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PREFACE

In this assemblage of problems, the emphasis is upon the method of
solution. Thus they provide a double challenge to the reader—to
solve the problems and to devise solutions more elegant than the
ones provided.

My collection of Mathematical Quickies began in March, 1950,
when, as editor of the Problems and Questions department of Mathe-
matics Magazine, I introduced a subdepartment entitled “Quickies.”
Its heading stated, “From time to time this department will publish
problems which may be solved by laborious methods, but which with
proper insight may be disposed of with dispatch. Readers are urged
to submit their favorite problems of this type, together with the ele-
gant solution and the source, if known.” The Quickies section
caught on at once and has retained its popularity.

An elegant solution is generally considered to be one characterized
by clarity, conciseness, logic, and surprise. Brevity is not to be
achieved by omitting steps essential for easy understanding nor by
resorting to that mathematical evasion—‘‘obviously.” Naturally,
unexpectedness vanishes if the reader is already familiar with the
result.
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PREFACE

Quickness and elegance are relative matters, they are not absolute.
Often a seldom-used theorem or ong from an advanced or different
discipline will provide the magic touch. Or, it may be that mathe-
matics of a more elementary nature will speed up the solution. A
special device or one apparently unrelated to the problem may pro-
vide the quickness sought.

Good problems are likely to become anonymous over the years,
sometimes due to variations in wording that disguise unacknowledged
borrowing. Not to perpetuate this unfortunate situation, but recog-
nizing that to locate with certainty the first appearance of a problem
is practically impossible, in this volume reference to the author and
source of the solution is given. Thus the appendage, “Leo Moser,
M.M., 25 (May, 1952), 290" to the solution of problem 15, means that
the solution by Leo Moser has been taken from page 290 of the May
1952 issue of Mathematics Magazine, volume 25. If no author is
given, the solution is my own. If no printed source is indicated, the
author of the solution conveyed it directly to me.

Abbreviations employed are: A.M.M. (American Mathematical
Monthly), M.M. (Mathematics Magazine), N.M.M. (National Mathe-
matics Magazine), P.M.E.J. (Pi Mu Epsilon Journal), and S.8.M.
(School Science and Mathematics). The publishers of these maga-
zines and of The Pentagon were gracious enough to grant permission
to reproduce material from their journals. To them and to the
other sources which are clearly attached to the pertinent solutions,
grateful acknowledgment is made.

Upon oceasion, the original solution has been paraphrased without
modifying the method. In some cases where well-known symbols
facilitating compactness are not available, the exposition of the
solution may seem long although the basic ideas and steps involved
are relatively few.

Since an essential part of problem solution is to settle upon the
particular mathematical discipline to be used, classification of the

viii



PREFACE

problems by mathematical field has been avoided. In this purposeful
disarray, the difficulty of the problems has been varied, with rela-
tively easy ones randomly distributed throughout the book.

To facilitate ready passage from problem to solution and vice
versa, a dictionary style of heading has been provided on the pages.
The problems and solutions are given in the same order so that they
may be located readily.

All the ideas involved in the solutions should be comprehensible
to the good high school student. Some of the problems may well
provide a definite challenge to the graduate student. Should any
reader find a solution more elegant than the one given, or publication
of the “quickie solution” previous to the recorded reference, he is
hereby asked to share the discovery with me.

2404 Loring Street Charles W. Trigg
San Diego
California 92109
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CHALLENGE
PROBLEMS

270 intriguing problems of varying difficulty have been
selected from various mathematical fields and sources.
They offer a double challenge—to solve the problem
and to demse a neater, quicker, more elegant solution
than the one published in the solution section which
begins on page 77.

Problems from the different mathematical fields are
distributed at random throughout the collection. No
attempt has been made to isolate the easier ones.
They may appear any place in the list.

The challenge problems are numbered consecutively
for easy reference. Nwumbers of the problems printed
on a page appear al the upper outside corner of the

page.






1. The Careless Mailing Clerk

After a typist had written ten letters and had addressed the ten
corresponding envelopes, a careless mailing clerk inserted the letters
in the envelopes at random, one letter per envelope. What is the
probability that exactly nine letters were inserted in the proper
envelopes?

2. The Pythagorean Theorem

Prove that the square of the hypotenuse of a right triangle equals
the sum of the squares of the other two sides.

3. Four Equations in Four Unknowns

Completely solve the following system of equations:

10

z+yt+zt+w
22+ yP+ 22+ w= 30
2+ P+ 22 + w' = 100

zyzw = 24



CHALLENGE PROBLEMS 4-7

4. A Test with Zero Score
On a 26-question test, five points were deducted for each wrong
answer and eight points were credited for each correct answer. If

all the questions were answered, how many were correct if the score
was zero?

S. Ptolemy’s Theorem

In any cyclic convex quadrilateral, show that the product of the
diagonals equals the sum of the products of the opposite sides.

6. Easy Factoring

Without grouping, factor
2 — oy + 2% — Y+ 2y - Y+ - oy 4t

7. Mental Computation

Square 85 mentally.



CHALLENGE PROBLEMS 8-12

8. A Quartic Equation

How many negative roots does the equation

=522 - 42— Tr+4 =0 have?

9. A Million on Each Side

An array of two million points is completely enclosed by a circle
having a diameter of 1 inch. Does there exist a straight line having
exactly one million of these points on each side of the line? If so,
why?

10. An Infinitude of Primes

Show that there is an infinitude of prime numbers.

11. Complex Numbers
Simplify (27 + 86)/(3 + 2).

12. Overlapping Areas

A circle of radius 15 intersects another circle, radius 20, at right



CHALLENGE PROBLEMS 13-17

angles. What is the difference of the areas of the nonoverlapping
portions?
13. A Tennis Tournament

There are n players in an elimination-type singles tennis tourna-
ment. How many matches must be played (or defaulted) to determine
the winner?

14. Summing a Factorial Series

Find the sum of the series

11 + 22 +3@3Y) + -+ 4+ n(nl).

15. Intersecting Cylinders

The axes of symmetry of two 2-inch right circular cylinders intersect
at right angles. What volume do the cylinders have in common?

16. Representations of an Integer

The number 3 can be expressed as a sum of one or more positive
integers in four ways, namely as 3,1 + 2,2 4+ 1,and 1 + 1 + 1.
Show that any positive integer n can be so expressed in 27! ways.

17. Quartic with a Rational Root

Show that the quartic equation
(J)et+( )+ ( )+ ( )z+( )=0



CHALLENGE PROBLEMS 18-20

where the gaps are filled in by any arrangement of the numbers
1, —2, 3, 4, —6, always has a rational root.

18. Resistance of a Cube

Each edge of a cube is a 1-ohm resistor. What is the resistance
between two diagonally opposite vertices of the cube?

19. A Facetious Division

Each letter in the cryptarithm A HHAAH/JOKE=HA
uniquely represents a digit in the decimal scale. What is the arith-
metic division?

20. The Flower Salesman

A girl entered a store and bought z flowers for y dollars (2 and y
are integers). When she was about to leave, the clerk said, “If you
buy ten more flowers I will give you all for $2, and you will save 80
cents a dozen.” Find z and y.



CHALLENGE PROBLEMS 21-23

21. Relative Polygonal Areas

An equilateral triangle and a regular hexagon have equal perimeters.
What is the ratio of their areas?

29. The Inverted Cups

It is desired to invert the entire set of n upright cups by a series
of moves in each of which n — 1 cups are turned over. Show that
this can always be done if n is even, but never if # is odd.

23. The End of the World

On April 1, 1946, the Erewhon Daily Howler carried the following
item: “The famous astrologer and numerologist of Guayazuela, the
Professor Euclide Paracelso Bombasto Umbugio, predicts the end of
the world for the year 2141. His prediction is based on profound
mathematical and historical investigations. Professor Umbugio com-
puted the value of the formula

1492~ — 1770 — 1863~ 4 2141~

forn = 0,1, 2, 3, and so on, up to 1945, and found that all the numbers
which he obtained in many months of laborious computation are
divisible by 1946. Now, the numbers 1492, 1770, and 1863 represent
memorable dates: The Discovery of the New World, the Boston
Massacre, and the Gettysburg' Address. What important date may
2141 be? That of the end of the world, obviously.”

Deflate the professor! Obtain his result with little computation.



CHALLENGE PROBLEMS 24-26

24. Six Distinct Integers

Find the smallest set of six distinct integers with the property that
the product of any five of them is one or more periods of the unit
repetend of the remaining one. For example: 14; = 0.0243902439- - -,
50 02439 is the unit repetend of 41.

95. Length of a Helix

Ten turns of a wire are helically wrapped around a cylindrical tube
with outside circumference 4 inches and length 9 inches. The ends
of the wire coincide with the ends of the same cylindrical element.
Find the length of the wire.

26. A Minimum Problem
Show that for all positive values of p, ¢, r, and s,

@PF+r+D@+e+1)(P?F+r+1)(2+s+1)
pqrs

cannot be less than 81.



CHALLENGE PROBLEMS 27-31

27. Digits of a Square Number

Show that any perfect square in the decimal system which has two
or more digits contains at least two distinct digits.

28. Interlocking Committees

There are 15 men on the board of directors of a large company,
and 20 committees are associated with the board. It is required to
set up these committees so that: (1) Each board member shall belong
to four committees; (2) Kach committee shall have three board
members; (3) No two committees shall have more than one board
member in common.

29. The Jigsaw Puzzle

In assembling a jigsaw puzzle, let us call the fitting together of two
pieces a “move,” independently of whether the pieces consist of single
pieces or of blocks of pieces already assembled. What procedure will
minimize the number of moves required to solve an n-piece puzzle?
What is this minimum number?

30. A Remainder Problem

Given that f(z) = z* + z® + 22 + z + 1, find the remainder when
f(«%) is divided by f(x).

31. A Skeleton Division

Our good friend and eminent numerologist, Professor Euclide
Paracelso Bombasto Umbugio, has been busily engaged testing on his

10



CHALLENGE PROBLEM 32

desk calculator the 81 - 10° possible solutions to the problem of re-
constructing the following exact long division in which digits indis-
criminately were each replaced by z.

zzx8zzx
TTT)TTTTTTTX
TrT

TrIrx
rrx

rTrrx
R

Deflate the Professor! That is, reduce the possibilities to (81 - 10°)°,

392. Triangles in a Circle

If n points on the circumference of a circle are joined by straight
lines in all possible ways, and no three of these lines meet at a single
point inside the circle, find the number of triangles formed, all of
whose vertices lie inside the circle.

11



CHALLENGE PROBLEMS 33-36

33. Easy Multiplication

Multiply 5,746,320,819 by 125.

34. A Repetitive Series

What is the nth term of the repetitive series

—44+7-44+7—-447

|

.

.
-

35. Radical Simplification

Simplify V2 + /5 + V2 — /5.

36. The Buried Treasure

A pirate decided to bury a treasure on an island near the shore of
which were two similar boulders A and B and, farther inland, three
coconut trees C;, C;, C;. Stationing himself at C,, the pirate laid
off CyA, perpendicular and equal to C;4 and directed outwardly
from the perimeter of triangle AC\B. He similarly laid off C,B,
perpendicular and equal to C,.B and also directed outwardly from the
perimeter of triangle AC,B. He then located P,, the intersection of
AB; and BA,. Stationing hiiself at C; and Cs, he similarly located
points P; and P, and finally buried his treasure at the circumcenter
of tna.ngle Plpgpa.

Returning to the island some years later, the pirate found that a
big storm had obliterated all the coconut trees on the island. How
might he find his buried treasure?

12



CHALLENGE PROBLEMS 37-39

37. Bonus Payments

A company offered its 350 employees a bonus of $10 to each male and
$8.15 to each female. All the females accepted, but a certain percentage
of the males refused to accept. The total bonus paid was not dependent
upon the number of men employed. What was the total amount paid to
the women?

38. Product Simplification
Simplify the product
@F+1DE'+1)@E+1)---(3"+1)

39. Untangled Strings

Three strings are tied to three pegs on board A. They are tangled
and interwoven as shown in the figure. It is required to tie three
other strings to the three free ends and attach the free ends of the
new strings, which may be tangled, to the three pegs of board B in
such a way that the resultant entanglement can be combed out to
give three loosely parallel strings. How can this be done?

13



CHALLENGE PROBLEMS 40-44

40. A Difference Equal to a Quotient

Find two numbers whose difference and whose quotient are each
equal to 5.

41. The Dozing Student

A student awoke at the end of a class in algebra one morning just
in time to hear his teacher say, *“ . .. and I will give you the hint that
all the roots are real and positive.” Looking at the board he dis-
covered a 20th degree equation to be solved for homework, which he
hastily tried to copy down. He succeeded in getting only the first
two terms, 220 — 202", before his teacher erased the board completely;
however, he did remember that the constant term was +1. Can you
help our hero by solving the equation?

42. Edges of a Polyhedron

Show that no polyhedron in three-space can have exactly seven
edges, while any other integer greater than five is admissible.

43. A Simple Congruence

Show that 63! = 61! (mod 71).

44, The Triangle is Equilateral

If a, b, ¢ are sides of a triangle such that
a4+ b2+ ¢t = ab + be + ca,
show that the triangle must be equilateral.

14



CHALLENGE PROBLEMS 45-48

45, Simpler Than It Looks

Evaluate the radiéal

(1-2-4 +2-4-8+3:6-12+ --- )"3
1.3-9 + 2-6-18 + 3-9-27 + ---

46. Covering a Checkerboard

) I8
23
¥

|
o
(X3

o 3
&

If two squares of opposite colors are removed from anywhere on
an 8-by-8 checkerboard, can the remaining portion of the board be
completely covered with 1-by-2 dominoes?

47. A Numerical Equality

Show that (1110) (1111) (1112) (1113) = (1,235,431)%2 — 1 in any
system of numeration with a base greater than five.

48. Book Publishing

A series of books was published at seven-year intervals. When
the seventh book was issued, the sum of the publication years was
13,524. When was the first book published?

15



CHALLENGE PROBLEMS 49-51

49. Three Means

Show geometrically that the geometric mean G of two numbers
a and b is the mean proportional between the arithmetic mean A
and the harmonic mean H.

50. Beauty Contest

“How about telling me confidentially the secret order of the five
beauties to be featured in this year’s Annual?” I proposed to the
editor. She, of course, refused, but agreed to pass judgment on my
guess. “Isit A-B-C-D-E?”, I asked.

“You are most skillful at being wrong,” she chided. “You not
only got each person out of her true position but, furthermore, not
one in your ranking followed correctly her immediate predecessor.”

“Well, then, is it D-A-E-C-B?"’, I asked.

“Now you are improving,”’ she encouraged cautiously. ‘“You have
two in proper position and you have two following correctly their
immediate predecessors.”

After a little figuring I then told her the correct order, and she
swore me to secrecy. What is the correct order?

51. An Equation Involving Series

Find = if

B+3F+5+---+ (20 —1)° 199
0B 4434 68+ o0 + (20)8 242

16



CHALLENGE PROBLEMS 52-54

59. Piled Dominoes

7. 7777777 L

A set of n smooth dominoes 1 inch by 2 inches by 14 inch is piled
on a table, one horizontally placed domino in each layer. Find the
largest distance that the top domino can be made to overhang the
bottom one.

53. Tossing a Die

A die bearing the numbers 0, 1, 2, 3, 4, 5 on its faces is repeatedly
thrown until the total of the throws first exceeds 12. What is the
most likely total that will be thus obtained?

54. System of Linear Equations

“This system of n linear equations in n unknowns,” said the Great
Mathematician, “has a curious property.”

“Good heavens!” said the Poor Nut, “What is it?”

“Note,” said the Great Mathematician, “that the constants are in
arithmetic progression.”

“It’s all so clear when you explain it!’ said the Poor Nut. ‘“Do
you mean like 6z + 9y = 12 and 15z + 18y = 21?”

“Quite so,” said the Great Mathematician, pulling out his bassoon.

17



CHALLENGE PROBLEMS 55-58

“Indeed, the system has a unique solution. Can you find it?”
“Good heavens!” cried the Poor Nut, “I am baffled.”
Are you?

55. Division by Angle Bisector

Prove that the bisector of an angle of a triangle divides the opposite
side into segments proportional to the adjacent sides.

56. Divisibility Probability

Find the probability that if the digits 0, 1, 2, ---, 9 be placed in
random order in the blank spaces of

5_383_8_2_936_5_8_203_9_3_76

the resulting number will be divisible by 396.

57. Equation with No Integer Solutions

Prove that the equation 22 — 3y? = 17 has no solution in integers.

58. Son of a Mathematics Professor

On the blackboard the mathematics professor wrote a polynomial
f(z) with integer coefficients and said, “Today is my son’s birthday.
When his age A is substituted for z, then f(A) = A. You will note
also that f(0) = P and that P is a prime number greater than A.””
How old is the professor’s son?

18



CHALLENGE PROBLEMS 59-61

59. Locus in Space

"

4
y4 c’/ 8

Given a plane E and three noncollinear points A, B, C on the same
side of E, the plane ABC not being parallel to E. The points A’,
B’, (' are arbitrary points in E. The points L, M, N are the re-
spective midpoints of AA’, BB’, C(’, and S is the center of mass of
the triangle LMN. Find the locus of S as A’, B, and C’ move in
the plane E independently of each other.

60. Weather Analysis

During a period of days, it was observed that when it rained in
the afternoon, it had been clear in the morning, and when it rained
in the morning, it was clear in the afternoon. It rained on 9 days,
and was clear on 6 afternoons and 7 mornings. How long was this
period?

61. The Steiner-Lehmus Theorem

Prove that if two internal angle bisectors of a triangle are equal,
the triangle is isosceles.

19



CHALLENGE PROBLEMS 62-65

62. The Hula Hoop

Consider a vertical girl whose waist is circular, not smooth, and
temporarily at rest. Around the waist rotates a hula hoop of twice
its diameter. Show that after one revolution of the hoop, the point
originally in contact with the girl has traveled a distance equal to
the perimeter of a square circumscribing the girl’s waist.

63. Octasection of a Circle

If k is any real number, show that the lines
2+ kaxdy — 6y —kryP+ =0
cut the circle 22 + 32 = 1 into eight equal parts.

64. Arithmetic Progression Devoid of Powers
Find an integral arithmetic progression with an arbitrarily large

number of terms such that no term is a perfect rth power for r =
2,3,:-¢,n.

65. Area of Polygon

Find the area of the polygon in the figure.

20



CHALLENGE PROBLEMS 66~71

66. A Factorial Equation

Find all the solutions of

al(n — 1)! = m!

67. Two Related Triangles

Show that if @, b, ¢ form a triangle, then v/a, /b, 4/c form a
triangle.

68. Maximum Angle in a Circle
Given two points A and B inside a circle, for what point C on the

circumference of the circle is the angle ACB the greatest?

69. Determinant of a Magic Square

Let S be the sum of the integer elements of a third-order magic
square, and let D be the value of the square considered as a deter-
minant. Show that D/S is an integer.

70. Five-digit Nonsquares

Prove that no perfect square can be written in the decimal scale
with just five digits which are distinet, but congruent modulo 2.

71. Dissection of Spherical Surface

How may the total surface of a sphere be divided into the largest
possible number of congruent pieces, if each side of each piece is an
arc of a great circle less than a quadrant?

21



CHALLENGE PROBLEMS 72-76

72. Trisector of Side of Triangle

A D 8

If a line from vertex C of a triangle ABC bisects the median from
A, prove that it divides the side AB into the ratio 1:2.

73. A Factorization

Factor a®® 4 1.

74. A Curious Number

Find a positive number such that 14 of it multiplied by 14 of it
equals the number.
75. Two Regular Hexagons

Without using radicals, find the ratio of the areas of the regular
hexagons inscribed in and circumscribed about the same circle.

76. General Terms of Series

Find expressions which could be general terms of these series:

(a) 0, 3, 26, 255, 3124, - - -;
(d) 1,2, 12, 288, 34560, - - -.

22



CHALLENGE PROBLEMS 77-79

77. Heat Flow

Three edges of a square sheet of metal are kept at 0° each, and
the fourth edge is kept at 100°. Neglecting surface radiation losses,
find the temperature in the middle of the sheet.

78. Does This Make Sense?

If 14 of 20 is 6, then what is 15 of 10?

79. Envelope into Tetrahedrons

CHARLES W. TRIGG
2404 LominG STREET
SAN Dreco
CALIFORNIA 92109

Dover Publications, Inc.
31 East 2nd Street

Mineole, N.Y. 11501

Can any sealed rectangular envelope, after a single straight cut,
be folded into two congruent tetrahedrons?

23



CHALLENGE PROBLEMS 80-83

80. A Hammy Cryptarithm

In the following cryptarithm, each letter represents a distinct digit
in the decimal scale,

7FRYHAM)=6HAMFRY).
Identify the digits.

81. Sheep Buyers

A farmer died and left his two sons a herd of cattle which they sold.
The number of dollars received per head was the same as the number
of heads. With the proceeds of the sale the sons bought sheep at
$10 each and one lamb for less than $10. The sheep and the lamb
were divided between the two brothers so that each received the
same number of animals. How much should the son who received
only sheep pay to the son who received the lamb, in order that the
division should be equitable?

82. A Constant Volume

Prove that the volume of a tetrahedron determined by two line
segments lying on two skew lines (lines not in the same plane) is
unaltered by sliding the segments along their lines but leaving the
lengths unaltered.

83. A Repeating Decimal

Compute the first period of the repeating decimal equivalent to 14g.
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CHALLENGE PROBLEMS 84-85

84. A Radical Equation

Solve: (6x + 28)18 — (6 — 28)13 = 2,

85. The Prize Contest

Professor E. P. B. Umbugio is trying to supplement his meager
academic salary by entering soap contests. One such contest re-
quires the contestants to find the number of paths in the following
array which spell out the word MATHEMATICIAN:

M
MAM
MATAM
MATHTAM
MATHEHTAM
MATHEMEHTAM
MATHEMAMEHTAM
MATHEMATAMEHTAM
MATHEMATITAMEHTAM
MATHEMATICITAMEHTAM
MATHEMATICICITAMEHTAM
MATHEMATICIAICITAMEHTAM
MATHEMATICIANAICITAMEHTAM

Umbugio has counted 1587 paths which originate from one of the
first five rows., With the deadline for submitting entries approaching,
he is distraught, to say the least. Help the professor out by finding
the number of paths with a minimum of computation.
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CHALLENGE PROBLEMS 86-89

86. A Constant Sum

If ABC is an equilateral triangle, and P is any point on the cir-
cumference of the inscribed circle, prove that (PA)? + (PB)? +
(PC)? is constant.

87. Two Incompatible Integers

If z and y are positive integers and y > 2, show that 2 4+ 1 is
never divisible by 2 — 1.

88. A Multiple-choice Question

One and only one of the following pairs of values will not satisfy
the equation: 1872 — 104y = 41. Which pair is it?

WD zxz=3,y=5;(2) =107y = 192; (3) z = 211,y = 379;

(4) z = 314,y = 565; (5) = = 419,y = 753.

89. Concurrency of Medians

Prove that the medians AA4’, BB/, CC’ of a triangle ABC are con~
current.
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CHALLENGE PROBLEMS 90-93

90. A Surprising Square

In what system of numeration is 11111 a perfect square?

91. Polygon Inscribed in Ellipse?

Show that one cannot inscribe a regular polygon of more than four
sides in an ellipse with unequal axes.

92. Telephone Call to Sinkiang

A man is waiting to put through a person-to-person telephone call
to Sinkiang. He begins to write the number 0.12345 - ++ which has
n in the nth place of decimals. Being a tidy doodler, he attends
promptly to all “carrying figures.” Show that he may get his mes-
sage through before needing to write the digit 8.

93. The Stock Pen

A rancher decided that he needed to fence in 114 acres for use as a
stock pen. A high straight cliff could be used as one side of a rec-
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CHALLENGE PROBLEMS 94-97

tangular area. What dimensions will enable him to fence in the pen
at minimum cost?

94. Five Simultaneous Linear Equations

Solve the following set of simultaneous equations:
z+y+z4+u=5
yt+teztuto=1
z+utov+z=2
ut+v+z+y=0
vtzt+y+z=4

95. An Almost Universal Theorem

State a theorem about integers which is valid for all integers =,
with the exceptions n = 5, 17,and 257.
96. Angle Trisectors

In the triangle ABC, BD and BE are trisectors of angle B, while
CD and CE are trisectors of angle C. E is the point closer to side
BC. Prove that angles BDE and EDC are equal.

97. Units' Digits of Fibonacci Series

In the Fibonacci series, 1, 1, 2, 3, 5, 8, 13, « -+ wherein the rule of
formation is Fnyps = Fn 4+ Fpy1, Fi = F; = 1, do the units’ digits
form a repetitive sequence? That is, one similar to 055055 <« - .
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CHALLENGE PROBLEMS 98-101

98. Related Cubics

If a, b, ¢ are roots of 2* + gz + r = 0, form the equation whose
roots are (b + ¢)/a? (¢ + a)/b?% and (a + b)/c2

99. A Skeleton Product

The product of three consecutive even integers is 8 7 # * * % 8,
Find the integers and supply the missing digits in the product.

100. Inscribed Decagons

A____ 8
O\

If the circumference of a circle is divided into ten equal parts, the
chords joining consecutive points of division form a regular decagon.
The chords joining every third division point form an equilateral
star decagon. Show that the difference between the sides of these
decagons is equal to the radius of the circle.

101. The Handshakers

Every person on earth has shaken a certain number of hands.
Prove that the number of persons who have shaken an odd number
of hands is even.
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CHALLENGE PROBLEMS 102-106

102. A Fast Deal

Five cards are drawn at random from a pack of cards which have
been numbered consecutively from 1 to 97, and thoroughly shuffled.
What is the probability that the numbers on the cards as drawn are
in increasing order of magnitude?

103. A Perpendicular Bisector

Prove that the perpendicular bisector of the line joining the feet
of two altitudes of a triangle bisects the third side of the triangle.

104. Condition for Divisibility

For what integer ¢ does 2?2 — z 4 a divide z® 4 z 4 90?

105. The Farmer's Dilemma

A farmer must buy 100 head of animals with $100. Calves cost $10
each, lambs cost $3 each, and pigs cost 50 cents each. If the farmer buys
at least one of each kind of animal, how many of each kind does he buy?

106. A Factored Integer

Find the prime factors of 1,000,027.
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CHALLENGE PROBLEMS 107-110

107. A Folded Card

A rectangular card is folded through one corner so that the adjacent
corner falls on a side, thus forming three right triangles with areas
in arithmetic progression. If the area of the smallest triangle is 3 square
inches, what is the area of the largest?

108. A Unique Square

What square is the product of four consecutive odd integers?

109. A Neat Inequality

Show that n* > 1:3:5:7-+:(2n — 1).

110. A Cosine Sum

Evaluate cos 5° + cos 77° + cos 149° 4 cos 221° + cos 293°.
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CHALLENGE PROBLEMS 111-114

111. Quantity Divisible by 9

If f(x) = 20 + 28 + 2% + 2t + 22 + 1, show that f(2¢) is divisible
by 9.

112. Triangular Numbers in Scale of Nine

Show that each member of the infinite series 1, 11, 111, 1111, ---
is a triangular number in the scale of notation with base nine.

113. Relative Polyhedral Volumes

A regular tetrahedron and a regular octahedron have equal edges.
Find the ratio of their volumes without computing the volume of
either.

114. The Space Fillers
Show that space can be filled with a tessellation of regular octa-

hedrons and tetrahedrons. (A tessellation is a repetitive space-filling
pattern.)
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CHALLENGE PROBLEMS 115-118

115. Simple Simplification

Reduce 116,690,151/427,863,887 to lowest terms.

116. Sine Sum

Prove that the sum of the sines of a triangle never exceeds 3V3/2
with equality only when the triangle is equilateral.

117. Two Ferry Boats

Two ferry boats ply back and forth across a river with constant
speeds, turning at the banks without loss of time. They leave oppo-
site shores at the same instant, meet for the first time 700 feet from
one shore, continue on their ways to the banks, return and meet
for the second time 400 feet from the opposite shore. As an oral
exercise determine the width of the river.

118. Togetherness at Meals

Albert and Bertha Jones have five children, Christine, Daniel,
Elizabeth, Frederick, and Grace. The father decided that he would
like to determine a cycle of seating arrangements at their circular
dinner table so that each person would sit by every other person
exactly once during the cycle of meals. How did he do it?
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CHALLENGE PROBLEMS 119-121

119. Sum of Digits

Find the sum of the digits appearing in the integers 1, 2, 3, - -,
(10" — 1).

120. Feeding Three Truck-drivers

Three truck-drivers went into a roadside cafe. One truck-driver
purchased four sandwiches, a cup of coffee and ten doughnuts for
$1.69. Another truck-driver purchased three sandwiches, a cup of
coffee and seven doughnuts for $1.26. What did the third truck-
driver pay for a sandwich, a cup of coffee and a doughnut?

121. Overlapping Squares

The vertex A of square ABCD is placed so that it coincides with
the center of square MN PQ and so that AB trisects MN. If AB =
MN, find the common area.
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CHALLENGE PROBLEMS 122-124

122. Solution without Expansion

Without actually expanding solve:

12z — 1) (6z — 1) (4z — 1)(3z — 1) = 5.

123. Problem in Primes

A multiplication of a three-place number by a two-place number
has the form

ppp
pp
pppDP
pppPD
pPPDPP

The p’s are all prime digits, different from unity. Determine their
values and show that the solution is unique.

124. Intersecting Great Circles

In general, n great circles on a sphere will intersect in n(n — 1)
points. Show how to place the numbers 1, 2, ---, n(n — 1) on
these points in such a way that the sum of the numbers on every great
circle is the same. (The plane of a great circle passes through the
center of the sphere.)
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CHALLENGE PROBLEMS 125-128

1925. Costly Club

Ten people decided to start a club. If there had been five more in
the group, the initial expense to each would have been $100 less.
What was the initial cost per person?

126. Binomial Coefficients

What is the largest value of y such that there is a binomial expansion
in which the coefficients of y consecutive terms are in the ratio
1:2:3:...:y? Identify the corresponding expansion and the terms.

127. Quantity Divisible by 8640

Show that for all integer values of z,

z? — 627 + 925 — 48
is divisible by 8640.

128. Dissected Pentagon
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CHALLENGE PROBLEMS 129-132

A pentagon consists of a square symmetrically surmounted by an
isosceles right triangle. Dissect the pentagon into three pieces which
can be reassembled into an isosceles right triangle.

129. Infinite Product

Evaluate the infinite product: 31/3.9/%. 27127 . . (3r)1/3",

130. Never a Square

Prove that for n a positive integer n* + 2n3 + 2n* + 2n + 1l is
never a perfect square.

131. Chords of a Circle

A circle is divided into » equal parts. Every division point is
then connected to every division point m steps away, except that
no diameters are drawn. Prove that not more than two of these
lines pass through any interior point of the circle.

132. Nine-digit Determinants

The nine positive digits can be arranged into 3-by-3 arrays in 9!
ways. Find the sum of the determinants of these arrays.
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CHALLENGE PROBLEMS 133-135

133. Six Common Points

Find six points common to the graphs of

202+ 32y — 22— 6+ 3y =0
and
32+ Txy+2y2—T7c+y—6=0.

134. A Shuffled Deck

Prove that if the top 26 cards of an ordinary shuffled deck contain
more red cards than there are black cards in the bottom 26, then
there are in the deck at least three consecutive cards of the same
color.

135. Equal Angles

Given an acute-angled triangle ABC and one altitude AH, select
any point D on AH, then draw BD and extend it until it intersects
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CHALLENGE PROBLEMS 136-139

AC in E. Draw CD and extend it until it intersects AB in F.
Prove that angle AHE = angle AHF.

136. A Consistent System

For what value of k is the following system consistent?

z+y=1
kx+y=2
z+ky=3

137. Diophantine Equation

Show that the equation 2> — y? = a? always has integral solutions
whenever a is a positive integer.

138. Dissection of Triangle into Two Similar Triangles

Show that any given triangle can be dissected by straight cuts into
four pieces which can be arranged to form two triangles similar to
the given triangle.

139. The Moving Digits

A number of less than 30 digits begins with the two digits 15 on
the left, 15~ — — —; and when it is multiplied by 5, the result is merely
to move these two digits to the right-hand end, thus, ——-—--15.
Find the number.
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CHALLENGE PROBLEMS 140-142

140. Vertex of a Tetrahedron

Show that in every tetrahedron there must be at least one vertex
at which each of the face angles is acute.

141. The Lucky Prisoners

A jailer, carrying out the terms of a partial amnesty, unlocked
every cell in the prison row. Next he locked every second cell.
Then he turned the key in every third cell, locking those cells which
were open and opening those cells which were locked. He continued
this way, on the nth trip turning the key in every nth cell. Those
prisoners whose cells eventually remained open were allowed to go
free. Who were the lucky ones?

142. No Point in Common

No one of six circular areas in a plane contains the center of another.
Show that the six areas have no point in common.
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CHALLENGE PROBLEMS 143-147

143. Mental Multiplication

Multiply 96 by 104.

144. A Unique Triad

Prove that there is only one set of three distinet positive integers,
having no common divisor greater than unity, such that each is a
divisor of the sum of the other two.
145. The Enclosed Corner

Across one corner of a rectangular room two 4-foot screens are
placed so as to enclose the maximum floor space. Determine their
positions.
146. Relatively Prime Integers

If a, b, and c are integers with no factor common to all three, and

1/a + 1/b = 1/¢, show that (a + b), (@ — ¢), and (b — ¢) are all
perfect squares.

147. Diophantine Duo

Solve a® — b® — ¢® = 3abc and a? = 2(b + ¢) simultaneously in
positive integers.
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CHALLENGE PROBLEMS 148-151

148. Bimedians of a Tetrahedron

Prove that the lines joining the midpoints of opposite edges of a
regular tetrahedron intersect at right angles.

149. Pied Product

When the type for a multiplication of the form (abc) (bca) (cab)
was set the digits of the product became pied so that it read
234,235,286. Given that a > b > ¢ and that the correct units’ digit
is 6, restore the digits of the product to their proper order.

150. A Peculiar Number

If a certain number is reduced by 7 and the remainder is multiplied
by 7, the result is the same as when the number is reduced by 11 and
the remainder is multiplied by 11. Find the number.

151. Three of a Kind
Prove that at a gathering of any six people, some three of them

are either mutual acquaintances or are complete strangers to each
other.
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CHALLENGE PROBLEMS 152-155

152. A Simplification Problem

(4 + V15)* + (4 — V15)
(6 + /35)% — (6 — /35)"

Simplify

153. Product of Three Primes

A certain number is the product of three prime factors, the sum of
whose squares is 2331. There are 7560 numbers (including unity)
which are less than the number and prime to it. The sum of its
divisiors (including unity and the number itself) is 10,560. Find
the number.

154. Representation of Rational Number

Prove that any positive rational number can be expressed as a
finite sum of distinct terms of the harmonic series, 1, ¥4, 14, 14,
eee 1 / n.

b

155. Condition That a Triangle Is Isosceles

If from the feet of the bisectors of the interior angles of a triangle
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CHALLENGE PROBLEMS 156-159

perpendiculars erected to the respective sides are concurrent, prove
that the triangle is isosceles.

156. Classified Integers

Split the integers 1, 2, 3, - - -, 16 into two classes of eight numbers
each such that the C(8, 2) = 28 sums formed by taking the sums of
pairs is the same for both classes.

157. Economical Ballots

A certain physical society is planning a ballot for the election of
three officers. There are 3, 4, and 5 candidates for the three offices,
respectively. There is a rule in effect (in order to eliminate the
ordering of the candidates on the ballot as a possible influence on
the election) that for each office, each candidate must appear in each
position the same number of times as any other candidate. What is
the smallest number of different ballots necessary?

158. Comparison of Ratios

If z and y are positive, which ratio is the greater,

(Z+y)i(z+y) or (2—y)i(z—y)?

159. Mixtilinear Triangle

Find the radius of the circle inscribed in the mixtilinear triangle
formed by the two legs of a given right triangle ABC and the semi-
circumference described externally upon the hypotenuse A B.
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CHALLENGE PROBLEMS 160-162

160. Pandiagonal Heterosquare

We define a pandiagonal heterosquare as a square array of the
first n? positive integers, so arranged that no two of the rows, columns,
and diagonals (broken as well as straight) have the same sum. Is
there any # for which these 4n sums are consecutive numbers?

161. A Product of 2™}

Prove that the integer next greater than (v3 4 1)2" has a factor
2mH,

162. In a Nonagon

Let AB, BC be two adjacent sides of a regular nonagon inscribed
in a circle with center 0. Let M be the midpoint of AB and N the
midpoint of the radius perpendicular to BC. Show that angle
OMN = 30°.
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CHALLENGE PROBLEMS 163-167

163. Spending Money

A father budgeted $6 to distribute equally among his children for
spending money at the beach. When two young cousins joined the
party and shared in the equal distribution, each child received 25
cents less than had been planned. How many children were in the
party?

164. Summing an Infinite Series

Find the sum of the infinite series,

14+2c4+3224+422 4 ---, 2 < 1.

165. A Fenced Square Field

A square field is enclosed by a tight board fence of 11-foot boards
laid horizontally four boards high. The number of boards in the
fence equals the number of acres in the field. What is the size of
the field?

166. Triangular Numbers from Odd Squares

Prove that every odd square in the octonary system (scale of eight)
ends in 1, and if this be cut off, the remaining part is a triangular
number.

167. Inscribed Circles

Which of the following triangles has the larger inscribed circle,
one with sides 17, 25, and 26 or one with sides 17, 25, and 28?
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CHALLENGE PROBLEMS 168-170

168. An Inscribed Dodecagon
_ /

A convex polygon of twelve sides inscribed in a circle has in some
order six sides of length V2 and six of length /24. What is the radius
of the circle?

169. A Susceptible Diophantine Equation

Find a solution in positive integers of a® + b* = 5.

170. Antifreeze

A 21-quart-capacity car radiator is filled with an 18-percent alcohol
solution. How many quarts must be drained and then replaced by
a 90-percent alcohol solution for the resulting solution to contain 42
percent aleohol?

47



CHALLENGE PROBLEMS 171-174

171. Maximum-minimum without Calculus

Find the maximum and minimum values of (22 — 2z + 2)/(2z —2)
without using the calculus.

172. Tangent Sum Equal to Product

Consider the tangents of 117°, 118° and 125°. Prove that their
sum is equal to their product.

173. A Faded Document

Reconstruct this “faded document” division in which the illegible
digits are represented by asterisks.

* ok ok ok
Ex)xrnr(x
* ok

%* %k %k

*x]

* Xk

3%

174. Bisecting Yin and Yang

The monad, or yin and yang, is essentially a circle divided into two
equal parts by equal semicircles on opposite sides of a diameter.
Bisect each of the equal areas with a single line.
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CHALLENGE PROBLEMS 175-178

175. Number That Is Factor of Its Reverse

In what system of numeration is 297 a factor of 792?

176. Square Dad

Legally married in California, my neighbor has reached a square
age. The product of the digits of his age is his wife’s age. The age
of their daughter is the sum of the digits of her father’s age, and the
age of their son is the sum of the digits of his mother’s age. How old
are they?

177. Tetrahedron through a Straw
Given a flexible, thin-walled cylinder, such as a soda straw, with

diameter d. What is the edge e of the largest regular tetrahedron
that can be pushed through the straw?

178. A Product of (a — 1)*

Show that at! — n(a — 1) — a is divisible by (a — 1)2, where
n is a positive integer.
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CHALLENGE PROBLEMS 179-181

179. Determinant of Pascal's Triangle

The arithmetic triangle of binomial 1 1 1 1 1 1
coefficients was arranged by Pascalas 1 2 3 4 5 6
shown. Prove that the determinant 1 3 6 10 15 21
of any square array based on the first 1 4 10 20 35 56
row (or column) has unit value. 1515 35 70 126

16

21 56 126 252

180. Rational Coordinates
In the equation 2z® 4 2y — 322 — 3y2 4+ 1 = 0, if any rational

value is assigned to x, show that at least one rational value can be
computed for .

181. A Closed Construction

Starting at a point P on the side BC of a triangle ABC, mark Q
on AB with BQ = BP, R on CA with AR = AQ, P’ on BC with
CP’' = CR, Q' on AB with BQ' = BP’, and so on. Prove that the
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CHALLENGE PROBLEMS 182-186

construction closes, i.e., that CP = CR’, and that the six points P,
Q, R, P', Q', R' lie on the same circle.

182. Grouped Odd Integers

The consecutive odd integers are grouped as follows: 1; (3, 5);
(7,9, 11); (13, 15, 17, 19); ---. Find the sum of the numbers in
the nth group.

183. The Sixteen-point Sphere

Can the radius of its sixteen-point sphere ever be one-half of the
circumradius of a tetrahedron? (The sixteen-point sphere passes
through the circumcenters of the faces.)

184. Concurrent Circles

The other three points of intersection of three concurrent circles
lie on the same straight line. Prove that their centers and the point
of concurrency lie on the same circle.

185. Golf Tournament

A golf pro wishes to arrange a tournament for 16 members of his
club. They are to play in foursomes and each member is to play in
the same foursome with every other member once and only once.
Show how the rounds can be arranged.

186. Square Triangular Numbers

Show that there are infinitely many square triangular numbers.
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CHALLENGE PROBLEMS 187-189

187. System in Three Variables

Solve the system: z + y + 2 = 6, 2y + yz + 22 = 11, zyz = 6.

188. Imbedded Polyhedron

C_Q

The vertices and edges of a certain polyhedron, from which the
inside and the faces have been removed, may be imbedded in the
plane, allowing stretching. Sketch the original polyhedron if the
plane imbedding is as shown.

189. Baseball Team Standings

Following is the won-lost record of the baseball teams in the
National League on July 14, 1965:

W L W L
Chicago 41 46 New York 29 56
Cincinnati 49 36 Philadelphia 45 39
Houston 39 45 Pittsburgh 44 43
Los Angeles 51 38 St. Louis 41 45
Milwaukee 42 40 San Francisco 45 38

Arrange the teams in correct descending order of ‘‘percentage’” won
without calculating the ‘“percentages.”
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CHALLENGE PROBLEMS 190-194

190. A Sweet Purchase

A housewife purchased some sugar for $2.16. Had the sugar cost
1 cent a pound less, she would have received 3 pounds more for the
same expenditure. How many pounds of sugar did she buy?

191, Inte;sections of Diagonals

Find the number of intersections of the diagonals of a convex
polygon of n sides.

192. Two Vanishing Triads

Prove that if the sum of the members of each of two number triads
is zero, then the sums of the cubes of the members of the triads are
in the same ratio as the products of the members.

193. Condition for Factorability

If @ and b are prime to 3 and a 4+ b is of the form 3k, then show
that z* 4+ 2® 4 1 is factorable.

194. Parallel Resistances

The equivalent electrical resistance z of two resistances z and y
connected in parallel is given by the relationship

1/z =1/ + 1/y, z,y,2>0.

Determine the solution in positive integers.
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CHALLENGE PROBLEMS 195-198

195. Minimum Bisector

What is the curve of minimum length which bisects the area of an
equilateral triangle?

196. A Peculiar Square

Find a nine-digit integer of the form a,a:asb1b.bsa102a; which is the
product of the squares of four distinct primes, a; 3 0, bbb =
2(a1a:a3).

197. A Series of Tests

Professor Tester gave marks based upon an average of a series of
tests. As John came into the last test, he realized that he would
have to make a 97 in order to average 90 for the course. On the
other hand, if he was as low as 73, he would still be able to average 87.
How many tests were in Professor Tester’s series?

198. Coinciding Points in a Quadrilateral

Show that the midpoint of the line segment joining the midpoints
of the diagonals of a quadrilateral coincides with the point of inter-
section of the line segments joining the midpoints of the opposite
sides of the quadrilateral.
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CHALLENGE PROBLEMS 199-201

199. Fractions in Lowest Terms
Show that in the sequence 1/n, 2/n, 3/n, +++, (n — 1) /n, where n

is a positive integer greater than 2, an even number of the members
are fractions in lowest terms.

200. The Tea Set

A silver tea set in a dealer’s window had the following cost marks
and retail prices:

Sugarbowl........ HKHC $6.72 Creamer. . . .. HCKH $6.00

Tray............. AMSL 50.16  Teapot...... SIAB 91.08

Tongs. ........... HBLT 1.72  Spoons....... HMIT 10.52
Completeset. ................ BLCSK $166.20

If the markup was the same percent of the cost in each case, break
the cost-mark code.

201, Segments Determining an Equilateral Triangle

Three segments, 3, 4, and 5 inches long, one from each vertex of
an equilateral triangle, meet at an interior point P. How long is
the side of the triangle?
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CHALLENGE PROBLEMS 202-206

202. An Invariant Remainder

What number when divided into 1108, 1453, 1844, and 2281, always
leaves the same remainder?

203. Nine Non-Zero Digits

Find a permutation of the nine non-zero digits with a square root of
the form ababc where ab = c3.
204. Dissection for Coincidence

Consider two congruent triangles that can be brought into coin-
cidence only by a rotation of one of them through a third dimension.
How, by cutting the triangles, could coincidence be effected by
motion in a plane only?

205. Deflating Umbugio

Professor E. P. B. Umbugio has recently been strutting around
because he hit upon the solution of the fourth-degree equation which
results when the radicals are eliminated from the equation

z = (x— 1/z)"2 4+ (1 — 1/x)*2

Deflate the professor by solving this equation using nothing higher
than quadratic equations.

206. Males with Common Characteristics

If 70 percent of the adult males of a community have brown eyes,
75 percent have dark hair, 85 percent are over 5 feet 8 inches tall,
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CHALLENGE PROBLEMS 207-209

and 90 percent weigh more than 140 pounds, what percent at least
have all four characteristics?

207. An Area of Constant Width

Given two points A and B within a region of constant width 1.
Show that there is a path from A to B which touches the boundary
b of the region and whose length < 1. [A curve of constant width
is a curve such that the distance between parallel tangents (support
lines) is constant. ]

208. Comparing Radicals
Which is the larger, v/8! or v/9!?

209. Fibonacci Tetrahedron

Find the volume of the tetrahedron with vertices (Fan, Fri1, Fni2),
(Fuaisy Fars, Fuys), (Fate, Fuyr, Fays), and (Fuyo, Fuyro, Fain), where
F; is the 7th Fibonacci number in the sequence, 1,1, 2,3, 5, 8, -+ -.
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CHALLENGE PROBLEMS 210-213

210. The Regular Octahedron

A regular octahedron, edge e, is cut by a plane parallel to one of
its faces. Find (@) the perimeter, and (b) the area of the section.

211. Never an Integer

Prove that 1 + 24 + 14 + :-- 4+ 1/n is never an integer for
any n > 1.

Qi 2. Three Consecutive Odd Integers

Show that there are no three consecutive odd integers such that
each is the sum of two squares greater than zero.

213. Vanishing Vector Sum

Prove that the sum of the vectors from the center O of a regular
n-gon to its vertices is zero.
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CHALLENGE PROBLEMS 214-219

214. The Sliding Ellipse

Two fixed lines are perpendicular to each other. An ellipse moves
so that it is always tangent to both lines. Find the locus of its center.

215. Superposed Radical

Evaluate V11 + 4V/14 + 10717 + 18~/(+-+)-

216. Fibonacci Pythagorean Triangles

Find Pythagorean triangles whose sides are Fibonacci numbers.

217. Hole in Sphere

The axis of a cylindrical hole 10 inches long coincides with a diam-
eter of a sphere through which it is drilled. What is the volume of
the material remaining?

218. The Commuter

If a man walks to work and rides back home it takes him an hour
and a half. When he rides both ways it takes 30 minutes. How
long would it take him to make the round trip by walking?

219. Odd Base of Notation

Show that any integer in a system of notation with an odd base is
odd, if and only if it has an odd number of odd digits.
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CHALLENGE PROBLEMS 220222

220. Journey on a Dodecahedron

Suppose that the vertices of a polyhedron represent places that we
want to visit, while the edges represent the only possible routes.
Hamilton considered the problem of visiting all the places, without
repetition, on a single journey. [See, for example, W. W. R. Ball
and H. S. M. Coxeter, Mathematical Recreations and Essays, The
Macmillan Company, New York, (1956), p. 262.] This is easily
solved for the pentagonal dodecahedron. Prove that it cannot be
done for the rhombic dodecahedron.

221. Rhombic Dodecahedrons

Show that space can be filled with rhombic dodecahedrons.

222. A Fibonacci Relationship
For the Fibonaceci sequence {F,}, where F; = F, = 1, F, =

Fo i+ F,5 n = 3, show that every fifth number in the sequence is
divisible by 5.

60



CHALLENGE PROBLEMS 223-226

223. Cryptic Multiplication

After making an ordinary arithmetic multiplication, a OEE
man replaced every even digit with E and every odd digit E E
with O. He obtained the arrangement on the right. g o E E
What was the multiplication? EOE

O0O0OEE

294. Creased Rectangle

Two opposite vertices of an z-by-y rectangle are brought into
coincidence, and the rectangle is flattened out to form a crease.
Find the length of the crease.

295. A Man’s Birthdate

In 1937 a man stated that he was x years old in the year 2. He
added, “If the number of my years be added to the number of my
month, the result equals the square of the day of the month on which
I was born.”” When was he born?

226. A Fractional Equation

Solve the equation

(x —a)/b + (x — b)/a = b/(x — a) + a/(z — D).
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CHALLENGE PROBLEMS 227-230

227. A Particular Isosceles Triangle

Q 20°

S

An isosceles triangle ABC has a vertex angle C = 20°. Points
M and N are so taken on AC and BC that angle ABM = 60° and
angle BAN = 50°. Without resorting to trigonometry, prove that

angle BMN = 30°.
298. Tree Leaves

If there are more trees than there are leaves on any one tree, then
there exist at least two trees with the same number of leaves. True
or false?

229. A Diophantine Cubic

Solve 23 4+ 1 = 32 in integers.

230. Countries on a Sphere

Suppose that the surface of a sphere is divided into triangular
“countries,” where triangular means that each country touches ex-
actly three others. A vertex of the graph formed by the boundary
lines of the countries is called even or odd depending on whether an
even or an odd number of boundary lines runs into it. Is there such
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CHALLENGE PROBLEMS 231-233

a triangulation having exactly two odd vertices in which these vertices
are adjacent?

231. Henry's Trip

Henry started a trip into the country between 8 A.M. and 9 A.M.
when the hands of the clock were together. He arrived at his desti-
nation between 2 P.M. and 3 P.M. when the hands of the clock were
exactly 180° apart. How long did he travel?

232. A Power Series

Express 1/(1 + z) (1 + 22) (1 + z*) (1 4+ z8) as a power series.

233. Parallels in a Triangle

Through any interior point P in triangle ABC, lines are drawn
parallel to the three sides of the triangle, dividing these sides into
three segments each. If the middle segments of sides a, b, and ¢
are denoted by a’, b’, and ¢’, respectively, show that

a'/a + b'/b+ c'/e = 1.
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CHALLENGE PROBLEMS 234-237

234. A Partitioning Problem

Partition 316 into two parts so that one part is divisible by 13 and
the other part by 11.

235. Fair Fares

Find the digits in the scale of six which are uniquely represented
by the lettersin FARE S = (F E E)2

236. How Old Is Willie?

“Did your teacher give you that problem?” I asked. “It looks
rather tedious.”

“No,” said Willie, “I made it up. It’s a polynomial equation with
my age as a root. That is, z stands for my age my last birthday.”

“Well, then,” I remarked, “It shouldn’t be so hard to work out
—integer coefficients, integral root. Suppose I tryz =7 ... No,
that gives 77.”

“Do I look only seven years old?”’ demanded Willie.

“Well, let me try a larger integer ---. No, that gives 85, not
zero.”

“Oh, stop kidding!’ said Willie, looking over my shoulder. ‘““You
know I’m older than that.”

How old is Willie?

237. Accelerating Particle

A particle moves in a straight line starting from rest and finishing
at rest, and covers unit distance in unit time. Prove that at some
point its acceleration has a magnitude of at least 4 units. It is.
assumed that » and a are continuous functions of .
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CHALLENGE PROBLEMS 238-240

238. Stamps for Buck

A boy sent to buy $1 worth of stamps asked for some 2-cent stamps,
ten times as many 1l-cent stamps and the rest in 5-cent stamps.
How many of each did he buy?

239. A Twenty Question Game

As a variation of the game of Twenty Questions, suppose I think
of a number which you are to determine by asking me not more
than twenty questions, each of which can be answered by only
“yes” or “no.” What is the largest number that I should be per-
mitted to choose so that you may determine it in twenty questions?

240. Inscribed Spheres

If the faces of a hexahedron are equilateral triangles congruent to
the faces of a regular octahedron, find the ratio of the radii of the
inscribed spheres.
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CHALLENGE PROBLEMS 241-245

241, Disks from a Disk

One disk 20 inches in diameter and one 10 inches in diameter are
cut from a disk of plywood 30 inches in diameter. What is the
largest disk that can be cut from the remainder of the plywood?

2492. Sum of Squares of Binomial Coefficients

Find the sum of the squares of the coefficients in the expansion of

(a + b)™.

243, Christmas Cryptarithm

The holiday greeting, A MERRY XMAS TO ALL, is a crypta-
rithm in which each of the letters is the unique representation of a
digit in the decimal scale, and each word is a square integer. Find
the numerical interpretation if in each word the sum of the digits is
also a square.

244. Centers of Gravity

Find the center of gravity of (a) a semicircular wire, and (b) a
semicircular area.

245. Two Equal Triads

No one of the three positive numbers z, y, z is less than the smallest
of the three positive numbers a, b, ¢, nor is any one of z, y, 2z greater

66



CHALLENGE PROBLEMS 246-249

than the largest of @, b,¢c. Ifz +y + 2 = a + b + ¢ and zyz = abe,
show that, in some order, z, y, z are equal to a, b, c.

246. An Irrational Sum

Prove that Y 6@-3—»"12 ig irrational.

n=l1

247. Examination of Six Students

Suppose six students be standing an examination in a row of seats
with an aisle at each end. If they finish in random order, what is
the probability that a student will have to pass over one or more
other students in order to reach an aisle?

248. Construction by Compasses Alone

By use of compasses alone divide the circumference of a circle into
four equal parts. '

249. The Bonus Fund

It was planned to distribute fifty dollars of a bonus fund to each
employee, but the last man would have gotten only forty-five dollars.
In order to effect an equitable distribution, forty-five dollars was
given to each person, and ninety-five dollars was kept in the fund for
the following year. How much money was in the fund to begin
with?
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CHALLENGE PROBLEMS 250-251

250. The Court Mathematician's Salary

The court mathematician once received his salary for a year’s
service all at one time, and all in silver “dollars,” which he proceeded
to arrange in nine unequal piles, making a magic square. The king
looked, and admired, but complained that there was not a single
prime number in any of the piles. “If I had but nine coins more,”
said the mathematician, “I could add one coin to each pile and make
a magic square with every number prime.”” They investigated and
found that this was indeed true. The king was about to give him
nine ‘“‘dollars’” more, when the court jester said, “Wait!” Then the
jester subtracted one coin from each pile instead, and they found in
this case also a magic square with every element a prime number.
The jester kept the nine ‘‘dollars.”” How much salary must the
mathematician have been receiving?

251. Packing Cylinders

Forty cylinders, with 1l-inch diameters and equal heights, are
packed snugly in five rows of eight each in a box so that they may be
transported without rattling. How many must be taken from the
box in order to repack it with forty-one of the same sized cylinders?
Will they now rattle?
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CHALLENGE PROBLEMS 252-254
252. Leg of a Pythagorean Triangle

Show that the length of one leg of a Pythagorean triangle must
be a multiple of 3.

253. Powers of Two

Sum the series, 2 + 22 4 28 + 2 4 « -« 4 2%,

254. Colorful Square Arrays

In how many distinct patterns can 9 congruent squares—3 red,
3 white, and 3 blue—be arranged in a square array so that all three
colors oceur in every column and row?
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CHALLENGE PROBLEMS 255-259

255. Bisected Parallelogram

Points E, F are taken on the sides BC and AD, respectively, of
parallelogram ABCD. Now AE intersects BF at G and ED inter-
sects CF at H. Prove that GH prolonged bisects the parallelogram.

256. Squares of Reverse Integers

A square number in the scale of six is composed of the five positive
digits. If its units’ digit be transferred to the front of the number,
the digits of the square root are reversed. Find the number.

257. A Questionable Sum

If @ and b are integers, can a/b 4 b/a ever be an integer?

258. Is the Square Fault-Free?

Can eighteen 2-inch by 1-inch dominoes be assembled into a fault-
free square? That is, assembled into a square in which no straight
line formed by the edges of the dominoes joins opposite sides?

259. Relatively Prime Numbers

In what systems of notation are 35 and 58 relatively prime?

70



CHALLENGE PROBLEMS 260-263

260. Five Consecutive Integers

Are there any five consecutive positive integers such that the sum
of the first four, each raised to the fourth power, equals the fifth
raised to the fourth power?

261. Polygonal Path in a Lattice

Given an N by N point lattice with N > 2, show that it is possible to
draw a polygonal path passing through all the N? lattice points and
consisting of 2N — 2 segments. (The procedure in the figure requires
2N — 1 segments.)

262. Wanted—Integer Solutions

Find all solutions in integers of the equation

vY+y=2t+23+22+ 2

9263. A Composite Number

p1 and p. are consecutive odd primes, so p; + p. = 2¢9. Show
that ¢ is composite.

1A



CHALLENGE PROBLEMS 264-267

264. Four Simultaneous Linear Equations

Solve the following system of equations:

z+ 7y +3v+5u= 16 (1)
8 + 4y 4+ 6v + 2u = —16 (2)
22 + 6y +4v+8u= 16 (3)
52 +3y + 7w+ u= —16 (4)

265. Property of a Quadrangle

A quadrangle with area @ is divided by its diagonals into four
triangles with areas A, B, C, and D. Show that

(4)(B)(C) (D) = (A + B)*(B+ C)*(C +D)*(D + A)*/@Q

266. When Is the Division Exact?

For what positive integral values of » does 2n + 1 divide n* 4 n??

267. A Doubtful Equation

The statement 342 = 9 7"’ can be made true by inserting a few
algebraic signs, thus: (-3 4+ 4) 2 = 9 — 7. Can its verity be
established without inserting any signs?
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CHALLENGE PROBLEMS 268-270

268. Dissected Dodecagon

(a) Dissect a regular dodecagon into squares and equilateral
triangles.

(b) Let Py, Py -+, Pi; be the consecutive vertices of the regular
dodecagon. Explain how the diagonals PP, P,Py, and P.P:
intersect.

269. No Real Roots

Show that
1+ 2+ 2/2! + 23/3! + +++ + 22/(2n)! = 0

has no real roots.

270. Impossible Cube

Show that there is no scale of notation in which the three-digit
number aaa = a’.
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QUICKIE
SOLUTIONS

The most elegant solution which this writer has
found for each of the challenge problems vs given

on the following pages together with the source and
author in accordance with the statement in the
Preface. Readers are innted to submit any more
elegant solutions which they may devise.

The solutions are numbered consecutively to corre-
spond to the numbers of the challenge problems. A
Q 15 prefaced to the number of the quickie solution
to distinguish it from the challenge problem. Num-
bers of the solutions printed on a page appear at
the upper outside corner of the page.







Q 1. The Careless Mailing Clerk

If nine letters are in the correct envelopes, the tenth must be also,

so the probability is zero.
—M.M., 33 (March, 1950), 210.

Q 2. The Pythagorean Theorem

c-x X
4 H 8

In the right triangle ABC, draw CH, the altitude to the hypotenuse
Then in the figure, triangles ACB, AHC, and CHB are similar,
whereupon

zia = a:c and (¢ — z):b = b:e,
S0 a? = cx and b2=ct—cx
Adding, a? + b = ¢

For this and 365 other ways of proving the Pythagorean theorem,
see Elisha S. Loomis, The Pythagorean Proposition, Edwards Brothers,
Ann Arbor, Michigan (1940).
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QUICKIE SOLUTIONS Q 3-Q5

Q 3. Four Equations in Four Unknowns

By inspection (1, 2, 3, 4) is a solution of the first and fourth equa-
tions and satisfies the second and third equations. Since the equa-
tions are symmetrical in z, y, 2, w, the other 23 permutations of
1, 2, 3, 4 are solutions also. But these are all the solutions, since
the product of the degrees of the equations is 4!

—M.M., 23 (March, 1950), 211.

Q 4. A Test with Zero Score

The number of answers in each category is inversely proportional
to the value, so there were [5/(5 4+ 8)](26) or 10 correct answers.

—M.M., 31 (March, 1958), 237.

Q 5. Ptolemy's Theorem

In the inscribed quadrilateral ABCD draw AE making angle
BAE = angle CAD. Then triangles BEA and CDA are similar,
and so are triangles AED and ABC. Hence, AC:AB = CD:BE
and AC:AD = BC:ED. Consequently, (AC)(BE) = (AB)(CD)
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QUICKIE SOLUTIONS Q6-Q 8

and (AC)(ED) = (AD)(BC). Adding, and noting that BE +
ED = BD, we have

(AC)(BD) = (AB)(CD) + (AD)(BC).
This is Ptolemy’s theorem.
—Roy MacKay, 8.8.M., 35 (March, 1935), 314.

If the inscribed quadrilateral is a rectangle, the Pythagorean theorem
follows at once.

Q 6. Easy Factoring

Wehavez* + 3* = (x + y) (28 — 2y + 2%% — --+ + y8)
= @+ ¢?) (@° — 2% + ¢°)

= (z+y) (@ — 2y + y*) (a® — 2% + ¥°).
Hence,

xs — x7y +x6y2+ e +y8 = (x2 —_ xy +y2)(x6_ x3y3+ yG)_
—Anice Seybold, M.M., 3¢ (November, 1961), 434.

Q 7. Mental Computation

Since (10a + 5)2 = 10042 + 100e¢ 4+ 25 = a(a + 1) (100) + 25,
then (85)2 = (8)(9) (100) + 25 = 7225.

—M.M., 24 (May, 1951), 273.

Q 8. A Quartic Equation

The equation z¢ — 523 — 422 — 7x + 4 = 0 may be written in the
form (22 — 2)2 = 52 + 7x. For every negative z, the left-hand
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QUICKIE SOLUTIONS Q 9-Q 10

member is non-negative and the right-hand member is negative, so no
negative x can satisfy the original equation.

—R. E. Horton, M.M., 24 (November, 1950), 114.

Q 9. A Million on Each Side

Consider all the lines determined by pairs of points in the array.
Pick a new point belonging to none of these lines and outside the
circle. Consider a line through this new point and to the left of the
array of points. As this line is rotated about the new point and
toward the right of the array, it passes exactly one point of the array
at a time. Hence, rotate this line until it has passed through exactly
one million points, at which location it becomes the line sought.

—Herbert Wills, M.M., 37 (May, 1964), 206.

Q 10. An Infinitude of Primes

Suppose that there is a largest prime p. Consider the quantity
which is one greater than the product of all the primes less than or
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QUICKIE SOLUTIONS Q 11-Q 12

equal to p, that is,
Q=2357p+1

Now @ is not divisible by any of the primes in the product (since
there always is a remainder of 1). Hence @ is either prime or if it
is composite it must be the product of primes all greater than p.
In either event, there is a prime greater than p. Therefore there is

no largest prime.
—ZEuclid, Elements, Book IX, Proposition 20.

Even though it is well known, this beautiful classic proof belongs
in any collection of solutions purporting to be elegant.

Q 11. Complex Numbers
Since ¢ = \/——1, 18 = 1,80

27 +8 27+8°
3428 3428

—J. M Howell, M.M., 26 (May, 1953), 287.

=9 — 6+ 4% =5+ 62,

Q 12. Overlapping Areas

D

In general, if any two areas a and b have a common area z, then
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QUICKIE SOLUTIONS Q 13-Q 15

the nonoverlapping portions are ¢ — z and b — z. The difference
of the areas of the nonoverlapping portions is |a — b|. In this
problem, the difference is 7(20)2 — x(15)2 or 175r.

—M.M., 26 (May, 1953), 287.

Q 13. A Tennis Tournament

Each match has one loser, each loser loses only once, so there are
n — 1 losers, hence n — 1 matches.

—Fred Marer, M.M., 23 (May, 1950), 278.

Q 14. Summing a Factorial Series

We have
11 +2(2H +3@NH + -+ + (n — D[(n — )11 + n(n)
=2(11) +3(2H +4@) + -+ +al(n — D+ (n+ 1) (n)
-1 —- 2t — 3! —ee = (n-1)! — n!
=(n+1)!-—-1

Q 15. Intersecting Cylinders

Consider any cross section of the common volume parallel to the
square midsection. This will be a square whose inscribed circle will
be the cross section of the inscribed sphere of the common volume.
Hence the common volume is to the volume of the sphere as the
area of the square is to the area of its inscribed circle. Then

V = (47r¥/3) (4/7) or 16 r3/3.
—Leo Moser, M.M., 25 (May, 1952), 290.
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QUICKIE SOLUTIONS Q 16-Q 17

,,,,,

N

It follows that the common space can be subdivided into infinitesi-
mal pyramids with vertices at the intersection of the axes and bases
along the elements of the cylinders. These pyramids have unit alti-
tude. Hence the area of the surface of the common volume is 16.

—J. H. Butchart, M.M., 26 (September, 1952), 54.

Q 16. Representations of an Integer

Consider n 1’s in a row with spaces between them. There is
clearly a one-to-one correspondence between expressions for n as a
sum and ways of disposing of the n — 1 spaces by entering plus
signs or leaving the spaces blank. This gives n — 1 tasks to per-
form and two ways of handling each one. Thus the total number of
expressions for » as a sum is 2",

—William Moser, P.M.E.J., 1 (November, 1951), 186.

Q 17. Quartic with a Rational Root

In any polynomial f(z), f(1) = the sum of the coefficients. If
this sum is zero, then (x — 1) is a factor of f(x). Since 1 — 2 +
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QUICKIE SOLUTIONS Q 18-Q 19

3+ 4 — 6 = 0, it follows that x = 1is a root of the equation regard-
less of the order in which the gaps are filled.

Q 18. Resistance of a Cube

]

|- _L |
=] T =)

o

)

Consider the edges of the cube to be hinged at the vertices. Upon
lifting the cube by a vertex, the edges will fall into a series of three
parallel, six parallel, and three parallel edges terminating at the
opposite corner. Hence the overall resistance is 14 + 1§ + 14 or 34
ohms.

Q 19. A Facetious Division

Clearly
AHHAAH A H (10,001)
JOKE = ————— = + —

10
HA HA

Now 10,001 = (73)(137). There is no combination of distinct
digits such that H A divides A H. Therefore H A divides 10,001
and H A = 73. Consequently, 377,337/73 = 5169.
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QUICKIE SOLUTIONS Q 20-Q 22

Q 20. The Flower Salesman

Since y is an integer < 2, y = 1. Then, dealing with the price
per flower in cents,
100 200 80

= — or 224+ 252 — 150 = 0
T z+ 10 12

of which the positive root is £ = 5, the number of flowers originally
purchased.

Q 21. Relative Polygonal Arcas

The sides of the triangle and the hexagon are in the ratio 2:1.
Hence the triangle can be dissected into four equilateral triangles
and the hexagon into six equilateral triangles, all congruent. So the
areas are in the ratio 2:3.

—M.M., 34 (May, 1961), 308.

Q 22. The inverted Cups

If n is even, and we use n moves each leaving a different cup un-
changed, then finally each cup will have been inverted n — 1 times,
so the entire set will be inverted.
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QUICKIE SOLUTIONS Q 23-Q 24

If n is odd, represent each upright cup by +1 and each inverted
cup by —1. Then we start with the product of all the representations
as +1 and desire to get —1. However, each move which inverts
n — 1 cups, an even number, leaves the product as +1.

—E. P. Starke.

Q 23. The End of the World

That x — y is a divisor of 2* — y» forn = 0, 1, 2, - - -, is the only
principle required. Let the professor’s number be F(n). Then since
2141 — 1863 = 1770 — 1492 = 278, F (n) is always divisible by 278.
Similarly, 2141 — 1770 = 1863 — 1492 = 371, which is relatively
prime to 278. So F(n) is always divisible by (278)(371) =
(53) (1946), and hence, of course, by 1946 itself.

—E. P. Starke, A.M.M., 54 (January, 1947), 43.

Q 24. Six Distinct Integers

If b is the unit repetend of a, then all the digits of ab are 9’s. Now
99 = (9)(11), 999 = (3)(9)(37), 9999 = (9)(11)(101), 99999 =
(9) (41) (271), and 999999 = (3) (7)(9) (11) (13)(37). The last set
is the smallest set of six distinct integers having the stated property.
In fact,

14 = 0.333333- - - 1{; = 0.090909- - -
14 = 0.142857- - - 1{5 = 0.076923- - -
14 = 0.111111-- - 14, = 0.027027- - -

—M.M., 35 (November, 1962), 311.

86



st s e bt o et S ~ i

QUICKIE SOLUTIONS Q 25-Q 26

Q 25. Length of a Helix

Roll the cylindrical surface and wire onto a plane. The element
(9 inches), the repeated circumference (10-4 inches), and the wire
(L) now form a right triangle. Hence, L = (81 4+ 1600)'2 or 41
inches of wire.

It follows that unless a coil of wire is wrapped around a cylindrical
surface so as to cut the elements of the cylinder at a constant angle,
there is danger that it may become loosened with time.

—M.M., 23 (May, 1950), 278.

Q 26. A Minimum Problem
The fraction may be written in the form

p+14+1/p)(g+1+1/Q)(r+1+1/r)(s+1+1/s).

Now the sum of a positive number and its reciprocal is = 2. Hence
each factor of the product is = 3 and the product is = 81.

—R. L. Moenter, S.S.M., 54 (November, 1954), 667.
It follows immediately that
(@ +a+1)(a+a+1)---(ax" +an+1)

A103° * *Qn

= 3

for positive a;.
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QUICKIE SOLUTIONS Q 27-Q 28

Q 27. Digits of a Square Number

Examination of a table of squares in the decimal system
shows that:

1. Asquarecanend only in 0, 1, 4, 5, 6 or 9.

2. The tens’ digit of a square number is even unless the
units’ digit is 6, in which event it is odd.

Thus the digits cannot all be the same unless they are
all 4’s. (A square consisting only of zeros is obviously
meaningless.) But :::444 = 4(---111) and since the
tens’ digit inside the parentheses is odd, no square integer
in the decimal system can consist of digits all alike.

Q 28. Interlocking Committees

10
11
12
13
14
15
16

18
19

N2
100
121
144
169
196
225
256
289

324
361

Take the directors as the vertices, center and centers of the faces
of a cube. Sixteen of the committees are the diagonals of the cube



QUICKIE SOLUTIONS Q 29-Q 31

and its faces, giving four committees per director except for the face
centers, which are only on two committees. But these face centers
form an octahedron, and we can form the additional committees from
alternate triangles on the octahedron.

—J. Evernden and R. Spira, A.M.M., 69 (November, 1962), 921.

Q 29. The Jigsaw Puzzle

Since the number of pieces is originally n and finally is 1, and
since every move reduces the number of pieces by 1, the total number
of moves required is n — 1, and clearly is independent of the pro-
cedure. So long, of course, as we never separate pieces already
joined.

—Leo Moser, M.M., 26 (January, 1953), 169.

Q 30. A Remainder Problem

Since f(z) =2t + 22+ 224+ 4+ 1, (2 — 1)-f(z) = 25 — 1.
Thenf(2%) = (a®— 1)+ (¥ — 1) + (2 —1) + (25— 1) +4 + 1.
z* — 1 and hence f(z) is a factor of each of the quantities in paren-
theses, so f(«%) = [a multiple of f(z)] + 5.

—Norman Anning, S.S.M., 54 (October, 1954), 576.

Q 31. A Skeleton Division
If we denote the divisor by d, we have 84 < 1000, so d < 125.

Then since 7d < 900, it follows from the first subtraction that the
first digit of the quotient is 8. Consequently the quotient is 80,809.
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QUICKIE SOLUTION Q 32

Since 80,8094 > 10,000,000, we have d > 123. Hence d = 124,
and the reconstructed division is

80809
124)10020316
992

1003

992
1116
1116

—W. B. Carver, A.M.M., 61 (December, 1954), 712.

Q 32. Triangles in a Circle

Every set of six points on the circumference of the circle can be
paired in one and only one way such that the three lines joining
pairs will form an admissible triangle. Conversely, every admissible
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QUICKIE SOLUTIONS Q 33-Q 35

triangle has sides leading to six points on the circumference. Hence
the number of admissible triangles is C(n, 6) or n!/6!(n — 6)!

—Leo Moser, M.M., 26 (March, 1953), 226.
The figure shows the case n = 7.

Q 33. Easy Multiplication

Since 125 = 1000/8, (5,746,320,819)(125) = 5,746,320,819,000/8 =
718,200,102,375.
—M.M., 25 (May, 1952), 289.

Q 34. A Repetitive Series

Subtract 14(7 — 4) or 1.5 from each term of

—447—44+T7T—-44+7— -
to obtain
—554+55—-55+55—55+4+55—---.

Thus the nth term of the series is 1.5 + 5.5(—1)".

Q 35. Radical Simplification

Let V2 + A/5=a, V2—+/5=banda+b=uz

Then
28 = a® + 3a% + 3ab? 4+ b® = a® + b® + 3ab(a + b)

=4+ (3)(V=1)z
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QUICKIE SOLUTIONS Q 36-Q 37

So 2z + 3z — 4 = 0 and the only real root of this equation
is 1.
—Claire Adler, A.M.M., 59 (May, 1952), 328.
Otherwise: [(1 + VB5)2PF =2 + V5 and [Q - VH)2P =
2 — \/5. Therefore,
Vet VE+V2e-Vo=(0+V5E2 +0-VHR=1

—Leigh Janes.

Q 36. The Buried Treasure

Since triangles AB;C; and A,BC, are congruent, angles C14A B; and
C14,B are equal. Then angle A P1A; = angle AC14; = 90°. Con-
sequently, angle AP,B = 90°. Thus P,, and likewise P, and P,
lie on a circle with diameter AB, so the treasure is buried midway

between 4 and B.
—C. F. Pinzka, A.M.M., 65 (June, 1958), 448.

Q 37. Bonus Payments

Let m be the number of men and let = be the fraction of
men refusing a bonus. Then the amount paid out is given by
T = 8.15(350 — m) + 10(1 — z)m = 2852.50 4+ m(1.85 — 10z),
which will be independent of m only if z = 0.185, so that T' = 2852.50.
Both m and 0.185 m are integers with m < 350, so m = 200. It
follows that $1222.50 is paid to the 150 women.
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Q 38. Product Simplification

Multiply the product by 1 in the form of (1/2) (3% — 1) and obtain

n+l

(1/2) (37" — 1), since (32 — 1) (3" + 1) = 32 — 1,
(32 —1)(3° +1) = 3 — 1, and so on.

In general, if any base z > 1 were used instead of 3, the product
would be equal to [1/(z — 1)](22"" — 1).

—M.M., 38 (March, 1965), 124.

Q 39. Untangled Strings

8

The required pattern of strings may be obtained from the given
pattern by taking its reflection in the dotted line.

—N. Grossman, P.M.E.J., 2 (November, 1954), 26.
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Q 40. A Difference Equal to a Quotient

Since the quotient is 5, the difference is four times the smaller
number. Hence the smaller number is 94 and the larger is 294.
In general, if ¢t — y = z/y = a,thenz = ¢*/(a — 1) and y =

a/(a — 1).

Q 41. The Dozing Student

The roots are positive and their arithmetic mean is — (—20) /20
while their geometric mean is (+1)%20, Since both means are equal
to 1, it follows that all the roots are 1.

—D. 8. Greenstein, A.M.M., 63 (September, 1956), 493.

Q 42. Edges of a Polyhedron

Let n > 3. A simple polyhedron of 2n edges is a pyramid with
an n-gon for its base. If the n-gon is folded along a diagonal so that
it lies in two planes before its vertices are joined to a point outside
the two planes, the resulting polyhedron has 2n + 1 edges.

2m n>3 2n+1, n>3 6

94



QUICKIE SOLUTIONS Q 43-Q 45

Each vertex of a polyhedron is also the vertex of a polyhedral
angle with at least three edges, and each edge of the polyhedron
serves as an edge of two polyhedral angles. A polyhedron with four
vertices is a tetrahedron and has siz edges. Every other polyhedron
has five or more vertices, so has at least (5) (3) edges to its polyhedral
angles, and hence at least (5) (3)/2 or 714 edges. Thus seven edges
is an impossible case.

—E. P. Starke, A.M.M., 58 (March, 1951), 190.

Q 43. A Simple Congruence

Since 63! — 61! = (63:62 — 1)(61!) = 5-11-71 (61!), then
63! = 61! (mod 71).
—M .M., 34 (September, 1961), 358.

Q 44. The Triangle is Equilateral

The equation a®> + b + ¢ = ab + bc + ca is equivalent to
(@ — b2+ (b —c¢c)*+ (¢ — a)2 =0. Hence a = b = ¢, since
each term must vanish.

—M. S. Klamkin, M.M ., 27 (May, 1954), 287.

Q 45. Simpler Than It Looks

(1-2-4 +2:4.843:6-12 + -+ )1/3
1-3-9 + 2-6-18 + 3:9-27 + ---

(1241 + 2+ 3+ --0) 1/3_ e o
C\1-3-9(13 4+ 2B+ 38+ ---) = (847)18 = 23.

—Max Beberman, S.8.M., 49 (October, 1949), 588.
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Q 46. Covering a Checkerboard

Yes. All that is necessary is to partition the checkerboard into
a closed path one square wide. The figure on the left shows the
symmetrical design by Ralph E. Gomory given in Martin Gardner’s
Mathematical Games column, Scientific American, November, 1962,
pages 151-152. The other designs are three of many that will ac-
complish the same purpose.

The squares lie with alternating colors along the closed paths.
The removal of two squares of opposite colors from any two spots
along the path will cut the path into two open-ended segments (or
one segment if the removed squares are adjacent on the path).
Since each segment must consist of an even number of squares, each
segment, (and therefore the entire board) can be completely covered
by dominoes.

Q 47. A Numerical Equality

This is a special case of the algebraic identity
a(a + b)(a + 2b) (a + 3b) = (a? + 3ab + b?)* — b

in which we take @ = r® + 72 + r [where 7 is the base (radix) of the
scale of notation] and b = 1, so that

@+ 3ab+ b =154 25 43+ 58 4 42 + 3r + L.
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Since no coefficient exceeds 5, the identity is significant for any base
greater than five.

—E. P. Starke, A.M.M., 51 (December, 1944), 590.

Q 48. Book Publishing

The arithmetic mean of the publication years is 13,524/7 or 1932.
This middle term is separated from the first term by three common
differences, so the first book was published in 1932 — 3(7) or 1911.

—M .M., 34 (September, 1961), 372.

Q 49. Three Means

On line segment BC (with BE = a and EC = b) as diameter draw
a semicircle with center O. At E erect a perpendicular to BC meeting
the semicircle at D. Draw OD and to it drop a perpendicular EF
from E. Now the radius OD = (a + b)/2 = A, and ED =
(ab)'? = (. From the similar triangles OED and EFD, DF/ED =
ED/OD, so DF = (ED):/OD = 2ab/(a + b) = H. Hence,
G* = HA. Furthermore, A =2 G = H.

—Adrien L. Hess, 8.8.M., 61 (January, 1961), 45.
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Q 50. Beauty Contest

In the ordering D-A—E-C-B, the two in proper position must be
adjacent, for otherwise we would have a correct follower after a
proper position, implying three in proper positions. This means that
D-A, A-E, E-C, or C-B are properly located. The pairs A—E and
E-C must be eliminated since a second correct follower could not
occur. If D-A is properly placed, the order would have to be either
D-A-B-E-C or D-A-C-B-E, both of which are ruled out by the
comment on the first guess. Hence C-B is in correct position, and
A-E-D-C-B is ruled out by the first guess comment, leaving only
E-D-A-C-B meeting all requirements.

—J. F. Leetch, A.M.M., 68 (August, 1961), 669.

Q 51. An Equation Involving Series

The principle of composition states that if a/b = c¢/d, then
(@ + b)/b = (¢ + d)/d. Applying this principle to the given
equation,

13428434 --- 4+ (2n)8 441
(18 + 2 4 34 o0 +08) 242

Then, summing the cubes,

(20)2(2n + Y4 _ 441 _ (21)?
8n2(n + 1)2/4 242 2(11)%

(2n + 1)? _ (21)2

(n+1)* (1)

Clearly, n = 10. (The negative square root gives a negative value
for n.)
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Q 592. Piled Dominoes

If a pile of k — 1 rectangular parallelepipeds, 2x-by-z-by-x/4, is
placed on another congruent horizontal parallelepiped and slid along
until its center of gravity lies above the leading edge of the kth paral-
lelepiped, the center of gravity of the entire configuration lies a horizon-
tal distance a/k from the leading edge of the kth parallelepiped.

1

—

7

It follows that a columnar pile of n dominoes, with z = 1 inch,
may be slid between two parallel vertical planes 1 inch apart so that
the successive overhangs from the top down constitute the series,
1+ +¥%+ -+ 4+ 1/(n — 1), thus forming a half-arch in
equilibrium. Since the harmonic series is divergent, the sum of this
series will increase with n and the overhang of the top domino over
the bottom one may be made any desired amount, depending upon
the number of dominoes available.

In order that the entire top domino may overhang the bottom one,
n must be at least 5, in which case the overhang of the leading edge
of the top domino is 1 + Y4 + 14 + 14 or approximately 2.083
inches.

If the pile be slid so that the diagonals of the dominoes lie in the
same vertical plane and the centers of gravity of the various sub-piles
from the top down lie over a corner of the leading edge of the sup-
porting domino, then the total overhang will be [1? + (14)2]'2 or
1/5/2 times that of the first mentioned arrangement.

—P.M.E.J., 1 (April, 1954), 411.
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Q 53. Tossing a Die

Consider the throw before the last. The total after that throw
must be 12, 11, 10, 9, or 8. If the total is 12, the final result must
be 13, 14, 15, 16, or 17, with an equal chance for each. Similarly,
if the total is 11, the final result must be 13, 14, 15, 16 with an equal
chance for each, and so on. It is now clear that the most likely final
result is 13.

—N. J. Fine, A.M.M., 55 (February, 1948), 98.

If 12 is replaced by N > 3, the most likely total is N + 1.

Q 54. System of Linear Equations

If n = 3, the system is dependent and the solution is not unique.

Hence n < 3. But the term “system’” impliesn > 1. Hencen = 2.
If the equations are

ar+ (a+dy=a+2d
(a +3d)x+ (a +4d)y = a + 5d
thenz +y=landz = —1,y = 2.
—David Rothman, A.M.M., 70 (January, 1963), 93.
Indeed, any two members of the family
(a 4 3kd)x + [a+ Bk + 1)d]y = a + (3k + 2)d

have the same unique solution.
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Q 55. Division by Angle Bisector

The areas of triangles with equal altitudes are proportional to their
bases. Triangles BCD and ACD with bases m and %, respectively, have
the same altitude. All points on the bisector of an angle are equidistant
from the sides of the angle, so altitudes from D to BC and to AC are
equal. Consequently,

min = ABCD/AACD = al/b.
—W. C. McDaniel, M.M., 44 (November, 1971), 296.

Q 56. Divisibility Probability

The number, 76, formed by the last two digits is divisible by 4.
The difference between 73, the sum of the even-placed digits, and
17 + 45, the sum of the odd-placed digits, is divisible by 11, regardless
of the order in which the blanks are filled. The sum of all the digits,
90 + 45, is divisible by 9. It follows that the number is divisible by
(4) (11) (9) or 396. The probability is 1.

—Prasert Na Nagara, A.M.M., 58 (December, 1951), 700.
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Q 57. Equation with No Integer Solutions

Any integer z takes one of the forms 3n, 3n & 1. If these are
substituted in 22 — 3y? = 17, the results may be written as

33w —y?) =17  and  3(3n? &+ 2n — y?) = 16,

respectively. Since 3 does not divide either 17 or 16, these equations
are impossible in integers.

—E. P. Starke, A.M.M., 52 (December, 1945), 580.

Q 58. Son of a Mathematics Professor
Sincef(0) = P,
fx) =z-q(x)+P and  f(A)=A-q(A) +P=A.

Consequently, A divides P. Since P > A and P is prime, 4 = 1
year. z? — 3x? + 3 is one of an infinite class of polynomials that
the professor could have written.

Q 59. Locus in Space
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Consider unit particles at the points A, B, C, A’, B’, C’. Let R
be the center of mass of the particles at A, B, C and T the center
of mass of the particles at A’, B, C’. Now S may be considered as
the center of mass of three particles each of mass 2 at L, M, and N;
or as the center of mass of two particles each of mass 3 at R and T.
So 8 is the midpoint of RT, and since R is fixed and T varies, the
locus of 8§ is a plane parallel to E.

—Daniel Pedoe, A.M.M., 71 (June, 1964), 670.

Q 60. Weather Analysis

1
There must have been 2 (6 + 7 — 9) or 2 completely clear days,
so there were 9 + 2 or 11 days in the period.
—M.M., 34 (March, 1961), 244.

Q 61. The Steiner-Lehmus Theorem

Using a familiar formula for the length of an angle bisector in
terms of the sides,
i 2

bc(a+b+c)(b+c—a)_ B 2_ac(a+b—i—c)(c+a—b)
(b +c)? et (a+0)? .
This simplifies to
cla+b+c)(a—>b)[(a+Dd)(c+ ab) + 3abec + ¢3] = 0.

Since all factors are positive except (a — b), it follows that a = b.
This method of solution is attributed to Jacob Steiner about 1844.
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Q 62. The Hula Hoop

Since motion is relative, consider the hoop as fixed and the poor
girl whirling around. The original point of contact on the girl
traverses the diameter of the hoop twice, and this is the required
distance.

—Leo Moser, A.M.M., 66 (December, 1959), 918.

As the girl whirls, the original point of contact C on her waist traverses
the diameter BD, since

arc AB = R8 = (R/2)(28) = arc AC.

Q 63. Octasection of a Circle
Apply the familiar rotation formulas,
z = X cos45° — Ysin45° = (X — Y)/V2,
y = X sin45° 4+ Y sin45° = (X + Y)/V2,
to the given equation, and secure,

X4 4 kXY — 6X2Y?2 — EXY3 4+ Y4 = 0.
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QUICKIE SOLUTIONS Q 64-Q 65

Hence, the graph of the equation is invariant under a rotation through
45°, so the circle is cut into 360/45 or 8 equal parts.

—Norman Anning, M.M., 32 (May, 1959), 285.
The left-hand member of the equation factors into
(z+ay)[(a+ )z + (a — )yl(az — y)
X[(@a—1)z— (a+1)y]=0,
where k = (a* — 6a®? + 1) /a(a®* — 1).

Q 64. Avrithmetic Progression Devoid of Powers

The progression 2, 6, 10, - - -, (4k + 2), - -+ can contain no perfect
powers whatsoever. For a power of an odd integer is odd, and a
power of an even integer must be divisible by 4.

—Auzriel Rosenfeld, A.M.M., 62 (March, 1955), 185.

There is also an obvious trivial solution in which the first term is a
nonpower and the common difference is zero.

Q 65. Area of Polygon

Pick’s theorem states that the area of any simple polygon whose
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QUICKIE SOLUTIONS Q 66-Q 68

vertices are lattice points is given by the formula
b/24+c—1

where b is the number of lattice points on the boundary while ¢ is the
number of lattice points inside. Thus the area of the polygon in
the figure is 145 + 42 — 1, or 48.

Q 66. A Factorial Equation

We have n!(n — 1)! = a[(n — 1)!]2 = m! It is evident that
110! = 1! and 2!1! = 2! are solutions. Otherwise n < m, so a
solution cannot exist if m! contains a nonsquare factor > m. Now
for m > 10 there are always at least two primes, p and ¢, which are
> m/2 and £ m. Then

>(m 1>(m+1+2>_m2+3m+5>
=3t \ Ty Ty Ty ™

Hence no solution exists for m > 10. For m =< 10, the only solution
other than the two above is 7! 6! = 10!

Q 67. Two Related Triangles

Since | Vb — Ve [(Vb+ V) = [b—c| < (Va):< (b+¢) <
(Vb + V)2 it follows that Vb — Ve < Va < (Vb + V).
—Chih-yi Wang, A.M.M., 67 (January, 1960), 82.

Q 68. Maximum Angle in a Circle

The greatest angle is subtended at the point of contact of the
smaller of two circles through A and B which touch the given circle
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QUICKIE SOLUTION Q 69

internally. The other circular points on the same side of AB give
smaller angles as they are outside the touching circle, while the
points on the other side give smaller angles because they are outside
the larger touching circle.

—Alan Sutcliffe, M.M., 38 (March, 1965), 124.

Q 69. Determinant of a Magic Square

a b ¢
Let d e f have the magicsum N = S/3. Then
g h 2
N=(+e+i)t+(@+e+f)+(g+eto
—(a+d+g) —(c+f+79)
= 3¢, and S = 9e¢. Hence, adding rows and columns,
a b ¢ a b ¢ a b 3e a b e
D=|d ¢ fl=|d e fl=|d e 3| =|d e eS8
g h < 3e 3e 3e 3e 3e 9e 1 11

—R. J. Walker, A. M. .M., 56 (January, 1949), 33.

)
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Q 70. Five-digit Nonsquares

There are but two sets of five digits, 02468 and 13579, which
are distinet and congruent modulo 2. The sum of the digits of every
perfect square must be congruent modulo9to 0, 1,4, or 7. However,
the sum of the digits of the first set is congruent to 2 modulo 9. If
the last digit of a perfect square is odd, the penultimate digit must
be even. The second set contains no even digit. Hence, no permu-
tation of either set can be a square number.

—A.M.M., 44 (April, 1937), 248.

Q 71. Dissection of Spherical Surface

Inscribe a regular dodecahedron or a regular icosahedron in the
sphere and drop perpendiculars from the center to each face. Form
isosceles triangles, 60 in number, with the feet of these perpendiculars
as vertices and the sides of the respective faces as bases, and centrally
project these 60 triangles onto the surface of the sphere as isosceles
spherical triangles.

—W. R. Ransom, A.M .M., 40 (February, 1933), 114.

Q 72. Trisector of Side of Triangle

Through B draw a parallel to the median A D meeting CA extended
in E. Let M be the midpoint of the median and let CM extended
meet BE in F.
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QUICKIE SOLUTION Q 73

At once, A is the midpoint of CE and F is the midpoint of BE.
Then AB and CF are medians of triangle CBE, so they divide each
other in the ratio 1:2.

—Aaron Buchman, S.8.M., 50 (December, 1950), 757.

Q 73. A Factorization

Factoring variously,
avs+1=(a*+1)(a2—a*+a®—a®+1)
=@+ 1(a2—a+1)(a2—a*+a®—a*+1)
= (& + 1) (a® — ¢ + 1)
=(@+1)(a*—a*+a*—a+1)(a®—a®+1).

Inspection reveals that a2 — a + 1 doesnot dividea* — a®* +a? — a + 1
hence it must divide a® — a® + 1. So we write, a® — a® + 1 =
(alﬂ_a9+a8) + (aQ_a8+a7> — (a7_a6+a5) — (a6_a5 + a4) —
(@® — at* + ¥ + (& — a® + a) + (a2 — a + 1). Therefore,
a®*+1=(a+1)(a*—a+a*—a+1)(a?—a+1)(a®+a” —
a—at—-a+a++1).

—M.M., 27 (May, 1954), 287.
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Q 74. A Curious Number

If (N/5)(N/7) = N, then N(N — 35) = 0,s0 N = 35.
Otherwise. If, instead of multiplying 14 of the number by 14 of
the number, the number were multiplied by itself, the product would

be 35 times as great as by the other method, so the number is 35.
In general, if a number is equal to IT 1/a;, of itself, the number is II a,.

Q 75. Two Regular Hexagons

AT
()
S

Consider an inscribed regular hexagon with vertices at the mid-
points of the circumscribed hexagon. By drawing the radii of the
inscribed hexagon and then joining the centroids of the six equilateral
triangles thus formed to the vertices of their respective triangles, the
configuration is divided into 24 congruent triangles. Eighteen of
these lie in the inscribed hexagon, so the areas of the inscribed and
circumscribed hexagons are in the ratio of 18:24 or 3:4.

—M.M., 35 (March, 1962), 70.

Q 76. General Terms of Series

With either series, any number whatsoever could be used as a
sixth term. Consequently, any number of general formulas could
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QUICKIE SOLUTIONS Q 77-Q 79

be found for each series. Two that are evident upon inspection are:

(a) 0,3, 26,255 3124, ---, (n» — 1);
(b) 1,2, 12, 288, 34560, ---, [(11) (21) (3!)--- (n))].

Q 77. Heat Flow

If four such sheets are superimposed so that a 100° edge appears
on each of the four sides, the average temperature of each side is 25°.
Hence, the temperature of the middle of each sheet is 25°.

—Leo Moser, M.M., 24 (May, 1951), 273.

This procedure may be generalized to prove: If the edges of a
regular n-gonal metal sheet are kept respectively at temperatures ¢;
degrees, 1 = 1, 2, 3, - - -, n, then the temperature of the center of the
sheet is (1/n) D_7_, t; degrees.

Q 78. Does This Make Sense?

If 14 of 20 is 6, the computation must be in the duodecimal scale,
which has the base twelve. Hence 14 of 10 is 224, since 105, = 12.

—M .M., 31 (January, 1958), 178.

Q 79. Envelope into Tetrahedrons

Since the areas of congruent tetrahedrons are equal, the envelope
must be cut so that the two pieces will have equal areas. Hence,
the cut must pass through the center of the rectangle. First strongly
crease the envelope along'its diagonals and along the line through the
center which is perpendicular to the longer side. Then the cut may
be made in one of four ways: along a diagonal, along the perpendicular
to the long side, at an angle through the center cutting the long sides,
or through the center cutting the short sides. In each case, when
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T~ P\

the cut halves are folded out along the diagonals and in along the
edges and the long side perpendicular so as to join the extremities of
the cut, two congruent isosceles tetrahedrons are formed.

The single exception occurs when the envelope is square. Then
instead of tetrahedrons, two square envelopes result from the cutting
and folding.

—A.M.M., 56 (June, 1949), 410.

Q 80. A Hammy Cryptarithm

Let FRY = x and HAM = y, then
7(1000z + y) = 6(1000y + z)
69942 = 5993y
538x = 461y

Since the numerical coefficients are relatively prime, it follows that
2= FRY = 46l andy = HAM = 538.

Q 81. Sheep Buyers

If z is the number of cattle, y the number of sheep, z the price
of the lamb, we have 22 = 10y + z with y odd and z < 10. But
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QUICKIE SOLUTIONS Q 82-Q 83

the penultimate digit of a square is odd if and only if the last digit
is 6. Thus z = 6, and the luckier son should hand over $2.

—Irving Kaplansky, A.M.M., 51 (March, 1944), 166.

Q 82. A Constant Volume

Let the segments move successively, so that one segment is sta-
tionary while the other, say AB, moves to a new position A’B’.
The area of the variable triangle ABC is constant since its altitude
does not change. Moreover, the distance from D to the plane of
ABC is unchanged. Since the determining factors (base and alti-
tude) remain constant, the volume of the tetrahedron is unaltered.

—Leon Bankoff, P.M.E.J., 1 (November, 1952), 281.

For other short proofs, see Nathan Altshiller-Court, Modern Pure
Solid Geometry, Macmillan Co. (1935), page 87, where the proposition
is called Steiner’s Theorem.

Q 83. A Repeating Decimal

The first period of 14 is 0.142857. Upon dividing this period
repeated seven times by 7 until the division is exact, the first period
of 142 is obtained quickly. Thus

7)0.142857 142857 142857 142857 142857 142857 142857
0.020408 163265 306122 448979 591836 734693 877551

—Dewey C. Duncan, M.M., 25 (March, 1952), 224.
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Q 84. A Radical Equation

Ifa+ b4 ¢ =0,thena® + b + ¢ = 3abe, so
(6z + 28) — (6x — 28) — 8 = 3[(6z + 28) (6 — 28) (8) ]
48 = 6(36z2 — 784)1/3
512 = 362% — 784
2?2 = 36
z = =+6

—Frederic E. Nemmers, S.S8.M., 41 (March, 1941), 291.

Q 85. The Prize Contest

One may count paths “backwards” from the N. In counting the
left half of the array, including the center column, there are two
choices for each backward step. Thus this portion yields 2!2 paths.
Doubling this number and subtracting the center column to keep
from counting it twice, yields 2 — 1 or 8191 paths.

—J. F. Leetch, A.M .M., 68 (March, 1961), 296.

Q 86. A Constant Sum
Let the vertices and other point be 4 (1, 0, 0), B(0,1,0), C(0,0, 1),

P(z, y, 2). The inscribed circle is the intersection of a sphere
2+ y?+ 22 =candaplanexr + y + z = ¢,
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Hence, (PA)? + (PB)? + (PC)? =
-1+ +2Z2+22+ @y -D+2+22+y + (z2—1)°
= 3c1 — 2¢; + 3 = a constant.
—Leo Moser, A.M.M., 56 (March, 1949), 180.

This proof holds for any circle concentric with the incircle.

Q 87. Two Incompatible Integers

Expressed dyadically (that is, to the base two),
22 4+ 1 = 100---001 and 2¥ — 1 = 111.--111.
Now attempt the division

111++111 ) 100-ccevceveens 001 (1
111-.-111

100- - -001

The division will be exact if and only if the final remainder consists
of as many 1’s as the divisor, which by hypothesis has more than
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two 1’s. But the successive remainders consist only of two 1’s and
possible intervening zeros, so the division is never exact.

—Dewey C. Duncan, 8.8.M., 36 (March, 1936), 321.

Q 88. A Multiple-choice Question

Since the difference of the two terms on the left side of the equation
is the odd number 41, one of the terms must be odd and the other
even. Since 104y is even, 187« must be odd, so z is odd. Therefore
x = 314, y = 565 cannot satisfy the equation.

—Dale Woods, 8.8.M., 64 (March, 1964), 242.

Q 89. Concurrency of Medians

The converse of Ceva’s theorem states: If three points taken on
the sides of a triangle divide these sides into six such segments that
the product of three segments having no common end is equal to
the product of the remaining three, then the lines joining the three
points to the opposite vertices of the triangle are concurrent.
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Since the medians bisect the sides, (AB’)(CA’)(BC') =
(B'C)(A'B)(C"A), so the medians are concurrent.

—M .M., 24 (November, 1950), 114.
Furthermore, by a corollary of Ceva’s theorem,
CG/GC’' = CB'/B'A+ CA'/JA'B=1+1

so CG = 2GC’ and CG = (2/3)CC’. That is, the medians intersect
at a point which is 2/3 the length of each median from its vertex.

Q 90. A Surprising Square

If the base of the system of numeration is B, B > 1, then 11111
may be written B* + B* + B2+ B + 1. Now

(B2+B/2):<B‘*+B +B2+B+1< (B:+B/2+ 1)
If
(B*+B/2+1/2)*=B*+ B+ B*+ B +1
then
B2/4 — B/2 -3/ =0
(B=3)(B+1)=0
and for B = 3, we have 11111 = (102)2

—V. Thebault, N.M.M., 15 (December, 1940), 149.

Q 91. Polygon Inscribed in Ellipse?

If such a polygon existed, then its circumecircle would cut the
ellipse in more than four points—the vertices of the polygon. This
is impossible.

—M. S. Klamkin, M.M., 34 (September, 1960), 58.
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Q 92. Telephone Call to Sinkiang

Since
S = 0.1 + 0.02 + 0.003 + 0.0004 + ---

0.18 = 0.01 + 0.002 + 0.0003 + - - -
0.9S = 0.1 + 0.01 + 0.001 + 0.0001 + ---
=01/(1-01) =1/9

So 8 = 194; = 0.123456790123456790- - -, a periodic decimal not
containing the digit 8.

—Norman Anning, M.M., 29 (January, 1956), 173.

Q 93. The Stock Pen

165'

330’

If he built a 214 acre pen on the open plain, a square pen would
enclose the area with a minimum perimeter. That is, a pen
[(34) (43,560) ]2 or 330 feet square. The cliff may be thought of as
bisecting such a square with a no cost wall. Hence, minimum cost
would be achieved with a fencing 330 feet long and 165 feet on each
end.
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Q 94. Five Simultaneous Linear Equations
Add the five equations and divide through by 4 to obtain

z+y+z+u+ov=23.

Subtract each of the original equations in order from this last equation
togetv = -2,z =2,y=1,2=3,u= —1.

Q 95. An Almost Universal Theorem

The theorem is (n — 5) (n — 17) (n — 257) # 0.

—Leo Moser, M.M., 25 (September, 1951), 49.

Q 96. Angle Trisectors

Since E is the incenter of triangle BCD, then DE bisects angle
BDC.

—C. F. Pinzka, M.M., 34 (January, 1961), 182.
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Q 97. Units' Digits of Fibonacci Series

Yes. The series of units’ digits, 1123583 1---, is formed by
suffixing the units’ digit of the sum of a pair of digits and continuously
repeating the process.

Two odd terms and one even term alternate in the series. There
are only 5(5) ordered pairs of odd digits, so after not more than 3(25)
or 75 operations, one of these pairs must reappear to start a new eycle.
Since the sum (or difference) of two digits is unique, when a pair re-
appears it must be the starting pair rather than one in the interior of
the sequence. Indeed, after 60 additions a new cycle of 60 digits is
started, thus 11235831459437077415617853819
0998752796516730336954932572910%11---.
The same basic argument holds in any system of numeration, and a
similar one holds for the units’ digits of the series A,x = An +
An+1 + b + An+k—1-

Q 98. Related Cubics

Since the coefficient of x2is 0, it follows that a + b + ¢ = 0. Hence
b4+c= —a,c+a= —banda + b = —¢, so we seek an equation
whose roots are —1/a, —1/b, and —1/¢, the negative reciprocals of
the given roots.

We need merely write the coefficients in reverse order, and change
the signs of the coefficients in even position, thus obtaining

rzd — gqx* — 1 = 0.

—Alan Wayne, S.S.M., 48 (June, 1948), 492.
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Q 99. A Skeleton Product
No one of the units’ digits of the factors can be zero. (4)(6) (8) =

192 and (2)(4)(6) = 48. (87)V* = 44+ and (88)1% = 4.44.
Therefore, the product is (442) (444) (446) = 87,526,608.

—M.M., 37 (November, 1964), 360.

Q 100. Inscribed Decagons

/@\

Diameters ID and JE are respectively parallel to the sides AB and
BC of the regular decagon and to sides JC and AD of the star decagon.
Hence ABCM and JMDO are rhombuses, so AD — B(C =
AD — AM = MD = JO, a radius of the circle.

Q 101. The Handshakers

Before any handshakes have occurred, the number of persons
who have shaken hands an odd number of times is zero. The first
handshake will produce two “odd persons.”” From then on hand-
shakes will occur between either two even persons, two odd persons,
or one odd and one even person. Each even-even shake increases
the number of odd persons by two. KEach odd-odd shake decreases
the number of odd persons by two. Each odd-even shake changes
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an odd person to even and an even person to odd, leaving the number
of odd persons unchanged. Therefore, there is no way that the even
number of odd persons can shift its parity; it must always be an even
number.

—Gerald K. Schoenfeld, in Martin Gardner’s 2nd Scientific
American Book of Mathematical Puzzles and Diverstons,
Simon and Schuster, Inc., New York, 1961, page 60.

Q 102. A Fast Deal

We need be concerned only with the order of the cards drawn.
The permutations of any five numbers are 5!, so the probability is
M 20.

—J. R. Ziegler, M.M., 23 (May, 1950), 278.

Q 103. A Perpendicular Bisector

A side of a triangle is the diameter of a circle passing through the
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feet of the altitudes to the other two sides. The join of these feet is
a chord of the circle, so its perpendicular bisector passes through the
center of the circle, that is, the midpoint of the third side.

—Aaron Buchman, S.8.M., 47 (May, 1947), 490.

Q 104. Condition for Divisibility

Let f(z) =22 — z+aand g(z) = 2 + = 4+ 90. Then
f(0) =a.  f(1) =a, g(0) =90, g(1) =92,
so @ must divide 2, the highest common factor of 90 and 92. Also,
f(-1) =a+2 and g¢g(—1) = 88, 80 @ is not 1 or —2.
f(—2) =a+6 and g(—2) = —8104, 80 a is not —1.
Hence a = 2 and
(% +z+90)/(2* — z + 2)
=z 4 210 — 2% — 328 — 27 4 5z
+ 725 — 32t — 1728 — 1122 + 23z + 45.
—L. E. Bush, A.M.M., 71 (June, 1964), 640.

Q 105. The Farmer's Dilemma

The average cost per animal is $1. Each calf’s cost differs from
the average by +$9, each lamb’s cost by +$2, and each pig’s cost
by —$24. Hence for each calf he must have 18 pigs and for each
lamb he must have 4 pigs. Therefore, since 5(1 + 18) + (1 + 4) =
100, he must buy 5 calves, 1 lamb and 94 pigs.

—B. E. Mitchell, M.M., 26 (January, 1953), 153.
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Q 106. A Factored Integer

1,000,027 = (100)® 4 (3)® = (100 4 3) (10,000 — 300 + 9)
= (103) (9709) = (103) (7) (1387) = (103) (7) (1460 — 73)
= (103)(7) (73) (19).

Q 107. A Folded Card

8 £ 4
/
3 / 3+ 40
/
H 3g ///
J/ 3 3
30 // A
/ =z
// 30 //’/, G 20
// ///
s |
y + D

If ABEH = 3, let ACED = 3 + 4a, then AEHD = 3 + 8a.
Draw EF perpendicular to AD cutting HD in . Through G draw
AK and draw AFE cutting HD in J. From considerations of sym-
metry in HEDA, the rectangle is now divided into ten right triangles,
and AEGK = AAGF = ABEH = 3. ACED = AEFD,so AGKD =
AGFD = 2a. Hence each of the four triangles in the rhombus
AHEG = 3a.

From two pairs of similar triangles,

ACED/ABEH = (DE)*/(EH)*= AJED/AJEH,
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SO

(3 +4a)/3 = (3 4+ 5a)/3a
402 — 24— 3 =0
40 =1+ /13

Consequently, the area of the largest triangle, AEHD, is 8a + 3 or
5 + 24/13 = 12.2111 square inches.

After some more involved computations, we also find that BE =
3.528 inches, EC = 2.708 inches, and CD = 5.617 inches.

—R. R. Rowe, Cwil Engineering-A SCE, 18 (February, 1948), 70.

Q 108. A Unique Square

If n(n 4+ 2) (n + 4) (n 4+ 6) = m? then (n? 4 6n 4+ 4)2 = m? + 16.
But only 0 and 9 are squares of the form a2 — 16, and since m? is odd,
the square sought must be 9 = (—3)(—1) (1) (3).

—David L. Silverman, M.M., 38 (January, 1965), 60.

Q 109. A Neat Inequality

The arithmetic mean of a set of numbers, not all equal, is greater
than their geometric mean, so

* 143+454+7+--+@n—1)

n

3

n =

3

> [1:3:5-7-+-(2n — 1)JU»
Whereupon, n* > 1:3:5:7---(2n — 1).
—Frederic E. Nemmers, S.S.M., 40 (June, 1940), 586.
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Q 110. A Cosine Sum

Considered as directed lines, the projections of the sides of any
polygon on a line in its plane sum to zero. Since the exterior angle
of a regular pentagon is 72°, the terms in the given sum are the
orthogonal projections of the unit sides of a regular pentagon on a
line with which one of the sides makes an angle of 5°. Consequently,

cos 5° + cos 77° + cos 149° 4+ cos 221° + cos 293° = 0.
—M. 8. Klamkin, M.M., 28 (May, 1955), 293.

Q 111. Quantity Divisible by 9

We may write
2 — 1

2—1

I(z) =

)

SO

(2)2 =1 4096 — 1

(20)2—1 —4-—1
—M.M., 26 (May, 1953), 287.

f(2) = = —819 = —9(91).
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Q 112. Triangular Numbers in Scale of Nine

Triangular numbers have the form n(n + 1) /2, so 1 is a triangular
number in any scale of notation. Each member of the series is
derived from the previous member by multiplying by the base and
adding 1. Thus operating in the decimal system, for the scale of nine,

Imn+1)/24+1= 3n+1)(3n + 2)/2,
a triangular number.

—Helen A. Merrill, A.M.M., 39 (March, 1932), 179.

In general, in a system with base (2k + 1)2, annex k(k + 1)/2 to
n(n 4+ 1)/2 and secure [ (2k + 1)n + kJ[(2k + 1)n + k& + 1]/2.

Q 113. Relative Polyhedral Volumes

A plane through the midpoints of the three edges of a tetrahedron
issuing from one vertex will cut off a smaller tetrahedron with a
volume 1/2% that of the larger similar one (since their edges are in
the ratio of 1:2). Four of these smaller tetrahedra together have a
volume equal to one-half that of the larger tetrahedron.
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If a regular tetrahedron is truncated in this fashion at all four
vertices, the residual solid has four congruent equilateral triangular
faces from the original faces and four from the truncations, so it is a
regular octahedron with edges equal to those of the smaller tetra-
hedrons and a volume equal to one-half that of the larger tetrahedron.

It follows that a smaller tetrahedron has a volume one-fourth that
of the octahedron. Also, from the truncations, it is evident that the
dihedral angles of the regular tetrahedron and the regular octahedron
are supplementary.

Q 114. The Space Fillers

Y%

A cube can be continuously deformed until the edges issuing from
one vertex make angles of 60° with each other. The joins of the
extremities of these edges together with the edges form a regular
tetrahedron. The edges issuing from the opposite vertex likewise
determine a regular tetrahedron. Since one join is in each face of the
parallelepiped (the deformed cube), the aforesaid joins together with
six edges of the parallelepiped determine a regular octahedron. It
follows that a cubical network (which is space filling) can be con-
tinuously transformed into a tessellation of n regular octahedrons and
2n regular tetrahedrons.
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Or, as might be inferred from the previous problem, if the edges of
an infinite tetrahedron be divided into equal parts and planes parallel
to the faces be passed through the sectioning points, the tetrahedron
(and hence space) will be divided into regular octahedrons and
tetrahedrons.

Q 115. Simple Simplification

The sum of the digits of the numerator is 30, so the numerator is
divisible by 3. The difference of the sums of the alternate digits of
the denominator is (32 — 21) or 11, so the denominator is divisible
by 11. Therefore,

116,690,151  38,896,717(3) 3
427863887 38,806,717(11) 11

Q 116. Sine Sum

The triangle of maximum perimeter inscribed in a circle is equi-
lateral, for which the sides @ = b = ¢ = RV'3, where R is the radius
of the circle. Hence, for the general triangle, a + b + ¢ < 3R V3.
Buta = 2R sinA, b =2RsinB,andc = 2R sinC,sosinA + sin B +
sin C < 3V 3/2.

—Leon Bankoff
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Q 117. Two Ferry Boats

700'

400 ,

SN NS N R

1700’

Ferry boat A left one shore, traveled 700 feet and met B. To-
gether they had traveled the width of the river. A continued across
the river to the opposite shore and back 400 feet, where it met B
again. Together they had then traveled a total of three times the
width of the river. As their speeds were constant, A traveled three
times 700 feet, or 2100 feet. The width of the river was 400 feet
less than the distance A traveled, that is, 1700 feet.

—W. C. Rufus, A.M.M., 47 (February, 1940), 111.

Q 118. Togetherness at Meals

There would be 84 or 3 distinet pairs with which to bracket
Albert, so there must be 3 meals in a cycle. Using the initials of
the names, let us first seat the family in alphabetical order and then
break the circle at Albert’s right and straighten out the sequence for
consideration. Then take those in an even position and move them
to the right, preserving their order, and repeat the operation twice.
The third move returns the seating to the original alphabetical order:
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Thus,

ABCDEFG
ACEGBDF
__AEBFCGD
ABCDEFG

Now let us examine the bracketing pairs for each person, and inci-
dentally demonstrate that the device used does the job.

A—BG B—AC C—BD D—CE E—DF F—EG G—FA
CF GD AE BF CG DA EB
ED EF FG GA AB BC CD

Thus not only does each person sit by every other person exactly
once during the three meal cycle, but at no time during the cycle
does any person have the same bracketing pair of neighbors as any
other person during the cycle. That is, the bracketing pairs are the
21 that are the C(7, 2).

Q 119. Sum of Digits

Pair the integers a and (10® — 1 — a), a = 0. Each pair has a
digit sum of 97, and the number of pairs is 107/2. Hence, the re-
quired sum is 9n(10%/2).

—Leo Moser, M.M., 26 (March, 1953), 225.

Q 120. Feeding Three Truck-drivers
The purchases of the first two truck-drivers establish the equations

48 4+ ¢ + 10d = 169 (1)
and
3s+c+7d =126 (2)
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Then we have
2 times (1): 8s 4+ 2¢ + 20d = 338 (3)
3 times (2): 9s + 3¢ + 21d = 378 (4)
(4)-(3): s + ¢ 4+ d = 40 cents
which was paid by the third truck-driver.
—S8.8.M., 66 (June, 1966), 561.

Q 121. Overlapping Squares

0

Extend the sides of angle A, thus dividing the square MN PQ into
four congruent quadrilaterals. Thus the common area is one-fourth
of the area of MNPQ. This result is independent of the ratio into
which MN is divided and of the size of ABCD provided that AB =
MP/2.

Q 122. Solution without Expansion

Let 2 = y/12, then the equation becomes
-1y —2)(y—3)(y —4) =120 = 2-3-4-5.
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Any integer root will convert the left-hand member into the product
of four consecutive integers. y = —1 and y = 6 are two such roots.

Now applying the relationships between the coefficients and the
roots of the derived equation:

(=1)(6)ryre = —120 + (—1)(—2)(—=3)(—4)

or
rirg = 16
—(—1+6+7‘1+7‘2)=—1—2—'3—4
or
7‘1+7‘2=5.

Thatis, r, and r, are roots of y2 — 5y + 16 = 0, namely, (5 &+ i\/?@) /2.
It follows that the four roots of the original equation are —1/12, 1/2,
and (5 & iV/39)/24.

Q 123. Problem in Primes

It is required to find a three-digit and a one-digit number whose
product has four digits, with the condition that only 2, 3, 5 or 7 be
used. There are only four ways to meet this requirement: 3(775) =
2325, 5(555) = 2775, 5(755) = 3775, and 7(325) = 2275.

Since no three-digit number appears with more than one multiplier,
the multiplier sought must consist of two identical digits. The unique
solution is

775
33

2325
2325

25575
—W. E. Buker, A.M.M., 43 (October, 1936), 499.
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Q 124. Intersecting Great Circles

Place any number b on any point and place its ‘“‘complement,”
n(n — 1) + 1 — b on the diametrically opposite point. Continue
in this way until all the numbers (and all the points) are exhausted.
Since each circle contains n» — 1 pairs of diametrically opposite points,
the numbers on each circle will total to [n(n — 1) 4+ 1](n — 1).

—Leo Moser, M.M., 25 (November, 1951), 114.

Q 125. Costly Club

With 50 percent more to share the expense, the cost per person
would have been 24 as great. Thus, $100 is one-third and the
initial individual cost was $300.

—M .M., 32 (March, 1959), 229.

Q 126. Binomial Coefficients

For y = 3, we have 2C(n, k) = C(n, k + 1) and 3C(n, k) =
C(n, ¥ + 2). These equations simplify to n = 3k + 2 and
3k +1)(k+2) = (n— k)(n — k — 1), respectively. Solving
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simultaneously and discarding the negative root, k = 4, n = 14.
That is, in the binomial expansion to the fourteenth power, the fifth,
sixth, and seventh coefficients are 1001, 2002, 3003, and the eighth
coefficient 3432 = 4(1001). Since this solution is unique for y = 3,
there can be no solution for y > 3.

Q 127. Quantity Divisible by 8640

The product of n consecutive integers is divisible by n. Further-
more, the product of four consecutive integers is divisible by 23. Now

N = 2° — 627 + 9a° — 4a?
=[(z—=2)(z—Dz])[(z— Yz + D ]z(z+ 1) (x + 2)]
=[z—=2)(x—Da@@+1)(z+2)](z — DaJlz(x + 1)]
=[(z—2)(@— D+ 1)]J(zx — Yz + 1) (x + 2) ]x.

From the first arrangement of the factors, the quantity in each bracket
is divisible by 3 so N is divisible by 33. From the second arrangement
N is divisible by 5. From the third arrangement the quantity in
each bracket is divisible by 2% so N is divisible by 2. Therefore
28.3%.5 or 8640 divides N for all integer values of z.

Q 128. Dissected Pentagon

If each side of the square is 2, the area of the pentagon is 5, so
that each leg of the resulting isosceles triangle must be 4/10. This
is the length of each of the long diagonals of the pentagon, which
may be drawn from its apex. Thus if we cut along a long diagonal,
the two sides of the cut will form the legs of the final triangle. Then
the vertices of the uncut angles of the pentagon should come together
inside the final triangle and the pairs of sides issuing from the ends of
the diagonal must match. Hence the second cut must be from either
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BYaYEs
N

end of the long diagonal of the pentagon and must bisect the remote
side. There are thus two distinct solutions, not counting mirror
images. In each case, the pieces may be swung from their initial
to their final positions as if they were hinged at any two of the three
points where cuts end.

—W. Fitch Cheney.

Q 129. Infinite Product
Let N = 31/832/938/27. .. — 3U8+2/94+8/27+ -+n/s"+- = 3M_ Then
M/3=1484+28+38+ -+ (n—1)/3"+ -
So
1-2)M=2+12+28+ - +15"+--
= (}4)/(1 - %) = %.
Hence N = 3% or v/27.

—J. F. Arena, 8.S.M., 46 (October, 1946), 678.
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Q 130. Never a Square

We have (n?2 + n)? = nt + 2n® + n2 < nt + 2n% + 2n2 + 2n +
1<nt 4+ 202 +3n+2n+ 1= (n?+n -+ 1)%. So the given
number lies between two consecutive squares.

—Leo Moser, M.M., 37 (January, 1964), 62.
Indeed,

n+2n+2n2+2n +1
=m4+2n+n)+ 0+2n+1) =+ 1)(n+1)>2

Q 131. Chords of a Circle

The lines are equal chords tangent to a circle concentric with the
given circle. If more than two lines passed through one point, there
would be more than two tangents from an external point to a circle,
which is impossible.

—DBrother U. Alfred, M.M., 35 (May, 1962), 193.
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Q 132. Nine-digit Determinants

When two rows of a determinant are interchanged, the sign of the
determinant is changed. When the rows of a 3-by-3 determinant
are permuted, three positive and three negative determinants equal
in absolute value are obtained. Hence, the 9! determinants fall into
9!/6 groups each of which sums to zero.

—M.M., 36 (January, 1963), 77.

Q 133. Six Common Points

If the graphs of the quadratic equations have more than (2)(2)
or 4 points in common, the equations must be degenerate with a
common factor. The given equations may be written in the forms

(x+2y—3)2zx—y) =0
(x+2y—3)Br+y+2) =0.

Hence all points on the line z + 2y — 3 = 0 lie on the graphs of
both quadratics. For example, the coordinates of the points (—1, 2),
(1, 1), (0, 3%), (3,0), (4, —15), (5, —1) satisfy both equations.

Q 134. A Shuffled Deck

The number of red cards in the top 26 must always equal the num-
ber of black cards in the bottom 26. Hence by the rules of logic,
the statement is correct no matter what follows the word ‘“then.”

—Leo Moser, M.M., 26 (January, 1953), 167.
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Q 135. Equal Angles

Through D draw a parallel to BC cutting HE, HF, AC, and AB
in points P, Q, R, S, respectively. Then

DP BH DS BC DR CH

—_—— —_—=—, and —=—.

DR BC DQ CH DS BH
Multiplying these three equalities we have DP = DQ. Thus in the
triangle H PQ the altitude bisects the base PQ, hence H PQ is isosceles
and H A bisects angle FHE to make angles AHE and AHF equal.

—Nathan Altshiller Court, M.M., 37 (November, 1964), 338.

Q 136. A Consistent System

The sum of the second and third equationsisz + y + k(z + y) =5.
Hence from the first equation, k£ = 4.
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Q 137. Diophantine Equation

Putrzr+y=a’andz — y = a,thenz = ala + 1)/2and y =
a(a — 1)/2. Since each numerator is the product of an odd and
an even integer, x and y are integers when a is an integer.

—L. E. Bush, A.M.M., 61 (October, 1954), 548.
z and y are consecutive triangular numbers.

Q 138. Dissection of Triangle into Two Similar Triangles

4

4 F 6 ¢

Take D, E, F on AB, BC, CA, the sides of any triangle A BC, such
that AD/AB = CE/CB = AF/FC = 1. Let G be on AC with
AG = 2 AF, and let H be the midpoint of DE. Then the segments
DE, DF, GH represent three cuts. One of the required triangles is
the piece BDE. The other three pieces may be rotated in the plane
to form the second triangle.

—Aaron Buchman, A.M.M., 58 (February, 1951), 112.
Indeed, the part cut off could be hinged at F and H.

Q 139. The Moving Digits

Let f denote the proper fraction which, when written as a decimal,
consists of the repetend 15— — — —, one cycle of which is the number
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sought. According to the conditions of the problem, 5f = 0.— —--15
—~——-15-+- and 100f = 15.- -~ -15-—-—--15--+, so that 95f = 15,
and f = 3{9. By performing the division, the decimal repetend of
f is found to consist of the 18-digit sequence, 157, 894, 736, 842, 105,
263. This is the unique number of less than 30 digits which satisfies
the conditions of the problem. If the 30-digit limit were raised to
50, there would be just one more solution admitted, consisting of two
cycles of f, or a number of 36 digits.

—H. T. R. Aude, A.M.M., 41 (April, 1934), 268.

Q 140. Vertex of a Tetrahedron

If one face angle at one vertex of the tetrahedron is right or obtuse,
the sum of the three face angles at this vertex exceeds = radians.
If at least one face angle at each vertex is right or obtuse, the sum
of the face angles at all of the vertices would exceed 47. This is
impossible since the sum of the interior angles of four triangles is
just 47 radians. Consequently there must be at least one vertex of
the tetrahedron at which all the face angles are acute.

—Roy MacKay, A.M.M., 42 (August, 1935), 453.

Q 141. The Lucky Prisoners

The number of times ¢ that the key was turned in the gth cell is
equal to the number of divisors of ¢. Thus if ¢ = p°1-pgo2e - -
where the p.’s are distinct primes, then t = (a; + 1) (a2 + 1)---
(ar + 1). Now if any a; is odd, ¢ is even and the corresponding cell
eventually remained locked. If all the a; are even, ¢ is a square
number, ¢ is odd, and the lucky occupants of the “square’ cells found
that their cells eventually remained open.

—P.M.E.J., 1 (April, 1953), 330.
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Q 142. No Point in Common

Assume, on the contrary, that the circular areas have a point in
common. Consider the six spokes connecting this point with each
center. At least one pair of spokes has an included angle not ex-
ceeding 60°. The center associated with the shorter (or equal length)
spoke then lies within the circular area whose center is associated
with the other spoke. This contradicts the assumption that none
contains the center of any other.

—E. L. Magnuson, A.M.M., 70 (May, 1963), 569.

Q 143. Mental Multiplication

Applying the identity (a — b) (a 4+ b) = a* — b? we have
(96) (104) = (100 — 4) (100 + 4) = 10,000 — 16 = 9984.

Q 144. A Unique Triad

It is required to find distinct integer solutions of the set of simul-
taneous equations, x + y = mz, y + 2 = nz, 2z + = = py, where
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m, n, p are positive integers. The condition that this set of homo-
geneous equations has a solution is

1 1 —m
—n 1 1| =0.
1 —p 1

That is, mnp = m + n + p + 2. Clearly, (2, 2, 2) satisfies this
equation. Any other solution must have one variable equal to 1.
Whereupon mn = m + n + 3. Clearly, (3, 3) satisfies this equation.
Any other solution must have one variable less than 3. Thus (5, 2)
is the only other solution. Hence, there are but three triads of
positive integers, (2, 2, 2), (1, 3, 3), and (1, 2, 5), which satisfy the
three-variable equation.

To each of these triads corresponds a set of three simultaneous
equationsinz, y,2. The solutions of these sets are (k, k, k), (k, k,2k),
and (2k, k, 3k), respectively. Therefore, the only set of distinct
integers meeting the conditions of the problem is (1, 2, 3).

—S8.8.M., 49 (October, 1949), 590.

Q 145. The Enclosed Corner

The proposed floor space is a quadrilateral having one right angle
and such that the two sides which meet in the vertex opposite the
right angle are equal. Four congruent quadrilaterals of this form
may be fitted together to form an equilateral octagon. For a given
length of side, the octagon of maximum area is a regular octagon.
Hence, one-fourth of this octagon will be the quadrilateral of maxi-
mum area, 8(V2 + 1) square feet. Therefore, the screens should be
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placed so that each forms with one wall and the bisector of the right
angle at the corner of the room, an isosceles triangle of which the
screen is the base.

—F. Hawthorne, N.M.M., 19 (March, 1945), 322.

Q 146. Relatively Prime Integers

If1/a + 1/b = 1/¢, thena + b = ab/c. Since a and b are integers,
¢ must be composite, say ¢ = ¢r, with one factor in common with a
and the other factor in common with b. So let a = mqg and b = pr.
Then mq + pr = mqpr/qr = mp. Since a, b, and ¢ have no factor
common to all three, m cannot divide r so it must divide p, and p
cannot divide ¢ so it must divide m. Hence m = p, so p(q¢ + r) = p?
and ¢ + r = p. It follows that

a+b=pg+pr=p(g+r) =p,

a—c=pg—qr=q(p—r1) =¢
and

b—c=pr—gr=r(p—gq) =1%

—8.8.M., 63 (October, 1963), 604.
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Q 147. Diophantine Duo

The first equation may be written
(@a—b—c)[a*+ (b—¢c)2+ ab+ bec + ca] = 0.

Since the second factor cannot vanish for positive a, b, ¢, we must
havea = (b + ¢) = a?/2, whence the only solution in positive integers
isa=2b=c=1.

—E. W. Marchand, A.M.M., 65 (January, 1958), 43.

Q 148. Bimedians of a Tetrahedron

A regular tetrahedron may be inscribed in a cube with each pair
of opposite edges of the tetrahedron coinciding with nonparallel
diagonals of opposite faces of the cube. The midpoints of the edges
of the tetrahedron are centroids of the faces of the cube. Hence,
the join of the midpoints of two opposite edges of the tetrahedron
passes through the centroid of the cube, is perpendicular to two oppo-
site faces of the cube, and is parallel to four edges of the cube. Then
since the three edges of a cube at a vertex are mutually perpendicular,
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the three joins of the midpoints of opposite edges of the regular
tetrahedron are mutually perpendicular and are concurrent.

Q 149. Pied Product

Let n = abc and let N be the desired product. If ¢ = 1, then the
largest n, namely 981, gives N = 159,080,922 which is too small.
Therefore 987 = n = 982. The sum of the digits of N is 35 = 2
(mod 3), so n and its permutations are congruent to 2 mod 3. Then
n is 986 or 983, of which only the latter has a product of digits ending
in 6. It follows that

(983) (839) (398) = 328,245,326.
—W. R. Talbot, A.M.M., 66 (October, 1959), 726.

Q 150. A Peculiar Number

The common result must have 7 and 11 as factors, thus the number
is 7 4+ 11 or 18. The method is general, since the solution of
(x—kk=(x—mmisk + m.

—M .M., 33 (September, 1959), 58.

Q 151. Three of a Kind

It is assumed here that acquaintance between two persons is re-
ciprocal. If the six people are identified with the vertices of an
octahedron, we have the equivalent problem: If each edge and diagonal
of an octahedron s colored red or green, then some triangle has all of its
stdes the same color.

Each vertex is connected to every other vertex. Of the five joins
from one vertex, three must be of the same color. If the ends of any
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of these are joined by a line of the same color, there will be a triangle
of that color. If the ends of each pair of the three are joined by a
line of a different color, then these joins will form a triangle of that
color.

Q 152. A Simplification Problem

Multiply numerator and denominator of the fraction by 232 to
secure

(8 +2V/15)% + (5 — 2V/15 + 3)2
(12 + 2V/35)%2 — (7 — 24/35 + 5)%"
_ (VB VB + (VE-VB)r  2(5vVE+9VE) T
T (VT+VE— (VT — 5B 2121VE+5VE) 13
—8.8.M., 55 (October, 1955), 567.

Q 153. Product of Three Primes

Let N = pgr. Then p? + ¢* + r? = 2331, so0 no one of the primes
exceeds (2331)Y2 < 49, and the primes are odd.
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The sum of the divisorsof Nis (1 + p) (1 + ¢) (1 4+ r) = 10,560 =
11-960. The only multiple of 11 less than 49 which is one more than
a prime number is 44, so r = 43. Then p* 4+ ¢*> = 482 and neither
exceeds (482)12 < 22. Now the squares of odd numbers end in 1,
5,0r9,soboth p?and ¢ endin1. Thusp =11,¢ =19, and N =
(11) (19) (43) or 8987.

Q 154. Representation of Rational Number

Let a/b be any positive rational number. Then a¢/b = 1/b +
1/b 4+ -+ 4+ 1/b, a sum of harmonic terms with a — 1 duplications.
Recursively expand all duplicate elements by the identity 1/n =
1/(n + 1) + 1/n(n + 1) until all terms are distinct.

—@G. 8. Cunningham, 4.M.M., 69 (May, 1962), 435.
For example: 34 = 1 + 34 + 4 = 14 + 34 + Yo + 16 + o
=M+ 18+ Ye + 16 + 22 + Y7 + Y192

Q 155. Condition That a Triangle Is Isosceles

The bisector of an interior angle of a triangle divides the opposite
side into segments proportional to the adjacent sides. If perpen-
diculars are dropped from a point to the sides of a triangle, then the
sums of the squares of the alternate segments of the sides are equal.
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Hence, in a triangle with sides a, b, ¢, if the perpendiculars to the sides
at the feet of the internal angle bisectors are concurrent, then

( )2 ( )2 ( )2

b+C C+a a+b
( >2 ( )2 ( >2
b+c C+a a+b'

Upon combining terms with the same denominators, we have

at(b—c)/(b+c) +b(c—a)/(c+a) +c(a—0b)/(a+b) =0,

and then
b—c)lc—a)yla—Db)(a+b+c)2=0.

Since at least one of the first three factors must vanish, the triangle

1s isosceles.
—A.M.M., 46 (October, 1939), 513.

Q 156. Classified Integers

If the integers are arranged in a square arrayas 1 2 3 4
shown, each row is an arithmetic progression with 5 6 7 8
a common difference of 1, and each column alsois 9 10 11 12
an arithmetic progression with d = 4. Conse- 13 14 15 16
quently, the sum of any two numbers on the main
diagonals can be matched by at least one sum of a pair of numbers
not on the diagonals. So the two sets are

A:

1 10 11 13 16, and
B: 2

7
8 9 12 14 15.
—Wm. H. Benson

4 6
3 5
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The 28 sums of pairs in each class are: 5, 7, 8, 10, 11(2), 12, 13,
14(2), 15, 16, 17(4), 18, 19, 20(2), 21, 22, 23(2), 24, 26, 27, 29.
It will be observed that the sum of every pair-sum equidistant from the
ends of this series is a constant, 34 = 2(1 + 16).

This result was obtained in another mannerin P.M.E.J., 3 (Spring,
1961), 182.

Q 157. Economical Ballots

Offhand, one would say (3) (4) (5) or 60 different ballots. How-
ever, if two fictitious names be added to the group of three, and one
fictitious name to the group of four, then only five different ballots
would be necessary. Not only would this method reduce the printing
costs, but it also would give statistics on whether or not members
vote by relative order rather than by name.

—M. 8. Klamkin, M.M., 30 (November, 1956), 110.

Q 158. Comparison of Ratios

Wehave (22— ¢?)/(z —y) =z2+y>z+y—2zy/(z+y) =
(2 +y)/(xz +y).

Q 159. Mixtilinear Triangle

The centers of the inscribed circle and the given semicircle are at
(r, r) and (a/2, b/2), respectively, on a coordinate system defined
by the legs of the given triangle, where r is the unknown radius.
Consequently, the distance between the centers is equal to the differ-
ence in the radii. That is, (r — a/2)2 + (r — b/2)2 = (¢/2 — 1)
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X7
A 8

Whereupon, noting that a®> + b* = ¢? we haver = a + b — ¢, which
also is the diameter of the inscribed circle of the right triangle.

—M. A. Kirchberg, A.M.M., 62 (June, 1955), 444,

Q 160. Pandiagonal Heterosquare

In summing rows, columns, and diagonals of such an array, each
integer would be counted four times. The sum of all such sums is
therefore 4[n*(n*> 4+ 1)/2] or 2n*(n* + 1). If there were a least
integral sum k such that the 4n sums ranged from k to & + 4n — 1
consecutively, the grand total also would be given by 2n(2k + 4n — 1).
Equating these two expressions and simplifying we have n(n? 4+ 1) =
2k + 4n — 1. But the left side is always even whereas the right
side is always odd. Hence, k cannot exist, nor n such that the 4n
sums are consecutive numbers.

—D. C. B. Marsh, A.M.M., 62 (January, 1955), 42.

Q 161. A Product of 2™ 1!

Consider the expression I = (V3 + 1) 4+ (V3 — 1)?», This
obviously is an integer, and since (V3 — 1)2~ is less than unity, I is
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the integer next greater than (V3 + 1)?». Then
I=(4+2@)"+ @ —-2B)"=27[(2+ V3" + (2 - V3)"]
= 2mH[2m 4+ 2»2(3)m(m — 1)/2 + ---].
—~Cecil B. Read, S.M.M., 62 (November, 1962), 622.

Q 162. In a Nonagon

Arc AB = 40° then arc AD = 60°, so triangle AOD is equilateral
and AN is perpendicular to OD. Consequently, A, M, N, O are
concyclic on a circle with AO as diameter. Hence angle OMN =
angle OAN = 30°, since they are inscribed in the same arc.

—Howard Eves, A.M.M., 63 (June, 1956), 423.

Q 163. Spending Money

Twenty-four quarters are involved. 24 = (2)(12) = (3)(8) =
(4)(6). From these factorizations we pick two such that qic; = gsca

152



QUICKIE SOLUTIONS Q 164-Q 165

and ¢1 + 1 = ¢, while ¢; = ¢; + 2. Thus there were eight children
in the final party.

—M .M., 31 (January, 1958), 217.

Q 164. Summing an Infinite Series

Let
S=14+22x432>4+ 4234 -+
z8 = x4 222+ 323+ .-
Q1-2)8S=14+ z+4+ 22+ 2*+ .- =1/(1 — 2)
S=1/(1-z)%

Q 165. A Fenced Square Field

Divide the square field into triangles each bounded by one chain
(66 feet) of fence and two radial lines to the center of the square.
These triangles have equal areas and altitudes equal to one-half the
side z of the square. Thus each triangle has as many boards as
acres. That is, (6)(4) boards and 24 acres or 240 square chains.
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Hence (14) (z/2) (1) = 240, so the side of the field is 960 chains or
12 miles.

Indeed, if the field were any regular polygon (or a circle) with
11-foot boards bent around the corners (or arcs), the area would be
(14) (perimeter) (radius of the inscribed circle), so 4p/11 =
(14)pr/43,560 and 2r = 63,360 feet or 12 miles.

—R. R. Rowe, Civil Engineering—A SCE, 11 (January, 1941), 70.

Q 166. Triangular Numbers from Odd Squares

Wehave 2n + 1)2=4n2+4n+1=4n(n+1) +1 =8k + 1,
since of two consecutive integers, one is even. To cut off the last
digit is equivalent to dividing the remaining 4n(n + 1) by the base
eight to produce n(n + 1)/2, a triangular number.

—G. W. Wishard, N.M.M., 10 (May, 1936), 313.

Q 167. Inscribed Circles

Neither. The inradius of a triangle is given by
r=[(s—a)(s—b)(s—c)/s]"> where 2s=a+ b+ c.

For each of the triangles in this problem the inradius is found to be 6.
A rare case of obtuse triangle twins is 97, 169, 122 and 97, 169, 228,
each of which has an inradius of 30.

—Bancroft H. Brown, M.M., 29 (May, 1956), 275-276.

Q 168. An Inscribed Dodecagon

Let AB and BC be a pair of adjacent but unequal sides. Then
arc AB + arc BC = arc AC = 360°/6 = 60°,s0 AC = r. Applying
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the law of cosines to triangle ABC, wherein inscribed angle ABC =
150°,

(40)? = (V2) 4 (V/24)? — 2V2V/24(—V3/2) = 38.
Hence, r = V/38.
—Norman Anning, M.M., 28 (November, 1954), 113.

Q 169. A Susceptible Diophantine Equation

Since 22 + 2 = 2% we have (28)® + (2%* = (25)5 or a = 256,
b=264,c = 32
—Leo Moser, M.M., 26 (September, 1952), 53.

Q 170. Antifreeze

One quart of the old solution differs from one quart of the new
(or average) solution by —24 percent, while one quart of the solution
to be added differs from the new solution by +48 percent. Hence,
there must be two quarts of the old solution for each quart of the
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added solution. So 14 of the original radiator content or 7 quarts
must be drained.

—B. E. Mitchell, M.M., 26 (January, 1953), 153.

Q 171. Maximum-minimum without Calculus

Let

2—2z4+2 1 1 . x?
J@) =5 ‘5[“"_14’&-—1]_2(9;—1)_1'

The smallest absolute values of the sum of a number and its reciprocal
are attained when the number is +1. Hence the smallest absolute
values of f(x) will be given by r — 1 = +1,s02 = 2 0or 0. From
the last form of f(z), it is evident that f(z) will increase without
bound for z > 2, will increase negatively without bound for z < 0,
and is undefined for z = 1.

flx) 7

/

It follows that for z = 2, f(z) has a relative minimum value of 1,
and for z = 0, f(zx) has a relative maximum value of —1.
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Q 172. Tangent Sum Equal to Product

We have 360° — 125° = 117° 4+ 118°. So,
—tan 125° = tan (117° + 118°)
= (tan 117° + tan 118°) /(1 — tan 117° tan 118°).
Simplifying,
tan 117° tan 118° tan 125° = tan 117° + tan 118° + tan 125°.
—Norman Anning, M.M., 32 (November, 1958), 113.

In general, the sum of the tangents of A, B, and (360° — A — B)
equals their product.

Q 173. A Faded Document

The legible digits establish that 3 4+ 1 = 10, so the computation
is in the scale of four, in which there are only three nonzero digits.
One of these multiplying the divisor must give **1, and another, 3*.
Now 3(13) = 111, 3(23) = 201, 3(33) = 231, and 2(13) = 32,
1(33) = 33. But 2(13) + 1 < 100, so on the basis of the first sub-
traction, the divisor must be 33. It follows that the quotient is 1031
and the dividend is 102,003.

Q 174. Bisecting Yin and Yang

About the diameter, revolve the configuration 180° onto itself.
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Each of the two circles thus formed has 14 the diameter and hence
14 the area of the large circle. So each of the other portions of the
large circle also is 14 the area of the large circle.

—M.M., 34 (November, 1960), 107-108.

Q 175. Number That Is Factor of lts Reverse

In any system of numeration with base B = 10,
2(297) < 2(300) = 600 < 792 < 800 = 4(200) < 4(297).
Hence, 792 = 3(297), so that 7B2 + 9B + 2 = 3(2B* 4+ 9B + 7)
or B2 — 18B — 19 = 0. Rejecting the negative root leaves B = 19.

—D. L. Silverman, M.M., 38 (March, 1965), 124.

Q 176. Square Dad

The legality of the marriage reduces the possibilities to three and
again to one, the middle possibility below, when the ages of the
children are considered.

64 10 49 13 36 9
24 6 36 9 18 9

So the ages of the father, mother, daughter, and son are 49, 36, 13,
and 9, respectively. Although 1 + 3 = 4 and there are four members
of the family, it just misses being square throughout. But, mother
is a perfect 36. It just happens that the sum of the daughter’s and
mother’s ages equals the father’s age.

Q 177. Tetrahedron through a Straw

In a parallelogram consisting of a strip of four equilateral triangles,
lines drawn parallel to a long side have a constant length 2e. When
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A 4 e ¢ e 4
Dy /N
(3
F

8 £ [A 0 8 0
the strip is folded into a regular tetrahedron, it follows that the
sections of the tetrahedron made by planes perpendicular to the join
of the midpoints of two opposite edges have a constant perimeter 2e.

Consequently, when its bimedian coincides with the axis of the
cylinder, the tetrahedron may be pushed through a flexible thin-
walled cylinder with a circumference #d = 2e¢. Thus e = =d/2.
In practice, it would be helpful to have the end of the cylinder flared
out slightly in order to get the job underway.

If the tetrahedron has a different attitude to the axis of the cyl-
inder, some plane perpendicular to the axis will pass through a vertex
and cut two edges not issuing from that vertex. As can be seen
from the developed surface in the figure, the perimeter of a typical
section AEFA’ is greater than 2e. Consequently, the tetrahedron
cannot pass through the cylinder in this attitude. It follows that
the largest tetrahedron that can pass through the cylinder is one
with edge =d/2.

—M.M., 39 (March, 1966), 133.

Q 178. A Product of (a — 1)?
fla,n) =at' —n(a—1) —a=ala®— 1) — n(a — 1)
(a — [a(@ '+ a2+ -+ 4+ 1) —n].

Since the expression in the brackets_vanishes for a = 1, then by the
factor theorem, the expression is divisible by ¢ — 1, so (a — 1)2
divides f(a, n).

il
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Q 179. Determinant of Pascal’s Triangle

By the law of formation, each element in the array is equal to the
sum of the element immediately above it and the element to its left.
Hence in an nth-order determinant based on the first row, per-
formance of the operations col; — col; 1,7 = n, (n — 1), +++, 2 will
reduce the determinant to the minor of its lower left element. FExpan-
sion by minors of the elements of the first row, and continuous repe-
tition of the sequence of operations on the derived determinants
ultimately results in the value 1. For example:

1 1 1 1 1 0 0 0
3 4 5 6 3 1 1 1
6 10 15 21| |6 4 5 6
10 20 35 56 10 10 15 21
1 1 1 100
10
=14 5 6/ =|41 1|-= =1
5 1
10 15 21 10 5 6

Since the array is symmetrical about its principal diagonal, the proof
also applies to determinants of arrays based on the first column. In
this case the rows rather than the columns would be subtracted.

Q 180. Rational Coordinates

The given cubic consists of a straight line and an ellipse, as may be
seen from the equivalent form of its equation

+y—-1DE2—22y+22—z—y—1) =0.

From the first factor it is clear that if any rational value be assigned
to z, then at least one rational value of y = 1 — z can be computed.
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Q 181. A Closed Construction

Let P,, Q,, and R, be the points of contact of the incircle. Then
PP, = QQ, = RR, = P'P, = Q'Q, = R'R, = P"P,. This shows
that the construction closes, and that P, Q, R, P’, Q’, R’ lie on a
circle concentric with the incircle.

—Howard Eves, A.M.M., 50 (June, 1943), 391.

This generalizes to any odd polygon possessing an incircle. Also,
the construction will close if the odd polygon has sides which may be
made to touch a circle by changing the angles but not the length of
the sides.

Q 182. Grouped Odd Integers

The nth group contains n integers, so the number of integers in all
the groups including the nth is n(n + 1)/2, and the number of
integers in all the groups previous to the nth is (n — 1)n/2. These
two sets are arithmetic progressions with a common difference of 2.
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Hence the sum of the members of the nth group is

1n(n+1) n(n + 1)
5 2 {2+[ 2 - 1]2}
1(n—1)n (n—1n
—5—2—{2+[T—1]2}

=nf(n+ 12— (n—1)?]/4 =ns. #&

Q 183. The Sixteen-point Sphere

Let R be the circumradius and r the radius of the sixteen-point
sphere. If the tetrahedron is regular, then » = R/3; and if it is trirec-
tangular, » = « (since the circumcenters of the faces are coplanar)
with R finite. Since the regular tetrahedron may be continuously
deformed into a trirectangular one, it follows that at some intermedi-
ate stage we must have »r = R/2. Indeed, any value of »/R > 14
is possible.

—Howard Eves, A.M.M., 50 (June, 1943), 389.

Q 184. Concurrent Circles

Let the circles with centers at 0., O,, O; be concurrent at 4, and
the pair (01), (0) also at B, (0y), (0;) at C, and (0;), (O;) at D.
0;0, and 0,0, are perpendicular to CA and AD, respectively, so
angle 0,0;0; + angle CAD = 180°. In circle (0,), angle ACB =
1
5 are AB = angle A0,0; (since 0,0, is the perpendicular bisector

1
of AB). In (0,), angle ADB = 5 are AB = angle A0:0,. Now
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C, B, D are collinear, so triangles ACD and A0,0; are similar, and
angle CAD = angle 0,A0.. It follows that angle 0,0;0; + angle
0,A0, = 180° and 0,0;0.4 is inscriptible in a circle.

—A.M.M., 72 (May, 1965), 547.

Q 185. Golf Tournament

Let certain permutations of four letters be designated as follows:
Py (zyzw), P;(zwzry), P3(wzyz), and Py(yrwz).

Each man plays once with each of the other 15, so there must be
154 or 5 rounds. One way to set up the members in foursomes is to
first arrange the initials of the 16 names in a square array. Then
generate three more arrays by repeating the first column, then ap-
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ply P4, P;, P, successively to the second column, then P, P, P;to
the third column, and finally Ps, P, P4 to the fourth column. Thus

AEI M AFKP AHJ O AGLN
BFJ N BELO BGI P BHKM
CGKO CHI N CFLM CEJP
DHLP DGJ M DE KN DFI O

The foursomes for the first four rounds are given by the rows of the
four arrays, and the fifth round by the columns of the first array.
The rows in the last three arrays constitute the positive terms of the
expansion of the first array as a determinant.

The negative terms of the expansion are obtained by applying
P;, P4, P;in order to the second column, then P,, P;, P, to the third
column, and then Pj, P, P; to the fourth column of the first array.
Thus a different scheduling is obtained:

AEI M AHKN AFLO AGJ P
BFJ N BGL M BEKP BHI O
CGKO CFIP CGJ M CELN
DHLP DEJ O DHI N DF KM

Q 186. Square Triangular Numbers

If T[n] = n(n 4+ 1)/2, the nth triangular number, is a square,
then T[4n(n + 1)] = 4T[n](2n + 1)2is also a square. Since the
first triangular number, 1, is also a square, there exist an infinite
number of square triangular numbers.

—A. V. Sylwester, A.M.M., 69 (February, 1962), 168.
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Q 187. System in Three Variables

In consideration of the relation between the coefficients and the
roots of an equation, evidently z, y, z are the roots of the cubic equa-
tion

a® — 6a>+ 1la — 6 = 0.

Then (a—1)(a—2)(a—3) =0.
a=1,23.

Since the equations are symmetrical in z, y, 2z the six solutions are
the permutations of 1, 2, 3, namely:

(:U, y} Z) = (]" 2) 3)) (17 3) 2)7 (2’ 1) 3)! <27 3’ 1)) (3} 17 2)7 (3) 21 1)'
—D. G. Buckley, S.S.M., 40 (May, 1940), 483.

Q 188. Imbedded Polyhedron

It can be a tetrahedron with a notch in the form of a tetrahedral
wedge removed from one edge. This is most easily seen by redrawing
the graph with one of the triangles outermost, or by viewing the
notched tetrahedron through one of the remaining triangular faces.

—Robert Connelly, A.M.M., 69 (December, 1962), 1009.
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Q 189. Baseball Team Standings

The basic procedure relates the W—L record of a team to a 50-50
situation. If its W > L, the team is in the upper bracket.

W < L, the team is in a lower bracket.

If its
Now consider two teams

A and B. Team A will be above Bif Wy > Wgzand Ly < Lp or
Now we can order the teams, with doubts
only about the relative placement in the marked pairs. Thus

Wis= Wgand L, < Lp.

w

*Cincinnati 49
*Los Angeles 51
San Francisco 45
Philadelphia 45
*Milwaukee 42
*Pittsburgh 44

IfWA= W3+xa,ndLA

L
36
38
38
39
40
43

St. Louis
*Chicago
*Houston

New York

w
41
41
39

29

45
46
45
56

Lg + y, then if both are in the upper

bracket and z < y, A is below B. If both are in the lower bracket
and z = y, A is above B. So the order above is the correct one.

Q 190. A Sweet Purchase

Since 216 = 23-3% = (8) (27) = (9) (24), she bought 24 pounds.

Q 191. Intersections of Diagonals

Consider a convex polygon of n = 4 sides.

—M.M., 33 (November, 1959), 118.

Every combination of

the n vertices taken four at a time determines a quadrilateral which
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has two intersecting diagonals. Also, every two intersecting diagonals
of the polygon determine a quadrilateral. Therefore, the required
number of intersections is C(n, 4). All these intersections, of course,
may not be distinct.

—Norbert Kaufman and R. H. Koch, A.M.M., 54 (June, 1947), 344.

Q 192. Two Vanishing Triads

Givena + b+ c¢=0andd + e+ f = 0. Then
(@a+b)*= (-0
a4+ b+ = —3ab(a + b) = 3abe.
In like manner,

B+ e+ = —3de(d + e) = 3def.
Finally,
(@ 4 b0 + ) /(d® + € + f°) = abe/def.

—Aaron Buchman, S.S8.M., 38 (February, 1938), 220.

Q 193. Condition for Factorability

Let f(z) = a4+ 2>+ 1 = 2* 4+ 22 + 1. Now the cube roots
of unity are 1, w = (—1 + V3)/2, and «?. Since a is prime to 3,
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then either «* = w and w™ = w? or «®* = w? and w™ = w. In either
case,

fl@) =f(e?) =1+w+o*=0.
Therefore, (x — w) (x — w?) = 22 4+ 2 + 11is a factor of 2° + 2 + 1.

—Howard D. Grossman, S.8.M., 45 (May, 1945), 486.

Q 194. Parallel Resistances

Since z, y, z are positive, z > zandy > 2. Letz = 2z 4+ u and
y=2+v u v >0 Theequation 1/z = 1/ + 1/y reduces to
2?2 = wv. Thus for every 2, we merely have to decompose 2? in every
way as a product of two integers » and v.

—Marion L. Gaines, N.M.M., 19 (November, 1944), 100.

Q 195. Minimum Bisector

Reflect the triangle and the bisecting curve repeatedly, keeping
one vertex fixed, and thus produce a regular hexagon. The closed
curve cuts the area of the hexagon in half, so has a fixed area inside.
Consequently, if its perimeter is a minimum, the curve is a circle with
center at the fixed vertex.

—Leo Moser.
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The arc of the circle bisecting the triangle is < a/V2, where a is
the side of the triangle and a/V2 is a bisecting line parallel to the
base.

Q 196. A Peculiar Square

We have
N2 = a1azasb1bzbaalazaa = (alazaa) (1002001) = (alaza;;) (72) (112) (132)

Therefore, aia.a; must be the square of a prime P other than 7, 11, or
13. Now a; # 0 and bibsbs < 1000, so 10 < P < 23. Hence, P is
17 or 19, aiaa; = 289 or 361, and N2 = 289,578,289 or 361,722,361.

—P. N. Nagara, M.M., 24 (November, 1950), 108.

Q 197. A Series of Tests

If a difference in grade of 97 — 73 or 24 points would change an
average grade 90 — 87 or 3 points, there must have been 244 or 8
tests.

Q 198. Coinciding Points in a Quadrilateral

The midpoints of the sides of any quadrilateral are the vertices of
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a parallelogram, and the diagonals of a parallelogram bisect each
other. In the quadrilateral ABCD, MQNP is a parallelogram, so
PQ and MN intersect at O, the midpoint of each. In the crossed
quadrilateral ACDB, MYNX is a parallelogram, so XY and MN
intersect at O, the midpoint of each.

—Louis R. Chase, S.8.M., 31 (May, 1931), 616.

Q 199. Fractions in Lowest Terms

If k/n is a fraction in lowest terms, then 1 — k/n or (n — k)/n
is also. Thus fractions in lowest terms can be arranged in matched
pairs, so the number of terms is even.

—Norman Anning, M. M., 27 (May, 1954), 284.

Q 200. The Tea Set

Since the cost is less than the retail price, it is evident from the
prices of the sugar bowl and the creamer that H = 0. Then

KOC/CKO = 672/600 = 28/25.

It follows that KO is a multiple of 25, so K = 5. Also, C is even and
less than K, so KOC = 504 and CKQO = 450. Hence, the cost is
450¢00 or 34 of the retail price. Immediately, the tray cost $37.62,
the teapot cost $68.31, 7' must be 9, and the key word of the code is

1234567890
BLACKSMITH

Q 201. Segments Determining an Equilateral Triangle

In the triangle ABC, PC: PA: PB::3:4:5.
Construct an equilateral triangle PCF so that P and F are on
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opposite sides of AC. Draw AF. Drop AE perpendicular to CP
extended. ZPCB = 60° — LPCA = LACF, so triangles PCB
and FCA are congruent, and AF = BP = 5. Hence, APF is a
right triangle, so ZAPE = 180° — 60° — 90° = 30°. It follows
that AE = 2 and EP = 2V3. Then

AC = V(2)? + (34 2V3)2 = V25 + 12V3 = 6.7664 inches.
—8.8.M., 33 (April, 1933), 450.

Q 202. An Invariant Remainder

If the remainder is to be the same, the divisor must be odd. Now
1453 — 1108 = 345, 1844 — 1453 = 391, 2281 — 1844 = 437.
Then 437 — 391 = 391 — 345 = 46 = 2(23). So 23 is the required
divisor, since

(N1d+7') — (N4 +r) = d(Nl_ Nz).

The remainder is 4.
—M .M., 35 (January, 1962), 62.
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Q 203. Nine Non-Zero Digits

The only possible values of ¢ are 3 and 4. Now (64644)? has ten
digits, so (27,273)2 = 743,816,529 is the unique solution.

—Nick Farnum, S.8.M., 63 (October, 1963), 603.

The solution is unique even without the ab = ¢? restriction. Fur-
thermore, 27,273 = 3(9091), and 9091 is the largest prime factor of
any square number composed of the nine positive digits used once
each.

Q 204. Dissection for Coincidence

The result can be achieved by dissecting one of the triangles into
isosceles triangles. A right triangle will be divided by the median
upon the hypotenuse. An obtuse triangle can first be divided into
right triangles by the altitude upon the longest side. An acute
triangle will be divided into three isosceles triangles by the circum-
radii to the vertices.

—Louis R. Chase, S.8.M., 30 (November, 1930), 949.
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Q 205. Deflating Umbugio

Let b = (x — lx)? and @ = (1 — l/x)*2 Then the original equation
becomes
r=a-+b (1)
and since x # 0,

b—a=WB—-a)/(b+a)=(—-1)/z=1—-1/x (2)
Adding (1) and (2) we find
2b=zxz—1/a4+1=083+1, so b=1
Whereupon, 2 — 1/z = 1,22 — 2 — 1 =0,andz = (1 &+ V'5)/2.
However, the only value satisfying the original equation is z =

(14 V5)/2.

—P. M. Anselone and Sam Cook, A.M.M., 62 (December, 1955), 728.

Q 206. Males with Common Characteristics

One hundred of the males would have 70 4+ 75 4+ 85 + 90 or 320
of the recorded characteristics. In the most uniform distribution
each male would have three of the characteristics, so at least twenty,
that is, 20 percent would have all four characteristics. In general,

P =Y p;— 100(n — 1).
i=1

—M .M., 38 (September, 1965), 211.
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Q 207. An Area of Constant Width

Let C and D be the points where the line AB meets the boundary
b. Since the region has a constant width (diameter) 1, then CD < 1.
But (AC + CB) + (BD + DA) = 2 CD, so one of (AC + CB)
and (BD + DA) must be < 1.

—Leo Moser.

Q 208. Compering Radicals

In general, n! < (n 4+ 1)*, since each one of the n factors on the
left is less than n 4+ 1. Then

()l < (a)*(n + 1)» or (ah)H < [(n + 1)1

Extracting the n(n + 1)th root, (n!)V» < [(n + 1) VoD,

Or, in the specific case given, assume that (8!)1/8 < (91)% Raise
both sides to the 72d power and obtain (8!)¢ < (9!)8 Dividing
by (8!)8 we have 8! < 98 which obviously is true, so the assumption
is correct.
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Q 209. Fibonacci Tetrahedron

The general formula for the Fibonacci series is F, + Frny1 = Foyo.
Hence, any three consecutive Fibonacci numbers satisfy the equation,
z + y = 2. Consequently, the four vertices of the tetrahedron are
coplanar and the volume is zero.

Indeed, the coordinates need not be 12 consecutive terms. The
same situation exists for any four triads of consecutive Fibonacci
numbers.

Q 210. The Regular Octahedron

(a) A regular octahedron may be viewed as an antiprism, with the
parallel plane cutting the six lateral equilateral triangular faces. By
cutting along an edge, say AD, the six lateral faces can be flattened
into a parallelogram ADD’A’. Hence the perimeter of the section is
equal to the perimeter of the triangular base of the octahedron,
namely 3e.

~
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(b) If AJ = z, then the section is a hexagon made by cutting off
equilateral triangles of side x from the corners of an equilateral
triangle of side ¢ + z. Hence the hexagon has sides which are alter-
nately z and e — z. Its area is [(e + )2 — 32*]V3/4 which will be
a minimum when z = 0 and a maximum when 2 = ¢/2. The maxi-
mum hexagon is a regular hexagon with vertices at the midpoints of
the lateral edges of the octahedron. Its area is 34 the area of a
face of the octahedron.

Q 211. Never an Integer

In the sequence 1, 2, 3, - -+, n there can be only one term ¢ which
contains the highest power of 2. Let the least common multiple of
the sequence be 2M. Now multiply both sides of the equation,
S=14+¥%+4+¥4+4+ --- + 1/n by M. Then each term of the
right member will be an integer except M /6 which will have a de-
nominator of 2. Hence SM is not an integer, nor is S.

Q 212. Three Consecutive Odd Integers

All integers are of one of the forms 4k, 4k + 1, 4k + 2, or 4k + 3.
It follows that their squares are of the forms 4k or 4k 4+ 1, and the
sum of two squares is of the form 4k, 4k 4 1, or 4k 4+ 2. Now every
other odd integer is of the form 4k + 3, so not even each of fwo con-
secutive odd integers can be the sum of two squares.

Q 213. Vanishing Vector Sum

Let R be the resultant of the vectors. About O, rotate the con-
figuration through 2rx/n radians, bringing it into coincidence with its
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former position. Note that R also rotates through 2x/n radians to
become R’. Clearly, R = R’, but since their directions differ, then
R=PR =0.

—Richard Couchman, M.M., 26 (May, 1953), 287.

Q 214. The Sliding Ellipse

The locus of the intersection of two perpendicular tangents to the
ellipse b%? + a%y? = a?b? is the director circle 2 4+ 32 = a® 4+ b2
Hence, the center of the moving ellipse which is tangent to two fixed
perpendicular lines, considered as axes of reference, is always the
distance (a* 4+ b?)'2 from the origin. The closest approach of the
center to the axes is at (a, b) and (b, a), so the locus of the center is
the minor arc of the circle 22 4+ 32 = a? + b? included between these
points. [The length of the arc is (a* + b?) V2 arctan (a2 — b%)/2ab.]]

—Adrian Struyk, M.M., 24 (March, 1951), 231.
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Q 215. Superposed Radical

A general term of the sequence 11, 14, 17, <<+ is 8 + 3n. A
general term of the sequence 4, 10, 18, .- is n2 + 3n. The first
integer cube greater than 11 is 27 or 3°. To get 27 under the first
radical sign there has to be 4° = 64 under the second one, since
11 + 16 = 27. But with 64 = 14 4+ 50 under the second radical
sign, 5% = 125 must be under the third one. In general, under the
(n + 1)st radical sign there must be (n + 3)3, in order that there
may be (8 4+ 3n) + (n? + 3n)\y(n + 3)% or (n + 2)% under the
nth radical sign. Therefore, the value of the given expression is 3.

—Edgar Karst, M.M., 32 (January, 1959), 169.

Q 216. Fibonacci Pythagorean Triangles

In the Fibonacci sequence, F,.» = F, + Fpop, F1 = F, = 1.
If three numbers chosen from the sequence, in order of magnitude
are a, b, ¢, then ¢ = a + b. Hence, they cannot represent the sides
of any triangle, since in a triangle the sum of two sides is always
greater than the third side.

—Norman Miller, A.M.M., 60 (March, 1953), 191.

Q 217. Hole in Sphere

Consider a sphere of radius k with an expansible membrane surface
which acts to contain the fluid interior according to the laws of
surface tension. Now pierce the sphere along a diameter and insert
a radially expansible tube of constant length 2k in such a way as to
lose no fluid. As the tube expands, the surface tension will maintain
the membrane in a spherical contour of increasing radius B—but the
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volume of the “wedding ring” will remain constant. Though the
interior circumference of the “ring” or pierced sphere, 2rV'R? — k2,
will increase, its equatorial thickness, R — \/R? — k?, will decrease.
Thus the volume of the material remaining after a sphere of radius
R is pierced by a hole of length 2k is the same as the volume of a
sphere of radius k, that is, 4xk3/3. Hence the remaining volume is
independent of the radius of the sphere. Specifically, V =
47 (5%)/3 = 523.6 cubic inches.

Q 218. The Commuter

Two round trips made the first way would take 3 hours, thus
covering the distance between home and office twice walking and
twice riding. Therefore, he could make the round trip by walking
in 3 — 14 or 214 hours.

Q 219. Odd Base of Notation

Any integer in the scale of r may be represented as agr™ + ay*! +
«++ + a,r®. If a product has an even factor it is even, otherwise it
isodd. Now if r is odd, * is odd, and the characters of the members
of the indicated sum are determined by the characters of the a’s.
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Now the sum of even numbers is even, as is the sum of an even
number of odd numbers. The sum of even numbers and an odd
number of odd numbers is odd. Hence, an integer in an odd scale
is odd, if and only if it has an odd number of odd digits.

—N.M.M., 12 (January, 1938), 197.

Q 2920. Journey on a Dodecahedron

The rhombic dodecahedron has eight three-edged vertices T and
six four-edged vertices F. The neighbors of each T are F’s and the
neighbors of each F are 7’s. Hence for each journey the 7’s and
F’s have to alternate. But eight 7”s and six F’s cannot be written
as one alternating sequence, whether we want to return to the starting
point or not.

—Arthur Rosenthal, A.M.M., 53 (December, 1946), 593.

The T’s are the vertices of a cube and the F’s are vertices of a regular
octahedron. The impossibility of the journey can be more easily
visualized with the aid of the Schlegel diagram from H. S. M. Coxeter,
Regular Polytopes, Methuen (1948), p. 8.

180



QUICKIE SOLUTION Q 221

Q 221. Rhombic Dodecahedrons

In a compact aggregation of equal cubes (which are space filling)
pass planes through the six pairs of opposite edges of alternate cubes.
Thus these cubes are dissected into six congruent pyramids with
square bases and lateral edges equal to one-half the space diagonal
of the cube. Each of the nondissected cubes is now faced with six
pyramids which together with the cube constitute a rhombic dodeca-
hedron (one face for each edge of the cube) with the edges of the
cube as face diagonals. Since the volumes of all the cubes are used
in this new assemblage, the rhombic dodecahedrons are space filling.

It follows immediately that the volume of a rhombic dodecahedron
is equal to twice the cube of the short diagonal of a face.
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Q 222. A Fibonacci Relationship

Repeatedly applying the recursion relationship, we have
Fo=Foa+Foo=Foo2+ Fos+ Foy+ Foy
= Fass+ Facs+ 2Fus+ 2Fus + Fuy
= 5F, 4+ 3F,s.

Now Fy = 5, so every fifth number is divisible by 5.
—E. M. Scheuer, A.M.M., 67 (August, 1960), 694.

Thatis 1, 1,2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, - - -

Q 223. Cryptic Multiplication

Since (188) (8) = 1504, the first O must be greater than 1. That
particular O times the first E of the multiplier < 8, so that 0 = 3
and that £ = 2. The only values of 3£ E which produce an EOE
pattern upon multiplication by 2 are 306, 308, 326, 328, 346, and 348.
None of these when multiplied by 4 or 6, and only the last two when
multiplied by 8, produce an EOEE pattern. Now (346) (28) = 9688,
so the unique solution is

348

28

2784
696

9744
—W. Fitch Cheney.
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Q 224. Creased Rectangle

q A(C)

Let the rectangle be ABCD, with length >z = AB = DC, and width
y = AD = BC, where x = y. Bring C into coincidence with A and
let the crease be PQ. By symmetry, PC = PA = CQ = AQ, so
A C perpendicularly bisects PQ at O. Now triangles AOP and ABC
are similar, so
PO/BC = AO/AB
and

PQ = 2P0 = 2(A0) (BC)/AB = (y/2) V& + ¢
—Alan Wayne, S8.8.M., 64 (March, 1964), 241.

Q 295. A Man’s Birthdate

A man living in 1937 could not have been 43 years old in 1849,
that is, (43)2 Therefore, he must have been 44 years old in 1936.
From the conditions given,

M44+m=d, 0<m<13.

The only integral solution is m = 5, d = 7. The man was born
May 7, 1892.

—Lucille G. Meyer, N.M.M., 11 (March, 1937), 282.

183



QUICKIE SOLUTIONS Q 226-Q 228

Q 226. A Fractional Equation

It is evident upon inspection that 0 and a + b are roots. Further-
more, in general, if m +n = 1/m + 1/n, then (m 4+ n) (mn — 1) = 0.
Consequently, (zx — a)/b + (x — b)/a = 0, 0or (a + b)z = a® + b2,
so the third root of the cubic is (a® + 8?)/(a + b).

Q 227. A Particular lsosceles Triangle

Since the sum of the angles of a triangle equals a straight angle
or 180°, then LZCBA = /ZCAB = 80° ZCBM = 20° and
ZBAN = 50° = /BNA (so BN = AB). Draw MR parallel to
AB, and AR intersecting BM at D. Draw ND. By symmetry,
triangles ABD and DRM are isosceles and hence equiangular. Then
BD = AB = BN,so LBND = £ZBDN = 80° and ZNDR = 40°.
Now LMRC = 80° so ZNRD = 40° = ZNDR, and ND = NR.
Then since DM = MR, NM is the perpendicular bisector of DR.
Therefore £ BMN = 60°/2 or 30°.

—M.M., 39 (September, 1966), 253.

Q 298. Tree Leaves

Since each of the n distinct nonnegative integers, 0, 1, 2, ---,
(n — 1) is less than =, the statement is obviously incorrect. How-
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ever, if it be required also that no tree be completely devoid of leaves,
then the statement would be true. Since each of the set of n — 1
distinet integers, 1, 2, -+, (n — 1) is less than n, an nth positive
integer less than #» must duplicate one of the set.

Q 2929. A Diophantine Cubic

One solution is obviously (z, y) = (—1, 0). Furthermore, 2
cannot have any other negative value, since #? is positive. We may
write

x3+1=(ﬂ3+1)($2—x+1)=(x+1)2(x—2+——§—>=y2,
r+1

Now 0 and 2 are the only non-negative integers for which 3/(x + 1) is an
integer. Consequently, the only solutions other than (-1, 0) are
(0, £1) and (2, =3).

Q 230. Countries on a Sphere

Suppose that the graph G is such a triangulation. If the boundary
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line joining the two odd vertices is removed (forming a four-sided
country), then every vertex in the resulting graph G’ is even. Hence
we can color the countries of G’ with two colors, say red and black,
so that adjoining countries have different colors. Let r and b denote
the number of countries of G’ with colors red and black, respectively.
We may suppose that the one country with four sides is colored red.
Since all the remaining countries have three sides it follows that
b =1[4 4+ (r — 1)3]/3. But this is not an integer, so no such
triangulation exists.

—J. W. Moon, A.M.M., 72 (January, 1965), 81.

Q 231. Henry's Trip

The trip took six hours. Suppose the hour hand had a backward
extension. If the minute hand and hour hand were coincident at
the start, after siz hours the regular hand and the extension would
change places and the minute hand, after exactly six circuits, would
return to its starting position to coincide with the extension.

—Charles Salkind, M.M., 28 (March, 1955), 241.

Q 232. A Power Series

We have
1/(14+2)(1 +23)(1 + 24 (1 + a8
1—-2)/(1 -2
I—-—2a)l+a"+a2 2%+ --.)
=1l—ao+a%— 2"+ 22— 28+ ...,

—M. S. Klamkin, M.M., 29 (September, 1955), 53.

i
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Q 233. Parallels in a Triangle

From the parallelograms and similar triangles in the figure, we have
a'/a = by/b,d’/a = eyfc, b /b = er/e, b'/b = az/a, ¢’/c = by/b, c'/c =
ai/a. These together with the identities a’/a = a'/a, b’/b = b'/b,
¢’/e = ¢'/e constitute nine equations which when added together give

3(a'/a +b'/b + ¢'/e)
=(m+a+a)/ae+ (b+b+b)/b+ (ct+c +e)/c=3.
Therefore, a’/a + b'/b + ¢'/¢ = 1.
—A8.8.M., 55 (November, 1955), 660.

Q 234. A Pattitioning Problem

We have 3184, = 28 with a remainder of 8, and 8/(13 — 11) = 4.
Hence, the two parts are (4) (13) or 52 and 264.

316 can also be partitioned into 52 + (11) (13) and 264 — (11) (13)
or 195 and 121.
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Q 235. Fair Fares

In the scale of six,
12=1,22= 4,3 = 13,4* = 24, and 5* = 41. Hence F = 1.

Also, 112 = 121, 222 = 524, 332 = 2013, 442 = 3344, and 55° = 5401,
so E = 2. Therefore (122)2 = 15,324.
An interesting by-product is (221)% = 53,241.

Q 236. How Old Is Willie?

Willie’s friend, dispensing with trial-and-error, might make use of
the fact that @ — b is an integral divisor of P(a) — P(b) when a, b
are distinct integers and P(z) is a polynomial with integral coeffi-
cients. Denoting the ‘‘larger integer” tried by N and Willie’s age
by A, we have N — 7 divides (85 — 77) or 8, A — 7 divides 77,
A — N divides 85 and 7 < N < A. It follows that N must be one
of 8,9, 11, 15 and A one of 14, 18, 84. Since A — N divides 85, the
second integer tried must have been 9 and Willie is fourteen years old.

—D. C. B. Marsh, A.M.M., 64 (October, 1957), 593.
The polynomial must have been of the form

(x—7)(x—9)(z — 14)Q(x) — 322 4+ 52z — 140.

Q 237. Accelerating Particle

If we plot v against ¢, the area under the curve must be the same
(1 square unit) as that of an isosceles triangle having the same base
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and an altitude of 2. The slopes of the sides of the triangle are +4.
Part of the v, ¢ curve must fall outside the triangle or coincide with
its sides. Thus the slope, a, of the curve is numerically = 4 at some
point.

—P.M.E.J., 1 (November, 1952), 280.

Q 238. Stamps for Buck

The 1- and 2-cent stamps were purchased in 12-cent lots, and the
amount spent for them had to be a multiple of 5, namely, 60 cents.
Hence, five 2-cent, fifty 1-cent, and eight 5-cent stamps were pur-
chased.

—M.M., 32 (January, 1959), 171.
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Q 239. A Twenty Question Game

If a questioner wishes to determine an object previously chosen
from a finite set of objects, his most efficient procedure is to ask at
each stage whether the chosen object has a property which is possessed
by exactly half of the members of the set. Regardless of which
answer he receives, the set containing the chosen object is thereby
cut in half. By this procedure the questioner can determine a chosen
number in twenty questions, provided that the number chosen is a
positive integer not greater than 22.

The ¢th question for ¢ = 1, 2, -- -, 20, could be: “If the number is
written to the base two, is the sth digit the number 1?”° Notice that
if the answer is always ““no’’ then the number (base two) is the 21-digit
number consisting of 1 followed by 20 zeros. If at least one answer
is “yes’” then the number contains at most twenty digits, each of
which has been determined.

—H. M. Gehman, A.M.M., 58 (January, 1951), 40.

Q 240. Inscribed Spheres

The hexahedron is composed of two regular tetrahedrons, with
volumes V.. Now V,/V, = 14. [SeeQ113.] Hence, V,/V, = 14,
Also, the surface of the hexahedron is 84 that of the octahedron, or
Si/8s = 34. Since V, = r84/3 and V, = r,8,/3, it follows that
/1o = (Va/Vo) (8o/Sh) = %5.

—Howard Eves, A.M.M., 56 (December, 1949), 693.

Q 241. Disks From a Disk

Stewart’s theorem states that the square of the distance of a point
on the base of a triangle from the opposite vertex multiplied by the
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base is equal to the sum of the squares of the other two sides, each
multiplied by the nonadjacent segment of the base, less the product
of these two segments multiplied by the base.

When this theorem is applied to the triangle formed by the lines
of centers in the figure, we have

15(15 — x)2 = 10(10 + x)2 + 5(5 + x)? — (15) (10) (5).

This equation simplifies to 700z = 3000. Hence the largest disk
that can be cut from the remainder of the plywood is one with a
radius of 394 inches. The width of the saw blade has been neglected
throughout the problem.

—S8.8.M., 59 (April, 1959), 326.

Q 242. Sum of Squares of Binomial Coefficients

The possible ways in which # objects can be chosen from n red and n
black objects is C(2n, n) or [C(n, 0)J[C(n, n)] + [C(n, 1)] X
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[C(n, 1)] + [C(n, n)[C(n, 0)]. But C(n, k) = C(n, n — k),
so we have

C@n,m) = 3 [Cm, i) T

i=0
—M .M., 24 (September, 1950), 54.

This is equivalent to stating that the sum of the squares of the
integers in the kth cross diagonal of the Pascal triangle (see 179) is
equal to the kth (or middle) number in the (2k — 1)st cross diagonal.
For another quick proof of this, see Harry Siller, A.M.M., 42 (Jan-
uary, 1935), 46.

Q 243. Christmas Cryptarithm

With the aid of a table of squares it is readily determined that ALL
is either 100, 144, 400, or 900, and T'O is either 36 or 81.

The only four-digit square with a square digit sum and 1, 4, or 9
as a tens’ digit is 7396 = XMAS, so ALL = 900. To avoid double
representation of digits 70 must be 81. Then M ERRY is either
35224 or 34225, but only the latter is a square number. Thus the
numerical interpretatior. of the greeting is

9 34225 7396 81 900

If the restriction on the sum of the digits of the squares is removed,
there is a second solution,

4 27556 3249 81 400.
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Q 244. Centers of Gravity

(a) Clearly the center of gravity of a semicircular wire lies on the
radius perpendicular to the diameter at a distance y from the diam-
eter. Rotating the wire about the diameter generates a spherical
surface. Pappus’ first theorem states that the area of a surface of
revolution, formed by revolving a curve about a line in its plane not
cutting the curve, is equal to the product of the length of the gener-
ating curve and the circumference of the circle described by the
centroid of the curve. Thus, 472 = (xr) (27y), soy = 2r/~.

—M. S. Klamkin, M. M., 26 (March, 1953), 226.

(b) Pappus’ second theorem states that the volume of a solid of
revolution, formed by revolving a plane area about a line in its plane
not cutting the area, is equal to the product of the generating area
and the circumference of the circle described by the centroid of the
area.

Clearly the center of gravity of the semicircular area falls on the
radius perpendicular to the diameter at a distance z from the diameter.
Rotating the area about the diameter generates a spherical volume.
Thus, 47r3/3 = (wr?/2) (2%2), so z = 4r/3w.

—M. 8. Klamkin, M. M., 27 (March, 1954), 227.
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Q 245. Two Equal Triads
Ifz +y+2=a+ b+ cand zyz = abc, then
abc(ab + be + ca — zy — yz — zx) = be(z — a) (y — a) (2 — a)
=ca(z—b)(y —b)(z—b) =ab(z —¢c)(y —¢)(z—c).

If no factor in any of the last three expressions is zero, then one ex-
pression has all positive factors and another has exactly three negative
factors. Then the equalities could not hold. Thus each expression
has one zero factor, and in some order z, y, z are equal to a, b, c.

—W. J. Blundon, A.M.M., 72 (February, 1965), 185.

Q 246. An lrational Sum

The exponents form the sequence —1, —4, —8, —13, —19, —26,

- with the difference of consecutive terms constantly increasing
by 1. Written to the base six, the sum of the series is the nonrepeating
decimal, 0.1001000100001000001 - - -, which is irrational.

—David L. Silverman, M.M., 32 (March, 1959), 229.

Q 247. Examination of Six Students

Given n students, the probability that the first man finished will
not have to pass over any of the others in gaining the aisle is obviously
2/n. Hence, the required probability that one of the six students
will have to pass over one or more students is 1 — (24) (25) (24) (23)
or 434s.

—Howard Eves, A.M.M., 50 (March, 1943), 202.
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Q 248. Construction by Compasses Alone

With radius r and center O, draw a circle. With the same radius
strike off equal arcs AB, BC, CD. Then AD is a diameter. With
radius AC and A and D as centers draw circles intersecting in E and
E’. With radius OF and A as center draw a circle intersecting the
original circle at F and G. Then AFDG is an inscribed square.

—John A. Dyer, P.M.E.J., 1 (April, 1950), 55.

Proof: AC = V3 = AE. OE = \/(AE)* — r* = V2 = AF.

Q 249. The Bonus Fund

In effect, five dollars was taken from 934 or 19 persons, so the fund
contained 20(50) — 5 or 995 dollars.
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Q 250. The Court Mathematician's Salary

As pointed out by L. S. Frierson in Chapter 5 of W. S. Andrews’
Magic Squares and Cubes, the elements of any third-order magic
square may be represented with three parameters, substantially as
shown on the left below. It is clear that these nine elements can be
rearranged into another array in which the rows are arithmetic pro-
gressions with the same common difference, and also the columns are
arithmetic progressions having the same d. The central element is
the mean of four different pairs of elements as well as of the square.

(e+z) (e—z—y) (e+y) (e—x—y) (e—y) (etz—y)
(e—x+y) € (e+z—y) (e—2x) e (e+x)
(e—y) (etz+y) (e—2x) (e—z+y) (ety) (e+z+y)

It is desired to form a magic square of order three from the set of
primes p; having the property that the p; + 2 are also prime. Now
unless 3 or 5 appears as an element, the p; must terminate with 9, 7,
or 1. Then e must be the prime mean of two primes terminating
with 9, 9 or 7, 1; or 7, 7; or 1, 1, respectively. Consequently we
examine the sequence formed by the smaller member of the successive
twin primes. That is:

3,5, 11, 17, 29, 41, 59, 71, 101, 107, 137, 149, 179, 191, 197, 227,
239, 269, 281, - - -.

The smallest value of ¢ ending in 9 and which is the mean of at

least four prime pairs is determined by
2(149) = 107 + 191 = 101 + 197 = 71 + 227 = 59 + 239

= 29 + 269 = 17 + 281.

[

(For any prime < 149 and ending in 1 or 7 there are not more than
three smaller primes in the sequence with the same terminal digit.)
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When we successively fit these pairs into the middle row of the
arithmetic progression array, we find that there is only one arrange-
ment that permits three of the other pairs to be placed properly,
namely:

17 59 101

107 149 191

197 239 281

This leads immediately to the three magic squares involved:

191 17 239 192 18 240 193 19 241
197 149 101 198 150 102 199 151 103
59 281 107 60 282 108 61 283 109

The mathematician’s salary was 9¢ + 9 = 9(149 + 1) or 1350
“dollars.”

This result was arrived at by another route in A.M.M., 55 (Sep-
tember, 1948), 429. The next solution, by Wm. H. Benson, is 2088,
1392, 4800; 5442, 2730, 18; 660, 4158, 3372; total, 24,570 “dollars.”

Q 251. Packing Cylinders

Two cylinders must be removed. Number the cylinders as shown
in the figure. Remove cylinders 6 and 16.

Move 7-10 up and left to the new positions shown. Move 11-15
to left. Move 17-20 up and left. Move 21-25 to left. The re-
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maining cylinders may be maneuvered in a variety of ways. For
example: Move 26, 28, 29, 30, 31 to the left; push 32 against 31 and
37; 27 against 28 and 32; 26 against 21 and 22. Move 31 to the
left, 32 against 36 and 37; 27 up against 31; 28, 29, 30 up and to the
left; 33, 34, 35 up and to the right. Insert 6, 16, and 41 into the
positions shown.

When the cylinders are snugged against each other in alternate
columns of five and four, the lines of centers of the columns are V3/2
apart. The overall length of the pack is8(V3/2) +1 = 4V3 + 1 =
7.928 < 8, so the forty-one eylinders will rattle in the box.

Q 252. Leg of a Pythagorean Triangle

Fermat’s theorem states that if p is a prime and m is not divisible
by p, then m#~! = 1 (mod p). The relationship a? + b2 = ¢ may
be written as

@1—1)+ @1 —1)=c¢—2 or (¢! —1)— 1.

If neither a nor b is divisible by 3, then each of the terms on the
left-hand side of the equation is divisible by 3. But, whether ¢ is
divisible by 3 or not, the right-hand side of the equation leaves a
remainder upon division by 3. Hence, for the equation to hold,
one of a, b must be a multiple of 3.

Q 253. Powers of Two
In the binary system this sum is represented by n 1’s followed by

a zero. Addition of two 1’s converts the sum into a 1 followed by
n + 1 zeros. Hence the sum of the series is 2"+ — 2,
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Q 254. Colorful Square Arrays

There must be at least three distinct patterns, each with a different
color for the central square.

There are three ways to select the color of the cell in the upper
left-hand corner. For each of these there are two ways to color the
upper center cell, and then there are two ways to color the left-hand
cell of the middle row. Once these cells have been colored, there is
only one possible choice for each of the remaining cells. Thus there
are (3)(2) (2) or 12 ways to color the fixed array. Any one of these
arrangements may be rotated to coincide with three others, so there
are only 12/4 or 3 distinct basic patterns.

—Wm. H. Benson.

Q 255. Bisected Parallelogram

Pappus’ theorem states that if the vertices of a hexagon fall al-
ternately on two lines, the intersections of opposite sides are collinear.
If AB and DC intersect at I, then the opposite sides of the hexagon
AEDBFCA intersect at G, I, and H, which are collinear. Any
line through I, the intersection of the diagonals, will bisect the paral-
lelogram.

—Mannis Charosh, M.M ., 38 (September, 1965), 252.
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Q 256. Squares of Reverse Integers

12345 < N? £ 54321,s50 113 = N < 221. The reversal of N also
must fall within this range. N2 = 0 (mod 5), so N = 0 (mod 5).
The only three-digit integers congruent to zero within the restricted
range are: 113, 122, 131, 140, 145, 154, 203, 212, and 221. There is
only one pair of reverse integers in this set. Hence the unique solution is
(221)? = 53241 which leads to 15324 = (122)2.

As a serendipity we find (203)2 = 42013, another permutation of
consecutive digits.

Q 257. A Questionable Sum

Without loss of generality, a and b may be taken as relatively
prime integers, @ > b. If a/b + b/a = k, an integer, then a? + b? =
abk. Thatis, b = a(bk — a), so a divides b? an impossibility except
when a = =+b.

Q 258. Is the Square Fault-Free?
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No fault-free arrangement is possible. Consider a 6-inch by 6-inch
grid, which has five vertical and five horizontal grid lines. When
covered by the eighteen 2-inch by 1-inch dominoes, the assemblage
will be fault-free if each grid line intersects at least one domino.

Every vertical grid line has an even number of squares to its left.
Since each uncut domino occupies an even number of squares, parts
of any cut dominoes also must occupy an even number of squares
to the left of the line. Thus, if it is not to be a fault line, every grid
line must cut at least two dominoes. No domino can be cut by more
than one grid line, so a total of 20 dominoes need to be cut by the
ten grid lines. But only 18 dominoes are available, so at least one
grid line must be a fault line.

—Solomon W. Golomb, Scientific American (December, 1960), p. 168.

Q 259. Relatively Prime Numbers

Represent the greatest common divisor of z and y by (z,y). Then
(35, 58) = (35,23) = (12,23) = (12,11) = (1,11) = L.

Hence 35 and 58 are relatively prime in any system of notation having
a base >8.

—Dayvid L. Silverman, M.M ., 38 (November, 1965), 326.

Q 260. Five Consecutive Integers

Fourth powers of even integers are of the form 4k, and those of odd
integers are of the form 4k + 1. Hence the sum of four consecutive
fourth powers is of the form 4k + 2, which cannot be a fourth power.
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Q 261. Polygonal Path in a Lattice

= == = =A== = X — = X—— »{]
ko G

—>F

The figure shows that for N = 3 a path of 2N — 2 or 4 segments
(through the dots) can be drawn ending at E. Two additional seg-
ments along the dotted lines ending in F suffice for N = 4, and two
more segments ending in G suffice for N = 5. Indeed, the process
of adding 2 segments for each unit increase in N may be continued
indefinitely.

—M. 8. Klamkin, A.M.M ., 62 (February, 1955), 124.

Q 262. Wanted—Integer Solutions

Multiply the given equation by 4 and add 1 to each side to get
A4t + 48 + 422 4+ 42+ 1 = (2y + 12

Forz = —1,y= —1lor0O;forct =0,y = —lor0;forz =2,y = —6
or 5; for x = 1, y is nonintegral.

These are the only six integral solutions of the equation, since for
all z < —1 or z > 2, the left-hand side of the equation is greater
than (222 + z)2 but less than (222 4+ 2 + 1)2, so cannot be an in-
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tegral square for integral z as it would have to be to equal the right-
hand side.

—D. C. B. Marsh, A.M.M., 73 (October, 1966), 895.

Q 263. A Composite Number

¢ = (p1 + p2) /2 is the arithmetic mean of p, and p,, so p1 < ¢ < pe.
But p, and p. are consecutive primes, so ¢ must be composite.

—John D. Baum, M.M ., 39 (May, 1966), 196.

Q 264. Four Simultaneous Linear Equations

Interchange of x and u and of y and v in (1) and (2) produces (4)
and (3), respectively, except that the sign of the right-hand member
is changed. Consequently, ¥ = —z and v = —y. When the indi-
cated substitutions are made in (1) and (2) we have

—4r+ 4y = 16
6r — 2y = —16

8z = —16

So,z2=—-2,y=2,v= -2, u=2.

Q 265. Property of a Quadrangle

Triangles having the same altitudes are to each other as their

FAAN
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bases, so if the four triangles are named in cyclic order, we have
A m D A+ D D+ 4
A+B m4n C+D A+B+C+D Q@

Inlike manner,B/(B+ C) = (A +B)/Q,C/(C+D)=(B+ (C)/Q,
and D/(D + A) = (C + D)/Q.
Muitiplication of the four equalities gives

(4)(B)(C)(D) = (A + B)*(B + C)*(C + D)*(D + A)*/@Q
—Leon Bankoff, M.M., 38 (September, 1965), 248.

Q 266. When Is the Division Exact?

nt+n? ni(n?4 1)
f(n) = =
2n + 1 2n + 1

A An?2 2
2 O SR

4L 2n 4+ 1 2 2n + 1
Clearly n and 2n + 1 have no common factor other than 1. So

f(n) cannot be an integer unless 5/(2n + 1) is, that is, whenn = 2,
0, —1, or —3. For the only positive integral value, n = 2, f(n) = 4.

Q 267. A Doubtful Equation

For the statement to be true as it stands, the numbers must be
expressed in different scales of notation, that is, 342, = 97:,. If
b = 10, then since 3(4)2 = 48 and 3(6)2 = 108, a = 5. Indeed,
3(5)2 + 4(5) + 2 = 97.

In general, if 3a2 + 4a + 2 = 9b 4+ 7, then b = (3a? + 4a — 5)/9
which is an integer only if a has the form 9z 4+ 5, whereupon
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b = 27x? 4+ 34z + 10. Thus there are any number of solutions,
for example: 3425 = 9719, 342,y = 9771, and so on.

Q 268. Dissected Dodecagon

-]

]

o

/
b‘

3

')

<o

(a) By considering the angles formed as angles inscribed in the
circumseribed cirele, it is evident that the nine diagonals from any
vertex divide the 150° angle at that vertex into'ten equal 15° angles.

Draw portions of the diagonals P,Ps, P:Py, P3Ps, PP, PsP1o, P1P12
until they intersect the diagonals from the adjacent vertices. Angles
P,PyPs, P3P,Py, etc., are equal to 60° so equilateral triangles have
been constructed internally on alternate sides of the dodecagon. It
follows that their vertices are also vertices of squares on the other
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sides, since the angles PoP3Ps, P3Py Py, ete., are 90° angles. The fourth
sides of the squares are sides of a regular hexagon, whose diagonals
divide it into equilateral triangles. Thus the dodecagon is dissected
into 12 congruent equilateral triangles and 6 congruent squares.

(b) Angles P1P,P, and P,PP, are 45° each, so P,Py and P,Py,
are diagonals of a square. P,Py is an axis of symmetry in the equi-
lateral convex hexagon formed by two equilateral triangles and a
square, so it passes through the center of the square and is con-
current with P,P, and PPie.

Q 269. No Real Roots

If there is a real root it must be negative, say —y. But
1—y+y¥/2l =81+ oo +y/(2n)! > v > 0.
Hence, the equation has no real roots.

—Joe Lipman, A.M.M., 67 (April, 1960), 379.

Q 270. Impossible Cube

Since ar? + ar + a = a®, then 2 4+ r + 1 = g% Now any digit,
a, in a system of numeration is less than the base, ». Hence the
situation is impossible.

—Charles McCracken, Jr., S.8.M., 52 (March, 1952), 241.
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A CATALOG OF SELECTED DOVER
BOOKS IN ALL FIELDS OF INTEREST

DRAWINGS OF REMBRANDT, edited by Seymour Slive. Updated Lippmann,
Hofstede de Groot edition, with definitive scholarly apparatus. All portraits,
biblical sketches, landscapes, nudes. Oriental figures, classical studies, together
with selection of work by followers. 550 illustrations. Total of 630pp. 9% x 124.
21485-0, 21486-9 Pa., Two-vol. set $25.00

GHOST AND HORROR STORIES OF AMBROSE BIERCE, Ambrose Bierce. 24
tales vividly imagined, strangely prophetic, and decades ahead of their time in
technical skill: “The Damned Thing,” ‘‘An Inhabitant of Carcosa,” “The Eyes of
the Panther,” “Moxon’s Master,”” and 20 more. 199pp. 5% x 8%. 20767-6 Pa. $3.95

ETHICAL WRITINGS OF MAIMONIDES, Maimonides. Most significant ethical

works of great medieval sage, newly translated for utmost precision, readability.

Laws Concerning Character Traits, Eight Chapters, more. 192pp. 5% x 8%.
24522-5 Pa. $4.50

THE EXPLORATION OF THE COLORADO RIVER AND ITS CANYONS,
J. W. Powell. Full text of Powell’s 1,000-mile expedition down the fabled Colorado
in 1869. Superb account of terrain, geology, vegetation, Indians, famine, mutiny,
treacherous rapids, mighty canyons, during exploration of last unknown part of
continental U.S. 400pp. 5% x 8%. 20094-9 Pa. $6.95

HISTORY OF PHILOSOPHY, Julian Marias. Clearest one-volume history on the
market. Every major philosopher and dozens of others, to Existentialism and later.
505pp. 5% x 8%. 21739-6 Pa. $8.50

ALL ABOUT LIGHTNING, Martin A. Uman. Highly readable non-technical
survey of nature and causes of lightning, thunderstorms, ball lightning, St. ElImo’s
Fire, much more. Illustrated. 192pp. 5% x 8%. 25237-X Pa. $5.95

SAILING ALONE AROUND THE WORLD, Captain Joshua Slocum. First man
to sail around the world, alone, in small boat. One of great feats of seamanship told
in delightful manner. 67 illustrations. 294pp. 5% x 8%. 20326-3 Pa. $4.95

LETTERS AND NOTES ON THE MANNERS, CUSTOMS AND CONDI-
TIONS OF THE NORTH AMERICAN INDIANS, George Catlin. Classic
account of life among Plains Indians: ceremonies, hunt, warfare, etc. 312 plates.
572pp. of text. 6% x 9%. 22118-0, 22119-9 Pa. Two-vol. set $15.90

ALASKA: The Harriman Expedition, 1899, John Burroughs, John Muir, et al.
Informative, engrossing accounts of two-month, 9,000-mile expedition. Native
peoples, wildlife, forests, geography, salmon industry, glaciers, more. Profusely
illustrated. 240 black-and-white line drawings. 124 black-and-white photographs. 3
maps. Index. 576pp. 5% x 8%. 25109-8 Pa. $11.95
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THE BOOK OF BEASTS: Being a Translation from a Latin Bestiary of the Twelfth
Century, T. H. White. Wonderful catalog real and fanciful beasts: manticore,
griffin, phoenix, amphivius, jaculus, many more. White’s witty erudite commen-
tary on scientific, historical aspects. Fascinating glimpse of medieval mind.
Illustrated. 296pp. 5% x 84. (Available in U.S. only) 24609-4 Pa. $5.95

FRANK LLOYD WRIGHT: ARCHITECTURE AND NATURE With 160
Illustrations, Donald Hoffmann. Profusely illustrated study of influence of
nature—especially prairie—on Wright's designs for Fallingwater, Robie House,
Guggenheim Museum, other masterpieces. 96pp. 9% x 10%. 25098-9 Pa. $7.95

FRANK LLOYD WRIGHT'S FALLINGWATER, Donald Hoffmann. Wright's
famous waterfall house: planning and construction of organicidea. History of site,
owners, Wright's personal involvement. Photographs of various stages of building.
Preface by Edgar Kaufmann, Jr. 100 illustrations. 112pp. 9% x 10.

28671-4 Pa. $7.95

YEARS WITH FRANK LLOYD WRIGHT: Apprentice to Genius, Edgar Tafel.
Insightful memoir by a former apprentice presents a revealing portrait of Wright
the man, the inspired teacher, the greatest American architect. 372 black-and-white
illustrations. Preface. Index. vi + 228pp. 8% x 11. 24801-1 Pa. $9.95

THE STORY OF KING ARTHUR AND HIS KNIGHTS, Howard Pyle.
Enchanting version of King Arthur fable has delighted generations with imagina-
tive narratives of exciting adventures and unforgettable illustrations by the author.
41 illustrations. xviii + 313pp. 6% x 9%. 21445-1 Pa. $6.50

THE GODS OF THE EGYPTIANS, E. A. Wallis Budge. Thorough coverage of
numerous gods of ancient Egypt by foremost Egyptologist. Information on
evolution of cults, rites and gods; the cult of Osiris; the Book of the Dead and its
rites; the sacred animals and birds; Heaven and Hell; and more. 956pp. 6% x 9%.
22055-9, 22056-7 Pa., Two-vol. set $20.00

A THEOLOGICO-POLITICAL TREATISE, Benedict Spinoza. Also contains
unfinished Political Treatise. Great classic on religious liberty, theory of govern-
ment on common consent. R. Elwes translation. Total of 421pp. 5% x 8%.

20249-6 Pa. $6.95

INCIDENTS OF TRAVEL IN CENTRAL AMERICA, CHIAPAS, AND YU-
CATAN, John L. Stephens. Almost single-handed discovery of Maya culture;

exploration of ruined cities, monuments, temples; customs of Indians. 115
drawings. 892pp. 5% x 8%. 22404-X, 22405-8 Pa., Two-vol. set $15.90

LOS CAPRICHOS, Francisco Goya. 80 plates of wild, grotesque monsters and
caricatures. Prado manuscript included. 183pp. 6% x 9%. 22384-1 Pa. $4.95

AUTOBIOGRAPHY: The Story of My Experiments with Truth, Mohandas K.
Gandhi. Not hagiography, but Gandhi in his own words. Boyhood, legal studies,
purification, the growth of the Satyagraha (nonviolent protest) movement. Critical,
inspiring work of the man who freed India. 480pp. 5% x 8%. (Available in U.S. only)

24593-4 Pa. $6.95



CATALOG OF DOVER BOOKS

ILLUSTRATED DICTIONARY OF HISTORIC ARCHITECTURE, edited by
Cyril M. Harris. Extraordinary compendium of clear, concise definitions for over
5,000 important architectural terms complemented by over 2,000 line drawings.
Covers full spectrum of architecture from ancient ruins to 20th-century Modernism.
Preface. 592pp. 7% x 9%. 24444-X Pa. $14.95

THE NIGHT BEFORE CHRISTMAS, Clement Moore. Full text, and woodcuts
from original 1848 book. Also critical, historical material. 19 illustrations. 40pp.
4% x 6. 22797-9 Pa. $2.25

THE LESSON OF JAPANESE ARCHITECTURE: 165 Photographs, Jiro
Harada. Memorable gallery of 165 photographs taken in the 1930’s of exquisite
Japanese homes of the well-to-do and historic buildings. 13 line diagrams. 192pp.
8% x 114. 24778-3 Pa. $8.95

THE AUTOBIOGRAPHY OF CHARLES DARWIN AND SELECTED LET-
TERS, edited by Francis Darwin. The fascinating life of eccentric genius composed
of an intimate memoir by Darwin (intended for his children); commentary by his
son, Francis; hundreds of fragments from notebooks, journals, papers; and letters to
and from Lyell, Hooker, Huxley, Wallace and Henslow. xi + 365pp. 5% x 8.
20479-0 Pa. $6.95

WONDERS OF THE SKY: Observing Rainbows, Comets, Eclipses, the Stars and
Other Phenomena, Fred Schaaf. Charming, easy-to-read poetic guide to all manner
of celestial events visible to the naked eye. Mock suns, glories, Belt of Venus, more.
Illustrated. 299pp. 5% x 8%. 24402-4 Pa. $7.95

BURNHAM'’S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide
to the stars beyond our solar system. Exhaustive treatment. Alphabetical by
constellation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and
Pavo to Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp.
6% x 9%. 23567-X, 23568-8, 23673-0 Pa., Three-vol. set $38.85

STAR NAMES: Their Lore and Meaning, Richard Hinckley Allen. Fascinating
history of names various cultures have given to constellations and literary and
folkloristic uses that have been made of stars. Indexes to subjects. Arabic and Greek
names. Biblical references. Bibliography. 563pp. 5% x 8%. 21079-0 Pa. $7.95

THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory,
George Gamow. Lucid, accessible introduction to influential theory of energy and
matter. Careful explanations of Dirac’s anti-particles, Bohr’s model of the atom,
much more. 12 plates. Numerous drawings. 240pp. 5% x 8%. 24895-X Pa. $4.95

CHINESE DOMESTIC FURNITURE IN PHOTOGRAPHS AND MEASURED
DRAWINGS, Gustav Ecke. A rare volume, now affordably priced for antique
collectors, furniture buffs and art historians. Detailed review of styles ranging from
early Shang to late Ming. Unabridged republication. 161 black-and-white draw-
ings, photos. Total of 224pp. 8% % 114. (Available in U.S. only) 25171-3 Pa. $12.95

VINCENT VAN GOGH: A Biography, Julius Meier-Graefe. Dynamic, penetrat-

ing study of artist’s life, relationship with brother, Theo, painting techniques,

travels, more. Readable, engrossing. 160pp. 5% x 8%. (Available in U.S. only)
25253-1 Pa. $3.95
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HOW TO WRITE, Gertrude Stein. Gertrude Stein claimed anyone could
understand her unconventional writing—here are clues to help. Fascinating
improvisations, language experiments, explanations illuminate Stein’s craft and
the art of writing. Total of 414pp. 4% x 6%. 23144-5 Pa. $5.95

ADVENTURES AT SEA IN THE GREAT AGE OF SAIL: Five Firsthand
Narratives, edited by Elliot Snow. Rare true accounts of exploration, whaling,
shipwreck, fierce natives, trade, shipboard life, more. 33 illustrations. Introduction.
353pp. 5% x 8%. 25177-2 Pa. $7.95

THE HERBAL OR GENERAL HISTORY OF PLANTS, John Gerard. Classic
descriptions of about 2,850 plants—with over 2,700 illustrations—includes Latin
and English names, physical descriptions, varieties, time and place of growth,
more. 2,706 illustrations. xlv + 1,678pp. 8% x 12%. 23147-X Cloth. $75.00

DOROTHY AND THE WIZARD IN OZ, L. Frank Baum. Dorothy and the Wizard
visit the center of the Earth, where people are vegetables, glass houses grow and Oz
characters reappear. Classic sequel to Wizard of Oz. 256pp. 5% x 8.

24714-7 Pa. $4.95

SONGS OF EXPERIENCE: Facsimile Reproduction with 26 Plates in Full Color,
William Blake. This facsimile of Blake’s original “Illuminated Book” reproduces
26 full-color plates from a rare 1826 edition. Includes ‘“The Tyger,” ‘“London,”
“Holy Thursday,” and other immortal poems. 26 color plates. Printed text of
poems. 48pp. 5% x 7. 24636-1 Pa. $3.50

SONGS OF INNOCENCE, William Blake. The first and most popular of Blake's
famous “Illuminated Books,” in a facsimile edition reproducing all 31 brightly
colored plates. Additional printed text of each poem. 64pp. b% x 7.

22764-2 Pa. $3.50

PRECIOUS STONES, Max Bauer. Classic, thorough study of diamonds, rubies,
emeralds, garnets, etc.: physical character, occurrence, properties, use, similar
topics. 20 plates, 8 in color. 94 figures. 659pp. 6% x 9%.

21910-0, 21911-9 Pa., Two-vol. set $15.90

ENCYCLOPEDIA OF VICTORIAN NEEDLEWORK, S. F. A. Caulfeild and
Blanche Saward. Full, precise descriptions of stitches, techniques for dozens of
needlecrafts—most exhaustive reference of its kind. Over 800 figures. Total of
679pp. 8% x 11. Two volumes. Vol. 1 22800-2 Pa. $11.95

Vol. 2 22801-0 Pa. $11.95

THE MARVELOUS LAND OF OZ, L. Frank Baum. Second Oz book, the
Scarecrow and Tin Woodman are back with hero named Tip, Oz magic. 136
illustrations. 287pp. 5% x 8%. 20692-0 Pa. $5.95

WILD FOWL DECOYS, Joel Barber. Basic book on the subject, by foremost
authority and collector. Reveals history of decoy making and rigging, place in
American culture, different kinds of decoys, how to make them, and how to use
them. 140 plates. 156pp. 7% % 10%. 20011-6 Pa. $8.95

HISTORY OF LACE, Mrs. Bury Palliser. Definitive, profusely illustrated chron-
icle of lace from earliest times to late 19th century. Laces of Italy, Greece, England,
France, Belgium, etc. Landmark of needlework scholarship. 266 illustrations.
672pp. 6% x 9%. 24742-2 Pa. $14.95
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ILLUSTRATED GUIDE TO SHAKER FURNITURE, Robert Meader. All
furniture and appurtenances, with much on unknown local styles. 235 photos.
146pp. 9 x 12. 22819-3 Pa. $7.95

WHALE SHIPS AND WHALING: A Pictorial Survey, George Francis Dow. Over
200 vintage engravings, drawings, photographs of barks, brigs, cutters, other
vessels. Also harpoons, lances, whaling guns, many other artifacts. Comprehensive
text by foremost authority. 207 black-and-white illustrations. 288pp. 6 x 9.
24808-9 Pa. $8.95

THE BERTRAMS, Anthony Trollope. Powerful portrayal of blind self-will and
thwarted ambition includes one of Trollope’s most heartrending love stories.
497pp. 5% x 8%. 25119-5 Pa. $8.95

ADVENTURES WITH A HAND LENS, Richard Headstrom. Clearly written
guide to observing and studying flowers and grasses, fish scales, moth and insect
wings, egg cases, buds, feathers, seeds, leaf scars, moss, molds, ferns, common
crystals, etc.—all with an ordinary, inexpensive magnifying glass. 209 exact line
drawings aid in your discoveries. 220pp. 5% x 8%. 23330-8 Pa. $3.95

RODIN ON ART AND ARTISTS, Auguste Rodin. Great sculptor’s candid, wide-
ranging comments on meaning of art; great artists; relation of sculpture to poetry,
painting, music; philosophy of life, more. 76 superb black-and-white illustrations
of Rodin’s sculpture, drawings and prints. 119pp. 8% x 11%. 24487-3 Pa. $6.95

FIFTY CLASSIC FRENCH FILMS, 1912-1982: A Pictorial Record, Anthony

Slide. Memorable stills from Grand Illusion, Beauty and the Beast, Hiroshima,

Mon Amour, many more. Credits, plot synopses, reviews, etc. 160pp. 8% x 11.
25256-6 Pa. $11.95

THE PRINCIPLES OF PSYCHOLOGY, William James. Famous long course

complete, unabridged. Stream of thought, time perception, memory, experimental

methods; great work decades ahead of its time. 94 figures. 1,391pp. 5% x 8%.
20381-6, 20382-4 Pa., Two-vol. set $19.90

BODIES IN A BOOKSHOP, R. T. Campbell. Challenging mystery of blackmail
and murder with ingenious plot and superbly drawn characters. In the best
tradition of British suspense fiction. 192pp. 5% x 8%. 24720-1 Pa. $3.95

CALLAS: PORTRAIT OF A PRIMA DONNA, George Jellinek. Renowned
commentator on the musical scene chronicles incredible career and life of the most
controversial, fascinating, influential operatic personality of our time. 64 black-
and-white photographs. 416pp. 5% x 84. 25047-4 Pa. $7.95

GEOMETRY, RELATIVITY AND THE FOURTH DIMENSION, Rudolph
Rucker. Exposition of fourth dimension, concepts of relativity as Flatland
characters continue adventures. Popular, easily followed yet accurate, profound.
141 illustrations. 133pp. 5% x 8%. 23400-2 Pa. $3.95

HOUSEHOLD STORIES BY THE BROTHERS GRIMM, with pictures by
Walter Crane. 53 classic stories—Rumpelstiltskin, Rapunzel, Hansel and Gretel,
the Fisherman and his Wife, Snow White, Tom Thumb, Sleeping Beauty,
Cinderella, and so much more—lavishly illustrated with original 19th century
drawings. 114 illustrations. x + 269pp. 5% x 8%. 21080-4 Pa. $4.50
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SUNDIALS, Albert Waugh. Far and away the best, most thorough coverage of
ideas, mathematics concerned, types, construction, adjusting anywhere. Over 100
illustrations. 230pp. 5% x 8%4. 22947-5 Pa. $4.50

PICTURE HISTORY OF THE NORMANDIE: With 190 Illustrations, Frank O.
Braynard. Full story of legendary French ocean liner: Art Deco interiors, design
innovations, furnishings, celebrities, maiden voyage, tragic fire, much more.
Extensive text. 144pp. 8% % 11%. 25257-4 Pa. $9.95

THE FIRST AMERICAN COOKBOOK: A Facsimile of “American Cookery,”
1796, Amelia Simmons. Facsimile of the first American-written cookbook pub-
lished in the United States contains authentic recipes for colonial favorites—
pumpkin pudding, winter squash pudding, spruce beer, Indian slapjacks, and
more. Introductory Essay and Glossary of colonial cooking terms. 80pp. 5% x 8%.
24710-4 Pa. $3.50

101 PUZZLES IN THOUGHT AND LOGIC, C. R. Wylie, Jr. Solve murders and
robberies, find out which fishermen are liars, how a blind man could possibly
identify a color—purely by your own reasoning! 107pp. 5% x 8%. 20367-0 Pa. $2.50

THE BOOK OF WORLD-FAMOUS MUSIC—CLASSICAL, POPULAR AND
FOLK, James J. Fuld. Revised and enlarged republication of landmark work in
musico-bibliography. Full information about nearly 1,000 songs and compositions
including first lines of music and lyrics. New supplement. Index. 800pp. 5% x 8%.

24857-7 Pa. $14.95

ANTHROPOLOGY AND MODERN LIFE, Franz Boas. Great anthropologist’s
classic treatise on race and culture. Introduction by Ruth Bunzel. Only inexpensive
paperback edition. 255pp. 5% x 8%. 25245-0 Pa. $5.95

THE TALE OF PETER RABBIT, Beatrix Potter. The inimitable Peter’s terrifying
adventure in Mr. McGregor’s garden, with all 27 wonderful, full-color Potter
illustrations. 55pp. 44 x 5%. (Available in U.S. only) 22827-4 Pa. $1.75

THREE PROPHETIC SCIENCE FICTION NOVELS, H. G. Wells. When the
Sleeper Wakes, A Story of the Days to Come and The Time Machine (full version).
335pp. 5% x 8%. (Available in U.S. only) 20605-X Pa. $5.95

APICIUS COOKERY AND DINING IN IMPERIAL ROME, edited and translated
by Joseph Dommers Vehling. Oldest known cookbook in existence offers readers a
clear picture of what foods Romans ate, how they prepared them, etc. 49
illustrations. 301pp. 6% x 94. 23563-7 Pa. $6.50

SHAKESPEARE LEXICON AND QUOTATION DICTIONARY, Alexander
Schmidt. Full definitions, locations, shades of meaning of every word in plays and
poems. More than 50,000 exact quotations. 1,485pp. 6% x 9%.

22726-X, 22727-8 Pa., Two-vol. set $27.90

THE WORLD’S GREAT SPEECHES, edited by Lewis Copeland and Lawrence
W. Lamm. Vast collection of 278 speeches from Greeks to 1970. Powerful and
effective models; unique look at history. 842pp. 5% x 8%. 20468-5 Pa. $11.95
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THE BLUE FAIRY BOOK, Andrew Lang. The first, most famous collection, with
many familiar tales: Little Red Riding Hood, Aladdin and the Wonderful Lamp,
Puss in Boots, Sleeping Beauty, Hansel and Gretel, Rumpelstiltskin; 37 in all. 138
illustrations. 390pp. 5% x 8%. 21437-0 Pa. $5.95

THE STORY OF THE CHAMPIONS OF THE ROUND TABLE, Howard Pyle.
Sir Launcelot, Sir Tristram and Sir Percival in spirited adventures of love and
triumph retold in Pyle’s inimitable style. 50 drawings, 31 full-page. xviii + 329pp.
6% x 9K, 21883-X Pa. $6.95

AUDUBON AND HIS JOURNALS, Maria Audubon. Unmatched two-volume

portrait of the great artist, naturalist and author contains his journals, an excellent

biography by his granddaughter, expertannotations by the noted ornithologist, Dr.
Elliott Coues, and 37 superb illustrations. Total of 1,200pp. 5% x 8.

Vol. 125143-8 Pa. $8.95

Vol. II 25144-6 Pa. $8.95

GREAT DINOSAUR HUNTERS AND THEIR DISCOVERIES, Edwin H.
Colbert. Fascinating, lavishly illustrated chronicle of dinosaur research, 1820’s to
1960. Achievements of Cope, Marsh, Brown, Buckland, Mantell, Huxley, many
others. 384pp. 54 x 84. 24701-5 Pa. $6.95

THE TASTEMAKERS, Russell Lynes. Informal, illustrated social history of
American taste 1850’s-1950’s. First popularized categories Highbrow, Lowbrow,
Middlebrow. 129 illustrations. New (1979) afterword. 384pp. 6 x 9.

23993-4 Pa. $6.95

DOUBLE CROSS PURPOSES, Ronald A. Knox. A treasure hunt in the Scottish
Highlands, an old map, unidentified corpse, surprise discoveries keep reader
guessing in this cleverly intricate tale of financial skullduggery. 2 black-and-white
maps. 320pp. 5% x 8%. (Available in U.S. only) 25032-6 Pa. $5.95

AUTHENTIC VICTORIAN DECORATION AND ORNAMENTATION IN
FULL COLOR: 46 Plates from ““Studies in Design,” Christopher Dresser. Superb
full-color lithographs reproduced from rare original portfolio of a major Victorian
designer. 48pp. 9% x 12%. 25083-0 Pa. $7.95

PRIMITIVE ART, Franz Boas. Remains the best text ever prepared on subject,
thoroughly discussing Indian, African, Asian, Australian, and, especially, North-
ern American primitive art. Over 950 illustrations show ceramics, masks, totem
poles, weapons, textiles, paintings, much more. 376pp. 5% x 8. 20025-6 Pa. $6.95

SIDELIGHTS ON RELATIVITY, Albert Einstein. Unabridged republication of
two lectures delivered by the great physicist in 1920-21. Ether and Relativity and
Geometry and Experience. Elegancideas in non-mathematical form, accessible to
intelligent layman. vi + 56pp. 5% x 84%. 24511-X Pa. $2.95

THE WIT AND HUMOR OF OSCAR WILDE, edited by Alvin Redman. More
than 1,000 ripostes, paradoxes, wisecracks: Work is the curse of the drinking classes,
I can resist everything except temptation, etc. 258pp. 5% x 8%.  20602-5 Pa. $4.50

ADVENTURES WITH A MICROSCOPE, Richard Headstrom. 59 adventures
with clothing fibers, protozoa, ferns and lichens, roots and leaves, much more. 142
illustrations. 232pp. 5% x 8%. 23471-1 Pa. $3.95
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PLANTS OF THE BIBLE, Harold N. Moldenke and Alma L. Moldenke. Standard
reference to all 230 plants mentioned in Scriptures. Latin name, biblical reference,
uses, modern identity, much more. Unsurpassed encyclopedic resource for scholars,
botanists, nature lovers, students of Bible. Bibliography. Indexes. 123 black-and-
white illustrations. 384pp. 6 X 9. 25069-5 Pa. $8.95

FAMOUS AMERICAN WOMEN: A Biographical Dictionary from Colonial
Times to the Present, Robert McHenry, ed. From Pocahontas to Rosa Parks, 1,035
distinguished American women documented in separate biographical entries.
Accurate, up-to-date data, 1.umerous categories, spans 400 years. Indices. 493pp.
6% x 94. 24523-3 Pa. $9.95

THE FABULOUS INTERIORS OF THE GREAT OCEAN LINERS IN HIS-
TORIC PHOTOGRAPHS, William H. Miller, Jr. Some 200 superb photographs
capture exquisite interiors of world’s great “floating palaces’’—1890’s to 1980’s:
Titanic, Ile de France, Queen Elizabeth, United States, Europa, more. Approx. 200
black-and-white photographs. Captions. Text. Introduction. 160pp. 8% x 11%.
24756-2 Pa. $9.95

THE GREAT LUXURY LINERS, 1927-1954: A Photographic Record, William
H. Miller, Jr. Nostalgic tribute to heyday of ocean liners. 186 photos of Ile de
France, Normandie, Leviathan, Queen Elizabeth, United States, many others.
Interior and exterior views. Introduction. Captions. 160pp. 9 x 12.

24056-8 Pa. $9.95

A NATURAL HISTORY OF THE DUCKS, John Charles Phillips. Great
landmark of ornithology offers complete detailed coverage of nearly 200 species and
subspecies of ducks: gadwall, sheldrake, merganser, pintail, many more. 74 full-
color plates, 102 black-and-white. Bibliography. Total of 1,920pp. 8% x 114.
25141-1, 25142-X Cloth. Two-vol. set $100.00

THE SEAWEED HANDBOOK: An Illustrated Guide to Seaweeds from North
Carolina to Canada, Thomas F. Lee. Concise reference covers 78 species. Scientific
and common names, habitat, distribution, more. Finding keys for easy identifica-
tion. 224pp. 5% x 8%. 25215-9 Pa. $5.95

THE TEN BOOKS OF ARCHITECTURE: The 1755 Leoni Edition, Leon Battista
Alberti. Rare classic helped introduce the glories of ancient architecture to the
Renaissance. 68 black-and-white plates. 336pp. 8% x 114. 25239-6 Pa. $14.95

MISS MACKENZIE, Anthony Trollope. Minor masterpieces by Victorian master
unmasks many truths about life in 19th-century England. First inexpensive edition
in years. 392pp. 5% x 8%. 25201-9 Pa. $7.95

THE RIME OF THE ANCIENT MARINER, Gustave Doré, Samuel Taylor
Coleridge. Dramatic engravings considered by many to be his greatest work. The
terrifying space of the open sea, the storms and whirlpools of an unknown ocean,
the ice of Antarctica, more—all rendered in a powerful, chilling manner. Full text.
38 plates. 77pp. 9% x 12. 22305-1 Pa. $4.95

THE EXPEDITIONS OF ZEBULON MONTGOMERY PIKE, Zebulon Mont-
gomery Pike. Fascinating first-hand accounts (1805-6) of exploration of Missis-
sippi River, Indian wars, capture by Spanish dragoons, much more. 1,088pp.
5% x 8%. 25254-X, 25255-8 Pa. Two-vol. set $23.90



CATALOG OF DOVER BOOKS

A CONCISE HISTORY OF PHOTOGRAPHY: Third Revised Edition, Helmut
Gernsheim. Best one-volume history—camera obscura, photochemistry, daguer-
reotypes, evolution of cameras, film, more. Also artistic aspects—landscape,
portraits, fine art, etc. 281 black-and-white photographs. 26 in color. 176pp.
8% x 114, 25128-4 Pa. $12.95

THE DORE BIBLE ILLUSTRATIONS, Gustave Doré. 241 detailed plates from
the Bible: the Creation scenes, Adam and Eve, Flood, Babylon, battle sequences, life
of Jesus, etc. Each plate isaccompanied by the verses from the King James version of
the Bible. 241pp. 9 x 12. 23004-X Pa. $8.95

HUGGER-MUGGER IN THE LOUVRE, Elliot Paul. Second Homer Evans
mystery-comedy. Theft at the Louvre involves sleuth in hilarious, madcap caper.
“A knockout.” —Books. 336pp. 5% x 8%. 25185-3 Pa. $5.95

FLATLAND, E. A. Abbott. Intriguing and enormously popular science-fiction
classic explores the complexities of trying to survive as a two-dimensional being in
a three-dimensional world. Amusingly illustrated by the author. 16 illustrations.
103pp. 5% x 8%. 20001-9 Pa. $2.25

THE HISTORY OF THE LEWIS AND CLARK EXPEDITION, Meriwether
Lewis and William Clark, edited by Elliott Coues. Classic edition of Lewis and
Clark’s day-by-day journals that later became the basis for U.S. claims to Oregon
and the West. Accurate and invaluable geographical, botanical, biological,
meteorological and anthropological material. Total of 1,508pp. 5% x 8%.

21268-8, 21269-6, 21270-X Pa. Three-vol. set $25.50

LANGUAGE, TRUTH AND LOGIC, Alfred J. Ayer. Famous, clear introduction
to Vienna, Cambridge schools of Logical Positivism. Role of philosophy,
elimination of metaphysics, nature of analysis, etc. 160pp. 5% x 8%. (Available in
U.S. and Canada only) 20010-8 Pa. $2.95

MATHEMATICS FOR THE NONMATHEMATICIAN, Morris Kline. Detailed,
college-level treatment of mathematics in cultural and historical context, with
numerous exercises. For liberal arts students. Preface. Recommended Reading
Lists. Tables. Index. Numerous black-and-white figures. xvi + 641pp. 5% x 8%.
24823-2 Pa. $11.95

28 SCIENCE FICTION STORIES, H. G. Wells. Novels, Star Begotten and Men
Like Gods, plus 26 short stories: “Empire of the Ants,” ““A Story of the Stone Age,”
“The Stolen Bacillus,” ““In the Abyss,” etc. 915pp. 5% x 8%. (Available in U.S. only)

20265-8 Cloth. $10.95

HANDBOOK OF PICTORIAL SYMBOLS, Rudolph Modley. 3,250 signs and
symbols, many systems in full; official or heavy commercial use. Arranged by
subject. Most in Pictorial Archive series. 143pp. 8% x 11. 23357-X Pa. $5.95

INCIDENTS OF TRAVEL IN YUCATAN, John L. Stephens. Classic (1843)

exploration of jungles of Yucatan, looking for evidences of Maya civilization.

Travel adventures, Mexican and Indian culture, etc. Total of 669pp. 5% x 84%.
20926-1, 20927-X Pa., Two-vol. set $9.90
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DEGAS: An Intimate Portrait, Ambroise Vollard. Charming, anecdotal memoir by
famous art dealer of one of the greatest 19th-century French painters. 14 black-and-
white illustrations. Introduction by Harold L. Van Doren. 96pp. 5% X 8%.

25131-4 Pa. $3.95

PERSONAL NARRATIVE OF A PILGRIMAGE TO ALMANDINAH AND
MECCAH, Richard Burton. Great travel classic by remarkably colorful personality.
Burton, disguised as a Moroccan, visited sacred shrines of Islam, narrowly escaping
death. 47 illustrations. 959pp. 5% x 8%. ~21217-3, 21218-1 Pa., Two-vol. set $19.90

PHRASE AND WORD ORIGINS, A. H. Holt. Entertaining, reliable, modern
study of more than 1,200 colorful words, phrases, origins and histories. Much
unexpected information. 254pp. 5% x 8%. 20758-7 Pa. $4.95

THE RED THUMB MARK, R. Austin Freeman. In this first Dr. Thorndyke case,
the great scientific detective draws fascinating conclusions from the nature of a
single fingerprint. Exciting story, authentic science. 320pp. 5% x 8%. (Available in
U.S. only) 25210-8 Pa. $5.95

AN EGYPTIAN HIEROGLYPHIC DICTIONARY, E. A. Wallis Budge. Monu-
mental work containing about 25,000 words or terms that occur in texts ranging
from 3000 s.c. to 600 a.0. Each entry consists of a transliteration of the word, the word
in hieroglyphs, and the meaning in English. 1,314pp. 6% x 10.

28615-3, 23616-1 Pa., Two-vol. set $27.90

THE COMPLEAT STRATEGYST: Being a Primer on the Theory of Games of
Strategy, J. D. Williams. Highly entertaining classic describes, with many
illustrated examples, how to select best strategies in conflict situations. Prefaces.
Appendices. xvi + 268pp. 5% x 8. 25101-2 Pa. $5.95

THE ROAD TO OZ, L. Frank Baum. Dorothy meets the Shaggy Man, little
Button-Bright and the Rainbow’s beautiful daughter in this delightful trip to the
magical Land of Oz. 272pp. 5% X 8. ‘ 25208-6 Pa. $4.95

POINT AND LINE TO PLANE, Wassily Kandinsky. Seminal exposition of role of
point, line, other elements in non-objective painting. Essential to understanding
20th-century art. 127 illustrations. 192pp. 6% x 94. 23808-3 Pa. $4.50

LADY ANNA, Anthony Trollope. Moving chronicle of Countess Lovel’s bitter
struggle to win for herself and daughter Anna their rightful rank and fortune—
perhaps at cost of sanity itself. 384pp. 5% x 8%. 24669-8 Pa. $6.95

EGYPTIAN MAGIG, E. A. Wallis Budge. Sums up all that is known about magic
in Ancient Egypt: the role of magic in controlling the gods, powerful amulets that
warded off evil spirits, scarabs of immortality, use of wax images, formulas and
spells, the secret name, much more. 253pp. 5% x 8%. 22681-6 Pa. $4.00

THE DANCE OF SIVA, Ananda Coomaraswamy. Preeminent authority unfolds

the vast metaphysic of India: the revelation of her art, conception of the universe,

social organization, etc. 27 reproductions of art masterpieces. 192pp. 5% x 8%.
24817-8 Pa. $5.95
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CHRISTMAS CUSTOMS AND TRADITIONS, Clement A. Miles. Origin,

evolution, significance of religious, secular practices. Caroling, gifts, yule logs,

much more. Full, scholarly yet fascinating; non-sectarian. 400pp. 5% x 8%,
23354-5 Pa. $6.50

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. More than 4,500
stopped-action photos, in action series, showing undraped men, women, children
jumping, lying down, throwing, sitting, wrestling, carrying, etc. 390pp. 7% x 10%.

20204-6 Cloth. $21.95

THE MAN WHO WAS THURSDAY, Gilbert Keith Chesterton. Witty, fast-paced
novel about a club of anarchists in turn-of-the-century London. Brilliant social,
religious, philosophical speculations. 128pp. 5% x 8%. 25121-7 Pa. $3.95

A CEZANNE SKETCHBOOK: Figures, Portraits, Landscapes and Still Lifes, Paul
Cezanne. Great artist experiments with tonal effects, light, mass, other qualities in
over 100 drawings. A revealing view of developing master painter, precursor of
Cubism. 102 black-and-white illustrations. 144pp. 8% x 6%. 24790-2 Pa. $5.95

AN ENCYCLOPEDIA OF BATTLES: Accounts of Over 1,560 Battles from
1479 8.c. to the Present, David Eggenberger. Presents essential details of every major
battle in recorded history, from the first battle of Megiddo in 1479 8.c. to Grenada in
1984. List of Battle Maps. New Appendix covering the years 1967-1984. Index. 99
illustrations. 544pp. 6% x 9%. 24913-1 Pa. $14.95

AN ETYMOLOGICAL DICTIONARY OF MODERN ENGLISH, Ernest Week-
ley. Richest, fullest work, by foremost British lexicographer. Detailed word
histories. Inexhaustible. Total of 856pp. 6% x 9%4.

21873-2, 21874-0 Pa., Two-vol. set $17.00

WEBSTER’S AMERICAN MILITARY BIOGRAPHIES, edited by Robert
McHenry. Over 1,000 figures who shaped 3 centuries of American military history.
Detailed biographies of Nathan Hale, Douglas MacArthur, Mary Hallaren, others.
Chronologies of engagements, more. Introduction. Addenda. 1,033 entries in
alphabetical order. xi + 548pp. 6% x 94. (Available in U.S. only)

24758-9 Pa. $11.95

LIFEIN ANCIENT EGYPT, Adolf Erman. Detailed older account, with much not

in more recent books: domestic life, religion, magic, medicine, commerce, and

whatever else needed for complete picture. Many illustrations. 597pp. 5% x 8%.
22632-8 Pa. $8.50

HISTORIC COSTUME IN PICTURES, Braun & Schneider. Over 1,450 costumed
figures shown, covering a wide variety of peoples: kings, emperors, nobles, priests,
servants, soldiers, scholars, townsfolk, peasants, merchants, courtiers, cavaliers,
and more. 256pp. 8% x 11%. 23150-X Pa. $7.95

THE NOTEBOOKS OF LEONARDO DA VINCI, edited by J. P. Richter. Extracts
from manuscripts reveal great genius; on painting, sculpture, anatomy, sciences,
geography, etc. Both Italian and English. 186 ms. pages reproduced, plus 500
additional drawings, including studies for Last Supper, Sforza monument, etc.
860pp. 7% x 10%. (Available in U.S. only) 22572-0, 22573-9 Pa., Two-vol. set $25.90
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THE ART NOUVEAU STYLE BOOK OF ALPHONSE MUCHA: All 72 Plates
from “Documents Decoratifs” in Original Color, Alphonse Mucha. Rare copy-
right-free design portfolio by high priest of Art Nouveau. Jewelry, wallpaper,
stained glass, furniture, figure studies, plant and animal motifs, etc. Only complete
one-volume edition. 80pp. 9% x 124. 24044-4 Pa. $8.95

ANIMALS: 1,419 COPYRIGHT-FREE ILLUSTRATIONS OF MAMMALS,
BIRDS, FISH, INSECTS, ETC., edited by Jim Harter. Clear wood engravings
present, in extremely lifelike poses, over 1,000 species of animals. One of the most
extensive pictorial sourcebooks of its kind. Captions. Index. 284pp. 9 x 12.
23766-4 Pa. $9.95

OBELISTS FLY HIGH, C. Daly King. Masterpiece of American detective fiction,
long out of print, involves murder on a 1935 transcontinental flight—“a very
thrilling story”—NY Times. Unabridged and unaltered republication of the
edition published by William Collins Sons & Co. Ltd., London, 1935. 288pp.
5% x 8%. (Available in U.S. only) 25036-9 Pa. $4.95

VICTORIAN AND EDWARDIAN FASHION: A Photographic Survey, Alison
Gernsheim. First fashion history completely illustrated by contemporary photo-
graphs. Full text plus 235 photos, 1840-1914, in which many celebrities appear.
240pp. 6% x 9%. 24205-6 Pa. $6.00

THE ART OF THE FRENCH ILLUSTRATED BOOK, 1700-1914, Gordon N.
Ray. Over 630 superb book illustrations by Fragonard, Delacroix, Daumier, Doré,
Grandville, Manet, Mucha, Steinlen, Toulouse-Lautrec and many others. Preface.
Introduction. 633 halftones. Indices of artists, authors & titles, binders and
provenances. Appendices. Bibliography. 608pp. 8% x 114. 25086-5 Pa. $24.95

THE WONDERFUL WIZARD OF OZ, L. Frank Baum. Facsimile in full color of
America’s finest children’s classic. 143 illustrations by W. W. Denslow. 267pp.
5% x 8. 20691-2 Pa. $5.95

FRONTIERS OF MODERN PHYSICS: New Perspectives on Cosmology, Rela-
tivity, Black Holes and Extraterrestrial Intelligence, Tony Rothman, et al. For the
intelligent layman. Subjects include: cosmological models of the universe; black
holes; the neutrino; the search for extraterrestrial intelligence. Introduction. 46
black-and-white illustrations. 192pp. 5% x 8% 24587-X Pa. $6.95

THE FRIENDLY STARS, Martha Evans Martin & Donald Howard Menzel.
Classic text marshalls the stars together in an engaging, non-technical survey,
presenting them as sources of beauty in night sky. 23 illustrations. Foreword. 2 star
charts. Index. 147pp. 5% x 8%. 21099-5 Pa. $3.50

FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Fair,
witty appraisal of cranks, quacks, and quackeries of science and pseudoscience:
hollow earth, Velikovsky, orgone energy, Dianetics, flying saucers, Bridey Murphy,
food and medical fads, etc. Revised, expanded In the Name of Science. A very able
and even-tempered presentation.”—The New Yorker. 363pp. 5% x 8.

20394-8 Pa. $6.50

ANCIENTEGYPT:ITS CULTURE AND HISTORY, J. E Manchip White. From
pre-dynastics through Ptolemies: society, history, political structure, religion, daily
life, literature, cultural heritage. 48 plates. 217pp. 5% x 8%. 22548-8 Pa. $4.95
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SIR HARRY HOTSPUR OF HUMBLETHWAITE, Anthony Trollope. Incisive,
unconventional psychological study of a conflict between a wealthy baronet, his
idealistic daughter, and their scapegrace cousin. The 1870 novel in its first
inexpensive edition in years. 250pp. 5% x 8%. 24953-0 Pa. $5.95

LASERS AND HOLOGRAPHY, Winston E. Kock. Sound introduction to
burgeoning field, expanded (1981) for second edition. Wave patterns, coherence,
lasers, diffraction, zone plates, properties of holograms, recent advances. 84
illustrations. 160pp. 5% x 84. (Except in United Kingdom) 24041-X Pa. $3.50

INTRODUCTION TO ARTIFICIAL INTELLIGENCE: SECOND, EN-
LARGED EDITION, Philip C. Jackson, Jr. Comprehensive survey of artificial
intelligence—the study of how machines (computers) can be made to act intelli-
gently. Includes introductory and advanced material. Extensive notes updating the
main text. 132 black-and-white illustrations. 512pp. 5% x 8%.  24864-X Pa. $8.95

HISTORY OF INDIAN AND INDONESIAN ART, Ananda K. Coomaraswamy.
Over 400 illustrations illuminate classic study of Indian art from earliest Harappa
finds to early 20th century. Provides philosophical, religious and social insights.
304pp. 6% x 9%. 25005-9 Pa. $8.95

THE GOLEM, Gustav Meyrink. Most famous supernatural novel in modern
European literature, set in Ghetto of Old Prague around 1890. Compelling story of
mystical experiences, strange transformations, profound terror. 13 black-and-white
illustrations. 224pp. 5% % 8%. (Available in U.S. only) 25025-3 Pa. $5.95

ARMADALE, Wilkie Collins. Third great mystery novel by the author of The
Woman in White and The Moonstone. Original magazine version with 40
illustrations. 597pp. 5% x 84. 23429-0 Pa. $9.95

PICTORIAL ENCYCLOPEDIA OF HISTORIC ARCHITECTURAL PLANS,
DETAILS AND ELEMENTS: With 1,880 Line Drawings of Arches, Domes,
Doorways, Facades, Gables, Windows, etc., John Theodore Haneman. Sourcebook
of inspiration for architects, designers, others. Bibliography. Captions. 141pp.
9x12. 24605-1 Pa. $6.95

BENCHLEY LOST AND FOUND, Robert Benchley. Finest humor from early

30’s, about pet peeves, child psychologists, post office and others. Mostly

unavailable elsewhere. 73 illustrations by Peter Arno and others. 183pp. 5% x 8%.
22410-4 Pa. $3.95

ERTE GRAPHICS, Erté. Collection of striking color graphics: Seasons, Alphabet,
Numerals, Aces and Precious Stones. 50 plates, including 4 on covers. 48pp.
9% x 124, 23580-7 Pa. $6.95

THE JOURNAL OF HENRY D. THOREAU, edited by Bradford Torrey, F. H.
Allen. Complete reprinting of 14 volumes, 1837-61, over two million words; the
sourcebooks for Walden, etc. Definitive. All original sketches, plus 75 photographs.
1,804pp. 8% x 124. 20312-3, 20313-1 Cloth., Two-vol. set $80.00

CASTLES: THEIR CONSTRUCTION AND HISTORY, Sidney Toy. Traces
castle development from ancient roots. Nearly 200 photographs and drawings
illustrate moats, keeps, baileys, many other features. Caernarvon, Dover Castles,
Hadrian’s Wall, Tower of London, dozens more. 256pp. 5% x 84.

24898-4 Pa. $5.95
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AMERICAN CLIPPER SHIPS: 1833-1858, Octavius T. Howe & Frederick C.
Matthews. Fully-illustrated, encyclopedic review of 352 clipper ships from the
period of America’s greatest maritime supremacy. Introduction. 109 halftones. 5
black-and-white line illustrations. Index. Total of 928pp. 5% x 8%.

25115-2, 25116-0 Pa., Two-vol. set $17.90

TOWARDS A NEW ARCHITECTURE, Le Corbusier. Pioneering manifesto by
great architect, near legendary founder of “International School.” Technical and
aesthetic theories, views on industry, economics, relation of form to function,
“mass-production spirit,”” much more. Profusely illustrated. Unabridged transla-
tion of 13th French edition. Introduction by Frederick Etchells. 320pp. 6% x 9%.
(Available in U.S. only) 25023-7 Pa. $8.95

THE BOOK OF KELLS, edited by Blanche Cirker. Inexpensive collection of 32
full-color, full-page plates from the greatest illuminated manuscript of the Middle
Ages, painstakingly reproduced from rare facsimile edition. Publisher’s Note.
Captions. 32pp. 9% x 124. 24345-1 Pa. $4.95

BEST SCIENCE FICTION STORIES OF H. G. WELLS, H. G. Wells. Full novel
The Invisible Man, plus 17 short stories: “The Crystal Egg,” ‘‘Aepyornis Island,”
“The Strange Orchid,” etc. 303pp. 5% x 8%. (Available in U.S. only)

21531-8 Pa. $4.95

AMERICAN SAILING SHIPS: Their Plans and History, Charles G. Davis.
Photos, construction details of schooners, frigates, clippers, other sailcraft of 18th
to early 20th centuries—plus entertaining discourse on design, rigging, nautical
lore, much more. 137 black-and-white illustrations. 240pp. 6% x 9%.

24658-2 Pa. $5.95

ENTERTAINING MATHEMATICAL PUZZLES, Martifi Gardner. Selection of
author’s favorite conundrums involving arithmetic, money, speed, etc., with lively
commentary. Complete solutions. 112pp. 5% x 8%. 25211-6 Pa. $2.95

THE WILL TO BELIEVE, HUMAN IMMORTALITY, William James. Two
books bound together. Effect of irrational on logical, and arguments for human
immortality. 402pp. 5% x 8%. 20291-7 Pa. $7.50

THE HAUNTED MONASTERY and THE CHINESE MAZE MURDERS,
Robert Van Gulik. 2 full novels by Van Gulik continue adventures of Judge Dee and
his companions. An evil Taoist monastery, seemingly supernatural events;
overgrown topiary maze that hides strange crimes. Set in 7th-century China. 27
illustrations. 328pp. 5% x 8%. 23502-5 Pa. $5.95

CELEBRATED CASES OF JUDGE DEE (DEE GOONG AN), translated by
Robert Van Gulik. Authentic 18th-century Chinese detective novel; Dee and
associates solve three interlocked cases. Led to Van Gulik’s own stories with same
characters. Extensive introduction. 9 illustrations. 237pp. 5% x 8%.

23337-5 Pa. $4.95

Prices subject to change without notice.
Available at your book dealer or write for free catalog to Dept. GI, Dover
Publications, Inc., 31 East 2nd St., Mineola, N.Y. 11501. Dover publishes more than
175 books each year on science, elementary and advanced mathematics, biology,
music, art, literary history, social sciences and other areas.
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THE MASTER BoOK OF MATHEMATICAL PuzzLEs AND RECREATIONS, Fred
Schuh. (22134-2) $6.95

CRYPTOGRAPHY: THE SCIENCE OF SECRET WRITING, Laurence D. Smith.
(20247-X) $3.95

NEew PuzziLes IN LogicaL DebucTion, George J. Summers. (22089-3) $3.50

Test Your Locic, George J. Summers. (22877-0) $2.50

RECREATIONS IN Locic, D.G. Wells. (23895-4) $2.50

101 PuzzLes IN THOUGHT AND Locic, C.R. Wylie, Jr. (20367-0) $2.50

Paperbound unless otherwise indicated. Prices subject to change without
notice. Available at your book dealer or write for free catalogues to Dept.
23, Dover Publications, Inc., 31 East 2nd Street, Mineola, N.Y. 11501.
Please indicate field of interest. Each year Dover publishes over 200 books
on fine art, music, crafts and needlework, antiques, languages, literature,
children’s books, chess, cookery, nature, anthropology, science,
mathematics, and other areas.

Manufactured in the U.S.A.




MATHEMATICAL
QUICKRIES

Charles W, Trigg

® If % of 20 is 6, then what is /5 of 10?

A series of books was published at seven-year intervals.
When the seventh book was issued, the sum of the
publication years was 13, 524. When was the first book
published?

Every person on earth has shaken a certain number of
hands. Prove that the number of persons who have
shaken an odd number of hands is even.

For the mathematics enthusiast of any age or level of sophistication, this stimulating
treasury of unusual math problems offers unlimited opportunity for mind-boggling
recreation. Charles W. Trigg, Dean Emeritus and Professor Emeritus at Los
Angeles City College and one of the country’s best-known problemists, has
compiled nearly 300 mathematical brainteasers from the fields of arithmetic,
algebra, plane and solid geometry, trigonometry, number theory, and such general
recreational mathematics as dissections, cryptarithms and magic squares. The
object of each problem is to find the quickest, most elegant solution—they are often
unorthodox and there is usually an element of surprise in each. Ranging from the
simple to complex, problems are both original with the author and the work of over
100 other qualified mathematicians. Most are rarely seen or entirely new; all
challenge the reader to devise solutions more elegant than the ones provided.

Every problem buff in the pursuit of elegance will discover a wealth of diverse and
intriguing puzzles in this extensive collection, certain to improve mental acuity and
provide hours of brain-bending amusement.

Unabridged, corrected Dover (1985) republication of Mathematical Quickies,
originally published by McGraw-Hill Book Company, N.Y., 1967. 270 problems.
121 illustrations. Solutions. List of Sources. 5% x 8%. Paperbound.

ISBN O0-48E-24949-
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