos¢,
l a axk ‘

Xk
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2 a2
__cos é,, +sm é,,

a a

X Xi
1
a

and, from (7.143),

Da(a 0, )=a, p,(xy,Xy)
=a, fla, %)

where

f (‘1,(‘i 9¢xk )= Pzizq (o aka)

165

(7.151)

(7.152)
(7.153)

(7.154)

Using the total differential for the logarithm of the pdf and (7.147) through
(7.150) the terms in (7.142) can be determined. The total differential is

810 p, (X, X)) = o k

Xk

but, from (7.147),

Oa, =cosd, Ox,
_ a, cosd,

axk

X,
— —U(axlk

Xk

Likewise, from (7.149),

ol p,(X,,X, Al p,(X,,
npz( Ik Qk)aax + pz( Tk

09,

Xo) o

(7.155)
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sing,,
8¢XA = a‘/)u
a, sing,
i Ox,,
X,
=—"Lox, (7.156)
Therefore,
01l X, X,
alan(Xu,,XQk)= n p, (Xy Qk)—xlaxlk
Baxk N
6lan(Xu,XQk) a, smqﬁxk ox,
6¢x, axk
SO
Oln p, (X, Xo.) _ x_lk(?lnpz(X,k,XQk)
Ox,, a, Oa,
g “ (7.157)
a, sing, Olnp,(X;,Xy)
afk ('?qz,')x‘k
In a similar manner it can be established that
Oln pZI,ZQ(kaaka) _ x&alnf(ax‘ ’¢Xk ) +x_2ualnf(ax‘ ,ngxk ) (7.158)
Oxgy a, Oa,, a, 99,
Putting (7.157) and (7.158) into (7.141) yields
N-1
1(X)= Z[Re(xx (8. (a,, ¢, )+ Im(x.()g,(a, 8, )]
k=
N—
Z e[(x.2, )¢ ] (7.159)
k=0

where
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g =8.(a, .9, ) jg,la, .9,) (7.160)
with

1 9Inf(q,,.4,)

N e e— 7.161

g”(axk ¢l) y aax‘ ( )
1 0lnf(a,.8,)

g¢(ax"¢x‘):—a—i—T (7.162)

The LOD structure corresponding to this analysis is shown in Figure 7.17.

A performance measure can be defined to determine the gain in detection
performance achieved by including the nonlinearity in the processing path. This
measure is the processing gain (PG), defined by the ratio of the signal-to-
interference ratio (SZR) at the output of the detector with the nonlinearity present
(SZRyy) to that without it, when the receiver is linear (SZR. ). Thus,

SZR
PG =22 (7.163)
SZR,
I
Nonlinearity prggsrﬂ Integrator Decision
. Signal
t g
';_If“ + a0 N1 ) JCS  present
2 (Z Re()
R n=0 no Signal
absent

o

J

Figure 7.17 LOD structure for known weak signal in arbitrary noise. (From: [10], © 1990 IEEE.
Reprinted with permission.)
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As determined by a similar analysis of Ingram and Houlse [14], with the
nonlinearity present,

N-1 2
>_E{L (X>}]
SZRy =+ (7.164)
>
k=0 *
where
T,(X) = Re[(x,8,); ] (7.165)
Without the nonlinearity
N-i
Z 5.5,
SZR, =*=— (7.166)
o

where o is the variance of x, which is also the power in x.
Using (7.140) and (7.142),

ELOOY= [ [ Paizq Gy = 4Gy es — Al drgudiy

—0n0 —00

- AT j{ ALY NIRRT

2
dx g, & 7.167
8ka aka } ok A Xy ( )

—00 =00

while the variance of Ti(X) is

[ )

o = f f [T, (X) = ET, (T Pyigg (o — Al X — Al )iy (7.168)

—00 =00

Using a Taylor series expansion of the argument in the integrals in (7.168), and
ignoring terms higher than the first two, this expression reduces to
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s 61n[pZI,ZQ (‘x[k"ka)]
In
2 "
or = Xy s Xy )X dxy,  (7.169)
g :{:l{: s aln[pZI,ZQ (x> Xop )] Patzq (o ) ros B
&* Oxy
Therefore,
Nl
> LX)’
PG = fvi? N=1
on A7) GG
k=0 k=0
Oln[p 212Q (%> X i )] :
R S dx,,
= , dx,, dx,
o kzo:[ f 6h1[pZIZQ(ka’ka)] Daizq (K » Xor )Xo Ay,
00 —00 s 1
& Oy
dn f(a,, 9, ) ’
_# COS(¢xk _qggk)
N~1 0o 2w a"k
=a’y |¢f 1 Olnf(a, ) . (7.170)
el L] o sinGd, 4,
xf(axk ,da,(‘t )axk do,da,

Averaging ¢, over [0, 27) in (7.170) yields

oo 27

_amﬂan,wr
PG = %;Kklz JO“[

axk

L 1/(a, ¢, )a, ddda,  (7.171)

a,, 6¢Xk

Inside the integrals the k subscript can be dropped because the variables are not
subject to the summation. Using (7.131) and (7.153), the performance gain can be
written



170 Target Acquisition in Communication Electronic Warfare Systems

On Pzlay,Px) ’
ax

Oay,

[N

|9
O%S
o%;’

PG = , [ P2lax, & )ddyday,  (7.172)
8lnp2(ax’¢x)

1 ay

ax 9¢x

L

The processing gain due to the amplitude processing is given by the first part
of the integrand in (7.172)

aln pz(axsd)x) ’

2 o 27
g a
PG, == [ [ p,(ax,0x)ddyday (7.173)
2 00 8aX

while that due to the phase processing is given by the second part of the integrand

5n pz(ax,¢x)

2w

[ 2| p@b)ddda,  (1.174)
0 a

2

r6,=2 ]

X

and, from (7.172) the total processing gain is given by their sum
PG = PG, + PG, (7.175)

As an example of a LOD detector for a weak signal, assume that the noise is
white Gaussian and that the interference is a continuous wave (CW) signal. Then

pZI,ZQ (xl.k H ka) = Pnl,nQ (x].k - i]k s -ka - iQk)
= Par(Xy — ) g (s Xr) (7.176)
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since the two quadrature components of white noise are independent. Here,

1 —(x, —a, cos, )
Xy — 1, )= ex z 4 7.177
Do Oty — 1) o '—271' p 20: ( )
and
. 1 ‘(ka —a, sing, )
Xop — iy ) = ex; : : 7.178
an( Qk Qk) o (_271' p 205 ( )

where o7 is the variance (power) of the noise. Combining (7.153) and (7.176)
yields

_ [a)Z( + aiz —2aya; cos(¢y —¢)]
203

D (ay,dx) = axz exp{ } (7.179)
2mo;

Substituting (7.179) into (7.173) yields the processing gain due to the amplitude
processing as

~ 2n | Ox [a>2( —2aya; cos(¢y — )+ aiz cos’ (&% —9)]

PG, =c[[ oo

aya dqudax (7180)

2 i COS(¢X - qs,)

n

) 2
= 27rCf aylay I, () —2aya i (u) + a’ I} ()] exp|——= | day (7.181)
0 n
where
o’ a
C= exp|—— 7.182
4mal p[ 203] ( )
e (7.183)
o

I, (u) = modified Bessel function of zero order (7.184)
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I(w) A0 (7.185)

du

2

Iw)= ﬂ@ (7.186)

du

Expression (7.180) reduces to

ot a’
PG, = l+exp|——= 7.187
Sy p 207 ” (7.187)
The interference power, denoted by P, is given by
2

p=% (7.188)

2

and the noise power denoted by P, is given by o’ . The total nonsignal power is
given by

o*=P+P (7.189)

The processing gain due to amplitude processing can be expressed in terms of
these powers as

14
p

n

PG, =% 14exp

i
—FH (7.190)

n

The processing gain due to phase is derived as

oo 2w 2

a

PG. =a’C a, exp| ——=
e floveo|- 2

= 27ra2C7a [, () = I[(w)] ex _ G d
= i x Lo 0 p 257 ax
0 n

@
1—exp ey

] sin®(¢y — ;) exp

[axfi] cos(dy — ¢ )” dedas,
0-I1

2

2
n
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30
SNR=10 dB/
25
5 d;B]/
0dB

20

15 ‘ J / ?/
P
e

PG (dB)

0 |m————
-10 -5 0 5 10 15 20
ISR (dB)
Figure 7.18 Processing gain for Gaussian noise and a CW interferer.
1 P P
=—|1+—|1—exp|—— 7.191
2[ BRI TP an] o0

where C, u, and the other factors are the same as for the amplitude processing.
The total processing gain, then, is given by

PG = PG, + PG,
1 P P 1 P
=—|l1+—=||{l—expj——||+=({1+—=||1 +exp| ——
} p[ on] 2R, p[ P”
1 1+Pi 1—ex —Pi +1+ex i
2 TR T, 2
P
=|14+L 7.192
[ Pn] 199

Let P, denote the power in the signal. Then

PG=1+£—
P

n
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> % _ (7.193)
/(Pi+1’n)

The denominator in (7.193) is the output SZR of a linear detector with total
interference given by i + n of power P; + P,. The numerator is the SZR of the
output of a nonlinear detector that can totally suppress the interference i. This
function is plotted in Figure 7.18 for some representative values of SNR.

For a given SNR, the larger the level of the CW interference, the larger the
processing gain.

7.2.5 Bayes Linear Model

In the Bayes linear model for detecting deterministic signals with unknown
parameters, under H, it is assumed that [15]

x=HO0+n (7.194)

where x is the vector of observations, H is a known N x p (N > p) observation
matrix of rank p, 0 is a p x 1 vector of model parameters (some of which are
unknown), and n is an N x 1 random noise vector n ~ N(0, oZI), and it is assumed

that the noise variance ¢ is known. The linear model asserts that either A® = b,
where 4 is a known » x p (v < p) matrix of rank r and b is a known r x 1 vector, or
not. Thus the hypotheses are

H,:A0=D
(7.195)
H :A6=b
The GLRT for this model is given by the following property of the model.
Property: GLRT for Bayes Linear Model

With the GLRT for the hypothesis problem given by (7.195), then decide H, if

1(x) =2In ), (x)

1 A T TIN-1ATT-17 A A (7‘196)
=— (A8, —b) [A(H'H)" A"]" (A8, —b)>~'
g
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where
0, =(H"H)'H"x (7.197)

is the MLE of @under H,. The detection performance is given by

F=0,(7) (7.198)
F=0.07) (7.199)

where the noncentrality parameter is

£ =—-(A0, ~b) [AGHTH)™ AT (A6, D) (7.200)
g
| |

7.2.5.1 Detection of a Deterministic Signal with Unknown Amplitude in Unknown
Interference

This problem occurs when there is more than one signal in the pass band of the
receiver filter. For processing the signal digitally, the interference is assumed to be
a tone at one of the DFT points. The interference could be intentional as with a
jammer, or it could be unintentional, as with cochannel interference. Cochannel
interference frequently occurs in dense RF environments because all sides share
the RF spectrum. If the receiver can hear two or more signals, then cochannel
interference will occur. This interference could be from friendly or adversarial
transmitters.
We denote the interfering signal with [16]

i, = Beos2w fik + @)+, k=0,1,.,N-1 (7.201)

The hypotheses are
H, :x, = Bcos(2m fk+¢)+n,, k=0,1,.,N-1 (7.202)
H, :x, = As, + Bcos(2n fk + @) +n,, k=0,...,N—-1 (7.203)

where 1, ~ MO0, o). It is assumed that B and ¢ are unknown but the frequency is

known. Then, expanding the cos () term in (7.201) using standard trigonometric
methods,
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BcosQ2nfk+ @)+ n, = o, cos(2m fik) + o, sin(2w fik)
then

S, 1 0

s, cos(27 f;) sin(27 f;) N
. . : o |+n

1Sy cos[2m f,(N —1)] sin[zﬂfi(N_l)]vf_;L

H
The hypotheses are now
H,:A=0
H :4A=0
or (letting b =[0 0 0]7)
H,:A6=0
H :A0=0

where A =[ 1 0 0]. Expression (7.196) then becomes

la AT AR .
—O_Te,TAT[A(HTH) 'AT]T'A, >y

(7.204)

(7.205)

(7.206)

(7.207)

(7.208)

where é| is given by (7.197). If f; is near the edge of the filter, then amplitude
and/or phase distortion will change the characteristics of the interfering signal.

Therefore, assuming f; is not near the edges of the pass band,

N-) N-1 N-I
s? Zsk cos(2m fik) Z s, sin(27 f.k)
k=0 k=0 k=0
T N-1 N
H H=~|) s,cos(2nfk) — 0
k=0 2
N-1
s, sin(27 fik) 0 v
k=0 2

(7.209)
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Let S, = Z;: s, cos(2m fk) and S, = ZZ: s, sin(27 fik) , then

X s,
2
= 2 2
S, =Y st+=S; ——3S.S.
c ; k N k N cs
N-1
S, —%SCSS => st +%S§
(HTH)—I — ~ N_Ik=0
SI+ 8-> st
245
and
- 1
SE4SI -t
2 k=0
N-1
S ks,
k=0
N-1
H'x=|Y x, cos(2mf;k)
k=0
N-1
x, sin(2m fik)
k=0
Therefore,

A, =AH'H)'H'x

= N-1 N-1
- > xs, +8.> x cos@rfk)+ S, x, sin(2r fk)
k=0 k=0 k=0

2 2 NN_] 2
Sc +Ss —?Zsk
k=0

and

177

(7.210)

(7.211)

(7.212)

(7.213)
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N
AMETH) AT = ZN _—
Scz + Sf — —Zs,f
24
Define the FTs
N-1
S(f)=> s, exp(—j2r fk) =S, - jS,
k=0
N-1
X(f)=> s, exp(—j2m fk)
k=0
Then
N-1 2
CDoES v Re[X(£)S" (/)]
Af, =40 > —
—ZSGOf +> st
N par
and
_N
AETH)'AT = —_ZNT
[SCF =5 s
k=0
Then

{Exksk — 2 RLX()S" (ﬁ)}

k=0
e ) 2
s~y IS ]

t(x) =

2
(o2

The test statistic can also be expressed in terms of the DFT coefficients.

(7.214)

(7.215)

(7.216)

(7.217)

(7.218)

(7.219)

Since
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N-1 1 N-1
XS, =—> X8, (7.220)
perd Niz

0

where X, and S, are the DFT coefficients. Assume that the interference is at
frequency f; = I/N. Then

] 2 1 ’
[ﬁhoXkSk_ﬁXlS NXN ISN 1]
1(x) = = 1 (7.221)

1 2 1 2
IS ~lsf -8

From this,

> (7.222)

Therefore, decide H, if

N-1

1
o NS
k

0
/,N

> 4 IS, =~" (7.223)

=,

The detection logic for this detector is illustrated in Figure 7.19. This is the same
detector for detection of a deterministic signal with unknown amplitude, except
that the FFT bins that contain the interference are zeroed.

7.2.6 MLE of the Unknown Parameters of Sinusoids in AWGN

The detection of deterministic sinusoidal signals with unknown parameters is
discussed in this section. The sinusoids are deterministic since knowing the value
of the signals at any point in time allows the value of the signal to be predicted at
any future time. The parameters of interest in this case are the frequency of the
signal, its phase, and its amplitude. It is assumed that the number of signals
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X,
xst| 1
S| ,
(XD Ny 0 HJH,
k*i,NJ
S Conjugate f=1IN
N-
N DI
’1?‘""’[“ k=0,1...N-1
! d

Figure 7.19 GLRT detector with interference. The sums are over all frequencies with the interference
frequency deleted.

present, denoted by g, is known or accurately estimated by the techniques
presented in Chapter 8.

The samples of the signal consisting of g complex sinusoids in complex
AWGN are given by

9 : :
X, =) ATy, (7.224)
k=1

where 4;, ¢, and f; are the amplitude, phase, and frequency of the kth sinusoid,
respectively. Denoting Sy as the average power in signal k, then S, = 47 /2.

We should note that the results presented here apply to unmodulated sinusoids
and only approximate the case when the signals have modulation applied.

Applying these results to narrowband (but not zero bandwidth) signals may lead to
significant errors.

7.2.6.1 MLE of the Unknown Parameters of a Single Sinusoid in AWGN

Kay has shown [17] that estimation of the parameters of a single sinusoid is
possible. The frequency of a complex sinusoid in complex AWGN is given by the

peak of the periodogram of the signal. This yields the MLE of the frequency, f’o .

The same result applies for a real sinusoid in real AWGN. If the estimate of the
frequency is known, the MLE of the amplitude and phase is given by
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~ N—I . .
A= ‘%ine-ﬂw (7.225)
i=0
and
N-1 ) .
Im[zxiejbrful]
¢ =tan™ i=0 (7.226)

Re

N-1
ine—jlﬂfbi

i=0

It can be shown that the CRLB for the frequency estimate is given by [17]

n 602 3
var > = = 7.227
)2 NV D@ — vV D) (7.227)
where v, =S, /c” is the SNR for the signal. Similarly,
~ 0_2
var(4,) > —= 7.228
(4)= IN ( )
and
2 — —_—
var(g) > V=D @N-D (7.229)

AIN(N+1)  2u,N(N +1)

Expressions (7.227) and (7.229) are plotted in Figure 7.20 (log scale) versus
the SNR for a few typical values of N.

7.2.6.2 MLE of the Unknown Parameters of Multiple Sinusoids in AWGN

Determining the MLEs for the sinusoidal parameters when there is more than one
constituent sinusoid present is much more difficult. An example of the surface to
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Figure 7.20 CRLBs on the variance of frequency and phase MLEs as a function of SNR. Note that the
ordinate is plotted on a log scale.
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Figure 7.21 Surface to be scarched for maximum.

be searched to determine the maximum is shown in Figure 7.21. The local maxima
and minima are clearly discernable, and if one of these local maximums is chosen,
then erroneous results ensue.

There are two cases, however, when two signals can be discerned. These are:

1. fi = k/N and f, = /N where k and / are different intcgers over the

ranges
‘—ﬂ,&l——l for N even
and ‘
H?][%] for N odd.
2. |fi-fi|>»UN (7.230)

The MLE estimates of the frequencies are determined from the two highest peaks
in the periodogram. This requires a onc-dimensional search. The second case is
when the periodogram peaks are discernable, which requires wide separation in
frequency. It was this difficulty in estimating the parameters of two or more
sinusoids in AWGN that was largely responsible for motivating the development
of the high-resolution methods presented in Chapter 9.
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The CRLBs for multiple signals is difficult to calculate in closed form and
therefore must be determined numerically. As indicated in Kay [17], define

O=[fi 4 & f 4 & - f, 4, 4] (7.231)
The CR bounds are then
1
6)=2—"—— 7.232
var(6,) > TE ( )

i

where B; = A4; if 6; corresponds to a phase parameter, B; = 1 if ; corresponds to an
amplitude parameter, and B; = 274; if : corresponds to a frequency parameter. M
is a 3¢ x 3¢ matrix and [M"I],-i corresponds to the jith element of its inverse. The
matrix is defined as

N-1
k* cos A, [, 1] —stmA [7, 7] chosA [, /1
k=0 k=0
N-1 N-—
M, =| > ksinQ,[i, ] Z cos A, [i, 71 Z sinA,[i, /]| (7.233)
k=0 k=0 k=0
N-1 N-1 N-1
kcosA[i,j1 = sinA[i, j] cos A, [i, j]
k=0 k=0 k=0

and A [i, j1=27(f, — )k +(¢,—¢,). M, =0, i=j, if all adjacent signal
pairs are such thatl fi— fj|>>1/ N. This condition is the same as (7.230) and

implies that the peaks of the periodogram are discernable for all frequency pairs.
In such a situation, M is block diagonal and the CRLBs are the same as that for a
single sinusoid given by (7.227) through (7.229).

7.2.7 Optimum Detection of Deterministic Signals with Unknown Parameters
in Impulsive Noise

Tsihrintzis and Nikias examined the performance of signal detection when the
noise is modeled as impulsive [18]. The pdf for bivariate isotropic symmetric,
alpha-stable (BISaS) impulsive noise is defined by the inverse FT given by
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o 5o {exp[/2m(fi6, + £26,)
PanisCoi)= [ [ —a@mP(R Y7 A, (71.239)
T xexp[—j2n(x f, +x,/)1}

Parameters o and y are known as the characteristic exponent and dispersion,
respectively. The other two parameters &, and &, are location parameters and are
set equal to zero for this discussion.

Closed-form pdfs of (7.234) only exist for two cases: @ = 1 and « = 2. The
former is known as the Cauchy pdf and the latter is the familiar Gaussian pdf.
These expressions are

R 2
271'(P2 +72)3/2 ?

pu,y('xl’XZ): 1 pz
—exp|——|, a=2
4y 4y

(7.235)

These functions are shown in Figure 7.22.
The hypotheses model considered is given by
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Figure 7.22 Comparison of the Gaussian pdf (a = 2) with the Cauchy (o= 1) and other pdfs (a= 0.5,
1.5), the latter three of which are used to model impulsive noise. For & = 0.5 and 1.5, the curves were
obtained with a series expansion.
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H,:x,=n, k=01,.,N—1

) (7.236)
H :x, =e"’s, +n, k=01,...,N-1
where sy is the signal of interest, ¢ is a random phase angle on [0, 2x), and »; are
samples from BISaS noise with dispersion y. It is assumed that either hypothesis
is equally likely, which is a marginal assumption for the signal search problem.
There is no reason to believe that the signal being sought will occur half the time
and not the other half. It does, however, provide a useful bound and serves to
illustrate the effects of impulsive noise considerations on detection.
The optimum receiver for this problem implements the test statistic given by
the likelihood ratio

N—] 27
Dy, (% — e’ Sk)
A, = ¢ (7.237)
= 2xN kzjo‘{ Dy (%)

which, by integrating over the range for ¢, removes its random effects. This
expression is difficult to solve in closed form, so a suboptimum statistic for the
Cauchy receiver is used, which is given by

1 1
— d
N—'l 27rjo\(az+bcos<;5-|—csin¢)3'2 ¢
n

1
=— 7.238
A= 2 T (7.238)
CARS O
where
@' = lxkfz +|s lz +7°
b=—Re(x,s,)
c=—2Im(x,s;)
On the other hand, the test statistic for the optimum Gaussian receiver is
1 N-1
=— x.s; 7.239
Yo =2 (7239)
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Because only two closed-form expressions exist for the pdf, a Monte-Carlo
simulation was performed to provide detection performance for whena =1,2.

Comparison of the two receivers in the form of ROC curves for a few values of o
in BISaS (y= 1) noise are shown in Figure 7.23. The Cauchy receiver is shown as
a solid line while the Gaussian results are shown as dotted lines. For all but o = 2,
where the Gaussian receiver is optimum, the Cauchy receiver has significantly
better performance. The Gaussian receiver is best when a = 2 because then the pdf
is normal and the Gaussian receiver is optimal in that case.

Performance of the individual receivers in the same type of noise are shown in
Figure 7.24. Again, the optimality of the Gaussian receiver when a = 2 is evident.
However, when a = 2, the Cauchy receiver outperforms the Gaussian receiver.

The conclusion of the analysis is that when the noise is known or suspected to
be other than Gaussian, the Cauchy receiver implementing the statistic given by
(7.238) will provide significantly better detection performance than the Gaussian
receiver.

7.3 Concluding Remarks

The fundamentals of detection of deterministic signals with known and unknown
parameters were presented in this chapter. Deterministic signals with unknown and
random parameters are perhaps the most prolific signal types of interest to
communication EW system designers. The signals are deterministic because they
are generated by oscillators in transmitters that produce sinusoidal signals. These
signals are used as high-frequency carriers for the information-bearing
modulations.

The matched filter is the optimum detector when everything is known about a
signal. This forms a comparison for other types of detection. When there are
nuisance parameters present, and in most real circumstances there are, then the
UMP test is not available and some less optimal test is required for signal
detection. Described in this chapter were two of these nonoptimal tests. The first
was the GLRT test where the variates are replaced with their MLE estimates. The
second was a LOD test for weak signals in AWGN.

Other forms of testing for deterministic signals were also presented. These
include the Bayes linear model and the quadrature detector.

Finally, the effects on optimal detection in other than AWGN were discussed.
In particular, the effects of impulsive noise, which occurs frequently in practice,
on optimum detection was discussed.
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Chapter 8
Detection of Stochastic Signals

As indicated at the beginning of Chapter 6, there are two types of signals of
primary interest to communication EW systems. The signals are either
deterministic with one or more unknown parameters or they are completely
random. Detection of deterministic signals was discussed in Chapter 7. Detection
of random signals is presented in this chapter.

8.1 Detection of Random Signals with Unknown
Parameters

When the medium through which the RF signal is propagating is scattering, a sine
wave may appear as though it is noise. A modulated sine wave communication
signal in this medium may look like noise with modulation on it. Therefore it is
necessary to analyze the detection performance of noise-like signals.

8.1.1 GLRT Detection of Stochastic Signals

When nothing is known about the signal being analyzed, it can be modeled as
completely random with unknown and random parameters. Let s, denote the kth
sample of such a Gaussian random signal with zero mean and covariance matrix
C,. Then, with observations x;, the hypotheses are

H,:x, =n, k=0,1,..,N~1

(8.1)
H :x, =s,+n, k=0,1,.,N-1

where 1, ~ M0, ¢®). The covariance of sy is given by

191
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Voom = E{8e8 um} (8.2)

The covariance matrix for s, is given by

’755,0 ’Yss,l o ,Yss.N—l
Cs — ’Ys:s,l fys:s.O 755,:1\/—2 (83)
’-Yss‘Nvl ’755.N—2 o fyss‘o

Let the covariance matrix for n; be denoted by C,. Since n; are i.i.d. and
~ N(O,oz), then C, = ¢’I. When the signal is present, the covariance matrix for x;
is given by C, + C,.. The pdf under H, is thus given by

1

p[X : '755,0le] = N N
27y/det(C, +o°I)

This expression must be maximized over y; in order to find the MLE to use in
the GLRT. By making the appropriate substitutions, the log likelihood ratio
becomes

exp

—%xT (C, +0°D)'x (8.4)

InL(x)= ln—@——-l-s[(cn +C,)"' =C]'Js" (8.5)
C +C| 2

n s|

The likelihood test is based on the second term in (8.5), which is of the form sJs"
where, —J =(C, +C,)"'—C;' (ignoring the Y factor has no impact on the
result). Thus, A should be chosen when

S(C, +C,)'C,Cls" > ' 86)
Given that there are two random signals and the hypotheses are

Hy:y~ N (. %) (8.7)
H:y~N(n.%) (8.8)
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where [y and p, are the vectors of means while X, and X, are the noise covariance
matrices. Zy and X, are invertible, symmetric, and positive definite. Therefore, all

. . N . . .
their eigenvalues {)\k }1 are positive real numbers and the associated eigenvectors

{vk }:V can form an orthonormal basis for R". The spectral decomposition of these
matrices is given by

N
S DA AH (8.9)
k=1

and similarly for Z;.
The log-likelihood ratio is given by

logL(y)=%yT (25! -2 )y + (w2 -z )y

(8.10)
10gE

1
4=
2

> R Zg  — 1 I

If 2, = %, = X, the quadratic term disappears and the optimal test statistic is then

t(y)=(m —m) Ty @.11)

which is a linear detector (matched filter). Alternatively, if po = p; = p, then the
optimal test is

ty)=(v-n) (Z' -2 )(y-n) (8.12)
When p = 0, then this statistic becomes
t(y)=vy"(Z'-=")y (8.13)

Expression (8.13) corresponds to detecting zero-mean Gaussian signals in
Gaussian noise, according to the hypotheses

H,:y=n (8.14)
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Versus
H :y=s-+n

where n ~ M0, &°I), s ~ M0, Zg), and n and s are independent.

(8.15)

When there are two Gaussian signals present, then the covariance matrices are

changed to
L, =01
and
L =0 I+X,

The corresponding optimal detection statistic is given by

0, y'Qy <7'=2(log7—C)
B(y)=1v,  y'Qy=7'=2(logr-C)
1, y'Qy >7'=2(logT—C)
where
1 z _ _
CZE IOg% +pg201p’o _p'ITEI Il"l
and

-1

Q=0"1-(o"I+%,) =075, ("I +X,)

Expressions (8.18) throught (8.20) correspond to a quadratic detector.

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

If s = (s1, 52, ..., sy)" and the samples {s, },L are i.i.d. and ~ /1/{0,052}, then

l] =A.2:...:/1N= O's2 and

(8.21)
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and
(8.22)

The test statistic #(y) is the sum of squares of N i.i.d. A (O, af. ) random variables
and the pdf of (y) is
l d_] _247Z
" T2 ¢ ™, >0
/2
p(Tl#,)= (22" 1| (323)

07

where

I(x)= f x>0 (8.24)
0

is the Gamma function, which is I'(n + 1) = n! for n 2 0, integer. Expression (8.23)

is illustrated in Figure 8.1.

0.1
c=1
N=10
a”  0.05
2
3
0
0 100 200
T (sec)

Figure 8.1 Quadratic detector pdf.



190 Target Acquisition in Communication Electronic Warfare Systems

The associated cumulative distribution function is given by

N T
P <T|=T|=,— 8.25
()< T] 7207 (8.25)
where
1 !
D(xt)=—— [ ey 'dy (8.26)
P(x)[

and ifojz. =1, this pdf is the chi-square density with N degrees of freedom,

discussed in Chapter 7.
For the Pg,-level NP test, the threshold 7' is

. (N
7'=20T ‘{?1—1?&] (8.27)
and
N o2 N
P(§)=1-T|—,22T"|=—,1-P. 8.28
: (9) 2o [2 ” (8.28)

The hypotheses for detection of random signals in Gaussian noise are

t t), ignal t,
()= s@t)+n() signal presen < Z/ (8.29)
n(t), signal absent, 2

with the detection statistic given by

A
y= f f ke (u,v)x(u)x(v)dudv (8.30)
-7
where the weighting function, k(x,v), defines the characteristics of the quadratic

detector. The quantity to be maximized used by Gardner [1] for random signal
detection was the deflection, defined as



Detection of Stochastic Signals 197

}5’ {yls(t) present}—f{y|s(t) absent}'

d4 7 (8.31)
(var {y's (t) absent}) :
The resulting test statistic is
1 o0
= SR (8:32)

where N, is the one-sided noise spectral density, S(f) is the psd of the random
signal to be detected, and Pr(f) is the periodogram of x(#) (discussed in Chapter 5)
given by

B ()2 )x () (8.33)

where X (f) is a truncated version of X(7):

%
X (£)2 [ x()e ™ ar (8.34)
%

It is a common when conducting GS in communication EW systems to assume
that the signals have a flat spectrum given by Sy W/Hz, with a finite bandwidth
specified by the frequency interval (—B/2, B/2). In that case,

S, %
y=N—:_{/PT(f)df (8.35)

Note that this detector requires estimating the noise level V.
8.1.2 Locally Optimum Detection of Stochastic Signals

Suppose the hypotheses are given by
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HO y=n (8.36)
H :y=6"s (8.37)

where > 0 is an unknown constant multiplier, n ~ A0, 021), s ~ MO0, Zg), and n
and s are independent. The optimal test statistic for these hypotheses is

t(y)=0y"(I+6%,) "'y (8.38)

The second & cannot be separated out, so no UMP test exists. An LMP test can be
found by differentiating #(y) wrt €, which ultimately yields

ty)=y'Zy (8.39)
The statistic does not lose its optimality if it is divided by N, so

- 1 .
tHy)=—VY X 8.40
(v)=75¥"Ey (8.40)

A zero mean signal is wss if the (k — J)th element of Zg, denoted by py;, depends
only on the difference (k — /). Thus,

Pry = Pr_to = Py (8.41)
Therefore,
I 1

tHy)=—y X 8.42
(¥)=5Y"Ey (8.42)

P Pz PN I

_ _l_[y . Pay Pap  Pan || V2

N Y, Inl| . : :

Py Pnz 0 Pun || Vw
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Po P Pea|| N
1 Po "t Prna|| V2
—N[yl Y2 yN] : .. . .
Pyt Py—a 0 Py [N

Carrying out the matrix math and rearranging terms yield

1 N N N-1
-Zzykylpk—l = PoPo T ZZ Pr Py
NZ = k=1

where

= _Zylyu,k = —N—N % & ZJ’/)’)H
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(8.43)

(8.44)

{p} can be regarded as a weighted estimate of the covariance E{yy.} of the

observations for k = 0, 1, ..., N —1. Hence, the test statistic can be regarded as a
weighted estimate of the covariance structure of the observations correlated with

the known covariance structure of the signal. Since

1, k=0
& {y1J’l+k}= {0 k=0

and

1+6p,, k=0
f{y:yu-k} {p * k=0

k>

it follows that, for reasonably accurate estimates {p, },

Po> under H,

N-1
Jo5s +22p,f], under H,
k=1

t(Y)N PO

(8.45)

(8.46)

(8.47)
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Hence, the statistic 7(y) is an intuitively reasonable way of detecting the signal,
especially if the signal is highly correlated; that is, Z:: pr is large.

A similar interpretation can be given in terms of the psd of the signal Sy (w),
which satisfies

S, (w)= Z pe (8.48)

Hence,
~ 1 N N
fy)= szyky,pk_,
k=1 I=1
1 ry Y 1 T (k—1)w
=Tz WiVl — Sss w &
N,;,Z,: e 27r'_f7: («)
- I S, (w)i > oy iye‘j’” w
2 * N k=1 =1 !
17 1] ’
—_ - — jlw
27]_ ”Sss(w) N'[;yle ] %w
1 7 5
=5 S, (w)qﬁyy (w)dw (8.49)
where
. 11l Wl
by, (w) = v Zyke_"” (8.50)
1=1

which is the periodogram estimate of the psd of the observed process.

8.2 Radiometer

A radiometer is a device to measure RF energy. It was adopted from the field of
radio astronomy where it was originally designed to detect energy from
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astronomical objects. As such, its purpose was to measure minute amounts of
energy. It was adapted to the communication field for the detection of weak
signals—that is, signals where P/NyWr = v < 0, or when the signal parameters are
unknown—deterministic or random. One example of a weak signal is a low
probability of intercept signal. In that case, the instantaneous bandwidth of the
radiometer is large—equal to the total hopping bandwidth in the case of frequency
hopping targets or the total spread bandwidth in the case of direct sequence spread
spectrum.

8.2.1 Radiometer Detector

The radiometer is an optimum detector in the maximum likelihood sense when the
only known parameters of the signal are its bandwidth W5 and duration T [2].

If the noise is Gaussian with one-sided spectral density given by N, the
normalized energy of a signal plus noise received over the duration T is given by

z(T)=Nifr2 (r)dr (8.51)

Time interval T could be the entire duration of the signal as it is received or it
could be over a shorter interval, such as the symbol duration of a digital signal. For
the latter case, the detection of the presence of a symbol is desired after T seconds,
after which the detector begins detection of the next symbol. In that case, the filter
is dumped after the detection interval. In the former case, the detector is not
dumped after the signal has disappeared.

A block diagram of the radiometer detector is shown in Figure 8.2. The
incoming signal is first appropriately amplified, filtered, and down-converted to
some convenient frequency. It is assumed that such filtering, amplification, and
frequency conversion do not change the characteristics of the signal to be detected.
That is, the bandwidth of such filtering is much wider than the bandwidth of the

2N, Y

Local
oscillator

Figure 8.2 Radiometer.
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Figure 8.3 Filter bank combiner.

signal of interest. We assume that the filter center frequency f; and bandwidth Wr
are matched to the signal. The center frequency is the IF frequency of the receiver,
while Wr is assumed to be known to match the signal. It is further assumed that #g
is rectangular, with amplitude one. Thus, the noise that passes through Wk is flat of
bandwidth Wg.

Note that the normalized energy contains a multiplicative term that contains
the reciprocal of the noise spectral density. An estimate of this density is therefore
required for the radiometer to function properly. The performance of the
radiometer is relatively sensitive to this value, however, as discussed in Section
8.2.2.

It is also possible to implement channelized radiometers, as illustrated in
Figure 8.3. The bandwidth of each channel is matched to the instantaneous
bandwidth of the target channel, and there are enough channels to cover all or a
significant portion of the total bandwidth of interest. This is called the filter bank
combiner (FBC) [3, 4]. It is not necessary to cover the entire bandwidth, in which
case it is called a partial band FBC [5].

8.2.2 Radiometer Performance

When the radiometer declares a signal present when there is only noise, a false
alarm has occurred. The probability of false alarm is therefore

5

a

= Pr{z > Y |no signal present} (8.52)
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When the radiometer declares that there is a signal present when the signal is
there, detection has occurred. The probability of detection is thus

P = {z > Y lsignal present} (8.53)

It is well known that under the assumptions above, test statistic z() has a
central chi-square distribution with 27 degrees of freedom with noise only and
noncentral chi-square distribution with 275 degrees of freedom and noncentrality
parameter A = 2E/N,, where E is the energy in the signal [6, 7]. The probability of
false alarm is given by [7]

- TWe—1_-x

X e
P= 21—

T (TW,

./ (777;)

(8.54)

ey

where I'( ) is the gamma function. The probability of detection is given by [7]

W1

% (2x) 2 Y
P = f [Tx] exp[—x+E]ITWF_I [2 %]dx (8.55)
7l%

where I,( ) is the modified Bessel function of the first kind and order a.
Expression (8.55) reduces to the generalized Q-function [8] as

B = Oy, (Vi) (8.56)

Expressions (8.54) and (8.56) are plotted in Figure 8.4 against each other as
TWre is varied between 2 and 100. For values of 4, in the range of 10 to 50, these
curves do not vary much.

8.2.3 Radiometer Models

Mills and Prescott [9] compared five different mathematical models of
radiometers. The first was developed by Edell, and is described in Simon et al. [2],
where the Gaussian approximation to the chi-square distribution was used. The
probability of false alarm is
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Figure 8.4 Radiometer performance.
F=g|la=be '”"} (8.57)
a-n
and the probability of detection is
a =Q[7th — Han (858)
O-sn

where £, and o, are the mean and standard deviation when there is no signal
present given by
u, = 2TW,
: F (8.59)
o, =4TW,

and 14, and o, are the corresponding quantities with the signal present given by

ES
NO
(8.60)

a:n =4TW, +8 E,
N,

1, = 2TW, +2

0
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Since () is a monotonically increasing function of its arguments, it is invertible.
Assuming that PJ/NoWr, which is the true signal power to noise power SNR, is
low—Ilow enough so that it makes no difference whether the signal is present or
not—then o, = oy, and a factor d can be determined by solving (8.57) and (8.58)
for y, and equating, yielding

usn—un— 1 5 _ _T_‘__‘Ps__ . e
"~ 7 _VTWF [N"]mq VI/F[NO}I'CQ ¢ (Pfa) ¢ (Pd) ®.61)

n

Parameter d° is a measure of the detector output SNR. The power in the signal is
given by S = E/T. This yields the required SNR' to achieve the specified levels of
P, and P4 given in Table 8.1. This expression does not apply when TWr is small
(TWr < 100), however. In that case, a factor 7 is included, which is given by [9]

{% ] assuming x> statistics
0 /req

77 =
(% ] assuming Gaussian statistics
0/req

(8.62)

This factor is also available from the chart shown in Figure 8.5 for P4= 0.9 [4].

The second model considered was one developed by Torrieri [10]. It also used
the Gaussian approximation to the y-square distribution and therefore is only
applicable for large TW products. The approximations are

7;11 —N,TW;

R, =0
) JNETW,

(8.63)

and

’Y;h — N, TW; — E,

JNZTW, + 2N, E,

P=0 (8.64)

where the modified threshold is

' Note that this is not the SNR defined previously, but actually P/No, which has the units of frequency
because W/W/Hz = Hz.
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Table 8.1 SNR,, for Various Radiometer Models
EVGA E, [w,
(equal N =d T,TWF>100
variance 0 /req
Gaussian
assumption) PS :77‘1 %
Edell N, e
P 20, 1
. =, [—(f—¢)+=Y(5,5,TW,), TW.>100
Ny, T (6=) T (8 0 r
_o'(®)
. 7
orrieri B
5. 2'(B)
N
262 80
U (8,5, TW.) = 2¢* —¢J2TW.. | |1+ + -1
(8,51 = 26"~ T | 14 2ot
P d* +\Jd* +16TW,d
Engler No = AT
req
P d+\d*+18.4TW,d’
Park N, - - AT
AN 4.6,
I =
0 \ﬁ+9.2TWF pE23
Dillard P

p=[~2m(R) -0 (2]

d=07"(R)-0"'(R)

1 = correction factor obtained from curves
T = integration time (sec)

Wr = receiver bandwidth (Hz)

Source: [9].
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Figure 8.5 Woodring’s adjustment factor 1} for small values of TW when Py = 0.9. (From: [4].)

. N,
= 02_% (8.65)

Equation (8.64) is solved for E¢/N,, again by inverting the error function. Equation
(8.63) is solved for v, / N,, which is substituted into the solution for (8.64), using

E;=P,T. Then letting TWr — oo yields the expression in Table 8.1.

The next model analyzed was due to Engler [11]. This mode] can be used even
for small T, which is sometimes the case for frequency-hopping LPI targets.”
The derivation of this model was adopted from the theory of detection of radar
pulses originally developed by Barton [12]. In this model an equivalent SNR is
determined. A conversion is made between the SNR in a noncoherent receiver to
an equivalent SNR in a coherent receiver with 7Wr = 1 that yields the same
detection performance. The coherent SNR is given by 4% where d is given by
(8.61). The resulting equation for the SNR required is given in Table 8.1.

Parks model is also usable for all values of TWr. The basic model is given by

Veg =64, I% (8.66)

2 For example, if W= 1 kHz and hop rate = 1 khps (7= 1 ms), then TH; = 1.
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In this case, however, the multiplicative constant ¢ (as opposed to 7) is given by

1 |d? W
== f 1 f1+18.4— 8.67
$=7 T, + 7 ] (8.67)

The last model analyzed is due to Dillard [13], which was also based on the
method in Barton as derived by Urkowitz [14]. In this model the loss incurred for
norncoherent integration of » samples is given by

I =nD,,

) (8.68)

where D, is the required SNR for a single sample given the required Py and Pg,.

This is also given by
(D, + 2.3%
L =—"2= D, (8.69)

R e
Dl

where C, is the detector loss when the SNR at the input is D,. Equating (8.68) and
(8.69), and letting n = TWg, p= D;, and D,,,,F = PJ/NyWr, the expression in Table

0

8.1 ensues. The single sample SNR p is available from tables for single sample
noncoherent radar detection curves or can be approximated by the expression
given in Table 8.1 [15].

Table 8.1 presents the required SNR in order to achieve the specified Py and
Pg,. In the first two instances, TWr > 100 is required in order to satisfy the
requirement that the chi-square distribution with 27W% degrees of freedom can be
approximated by the Gaussian distribution due to the central limit theorem.

Comparison of the models is shown in Figure 8.6 and 8.7. Figure 8.6 compares
the required SNR deviation from the exact SNR required. The exact Py, is given by

Bo= [ p,(x)ax (8.70)
27
No

3 The values from the reference must be adjusted by 3 dB since the reference uses 2E/Ny.
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Figure 8.6 Radiometer model comparison. In this case the graphs show the deviation from the exact
SNR required to achieve Py = 0.9 and Pr, = 108, (From: [9], © 1996 IEEE. Reprinted with permission.)
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Figure 8.7 Radiometer model comparison. In this case the graphs show the deviation from the exact
SNR required to achieve Py = 107 with TWr = 10°. (From: [9], © 1996 IEEE. Reprinted with
permission.)
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where p,(x) is the probability distribution when there is no signal present given by
[10]

1 TWe -1 X
— 4T _= 8.71
P, (%) A AN exp[ 2} (8.71)

The exact Py is given by

B = 7 P (x)dx (8.72)

27,
No

where p,,(x) is the probability distribution with a signal present given by [10]

Wy ~1

Pa(¥)= l[i]Lz_ exp[~i2A]ITWF_, (V) (8.73)

2{A

where A = 2E/N, and I,( ) is the modified Bessel function of the first kind and
order m.

As the TW product increases, the Torrieri, EVGA, and Engler models all
approach the exact required SNR. On the other hand, the Park and Dillard models
remain biased away from the exact value.

As Py increases, as illustrated in Figure 8.7, the required SNR deviation
remains relatively constant. The Engler model varies the most.

8.2.4 Uncertain Noise Power

As mentioned, for a radiometer to function properly, a fairly accurate estimate of
the amount of noise is required. Sonnenschein and Fishman conducted an analysis
to determine what the impacts are of not having good knowledge of this noise
[15]. They used the model developed by Edell discussed above.

The required SNR for a radiometer for some typical values of parameters is
shown in Figure 8.8 with Py, and P, = 1 — P4 as parameters, versus the time
bandwidth product. This is the theoretical required SNR assuming perfect
knowledge of the noise. This chart is correct assuming that 7/ >> 1.

For typical signal detection systems in communication EW systems, in the low
VHF range, where the channels are 25 kHz wide, the filter bandwidth W% is
normally set at 25 kHz. In the low UHF range it is typically 50 kHz, while in the
HF range it is typically 3 kHz. Due to the requirement to detect modern LPI
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Figure 8.8 The required SNR for proper operation of a radiometer when the noise is perfectly known.
(From: [15], © 1992 IEEE. Reprinted with permission.)

targets, the sample time 7 is usually between 1 and 10 ms in the low VHF and low
UHF range. LPI targets in the HF range frequency hop at even slower rates. Thus,
the value of TW for the usual targets of communication EW systems are as given
in Table 8.2. It is best if TW > 100 or so. It can be argued that for some of these
values, 77 is not much greater than 1, so care must be used in using these results.
In some cases, however, in particular for longer sample windows, this requirement
is easily met.

For direct sequence spread spectrum (DSSS) targets, which can occur
anywhere in the spectrum, but for practical reasons such as avoiding interference
from TVs and radio stations, are only found in specific places, W does not
correspond to the channels mentioned above. An example is the cellular
international standard IS 95, which is a DSSS signal where 7 is 1.25 MHz. In the
DSSS case, since W is so wide, T can be correspondingly smaller and the results

Table 8.2 Time-Bandwidth Products

Frequency Range T (msec) W (Hz) W

HF 100 300 30
HF 100 3,000 300
Low VHF 1 25,000 25
Low VHF 10 25,000 250
Low UHF 1 50,000 50

Low UHF 10 50,000 500
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Figure 8.9 Upper bound on the required SNR when the noise level uncertainty is between 0 and
0.3 dB. (From: [15], © 1992 IEEE. Reprinted with permission.)

here apply. For 1.25 MHz, for example, T can be 80 ps and TH will still be 100.

The maximum increase in SNR required for specified detection when the
uncertainty in the knowledge of the noise is limited to 0.3-dB is shown in Figure
8.9. Clearly, even small amounts of uncertainty in the noise level can cause large
increases in the SNR necessary to achieve stated performance. This same
information is illustrated in Figure 8.10 for larger values of the noise level
uncertainty.

8.2.5 Local Oscillator Offset

Local oscillator frequency offset from the true frequency causes deterioration in

the ability of a radiometer to detect energy. This deterioration shows up in an

increase in the SNR required to achieve a given level of performance. The loss is

given by

s T

sinmd T
w6, T

(8.74)

where T is the integration time. The loss is illustrated in Figure 8.11.
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8.3 Concluding Remarks

Reliably detecting totally random signals is more difficult than detecting
deterministic signals. We must resort to GLRT testing or LOD testing since UMP
tests are not defined when any of the parameters are random. A GLRT detector
was discussed in this chapter along with its quadratic detector. LOD testing for
random signals was also presented.

The radiometer is the device that is normally employed to detect signals when
very little is known about their structure. A radiometer is an energy detector that
integrates as long as necessary or as long as time available to detect signals. The
performance of several models of radiometers was presented, with the results
summarized in the form of the required SNR for specified Pg, and Py.

Accurate use of a radiometer requires knowledge of the amount of noise
present. If the noise level is not accurately known, then significant degradation in
the radiometer performance occurs. Serious degradation also occurs when the local
oscillator in the receiver is offset from the true value as well.
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Chapter 9

High-Resolution Spectrum Estimation

The method of spectral estimation using the periodogram was discussed in Chapter
4, which included classical power spectral estimation methods. Estimating the psd
via the FT in the form of the periodogram is fast and efficient. There are
occasions, however, when there are two or more signals present and they are close
together; those techniques will generate a single peak for both signals. High
resolution methods have been developed to address this issue.

There is a group of methods that are model-based. These techniques attempt to
fit the time series data to models to compute the frequency spectrum directly,
without use of the FT [1, 2]. In those techniques, a random process is assumed to
be generated by a filter with an input that is noise-like. Characteristics of the
process are derived based on determining parameters of the filter. Therefore, these
methods are also referred to as parametric methods. The common parametric
methods of spectral estimation are described first in this chapter.

There is another group of algorithms for estimating the spectrum of a
stochastic process that is based on the eigen-analysis of the autocorrelation matrix
of the samples from the process. Perhaps the most well known of these is the
MUSIC algorithm discovered by Schmidt [3]. Some of these algorithms are
presented next in this chapter.

The last group discussed in this chapter is based on the maximum likelihood
technique, as analyzed by Capon [4].

High-resolution spectral estimation is applicable to both GS and DS. Its utility
shows up when the spectrum is crowded with many RF signals.

9.1 Autoregressive Moving Average Modeling

Most modern signal processing is done digitally whenever possible. There are
several reasons of this. First, digital signal processing is flexible. It can be

217
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changed at any time frequently by simply reprogramming general-purpose digita
signal processing computers. Second, the characteristics of digital signa
processing are stable as system parameters vary. These parameters consist of time
environmental parameters such as temperature and humidity, physical parameter:
such as shock and vibration, and so forth. This is frequently not true for analog
electronics.

If the predetected signal from a frequency translator (receiver) is digitized, the
resultant samples form a representation of the received signal, probably corruptec
by noise and interference. As long as the sample rate is more than twice the
highest frequency component of the received signal, and the dynamic range of the
digital processing is not exceeded, the original signal can be recovered perfectly
by converting it back into analog form. This is known as the Nyquist criterion
This data stream represents samples of random processes. At any sampling instant
the sample can take on any value as dictated by the pdf associated with the randon
process. If this density function is M0, o), for example, then the average value o
the sample is zero, and with 62.4% assurance the sample will be within 1o of the
mean value.

Random data streams can be modeled as autoregressive processes. Consider
the system shown in Figure 9.1, which has the transfer function H(z), processes ar
incoming digital data stream represented by x,,, and produces an output y,, which is
an estimate of a data stream represented by d,,.

The output is related to the input and the impulse response of the system by

N-1
yn = § :hixn—f
i=0

=h"x

©.1

’

where h = [l /iy ... hy,]" is a vector of samples of the unit pulse response and x is
a vector consisting of the last N — | inputs, x = [x, x,_; ... Xnnir ]
The power in the output signal is given by

n P = ?l'n /-\ e, = dn - 2n
e @

Figure 9.1 Autorcgressive process model.
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Now

y:i=yy' = (th)(th)T =h"xx'h

when the %; are real, where ( )T denotes conjugate transposition. Then

B =&{y}=£{n"xx'n} =n"¢ {xx'}h

M,
X
LT I .
=h'&y . [xo X e xN_l] h
Xy
£ * *
xO xO xO xl xO xN—]
. . ) .
—h'¢ X1 %o X% o XXy h
. - .
Xy-1Xo Xyt XyaXyo

fnn}  E{xx} o E{xxl}

}
T E{xjxg} 5{x.]x1‘} E{x,?c,’v_,} B

Exex) Efmox} o E{noxl
=h"T  h

where I’ is the autocorrelation matrix of x with entries given by
vy =& {x, xj}

Suppose

N-
1=h"h= lehklz
k=0

219

9.2)

(9.3)

©.4)

(9.5)

(9.6)

9.7)
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Lagrange multipliers with (9.5) and (9.7) produce
L:%hﬁ}h+A@—h%) (9.8)

Now take the gradient with respect to h of L, V, L, and set it to zero to determine

the Lagrange multipliers. It can be shown that if a and b are two n x 1 nonzero
vectors and A is an n x n symmetric matrix, then

d
—ab=a 9.9
= (99
and
iz1—aTAa =2a (9.10)
da

Applying (9.9) and (9.10) to the gradient yields
V,L=I'_h—-Xh=0 (9.11)
Thus,
' ,h=2Xh (9.12)
which is the eigenvalue decomposition of I'y,. Using (9.7),
h'T'_ h=Xh"h=)\ (9.13)

The unconstrained optimization of (9.8) leads to A=\, by minimizing (9.13),

while 4 = A« is obtained by maximizing (9.13).
In general, an ARMA model assumes that a time series can be modeled as the
output of a pole and zero filter excited by AWGN as

lid Q
yn = Zakyn—k + Zbk‘xn—k (914)
k=1 k=0
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where x; ~ M0, ¢*). The transfer function for this filter is given by

9.1.1 Moving Average Modeling

An MA process of order Q is defined by A(z) = 1, so that

and the output is a function of the last Q inputs,
Yo = boxn + blxn——l +- 'ben—Q

By the Weiner-Khinchin theorem (2.94), the psd of y, is given by

2 o ;
= Z @, (m)e™™, |w| <m

M=—00

2, (e*)=Jr(e*)
Therefore, the psd for an MA process is given by

e, (e’”):(S

t

which has 20 zeros. & is the sampling interval.
Substituting z = exp(jw) into (9.19) yields

o, (z)=6B(z)B(z™")

221

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

(9.20)

If b; = 1/Q Vi, then y, is the average of the last Q input values, hence the name
moving average. A block diagram of the technique for generating an MA process

is shown in Figure 9.2.
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Figure 9.2 Moving average generator block diagram.

9.1.2 Autoregressive Modeling

An AR process is defined by B(z) = 1. For an AR process the current output is a
function of the current input and last P outputs,

VYo =X =Yy =Y,y — = ApY, p (921)

The psd of the output is given by

2

j 1
2, (e”)=0 : . : 9.22
y}’( ) [|1fa|e—Jw"aze_}2w_"'—ape.—jpwl ( )
while
2, (z)=6 L (9.23)
A(z)A(z7")
which has 2P poles.
When noise is included in the process input, (9.21) becomes
P
Yo =%, D@y, e, (9.24)

k=1

The ¢&, are the uncorrelated error terms due to noise associated with each sample
and are referred to as the imnovations of the process. These innovations are
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assumed independent of prior data samples as well as prior innovations. They are
normally assumed to be i.i.d. and Gaussian &, ~ MO, ¢®). The psd then becomes

2

o, (e’""):cﬂa’zI !

—jw W
|1—a,e —a,e ape

(9.25)

— jPw |

For most cases of practical interest, the autocorrelation lags will not be known
exactly and therefore must be estimated. One estimate for these is given by

1 N-m—1
5 > XX (9.26)

Yaxm = 57 m+i”f
N-—m 3

which is an unbiased estimator. Sometimes the biased estimator

N—m-1

Fon =25 3 s ©:27)

is used because it frequently has less mean squared error than (9.26).

An autoregressive model assumes that the current output is determined by
(possibly) the current input and P past values of the output. The model is therefore
sometimes called the linear prediction model because the present value is a
prediction based on prior outputs. A block diagram of an AR process generator is
shown in Figure 9.3.

9.1.3 ARMA Modeling

The psd of an ARMA process has 20 zeros as well as 2P poles. The current output
is a function of the current and last Q inputs and last P outputs, so that (9.14)

Y2 Yot

Figure 9.3 Autoregressive process generator.
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holds. The psd in an ARMA process is given by

. . : 2
. b, +be +be ™ 4 -bye?
o, () =0, L e z 2 | (9.28)
i |1—a,e Mgl —ape™’
and
o (=0 2E)2E) 0.29)
Z)=0 0, .
” A(z)4(z)
where &, is the sample time interval.
For the ARMA(P, Q) data model,
s Q
Zakynvk = Zbkxn_ka a, =1 (9.30)
k=0 k=0
and in vector form is
a'y=b"x 9.31)

A block diagram of an ARMA process generator is shown in Figure 9.4
Multiplying both sides of (9.30) by vy, and computing the expected value
yields .

r)Ixx,k + al’Yxx,k—l + t anxx,k-P =

(9.32)
bOfoy.k + bl’ny,k—l + bQ’yxy,k-Q

The system transfer function is

H(z)=S ez (9.33)

k=0

and in the time domain, the output is the convolution of the unit pulse response
with the input:
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Ya
z z e
Yn-m Vo = Yo L2
Figure 9.4 Autoregressive moving average process generator.
N-1
Vo= hx,_, =h, *x, (9.34)
k=0

Multiplying (9.34) on both sides by x,_, and calculating the expectations yields

N-1

’yyx,k = Zhi’yxx,k-i = hk * ’Yxx,k = U:th (935)

i=0
2 _
When o =1,

’yxx,k + alryxx,k—l +- + aPrYxx,k—P

. . . (9.36)
= boh—k +oh_, thQ—k

Expressions (9.36) are known as the Yule-Walker equations. Put into matrix form,
these equations become
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Vxx ’Yxx.—l o ’Yxx,—P Cqy
Vxx1 Vxx o Vxx 1P 1 (o
a4

/)/xx,Q 7xx,Q—1 T ’YX;(,Q—P : = CQ (937)

Vx 0+ ’YXx,Q e 7xx,Q—P+l 0

: : . : ap .

Yxotp  Vxxg+po1 Yxx,0 0

where

¢ =b, xh, (9.38)

The right side of (9.37) has zeros at the bottom because for a causal system, ¢, = 0
for k> Q. In block matrix form, (9.37) can be written as

r, c
a= (9.39)
T, o
corresponding to the partitions
’Yxx ’Yxx,—l toe rYxx,—P co
’)/xx,l ’Yxx e PYxx,I—P CI
: . . . 1 :
f)/xx,Q ’Yxx,Q—l tte ’Yxx,Q—P q — CQ (9 40)
’yxx,Q*-l fox,Q o fox.Q~P+I aP 0
7xx,Q+P 7xx,Q+P—-l o fox_Q 0

Note that for an AR model (when Q = 0), (9.37) becomes
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Yoo Tt Teer [T [JBof
’Yxx.l ,Yxx ’7xx,—-P+I al — 0 (9 41)
Yx,p Yix -1 Vxx ap 0
This equation for an MA model (P = 0) is
’YXX CO
c
et | | (9.42)
To| |0
where
¢, =b, xb, (9.43)

The * symbol between the factors in (9.43) indicates convolution, which means
that the coefficients with offsets of & are multiplied and summed.

The solution to these equations is found as follows. To find the AR parameters,
solve the linear equations from (9.39):

T,a=0 (9.44)

To find the MA parameters, use the other part of (9.39) as

Taa=c (9.45)
with
c, =b, xh", (9.46)
Thus,
a Y =¢, =b,xhl, (9.47)

Now take the z-transform
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Figure 9.5 Autocorrelation function for the MA and ARMA examples.

A(2)Sx(z) = C(2) = BH" (1/ ) = B(z) 242D (9.48)
A(1/z)
To solve this equation the following must be factored
S,(2)=B(2)B*(1/z") (9.49)
where
S,(z) £ A(2)S, (2)A"(1/2)=C(2)4"(1/z") (9.50)

known
Example: (MA)

Suppose that a real random process with the autocorrelation function shown in
Figure 9.5 is to be fitted to a second-order (Q = 2) MA model. The Yule-Walker
equations are of the form ,, , = b, *b7, so

Yo :b02 '*'bl2 +b22 =3
v, =bb, +b,b, =2 (9.51)
Y, =byby =1
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In general, these equations are difficult to solve because they are nonlinear. By
inspection, however, by = b; = b, = 1 is one solution.

The spectral factorization approach is one way of solving (9.51). First the
complex spectral density function is computed as

Q
S(2)=D Ypuz F =2 422434227 427 9.52)
k=-0

which can be factored as

S (@) =0+z"+z7)(1+z+2%) (9.53)
B(z)

which shows again that by = b; = b, = 1. Normally such a factorization is not as
obvious as in this case and the roots must be numerically determined.

For this example there are double roots at each root location on the unit circle
so that

SX(Z) — (Z—l _'ej21r/3)(z—l _e—j21r/3)(z__ej27r/3)(z_e—~j27r/3) (9‘54)

B(z) is given by the product of the second two factors. The roots are shown in
Figure 9.6.

=
Example: (ARMA)
Suppose the ARMA model is first order with
by +bz"'
H(z)=2—">_ 9.55
&) ITaz (9.55)

This model is to be fit to the correlation function shown in Figure 9.5. The Yule-
Walker equations are of the form

32 c,

23 =|¢ (9.56)
al

1 2 0
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Im(z)

Re(z)

™~ unit circle

Figure 9.6 Roots for Si(z) for the MA example. There are two roots at each of exp(j2n/3) and
exp(—j2n/3).

The lower part of (9.56) yields a single equation
1424, =0 9.57)

so that a; = 1/2. Substituting this into the upper part of (9.56) yields the two
equations

3 1] ]2
={ ‘ 1=(1 (9.58)
2

The negative power terms in S,(z) are obtained from

S,(2)=C(2)4'(1/z") = [24—%2"][1—%2] (9.59)



High-Resolution Spectrum Estimation 231

7 1
=4z 9.60
4 2 (9.60)

Because of symmetry, the entire function must be of the form

1 7 1 _
SY(Z)ZEZ+Z+-2_Z ! (961)
The factors of (9.61) are
S,(z2)=(1.262+ 0.396z7")(1.262 +0.396z) (9.62)

so that by = 1.262 and b, = 0.396. Therefore,

1.262+0.39627"

H =
@) 1-0.5z7"

(9.63)
|

The Yule-Walker equations can be efficiently calculated recursively [5]. That
process is simpler than solving the equations directly.

The Kolmogorov theorem states that any wss process can be modeled as an AR
process of infinite order, denoted by AR(e0) [6]. In theory, the resolution of an AR
spectral estimator can be improved by increasing the order of the model. In
practice, however, as the model order increases, so does the number of peaks,
irrespective of the spectral content of the time series.

9.1.4 Maximum Entropy Spectral Analysis

For Gaussian random processes and known (not estimated from the random
process) autocorrelation lags, the AR method is equivalent to the one-dimensional
maximum entropy (ME) technique analyzed by Burg [7]. The assumptions for the
lag values outside the time window are different, however. For the AR method
they are assumed to be zero, while for the ME technique they are selected such
that the entropy, or randommess, of the process is maximized but the first p
autocorrelation lags match that of the data. In practice, of course, the
autocorrelation lags must be estimated from the data. In that case (practical cases),
the maximum entropy is not really obtained due to the estimation of the
autocorrelation coefficients.
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9.1.4.1 Entropy

The occurrence of a random event provides a certain amount of information about
the underlying random process. The occurrence of an improbable event provides
much more information than if such an occurrence were highly likely. The amount
of information, denoted by I;, corresponding to the realization of an event y; € ¥,
where Y is an rv, should therefore be a decreasing function of its probability Pr(y,).
In fact, the formal definition of information was provided by Shannon [8] as

I, =log, ﬁ bits (9.64)

(Of course, different bases for the logarithm can be used that yield different units
on [;. Here we will use base 2.)

Over time interval 7, y; will occur, on average, TPr(y;) times. The total
information generated during this interval is then

ul 1
I= ;Pr(yi) log, =) (9.65)

The entropy, H, of a discrete rv Y is defined by [9]

H(Y) == Px(y) log, Pr(y) (9.66)

yev
The entropy rate of stochastic process Y= {y, ¥», ..., yn} is defined by [10]

H(Y) = lim H(3, Y000 2) 0.67)

In the case of a Gaussian process, the entropy rate is proportional to

172

h o f log, &y, (f)df (9.68)

~1/2

where @ME (f) is the psd estimated by the maximum entropy method, and fis the
frequency.
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Maximum entropy is an AR process in that it employs parametric modeling
with all poles. The time series being analyzed is assumed to be an AR process, and
as such is generated with the structure shown in Figure 9.3, where x,, = &, and a; <
0 Vi

9.1.4.2 Spectral Estimate

The ME estimate is the psd, ‘i’ME (f), that maximizes # while being consistent
with the known values of the autocorrelation coefficients. That is,

I
Vrp = f &, ()0 df, -K<k<K (9.69)
-fn

where -y,, are the 2K+l known autocorrelation lag values and & is the

autocorrelation lag interval. The solution can be found by using, for example, the
Lagrange multipliers technique described next, with constraints provided by (9.69)
that yield

2

e () = 9.70)
‘l—l-Zaie_jz”ﬁd’
i=l
and
ot =Efee’} (9.71)

The psd obtained by using the maximum entropy method is equivalent to the
psd of an AR process of order M. Different algorithms are available to estimate the
parameters a;, i = 1,...,M. The Yule-Walker technique [11] and the Burg method
[7] are two. The Marple method provides a good estimator and is described below
in Section 9.1.4.4.

The original maximum entropy technique, as discovered by Burg, has some
problems associated with it. First of all, as previously mentioned, the exact results
for the statistics for (9.70) are not available. Secondly, just as for the Yule-Walker
method for estimating the AR coefficients, the Burg technique causes spectral line
splitting, as discovered by Fourgere et al. [12]. Such line splitting is most likely to
occur when: (1) the SNR is high; (2) the initial phase of sinusoidal components is
an odd multiple of n/4 radians; (3) the time duration of the data sequence is such
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that sinusoidal components have an odd number of quarter cycles; and (4) the
number of AR parameters estimated is a large percentage of the number of data
values used for the estimation [13]. The utility of the maximum entropy method is
limited by its dependence on the SNR. The resolution decreases as the SNR
decreases. Lastly, also shared with the Yule-Walker method, is the problem of
bias in the estimation of the location of the peaks with respect to the actual
location of those peaks. Considerable error is possible in this estimation.

9.1.4.3 The Lagrange Multipliers

The Lagrange multipliers ay; correspond to the coefficients of an AR time series
Y(¢) of order M according to

M

Y= ZaM,iy;—MH +w 9.72)

i=l

where w is residual white noise. We saw in Section 9.1 that the knowledge of the
{ay} coefficients directly gives an estimate of the power spectrum of the series.
These coefficients can be computed by solving a set of linear equations whose
coefficients form a symmetric Toeplitz matrix:

Yo " R /Y 1 o’
7:: Yoo 7 M| B 0 (9.73)
Yo Y Yo ||@wem 0
where
Vi = 8{x_,‘x_,'+i} (9.74)

is the autocorrelation function at lag 7/ and, for a stationary process,vy, =+_; .
Expression (9.73) is known as the Yule-Walker normal equation.

9.1.4.4 The Marple Algorithm

The Marple algorithm is based on a least-squares procedure [13]. The parameters
of an AR process of order M can be estimated either with the linear forward or the
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linear backwards procedures. These procedures have prediction errors e/} and
el given by
ef) = ZaMky,m . 1<isN-M (9.75)
and
M
G0 =D Ui Vi 1<i<N-M (9.76)
=0
where ayy are the parameters of an AR process defined as
M
Y = —ZaM,kyi-k +e 9.77)

k=1

wheree, ~ N (O,a},). Complex-valued data is assumed and g, , is defined as

unity. Since stationarity is assumed, the backward coefficients are simply the
conjugate of the forward coefficients [13].

The least-squares estimate of the AR parameters is found by minimizing the
sum of the backward and forward prediction error energies e,, defined as

N—m N—m
— o | ®
ey = Z\eM'kl +Z|eM,k\ (9.78)
k=1 k=1
The minimum of ey, is determined by setting its derivative with respect to all AR

parameters to zero

Oe,,

Oay,

H=0= ZZaMch(J,k) (9.79)
where

N-M
CM(jsk): z (yi+M—ky:+M_j +y:+j)’;+k) j’k:Osly""M (980)

i=1

The minimum prediction error energy is found to be
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M
Chtmin = 9 By Cor (0,10) (9.81)
k=0

Expressions (9.79) and (9.81) can be combined in a (M + 1) x (M + 1) matrix
C,A,=E, (9.82)
where

CM(an) cM(O:M)
ey (L0) e (LM)

M=

ey (M,0) - ¢, (M, M)

1
A, = aﬁ‘ :
Ay m
eM.min
0
E, = .
0

Cy is not a Toeplitz matrix but it can be demonstrated that it is composed of the
sum of two Toeplitz data matrix products allowing a Levinson-like recursive
algorithm as follows.

C, =Y,Y, + (Y)Y, (9.83)

where
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Yum Y N
N
v Y 0 Ywewm

isa (W— M) x (M + 1) Toeplitz data matrix and Y;, is the conjugate and reverse
version of Y, given by

Vi Yu Yum
vo| B e
View Yo y;/

In order to exploit this near Toeplitz form of C) and give a Levinson-like
recursive algorithm for the AR parameters, it is necessary to introduce time-index-

shifted variants of (9.78). Define the time-shifted prediction error energies e;, and

1
€y as

d=3 Ml +Z(em2 (9.84)

and

|eMk‘ + Z ‘eM k+1| (9.85)

These can be minimized in a manner similar to that used for ey, yielding

C, A, =E, (9.86)
and
Cy AL =E (9.87)

This structure enables a recursive algorithm that must satisfy the AR parameters
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Aym = 0;4—1,»: + Ay (a}IL{—I,M-—m)‘ (9.88)
Crtmin = Error T Dy g Ay (9.89)
0=A4A,+ aM.MeI(IAI (9.90)

where
Ay = [CM (M,0) ¢, (M,1]) - ¢ (M’M)]AL

The least squares estimates of the AR parameters applied to the problem of
spectral estimation leads to better performance than the Burg estimate, especially
in the case of small amounts of data. This method does not produce spectral line
splitting, presents less sensitivity to initial phase, and reduces bias in the frequency
estimate.

9.1.5 Model Order Determination

Selecting the correct model order is critical for proper estimation by these
techniques. This is illustrated with an example [14].

Example: (AR Model Order Determination)

Suppose the input to an AR estimator is the sum of three sinusoids given by
x, = cos (27 x0.21n +0.1)+ 2 cos (27 x 0.361) + 1.9 cos (2 x 0.381) (9.91)

for n =10, 1, ..., 31. The FT of this signal, after being zero-padded with 4,064
zeros, is shown in Figure 9.7. When an AR estimate of order p = 14 is made of
(9.91), the chart in Figure 9.8 cnsues. The signal at 0.21 is evident, but the signals
at 0.36 and 0.38 have been combined into one. When the order is increased to p =
20, then the psd in Figure 9.9 results. In that case, all three signals are evident with
no spurious peaks that might indicate other signals. Further increasing the order to
p =30 results in the psd shown in Figure 9.10. There are several spurious peaks in
this case, and the signals at 0.36 and 0.38 arc again combined in some fashion.
This indicates that the order is set too high.

n
Thus, the selection of the mode! order is an important issue. If the order is not

large enough, the spectrum may be too smooth. On the other hand, if the order is
too high, supcrfluous peaks can occur.
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Figure 9.7 FT of expression (9.91). (From: [14], © 1995 Horizon House, Inc. Reprinted with
permission.)
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Figure 9.8 AR psd estimate of (9.91) when p = 14. (From: [14], © 1995 Horizon House, Inc.
Reprinted with permission.)
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Figure 9.9 AR psd estimate of (9.91) when p = 20. (From: [14], © 1995 Horizon House, Inc.
Reprinted with permission.)
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Figure 9.10 AR psd estimate of (9.91) when p = 30. (From: [14], © 1995 Horizon House, Inc.
Reprinted with permission.)
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There are several techniques for estimating the order of a process. Two of
them will be discussed here, called the final prediction error (FPE) criterion and
Akaike information criterion (AIC). Like the other minimization criteria, both of
these information criteria require evaluating the criterion for the various candidate
models and selecting the model that minimizes the criterion.

Assume that the sequence {x;, x,, ...}, contains samples from an AR process of
order m. Then

X, = 2a;xk_p +6 (9.92)
p=

where a =[a,, ay, ..., a,]" is the vector of AR coefficients, & is the kth sample
from an innovations process ~ A/ (O,af) , and * denotes conjugation.

9.1.5.1 Final Prediction Error Criterion
Let #(p) denote the value of the FPE criterion for a particular value of p given by

o N+p+l1
L (p)= UEZN_—:;_l (9.93)

The rational term in this expression increases with p and constitutes a penalty term
designed to prevent the use of too many terms. For this FPE criterion to be used, it
is computed for every potential model of the process and the model with the
minimum criterion is selected as the best one.

9.1.5.2 Akaike Information Criterion

Let 14(p) denote the value of the AIC. The second method uses the AIC that
determines the order by minimizing

2(p+2)

LA(p)=ln&f+N_p_3

(9.94)

Again, this criterion is computed for each potential model and the one with the
minimum criterion is selected. The second term in (9.94) is also a penalty term
that imposes a higher cost for larger values of p.
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Figure 9.11 Comparison of the two model order determination factors for the cxample.

The model selected by the AIC criterion frequently has fewer components
(smaller p) than the one selected with the FPE criterion. The rcason for this is that
the penalty term increases faster for the former, so the smaller criterion values
typically occur for smaller values of p.

Example:

Suppose N = 100 and o® = 2. These two model order determination values are
plotted in Figurc 9.11 versus p. Clearly, «(p) is larger than ic(p) and increases
morc rapidly.

]

9.1.6 Resolution of AR Spectral Analysis

Zhang [15] developed a theory on the resolvability of the AR technique for
spectral analysis. The sequence {xj, x5, ...} is assumed to be samples from an AR
process or order m, composed of two sinusoids in Gaussian noise. Then, based on
(9.92), the AR spectrum can be expressed as

1

B (w‘a— l). (w'a—l)

where 1 denotes conjugate transpose. In (9.95), veclor w is

(9.95)
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—jw

e
—j2w
w=|"" (9.96)
efjmu.u
The null spectrum is given by
S(f)=(w'a—1) (wha-1) (9.97)

The null spectrum at frequency % is denoted by S;.
Two signals are resolvable if statistic yis negative, where

vy=28+S5,-2S, (9.98)
and where f; is halfway between f; and £,

_h+h

f=7

(9.99)

If y> 0, the two signals are not resolvable.
Since the AR coefficients are estimated from the data, the null spectrum is not

known exactly. Denote the estimate of Sy with $ + - Then define statistic x as

k=238 +8,—28, (9.100)
The resolution issue can then be expressed as

{< 0, resolvable
K

. (9.101)
>0, irresolvable

Let the autocorrelation matrix corresponding to the received sequence be
denoted by I'™ | that is,

XX 2

) =£{x,,.x} (9.102)
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Note that the variance of the innovations process can be obtained from

det (™Y
ol = ﬁ (9.103)
Let matrix I', be defined as
-1
T, =0 [nTy)] (9.104)

where N is the number of samples in the sequence.
Define covariance matrix I as

T t i
wlrawl wlrawz wlraw3
— |wt t 1
I={w,I''w, w,I'w, wlI w, (9.105)
1 t i
w3rawl w3raw2 w3raw3

and a mean vector [ as

wia—1
p=|wia-1 (9.106)
wia—1

The square root of I, denoted by Q, is defined as

I'=QQ! (9.107)
Let Q@ =Q'DQ, where
1 0 0
D=0 i 0 (9.108)
00 -2

and let
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Figure 9.12 Resolvable and irresolvable regions defined by y = 0. This is an AR(7) process. (From:
[15], © 1998 IEEE. Reprinted with permission.)

>

0
A= 0 (9.109)
A

o o
o 3> o

3

be the matrix of eigenvalues of Q.
Finally, using the above formulation, the probability of resolving two
narrowband signals corrupted by Gaussian noise is given by

P —Pr{m<0}=%~%z5iz%é‘;)dz (9.110)
where
a(z)=> |t~ (h2) + sl = ©.111)
pai 14+222°
and
ﬁ(z):f:[(l-!-)\,fzz)éexp Pern| 2 9.112)
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The p are the entries from p.

The function y in (9.98) depends on the power in the signals and the noise
variance (power) through the SNR. Furthermore, it depends on the frequencies of
the two sinusoids through their frequency separation. Setting ¥ = 0 separates the
parameter space composed of the SNR and frequency separation into two regions.
On one side of this curve, the signals are resolvable and on the other, they are not.
This is illustrated in Figure 9.12.

Example:

A numerical example is as follows. This example is from [15]. Suppose two
narrowband Gaussian signals s, x and s, ,are generated by the AR processes

Sip =68, teE, (9.113)
where
¢ = 0.94¢7%™ (9.114)
and
¢, = 0.96¢">™ (9.115)

The innovations processe,, ~ CN (0, 052') . The correlation matrix of s;; is given
by

1 ¢ e
* 1 e o™t
c, =|"“ LG ©.116)
)y ey -1

where m =9,
The observed sequence is given by

X =Sy, H NSy, T W, (9.117)



High-Resolution Spectrum Estimation 247

with covariance matrix

I =gC, +nC, +02l (9.118)

77 is used to control the SNR. P, for this example is plotted in Figure 9.13 for
representative values of the SNR versus the normalized frequency separation. The
frequency separation is normalized to the mean value of the two frequencies. In
this case, f; = 0.15, ; = 0.24, 0 fiom = 0.195. As can be seen, a frequency
separation of 0.10 or more produces a probability of resolution of 90% or better. P,
is plotted in Figure 9.14 versus SNR.

[ ]

9.2 Line Spectra

In some cases a more appropriate model of the stochastic process is based on a
combination of sinusoids in noise. If it is known, for example, that this is the case
for the process under investigation, then this model may yield more accurate
results than the AR models discussed in Section 9.1.

In this model for stochastic processes the process is assumed to consist of a
linear combination of M sinusoidal signals with constant amplitudes and
frequencies and random phase & uniformly distributed on [0, 27). Thus,

M
x, =y acos(2mfin+6,) (9.119)

i=1

The autocorrelation function for this random process is

M
Yk = p B cos(2m fk) (9.120)
i=l
where
1,
R=>a (9.121)

The psd of this process is the FT of (9.120) and is given by
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Figure 9.13 Probability of resolution for a sample AR process versus nomalized frequency separation.
(From: [15], © 1998 IEEE. Reprinted with permission.)
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Pxx(f)=W_ZZ:R{6[27r(f—f,-)]+5[27r(f+ﬁ)]} (9.122)

For the process described by (9.119),

£l{x}= ip,. (9.123)

One approach to modeling the response of systems as the sum of sinusoids was
developed by Prony [16]. In that method, the received signal is modeled as a sum
of N complex sinusoids given by

r(t) = ZN: Ae¥ (9.124)
i=]

where A4; are the residues and 4; = ¢; + jw; are the complex poles. The ¢; are

referred to as the damping constants and @; are the frequencies. Once digitized,
(9.124) becomes

N
no=y A4, k=01 ,M—1 (9.125)

i=1

where Jr is the time step size and M is the total number of samples. The set of
equations (9.125) is a set of M nonlinear equations in 2N unknowns.

This model is motivated by some results from system theory. Many physical
systems can be modeled with differential equations of the type

d"r(t)
K, +K
"odr gt

+”'+K’l

n~1
d"'r(¢) d;(:) () =C, 20  (9.126)

which typically have solutions of the form of (9.124) where A4; are the amplitudes
and Re{4;} = ¢, < 0.
9.2.1 Least Squares
In practice, #(f) is not observed exactly since there is always observation noise

present. Instead, the observations are y; = r; + ¢, where the ¢; are random
observation errors. If the errors can be approximated as Gaussian, then the
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unknown parameters in the exponential signal are estimated by minimizing the
sum of squared errors given by

> y—nT (9.127)

This is a nonlinear least squares problem in the unknown parameters 4; and A;.

The Prony estimation approach is to represent the signal »(¢) not in terms of the
A; and 4 but in terms of the coefficients of the differential equation (9.126).
Computing the eigenvectors of a suitably calculated covariance matrix identifies
the coefficients.

9.2.2 Prony’s Method

Prony’s method is a technique for extracting the signal parameters by solving a set
of linear equations for the coefficients of the recurrence equation that the signals
satisfy. It is closely related to Pisarenko’s method, discussed in Section 9.3.1,

which uses the smallest eigenvalue of an estimated covariance matrix.
In particular the 7 in (9.125) must satisfy

N
oo, =0, n=01-,n-1 (9.128)
i=0
where 7= M — N. The roots z; of
N .
> ez =0 (9.129)
i=1

define the frequencies as

z, =N, i=1,2,N (9.130)

i

Setting ay = 1, then the remainder of the damping coefficients can be obtained by
solving

Za,z;“ =Ty, (9.131)
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When exactly 2N samples are used, then (9.131) can be solved exactly for the ’s.
It is normally the case, however, that more than 2N samples are available and
least-squares estimation of the &’s is used.

When the &’s are available, z; = exp(4;6r) of (9.129) can be calculated with

A =—1nz, (9.132)

After that, the 4’s can be calculated using (9.125).

Prony’s method works well when there is no noise present. The addition of
noise to the model, however, causes significant problems. Noise tends to make the
damping parameters too large. Kahn et al. [17] showed that it is actually
inconsistent when noise is included. This has motivated the development of
modifications to the Prony method.

9.2.3 Modified Prony Methods

A modified Prony algorithm was developed by Osborne [18] that reacts to noise
better than Prony’s original technique. It was generalized by Smyth [19] and
Osborne and Smyth [20] to estimate any function that satisfies a difference
equation with coefficients that are linear and homogeneous in the parameters.
Osbormne and Smyth considered rational function fitting and proved that the
algorithm is asymptotically stable in that case.

The algorithm for exponential fitting will estimate, for fixed p, any function
r(f) that solves a constant coefficient differential equation (9.126). Perturbed
observations, y; = ¥; + e;, are made at equispaced times #;, i = 1, ..., n, where the e;
are independent and ~ A0, 02). The solutions to (9.126) include complex

exponentials, damped and undamped sinusoids, and real exponentials, depending
on the roots of the polynomial with the x; as coefficients. This algorithm has the
practical advantage that it will estimate any of these functions according to which
best fits the available observations.

9.3 Signal Subspace Techniques

Because the RF channels are assumed to be linear, they admit to the superposition
principle, so it can be assumed that the received signal consists of a sum of M
complex sinusoids and noise as
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M
X =Y 4™ +n, k=0 ,N-1 (9.133)

i=]

where n, ~ N{0, ¢”} represents a noise sample. The set of noise samples are
Gaussian and i.i.d. These complex amplitudes 4;have random phase

A,-=|A1|ej¢" —r<¢ <7 (9.134)

and ¢ are uniformly distributed. The goal is to estimate the unknown frequencies
; and amplitudes | 4|, or, equivalently, power B, =& {|Ai]2} . The signal subspace
techniques use the eigen-decomposition of the estimated autocorrelation matrix of
the stochastic process. They are based on the notion that the signals s, , = A

span a subspace of the vector space of observations given by (9.133). Throughout
this section it is assumed that

e{a4}=€{An}=0 wheni=k (9.135)

If there is only one signal present, then

X, =As, +n, (9.136)
with
5, =e (9.137)
A=|4,|e" (9.138)
which is illustrated in Figure 9.15.
In vector form, this is
Xx=As+n (9.139)

where x =[x x; ... xN_l]T. The autocorrelation matrix of x is given by

r, = E{As(As)T }+&{nn'} (9.140)
= Pss' +0°1 (9.141)



High-Resolution Spectrum Estimation 253

Do)
2nPy
%%
} f
-m @, n ®
Figure 9.15 Spectrum for a single signal with noise.
where ' denotes conjugate transpose and P, = & {]A|2} . Note that
T,s=(Rss' +0:1)s
=Bss's+ols
=(NB, +07)s (9.142)

so the signal vector is an eigenvector of T, with eigenvalue A\ = NP, +o;.
Denote the remaining eigenvalues of I',, with e;. Then

L.e = Posstei +a:ei
=oe, (9.143)

since s'e, = 0. Thus, the eigenvalues associated with the remaining eigenvectors
are all equal to o} .
The solution to the single signal situation is therefore as follows:

e Find the autocorrelation matrix and its associated eigenvalues and
eigenvectors.

o  Find the N 1 smallest eigenvalues; they will all be equal to o2 .
o Identify the remaining (largest) eigenvalue which is equal to NP, +o; ;

knowing this and o, allows computation of P,.
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Figure 9.16 Two complex sinusoids with AWGN.

e The eigenvector corresponding to the largest eigenvalue is proportional to

) ) Nty 1T .
s=|1 & ™ ... VD%l From this, w, can be found.

Now suppose there are two complex sinusoids present, as illustrated in Figure
9.16. The observed sequence in this case is

X, = A5, + A48, +n, (9.144)
where
S =" A =|4|e” i=1,2 (9.145)
In vector form, this is
x=As +A;s,+n (9.146)
with autocorrelation matrix
I, =Pss +P,s,s! +020 . (5.147)
where
13:5{|A[V} i=1,2 (9.148)

There are N — 2 noise eigenvectors orthogonal to both s; and s,, and they all have
the eigenvalues equal to o} because
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T, =Pssle +P;s,sle +oge;
—ol, i=34,..,N 1 (9.149)
because s'e. =sle. =0. The remaining two largest eigenvectors are in the
i 2™ g g

subspace spanned by s; and s,, as illustrated in Figure 9.17, where for illustrative
purposes N = 3. The subspace containing the signals is called the signal subspace
and that containing the noise eigenvectors, orthogonal to the signal subspace, is
called the noise subspace.

Now consider the general case of M signals in AWGN. The observed sequence
is given by

M
X, = As, +n (9.150)
i=1
or, in matrix form,
M
Xx=Y As,+n (9.151)

i=l

The autocorrelation matrix is given by

noise subspace

Figure 9.17 Signal and noise subspaces illustrated for N =3.
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M
T,=> Bssi+oil (9.152)
i=1

i

which can be written using matrices as
I, =SPS'+0I=T,+0.1 (9.153)
where
S=I[s, s, - 8] (9.154)
is a matrix whose columns are the signal samples. Furthermore,
P, =diag[R B - Byl (9.155)

is a diagonal matrix of the signal powers. I, is a rank p approximation to I'y.
Thus, the M signal vectors, §;, Sy, ..., $)s make up the signal subspace. The first

M eigenvectors of the autocorrelation matrix I'yx (which correspond to the largest

eigenvalues) span the signal subspace. These eigenvectors have eigenvalues

greater than o . The remaining N — M eigenvalues define the noise subspace,
which is orthogonal to the signal subspace. These eigenvalues are all equal to o .
Therefore, the first p eigenvalues of Ty, will be greater than o] and the last M - p

eigenvalues will be equal to o, so

\ N +ol forsome N >0, 1<i<p

! 2

(9.156)
o, i=p+1,-- M

This decomposes the set of eigenvalues and corresponding eigenvectors into two
classes. In the first class are those eigenvectors that span the signal subspace,
while the other class consists of those eigenvectors that span the noise subspace.
The corresponding eigen-decomposition of I'y,, also known as the singular value
decomposition, is given by

P ,——L M ,_)L
L= (N+ad)eel + > are, el (9.157)

i=1 i=p+1
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signal noise

component component
=EAE'+E AE! (9.158)
where
Esz[el e, - ep] (9.159)
E, =[e,. e, - e (9.160)

¢; is the eigenvector for the ith eigenvalue of T'y,,
A, =diag(X +0; N +o; - XN +op) (9.161)
and
A, =7l (9.162)

The {e;} form an orthonormal basis set.
To estimate the frequency of the component signals, we take advantage of the
fact that the signal vectors are orthogonal to the noise subspace. That is,

Property: Orthogonality of Signal Subspace with Noise Subspace
se, =0,i=12,--M;, k=M+1LM+2,-,N (9.163)
Proof:
The e, are eigenvectors of I',, and as such
I,.e, =oze, (9.164)
but (9.153) is also true. Therefore,
(SPS' +0?l)e, =oje, (9.165)

and therefore, of necessity,
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SPS'e, =0 (9.166)
=
The frequency estimation function is formed as
1

Fw)y=———— (9.167)

2

> [wiw)e,|

i=p+l
where

ww)=[1 e .. g (9.168)

The summation in the denominator of (9.167) may be different depending on the
method being discussed. F(w) will peak at the values of @ corresponding to the
frequencies in the component signals @y, @, ..., @,. In practice, weights are used
in the denominator function in (9.167). Also, typically in practice, the inverse of
(9.167) is used and the resulting function space is searched for minimums.

The solution of this general problem varies according to the particular
algorithm being discussed. The remainder of this section discusses some of these
techniques. The method included here in detail is the Pisarenko technique since
all of the subspace approaches are based on the same fundamental principles, and
the Pisarenko technique is one of the simplest. The other methods to be briefly
discussed are the root Pisarenko method, MUSIC algorithm, minimum norm
algorithm, and principle components algorithm. While all these techniques are
based on the same fundamental principal, their performance characteristics are
distinct.

9.3.1 Pisarenko Method
Assume that there are M signals at unknown frequencies @y, @, ..., @y for which
the frequencies and powers are to be found. Let N = M + 1. From the above

property, the single eigenvector in the noise subspace ey (corresponding to the
smallest eigenvector) is orthogonal to each signal vector s;. Let

w=[l e e .. ] (9.169)

while
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Fo)

2
So
, o, ®
Figure 9.18 Pisarenko frequency estimation function with two signals and noise present.
) i T
s, = [1 e (9.170)
then clearly
whey|,_, =0, i=12...M (9.171)

Form the frequency estimation function

1
Fp(W)=——

2
+
[We, |

1
ey (9.172)

This function will therefore peak at the frequencies of the signals present similar to
that shown in Figure 9.18.

The power in the component signals is found as follows. Iy, is related to its
eigenvalues A; and signal space eigenvectors e; as

r.e =X\e, i=12,- M (9.173)
and since {e;} forms an orthonormal basis,

ele, =1 (9.174)

i

Then
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A= e'.‘I‘ €.

i P oxx i

=¢ [ZPS,(S,, +o} ]
The set of linear equations that results is given by
M . R )
S Blsie[ =N—~0i,  i=12M
k=1

For M =2 for example, (9.176) is of the form

{lﬁ” 18.f [ ] ‘ :
Bul’ 1Bl ;
where

By =els,

which can be solved for P;.

(9.175)

(9.176)

(9.177)

(9.178)

One limitation of the Pisarenko method is that the number of signals, M, must
be known or somehow estimated. In addition, it assumes that the noise is AWGN.
Whereas Prony’s method is inconsistent when noise is considered, the Pisarenko
form of the method is consistent but inefficient for estimating sinusoid signals and

inconsistent for estimating damped sinusoids or exponential signals.

Example: (Pisarenko)

Suppose there is a single real sinusoidal signal in AWGN present and the
frequency and power of this signal are to be determined. The correlation matrix for

the data is

30 -2
r,=/0 3 0
-2 0 3

(9.179)
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From Chapter 2, recall that a real sinusoid consists of two complex exponentials,
one at the positive frequency and one at the negative frequency. Therefore, M = 2
and a 3 x 3 autocorrelation matrix is required.

The eigenvalues and corresponding eigenvectors for I'y, are given by the
matrices

500
A=|0 3 0 (9.180)
0 01
and
Loy L
V2 V2
E={ 0 -1 0 (9.181)
1, L
V2 V2
respectively. Therefore, the noise variance is
or=X)\=1 (9.182)
and the corresponding noise eigenvector‘is
L
V2
e, = 0 (9.183)
1
V2
The frequency estimation function is
1
Flw)y=—— (9.184)
‘w*e3|

This function peaks at w = +n7/2, since
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1
. 1
;2
w=|le 2|=|Lj (9.185)
et -1
and
_1
V2
wle, =1 Fj —1] 0 |=0 (9.186)
_L
V2
The power is found as follows. The signal vectors are
1 1
w 1 K 1
s,=|eZ|=|j| and s, =|e?|=|—; (9.187)
e |-1 e| |-1
Hence,
By B ef
= s, S (9.188
By B e; [ l z] )
1 1
—-1V2 0 w2l (2
= 5 A i —it= ) (9.189)
Then
2
Iﬂul |ﬂu'2 P|]= M =0}
Bal’ B[ [IB] [Pa=os
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Figure 9.19 Frequency estimation function for the example of the Pisarenko technique.
is

2 2|B| |4

= (9.190)
1 1B |2

SO

Expression (9.184) is plotted in Figure 9.19.
9.3.2 Root Pisarenko

The eigen-filter for the root Pisarenko modification to the technique described in
Section 9.3.1 is defined as

Ey(z)=eyo+ey,z ++eyy z " (9.191)

where the noise eigenvector ey is given by

T
e,,=[e~ en:  eyna (9.192)

Then

Ey(e”)=w'e, (9.193)
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which is zero at w = w,,w,,...,w,, . Therefore, the M roots of En(z) occurring on

the unit circle correspond to the signal frequencies w,w, ,...,w,, .

9.3.3 MUSIC

The MUSIC algorithm was discovered by Schmidt [3]. It is based on the eigen-
decomposition of the autocorrelation matrix and applies for both frequency
spectral estimation as well as spatial spectral estimation. The latter of these is
useful for determination of the angle of arrival of a signal.

The frequency estimation function for MUSIC is given by

1
> |w(w)e,.|2

i=p+1

Fsic(W) = (9.194)

Whereas for the Pisarenko method, the denominator of the frequency estimation
function is composed of a single eigenvector [the one corresponding to the
smallest eigenvalues (9.172)], the MUSIC function uses all the eigenvectors from
the noise subspace. (The signal subspace can also be used—that is the basis of the
principle component approach described below.) This essentially averages the
results over all the eigenvectors.

In theory, all of the functions in the form of (9.172) would work, with p + 1 <i
< M and with the component frequencies determined by the peaks. The true
frequency estimation function, however, is only supposed to exhibit peaks at the p
values of the true frequencies present. In practice, the remaining M — 1 — p zeros of
w'(w)e, might lie close to the unit circle that could produce spurious peaks. The
averaging of the denominator of the MUSIC function tends to ameliorate this
concern.

The MUSIC estimation of the psd is shown in Figure 9.20 for (9.91). All three
signals are evident at their correct locations, with substantial differences in the
power levels, so separation is facilitated.

It turns out that the selection of M is not critical in the MUSIC algorithm [21].
The selection of p is critical, however. If p is too low, the psd will not show the
correct peaks, while if it is too large, spurious peaks occur.

Example: (MUSIC)

Let the correlation matrix of the complex exponentials in AWGN be given by

F
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Figure 9.20 MUSIC estimate of the psd of (9.91). (From: [21]. © 1995 Horizon House, Inc. Reprinted
with permission.)

2 —j —1
.=|/j 2 -Jj (9.195)
-1 5 2

LT PR
4 0 0 \/5 3
A=0 1 0 E=| — —L; L (919
0 0 1 3 6 2
L1 1
N RN N

There are two smallest eigenvectors and therefore the noise subspace has a

dimension of 2 and there is a single complex exponential present. The matrix of
the eigenvectors for the noise subspace is
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g?l|'_‘§1|“'w|m
.

S

Wi— WN

Enoisc ="
while
1
3
P =E,E =1 j
noise notse noise 3
1
3
The frequency estimation function is
1
Fyysic = WP w
which peaks at
1
LT 1
w=le'?|= J
e’ —1

Thus, the signal has frequency w=m/2.

9.3.4 Minimum Norm

W | —

~.

~.

~.

(9.197)

(9.198)

(9.199)

(9.200)

The frequency estimation function for the minimum norm technique for frequency

estimation is given by
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Frtinnom (W) = S (9.201)

[w @l

where w(®) is given by (9.168) and vector v is chosen according to the following
requirements:

1.y is not zero.
2. v lies in the noise subspace.
3. The effects of spurious peaks are minimized.
Criterion 1 is satisfied by making y; = 1. Constraint 2 is enforced by setting y =

Yv, where v is a variable vector and Y is the projection matrix that projects a
vector onto the noise subspace. Thus,

Y=EE! (9.202)
where
E,=e,, e, " e, (9.203)

contains the noise eigenvectors.
The peaks of F(w) are determined by the zeros of the denominator in (9.201),
which can be written as

M= \
d(z)= Z\l’kz_
k=0

signal spurious
frequcncles peaks
P M-
=]10-e?z") [] (1=227") (9.204)
k=1 k=p+1

The spurious peaks are introduced by the zeros z, that are close to the unit circle.
To minimize the effects of these peaks, it is desirable to choose Wy such that these
zeros are well within the unit circle. This is accomplished by choosing that y with
the minimum norm. Therefore, the problem becomes
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Minimize ||, subject to

=Yv
v (9.205)
vylv,=1
v=[1 0 - 0f
This results in the selection of y as
Yv,
= 9.206
v Yy, (9.206)

An example of the spectrum produced is shown in Figure 9.21. The same
signal as for the MUSIC methods is used, M = 4 and p = 20. All four peaks are
difficult to locate; it appears that there are only three peaks present.

9.3.5 Principal Components Spectrum Estimation

The above techniques all use the noise subspace. The signal subspace can also be
used. The eigen-decomposition of I'y, is

35

30

25

20

Amplitude
o)

~—~NJ \AJL N~

-5 —~

-10
0 005 01 015 02 025 03 035 04 045 0S5

Frequency (fraction of 1/T))

Figure 9.21 Example of the spectrum produced by the min-norm technique. In this case M =4 and P =
20. The observation data is the same as for the MUSIC example. (From: [21], © 1995 Horizon House,
Inc. Reprinted with permission.)
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signal noise
subspacc subspace
M
T, => Xee = z,\‘elef + Z eel (9.207)
i=l i=p+l
where, without loss of generality, 4, 2 4,2 ... 2 4,2 A0y = 4,42 = ... = Ay, Where

it has been assumed that the noise eigenvalues are all equal.
The principal component method uses the rank-p approximation of I'y, given
by I'sin (9.153),

~ Z,\,e,e, = (9.208)

i=1

Using the signal subspace has the effect of filtering the noise. This estimate for I',x
is then used in any of the above spectral estimation methods.

9.4 Maximum Likelihood

The ML spectral estimate approach was developed by Capon [4] and is maximum
likelihood in name only. The technique here is similar to that for the periodogram
discussed in Chapter 4, with the difference being that the filter parameters are
adjusted according to the statistics of the stochastic process [22]. Thus, the
frequencies of the signals being analyzed need not be (and are normally not)
harmonically related. The filters are of the finite impulse response (FIR) type
shown in Figure 9.22, with tap weights given by

Y=[% ¢ - ¥,.I (9:209)

ML spectral estimates offer higher resolution than the periodogram spectral

estimates but less than the AR estimates. The weights are dynamically adjusted so

that the frequency response at the frequency under consideration (fp) is unity and
the variance of the output is minimized. The output variance is given by

oP=Y'T_ ¥ (9.210)

and the gain constraint can be expressed as

Wiy =1 (9.211)
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X

Yk Y1 -2 TNt

—0 w—@ — e Q)
E Y
Figure 9.22 Finite impulse response filter.
where Ty, is the autocorrelation matrix of x; and W is given by
W=l e ... oitrtues] (9212)
where &, is the sampling interval. The optimum weights are given by
r'w
opt : Wirow (9.213)
and the minimum variance is
?= ! (9.214)
wir'w '
The ML frequency estimation function is then given by
_ b 9.215
Fu(f)= WTTW (9.215)

9.5 Resolution Comparison

Computed spectra are illustrated in Figure 9.23 through 9.25 for several of the
spectral estimation techniques. The spectra are based on a 64-point real process
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that consists of three sinusoids and a colored noise signal that has a broad
bandwidth reaching from f'= 0.2/7; to just short of /= 0.5/T;, whose true spectrum
is shown in Figure 9.23(a). The sinusoids are located at f= 0.10/T;, 0.20/7;, and
0.21/T; with SNRs of 10, 30, and 30 dB, respectively. The noise process is
centered at /= 0.39/T.

The periodogram computed via the Blackman-Tukey approach is shown in
Figure 9.23(b). The two sinusoids around /= 0.2/7; are combined into one and the
one at /= 0.1/T; is not discernable at all due to masking by the sidelobes of the
signals at f= 0.2/T; and 0.21/7;. The broad signal centered at f'= 0.35/7; produces a
response as well; however, there is no discernable peak. The peaks that are present
in the region indicate that there is energy there, however.

The AR psd using the Yule-Walker equations described above is shown in
Figure 9.23(c). The signals around 0.2/7; are detected, but they are combined. The
signal at /= 0.1/T; also produces a small peak. The three peaks in the upper
frequency range would tend to indicate that there are at least two, if not three,
separate signals there rather than the single broadband one.

The psd for the Burg algorithm based on maximizing the information entropy
in the AR coefficients is illustrated in Figure 9.23(d) [22]. That approach can

0 True psd Blackman-Tukey psd
) =
Z-10] 210
g 5
2z E
B.-20) 2..20
2 2
g g
530 é 230
-40 -40
0 0L 02 03 04 05 0 -0l 02 03 04 05
Fraction of sampling frequency Fraction of sampling frequency
(@ ®
AR psd via Yule-Walker Approach AR psd via Burg Approach
0
) a
210 -0
5 5
S z
2.20 220
;‘.‘; -30 § -30
-40 -40
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 03 0.4 0.5
Fraction of sampling frequency Fraction of sampling frequency
(©) )

Figure 9.23 The psd estimates for the true psd shown in (a) for (b) periodogram, (c) AR, and (d) AR
via the Burg algorithm. (From: [22], © 1981 IEEE. Reprinted with permission.)
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True psd AR via lcast squares
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Figure 9.24 The psd estimates for the true psd shown in (a) for (b) AR via least squares, (c) MA, and
(d) ARMA via extended Yule-Walker equations. (From: [22], © 1981 IEEE. Reprinted with
permission.)

produce very sharp peaks at the signals -of interest and is therefore useful when
signals are closely spaced. The two narrowband signals around 0.2/7; are
separately detected with sharp peaks. The spurious peaks where the broadband
signal is located are misleading, indicating that three and perhaps more signals are
present there. It can be said, however, that the signal was not missed. The signal at
0.01/T; was totally missed in this case, however. Viewing the time series as a
sequenced set of data rather than a time series, it is possible also to compute the
psd in reverse. Such an approach for the AR estimator yields the curve shown in
Figure 9.24(b). In this case, the narrowband signal at 0.1/7} is detected, although it
is very weak. The two narrowband signals around 0.2/7; are also detected and
resolved. The multiple peaks at the higher frequencies leads to false indications of
multiple signals, just as for the Burg algorithm.

The MA psd is shown in Figure 9.24(c). The only signal detected is a
combination of the two around 0.2/7;. Discerning the other signals from the psd is
very difficult, even for a human examining the results.

The Yule-Walker equations can be solved to find the AR coefficients in an
ARMA process and then some technique devised to find the MA coefficients
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True psd Pisarenko spectral line decomposition
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Figure 9.25 The psd estimates for the true psd shown in (a) for (b) Pisarenko spectral line

decomposition, (c) Prony method, and (d) Capon method. (From: [22], © 1981 IEEE. Reprinted with
permission.)

separately. This leads to nonoptimal coefficients, however. Extending the Yule-
Walker equations is one such technique. The resulting psd is shown in Figure
9.24(d). The only signals found were the combination of the two narrowband
signals around 0.2/T.

The Fourier approach to spectral estimation assumes that the signals present
are harmonically related. The Pisarenko harmonic decomposition removes that
assumption. It does assume, however, that the signals present are tones in white
noise. The technique is a special case of the ARMA approach. It assumes that the
autocorrelation lags are perfectly known, even though the frequencies and the
order are not a priori known. These results are illustrated in Figure 9.25(b). The
narrowband signal at 0.1/7; is found but the two around 0.2/7; are combined.
Numerous spurious peaks result as well, including some in the upper frequency
ranges where the broadband signal is located. The observed data is clearly not a
combination of tones in white noise, however; so one would assume that this
model would not work well on this data set.

Prony’s technique is based on fitting a linear combination of exponentials to
the data. This fit was an exact fit of P exponentials. A more modern version



274 Target Acquisition in Communication Electronic Warfare Systems

assumes that an approximate fit of 2P < N exponentials is required, which use a
least-squares fitting procedure. This latter approach is called the extended Prony
method. The resulting psd is shown in Figure 9.25(c). The narrowband signal at
0.1/T, and those around 0.2/T; were found, albeit combined. Several spurious
signals emerge where the broadband signal is located, leading to false conclusions
about the number of signals present.

Lastly, the Capon method is based on a maximum likelihood approach. It
measures the out power in a parallel combination of narrowband filters. This is
similar to the periodogram. In the periodogram, however, the width of the filters is
fixed, while in the Capon approach the filter widths differ for each frequency and
in fact vary as the processing proceeds. Energy not close to the frequency bin of
interest is minimized through the filter in question. The output variance in each bin
is minimized subject to unity filter amplitude response. The resultant psd is shown
in Figure 9.25(d). At best, the two narrowband signals at 0.2/7; were combined
and detected. There appears to be somewhat of a correct response to the wideband
signals at higher frequencies, however.

Marple performed an analysis of the resolution capability of two high-
resolution methods and compared those with the conventional methods of simply
taking the DFT of the time series directly as well as the periodogram [23]. As a
metric, the normalized resolution given by

R=2rMAAf (9.216)

was used, where M is the number of correlation lags used, At is the length of the
time series, and Af is the frequency separation of two signals at the point of just
being resolved. Two signals are resolved when

(A= Hs )+ ()] ©217)

That is, two sinusoids are resolved at that Af =|f,— f,| at which the psd

evaluated at the center frequency S(f;), where f; = (f; + /2)/2 is equal to the average
of the two separate psds evaluated at the two sinusoidal frequencies. This is
illustrated in Figure 9.26.

Resolution of several of the methods of spectrum estimation are illustrated in
Figure 9.27. As expected, the resolution limit for the periodogram and
straightforward FFT of the data is approximately
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Figure 9.26 Definition of frequency resolution. In (a) the two signals are completely resolved. In (b)
they are still resolvable but some of the energy from both signals is mixing. In (c) the two signals are
just resolvable, where the psd halfway between them is half their average power (they need not have
the same power). This is the definition of resolution. In (d) the signals are not resolvable at all.

1
Af =— 9.218
\f A (9.218)
which means that, for M =1,
R~2rm (9.219)

The two high-resolution techniques considered were the AR spectrum as
calculated by the Berg method and the Pisarenko decomposition, while the two
FT-based techniques are simply transforming the time series directly and the
Blackman-Tukey periodogram with a few - different windows. The results are
illustrated in Figure 9.27 for several combinations of the variables. The limit in
(9.219) is also plotted for comparison.
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Figure 9.25 Comparisons of the frequency resolution capability of a few high-resolution spectral
estimate techniques and FT-based techniques. (From: [23].)

The periodogram technique sells itself short when assuming that Af = 1/At
when, in fact, it is a factor of about 1/3 less than that when using a rectangular
window. The dotted line represents the mean value of the normalized resolution.
The variance of this approach is quite large for all values of M, which in that case,
is the number of samples used in the computations.

The superiority of the AR psd is evident over the periodogram for all values of
SNR considered. The Pisarenko decomposition is the best of those considered,



High-Resolution Spectrum Estimation 277

however, recall that this technique generates spectral lines—that is, the bandwidth
of the peaks detected is zero. Therefore there are no spectra to overlap unless
Af=0. The more appropriate question for that technique is how accurate are the
peaks located relative to the true position and are spurious peaks generated. From
Figures 9.23 through 9.25, such spurs are possible.

9.6 Peak Determination

All of the high-resolution spectrum estimation techniques presented in this chapter
produce spectra that have peaks. Two such spectra are illustrated in Figure 9.28
Figure 9.28(a) illustrates a spectrum when the SNR is high and there are two
signals present. Figure 9.28(b) illustrates a spectrum when the SNR is low.

EW systems would, more often than not, have to deal with spectra that look
like that in Figure 9.28(b). Targets are typically further away than friendly,
interfering signals, and therefore subject to considerable noise.

The frequencies corresponding to the peaks in the spectra must be located, and
there are several methods to accomplish this. One of the simplest methods is to
employ a central point search where a few successive points (3 or 5) are typical.
The highest point and its corresponding frequency are retained and then the next
three points are examined: k£ + 1, k + 2, and k£ + 3. This process is repeated until the
whole spectrum is examined. This technique will find all the peaks present. If the
SNR is high, the peaks likely belong to the signals. If the SNR is low, several of
the peaks correspond to noise. Unless some arbitrary rule is invoked, such as
allowing no more than K signals or only allowing those peaks above some
threshold, the peaks due to noise cannot be discerned from those corresponding to
signals.

An algorithm was presented by Judd [24] that attempts to deal with this
extraneous peak problem. In that algorithm the spectrum is first smoothed with an
N-point maximum envelope peak (MEP) search. N adjacent points are examined at
a time and only the maximum of the N points is retained. This process is repeated
sequentially until all points have been examined. The MEP search is then followed
by the central peak search using 3 or 5 points. In many cases the spurious peaks
will be smoothed and will not cause false alarms.

9.7 Concluding Remarks

In general, when the characteristics of the data sequence are unknown, an ARMA
model is better than simply the AR estimator because of the additional robustness
of the ARMA model.
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Figure 9.28 Psd spectra for (a) high SNR and (b) low SNR.

It is important to note that while some methods have higher resolution than
others, these techniques can have bias associated with them. Therefore, though a
high-resolution algorithm has better resolution than some others it may have worse
accuracy due to this bias.
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Table 9.1 summarizes the various high-resolution spectrum estimation methods
discussed in this chapter and compares them to the two low-resolution techniques
from Chapter 4.
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Table 9.1 Spectral Estimation Techniques

Computational

Advantages and

Spectral line
splitting occurs
Implied
windowing
distorts spectrum
No sidelobes

Technique Complexity Models Disadvantages Remarks
Periodogram: Nlog,N Sum of Output directly Harmonic least-
‘FFT Version harmonically proportional to squares fit

related sinusoids power Requires some
Most type of frequency
computationally domain statistical
efficient averaging to
Resolution stabilize spectrum
roughly the Windowing can
reciprocal of the reduce sidelobes
observation at expense of
interval resolution
Performance poor
for short data
records
Leakage distorts
spectrum and
masks weak
signals
Periodogram: Lag: NM Identical to MA Most Negative psd
Blackman-Tukey | psd*: MS with windowing computationally values in
of the lags efficient if M << spectrum may
N result with some
Resolution window
roughly the weightings and
reciprocal of the autocorrelation
observation estimates
interval
Leakage distorts
spectrum and
masks weak
signals
AR Yule-Walker Lag: NM Autoregressive Model order must | Model applicable
Version AR Coeff: M? process be selected to seismic,
psd*: MS Better resolution speech, radar
than FFT or BT, clutter data
but not as good as | Minimum-phase
other AR methods | linear prediction

filter guaranteed
if biased log
estimates
computed

AR related to
linear prediction
analysis and
adaptive filtering




High-Resolution Spectrum Estimation

Table 9.1 (Continued)

. Computational Advantages and
Technique Complexity Models Disadvantages Remarks
AR Burg Version Lag: NM+M Autoregressive High resolution Stable linear
psd*: MS process for low noise prediction filter
levels guaranteed
Good spectral Adaptive filtering
fidelity for short applicable
data records Uses constrained
Spectral line recursive least-
splitting can occur | squares approach
Bias in the
frequency
estimates of peaks
No implied
windowing
No sidelobes
Must determine
order
AR Least squares AR coeff: MN + Autoregressive Sharper response Stable linear
or forward M process for narrowband prediction filter
backward linear psd*: MS processes than not guaranteed,
prediction version other AR though stable filter
estimates results in most
No spectral line instances
splitting observed Based on exact
Bias reduced in recursive least
the frequency squares solution
estimates with no constraint
Must determine
order
No sidelobes
MA MA coeff: Moving Broad spectral Generalized form
nonlinear simul. average process responses (low of BT technique
Eq. set resolution)
Lag: NM Must determine
Psd*: MS order
Has sidelobes
ARMA (Yule Lag Ests: NM ARMA process Must determine Models all rational
Walker version) Coeff: M? AR & MA orders transfer function
psd*: MS processes
Requires accurate
log estimates to
obtain good
results

281
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Table 9.1 (Continued)
. Computational Advantages and
Technique Corip]exi ty Models Disadvantages Remarks
Pisarenko Lag: NM Special ARMA Must determine Uses least-
Harmonic Eigen. eq; M? to with equal MA and | order squares estimates
Decomposition 7d AR coefficients Does not work to obtain
Poly. rooting: Sum of well in high noise | exponential
dependent on root | nonharmonically levels parameters
alg. undamped Eigen-equation First step same as
Amp, coeff: M sinusoids in and rooting are AR least-squares
psd*: M additive white computationally estimation
noise inefficient
Prony’s Method AR coeffs: M* + Sum of Must determine Uses least-
(Extended) NM nonharmonically order squares
Poly. rooting: related damped Output linearly estimation
dependent on root | sinusoids proportional to
alg. ARMA with equal power
Amp. coeff: M MA and AR Requires a
psd*: MS coefficients and polynomial
equal orders rooting
Resolution as
good as AR
technique,
sometimes better
No sidelobes
Capon Maximum | Lag: NM Forms an optimal Resolution better MLSE is related
Likelihood Matrix Inversion: | bandpass filter for than BT, not as to AR spectra
each spectral good as AR
psd*: MS component
MUSIC Lag: NM Sum of complex Psd not very
psd: M exponentials sensitive to model
order p but very
sensitive to signal
count estimate
ESPRIT Lag: NM Sum of complex Eigen-
exponentials in decomposition
noise computed twice
Search of entire
frequency range
not necessary,
only close to unit
circle
Minimum Norm Lag: NM Sum of complex Similar to
psd: M sinusoids MUSIC

*FFT could be used to generate S = 2" values of the psd
N =Number of data samples
S = Number of spectral samples computed

M = Order of model (or number of autocorrelation lags)

After: [22].




(1
(2]
(31
(4]
(3]

(7
(8]

[

[10]
(1]
[12]

[13]

(14]
[15]

[16]

[17]
(18]
[19]

[20]

(21]

High-Resolution Spectrum Estimation 283

References

Hardin, J. C., Introduction to Time Series Analysis, NASA Reference Publication 1145,
Hampton, VA: NASA, 1986, pp. 136-139.

Gardner, W. A., Statistical Spectral Analysis: A Nonprobabilistic Theory, Englewood Cliffs,
NJ: Prentice Hall, 1988, pp. 266-329.

Schmidt, R., “Multiple Emitter Location and Signal Parameter Estimation,” IEEE
Transactions on Antennas and Propagation, Vol. AP-34, March 1986, pp. 276-290.

Capon, J., “High Resolution Frequency-Wave Number Spectrum Analysis,” Proceedings of
the IEEE, Vol. 57, No. 57, August 1969, pp. 1408-1418.

Poisel, R. A., Modern Communications Jamming Principles and Techniques, Norwood, MA:
Artech House, 2003.

Kay, S. M., Modern Spectral Estimation Theory and Applications, Upper Saddle River, NJ:
Prentice Hall, 1988, p. 174.

Burg, J. P., “Maximum Entropy Spectral Analysis,” Proceedings of 37th Meeting of the
Society of Exploration Geophysics, Oklahoma City, Oklahoma, October 1967.

Shannon, C. E., “The Mathematical Theory of Communication,” Bell System Technical
Journal, Vol. 27, 1948, pp. 379-423 and 623-659. Also available from http://cm.bell-
labs.com/cm/ms/what/shannonday/paper.html and in book form from The University of
Illinois Press, 1963.

Cover, T. M., and J. A. Thomas, Elements of Information Theory, New York: John Wiley &
Sons, 1991, p. 13.

Cover, T. M., and J. A. Thomas, Elements of Information Theory, New York: John Wiley &
Sons, 1991, p. 63.

Ulrych, T. J., and T. N. Bishop, “Maximum Entropy Spectral Analysis and Autoregressive
Decomposition,” Rev. Geophys, Vol. 13, 1975, pp. 183-200.

Fourgere, P. F., E. J. Zawaqlick, and H. R. Radoski, “Spontaneous Line Splitting in Maximum
Entropy Power Spectrum Analysis,” Physical Earth and Plane. International, Vol. 12, August
1976, pp. 201-209.

Marple, S. L., Jr, “A New Autoregresssive Spectrum Analysis Algorithm,” JEEE
Transactions on Acoustics, Speech, and Signal Processing, Vol. ASSP28, August 1980, pp.
441-454,

Tsui, J., Digital Techniques for Wideband Receivers, Norwood, MA: Artech House, 1995, pp.
386-390.

Zhang, Q. T., “A Statistical Resolution Theory of the AR Method of Spectral Analysis,” IEEE
Transactions on Signal Processing, Vol. 46, No. 10, October 1998, pp. 2757-2769.

Prony, R., “Essai Expérimental et Analytique sur les Lois de la Dilatabilit¢ de Fluides
Elastiques et sur Celles de la Force Expansive de la Vapeur de L’Alkool, A Differentes
Températures,” J. L’Ecole Polytech, (Paris), Vol. 1, No. 2, 1795, pp. 24-79.

Kahn, M., et al., “On the Consistency of Prony’s Method and Related Algorithms,” Journa! of
Computational and Graphical Statistics, Vol. 1, 1992, pp. 329-349.

Osborne, M. R., “Some Special Nonlinear Least Squares' Problems,” SIAM Journal of
Numerical Analysis, Vol. 12, 1975, pp. 571-592.

Smyth, G. K., “Coupled and Nested Iterations in Nonlinear Estimation,”. Ph.D. thesis,
Australian National University, Canberra, 1985.

Osborne, M. R. and G. K. Smyth, “A Modified Prony Algorithm for Fitting Functions Defined
by Difference Equations,” SIAM Journal of Scientific and Statistical Computing, Vol. 12,
1991, pp. 362-382.

Tsui, J. P., Digital Techniques for Wideband Receivers, Norwood, MA: Artech House, 1995,
pp. 410412.



284

[22]
(23]

[24]

Target Acquisition in Communication Electronic Warfare Systems

Kay, S. M., and S. L. Marple, “Spectrum Analysis—A Modem Perspective,” Proceedings of
the IEEE, Vol. 69, No. 11, November 1981, pp. 1380-1419.

Marple, L., “Frequency Resolution of High-Resolution Spectrum Analysis Techniques,”
Proceedings of the RADC Spectrum Estimation Workshop, May 24-26, 1978, pp. 19-39.

Judd, M. D., “A Simple, Low-Computation Peak Detection Algorithm for the Angle-of
Arrival Spectrum for Signal Subspace Methods,” IEEE Transactions on Aerospace and
Electronic Systems, Vol. 28, No. 4, October 1992, pp. 1158-1163.



Chapter 10

Artificial Reasoning for Target
Recognition

As pointed out at the beginning of Chapter 9, the process of recognizing targets in
communication EW systems consists generally of two steps:

1. Extract parameters (also called features) from the intercepted signal by
measurement.

2. Process these parameters by some applicable technique to ascertain
whether the signal is one of interest.

This chapter presents two techniques applicable to the second step in this process.
They both are from the generic field of artificial intelligence, where computers are
programmed to rudimentarily mimic the way humans think. The techniques are
evidential reasoning and fuzzy logic.

10.1 Evidential Reasoning

A way to allow for some uncertainty in machine reasoning processes is to use the
evidential reasoning theory discovered by Dempster and Schafer and subsequently
documented by the latter [1]. Input data are allowed to support a proposition,
refute a proposition, or have no affect on a proposition.

A proposition is either a basic hypothesis, as in the Bayesian case, or a
combination of hypotheses. Although hypotheses cannot overlap, propositions can.
In fact, a proposition can consist of hypotheses that have conflicting elements.

Let ©® = {A}, Ay, ..., A,} represent the complete and mutually exclusive set of
possible propositions, called the elemental propositions. © is called the frame of

285
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discernment. There are 2" — 1 general propositions that can be developed from ©,
which, in addition to the elemental propositions, consist of the disjunction of the
elements of ®. (Actually the power set usually includes the null subset &, which
brings the number of elements to 2”. That is not included here.) This is called the
power set of @, and is usually denoted by 2°. Let A® denote the set of all of the
possible distinctions of these elementary propositions. That is,

A4° = {AVAAVA,. L AVAV.NAY (10.1)

and 2° = {@®, 4°}. In this equation, v refers to the logical, or Boolean, OR
function.

Because the processing involved with evidential reasoning involves the power
set of propositions, usually problems that are solved using the technique are
limited in size. The power set quickly gets very large.

For each 6 e 2°, a probability mass, m(6), is assigned that represents the
amount of evidence associated with 6. This mass is assigned such that

m(6,)<1 (10.2)
and

S m(6)=1 (103)

From these probability masses, the probability of an elementary proposition 4;
is given by

P(4)=> m(6,) (10.4)

Thus, the probability of 4; is given by summing all of the probability masses
associated with elements in 2° that are subsets of A;. For example, if ©® = {a,, ay,
a}, A ={a\v ay, a1 vas,avas, a1 va, v a3}, then P(a; v as3) = m(a,) + m(a, v
as) + m(as).

The last element of 2°, that is, 4;v Ay v A3 v ... v A, is called the granular
proposition and represents the amount that is unknown, that is, the amount of
uncertainty.

Belief in a proposition K is given by an interval whose lower bound is the
support for X, denoted by spt(K) and whose upper limit is given by the plausibility
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of K, denoted by pls(X). X could be an elementary proposition or it could be a
combination of elementary propositions. These values are given by

spi(K) = Y m(8,) (10.5)
8,CK
and
pls(X) = 1—spt(—K) (10.6)

where —K is not K. The support is calculated by summing all of the probability
masses of elements @ e 2° that are contained in K, either alone or in combination.
The plausibility is the lack of evidence that refutes proposition XK. The probability
of proposition is bounded by these two quantities, called the evidential interval:

spt(K) < P(K) < pls(K) (10.7)

The net result of these calculations at any given stage in the processing is a set
of probability intervals given by

[spt(4,), pls(41)]
[spt(42), pls(42)]

[spt(4n), pls(4,)]
[spt(4; v 43), pls(4; v 42)]
[spt(4; v 43), pls(4; v 43)]
[spt(d; v Ay Vv ... v A4,), pIs(4; v Ay v ... v 4,)]
or, in general,
[spt(K;), pls(K;)] for all K; e 2°

The following example illustrates these concepts.

Example:

Suppose the frame of discernment consists of the 36 exhaustive and mutually
exclusive elementary propositions 4, through 43¢ shown in Figure 10.1. Suppose
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Figure 10.1 Frame of discernment for the example.

that there are four propositions under consideration, B; through B,, which are
composed of some of these elementary propositions, and there is a question about
proposition X, shown in the figure.

Here,

@ = {AbAZa A}s eeey A36}
A®={A1 VA Ay v Az, .y Ay v Ay v Ay v Ay v . v Asg)
2%={A), Ay, As, ..o, Ass A1V Ay A1V Asy oy A1V Ay v A3V Ay v .oV Asg)

A; represents an elementary proposition about @, which are exhaustive (complete)
and mutually exclusive. In symbology,

K= {416V A1zv AdigVv Ay v Ay v Ay v Axg v Ay v Aso}

Bl = {A4VA5 VA6VA|0 VA]] VA]Z VA16VA17 VA]g}

By={dgVvAgv Aiov Ay v AV Aisv Aig Vv Air v Ayg v Aoy v Ay v Ay v Ay v
Ay v Azg v Ao}

By = {Aas v As v A3 v A}

By={Ax v As}

Suppose that probability masses have been established by some mechanism to be
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m(B)) =0.3
m(By) = 0.2
m(Bs) = 0.4
m(B4) =0.1

m(-) = 0 otherwise.

In this example, 6, € {B;, B, Bs, B;}, whereas in general, unless otherwise
eliminated from consideration for practical reasons, the B;’s would consist of most,
if not all, of 2. Then

spt(K) =Y  m(8,) =m(B,)=0.1

XIS
spt(~K) =Y " m(8,) =m(B;) = 0.4
6¢K
pls(K)=1—-spt(—K)=0.6

Thus, the evidential interval for K is [0.1, 0.6].

10.1.1 Rules of Combination

The probability intervals computed as above can be combined in order to compute
an overall probability of an event. The combinations must be based on evidence
from independent sources over the same frame of discernment ® in order for the
theory to apply, however. ]

Dempster’s rule of combination can be viewed as a generalization of the
Bayesian rule of combination—they yield the same results in the same
circumstances. Let 6 represent the new element of 2° that is represented by
combining 6, and &.

Property: Dempster’s Rule of Combination
Forall 6, 6, 6 e 2°

m@) = —— 3 m@me,) (108)

-k, N8, =6,

where
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<0.5 p, < 1.0)

Figure 10.2 Simplified example of target recognition.

ko= 30 m@)m() (10.9)
606, =2
In these equations, m;(6;) refers to the probability mass assigned by logic system 1
for 6, e 2°, while m(6,) refers to the probability mass assigned by logic system 2
for 8, € 2°. Obviously, ® must be the same for the two logic systems.
]

Example:

As a simple example of target recognition using evidential reasoning, consider the
block diagram shown in Figure 10.2. The elementary events in this case are given
by the four two-tuples as:

Ay: <modulation = AM, power = p;>
A,: <modulation = AM, power = p,>
As: <modulation = FM, power = p;>
A4: <modulation = FM, power = p,>

There are 2* — 1 = 15 elements of 2. Suppose that the following mass
functions have been assigned by some means.

61 =A1, m1(91) =0.10 , m2(91) =0.09

& = Ay, m(65) = 0.09, my(6,) = 0.09

6 = A3, my(65) = 0.03, my(6s) = 0.04

04 =A4, m1(94) = 001, m2(64) =0.01

05 :Al VAz, m1(195) = 0].5, m2(95) =0.10
66 :Al VA3, m|(66) = 005, m2(66) =0.12
G =A,v Ay, m(&)=0.04, my(&) =0.02
93 =A2 VA}, m1(03) = 006, m2(93) =0.06
69 = Az 2 A4, m1(99) = 002, m2(99) =0.04
910 = A3 \ A4, m,(@lo) = 004, m2(910) =0.06
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9]] =A1 VAZ A\ A3, m1(9”) = 010, m2(9”) =0.07
012 =A1 2 Az \4 A4, m1(6’12) = 006, mz(elz) =0.08
0)3 = A] \4 A3 \% A4, m1(€13) = 002, m2(913) =0.04
614 = Az \4 A3 \% A4, m1(014) = 009, m2(014) =0.02
015 =A] VAZ Vv A3 VA4, m1(915) = 014, m2(615) =0.16

Scholium

Some of these compound sets have meaning as defined by the constituent events.
These events are:

65 = A, v A, Is the modulation AM?

Gs= A, v 43, Is the power p,?

& = A, v Ay, Is there any signal present?

& = A, v A3, Is there any signal present?

Oy = A, v Ay, Is the power p,?

610 = A3 v Ay, Is the modulation FM?

6s= A, v A, v A3 v A4, Is there any signal present?

Next, calculate the combined probability masses:

k= m(6))my(6) + mi(6))my(8;) + my(6))my(65) + my(6)ma(6s) + my(6)ma6s) +
m(6)ma(6ho) + mi(O)ma(6ia) + mi(B)my(6)) + mi(B)my(6s) + mi(h)my(6,) +
m(G)ma(Gs) + mi(B)ma ) + mi(B)my(610) + mi(B)may(613) + mi(B)may(6)) +
m(@)my(B) + mi(B)my(6y) + my(B)ma(5) + m(B)my(&y) + m(G)ma(6h) +
m(E)ma( Q) + my(OmaA6) + mi(Gma(6) + mi(Gp)ma(6s) + my(Ea)may(G5) +
mi(O)my(G5) + my(On)ma(6s) + my(Omy(0yy) + my(Osymx(6s) + m(Os)may(6s) +
my(G5)ma( o) + m(Gs)ma( &) + my(G)may(6s) + mi(Ee)ma ) + my(B)myB) +
m(B)my(6s) + mi(B)ma(Gs) + my(Ge)my(61) + mi(Ge)ma(6s) + my(O)ma() +
my(G)my(0)) + my(Go)my6y) + my(Oo)my(6s) + my(610)ma(6) + my(Bio)maA(6h) +
mléél'1§)2n612(95) + my(611)ma(6s) + my(O12)ma(85) + my(6r3)ma( &) + mi(Gra)ma(61)

my(6) = [mi(6)my(6) + m(6)ma(6s) + m(G)my(6s) + m(B)m(&) +
816(896?2'”2(911) + my(0)my(O12) + mi(6)ma(6i3) + mi(6))mx(Gs5)] / (1 — 0.1526) =

my6y) = [mi(G)my(6h) + mi(E)ma(65) + my(O)my(Gs) + mi(E)ma6h) +
m(6)ma(61) + mi(B)ma6r2) + mi(G)ma(61a) + my(65)ma(615)] / 0.8474 = 0.0658
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my(6) = [my(B)mx(6) + m(G)my(Gs) + mi(G)my(Gs) + m(G)ma(6o) +
my(8)ma(01) + my(63)my(Os) + my(Bs)ma( Bra) + my(B)ma(6y5)] / 0.8474 = 0.0202

my(B) = [m(G)mxy(B) + mi(Opma(B) + mi(O)mx(E) + m(O)mx(b) +
mi(Bg)ma(612) + my(Gs)ma(613) + my(6y)ma(614) + mi(6)ma(65)] / 0.8474 = 0.0058

my(6s) = [m(O5)ma(6s) + mi(6s)ma(6)1) + mi(Es)ma6)5) + mi(G5)my(6s)] 1 0.8474
=(0.0549

m3(6s) = [m(Gs)may(Os) + mi(Oe)may(611) + mi(Gs)my(O13) + my(Os)ma(6;5)] 1 0.8474
=0.0230

m3y(6y) = [m(B))ma(6y) + mi(6)ma62) + my(6)ma(613) + mi(G))ma(6ys)] 1 0.8474
=0.0142

m3(6s) = [m1(6p)my(Gs) + m(Be)my(On) + mi(Ge)ma(6r4) + mi(Ge)max(6ys)] 1 0.8474
=0.0219

m3(6) = [my(6o)ma(6) + m(Go)ma612) + my(Go)my(6,4) + mi(6y)ma(6s5)] / 0.8474
=0.0071

ma(Gro) = [mi1(Go)ma(bho) + mi(Gi0)ma(613) + my(6i0)m1a) + mi(G10)ma(6rs)] /
0.8474=0.0132

my(6h1) = [m1(611)ma(611) + my(61)ma(615)] / 0.8474 = 0.0271
my(6h2) = [m1(612)ma(6,3) + mi(612)my(615)] / 0.8474 = 0.0170
my(B13) = [mi(613)my(613) + my(B13)ma(815)] / 0.8474 = 0.0047
m3(61e) = [my(Br)maB1a) + my(Gra)ma(615)] 1 0.8474 = 0.0191
ma(Bs) = my(6,5)my(By5) 1 0.8474 = 0.0264

Now the evidential intervals will be calculated based on the combined mass
functions.

spt(6) = m3(6,) = 0.0802
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pls(6) = 1 —spt(=6) = 1 = [m3(6h) + m3(6) + m3(6h) + ma( &) + m3(6) + m3(610)
+m3(614)] = 1 — [0.0658+ 0.0202+ 0.0058+ 0.0219 + 0.0071 + 0.0132 + 0.0191]} =
0.8469

spt(&) = m3(&) = 0.0658

pIs(6) = 1 = spt(=65) = 1 = [m3(6) + ms(6s) + m3(6;) + m3(6) + m3(6y) + m3(6y)
+ m3(63)] =1 —[0.0802 + 0.0202 + 0.0058+ 0.0230 + 0.0142 + 0.0132 + 0.0047]
=0.8387

spt(&) = m3(6s) = 0.0202

pIs(6s) =1 — spt(—=6) = 1 — [m3(6)) + ms(6) + m3(6s) + ms(65) + my(6y) + m3(6) +
m3(62)] = 1 —[0.0802 + 0.0658 + 0.0058 + 0.0549 + 0.0142 + 0.0071+ 0.0170] =
0.7550

Spt( 04) = m3(94) =0.0058

pIs(6y) = 1 — spt(=6,) = 1 - [m3(6)) + m3(6,) + m3(65) + m3(6s) + m3(6) + ms(6) +
m3(6)] =1 —[0.0802 + 0.0658 + 0.0202 + 0.0549 + 0.0230 + 0.0219 + 0.0271] =
0.7069

spt(6s) = ma(6s) + m3(6) + m3(&) = 0.0549 + 0.0802 + .0658 = 0.2009

pIS(65) = 1 — spt(—65) = 1 = [ma(65) + ms(6s) + ms(6i0)] = 1 — [0.0202 + 0.0058 +
0.0132] = 0.961

SpH(85) = m(65) + m3(6,) + mx(B) = 0.0230 + 0.0802 + 0.0202 = 0.1234

pls(6s) = 1 ~ spt(—85) = 1 — [ma(B) + ms(6y) + m3(65)] = 1 — [0.0658 + 0.0058 +
0.0071]=0.9213

Spt(97) = 1713(97) + m3(91) + m3(94) + m3(93) =0.0142 + 0.0802 + 0.0058 = 0.1002

pIs(&h) = 1 — spt(=6)) = 1 — [m3(6y) + m3(6s) + ms(6) + m3(6)] = 1 - [0.0658 +
0.0202 +0.0219] = 0.8921

spt(&s) = m3(G5) + m3(6,) + m3(6s) = 0.0219 + 0.0658 + 0.0202 = 0.1079
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pIs(6e) = 1 — spt(—8) = 1 — [m3(6)) + ms(8) + my(65)] = 1 — [0.0802 + 0.0058 +
0.0142] = 0.8998

SPH(6h) = ma(6b) + ms(6) + my(6) = 0.0071 + 0.0802 + 0.0202 = 0.0893

pls(6) = 1 — spt(—@) = 1 — [ms(6)) + ms(8s) + my(6s)] = 1 — [0.0802 + 0.0202 +
0.0230] = 0.8766

spt(Br0) = m3(B1) + ma(6s) + my(Gy) = 0.0132 + 0.0202 + 0.0058 = 0.0392

pls(Bi0) = 1 — spt(—=6i0) = 1 — [m3(6)) + my(&) + ms(6s)] = 1 — [0.0802 + 0.0658 +
0.0549] = 0.7791

Spt(Bh) = my(6h) + ma(6)) + ma(B) + ms(65) = 0.0271 + 0.0802 + 0.0658 + 0.0202
=0.1933

pls(ﬁn) =1- Spt(-19“) =1- m3(04) =1-0.0058 =0.9942

spt(@lz) = m3(912) + m3((91) + m3(6’2) + m3(94) =0.0170 + 0.0802 + 0.0658 + 0.0058
=0.1688

plS(glz) =1- Spt(ﬁelz) =1]- m3(93) =1-0.0202=0.9798

Spt(6is) = ma(B13) + mz(6)) + ma(6s) + msy(6;) = 0.0047+ 0.0802 + 0.0202 + 0.0058
=0.1109

pIs(613) = 1 — spt(—6i3) = 1 — my(B) = 1 — 0.0658 = 0.9342

Spt(B14) = ma(61a) + m3(6) + my(6s) + my(6y) = 0.0191 + 0.0658 + 0.0202 + 0.0058
=0.1109

pls(B1) = 1 = spt(—6i4) = 1 — ms(6;) = 1 — 0.0802 = 0.9198

spt(Bs) = ms(Os) + m3(6) + ms(6) + ma(6s) + ma(6y) = 0.0264 + 0.0802 + 0.0658
+0.0202 +0.0058 = 0.1984

pls(6is) = 1 — spt(—6s) = 1

The results of these calculations are summarized in Table 10.1 for convenience.
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Table 10.1 Support and Plausibility Summary

Support Plausibility
6, 0.0802 0.8469
0, 0.0658 0.8387
6, 0.0202 0.7550
04 0.0058 0.7069
65 0.2009 0.9610
06 0.1234 0.9213
6, 0.1002 0.8921
0 0.1079 0.8998
6y 0.0893 0.8766
B10 0.0392 0.7791
01 0.1933 0.9942
01, 0.1688 0.9798
013 0.1109 0.9342
614 0.1109 0.9198
05 0.1984 1.0000

Note that the support for the combined individual propositions is less than the
initial probability masses, whereas support for all but one combination (6)o) is
larger. This indicates that in this situation there is considerable uncertainty as to
which target is present—an indication that additional data need to be collected
before a firm prediction can be made. This is further confirmed by the support for
the granular proposition, &5, which has one of the largest values of support so far.
The only one that is larger is 65 = A, v 4,, indicating that there is considerable lack
of knowledge if the signal is AM or not. There is also considerable support for
= A, v Ay v As, which would tend to indicate that the signal is probably not FM
with power p,.

]
The computations shown above are both associative and communitative.

Therefore, it matters not in which order they are computed. The computations can
therefore be optimized for the hardware available.

10.1.2 Limitations of the Dempster-Shafer Method

In general, a probability mass needs to be associated with every element of 2°,
whereas for the Bayesian system, probabilities are only necessary for elements of
®. This adds substantially to the amount of calculations necessary, going from a
set on the order of # to one on the order of 2. As illustrated in the last example,
the number of combinations explodes. For realistic problems, this is a significant
concern, typically limiting the algorithm to relatively small problem sets.
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When combining probability masses, both bodies of evidence to be combined
need to be independent and the errors restricted to measurement errors. This is
difficult to ensure.

Determining the mass functions can be a problem and is perhaps one of the
more difficult issues in using this approach. In some cases, for example, when raw
sensor data is being combined, the mass functions are relatively easy to assign. In
others, such as the examples used here, it might be much more difficult.

10.2 Fuzzy Logic

The utility of fuzzy logic arises because of its ability to mimic the way humans
reason. A human often does not require all the data necessary to make a decision
or to otherwise take an action. Normal computer logic does require all the data,
every time, and if false data is provided a computer will come to a false
conclusion. As with evidential reasoning, fuzzy logic allows for some degree of
tolerance for not knowing everything [2—7].

The material in the first part of this section was derived principally from the
excellent tutorial paper by Mendel [8].

10.2.1 Fuzzy and Crisp Sets

To understand fuzzy logic, it is convenient to begin with the definitions of
(normal, nonfuzzy, crisp) sets and operations on those sets. These notions will then
be extended to fuzzy sets and fuzzy logic.

A set is any collection of objects, such as the members of a baseball team or
the actors in a play. A crisp set is a set whose membership can be distinctly
delineated, such as those sets just given, or the numbers between 0 and 100 that
are evenly divisible by 31 (= {0, 31, 62, 93}). Crisp set C can be characterized by
a membership function pic(x) such that

1if xeC

0 xgC (10.10)

P (x) = {

where € means “is a member of” and ¢ means “is not a member of.” If C is the set
just defined, then p(0) = 1, u(31) =1, u(62) = 1, u(93) = 1, and puc(x;) = 0 for
all other x; € U= {0, 1, 2, 3, ..,100}. Thus membership functions for crisp sets
consist of the values 1 and 0.

A universe of discourse U is the totality of elements at issue for a particular
problem. For the example given above, U= {0, 1, 2, 3, ..., 100}. The cross product
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of two such universes U and ¥, denoted by U x V, is the complete set of 2-tuples
(u, v), where u € U and v € V. That is, it’s simply the ordered pairing of elements
of the universes taking one element at a time from each of the universes. A single
“element” of U x Vis (u, v). That is, (u,v) e Ux V.

The operations of union, intersection, and complement are defined in the usual
way. For crisp sets C; and C, consisting of elements x; selected from the universe
of discourse U, their crisp union is given by

C,UC, ={x €Ulx, €C orx, €C, orboth} (10.11)

For those unfamiliar with this notation, this expression should be read: C; v C, is
the set consisting of those elements that are in C; or are in C, or both.
Their crisp intersection is given by

C,NC,={x €Ulx, €C andx €C,} (10.12)
The crisp complement of C, is given by

-C, ={x eUlx, ¢C} (10.13)

Membership functions exist for both crisp and fuzzy sets. The membership
functions for fuzzy sets, can, and normally do, consist of more than just 0 and 1,
however. Let X describe a universe of discourse, which even for fuzzy sets is not
fuzzy itself, and let F < X be a fuzzy set on X. us(x) denotes its membership
function. This function describes the degree of similarity of x to the fuzzy set F
and is normally a connected curve, although not necessarily continuous nor
smooth, describing this similarity. Its values normally range from 0 to 1, where
4A(x;) = 0 means there is no similarity between x; and the set F and pr(x;) = 1
means there is total similarity between x; and F. Values in between 0 and 1 for
Hr(x) are allowed; pe(x;) = 0.6, for example, would indicate that x; is more similar
to F than it is dissimilar.

Therefore, a fuzzy set is totally defined by the variables in the set and the
membership function. The notation for a fuzzy set is

F={x,p (x)|x, € X} (10.14)

As an example of a fuzzy set, suppose F is the set “short American men.” Its
membership function might be as shown in Figure 10.3. Any American man less
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| M)

0 N
60 62 64 66 68 70 72 74 76 78
Height (inches)

Figure 10.3 Example of a membership function.

than 66 inches is considered short. If a man is taller than 66 inches, then he
belongs to a set that is considered short on a linearly decreasing scale until he
reaches 77 inches, at which point, if he is larger than 77 inches, he is no longer
considered short at all.

Definition:  Support for fuzzy set F is the crisp set of all points x in U such that
Hrx) > 0.

In the above example, the support for F is given by

Support F = {x; | x; < 77 inches}

Definition: The element x in U at which u(x) = 0.5 is called a crossover point. F,
whose support is a single point x € U with us(x) = 1, is called a fuzzy singleton.

Just as there are fundamental operations on crisp sets, there are fundamental
operations defined for fuzzy sets. If F and G are two fuzzy sets, then:

Definition: Fuzzy Union: For F U G, the membership function is given by
Hrog(x) = max[ug(x), ps(x)], where “max(arguments)” refers to the maximum
arithmetic value of the arguments. This is also defined as the smallest fuzzy set
containing both F and G.
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Definition: Fuzzy Intersection: For F N G, the membership function is given by
Hrac(x) = min[u(x), pe(x)], where “min(arguments)” refers to the smallest
arithmetic values of the arguments. It is also defined as the largest fuzzy set that is
contained in both F and G.

Definition: Fuzzy Complement: The complement of F, denoted by —F has a
membership function given by y_g{x) =1 — p(x).

In crisp logic there is a law, called the law of the excluded middle, which says
that

FU-F=U (10.15)
which means that a set and its complement, taken together, defines the entire

universe of discourse. Fuzzy logic, on the other hand, does not have this same
condition present. That is, normally

FU-F =U (10.16)

Likewise there is a law, called the law of contradiction, in crisp logic that says
that the intersection of a set with its complement must be the null set, the set with
no elements in it. In symbols,

FN-F=0© (10.17)
where O is the null set. In fuzzy logic, this law does not apply; that is, normally
FN-F=o (10.18)
10.2.2 Relationships
Relationships, or functions on sets, describe mappings from one set to another. A
relation y = flx) can be described as sets of tuples, that is, members (often

numbers) in pairs given by (x, y).
Ifx € Uandy € V, then a crisp relation R(U, V) can be characterized by

1, x,y)ERWU,V
e (7) = () € RO.P) (10.19)
0, otherwise
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where R(U, V) describes the relationship between U and V. This form is useful for
relationships between finite sets. It is often inconvenient for infinite sets, including
continuous functions. .

Fuzzy relations represent a degree of presence or absence of association
between the elements of two or more fuzzy sets. An example of a binary fuzzy
relationship is “x is much larger than y.”

Let U and V be two universes of discourse. A fuzzy relationship R(U,V) is a
fuzzy setin U x V.

R(UY)={(%9), 112 (. 3)|(x.¥) €U XV} (10.20)
Definition: Containment: (also called subset): F is contained in G if and only if
HA(x) < po(x):
FCG& e (x)< pg(x) (10.21)
Figure 10.4 shows these operations on the two fuzzy sets F1 and F2.

Sometimes alternative definitions of AND and OR are used. This is to simplify
the computations required. Two of these definitions are

Peng (%)= Hr (x) g (x) (10.22)

that is, the algebraic product, and

, 71 2 1 FIOR 2
0.5+ 0.54
0 0
1 L NOT Fl
FI AND F2
054 0.5
0 0

Figure 10.4 Operations on fuzzy sets.
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Figure 10.5 Triangular membership function.
e (2) = b (3)-+ 1o (x) = (<)t (3) (10.23)

Note that these do not evaluate to the same numbers arithmetically as those
definitions given previously, but in some cases effective use can be made,
especially in those cases when real-time computations are required. Herein the
definitions given first above will be used exclusively.

10.2.3 Common Membership Functions
A common set of mathematical functions is often used in order to simplify the
mathematics used in computing fuzzy logic functions [9]. In this section a few of

these are presented.

10.2.3.1 Triangular Membership Function

triangle(x; a, b,c¢) = max | min x—a’c—x , 0 (10.24)
b—a c-b

The parameters a, b, and ¢ specify the three corners of the triangle; see Figure
10.5.
10.2.3.2 Trapezoidal Membership Function

The trapezoid membership function is given by
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trapezoid(x;a,b,c,d) = max|min u, 1, u , 0 (10.25)
b—a d—c

The parameters a, b, ¢, and d specify the corners of the trapezoid; see Figure 10.6.
10.2.3.3 Gaussian Membership Function

The Gaussian membership function is given by [10]

==

4

Gaussian(x;o, ) =e

(10.26)

where ¢ is the mean of the Gaussian function and o is the standard deviation.
Shown in Figure 10.7 is Gaussian(x;1,0).

10.2.3.4 Generalized Bell Membership Function
The generalized bell membership function is given by [10]

1

XxX—c

bell(x;a,b,¢) =
1+

2b

a

where c is the center of the curve, ¢ — a is the lower point where the curve is 0.5, ¢
+ a is the point where the curve is also 0.5, and the slopes at these points are 5/2a
and —b/2a, respectively. Shown in Figure 10.8 is the generalized bell membership
function.

10.2.3.5 Logistic Function

The logistic is also a useful continuous membership function [11]. Its equation is
given by

1

—_ e—/‘:t

logistic(x, k) = ] (10.27)

This curve is plotted in Figure 10.9 for k= 1.
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Figure 10.6 Trapezoidal membership function.
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Figure 10.7 Gaussian membership function.
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slope = -bf2a

bell(x;a,b,c)

Figure 10.8 Generalized bell membership function.

o
v
\

logistic(x, 1)
(=]
AV

o
)
[

/
4
0 -8 -6 4 2 0 2 4 6 8 10
X

0

Figure 10.9 The logistic membership function fork = 1.
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Figure 10.10 Z-function.

10.2.3.6 Z-Function

The Z-function is the logistic function reversed. Its equation is given by

1

Z(x,k):l—l_l_e_,Ct

(10.28)

which is plotted in Figure 10.10 for k= 1.
10.2.3.7 Sigmoid Function

The Sigmoid function [12, 13] (or S-function) is similar to the logistic function. It
is given by :

2
Z[X_a] s a<x<b

S(x;a,b,c) =1 (10.29)

2
1_2[x—a] , b<x<c

1L x>c

and is illustrated in Figure 10.11.
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0.5

S(x;a,b.¢)

Figure 10.11 Sigmoid function.

10.2.3.8 m-Function

The n-function [14] is useful as a continuous function that is bounded at both
ends. It is given by

S(x;a—b,a), x<a

W(x;a,b) = (10.30)

1—S[x;a+%,a+b], x>a

This function is illustrated in Figure 10.12.
10.2.4 Fuzzy If-Then Rules

Fuzzy if-then rules, or simply fuzzy rules, are given by

0.5

a(x;a,b)

a-b a atb

Figure 10.12 n-function.
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ifxis AthenyisB

where A and B are linguistic values defined by fuzzy sets on universes of
discourse X and Y, respectively. Examples of linguistic values are “short
American men” and “poor troop morale.” These values take on ranges, as
discussed above, as opposed to specific values, and therefore “x is A” might mean
“Joe is a short American man.”

In this expression, “x is A” is referred to as the antecedent or premise, and “y is
B” is referred to as the consequence or conclusion. Continuing the example with
short American men, if “x is A” means “Joe is a short American man” is the
antecedent, then “y is B” might mean “the left door is tall enough.” Here, y is the
left door and B is the set of all doors in the universe of discourse (presumably in
the same room with at least a door on the left and another door someplace else).

10.2.5 Fuzzy Reasoning

The fundamental concepts involved with reasoning with fuzzy logic principles are
presented in this section.

10.2.5.1 Generalized Modus Ponens

The fundamental law of inference for crisp sets is called modus ponens and it says
that if 4 is true and 4 implies B, then B is true. “4 implies B” is referred to as an
implication. There is an equivalent rule in fuzzy logic that generalizes this
concept, called generalized modus ponens, which says:

Premise 1 (fact or, in reality, often an assumption): xis A’
Premise 2 (rule): ifxis A thenyis B
Consequence (conclusion): yis B’

where A’ is close to 4 and B’ is close to B. The meaning of “close” will become
apparent subsequently.

10.2.5.2 Fuzzy Reasoning Based on Max Min Composition
Let 4, 4°, and B be fuzzy sets of X, X, and 7, respectively. Assume that the fuzzy

implication 4—B is expressed as a fuzzy relation R on X x Y. Then the fuzzy set
B’ induced by “x is A’” and the fuzzy rule “if x is 4 then y is B” is defined by
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Max

Figure 10.13 Max min composition on fuzzy sets.
Ky (y)'__mfxmin[ﬂ/;' (x);ﬂk (x,y)] (10.31)

This is called the max min composition for fuzzy sets.

For the target recognition application being considered here, the last step
(maximization) is not necessary. The target with the largest area under its
associated C; curve would be the identified one, assuming that this area is above
some minimum threshold value.

The above described one relationship between fuzzy sets. This can be extended
to more than one antecedent or rule as follows. In Figure 10.13,

Premise 1 (fact or assumption): xisA’andyis B’

Premise 2 (rule 1): ifx is 4 and y is B; then z is C;
Premise 3 (rule 2): ifx is A, and y is B then z is C;
Consequence (conclusion): zis C’

The shaded areas on the left four charts represent the common area beneath the
membership functions, which is the membership function of the intersections. The
largest value of these membership functions is projected to the right onto the lines
labeled “Min.” At that point, the minimum value is selected, which is then
projected further to the right onto the Z membership functions C; These
minimums form a type of weighting for the C; membership functions. They can be
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thought of as the amount of weight given to their respective C; in computing the
max min composition. The minimums of the C; thus selected are projected
downward to the line labeled “Max” where the maximum, or union, function is
performed. The resultant membership function is the maximum of each of the
individual weighted membership functions.

The question still remains: What is the significance of the last statement “z is
C'”? This will be addressed below, after an example is given to illustrate the
points just covered.

Example: (Fuzzy Logic)

For a specific example of the use of fuzzy logic to recognize targets, suppose there
are six signal parameters necessary given by:

(1) Signal bandwidth expressed as a fraction of the channel width,

(2) Signal power (variance), normalized to a maximum value so the range is
0, 1);

(3) Line of bearing;

(4) Amount of power from an AM demodulator, normalized to a maximum
value of 1;

(5) Amount of power from an FM discriminator, normalized to a maximum
value of 1;

(6) SNR of the predetected signal.

Membership functions for the bandwidth as a fraction of the channel width is
shown in Figure 10.14, where low, moderate, and high spectral occupancy form
the categories. There is nothing magic about these curves. They are best estimates
of what might be good functions to use to categorize channel occupancy. These
functions have been linearized for simplicity in presentation.

These membership functions are given by

Hrownw (¥) = trapezoid(x;0,0,0.15,0.25)
Htoderatenw (X) trapezoid(x; 0.20,0.40,0.60,0.70)
Hggigew (%) trapezoid(x;0.50,0.70,1.0,1.0)

I

The membership functions for the amount of power in the predetected signal
are shown in Figure 10.15. These relationships are given by the following:
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Figure 10.14 Membership function for signal bandwidth expressed as a fraction of the channel width
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Figure 10.15 Membership function for signal power.
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Figure 10.16 Membership functions for the line of bearing.

Hrowprowes (¥) = trapezoid(x;0,0,0.30,0.70)
Htodemteponer (X) = triangle(x;0.25,0.50,0.75)
atighpower (%) trapezoid(x; 0.60,0.70,1.0,1.0)

The membership functions for the line of bearing (LOB) are shown in Figure
10.16. There is a membership function defined for every 10° increment in azimuth
that is 20° wide at the bottom. The ith function is given by

Pros, (x) = triangle(x;i—10,i,i+10)

The amount of AM on a signal, whether intended or unintended, can be a
sorting parameter. Unintentional AM on an FM signal, for example, can be caused
by a malfunctioning power supply in the transmitter, which would tend to identify
that particular transmitter until the power supply is fixed. The AM modulation
membership functions are shown in Figure 10.17. Thus,
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AM modulation
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Figure 10.17 Membership function for AM.

Hyowan (X) trapezoid(x;0,0,0.20,0.70)
Hrtoderateant (%) trapezoid(x;0.20,0.40,0.50,0.70)
Hgnan (X) = trapezoid(x;0.20,0.70,1.0,1.0)

Unintentional FM on an AM or PM signal can also be a sorting parameter.
Such FM on an AM signal, for example, could be caused by a local oscillator that
is unstable and varying in frequency. This also would tend to stay with that
transmitter until it is fixed. Therefore,

Hrowsm (X) = trapezoid(x;0,0,0.25,1.0)
Eaosermerns (X) = trapezoid(x;0.25,040,0.70,1.0)
Prigning (X) = triangle(x;0.25,1.0,1.0)

These membership functions are shown in Figure 10.18.

The last membership functions, pertaining to the SNR of the predetected
signal, are shown in Figure 10.19. The higher the SNR, in general, the better signal
recognition results ensue, and it is important to factor that into the process. A high
SNR is also an indication of the proximity of the transmitter to the EW system.
The membership functions are given by

Prowsie (X) =  trapezoid(x;0,0,10,30)
Prtogermesnr (X) = trapezoid(x;—2,10,15,30)
Puignswr (¥) = trapezoid(x;—2,27,45,45)
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Figure 10.18 Membership function for FM.
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Figure 10.19 Membership function for predetection SNR.
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Figure 10.20 Premises for the example.

Given these fuzzy sets of membership functions, we will now proceed to
establish the logical inferences of the problem. Premise 1 is given by

aisA’,bisB’,cisC’,disD’,eis E’ and fis F’

where 4°, B*, C’, D, E’, and F” are as shown in Figure 10.20. These premises are
the estimates of the parameters established with the techniques described in
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Chapter 9. The estimation procedure can provide a measure of the confidence in
the estimate, and that confidence measure can be used to define the membership
functions.

In this example, the estimate of the bandwidth is fairly low—between 0 and
20% of the channel width, with the average at 10%, as seen in Figure 10.20(a).
The power in the signal is significant, being close to the maximum as seen in
Figure 10.20(b). The estimated LOB, whose membership function is shown in
Figure 10.20(c), is 118°, with an associated estimate of the possible error in that
value. The membership function for the estimate of the amount of AM
modulation in the signal is shown in Figure 10.20(d). There is about 25% of the
maximum amount of such modulation in this case. Likewise for the FM
modulation, except the membership function is somewhat wider, as shown in
Figure 10.20(e). Finally, the predetection SNR membership function, shown in
Figure 10.20(e), indicates that the SNR is about 20 dB, with variability of +10 dB.

The next step is to apply the logical if-then statements, or simply rules. For
illustration purposes, the following two will be used:

Rule 1:

If the fraction of the channel occupied is (low or moderate);
and  the power is (moderate or high);

and the LOB is (120°;

and the AM modulation is (> 10%);

and the FM modulation is (moderate or high);

and the predetection SNR is (moderate or high);

Then the target is 7).

Rule 2:

If the fraction of the channel occupied is (low),
and the power is (moderate);

and the LOB is (110°);

and the AM modulation is (moderate or high);
and the FM modulation is (high);

and  the predetection SNR is (moderate or high);
Then the target is 7.

In these rules, the parentheses indicate that the logical function contained therein
should be evaluated first—the so-called order of precedence in mathematics.

The first of these rules with the premise overlaid is shown in Figure 10.21.
Notice the graph of where the OR functions have been computed which represent
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the max values of each of the individual curves involved. The shaded regions
comprise the common areas of the membership functions and the premise—it is
the highest point on these membership curves that is used for the max min
composition. These points are carried to the right in the figure by the dotted lines.
The 45° lines on the right simply reflect the values onto a common line so that the
overall minimum can be obtained; they do not change the values. These lines are
necessary only to fit all of the parts of the figure on one page. The depiction of the
second rule is shown in Figure 10.22, where the same layout applies.
The minimum valucs from these curves are selected to determine the

magnitude of the conclusion sets, as shown in Figure 10.23.

OQutput

The center of mass of the calculated minimum functions can be calculated with

f: p1(z)dz

B f;z(:)dz

(10.32)

for continuous (=) and

Z:, j(z,)
s e (10.33)

DINIED!

if the membership function is discrete. This is a measure of the center of the
membership function, and, if = were a random variable and z(z) were its
probability density function, this is the equation of the mcan. In this example, the
target is identified as 7Ty since the arca under its curve is larger.

10.3 Concluding Remarks

This chapter presented two methods for computer reasoning with the estimates
made from measured data in a communication EW system. The estimates are
obtained with the methods presented in Chapter 9, and the meanings of the
cstimates are derived with the methods presented in this chapter.
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Target is T,
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Z (fraction)

Target is 7,
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e
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Z (fraction)

Figure 10.23 Conclusion sets.

The two techniques discussed, evidential reasoning and fuzzy logic, are
certainly not the only ones available for computer reasoning. They are, however,
relatively straightforward and easy to understand. Both are readily implemented on
general purpose computers.
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Chapter 11

Resource Allocation

When a signal is detected by some mechanism, in order to determine if it’s an SOI,
further processing is normally required. Signal processors typically perform this
processing in the system, and the number of them is normally limited. Thus,
conflicts arise with their utilization. The effects of limiting the number of signal
processors, or other system resources, are discussed in this chapter.

11.1 Queues

Queuing theory proves useful for the analysis of such conflicts. This theory was
first investigated by A. K. Erlang (1878-1929), a Dutch mathematician, for the
study of blocking and waiting times in telephone systems [1]. Allen presented an
excellent introduction to queuing theory in designing telephone systems [2]. His
particular emphasis was on communication and computing system applications,
but the results are applicable to communication EW systems as well.

Queuing theory is the study of waiting lines, or queues [3]. The principal
components are an input source (population), the queue, the queue discipline, and
one or more servers. A block diagram of a notional queuing system is shown in
Figure 11.1.

The input source produces customers. These customers are generated
according to a statistical distribution that describes their interarrival time at the
queue input. These customers join the queue, waiting for their turn to use a server.
The servers will select the next customer to service according to the queue
discipline. The head of the queue is the customer that arrived first. The tail of the
queue can mean two things: either all of the whole queue except the head, or the
last customer in the queue. Which meaning applies depends on the context. The
size of the population can be finite or infinite—most of the time it is assumed to be
infinite. :

321
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Population

Customers
—
Queue

Figure 11.1 Queuing system block diagram.

The size of the queue can also be either infinite or finite. A finite queue can
hold only a limited number of customers. If a customer arrives when the queue is
full, that customer gets turned away. Most of the time the queue size is assumed to
be infinite, however, which simplifies the mathematics describing the process. In
any case, if the size of the queue is significantly larger than the likely number of
customers then for all intents and purposes the queue is infinite. The amount of
time a customer waits in the queue is called the queuing time.

The queue discipline is the method by which the server selects the next
customer to serve. Normally this is first-come first-served (FCES), also called
first-in first-out (FIFO), but there are others. In the FIFO queue, the head is
selected next. In the last-in first-out (LIFO), the last customer to arrive is selected
next. There also are priority schemes, where a particular type of customer has a
higher priority than the rest of the customers in the queue. If present in the queue,
it is selected next. The queue discipline could also dictate that the next customer to
be served is selected at random.

The server, or service mechanism, is the method that the customers receive
service once they have been selected. The service fime is the amount of time that a
customer requires to be serviced, and it need not be, and normally is not, the same
for all customers. The service time is described by a probability distribution. The
most normal case is to assume that there is only one server, but that can be
generalized to include N > 1 servers.
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When the system is in steady state, it has been in operation for a considerable
time. When a queuing system is just started and has not yet achieved steady state,
it is in transition. Steady state is normally defined as that point at which the state
of the system has become independent of the initial state and the total elapsed
time.

11.1.1 Statistics for Queuing Theory

There are four generally accepted statistical distributions encountered in queuing
theory: the degenerate distribution, the exponential distribution, the Erlang
distribution, and the general distribution.

In a degenerate distribution, the variable is a constant value. This would be the
case if the variable does not change, so that the distance, velocity, production rate,
and so forth are constant. In fact, this distribution is not really a statistical
distribution at all—the variable is deterministic.

The time between arrivals 7, is a Poisson process which has an exponential
distribution with the pdf

Mﬂ=lﬂ7, 0<x< oo, a>0 (11.1)
<

where A= 1/a. Note that

1
E{T}—X (11.2)
and
var(T)-—L (11.3)
=37 }

An example of this distribution is shown in Figure 11.2.

The number of arrivals in a fixed time interval T is also Poisson distributed
with parameter m = AT;. For this distribution the number of customers that arrive
in interval 7 is a discrete rv, denoted by X such that

x

Pr(X = x) =2
x!

EX)=m (11.5)

e (11.4)
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Figure 11.2 Exponential distribution when A= 1/20.
and
var(x) =m (11.6)

The exponential distribution is a special case of the Erlang pdf, which is given by

k+1 _k

k!

plx)= e, 0< x< o0, B>0 (11.7)

So the exponential distribution is the Erlang distribution with k=1 and a= 1/.

The general distribution actually does not specify a distribution. The results
apply to all distributions. When a specific pdf is applied to the problem, further
restrictions are applied.

The arrival rate of radar pulses in a dense target environment at an electronic
intelligence (ELINT) EW system has been analyzed to be approximately
exponential [4]. This was verified by analysis and simulation by El-Ayadi et al.
[5]. This is basically the same as the arrival of pulses at a communication EW
system in a moderate frequency-hopping target environment. The target
environment considered in the latter reference was over the range of 30,000 to
60,000 pulses per second. A tactical communication EW system would probably
have to deal with about this amount as well. At this pulse rate, if the targets are
hopping at 100 hps, there would be about 300 to 500 active emitters at a time.
Since, typically, tactical push-to-talk (PTT) communication networks use their
communication systems at a duty cycle of about 10% on average, that would
imply that there are a total of 3,000 to 6,000 total targets that the EW system
would have to deal with within its hearing range.
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11.1.2 Kendall-Lee Notation

D. G. Kendall (1918 —) proposed a standard notation for queue types [6]. Lee later
extended that notation [7]. The standard is given by

A/B/!S:(d/C/P) (11.8)

where

A = Distribution of interarrival times of customers;

B = Distribution of service times;

S = Number of servers;

d = The queue discipline;

C = Maximum total number of customers that can be accommodated in the
system,;

P = Calling population size.

The two distributions, 4 and B, can be any one of the following distributions:

M = Markovian distribution (exponential);

D = Degenerate (or deterministic) distribution;
E, = Erlang distribution (£ = shape parameter),
G = General distribution.

Kendall introduced the first three notations while Lee added the latter three.

As mentioned, S is normally 1 or a variable to be determined. C is normally
either infinite or a variable to be determined, as is P. If C and P are infinite they
are usually omitted. If C is infinite but P is not, then the infinity symbol is needed
for C. When only the first three symbols are used, the last three are assumed to be
FIFO/co/c0.

For example, E;/E/1 describes a queuing system that has an Erlang distribution
with shape parameter & for the interarrival times of the customers, an Erlang
distribution with shape parameter / for the service time distribution, and a single
server.

The symbol A denotes the mean arrival rate when P is infinite and A, denotes
the mean arrival rate when P is not infinite and there are »n customers in the
system. Likewise, u, denotes the mean service rate when there are » customers in
the system and when the mean service rate is constant for all servers, x denotes the
mean service rate. When there are multiple servers, x and u, represent the total
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rate of all the servers in the system. In steady state, the arrivals are random and
form a Poisson process at a constant average rate.
Some notation in queuing theory is:

P; = Probability of exactly i customers in the queuing system;

L = Expected number of customers in the queuing system;

L, = Expected queue length and includes customers currently being served;
= Waiting time in the system, including service time, for each customer;
W =&{w};

w,= Waiting time in queue, excluding service time, for each customer;

W, =E,).

11.1.3 Queue Relationships

For all queues the following applies:

Expected interarrival time = % (11.9)
Expected service time = L (11.10)
7
Property: Little’s Law
Little’s law states that for a steady state system,
L=)\W (11.11)
as well as
L =)W, (11.12)

If the arrival rate of customers is dependent on the size of the queue, then A in
(11.11) and (11.12) must be replaced with the average arrival rate X . In addition,

W:Wq+l (11.13)
"

Since A is the constant average arrival rate and x is the maximum service rate
when the system is busy, when in steady state A <y or else the queue would
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continue to expand. Also, in steady state the average output rate must equal the
average input rate.

The system vacillates back and forth between two states: busy and idle. When
busy, the system produces an average output rate of 4. In an idle period there are
no customers and no output. If Py denotes the proportion of time the system is idle,
then the utilization of the system, which is defined as the proportion of time the
system is busy and denoted by p, is given by 1 — Py. p is also called the traffic
intensity. Thus, in steady state the arrival rate = departure rate = A and

A=0F +pu(1-F)

SO

which yields the utilization

p=§ (11.14)
7

In steady state with a single server, p <1.

11.1.4 M/M/1 Model

In the M/M/1 model, the customer arrival time is exponential, as is the service
time. Assuming the system is in steady state, let f{7) denote the pdf of the customer
arrival rate and g(¢) the pdf of the service time. Then

fBy=xe™
g(p) = pe™ (a1
Thus, from (11.14) the server utilization is
A (11.16)

p:
U
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Figure 11.3 Mean number of customers in the system.

The probability that there are » customers in the queue and being serviced at any
given time in a steady state system is

B =Q1-p)p" (11.17)

With this probability, the average number of customers in the system can be found
as

]

L=EMnm)= ZnP,l = in(l—p)p"

n=0 n=0
S (11.18)
1—p

This simple expression is shown in Figure 11.3, which illustrates that as the traffic
intensity approaches 1, the average number of customers in the system explodes.
For numbers below about 0.6 the mean number is reasonably small.

The average time in the system is calculated as follows. By Little’s law,

L=XW

SO
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_L__»r
W= Y, (11.19)

The average time in the queue before being served is given by

W= -
n
2
P
= (11.20)
Al—p)
The average length of the queue is easily calculated.
L, = &{n} — E{number in service}
where
E{number in service}=0x Pr,+ 1x Pr(> 0)
=0Pr,+1(1—Pr,)
=1-Py,
=p (11.21)
Therefore,
L =&mnt—p
-_P _
2
=P (11.22)
1-p

Example: (M/M/1 Queue)

A signal classification subsystem is tasked by the spectrum search subsystem
when there is a signal detected at a frequency. The frequency is the only parameter
that is passed to the signal classification system. The classification system has its
own receiver that is tuned to the tasked frequency, if available, so that the
spectrum search system can move on to new frequencies. On average, a signal is
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detected every 500 ms and it takes the classification system an average of 200 ms
to obtain an answer.

How busy is the classifier?

= | signal = 2 per second
500 ms
The mean service rate is
_ Lsignal =5 per second
200 ms
while the traffic intensity is
_A2_2
p LS

The mean number of signals in the system is

L:L-—-z§=z signals
1-p 53 3

while the mean time in the system is

__p 2511 second
Al-p) 532 3

The average size of the queue is

2
r,=-" =~ A5 025signals
1-p 253 15

If this same processor were used in a denser target environment where the signal
detection rate is 4 signals per second how would the performance be impacted?
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\ = 4 signals

= =4 per second
1 second

The traffic intensity becomes
A4
=775
The mean number of signals in the system is
L=L=i£:4 signals
I-p 51

while the mean time in the system is

A — =i§l=i second
Al—-p) 532 6
The average size of the queue is
2
L= pr_165_16 4 signals
l1-p 251 5

The size of the queue changed from about 0.25 to 3 signals.

11.1.5 Other Queue Types

The performance of the other common types of queues in some cases can be
calculated similarly to that above for M/M/1 queues. A summary chart is shown in
Table 11.1.

11.2 Concluding Remarks

A brief introduction to queuing theory as it applies to resource allocation in
communication EW systems was presented in this chapter. The limited number of
resources normally available to these systems dictates that they be shared. This
requirement for sharing typically causes scheduling conflicts, and the effects of
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Table 11.1 Types of Queues and Their Characteristics

Notati Server Utilization ~ Average Customer Average Length of
otation (v) Wait Time () Queue (L)
A p P’
M/M/1 p=— -
B A(l=p) 1-p
P pN %f
M/M/N £ NA BTz
Y " -2
1—
N
L 2
M/D/1 NA ——_ £
A 2(1—p)
M/D/N No simple formulas
M/Ey/1 1tk A I+k s
" 2k ppp—N) 2k p(p—N)
M/EW/N No simple formulas
L 2_2 2
M/G/1 NA 9 M
A 2(1-p)

& is the variance of the general distribution and 1/ is its mean.

such sharing can be analyzed with the assistance of queuing theory, as devised by
Erlang at the beginning of the twentieth century.

The most common type of queue is the M/M/1 queue, where the population
arrival rate is described by a Markov process, as is the server time distribution.
The M/M/1 queuing system has one server. Details of the statistical behavior of
the M/M/1 queue were presented.
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Appendix A

Lagrange Multipliers

There are two ways to find the maximum (or minimum) of a function f{x, y) (such
maximum or minimum is called a stationary point) with two unknowns which is
subject to a second, constraint, function g(x, y) = ¢. The first way solves for one
variable in the first function in terms of the other variable. This, then, is substituted
into the second function to create a single function in one unknown. The derivative
of this function is then found and set to zero which is then solved for the variable.
This variable is then substituted into the first function to find the second variable.
Attempting to solve such problems this way often leads to unwieldy expressions
that cannot be simplified.

The second way is based on Lagrange multipliers. In this approach, the
constraint function is restructured to equal zero, that is,

h(x,y)=g(x,y)—c=0 (A1)

This new function, equaling zero, is added to the first function after multiplication
by a constant 4, called a Lagrange multiplier,

L= f(x,y)+(x,y) (A2)
and the maximum is found by setting the partial derivatives of L equal to zero,

oL, o _, oL _,

g == A3
Ox ay oA (&.3)

This generates three equations in three unknowns that can be solved for the three
variables, although normally the value of A is only of interest for solving for the x
and y values, where f{x, y) is maximum.
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Example:

Suppose the maximum and minimum values of
S(6y)=x+2xy—5y (A4)

are to be found subject to the constraint

—x+y=4 (A.5)
Then
h(x,y)=—x+y—4 (A.6)
and
L=x42xy=5y+A(—x+y—4) (A7)
Now
oL _ 2y +A+1=0 (A.8)
Ox
O ox  —a-5=0 (A.9)
Oy
OL
eyt —~4=0 A.10
- Y (A.10)

Eliminating A from (A.8) and (A.9) yields
2x+2y —4=0 (A.11)
Using (A.11) and (A.10) generates

4y—-8=0

R (A.12)

Substituting this into (A.8) yields
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4 1=0
A+ (A.13)
A=-=5
Finally, using this in (A.9) yields
2 -5=0
xS (A.14)
x=0

So the maximum of f{x, y) occurs at (0, 2).
]
The Lagrange multiplier technique for finding the stationary points of functions
is more general than the substitution technique in that it can be applied in more
cases.






Appendix B

Convex Functions

In general, higher order functions have many local minima and maxima.
Therefore, it is necessary to determine whether a maximum or minimum found is
the global one or one of the local ones. The concept of convex functions is useful
for this purpose.

Definition: ~ Suppose  K-dimensional ~ vectors X =(x,x,,~-,x;) and
y= ( Vs Voo yK) consisting of real numbers x, and y;, exist in domain R. R is

convex if V x, y € R and for any positive constant ¢ < 1

cx+(1-c)yeRr (B.1)

u
The meaning of this is evident from Figure B.1, which shows some examples

of convex and nonconvex regions. All such lines between any two vectors in R
must lie within R for the region to be convex.

Definition: A vector X = (x,,x,,"*,%; ) is a probability vector if the elements x;

are all nonnegative and

S x =1 (B2)
=1 .

The set of probability vectors associated with symbol sources is a convex domain.
To see this, suppose p; and p, are probability vectors. Their components p; are
nonnegative and the sum of p; in each vector equals unity. The components of
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Convex regions . Nonconvex regions

The segment between
x and y is included within R.

N
7 X2
— I~

Figure B.1 Example of convex and nonconvex regions R. The domain is convex if all lines, such as the
one between x and y, are within R.

p=cp, +(1—-0o)p,, e<l1 (B.3)
are nonnegative and their sum is also unity. Therefore, p is a probability vector
and the domain of probability vectors is convex.

Functions can be convex as well.

Definition: A real valued function f{x) in convex N (upward) in a convex domain
of a vector space R, if Vx € R , f{x) and f(y) satisfies [1]

S X)+1A-0)f(¥) < flex+(1—-c)y] (B-4)

]
Geometrically, this requirement is shown in Figure B.2. In this case, the chord
expressed in the left of (B.4) must lie below the curve for the function to have a
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o)yl

cfix)+ (1 -y

Figure B.2 Convex M function.

maximum between x and y. Likewise, a real valued function f{x) is convex
(downward, also just convex) under the same conditions when

g (X)+1A—-0)f(y) = flex+(1-c)y] (B.5)
that is, when the chord is above the arc of f{x).
Definition: x, is an extreme point for convex set ¥ if each line segment that lies
completely in X and contains X, has X, as an end point of the line segment.

Mathematically this is expressed as

X, is an extreme point in X < B.6)
X, =X, +(1—¢)%,,%,%, €X,c €(0,1)=> x, =X, =X, ] '

: |
Extreme points for a two-dimensional space, 7, are the ends of lines, and extreme
points for & are the corners of planes, and so on.
Property: Jensen’s Inequality

For a convex M function f{x), Jensen’s inequality states that

f[ZK: Wi Xy

> iwkf(xk) (B.7)

where the weights wy are nonnegative and they sum to unity. Expression (B.7)
means that the center of gravity lies below the arc. It also means that

© flrrssletd) ®8
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since the w;, define a probability space (defined below). Likewise, for a convex U
function f{x),

f

X
E :kak
k=1

< Z_:W* f(x) (B.9)

which says that the center of gravity lies above the arc.

u
Let vector x =[x,,x,,":-,X,] in a convex N domain. When [p,, p,,--+, p, ] are

probabilities that sum to unity, then from Jensen’s inequality,

f [Zpkxk ZZpkf () (B.10)
This means that
F(EE)=E (x) (B.11)

where £{.} denotes expectation.

It can be shown that if fi(x), /(X), ..., fr(x) are convex N functions and ¢y, ¢,
..., Cg are positive real numbers, then the sum

S=ZK:ckfk(x) (B.12)

is also convex M.
For a one-dimensional vector x, f{x) is convex N at x whenever

d’f(x)
52

<0 (B.13)

Likewise f{x) is convex U at x whenever

d’f(x)
de

>0 (B.14)

If
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ﬂ@:o (B.15)
dx

at x, then x is an inflection point, changing from convex M to convex U or vice
versa. Expressions (B.13) and (B.14) are simply the requirements learned in
elementary calculus for a minimum and maximum, respectively, of a function at a
stationary point.

Reference
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ES electronic support

EVGA equal variance Gaussian assumption
EwW electronic warfare
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FFT fast Fourier transform
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FT Fourier transform
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LOB line of bearing
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LRT likelihood test
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moving average

maximum a posteriori
maximum entropy

maximum envelope peak
megahertz

maximum likelihood estimate
maximum likelithood
minimum mean square error
mean square frequency error
multiple signal classification
minimum variance spectral estimation
minimum variance unbiased

Neyman-Pearson

partial band filter bank combiner
personal communication system
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position fix

processing gain

phase lock loop
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random variable
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SZE signal-to-interference ratio
™ time bandwidth product
UAV unmanned aerial vehicle
UHF ultra high frequency
UMP universally most powerful
VHF very high frequency

WSS wide-sense stationary
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