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Throughout this text, you will see that many real-world phenomena can be
modeled by special relations called functions that can be written as equations
or graphed. As you work through Unit 1, you will study some of the tools use
for mathematical modeling.
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Unit1 11eYNET Projects
TELECOMMUNICATION

In today’s world, there are various forms of communication, some that boggle the mind
with their speed and capabilities. In this project, you will use the Internet to help you
gather information for investigating various aspects of modern communication. At the end
of each chapter, you will work on completing the Unit 1 Internet Project. Here are the topics
for each chapter.

CHAPTER Is Anybody Listening? Everyday that you watch television, you are
(page 61) bombarded by various telephone service commercials offering you the

best deal for your dollar.
Math Connection: How could you use the Internet and graph data to
help determine the best deal for you?

CHAPTER You've Got Mail! The number of homes connected to the Internet
(page 123) and e-mail is on the rise. Use the Internet to find out more information
: about the types of e-mail and Internet service providers available and
their costs.
Math Connection: Use your data and a system of equations to
determine if any one product is better for you.

CHAPTER 6 Sorry, You Are Out of Range for Your Telephone Service ... Does your

(page 201) : family have a cell phone? Is its use limited to a small geographical area?
H How expensive is it? Use the Internet to analyze various offers for
cellular phone service.
Math Connection: Use graphs to describe the cost of each type of
service. Include initial start-up fees or equipment cost, beginning
service offers, and actual service fees.

CHAPTER Q The Pen is Mightier Than the Sword! Does anyone write letters by
(page 271) : hand anymore? Maybe fewer people are writing by pen, but most
people use computers to write letters, reports, and books. Use the
Internet to discover various types of word processing, graphics,
spreadsheet, and presentation software that would help you prepare
your Unit 1 presentation.
Math Connection: Create graphs using computer software to include in
your presentation.

For more information on the Unit Project, visit:
www.amc.glencoe.com G

Unit T Internet Project
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4 Chapter 1

LINEAR RELATIONS
AND FUNCTIONS

Unit 1 Relations, Functions, and Graphs (Chapters 1-4)

CH A PTERIC B E G E SR — o

Determine whether a given relation is a function and
perform operations with functions. (Lessons 1-1, 1-2)
Evaluate and find zeros of linear functions using
functional notation. (Lesson -1, 1-3)

Graph and write functions and inequalities.

(Lessons 1-3, 14, 1-7, 1-8)

Write equations of parallel and perpendicular lines.
(Lesson 1-5)

Model data using scatter plots and write prediction
equations. (Lesson 1-6)

B e T " “

Linear Relations and Functions

<[ Cconrents) >




Relations and Functions

OBJEcTIVEs Q-QO\W ©00000000000000000000000000000000000000000000000000000000000000000000000000000

NG
® Detfermine > METEOROLOGY  Have you ever Acre-Feet of Rain

[ ]
i wished that you could change the
e S e ocmgios et | Unaosded | secied
fe ‘ lica weather? 'ne of the ec' nologies use Clouds Clouds
unction. in weather management is cloud seeding. In cloud
e |dentify the seedin . . il | di 1.0 4.1
2 g, microscopic particles are released in a
domain and . . . 4.9 17.5
range of cloud to bring about rainfall. The data in the table 49 5
relation or show the number of acrefeet of rain from pairs of ' '
functi . 1.5 31.4
unction. similar unseeded and seeded clouds.
e Evdl 17.3 327
valuate
functions. An acre-foot is a unit of volume equivalent to one 21.7 40.6
foot of water covering an area of one acre. An 24.4 92.4
acre-foot contains 43,560 cubic feet or about 26.1 115.3
27,154 gallons. 26.3 118.3
28.6 119.0
Source: Wadsworth International Group
We can write the values in the table as a set of ordered pairs. A pairing of
elements of one set with elements of a second set is called a relation. The first
element of an ordered pair is the abscissa. The set of abscissas is called the
domain of the relation. The second element of an ordered pair is the ordinate.
The set of ordinates is called the range of the relation. Sets D and R are often used
to represent domain and range.
Relation, A relation is a set of ordered pairs. The domain is the set of all abscissas
Domain, of the ordered pairs. The range is the set of all ordinates of the ordered
and Range pairs.
Example METEOROLOGY State the relation of the rain data above as a set of ordered
o\ Wo pairs. Also state the domain and range of the relation.
() 7,
& ° Con-
. . Relation: {(28.6, 119.0), (26.3, 118.3), (26.1, 115.3), (24.4, 92.4), (21.7, 40.6),
< (17.3, 32.7), (11.5, 31.4), (4.9, 17.5), (4.9, 7.7), (1.0, 4.1)}
’o'olicoi\o

Domain: {1.0, 4.9, 11.5, 17.3, 21.7, 24.4, 26.1, 26.3, 28.6}
Range: {4.1,7.7,31.4,17.5, 32.7, 40.6, 92.4, 115.3, 118.3, 119.0}

There are multiple representations for each relation. You have seen that a
relation can be expressed as a set of ordered pairs. Those ordered pairs can
also be expressed as a table of values. The ordered pairs can be graphed for a
pictorial representation of the relation. Some relations can also be described by
arule or equation relating the first and second coordinates of each ordered pair.

lesson 1-1  Relations and Functions 5




Example Q The domain of a relation is all positive integers less than 6. The range y of
the relation is 3 less x, where x is a member of the domain. Write the
relation as a table of values and as an equation. Then graph the relation.

Table: [ » y Graph: |y
1 2
2 1
3 0 >
4 -1
5 -2

Equation: y = 3 — x

................................................................................................................................................................................. Y
You can use the graph of a relation to determine its domain and range.
Example e State the domain and range of each relation.
L a y b. y
o
X
(0] X
It appears from the graph that all It appears from the graph that all
real numbers are included in the real numbers are included in the
domain and range of the relation. domain. The range includes the
non-negative real numbers.
................................................................................................................................................................................. o

The relations in Example 3 are a special type of relation called a function.

A function is a relation in which each element of the domain is paired with

Function exactly one element in the range.

Example 0 State the domain and range of each relation. Then state whether the
i relation is a function.

a. {(_39 0)’ (4’ _2), (2’ _6)}
The domain is {—3, 2, 4}, and the range is {—6, —2, 0}. Each element of the
domain is paired with exactly one element of the range, so this relation is a
function.

b. {(4’ _2)3 (4’ 2)’ (9, _3)’ (_9, 3)}
For this relation, the domain is {—9, 4, 9}, and the range is {—3, —2, 2, 3}. In

the domain, 4 is paired with two elements of the range, —2 and 2. Therefore,
this relation is not a function.

6 Chapter 1 Linear Relations and Functions




An alternate definition of a function is a set of ordered pairs in which no two
pairs have the same first element. This definition can be applied when a relation
is represented by a graph. If every vertical line drawn on the graph of a relation

passes through no more than one point of the graph, then the relation is a

function. This is called the vertical line test.

a relation that is a function

a relation that is not a function

y. L

=

\
o]
/

Example 6 Determine if the graph of each relation represents a function. Explain.

a. |y

y

o

X

No, the graph does not
represent a function. A vertical
line at x = 1 would pass through
infinitely many points.

b.

y

/I

14

Every element of the domain is

paired with exactly one element
of the range. Thus, the graph
represents a function.

Any letter may be used to denote a function. In function notation, the symbol

X is called the
independent
variable, and y
is called the

dependent (x, y) or (x, F(x)).

variable.

f(x) is read “f of x” and should be interpreted as the value of the function fat x.
Similarly, h(?) is the value of function h at t. The expression y = f(x) indicates that
for each element in the domain that replaces x, the function assigns one and only
one replacement for y. The ordered pairs of a function can be written in the form

Every function can be evaluated for each value in its domain. For example, to
find f(—4) if f(x) = 3x3 — 7Tx%® — 2x, evaluate the expression 3x3 — 7x2 — 2x for

x = —4.

Example O Evaluate each function for the given value.
a. F(—4) if f(x) = 3x3 — Tx% — 2x
f(=4) = 3(-4)° — 1(-4)% — 2(—4)

~192 — 112 — (—8) or —296

b. 2©) if g = | 6x — 771

9(9) =169 — 77
=|—23] or 23

Lesson 1-1

Relations and Functions
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Functions can also be evaluated for another variable or an expression.

Example 0 Evaluate each function for the given value.
L a h(a) if h(x) = 3x7 — 10x* + 3x — 11
h(a@) = 3(@)" — 10(a)* + 3(@) — 11 x=a
=3a’ — 10a* + 3a — 11
b.jic - 5)ifj(x) =x2—Tx + 4

jc=5=(0C—-5*-T7c-5+4 x=c—5
=c2—-10c+25—-Tc+35+4
=c2—17c + 64
............................................................................................. ®
When you are given the equation of a function but the domain is not
specified, the domain is all real numbers for which the corresponding values in
the range are also real numbers.
Example 0 State the domain of each function.
5 _ x4+ 5x _ 1
a. f() =3, b. gx) = o
Any value that makes the Any value that makes the radicand
denominator equal to zero must negative must be excluded from
be excluded from the domain the domain of g since the square
of fsince division by zero is root of a negative number is not a
undefined. To determine the real number. Also, the denominator
excluded values, let X2 — 4x = 0 cannot be zero. Let x — 4 = 0 and
and solve. solve for the excluded values.
X2 —4x=0 x—4=0
x(x—4)=0 x=4
x=0orx=4 The domain excludes numbers
Therefore, the domain includes all less than or equal to 4. |The
real numbers except 0 and 4. domain is written as {x|x > 4},

which is read “the set of all x such
that x is greater than 4.”

CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Math ti
arnematies 1. Represent the relation {(—4, 2), (6, 1), (0, 5), (8, —4), (2, 2), (—4, 0)} in two
other ways.
2. Draw the graph of a relation that is not a function. y

3. Describe how to use the vertical line test to determine
whether the graph at the right represents a function.

8 Chapter 1 Linear Relations and Functions




4. You Decide Keisha says that all functions are relations but not all relations are
functions. Kevin says that all relations are functions but not all functions are
relations. Who is correct and why?

Guided 5. The domain of a relation is all positive integers less than 8. The range y of the
Practice relation is x less 4, where x is a member of the domain. Write the relation as a
table of values and as an equation. Then graph the relation.
State each relation as a set of ordered pairs. Then state the domain and range.
6. x y 7. y
-3 4
0
3 —4 (0) X
-8
Given that x is an integer, state the relation representing each equation by
making a table of values. Then graph the ordered pairs of the relation.
8.y=3x+5and 4=x=14 9.y=-5and1=x=38
State the domain and range of each relation. Then state whether the relation is a
function. Write yes or no. Explain.
10.{(1, 2), (2, 4), (=3, —6), (0, 0)} 11.{(6, =2), 3, 4, (6, =6), (=3, 0)}
12. Study the graph at the right. y
a. State the domain and range of the
relation.
b. State whether the graph represents
a function. Explain.
o X
Evaluate each function for the given value. -
13. (—3) if f(x) = 43 + x> — 5x
14.g(m + 1) if g(x) = 2x% — 4x + 2
15. State the domain of f(x) = Vx + 1.
16. Sports  The table shows the heights ,ﬂ"%
and weights of members of the Los y Los Angeles Lakers
Angeles Lakers basketball team during a <> Height (in.) Weight (Ib)
certain year. 83 240
) 81 220
a. State the relation of the data as a set 82 245
of ordered pairs. Also state the 78 200
domain and range of the relation. 83 255
73 200
b. Graph the relation. 80 215
c. Determine whether the relation is a ;g f;g
function. 73 180
86 300
77 220
82 260
Source: Preview Sports
___. www.amc.glencoe.com/self_check_quiz Lesson 1-1  Relations and Functions 9
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E XERCISES

Practice

1nterNE

CONNECTION

Graphing
Calculator
Programs

For a graphing
calculator
program that
plots points in
a relation, visit
www.amc.
glencoe.com
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Write each relation as a table of values and as an equation. Graph the relation.

17. the domain is all positive integers less than 10, the range is 3 times x, where x is
a member of the domain

18. the domain is all negative integers greater than —7, the range is x less 5, where
x is a member of the domain

19. the domain is all integers greater than —5 and less than or equal to 4, the range
is 8 more than x, where x is a member of the domain

State each relation as a set of ordered pairs. Then state the domain and range.

22.

-5 -5 -10 0 4 0
-3 -3 -5 0 5 1
—1 -1 0 0 8 0
1 1 5 0 13 1
23. y 24. y 25. y
o X o X
[0] X

Given that x is an integer, state the relation representing each equation by
making a table of values. Then graph the ordered pairs of the relation.

26.y=x—5and 4=x=1 27.y=-—xand 1=x<7
28.y=|x|and—5$x$l 29.y=3x—-3and 0 <x <6
30.y2=x—2and x = 11 31. |2y| = xand x = 4

State the domain and range of each relation. Then state whether the relation is a
function. Write yes or no. Explain.

32. (4, 4), (5, 4), (6, 4))
34.{(4, -2), (4,2), (1, 1), (1, 1), (0, 0)}
36. {(—1.1, -2), (04, —1), (0.1, = 1)}

For each graph, state the domain and range of the relation. Then explain whether
the graph represents a function.

33. {(1, —2), (1,4, (1, —6), (1, 0)}
35. {(0,0), (2, 2), (2, —2), (5, 8), (5, —8)}
37.{(2,-3),(9,0),(8, —3),(—9,8)}

IR
5 \
X “lo
o N [o] X =8k6-4-2, A 18X
R T L S e e
,6 >
=10
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Graphing
Calculator

O

Applications
and Problem
Solving

o\ Wo
7 oy

v <
&)
plica

Evaluate each function for the given value.

41.
43.
45,

47.

F(3) if F(X) = 2x + 3

h(0.5) if h(x) =
f(n—1Diffe)=2x2—x+9
Find F(5m) if F(x) = |x2 — 13].

42. g(—2)if g(x) = 5x + 3x — 2
44. j(2a) if j(x) = 1 — 43

a6. g(b? + 1) if () = 2=

State the domain of each function.

48.
51.

52.

3x X+ 2
fx) = 25 49. gx) = Vx2 -9 50. h(x) = o
You can use the table feature of a graphing calculator to find the domain of a

function. Enter the function into the Y= list. Then observe the y-values in the
table. An error indicates that an x-value is excluded from the domain. Determine
the domain of each function.

3 _3-x o x2-12
a.f(x)—x_1 b. g(x)—5+x c. h(x)—xz_4
Education The table shows the number of students who applied and the

number of students attending selected universities.

a. State the relation of the data as a set of ordered pairs. Also state the domain
and range of the relation.

b. Graph the relation.
c. Determine whether the relation is a function. Explain.

University Number Applied | Number Attending
Auburn University 9244 3166
University of California, Davis 18,584 3697
University of lllinois-Champaign-Urbana 18,140 5805
University of Maryland 16,182 3999
State University of New York — Stony Brook 13,589 2136
The Ohio State University 18,912 5950
Texas A&M University 13,877 6233

Source: Newsweek, “How fo get info college, 1998"

53.

54.

55.

Critical Thinking If F(2m + 1) = 24m? + 36m? + 26m, what is £(x)?
(Hint: Begin by solving x = 2m + 1 for m.)

Aviation The temperature of the atmosphere decreases about 5°F for every
1000 feet that an airplane ascends. Thus, if the ground-level temperature is 95°F,
the temperature can be found using the function t(d) = 95 — 0.005d, where t(d)
is the temperature at a height of d feet. Find the temperature outside of an
airplane at each height.

a. 500 ft b. 750 ft c. 1000 ft d. 5000 ft e. 30,000 ft

Geography A global positioning system, GPS, uses satellites to allow a user to
determine his or her position on Earth. The system depends on satellite signals
that are reflected to and from a hand-held transmitter. The time that the signal
takes to reflect is used to determine the transmitter’s position. Radio waves
travel through air at a speed of 299,792,458 meters per second. Thus, the
function d(t) = 299,792,458t relates the time ¢ in seconds to the distance
traveled d(t) in meters.

a. Find the distance a sound wave will travel in 0.05, 0.2, 1.4, and 5.9 seconds.

b. If a signal from a GPS satellite is received at a transmitter in 0.08 seconds,
how far from the transmitter is the satellite?

Extra Practice See p. A26. |
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56. Critical Thinking P(x) is a function for which P(1) = 1, P(2) = 2, P(3) = 3,

Px—2)Px—1)+1 )
and P(x + 1) = PG for x = 3. Find the value of P(6).

57. SAT Practice What is the value of 72 — (32 + 42)?
A 56
B 24
co
D-24
E —56

CAREER CHOICES

If you like working with CAREER OVERVIEW

imal h
alslgr(lﬁls ?I?t(;rei‘tl?na Degree Preferred:
g D.V.M. (doctor of veterinary medicine)

science, you may A .
X consisting of six years of college
want to consider a

career in veterinary Related Courses:

medicine. Many biology, chemistry, mathematics
veterinarians work

with small animals, Outlook:
such as pets, maintaining number of jobs expected to increase
their good health and treating through 2006
illnesses and injuries. Some veterinarians
work with large animals, such as farm animals, .
to ensure the health of animals that we depend Spending on Pet Health Care
upon for food. Still other veterinarians work to
control diseases in wildlife.

Dollars
(billions)
Duties of veterinarians can include $7.83
administering medications to the animals, ( ’
performing surgeries, instructing people in o $4.15
the care of animals, and researching
genetics, prevention of disease, and better
animal nutrition.

1991 1997

Source: American Veferinary Medical Association

Many veterinarians work in private practice,
but jobs are also available in industry and
governmental agencies.

L]
For more information on careers in veterinary medicine, visit: www.amc.glencoe.com O
[CONNECTIONI
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OBJECTIVES
e Perform
operations with
functions.

* Find composite
functions.

e lterate functions
using real
numbers.

Composition of Functions

o\ Wo,
“ % BUSINESS Each year, thousands of people visit Yellowstone National

; Park in Wyoming. Audiotapes for visitors include interviews with early
0 O
Blica®™  seftlers and
information about the geology,
wildlife, and activities of the park.

The revenue r(x) from the sale of

©00000000000000000000000000000000000000000000000000000000000000000000000000000

x tapes is r(x) = 9.5x. Suppose
that the function for the cost

of manufacturing x tapes is

c(x) = 0.8x + 1940. What
function could be used to find the
profit on x tapes? This problem will |

| -

be solved in Example 2.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

To solve the profit problem, you can subtract the cost function c(x) from the
revenue function r(x). If you have two functions, you can form new functions by
adding, subtracting, multiplying, or dividing the functions.

GRAPHING CALCULATOR EXPLORATION

Use a graphing calculator to explore the sum of TRY THESE

two functions.

Use the functions f(x) = 2x — 1 and
f(x) = 3x + 2 as Y1 and Y2. Use TABLE to

» Enter the functions f(x) = 2x — 1 and

f(x) = 3x + 2 as Y1 and Y2, respectively.

» Enter Y1 + Y2 as the function for Y3. To

enter Y1 and Y2, press , then select
Y-VARS. Then choose the equation name
from the menu.

» Use TABLE to compare the function values

for Y1, Y2, and Y3.

observe the results for each definition of Y3.
1.Y3=Y1 —Y2 2.Y3=Y1-Y2

3.Y3=Y1-+1Y2

WHAT DO YOU THINK?

4. Repeat the activity using functions
f(x) =x%2—1and f(x) =5 — x as Y1 and Y2,
respectively. What do you observe?

5. Make conjectures about the functions that

are the sum, difference, product, and
quotient of two functions.

The Graphing Calculator Exploration leads us to the following definitions of

operations with functions.

Operations
with Functions

Sum: (F+ gllx) = f(x) + g(x)

Quotient: (Ef) (x) =

glx’

Difference: (f— glx) = f(x) — g(x)
Product: (f- g)x) = f(x) - g(x)

gx) #0

Lesson 1-2  Composition of Functions 13




For each new function, the domain consists of those values of x common to
the domains of fand g. The domain of the quotient function is further restricted
by excluding any values that make the denominator, g(x), zero.

Example @) Given f(9) = 3x? — 4 and g(x) = 4x + 5, find each function.

a. (fF+ 9™ b. (fF— 9
F+ 9= ) + g(x) fF=9x) = f(x) — gx)
=3x2—4+4x+5 =3x2-4—- (4x+5)
=3 +4x + 1 =3x2 —4x -9
¢ - D d. (g)(x)
(F- ) = ) - g(x) ; )
= (3X2 —4H(4x +5) (g)(x) = g(—x)
= 12x3 + 15x% — 16x — 20
_ 3?4 L _5
4x + 5’ 4

You can use the difference of two functions to solve the application problem
presented at the beginning of the lesson.

Example e BUSINESS Refer to the application at the beginning of the lesson.

Q_e°\ WO»,Q a. Write the profit function.
; ¢. b. Find the profit on 500, 1000, and 5000 tapes.
/) O
Dlico® a. Profit is revenue minus cost. Thus, the profit function p(x) is

p(x) = r(x) — c(x).
The revenue function is r(x) = 9.5x. The cost function is c(x) = 0.8x + 1940.
p(x) =r(x) — c(x)

= 9.5x — (0.8x + 1940)

= 8.7x — 1940

. To find the profit on 500, 1000, and 5000 tapes, evaluate p(500),
p(1000), and p(5000).

p(500) = 8.7(500) — 1940 or 2410

p(1000) = 8.7(1000) — 1940 or 6760

p(5000) = 8.7(5000) — 1940 or 41,560

The profit on 500, 1000, and 5000 tapes is $2410, $6760, and $41,560,

respectively. Check by finding the revenue and the cost for each number
of tapes and subtracting to find profit.

I o
o

Functions can also be combined by using composition. In a composition, a
function is performed, and then a second function is performed on the result of
the first function. You can think of composition in terms of manufacturing a
product. For example, fiber is first made into cloth. Then the cloth is made into a
garment.

14  Chapter 1  Linear Relations and Functions




In composition, a function g maps the elements in set R to those in set S.
Another function f maps the elements in set .S to those in set 7. Thus, the range of
function g is the same as the domain of function £ A diagram is shown below.

Lal s | el

x g(x) = %x x f(x) = 6 — 2x

4 1 1 4

8 2 2 2

12 3 3 0
domain of g(x) The range of g(x) is the domain of f(x). range of f(x)

The function formed by composing two functions fand g is called the
composite of fand g. It is denoted by f° g, which is read as “f composition g’
or “fofg”

R S T

feg
[f-9l(x) = f(g(x))

Given functions fand g, the composite function fo g can be described by
the following equation.

Composition

of Fupnctions [fegllx) = flg(x))

The domain of fe g includes all of the elements x in the domain of g for
which g(x) is in the domain of f.

Example e Find [fo g](x) and [g° f](x) for f(x) = 2x2 — 3x + 8 and g(x) = 5x — 6.
L [fogle) = fig)
= f(5x — 6) Substitute 5x — 6 for g(x).
=2Gx — 6)2 -3Gx —6) + 8 Substitute 5x — 6 for x in f(x).
= 2(25x% — 60x + 36) — 15x + 18 + 8
= 50x2 — 135x + 98
(g F100) = g(f()
=g(2x* — 3x + 8) Substitute 2x2 — 3x + 8 for f(x).
=5(2x% — 3x + 8) — 6 Substitute 2x?> — 3x + 8 for x in g(x).
=10x2 — 15x + 34

The domain of a composed function [f° g](x) is determined by the domains of
both f(x) and g(x).

Llesson 1-2  Composition of Functions 15




Example o State the domain of [f° g](x) for f(x) = Vx — 4 and g(x) = —2.

fx) = \/x — Domain: x = 4

g(x) = ? Domain: x # 0

If g(x) is undefined for a given value of x, then that value is excluded from the
domain of [f° g](x). Thus, 0 is excluded from the domain of [f° g](x).

The domain of f(x) is x = 4. So for x to be in the domain of [f° g](x), it must be
true that g(x) = 4.

g(x) =4
Ly, iy
Z= 8() =z
1 =4x2  Multiply each side by x?.
= x?2 Divide each side by 4.
= |x| Take the square root of each side.

—5 =X= % Reuwrite the inequality.
Therefore, the domain of [fo g](x) is —

[\;|,_.

The composition of a function and itself is called iteration. Each output of an

iterated function is called an iterate. To iterate a function f(x), find the function
value f(x,), of the initial value x,. The value f(x) is the first iterate, x,. The
second iterate is the value of the function performed on the output; that is,
f(f(xy)) or f(x)). Each iterate is represented by x , where n is the iterate number.
For example, the third iterate is x;.

Example 9 Find the first three iterates, x;, x,, and x;, of the function f(x) = 2x — 3 for

16 Chapter 1

an initial value of x, = 1.
To obtain the first iterate, find the value of the function for x;, = 1.
x; = f(xy) = (1)

=2(1) —3or -1

To obtain the second iterate, x,, substitute the function value for the first
iterate, x,, for x.

Xy = fx) = f(—1)

=2(-1)—3or =5
Now find the third iterate, x,, by substituting x, for x.
x5 = f(xy) = (—5)

=2(-5)—3or —13

Thus, the first three iterates of the function f(x) = 2x — 3 for an initial value of
x, = lare —1, =5, and —13.

Linear Relations and Functions




CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Write two functions £(x) and g(x) for which (£ £)(x) = 2x2 + 11x — 6.
Tell how you determined f(x) and g(x).

2. Explain how iteration is related to composition of functions.

3. Determine whether [f° g](x) is always equal to [g° f](x) for two functions f(x)
and g(x). Explain your answer and include examples or counterexamples.

4. Math Jeurnal Write an explanation of function composition. Include an
everyday example of two composed functions and an example of a realworld
problem that you would solve using composed functions.

Guided Practice 5. Given f(x) = 3x2 + 4x — 5 and g(x) = 2x + 9, find f(x) + g(x), F(x) — g(x),
£(x) - g(x), and <§>(x).

Find [f - gl(x) and [ge f](x) for each f(x) and g(x).

6.f(x) =2x +5 7.fx)=2x—-3
g() =3+ x g(x) =x* — 2x
8. State the domain of [fe g](x) for f(x) = ﬁand gx) =x + 3.

9. Find the first three iterates of the function f(x) = 2x + 1 using the initial
value x, = 2.

10. Measurement In 1954, the Tenth General Conference on Weights and Measures
adopted the kelvin K as the basic unit for measuring temperature for all
international weights and measures. While the kelvin is the standard unit,
degrees Fahrenheit and degrees Celsius are still in common use in the

United States. The function C(F) = g(F — 32) relates Celsius temperatures

and Fahrenheit temperatures. The function K(C) = C + 273.15 relates Celsius
temperatures and Kelvin temperatures.

a. Use composition of functions to write a function to relate degrees Fahrenheit
and kelvins.

b. Write the temperatures —40°F, —12°F, 0°F, 32°F, and 212°F in kelvins.

E XERCISES 7

Practice Find f(x) + g(x), f(x) — g(x), f(x) - g(x), and (Ef) (x) for each f{x) and g(x).
— 42 _ - _X __3
11. f(x) = x= — 2x ’I2.f(x)—erl 13.f(x)—x_7
g =x+9 g =x*-1 g(x) = x% + 5x
14.1f f(x) = x + 3and g(x) = XZECS, find f(x) + g(x), f(x) — g(x), f(x) - g(x),
and (é) 0.
= www.amc.glencoe.com/self_check_quiz ; lesson 12 Composition of Functions 17
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Find [fo gl(x) and [g- f](x) for each f(x) and g(x).

15.

17.

19.

21.

o) = x2— 9 16. f(x) = 3x — T
gx)=x+4 gx)=x+6
f)=x—4 18. f(x) =x2 — 1

g(x) = 3x? g(x) = 5x2

f(x) = 2x 20. f(x)=1+x

g =x+x2+1 g(x)=x>+5x+6

What are [fo g](x) and [g° f](x) for f(x) = x + 1 and g(x) = x%l?

State the domain of [fo g](x) for each f(x) and g(x).

22.

F(x) = 5x 23. f() = 24. f(x) = Vx — 2
200 = g0) = T-x ORPT

Find the first three iterates of each function using the given initial value.

25.

28.

29.

30.

31.

32.

fxX)=9—x;x,=2 26.f()=x2+1;x,=1 27.f(x) =x(B —x);x,=1
0 0 0

Retail Sara Sung is shopping and finds several items that are on sale at 25% off
the original price. The items that she wishes to buy are a sweater originally at
$43.98, a pair of jeans for $38.59, and a blouse for $31.99. She has $100 that her
grandmother gave her for her birthday. If the sales tax in San Mateo, California,
where she lives is 8.25%, does Sara have enough money for all three items?
Explain.

Critical Thinking Suppose the graphs of functions f(x) and g(x) are lines. Must
it be true that the graph of [f° g](x) is a line? Justify your answer.

Physics When a heavy box is being pushed on the floor, there are two different
forces acting on the movement of the box. There is the force of the person
pushing the box and the force of friction. If Wis work in joules, F'is force in
newtons, and d is displacement of the box in meters, W, = I d describes the
work of the person, and W, = F;d describes the work created by friction. The
increase in kinetic energy necessary to move the box is the difference between
the work done by the person Wp and the work done by friction W;.

a. Write a function in simplest form for net work.
b. Determine the net work expended when a person pushes a box 50 meters with
a force of 95 newtons and friction exerts a force of 55 newtons.

Finance A sales representative for a cosmetics supplier is paid an annual
salary plus a bonus of 3% of her sales over $275,000. Let f(x) = x — 275,000
and h(x) = 0.03x.

a. If x is greater than $275,000, is her bonus represented by f[h(x)] or by h[f(x)]?
Explain.

b. Find her bonus if her sales for the year are $400,000.

442
xl J:r;z and g(x) = 1 — x2.

Critical Thinking Find f(%) if [Fo g](0) =

Linear Relations and Functions




Mixed Review

33.

34.

35.

36.

37.

38.

39.

International Business Value-added tax,
VAT, is a tax charged on goods and services
in European countries. Many European
countries offer refunds of some VAT to
non-resident based businesses. VAT is
included in a price that is quoted. That is, if
an item is marked as costing $10, that price
includes the VAT.

a. Suppose an American company has
operations in The Netherlands, where
the VAT is 17.5%. Write a function
for the VAT amount paid v(p) if
p represents the price including

the VAT.

b. In The Netherlands, foreign businesses
are entitled to a refund of 84% of the VAT on automobile rentals. Write a
function for the refund an American company could expect r(v) if v represents
the VAT amount.

c. Write a function for the refund expected on an automobile rental r(p) if the
price including VAT is p.

d. Find the refunds due on automobile rental prices of $423.18, $225.64, and
$797.05.

Finance The formula for the simple interest earned on an investment is / = prt,
where / is the interest earned, p is the principal, r is the interest rate, and ¢ is the
time in years. Assume that $5000 is invested at an annual interest rate of 8% and
that interest is added to the principal at the end of each year. (Lesson I-1)

a. Find the amount of interest that will be earned each year for five years.
b. State the domain and range of the relation.
c. Is this relation a function? Why or why not?

State the relation in the table as a set of ordered pairs. Then

state the domain and range of the relation. (Lesson I-1) _x] y8
What are the domain and the range of the relation {(1, 5), (2, 6), 0 4
(3, 7), (4, 8)}?Is the relation a function? Explain. (Lesson 1-1) 2 -6
Find g(~4) if g() =~ £3 (Lesson 1-1) > 1 =9
Given that x is an integer, state the relation representing y = | —3x | and

—2 = x = 3 by making a table of values. Then graph the ordered pairs of
the relation. (Lesson I-1)

SAT/ACT Practice Find f(n — 1) if f(x) = 2x2 — x + 9.

A2n’—-n+9
B2n°-n+8
C 2n* —5n + 12
D9

E 2n%2+4n+ 8

Extra Practice See p. A26. . Llesson 1-2  Composition of Functions 19




Graphing Linear Equations
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OBJECTIVES
e Graph linear g% AGRICULTURE American farmers produce enough food and fiber to

equations. ;

meet the needs of our nation and to export huge quantities to countries
* Find the x- and “elica®®  around the world. In addition to raising grain, cotfon and other fibers,
y-intercepts of fruits, or vegetables, farmers also
a line. .
work on dairy farms, poultry

farms, horticultural specialty farms

* Find the slope

of a line through
two points. that grow ornamental plants and

e Find zeros of nursery products, and aquaculture
linear functions. | farms that raise fish and shellfish.
In 1900, the percent of American
workers who were farmers was
37.5%. In 1994, that percent had
dropped to just 2.5%. What was
the average rate of decline? 7his
problem will be solved in Example 2.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

y The problem above can be solved by using a linear equation. A linear
equation has the form Ax + By + C = 0, where A and B are not both zero. Its
graph is a straight line. The graph of the equation 3x + 4y — 12 = 0 is shown.

3x+4y—12=0 The solutions of a linear equation are the ordered pairs for the points
on its graph. An ordered pair corresponds to a point in the coordinate plane.
Since two points determine a line, only two points are needed to graph a linear
equation. Often the two points that are easiest to find are the x-intercept and
the y-intercept. The x-intercept is the point where the line crosses the x-axis,
and the y-intercept is the point where the graph crosses the y-axis. In the
graph above, the x-intercept is at (4, 0), and the y-intercept is at (0, 3). Usually,
the individual coordinates 4 and 3 called the x- and y-intercepts.

¥

Example o Graph 3x — y — 2 = 0 using the x-and y-intercepts.

Substitute 0 for y to find the x-intercept. Then substitute 0 for x to find the
y-intercept.
x-intercept y-intercept
Ix—-y—2=0 Ix—-y—-2=0
x—0)—-2=0 30)—-y—-2=0 y
3x—2=0 -y—2=0 /
3x =2 -y =2
_2 - _
X=3 ) y=-2 Ol/(5-0)—x
The line crosses the x-axis at (—, 0) and the y-axis at 0,-2)
3 xHy-2=0
(0, —2). Graph the intercepts and draw the line. 4

20 Chapter 1 Linear Relations and Functions
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The slope of a nonvertical line is the ratio of the change in the ordinates of

the points to the corresponding change in the abscissas. The slope of a line is a

constant.
X y _h=h
The slope, m, of the line through (x,, y;) and (x5, ¥») M=%
is given by the following equation, if x; # X5. Cors 1) ( — )
Slope B —i 12
o Yo = )1 0 >
Xo — X4

The slope of a line can be interpreted as the rate of change in the y-coordinates

for each 1-unit increase in the x-coordinates.

Example 9 AGRICULTURE Refer to the application at the beginning of the lesson. What

e\ Wo

/70(5\

o) Xe)
Dlico™

was the average rate of decline in the percent of American workers who
were farmers?

The avgrage rate; qf change is the slope Y34 ~ ng 375
of the line containing the points at
(1900, 37.5) and (1994, 2.5). Find the Percent S0
slope of this line. of
v, —y Workers
m="2-"1 10
Xo =X
0 (1994, 2.5)
_ _25=315  Letx; = 1900, y, = 37.5, 7900 1930 1960 1990 X
1994—1900 x, = 1994, and y, = 2.5. Year

_ =3 _
=04 or about —0.37

On average, the number of American workers who were farmers decreased
about 0.37% each year from 1900 to 1994.

A linear equation in the form Ax + By = C where A is positive is written in

standard form. You can also write a linear equation in slope-intercept form.
Slope-intercept form is y = mx + b, where m is the slope and b is the y-intercept
of the line. You can graph an equation in slope-intercept form by graphing the
y-intercept and then finding a second point on the line using the slope.

Slope-Intercept
Form

If a line has slope m and y-intercept b, the slope-intercept form of the
equation of the line can be written as follows.

y=mx-+ b
Example e Graph each equation using the y-intercept and the y 7
i slope.
3 4
ay=-,x-— 2
(o] ! X
The y-intercept is —2. Graph (0, —2). )

Use the slope to graph a second point. y 2
Connect the points to graph the line.

Llesson 1-3  Graphing Linear Equations 21




Graphing
Calculator
Appendix

For keystroke
instruction on how fo
graph linear equations,
see page A>.

A line with
undefined slope

is sometimes
described as
having “no slope.”

b.2x+y=5 y

Rewrite the equation in slope-intercept form. (0,5)

2Xx+y=5—->y=-2x+5 s

N

The y-intercept is 5. Graph (0, 5). Then use the slope 1
to graph a second point. Connect the points to graph
the line. 0 X

There are four different types of slope for a line. The table below shows a
graph with each type of slope.

positive slope negative slope undefined slope

y

y y

Notice from the graphs that not all linear equations represent functions.
A linear function is defined as follows. When is a linear equation not a function?

Linear
Functions

A linear function is defined by f(x) = mx + b, where m and b are
real numbers.

Values of x for which f(x) = 0 are called zeros of the function f. For a linear
function, the zeros can be found by solving the equation mx + b = 0.If m # 0,

then —% is the only zero of the function. The zeros of a function are the
. . . . . b
x-intercepts. Thus, for a linear function, the x-intercept has coordinates oy 0).

In the case where m = 0, we have f(x) = b. This function is called a
constant function and its graph is a horizontal line. The constant function
f(x) = b has no zeros when b # 0 or every value of x is a zero if b = 0.

Example O Find the zero of each function. Then graph the function.

Graphing
Calculator
Appendix

=

For keystroke
instruction on how

to find the zeros of a
linear function using
the CALC menu, see
page A11.

22 Chapter 1

a.f(x)=5x+14
To find the zeros of f(x), set f(x) equal to 0 and solve for x.
Sx+4=0mx=—2 f(x)

-

5

4 . . .
—5 Isazero of the function. So the coordinates

of one point on the graph are —%, O). Find the

—]
]

coordinates of a second point. When x = 0,
f(x) = 5(0) + 4, or 4. Thus, the coordinates of a [0] X

second point are (0, 4).

Linear Relations and Functions




b. f(x) = —2 f(X)

Since m = 0 and b = —2, this function
has no x-intercept, and therefore no

zeros. The graph of the function is a o X
horizontal line 2 units below the x-axis.

flx) 5 -2

CHECK FOR UNDERSTANDING ,

Communicating  Read and study the lesson to answer each question.

Math ti
athematics 1. Explain the significance of m and bin y = mx + b. y

2. Name the zero of the function whose graph is shown at
the right. Explain how you found the zero.

3. Describe the process you would use to graph a line -
with a y-intercept of 2 and a slope of —4.

4. Compare and contrast the graphs of y = 5x + 8
andy = —5x + 8.

Guided Practice  Graph each equation using the x- and y-intercepts.
5.3x -4y +2=0 6. x+2y—5=0

Graph each equation using the y-intercept and the slope.

7.y=x+17 8.y=5
Find the zero of each function. If no zero exists, write none. Then graph the
function.

9./00) = 3 x + 6 10. f(x) = 19

11. Archaeology Archaeologists use bones and
other artifacts found at historical sites to study
a culture. One analysis they perform is to use a
function to determine the height of the person
from a tibia bone. Typically a man whose tibia is
38.500 centimeters long is 173 centimeters tall.
A man with a 44.125-centimeter tibia is 188
centimeters tall.

a. Write two ordered pairs that represent the
function.

b. Determine the slope of the line through the two
points.

c. Explain the meaning of the slope in this context.

=
=
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E XERCISES

Practice Graph each equation.
12.y=4x—-9 13. y=3 14. 2x -3y +15=0
15.x—4=0 16. y =6x — 1 17. y=5—2x
18.y +8=0 19. 2x +y =0 20.y=%x—4
21.y = 25x + 150 22. 2x + 5y =8 23. 3x—y=17
Find the zero of each function. If no zero exists, write none. Then graph the
function.
24. f(x) =9 + 5 25. f(x) =4x — 12 26. f(x)=3x+1
27.f(x) = l4x 28. f(x) =12 29. f(x) =5x—8
30. Find the zero for the function f(x) = 5x — 2.
31. Graphy = —%x + 3. What is the zero of the function f(x) = —%x + 3?7

32. Write a linear function that has no zero. Then write a linear function that has
infinitely many zeros.

Applications 33. Electronics The voltage Vin volts produced by a battery is a linear function
and Problem of the current i in amperes drawn from it. The opposite of the slope of the line
Solving represents the battery’s effective resistance R in ohms. For a certain battery,
oMo, V=12.0wheni = 1.0 and V = 8.4 when i = 10.0.
:: c: a. What is the effective resistance of the battery?
“Plica®

b. Find the voltage that the battery would produce when the current is
25.0 amperes.

34. Critical Thinking A line passes through A(3, 7) and B(—4, 9). Find the value of
aif C(a, 1) is on the line.

35. Chemistry According to Charles’ Law, the pressure P in pascals of a fixed
volume of a gas is linearly related to the temperature T in degrees Celsius. In an
experiment, it was found that when 7' = 40, P = 90 and when T = 80, P = 100.

a. What is the slope of the line containing these points?
b. Explain the meaning of the slope in this context.
c. Graph the function.
36. Critical Thinking The product of the slopes of two non-vertical perpendicular

lines is always —1. Is it possible for two perpendicular lines to both have
positive slope? Explain.

37. Accounting A business’s capital costs are expenses for things that last more
than one year and lose value or wear out over time. Examples include
equipment, buildings, and patents. The value of these items declines, or
depreciates over time. One way to calculate depreciation is the straight-line
method, using the value and the estimated life of the asset. Suppose
v(f) = 10,440 — 290¢ describes the value v(¢) of a piece of software after ¢t months.
a. Find the zero of the function. What does the zero represent?

b. Find the slope of the function. What does the slope represent?
c. Graph the function.
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Mixed Review

38.

39.

40.
41.

42.

43.

44,

45.

46.

Critical Thinking How is the slope of a linear function related to the number of
zeros for the function?

Economics Economists call the relationship between a nation’s disposable
income and personal consumption expenditures the marginal propensity to
consume or MPC. An MPC of 0.7 means that for each $1 increase in disposable
income, consumption increases $0.70. That is, 70% of each additional dollar
earned is spent and 30% is saved.

a. Suppose a nation’s disposable income, x y
x,and personal consumption (billions of (billions of
expenditures, y, are shown in the table dollars) dollars)
at the right. Find the MPC. 56 50

b. If disposable income were to increase
$1805 in a year, how many additional 76 67.2

dollars would the average family spend?
c. The marginal propensity to save, MPS, is 1 — MPC. Find the MPS.

d. If disposable income were to increase $1805 in a year, how many additional
dollars would the average family save?

Given f(x) = 2x and g(x) = x> — 4, find (f + 2)(x) and (f — £)(x). (Lesson 1-2)
Business Computer Depot offers a 12% discount on computers sold Labor Day

weekend. There is also a $100 rebate available. (Lesson 1-2)

a. Write a function for the price after the discount d(p) if p represents the
original price of a computer.

b. Write a function for the price after the rebate r(d) if d represents the
discounted price.

c. Use composition of functions to write a function to relate the selling price to
the original price of a computer.

d. Find the selling prices of computers with original prices of $799.99, $999.99,
and $1499.99.

Find [fo g](—3) and [g° F](—3) if (x) = x2 — 4x + 5 and g(x) = x — 2. (Lesson 1-2)
Given f(x) = 4 + 6x — x3, find £(9). (Lesson 1-1)

Determine whether the graph at the right
represents a function. Explain. (Lesson I-1)

e B
o

Given that x is an integer, state the relation representing y = 11 — x and
3 = x = 0 by listing a set of ordered pairs. Then state whether the relation
is a function. (Lesson 1-1)

SAT/ACT Practice What is the sum of four integers whose average is 15?
A 3.75

B 15

C 30

D 60

E cannot be determined

Extra Practice See p. A26. |
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GRAPHING CALCULATOR EXPLORATION

1-3B Analyzing Families
of Linear Graphs

An Extension of Lesson 1-3

O0BJECTIVE A family of graphs is a group of graphs that displays one or more similar
* Investigate the characteristics. For linear functions, there are two types of families of graphs.
effect of Using the slope-intercept form of the equation, one family is characterized by
changing the having the same slope m in y = mx + b. The other type of family has the same
value of mor b y-intercept biny = mx + b.
iny = mx + b.

You can investigate families of linear graphs by graphing several equations on
the same graphing calculator screen.

Example ‘ Graphy =3x-5,y =3x-1,y = 3x, and y = 3x + 6. Describe the
i similarities and differences among the graphs.

Graph all of the equations on the same
screen. Use the viewing window, [ —9.4, 9.4]
by [—6.2, 6.2].

Notice that the graphs appear to be parallel
lines with the same positive slope. They are

in the family of lines that have the slope 3.

The slope of each line is the same, but the

lines have different y-intercepts. Each of

the other three lines are the graph of
y = 3x shifted either up or down.

[—9.4,9.4] sck:1 by [—6.2, 6.2] sck:1

equation slope y-intercept relationship to graph of y = 3x

y=3x—-5 3 -5 shifted 5 units down

y=3x—1 3 -1 shifted 1 unit down

y = 3x 3 0 same

y=23x+6 3 6 shifted 6 units up

....................... [ ]
TRY THESE 1. Graphy=4x—-2,y=2x—2,y=—-2,y= —x — 2,and y = —6x — 2 on the

same graphing calculator screen. Describe how the graphs are similar and
different.

WHAT DO YOU 2, Use the results of the Example and Exercise 1 to predict what the graph of
THINK? y = 3x — 2 will look like.

3. Write a paragraph explaining the effect of different values of m and b on the
graph of y = mx + b. Include sketches to illustrate your explanation.
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OBJECTIVE
e Write linear
equations.

personal income of U.S. workers.

of the U.S. economy. How could you use the

Years Average
U.S. Department of Commerce since Personal
publishes its Survey of Current 1980 Income ($)
Business. Included in the report is the average 0 9916
5 13,895
10 18,477
Personal income is one indicator of the health 11 19,100
12 19,802
. 13 20,810
data on average personal income for 1980 to 14 21,846
1997 to predict the average personal income 15 23,233
in 20102 This problem will be solved in 16 24,457
17 25,660

Wwriting Linear Equations

©00000000000000000000000000000000000000000000000000000000000000000000000000000

W,
% ECONOMICS Each year, the

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

A mathematical model may be an equation used
to approximate a real-world set of data. Often when
you work with real-world data, you know information
about a line without knowing its equation. You can
use characteristics of the graph of the data to write
an equation for a line. This equation is a model of
the data. Writing an equation of a line may be done
in a variety of ways depending upon the information
you are given. If one point and the slope of a line are
known, the slope-intercept form can be used to write

the equation.

Example o Write an equation in slope-intercept form for each line described.

a. a slope of —% and a y-intercept of 7

Substitute —% for m and 7 for b in the general slope-intercept form.

y=mx+bey:—%x+7

The slope-intercept form of the equation of the line is y = —%x + 7.

. a slope of —6 and passes through the point at (1, —3)

Substitute the slope and coordinates of the point in the general
slope-intercept form of a linear equation. Then solve for b.

y=mx+b
—3=-6(Q) + b Substitute —3 fory, 1 for x, and —6 for m.
3=0 Add 6 to each side of the equation.

The y-intercept is 3. Thus, the equation for the line is y = —6x + 3.

Lesson 1-4  Writing Linear Equations
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Example
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9 BUSINESS Alvin Hawkins is opening a home-based business. He determined
that he will need $6000 to buy a computer and supplies to start. He expects
expenses for each following month to be $700. Write an equation that models
the total expense y after x months.

The initial cost is the y-intercept of the graph. Because the total expense rises
$700 each month, the slope is 700.

y=mx+b
y = 700x + 6000 Substitute 700 for m and 6000 for b.
The total expense can be modeled by y = 700x + 6000.

When you know the slope and a point on a line, you can also write an
equation for the line in point-slope form. Using the definition of slope for points

(x, y) and (xy, y,), 1f =m, theny — y, = m(x — x)).

Point-Slope
Form

If the point with coordinates (x,, y,] lies on a line having slope m, the
point-slope form of the equation of the line can be written as follows.

y—y; = mlx— x;)

Example
o\t Wo

°
O . Q\

v
Lo) 2
Dlico™

If you know the coordinates of two points on a line, you can find the slope of
the line. Then the equation of the line can be written using either the slope-
intercept or the point-slope form.

e ECONOMICS Refer to the application at the beginning of the lesson.

a. Find a linear equation that can be used as a model to predict the average
personal income for any year.

b. Assume that the rate of growth of personal income remains constant over
time and use the equation to predict the average personal income for
individuals in the year 2010.

c. Evaluate the prediction.

a. Graph the data. Then select $30,000
two points to represent the
data set and draw a line that
might approximate the data.
Suppose we chose (0, 9916)
and (1 7, 25,660) Use the $10,000
coordinates of those points to
find the slope of the line you

$20,000

drew. % 5 10 15 20
m = Y27 N Years Since 1980
Xo = X
25,660 — 9916 B B B B
:W 1= 0, Y = 9916, X2717, y2,725,660
~ 926 Thus for each I-year increase, average personal income

increases $926.
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Use point-slope form.
y =y =m(x — xp)
Yy —9916 = 926(x — 0)  Substitute 0 for x;, 9916 for y,, and 926 for m.
y = 926x + 9916
The slope-intercept form of the model equation is y = 926x + 9916.

b. Evaluate the equation for x = 2010 to predict the average personal income
for that year. The years since 1980 will be 2010 — 1980 or 30. So x = 30.

y = 926x + 9916

y = 926(30) + 9916 Substitute 30 for x.

y = 37,696

The predicted average personal income is about $37,696 for the year 2010.

c. Most of the actual data points are close to the graph of the model equation.
Thus, the equation and the prediction are probably reliable.

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. List all the different sets of information that are sufficient to write the equation

of a line.

2. Demonstrate two different ways to find the equation of the line with a slope of%
passing through the point at (3, —4).

3. Explain what 55 and 49 represent in the equation ¢ = 55k + 49, which
represents the cost ¢ of a plumber’s service call lasting h hours.

4. Write an equation for the line whose graph is shown at y H
the right. 5 d

5. Math fJowrnal Write a sentence or two to describe
when it is easier to use the point-slope form to write e, 3
the equation of a line and when it is easier to use the
slope-intercept form.

b ¥ \

Guided Practice  Write an equation in slope-intercept form for each line described.
6. slope = —i, y-intercept = —10 7. slope = 4, passes through (3, 2)
8. passes through (5, 2) and (7, 9) 9. horizontal and passes through (-9, 2)

10. Botany Do you feel like every time you cut the grass it needs to be cut again
right away? Be grateful you aren’t cutting the Bermuda grass that grows in
Africa and Asia. It can grow at a rate of 5.9 inches per day! Suppose you cut a
Bermuda grass plant to a length of 2 inches.

a. Write an equation that models the length of the plant y after x days.
b. If you didn’t cut it again, how long would the plant be in one week?
c. Can this rate of growth be maintained indefinitely? Explain.
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E XERCISES ,

Write an equation in slope-intercept form for each line described.

Practice

Applications
and Problem
Solving

o\ Wo,
7y

v, <
©, O
PBlica™
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11.
13.
15.
17.
19.
21.

23.

24.

25.

26.

27.

slope = 5, y-intercept = —2 12. slope = 8, passes through (-7, 5)

slope = ——i—, y-intercept = 0 14. slope = —12, y-intercept = %
passes through A(4, 5), slope = 6
passes through A(1, 5) and B(—8, 9)

passes through A(8, 1) and B(—3, 1) 20. vertical and passes through (—4, —2)

16. no slope and passes through (12, —9)
18. x-intercept = —8, y-intercept = 5

the y-axis 22. slope = 0.25, x-intercept = 24
Line ¢ passes through A(—2, —4) and has a slope of —%. What is the standard
form of the equation for line ¢?

Line m passes through C(—2, 0) and D(1, —3). Write the equation of line m in
standard form.

Sports Skiers, hikers, and climbers often experience altitude sickness as they
reach elevations of 8000 feet and more. A good rule of thumb for the amount of
time that it takes to become acclimated to high elevations is 2 weeks for the
first 7000 feet. After that, it will take 1 week more for each additional 2000 feet of
altitude.

a. Write an equation for the time f to acclimate to an altitude of ffeet.

b. Mt. Whitney in California is the highest peak in the contiguous 48 states. It is
located in Eastern Sierra Nevada, on the border between Sequoia National
Park and Inyo National Forest. About how many weeks would it take a person
to acclimate to Mt. Whitney’s elevation of 14,494 feet?

Critical Thinking Write an expression for the slope of a line whose equation is
Ax+ By + C=0.

Transportation The mileage in miles per
gallon (mpg) for city and highway driving of
several 1999 models are given in the chart.

Model City | Highway
(mpg) | (mpg)
A 24 32
B 20 29
C 20 29
D 20 28
E 23 30
F 24 30
G 27 37
H 22 28

a. Find a linear equation that can be used to find a car’s highway mileage based
on its city mileage.

b. Model J’s city mileage is 19 mpg. Use your equation to predict its highway
mileage.

c. Highway mileage for Model J is 26 mpg. How well did your equation predict
the mileage? Explain.

Linear Relations and Functions




28. Economics Research the average personal income for the current year.
a. Find the value that the equation in Example 2 predicts.

b. Is the average personal income equal to the prediction? Explain any
difference.

29. Critical Thinking Determine whether the points at (5, 9), (-3, 3), and (1, 6)
are collinear. Justify your answer.

Mixed Review 30. Graph 3x — 2y — 5 = 0. (Lesson 1-3)

31.Business In 1995, retail sales of apparel in the United States were $70,583
billion. Apparel sales were $82,805 billion in 1997. (Lesson 1-3)

a. Assuming a linear relationship, find the average annual rate of increase.
b. Explain how the rate is related to the graph of the line.
32.If f(x) = x3 and g(x) = 3x, find g[A(—2)]. (Lesson 1-2)
33. Find (f- g)(x) and (;) (x) for f(x) = x3 and g(x) = x2 — 3x + 7. (Lesson 1-2)
34. Given that x is an integer, state the relation representing y = x% and

—4 = x = —2 by listing a set of ordered pairs. Then state whether this
relation is a function. (Lesson I-1)

35. SAT/ACT Practice If xy = 1, then x is the reciprocal of y. Which of the
following is the arithmetic mean of x and y?

¥y +1 y+1 y2+2
A 2y B 2y c 2y
D y2+1 E X +1
y y
MID-CHAPTER QUIZ
1. What are the domain and the range of the Graph each equation. (Lesson 1-3)
relation {(_2, _3), (_2y 3)7 (47 7)7 (27 _8)7 _ — —
(4, 3)}? Is the relation a function? Explain. h B Ay =Y Dy cu = Ay
(Lesson 1-1) 8. Find the zero of f(x) = 5x — 3. (Lesson 1-3)
2. Find f(4) for f(x) = 7 — x2. (Lesson 1-1) 9. Points A(2, 5) and B(7, 8) lie on line ¢.
3 . What is the standard form of the equation
3. i gl = x—1 what is g(n + 2)? of line €? (Lesson 1-4)
(Lesson 1-1) .
10. Demographics In July 1990, the
4. Retail Amparo bought a jacket with a gift population of Georgia was 6,506,416. By
certificate she received as a birthday July 1997, the population had grown to
present. The jacket was marked 33% off, 7,486,242, (Lesson 1-4)

and the sales tax in her area is 5.5%. If she
paid $45.95 for the jacket, use composition
of functions to determine the original
price of the jacket. (Lesson 1-2)

a. If x represents the year and y
represents the population, find the
average annual rate of increase of the

; population.
5. 1f/0) =% —71and g(x) = x + L, find b. Write an equation to model the
[fog](x) and [g° f](xX). (Lesson 1-2) population change.
| Extra Practice See p. A26. | ‘ Llesson 1-4  Writing Linear Equations 31




Writing £Equations of Parallel
and Perpendicular Lines

OBJEOTIVE Qo\wo ©0000000000000000000000000000000000000000000000000000000000000000000000000000
e Write equations < % E-COMMERCE Have you ever made a purchase over the Internet?
of parallel and ; < Electronic commerce, or e-commerce, has changed the way Americans
; 0 O . .
Ferpendlculor ®lica™  do business. In recent years, hundreds of companies that have no stores
ines.

outside of the Internet have opened.

Suppose you own shares in two Internet stocks, Bookseller.com and WebFinder. One
day these stocks open at $94.50 and $133.60 per share, respectively. The closing
prices that day were $103.95 and $146.96, respectively. If your shares in these
companies were valued at $5347.30 at the beginning of the day, is it possible that
the shares were worth $5882.03 at closing? 7This problem will be solved in
Example 2.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

This problem can be solved by determining whether
the graphs of the equations that describe the situation
are parallel or coincide. Two lines that are in the same
plane and have no points in common are parallel lines.
The slopes of two nonvertical parallel lines are equal. o X
The graphs of two equations that represent the same
line are said to coincide.

=<

Two nonvertical lines in a plane are parallel if and only if their slopes are

Parallel Lines equal and they have no points in common. Two vertical lines are always

parallel.

We can use slopes and y-intercepts to determine whether lines are parallel.

Example o Determine whether the graphs of each pair of equations are parallel,

32 Chapter 1

coinciding, or neither.

a. 3x — 4y =12 y
9x — 12y = 72 "7
Write each equation in slope-intercept form. [0) X
3x —4y =12 Ix — 12y = 72 y=3x3
_3. _3. 1
y =X 3 y =X 6 p
A T=[3x—T6
The lines have the same slope and different
y-intercepts, so they are parallel. The graphs
confirm the solution.
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b. 15x + 12y = 36

5x + 4y =12

Write each equation in slope-intercept form.

15x + 12y = 36 5x +4y =12
y=—%x+3 y=—%x+3

The slopes are the same, and the y-intercepts are the same. Therefore, the
lines have all points in common. The lines coincide. Check the solution by

graphing.

You can use linear equations to determine whether real-world situations are
possible.

Example 9 FINANCE Refer to the application

o\ Wo at the beginning of the lesson. Is it
7 % possible that your shares were worth
; . $5882.03 at closing? Explain.

) O
Dlico™ Let x represent the number of shares

of Bookseller.com and y represent the
number of shares of WebFinder. Then
the value of the shares at opening is
94.50x + 133.60y = 5347.30. The value
of the shares at closing is modeled by
103.95x + 146.96y = 5882.03.

Write each equation in slope-intercept form.

94.50x + 133.60y = 5347.30 103.95x + 146.96y = 5882.03
945 53,473 945 53,473
Y = 1336% " 1336 Y= 71336 T 1336

Since these equations are the same, their graphs coincide. As a result, any
ordered pair that is a solution for the equation for the opening value is also a
solution for the equation for the closing value. Therefore, the value of the
shares could have been $5882.03 at closing.

In Lesson 1-3, you learned that any linear equation can be written in standard
form. The slope of a line can be obtained directly from the standard form of the
equation if B is not 0. Solve the equation for y.

Ax+By+C=0

By = -Ax-C
__A _C
y=-px— g B+#0
T T

slope  y-intercept
. A . . C
So the slope m is — B and the y-intercept b is — B
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Example 9 Write the standard form of the equation of the line that passes through the
point at (4, —7) and is parallel to the graph of 2x — 5y + 8§ = 0.

Any line parallel to the graph of 2x — 5y + 8 = 0 will have the same slope. So,
find the slope of the graph of 2x — 5y + 8 = 0.

__4

m="p

_ 2 2
(_5)01‘5

Use point-slope form to write the equation of the line.
y =y =mx —xp)
y—(7)= %(x —4) Substitute 4 for x;, —7 for y,;, and g for m.

_2 8
y+7—5x 5

59 +35=2x—-8 Multiply each side by 5.
2x — 5y —43=0 Write in standard form.

There is also a special relationship between the slopes of perpendicular lines.

Two nonvertical lines in a plane are perpendicular if and only if their slopes
Perpendicular are opposite reciprocals.
Lines _ - _
A horizontal and a vertical line are always perpendicular.

You can also use the point-slope form to write the equation of a line that
passes through a given point and is perpendicular to a given line.

Example o Write the standard form of the equation of the line that passes through the
point at (—6, —1) and is perpendicular to the graph of 4x + 3y — 7 = 0.

The line with equation 4x + 3y — 7 = O has a slope of —— = —%. Therefore, the
slope of a line perpendicular must be 3 T
Yy—-n= m(x x1)
-(—D= —[x — (—6)] Substitute —6 for x,, —1 for y,, and 443— for m.

y+1= x + %
4y + 4 = 3x + 18 Multiply each side by 4.
3x—4y+14=0 Write in standard form.

You can use the properties of parallel and perpendicular lines to write linear
equations to solve geometric problems.
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Example 9 GEOMETRY Determine the equation of the perpendicular bisector of the
line segment with endpoints $(3, 4) and 7(11, 18).

Recall that the coordinates of the midpoint of a line segment are the averages
of the coordinates of the two endpoints. Let S be (x;, y;) and T be (x,, y,).
Calculate the coordinates of the midpoint.

X+ Xy YtV /3411 4+18 ~ y T(11,18) .
2 2 |2 2 I led //'
= (1,11 AR
18 4 7 - ;/( 3
The slope of STis —gor . 8 7 NN
AEvEN
The slope of the perpendicular bisector of ST is 3.4

- The perpendicular bisector of ST passes 8140 418 [ 1®Ix
through the midpoint of ST, (7, 11).

y—y,=m(x —Xx;) Pointslope form
y—11= 7? (x —7) Substitute 7 for x;, 11 fory,, and — for m.
Ty — 77 = —4x + 28  Multiply each side by 7.
4x + 7y — 105 =0 Write in standard form.

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Describe how you would tell that two lines are parallel or coincide by looking at

the equations of the lines in standard form.
2. Explain why vertical lines are a special case in the definition of parallel lines.

3. Determine the slope of a line that is parallel to the graph of 4x + 3y + 19 =0
and the slope of a line that is perpendicular to it.

4. Write the slope of a line that is perpendicular to a line that has undefined slope.
Explain.

Guided Practice  Determine whether the graphs of each pair of equations are parallel, coinciding,
perpendicular, or none of these.

5. y=5x—-5 6.y=—-6x—-2
y=-5x+2 y=%x—8

7.y=x—-6 8.y=2x—-8
x—y+8=0 4x -2y —16=0

9. Write the standard form of the equation of the line that passes through A(5, 9)
and is parallel to the graph of y = 5x — 9

10. Write the standard form of the equation of the line that passes through B(—10, —5)
and is perpendicular to the graph of 6x — 5y = 24.
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11. Geometry A quadrilateral is a parallelogram if both y F
pairs of its opposite sides are parallel. A parallelogram &
is a rectangle if its adjacent sides are perpendicular. /
Use these definitions to determine if the EFGH is a /
parallelogram, a rectangle, or neither. E
H
o X
E XERCISES
Practice Determine whether the graphs of each pair of equations are parallel, coinciding,
perpendicular, or none of these.

12.y = 5x — 18 1.y —Tx+5=0 14.y=%x+11
2x + 10y +10 =0 y—T7x—-9=0 y=3x-9
15.y = -3 16.y =4x — 3 17.4x — 6y =11
xX=6 4.8x — 1.2y = 3.6 3x+2y=9
18.y=3x —2 19.5x + 9y = 14 20.y+4x—-2=0

3x+y=2 y:_%x_i_% y+4x+1=0

21. Are the graphs of y = 3x — 2 and y = —3x + 2 parallel, coinciding, perpendicular,
or none of these? Explain.

Write the standard form of the equation of the line that is parallel to the graph
of the given equation and passes through the point with the given coordinates.

22.y = 2x + 10; (0, —8) 23.4x — 9y = —23; (12, —-15) 24.y = —9; (4, —11)

Write the standard form of the equation of the line that is perpendicular to the
graph of the given equation and passes through the point with the given
coordinates.

25.y = 5x + 12; (0, —3) 26.6x —y =3; (7, —2) 27.x =12; (6, —13)

28. The equation of line € is 5y — 4x = 10. Write the standard form of the equation
of the line that fits each description.

a. parallel to ¢ and passes through the point at (—15, 8)
b. perpendicular to ¢ and passes through the point at (—15, 8)

29. The equation of line m is 8x — 14y + 3 = 0.
a. For what value of k is the graph of kx — 7y + 10 = 0 parallel to line m?
b. What is k if the graphs of m and kx — 7y + 10 = 0 are perpendicular?

Applications 30. Critical Thinking Write equations of two lines that satisfy each description.
and Problem a. perpendicular and one is vertical
Solving b. parallel and neither has a y-intercept YA | A ’1‘“)
\ WO» . . . 8
?@é 31. Geometry An altitude of a triangle is a segment that [
S passes through one vertex and is perpendicular to the 4 I
‘ opposite side. Find the standard form of the equation of T\
the line containing each altitude of AABC. o 4// g\[ 12 [y
y, |
C(4,1=9) B(10,5)
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32. Critical Thinking The equations y = m;x + b, and y = m,x + b, represent
parallel lines if m; = m, and b, # b,. Show that they have no point in common.
(Hint: Assume that there is a point in common and show that the assumption
leads to a contradiction.)

33. Business The Seattle Mariners played their first game at their
new baseball stadium on July 15, 1999. The stadium features
Internet kiosks, a four-story scoreboard, a retractable roof,
and dozens of espresso vendors. Suppose a vendor sells
216 regular espressos and 162 large espressos for a total of $783
at a Monday night game.

a. On Thursday, 248 regular espressos and 186 large espressos were
sold. Is it possible that the vendor made $914 that day? Explain.

b. On Saturday, 344 regular espressos and 258 large espressos were
sold. Is it possible that the vendor made $1247 that day? Explain.
34. Economics The table shows the closing value of a " Stock Index
stock index for one week in February, 1999. February, 1999
a. Using the day as the x-value and the closing value as Closing
the y-value, write equations in slope-intercept form Day ol
for the lines that represent each value change.
8 1243.77
b. What would indicate that the rate of change for two
pair of days was the same? Was the rate of change ? 1216.14
the same for any of the days shown? 10 1223.55
c. Use each equation to predict the closing value for 11 1254.04
the next business day. The actual closing value was 12 1230.13

1241.87. Did any equation correctly predict this
value? Explain.

Mixed Review 35. Write the slope-intercept form of the equation of the line through the point at
(1, 5) that has a slope of —2. (Lesson 1-4)

36. Business Knights Screen Printers makes special-order T-shirts. Recently,
Knights received two orders for a shirt designed for a symposium. The first
order was for 40 T-shirts at a cost of $295, and the second order was for
80 T-shirts at a cost of $565. Each order included a standard shipping and
handling charge. (Lesson 1-4)

a. Write a linear equation that models the situation.
b. What is the cost per T-shirt?
c. What is the standard shipping and handling charge?

37.Graph 3x — 2y — 6 = 0. (Lesson 1-3)
38. Find [g° h](x) if g(x) = x — 1 and h(x) = x2. (Lesson 1-2)

39. Write an example of a relation that is not a function. Tell why it is not a function.
(Lesson 1-1)

40. SAT Practice Grid-In If 2x + y = 12 and x + 2y = —6, what is the value of
2x + 2y ?

Extra Practice See p. A27. lesson 1-5  Writing Equations of Parallel and Perpendicular Lines 37




OBJECTIVES
Draw and
analyze scatter
plots.

Write a
prediction
equation and
draw bestit
lines.

Use a graphing
caleulator to
compute
correlation
coefficients

to defermine
goodness of fit.

Solve problems
using prediction
equation
models.
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Modeling Real-World Data
with Linear Functions

R A R
?'eﬁc: Education The cost of attending Academic Tuition
A & college is steadily increasing. Year and Fees
Plica® However, it can be a good 1990-1991 2159
investment since on average, the higher your 1991-1992 2410
level of education, the greater your earning 1992-1993 2349
potential. The chart shows the average tuition 1993-1994 2537
and fees for a fulltime resident student at a 1994-1995 2681
public four-year college. Estimate the average 1995-1996 2811
college cost in the academic year beginning in 1996-1997 2975
2006 if tuition and fees continue at this rate. 1997-1998 3111
This problem will be solved in Example 1. 1998-1999 3243

Source: The College Board and National
Center for Educational Statistics

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

As you look at the college tuition costs, it is difficult to visualize how quickly
the costs are increasing. When real-life data is collected, the data graphed usually
does not form a perfectly straight line. However, the graph may approximate a
linear relationship. When this is the case, a best-fit line can be drawn, and a
prediction equation that models the data can be determined. Study the
scatter plots below.

Linear Relationship No Pattern
y y y
T T T [ ]
PY [ ]
° [ J
[ ]
[ ]
[ J [ ]
(] [ ]
L [ ]
[ J [
e I
o > 0 - o T

The points in this scatter plot
are very dispersed and do
not appear to form a linear
pattern.

This scatter plot also implies
a linear relationship.

This scatter plot suggests a
linear relationship.

However, the slope of the
line suggested by the data
is negative.

Notice that many of the
points lie on a line, with the
rest very close fo it. Since
the line has a positive slope,
these data have a positive
relationship.
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A prediction equation can be determined using a process similar to
determining the equation of a line using two points. The process is dependent
upon your judgment. You decide which two points on the line are used to find the
slope and intercept. Your prediction equation may be different from someone
else’s. A prediction equation is used when a rough estimate is sufficient.

Example o EDUCATION Refer to the application at the beginning of the lesson. Predict

o0 wo,/ the average college cost in the academic year beginning in 2006.
:2' o« . Graph the data. Use the starting year as the independent variable and the
A S tuition and fees as the dependent variable.

Olica®

Average Tuition and Fees

3500
3300 |
3100
2900 —

Tuition and 2700

Fees 2500 ps
(dollars) 2300 i

2100 —1
1900
1700

0
0 1990 1991 1992 1993 1994 1995 1996 1997 1998
Beginning Academic Year

Select two points that appear to represent the data. We chose (1992, 2349) and
(1997, 3111). Determine the slope of the line.

=27 Definition of slope
Xy =X

3111 — 2349

T 1997 — 1992

- % or 152.4

Now use one of the ordered pairs, such as (1992, 2349), and the slope in the
point-slope form of the equation.

(xp y;) = (1992, 2349), (xy y,) = (1997, 3111)

y—y;=mx —Xxp) Pointslope form of an equation
y — 2349 = 152.4(x — 1992) (x;, ¥;) = (1992, 2349), and m = 152.4
y = 152.4x — 301,231.8

Thus, a prediction equation is y = 152.4x — 301,231.8. Substitute 2006 for x to
estimate the average tuition and fees for the year 2006.

y = 152.4x — 301,231.8
y = 152.4(2006) — 301,231.8
y = 4482.6

According to this prediction equation, the average tuition and fees will be
$4482.60 in the academic year beginning in 2006. Use a different pair of points to
find another prediction equation. How does it compare with this one?

Lesson 1-6 Modeling Real-World Data with Linear Functions 39
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Data that are linear in nature will have varying degrees of goodness of fit to
the lines of fit. Various formulas are often used to find a correlation coefficient
that describes the nature of the data. The more closely the data fit a line, the
closer the correlation coefficient r approaches 1 or —1. Positive correlation
coefficients are associated with linear data having positive slopes, and negative
correlation coefficients are associated with negative slopes. Thus, the more linear
the data, the more closely the correlation coefficient approaches 1 or —1.

0<r=05
positive and weak

05=r=075
moderately positive

0.75=r=1
strongly positive

-05=r<0 —0.75=r=-05 -1=r=-0.75

Statisticians normally use precise procedures, often relying on computers
to determine correlation coefficients. The graphing calculator uses the
Pearson product-moment correlation, which is represented by » When using
these methods, the best fit-line is often called a regression line.

Example NUTRITION The table contains the fat grams and Calories in various
o\ Wo fast-food chicken sandwiches.
7 -
:?o .o; & E:E:lg:zf i (1)nﬁgn d Chickt?n Sandwich | Fat Calories
Dlico™ the equation of the (cooking method) | (grams)
: regression line and the A (breaded) 28 536
Pearson product- B (grilled) 20 430
moment correlation. C (chicken salad) 33 680
b. Use the equation to D (broiled) 29 550
predict the number of E (breaded) 43 710
Calories in a chicken F (grilled) 12 390
sandwich that has G (breaded) 9 300
20 grams of fat. H (chicken salad) 5 320
| (breaded) 26 530
J (breaded) 18 440
K (grilled) 8 310
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Graphing
Calculator
Appendix

For keystroke
instruction on how fo
enter dafa, draw o
scatter plot, and find
a regression equation,
see pages A22-A25.

a. Enter the data for fat grams in list L1 and
the data for Calories in list L2. Draw a
scatter plot relating the fat grams, x, and
the Calories, y.

Then use the linear regression statistics
to find the equation of the regression line
and the correlation coefficient.

The Pearson product-moment correlation
is about 0.98. The correlation between
grams of fat and Calories is strongly
positive. Because of the strong
relationship, the equation of the
regression line can be used to make
predictions.

[0, 45] scl: 1 by [250, 750] scl: 50

b. When rounding to the nearest tenth,
the equation of the regression line is
y = 11.6x + 228.3. Thus, there are about
y = 11.6(20) + 228.3 or 460.3 Calories in
a chicken sandwich with 20 grams of fat.

nheelllll>
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It should be noted that even when there is a large correlation coefficient, you
cannot assume that there is a “cause and effect” relationship between the two
related variables.

CHECK FOR UNDERSTANDING

Communicating
Mathematics

Guided Practice

Read and study the lesson to answer each question.

1.

Explain what the slope in a best-fit line represents.

2. Describe three different methods for finding a best-fit line for a set of data.

3. Write about a set of real-world data that you think would show a negative

correlation.

Complete parts a-d for each set of data given in Exercises 4 and 5.

a.
b.
c.

. Economics

Graph the data on a scatter plot.
Use two ordered pairs to write the equation of a best-fit line.

Use a graphing calculator to find an equation of the regression line for the
data. What is the correlation coefficient?

. If the equation of the regression line shows a moderate or strong relationship,

predict the missing value. Explain whether you think the prediction is reliable.

The table shows the average amount that an American spent on
durable goods in several years.

Personal Consumption Expenditures for Durable Goods
Year 1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 2010
Personal
Consumption | 1910 | 1800 | 1881 | 2083 | 2266 | 2305 | 2389 | 2461 e
($)

Source: U.S. Dept. of Commerce
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5. Education Do you share a computer at school? The table shows the average
number of students per computer in public schools in the United States.

Students per Computer

Academic | 1983- | 1984— | 1985- | 1986~ | 1987- [ 1988- | 1989- | 1990-
Year 1984 1985 | 1986 | 1987 | 1988 |1989 1990 1991

Average 125 75 50 37 32 25 22 20

Academic | 1991- | 1992- | 1993- | 1994~ | 1995- | 1996~
Year 1992 1993 | 1994 | 1995 |1996 |1997

Average 18 16 14 10.5 10 7.8 1

Source: QED's Technology in Public Schools

E XERCISES v

Applications Complete parts a-d for each set of data given in Exercises 6-11.
and Problem a. Graph the data on a scatter plot.

Solving b. Use two ordered pairs to write the equation of a best-fit line.
\ W, . - . . .
Y c. Use a graphing calculator to find an equation of the regression line for the
s data. What is the correlation coefficient?
lica®™

d. If the equation of the regression line shows a moderate or strong
relationship, predict the missing value. Explain whether you think the
prediction is reliable.

6. Sports The table shows the number of years coaching and the number of wins
as of the end of the 1999 season for selected professional football coaches.

NFL Coach | Years | Wins
Don Shula 33 347
George Halas | 40 324
Tom Landry 29 270
Curly Lambeau | 33 229
Chuck Noll 23 209
Chuck Knox 22 193
Dan Reeves 19 177
Paul Brown 21 170
Bud Grant 18 168
Steve Owen 23 153
Marv Levy 17 2

Source: World Almanac

7. Economics Per capita personal income is the average personal income for a
nation. The table shows the per capita personal income for the United States for
several years.

Year 1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 2005
Personal 1,0 /2 119,100 19,802 | 20.810 | 21,846 23,233 | 24,457 | 25,660| 2
Income ($)

Source: U.S. Dept. of Commerce
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8.Transportation Do you think the weight of a car is related to its fuel economy?
The table shows the weight in hundreds of pounds and the average miles per
gallon for selected 1999 cars.

Weight
(100 pounds) |17.5 | 20.0 | 22.5 | 22.5 | 22.5| 250 | 27.5 | 35.0 | 45.0

Fuel Economy

65.4 | 49.0 | 592 | 41.1 | 38.9| 407 | 469 | 277 | e
(mpg)

Source: U.S. Environmental Protection Agency

9. Botany Acorns were one of the most important foods of the Native Americans.
They pulverized the acorns, extracted the bitter taste, and then cooked them in
various ways. The table shows the size of acorns and the geographic area
covered by different species of oak.

Acornssue 0.3 0.9 1.1 2.0 3.4 4.8 8.1 10.5 | 17.1
(em?)
Range

2

(100 km?) 233 | 7985 |10,161(17,042| 7900 | 3978 |28,389| 7646 2

Source: Journal of Biogeography

10. Employment Women have changed their role in American society in recent
decades. The table shows the percent of working women who hold managerial
or professional jobs.

Percent of Working Women in Managerial or Professional Occupations

Year 1986 | 1988 | 1990 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 2008

Percent | 23.7 | 252 | 262 | 27.4| 283 | 28.7 | 29.4 | 30.3 | 30.8 [

Source: U.S. Dept. of Labor

11. Demographics The world’s population is growing at a rapid rate. The table
shows the number of millions of people on Earth at different years.

World Population
Year 1 1650 | 1850 | 1930 | 1975 | 1998 | 2010

Population

TE 200 | 500 | 1000 | 2000 | 4000 | 5900 2
(millions)

Source: World Almanac

12. Critical Thinking Different correlation coefficients are acceptable for different
situations. For each situation, give a specific example and explain your
reasoning.

a. When would a correlation coefficient of less than 0.99 be considered
unsatisfactory?

b. When would a correlation coefficient of 0.6 be considered good?

c. When would a strong negative correlation coefficient be desirable?
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13. Critical Thinking The table shows the median salaries of American men and
women for several years. According to the data, will the women’s median salary
ever be equal to the men’s? If so, predict the year. Explain.

Median Salary ($)

Year Men’s Women’s | Year Men’s Women'’s
1985 16,311 7217 1991 20,469 10,476
1986 17,114 7610 1992 20,455 10,714
1987 17,786 8295 1993 21,102 11,046
1988 18,908 8884 1994 21,720 11,466
1989 19,893 9624 1995 22,562 12,130
1990 20,293 10,070 1996 23,834 12,815

Source: U.S. Bureau of the Census

Mixed Review 14. Business During the month of January, Fransworth Computer Center sold
24 computers of a certain model and 40 companion printers. The total sales
on these two items for the month of January was $38,736. In February, they
sold 30 of the computers and 50 printers. (Lesson 1-5)

a. Assuming the prices stayed constant during the months of January and
February, is it possible that their February sales could have totaled $51,470
on these two items? Explain.

b. Assuming the prices stayed constant during the months of January and
February, is it possible that their February sales could have totaled $48,420
on these two items? Explain.

15. Line ¢ passes through A(—3, —4) and has a slope of —6. What is the standard
form of the equation for line €? (Lesson 1-4)

16. Economics The equation y = 0.82x + 24, where x = (0, models a relationship
between a nation’s disposable income, x in billions of dollars, and personal
consumption expenditures, y in billions of dollars. Economists call this type of
equation a consumption function. (Lesson 1-3)

a. Graph the consumption function.
b. Name the y-intercept.
c. Explain the significance of the y-intercept and the slope.
17.Find [fo g](x) and [g° F](x) if f(x) = x® and g(x) = x + 1. (Lesson 1-2)
18. Determine if the relation {(2, 4), (4, 2), (—2, 4), (—4, 2)} is a function. Explain.
(Lesson 1-1)

19. SAT/ACT Practice Choose the y
equation that is represented by the
graph.

Ay=3x-1
B SV
By= 3X 1

Cy=1-3x \

1
Dy=1 3X

E none of these
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OBJECTIVE

* |dentify and
graph piecewise
functions
including
greatest integer,
step, and
absolute value
functions.

Piecewise Functions

©00000000000000000000000000000000000000000000000000000000000000000000000000000

& ‘%5 ACCOUNTING The Internal Revenue Service estimates that taxpayers
°

'v ~ Who itemize deductions and report interest and capital gains will need
Dlicat®  an average of almost 24 hours to prepare their returns. The amount that

ge)

a single taxpayer owes depends upon his or her income. The table shows the tax
brackets for different levels of income for a certain year.

Single Individual Income Tax

Limits of Taxable Income | Tax Bracket
$0 to $25,350 15%
$25,351 to $61,400 28%
$61,401 to $128,100 31%
$128,101 to $278,450 36%
over $278,450 39.6%

Source: World Almanac

A problem related to this will be solved in Example 3.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

The tax table defines a special function called a piecewise function. For
piecewise functions, different equations are used for different intervals of the
domain. The graph below shows a piecewise function that models the number of
miles from home as a function of time in minutes. Notice that the graph consists
of several line segments, each of which is a part of a linear function.

Brittany traveled at a rate of 30 mph for 8 minutes. She stopped at a stoplight for
2 minutes. Then for 4 minutes she traveled 15 mph through the school zone. She sat
at the school for 3 minutes while her brother got out of the car. Then she traveled
home at 25 mph.

A Trip to and from School

Sitting at school
6 Stop light /
. = N~
Distance from 4 N 55 mph
home -
(miles) 2 ~ Schoal zone N
30 mph 15 mph N
. | | N
0 5 10 15 20 25 30

Time (minutes)

When graphing piecewise functions, the partial graphs over various intervals
do not necessarily connect. The definition of the function on the intervals
determines if the graph parts connect.
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lifx=<—2
Example @) Graph re9= 12 +xif-2<x=3.
2xifx >3

First, graph the constant function f(x) = 1 for x = —2. This graph is part of a
horizontal line. Because the point at (—2, 1) is included in the graph, draw a

closed circle at that point.

Second, graph the function f(x) = 2 + x for

—2 < Xx = 3. Because x = —2 is not included in this
part of the domain, draw an open circle at (—2, 0).
x = 3 is included in the domain, so draw a closed

circle at (3, 5) since for f(x) = 2 + x, f(3) = 5.

Third, graph the line y = 2x for x > 3. Draw an
open circle at (3, 6) since for f(x) = 2x, f(3) = 6.

g;?gl“:lt%r step function. In a step function, there are breaks in the graph of the function.
Tip You cannot trace the graph of a step function without lifting your pencil. One
type of step function is the greatest integer function. The symbol [x] means
On a graphing the greatest integer not greater than x. This does not mean to round or truncate

calculator, int (X)
indicates the greatest

i e integer function is given by f(x) = [x].

Example e Graph f(x) = [x].

Make a table of values. The domain values will be intervals for which the

greatest integer function will be evaluated.

f(x)

fx)

A piecewise function where the graph looks like a set of stairs is called a

the number. For example, [8.9] = 8 because 8 is the greatest integer not greater
than 8.9. Similarly, [—3.9] = —4 because —3 is greater than —3.9. The greatest

x f(x)

-3 =x<-2 -3

-2 =x<-1 -2 ) =

[

-1=x<0 —

O0=x<1

1=x<2

3=x<4
4=x<5

1
0
1
2=x<3 2
3
4

Notice that the domain for this greatest integer function is all real numbers

and the range is integers.

The graphs of step functions are often used to model real-world problems
such as fees for cellular telephones and the cost of shipping an item of a given

weight.
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Example

,d‘ [ ]
)

O é
Dlico™

o OV

e Refer to the application at the beginning of the lesson.

a. Graph the tax brackets for the different incomes.

b. What is the tax bracket for a person who makes $70,000?

a. y b. $70,000 falls in the
interval $61,401 to
40 $128,100. Thus, the
Tax 30 o b tax bracket for $70,000
Bracket e is 31%.
(percent) 20
10
00 1 2 3 X

Income ($100,000)

The absolute value function is another piecewise function. Consider
fx) = | x|. The absolute value of a number is always nonnegative. The table lists
a specific domain and resulting range values for the absolute value function.
Using these points, a graph of the absolute value function can be constructed.
Notice that the domain of the graph includes all real numbers. However, the
range includes only nonnegative real numbers.

table graph piecewise function
fi s
i =[]
x f(x) -
f(x=x| |~
-3 3
-24 2.4
0 0
0.7 0.7 0 >
2 2
3.4 3.4

Example @) Graph f9) = 2|x|- 6.

Use a table of values to determine points on the graph.

x 2|x|-6 (x, £(x)) fx)
-6 2[-6[-6=26 (—6, 6) i} = 2l ls
-3 2[-3[-6=0 (-3, 0)
-15 | 2[-15|-6=-3 | (-1.5 -3 > -
0 210[-6=-6 (0, —6)
1 2[1]-6=-4 (1, —4)
2 202[-6=-2 (2, —2)
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Many real-world situations can be modeled by a piecewise function.

Example o Identify the type of function that models each situation. Then write a

o\ Wo function for the situation.

&2 S

N o a. Manufacturing The stated weight of a box of rice is 6.9 ounces. The

A & company randomly chooses boxes to test to see whether their equipment
Dlico™

is dispensing the right amount of product. If the discrepancy is more than
0.2 ounce, the production line is stopped for adjustments.

The situation can be represented with an d(w
absolute value function. Let w represent the
weight and d(w) represent the discrepancy. d(w)|=[6.8 - w|
Then d(w) = 6.9 — w|. 7
N
o X

b. Business On a certain telephone rate plan, the price of a cellular
telephone call is 35¢ per minute or fraction thereof.

This can be described by a greatest integer s m) oo
function. E:.'E
Let m represent the number of minutes of the 245
call and c(m) represent the cost in cents. 210
. 75
35[m + 1]if [m] < m 105
70
35 m
Ol 12 141¢ 10
................................................................................................................................................................................. o

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.
Mathematics 1. Write f(x) = |x|as a piecewise function.
2. State the domain and range of the function f(x) = 2[x] .

3. Write the function that is represented by the graph. y

4. You Decide Misae says that a step graph does not
represent a function because the graph is not connected.
Alex says that it does represent a function because
there is only one y for every x. Who is correct and why? 0

Guided Practice  Graph each function.

9% if 0= x =<4 6ifx=—-6
5.f(x)={’f‘ == 6. f() =1 |xlif —6<x<6
8ifd<x=7 6if x> 6

7.£00) = —[x] 8. f(x) =|x — 3|
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£ XERCISES ,

Practice

9. Business Identify the type of function that models the labor cost for repairing
a computer if the charge is $50 per hour or fraction thereof. Then write and

graph a function for the situation.

10. Consumerism Guillermo Lujan is flying from Denver to Dallas for a convention.
He can park his car in the Denver airport long-term parking lot at the terminal
or in the shuttle parking facility closeby. In the long-term lot, it costs $1.00 per
hour or any part of an hour with a maximum charge of $6.00 per day. In shuttle
facility, he has to pay $4.00 for each day or part of a day. Which parking lot is
less expensive if Mr. Lujan returns after 2 days and 3 hours?

Graph each function.

11f(X): 2x+ 11fx<0
2x — 1ifx=0

13. h(x) = [x] + 2

15. () =[x — 1]

17.g(x)=2|x—3|

x+3ifx=0
19. h(x) = 3—xifl<x=3
3xifx>3
. 2
21.j(x)=m

12. g(%) =|x—5]|

14.g(x) = | 2x + 3|

J3if—-1=x=1
16. h(x) =4if1 <x=4
xifx >4
18. f(x) = [—3x]
—2xifx <1
20. f(x) = 1 31fx =1
Ixif x > 1

22.g(x)=|9—3|x||

Identify the type of function that models each situation. Then write and graph a

function for the situation.

23. Tourism The table shows the charge for renting a
bicycle from a rental shop on Cumberland Island,
Georgia, for different amounts of time.

Island Rentals
Time Price
% hour $6
1 hour $10
2 hours $16
Daily $24

24. Postage The cost of mailing a letter is $0.33 for the first ounce and $0.22 for
each additional ounce or portion thereof.

25. Manufacturing A can of coffee is supposed to contain one pound of coffee.
How does the actual weight of the coffee in the can compare to 1 pound?

! www.amc.glencoe.com/self_check_quiz
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Applications 26. Retail Sales The table shows the shipping charges that apply to orders placed
and Problem in a catalog.

Solving a. What type of function is
o described?
) N b. Write the shipping charges - — —
“0lica® as a function of the value of _/»" Shipping to or within
the order. the United States
c. Graph the function. Shipping,
Value of Packing, and
Order Handling
Charge
$0.00-25.00 $3.50
$25.01-75.00 $5.95
$75.01-125.00 $7.95
$125.01 and up $9.95

27. Critical Thinking Describe the values of x and y which are solutions to [x] = [y].

28. Engineering The degree day is used to measure the demand for heating or
cooling. In the United States, 65°F is considered the desirable temperature for
the inside of a building. The number of degree days recorded on a given date
is equal to the difference between 65 and the mean temperature for that date.
If the mean temperature is above 65°F, cooling degree days are recorded.
Heating degree days are recorded if the mean temperature is below 65°F.

a. What type of function can be used to model degree days?

b. Write a function to model the number of degree days d(f) for a mean
temperature of ¢°F.

c. Graph the function.

d. The mean temperature is the mean of the high and low temperatures for a
day. How many degree days are recorded for a day with a high of temperature
of 63°F and a low temperature of 28°F? Are they heating degree days or
cooling degree days?

29. Accounting The income tax brackets for the District of Columbia are listed in
the tax table.

Income Tax Bracket
up o $10,000 6%
more than $10,000, but no more than $20,000 8%
more than $20,000 9.5%

. What type of function is described by the tax rates?
. Write the function if x is income and #(x) is the tax rate.

. Graph the tax brackets for different taxable incomes.

o 0O T o

. Alicia Davis lives in the District of Columbia. In which tax bracket is Ms. Davis
if she made $36,000 last year?

30. Critical Thinking For f(x) = [x] and g(x) = | x|, are [f° g](x) and [g° F](x)
equivalent? Justify your answer.
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Mixed Review

31.

32.

33.

34.

35.

36.

37.

Transportation The table shows the percent of workers in different cities who
use public transportation to get to work. (Lesson 1-6)

a. Graph the data on a

scatter plot. Workers | Percent who

b. Use two ordered pairs to City 16 years use Public
write the equation of a and older | Transportation
best-fit line. New York, NY | 3,183,088 53.4

c. Use a graphing calculator Los Angeles, CA 1,629,096 10.5
to find an equation for the Chicago, IL 1,181,677 29.7
regression line for the Houston, TX 772,957 6.5
data. What is the Philadelphia, PA 640,577 28.7
correlation value? San Diego, CA 560,913 4.2

. Dallas, TX 500,566 6.7

d. If the equation of the Phoenix, AZ 473.966 3.3
regression line shows a San Jose, CA 400,932 35
moderate or strong San Antonio, TX 395,551 4.9
relationship, predict the San Francisco, CA 382,309 33.5
percent of workers using Indianapolis, IN 362,777 3.3
public transportation in Detroit, MI 325,054 10.7
Baltimore, Maryland. Is Jacksonville, FL 312,958 2.7
the prediction reliable? Baltimore, MD 307,679 22.0
Explain. Source: U.S. Bureau of the Census

Write the standard form of the equation of the line that passes through the
point at (4, 2) and is parallel to the line whose equation is y = 2x — 4.
(Lesson 1-5)

Sports During a basketball game, the two highest-scoring players scored 29
and 15 points and played 39 and 32 minutes, respectively. (Lesson 1-3)

a. Write an ordered pair of the form (minutes played, points scored) to
represent each player.

b. Find the slope of the line containing both points.
c. What does the slope of the line represent?

Business For a company, the revenue r(x) in dollars, from selling x items is
r(x) = 400x — 0.2x2. The cost for making and selling x items is c(x) = 0.1x + 200.
Write the profit function p(x) = (r — ¢)(x). (Lesson 1-2)

Retail Winston bought a sweater that was on sale 25% off. The original price of
the sweater was $59.99. If sales tax in Winston'’s area is 6.5%, how much did the
sweater cost including sale tax? (Lesson 1-2)

State the domain and range of the relation {(0, 2), (4, —2), (9, 3), (=7, 11),
(=2, 0)}. Is the relation a function? Explain. (Lesson I-1)

SAT Practice  Which of the following expressions is not larger than 5 X 612?
A5 + 612

B 7 X 612

C5x 812

D5 x 64

E 1013

Extra Practice See p. A27. | ‘ Llesson 1-7  Piecewise Functions 51




OBJECTIVE
* Graph linear

inequalities.

52 Chapter 1

Graphing Linear Inequalities
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o\ Wo
CgB> % NUTRITION Arctic explorers need endurance and strength. They

» move sleds weighing more than 1100 pounds each for as much as
“plico®® 12 hours a day. For that reason, Will Steger and members of his
exploration team each burn 4000 to 6000 Calories daily!

An endurance diet can provide
the energy and nutrients
necessary for peak performance
in the Arctic. An endurance diet
has a balance of fat and
carbohydrates and protein. Fat
is a concentrated energy source
that supplies nine calories per
gram. Carbohydrates and
protein provide four calories per
gram and are a quick source of

energy. What are some of the
combinations of carbohydrates
and protein and fat that supply the needed energy for the Arctic explorers@
This problem will be solved in Example 2.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

This situation can be described using a linear inequality. A linear inequality
is not a function. However, you can use the graphs of linear functions to help you
graph linear inequalities.

The graph of y = —%x + 2 separates the S 4 V> +ix42
coordinate plane into two regions, called half o EEDTY
planes. The line described by y = —%x + 2 is called . ¥
the boundary of each region. If the boundary is part N
of a graph, it is drawn as a solid line. A boundary o s X
that is not part of the graph is drawn as a dashed y<|=tx+ 5 N

N

line. The graph of y > —%x + 2 is the region above

the line. The graph of y < —%x + 2 is the region
below the line.

When graphing an inequality, you can determine which half plane to shade by
testing a point on either side of the boundary in the original inequality. If it is not
on the boundary, the origin (0, 0) is often an easy point to test. If the inequality
statement is true for your test point, then shade the half plane that contains the
test point. If the inequality statement is false for your test point, then shade the
half plane that does not contain the test point.

Linear Relations and Functions




Example o Graph each inequality.
P ax>3

The boundary is not included in the graph. y
So the vertical line x = 3 should
be a dashed line.

Testing (0, 0) in the inequality yields a false
inequality, 0 > 3. So shade the half plane that 0 X
does not include (0, 0).

b.x-2y-5=<0
x—2y—-5=0
—2y=-x+5

y= %x _3 Reverse the inequality when you divide or
multiply by a negative.

The graph does include the boundary.
So the line is solid.

Testing (0, 0) in the inequality yields a true
inequality, so shade the half plane that
includes (0, 0).

c.y>|x—2|

Graph the equation y = |x — 2| with a A y
dashed boundary. - 4

Testing (0, 0) yields the false inequality
0 > 2, so shade the region that does not N
include (0, 0). o X

You can also graph relations such as D —1<x+Hy=3
—1 <x + y = 3. The graph of this relation s /
is the intersection of the graph of <
—1 <x + yand the graph of x + y = 3. 0|
Notice that the boundaries x + y = 3 and A
x + y = —1 are parallel lines. The boundary N
x +y = 3is part of the graph, butx + y = —1 <
is not. N

>

Lesson 1-8 Graphing Linear Inequalities 53




Example e NUTRITION Refer to the application at the beginning of the lesson.

Q_e°\ W?», a. Draw a graph that models the combinations of grams of fat and
N ] c: carbohydrates and protein that the arctic team diet may include to satisfy
A Ol their daily caloric needs.

Dlico®

Let x represent the number of grams of fat and y represent the number of
grams of carbohydrates and protein. The team needs at least 4000, but no
more than 6000, Calories each day. Write an inequality.

4000 = 9x + 4y = 6000

You can write this compound inequality as two inequalities, 4000 = 9x + 4y
and 9x + 4y = 6000. Solve each part for y.

4000 = 9x + 4y and 9x + 4y = 6000
4000 — 9x = 4y 4y =< 6000 — 9x y

9 9

Graph each boundary line and shade the

appropriate region. The graph of the Grams of
compound inequality is the area in Carhohydrate
which the shading overlaps. and Protein

500\

ANIIAY

\
b. Name three combinations of 0 500 X

fat or carbohydrates and protein Grams of
that meet the Calorie requirements. Fat

Any point in the shaded region or on the boundary lines meets the
requirements. Three possible combinations are (100, 775), (200, 800), and
(300, 825). These ordered pairs represent 100 grams of fat and 775 grams of
carbohydrate and protein, 200 grams of fat and 800 grams of carbohydrate
and protein, and 300 grams of fat and 825 grams of carbohydrate and
protein.

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.
Mathematics

1. Write the inequality whose graph is shown. y A
2. Describe the process you would use to graph

B3=2x+y<T. ¥

X

3. Explain why you can use a test point to

determine which region or regions of the

graph of an inequality should be shaded.

¥
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Guided Practice  Graph each inequality.
4.x+y<4 5.3x—-y=6
6.7<x+ty=9 7.y<|x+3|

8. Business Nancy Stone has a small company and has negotiated a special
rate for rental cars when she and other employees take business trips. The
maximum charge is $45.00 per day plus $0.40 per mile. Discounts apply when
renting for longer periods of time or during off-peak seasons.

a. Write a linear inequality that models the total cost of the daily rental c(m) as
a function of the total miles driven, m.

b. Graph the inequality.

c. Name three combinations of miles and total cost that satisfy the inequality.

E XERCISES v

Practice Graph each inequality.
9.y<3 10. x —y> -5
11.2x +4y =7 12. —y<2x + 1
13.2x — 5y +19=0 14. -4=x-y=5
15.y2|x| 16. 2=x+2y=4
17.y>|x|+4 18.y <|2x + 3|
19. -8=2x+y<6 20.y — 1>|x + 3|

21. Graph the region that satisfies x = 0 and y = 0.

22. Graph 2 <|x|=s.

Applications 23. Manufacturing Many manufacturers use inequalities to solve production
and Problem problems such as determining how much of each product should be assigned to
Solving each machine. Suppose one bakery oven at a cookie manufacturer is being used
e to bake chocolate cookies and vanilla cookies. A batch of chocolate cookies
: . bakes in 8 minutes, and a batch of vanilla cookies bakes in 10 minutes.
“Plica®®

a. Let x represent the number of batches of chocolate cookies and y represent
the number of batches of vanilla cookies. Write a linear inequality for the
number of batches of each type of cookie that could be baked in one oven in
an 8-hour shift.

b. Graph the inequality.

c. Name three combinations of batches of chocolate cookies and vanilla cookies
that satisfy the inequality.

d. Often manufacturers’ problems involve as many as 150 products, 218
facilities, 10 plants, and 127 customer zones. Research how problems like this
are solved.

24. Critical Thinking Graph |y| = Xx.

=
-
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Mixed Review
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25.

26.

27.

28.

29.

30.

31.

Critical Thinking Suppose xy > 0.
a. Describe the points whose coordinates are solutions to the inequality.

b. Demonstrate that for points whose coordinates are solutions to the
inequality, the equation |x + y| = |x| + |y| holds true.

Engineering Mechanics The production cost of a job depends in part on the
accuracy required. On most sheet metal jobs, an accuracy of 1, 2, or 0.1 mils is

required. A mil is ﬁ inch. This means that a dimension must be less than
1 2

1000° T000° ©F 1 0,000 inch larger or smaller than the blueprint states. Industrial

jobs often require a higher degree of accuracy.

a. Write inequalities that models the possible dimensions of a part that is
supposed to be 8 inches by 4% inches if the accuracy required is 2 mils.

b. Graph the region that shows the satisfactory dimensions for the part.

Exercise The American College of Sports Medicine recommends that healthy
adults exercise at a target level of 60% to 90% of their maximum heart rate. You
can estimate your maximum heart rate by subtracting your age from 220.

a. Write a compound inequality that models age, a, and target heart rate, r.

b. Graph the inequality.

Business Gatsby’s Automotive Shop charges $55 per hour or any fraction of an
hour for labor. (Lesson 1-7)

a. What type of function is described?
b. Write the labor charge as a function of the time.

c. Graph the function.

The equation of line ¢ is 3x — y = 10. (Lesson 1-5)

a. What is the standard form of the equation of the line that is parallel to £ and
passes through the point at (0, —2)?

b. Write the standard form of the equation of the line that is perpendicular to ¢
and passes through the point at (0, —2).

Write the slope-intercept form of the equation of the line through (1, 4)
and (5, 7). (Lesson 14)

Temperature The temperature in Indianapolis on January 30 was 23°F at
12:00 A.m. and 48°F at 4:00 p.Mm. (Lesson 1-3)

a. Write two ordered pairs of the form (hours since midnight, temperature) for
this date. What is the slope of the line containing these points?

b. What does the slope of the line represent?

5 _ g4
32. SAT/ACT Practice Which expression is equivalent to 3 0 ?
1 9 93
A 8 B 8 c 8
99 4
D 3 E9
Linear Relations and Functions ; | Extra Practice See p. A27.




CHAPTER

STUDY GUIDE AND ASSESSMENT

abscissa (p. 5)

absolute value function
(p.47)

boundary (p. 52)

coinciding lines (p. 32)

composite (p. 15)

composition of functions
(pp. 14-15)

constant function (p. 22)

domain (p. 5)

family of graphs (p. 26)

function (p. 6)

function notation (p. 7)

greatest integer function

(p- 46)
half plane (p. 52)

iterate (p. 16)

iteration (p. 16)

linear equation (p. 20)
linear function (p. 22)
linear inequality (p. 52)
ordinate (p. 5)

parallel lines (p. 32)
perpendicular lines (p. 34)
piecewise function (p. 45)
point-slope form (p. 28)
range (p. 5)

relation (p. 5)

slope (pp. 20-21)
slope-intercept form (p. 21)
standard form (p. 21)

step function (p. 46)

vertical line test (p. 7)
x-intercept (p. 20)
y-intercept (p. 20)

zero of a function (p. 22)

Modeling

best-fit line (p. 38)
correlation coefficient (p. 40)
goodness of fit (p. 40)

model (p. 27)

Pearson-product moment
correlation (p. 40)

prediction equation (p. 38)
regression line (p. 40)
scatter plot (p. 38)

Choose the letter of the term that best matches each statement or phrase.

-

. for the function £, a value of x for which f(x) = 0

2. a pairing of elements of one set with elements of a second set CE IS
b. parallel lines
3. has the form Ax + By + C = 0, where A is positive and A and B are not c. zero of a function
both zero d. linear equation
e. family of graphs
4.y — y; = m(x — x,), where (x;, y,) lies on a line having slope m .y grap
f. relation
5.y = mx + b, where m is the slope of the line and b is the y-intercept g. point-slope form
o ] o ) ) h. domain
6. a relation in which each element of the domain is paired with exactly i. slope-intercept
one element of the range o
7. the set of all abscissas of the ordered pairs of a relation J. range
8. the set of all ordinates of the ordered pairs of a relation
9. a group of graphs that displays one or more similar characteristics
10. lie in the same plane and have no points in common
For additional review and practice for each lesson, visit: www.amc.glencoe.com O
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CHAPTER 1 ® STUDY GUIDE AND ASSESSMENT

SK”_.L.S AND CONCEPTS P .

OBJECTIVES AND EXAMPLES

Lesson 1-1

? Find A(—2) if A(x) = 3x2 — 2x + 4.
H Evaluate the expression 3x% — 2x + 4 for

Evaluate a function.

x=—2.
f(-2)=3(-22%2-2(-2)+4
=12+4+4
=20

REVIEW EXERCISES

Evaluate each function for the given value.
11.f(4) if f(x) = 5x — 10

12.g(2) if g(x) = 7 — x?

13. (—3) if g(x) = 4x% — 4x + 9

14. h(0.2) if h(x) = 6 — 2x3

15. g(%) if g0 = =

16. k(4c) if R(x) = x2 + 2x — 4

17.Find f(m + 1) if £x) = | 2% + 3x].

Lesson 1-2 Perform operations with functions.

?  Given f(x) = 4x + 2 and g (x) = x? — 2x,
L find (f + £)() and (F- 2)(%).

(F+ 9 =) +gx)
=4x + 2 + x%2 - 2x
=x2+2x+2

(f- ) = f(x) - g0
= (4x + 2)(x2 — 2%)
= 4x3 — 6x2 — 4x

Find (f + g)(x), (f — g)(x), (f- g)(x), and
(Ef (x) for each f(x) and g(x).

18. f(x) = 6x — 4 19. f(x) = x% + 4x

g() =2 ge) =x—2

20. f(x) = 4 — x? 21. f(x) =x2+ Tx + 12
g(x) = 3x gx)=x+4

22. f(x) =x* -1 23. f(x) = x* — 4x
g0 =x+1 g0 =

Lesson 1-2 Find composite functions.

?  Given f(x) = 2x? + 4x and g(x) = 2x — 1,
i find [fo g](x) and [g e f](x).

[foglC) = f(g(x)

fox — 1)

2(2x — 1) + 4@2x + 1)

= 2(4x® —dx + 1) + 8x + 4
=8x%2+6

(8 ° f1(0) = g(f())
=g(2x% + 4x)
=22x% + 4x) — 1
=4x2+8x — 1

Find [fo g]l(x) and [g~ f](x) for each f(x) and g(x).

24. f(x) =x*— 4 25. f(x) =05x + 5

g = 2x g(x) = 3x2
26. f(x) =2x2+ 6 27. f(x) =6 +x

g(x) = 3x g =x*—x+1
28.f(x) =x*—5 29. f(x) =3 —x

g() =x + 1 g0 =22 + 10

30. State the domain of [f° g](x) for
f(x) = Vx — 16 and g(x) =5 — x.

58 Chapter 1 Linear Relations and Functions
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CHAPTER 1 ® STUDY GUIDE AND ASSESSMENT

OBJECTIVES AND EXAMPLES

Lesson 1-3 Graph linear equations.
? Graph f(x) = 4x — 3.

A 4
f(x) =|4x —{3

ol/ X

REVIEW EXERCISES

Graph each equation.

31.y=3x+6 32. y =8 —5x
33.y—-15=0 34.0=2x—-y—7
35.y = 2x 36.y= -8 —2

37.7x +2y=-5 38.y=%x—6

Lesson 1-4 Write linear equations using the
slope-intercept, point-slope, and standard forms
of the equation.

® Write the slope-intercept form of the
: equation of the line that has a slope
of 24 and passes through the point
at (1, 2).

y=mx+b Slope-intercept form

2=—-4D)+b y=2x=1m=—4
6=>0 Solve for b.

The equation for the lineis y = —4x + 6.

Write an equation in slope-intercept form for
each line described.

39. slope = 2, y-intercept = —3

40. slope = —1, y-intercept = 1

41. slope Z%, passes through the point
at (—5,2)

42. passes through A(—4, 2) and B(2, 5)

43. x-intercept = 1, y-intercept = —4

44. horizontal and passes through the point
at (3, -1

45, the x-axis

46. slope = 0.1, x-intercept = 1

Lesson 1-5 Write equations of parallel and
perpendicular lines.

? Write the standard form of the equation

H of the line that is parallel to the graph of
y = 2x — 3 and passes through the point
at (1, —1).

y —y, =m(x —x;) Pointslope form
y—(CD=2x—-1 yi=—ILm=2x=1
2x—y—3=0
Write the standard form of the equation of

the line that is perpendicular to the graph
of y = 2x — 3 and passes through the point

at (6,~1).

y=—yi=mx—x) y;= —1,
y-(D=—5x—6 m=—1x=6
x+2y—2=0

Write the standard form of the equation of the
line that is parallel to the graph of the given
equation and passes through the point with
the given coordinates.

47.y=x+1;(1, 1

48.y = 3x — 2, (-1,6)

49.2x +y=1;(-3,2)

Write the standard form of the equation of the
line that is perpendicular to the graph of the
given equation and passes through the point
with the given coordinates.

50.y = —2x + 13 (4, —8)
51, dx — 2y + 2 = 0; (1, 4)
52.x = —8; (4, —6)
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CHAPTER 1 ® STUDY GUIDE AND ASSESSMENT

OBJECTIVES AND EXAMPLES REVIEW EXERCISES

Lesson 1-6 Draw and analyze scatter plots. 53. a. Graph the data below on a scatter plot.
° This scatter plot implies y b. Use two ordered pairs to write the
: a linear relationship. .. equation of a best-fit line.
Since data closely fits a Lo c. Use a graphing calculator to find an
line with a positive e . equation of the regression line for the
slope, the scatter plot .5 ‘ data. What is the correlation value?
shows a strong, positive oF " d. If the equation of the regression line
correlation. shows a moderate or strong relationship,
This scatter plot y predict the number of visitors in 2005.
implies a linear 'Expla}in whether you think the prediction
relationship with a e is reliable.
negative slope. o
0t Overseas Visitors to the United States
Pl —% (thousands)
The points in this y Year 1987 | 1988 | 1989 | 1990 | 1991
scatter plot are Visitors | 10,434|12,763| 12,184 12,252| 12,003
dispersed and do not - L. Year | 1992 | 1993 | 1994 | 1995 | 1996
form a linear pattern. . .
o . N Visitors | 11,819| 12,024 | 12,542| 12,933 12,909
o X Source: U.S Dept. of Commerce
Lesson 1-7 Identify and graph piecewise Graph each function.
functions including greatest integer, step, and .
absolute value functions. 54. f(x) = Xif0=x=5
’ 2if5<x=8
, = —
Graph f(x) |3x 2|. qif-2=x=0
: This is an absolute value function. Use a 55. h(x) = 1 —3xif 0 <x =2
table of values to find points to graph. Ixif2<x=<14
f
x| (x, f(x)) \ Y 56. f(x) = [x] + 1
(]) {? ?} / 57.8(x) = | 4x|
2 | 24 o0 = x—2l| - 58. k() = 2|x|+ 2
3 (3, 7)
4 (4, 10) o >
Lesson 1-8 Graph linear inequalities. Graph each inequality.
? Graph the inequality 2x — y < 4. 59. y >4 60. x<5
2x—y§421 A v 14 Bl x+y=1 B2. 2y —x <4
y o ax = 2x—yka 7
The boundary is ,/ 63. y =|x| 64.y —3x>2
dashed. Testing (0, 0) S 85 y>|x|-2 66. y<|x— 2|
yields a true inequality, ;7
so shade the region that /
includes (0, 0). 4
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CHAPTER 1 ® STUDY GUIDE AND ASSESSMENT

APPLICATIONS AND PROBLEM SOLVING = = TEsssssssaas .

67. Aviation A jet plane start from rest on a

runway. It accelerates uniformly at a rate of

20 m/s2. The equation for computing the
distance traveled is d = %atz. (Lesson 1-1)

a. Find the distance traveled at the end of
each second for 5 seconds.

b. Is this relation a function? Explain.

68. Finance In 1994, outstanding consumer

credit held by commercial banks was about
$463 billion. By 1996, this amount had grown

to about $529 billion. (Lesson 14)

a. If x represents the year and y represents

the amount of credit, find the average
annual increase in the amount of
outstanding consumer credit.

b. Write an equation to model the annual
change in credit.

69. Recreation Juan wants to know the
relationship between the number of hours
students spend watching TV each week and
the number of hours students spend reading
each week. A sample of 10 students reveals
the following data.

Watching TV Reading
20 8.5
32 3.0
42 1.0
12 4.0
5 14.0
28 4.5
33 7.0
18 12.0
30 3.0
25 3.0

Find the equation of a regression line for the
data. Then make a statement about how
representative the line is of the data.
(Lesson 1-6)

.................................................................. ALTERNATIVE ASSESSMENT s

OPEN-ENDED ASSESSMENT

1. If [fo g](x) = 4x% — 4, find f(x) and g(x).
Explain why your answer is correct.
2. Suppose two distinct lines have the same
x-intercept.
a. Can the lines be parallel? Explain your
answer.
b. Can the lines be perpendicular? Explain
your answetr.

3. Write a piecewise function whose graph is
the same as each function. The function
should not involve absolute value.

a.y=x+|4—x|
b.y=2x+|x+1|

Additional Assessment See p. A56 for Chapter 1
Practice Test.

nit 1 INECPNET Project

TELECOMMUNICATION
Is Anybody Listening?

e Research several telephone long-distance
services. Write and graph equations to
compare the monthly fee and the rate per
minute for each service.

e Which service would best meet your needs?
Write a paragraph to explain your choice.
Use the graphs to support your choice.

PORTFOLIO

Select one of the functions you graphed in
this chapter. Write about a real-world situation
this type of function can be used to model.
Explain what the function shows about the
situation that is difficult to show by other
means.
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Multiple-Choice and
Grid-In Questions

At the end of each chapter in this textbook, you will find practice
for the SAT and ACT tests. Each group of 10 questions contains
nine multiple-choice questions, and one grid-in question.

MULTIPLE CHOICE

The majority of questions on the SAT are
multiple-choice questions. As the name implies,
these questions offer five choices from which to
choose the correct answer.

The multiple choice sections are arranged in
order of difficulty, with the easier questions at
the beginning, average difficulty questions in the
middle, and more difficult questions at the end.

Every correct answer earns one raw point,
while an incorrect answer results in a loss of
one fourth of a raw point. Leaving an answer
blank results in no penalty.

The test covers topics from numbers and
operations (arithmetic), algebra 1, algebra 2,
functions, geometry, statistics, probability, and
data analysis. Each end-of-chapter practice section
in this textbook will cover one of these areas.

Arithmetic
Six percent of 4800 is equal to 12 percent of
what number?

A 600
B 800
C 1200
D 2400
E 3000

Write and solve an equation.
0.06(4800) = 0.12x

288 = 0.12x
288 _
0.12

2400 = x

Choice D is correct.

62 Chapter 1 Linear Relations and Functions
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s

THE
PRINCETON \I|

¥ REVIEW J

TEST-TAKING TIP

When you take the SAT, bring a
calculator that you are used to
using. Keep in mind that a calcu-
lator is not necessary o solve
every quesfion on the est. Also,
a graphing calculator may pro-
vide an advantage over a scien-
tific calculator on some questions.

Algebra
If (p + 2)(p?2 — 4) = (p + 2)4(p — 2) for all values
of p, what is the value of g?

Al
B 2
C3
D 4

E It cannot be determined from the given
information.

Factor the left side.
P+2P*—H=@+20p -2
(p+2)(p+2p—-2)=(p+24p —2)
P+2p-2)=F@+2%(p -2
(p+2?%=(p+2)

If a™ = @, then m = n.
2=gq
Answer choice B is correct.

Geometry
In the figure, what is the value of x?

A 25
C 45 _ _
D 90 80 55
E 135

This is a multi-step problem. Use vertical angle
relationships to determine that the two angles in
the triangle with x are 80° and 55°. Then use the
fact that the sum of the measures of the angles
of a triangle is 180 to determine that x equals 45.
The correct answer is choice C.

| 2



SAT AND ACT PRACTICE

GRID IN

Another section on the SAT includes questions
in which you must mark your answer on a grid
printed on the answer sheet. These are called
Student Produced Response questions (or Grid-
Ins), because you must create the answer
yourself, not just choose from five possible
answers.

Every correct answer earns one raw point, but
there is no penalty for a wrong answer; it is
scored the same as no answer.

These questions are not more difficult than the
multiple-choice questions, but you’ll want to
be extra careful when you fill in your answers
on the grid, so that you don’t make careless
errors. Grid-in questions are arranged in order
of difficulty.

The instructions for using the grid are printed
in the SAT test booklet. Memorize these
instructions before you take the test.

The grid contains a row of
four boxes at the top, two
rows of ovals with decimal
and fraction symbols, and
four columns of numbered
ovals.

After you solve the problem,
always write your answer in
the boxes at the top of the
grid.

000006600 [
0800806006000
0800008006800
08006080060

Start with the left column. Write one numeral,
decimal point, or fraction line in each box.
Shade the oval in each column that
corresponds to the numeral or symbol written
in the box. Only the shaded ovals will be
scored, so work carefully. Don’t make any extra
marks on the grid.

Suppose the answer is % or 0.666 ... . You can

record the answer as a fraction or a decimal. For
the fraction, write % For a decimal answer, you
must enter the most accurate value that will fit
the grid. That is, you must enter as many
decimal place digits as space allows. An entry of
.66 would not be acceptable.

498006
£66600000~
9600000000
060000 [0
00060006|00]|
90000060 |
1000600 [0

1000000600
1000000600
£0600006/00]o
000000060 |~

190000060 |w

There is no 0 in bubble column 1. This means
that you do not enter a zero to the left of the

decimal point. For example, enter .25 and not
0.25.

Here are some other helpful hints for
successfully completing grid-in questions.

¢ You don’t have to write fractions in simplest
form. Any equivalent fraction that fits the
grid is counted as correct. If your fraction
does not fit (like 15/25), then either write it
in simplest form or change it to a decimal
before you grid it.

e There is no negative symbol. Grid-in
answers are never negative, so if you get a
negative answer, you've made an error.

e If a problem has more than one correct
answer, enter just one of the answers.

¢ Do not grid mixed numbers. Change the
mixed number to an equivalent fraction or

decimal. If you enter 11/2 for 1%, it will be
read as 12—1 . Enter it as 3/2 or 1.5.
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Arithmetic Problems

All SAT and ACT tests contain arithmetic problems. Some are easy and
some are difficult. You'll need to understand and apply the following

concepts.

odd and even factors
positive, negative integers
scientific notation exponents
prime numbers decimals

CHAPTER a SAT & ACT Preparation

THE \
PRINCETON
\ REVIEW /|

.

TEST-TAKING TIP
Know the properties of zero
and one. For example, 0 is
even, neither posifive nor

divisibility negative, and not prime. 1 is
fractions the only integer with only
roots one divisor. 1 is not prime.
inequalities

Several concepts are often combined in a single problem.

SAT EXAMPLE

1. What is the sum of the positive even factors
of 127

HINT Look for words like positive, even, and
factor.

Solution First find all the factors of 12.
1 2 3 4 6 12

Re-read the question. It asks for the sum of
even factors. Circle the factors that are even
numbers.

NOENOIOR:
Now add these even factors to find the sum.
2+4+6+12=24 The answer is 24.

This is a grid-in problem. Record your answer
on the grid.

000600000600~
0800008006100
08006080060

000006000 0 |™
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ACT EXAMPLE

2. (-2 +(3) 2+
7 8
8 -7 B -1y cd
D¢ E 12

HINT Analyze what the — (negative) symbol
represents each time it is used.

Solution Use the properties of exponents to
simplify each term.

(=2)* = (=2)(=2)(=2) or —8
11

(3)*2=§or§

Add the terms.

3 2,8 _ o, 1. 8

=2+ +9— 8+9+9
=—-8+1lor—7

The answer is choice A.

Always look at the answer choices before you
start to calculate. In this problem, three
(incorrect) answer choices include fractions
with denominators of 9. This may be a clue that
your calculations may involve ninths.

Never assume that because three answer
choices involve ninths and two are integers, that
the correct answer is more likely to involve
ninths. Also don’t conclude that because the
expression contains a fraction that the answer
will necessarily have a fraction in it.




SAT AND ACT PRACTICE

After you work each problem, record your
answer on the answer sheet provided or on
a piece of paper.

Multiple Choice

1. Which of the following expresses the prime
factorization of 54?

A 9X6

B 3X3X6

C 3X3X2
D3X3X3X2
E 54 %10

2. If 8 and 12 each divide K without a
remainder, what is the value of K?

A 16
B 24
C 48
D 96

E It cannot be determined from the
information given.

4

3. After —§ has been simplified to a single
2_
5
fraction in lowest terms, what is the
denominator?

A2 B 3 C>5
DY E 13

4. For a class play, student tickets cost $2 and
adult tickets cost $5. A total of 30 tickets
were sold. If the total sales must exceed $90,
what is the minimum number of adult
tickets that must be sold?

AT B 8 cCH
D 10 E 11

5. —| -7 - |-5| - 3|-4| =2
A —24 B —11 co
D 13 E 24

6. (—42+ @1+
13 3 7
A 1670 B 165 C -155;
7
D 15, E 16

7. Kerri subscribed to four publications that
cost $12.90, $16.00, $18.00, and $21.90
per year. If she made an initial down
payment of one half of the total amount
and paid the rest in 4 equal monthly
payments, how much was each of the
4 monthly payments?

A $8.60
B $9.20
C $9.45
D $17.20
E $34.40

8. V64 + 36 =?
A 10 B 14 C 28
D 48 E 100

9. What is the number of distinct prime factors
of 60?
A 12
B 4
Cc3
D2
E 1

10. Grid-In There are 24 fish in an aquarium.
If % of them are tetras and % of the

remaining fish are guppies, how many
guppies are in the aquarium?

NEerNET
Ler SAT/ACT Practice For additional test
practice questions, visit: www.amc.glencoe.com
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Unit 1 Relations, Functions, and Graphs (Chapters 1-4)

SYSTEMS OF LINEAR
EQUATIONS AND
INEQUALITIES

CHAPTER OBJECTIVES
Solve systems of equations and inequalities.
(Lessons 2-1, 2-2, 2-6)
Define matrices. (Lesson 2-3)
Add, subtract, and multiply matrices. (Lesson 2-3)
Use matrices to model transformations. (Lesson 2-4)
Find determinants and inverses of matrices. (Lesson 2-5)
Use linear programming to solve problems. (Lesson 2-7)
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OBJECTIVES

e Solve systems
of equations
graphically.

e Solve systems
of equations
algebraically.

Example o Solve the system of equations by graphing. vy
3x —2y=-6 y=k+2
Graphing x+y=-2 (249
C_alculator First rewrite each equation of the system in 0 X
Tip slope-intercept form by solving for y.
You can estimate the 3x — 2y = —6 =§x+3 22k43
solution to a system of X +§,/ -9 i _ Ex _9 )

equations by using the
TRACE function on
your graphing calculator.

Solving Systems of Equations
in Two Variables

©00000000000000000000000000000000000000000000000000000000000000000000000000000

CONSUMER CHOICES Madison is thinking about leasing a car for
two years. The dealership says that they will lease her the car she has

W,
P

V. <

“plico®®  chosen for $326 per month with only $200 down. However, if she

pays $1600 down, the lease payment drops to $226 per month. What is the break-

even point when comparing these lease options? Which 2-year lease should she
choose if the down payment is not a problem? This problem will be solved in
Example 4.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

The break-even point is the point in time at which Madison has paid the
same total amount on each lease. After finding that point, you can more easily
determine which of these arrangements would be a better deal. The break-even
point can be determined by solving a system of equations.

A system of equations is a set of two or more equations. To “solve” a system
of equations means to find values for the variables in the equations, which make
all the equations true at the same time. One way to solve a system of equations is
by graphing. The intersection of the graphs represents the point at which the
equations have the same x-value and the same y-value. Thus, this ordered pair
represents the solution common to both equations. This ordered pair is called
the solution to the system of equations.

Since the two lines have different slopes, the graphs of the equations are
intersecting lines. The solution to the system is (—2, 0).

As you saw in Example 1, when the graphs of two equations intersect there is
a solution to the system of equations. However, you may recall that the graphs of
two equations may be parallel lines or, in fact, the same line. Each of these
situations has a different type of system of linear equations.

A comnsistent system of equations has at least one solution. If there is exactly
one solution, the system is independent. If there are infinitely many solutions,
the system is dependent. If there is no solution, the system is inconsistent. By
rewriting each equation of a system in slope-intercept form, you can more easily
determine the type of system you have and what type of solution to expect.
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The chart below summarizes the characteristics of these types of systems.

independent dependent inconsistent
y
\: 2y+4x=14
3y + 6x =21
When graphs
result in lines that o
are the same line, T \ x
we say the lines ¥
coincide.
y=3x+2 2y +4x=14>5y=-2x+7 y = —0.4x+ 2.25
y=—-x+1 Jy+6x=21>y=-2x+7 y = —0.4x— 3.1
different slope same slope, _same .f)lope,
same intercept different intercept
Lines infersect. Graphs are same line. Lines are parallel.
one solution infinitely many solutions no solution

Often, graphing a system of equations is not the best method of finding its
solution. This is especially true when the solution to the system contains non-
integer values. Systems of linear equations can also be solved algebraically. Two
common ways of solving systems algebraically are the elimination method and
the substitution method. In some cases, one method may be easier to use than
the other.

Example 9 Use the elimination method to solve the system of equations.

1.5x + 2y = 20
2.5x — 5y =—-25
One way to solve this system is to multiply Now substitute 4 for x in
both sides of the first equation by 5, multiply either of the original
both sides of the second equation by 2, and equations.
s the b cquatons o elninate o g2y 0

’ 1.54) +2y=20 x=4
5(1.5x + 2y) = 5(20) - 7.5x + 10y = 100 2y =14
2(2.5x — 5y) = 2(—25) 5x — 10y = =50 y=1

12.5x = 50

x=4

The solution is (4, 7). Check it by substituting into 2.5x — 5y = —25. If the
coordinates make both equations true, then the solution is correct

If one of the equations contains a variable with a coefficient of 1, the system
can often be solved more easily by using the substitution method.
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Example e Use the substitution method to solve the system of equations.

2x+ 3y =8
x—y=2

You can solve the second equation for
either y or x. If you solve for x, the
result is x = y + 2. Then substitute

y + 2 for x in the first equation.

2x + 3y =8
200+ 2)+3y=8 x=y+2

5y =4

4

Now substitute % for y in either of
the original equations, and solve

for x.
X—y=2
4 4
¥~5=2 Y73
_ 14
X=75

GRAPHING CALCULATOR EXPLORATION

You can use a graphing calculator to find the
solution to an independent system of equations.

e (Graph the equations on the same screen.

e Use the CALC menu and select 5:intersect to
determine the coordinates of the point of
intersection of the two graphs.

TRY THESE

Find the solution to each system.

1. y = 500x — 20 2. 3x — 4y = 320
y = —20x + 500 5x + 2y = 340

WHAT DO YOU THINK?

3.

How accurate are solutions found on the
calculator?

. What type of system do the equations

5x — 7y = 70 and 10x — 14y = 120 form?
What happens when you try to find the
intersection point on the calculator?

. Graph a system of dependent equations.

Find the intersection point. Use the TRACE
function to move the cursor and find the
intersection point again. What pattern do
you observe?

You can use a system of equations to solve real-world problems. Choose the
best method for solving the system of equations that models the situation.

Example

%

considering?
L]

v
o lico®

0,7.

lease.

Lease 1 ($200 down with monthly payment of $326):

0 CONSUMER CHOICES Refer to the application at the beginning of the lesson.
! a. What is the break-even point in the two lease plans that Madison is

b. If Madison keeps the lease for 24 months, which lease should she choose?

a. First, write an equation to represent the amount she will pay with each plan.
Let C represent the total cost and m the number of months she has had the

C = 326m + 200

Lease 2 ($1600 down with monthly payment of $226): C = 226m + 1600

Now, solve the system of equations. Since both equations contain C, we can

substitute the value of C from one equation into the other.

Lesson 2-1

(continued on the next page)
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C = 326m + 200
226m + 1600 = 326m + 200 C = 226m + 1600
1400 = 100m
14=m
With the fourteenth monthly payment, she reaches the break-even point.

b. The graph of the equations shows that after that point, Lease 1 is more
expensive for the 2-year lease. So, Madison should probably choose Lease 2.

c

9000

8000

7000

Costof gopo
Lease 5000 e
(dollars) 4000 ¢

3000 =
2000 |———— -

1000 [+ = 326/m + 200
O 2 4 6 8 10 12 14 16 18 20 22 24m
Months

>
>

\\

4764

%‘
:

CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Mathematics . . . A, . I
1. Write a system of equations in which it is easier to use the substitution method

to solve the system rather than the elimination method. Explain your choice.

2. Refer to the application at the beginning of the lesson. Explain what factors
Madison might consider before making a decision on which lease to select.

3. Math Journal Write a description of the three different possibilities that may
occur when graphing a system of two linear equations. Include examples and
solutions that occur with each possibility.

Guided Practice 4. State whether the system 2y + 3x = 6 and 4y = 16 — 6x is consistent and
independent, consistent and dependent, or inconsistent. Explain your reasoning.

Solve each system of equations by graphing.

5. y=5x—-2 B.x—y=2
y=-2x+5 2x =2y + 10

Solve each system of equations algebraically.

7.7x+y=9 8.3x +4y=—1 9_%)(—%},:_4
5x —y=15 6x —2y=3 5x —4y =14

10. Sales HomePride manufactures solid oak racks for displaying baseball
equipment and karate belts. They usually sell six times as many baseball racks
as karate-belt racks. The net profit is $3 from each baseball rack and $5 from
each karate-belt rack. If the company wants a total profit of $46,000, how many
of each type of rack should they sell?
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E XERCISES :

Practice

Applications
and Problem

Solving

Q,

o\ Wo,
2% O,
>

v, <
0, S
Dlico®

State whether each system is consistent and independent, consistent and
dependent, or inconsistent.

11.x + 3y =18 12.y = 0.5x 13. —35x + 40y = 55
-x+2y=17 2y=x+14 Tx =8y — 11

Solve each system of equations by graphing.

14.x =5 15.y = -3 16. x +y= -2
4x + 5y = 20 2x =8 x—-y=10
17.x +3y=0 18.y=x—2 19.3x — 2y = -6
2x + 6y =5 x—2y=4 x =12 — 4y

20. Determine what type of solution you would expect from the system of equations
3x — 8y = 10 and 16x — 32y = 75 without graphing the system. Explain how you
determined your answer.

Solve each system of equations algebraically.

21.5x —y =16 22.3x — 5y = -8 23.y=6 —x
2x +3y =3 x+2y=1 x=45+y

24.2x + 3y =3 25. -3x + 10y =5 26. x =2y — 8
12x — 15y = —4 2x + Ty = 24 2x —y=—T

27.2x + 5y = 4 28. Sx— gy = 29. 4x + 5y = -8
3x+6y=5 Tx+2y=11 3x — Ty =10

30. Find the solution to the system of equations 3x — y = —9 and 4x — 2y = —8.

31. Explain which method seems most efficient to solve the system of equations
a — b =0and 3a + 2b = —15. Then solve the system.

32. Sports Spartan Stadium at San Jose State
University in California has a seating
capacity of about 30,000. A newspaper
article states that the Spartans get four
times as many tickets as the visiting team.
Suppose S represents the number of
tickets for the Spartans and V represents
the number of tickets for the visiting
team’s fans.

a. Which system could be used by a newspaper reader to determine how many
tickets each team gets?

A 4S5 + 4V = 30,000 BS-4vV=0 C S+ V=30,000
S =4V S+ V=30,000 V—-45=0

b. Solve the system to find how many tickets each team gets.

33. Geometry Two triangles have the same perimeter of 20 units. One triangle is
an isosceles triangle. The other triangle has a side 6 units long. Its other two
sides are the same lengths as the base and leg of the isosceles triangle.

a. What are the dimensions of each triangle?
b. What type of triangle is the second triangle?
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Mixed Review

34.

35.

36.

37.

38.

42.

43.

44.

45,

Critical Thinking The solution to a system of two linear equations is (4, —3).
One equation has a slope of 4. The slope of the other line is the negative
reciprocal of the slope of the first. Find the system of equations.

Business The first Earth Day was observed on April 22, 1970. Since then, the

week of April 22 has been Earth Week, a time for showing support for

environmental causes. Fans Café is offering a reduced refill rate for soft drinks

during Earth Week for anyone purchasing a Fans mug. The mug costs $2.95 filled

with 16 ounces of soft drink. The refill price is 50¢. A 16-ounce drink in a

disposable cup costs $0.85.

a. What is the approximate break-even point for buying the mug and refills in
comparison to buying soft drinks in disposable cups?

b. What does this mean? Which offer do you think is best?

c. How would your decision change if the refillable mug offer was extended for a
year?

Critical Thinking Determine what must be true of g, b, ¢, d, e, and f for the
system ax + by = c and dx + ey = fto fit each description.

a. consistent and independent
b. consistent and dependent

c. inconsistent

Incentive Plans As an incentive plan, a company stated that employees who
worked for four years with the company would receive $516 and a laptop
computer. Mr. Rodriquez worked for the company for 3.5 years. The company
pro-rated the incentive plan, and he still received the laptop computer, but only
$264. What was the value of the laptop computer?

Ticket Sales In November 1994, the first live concert on the Internet by a major
rock’n’roll band was broadcast. Most fans stand in lines for hours to get tickets
for concerts. Suppose you are in line for tickets. There are 200 more people
ahead of you than behind you in line. The whole line is three times the number
of people behind you. How many people are in line for concert tickets?

. Graph —2x + 7 =y. (Lesson 1-8)
40.
41,

Graph f(x) = 2 |x| — 3. (Lesson 1-7).

Write an equation of the line parallel to the graph of y = 2x + 5 that passes
through the point at (0, 6). (Lesson 1-5)

Manufacturing The graph shows the Tru-Ride Bicycle Shop
operational expenses for a bicycle

shop during its first four years of Expenses 15 =
business. How much was the startup  (thousands —

cost of the business? (Lesson 1-3) of dollars) 13 L=

Find [f > g](x) if £x) = 3x — 5 and -

g(x) = x + 2. (Lesson 1-2) 10

State the domain and range of the 0$

relation {(18, —3), (18, 3)}. Is this 1 2 3 4

relation a function? Explain. (Lesson 1-1)

SAT/ACT Practice \/?25 =

Al B V2 c2 D5 E 5V2
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OBJECTIVE

* Solve systems
of equations
involving three
variables
algebraically.

You will learn
more about
graphing in three-
dimensional space
in Chapter 8.

Solving Systems of Equations
in Three Variables

©00000000000000000000000000000000000000000000000000000000000000000000000000000

o\ W,
g% SPORTS |In 1998, Cynthia Cooper of the WNBA Houston Comets

: « basketball team was named Team Sportswoman of

‘z:"olico‘i‘O the Year by the Women'’s Sports Foundation. Cooper
scored 680 points in the 1998 season by hitting 413 of her 1-point,
2-point, and 3-point attempts. She made 40% of her 160 3-point
field goal attempts. How many 1-, 2-, and 3-point baskets did

Ms. Cooper complete? This problem will be solved in Example 3.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

This situation can be described by a system of three equations in three
variables. You used graphing to solve a system of equations in two variables. For
a system of equations in three variables, the graph of each equation is a plane in
space rather than a line. The three planes can appear in various configurations.
This makes solving a system of equations in three variables by graphing rather
difficult. However, the pictorial representations provide information about the
types of solutions that are possible. Some of them are shown below.

Unique Solution

Systems of Equations in Three Variables
Infinite Solutions No Solution

[ |

(% ¥, 2)

) ~

(X

The three planes

intersect at one point. intersect in a line.

The three planes o
P The three planes have no points in common.

You can solve systems of three equations more efficiently than graphing by
using the same algebraic techniques that you used to solve systems of two
equations.

Example o Solve the system of equations by elimination.

x—2y+z=15
2x+3y—3z=1
4x + 10y — 5z = =3

One way to solve a system of three equations is to choose pairs of equations
and then eliminate one of the variables. Because the coefficient of x is 1 in the
first equation, it is a good choice for eliminating x from the second and third
equations. (continued on the next page)
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To eliminate x using the first and
second equations, multiply each
side of the first equation by —2.

—2(0x — 2y + 2) = —2(15)
—2x +4y — 2z = —-30

Then add that result to the second
equation.

To eliminate x using the first and
third equations, multiply each side
of the first equation by —4.

—4(x — 2y + 2) = —4(15)
—4x + 8y —4z= —60

Then add that result to the third
equation .

—2x +4y — 2z =-30 —4x + 8y — 4z = —60
2x+3y—3z=_ 1 4x + 10y —5z=— 3
7y — 5z = =29 18y — 9z = —63

Now you have two linear equations in two variables. Solve this system.
Eliminate z by multiplying each side of the first equation by —9 and each side
of the second equation by 5. Then add the two equations.

—9(7y — 5z) = —9(—29) —63y + 45z = 261
5(18y — 92) = 5(—=63) ‘ 90y — 45z = —315
27y = -54

y=-2 The value of y is —2.

By substituting the value of y into one of the equations in two variables, we
can solve for the value of z.

Ty — 5z = =29
7(-2)—5z=-29 y= -2
z=3 The value of z is 3.

Finally, use one of the original equations to find the value of x.
x—2y+z=15
Xx—2(-2)+3=15 y=-22z=23
x =8 Thevalue of x is 8.

The solution is x = 8,y = —2, and z = 3. This can be written as the
ordered triple (8, —2, 3). Check by substituting the values into each of the
original equations.

The substitution method of solving systems of equations also works with
systems of three equations.

Example 9 Solve the system of equations by substitution.

4x = —8z

Ix—2y+z=0

—“2x+y—-z=-1

You can easily solve the first equation for x.

4x = —8z
x = —2z Divide each side by 4.

Then substitute —2z for x in each of the other two equations. Simplify each
equation.
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Example

S\ o

3x—2y+z=0 —2x+y—z=-1

3(—2z2)—2y+2z=0 x= -2z —2(-22)+y—-—z=-1 x= -2z
-2y —=5z=0 y+3z=-1
Solvey + 3z = —1fory. y+3z=-1
y = —1 — 3z Subtract 3z from each side.
Substitute —1 — 3z for y in —2y — 5z = 0. Simplify.
—2y—5z=0
—2(-1-32)—5z=0=—1— 3z
z= -2
Now, find the values of y and x. Use y = —1 — 3z and x = —2z. Replace z with —2.
y=-1-3z x= -2z
y=-1-3(-2) z= -2 x=-2(-2) z=-2
y=5 x=4
The solution is x = 4,y = 5, and z = —2. Check each value in the original system.

Many real-world situations can be represented by systems of three equations.

9 SPORTS Refer to the application at the beginning i

of the lesson. Find the number of 1point free
throws, 2-point field goals, and

3-point field goals Cynthia Cooper scored in
the 1998 season.

Write a system of equations. Define the variables as
follows.

x = the number of 1-point free throws

y = the number of 2-point field goals

z = the number of 3-point field goals

The system is:
x + 2y + 3z =680 (otal number of points

x+y+z=413 total number of baskets

ﬁ = 0.40 percent completion

The third equation is a simple linear equation. Solve for z.
—— = 0.40, so z = 160(0.40) or 64.

160
Now substitute 64 for z to make a system of two equations.
x + 2y + 3z = 680 x+y+z=413
x+ 2y +3(64) =680 z =64 x+y+64=413 z =064

x + 2y = 488 x +y=349

Solve x + y = 349 for x. Then substitute that value for x in
x + 2y = 488 and solve for y.

x+y=349 x + 2y = 488
x=349 —y (349 —y) + 2y =488 x =349 —y
y =139

(continued on the next page)
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Solve for x.

x=349 —y
x=349 — 139 y =139
x =210

In 1998, Ms. Cooper made 210 1-point free throws, 139 2-point field goals, and
64 3-point field goals. Check your answer in the original problem.

CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Mathematics 1. Compare and contrast solving a system of three equations to solving a system
of two equations.

2. Describe what you think would happen if two of the three equations in a system
were consistent and dependent. Give an example.

3. Write an explanation of how to solve a system of three equations using the
elimination method.

Guided Practice  Solve each system of equations.

4.4x+2y +2z=17 5.x—-y—z=17 6.2x — 2y +3z=6
2x + 2y —4z = —14 —x+2y—3z=-12 2x =3y + 7z = -1
x+3y—2z=-8 3x — 2y + 7z =30 4x -3y +2z=0

7. Physics The height of an object that is thrown upward with a constant
acceleration of a feet per second per second is given by the equation

1 . . . . .
s=75 at® + vt + s,. The height is s feet, t represents the time in seconds, v, is

the initial velocity in feet per second, and s, is the initial height in feet. Find the
acceleration, the initial velocity, and the initial height if the height at 1 second is
75 feet, the height at 2.5 seconds is 75 feet, and the height at 4 seconds is 3 feet.

E XERCISES

Practice Solve each system of equations.
8.x+2y+3z=5 9.7x+5+z=0 10.x —3z=17
3x + 2y —2z=-13 —x+3y+2z=16 2x +y—2z=11
5x +3y —z=—11 xX—6y—z=-18 —x—2y+9z=13
11.3x -5y +z=9 12.8x —z =4 13.4x — 3y + 2z =12
x—3y—2z=-8 y+z=5 x+y—z=3
5x — 6y + 3z =15 llx+y=15 —2x—2y+2z=5
14. 36x — 15y + 50z = =10 15. —x — 3y + z =54 16. 1.8x — z = 0.7
2x + 25y = 40 4x + 2y — 3z = —32 1.2y + z=—-0.7
54x — 5y + 30z = —160 2y + 8z =178 1.5x =3y =3

17. 1f possible, find the solution ofy =x+t2z,z=-1—-2x,andx =y — 14.

18. What is the solution of—x - —y + = > 6% = -8, %x + = 6y~ lz = —12, and
136 g y - lz = —25? If there is no solution, write impossible.
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Finance Ana Colon asks her broker to divide her 401K investment of $2000
among the International Fund, the Fixed Assets Fund, and company stock. She
decides that her investment in the International Fund should be twice her
investment in company stock. During the first quarter, the International Fund
earns 4.5%, the Fixed Assets Fund earns 2.6%, and the company stock falls 0.2%.
At the end of the first quarter, Ms. Colon receives a statement indicating a
return of $58 on her investment. How did the broker divide Ms. Colén’s initial
investment?

Critical Thinking Write a system of equations that fits each description.
a. The system has a solution of x = =5,y =9,z = 11.
b. There is no solution to the system.

c. The system has an infinite number of solutions.

Physics Each year the Punkin’ Chunkin’ contest is held
in Lewes, Delaware. The object of the contest is to
propel an 8- to 10-pound pumpkin as far as possible.
Steve Young of Hopewell, lllinois, set the 1998 record

of 4026.32 feet. Suppose you build a machine that fires I 4
the pumpkin so that it is at a height of 124 feet after =

1 second, the height at 3 seconds is 272 feet, and the
height at 8 seconds is 82 feet. Refer to the formula in
Exercise 7 to find the acceleration, the initial velocity,
and the initial height of the pumpkin.

Critical Thinking Suppose you are using elimination to
solve a system of equations.

a. How do you know that a system has no solution?
b. How do you know when it has an infinite number of solutions?

Number Theory Find all of the ordered triples (x, y, z) such that when any
one of the numbers is added to the product of the other two, the result is 2.

Solve the system of equations, 3x + 4y = 375 and 5x + 2y = 345. (Lesson 2-1)
Graphy = —%x + 2. (Lesson 1-8)

Show that points with coordinates (—1, 3), (3, 6), (6, 2), and (2, —1) are the
vertices of a square. (Lesson 1-5)

Manufacturing It costs ABC Corporation $3000 to produce 20 of a particular
model of color television and $5000 to produce 60 of that model. (Lesson 1-4)
a. Write an equation to represent the cost function.

b. Determine the fixed cost and variable cost per unit.

c. Sketch the graph of the cost function.

SAT/ACT Practice In the figure, the area of square

OXYZ is 2. What is the area of the circle? G \
Z

AT B m\/2 C 27 /

D 4w E 87

Y
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OBJECTIVES
¢ Model data
using matrices.
e Add, subtract,
and multiply
matrices.

The plural of

matrix is matrices.

Modeling Real-World Data
with Matrices

> Y% TRAVEL Did you ever go on a vacation and realize that you forgot to
;6; pack something that you needed? Sometimes purchasing those items
Oolico®  while traveling can be expensive. The average cost of some items

bought in various cities is given below.

$6.78 $7.41
$4.03 Atlanta | Los Angeles
Atlanta $4.21 Q
N

$20.49

Los Angeles

$18.98

Atlanta

Los Angeles

$32.25
Mexico City

Mexico City

Mexico City

Source: Runzheimer International

Data like these can be displayed or modeled using a matrix. A problem related to
this will be solved in Example 1.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

A matrix is a rectangular array of terms called elements. The elements of a
matrix are arranged in rows and columns and are usually enclosed by brackets.
A matrix with m rows and n columns is an m X n matrix (read “m by n”). The
dimensions of the matrix are m and n. Matrices can have various dimensions and
can contain any type of numbers or other information.

2 X 2 matrix 2 X 5 matrix 3 X 1 matrix

_2 E —9 The element 3
5 2 [0.2 34 —-11 25 6.7] 3 # is in row 2,

s = 34 -34 -22 05 7.2 11| column 1.

Special names are given to certain matrices. A matrix that has only one
row is called a row matrix, and a matrix that has only one column is called a
column matrix. A square matrix has the same number of rows as columns.
Sometimes square matrices are called matrices of nth order, where n is the
number of rows and columns. The elements of an m X n matrix can be
represented using double subscript notation; that is, a,, would name the element
in the second row and fourth column.

ap G 4z 4y, . . .
Ay Qgy Ay3 . Ay, a;is the element in the ith
a3 a3 Gy .. Gy row and the jth column.
aml am2 am3 o amn
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Exumple o TRAVEL Refer to the application at the beginning of the lesson.
a. Use a matrix to represent the data.
b. Use a symbol to represent the price of pain reliever in Mexico City.

a. To represent data using a matrix, choose which category will be
represented by the columns and which will be represented by the rows.
Let’s use the columns to represent the prices in each city and the rows to
represent the prices of each item. Then write each data piece as you would
if you were placing the data in a table.

Atlanta Los Angeles  Mexico City  Tokyo

film (24 exp.) $4.03 $4.21 $3.97 $7.08
pain reliever (100 ct) | $6.78 $7.41 $7.43 $36.57
blow dryer $18.98 $20.49 $32.25 $63.71

Notice that the category names appear outside of the matrix.

b. The price of pain reliever in Mexico City is found in the row 2, column 3 of
the matrix. This element is represented by the symbol a,,.

Just as with numbers or algebraic expressions, matrices are equal under
certain conditions.

Two matrices are equal if and only if they have the same dimensions and

Equal Matrices are identical, element by element.

2x — 6
Example e Find the values of x and y for which the matrix equation [z ] [ 2 y} is
true.

Since the corresponding elements are equal, we can express the equality of the
matrices as two equations.

y=2x—06

x =2y

Solve the system of equations by using substitution.

y=2x—-6 x = 2(2) Substitute 2 fory in
y = 2(2y) — 6 Substitute 2y for x. x=4 the second equation
y=2 Solve fory. to find x.

The matrices are equal if x = 4 and y = 2. Check by substituting into the
matrices.

Matrices are usually named using capital letters. The sum of two matrices,
A + B, exists only if the two matrices have the same dimensions. The ijth element
of A + Bis a; + bij.

Addition of The sum of two m X n matrices is an m X n matrix in which the elements
Matrices are the sum of the corresponding elements of the given matrices.
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. ea_|—2 0 1} _{—6 7 —1}
Example 9 Find A + Bif A = { o 5 _glamdB=|", o ol
: [-2+ (6 0+7  1+(-D
ﬁﬁraph'“g A+B‘[ 0+4  5+(-3)  —8+10
Calculator
Appendix _ [—8 7 0]
For keystroke instruction 42 2
on emering mmrites (]ﬂd erteetennereteeett et et et eatateaeaenertreaeatenaeaaetaetaeehaneneataehehea e st aaeaeareaaesaeeaeeaeeheaeneneaea e aenrenaesaeareareareeneensereertenenns
performing operafions You know that 0 is the additive identity for real numbers because a + 0 = a.
on them, see pages Matrices also have additive identities. For every matrix A, another matrix can be
AT6-Al7. found so that their sum is A. For example,
ifA = [‘111 ‘112} then [011 ‘112} + [0 0} - [011 ‘112].
apy; Ay ap; dy 0 0 ap; dy
The matrix [8 8] is called a zero matrix. The m X n zero matrix is the
additive identity matrix for any m X n matrix.

You also know that for any number g, there is a number —a, called the
additive inverse of a, such that a + (—a) = 0. Matrices also have additive
inverses. If A = [Z“ 512}, then the matrix that must be added to A in order to

21 Y22
have a sum of a zero matrix is [:Z“ :312] or —A. Therefore, —A is the additive
21 22
inverse of A. The additive inverse is used when you subtract matrices.
Subtraction The difference A — B of two m X n matrices is equal to the sum A + (—B5),
of Matrices where —B represents the additive inverse of B.

9 4 8 -2
Example @ Findc-Difc=|-1 3|andD=|-6 1|.
0 —4 5 -5

C-D=C+(-D)

9 4 -8 2
=l-1 3|+| 6 -1
| 0 -4 -5 5

79 + (—8) 4+2 1 6
=| -146 3+(CD|or| 5 2
0+ (-5 —4+5 -5 1

You can multiply a matrix by a number; when you do, the number is called a
scalar. The product of a scalar and a matrix A is defined as follows.

The product of a scalar k and an m X n matrix A is an m X n matrix
denoted by kA. Each element of kA equals k times the corresponding
element of A.

Scalar
Product
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Example o IfA = |:

-4 1 -1
3 7 0|, find 3A.
-3 -1 8

-4 1 -1 [3(—4) 3(1) 3(—D
3[ 3 7 O} =1 3@ 3 3(0)] Multiply each element by 3.
-3 -1 8 [ 3(—3) 3(—-1D) 308
[-12 3 -3
= 9 21 0
| -9 -3 24

You can also multiply a matrix by a matrix. For matrices A and B, you can find
AB if the number of columns in A is the same as the number of rows in B.

s g 1 0 2 01 531 0 10 12 9
[102]—4 0 -2 1 6 02 -3|-|] 00 -4 -8
1 -3 -1 6 532 2[|-23 4 3

2X3 3 X4 3><$1 3 X4
Since 3 = 3, multiplication is possible. Since 4 # 3, multiplication is not possible.

The product of two matrices is found by multiplying columns and rows.

Suppose A = a b and X = |1 1|, Each element of matrix AX is the product
a, by Xy Yo

of one row of matrix A and one column of matrix X.
AsX = [‘11 bl] . [’ﬁ yl] - [alxl tbxy ayy +b1y2]
a;, by| [X; ¥, ayxy + byxy Ay, t+ byyy
In general, the product of two matrices is defined as follows.

Product of
Two Matrices

The product of an m X n matrix A and an n X r matrix B is an m X r matrix
AB. The jjth element of AB is the sum of the products of the corresponding
elements in the /ith row of A and the jth column of B.

Example e Use matrices A = [; g}, B = [?5’ 3 6], and C = [6 -1 4} to find

4 -2 2 -2 -1

each product.
a. AB
700 [3 -3 6
AB:{s 3][5 4 —2}
AB:{7(3)+0(5) 7(=3) + 0(4) 7(6)+0(—2)}0r{21 -21 42]
53) +3(5) 5(—3) +3(4) 5(6) + 3(-2) 30 -3 24
b. BC

Bis a2 X 3 matrix and Cis a 2 X 3 matrix. Since B does not have the same
number of columns as C has rows, the product BC does not exist. BC is
undefined.




Example () SPORTS In football, a

N Scorer TD FG PAT
o\ Wo player scores 6 points

& % for a touchdown (TD), George Blanda 9 335 943
; ¢. 3 points for kicking a field Nick Lowery 0 383 562
plicor® goal (FG), and 1 point for Jan Stenerud 0 373 | 580
k;fking thelf:tra p‘(’;)g;) Gary Anderson 0 385 526

after a touchdown .
The chart lists the records Morten Andersen 0 378 07

of the top five all-time Source: The World Almanac and Book of Facts, 1999

professional football
scorers (as of the end of the 1997 season). Use matrix multiplication to find
the number of points each player scored.

Write the scorer information as a 5 X 3 matrix and the points per play as a
3 X 1 matrix. Then multiply the matrices.

TD FG PAT
Blanda 9 335 943 pts
Lowery 0 383 562 ™ |6
Stenerud |0 373 580 - g [3]=
Anderson 0 385 526 PAT L1
Andersen _O 378 507

_ pts pts
Blanda 9(6) + 335(3) + 943(1) Blanda 2002
Lowery 0(6) + 383(3) + 562(1) Lowery 1711
Stenerud | 0(6) +373(3) +580(1) | = Stenerud 1699
Anderson | 06) + 385(3) + 526(1) Anderson 1681
Andersen L0(®) + 378(3) + 507(1) Andersen 1641

.............................. @

CHECK FOR UNDERSTANDING '

Communicating  Read and study the lesson to answer each question.
Mathematics

1. Write a matrix other than the one given in Example 1 to represent the data on
travel prices.

2. Tell the dimensions of the matrix . [_411 g :? g]
3. Explain how you determine whether the sum of two matrices exists.
3 2 3
-4 20
4. You Decide Sarah saysthat| ( —1 2|is athird-order matrix. Anthony
2 25

disagrees. Who is correct and why?

Guided Practice  Find the values of x and y for which each matrix equation is true.

5-[2§]=[§;§] 6.[18 24]=[4x—y 12y] 7.[16 0 2x]=[4x y 8—y]
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Use matrices X, Y, and Z to find each of the following. If the matrix does not
exist, write impossible.

4 1 -1 3
x=|_2 & veo -a z=|7 3
8.X+7Z7 9.Z-Y 10. Z— X 11. 4X 12. ZY 13. YX

14. Advertising A newspaper surveyed companies on the annual amount of
money spent on television commercials and the estimated number of people
who remember seeing those commercials each week. A soft-drink manufacturer
spends $40.1 million a year and estimates 78.6 million people remember the
commercials. For a package-delivery service, the budget is $22.9 million for
21.9 million people. A telecommunications company reaches 88.9 million people
by spending a whopping $154.9 million. Use a matrix to represent this data.

E XERCISES

Practice

Find the values of x and y for which each matrix equation is true.

v _[2x—1 _
15'_x]_[y—5] 16.[9 13] =[x+ 2y 4x + 1]
[4x] _[15+ x -~ _
17._5]—[ Zy] 18. [x y]=[2y 2x — 6]
[27] 3y [4x — 3y| [11
19|78 [ 5[4
[—12 6x
21.[2x y —y]=[-10 3x 15] 22. 2= y+1
| 12y 10 — x
x+y 3|_[0 2y—x] [x2+1 5—y]:[2 x]
23'[ y 6} [ﬁ 4 2 241 x+y y—4]7|5 2
. x y—1] _[15 6]
25. Find the values ofx,y,andzfor?)[4 32]_[62 3+ y|
w+5 x—z| _|—16 -
26. Solve —2[ 3y 8}_[ 6 2x+8z]forw,x,y,andz.

Use matrices A, B, C, D, E, and F to find each of the following. If the matrix does
not exist, write impossible.

a-| 37 e[ 3

4 -2 3
C=|5 0 -1 D
9 0 1

8 -4 2 -6 -1 0
E=[3 1 —5] F=[ 1 4 o]
27.A +B 28.A + C 29.D + B 30.D+C
32.C-D 33.4D 34. —2F 35.F—E
37.54 38.BA 39.CF 40. FC
42. AA 43.E+FD  44.-3AB 45. (BA)E

www.amc.glencoe.com/self_check_quiz

01 2
=|-2 3 o0
4 4 -2

31.B-A
36.E—F
41.ED
46.F — 2EC
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2 4 3 -3 6
47.Find 3XY if X = 8 —4landY = [ }
_9 6 5 4 -2

—4

_ -7 _ 5| .. B
48.IfK—[3 2}and]—[ 1 _J,f1r1d2K 3J.

49. Entertainment How often do you go to the movies? The graph below shows
the projected number of adults of different ages who attend movies at least
once a month. Organize the information in a matrix.

Projected Movie Attendance

Year
Age group 1996 2000 2006
18 to 24 8485 8526 8695
25 to 34 10,102 9316 9078
35 to 44 8766 9039 8433
45 to 54 6045 6921 7900
55 to 64 2444 2741 3521
65 and older 2381 2440 2572

Source: American Demographics

50. Music The National Endowment for the Arts exists to broaden public access to
the arts. In 1992, it performed a study to find what types of arts were most
popular and how they could attract more people. The matrices below represent
their findings.

Percent of People Listening or Watching Performances

1982 1992
TV Radio Recording TV Radio Recording
Classical 25 20 22 Classical 25 31 24
Jazz 18 18 20 Jazz 21 28 21
Opera 12 7 8 Opera 12 9 7
Musicals 21 4 8 Musicals 15 4 6

Source: National Endowment for the Arts

a. Find the difference in arts patronage from 1982 to 1992. Express your answer
as a matrix.

b. Which areas saw the greatest increase and decrease in this time?

o o e . . . -2 3| |a b| |2 3
51. Critical Thinking Consider the matrix equation [ 4 — 5] : [c d] = [ 4 5}.

a. Find the values of a, b, ¢, and d to make the statement true.

b. If any matrix containing two columns were multiplied by the matrix
containing a, b, ¢, and d, what would you expect the result to be? Explain.
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52. Finance Investors choose different stocks to comprise a balanced
portfolio. The matrix below shows the prices of one share of each
of several stocks on the first business day of July, August, and
September of 1998.

- July August September

13 15 1
Stock A $33 16 $30 16 $27 71

1 1 3
Stock B $15E $13Z $81
Stock C $54 $54 $46 1

1 11 3
Stock D _$52 16 $44 16 $34 3

a. Mrs. Numkena owns 42 shares of stock A, 59 shares of stock B,
21 shares of stock C, and 18 shares of stock D. Write a row matrix
to represent Mrs. Numkena’s portfolio.

b. Use matrix multiplication to find the total value of Mrs.
Numkena’s portfolio for each month to the nearest cent.

53. Critical Thinking Study the matrix at the 1 3 6 10 15
right. In which row and column will 2001 2 5 9 14 20
occur? Explain your reasoning. 4 8 13 19 26

7 12 18 25 33
11 17 24 32 41
16 23 31 40 50

54. Discrete Math Airlines and other businesses often use finite graphs to
represent their routes. A finite graph contains points called nodes and
segments called edges. In a graph for an airline, each node represents a
city, and each edge represents a route between the cities. Graphs can be
represented by square matrices. The elements of the matrix are the
numbers of edges between each pair of nodes. Study the graph and its
matrix at the right.

R S R S TU
R 0 2 0 1
S 2 0 0 0
T 0 0 0 1
v T vlto1o
a. Represent the graph with nodes A, B, C, and D at Ae B
the right using a matrix.
b. Equivalent graphs have the same number of
nodes and edges between corresponding nodes. c 5

Can different graphs be represented by the same
matrix? Explain your answer.
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Mixed Review 55. Solve the system 2x + 6y + 8z =5, —2x + 9y + 12z = 5, and
4x + 6y — 4z = 3. (Lesson 2-2)

56. State whether the system 4x — 2y = 7 and —12x + 6y = —21 is consistent and
independent, consistent and dependent, or inconsistent. (Lesson 2-1)

57. Graph —6 = 3x —y = 12. (Lesson 1-8)
58. Graph f(x) = |3x| + 2. (Lesson 1-7)

59. Education Many educators believe that taking practice tests will help
students succeed on actual tests. The table below shows data gathered about
students studying for an algebra test. Use the data to write a prediction
equation. (Lesson 1-6)

Practice Test

q q 75 | 60 | 45 | 90 | 60 | 30 |120 | 10 |120
Time (minutes)

Test scores
(percents)

| 15
‘ 68 |87 |92 |73 |95 |83 |77 |98 |65 |94

60. Write the slope-intercept form of the equation of the line through points at
(1,4) and (5, 7). (Lesson 14)

61. Find the zero of f(x) = 5x — 3 (Lesson 1-3)
62. Find [f- g](x) if ix) = %x and g(x) = 40x — 10. (Lesson 1-2)
63. Given f(x) = 4 + 6x — x3, find f(14). (Lesson 1-1)

2x — 3 3—x

64. SAT/ACT Practice If X - 3 which of the following could be a value
of x?
A-3 B -1 C 37 D5 E 15

GRAPHING CALCULATOR EXPLORATION

Remember the properties of real numbers: WHAT DO YOU THINK?

Properties of Addition 1. Do these three matrices satisfy the

Commutative a+b=5b+a properties of real numbers listed at the

Associative (@+b)tc=a+b+o left? Explain.

Properties of Multiplication

Commutative ab = ba 2. Would these properties hold for any

Associative  (ab)c = a(bc) 2 X 2 matrices? Prove or disprove each

Distributive Property statement below using variables as

a(b+c) =ab + ac elements of each 2 X 2 matrix.

Do these properties hold for operations with a. Addition of matrices is commutative.

matrices? b. Addition of matrices is associative.
c. Multiplication of matrices is

TRY THESE commutative.

Use matrices A, B, and C to investigate each d. Multiplication of matrices is associative.

of the properties shown above.
_|-1 2 | 4 0 _|-2 -3 3. Which properties do you think hold for
A=| 3 o| B= -2 -3 L= 4 2 n X n matrices? Explain.
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GRAPHING CALCULATOR EXPLORATION

2-4A Transformation Matrices

0BJECTIVE An Introduction to Lesson 24
e Determine the
effect of matrix
multiplication on
a vertex matrix.

The coordinates of a figure can be represented by a matrix with the
x-coordinates in the first row and the y-coordinates in the second. When this
matrix is multiplied by certain other matrices, the result is a new matrix that
contains the coordinates of the vertices of a different figure. You can use List and
Matrix operations on your calculator to visualize some of these multiplications.

TRY THESE _ |10 -1 -1 0 | 01
Step1 EnterA = [1 0],3 = [ 0 _1], and C = [_1 0].
Step 2 Graph the triangle LMN with L(1, —1),
M(2, —2), and N(3, —1) by using STAT PLOT. [

Enter the x-coordinates in L1 and the
y-coordinates in L2, repeating the first
point to close the figure. In STAT PLOT, turn l —

Plot 1 on and select the connected graph.

After graphing the figure, press 5
to reflect a less distorted viewing window.

[—4.548 ..., 4.548 ...] scl: 1 by
Step 3 To transfer the coordinates from the [-3, 31 scl: 1

lists to a matrix, use the 9:List»mair
command from the MATH submenu in the
MATRX menu. Store this as matrix D. Matrix
D has the x-coordinates in Column 1 and bratriliales
y-coordinates in Column 2. But a vertex Done
matrix has the x-coordinates in Row 1 and 11
the y-coordinates in Row 2. This switch -111
can be easily done by using the 2:7
(transpose) command found in the MATH
submenu as shown in the screen.

The List»matr

and Matr»list
commands transfer
the data column
for column. That
is, the data in List
I goes to Column 1 Step 4 Multiply matrix D by matrix A. To graph

of the matrix and the result we need to put the ordered pairs
vice versa. back into the LIST menu.

¢ [A][D] .‘-'T-Z[*

[

[

[

e This means we need to transpose AD [
first. Store as new matrix E. E

Matrrlistg
e Use the 8:Matr»>list command from the Lyl

math menu to store values into L3 and L4.

Step 5 Assign Plot 2 as a connected graph of the L3
and L4 data and view the graph.

WHAT DO YOU 1. What is the relationship between the two plots?
THINK? 2. Repeat Steps 4 and 5 replacing matrix A with matrix B. Compare the graphs.
3. Repeat Steps 4 and 5 replacing matrix A with matrix C. Compare the graphs.

4. Select a new figure and repeat this activity using each of the 2 X 2 matrices.
Make a conjecture about these 2 X 2 matrices.
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Modeling Motion with
Matrices

o\,wo 9000 0000000000000 00000000000000000000000000000000000000CCGIOOIOIONINOGOIOGIOIEOIOIOIOIOIEOIEOIEOITODS
OBJECTIVE Eg>"% COMPUTER ANIMATION In 1995,
® Use matrices to . N kaai ‘ d with
determine the 7 'S animation took a giant step forward wit
coordinates ©lico®™  the release of the first major motion

of polygons picture to be created entirely on computers. Animators
under a given

: use computer software to create three-dimensional
transformation.

computer models of characters, props, and sefs.
These computer models describe the shape of the object
as well as the motion controls that the animators use

to create movement and expressions. The animation
models are actually very large matrices.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Even though large matrices are used for computer animation, you can use a
simple matrix to describe many of the motions called transformations that you
learned about in geometry. Some of the transformations we will examine in this
lesson are translations (slides), reflections (flips), rotations (turns), and
dilations (enlargements or reductions).

An ngonisa A 2 X n matrix can be used to express the

polygon with n vertices of an n-gon with the first row of elements B

sides. representing the x-coordinates and the second row
the y-coordinates of the vertices.

following vertex matrix. \

\
Triangle ABC can be represented by the \\
\

AB C o\, I\
x-coordinate |—2 0 1 c
y-coordinate 4 6 -1

Triangle A'B’C" is congruent to and has the same orientation as AABC, but is
moved 3 units right and 2 units down from AABC’s location. The coordinates of
AA'B'C' can be expressed as the following vertex matrix.

A B (C
x-coordinate [1 3 4]

y-coordinate |2 4 -3
. 3 3 3 . .
Compare the two matrices. If you add 9 _9 _o to the first matrix,

you get the second matrix. Each 3 represents moving 3 units right for each
x-coordinate. Likewise, each —2 represents moving 2 units down for each
y-coordinate. This type of matrix is called a translation matrix. In this
transformation, AABC is the pre-image, and AA'B'C’ is the image after
the translation.
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Example () Suppose quadrilateral ABCD with vertices A(—1, 1), B, 0), C4, —5), and
i D(—1, —3) is translated 2 units left and 4 units up.

Note that the
image under a
translation is the
same shape and
size as the pre-
image. The figures
are congruent.

The preimage and
the image under a
reflection are
congruent.

b

. .| =2 =2 =2 =2
b. The translation matrix is [ 4 4 4 4}.
c¢. Add the two matrices. A'B C D
-1 4 4—1+—2—2—2—2_—32 2 -3
1 0 -5 -3 4 4 4 4] | 5 4 -1 1]
d. Graph the points represented by the A y
resulting matrix. L
A
‘D’ N~ T B
o™~ X
Cc
D| T~
~lC
.............................................................................................................................................. o
There are three lines over which figures are commonly reflected.
e the x-axis
e the y-axis, and
e theliney = x
In the figure at the right, AP’"Q'R’ is a y
reflection of APQR over the x-axis. There is a -
2 X 2 reflection matrix that, when multiplied by 2 -
the vertex matrix of APQR, will yield the vertex P+ a/
matrix of AP'Q'R’. '
Let [(Z Z] represent the unknown square matrix. — 2 ) X
P T ——] Q
Th a b .[—1 2 3}_ -1 2 3 , P \\\
Wl al'l-1 1 =271 1 -1 2)° R

—c—d 2c+d 3c—2d

C.

d.

a. Represent the vertices of the quadrilateral as a matrix.

. Write the translation matrix.

Use the translation matrix to find the vertices of A’B'C’'D’, the translated
image of the quadrilateral.

Graph quadrilateral ABCD and its image.

. The matrix representing the coordinates of the vertices of quadrilateral

ABCD will be a 2 X 4 matrix.

A B cC D
x-coordinate [— 1 4 4 -1 ]
y-coordinate 1 0 -5 -3

-1 2

[—a—b 2a+b 3a—2b]:[—1 2 3]
. :
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Since corresponding elements of equal matrices are equal, we can write
equations to find the values of the variables. These equations form two systems.

—a—b=-1 —c—d=1
2a+b=2 2c+d=-1
3a—2b=3 3c—2d=2
When you solve each system of equations, you will find thata = 1, 5 = 0,
c =0, and d = —1. Thus, the matrix that results in a reflection over the x-axis is

[(l) _ﬂ This matrix will work for any reflection over the x-axis.

The matrices for a reflection over the y-axis or the line y = x can be found in a
similar manner. These are summarized below.

For a reflection over the: | Symbolized by: | Multiply the vertex matrix by:
; 1 0
X-axis -axis 0 1
) -1 0
y-axis y-axis 0 1
liney = x R, _« [? C])]

Example 9 ANIMATION To create an image that appears to be reflected in a mirror,
o\ Wo an animator will use a matrix to reflect an image over the y-axis. Use a

o7 \'6, reflection matrix to find the coordinates of the vertices of a star reflected

; ; in a mirror (the y-axis) if the coordinates of the points connected to create
'O,O(,'co’i\o the star are (-2, 4), (3.5, 4), (-4, 5), (=45, 4, (=6, 4, (-5,3), (=5, D,

(_49 2)9 (_39 1)9 and (_3, 3)
First write the vertex matrix for the points used to define the star.

[—2 -35 -4 —-45 -6 -5 -5 —4 -3 -3
| 4 4 5 4 4 3 1 2 1 3

Multiply by the y-axis reflection matrix.

(-1 0] [-2 -35 -4 -45 -6 -5 -5 -4 -3 -3|_
| 0 1] 4 4 5 4 4 3 1 2 1 3|
2 35 4 45 6 55 4 3 3
4 45 4431213

The vertices used to define the reflection are (2, 4), (3.5, 4), (4, 5), (4.5, 4),
6,4),5,3),5,1),4,2),@3,1),and (3, 3).

(e
1
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The preimage and
the image under a
rotation are
congruent.

Example
o\ Wo
(4 7,
G
[ ] [ ]
<
o P O
Dlica™

You may remember from geometry that a rotation of a figure on a
coordinate plane can be achieved by a combination of reflections. For example,
a 90° counterclockwise rotation can be found by first reflecting the image
over the x-axis and then reflecting the reflected image over the line y = x. The
rotation matrix, Rof,,, can be found by a composition of reflections. Since
reflection matrices are applied using multiplication, the composition of two
reflection matrices is a product. Remember that [fog](x) means that you
find g(x) first and then evaluate the result for f(x). So, to define Rot,, we use

01 1 0 0 -1
Rotgo=Ry_x°Rx.axis°rR°t90=[1 o][o —1}‘”[1 0]‘

Similarly, a rotation of 180° would be rotations of 90° twice or Roty,  Rot,.
A rotation of 270° is a composite of Rot, 4, and Roty,. The results of these
composites are shown below.

For a counterclockwise

rotation about the origin of: A

Multiply the vertex matrix by:

90° Roty, [? _2)]
180° Rotygo [_g) _?]
270 (o]

e ANIMATION Suppose a figure is animated to spin around a certain point.

Numerous rotation images would be necessary to make a smooth movement
image. If the image has key points at (1, 1), (—1, 4), (—2, 4), and, (—2, 3) and
the rotation is about the origin, find the location of these points at the 90°,
180°, and 270° counterclockwise rotations.

First write the vertex matrix. Then multiply it by each rotation matrix.

-1 -2 -2
The vertex matrix is 1 4 4 3}.
Ror. |0 —1][1 -1 -2 —2]:{—1 -4 —4 —3]
% |1 o] [1 4 4 3 1 -1 -2 -2
Ror... |1 0]_[1 -1 -2 —2]:{—1 1 2 2]
8 | 0 —-1] [1 4 4 3] |-1 -4 -4 -3
For.. | O 1]_[1 -1 -2 —2]:[ 1 4 4 3]
18 |-1 0] (1 4 4 3] [-1 1 22
y
//’:/ﬁo>:\
/| - \
' /17 |o \
| !X
T T
/
‘\ \ ne /
NI 210
N - ’,’




All of the transformations we have discussed have maintained the shape and
size of the figure. However, a dilation changes the size of the figure. The dilated
figure is similar to the original figure. Dilations using the origin as a center of
projection can be achieved by multiplying the vertex matrix by the scale factor
needed for the dilation. All dilations in this lesson are with respect to the origin.

Example Q A trapezoid has vertices at L(—4, 1), M(1, 4), N(7, 0), and P(—3, —6). Find the
coordinates of the dilated trapezoid L'M’'N'P’ for a scale factor of 0.5.
Describe the dilation.

First write the coordinates of the vertices as a matrix. Then do a scalar
multiplication using the scale factor.

0'5[—4 17 —3]:[—2 05 35 —1.5}

1 4 0 -6 05 2 0 -3
y
The vertices of the image are L'(—2, 0.5), M
M' (0.5, 2), N'(3.5,0), and P'(—1.5, —3). o
The image has sides that are half the length IR - 0 ’
of the original figure. /B' ~Tx
N

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Math ti
arnematics 1. Name all the transformations described in this lesson. Tell how the pre-image

and image are related in each type of transformation.

2. Explain how 90°, 180°, and 270° counterclockwise rotations correspond to
clockwise rotations.

3. Math fJowrnal Describe a way that you can remember the elements of the
reflection matrices if you forget where the 1s, —1s, and 0s belong.

4. Match each matrix with the phrase that best describes its type.

a. _i - ” (1) dilation of scale factor 2
:_1 0 (2) reflection over the y-axis

> 0 1] (3) reflection over the liney = x

c. 7(1) (1)] (4) rotation of 90° counterclockwise about the origin
_ (5) rotation of 180° about the origin

d. 7(1) _(l)} (6) translation 1 unit left and 1 unit up
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Guided Practice  Use matrices to perform each transformation. Then graph the pre-image and the
image on the same coordinate grid.

5. Triangle JKL has vertices J(—2, 5), K(1, 3), and L(0, —2). Use scalar
multiplication to find the coordinates of the triangle after a dilation of scale
factor 1.5.

6. Square ABCD has vertices A(—1, 3), B(3, 3), C(3, —1), and D(—1, —1). Find the
coordinates of the square after a translation of 1 unit left and 2 units down.

7.Square ABCD has vertices at (—1, 2), (=4, 1), (=3, —2), and (0, —1). Find the
image of the square after a reflection over the y-axis.

3 -1 1

2 4 =2
triangle after a rotation of 270° counterclockwise about the origin.

9. Find the image of ALMN after Rot,g if the vertices are L(—6, 4), M(-3, 2),
and N(—1, —2).

8. Triangle POR is represented by the matrix [ ] Find the image of the

R y-axis

10. Physics The wind was blowing quite strongly
when Jenny was baby-sitting. She was outside
with the children, and they were throwing
their large plastic ball up into the air. The wind
blew the ball so that it landed approximately
3 feet east and 4 feet north of where it was
thrown into the air.

a. Make a drawing to demonstrate the original
location of the ball and the translation of
the ball to its landing spot.

b. If [;] represents the original location of the ball, write a matrix that

represents the location of the translated ball.

E XERCISES

Practice Use scalar multiplication to determine the coordinates of the vertices of
each dilated figure. Then graph the pre-image and the image on the same
coordinate grid.

11. triangle with vertices A(1, 1), B(1, 4), and C(5, 1); scale factor 3

12. triangle with vertices X(0, 8), Y(—5, 9), and Z(—3, 2); scale factor %
-3 -2 1
0 2 3 2

14. Graph a square with vertices A(—1, 0), B(0, 1), C(1, 0), and D(0, —1) on two
separate coordinate planes.

13. quadrilateral PQRS with vertex matrix [ ]; scale factor 2

a. On one of the coordinate planes, graph the dilation of square ABCD after a
dilation of scale factor 2. Label it A’'B’C'D’. Then graph a dilation of A’B’'C'D’
after a scale factor of 3.

b. On the second coordinate plane, graph the dilation of square ABCD after a
dilation of scale factor 3. Label it A’B'C'D’. Then graph a dilation of A’B'C'D’
after a scale factor of 2.

c. Compare the results of parts a and b. Describe what you observe.

=
-
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Use matrices to determine the coordinates of the vertices of each translated
figure. Then graph the pre-image and the image on the same coordinate grid.

15. triangle WXY with vertex matrix {_2 L3

05 — 1] translated 3 units right and

2 units down

16. quadrilateral with vertices O(0, 0), P(1, 5), Q(4, 7), and R(3, 2) translated
2 units left and 1 unit down

17. square CDEF translated 3 units right and 4 units up if the vertices are C(—3, 1),
D(1,5), E(5, 1), and F(1, —3)

18. Graph AFGH with vertices F(4, 1), G(0, 3), and H(2, —1).

a. Graph the image of AFGH after a translation of 6 units left and 2 units down.
Label the image AF'G'H'.

b. Then translate AF'G'H’ 1 unit right and 5 units up. Label this image AF'G"H".
c. What translation would move AFGH to AF'G"H" directly?

Use matrices to determine the coordinates of the vertices of each reflected
figure. Then graph the pre-image and the image on the same coordinate grid.

19. AABC with vertices A(—1, —2), B(0, —4), and C(2, —3) reflected over
the x-axis

20. R

y-axis

for a rectangle with vertices D(2, 4), E(6, 2), F(3, —4), and G(—1, —2)

21. a trapezoid with vertices H(—1, —2), I(=3, 1), J(—1, 5), and K(2, 4) for a
reflection over the line y = x

Use matrices to determine the coordinates of the vertices of each rotated figure.
Then graph the pre-image and the image on the same coordinate grid.

22. Roty, for ALMN with vertices L(1, —1), M(2, —2), and N(3, —1)
23. square with vertices O(0, 0), P(4, 0), Q(4, 4), R(0, 4) rotated 180°

24. pentagon STUVW with vertices S(—1, —2), T(—3, — 1), U(—5, —2), V(—4, —4),
and W(—2, —4) rotated 270° counterclockwise

25. Proof Suppose AABC has vertices A(1, 3), B(—2, —1), and C(—1, —3). Use each
result of the given transformation of AABC to show how the matrix for that
reflection or rotation is derived.

1 -2 -1 -1 2 1

a. 3 1 3] under R, . b. 3 1 _3} under Ry_axis
3 -1 -3 -3 1 3

¢l -2 _1] under R, _ . d. 1 2 _JunderRoth

e. 7:; f é] under Rot,g, f. 7_:1)’ - é _ﬂ under Roty,
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Given AJKL with vertices J(—6, 4), K(—3, 2), and L(—1, —2). Find the
coordinates of each composite transformation. Then graph the pre-image and
the image on the same coordinate grid.

26. rotation of 180° followed by a translation 2 units left 5 units up

27.R R

. o
y-axis

X-axis
28. Roty, ° Ry_ainS
Applications 29. Games Each of the pieces on the chess board has a specific number of spaces
and Problem and direction it can move. Research the game of chess and describe the
Solving possible movements for each piece as a translation matrix.
e a. bishop b. knight c. king

30. Critical Thinking Show that a dilation with scale factor of —1 is the same result
as Rotg.

v, <
0, S
Dlico®

31. Entertainment The Ferris Wheel first
appeared at the 1893 Chicago
Exposition. Its axle was 45 feet long.
Spokes radiated from it that supported
36 wooden cars, which could hold 60
people each. The diameter of the wheel
itself was 250 feet. Suppose the axle was
located at the origin. Find the
coordinates of the car located at the
loading platform. Then find the location
of the car at the 90° counterclockwise,
180°, and 270° counterclockwise
rotation positions.

32. Critical Thinking R\, axis gives a matrix for reflecting a figure over the y-axis. Do
you think a matrix that would represent a reflection over the line y = 4 exists? If
so, make a conjecture and verify it.

33. Animation Divide two sheets of grid paper into fourths by halving the length
and width of the paper. Draw a simple figure on one of the pieces. On another
piece, draw the figure dilated with a scale factor of 1.25. On a third piece, draw
the original figure dilated with a scale factor of 1.5. On the fourth piece, draw the
original figure dilated with a scale factor of 1.75. Continue dilating the original
figure on each of the remaining pieces by an increase of 0.25 in scale factor each
time. Put the pieces of paper in order and flip through them. What type of motion
does the result of these repeated dilations animate?

34. Critical Thinking Write the vertex matrix for the figure graphed below.

a. Make a conjecture about the resulting figure if you

multiply the vertex matrix by [g g .

y
b. Copy the figure on grid paper and graph the resulting B
vertex matrix after the multiplication described. c
c. How does the result compare with your conjecture? o X
This is often called a shear. Why do you think it has
this name? D
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Mixed Review 35.Find A + BifA = [_2 4

} and B = [ ! 5}. (Lesson 2-3)

-2 8

36. Solve the system of equations. (Lesson 2-2)

x—2y=4.6

y—z=-56

x+ty+z=138
37. Sales

The Grandview Library holds an annual book sale to raise funds and

dispose of excess books. One customer bought 4 hardback books and
7 paperbacks for $5.75. The next customer paid $4.25 for 3 hardbacks
and 5 paperbacks. What are the prices for hardbacks and for paperbacks?

(Lesson 2-1)

38. 0f (0, 0), (3, 2), (—4, 2), or (—2, 4), which satisfy x + y = 3? (Lesson 1-8)

39. Write the standard form of the equation of the line that is parallel to the graph
of y = 4x — 8 and passes through (-2, 1). (Lesson 1-5)

40. Write the slope-intercept form of the equation of the line that passes through
the point at (1, 6) and has a slope of 2. (Lesson 1-3)

41.1f A(x) = x® and g(x) = x2 — 3x + 7, find (f- g)(x) and (é) (). (Lesson 1-2)

42. SAT/ACT Practice
2x + 2y.
A0 B 4

1. Use graphing to solve the system of

equations %x + 5y = 17 and 3x + 2y = 18.

(Lesson 2-1)

2. Solve the system of equations 4x + y = 8
and 6x — 2y = —9 algebraically. (lesson 2-1)

3. Sales HomeMade Toys manufactures
solid pine trucks and cars and usually
sells four times as many trucks as cars.
The net profit from each truck is $6 and
from each car is $5. If the company wants
a total profit of $29,000, how many trucks
and cars should they sell? (Lesson 2-1)

Solve each system of equations. (Lesson 2-2)

4.2x +y+4z= 13 5.
x—y—2z=-1
4 + 2y +z= 19

xty= 1
2x —y = —2
4 +y+z= 8

MID-CHAPTER QUIZ

If 2x + y = 12 and x + 2y = —6, find the value of

C38 D 12 E 14

6. Find the values of x and y for which the
. . y=3|_|[ x|,
matrix equation [ y] [ Zx] is true.

(Lesson 2-3)

Use matrices A and B to find each of the
following. If the matrix does not exist, write
impossible. (Lesson 2-3)

| 8 5 -7 _|-2 8 B
A_[—’I 0 4] B_[s—s 10]

7.A+B 8. BA 9. B-34

10. What is the result of reflecting a triangle
with vertices at A(a, d), B(b, e), and C(c, f)
over the x-axis and then reflecting the
image back over the x-axis? Use matrices
to justify your answer. (Lesson 2-4)
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MATRICES

Computers use matrices to solve many

types of mathematical problems, but matrices

have been around for a long time.

Early Evidence Around

300 B.c., as evidenced by clay
tablets found by archaeologists,
the Babylonians solved
problems that now can be
solved by using a system of
linear equations. However, the
exact method of solution used
by the Babylonians has not
been determined.

About 100 B.c.=50 B.C., in ancient
China, Chapter 8 of the work Jiuzhang
suanshu (Nine Chapters of the Mathematical
Art) presented a similar problem and showed
a solution on a counting board that
resembles an augmented coefficient matrix.

There are three types of corn, of which three
bundles of the first type, two of the second, and
one of the third make 39 measures. Two of the
first, three of the second, and one of the third
make 34 measures. And one of the first, two
of the second, and three of the third make
26 measures. How many measures of grain
are contained in one bundle of each type?

Author’s table
1 2 3
2 3 2
3 1 1
26 34 39

The Chinese author goes on to detail how
each column can be operated on to
determine the solution. This method was
later credited to Carl Friedrich Gauss.

The Renaissance The concept of the
determinant of a matrix, which you will learn
about in the next lesson, appeared in Europe
and Japan at almost identical times. However,
Seki of Japan wrote about it first in 1683 with
his Method of Solving the Dissimulated
Problems. Seki’s work contained matrices

HISTORY

MATHEMATICS

Margaret H. Wright

written in table form like those found in the
ancient Chinese writings. Seki developed the
pattern for determinants for 2 X 2, 3 X 3,
4 X 4, and 5 X 5 matrices and used
them to solve equations, but not
systems of linear equations.

In the same year in Hanover
(now Germany), Gottfried
Leibniz wrote to Guillaume
De I’'Hopital who lived in

Paris, France, about a
method he had for solving a
system of equations in the form
C + Ax + By = 0. His method later
became known as Cramer’s Rule.

Modern Era In 1850, the word matrix was
first used by James Joseph Sylvester to
describe the tabular array of numbers.
Sylvester actually was a lawyer who studied
mathematics as a hobby. He shared his
interests with Arthur Cayley, who is credited
with the first published reference to the
inverse of a matrix.

Today, computer experts like Margaret H.
Wright use matrices to solve problems that
involve thousands of variables. In her job as
Distinguished Member of Technical Staff at a
telecommunications company, she applies
linear algebra for the solution of real-world
problems.

( ACTIVITIES )

1. Solve the problem from the Jiuzhang
suanshu by using a system of equations.

2. Research the types of problems solved by
the Babylonians using a system of
equations.

INTerNET

3. Find out more about the
personalities referenced in this article and
others who contributed to the history of
matrices. Visit www.amc.glencoe.com
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OBJECTIVES

e Evaluate
determinants.

e Find inverses of
matrices.

e Solve systems
of equations by
using inverses
of matrices.

The term
determinant is
often used to mean
the value of the
determinant.

Determinants and Multiplicative
Inverses of Matrices

©0000000000000000000000000000000000000000000000000000000000000000000000000000

o\ W,
o’ INVESTMENTS Marshall plans to invest $10,500 into two different

V. <

bonds in order to spread out his risk. The first bond has an annual

“lica®  return of 10%, and the second bond has an annual return of 6%. If

Marshall expects an 8.5% return from the two bonds, how much should
he invest into each bond? This problem will be solved in Example 5.

©0000000000000000000000000000000000000000000000000000000000000000000000000000

This situation can be described by a system of equations represented by a
matrix. You can solve the system by writing and solving a matrix equation.

Each square matrix has a determinant. The determinant of [g g] isa

8 8 4
7 6 7 6]' The value of a second-order

determinant is defined as follows. A matrix that has a nonzero determinant is
called nonsingular.

number denoted by or det [

Second-Order
Determinant

a, b,
The value of det a, b, or
2

Example o Find the value of

8 4‘
7 6|
8 4 .
7 6| =86 — 7@ or20

The minor of an element of any nth-order determinant is a determinant of
order (n — 1). This minor can be found by deleting the row and column
containing the element.

T °1 . b e
b, ¢ The minorofa,is |,2 2.
2 2 1 b3 Cg

by c3

One method of evaluating an nth-order

determinant is expanding the determinant by minors. + - +
The first step is choosing a row, any row, in the matrix.
At each position in the row, multiply the element times +
its minor times its position sign, and then add the :
results together for the whole row. The position signs

in a matrix are alternating positives and negatives,
beginning with a positive in the first row, first column.

|
S+
|

98 Chapter 2 Systems of Linear Equations and Inequalities




a, b, c
Third-Order S e G| _ |2 G|, |2 b
Determinant ZE ZE ge 81 1b; ¢ 718 ¢ €1 |a;, b,
3 03 C3
—4 -6 2
Example e Find the valueof | 5 -1  3|.
-2 4 -3
Graphing -4 -6 2
Calculator @ | 5 -1 3| =-4 ’_}1 _g‘ —(=6) ’_g _g‘ +2 ’_g _H
Tip Pol-2 4 -3
You can use the det( = —4(-9) + 6(—9) + 2(18
option in the MATH _ 18( ) 9 s
listings of the MATRX
menu to ﬁndu .............................................................................. ..
determinant.

The identity matrix for multiplication for any square matrix A is the matrix /

Fi X
or any m > n such that /A = A and Al = A. A second-order matrix can be represented by

matrix, the identity
matrix, 1, must {al bl}_ Since [al bl} . [l 0} - [1 0} . [al bl} - [al bl} the matrix
also be an m X m a, by a, by| 10 1 0 1] [a;, b, a, b,

matrix. 1 0
0 1 is the identity matrix for multiplication for any second-order matrix.

Identity The identity matrix of nth order, /, is the square matrix whose elements in
Matrix for the main diagonal, from upper left to lower right, are 1s, while all other
Multiplication elements are Os.

Multiplicative inverses exist for some matrices. Suppose A is equal to

a, b .
{ al bl}’ a nonzero matrix of second order.
2 D2

X
The term inverse The inverse matrix A~! can be designated as [ xl il] The product of a
matrix generally z 72
implies the matrix A and its inverse A~! must equal the identity matrix, /, for multiplication.
multiplicative a, b l|x; » _[1 0
inverse of a a, by||xy, y, 0 1
matrix.

apxy T ox, @y by, 10
ayxy + byxy  ayy; + byy, 0 1

From the previous matrix equation, two systems of linear equations can be
written as follows.

ax; + bxy, =1 ay, + by, =0
ayx; + byxy =0 a,y; + by, =1
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By solving each system of equations, values for x;, x,, y;, and y, can be obtained.

by —b
1= ab, — ab, Y17 ab, — apb,
a;by — ayby a0y — ayby
—a, a,
Xog=—— Vo= —"7— 5
If a matrix A has a 2 aby, - ayb, 2 aby—ayb

determinant of 0
then A~ does not
exist.

The denominator a;b, — a,b, is equal to the determinant of A. If the
determinant of A is not equal to 0, the inverse exists and can be defined as

follows.
Inverse of a 1
a, b a R b, —b
Second-Order IfFA = [a" b1] and | ! 21 ‘ # 0, then A~1 = ‘aq b, ‘ [—82 31]'
Matrix = = 2 "2 a by ) 1
A-A~1=A"1-A =] wherelis the identity matrix.
. . .2 -3
Example e Find the inverse of the matrix 4 4
| First, find the determinant of [2 _3]
Graphing ’ 4  4f
Calculator 2 -3| _
Appendix ‘4 4| = 2B -4 or20
For keystroke instruc- 1
tion on how to find the ([ 43 5 20
inverse of a matrix, see The inverse is -~ [ ] or| 1 1| ChecktoseeifA-A1=A"1-A=1
pages A16-A17. : 200-4 2|7 |- 1o
....................................... Y
Just as you can use the multiplicative inverse of 3 to solve 3x = —27, you can

use a matrix inverse to solve a matrix equation in the form AX = B. To solve this
equation for X, multiply each side of the equation by the inverse of A. When you
multiply each side of a matrix equation by the same number or matrix, be sure to
place the number or matrix on the left or on the right on each side of the equation to
maintain equality.
AX =B
A7IAX = A71B  Multiply each side of the equation by A~/
IX=A"1B A 1T-A=1]
X=A"B Ix=Xx

Example Q Solve the system of equations by using matrix equations.
[ 2x+3y=—17
x—y=4

Write the system as a matrix equation.
2 3| x| |17
1 -1 |y 4

To solve the matrix equation, first find the inverse of the coefficient matrix.

1

Eln -3 3 e o
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Example

Q_Qo\ WO/.

Now multiply each side of the matrix equation by the inverse and solve.

a1 R R s R
5l-15)

The solution is (—1, —5).

9 INVESTMENTS Refer to the

application at the beginning of the
lesson. How should Marshall divide
his $10,500 investment between the
bond with a 10% annual return and
a bond with a 6% annual return so
that he has a combined annual
return on his investments of 8.5%?

First, let x represent the amount to
invest in the bond with an annual
return of 10%, and let y represent the
amount to invest in the bond with a
6% annual return. So, x + y = 10,500
since Marshall is investing $10,500.

Write an equation in standard form that represents the amounts invested in
both bonds and the combined annual return of 8.5%. That is, the amount of
interest earned from the two bonds is the same as if the total were invested in
a bond that earns 8.5%.

10%x + 6%y = 8.5%(x +¥) Interest on 10% bond = 10%x
0.10x + 0.06y = 0.085(x + y) Interest on 6% bond = 6%y
0.10x + 0.06y = 0.085x + 0.085y Distributive Property
0.015x — 0.025y = 0
3x -5y =0 Multiply by 200 to simplify the coefficients.

Now solve the system of equations x + y = 10,500 and 3x — 5y = 0. Write the
system as a matrix equation and solve.

x +y = 10,500 [1 1] _ H 3 [10,500]
3x—5y=0 3 5] |yl 0
Multiply each side of _1 [_5 _1] . [1 1] . [x] __1 [_5 _1] . [10,500}
the equation by the -3 1] 3 5] ly 81-3 1 0
inverse of the
coefficient matrix. [x] — [6562-5}

y 3937.5

The solution is (6562.5, 3937.5). So, Marshall should invest $6562.50 in the
bond with a 10% annual return and $3937.50 in the bond with a 6% annual
return.




CHECK FOR UNDERSTANDING

Read and study the lesson to answer each question.

1. Describe the types of matrices that are considered to be nonsingular.

2. Explain why the matrix [i _g g] does not have a determinant. Give another

example of a matrix that does not have a determinant.

3. Describe the identity matrix under multiplication for a fourth-order matrix.

4. Write an explanation as to how you can decide whether the system of
equations, ax + cy = e and bx + dy = f, has a solution.

Guided Practice  Find the value of each determinant.

4 - 12 —26
5. ‘—2 3‘ 6. ‘—15 32
4 1 0 6 4 —1
7.1 5 -15 -1 8.l 03 3
2 10 7 90 0

Find the inverse of each matrix, if it exists.

*| 73 3 CIH

Solve each system of equations by using a matrix equation.

11.5x + 4y = =3 12. 6x — 3y = 63
—3x —b5y=-24 5x — 9y = 85

13. Metallurgy Aluminum alloy is used in airplane construction because it is
strong and lightweight. A metallurgist wants to make 20 kilograms of aluminum
alloy with 70% aluminum by using two metals with 55% and 80% aluminum
content. How much of each metal should she use?

E XERCISES v

Practice Find the value of each determinant.
3 4 -4 -1 9 12
14. 2 & 15. 0 -1 16. 12 16
-2 3 13 7 -6 5
17. 9 1 18. 5 ’ 19. 0 —8’
4 -1 =2 2 -1 3 8 9 3
20.(0 1 21. |3 0 -2 22.| 3 5 7
2 1 3 1 -3 0 -1 2 4
4 6 7 25 36 15 1.5 —-36 23
23.13 -2 —4 24. |31 —-12 -2 25.| 4.3 05 2.2
1 1 1 17 15 9 -1.6 8.2 6.6

0 1 —4
26.FinddetAifA =3 2 31
8 -3 4
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Find the inverse of each matrix, if it exists.

2 -3 20 4 2
27.| 2 3 28 |2 0| 20.|1 2|
6 7 -4 6 9 13
s0.| 8 7] .8 s2.|,0 32
3 1
4 8
33. What is the inverse of 11?
5 2

Solve each system by using a matrix equation.

34.4x —y=1 35.9x — 6y = 12 36. x + 5y =26
x+2y=7 4x + 6y = —12 3x — 2y = —41
37.4x + 8y =7 38.3x —5y=—-24 39.9x +3y=1
3x—3y=0 5x +4y = =3 S5x +y=1
Solve each matrix equation. The inverse of the coefficient matrix is given.
[ 3 -2 3] [x]| [—4] -4 1 -10
40. 1 2 2|-|y|=| 0] iftheinverse is% |:—3 3 —3}.
| —2 1 —-1] |z | 1] 5 1 8
[-6 5 3] [x] [-9 -1 -2 1
41.1 9 -2 -1 |-|y|= 5 |, if the inverse is —% [—12 -15 21:|.
3 1 1] [z] | -1] 15 21 -33
Graphing Use a graphing calculator to find the value of each determinant.
Calculator 2 -9 1 8 4
-2 -4 2 -3
ﬂ 5 3.6 0 -10 -1 27 0
42, 43. 0 4 -6 1 -8
0 9 4 -5
4 -7 1 8 6 —-14 11 0 3
5 1 -3 2 -1

Use the algebraic methods you learned in this lesson and a graphing calculator to
solve each system of equations.

44.0.3x + 0.5y = 4.74 45. x — 2y +z =17
12x — 6.5y = —1.2 6x + 2y —2z=4
4x + 6y +4z =14

Applications 46. Industry The Flat Rock auto assembly
and Problem plant in Detroit, Michigan, produces
Solving three different makes of automobiles. In
O Wo, 1994 and 1995, the plant constructed a
- total of 390,000 cars. If 90,000 more cars
Byl were made in 1994 than in 1995, how

many cars were made in each year?

47. Critical Thinking Demonstrate
that the expression for A~ is the
multiplicative inverse of A for any
nonsingular second-order matrix.

48. Chemistry How many gallons of 10% alcohol solution and 25% alcohol solution
should be combined to make 12 gallons of a 15% alcohol solution?
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a b

c d}’ does (4%)~1 = (A~1)2? Explain.

49. Critical Thinking IfA = [

50. Geometry The area of a triangle with vertices at (a, b), (c, d), and (e, f) can
1 1@ b 1
be determined using the equation A = 9| ¢ d 1| What is the area of a
e f 1
triangle with vertices at (1, —3), (0, 4), and (3, 0)? (Hint: You may need to use the
absolute value of the determinant to avoid a negative area.)

51. Retail Suppose that on the first day of a
sale, a store sold 38 complete computer
systems and 53 printers. During the
second day, 22 complete systems and
44 printers were sold. On day three of
the sale, the store sold 21 systems and
26 printers. Total sales for these items for
the three days were $49,109, $31,614, and
$26,353 respectively. What was the unit
cost of each of these two selected items?

52. Education The following type of problem often appears on placement tests or
college entrance exams.

Jessi has a total of 179 points on her last two history tests. The second
test score is a 7-point improvement from the first score. What are her
scores for the two tests?

Mixed Review 53. Geometry The vertices of a square are H(8, 5), I(4, 1), J(0, 5), and K(4, 9). Use
matrices to determine the coordinates of the square translated 3 units left and
4 units up. (Lesson 2-4)

. 8 —7 3
54. Multiply [_ 4 0} by 1 (Lesson 2-3)
55. Solve the systemx — 3y + 2z =6,4x + y — z = 8,and —7x — 5y + 4z = —10.
(Lesson 2-2)

56. Graph g(x) = —2[x + 5]. (Lesson 1-7)

57. Write the standard form of the equation of the line that is perpendicular to
y = —2x + 5 and passes through the point at (2, 5). (Lesson 1-5)

58. Write the point-slope form of the equation of the line that passes through the
points at (1, 5) and (2, 3). Then write the equation in slope-intercept form.
(Lesson 14)

59. Safety In 1990, the Americans with Disabilities Act (ADA) went into effect.
This act made provisions for public places to be accessible to all individuals,
regardless of their physical challenges. One of the provisions of the ADA is that
ramps should not be steeper than a rise of 1 foot for every 12 feet of horizontal
distance. (Lesson 1-3)

a. What is the slope of such a ramp?

b. What would be the maximum height of a ramp 18 feet long?
60. Find [fo g](x) and [g o f](x) if Ax) = x2 + 3x + 2 and g(x) = x — 1. (Lesson 1-2)
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61. Determine if the set of points whose coordinates are (2, 3), (=3, 4), (6, 3),
(2,4), and (—3, 3) represent a function. Explain. (Lesson 1-1)

62. SAT Practice The radius of circle E'is 3. B c
Square ABCD is inscribed in circle E. What
is the best approximation for the difference E
between the circumference of circle £ and
the perimeter of square ABCD?
A3 A D
B2
cl1
D0.5
EO

CAREER CHOICES

-@) Agricultural Manager @

When you hear the CAREER OVERVIEW

word agriculture, you Degree Preferred:

may think of a quaint , . .
little farmhouse Bachelor’s degree in agriculture

with chickens and Related Courses:

cows running mathematics, science, finance
around like in the

storybooks of your Outlook:
childhood, but number of jobs expected to decline
today Old through 2006

McDonald’s farm is big Number of Farms and Average

business. Agricultural Farm Size 1975-1998
managers guide and assist Farms Acres

farmers and ranchers in maximizing (million) United States per Farm
their profits by overseeing the day-to-day 3.00 ——— 500
activities. Their duties are as varied as 280 Acres —— 475
there are types of farms and ranches.

An agricultural manager may oversee one
aspect of the farm, as in feeding livestock 240
on a large dairy farm, or tackle all of the 2.20
activities on a smaller farm. They also may 200 400
hire and supervise workers and oversee 375
the purchase and maintenance of farm 1.80

equipment essential to the farm’s operation. 1.60 L 350
1975 1980 1985 1990 1995

Source: NASS, Livestock & Economics Branch

2.60 450

425

For more information on careers in agriculture, visit: www.amc.glencoe.com O

interNE
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GRAPHING CALCULATOR EXPLORATION

2-5B Augmented Matrices
and Reduced
Row-Echelon Form

An Extension of Lesson 2-5

OBJECTIVE Another way to use matrices to solve a system of equations is to use an augmented
e Find reduced matrix. An augmented matrix is composed of columns representing the coefficients of
row-echelon each variable and the constant term.
form of an Identify the coefficients
ougnpented | system of equations and constants. augmented matrix
?2:2;:00?0\/6 X-2y+z=1 Le =2y + 1z =1 1 -2 17
e></:|uotions Sx+ty-z=2 3x+ 1y — 1z =2 3 1 -1 2
‘ 2x+3y+2z=17 2x +3y +2z2=17 2 3 27
Each equation is Through a series of calculations that simulate the elimination methods you used in
always written algebraically solving a system in multiple unknowns, you can find the reduced
with the constant 1 00 ¢
term on the right. row-echelon form of the matrix, whichis [0 1 0 ¢, |, where ¢}, ¢, and ¢
0 0 1 ¢4
A line is often represent constants. The graphing calculator has a function rref( that will calculate
drawn to separate  this form once you have entered the augmented matrix. It is located in the MATH
the constants submenu when MATRX menu is accessed.
column.

For example, if the augmented matrix above is
stored as matrix A, you would enter the matrix
name after the parenthesis and then insert a

closing parenthesis before pressing |ENTER|.
The result is shown at the right.

Use the following exercises to discover how
this matrix is related to the solution of

the system.
TRY THESE Write an augmented matrix for each system of equations. Then find the
reduced row-echelon form.
l.2x+y—-2z=7 2.x+y+z-6=0 Bw+tx+y+z=0
x—2y—5z=-1 2x —3y+4z—-3=0 2w+ x—-y—z=1
dx+y+z=-1 4x — 8y +4z—-12=0 ~w—x+y+z=0
2x+y=0

WHAT DO YOU 4. Write the equations represented by each reduced row-echelon form of the
THINK? matrix in Exercises 1-3. How do these equations related to the original system?

5. What would you expect to see on the graphing calculator screen if the
constants were irrational or repeating decimals?
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Solving Systems of
Linear Inequalities

©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

OBJECTIVES O Wo,  SHIPPING Package delivery services add extra charges for oversized
* Graph systems “ | h - ial handling. A . kage i
of inequalifies. . . parcels or those requiring special handling. An oversize package is one
. v, ¥ < in which the sum of the length and the girth exceeds 84 inches. The
* Find the O
maximum or ¢ girth of a package is the distance around the package. For a
minimum value rectangular package, its girth is the sum of twice the width and twice the height. A

of a function
defined for a

polygonal
convex set.

package requiring special handling is one in which the length is greater than 60
inches. What size packages qualify for both oversize and special handling charges?

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

The situation described in the problem above can be modeled by a
system of linear inequalities. To solve a system of linear inequalities, you must
find the ordered pairs that satisfy both inequalities. One way to do this is to
graph both inequalities on the same coordinate plane. The intersection of the two
graphs contains points with ordered pairs in the solution set. If the graphs of the
inequalities do not intersect, then the system has no solution.

Example o SHIPPING What size packages qualify for both oversize and special

O Wo,/ handling charges when shipping?
N o First write two inequalities that represent each type of charge. Let € represent
?%ucoi\ok‘ gle ler.lgt.h of a package and g represent its girth.
versize: €+ g>84
Special handling: ¢ > 60 g A
. X L. , The green|area

Neither of these inequalities includes 100 iaEE
the boundary line, so the lines are 80+ | where the |blue]
dashed. The graph of { + g > 84 is - AN -area-of on
composed of all points above the line  gjp 69 < l raphroveriaps
¢ + g = 84. The graph of ¢ > 60 n N | the lyellow| areq
includes all points to the right of the i | of the other.
line ¢ = 60. The green area is the 26 ™
solution to the system of inequalities. H \\;
That is, the ordered pair for any point OY 20 |40 | 60 |80 (100 | 120/ ¢
in the green area satisfies both length

inequalities. For example, (90, 20) is a
length greater than 90 inches and a girth of 20 inches which represents an
oversize package that requires special handling.

................................ ]

vy |7
Not every system of inequalities ’

has a solution. For example, H=XE ;, s

y>x+3andy <x — 1 are graphed ’ .

at the right. Since the graphs have T o

no points in common, there is no ¥ %

solution. > yEx11




A system of more than two linear inequalities can have a solution that is a
bounded set of points. A bounded set of all points on or inside a convex polygon
graphed on a coordinate plane is called a polygonal convex set.

Example 9 a. Solve the system of inequalities by graphing.

You may need to
use algebraic

x=0
y=0
2x+y=4

b. Name the coordinates of the vertices of the polygonal convex set.
X

=

a. Since each inequality includes an equality, the

—_
=
o

boundary lines will be solid. The shaded region shows

2XHy=4

points that satisfy all three inequalities.

b. The region is a triangle whose vertices are the points (2. U‘D
at (0, 0), (0, 4) and (2, 0). 0 X

An expression whose value depends on two variables is a function of two
variables. For example, the value of 6x + 7y — 9 is a function of x and y and can
be written f(x, y) = 6x + 7y — 9. The expression f(3, 5) would then stand for the
value of the function fwhen x is 3 and y is 5.

£(3,5) = 6(3) + 7(5) — 9 or 44.

Sometimes it is necessary to find the maximum or minimum value that a
function has for the points in a polygonal convex set. Consider the function
f(x,y) = 5x — 3y, with the following inequalities forming a polygonal convex set.

y=0 —x+ty=2 0=x=5 X+y=6

By graphing the inequalities and finding the
intersection of the graphs, you can determine a

meth()cl"s fo polygonal convex set of points for which the y

determme the function can be evaluated. The region shown at the

coor'dmates of the right is the polygonal convex set determined by the

vertices of the inequalities listed above. Since the polygonal 24

convex set. convex set has infinitely many points, it would be (0,2)
impossible to evaluate the function for all of them. &1
However, according to the Vertex Theorem, a ol ) ~
function such as f(x, y) = 5x — 3y need only be %‘QP_'%&
evaluated for the coordinates of the vertices of the Pl
polygonal convex boundary in order to find the
maximum and minimum values.

Vertex The maximum or minimum value of f (x, y) = ax + by + ¢ on a polygonal
Theorem convex set occurs at a vertex of the polygonal boundary.

The value of f(x, y) = 5x — 3y at each vertex can be found as follows.

f(x, y) = 5x — 3y 2, 4) = 5(2) — 3(4) = —2
£0, 0) = 5(0) — 3(0) = 0 £(5, 1) = 5(5) — 3(1) = 22
£0, 2) = 5(0) — 3(2) = —6 £(5,0) = 5(5) — 3(0) = 25

Therefore, the maximum value of f(x, y) in the polygon is 25, and the minimum is
—6. The maximum occurs at (5, 0), and the minimum occurs at (0, 2).
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Example e Find the maximum and minimum values of f(x, y) = x — y + 2 for the
polygonal convex set determined by the system of inequalities.

x+4y=12 3x—2y=-6 x+ty=-2 Ix—y=<10
First write each inequality in slope-intercept form for ease in graphing the
boundaries.
Boundary a Boundary b Boundary ¢ Boundary d
xt4y =2 3x — 2y = -6 XxX+y=-2 3x—y=10
4y = —x + 12 -2y =-3x—6 y=-—x—2 —-y=-3x+10
ys—%x+3 yS%x-ﬁ-?) y=3x—-10
You can use the i Graph the inequalities and find the coordinates Y| A6 d
matrix approach i of the vertices of the resulting polygon. a
SOn - = T 0.3 |/
Z)O;szii;;on 70 i The coordinates of the vertices are B —~—_1(4,2)
coordinates of the ' =2,0,@ -9, 42,0, 3). - 2,|0) / T
vertices. i Now evaluate the function (6] X
i f(x,y) =x —y+ 2 at each vertex. 7 /
(=2,0)=-2-0+20r0 (2,14
2, -4)=2—-(-4)+20r8 /

f4,2)=4—-2+2o0r4
f0,3)=0—-3+2o0r —1

The maximum value of the function is 8, and the minimum value is —1.

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Refer to the application at the beginning of the lesson.

a. Define the girth of a rectangular package.
b. Name some objects that might be shipped by a package delivery service and
classified as oversized and requiring special handling.

2. You Decide Marcel says there is only one vertex that will yield a maximum for
any given function. Tomas says that if the numbers are correct, there could be
two vertices that yield the same maximum. Who is correct? Explain your answer.

3. Determine how many vertices of a polygonal convex set you might expect if the
system defining the set contained five inequalities, no two of which are parallel.
Guided Practice 4. Solve the system of inequalities by graphing. x+2y=4 x—y=3

5. Solve the system of inequalities by graphing. Name the coordinates of the
vertices of the polygonal convex set.
y=0 -1l=x=7 —xty=4 x+2y=8

Find the maximum and minimum values of each function for the polygonal convex
set determined by the given system of inequalities.

6. f(x,y) = 4x + 3y 7.f(x,y) =3x — 4y
4y=x+8 x—2y=-7
x+y=2 x+y=8
y=2x—-5 2x —y=17
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8. Business Gina Chuez has considered starting her own custom greeting card
business. With an initial start-up cost of $1500, she figures it will cost $0.45 to
produce each card. In order to remain competitive with the larger greeting card
companies, Gina must sell her cards for no more than $1.70 each. To make a
profit, her income must exceed her costs. How many cards must she sell before
making a profit?

E XERCISES

Prac

Applications and

tice

Problem

Solving

o\ Wo,
< ”,
)6

Q,

v, <
/) Q
Blica™

110 Chapter 2 Systems of Linear Equations and Inequalities

Solve each system of inequalities by graphing.

9.y+x=1 10.y > 1 11. 2x + 5y < 25
y—x=-1 y<-3x+3 y<3x-—2
y>-3x+1 5x — Ty < 14

12. Determine if (3, —2) belongs to the solution set of the system of inequalities
y< %x + 5and y < 2x + 1. Verify your answer.

Solve each system of inequalities by graphing. Name the coordinates of the
vertices of the polygonal convex set.

13.y= —05x + 1 14.x=0 15.y=0
y=-3x+5 y+3=0 y—5=0
y=2x+2 xX=y y+tx=7
5x + 3y = 20

16. Find the maximum and minimum values of f(x, y) = 8x + y for the polygonal
convex set having vertices at (0, 0), (4, 0), (3, 5), and (0, 5).

Find the maximum and minimum values of each function for the polygonal convex
set determined by the given system of inequalities.

17. 0, y) =3x +y 18. fx,y) =y — x 19. fx,y)=x+ty

x=5 y=4-2x y=6

y=2 x+2=2 4x — 5y =-10

2x —by=-10 y=0 2x —by=-10
20.f(x,y) =4x + 2y + 7 21. f(x,y) =2x —y 22. f(x,y)= —2x+y +5

x=0 y=4x +6 2=y=8§

y=1 x+4y=7 x=1

x+y=4 2x +y =17 2x +y+2=16

x—6y=10 y=5—-x

23. Geometry Find the system of inequalities that will define a polygonal convex
set that includes all points in the interior of a square whose vertices are A(4, 4),
B4, —4), C(—4, —4), and D(—4, 4).

24. Critical Thinking Write a system of more than two linear inequalities whose set
of solutions is not bounded.

25. Critical Thinking A polygonal convex set is defined by the following system of

inequalities.
y=16 —x Jy=—-2x+11 y=2x—13
0=2y=17 y=3x+1 y=T7-2x

a. Determine which lines intersect and solve pairs of equations to determine the
coordinates of each vertex.

b. Find the maximum and minimum values for f(x, y) = 5x + 6y in the set.
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Mixed
Review

26.

27.

28.

29.

30.
31.

32.

33.

Business Christine’s Butter Cookies sells large tins of butter cookies and small
tins of butter cookies. The factory can prepare at most 200 tins of cookies a day.
Each large tin of cookies requires 2 pounds of butter, and each small tin requires
1 pound of butter, with a maximum of 300 pounds of butter available each day.
The profit from each day’s cookie production can be estimated by the function
f(x, y) = $6.00x + $4.80y, where x represents the number of large tins sold and

y the number of small tins sold. Find the maximum profit that can be expected
in a day.

Fund-raising The Band Boosters want to open a craft bazaar to raise money
for new uniforms. Two sites are available. A Main Street site costs $10 per
square foot per month. The other site on High Street costs $20 per square foot
per month. Both sites require a minimum rental of 20 square feet. The Main
Street site has a potential of 30 customers per square foot, while the High Street
site could see 40 customers per square foot. The budget for rental space is
$1200 per month. The Band Boosters are studying their options for renting
space at both sites.

a. Graph the polygonal convex region represented by the cost of renting space.

b. Determine what function would represent the possible number of customers
per square foot at both locations.

c. If space is rented at both sites, how many square feet of space should the
Band Boosters rent at each site to maximize the number of potential
customers?

d. Suppose you were president of the Band Boosters. Would you rent space at
both sites or select one of the sites? Explain your answer.

Culinary Arts A gourmet restaurant
sells two types of salad dressing, garlic
and raspberry, in their gift shop. Each
batch of garlic dressing requires

2 quarts of oil and 2 quarts of vinegar.
Each batch of raspberry dressing
requires 3 quarts of oil and 1 quart of
vinegar. The chef has 18 quarts of oil
and 10 quarts of vinegar on hand for
making the dressings that will be sold
in the gift shop that week. If x represents the number ot batches ot garlic
dressing sold and y represents the batches of raspberry dressing sold, the total
profits from dressing sold can be expressed by the function f(x, y) = 3x + 2y.

|

a. What do you think the 3 and 2 in the function f(x, y) = 3x + 2y represent?

b. How many batches of each types of dressing should the chef make to
maximize the profit on sales of the dressing?

2 1

-3 2

Graph y < —2x + 8. (Lesson 1-8)

Find the inverse of [ ] (Lesson 2-5)

Scuba Diving Graph the equation d + 33 = 33p, which relates atmospheres of
pressure p to ocean depth d in feet. (Lesson 1-3)

State the domain and range of the relation {(16 , —4), (16, 4)}. Is this relation a
function? Explain. (Lesson I-1)

SAT Practice Grid-In What is the sum of four integers whose mean is 15?
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OBJECTIVES

* Use linear
programming
procedures
to solve
applications.

Recognize
situations where
exactly one
solution to

a linear
programming
application may
not exist.

Linear Programming

©0000000000000000000000000000000000000000000000000000000000000000000000000000

©  MILITARY SCIENCE

» ~  When the U.S. Army needs
ODlico(\o

to determine how many
soldiers or officers to put in the field, they
turn to mathematics. A system called the
Manpower Long-Range Planning System
(MLRPS) enables the army to meet the
personnel needs for 7- to 20-year
planning periods. Analysts are able to
effectively use the MLRPS to simulate gains, losses, promotions, and reclassifications.
This type of planning requires solving up to 2,060 inequalities with 28,730 variables!
However, with a computer, a problem like this can be solved in less than five minutes.
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The Army’s MLRPS uses a procedure called linear programming. Many
practical applications can be solved by using this method. The nature of these
problems is that certain constraints exist or are placed upon the variables, and
some function of these variables must be maximized or minimized. The
constraints are often written as a system of linear inequalities.

The following procedure can be used to solve linear programming applications.

Linear
Programming
Procedure

Define variables.

Whrite the constraints as a system of inequalities.

Graph the system and find the coordinates of the vertices of the
polygon formed.

Whrite an expression whose value is to be maximized or minimized.
Substitute values from the coordinates of the vertices into the
expression.

Select the greatest or least result.

ok W=

0

In Lesson 2-6, you found the maximum and minimum values for a given
function in a defined polygonal convex region. In linear programming, you must
use your reasoning abilities to determine the function to be maximized or
minimized and the constraints that form the region.

o MANUFACTURING Suppose a lumber mill can turn out 600 units of product
each week. To meet the needs of its regular customers, the mill must
produce 150 units of lumber and 225 units of plywood. If the profit for each
unit of lumber is $30 and the profit for each unit of plywood is $45, how
many units of each type of wood product should the mill produce to
maximize profit?

Define variables. Let x = the units of lumber produced.

Let y = the units of plywood produced.
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i( CONTENTS y



Write x =150 There cannot be less than 150 units of lumber

inequalities. produced.
y =225 There cannot be less than 225 units of plywood

produced.
x +y=600 The maximum number of units produced is 600.

Graph the sooty
system.
500 (150, 450)
400 X+ J= 600
300
375, 225)
200 (10607225)
100

O 100 200 300 400 500 600 X

The vertices are at (150, 225), (375, 225), and (150, 450).

Write an Since profit is $30 per unit of lumber and $45 per unit of
expression.  plywood, the profit function is P(x, y) = 30x + 45y.

Substitute P(150, 225) = 30(150) + 45(225) or 14,625
values. P(375, 225) = 30(375) + 45(225) or 21,375
P(150, 450) = 30(150) + 45(450) or 24,750

Answer the  The maximum profit occurs when 150 units of lumber are
problem. produced and 450 units of plywood are produced.

In certain circumstances, the use of linear y
programming is not helpful because a polygonal X=38
convex set is not defined. Consider the graph at the
right, based on the following constraints.

1
—
>
N

2x— 3y

x=0
y=0
x=3
2x — 3y =12

The constraints do not define a region with any points in common in Quadrant I.

When the constraints of a linear programming application cannot be satisfied

simultaneously, then the problem is said

to be infeasible. y %
, 10)

Sometimes the region formed by the
inequalities in a linear programming
application is unbounded. In that case,
an optimal solution for the problem may
not exist. Consider the graph at the right. 0%+ 30y/=14
A function like f(x, y) = x + 2y has a —
minimum value at (5, 3), but it is not 4
possible to find a maximum value. (o) A

Ix+5

n
1T
[
(=]

/
o
&

-
J2S
&

=
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i Carpentry Shop makes

It is also possible for a linear programming application to have two

or more optimal solutions. When this occurs, the problem is said to have
alternate optimal solutions. This usually occurs when the graph of the function
to be maximized or minimized is parallel to one side of the polygonal convex set.

SMALL BUSINESS The Woodell

bookcases and cabinets. Each
bookcase requires 15 hours

of woodworking and 9 hours of
finishing. The cabinets require . {,_I A e

10 hours of woodworking and - | .
4.5 hours of finishing. The [
profit is $60 on each bookcase .

and $40 on each cabinet. There L 4
are 70 hours available each = 4

week for woodworking and

36 hours available for finishing. How many of each item should be
produced in order to maximize profit?

\

Define Let b = the number of bookcases produced.
variables. Let ¢ = the number of cabinets produced.
Write b=0,c=0 There cannot be less than 0 bookcases or cabinets.

inequalities. 15b + 10c =70 No more than 70 hours of woodworking
are available.
9b + 4.5¢ =36 No more than 36 hours of finishing are available.

Graph the A
tem.
system X ]
X
94 +|4.5¢|= 36
(2.4)
15/ + 10¢|=70
(4,0)
0 1 b

The vertices are at (0, 7), (2, 4), (4, 0), and (0, 0).

Write an Since profit on each bookcase is $60 and the profit on each
expression.  cabinet is $40, the profit function is P(b, ¢) = 60b + 40c.

Substitute  P(0, 0) = 60(0) + 40(0) or 0
values. P(0, 7) = 60(0) + 40(7) or 280
P(2, 4) = 60(2) + 40(4) or 280
P(4, 0) = 60(4) + 40(0) or 240

Answer The problem has alternate optimal solutions. The shop will make
the problem. the same profit if they produce 2 bookcases and 4 cabinets as it
will from producing 7 cabinets and no bookcases.
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CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Math ti
arematics 1. Explain why the inequalities x = 0 and y = 0 are usually included as constraints

in linear programming applications.

2. Discuss the difference between the graph of the constraints when a problem is
infeasible and a graph whose constraints yield an unbounded region.

3. Write, in your own words, the steps of the linear programming procedure.

Guided Practice 4. Graph the system of inequalities. In a problem asking you to find the maximum
value of f(x, y), state whether this situation is infeasible, has alternate optimal
solutions, or is unbounded. Assume that x = 0 and y = 0.
05x + 1.5y =7
3x+9y=2
fix,y) = 30x + 20y

5. Transportation A package delivery service has a truck that can hold 4200
pounds of cargo and has a capacity of 480 cubic feet. The service handles two
types of packages: small, which weigh up to 25 pounds each and are no more
than 3 cubic feet each; and large, which are 25 to 50 pounds each and are 3 to
5 cubic feet each. The delivery service charges $5 for each small package and
$8 for each large package. Let x be the number of small packages and y be the
number of large packages in the truck.

a. Write an inequality to represent the weight of the packages in pounds the
truck can carry.

b. Write an inequality to represent the volume, in cubic feet, of packages the
truck can carry.

c. Graph the system of inequalities.

d. Write a function that represents the amount of money the delivery service
will make on each truckload.

e. Find the number of each type of package that should be placed on a truck to
maximize revenue.

f. What is the maximum revenue per truck?

g. In this situation, is maximizing the revenue necessarily the best thing for the
company to do? Explain.

Solve each problem, if possible. If not possible, state whether the problem is
infeasible, has alternate optimal solutions, or is unbounded.

6. Business The manager of a gift store is printing brochures and fliers to
advertise sale items. Each brochure costs 8¢ to print, and each flier costs 4¢ to
print. A brochure requires 3 pages, and a flier requires 2 pages. The manager
does not want to use more than 600 pages, and she needs at least 50 brochures
and 150 fliers. How many of each should she print to minimize the cost?

7. Manufacturing Woodland Bicycles makes two models of off-road bicycles: the
Explorer, which sells for $250, and the Grande Expedition, which sells for $350.
Both models use the same frame, but the painting and assembly time required
for the Explorer is 2 hours, while the time is 3 hours for the Grande Expedition.
There are 375 frames and 450 hours of labor available for production. How many
of each model should be produced to maximize revenue?
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8. Business The Grainery Bread Company makes two types of wheat bread, light
whole wheat and regular whole wheat. A loaf of light whole wheat bread
requires 2 cups of flour and 1 egg. A loaf of regular whole wheat uses 3 cups of
flour and 2 eggs. The bakery has 90 cups of flour and 80 eggs on hand. The
profit on the light bread is $1 per loaf and on the regular bread is $1.50 per loaf.
In order to maximize profits, how many of each loaf should the bakery make?

E XERCISES

Practice

Applications
and Problem
Solving

o\ Wo
7

v, <
O
Op lico™
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Graph each system of inequalities. In a problem asking you to find the maximum
value of f(x, y), state whether the situation is infeasible, has alternate optimal
solutions, or is unbounded. In each system, assume that x=0 and y = O unless
stated otherwise.

9.y=6 10. 2x + y = 48 11. 4x + 3y = 12
5x +3y=15 X+ 2y =42 y=3
fix,y) = 12x + 3y fix,y)=2x+y x=4
fix,y) =3+ 3y

12. Veterinary Medicine Dr. Chen told Miranda that her new puppy needs a diet
that includes at least 1.54 ounces of protein and 0.56 ounce of fat each day to
grow into a healthy dog. Each cup of Good Start puppy food contains 0.84 ounce
of protein and 0.21 ounce of fat. Each cup of Sirius puppy food contains 0.56
ounce of protein and 0.49 ounce of fat. If Good Start puppy food costs 36¢ per
cup and Sirius costs 22¢ per cup, how much of each food should Miranda use in
order to satisfy the dietary requirements at the minimum cost?

a. Write an inequality to represent the ounces of protein required.

b. Write an inequality to represent the ounces
of fat required.

c. Graph the system of inequalities.

d. Write a function to represent the daily cost
of puppy food.

e. How many cups of each type of puppy food
should be used in order to minimize the
cost?

f. What is the minimum cost?

13. Management Angela’s Pizza is open from noon to midnight each day.
Employees work 8-hour shifts from noon to 8 p.M. or 4 p.M. to midnight. The store
manager estimates that she needs at least 5 employees from noon to 4 p.M., at
least 14 employees from 4 p.M. to 8 P.M., and 6 employees from 8 P.M. to midnight.
Employees are paid $5.50 per hour for hours worked between noon and 4 p.m.
The hourly pay between 4 p.M. and midnight is $7.50.

a. Write inequalities to represent the number of day-shift workers, the number
of night-shift workers, and the total number of workers needed.

b. Graph the system of inequalities.

c. Write a function to represent the daily cost of payroll.

d. Find the number of day-shift workers and night-shift workers that should be
scheduled to minimize the cost.

e. What is the minimal cost?

www.amc.glencoe.com/self_check_quiz
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Solve each problem, if possible. If not possible, state whether the problem is
infeasible, has alternate optimal solutions, or is unbounded.

14. Agriculture The county officials in Chang Qing County, China used linear

15.

16.

17.

18.

19.

programming to aid the farmers in their choices of crops and other forms of

agricultural production. This led to a 12% increase in crop profits, a 54%

increase in animal husbandry profits, while improving the region’s ecology.

Suppose an American farmer has 180 acres on which to grow corn and

soybeans. He is planting at least 40 acres of corn and 20 acres of soybeans.

Based on his calculations, he can earn $150 per acre of corn and $250 per acre

of soybeans.

a. If the farmer plants at least 2 acres of corn for every acre of soybeans, how
many acres of each should he plant to earn the greatest profit?

b. What is the farmer’s maximum profit?

Education Ms. Carlyle has written a final exam for her class that contains two
different sections. Questions in section I are worth 10 points each, and questions
in section Il are worth 15 points each. Her students will have 90 minutes to
complete the exam. From past experience, she knows that on average questions
from section I take 6 minutes to complete and questions from section Il take 15
minutes. Ms. Carlyle requires her students to answer at least 2 questions from
section II. Assuming they answer correctly, how many questions from each
section will her students need to answer to get the highest possible score?

Manufacturing Newline Recyclers processes used aluminum into food or
drink containers. The recycling plant processes up to 1200 tons of aluminum
per week. At least 300 tons must be processed for food containers, while at least
450 tons must be processed for drink containers. The profit is $17.50 per ton for
processing food containers and $20 per ton for processing drink containers.
What is the profit if the plant maximizes processing?

Investment Diego wants to invest up to $11,000 in certificates of deposit at
First Bank and City Bank. He does not want to deposit more than $7,500 at First
Bank. He will deposit at least $1,000 but not more than $7,000 at City Bank. First

Bank offers 6% simple interest on deposits, while City Bank offers 6%% simple

interest. How much should Diego deposit into each account so he can earn the
most interest possible in one year?

Human Resources Memorial Hospital wants to hire
nurses and nurse’s aides to meet patient needs at
minimum cost. The average annual salary is $35,000
for a nurse and $18,000 for a nurse’s aide. The hospital
can hire up to 50 people, but needs to hire at least 20
to function properly. The head nurse wants at least 12
aides, but the number of nurses must be at least twice
the number of aides to meet state regulations. How 3
many nurses and nurse’s aides should be hired to -:,"‘

minimize salary costs?
- : s 9 ..J

Manufacturing A potato chip company makes chips to fill snack-size bags and
family-size bags. In one week, production cannot exceed 2,400 units, of which at
least 600 units must be for snack-size bags and at least 900 units must be for
family size. The profit on a unit of snack-size bags is $12, and the profit on a unit
of family-size bags is $18. How much of each type of bag must be processed to
maximize profits?
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20. Crafts

21.

22.

23.

24.

25.

26.
27.

28.

Shelly is making soap and shampoo for gifts. She has 48 ounces of lye
and 76 ounces of coconut oil and an ample supply of the other needed
ingredients. She plans to make as many batches of soap and shampoo as
possible. A batch of soap requires 12 ounces of lye and 20 ounces of coconut oil.
Each batch of shampoo needs 6 ounces of lye and 8 ounces of coconut oil. What
is the maximum number of batches of both soap and shampoo possible?

Manufacturing An electronics plant makes standard and large computer
monitors on three different machines. The profit is $40 on each monitor. Use the
table below to determine how many of each monitor the plant should make to
maximize profits.

Manufacfuring Analysis

Hours Needed to Make| Total
Machine Small Large Hqurs
Monitor Monitor | Available
A 1 2 16
1 1 9
c 1 4 24

Critical Thinking Find the area enclosed by the polygonal convex set defined
by the system of inequalities y = 0, x = 12, 2x + 6y = 84, 2x — 3y = —3, and
8x + 3y = 33.

Critical Thinking Mr. Perez has an auto repair shop. He offers two bargain
maintenance services, an oil change and a tune-up. His profit is $12 on an oil
change and $20 on a tune-up. It takes Mr. Perez 30 minutes to do an oil change
and 1 hour to do a tune-up. He wants to do at least 25 oil changes per week and
no more than 10 tune-ups per week. He can spend up to 30 hours each week on
these two services.

a. What is the most Mr. Perez can earn performing these services?

b. After seeing the results of his linear program, Mr. Perez decides that he must
make a larger profit to keep his business growing. How could the constraints
be modified to produce a larger profit?

A polygonal convex set is defined by the inequalities y = —x + 5,y = x + 5, and

y + 5x = —5. Find the minimum and maximum values for f(x, y) = éx - %y
within the set. (Lesson 2-6)

Find the values of x and y for which [4x * )}; ] = [ 6] is true. (Lesson 2-3)

2y — 12
Graphy =3 |x -2 | (Lesson 1-7)

Budgeting Martina knows that her monthly telephone charge for local calls is
$13.65 (excluding tax) for service allowing 30 local calls plus $0.15 for each call
after 30. Write an equation to calculate Martina’s monthly telephone charges
and find the cost if she made 42 calls. (Lesson 1-4)

2x—-3 _ 3-x

Ifx=2

C 37

SAT/ACT Practice
A-3 B -1

, which could be a value for x?
D5

E 15

| Extra Practice See p. A29.




CHAPTER

STUDY GUIDE AND ASSESSMENT

additive identity matrix
(p. 80)
column matrix (p. 78)
consistent (p. 67)
dependent (p. 67)
determinant (p. 98)
dilation (p. 88)
dimensions (p. 78)
element (p. 78)
elimination method (p. 68)
equal matrices (p. 79)

identity matrix for
multiplication (p. 99)

image (p. 88)
inconsistent (p. 67)
independent (p. 67)

Choose the correct term from the list to complete each sentence.

infeasible (p. 113)
inverse matrix (p. 99)
m X n matrix (p. 78)
matrix (p. 78)

minor (p. 98)

nth order (p. 78)
ordered triple (p. 74)
polygonal convex set (p. 108)
pre-image (p. 88)
reflection (p. 88)
reflection matrix (p. 89)
rotation (p. 88)
rotation matrix (p. 91)
row matrix (p. 78)
scalar (p. 80)

solution (p. 67)

square matrix (p. 78)

substitution method (p. 68)
system of equations (p. 67)
system of linear inequalities

(- 107)

transformation (p. 88)
translation (p. 88)
translation matrix (p. 88)
vertex matrix (p. 88)
Vertex Theorem (p. 108)
zero matrix (p. 80)

Modeling

alternate optimal solutions

(p. 114)
constraints (p. 112)

linear programming (p. 112)
unbounded (p. 113)

1. Sliding a polygon from one location to another without changing its added
size, shape, or orientation is called a(n) _”__ of the figure. consistent
2. Two matrices can be __?__if they have the same dimensions. determinant
, -1 41, dilation
3. The _*_of [ 2 _3] is —5. divided
4. A(n) _’_ system of equations has no solution. element
5. The process of multiplying a matrix by a constant is called _”_. -equal. matrlce.:s
identity matrices
2x 8-y inconsistent
6. The matrices | 0 [and ylare_? ifx=4andy=0. .
16 4Ax imverse
7. A region bounded on all sides by intersecting linear inequalities is multiplied
called a(n) _” . polygonal convex set
8. A rotation of a figure can be achieved by consecutive _’ _ of the reflections
figure over given lines. scalar multiplication
9. The symbol a; represents a(n) _*_ of a matrix. translation
10. Two matrices can be _’__if the number of columns in the first
matrix is the same as the number of rows in the second matrix.
[ _
For additional review and practice for each lesson, visit: www.amc.glencoe.com O
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CHAPTER 2 ® STUDY GUIDE AND ASSESSMENT

SK"_.L.S AND CONCEPTS P .

Lesson 2-1 Solve systems of two linear
equations.
® Solve the system of equations.
Poy=—x+2
3x+4y =2
Substitute —x + 2 fory in the second
equation.
3x +4y =2 y=-x+2
3x +4(—x+2)=2 y=-6+2
x=6 y=-4

The solution is (6, —4).

REVIEW EXERCISES
Solve each system of equations algebraically.
11. 2y = —4x 12. y=x -5
y=-—x—2 6y —x=0
13. 2x = 5y 14. y=6x + 1
Jy+x=-1 2y — 15x = —4

15.3x — 2y = —1
2x + 5y =12

16. x + 5y = 20.5
3y —x=135

Lesson 2-2 Solve systems of equations
involving three variables algebraically.

® Solve the system of equations.

xX—y+z=5

—3x+2y—z=-8

2x+y+z=4

Combine pairs of equations to eliminate z.
x— y+tz= 5 -3x+t2y—z=-8

—3x+2y—z=-8 2x+ y+z= 4
—2x+ vy =-3 —x + 3y =—4
—5y=5
y=-1

“2x+(D=-3->x=1
M- +z=5->z=3 Solve for z.
The solution is (1, —1, 3).

Solve each system of equations algebraically.
17.x — 2y — 3z =2

=3x+5y+4z=0

x—4y +3z=14

18. —x + 2y — 6z =4
xX+y+2z=3
2x+3y—4z=5

19.x -2y +2z=17
xty—z=2
2x +3y +2z=7

Lesson 2-3 Add, subtract, and multiply
matrices.

® Find the difference.

e B e A}

_ [—12 10]
4 -3
Find the product.

2o 7258 )

53

Use matrices A, B, and C to find each of the
following. If the matrix does not exist, write
impossible.

as[g &) e=[7 ) e[ 3

20.A + B 21.B—-A
22. 3B 23. —4C
24. AB 25. CB
26.4A — 4B 27. AB - 2C
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CHAPTER 2 ® STUDY GUIDE AND ASSESSMENT

OBJECTIVES AND EXAMPLES

Lesson 2-4 Use matrices to determine the
coordinates of polygons under a given
transformation.

® Reflections Rotations
: (counterclockwise
about the origin)
[t 0 _fo -1

Rx—axis - _0 _ 1:| R0t90 - _1 0:|

-1 0 -1 0
R, s = 0 1] Rot,g, = 0 _1]

0 1 0 -1
k=1 0] Rotyn=1{_1 0]

REVIEW EXERCISES

Use matrices to perform each transformation.

Then graph the pre-image and image on the

same coordinate grid.

28. A(—4, 3), B(2, 1), C(5, —3) translated 4 units
down and 3 unit left

29. W(-2, —3), X(—1,2), Y(0, 4), Z(1, -2)
reflected over the x-axis

30.D(2, 3), E(2, —5), F(—1, —5), G(—1, 3) rotated
180° about the origin.

31. P(3, —4), Q(1, 2), R(—1, 1) dilated by a scale
factor of 0.5

32. triangle ABC with vertices at A(—4, 3),
B(2, 1), C(5, —3) after Roty,° R

X-ax1s

33. What translation matrix would yield the
same result on a triangle as a translation
6 units up and 4 units left followed by a
translation 3 units down and 5 units right?

Lesson 2-5 Evaluate determinants.

?  Find the value of _; _g .
=7 6| _ o oy
T8 = e -se

= -16

Find the value of each determinant.

-3 5 8 —4
34. ‘_4 7 35. 6 3‘
3 -1 4 5 0 -4
36. |5 -2 6 37. |7 3 -1
7 3 —4 2 =2 6
38. Determine whether 2 —4 L has a
: w 3 8 -2

determinant. If so, find the value of the
determinant. If not, explain.

Lesson 2-5 Find the inverse of a 2 X 2 matrix.

®  FindX ifX= [2 _1].

1 -3
2 -1
1 _3 =—6—-(—Dor—-5and -5%#0
-1 1 d —b
X = ad — bc [_C a]

Find the inverse of each matrix, if it exists.

[ 3 8 (5 2
39. ] 5} 40. 10 4]

-3 5 3 2
41._ . _4] a2.|; 7]

2 —5 [ 2 —4
43. K 1] a4. ) 2}




CHAPTER 2 ® STUDY GUIDE AND ASSESSMENT

SK”_.L.S AND CONCEPTS P .

OBJECTIVES AND EXAMPLES

Lesson 2-5 Solve systems of equations by using
inverses of matrices.

® Solve the system of equations 3x — 5y =1
i and —2x + 2y = —2 by using a matrix

equation. [_2 —g} : [; B [—ﬂ
238 _gH; o

-1

REVIEW EXERCISES

Solve each system by using a matrix equation.

45.2x + 5y =1
—Xx—3y=2

46. 3x + 2y = -3
—6x +4y =6

47. -3x +5y=1
—2x +4y=-2

48.4.6x — 2.7y = 8.4
2.9x + 8.8y = 74.61

Lesson 2-6 Find the maximum or minimum
value of a function defined for a polygonal
convex set.

® Find the maximum AN

and minimum values kil
of ix,y) =4y +x—3 y=62x
for the polygonal
convex set graphed (0;6)
at the right. "EI 3.0) : )
f0,0)=40)+0—3= -3 minimum
f3,00)=40)+3-3=0

f(0,6) =4(6) +0—-3 =21

maximum

Find the maximum and minimum values of
each function for the polygonal convex set
determined by the given system of inequalities.

49. f(x,y) = 2x + 3y 50. flx,y) =3x + 2y + 1

x=1 x=0
y=-2 y=4
y+x=6 y+x=11
y=10 —2x 2y +x =18
X=6

Lesson 2-7 Use linear programming procedures
to solve applications.

H Linear Programming Procedure

1. Define variables.

2. Write the constraints as a system of
inequalities.

3. Graph the system and find the
coordinates of the vertices of the
polygon formed.

4. Write an expression to be maximized or
minimized.

5. Substitute values from the coordinates
of the vertices into the expression.

6. Select the greatest or least result.

Use linear programming to solve.

51. Transportation Justin owns a truck and a
motorcycle. He can buy up to 28 gallons of
gasoline for both vehicles. His truck gets
22 miles per gallon and holds up to 25 gallons
of gasoline. His motorcycle gets 42 miles per
gallon and holds up to 6 gallons of gasoline.
How many gallons of gasoline should Justin
put in each vehicle if he wants to travel the
most miles possible?




CHAPTER 2 ® STUDY GUIDE AND ASSESSMENT

APPLICATIONS AND PROBLEM SOLVING = :

52. Sports In a three-team track meet, the
following numbers of first-, second-, and
third-place finishes were recorded.

School First Second Third
Place Place Place
Broadman 2 5 5
Girard 8 2 3
Niles 6 4 1

Use matrix multiplication to find the final
scores for each school if 5 points are
awarded for a first place, 3 for second place,
and 1 for third place. (Lesson 2-4)

53. Geometry The perimeter of a triangle is
83 inches. The longest side is three times
the length of the shortest side and 17 inches
more than one-half the sum of the other two
sides. Use a system of equations to find the
length of each side. (Lesson 2-5)

54. Manufacturing A toy manufacturer
produces two types of model spaceships,
the Voyager and the Explorer. Each toy
requires the same three operations. Each
Voyager requires 5 minutes for molding,

3 minutes for machining, and 5 minutes for
assembly. Each Explorer requires 6 minutes
for molding, 2 minutes for machining, and
18 minutes for assembly. The manufacturer
can afford a daily schedule of not more than
4 hours for molding, 2 hours for machining,
and 9 hours for assembly. (Lesson 2-7)

a. If the profit is $2.40 on each Voyager and
$5.00 on each Explorer, how many of each
toy should be produced for maximum
profit?

b. What is the maximum daily profit?

................................................................... ALTERNATIVE ASSESS MENT o

OPEN-ENDED ASSESSMENT

1. Suppose that a quadrilateral ABCD has been
rotated 90° clockwise about the origin twice.
The resulting vertices are A'(2, 2), B'(—1, 2),
C'(—2,-1),and D'(3, 0).

a. State the original coordinates of the
vertices of quadrilateral ABCD and how
you determined them.

b. Make a conjecture about the effect of a
double rotation of 90° on any given
figure.

2. If the determinant of a coefficient matrix is 0,
can you use inverse matrices to solve the
system of equations? Explain your answer
and illustrate it with such a system of
equations.

Additional Assessment See p. A57 for Chapter 2
Practice Test.

nit 1 ILETNET Project

TELECOMMUNICATION
You’ve Got Mail!

e Research several Internet servers and make
graphs that reflect the cost of using the
server over a year’s time period.

e Research various e-mail servers and their
costs. Write and graph equations to compare
the costs.

e Determine which Internet and e-mail servers
best meet your needs. Write a paragraph to
explain your choice. Use your graphs to
support your choice.

’ PORTFOLIO
Devise a real-world problem that can be

solved by linear programming. Define whether
you are seeking a maximum or minimum. Write
the inequalities that define the polygonal convex
set used to determine the solution. Explain what
the solution means.
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Algebra Problems

About one third of SAT math problems and many ACT math problems
involve algebra. You'll need to simplify algebraic expressions, solve

equations, and solve word problems.

The word problems often deal with specific problems.

® consecutive integers

* age

e motion (distance = rate X time)

e investments (principal X rate = interest income)
e work

® coins

* mixtures
g G2’ _

-0y

Al BZ 2 Dxy E xyz
y y

HINT Review the properties of exponents.

Solution Simplify the expression. Apply the
properties of exponents.

Coy)® = 2.

Any number raised to the zero power is equal
to 1. Therefore, z0 = 1.

Write y* as y3yl.

Simplify.

G320 331

Kyt Xy
_1

Ty
The answer is choice A.
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CHAPTER a SAT & ACT Preparation

THE )
'PRINCETON
VW REVIEW J
TEST-TAKING TIP
Review the rules for simplifying

algebraic fractions and

expressions. Try to simplify
expressions whenever possible.

SAT EXAMPLE

2. The sum of two positive consecutive
integers is x. In terms of x, what is the value
of the smaller of these two integers?

X x—1 X
AE_l B 5 Ci
x+1 X
D 5 E§+1

HINT On multiple-choice questions with
variables in the answer choices, you can
sometimes use a strategy called “plug-in.”

Solution The “plug-in” strategy uses
substitution to test the choices. Suppose the
two numbers were 2 and 3. Then x = 2 + 3 or 5.
Substitute 5 for x and see which choice yields 2,
the smaller of the two numbers.

Choice A: % — 1 This is not an integer.

Choice B: % = 2 This is the answer, but
check the rest just to be sure.

Alternate Solution You can solve this problem
by writing an algebraic expression for each
number. Let a be the first (smallest) positive
integer. Then (a + 1) is the next positive integer.
Write an equation for “The sum of the two
numbers is x” and solve for a.

at(@a+1)=x

2a+1=x
2a=x—1
a= x;1 The answer is choice B.

»




SAT AND ACT PRACTICE

After you work each problem, record your 7. Which of the following must be true?
answer on the answer sheet provided or on a I

piece of paper. The sum of two consecutive integers is

odd.

The sum of three consecutive integers is
even.

Multiple Choice IL
1. If the product of (1 + 2), (2 + 3),and (3 + 4)

is equal to one half the sum of 20 and x, then
x =

[ll. The sum of three consecutive integers is
a multiple of 3.

A 10 B 85 C 105 D 190 E 1,210 A Tonly
.5%—6%:‘? B Il only
1 C Iand Il only
A 15 D Iand IIl only
B _% E LI, and III
C —% 8. Jose has at least one quarter, one dime, one
1 nickel, and one penny in his pocket. If he has
D35 twice as many pennies as nickels, twice as
E 9 many nickels as dimes, and twice as many
12 dimes as quarters, then what is the least

. Mia has a pitcher containing x ounces of
root beer. If she pours y ounces of root beer

additional minute that she works. The
plumber charged Mr. Adams $113 for her
time. For what amount of time, in minutes,
did the plumber work?

amount of money he could have in his
pocket?

into each of z glasses, how much root beer A $0.41 B $0.64 C $0.71
will remain in the pitcher? D $0.73 E $251
AX4z
Y 3
B xy—z o
x 9. Simplify —— .
o (2
yz R
Dx—yz 2
A2l
EX-2 8
y B 3
. Which of the following is equal to 0.064? S
12 8 \2 12 C3
1 _9 = 3
A (55) B (7o) c (8) ol
2)\3 813 2
JEA .
. A plumber charges $75 for the first thirty
minutes of each house call plus $2 for each 10. Grid-In At a music store, the price of a CD

is three times the price of a cassette tape. If
40 CDs were sold for a total of $480 and the
combined sales of CDs and cassette tapes
totaled $600, how many cassette tapes were
sold?

A 38 B 44 C 49 D 59 E 64
2+x 2 2 _ ,
= 5+x 5 + 5’ then x = LI NET SAT/ACT Practice For additional test
A % B 1 C 2 D5 E 10 practice questions, visit: www.amc.glencoe.com

THE
PRINCETON
REVIEW

SAT & ACT Preparation 125



http://www.amc.glencoe.com

Unit 1 Relations, Functions, and Graphs (Chapters 1-4)

?NATURE OF

/

CHAPTER OBJECTIVES

e Graph functions, relations, inverses, and inequalities.
(Lessons 3-1, 3-3, 34, 3-7)
Analyze families of graphs. (Lesson 3-2)
Investigate symmetry, continuity, end behavior, and
transformations of graphs. (Lessons 3-1, 3-2, 3-5)
Find asymptotes and extrema of functions. (Lessons 3-6, 3-7)
Solve problems involving direct, inverse, and joint
variation. (Lesson 3-8)
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OBJECTIVES
e Use algebraic
tests to
determine if
the graph of

Symmetry and Coordinate
Graphs

o\ Wo 900 0000000000000 000000000000000000000000000000000000000000CCCCCGIOIOIONGOIOIOIOGIOIEOIOIOIEOGTDL
% % PHARMACOLOGY Designing a drug to treat a disease requires an
<

understanding of the molecular structures of the substances involved in

Xe) . . . .
“plico®®  the disease process. The substances are isolated in crystalline form, and

X rays are passed through the symmetrically-arranged atoms of the crystals. The

Sy:r?::;?ir;(;?. existence of symmetry in crystals causes the X rays to be diffracted in regular
e Classify patterns. These symmetrical patterns are used to determine and visualize the
functions as molecular structure of the substance. A related problem is solved in Example 4.
even or Odd ©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
Like crystals, graphs of certain functions display special types of symmetry.
For some functions with symmetrical graphs, knowledge of symmetry can often
help you sketch and analyze the graphs. One type of symmetry a graph may have
is point symmetry.
Point Two distinct points P and P’ are symmetric with respect to point M if and
Symmetry only if M is the midpoint of PP’. Point M is symmetric with respect to itself.

Symmetry with
respect to a
given point M
can be expressed
as symmetry
about point M.

f(x)_-

fo=x1/

When the definition of point symmetry is extended to a set of points, such as
the graph of a function, then each point P in the set must have an image point P’
that is also in the set. A figure that is symmetric with respect to a given point can
be rotated 180° about that point and appear unchanged. Each of the figures
below has point symmetry with respect to the labeled point.

* y A
X%~y =1
/l
N 01It X
y'4 X

The origin is a common point of symmetry. Observe that the graphs of f(x) = x3

and g(x) = % exhibit symmetry with respect to the origin. Look for patterns in the
table of function values beside each graph.

ooy o) = 1

x  Ho [ fox) ) —fx] | x [ glx) [gl—x) |-g(x]
; ; —; —; ‘a(x?=“; 1 T
3| 27| —27 |-27 .t 2|5 |5 |
4| 64 | —64 |—64 305 |3 | -3
Note that f(—x) = —f(). 4 % —% —%

Note that g(—x) = —g(x).
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The values in the tables suggest that f(—x) = —f(x) whenever the graph of a
function is symmetric with respect to the origin.

The graph of a relation S is symmetric with respect to the origin if and

_Symmetry only if (a, b) € Simplies that (—a, —b) € S. A function has a graph that is
with Respect - . : - .
to the Origin symmetric with respect to the origin if and only if f{—x) = —f(x] for all x in

the domain of f.

(a, b) € S means the ordered pair (a, b) belongs to the solution set S.

Example 1 demonstrates how to algebraically test for symmetry about the
origin.

Example o Determine whether each graph is symmetric with respect to the origin.

a. f(x) = x° b. g(x) =
f(x)

1-x

: f(x)/= x5

—_
; ;

The graph of g(x) = —* does
The graph of f(x) = x> appears to I-x
be symmetric with respect to the
origin.

not appear to be symmetric with
respect to the origin.

We can verify these conjectures algebraically by following these two steps.

1. Find f(—x) and —f(x).
2. If f(—x) = —f(x), the graph has point symmetry.

a. f(x) = x°
Find f(—x). Find —£(x).
f(—x) = (—x)3 Replace x with —x. —f(x) = —x® Determine the
f(—x) = —x° (—x)° = (—1)°x° opposite of the

I3 - '
= — I or —x function.

The graph of f(x) = x° is symmetric with respect to the origin because

f(—x) = —f().
X
b.gx) =7+
Find g(—x). Find —g(x).
g(—=x0) = 1__7)6_ Replace x —g(x) = — I f Determine the
,x( D with —x. Cy X opposite of the
T 1+x =1-x function.
The graph of g(x) = 7 f  is not symmetric with respect to the origin

because g(—x) # —g(x).
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Another type of symmetry is line symmetry.

Two distinct points P and P” are symmetric with respect to a line € if and
only if € is the perpendicular bisector of PP’. A point P is symmetric to
itself with respect to line € if and only if Pis on €.

Line
Symmetry

Each graph below has line symmetry. The equation of each line of symmetry
is given. Graphs that have line symmetry can be folded along the line of
symmetry so that the two halves match exactly. Some graphs, such as the graph
of an ellipse, have more than one line of symmetry.

g(x) ypr=(x—3y
6
x=0 y=3
‘:O"::::::x (x+_2)2(y—_3)2_
% T 16 =1

Some common lines of symmetry are the x-axis, the y-axis, the line y = x, and
the line y = —x. The following table shows how the coordinates of symmetric
points are related for each of these lines of symmetry. Set notation is often used
to define the conditions for symmetry.

Symmetry with

Respect to the: Definition and Test Example

(a, —b) € Sif and only if
(a, b) € S. V¥ x=y2-4

Example: (2, \V/6) and /(;\/_T)Y
(2, —\/g) are on the graph. / , ,’ L

X-axXis R R I R e
Test: Substituting (a, b) and V= UQ' @ _\/g)x
(a, —b) into the equation I
produces equivalent 4
equations.
(—a, b) € Sif and only if y
(o, b) € S. y=—-x2+12
Example: (2, 8) and (-2, 8)

y-axis are on the graph.

Test: Substituting (a, b) and
(—a, b) into the equation
produces equivalent
equations.

(continued on the next page)
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Symmetry with

Respect o the Line: Definition and Test

(b, a) € Sifand only if
(a, b) € S.

Example: (2, 3) and (3, 2)
are on the graph.

Test: Substituting (a, b) and
(b, a) into the equation
produces equivalent
equations.

(—=b, —a) € Sif and only if
(a, b € S.

Example: (4, —1) and
(1, —4) are on the graph.

Test: Substituting (a, b) and
(=b, —a) into the equation
produces equivalent
equations.

You can determine whether the graph of an equation has line symmetry
without actually graphing the equation.

Example 9 Determine whether the graph of xy = —2 is symmetric with respect to the

x-axis, y-axis, the line y = x, the line y = —x, or none of these.
Substituting (a, b) into the equation yields ab = —2. Check to see if each test
produces an equation equivalent to ab = —2.
Xx-axis a(—=b) = -2 Substitute (a, —b) into the equation.
—ab = -2 Simplify.
ab =2 Not equivalent to ab = —2
y-axis (—a)b = -2 Substitute (—a, b) into the equation.
—ab = -2 Simplify.
ab =2 Not equivalent to ab = —2
y=x b)(a) = -2 Substitute (b, a) into the equation.
ab = -2 Equivalent to ab = -2
y=—-x (=b)(—a) = -2 Substitute (—b, —a) into the equation.
ab = -2 Equivalent to ab = -2
Therefore, the graph of xy = —2 is symmetric with wxy=-244
respect to the line y = x and the liney = —x. A \\
sketch of the graph verifies the algebraic tests.
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You can use information about symmetry to draw the graph of a relation.

Example e Determine whether the graph of | y| =2- | 2x| is symmetric with respect
i to the x-axis, the y-axis, both, or neither. Use the information about the
equation’s symmetry to graph the relation.

Substituting (a, b) into the equation yields | b | =2 - | 2a | . Check to see if each
test produces an equation equivalent to | b| =2 - | 2a | .

Xx-axis | —b| =2 - |2a| Substitute (a, —b) into the equation.
|b|= 2 —|20| FEquivalent to |b|: 2 - |2a| since |*b‘ :‘b|.

y-axis |b| =2 - | —2a| Substitute (—a, b) into the equation.
|b|=2—|20| Equivalent to b|:2—|2a

, since |—2a|:|2a|.

Therefore, the graph of | y| =2 —|2x] is symmetric with respect to both the
x-axis and the y-axis.

To graph the relation, let us first consider ordered pairs where x = 0 and y = 0.
The relation |y| =2 |2x| contains the same points as y = 2 — 2x in the first
quadrant.

Therefore, in the first quadrant, the graph y
of |y| =2 - |2x| is the same as the graph
ofy=2-—2x.

the x-axis, every point in the first quadrant
has a corresponding point in the fourth

Since the graph is symmetric with respect to y 1\

quadrant. —5 .
Since the graph is symmetric with respect to y

the y-axis, every point in the first and fourth vl =2—2x|
quadrants has a corresponding point on the

other side of the y-axis. ——t k{t/ —
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Example Q CRYSTALLOGRAPHY A crystallographer VA

Look Back

Refer to Lesson 1-7
for more about
piecewise
functions.

can model a cross-section of a crystal with
mathematical equations. After sketching the 1
outline on a graph, she notes that the crystal has \
both x-axis and y-axis symmetry. She uses the ——
piecewise function y = {2 if0=x=1 to °r g
3—xifl=x=3 1
model the first quadrant portion of the cross-
section. Write piecewise equations for the

remaining sides.

Since the graph has x-axis symmetry, substitute (x, —y) into the original
equation to produce the equation for the fourth quadrant portion.

_J2if0=x=1 Vi
J—xifl=x=3 T
o [2ifo=x=1 Substitute (x, —y) \
Y713 -xifl=x=3 into the equation. — :O] b
_ {—2 f0=x=1 Solve fory.
3+xifl=x=3

—2if0=x=1
x—3ifl=x=3
fourth quadrant portion of the cross section.

The equationy = { models the

Since the graph has y-axis symmetry, substitute (—x, y) into the first and
fourth quadrant equations to produce the equations for the second and third
quadrants.

_ {2 f0=x=1 Start with the first
J—xifl=x=3 quadrant equation.
_ {2 if0=-x=1 Substitute (—X, y)
S - (—x)if1=-x=3 into the equation.
y = {2 if0=x=-1 This is the second &
3+xif-1=x= -3 quadrant equation. 1
{ 2if0=x=1 Start with the fourth — /_\ —
YT lx-3ifl=x=3 quadrant equation. “/ X
_ { f0=—-x=1 Substitute (—x, y)
Y —x) — 3if 1 = —x =3 into the equation.
y:{ 2if0=x=—1 This is the third
-3if-1=x=-3 quadrant equation.

. _J2if-1=x=0 ] 2if-1=x=0
Theequatlons.y—{3 b xif 3=x=_1% d —{ C3f 3=x= _1model
the second and third quadrant portions of the cross section respectively.

................................................................................................................................................................................ @
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interNE

Graphing
Calculator
Programs

For a graphing
calculator
program that
determines
whether a
function is even,
odd, or neither,
visit www.amc.
glencoe.com

O—z

You can use the TRACE function to investigate
the symmetry of a function. 3

» Graph the function.

» Use to observe the relationship

Functions whose graphs are symmetric with respect to the y-axis are
even functions. Functions whose graphs are symmetric with respect to the origin
are odd functions. Some functions are neither even nor odd. From Example 1,

f(x) = x° is an odd function, and g(x) =

X . .
18 neither even nor odd.

f(—x) = f(x)

f(—x) = —f(x)
f(x) fix) (x) f(x)
(o) X
(o] X [o] X
symmetric with respect to the y-axis symmetric with respect to the origin

GRAPHING CALCULATOR EXPLORATION

WHAT DO YOU THINK?

. Identify the functions in Exercises 1 and 2
as odd, even, or neither based on your
observations of their graphs.

between points of the graph having 4. Verify your conjectures algebraically.
opposite x-coordinates. 5. How could you use symmetry to help you
» Use this information to determine the graph an even or odd function? Give an
relationship between f(x) and f(—x). example.
TRY THESE Graph each function to 6. Explain how you could use the ASK option

determine how f(x) and f(—x) are related.

L) =a8—3x+22+2
2. f(X) = x" + 45 — x3

in TBLSET to determine the relationship
between f(x) and f(—x) for a given function.

CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Mathematics

1. Refer to the tables on pages 129-130. Identify each graph as an even function,
an odd function, or neither. Explain.

2. Explain how rotating a graph of an odd function 180° will affect its appearance.

Draw an example.
134

3. Consider the graph at the right.
a. Determine four lines of symmetry for the graph.
b. How many other lines of symmetry does this graph
possess?

5 >
c. What other type of symmetry does this graph possess? \
4. Write an explanation of how to test for symmetry with T
respect to the liney = —x.
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Guided Practice

5. You Decide Alicia says that any graph that is symmetric to the origin and to
the y-axis must also be symmetric to the x-axis. Chet disagrees. Who is correct?
Support your answer graphically and algebraically.

Determine whether the graph of each function is symmetric with respect to the
origin.

6. f(x) = x5 + 9x 7. 1) = 5 — x19

Determine whether the graph of each equation is symmetric with respect to the
x-axis, yaxis, the line y = x, the line y = —x, or none of these.

8.6x2=y—1 9.x3+y3=14
10. Copy and complete the graph at the right so that it is the y .
graph of an even function. el 2)
1,2)
(0] X
Determine whether the graph of each equation is

symmetric with respect to the x-axis, the y-axis,
both, or neither. Use the information about
symmetry to graph the relation.

1M.y=V2 -2 12.y| =23

y
13. Physics Suppose the light pattern from a fog light can 6%
L ox2
be modeled by the equation 95 g = 1. One of the am) X

points on the graph of this equation is at (6, B\gﬁ ) and

one of the x-intercepts is —5. Find the coordinates of
three additional points on the graph and the other
Xx-intercept.

E XERCISES

Practice

134 Chapter 3 The Nature of Graphs

Determine whether the graph of each function is symmetric with respect to the
origin.

14. f(x) = 3x 15. f(x) = 3 — 1 16. f(X) = 5x% + 6x + 9
17.100 = 7 18. f(x) = —T:5 + 8x 19. () = — X100
x2 -1

20. Is the graph of g(x) =
you determined your answer.

symmetric with respect to the origin? Explain how

Determine whether the graph of each equation is symmetric with respect to the

x-axis, y-axis, the line y = x, the line y = —x, or none of these.
21.xy = -5 22. x +y2 =1 23.y = -8
24.y=$ 25. x2 +y2 =4 26.y=%—4

27. Which line(s) are lines of symmetry for the graph of x* = %?

www.amc.glencoe.com/self_check_quiz
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Applications
and Problem
Solving

o\ Wo
7 Sy

v, <
<
“olico

Mixed Review

For Exercises 28-30, refer to the graph. y 4,1)
28.

29.

30.

Complete the graph so that it is the graph of an odd (1,2 1/

function.

Complete the graph so that it is the graph of an

even function.

Complete the graph so that it is the graph of a

function that is neither even nor odd.

Determine whether the graph of each equation is symmetric with respect to
the x-axis, the y-axis, both, or neither. Use the information about symmetry to
graph the relation.

31.
34.
37.

38.

39.

40.

41.

42,

43.

y? = x2 32.|x|= -3y 33.y2+3x=0
ly| = 2x2 35. x = + V12 — 82 36.|y|=xy

Graph the equation | y | = x3 — x using information about the symmetry of
the graph.

Physics The path of a comet

around the Sun can be modeled by a

transformation of the equation

2 )2

ot =1

8 10

a. Determine the symmetry in the
graph of the comet’s path.

b. Use symmeztry t(2) graph the

ion X4 Yo
equation 3 + 10 1.

c. If it is known that the comet passes through the point at (2, \/g), name the
coordinates of three other points through which it must pass.

Critical Thinking Write the equation of a graph that is symmetric with
respect to the x-axis.

Geometry Draw a diagram composed of line segments that exhibits both
x- and y-axis symmetry. Write equations for the boundaries.

Communication Radio waves emitted from two different radio towers
interfere with each other’s signal. The path of interference can be modeled by

. 2 x
the equation {—2 ~16
between the two towers and the positive y-axis represents north. Juana lives
on an east-west road 6 miles north of the x-axis and cannot receive the radio
station at her house. At what coordinates might Juana live relative to the

midpoint between the two towers?

= 1, where the origin is the midpoint of the line segment

Critical Thinking Must the graph of an odd function contain the origin?
Explain your reasoning and illustrate your point with the graph of a specific
function.

Manufacturing A manufacturer makes a profit of $6 on a bicycle and $4 on
a tricycle. Department A requires 3 hours to manufacture the parts for a
bicycle and 4 hours to manufacture parts for a tricycle. Department B takes
5 hours to assemble a bicycle and 2 hours to assemble a tricycle. How many
bicycles and tricycles should be produced to maximize the profit if the total
time available in department A is 450 hours and in department B is 400
hours? (Lesson 2-7)

Extra Practice See p. A30. | Lesson 3-1  Symmetry and Coordinate Graphs 135




44.Find ABif A = [4 3} and B = [

7 2

8 5
9 6

]. (Lesson 2-3)

45. Solve the system of equations, 2x + y + z =0, 3x — 2y — 3z = —21, and

4x + 5y + 3z = —2. (Lesson 2-2)

46. State whether the system, 4x — 2y = 7 and —12x + 6y = —21, is consistent and
independent, consistent and dependent, or inconsistent. (Lesson 2-1)

47.Graph 0 =x — y = 2. (Lesson 1-8)

48. Write an equation in slope-intercept form for the line that passes through
A(0, 2) and B(—2, 16). (Lesson 1-4)

49.1f f(x) = —2x + 11 and g(x) = x — 6, find [f° g](x) and [g ° f](x). (Lesson 1-2)
50. SAT/ACT Practice What is the product of 753 and 757?

A 755 B 7510

C 15010

D 562510 E 7521

CAREER CHOICES

Would you like to help
people live better
lives? Are you
interested in a
career in the field
of health? If you
answered yes, then
biomedical engineering
may be the career
for you. Biomedical
engineers apply engineering
skills and life science knowledge to design
artificial parts for the human body and
devices for investigating and repairing the
human body. Some examples are artificial
organs, pacemakers, and surgical lasers.

In biomedical engineering, there are three
primary work areas: research, design, and
teaching. There are also many specialty
areas in this field. Some of these are
bioinstrumentation, biomechanics,
biomaterials, and rehabilitation engineering.

The graph shows an increase in the
number of outpatient visits over the number
of hospital visits. This is due in part to recent
advancements in biomedical engineering.

CAREER OVERVIEW

Degree Preferred:
bachelor’s degree in biomedical engineering

Related Courses:
biology, chemistry, mathematics

Outlook:
number of jobs expected to increase through
the year 2006

Hospital Vital Signs
Total Number of Hospital Admissions and
Outpatient Visits, 1965-1996 (in millions)
Hospital Outpatient
Admissions Visits
40 F 500

Hospital

Admissions 1400

30

1300
Outpatient
Visits Logo

1100

0 0
1965 1970 1975 1980 1985 1990 1995

Source: The Wall Street Journal Almanac

For more information on careers in biomedical engineering, visit: www.amc.glencoe.com O
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OBJECTIVES
* |dentify
transformations
of simple
graphs.

o Sketch graphs
of related
functions.

constant function

y

square root function

y
V=N IX_/»
|1
o X
Look Back

Refer to Lesson 2-4
for more about
reflections and
translations.

,.-"‘""‘ﬁ'

Families of Graphs

©00000000000000000000000000000000000000000000000000000000000000000000000000000

% ENTERTAINMENT At some

e

B\ Y. circuses, a human cannonball is
©lico®™  shot out of a special cannon. In

order to perform this death-defying feat safely,

the maximum height and distance of the performer

must be calculated accurately. Quadratic functions

can be used to model the height of a projectile like
a human cannonball at any time during its flight.
The quadratic equation used to model height versus time is closely related to the
equation of y = x2. A problem related to this is solved in Example 5.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

All parabolas are related to the graph of y = x2. This makes y = x? the
parent graph of the family of parabolas. Recall that a family of graphs is a group
of graphs that displays one or more similar characteristics.

A parent graph is a basic graph that is transformed to create other members
in a family of graphs. Some different types are shown below. Notice that with the
exception of the constant function, the coefficient of x in each equation is 1.

identity function polynomial functions
y A (A |4 v
\ / /
yEX y=|x? [y=x
\ /
o X X
[o) X /
|
Y
absolute value greatest integer
function function rational function
14 y 5 2 AP
o =sonx
yE x| y =[x DA \
ol 17 -
X 0 X
0 > }%}
O

Reflections and translations of the parent function can affect the appearance
of the graph. The transformed graph may appear in a different location, but it will
resemble the parent graph. A reflection flips a figure over a line called the axis of
symmetry. The axis of symmetry is also called the line of symmetry.
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Example o Graph f(x) = |x| and g(x) = — |x | . Describe how the graphs of f(x) and g(x)

ﬂ Graphing

Calculator
Tip

You can use a graphing

calculator fo check your

sketch of any function
in this lesson.

are related.

x f(x) = | x| g(x) = —|x|
-2 2 -2
-1 1 -1
0 0 0
1 1 -1
2 2 -2

To graph both equations on the same axis,
lety = f(x) and y = g(x).

The graph of g(x) is a reflection of the graph of f(x) over the x-axis. The
symmetric relationship can be stated algebraically by g(x) = —f(x), or
f(x) = —g(x). Notice that the effect of multiplying a function by -1 is a reflection

over the x-axis.

When a constant c is added to or subtracted from a parent function, the
result, f(x) * ¢, is a translation of the graph up or down. When a constant c is
added or subtracted from x before evaluating a parent function, the result,

f(x £ ¢), is a translation left or right.

Example 9 Use the parent graph y = Vx to sketch the graph of each function.

a.y=\/.;+2

This function is of the form y = f(x) + 2.
Since 2 is added to the parent function
y= \/J_C, the graph of the parent function
moves up 2 units.

b.y=Vx—14

This function is of the form y = f(x — 4).
Since 4 is being subtracted from x before
being evaluated by the parent function, the
graph of the parent function y = \/J_c slides
4 units right.

c.y=Vx+3-1
y

This function is of the formy = f(x + 3) — 1.

The addition of 3 indicates a slide of 3 units
left, and the subtraction of 1 moves the
parent function y = V/x down 1 unit.

y
= 1xi
X
g(x) = —|x|
Y
/»
= Va2
_,—V
Al LT yEMx
11217
o X
y
=\/—z‘—,'
-7 1
’ y=Vx—4
O} =4 => X
4
Y
—
= VX
Q b
<|=+- =T
7= VX+3 =1
1y [o] X

Remember that a dilation has the effect of shrinking or enlarging a figure.
Likewise, when the leading coefficient of x is not 1, the function is expanded or

compressed.
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Example e Graph each function. Then describe how it is related to its parent graph.

a. g = 2[x] g(%) \
The parent graph is the greatest integer I
function, f(x) = [x]. g(x) = 2[x] is a vertical o =2ix]
expansion by a factor of 2. The vertical ol T X
distance between the steps is 2 units.

b. h(x) = —0.5[x] — 4 h(x)
h(x) = —0.5[x] — 4 reflects the parent graph — o X
over the x-axis, compresses it vertically by o | | h(x) = Fo.5[x+a
a factor of 0.5, and shifts the graph down =D
4 units. Notice that multiplying by a positive 2 b
number less than 1 compresses the graph s [
vertically. é—o

............................................................................................................................................. <

The following chart summarizes the relationships in families of graphs. The
parent graph may differ, but the transformations of the graphs have the same
effect. Remember that more than one transformation may affect a parent graph.

Change to the Parent

Function y = f(x), ¢> 0 Change to Parent Graph Examples
Reflections
y y=f(x)
y = —f(x Is reflected over the x-axis. y=f(—x)
y = fl—x Is reflected over the y-axis. 1
""" oI\ x
y=—1(x)
Translations y y=1fx+¢
y="flx)+c Translates the graph c units up. \/
— . y = f(x)
y=1flx) —c Translates the graph c units down.
AN =t~
RV
y=flx+ ¢ Translates the graph c units left.
y=flx—=¢ Translates the graph c units right.

(continued on the next page)
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Change to the Parent
Function y = f(x), ¢> 0 Change to Parent Graph Examples
Dilations
y=c¢-f(x),e>1 y = f(x)
y=c-fix, c>1 Expands the graph vertically. s
y=c flx,0<c<] Compresses the graph vertically.
- y=flx—¢),0<c<1
X
y=f(x)
y=flex), c>1 Compresses the graph horizontally. B
y="flex, 0 <c<1 Expands the graph horizontally. y="Mlex), 0<e<1

Other transformations may affect the appearance of the graph. We will look at
two more transformations that change the shape of the graph.

Example 0 Observe the graph of each function. Describe how the graphs in parts b and
c relate to the graph in part a.

afd=x—-—22-3 *\y 4
The graph of y = f(x) is a translation of y = x2. [ 1v= oy
The parent graph has been translated right 2
units and down 3 units. ol %

2,—3)
b.y=|fel MY L |4
) 3]
|f(x)|=|(x—2) _3| '!'_I"(H\ /
This transformation reflects any portion of the I/
parent graph that is below the x-axis so that it [0 X
is above the x-axis.

cy= f( | x |> k\ y /4

\ y={f(|xD)]
Flaxl)= (x| —2f =3 |
This transformation results in the portion of the \ 0|\ /1 Ix
parent graph on the left of the y-axis being
replaced by a reflection of the portion on the a1
right of the y-axis. ’
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Example

ENTERTAINMENT A traveling circus invites

i local schools to send math and science (51::::1:5) I-(Ifeeug:';t
i teams to its Science Challenge Day. One
challenge is to write an equation that most 0 15
accurately predicts the height of the flight 1 39
of a human cannonball performer at any 2 A7
given time. Students collect data by 3 30
witnessing a performance and examining 2 15

time-lapse photographs of the flight. Using
the performer’s initial height of 15 feet and
the photographs, one team records the data
at the right. Write the equation of the
related parabola that models the data.

A graph of the data reveals that a parabola is the best model for the data.

The parent graph of a parabola is the graph of the equation y = x2. To write
the equation of the related parabola that models the data, we need to compare
points located near the vertex of each graph. An analysis of the transformation
these points have undergone will help us determine the equation of the

transformed parabola.

From the graph, we can see that parent graph h(x)
has been turned upside-down, indicating that 55
the equation for this parabola has been 50 zM
multiplied by some negative constant c. 38 ’ ~(3.39)]
Through further inspection of the graph and Heiaht 38 [T7° (139}
its data points, we can see that the vertex of (f% 30 = A
the parent graph has been translated to the 2(5) / '\
point (2, 47). Therefore, an equation that 154 015 \
models the data is y = c(x — 2)? + 47. 1o {2.19) 4. 15) -
5 v
To find ¢, compare points near the vertex of o ! Ti;e (S)S “ox
the graphs of the parent function f(x) and
the graph of the data points. Look at the
relationship between the differences in the
y-coordinates for each set of points.
x hi(x)

x f(x) = x2 Time (seconds) Height (feet)

-2 4 y _3 0 15 524

-1 1 y—1 1 39 5 8

0 0 31 2 47 3 8

1 1 Yy —3 3 39 524

2 4 4 15

These differences are in a ratio of 1 to —8. This means that the graph of the
parent graph has been expanded by a factor of —8. Thus, an equation that

models the data is y = —8(x — 2)2 + 47.
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CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Write the equation of the graph obtained when the parent graph y = x3 is
translated 4 units left and 7 units down.
2. Explain the difference between the graphs of y = (x + 3)2and y = x% + 3.

3. Name two types of transformations for which the pre-image and the image are
congruent figures.

4. Describe the differences between the graphs of y = f(x) and y = f(cx) for ¢ > 0.

5. Write equations for the graphs of g(x), h(x), and k(x) if the graph of f(x) = V/x
is the parent graph.

fx) a | b | h(w) c. k(x)

f(x) = ‘/X_ — e

Guided Practice  Describe how the graphs of fx) and g(x) are related.

B.f(x) = |x| and g(x) = | x + 4| 7. f(x) = x® and g(x) = —(3%)°
Ay &
9 [H(x)
v f(x)
, X
|
glahlol 47§ Ix /I (x|
4 ¥
Use the graph of the given parent function to describe the graph of each related
function.
8. f(x) = x? 9. f(x) = x*
a. y = (0.2x)> a.y=|x+3]|
b.y=(—-5)?2-2 b. y = —(2x)*
c.y=3x2+6 c. y=0.75(x + 1)

Sketch the graph of each function.
10. f(x) = 2(x — 3)* 11. g(x) = (0.5x)% — 1
| 12. Consumer Costs The cost of labor for servicing cars at

B & B Automotive is $50 for each whole hour or for any
fraction of an hour.

a. Graph the function that describes the cost for x hours of labor.

b. Graph the function that would show a $25 additional charge
if you decide to also get the oil changed and fluids checked.

c. What would be the cost of servicing a car that required
3.45 hours of labor if the owner requested that the oil be
changed and the fluids be checked?

Www.amc. gIencoe.com/self_check_quiz
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E XERCISES

Practice Describe how the graphs of f(x) and g(x) are related.
13. f(x) = x and g(x) = x + 6 14. f(x) = x? and g(x) = 2 x2
15. f(x) = | x| and g(x) = | 5x| 16. f(x) = x® and g(x) = (x — 5)3
17./00) = + and g(x) = 2 18. () =[] + 1 and g(0) = —[x] — 1

19. Describe the relationship between the graphs of f(x) = V/x and
gx) = —-VO0.4x + 3.

Use the graph of the given parent function to describe the graph of each related

function.

20. f(x) = x? 21. f(x) = | x| 22. f(x) = 3
a.y = —(1.5x)? a.y= | 0.2x | a.y=(x+2°-5
b. y = 40x — 3)2 b.y=7|x|-04 b. y = —(0.8%)

3

c_y:%xz—S c.y=—9|x+1| c.y=(gx>+2

23. f(x) = Vx 24. f(x) = 25. f(x) = [x]
a.y=%\/x+2 a.y=0—15x a.y=[[%x]]—3
b.y=V-x-7 b.y=é+8 b. y = —0.75]x]
c.y=4+2Vx-3 c.y=|)lc—| c.y=[[|x|—4]]

26. Name the parent graph of m(x) = | -9 + (0.75x)2 | . Then sketch the graph
of m(x).

27. Write the equation of the graph obtained when the graph of y = % is

compressed vertically by a factor of 0.25, translated 4 units right, and then
translated 3 units up.

Sketch the graph of each function.
28.f0) = —(x+4)+5 29. g(x) = |x2 — 4| 30. h(x) = (0.5x — 1)3

31. n(x) = —2.5[x] + 3 32. q00) = —4|x — 2~ 1 83. k() = —5 (x — 3)? — 4

34. Graphy = f(x)and y = f(|x |) on the same set of axes if f(x) = (x + 3)2 — 8.

Graphing Use a graphing calculator to graph each set of functions on the same screen.
Calculator Name the xintercept(s) of each function.
@ 35.a. y = x2 36.a. y=x3 37.a. y=\Vx

b. y = (4x — 2)? b. y = (3x — 2)3 b.y=V2x+5

c. y = (2x + 3)2 c.y=(dx + 1) c.y=V5x—3
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Applications 38. Technology Transformations can be used to create a series of graphs that

and Problem appear to move when shown sequentially on a video screen. Suppose you start
Solving with the graph of y = f(x). Describe the effect of graphing the following
O Wo, functions in succession if n has integer values from 1 to 100.
@ NA
Q) a. y, = f(x + 2n) — 3n.
O"lico‘\o

b.y,=(CD"f(x — n).

39. Critical Thinking Study the coordinates of the x-intercepts you found
in the related graphs in Exercises 35-37. Make a conjecture about the
x-intercept of y = (ax + b)" if y = x" is the parent function.

40. Business The standard cost of a taxi fare is $1.50 for
the first unit and 25 cents for each additional unit. A
unit is composed of distance (one unit equals 0.2
mile) and/or wait time (one unit equals 75 seconds).
As the cab moves at more than 9.6 miles per hour,
the taxi’s meter clocks distance. When the cab is
stopped or moving at less than 9.6 miles per hour,
the meter clocks time. Thus, traveling 0.1 mile and
then waiting at a stop light for 37.5 seconds generates
one unit and a 25-cent charge.

a. Assuming that the cab meter rounds up to
the nearest unit, write a function that would
determine the cost for x units of cab fare,
where x > 0.

b. Graph the function found in part a.

41. Geometry Suppose f(x) =5 — |x —6].

a. Sketch the graph of f(x) and calculate the area of the triangle formed by
f(x) and the positive x-axis.

b. Sketch the graph of y = 2f(x) and calculate the area of the new triangle
formed by 2f(x) and the positive x-axis. How do the areas of part a and
part b compare? Make a conjecture about the area of the triangle formed by
y = ¢ - f(x) in the first quadrant if c = 0.

c. Sketch the graph of y = f(x — 3) and recalculate the area of the triangle
formed by f(x — 3) and the positive x-axis. How do the areas of part a and
part c compare? Make a conjecture about the area of the triangle formed by
y = f(x — ¢) in the first quadrant if ¢ = 0.

42. Critical Thinking Study the parent graphs at the beginning of this lesson.
a. Select a parent graph or a modification of a parent graph that meets each of
the following specifications.
(1) positive at its leftmost points and positive at its rightmost points
(2) negative at its leftmost points and positive at its rightmost points
(3) negative at its leftmost points and negative at its rightmost points
(4) positive at its leftmost points and negative at its rightmost points

b. Sketch the related graph for each parent graph that is translated 3 units right
and 5 units down.

c. Write an equation for each related graph.
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43.

Mixed Review 44,

45,

46.

47.

48.

49,

50.

51.

52.

53.

Critical Thinking Suppose a reflection, a translation, or a dilation were applied
to an even function.

a. Which transformations would result in another even function?
b. Which transformations would result in a function that is no longer even?

Is the graph of f(x) = x!7 — x!5> symmetric with respect to the origin? Explain.
(Lesson 3-1)

Child Care Elisa Dimas is the
manager for the Learning Loft
Day Care Center. The center
offers all day service for
preschool children for $18 per
day and after school only service
for $6 per day. Fire codes permit
only 50 children in the building at
one time. State law dictates that a
child care worker can be
responsible for a maximum of 3
preschool children and 5 school-
age children at one time. Ms. Dimas has ten child care workers available to work
at the center during the week. How many children of each age group should Ms.
Dimas accept to maximize the daily income of the center? (Lesson 2-7)

5 1 =2
-4 3 -1
image of the triangle after a 90° counterclockwise rotation about the origin.
(Lesson 24)

2
Find the values of x, y, and z for which [xs l; 2} = [
(Lesson 2-2)

Solve the system of equations algebraically. (Lesson 2-1)

Geometry Triangle ABC is represented by the matrix [ ] Find the

25 Ty

5 2z 6:| is true.

6x + 5y =—14
5x + 2y = -3
Describe the linear relationship implied in the scatter y

plot at the right. (Lesson 1-6)

Find the slope of a line perpendicular to a line whose
equation is 3x — 4y = 0. (Lesson 1-5)

Fund-Raising The Band Boosters at Palermo High
School are having their annual doughnut sale to raise S
money for new equipment. The equation 5d — 2p = 500 0 X
represents the amount of profit p in dollars the band will

make selling d boxes of doughnuts. What is the p-intercept of the

line represented by this equation? (Lesson 1-3)

Find [f° g](x) and [g° f](x) if f(x) = %x —2and g(x) = x* — 6x + 9. (Lesson 1-2)

SAT/ACT Practice Ifd =m — % and m is a positive number that increases in
value, then d

A increases in value. B increases, then decreases.

C remains unchanged. D decreases in value.

E decreases, then increases.
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OBJECTIVES

e Graph
polynomial,
absolute value,
and radical
inequalities in
two variables.

Solve
absolute value
inequalities.

Example

Look Back

Refer to Lesson 1-8
for more about
graphing linear
inequalities.

——

B

Graphs of Nonlinear
Inequalities

©0000000000000000000000000000000000000000000000000000000000000000000000000000

Q-ep\ WQ”Q PHARMACOLOGY Pharmacists label medication as to how much and
:7 how often it should be taken. Because oral medication requires time to
“lico®®  take effect, the amount of medication in your body varies with time.
Suppose the equation m(x) = 0.5x* + 3.45x% — 96.65x2 + 347.7xfor 0 < x=6
models the number of milligrams of a certain pain reliever in the bloodstream x hours
after taking 400 milligrams of it. The medicine is to be taken every 4 hours. At what
times during the first 4-hour period is the level of pain reliever in the bloodstream
above 300 milligrams? This problem will be solved in Example 5.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Problems like the one above can be solved by graphing inequalities. Graphing
inequalities in two variables identifies all ordered pairs that will satisfy the
inequality.

Determine whether (3, —4), 4, 7), (1, 1), and (—1, 6) are solutions for the
inequality y < (x — 2)2 — 3.

Substitute the x-value and y-value from each ordered pair into the inequality.

y=(x—-22-3 y=(@x-22-3

4<£@-22-3 (xy) =3 1)
—4=-2v true

y=&- 2)2 -3

T=@-22%-3 (xy)=(47)
7=1 false

1£0-22-3 (xy)=(11)
1=-2 false
y%(x—2)2—3

6=(-1-22-3 (xy)=(-16)
6=6V/ true

Of these ordered pairs, (3, —4) and (—1, 6) are solutions for y = (x — 2)2 — 3.

Example Q Graph y = (x — 43 — 2.

...................................... .
Similar to graphing linear inequalities, the first step in graphing nonlinear

inequalities is graphing the boundary. You can use concepts from Lesson 3-2 to
graph the boundary.

The boundary of the inequality is the graph of VA |4

y = (x — 4)3 — 2. To graph the boundary curve, start |

with the parent graph y = x3. Analyze the boundary [y=l)3

equation to determine how the boundary relates to

the parent graph. X

y=(x— 43 -2
T T

move 4 units right
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Graphing
Calculator
Appendix

For keystroke
instruction on how
to graph inequalities
see pages A13-A15.

Example e

Since the boundary is included in the inequality, the
graph is drawn as a solid curve.

The inequality states that the y-values of the

solution are greater than the y-values on the graph of
y = (x — 4)3 — 2. For a particular value of x, all of

the points in the plane that lie above the curve have
y-values greater than y = (x — 4)3 — 2. So this portion
of the graph should be shaded.

To verify numerically, you can test a point not on the
boundary. It is common to test (0, 0) whenever it is not
on the boundary.

y=(@x—-43-2
02 (0 —43—2 Replace (x, y) with (0, 0).
0=-66v True

Since (0, 0) satisfies the inequality, the correct region
is shaded.

The same process used in Example 2 can be used to graph inequalities
involving absolute value.

Graphy >3 —|x+ 2|.
Begin with the parent graph y = |x| .

It is easier to sketch the graph of the given inequality
if you rewrite it so that the absolute value expression
comes first.

y=3—|x+2| - y=—|x+2|+3

This more familiar form tells us the parent graph is
reflected over the x-axis and moved 2 units left and
three units up. The boundary is not included, so draw
it as a dashed line.

The y-values of the solution are greater than the
y-values on the graphofy =3 — |x + 2 |, so shade
above the graph of y = 3 — |x+ 2|.

Verify by substituting (0, 0) in the inequality to obtain
0 > 1. Since this statement is false, the part of the
graph containing (0, 0) should not be shaded. Thus,
the graph is correct.

y A
ye(x+4)°H2
|
|
(o) X
[
4
y oA
y=(x+4)°H2
|
I
[0] X
/
4
@
y
= |
o X
y=3 i+ 2|
/7 \\
7 N
Vs o AP ¢
¥ N
y
y>3—|x+2
7 | N
7 \\
7 o D ¢
BN




To solve absolute value inequalities algebraically, use the definition of
absolute value to determine the solution set. That is, if a < 0, then |a | —a,
and if a = 0, then |a|— a.

Example o Solve |x — 2| -5 < 4.

There are two cases that must be solved. In one case, x — 2 is negative, and in
the other, x — 2 is positive.

Case 1 Case 2
(x—-2)<0 x—2)>0
|x —2|-5<4 |x —2]-5<4
~x—-2)-5<4 |x-2|=—(x—2) x—2-5<4 |[x-2|=@x-2)
—-x+2-5<4 x—17<4
—x <7 x <11
x> -7

The solution set is {x| -7 <x<I11}. {x| —7<x <11} is read “the set of all
numbers x such that x is between —7 and 11.”

Verify this solution by graphing.

First, graph y = |x -2 | — 5. Since we are solving
x—2|—5<4and |x—2|—5=y,wearelooking '

for a region in which y = 4. Therefore, graphy = 4 N
and graph it on the same set of axes.

/
& 0l bro =

Identify the points of intersection of the two graphs.
By inspecting the graph, we can see that they [
intersect at (=7, 4) and (11, 4).

1l
™
|

(=5

Now shade the region where the graphs of y
the inequalities y > |x -2 | —5andy <4 (-7.8)] |g 1,4)
intersect. This occurs in the region of the o 4
graph where —7 < x < 11. Thus, the solution to
|x -2 | — 5 < 4 is the set of x-values such that

—7<x<I1l. .

|
H
,
~ Q]
5
.
b

Nonlinear inequalities have applications to many real-world situations,
including business, education, and medicine.

Example 9 PHARMACOLOGY Refer to the

o\ Wo application at the beginning of the
7 % lesson. At what times during the first
; ; 4-hour period is the amount of pain
o

olico i reliever in the bloodstream above
i 300 milligrams?

Since we need to know when the level of
pain reliever in the bloodstream is above
300 milligrams, we can write an inequality.
0.5x* + 3.45x3 — 96.65x% + 347.7x > 300
for0<x=6
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Let y = 0.5x* +3.45x3 — 96.65x2 + 347.7x and y = 300. Graph both equations on
the same set of axes using a graphing calculator.

Calculating the points of
intersection, we find that the
two equations intersect at about
(1.3, 300) and (3.1, 300).
Therefore, when 1.3 < x < 3.1,
the amount of pain reliever in
the bloodstream is above 300
milligrams. That is, the amount
exceeds 300 milligrams between
about 1 hour 18 minutes and 3
hours 6 minutes after taking the
medication.

Weight (mg)

Time (h)
[0, 6] scl: 1 by [0, 500] scl: 100

CHECK FOR UNDERSTANDING

Communicating
Mathematics

Guided Practice

=
=

Read and study the lesson to answer each question.

1. Describe how knowledge of transformations can help you graph the inequality
y=5+Vx-—2

2. State the two cases considered when solving a one-variable absolute value
inequality algebraically.

3. Write a procedure for determining which region of the graph of an inequality
should be shaded.

4. Math Journal Sketch the graphs of y = |x — 3|+ 2 and y = 1 on the same set
of axes. Use your sketch to solve the inequality |x -3 | + 2 < 1. If no solution
exists, write no solution. Write a paragraph to explain your answer.

Determine whether the ordered pair is a solution for the given inequality. Write
yes or no.

5.y=—5¢+ 73+ 8 (-1, —3) 6.y<lsx—4l-10 3
Graph each inequality.

7.y=(x+1)3 8.y=2(x — 3)? 9.y>—|x—4|+2
Solve each inequality.

10.|x + 6| >4 11.]3x — 4| =x

12. Manufacturing The AccuData Company
makes compact disks measuring
12 centimeters in diameter. The
diameters of the disks can vary no
more than 50 micrometers or 5 X 1073
centimeter.

a. Write an absolute value inequality to
represent the range of diameters of
compact disks.

b. What are the largest and smallest diameters that are allowable?
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E XERCISES

Practice Determine whether the ordered pair is a solution for the given inequality. Write
yes or no.
13.y <3 — 4 + 2, (1, 0) 4. y<lx-21+7,38
15.y> -Vx+11 +1,(-2,-1) 16.y < —0.2x2 + 9x — 7, (10, 63)
17.y5$,(—6, -9) 18.y=2[x[3-7,(0,0)
19. Which of the ordered pairs, (0, 0), (1, 4), (1, 1), (=1, 0), and y
(1, —1), is a solution for y =< \/J_C + 2? How can you use R
these results to determine if the graph at the right is VEVIH2
correct?
o X

Graph each inequality.

20.y=x2 -4 21. y >\ 0.5x 22,y <|x - 9]
23.y>|2x¢|+3 24. y < (x — 5)? 25, y = —x3

26,y > —(0.4x)2 27.y= |3(x - 9 28.y<\Vx+3+5
29.y=(x - 1)2 -3 30.y=@2x+13+2  31.y=-3lx—2l+4

32. Sketch the graph of the inequality y = x* — 6x2 + 12x — 8.

Solve each inequality.
33. [x +4|>5 34. [3x + 12| = 42 35.07 - 2x| - 8<3
36./5 — x| =x 37. 5x - 8l<0 38.2x + 9/ - 2x =0

39. Find all values of x that satisfy —% lx +5]=-s.

Applications 40. Chemistry Katie and Wes worked together on a chemistry lab. They
and Problem determined the quantity of the unknown in their sample to be 37.5 = 1.2 grams.
Solving If the actual quantity of unknown is x, write their results as an absolute value
oMo, inequality. Solve for x to find the range of possible values of x.
@ (A
Q) 41. Critical Thinking  Solve 3|x — 7| <|x - 1].
Oblico’(\o

42. Critical Thinking Find the area of the region described by y = 2 |x -3 | + 4 and
x — 2y = —20.

43. Education Amanda’s teacher calculates grades using a weighted average. She
counts homework as 10%, quizzes as 15%, projects as 20%, tests as 40%, and the
final exam as 15% of the final grade. Going into the final, Amanda has scores of
90 for homework, 75 for quizzes, 76 for projects, and 80 for tests. What grade
does Amanda need on the final exam if she wants to get an overall grade of at
least an 80?

44, Critical Thinking Consider the equation | x —3)?%— 4| = b. Determine the
value(s) of b so that the equation has

a. no solution. b. one solution.
c. two solutions. d. three solutions.
e. four solutions.
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45. Business After opening a cookie store in the mall, Paul and Carol Mason
hired an consultant to provide them with information on increasing their
profit. The consultant told them that their profit P depended on the number
of cookies x that they sold according to the relation P(x) = —0.005(x — 1200)2
+ 400. They typically sell between 950 and 1000 cookies in a given day.

a. Sketch a graph to model this situation.

b. Explain the significance of the shaded region.

Mixed Review 46. How are the graphs of f(x) = x3 and g(x) = —2x° related? (Lesson 3-2)

47. Determine whether the graph of y = —% is symmetric with respect to the

Xx-axis, y-axis, the line y = x, the line y = —Xx, or none of these. (Lesson 3-1)

48. Find the inverse of [2 :ﬂ (Lesson 2-5)

8 —7

49. Multiply [_4 0

} by % (Lesson 2-3)

50. Graphy = 3 |x| + 5. (Lesson 1-7).

51. Criminal Justice The table shows the

number of states with teen courts over a
period of several years. Make a scatter
plot of the data. (Lesson 1-6)

52. Find [f° g](4) and [g ° f](4) for
f(x) =5x +9and g(x) = 0.5x — 1.

(Lesson 1-2)

53. SAT Practice Grid-In Student A is
15 years old. Student B is one-third older.
How many years ago was student B twice

as old as student A?

Determine whether each graph is symmetric
with respect to the x-axis, the y-axis, the line
y = x, the line y = —x, the origin, or none of
these. (Lesson 3-1)

1.x24+y2-9=0

3.x=1
y

2.5x2 +6x—-9=y
4.y=|x|+1

Use the graph of the given parent function to
describe the graph of each related function.
(Lesson 3-2)

5. f(x) = [x] 6. f(x) = x*
a.y=[x]—2 a.y=3x3
b. y = —[x — 3] b. y = (0.5x)3 — 1

c.y=%[[x]]+1 c.y=@x+1)3+4

MID-CHAPTER QUIZ

States with

W Teen Courts

1976 2

1991 14

1994 17

1997 36

1999 47*
Source: American Probation and Parole
Association.

*Includes District of Columbia

7. Sketch the graph of g(x) = —0.5(x — 2)2 + 3.
(Lesson 3-2)

8. Graph the inequality y = (éx)z + 2.
(Lesson 3-3)

9. Find all values of x that satisfy l2x — 71 < 15.
(Lesson 3-3)

10. Technology In September of 1999, a polling
organization reported that 64% of Americans
were “not very” or “not at all” concerned
about the Year-2000 computer bug, with a
margin of error of 3%. Write and solve an
absolute value inequality to describe the
range of the possible percent of Americans
who were relatively unconcerned about the
“Y2K bug.” (Lesson 3-3)

Source: The Gallup Organization

Extra Practice See p. A30.
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Inverse Functions
and Relations

©0000000000000000000000000000000000000000000000000000000000000000000000000000

\ W,
og % METEOROLOGY The hottest temperature ever recorded in Montana

Loy
N D%?ifgﬂZEs ; ; was 117° F on July 5, 1937. To convert this temperature to degrees
inverses of plica®  Celsius C, subtract 32° from the Fahrenheit temperature F and then
;SLGCTS;SS and multiply the result by g The formula for this conversion is C = %(F — 32). The

« Graph functions coldest temperature ever recorded in Montana was —57° C on January 20, 1954.

and their To convert this temperature to Fahrenheit, multiply the Celsius temperature by % and

inverses. ) o 9
then add 32°. The formula for this conversion is F = gC + 32.
The temperature conversion formulas are examples of inverse functions.
Relations also have inverses, and these inverses are themselves relations.
Inverse Two relations are inverse relations if and only if one relation contains the
Relations element (b, a) whenever the other relation contains the element (a, b).

If f(x) denotes a function, then f~1(x) denotes the inverse of f(x). However,
f~1(x) may not necessarily be a function. To graph a function or relation and its
inverse, you switch the x- and y-coordinates of the ordered pairs of the function.
This results in graphs that are symmetric to each other with respect to the line

y =X

Example o Graph f(x) = —%|x| + 3 and its inverse.

To graph the function, let y = f(x). To graph f~!(x), interchange the x- and
y-coordinates of the ordered pairs of the function.

1 AN
fix) = - Ix| +3 x) 7
y=—-|x|[+I3 4

| =

X f(x) X f-1(x) 2 p
Note that the _3 15 15 3 . Z
domqin of one - ” > 5 & ’;
relation or a5 - | /,
function is the —1 2.5 : yT X,

0 3 3 s

range of the 0
inverse and vice 1 2.5 2.5 1
versa. 2 2 2 2 The graph of f~1(x) is the
3 1.5 1.5 3 reflection of f(x) over the
* liney = x.

Vs

Note that the inverse in Example 1 is not a function because it fails the
vertical line test.
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You can use the horizontal line test to determine if the inverse of a relation
will be a function. If every horizontal line intersects the graph of the relation in at
most one point, then the inverse of the relation is a function.

\ 4___\?1”_’ -
4.-.>_th.: Y/ "

The inverse of f(x) is a function. The inverse of g(x) is not a function.

You can find the inverse of a relation algebraically. First, let y = f(x). Then
interchange x and y. Finally, solve the resulting equation for y.

Example 9 Consider f(x) = (x + 3)2 — 5.

a. Is the inverse of f(x) a function?

b. Find £~ 1(x).
. c. Graph A(x) and f~!(x) using a graphing calculator.
Graphing ph f(x) (x) using a graphing
Calculator i a. Since the line y = —2 intersects the graph of A f(X)
Tip f(x) at more than one point, the function fails \\ i
) . the horizontal line test. Thus, the inverse of [ ]
You can differentiate £(x) is not a function \ /
the appearance of your ) 0
graphs by highlighting X
the symbal n front of b. To find f~1(x), let y = f(x) and interchange x V=1
each equation in the and v. Then. solve for
Y= list and pressing - ' Y PEICEOLE
[ENTER] 1o select line =(x+3)2 -5 Lletyv=Ix). H=u =
(\), thick (), or dot (--.). y=( ) y =0
x=(+3)2-5 Interchange x and y.
x+5=(y+3)? Isolate the expression containing y.
*Vx+5=y+3 Take the square root of each side.
y=-3xVx+5 Solve fory.
1) = -3 +Vx + 5 Replace y with f~!(x).
c. To graph f(x) and its inverse,
enter the equations >
y=(x+3)*-5, y=(x+3°-5
y=-3+Vx+5,and
y=-3-"Vx + 5inthe same et
viewing window.
y=-3=Jx+5
R
[—15.16, 15.16] scl: 2 by [—10, 10] scl: 2
.............................................................................. ®
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You can graph a function by using the parent graph of an inverse function.

Example e Graphy =2+ Vx—17.

The parent functionisy = \3/3_6 which is the YA [fly=x3|7
inverse of y = x3. / f
[ 1771
/',’T:V
7 y=Vk
3 0 X
To graph y = \/)_c, start with the graph of 4—”//;
y = x3. Reflect the graph over the line y = x. > ‘ ]
. |
¥ ¥
s y
To graphy = 2 + Vx — 7, translate the reflected N >
graph 7 units to the right and 2 units up. y=2+ V7
o — X
............................................................................................. O

To find the inverse of a function, you use an inverse process to solve for
y after switching variables. This inverse process can be used to solve many
real-world problems.

Exclmple o FINANCE When the Garcias decided to begin investing, their financial

i advisor instructed them to set a goal. Their net pay is about 65% of their
% i gross pay. They decided to subtract their monthly food allowance from their
¢. ! monthly net pay and then invest 10% of the remainder.

v,
“olica® i a. Write an equation that gives the amount invested / as a function of their
monthly gross pay G given that they allow $450 per month for food.

b. Determine the equation for the inverse process and describe the
real-world situation it models.

c. Determine the gross pay needed in order to invest $100 per month.

a. One model for the amount they will invest is as follows.

65% of food

investment equals 10% of \grosspay less allowance
2
I = 0.10 - (0.65G - 450)

b. Solve for G.
I =0.10(0.65G — 450)

W
3 ‘x\‘% 107 = 0.65G — 450 Multiply each side by 10.
]
: - 107 + 450 = 0.65G Add 450 to each side.
% =G Divide each side by 0.65.

This equation models the gross pay needed to meet a monthly investment
goal ] with the given conditions.
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Look Back

Refer to Lesson 1-2
to review the
composition of
two functions.

c. Substituting 100 for / gives G = M, or about $2231. So the Garcias

need to earn a monthly gross pay of about $2231 in order to invest $100 per
month.

If the inverse of a function is also a function, then a composition of the
function and its inverse produces a unique result.

Consider f(x) = 3x — 2 and f(x) = X ?; 2
and [F~ ! f](x) as follows.

. You can find functions [fo f~1](x)

= ~1, — 103y — ) — 9y €

- : [For 1160 = AZE2)  pigg = X 12| FTeAE) = F1Gx = D) i) = 5x - 2
+ 2 ' :M f*](x):u

=3(x3 )—2f(x):3x—2 3 3

=X
=X
This leads to the formal definition of inverse functions.
Inverse Two functions, fand =1, are inverse functions if and only if
Functions [Fof=110) = [F1 = 11X = x.

Example @) Given f() = 4x — 9, find £~1(x), and verify that fand £~ are inverse

functions.
y=4x-9 f(x)=y
x =4y — 9 Interchange x and y.

x+9=4y Solve fory.
x+9 _

4
x+9
4

=f1(x) Replacey with f~!(x).

Now show that [fo F~1](x) = [f~ 1o f](x) = x.

[For 160 = f* )

[F~1e £ = F1(4x — 9)

:4()(:9)_9 :g4x—49)+9

=X

Since [fo F~11(x) = [f"1°f](x) = x, fand f~! are inverse functions.

CHECK FOR UNDERSTANDING '

Communicating  Read and study the lesson to answer each question.

Mathematics

1. Write an explanation of how to determine the equation for the inverse of the

relationy = =V x — 3.

2. Determine the values of n for which f(x) = x has an inverse that is a function.

Assume that n is a whole number.
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Guided Practice

3. Find a counterexample to this statement: The inverse of a function is also a
function.

4. Show how you know whether the inverse of a function is also a function without
graphing the inverse.

5. You Decide Nitayah says that the inverse of y = 3 = VV x + 2 cannot be a
function because y = 3 = V x + 2 is not a function. Is she right? Explain.

Graph each function and its inverse.
B.f() =|x|+1 7. /) =x3+1 8.f(x) = —(x—3)2+1

Find f~1(x). Then state whether f~1(x] is a function.
9. f(x) = —3x + 2 10. /() = 5 M. ) =(x + 22+ 6

12. Graph the equation y = 3 * Vx + 1 using the parent graph p(x) = x2.

13. Given f(x) = %x — 5, find f~1(x). Then verify that fand f~! are inverse functions.
14. Finance If you deposit $1000 in a savings account with an interest rate of r
compounded annually, then the balance in the account after 3 years is given by
the function B(r) = 1000(1 + r)3, where r is written as a decimal.
a. Find a formula for the interest rate, r, required to achieve a balance of B in
the account after 3 years.

b. What interest rate will yield a balance of $1100 after 3 years?

E XERCISES

Practice
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Graph each function and its inverse.

15. f(x) = | x| + 2 16. F(x) = | 2x| 17. f(x) = x3 — 2
18. f(x) = x5 — 10 19. f(x) = [x] 20. f(x) = 3
21.f() =x2+2x + 4 22. f(x) = —(x +2)2 -5 23.fx)=(x+ 12 -4

24. For f(x) = x% + 4, find f~1(x). Then graph f(x) and f~1(x).

Find f~1(x). Then state whether f~1(x] is a function.

25, f(x) = 2x + T 26. f(x) = —x — 2 27. f(x) =+

28.1(0) =~ 29, f(x) = (x— 3)2+7  30.f(x) =x2 — 4x + 3
1 1 2

31. f(x) = T 10 32. f(x) = m 33. f(x) = _m

34.1f g(x) = xzf—Zx find g~ ().

Graph each equation using the graph of the given parent function.
35. f(x) = Vx + 5, p(x) = x? 36.y=1+Vx—2,pkx) =x2
87.f(x) = -2 — Vx + 3, p(x) = x3 38.y = 2Vx — 4, p(x) = x5

Given f(x), find f~1(x). Then verify that fand f~1 are inverse functions.

39./00) = —ox + ¢ 40. f(x) = (x — 33 + 4

www.amc.glencoe.com/self_check_quiz
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Applications a1.

and Problem
Solving

o\ Wo,
7y

v, <
0, O
Plica™

43.

44,

45.

46.

Analytic Geometry The function d(x) = |x -4 | gives the distance between x
and 4 on the number line.

a. Graph d~1(x).
b. Is d~1(x) a function? Why or why not?

c. Describe what d ~1(x) represents. Then explain how you could have predicted
whether d ~1(x) is a function without looking at a graph.

42. Fire Fighting The velocity v and maximum height
h of water being pumped into the air are related by

the equation v = V 2gh where g is the acceleration
due to gravity (32 feet/second?).

a. Determine an equation that will give the
maximum height of the water as a function
of its velocity.

b. The Mayfield Fire Department must purchase a
pump that is powerful enough to propel water
80 feet into the air. Will a pump that is
advertised to project water with a velocity of
75 feet/second meet the fire department’s
needs? Explain.

Critical Thinking
a. Give an example of a function that is its own inverse.
b. What type of symmetry must the graph of the function exhibit?

c. Would all functions with this type of symmetry be their own inverses? Justify
your response.

Consumer Costs A certain long distance phone company charges callers
10 cents for every minute or part of a minute that they talk. Suppose that you
talk for x minutes, where x is any real number greater than 0.

a. Sketch the graph of the function C(x) that gives the cost of an x-minute call.
b. What are the domain and range of C(x)?

c. Sketch the graph of C~1(x).

d. What are the domain and range of C~1(x)?

e. What real-world situation is modeled by C~1(x)?

Critical Thinking Consider the parent function y = x2 and its inverse

y= i\/a_c. If the graph of y = x? is translated 6 units right and 5 units down,
what must be done to the graph of y = t\/)_c to get a graph of the inverse of the
translated function? Write an equation for each of the translated graphs.

Physics The formula for the kinetic energy of a particle as a function of its

mass m and velocity v is KE = %muz.

a. Find the equation for the velocity of a particle based on its mass and kinetic
energy.

b. Use your equation from part a to find the velocity in meters per second of a
particle of mass 1 kilogram and kinetic energy 15 joules.

c. Explain why the velocity of the particle is not a function of its mass and
kinetic energy.
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47. Cryptography One way to encode a message is to assign a numerical value to
each letter of the alphabet and encode the message by assigning each number
to a new value using a mathematical relation.

a. Does the encoding relation have to be a function? Explain.
b. Why should the graph of the encoding function pass the horizontal line test?

c. Suppose a value was assigned to each letter of the alphabet so that
1=A,2=B,3=C,...,26 =Z, and a message was encoded using the
relation c(x) = —2 + Vx + 3. What function would decode the message?

d. Try this decoding function on the following message:
1 2899 2123 0.449 2796 1464 2243 2123  2.690
0 2583 0828 1 2.899 2123

Mixed Review 48. Solve the inequality | 2x +4 | = 6. (Lesson 3-3)

49. State whether the figure at the right has point
symmetry, line symmetry, neither, or both. O

(Lesson 3-1)

i T 3 I 50. Retail Arturo Alvaré, a sales associate at a paint store, plans

! ‘--..‘ B to mix as many gallons as possible of colors A and B. He has
e 32 units of blue dye and 54 units of red dye. Each gallon of
color A requires 4 units of blue dye and 1 unit of red dye. Each
gallon of color B requires 1 unit of blue dye and 6 units of red
dye. Use linear programming to answer the following
questions. (Lesson 2-7)

_-__1 a. Let a be the number of gallons of color A and let b be the
- number of gallons of color B. Write the inequalities that
describe this situation.

b. Find the maximum number of gallons possible.

51. Solve the system of equations 4x + 2y = 10, y = 6 — x by using

” & a matrix equation. (Lesson 2-5)
/[ ] [ 9

52. Find the product 0l [_ 6 _2] (Lesson 2-3)

53. Graph y < —2x + 8. (Lesson 1-8)

54. Line ¢, has a slope of % and line ¢, has a slope of 4. Are the lines parallel,
perpendicular, or neither? (Lesson 1-5)
55. Write the slope-intercept form of the equation

of the line that passes through points at
0, 7) and (5, 2). (Lesson 14)

56. SAT/ACT Practice In the figure at the
right, if PQ is perpendicular to QR, then
at+b+c+d=7?

A 180 B 225 C 270
D 300 E 360
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OBJECTIVES
e Determine
whether a
function is
continuous or
discontinuous.

Identify the
end behavior
of functions.

Determine
whether a
function is
increasing or
decreasing on
an interval.

The postage graph
exhibits jump
discontinuity.

Continuity and £nd Behavior

Q-OO\ Wq%. POSTAGE On January 10, Cost of a First-Class Letter
:?o ~o. 1999, the FJniteo? States 0.99 o
blico®  Postal Service raised the 83? ]

cost of a firstclass stamp. After the 0.66

change, mailing a letter cost $0.33 for Price (dollars) 8-22 i

the first ounce and $0.22 for each 033 o

additional ounce or part of an ounce. The 8?%

graph summarizes the cost of mailing a 0

0 1 2 3 4 5 6

firstclass letter. A problem related to this Weight (ounces)

is solved in Example 2.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Most graphs we have studied have been smooth, continuous curves.
However, a function like the one graphed above is a discontinuous function.
That is, you cannot trace the graph of the function without lifting your pencil.

There are many types of discontinuity. Each of the functions graphed below
illustrates a different type of discontinuity. That is, each function is discontinuous
at some point in its domain.

Graphs of Discontinuous Functions

fx) 44 fix)4 f(x)4
00 = X1 /
:0": — ™ ——t :O‘_‘_: +—+ :X ——t :O/ —t—t
i _txZ+1ifx<0 T
3 _-{ xifx>0

Infinite Discontinuity Jump Discontinuity Point Discontinuity

¢ Infinite discontinuity means that |f(x) | becomes greater and greater as the
graph approaches a given x-value.

¢ Jump discontinuity indicates that the graph stops at a given value of the
domain and then begins again at a different range value for the same value of
the domain.

e When there is a value in the domain for which the function is undefined, but
the pieces of the graph match up, we say the function has point discontinuity.

There are functions that are impossible to graph in the real number system.
Some of these functions are said to be everywhere discontinuous. An example of
such a function is f(x) = ! l.f xis fa“o.“ al .

—1if x is irrational
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If a function is not discontinuous, it is said to
be continuous. That is, a function is continuous
at a number c if there is a point on the graph with
x-coordinate ¢ and the graph passes through that
point without a break.

Linear and quadratic functions are continuous
at all points. If we only consider x-values less than
c as x approaches ¢, then we say x is approaching
¢ from the left. Similarly, if we only consider
x-values greater than c as x approaches ¢, then we
say x is approaching ¢ from the right.

A function is continuous at x = c if it satisfies the following conditions:

(1) the function is defined at c; in other words, f(c) exists;

(2) the function approaches the same yvalue on the left and right sides
of x = ¢; and

(3) the y-value that the function approaches from each side is f(c).

Continuity
Test

Example o Determine whether each function is continuous at the given x-value.
: af)=3x2+T;x=1
Check the three conditions in the continuity test.
(1) The function is defined at x = 1. In particular, f(1) = 10.

(2) The first table below suggests that when x is less than 1 and
x approaches 1, the y-values approach 10. The second table suggests
that when x is greater than 1 and x approaches 1, the y-values
approach 10.

x | y=flx x | y=flx
0.9 | 943 1.1 10.63
0.99 | 9.9403 1.01 | 10.0603
0.999 | 9.994003 1.001 | 10.006003

(3) Since the y-values approach 10 as x approaches
1 from both sides and (1) = 10, the function is
continuous at x = 1. This can be confirmed by

examining the graph. _[:1 —

b. () = 545 x=2

Start with the first condition in the continuity test. | Af(x)

The function is not defined at x = 2 because ‘\

1
substituting 2 for x results in a denominator of x= 12 X X%

zero. So the function is discontinuous at x = 2. —

hd
-

This function has point discontinuity at x = 2.

-t
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Lifx>1
=] cigx=1*"1
The function is defined at x = 1.

Using the second formula we find f(1) = 1.

The first table suggests that f(x) approaches 1 as x approaches 1 from the
left. We can see from the second table that f(x) seems to approach 1 as
x approaches 1 from the right.

x f(x) x f(x)
0.9 0.9 1.1 0.9091
0.99 0.99 1.01 0.9901
0.999 | 0.999 1.001 0.9990
Since the f(x)-values approach 1 as f(x)
x approaches 1 from both sides and
f(1) = 1, the function is continuous NS
atx = 1. i NP
| CATHA 1
X

A function may have a discontinuity at one or more x-values but be

. . . 1
continuous on an interval of other x-values. For example, the function f(x) = =z
is continuous for x > 0 and x < 0, but discontinuous at x = 0.

Continuity on A function f(x) is continuous on an interval if and only if it is continuous at
an Interval each number x in the interval.

In Chapter 1, you learned that a piecewise f(x)
function is made from several functions over
various intervals. The piecewise function

V\\

x—2-if x>2

fix) = {2 xifx<=2 18 continuous for x > 2

and x < 2 but is discontinuous at x = 2. The [0] X
graph has a jump discontinuity. This function

fails the second part of the continuity test because
the values of f(x) approach 0 as x approaches 2
from the left, but the f(x)-values approach 4

as x approaches 2 from the right.

I
————
N W
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9 POSTAGE Refer to the application at the beginning of the lesson.

a. Use the continuity test to show that the step function is discontinuous.

b. Explain why a continuous function would not be appropriate to model
postage costs.

a. The graph of the postage function is discontinuous at each integral value
of w in its domain because the function does not approach the same value
from the left and the right. For example, as w approaches 1 from the left,
C(w) approaches 0.33 but as w approaches 1 from the right, C(w)
approaches 0.55.

b. A continuous function would have to achieve all real y-values (greater than
or equal to 0.33.) This would be an inappropriate model for this situation
since the weight of a letter is rounded to the nearest ounce and postage
costs are rounded to the nearest cent.

................................................................................................................................................................................ Y
Another tool for analyzing functions is f(x)
) end behavior. The end behavior of a function 1
x — o is read as describes what the y-values do as |x| becomes ; (SXL_::O

“x approaches

oo greater and greater. When x becomes greater and
infinity.

greater, we say that x approaches infinity, and we
write x — . Similarly, when x becomes more and ; (SX}{:__Z
more negative, we say that x approaches negative

infinity, and we write x — —«. The same notation

can also be used with y or f(x) and with real

numbers instead of infinity.

Example e Describe the end behavior of A(x) = —2x3 and g(x) = —x3 + x2 — x + 5.

Use your calculator to create a table of function values so you can investigate
the behavior of the y-values.

x f(x) x g(x)
-10,000 2 x 102 —10,000 | 1.0001 x 1012
—1000 2 x 107 —1000 1,001,001,005
-100 2,000,000 -100 1,010,105
-10 2000 -10 1115
0 0 0 5
10 —2000 10 —905
100 —2,000,000 100 —990,095
1000 -2 %107 1000 —999,000,995
10,000 -2 x 1012 10,000 | —9.999 x 10!

Notice that both polynomial functions have y-values that become very large
in absolute value as x gets very large in absolute value. The end behavior of
f(x) can be summarized by stating that as x — =, f(x) - —~ and as x —> —»,
f(x) — «. The end behavior of g(x) is the same. You may wish to graph these
functions on a graphing calculator to verify this summary.
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coefficient. Suppose for n = 0

In general, the end behavior of any polynomial function can be modeled by

the function comprised solely of the term with the highest power of x and its
PO = a,x" + a,_ x" 1+ a, ;x4 4+ ayx? + ax + a,
Then f(x) = a,x" has the same end behavior as p(x). The following table
organizes the information for such functions and provides an example of a
function displaying each type of end behavior.
End Behavior of Polynomial Functions
P(x) = a,x" + a,_;x""1 + a,_,x""2 + + a,x2+ a;x + a5, n>0
a,: positive, n: even a,: negative, n: even
plx = x2 plx) = —x2
()4 p(x4
p(x) > p(Y) >
as x——o asx—o

.o" +—t 'X —t ;x

p(Q)——e p(x) > —e

as X — —oo asx—o

a,: positive, n: odd a,: negative, n: odd
plx) = <3 p(x) = —x°
p(x)
t tp(x
] p(X)— e 1
as X — —o 1
o X 't
p(x) = —o p(x) - p(x)— —oo
as X — —x as x> oo as x >
Another characteristic of functions that can help in their analysis is
the monotonicity of the function. A function is said to be monotonic on an
right.

interval 7 if and only if the function is increasing on / or decreasing on 1.

Whether a graph is increasing or decreasing
is always judged by viewing a graph from left to

The graph of f(x) = x? shows that the function

fx4

f(x) = x2
is decreasing for x < 0 and increasing for x > 0.




A function fis increasing on an interval / if and only if for every a and b

Incr‘eas!ng, contained in /, fa) < f[b) whenever a < b.
Decreasing, A function fis decreasing on an interval / if and only if for every a and b
and Constant contained in /, f{a) > f(b) whenever a < b.
Functions A function f remains constant on an interval /if and only if for every
a and b contained in /, f{a) = f[b) whenever a < b.

Points in the domain of a function where the function changes from
increasing to decreasing or vice versa are special points called critical points. You
will learn more about these special points in Lesson 3-6. Using a graphing
calculator can help you determine where the direction of the function changes.

Example Graph each function. Determine the interval(s) on which the function is
increasing and the interval(s) on which the function is decreasing.

Graphing a. f(x) =3 — (x — 5)2

Calculator

Ti i The graph of this function is obtained
P : by transforming the parent graph

By watching the x- and
y-values while using
the TRACE function,
you can determine
approximately where a
function changes from
increasing to decreasing

p(x) = x%. The parent graph has been
reflected over the x-axis, translated

5 units to the right, and translated up
3 units. The function is increasing for
x < 5 and decreasing for x > 5. At

x = 5, there is a critical point.

A

and vice versa.
[—10, 101 scl:1 by [—10, 10] scl:1

b F) = 5 lx +3|-5

The graph of this function is obtained
by transforming the parent graph

p(x) = |x| . The parent graph has been
vertically compressed by a factor

of %, translated 3 units to the left, and Eﬁ““m_f Pf
translated down 5 units. This function

is decreasing for x < —3 and increasing
for x > —3. There is a critical point

when x = —3.

[—10, 101 scl:1 by [—10, 10] scl:1

c. ) =2x3+3x2—12x+3

This function has more than one
critical point. It changes direction at

x = —2 and x = 1. The function is
increasing for x < —2. The function

is also increasing for x > 1. When

—2 < x < 1, the function is decreasing.

~

[—5, 5] scl:1 by [—30, 30] scl:5

164 Chapter 3 The Nature of Graphs




CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Math ti
athematics 1. Explain why the function whose graph fx)

is shown at the right is discontinuous at
x =2

2. Summarize the end behavior of polynomial o X
functions.

3. State whether the graph at the right 4 A
has infinite discontinuity, jump =
discontinuity, or point discontinuity,
or is continuous. Then describe the
end behavior of the function. ~

X
N

4. Math Journal Write a paragraph that compares the monotonicity of
f(x) = x? with that of g(x) = —x2. In your paragraph, make a conjecture
about the monotonicity of the reflection over the x-axis of any function
as compared to that of the original function.

Guided Practice  Determine whether each function is continuous at the given x-value. Justify your
answer using the continuity test.

x-5 X2+ 2ifx < -2,

5.y=x+3;x=—3 S'f(x):{Bxifxz—Z jx=—2

Describe the end behavior of each function.
7.y=4x>+2x*—3x— 1 8.y=-x+xt*-5x2+4

Graph each function. Determine the interval(s) for which the function is
increasing and the interval(s) for which the function is decreasing.

9./(x) = (x + 3)> — 4 10,y = 5"

11. Electricity A simple electric circuit 18
contains only a power supply and a 16
resistor. When the power supply is off, 14
there is no current in the circuit. When 12

. Current 10

the power supply is turned on, the (amps) 8
current almost instantly becomes a 6
constant value. This situation can be ‘2‘
modeled by a graph like the one shown 0 L
at the right. / represents current in 012345678 9101112
amps, and f represents time in seconds. Time(s)

a. At what f-value is this function
discontinuous?

b. When was the power supply turned on?

c. If the person who turned on the power supply left and came back hours later,
what would he or she measure the current in the circuit to be?
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E XERCISES

Practice

Graphing
Calculator

=

Applications
and Problem
Solving

o\ Wo
7 "y

v <
&)
plica

Determine whether each function is continuous at the given xvalue. Justify your
answer using the continuity test.
x+1

12.y=x3—4;x=1 1B.y="—"95x=2
_x+3 L S =
14. f(x) = G- X~ -3 15.y—[[2x]],x—3
3x +5ifx= -4 _ 2x + lifx=1, _

18. ) = { x+2ifx>-—4X= 74 170 = {4 Rifx<1%=1
18. Determine whether the graph at the right has y

infinite discontinuity, jump discontinuity, or -

point discontinuity, or is continuous.

\

19. Find a value of x at which the function \

g(x) = lg is discontinuous. Use the continuity \

X
test to justify your answer.
\
Describe the end behavior of each function.
20.y=x3+2x2+x—1 21.y=8—x3 — 2x*
22, f(x) = x10 — X9 + 5x8 23. 900 = l(x - 32 - 1
-1 __1
24.y = 2 25. f(x) = ey 2
Graph each function. Determine the interval(s) for which the function is
increasing and the interval(s) for which the function is decreasing.
26.y = x3 + 3x%2 — 9x 27.y=—-x3—-2x+1
I x2+5
28.f(x)—erl 4 29. g()—i2
30.y =|x2 — 4] 31.y=2|x|-3)2+1
GmM,

32. Physics The gravitational potential energy of an object is given by U(r) = — pra

where G is Newton’s gravitational constant, m is the mass of the object, M, is
the mass of Earth, and r is the distance from the object to the center of Earth.
What happens to the gravitational potential energy of the object as it is moved
farther and farther away from Earth?

33. Critical Thinking A function f(x) is increasing when 0 < x < 2 and decreasing
when x > 2. The function has a jump discontinuity when x = 3 and f(x) —» —
as x — oo,

a. If f(x) is an even function, then describe the behavior of f(x) for x < 0. Sketch
a graph of such a function.

b. If f(x) is an odd function, then describe the behavior of f(x) for x < 0.
Sketch a graph of such a function.
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Data Update
For the latest
information
about the
minimum
wage, visit
www.amc.
glencoe.com.

O—z

34. Biology One model for the population P of bacteria in a sample after t days
is given by P(f) = 1000 — 19.75¢ + 2062 — 4%,

a. What type of function is P(¢)?

b. When is the bacteria population increasing?

35.

36.

37.

c. When is it decreasing?

Employment The graph shows the minimum wage over a 43-year period in
1996 dollars adjusted for inflation.

a.
b.

Value of The Federal Minimum Wage, 1954-1996
In 1996 Dollars Adjusted for Inflation

$8.00

$7.00

Wage /\\—\/\I - \
$5.00 AN ——
$4.00

$3.00

1954 1960 1966 1972 1978 1984 1990 1996
1957 1963 1969 1975 1981 1987 1993

Year
Source: Department of Labor

During what time intervals was the adjusted minimum wage increasing?

During what time intervals was the adjusted minimum wage decreasing?

Analytic Geometry A line is secant to the graph of a function if it
intersects the graph in at least two distinct points. Consider the function
o) = —(x — 4)2% - 3.

a.
b.

On what interval(s) is f(x) increasing?

Choose two points in the interval from part a. Determine the slope of the
secant line that passes through those two points.

. Make a conjecture about the slope of any secant line that passes through two

points contained in an interval where a function is increasing. Explain your
reasoning.

. On what interval(s) is f(x) decreasing?

. Extend your hypothesis from part c to describe the slope of any secant line

that passes through two points contained in an interval where the function is
decreasing. Test your hypothesis by choosing two points in the interval from
part d.

Critical Thinking Suppose a function is defined for all x-values and its graph
passes the horizontal line test.

a.

What can be said about the monotonicity of the function?

b. What can be said about the monotonicity of the inverse of the function?
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38.

39.

Mixed Review 40.

41.

42.

43.

44,

45,

46.

Computers The graph at the right shows Student Computer Usage
the amount of school computer usage per
week for students between the ages of 12 .

d1s Less than 1 hour I 40%
and 1o. 1-2 hours I 28%
a. Use this set of data to make a graph of 4212 EOUVS =11‘5;<)*’/

. . -0 hours (4

f:l step function. On each line :?egment 6-8 hours O 5%

in your graph, put the open circle at 8-10 hours T 3%

the right endpoint. More than 10 hours B 3%
b. On what interval(s) is the function

(o () (o) (el

continuous?

Source: Consumer Electronics
Manufacturers Association

Critical Thinking Determine the values of a and b so that fis continuous.
X +aifx=2
fX)=1bx +aif —2<x<2
-b-—xifx=-2

Find the inverse of the function f(x) = (x + 5)%. (Lesson 54)

Describe how the graphs of f(x) = |x| and g(x) = |x +2 | — 4 are related.
(Lesson 3-2)

Find the maximum and minimum values of f(x, y) = x + 2y if it is defined for
the polygonal convex set having vertices at (0, 0), (4, 0), (3, 5), and (0, 5).
(Lesson 2-6)

Find the determinant of [g _ﬂ (Lesson 2-5)

Consumer Costs Mario’s Plumbing Service charges a fee of $35 for every
service call they make. In addition, they charge $47.50 for every hour they work
on each job. (Lesson 1-1)

a. Write an equation to represent the cost c of a service call that takes h hours
to complete.

b. Find the cost of a 2%—hour service call.

Find f(—2) if f(x) = 2x? — 2x + 8. (Lesson 1-1)

SAT Practice One box is a cube with side of length x. Another box is a
rectangular solid with sides of lengths x + 1, x — 1, and x. If x > 1, how
much greater is the volume of the cube than that of the other box?

Ax

Bx?—1
Cx—-1
D1
EO
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OBJECTIVE
e Construct and
graph functions
with gap
discontinuities.

These are also
called Boolean
operators.

GRAPHING CALCULATOR EXPLORATION

3-58B Gap Discontinuities

An Extension of Lesson 3-5

A function has a gap discontinuity if there is some interval of real numbers for
which it is not defined. The graphs below show two types of gap discontinuities.
The first function is undefined for 2 < x < 4, and the second is undefined for
—4=x=-2andfor2=x=3.

R

The relational and logical operations on the Test menu are primarily used for
programming. Recall that the calculator delivers a value of 1 for a true equation
or inequality and a value of 0 for a false equation or inequality. Expressions that
use the logical connectives (“and”, “or”, “not”, and so on) are evaluated

according to the usual truth-table rules. Enter each of the following expressions
and press to confirm that the calculator displays the value shown.

Expression Value Expression Value
3=7 1 (-1 < 8)and (8 < 9) 1
-2>-5 1 (2> 4)or (-7 = -3 0
—4>6 0 (4 < 3)and (1 < 12) 0

Relational and logical operations are also useful in defining functions that
have point and gap discontinuities.

Example ‘ Graphy = x2forx<-lorx = 2.

Enter the following expression as Y1 on the list.
X/(X=-DorX=2))

The function is defined as a quotient. The
denominator is a Boolean statement,
which has a value of 1 or 0. If the x-value
for which the numerator is being
evaluated is a member of the interval
defined in the denominator, the

denominator has a value of 1. Therefore,
fo _
1

appears on the screen. [—4.7, 4.7] scl:1 by [—2, 10] scl:1
(continued on the next page)

f(x) and that part of the function
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TRY THESE

WHAT DO YOU
THINK?

If the x-value is not part of the interval, the value of the denominator is 0. At
these points, % would be undefined. Thus no graph appears on the screen

for this interval.

When you use relational and logical operations to define functions, be careful
how you use parentheses. Omitting parentheses can easily lead to an expression
that the calculator may interpret in a way you did not intend.

Graph each function and state its domain. You may need to adjust the
window settings.

_ xXt-2 B 05x + 1
Ly="1%>3 2.Y= (= -2) and (x = 4))
_ —2x =02+ 03x% —x
3= < Do =1 4Y= (G= Dorxe= -2
|x| |x71‘f’x73|
5.y = (Ix] >1 6.y=" (Ix+4l>2)
1.5x 0.5x2
Ty= ([x] # 3) 8.y= (6 # -2) and ([x] # 1))

Relational and logical operations are not the only tools available for defining
and graphing functions with gap discontinuities. The square root function can
easily be used for such functions. Graph each function and state its domain.

9.y =V - D —2)(x - 3)x —4)

X
10.y = /o~ D - 2
Vix - Dx-2)

11. Suppose you want to construct a function whose graph is like that of y = x2
except for “bites” removed for the values between 2 and 5 and the values
between 7 and 8. What equation could you use for the function?

12. Is it possible to use the functions on the Mari Num menu to take an infinite
number of “interval bites” from the graph of a function? Justify your answer.

13. Is it possible to write an equation for a function whose graph looks just like
the graph of y = x2 for x = —2 and just like the graph of y = 2x — 4 for x = 4,
with no points on the graph for values of x between —2 and 4? Justify your
answer.

14. Use what you have learned about gap discontinuities to graph the following
piecewise functions.

a. 00 :{—2xifx<0
’ —xt+ 233+ 3x2 + 3x if x=0

(x + 4)3 — 2ifx < —2
b. () ={x2+2if —2=x=2
—(x — 43— 2ifx > 2
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OBJECTIVE
e Find the
extrema of a
function.

Recall from
geometry that a
line is tangent

to a curve if it
intersects a curve
in exactly one
point.

Maxima is

the plural of
maximum and
minima is the
plural of
minimum.
Extrema is the
plural of
extremum.

Critical Points and Extrema

©00000000000000000000000000000000000000000000000000000000000000000000000000000

BUSINESS America’s 23 million small businesses employ more than
50% of the private workforce. Owning a business requires good
management skills. Business owners should always look for ways to
compete and improve their businesses. Some business owners hire an analyst to help
them identify strengths and weaknesses in their operation. Analysts can collect data
and develop mathematical models that help the owner increase productivity, maximize
profit, and minimize waste. A problem related to this will be solved in Example 4.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Optimization is an application of mathematics where one searches for a
maximum or a minimum quantity given a set of constraints. When maximizing or
minimizing quantities, it can be helpful to have an equation or a graph of a
mathematical model for the quantity to be optimized.

Critical points are those points on a graph at which a line drawn tangent
to the curve is horizontal or vertical. A polynomial may possess three types
of critical points. A critical point may be a maximum, a minimum, or a
point of inflection. When the graph of a function is increasing to the left of x = ¢
and decreasing to the right of x = ¢, then there is a maximum at x = c. When the
graph of a function is decreasing to the left of x = ¢ and increasing to the right of
X = ¢, then there is a minimum at x = c. A point of inflection is a point where the
graph changes its curvature as illustrated below.

7
u—— i
Slope of tangent :
line equals 0 S
g P
< > I Slope of tangent
(0] ] 1 ling is undefined
O| Slope of tangent X !
line equals 0 [0 ; X
Maximum at P Minimum at P Point of inflection at P

The graph of a function can provide a visual clue as to when a function has a
maximum or a minimum value. The greatest value that a function assumes over
its domain is called the absolute maximum. Likewise the least value of a function
is the absolute minimum. The general term for maximum or minimum is
extremum. The functions graphed below have absolute extrema.

. e
Absolute maximum

o]

- ——————

Absolute minimum
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Functions can also have relative extrema. A y
relative maximum value of a function may not be . 1
the greatest value of f on the domain, but it is the m';tr':]’ﬁ n
greatest y-value on some interval of the domain. ~, 1
Similarly, a relative minimum is the least y-valueon  __  /\[ |
some interval of the domain. The function graphed [~ o\ / X
at the right has both a relative maximum and a

relative minimum. T  Relative
1 minimum

Note that extrema are values of the function, that
is, they are the y-coordinates of each maximum and
minimum point.

Example o Locate the extrema for the graph of y = f(x). Name and classify the extrema
of the function.

) ) A Y4 11,9 4
The function has a relative | |
minimum at (=3, —1). i \ /
\\ \\ [
The function has a relative 0 T Tx
maximum at (1, 5). (L3l 11y \ /
The function has a relative (4, 74)

minimum at (4, —4).

Since the point (4, —4) is the lowest point on the graph, the function appears
to have an absolute minimum of —4 when x = 4. This function appears to have
no absolute maximum values, since the graph indicates that the function
increases without bound as x — » and as x — —.

A branch of mathematics called calculus can be used to locate the critical
points of a function. You will learn more about this in Chapter 15. A graphing
calculator can also help you locate the critical points of a polynomial function.

Example 9 Use a graphing calculator to graph £(x) = 5x3 — 10x2 — 20x + 7 and to
i determine and classify its extrema.

Use a graphing calculator to graph the R
function in the standard viewing window.
Notice that the x-intercepts of the graph
are between —2 and —1, 0 and 1, and

3 and 4. Relative maxima and minima
will occur somewhere between pairs of
x-intercepts.

For a better view of the graph of the
function, we need to change the window
to encompass the observed x-intercepts
more closely.

[—10, 101 scl:1 by [—10, 10] scl:1
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Graphing

Calculator

Tip
Xmin and Xmax
define the x-axis
endpoints. Likewise,
Ymin and Ymax
define the y-axis
endpoints.

One way to do this is to change the x-axis
view to —2 = x = 4. Since the top and
bottom of the graph are not visible, you Jl.fﬁ\ 'f[
will probably want to change the y-axis
view as well. The graph at the right shows
—40 = y = 20. From the graph, we can see
there is a relative maximum in the interval
—1 < x < 0 and a relative minimum in the
interval 1 <x < 3.

[—2,4] scl:1 by [—40, 20] scl:10
There are several methods you can use to locate these extrema more
accurately.

Method 1: Use a table of values to locate the approximate greatest and least
value of the function. (Hint: Revise TBLSET to begin at —2 in intervals of 0.1.)

There seems to be a relative maximum of approximately 14.385 at x = —0.7
and a relative minimum of —33 at x = 2.

You can adjust the TBLSET increments to
hundredths to more closely estimate the
x-value for the relative maximum. A
relative maximum of about 14.407 appears
to occur somewhere between the x-values
—0.67 and —0.66. A fractional estimation

of the x-value might be x = —%

Method 2: Use the TRACE function to approximate the relative maximum and

minimum.

n=z.0glEreE = -F2.8908

1= EH"“ =10Rz-Z0h+7

1V

W= BERESYE YS1N HOENDE

[—2, 4] scl:1 by [—40, 20] scl:10 [—2, 4] scl:1 by [—40, 20] scl:10
There seems to be a maximum at x = —0.66 and a minimum at x = 2.02.
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Method 3: Use 3:minimum and 4:maximum options on the CALC menu to locate
the approximate relative maximum and minimum.

N (3=
7] 10/

il
=-.BEBRRSZ  'Y=14.407Y407
[—2,4] scl:1 by [—40, 20] scl:10

[—2,4] scl:1 by [—40, 20] scl:10

The calculator indicates a relative maximum of about 14.4 at x = —0.67 and a
relative minimum of —33 at x = 2.0.

All of these approaches give approximations; some more accurate than others.
From these three methods, we could estimate that a relative maximum occurs

near the point at (—0.67, 14.4) or (—— 14.407) and a relative minimum near the
point at (2, —33).

If you know a critical point of a function, you can determine if it is the
location of a relative minimum, a relative maximum, or a point of inflection by
testing points on both sides of the critical point. The table below shows how to
identify each type of critical point.

Critical Points

For f(x) with (a, f(a)) as a critical point and
h as a small value greater than zero

((a— h), fla— h))

((a—h), fla— h)

(2, Ha)

fla — h) < f{a)
fla + h) < f{a)

f(a) is a maximum.

fla — h) > fla)
fla + h) > f(a)

f(a) is a minimum.

((a—h), f(a— h) ((a+ h), f(a+ h))

fla — h) > fla)
fla + h) < fla)

f(a) is a point of inflection.

fla — h) < fla)
fla + h) > fla)

f(a) is a point of inflection.
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You can also determine whether a critical point is a maximum, minimum, or
inflection point by examining the values of a function using a table.

Example e The function f(x) = 2x> — 5x* — 10x3 has critical points at x = —1, x = 0,
and x = 3. Determine whether each of these critical points is the location of
a maximum, a minimum, or a point of inflection.

Evaluate the function at each point. Then check the values of the function
around each point. Let 2 = 0.1.

_ _ Type of
x | x—0.1| x+0.1 | f(x—0.1) | f(x) | f(x+ 0.1) Critical Point
—1 -1.1 -0.9 2.769 3 2.829 maximum
0 -0.1 0.1 0.009 0 -0.010 inflection point
3 2.9 3.1 -187.308 | -189 | -187.087 minimum

You can verify this solution by graphing f(x) on a graphing calculator.

You can use critical points from the graph of a function to solve real-world
problems involving maximization and minimization of values.

Example G BUSINESS A small business owner employing 15 people hires an analyst to
help the business maximize profits. The analyst gathers data and develops

o\ Wo,

L7 o the mathematical model P(x) = % — 34x2 + 1012x. In this model, P is

° ° :

A S the owner’s monthly profits, in dollars, and x is the number of employees.
Dlico® i The model has critical points at x = 22 and x = 46.

a. Determine which, if any, of these critical points is a maximum.

b. What does this critical point suggest to the owner about business
operations?

c. What are the risks of following the analyst’s recommendation?

a. Test values around the points. Let h = 0.1.

_ _ Type of
x | x—0.1|x+ 0.1 | |P(x— 0.1) P(x) P(x + 0.1) Critical Point
22 21.9 22.1 9357.21 | 9357.33 | 9357.21 maximum
46 45.9 46.1 7053.45 | 7053.33 | 7053.45 minimum

The profit will be at a maximum when the owner employs 22 people.

b. The owner should consider expanding the business by increasing the
number of employees from 15 to 22.

c. It is important that the owner hire qualified employees. Hiring unqualified
employees will likely cause profits to decline.
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CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Mathematics . . L - L .
1. Write an explanation of how to determine if a critical point is a maximum,

minimum, or neither.

2. Determine whether the point at N\
(1, —4), a critical point of the graph of
f(x) = x3 — 3x — 2 shown at the right,
represents a relative maximum, a relative
minimum, or a point of inflection. Explain
your reasoning. 'u'l

[—10, 10] scl:1 by [—10, 10] scl:1

3. Sketch the graph of a function that has a relative minimum at (0, —4), a relative
maximum at (—3, 1), and an absolute maximum at (4, 6).

Guided Practice  Locate the extrema for the graph of y = f(x). Name and classify the extrema of
the function.

4. ) y 5. 4\ y
|
\ / |
\ /
\ / \ o/ .
N b'%
o X \
d \
\

Use a graphing calculator to graph each function and to determine and classify
its extrema.

B. f(x) = 2x5 — 5x* 7.800) =x*+3x3-2

Determine whether the given critical point is the location of a maximum, a
minimum, or a point of inflection.

8.y=3x3-9x—5x=-1 9.y=x2+5x—6x=-25
10.y=2x3— x5 x=0 M.y=x5—3x*+3x2 -1, x=0

12. Agriculture Malik Davis is a soybean farmer. If he harvests his crop now, the
yield will average 120 bushels of soybeans per acre and will sell for $0.48 per
bushel. However, he knows that if he waits, his yield will increase by about
10 bushels per week, but the price will decrease by $0.03 per bushel per week.

a. If x represents the number of weeks Mr. Davis waits to harvest his crop, write
and graph a function P(x) to represent his profit.

b. How many weeks should Mr. Davis wait in order to maximize his profit?
c. What is the maximum profit?
d. What are the risks of waiting?
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E XERCISES

Practice Locate the extrema for the graph of y = f(x). Name and classify the extrema of
the function.
13. y 14. y 15. y
ol |x 3
T 700
/ \
l/ \\ o [0)
—i 1 X X
/ \ 1
16. y 17. ¥ 18. V14
A |
/ |
/ o X |
y /
N
\ / \ 4 X
\ o X |
) | |
|
4

Use a graphing calculator to graph each function and to determine and classify

ﬁ its extrema.
19. f(x) = —4 + 3x — x2 20. V(w) = w? — Tw — 6
21.g(x) = 6x3 + x2 — 5x — 2 22. h(x) = x* — 4x2 - 2
23. f(x) =2x° + 4x% — 2x — 3 24. D(H=1t3 +t

25. Determine and classify the extrema of f(x) = x* + 5x3 + 3x2 — 4x.

Determine whether the given critical point is the location of a maximum, a
minimum, or a point of inflection.

26.y=x3x=0 27.y=—x2+8x—10,x =4
28.y=2x2+ 10x — 7,x = —25 29. y=x*-2x2+7,x=0
30.y=%x4—2x2,x=2 31.y=x3—-9x2+27x — 27,x =3
32.y=%x3+%x2—2x+1,x=—2 33.y=x3—x2+3,x=%

34. A function f has a relative maximum at x = 2 and a point of inflection at x = —1.

Find the critical points of y = —2f(x + 5) — 1. Describe what happens at each
new critical point.
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Applications 35. Manufacturing A 12.5 centimeter by | - ]

and Problem 34 centimeter piece of cardboard will have S=o= SSS=

Solving eight congruent squares removed as in the | | | i 12.5
oW, diagram. The box will be folded to create a i i | Lol
N A take-out hamburger box. B | B J
oS a. Find the model for the volume V(x) of the 34 om

box as a function of the length x of the
sides of the eight squares removed.

b. What are the dimensions of each of the
eight squares that should be removed to
produce a box with maximum volume?

c. Construct a physical model of the box
and measure its volume. Compare this
result to the result from the mathematical
model.

36. Business The Carlisle Innovation Company has created a new product that
costs $25 per item to produce. The company has hired a marketing analyst to

help it determine a selling price for the product. After

collecting and analyzing data relating selling price s to

yearly consumer demand d, the analyst estimates

demand for the product using the equation

d = —200s + 15,000.

a. If yearly profit is the difference between total revenue
and production costs, determine a selling price s, s =
25, that will maximize the company’s yearly profit, P
(Hint: P = sd — 25d)

b. What are the risks of determining a selling price using

a B 4TS this method?
37. Telecommunications A cable company ;\;v w&f&? BN A A e *
wants to provide service for residents A e M ““"

of an island. The distance from the
closest point on the island’s beach,
point 4, directly to the mainland at
point B is 2 kilometers. The nearest
cable station, point C, is 10 kilometers
downshore from point B. It costs $3500
per kilometer to lay the cable lines
underground and $5000 per kilometer to lay the cable lines under water. The
line comes to the mainland at point M. Let x be the distance in kilometers from
point B to point M.

a. Write a function to calculate the cost of laying the cable.
b. At what distance x should the cable come to shore to minimize cost?

38. Critical Thinking Which families of graphs have points of inflection but no
maximum or minimum points?

39. Physics When the position of a particle as a function of time ¢ is modeled by a
polynomial function, then the particle is at rest at each critical point. If a
particle has a position given by s(f) = 2t3 — 11t2 + 3t — 9, find the position of
the particle each time it is at rest.
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40.

Mixed Review 41,

42.

43.

44,

45.

46.

47.

48.

49,

50.

51.

Critical Thinking A cubic polynomial can have 1 or 3 critical points.
Describe the possible combinations of relative maxima and minima for a
cubic polynomial.

sy = 5x
SY =X 3 —10
continuity test. (Lesson 3-5)

continuous at x = 5? Justify your answer by using the

Graph the inequality y = <(x — 2)%. (Lesson 3.3)

Manufacturing The Eastern Minnesota Paper Company can convert wood
pulp to either newsprint or notebook paper. The mill can produce up to 200
units of paper a day, and regular customers require 10 units of notebook
paper and 80 units of newsprint per day. If the profit on a unit of notebook
paper is $400 and the profit on a unit of newsprint is $350, how much of each
should the plant produce? (Lesson 2-7)

Geometry Find the system of inequalities that will define a polygonal
convex set that includes all points in the interior of a square whose vertices
are A(—3,4), B(2,4), C(2, —1), and D(—3, —1). (Lesson 2-6)

Find the determinant for 13 . Does an inverse exist for this matrix?
. 2 5
(Lesson 2-5)

Find 34 + 2Bif A = [g _3] and B = [:2 g] (Lesson 2-3)
Sports Jon played in two varsity
basketball games. He scored 32
points by hitting 17 of his 1-point,
2-point, and 3-point attempts. He
made 50% of his 18 2-point field
goal attempts. Find the number of
1-point free throws, 2-point field
goals, and 3-point field goals Jon
scored in these two games.
(Lesson 2-2)

Graphy + 6 = 4. (Lesson 1-8)

Determine whether the graphs of 2x + 3y = 15 and 6x = 4y + 16 are parallel,
coinciding, perpendicular, or none of these. (Lesson 1-5)

Describe the difference between a relation and a function. How do you test a
graph to determine if it is the graph of a function? (Lesson I-1)

SAT/ACT Practice Refer to the figure at the P Q
right. What percent of the area of rectangle
PORS is shaded? T

A 20%
B 333% s R
C 30%
D 25%
E 40%
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OBJECTIVES

e Graph rational
functions.

e Determine
vertical,
horizontal,
and slant
asymptotes.

A vertical
asymptote in the
graph of a rational
function is also
called a pole of
the function.

Graphs of Rational Functions

O\W 0000000000000 000000000000000000000000000000000000000000CCCGIEOIOIONIOIEOOIOGOIEOONIOIEOIEOITONIEOIECOITDIDL
Cg> % CHEMISTRY The creation of standard chemical solutions requires
:7 ,; precise measurements and appropriate mixing. For example, a chemist
0

olica™”  may have 50 liters of a 10-molar sodium chloride (NaCl) solution
(10 moles of NaCl per liter of water.) This solution must be diluted so it can be used
in an experiment. Adding 4-molar NaCl solution (4 moles of NaCl per liter of water)

to the 10-molar solution will decrease the concentration. The concentration, C, of

500 + 4x
50 + x

4-molar solution added. The graph of this function has characteristics that are helpful

in understanding the situation. A problem related to this will be solved in Example 3.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

the mixture can be modeled by C(x) = , where x is the number of liters of

The concentration function given above is an example of a rational function.

A rational function is a quotient of two polynomial functions. It has the form

fx) = %, where h(x) # 0. The parent rational function is f(x) = %

The graph of f(x) = % consists of two branches, one
in Quadrant I and the other in Quadrant IIl. The graph
has no x- or y-intercepts. The graph of f(x) =%, like that
of many rational functions, has branches that approach
lines called asymptotes. In the case of f(x) = %, the line

x = 0 is a vertical asymptote. Notice that as x
approaches 0 from the right, the value of f(x) increases
without bound toward positive infinity (). As x
approaches 0 from the left, the value of f(x) decreases
without bound toward negative infinity (—©).

Vertical
Asymptote

The line x = ais a vertical asymptote for a function f(x] if f(x] —» « or
flx) > —~as x— a from either the left or the right.

Also notice for f(x) = % that as the value of x

increases and approaches positive infinity, the value of
f(x) approaches (. The same type of behavior can also
be observed in the third quadrant: as x decreases and
approaches negative infinity, the value of f(x) approaches
0. When the values of a function approach a constant
value b as x — © or x — —, then the function has a

horizontal asymptote. Thus, for f(x) = % the line
f(x) = 0 is a horizontal asymptote.

Horizontal
Asymptote

The line y = b is a horizontal asymptote for a function f(x] if f(x) —» b as
X— ®©0orasx— —»,
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There are several methods that may be used to determine if a rational
function has a horizontal asymptote. Two such methods are used in the example
below.

3x—1

Example o Determine the asymptotes for the graph of f(x) = ~—2"

Since f(2) is undefined, there may be a

vertical asymptote at x = 2. To verify that
x = 2 is indeed a vertical asymptote, you 1.9 —47
have to make sure that f(x) — = or f(x) > —=

x f(x)

ﬂ Graphing as x — 2 from either the left or the right. 1.99 —497

Calculator 1.999 —4997
Ti ;

p The values in the table suggest that 19990 49997

You can use the TRACE
or TasLE function on
your graphing calculator
to approximate the
vertical or horizontal
asymptofe.

f(x) > —= as x — 2 from the left, so there

is a vertical asymptote at x = 2.

Two different methods may be used to find the horizontal asymptote.

Method 1

Let f(x) = y and solve for x in terms of
y. Then find where the function is
undefined for values of y.

3x — 1
T ox—2
yix —2)=3x — 1 Multiply each
side by (x — 2).
xy — 2y = 3x — 1 Distribute.
xy —3x=2y—1
x(y —3)=2y —1 Factor.
_ 2y —1 Divide each side
T y-3 byy-3
2y — 1

The rational expression y—3
is undefined for y = 3. Thus, the
horizontal asymptote is the line y = 3.

Method 2

First divide the numerator and
denominator by the highest power
of x.

y:

As the value of x increases positively
or negatively, the values of % and %
approach zero. Therefore, the value of
the entire expression approaches 3

1
or 3. So, the line y = 3 is the

horizontal asymptote.

Method 2 is preferable when the degree of the numerator is greater than that of

the denominator.

»

The graph of this function verifies that the lines (x4 4
y = 3 and x = 2 are asymptotes. 1 :k
T L =
y=3
‘51 L X
.............................................................................. [ ]
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Example 9 Use the parent graph f(x) = % to graph each function. Describe the

transformation(s) that take place. Identify the new location of each
asymptote.

1
a8 =75

To graph g(x) = xlTS’ translate the parent
graph 5 units to the left. The new vertical
asymptote is x = —5. The horizontal
asymptote, y = 0, remains unchanged.

b. h() = —5
To graph h(x) = —%, reflect the parent hix)A
graph over the x-axis, and compress the y=0
result horizontally by a factor of 2. This does hx)=-L )1
not affect the vertical asymptote at x = 0. “ 5 x=0 |
| X

The horizontal asymptote, y = 0, is also
unchanged.

4
x—3

c. k(x) =

To graph k(x) = p i 3 stretch the parent
graph vertically by a factor of 4 and translate
the parent graph 3 units to the right. The
new vertical asymptote is x = 3. The

horizontal asymptote, y = 0, is unchanged.

d. m(x) = —

x+2_4

To graph m(x) = = fi 5~ 4, reflect the
parent graph over the x-axis, stretch the
result vertically by a factor of 6, and
translate the result 2 units to the left and

4 units down. The new vertical asymptote is
x = —2. The horizontal asymptote changes
fromy=0toy = —4.

Many real-world situations can be modeled by rational functions.
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Example

Q_Qo\ Woﬁ

e CHEMISTRY Refer to the application at the

beginning of the lesson.

a. Write the function as a transformation of

1

s

b. Graph the function and identify the
asymptotes. Interpret their meaning in
terms of the problem.

the parent f(x) =

500 + 4x
50 + x

. 1
transformation of f(x) = 2 you must

a. In order to write C(x) =

perform the indicated division of the

linear functions in the numerator and i
denominator. 4, r j
B y

4
300 1
x +50)4x + 500 = 4+ <+ 50 0r300<x+50) +4
4x + 200
300

x + 50

b. The graph of C(x) is a vertical stretch of
the parent function by a factor of 300
and a translation 50 units to the left and
4 units up. The asymptotes are x = —50
and y = 4.

Therefore, C(x) = 300(1> + 4.

A 1
=300 (x+ 50

For the purposes of our model, the domain of C(x) must be restricted to
x = 0 since the number of liters of the 4-molar solution added cannot be

negative. The vertical asymptote x = —50 has no meaning in this application
as a result of this restriction. The horizontal asymptote indicates that as the

amount of 4-molar solution that has been added grows, the overall
concentration will approach a molarity of 4.

A third type of asymptote is a slant asymptote. Slant f(x)
asymptotes occur when the degree of the numerator of a /

rational function is exactly one greater than that of the
X +1

denominator. For example, in f(x) = —z the degree of
the numerator is 3 and the degree

of the denominator is 2. Therefore, this function has a
slant asymptote, as shown in the graph. Note that there
is also a vertical asymptote at x = 0. When the degrees
are the same or the denominator has the greater degree,
the function has a horizontal asymptote.
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Slant
Asymptote

The oblique line ¢ is a slant asymptaote for a function f(x) if the graph of
y = f(x) approaches ¢ as x — « or as x — —».

Example o Determine the slant asymptote for f(x) =

This method can
also be used to
determine the
horizontal
asymptote when
the degree of the
numerator is equal
to or greater than
that of the
denominator.

First, use division to rewrite the function.

Asx—><>c,i
x—2

2x + 1
x—22x% —3x + 1
2x2 — 4x
x+1
xX—2

3

— 0. So, the graph of f(x) will

approach that of y = 2x + 1. This means that the
line y = 2x + 1 is a slant asymptote for the graph
of f(x). Note that x = 2 is a vertical asymptote.

- fix)y=2x+1+

x—2

The graph of this function verifies that the line
y = 2x + 1is a slant asymptote.

2x2—3x + 1
x—2

f(x)4

There are times when the numerator and denominator of a rational function

share a common factor. Consider f(x) =

(+ 2)(x

=3 Since an x-value of 3 results

-3
in a denominator of 0, you might expect there to be a vertical asymptote at x = 3.
However, x — 3 is a common factor of the numerator and denominator.

Numerically, we can see that f(x) has the same values as g(x) = x + 2 except

atx = 3.

X

2.9

2.99

3.0

3.01

3.1

f(x)

4.9

4.99

5.01

5.1

g(x)

4.9

4.99

5.0

5.01

5.1

The y-values on the graph of f approach 5 from

both sides but never get to 5, so the graph has

point discontinuity at (3, 5).

Whenever the numerator and denominator of a
rational function contain a common linear factor,
a point discontinuity may appear in the graph of
the function. If, after dividing the common linear
factors, the same factor remains in the denominator,
a vertical asymptote exists. Otherwise, the graph
will have point discontinuity.
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xx+3Hx—-2°
D+ D
T ox(x+ 3 —2)

o x+1 _
BT I

Example 6 Graph y = x+3Ix+ D

Since x + 3 is a common factor that does not remain in the denominator after
the division, there is point discontinuity at x = —3. Because y increases or
decreases without bound close to x = 0 and x = 2, there are vertical
asymptotes at x = 0 and x = 2. There is also a horizontal asymptote at y = 0.

. o x+1
The graph is the graph of y = = 2)" except v
2 5
for point discontinuity at | —3, —=— . _(x=3)x+1)
P Y < 15 y _x():{+ 3)();— Zj

CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Mathematics 1
1. Graph f(x) = ~ after it has been translated 2 units to the right and down

6 units.
a. What are its asymptotes?

b. Write an equation of the translated graph.

2. Draw a graph to illustrate each type of asymptote discussed in this lesson:
vertical, horizontal, and slant.

3. Write an equation of a rational function that has point discontinuity.

4. True or False: If a value of x causes a zero in the denominator of a rational
function, then there is a vertical asymptote at that x-value. Explain.

Guided Practice = Determine the equations of the vertical and horizontal asymptotes, if any, of each

function.

__x X
5.f)=%"% 8.8 =9+ D
7. The graph at the right shows a transformation f(x)

of f(x) = e Write an equation of the function.

|
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Use the parent graph f(x) = %to graph each equation. Describe the

transformation(s) that have taken place. Identify the new locations of the
asymptotes.

1 1
x—4

8.y=

3x2—4x+5
x—3 ’

10. Determine the slant asymptote for the function f(x) =

Graph each function.
B x+2 X2+ 4x+ 4
My =G ne-1 12.y="17

13. Chemistry The Ideal Gas Law states that the
pressure P, volume V, and temperature 7, of an
ideal gas are related by the equation PV = nRT,
where n is the number of moles of gas and R is a
constant.

a. Sketch a graph of P versus V, assuming that
T is fixed.

b. What are the asymptotes of the graph?

c. What happens to the pressure of the gas if
the temperature is held fixed and the gas is
allowed to occupy a larger and larger volume?

E XERCISES

Practice
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Determine the equations of the vertical and horizontal asymptotes, if any, of each
function.

-2 - . x-1
14.f0) =4 15. f(0) = ¢ 16. g(x) = TSRS
—2 x2 (x + 1?2
17.80) = ijf4x+3 18. h(x) “2+1 19. h(x) = 21

20. What are the vertical and horizontal asymptotes of the function y = m‘?

Each graph below shows a transformation of f(x] = 17 Write an equation of each
function.

21. f(x) 22. f(x) 23. f(x)

I —

A
|
|
\

\
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Applications
and Problem

Solving
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Use the parent graph f(x) = 171:0 graph each equation. Describe the

transformation(s) that have taken place. Identify the new locations of the
asymptotes.

_1 __ 2 -2z
24.y—x+3 25.y—x_4 26.y—x+3 1

_ 3 X +1 _ —4Ax + 2
27.y = x+2 28.y——x_3 29.y—4x+5
Determine the slant asymptote of each function.

X2 +3x-3 X2 +3x—4
30.f(x)—7x+4 3’I.f(x)—7x

B -2%+x—4 X2 —4x+1
32. f(x) = T 33. f(x) = 72)( —3

X3 — 4x? + 2x —

34. Does the function f(x) = 6 have a slant asymptote? If so, find an

x+3
equation of the slant asymptote. If not, explain.

Graph each function.

k=2 +D _x2-4 x+2
35.y—7x 36.y—x72 37.y—x274

_(x = 22(x + 12 o x2—6x+9 o x2-1
3.y = - 39y =2 =% 40y = 2o

41. Chemistry Suppose the chemist in the application at the beginning of the
lesson had to dilute 40 liters of a 12-molar solution by adding 3-molar solution.

a. Write the function that models the concentration of the mixture as a function
of the number of liters ¢ of 3-molar solution added.

b. How many liters of 3-molar solution must be added to create a 10-molar
solution?

42. Electronics Suppose the current / in an electric circuit is given by the formula
I=t+

1 01_ o where tis time. What happens to the circuit as f approaches 10?

43. Critical Thinking Write an equation of a rational function whose graph has all
of the following characteristics.
e x-intercepts at x = 2 and x = —3;
e avertical asymptote at x = 4; and
e point discontinuity at (=5, 0).

44. Geometry The volume of a rectangular prism with a square base is fixed at
120 cubic feet.

a. Write the surface area of the prism as a function A(x) of the length of the side
of the square x.

b. Graph the surface area function.

c. What happens to the surface area of the prism as the length of the side of the
square approaches 0?

45. Critical Thinking The graph of a rational function cannot intersect a vertical
asymptote, but it is possible for the graph to intersect its horizontal asymptote
for small values of x. Give an example of such a rational function. (Hint: Let
the x-axis be the horizontal asymptote of the function.)
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46. Physics Like charges repel and unlike charges attract. Coulomb’s Law states
that the force F of attraction or repulsion between two charges, ¢, and g,, is

kq,q
rlz 2 where k is a constant and r is the distance between the

charges. Suppose you were to graph F as a function of r for two positive
charges.

given by F' =

a. What asymptotes would the graph have?
b. Interpret the meaning of the asymptotes in terms of the problem.
47. Analytic Geometry Recall from Exercise 36 of Lesson 3-5 that a secant is a line

that intersects the graph of a function in two or more points. Consider the
function f(x) = x2.

a. Find an expression for the slope of the secant through the points at (3, 9)
and (a, a®).

b. What happens to the slope of the secant as a approaches 3?

Mixed Review 48. Find and classify the extrema of the function f(x) = —x2 + 4x — 3.
(Lesson 3-6)

49. Find the inverse of x2 — 9 = y. (Lesson 34)

50. Find the maximum and minimum values of f(x, y) = y — x defined for the
polygonal convex set having vertices at (0, 0), (4, 0), (3, 5), and (0, 5).
(Lesson 2-6)

-6
8

51. Find —4[ _i] (Lesson 2-3)

52. Consumer Awareness Bill and Liz are going on a vacation
in Jamaica. Bill bought 8 rolls of film and 2
bottles of sunscreen for $35.10. The next day, Liz paid
$14.30 for three rolls of film and one bottle of sunscreen.
If the price of each bottle of sunscreen is the same and
the price of each roll of film is the same, what is the
price of a roll of film and a bottle of sunscreen?
(Lesson 2-1)

53. Of (0, 0), (3, 2), (—4, 2), or (—2, 4), which
satisfy x + y = 3? (Lesson 1-8)

54. Write the equation 15y — x = 1 in slope-intercept form.
(Lesson 14)

55. Find [f° g](x) and [g ° F](x) for f(x) = 8x and g(x) = 2 — x%.
(Lesson 1-2)

56. SAT/ACT Practice Nine playing cards from the same deck are placed to
form a large rectangle whose area is 180 square
inches. There is no space between the cards and
no overlap. What is the perimeter of this
rectangle?

A 29 in. B 58in. C 64in.
D116 in. E 210 in.
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OBJECTIVE
e Solve problems
involving direct,
inverse, and
joint variation.

Direct, Inverse, and
Joint Variation

o\ Wo 900 0000000000000 000000000000000000000000000000000000000000CCCCCGIOIOIONGOIOIOIOGIOIEOIOIOIEOGTDL
@5 AUTO SAFETY The faster you drive, the more time and distance you
: need fo stop safely, and the less time you have to react. The stoppin
©lica®  distance for a vehicle is the sum of the reaction distance d;, how far the
car travels before you hit the brakes, and the braking distance d,, how far the car
travels once the brakes are applied. According to the National Highway Traffic
Safety Administration (NHTSA), under the best conditions the reaction time t of most
drivers is about 1.5 seconds. Once brakes are applied, the braking distance varies
directly as the square of the car’s speed s. A problem related o this will be solved in

Example 2.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

The relationship between braking distance and car ¥
speed is an example of a direct variation. As the speed
of the car increases, the braking distance also increases
at a constant rate. y=kx"

A direct variation can be described by the equation
y = kx". The k in this equation is called the constant of
variation. To express a direct variation, we say that 0 X
y varies directly as x".

Direct
Variation

y varies directly as x" if there is some nonzero constant k such that
y = kx", n > 0. kis called the constant of variation.

Notice when n = 1, the equation of direct variation y
simplifies to y = kx. This is the equation of a line through
the origin written in slope-intercept form. In this special
case, the constant of variation is the slope of the line.

To find the constant of variation, substitute known
values of X" and y in the equation y = kx™ and solve for k.

Example o Suppose y varies directly as x and y = 27 when x = 6.

a. Find the constant of variation and write an equation of the form y = kx".
b. Use the equation to find the value of y when x = 10.
a. In this case, the power of x is 1, so the direct variation equation is y = kx.
y=kx
21=k(6) y=27,x=6
Zl—k  Divide each side by 6.
45 =Fk

The constant of variation is 4.5. The equation relating x and y is y = 4.5x.
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Example
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b.y = 4.5x
y=4500) x=10
y =45

When x = 10, the value of y is 45.

Direct variation equations are used frequently to solve real-world problems.

Q AUTO SAFETY Refer to the
application at the beginning of this
lesson. The NHTSA reports an average
braking distance of 227 feet for a car
traveling 60 miles per hour, with a
total stopping distance of 359 feet.

a. Write an equation of direct
variation relating braking distance
to car speed. Then graph the
equation.

b. Use the equation to find the braking distance required for a car traveling
70 miles per hour.

c. Calculate the total stopping distance required for a car traveling
70 miles per hour.

a. First, translate the statement of variation into an equation of the form

y = kx".
The braking distance varies directly as thQ square of the car’s speed.

Then, substitute corresponding values for braking distance and speed in the
equation and solve for k.

d, = ks?
227 = k(60)? d, = 227,s = 60 500 I
% —k Divide each side by (60)2 450
0.063 ~ k& Braking ggg
o distance o
The constant of variation is () 200
approximately 0.063. Thus, the equation 150
relating braking distance to car speed 100
is d, = 0.063s% Notice the graph of 50
the variation equation is a parabola Oy 20 40 60 80 100
centered at the origin and opening up. Speed (mph)

b. Evaluate the equation of variation for s = 70.
d, = 0.063s2
d, = 0.063(70)2 s=170
d, = 308.7 or about 309

The braking distance for a car traveling 70 mph is about 309 feet.
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c. To find the total stopping distance, first calculate the reaction distance
given a reaction time of 1.5 seconds and a speed of 70 miles per hour. Since
time is in seconds, we need to change miles per hour to feet per second.

70mi 1K lmin 52800 _
1% 60min 60s 1w ~ L103ft/s

d, = st reaction distance = rate of speed - time
d; = (103)(1.5) or about 155 feet s~ 103 ft/s; 1 = 1.55

The total stopping distance is then the sum of the reaction and braking
distances, 155 + 309 or 464 feet.

If you know that y varies directly as x" and one set of values, you can use a
proportion to find the other set of corresponding values.

Suppose y; = kx;" and y, = kx,". Solve each equation for k.

N & and& —k - N_ Y Since bpth ratios equal Rk,
X Xy x, X, the ratios are equal.

Using the properties of proportions, you can find many other proportions
that relate these same x"- and y-values. You will derive another of these
proportions in Exercise 2.

Example e If y varies directly as the cube of x and y = —67.5 when x = 3, find x when

y = —540.
Use a proportion that relates the values.
N_X
X X
—-67.5 —540 .
=—= Substitute the known values.
33 (xy)?

—67.5(x,)3 = =540(3)®  Cross multiply.
(x2)3 =216
Xy = \/3 216 or 6 Take the cube root of each side.

When y = —540, the value of x is 6. This is a reasonable answer for x, since as y
decreased, the value of x increased.

Many quantities are inversely proportional or are said to vary inversely with
each other. This means that as one value increases the other decreases and vice
versa. For example, elevation and air temperature vary inversely with each other.
When you travel to a higher elevation above Earth’s surface, the air temperature

decreases.
Inverse y varies inversely as x” if there is some nonzero constant k such that
Variation Xy = kory= K n>o.
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Suppose y varies inversely as x such that xy = 4 y

ory= % The graph of this equation is shown at VT

pe |4

the right. Notice that in this case, k is a positive

value, 4, so as the value of x increases, the value of o X

y decreases.

Just as with direct variation, a proportion can be used with inverse variation
to solve problems where some quantities are known. The proportion shown
below is only one of several that can be formed.

x,"y; = k and x,"y, = k

X"y = Xy Substitution property of equality
X" X" i ;
—_ == Divide each side by y;y..
Yo N
X, Xy
Other possible proportions include A N g =

n» n n? n M
2 XX Xy X1 Yo

Example O If y varies inversely as x and y = 21 when x = 15, find x when y = 12.

Use a proportion that relates the values.

X1 _ X%

—=— n=1

Yo »1

L_% Substitute the k lues

2= 21 ubstitute the known values.
12x, = 315 Cross multiply.

315

Xy =5 OF 26.25 Divide each side by 15.

When y = 12, the value of x is 26.25.

Another type of variation is joint variation. This type of variation occurs
when one quantity varies directly as the product of two or more other quantities.

Joint Variation y varies jointly as x" and Z” if there is some nonzero constant k such that
y = kx"z", where x# 0, z# O, and n > O.

Example o GEOMETRY The volume V of a cone varies jointly $
as the height h and the square of the radius r of
the base. Find the equation for the volume of a
cone with height 6 centimeters and base diameter
10 centimeters that has a volume of 507 cubic
centimeters.

Read the problem and use the known values of V, A,
and r to find the equation of joint variation.
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The volume varies jointly as the height and the square of the radius.

Vo o= k . h . 2

V= khi?
507 = k(6)(5)2 V=50m h=06r=5
507 = 150k

% =k Solve for k.

The equation for the volume of a cone is V = ghrz.

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Describe each graph below as illustrating a direct variation, inverse variation,

or neither.

a. y b. y c. y

2. Derive a different proportion from that used in Example 3 y
relating x and y if y varies directly as x.

3. Explain why the graph at the right does not represent a —
direct variation. ]

4. Write statements relating two quantities in real life that
exemplify each type of variation. o X

a. direct b. inverse c. joint

Guided Practice  Find the constant of variation for each relation and use it to write an equation for
each statement. Then solve the equation.

5. If y varies inversely as x and y = 3 when x = 4, find y when x = 15.

6. If y varies directly as the square of x and y = —54 when x = 9, find y when
x = 6.

7.1f y varies jointly as x and the cube of zand y = 16 when x = 4 and z = 2, find
ywhenx = —-8andz = —3.

8. If y varies jointly as x and z and inversely as the square of w, and y = 3 when
x=3,z=10,and w = 2, find y when x = 4, z = 20, and w = 4.

Write a statement of variation relating the variables of each equation. Then name
the constant of variation.

9.£=7 10. A = (w M.x=—
y y
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12.

Forestry A lumber company needs to estimate the volume of wood a load of
timber will produce. The supervisor knows that the volume of wood in a tree
varies jointly as the height h and the square of the tree’s girth g. The supervisor
observes that a tree 40 meters tall with a girth of 1.5 meters produces 288 cubic
meters of wood.

a. Write an equation that represents this situation.

b. What volume of wood can the supervisor expect to obtain from 50 trees
averaging 75 meters in height and 2 meters in girth?

E XERCISES

Find the constant of variation for each relation and use it to write an equation for
each statement. Then solve the equation.

Practice
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13.
14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

If y varies directly as x and y = 0.3 when x = 1.5, find y when x = 6.
If y varies inversely as x and y = —2 when x = 25, find x when y = —40.

Suppose y varies jointly as x and z and y = 36 when x = 1.2 and z = 2. Find
ywhenx = 0.4 and z = 3.

If y varies inversely as the square of x and y = 9 when x = 2, find y when
x=3.

If r varies directly as the square of t and r = 4 when ¢ = %, find r when t = %
Suppose y varies inversely as the square root of x and x = 1.21 when y = 0.44.

Find y when x = 0.16.

If y varies jointly as the cube of x and the square of z and y = —9 when
x=—-3and z = 2, find ywhenx = —4and z = —3.

If y varies directly as x and inversely as the square of z and y = éwhen x =20
and z = 6, find y when x = 14 and z = 5.

Suppose y varies jointly as x and z and inversely as w and y = —3 when x = 2,
z=—-3,andw = 4.Find ywhenx =4,z= —7and w = —4.

If y varies inversely as the cube of x and directly as the square of zandy = —6
whenx =3 and z =9, find y when x = 6 and z = —4.

If a varies directly as the square of b and inversely as ¢ and a = 45 when

b =6andc = 12, find b when a = 96 and ¢ = 10.

If y varies inversely as the square of x and y = 2 when x = 4, find x when
y=28.

Write a statement of variation relating the variables of each equation. Then name
the constant of variation.

25.C=md 26. % =4 07, xz2 = %y
_4_3 2_5 _ 2
28.V—37Tr 29. 4x =5 30.y = Vx
x 1 2
31.A = 0.5h(b, + by 32.y=53 33. Ly=%;
___. www.amc.glencoe.com/self_check_quiz
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3.
34. Write a statement of variation for the equation y = kxwz % if k is the constant of

variation.
Applications 35. Physics If you have observed people on a
and Problem seesaw, you may have noticed that the heavier
Solving person must sit closer to the fulcrum for the
o seesaw to balance. In doing so, the heavier
: : participant creates a rotational force, called fulerum
“Plico® torque. The torque on the end of a seesaw

depends on the mass of the person and his or

her distance from the seesaw’s fulcrum. In order to reduce torque, one must
either reduce the distance between the person and the fulcrum or replace the
person with someone having a smaller mass.

a. What type of variation describes the relationship between torque, mass, and
distance? Explain.

b. Let m, d;, and T, be the mass, distance, and torque on one side of a seesaw,
and let m,, d,, and T, be the mass, distance, and torque on the other side.
Derive an equation that represents this seesaw in balance.

c. A 75-pound child and a 125-pound babysitter sit at either end of a seesaw. If
the child sits 3.3 meters from the fulcrum, use the equation found in part b to
determine how far the babysitter should sit from the pivot in order to
balance the seesaw.

36. Pool Maintenance Kai decides to empty her pool for the
winter. She knows that the time ¢ required to empty a pool
varies inversely as the rate r of pumping.

a. Write an equation that represents this situation. Let k be the
constant of variation.

b. In the past, Kai was able to empty her pool in 45 minutes at
a rate of 800 liters per minute. She now owns a new pump
that can empty the pool at a rate of 1 kiloliter per minute.
How long will it take Kai to empty the pool using this new
pump?

37. Critical Thinking Show that if y varies directly as x, then x
varies directly as y.

38. Movies The intensity of light /, measured in lux, is inversely proportional to
the square of the distance d between the light source and the object illuminated.

a. Write an equation that represents this situation.

b. Using a light meter, a lighting director measures the intensity of the light from
a bulb hanging 6 feet overhead a circular table at 16 lux. If the table has a
5-foot diameter, what illumination reading will the director find at the edge of
the table where the actors will sit? Round to the nearest tenth.

39. Critical Thinking If a varies directly as the square of b and inversely as the cube
of ¢, how is the value of a changed when the values of b and c are halved? Explain.
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40.

41.

Mixed Review 42,

43.

44,

45.

46.

47.

48.

Space Science Newton’s Law of Universal Gravitation states that two
objects attract one another with a force F that varies directly as the product
of their masses, m; and m,, and inversely as the square of the distance d
between their centers. It is this force, called gravity, which pulls objects to
Earth and keeps Earth in its orbit about the sun.

a. Write an equation that represents this

situation. Let G be the constant of

variation. Mass

b. Use the chart at the right to determine Earth | 5.98 X 1024 kg
the value of G if the force of attraction Sun | 1.99 X 1030 kg
between Earth and the moon is Moon | 7.36 X 1022 kg

1.99 X 102 newtons (N) and the
distance between them is 3.84 x 108
meters. Be sure to include appropriate
units with your answer.

c. Using your answers to parts a and b, find the force of attraction between
Earth and the sun if the distance between them is 1.50 X 10!! meters.

d. How many times greater is the force of attraction between the sun and
Earth than between the moon and Earth?

Electricity Wires used to connect electric devices have very small
resistances, allowing them to conduct currently more readily. The resistance
R of a piece of wire varies directly as its length L and inversely as its cross-
sectional area A. A piece of copper wire 2 meters long and 2 millimeters in
diameter has a resistance of 1.07 X 1072 ohms ({2). Find the resistance of a
second piece of copper wire 3 meters long and 6 millimeters in diameter.
(Hint: The cross-sectional area will be 77r2.)

Graphy = ;Cz—__lg (Lesson 3-7)

Find the inverse of f(x) = (x — 3)3 + 6. Then state whether the inverse is a
function. (Lesson 3-4)

Square ABCD has vertices A(1, 2), B(3, —2), C(—1, —4), and D(—3, 0). Find the
image of the square after a reflection over the y-axis. (Lesson 2-4)

State whether the system 4x — 2y = 7 and —12x + 6y = —21 is consistent and
independent, consistent and dependent, or inconsistent. (Lesson 2-1)

2ifx <1 ,
Graph g(x) = {_;i Sifx=1 (Lesson 1-7)

Education In 1995, 23.2% of the student body at Kennedy High School were
seniors. By 2000, seniors made up only 18.6% of the student body. Assuming
the level of decline continues at the same rate, write a linear equation in
slope-intercept form to describe the percent of seniors y in the student body
in year x. (Lesson 1-4)

SAT/ACT Practice If a?b = 122, and b is an odd integer, then a could be
divisible by all of the following EXCEPT

A3 B 4 C6 D9 E 12
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CHAPTER

STUDY GUIDE AND ASSESSMENT

absolute maximum (p.171)
absolute minimum (p. 171)
asymptotes (p. 180)
constant function

(pp. 137, 164)
constant of variation (p. 189)
continuous (p. 160)
critical point (p. 171)
decreasing function (p. 164)
direct variation (p. 189)
discontinuous (p. 159)
end behavior (p. 162)
even function (p. 133)
everywhere discontinuous

(. 159)

extremum (p. 171)

horizontal asymptote (p. 180)
horizontal line test (p. 153)
image point (p. 127)
increasing function (p. 164)
infinite discontinuity (p. 159)
inverse function (pp. 152, 155)
inverse process (p. 154)

inversely proportional

(p. 191)
inverse relations (p. 152)

joint variation (p. 192)
jump discontinuity (p. 159)
line symmetry (p. 129)
maximum (p. 171)

Choose the correct term to best complete each sentence.

minimum (p. 171)
monotonicity (p. 163)
odd function (p. 133)
parent graph (p. 137)
point discontinuity (p. 159)
point of inflection (p. 171)
point symmetry (p. 127)
rational function (p. 180)
relative extremum (p. 172)
relative maximum (p. 172)
relative minimum (p. 172)
slant asymptote (p. 183)
symmetry with respect to
the origin (p. 128)
vertical asymptote (p. 180)

1.
2.

An (odd, even) function is symmetric with respect to the y-axis.

If you can trace the graph of a function without lifting your pencil, then the graph is
(continuous, discontinuous).

. When there is a value in the domain for which a function is undefined, but the pieces of the graph

match up, then the function has (infinite, point) discontinuity.

. A function f is (decreasing, increasing) on an interval / if and only if for every a and b contained in

I, f(a) > f(b) whenever a < b.

. When the graph of a function is increasing to the left of x = ¢ and decreasing to the right of x = ¢,

then there is a (maximum, minimum) at c.

6. A (greatest integer, rational) function is a quotient of two polynomial functions.

7. Two relations are (direct, inverse) relations if and only if one relation contains the element (b, a)

10.

1nterNET

whenever the other relation contains the element (q, b).

. A function is said to be (monotonic, symmetric) on an interval / if and only if the function is

increasing on / or decreasing on L.

. A (horizontal, slant) asymptote occurs when the degree of the numerator of a rational expression

is exactly one greater than that of the denominator.

(Inverse, Joint) variation occurs when one quantity varies directly as the product of two or more
other quantities.
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CHAPTER 3 ® STUDY GUIDE AND ASSESSMENT

SK”_.L.S AND CONCEPTS P .

OBJECTIVES AND EXAMPLES

Lesson 3-1 Use algebraic tests to determine if
the graph of a relation is symmetrical.

? Determine whether the graph of f(x) = 4x
H — 1is symmetric with respect to the origin.
f(—x) =4(—x) —1

=—4x—1
—f(x)=—-M4x—-1)
=—4x+1

The graph of f(x) = 4x — 1 is not
symmetric with respect to the origin
because f(—x) # —f(x).

REVIEW EXERCISES

Determine whether the graph of each function
is symmetric with respect to the origin.

11. f(x) = —2x 12. f(x) = x% + 2
13.f0)=x2—x+3 14.fx)=x3—6x+1

Determine whether the graph of each function
is symmetric with respect to the x-axis, y-axis,
the line y = x, the line y = —x, or none of these.

15.xy =4 16. x + y> =4

Lesson 3-2 Identify transformations of simple

graphs.

. Describe how the graphs of A(x) = x% and
g(x) = x2 — 1 are related.

Since 1 is subtracted from f(x), the parent
function, g(x) is the graph of f(x) translated
1 unit down.

Describe how the graphs of f(x) and g(x) are
related.

19. f(x) = x*and g(x) = x* + 5
20. f(x) = | x| and g(x) = |x + 21
21. f(x) = x* and g(x) = 6x2

22. f(x) = [ and g() = [ 3] - 4

Lesson 3-3 Graph polynomial, absolute value,
and radical inequalities in two variables.

?  Graphy<x*+ 1 o

The boundary of the
inequality is the A p
graphof y = x2 + 1.

Since the boundary is
not included, the 0
parabola is dashed.

Graph each inequality.
23.y > |x + 2|
25.y<(x+ 1)2+2

24. y=-2x3+4

26. y=V2x -3

Solve each inequality.
27.l4x +51>7
28./x -3l +2=11

Lesson 3-4 Determine inverses of relations and
functions.

*  Find the inverse of f(x) = 4(x — 3)%.

y=4@ —3)? Lety = f(x).
x=4(y — 3)® Interchange x and y.

§=(y—3)2 Solve fory.
+ §=y—3

X _ -1 _ x
3= 1= So, f~'(x) =3 = 1

Graph each function and its inverse.
29, f(x) = 3x — 1 30. f(x) = —yx +5

31.1(0) = = +3 32. f(x) = (x + D)2 — 4

Find f~1(x). Then state whether f~1(x] is a
function.

33.f(x) = (x — 2)3— 8

34. f(x) = 3(x + *
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OBJECTIVES AND EXAMPLES

Lesson 3-5 Determine whether a function is

continuous or discontinuous.

e Determine whether the function y = T+ 4

is continuous at x = —4.

Start with the first condition of the
continuity test. The function is not defined

at x = —4 because substituting —4 for x
results in a denominator of zero. So the
function is discontinuous at x = —4.

REVIEW EXERCISES

Determine whether each function is continuous
at the given x-value. Justify your response
using the continuity test.

35.y=x2+2x=2
_x—-3
36'y_x+1’

x+lifx=1
37'f(x):{2xifx>l x=1

x=-1

Lesson 3-5 Identify the end behavior of
functions.

? Describe the end behavior of f(x) = 3x%.

Make a chart investigating the value of f(x)
for very large and very small values of x.
x f(x)
—10,000 | 3 x 1016
—1000 |3 X 10'2
-100 | 3 x 108 y — © as x— o,
0 0 y —>®as x— —®
100 3 x 108
1000 |3 % 1012
10,000 | 3 X 10%

Describe the end behavior of each function.
38.y=1-x3 39. f(x) =x? + x" + 4
A0.y=3+1 Aly=125+x3-32+4

Determine the interval(s) for which the
function is increasing and the interval(s)
for which the function is decreasing.

42.y = —2x3 — 3x% + 12x
43.f() =lx2—9l+1

Lesson 3-6 Find the extrema of a function.

? Locate the extrema for the graph of
i y = f(x). Name and classify the extrema
of the function.

f(x)

The function has a relative minimum at
(0, —2) and a relative maximum at (3, 2).

Locate the extrema for the graph of y = f(x).
Name and classify the extrema of the function.

44, y 45, y

Determine whether the given critical point is
the location of a maximum, a minimum, or a
point of inflection.

46.x3 —6x2 +9x,x =3 47. 43+ 7,x=0
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OBJECTIVES AND EXAMPLES

Lesson 3-7 Graph rational functions.

?  The graph at the right f(x) A
: shows a transformation \
of f(x) = l. Write an 3
X —ol X
equation of the function.
\
]

The graph of f(x) = % has been translated
2 units to the right. So, the equation of the

function is f(x) = —

REVIEW EXERCISES

Each graph below shows a transformation of
f(x) = = Write an equation of each function.

48. 10 A 49, JAF()
\ el
— [t [o] .
X
\ Y
|
¥

Use the parent graph f(x) = — to graph each

equation. Describe the transfor‘matlon[s] that
have taken place. Identify the new locations of
the asymptotes.

Lesson 3-7 Determine vertical, horizontal, and
slant asymptotes.

?  Determine the equation of the horizontal

asymptote of g(x) = 5;%5

To find the horizontal )
asymptote, use division x—3Bx— 9
to rewrite the rational 5x — 15
expression as a quotient. 4

Therefore, g(x) =5 + ﬁ As

X — *oo, the value of < i 3 approaches 0.

The value of 5 + p f 3 approaches 5.

The line y = 5 is the horizontal asymptote.

Determine the equations of the vertical and
horizontal asymptotes, if any, of each function.

52. f(x) =

x—1
x4
53.8(x) = 72 2
54. h(x) = 520
55. Does the function f(x) = % have a

slant asymptote? If so, find an equation of
the slant asymptote. If not, explain.

Lesson 3-8 Solve problems involving direct,

inverse, and joint variation.
¢ If y varies inversely as the square of x and
y = 8 when x = 3, find x when y = 6.

xI”_xz"
Yo N
32 Xy
=3 n=2x=3y;,=8y,=6

6xy2 = 72 Cross multiply.
x,2 =12 Divide each side by 6.

X. Z\/EorZ\/g
2

Find the constant of variation and use it to
write an equation for each statement. Then
solve the equation.

56. If y varies jointly as x and z and y = 5 when
x=—4and z = -2, find y when x = —6 and
z=-3.

57. If y varies inversely as the square root of x
and y = 20 when x = 49, find x when y = 10.

58. If y varies directly as the square of x and
inversely as z and y = 7.2 when x = 0.3 and
z = 4, find y when x = 1 and z = 40.
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APPLICATIONS AND PROBLEM SOLVING = = TEsssssssaas .

59. Manufacturing The length of a part for a
bicycle must be 6.5 = 0.2 centimeters. If the
actual length of the part is x, write an
absolute value inequality to describe this
situation. Then find the range of possible
lengths for the part. (Lesson 3-3)

60. Consumer Costs A certain copy center
charges users $0.40 for every minute or part
of a minute to use their computer scanner.
Suppose that you use their scanner for x
minutes, where x is any real number greater
than 0. (Lesson 34)

a. Sketch the graph of the function, C(x),
that gives the cost of using the scanner
for x minutes.

61. Sports One of the most spectacular long
jumps ever performed was by Bob Beamon
of the United States at the 1968 Olympics.

II!_-._ T
| -

His jump of 8.9027 meters surpassed the
world record at that time by over half a
meter! The function h(t) = 4.6t — 4.9¢2
describes the height of Beamon’s jump (in

b. What are the domain and range of C(x)? meters) with respect to time (in seconds).
c. Sketch the graph of C1(x). (Lesson 3-6)
d. What are the domain and range of C~1(x)? a. Draw a graph of this function.
e. What real-world situation is modeled by b. What was the maximum height of his
C1(x)? jump?
................................................................... ALTERNATIVE ASSESSMENT s
OPEN-ENDED ASSESSMENT

1. Write and then graph an equation that
exhibits symmetry with respect to the

a. x-axis. b. y-axis.
c. liney = x. d. liney = —x.
e. origin.

2. Write the equation of a parent function,
other than the identity or constant function,
after it has been translated right 4 units,
reflected over the x-axis, expanded
vertically by a factor of 2, and translated
1 unit up.

3. A graph has one absolute minimum, one

relative minimum, and one relative maximum.

a. Draw the graph of a function for which
this is true.

b. Name and classify the extrema of the
function you graphed.

Additional Assessment See page A58 for Chapter 3
practice test.

nit 1 interN ET Project

TELECOMMUNICATION

Sorry, You are Out of Range
for Your Telephone Service . . .

e Research several cellular phone services to
determine their initial start-up fee, equipment
fee, the monthly service charge, the charge
per minute for calls, and any other charges.

e Compare the costs of the cellular phone
services you researched by writing and
graphing equations.

Determine which cellular phone service would
best suit your needs. Write a paragraph to
explain your choice. Use graphs and area maps
to support your choice.

PORTFOLIO

Choose one of the functions you studied in
this chapter. Describe the graph of the function
and how it can be used to model a real-life
situation.
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More Algebra Problems

SAT and ACT tests include quadratic expressions and equations. You
should be familiar with common factoring formulas, like the difference

of two squares or perfect square trinomials.
a®—b*=(a+ b)a—b)
a® + 2ab + b%* = (a + b)?
a® — 2ab + b%* = (a — b)?

Some problems involve systems of equations. Simplify the equations

CHAPTER a SAT & ACT Preparation

THE \
'PRINCETON
VW REVIEW /|
TEST-TAKING TIP

If a problem seems to require
lengthy calculations, look for
a shortcut. There is probably
a quicker way fo solve it. Try
to eliminate fractions and
decimals. Try factoring.

if possible, and then add or subtract them to eliminate one of the

variables.
ACT EXAMPLE
x2-9
= = ?
’I.Ifx+3 12, then x = ?
A 10 B 15 C 17 D 19 E 20

HINT Look for factorable quadratics.

Solution Factor the numerator and simplify.

x+3Hx—-3)
x+3 =12 Y+ 3
x—3=12 X+3=1

x=15 Add 3 to each side.
The answer is choice B.

Alternate Solution You can also solve this type
of problem, with a variable in the question and
numbers in the answer choices, with a strategy
called “backsolving.”

Substitute each answer choice for the variable
into the given expression or equation and find
which one makes the statement true.

Try choice A. For x = 10 107 — 9 # 12
’ > 10+ 3 ’

Try choice B. For x = 15 17 -9 _ 12
’ 15+ 3 ’

Therefore, choice B is correct.

If the number choices were large, then
calculations, even using a calculator, would
probably take longer than solving the problem
using algebra. In this case, it is not a good idea
to use the backsolving strategy:.
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SAT EXAMPLE

2. Ifx =y + 1 and y = 1, then which of the
following must be equal to x2 — y?2?

A (x —y)? BxZ—-y—-1
D x2-1 E y2+1

Cx+y

HINT This difficult problem has variables in the
answers. It can be solved by using algebra
or the “Plug-in” strategy.

Solution Notice the word must. This means the
relationship is true for all possible values of x
and y.

To use the Plug-In strategy, choose a number
greater than 1 for y, say 4. Then x must be 5.
Since x2 — y2 = 25 — 16 or 9, check each
expression choice to see if it is equal to 9 when
x=5andy = 4.

Choice A: (x — y)? =
ChoiceB:x2 —y —1=20
ChoiceC:x +y =9

Choice C is correct.

Alternate Solution You can also use algebraic
substitution to find the answer. Recall that

x2 — y2= (x + y)(x — y). The given equation,

x =y + 1, includes y. Substitute y + 1 for x in
the second term.

=y =x+yx-y
=@+ +D -yl
=+
=x+ty

This is choice C.

P p—




SAT AND ACT PRACTICE

After you work each problem, record your
answer on the answer sheet provided or on a
piece of paper.

Multiple Choice

1. Forally¢3,u=?

3y—9
y+1
Ay B—8
Cy+1 D%
y+3
E 3

2. If x + y = z and x = y, then all of the
following are true EXCEPT

A 2x +2y =2z

Bx—-—-y=0
Cx—z=y—2z
Dx=§

E z—y=2x

3. The Kims drove 450 miles in each direction
to Grandmother’s house and back again. If
their car gets 25 miles per gallon and their
cost for gasoline was $1.25 per gallon for the
trip to Grandmother’s house, but $1.50 per
gallon for the return trip, how much more
money did they spend for gasoline returning
from Grandmother’s house than they spent
going to Grandmother’s?

A $2.25 B $4.50
C $6.25 D $9.00
E $27.00

4.1fx +2y =8and % —y = 10, then x = ?

A -7 B0
Cc 10 D 14
E 28

900 , 90 , 9

570 T 00 T 1000 T
A 90.09 B 90.099
C 90.909 D 99.09
E 999

6.

10.

For all x, (10x* — x% + 2x — 8) —
Gx 4 3x3 + 2 + 9) = 2

A 7x* —3x3 —x2 - 17
B 7x%—4x2 - 17
C 7x*+3x3 — x% + 4x
D 7x* + 2x2 + 4x

E 13x% — 3x3 + x2 + 4x

f % has a remainder of 5, then which of the
following has a remainder of 7?
n+1 n+2
A 8 B 8
n+3 n+5
c 8 D 8
n+7
E 8
x>0, then Y1002 + 600x +900 _,
x+3
A9 B 10 C 30 D 40

E It cannot be determined from the
information given.

. What is the value of ¢?

Given:a + b=—c
a—c=5
b—c=3

A —10

B -8

CcC -5

D -3

E 3

Grid-In If 4x + 2y = 24 and _;y =1,
X
then x = ?

MterNET

practice questions, visit: www.amc.glencoe.com
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Unit 1 Relations, Functions, and Graphs (Chapters 1-4)

CHAPTER OBJECTIVES
Determine roots of polynomial equations. (Lessons 4-1, 44)
Solve quadratic, rational, and radical equations and
rational and radical inequalities. (Lessons 4-2, 4-6, 4-7)
Find the factors of polynomials. (Lesson 4-3)
Approximate real zeros of polynomial functions.
(Lesson 4-5)
Write and interpret polynomial functions that model
real-world data. (Lesson 4-8)
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OBJECTIVES

¢ Determine roots
of polynomial
equations.

e Apply the
Fundamental
Theorem of
Algebra.

Example
\ W,

e o,

L] (]

N

-7
o) Xe)
Dlico™

Polynomial Functions

GLWp, STt
T % INVESTMENTS Many grandparents invest in the stock market for

'v ~ their grandchildren’s college fund. Eighteen years ago, Della Brooks
lica®  purchased $1000 worth of merchandising stocks at the birth of her

first grandchild Owen. Ten years ago, she purchased $500 worth of transportation
stocks, and five years ago, she purchased $250 worth of technology stocks. The
stocks will be used to help pay for Owen's college education. If the stocks appreciate

at an average annual rate of 12.25%, determine the current value of the college
fund. This problem will be solved in Example 1.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Appreciation is the increase in value of an item over a period of time. The
formula for compound interest can be used to find the value of Owen’s college
fund after appreciation. The formula is A = P(1 + r){, where P is the original
amount of money invested, r is the interest rate or rate of return (written as a
decimal), and ¢ is the time invested (in years).

o INVESTMENTS The value of Owen’s college fund is the sum of the current

values of his grandmother’s investments.

a. Write a function in one variable that models the value of the college fund
for any rate of return.

b. Use the function to determine the current value of the college fund for an
average annual rate of 12.25%.

a. Let x represent 1 + r and T(x) represent the total current value of the three
stocks. The times invested, which are the exponents of x, are 18, 10, and 5,

respectively.
Total = merchandising + transportation + technology
T(x) = 1000x!8 + 500x10 + 250x5

b. Since r = 0.1225, x = 1 + 0.1225 or 1.1225. Now evaluate T(x) for
x = 1.1225.

T(x) = 1000x'8 + 500x10 + 250x5
T(1.1225) = 1000(1.1225)18 + 500(1.1225)10 + 250(1.1225)5
7(1.1225) ~ 10,038.33

The present value of Owen’s college fund is about $10,038.33.

The expression 1000x!8 + 500x10 + 250x° is a polynomial in one variable.

Polynomial in
One Variable

A polynomial in one variable, x, is an expression of the form

agx" + ax" ' + ..+ a,_ox% + a,_,x + a,. The coefficients

8y, @4, 8o, ..., @, represent complex numbers (real or imaginary),
8g Is not zero, and n represents a nonnegative integer.
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Example

Graphing

Calculator

Tip
To find a value of a
polynomial for a given
value of x, enter the
polynomial in the Y=
list. Then use the
1:value opfion in the
CALC menu.

|

The degree of a polynomial in one variable is the greatest exponent of its
variable. The coefficient of the variable with the greatest exponent is called the
leading coefficient. For the expression 1000x!® + 500x10 + 250x5, 18 is the
degree, and 1000 is the leading coefficient.

If a function is defined by a polynomial in one variable with real coefficients,
like T(x) = 1000x8 + 500x0 + 250x5, then it is a polynomial function. If f(x) is a
polynomial function, the values of x for which f(x) = 0 are called the zeros of the
function. If the function is graphed, these zeros are also the x-intercepts of the graph.

e Consider the polynomial function £(x) = x3 — 6x2 + 10x — 8.

a. State the degree and leading coefficient of the polynomial.
b. Determine whether 4 is a zero of f(x).
a. x> — 6x2 + 10x — 8 has a degree of 3 and a leading coefficient of 1.

b. Evaluate f(x) = x3 — 6x% + 10x — 8 for x = 4. That is, find f(4).
f(4) = 43 — 6(42) + 10(4) — 8 x =4
f(4) = 64 — 96 + 40 — 8
f(4) = 0

Since f(4) = 0, 4 is a zero of f(x) = x> — 6x% + 10x — 8.

Since 4 is a zero of f(x) = x> — 6x2 + 10x — 8, it is also a solution for the
polynomial equation x> — 6x2 + 10x — 8 = 0. The solution for a polynomial
equation is called a root. The words zero and root are often used interchangeably,
but technically, you find the zero of a function and the root of an equation.

A root or zero may also be an imaginary number such as 3i. By definition,

the imaginary unit i equals V' —1. Since i = V' —1, i2 = —1. It also follows that
i3=i?Xior—iandi*=i%xi%orl.

The imaginary numbers combined with the real numbers compose the set of
complex numbers. A complex number is any number of the form a + bi where a
and b are real numbers. If b = 0, then the complex number is a real number. If
a = 0 and b # 0, then the complex number is called a pure imaginary number.

|Complex Numbers (Examples: 2 — 3i, 2i, 16, 7r)|

|Pure Imaginary Numbers (Examples: i, —7i, 14i)|

|

,|
|
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One of the most important theorems in mathematics is the Fundamental

Theorem of Algebra.
Fl_:_rrlldamentafl Every polynomial equation with degree greater than zero has at least one
eorem o root in the set of complex numbers.
Algebra
A corollary to the Fundamental Theorem of Algebra states that the degree of
a polynomial indicates the number of possible roots of a polynomial equation.
Every polynomial P(x) of degree n (n > 0O) can be written as the product of a
Corollary .
constant k (k # 0O) and n linear factors.
to the
Fundamental Px) = k(x — r)x — ro)lx — rg) ... (x = 1}
Theorem of . .
Algebra Thus, a polynomial equation of degree n has exactly n complex roots,

namely ry, ro, rg, ..., I,

The general shapes of the graphs of polynomial functions with positive
leading coefficients and degree greater than 0 are shown below. These graphs
also show the maximum number of times the graph of each type of polynomial
may cross the x-axis.

1.
N

1. AL AL L
A VAN VA ”

Degree 1 Degree 2 Degree 3 Degree 4 Degree 5

Since the x-axis only represents real numbers, imaginary roots cannot be
determined by using a graph. The graphs below have the general shape of a third-
degree function and a fourth-degree function. In these graphs, the third-degree
function only crosses the x-axis once, and the fourth-degree function crosses the

x-axis twice or not at all.
Y A MY
/ o ‘ X o / X W 't o ‘ X
Degree 3 Degree 3 Degree 4 Degree 4
1 x-intercept 1 x-intercept 2 x-intercepts 0 x-intercepts

The graph of a polynomial function with odd degree must cross the x-axis at
least once. The graph of a function with even degree may or may not cross the
x-axis. If it does, it will cross an even number of times. Each x-intercept
represents a real root of the corresponding polynomial equation.

If you know the roots of a polynomial equation, you can use the corollary to
the Fundamental Theorem of Algebra to find the polynomial equation. That is,
if a and b are roots of the equation, the equation must be (x — a)(x — b) = 0.
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the products of these factors.
x—2)(x —4iD)(x+4i)=0
(x —2)(x®—16i2) =0
x—2E*+16)=0
X3 —2x2 4+ 16x —32 =0

b. The degree of this equation is 3. Thus,
the equation has an odd degree since 3
is an odd number. Since two of the
roots are imaginary, the graph will
only cross the x-axis once. The
graphing calculator image at the right
verifies these conclusions.

Factor the equation to find the roots.
9x* —35x2—4=0
O+ DEE-4=0
Ox2+ D +2)x—-2)=0
To find each root, set each factor
equal to zero.

92 +1=0
x2=—1 Solve for x2.
_ 1 Take the square
X~ =V =D root of each side.
X = t% —1or igl
x+2=0 x—2=
x=-2 x =2

The roots are i%i, —2,and 2.

Examples 9 a. Write a polynomial equation of least degree with roots 2, 4i, and —4i.

b. Does the equation have an odd or even degree? How many times does the
graph of the related function cross the x-axis?

a. If x = 2, then x — 2 is a factor of the polynomial. Likewise, if x = 4i and
x = —4i, then x — 4i and x — (—4i) are factors of the polynomial. Therefore,
the linear factors for the polynomial are x — 2, x — 4i, and x + 4i. Now find

—16i2=—16(—1) or 16

A polynomial equation with roots 2, 4i, and —4i is x3 — 2x2 + 16x — 32 = 0.

[—10,10] scl:1 by [—50, 50] scl:5

o State the number of complex roots of the equation 9x* — 35x2 — 4 = 0. Then
¢ find the roots and graph the related function.

The polynomial has a degree of 4, so there are 4 complex roots.

Use a table of values or a
graphing calculator to graph the
function. The x-intercepts are
—2and 2.

[—3, 3] scl:1 by [—40, 10] scl:5

The function has an even degree
and has 2 real zeros.




Example 9 METEOROLOGY A meteorologist sends a temperature probe on a small
weather rocket through a cloud layer. The launch pad for the rocket is 2 feet
off the ground. The height of the rocket after launching is modeled by the
equation h = —16¢2 + 232t + 2, where h is the height of the rocket in feet
and ¢ is the elapsed time in seconds.

a. When will the rocket be 114 feet above the ground?
b. Verify your answer using a graph.

a. h=—1612+232t+2
114 = —16t%2 + 232t + 2 Replace h with 114.
0= —16t2 + 232t — 112 Subtract 114 from each side.
0= —8(2t2 — 29t + 14)  Factor.
0=-82t— 1) —14) Factor.

2t—1=0 or t—14=0

_1 14=¢
t_2

The weather rocket will be 114 feet above the ground after

% second and again after 14 seconds.

b. To verify the answer, graph
h(f) = —16t2 + 232t — 112. The graph
appears to verify this solution.

[—1, 15] scl:1 by [—50, 900] scl:50

CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Mathematics
1. Write several sentences about the relationship between zeros and roots.
2. Explain why zeros of a function are also the x-intercepts of its graph.

3. Define a complex number and tell under what conditions it will be a pure
imaginary number. Write two examples and two nonexamples of a pure
imaginary numbers.

4. Sketch the general graph of a sixth-degree function.

Guided Practice  State the degree and leading coefficient of each polynomial.

5.a* + 6a + 14 6. 5m?% + 8m° — 2
Determine whether each number is a root of x3 — 5x2 — 3x — 18 = 0. Explain.
7.5 8.6
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Write a polynomial equation of least degree for each set of roots. Does the
equation have an odd or even degree? How many times does the graph of the
related function cross the x-axis?

9.-5,7 10. 6, 2i, —2i, i, —i

State the number of complex roots of each equation. Then find the roots and
graph the related functions.

11.x2 — 14x +49 =10 12. a3 +2a2 —8a =0 1.t - 1=0

14. Geometry A cylinder is inscribed in a sphere with a radius
of 6 units as shown.
a. Write a function that models the volume of the
cylinder in terms of x. (Hint: The volume of a
cylinder equals 7r2h.)
b. Write this function as a polynomial function.

c. Find the volume of the cylinder if x = 4.

E XERCISES

Practice State the degree and leading coefficient of each polynomial.
15.5t4 + 13 = 7 16. 3x7 — 4x° + X3 17. 9a* + 5a° — 10
18. 14b — 25b° 19. p° + 7p3 — pb 20. 14y + 30 + 2

21. Determine if x> + 3x + \/g is a polynomial in one variable. Explain.

22.1s % + a2 a polynomial in one variable? Explain.

Determine whether each number is a root of 8 — 13a® + 12a = 0. Explain.
23.0 24. -1 25.1 26. 4 27.-3 28.3

29.1Is —2 aroot of b* — 32 — 2b + 4 = 0?
30. Is —1 aroot of x* — 43 — x2 + 4x = 0?

31. Each graph represents a polynomial function. State the number of complex
zeros and the number of real zeros of each function.

a. y b. y‘ c. ? y‘ f
; o| X lo) X X

Write a polynomial equation of least degree for each set of roots. Does the
equation have an odd or even degree? How many times does the graph of the
related function cross the x-axis?

32.-2,3 33. -1,1,5 34. -2,-05,4
35. -3, —2i, 2i 36. —5i, —i,i,5i 37. -1,1,4, 4,5

38. Write a polynomial equation of least degree whose roots are —1, 1, 3, and —3.
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State the number of complex roots of each equation. Then find the roots and
graph the related function.

39.x+8=0 40.a>2-81=0 41.62+36=0
42. 13+ 2t2 — 4t — 8= 10 43. 13 - 9n =0 44. 6¢3 — 3c2 —45¢ =0
45. a4  + a2 -2=0 46.x* — 10x2+9 =0 47. 4m* + 1Tm?2 +4=0

48. Solve (u + 1)(u® — 1) = 0 and graph the related polynomial function.

49. Sketch a fourth-degree equation for each situation.
a. no x-intercept b. one x-intercept c. two x-intercepts
d. three x-intercepts e. four x-intercepts f. five x-intercepts

50. Use a graphing calculator to graph f(x) = x* — 2x? + 1.
a. What is the maximum number of x-intercepts possible for this function?
b. How many x-intercepts are there? Name the intercept(s).

c. Why are there fewer x-intercepts than the maximum number?
(Hint: The factored form of the polynomial is (x? — 1)2))

51. Classic Cars Sonia Orta invests in vintage
automobiles. Three years ago, she purchased
a 1953 Corvette roadster for $99,000. Two
years ago, she purchased a 1929 Pierce-Arrow
Model 125 for $55,000. A year ago she
purchased a 1909 Cadillac Model Thirty
for $65,000.

a. Let x represent 1 plus the average rate of
appreciation. Write a function in terms of x
that models the value of the automobiles.

b. If the automobiles appreciate at an average
annual rate of 15%, find the current value of
the three automobiles.

52. Critical Thinking One of the zeros of a polynomial function is 1. After
translating the graph of the function left 2 units, 1 is a zero of the new function.
What do you know about the original function?

53. Aeronautics At liftoff, the space shuttle Discovery has a constant acceleration,
a, of 16.4 feet per second squared. The function d(f) = %at2 can be used to
determine the distance from Earth for each time interval, ¢, after takeoff.

a. Find its distance from Earth after 30 seconds, 1 minute, and 2 minutes.

b. Study the pattern of answers to part a. If the time the space shuttle is in flight
doubles, how does the distance from Earth change? Explain.

54. Construction The Santa Fe Recreation Department 50 ft
has a 50-foot by 70-foot area for construction of a TXH
new public swimming pool. The pool will be
surrounded by a concrete sidewalk of constant
width. Because of water restrictions, the pool can
have a maximum area of 2400 square feet. What
should be the width of the sidewalk that surrounds
the pool?

70 ft
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55.

56.

Mixed Review 57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Marketing Each week, Marino’s Pizzeria sells an average of 160 large supreme
pizzas for $16 each. Next week, the pizzeria plans to run a sale on these large
supreme pizzas. The owner estimates that for each 40¢ decrease in the price, the
store will sell approximately 16 more large pizzas. If the owner wants to sell $4,000
worth of the large supreme pizzas next week, determine the sale price.

Critical Thinking If B and C are the real roots of x2 +Bx + C = 0, where B # 0
and C # 0, find the values of B and C.

Create a function in the form y = f(x) that has a vertical asymptote at x = —2
and x = 0, and a hole at x = 2. (Lesson 3-7)

Construction Selena wishes to build a pen for her animals. He has 52 yards of
fencing and wants to build a rectangular pen. (Lesson 3-6)

a. Find a model for the area of the pen as a function of the length and width of
the rectangle.

b. What are the dimensions that would produce the maximum area?
Describe how the graphs of y = 2x3 and y = 2x3 + 1 are related. (Lesson 3-2)

Find the coordinates of P’ if P(4, 9) and P’ are symmetric with respect to
M(—1,9). (Lesson 3-1)

-15 5

9 3}. Tell whether an inverse exists for the matrix.

Find the determinant for [
(Lesson 2-5)

(2 -1 13 =9 2|, o
IfA = [3 4] and B = [5 7 —6]’ find AB. (Lesson 2-3)

Graph x + 4y < 9. (Lesson 1-8)

The slope of AB is 0.6. The slope of CD is % State whether the lines are parallel,

perpendicular, or neither. Explain. (Lesson 1-5)

Find [f - g](x) and [g ° f](x) for the functions f(x) = x2 — 4 and g(x) = %x + 6.
(Lesson 1-2)

SAT Practice In 2003, Bob’s Quality Cars sold 270 more cars than in 2004. How
many cars does each g#&z=Eg represent?

Year Cars Sold by Bob's Quality Cars
2003 | S e e e s e
2004 | g pig! g

A 135
B 125
C 100
D 90
E 85
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* Solve quadratic

OBJECTIVES

equations.

Use the
discriminant to
describe the
roots of
quadratic
equations.

Quadratic Equations

Q-?’O\ Wo%. BASEBALL On September 8, 1998, Mark McGwire of the St. Louis

v ~ Cardinals broke the home-run record with his 62nd home run of the
“lica®®  year. He went on fo hit 70 home runs for the season. Besides hitting
home runs, McGwire also occasionally popped out. Suppose the ball was 3.5 feet
above the ground when he hit it straight
up with an initial velocity of 80 feet per
second. The function d(ff = 80t — 162
+ 3.5 gives the ball’s height above the
ground in feet as a function of time in
seconds. How long did the catcher
have to get info position fo catch the
ball after it was hite This problem will

be solved in Example 3.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

A quadratic equation is a polynomial equation with a degree of two. Solving
quadratic equations by graphing usually does not yield exact answers. Also,
some quadratic expressions are not factorable over the integers. Therefore,
alternative strategies for solving these equations are needed. One such
alternative is solving quadratic equations by completing the square.

Completing the square is a useful method when the quadratic is not easily
factorable. It can be used to solve any quadratic equation. Remember that, for
any number b, the square of the binomial x + b has the form x2 + 2bx + b%. When
completing the square, you know the first term and middle term and need to
supply the last term. This term equals the square of half the coefficient of the

middle term. For example, to complete the square of x2 + 8x, find %(8) and

square the result. So, the third term is 16, and the expression becomes
x? 4+ 8x + 16. Note that this technique works only if the coefficient of x2 is 1.

Example o Solve x2 — 6x — 16 = 0.

This equation can be solved by graphing, factoring, or completing the square.

Method 1
Solve the equation by graphing the related '|Ill ,I'Il
function f(x) = x2 — 6x — 16. The zeros of
the function appear to be —2 and 8. \

Method 2
Solve the equation by factoring.
x2—6x—16=0
G+ 2)(x—8) =0 Factor.
Xx+2=0 or x—8=0 [—10, 10] scl:1 by [—30, 10] sck:5
x=-2 x=8

The roots of the equation are —2 and 8.
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Method 3
Solve the equation by completing the square.

x2—6x—16=0
x* —6x=16 Add 16 to each side. _
x2—6x+9=16+9 Complete the square by adding (776>2 or 9 to each side.
(x—3)2=25 Factor the perfect square trinomial.
x—3==5 Take the square root of each side.

x—3=5 or x—3=-5

x=28 x=-2
The roots of the equation are 8 and —2.

Although factoring may be an easier method to solve this particular equation,
completing the square can always be used to solve any quadratic equation.

When solving a quadratic equation by completing the square, the leading
coefficient must be 1. When the leading coefficient of a quadratic equation is
not 1, you must first divide each side of the equation by that coefficient before
completing the square.

Example e Solve 3n2 + 7n + 7 = 0 by completing the square.

Notice that the graph of the related
function, y = 3x% + 7x + 7, does not p
cross the x-axis. Therefore, the roots of ]\V,
the equation are imaginary numbers.

Completing the square can be used to
find the roots of any equation, including
one with no real roots.

3n2+7n+7=0

, ; [—10,10] scl:1 by [—10, 10] scl:1

n?+ gn+g5=0 Divide each side by 3.
2 L _ 1 7 ;
n= + 3N = "3 Subtract 3 from each side.
7 49 7 49 . (7)2 49 :
2, L 9 _ P s 47
n= + 3N + 36 3 + 36 Complete the square by adding 5 O 36 to each side.
7\2 35 . .
n -+ s = 36 Factor the perfect square trinomial.
n -+ % = *i \/6£ Take the square root of each side.
n= —% i \/6£ Subtract g from each side.

V35 —7+iV35
s .

The roots of the equation are T4 i or

6 — 6
e e o

214 Chapter 4 Polynomial and Rational Functions




Completing the square can be used to develop a general formula for solving
any quadratic equation of the form ax? + bx + ¢ = 0. This formula is called the

Quadratic Formula.

The roots of a quadratic equation of the form ax® + bx + ¢ = O with

Quadratic a # O are given by the following formula.
Formula —b+ Vb — 4ac
- 2a
The quadratic formula can be used to solve any quadratic equation. It is
usually easier than completing the square.
Example 9 BASEBALL Refer to the application at the beginning of the lesson. How long
o\ Wo did the catcher have to get into position to catch the ball after if was hit?
e %y
? o The catcher must get into () Ball reaches
v IS position to catch the ball — lts highest
o N 100 1 t and
Dlico™ _ 2 _ poin
lico® before 80t — 16¢= + 3.5 = 0. starts back
This equation can be written . 751 down.
as —16t2 + 80t + 3.5 = 0. *('ggth)t
Use the Quadratic Formula )
to solve this equation. f(t) = —16t= +\80t + 3.5
Ball is hit Ball hits
) L L the ground.
-10/[ 1 2 3 4 Q& t
Time (seconds)
fo —b= Vb% — 4ac
N 2a
o =80 +V/802 — 4(-16)(3.5) a = —16, b = 80,
2(—-16) andc = 3.5
_ —80 V6624
t= —32
=80 + V6624 _ —80 — V6624
t= —32 t= —32
t=—0.04 t=5.04

The roots of the equation are about —0.04 and 5.04. Since the catcher has a
positive amount of time to catch the ball, he will have about 5 seconds to get
into position to catch the ball.

In the quadratic formula, the radicand b% — 4ac is called the discriminant of
the equation. The discriminant tells the nature of the roots of a quadratic
equation or the zeros of the related quadratic function.

215

Llesson 4-2  Quadratic Equations




Discriminant Nature of Roots/Zeros Graph

\ y| /
b2 — 4ac >0 two distinct real roots/zeros

a double root.)

y
exactly one real root/zero \/l/
b2 — 4ac =0 (The one real root is actually
°

b? — 4ac < 0O (two distinct imaginary

roots/zeros)

y
no real roots/zero \L/
%

Example o Find the discriminant of x* — 4x + 15 = 0 and describe the nature of the
roots of the equation. Then solve the equation by using the Quadratic
Formula.

The value of the discriminant, b> — 4ac, is (—4)? — 4(1)(15) or —44. Since the
value of the discriminant is less than zero, there are no real roots.
—b+\/b? — 4ac The graph of y = x2 — 4x + 15
X = i
2a verifies that there are no real roots.
—( 4) =V —-44 )
2(D)
4+ 2iV11
= 2

The roots of the equation in Example 4 are the complex numbers 2 + i \/ﬁ
and 2 — iV11. A pair of complex numbers in the form a + bi and a — bi are
called conjugates. Imaginary roots of polynomial equations with real coefficients
always occur in conjugate pairs. Some other examples of complex conjugates are
listed below.

iand —i ~1+iand—1—i ~iV2and iV2
Complex Suppose a and b are real numbers with b # O. If a + bi is a root of a
Conjugates polynomial equation with real coefficients, then a — bi is also a root of the
Theorem equation. a + bi and a — bi are conjugate pairs.
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There are four methods used to solve quadratic equations. Two
methods work for any quadratic equation. One method approximates any
real roots, and one method only works for equations that can be factored over

the integers.

Solution Method Situation Examples
Graphing Usually, only approximate solutions are shown. 6x2+x-2=0
If roots are imaginary (discriminant is less than
zero), the graph has no x-intercepts, and the f(x)
solutions must be found by another method. \ ) = 62 + x— 2
et et :X
Graphing is a good method to verify solutions. d\y
2 1
X = *g or X = 5
x2—-2x+5=0
discriminant: (—2)2 — 4(1)(5) = —16
f(x)
fx) =x2—2x+5
R IR
The equation has no real roots.
Factoring When a, b, and ¢ are integers and the P +29-8=0

discriminant is a perfect square or zero, this
method is useful. It cannot be used if the

discriminant is less than zero.

discriminant: 22 — 4(1)(—8) = 36

@?+29-8 =0

(g+4)g-2=0

g+t4=0 o g—-2=0
g=-4 g=72

Completing the
Square

This method works for any quadratic equation.
There is more room for an arithmetic error than

when using the Quadratic Formula.

2 +4r—-6=0
2+ 4r =6
P+4r+4=6+4
(r+2)2=10
r+2==V10
r=-2+310

Quadratic
Formula

This method works for any quadratic equation.

22+ 55+ 4=0

—5 +\/52 — 4(2)(4)
202)
—5+V=7
4

-5+ iV7
4

s =

s =
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Example 6 Solve 6x% + x + 2= 0.

Method 1: Graphing Method 2: Factoring

Graphy = 6x2 + x + 2. Find the discriminant.
b% — 4ac = 12 — 4(6)(2) or —47
The discrimimant is less than
zero, so factoring cannot be
used to solve the equation.

[—10, 10] scl:1 by [—50, 50] scl:1

The graph does not touch the x-axis,
so there are no real roots for this
equation. You cannot determine the
roots from the graph.

Method 3: Completing the Square Method 4: Quadratic Formula
6x2+x+2=0 For this equation, a = 6,
9 1 1 b= l, c=2.
+ox+ 5=
Xhgxtz=0 vo b=V —dac
) 1 _ 1 2a
X“+ X =g
6 3 o 21 = V12 — 4(6)(2)
1 1 1 N 2(6)
2 -
Pt ox+ =t T
6" " 144 37 144 a4t
ot LYo 47 *= 12
12 1 1= iV47
12 12 The Quadratic Formula works
y= —L 4 i Va1 and requires fewer steps than
12 12 completing the square.
_ —1xiV4r7
T

Completing the square works, but
this method requires a lot of steps.

—1+iVa7

The roots of the equation are 13

CHECK FOR UNDERSTANDING 7

Communicating  Read and study the lesson to answer each question.

Math ti
arhematics 1. Write a short paragraph explaining how to solve t2 — 6t — 4 = (0 by completing

the square.
2. Discuss which method of solving 5p? — 13p + 7 = 0 would be most appropriate.
Explain. Then solve.
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Guided Practice

3. Describe the discriminant of the equation represented by each graph.
a. y b. y C. y
o

X
o X /\ [o) X

4. Math fJournal Solve x? + 4x — 5 = 0 using each of the four methods discussed
in this lesson. Which method do you prefer? Explain.

Solve each equation by completing the square.

5.x2+8x—20=0 6.2a°+ 1la—21=0
Find the discriminant of each equation and describe the nature of the roots of the
equation. Then solve the equation by using the Quadratic Formula.

7.m2+12m+36=0 8.12-6t+13=0

Solve each equation.

9.p2-6p+5=0 10.72—4r+10=10

11. Electricity On a cold day, a 12-volt car battery has a resistance of
0.02 ohms. The power available to start the motor is modeled by the equation
P =121 - 0.02 I2, where [ is the current in amperes. What current is needed to
produce 1600 watts of power to start the motor?

E XERCISES

Practice

Solve each equation by completing the square.
12.22 -2z -24=0 13.p2-3p—-88=0 14. x2 - 10x + 21 =0
15.d2-2d+4=0 16. 3g% — 12g = —4 17.2-3t—7=0

18. What value of ¢ makes x2 — x + ¢ a perfect square?

19. Describe the nature of the roots of the equation 4n% + 6n + 25. Explain.

Find the discriminant of each equation and describe the nature of the roots of the
equation. Then solve the equation by using the Quadratic Formula.

20.6m?2+7m—-3=0 21.52-55s+9=0
22.36d%2 — 84d + 49 =0 23.4x2 - 2x+9=0
24.3p2 + 4p = 8 25, 2k2 + 5k = 9

26. What is the conjugate of —7 — iV'5?
27. Name the conjugate of 5 — 2i.
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Solve each equation.

28.3s> - 55 +9=0 29.x2 - 3x —28=0 30.4w? + 19w -5=0
31.4r2—r=5 32.p2+2p+8=0 83.x2-2xV6—-2=0
Applications 34. Health Normal systolic blood pressure is a function of age. For a woman,
and Problem the normal systolic pressure P in millimeters of mercury (mm Hg) is modeled
Solving by P = 0.0142 + 0.05A + 107, where A is age in years.
s> W‘?% a. Use this model to determine the normal systolic pressure of a 25-year-old
'% y: woman.
Dlic. N\
e b. Use this model to determine the age of a woman whose normal systolic
pressure is 125 mm Hg.

c. Sketch the graph of the function. Describe what happens to the normal
systolic pressure as a woman gets older.

35. Critical Thinking Consider the equation x? + 8x + ¢ = 0. What can you say
about the value of c if the equation has two imaginary roots?
36. Interior Design Abey Numkena is an interior

designer. She has been asked to locate an oriental

rug for a new corporate office. As a rule, the rug

should cover ) of the total floor area with a uniform

. . 16 ft
width surrounding the rug.

a. If the dimensions of the room are 12 feet by
16 feet, write an equation to model the situation.

b. Graph the related function.

c. What are the dimensions of the rug?

37. Entertainment In an action movie, a stuntwoman jumps off a building

that is 50 feet tall with an upward initial velocity of 5 feet per second. The

distance d(¢) traveled by a free falling object can be modeled by the formula

d(t) = vyt — %gtz, where v, is the initial velocity and g represents the

acceleration due to gravity. The acceleration due to gravity is 32 feet per

second squared.

a. Draw a graph that relates the woman'’s distance traveled with the time
since the jump.

b. Name the x-intercepts of the graph.

c. What is the meaning of the x-intercepts of the graph?

d. Write an equation that could be used to determine when the stuntwoman
will reach the safety pad on the ground. (Hint: The ground is —50 feet from
the starting point.)

e. How long will it take the stuntwoman to reach the safety pad on the
ground?

38. Critical Thinking Derive the quadratic formula by completing the square if
ax?+bx+c=0,a+0.
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Mixed Review 39. State the number of complex roots of the equation 18a% + 3a — 1 = 0. Then
find the roots and graph the related function. (Lesson 4-1)

40. Graphy < |x| — 2. (Lesson 3-5)
41. Find the inverse of f(x) = (x — 9)%. (Lesson 34)
42. Solve the system of equations, 3x + 4y = 375 and 5x + 2y = 345. (Lesson 2-1)

43. Sales The Computer Factory is selling a 300 MHz computer system for $595
and a 350 MHz computer system for $619. At this rate, what would be the
cost of a 400 MHz computer system? (Lesson 1-4)

44. Find the slope of the line whose equation is 3y + 8x = 12. (Lesson 1-3)

45. SAT/ACT Practice The trinomial x2 + x — 20 is exactly divisible by which
binomial?
Ax—4 Bx+14 Cx+6 Dx—-10 Ex—-5

CAREER CHOICES

. Environmental Engineering . .................................................. .

Would you like a CAREER OVERVIEW

career where you Degree Required:

il C(?nstantly be Bachelor’s degree in environmental
learning and have . .
engineering

the opportunity to

work both outdoors Related Courses:

and indoors? biology, chemistry, mathematics
Environmental

engineering has Outlook:
become an important number of jobs expected to increase though
profession in the past the year 2006
twenty-five years.

As an environmental engineer, you
might design, build, or maintain systems for 140
controlling wastes produced by cities or 120 .
industry. These wastes can include solid . Carbon Monoxide
waste, waste water, hazardous waste, or air U LR
pollutants. You could work for a private ?rggg 80
company, a consulting firm, or the (millions) 60
Environmental Protection Agency. 40
Opportunities for advancement in this 0l ¢ ¢ e 0000000
field include becoming a supervisor or o I,
consultant. You might even have the '87 89 '91 '93 '95
opportunity to identify a new specialty area Year
in the field of environmental engineering! Source: The World Almanac

Emissions of Two Air Pollutants
in the U.S. 1987-1996

Nitrogen Oxide

[
For more information about environmental engineering, visit: www.amc.glencoe.com O
[CONNECTIONI
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OBJECTIVE
e Find the factors
of polynomials
using the
Remainder
and Factor
Theorems.

You may want

to verify that
(a—2)2a+7)+
6=2a°+ 3a— 8

The Remainder and
Factor Theorems

©0000000000000000000000000000000000000000000000000000000000000000000000000000

W,
9’6 SKIING On December 13,

1998, Olympic champion
0licot®  Hermann (The Herminator) Maier
won the super-G at Val d'lsere, France. His
average speed was 73 meters per second.

The average recreational skier skis at a

speed of about 5 meters per second.

Suppose you were skiing at a speed of

5 meters per second and heading downhill,
accelerating at a rate of 0.8 meter per second
squared. How far will you travel in 30 seconds?
This problem will be solved in Example 1.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

ol
Q_Q

Hermann Maier

Consider the polynomial function f(a) = 2a® + 3a — 8. Since 2 is a factor of 8,
it may be possible that a — 2 is a factor of 2a® + 3a — 8. Suppose you use long
division to divide the polynomial by a — 2.

2a + 7 -=— quotient
divisor —» a — 2)2a®> + 3a — 8 < dividend

2a% — 4a
Ta — 8
Ta — 14

6 -<«— remainder

From arithmetic, you may remember that the dividend equals the product of the
divisor and the quotient plus the remainder. For example, 44 =~ 7 = 6 R2, so
44 = 7(6) + 2. This relationship can be applied to polynomials.

fla)=(@—-2)2a+7) +6 C—) f(a) = 2a%> + 3a — 8
Leta=2. f2)=02-2)[22)+7]+6 f2)=22%+32) -8
=0+6o0r6 =8+6—-8o0rb6

Notice that the value of f(2) is the same as the remainder when the polynomial
is divided by a — 2. This example illustrates the Remainder Theorem.

Remainder
Theorem

If a polynomial P(x] is divided by x — r, the remainder is a constant P(r), and
Px)=(x—r) Ax) + P(r),
where @(x] is a polynomial with degree one less than the degree of P(x).

The Remainder Theorem provides another way to find the value of the
polynomial function P(x) for a given value of r. The value will be the remainder
when P(x) is divided by x — r.
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Exumple o SKIING Refer to the application at the beginning of the lesson. The formula
2at2 where d(f) is the distance

traveled, v, is the initial velocity, ¢ is the time, and a is the acceleration.
Find the distance traveled after 30 seconds.

for distance traveled is d(f) = vyt +

The distance formula becomes d(f) = 5t + %(O.S)t2 or d(f) = 0.4t2 + 5t. You
can use one of two methods to find the distance after 30 seconds.

Method 1 Method 2

Divide 0.4¢2 + 5t by t — 30. Evaluate d(¢) for t = 30.
0.4t + 17 d(®) = 0.4t> + 5t

t —30)0.4t2 + 5t d(30) = 0.4(30%) + 5(30)

0.4¢2 — 12t = 0.4(900) + 5(30)
17t+ 0 =510
17t — 510
510 — D(30) = 510

By either method, the result is the same. You will travel 510 meters in
30 seconds.

Long division can be very time consuming. Synthetic division is a shortcut
for dividing a polynomial by a binomial of the form x — r. The steps for dividing
x3 + 4x%2 — 3x — 5 by x + 3 using synthetic division are shown below.

Step 1 Arrange the terms of the polynomial in X>+4x2 —3x -5
descending powers of x. Insert zeros + + + +
for any missing powers of x. Then,

write the coefficients as shown.

For x + 3, the Step 2 Write the constant r of the divisor
value of ris —3. x — r. In this case, write —3.

\
s
—_
N

|
w

|
U1

Step 3 Bring down the first coefficient.

I
=5
Pk
o~

I
w
|
w1

Step 4 Multiply the first coefficient by r. Then
write the product under the next
coefficient. Add.

\
o
—_
S

|
w

|
w1

X

w ‘/
N
— |

Step 5 Multiply the sum by r. Then write the
product under the next coefficient.

X

|
—
B
o |w

Add.
Notice that a
vertical bar Step 6 Repeat Step 5 for all coefficients in the _j 1 4 -3 -5
separates the dividend. -3 3 18
quotient from the X —6l 43

remainder.
Step 7 The final sum represents the remainder, which in this case is 13. The

other numbers are the coefficients of the quotient polynomial, which has
a degree one less than the dividend. Write the quotient x2 + x — 6 with
remainder 13. Check the results using long division.
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Example e Divide x3 — x2 + 2 by x + 1 using synthetic division.

—_l, 1 -1 0 2 Notice there is no x term. A zero is placed in this
—1 2 -2 position as a placeholder.

1 -2 21 0

The quotient is x2 — 2x + 2 with a remainder of 0.

............................................................................................ o
In Example 2, the remainder is 0. Therefore, x + 1 is a factor of x> — x% + 2.
If f(x) = x3 — x2 + 2, then f(—1) = (—1)3 — (= 1) + 2 or 0. This illustrates the
Factor Theorem, which is a special case of the Remainder Theorem.
Factor The binomial x — ris a factor of the polynomial P(x] if and only if
Theorem P(r) =
Example e Use the Remainder Theorem to find the remainder when 2x3 — 3x2 + x is
divided by x — 1. State whether the binomial is a factor of the polynomial.
Explain.
Find f(1) to see if x — 1 is a factor.
() =2x3 — 3x2 + x
() =2(1%) — 3(12) + 1 Replace x with 1.
=21)—-3(1)+1lor0
Since f(1) = 0, the remainder is 0. So the binomial (x — 1) is a factor of the
polynomial by the Factor Theorem.
............................................................................................. ®

When a polynomial is divided by one of its binomial factors x — r, the
quotient is called a depressed polynomial. A depressed polynomial has a degree
less than the original polynomial. In Example 3, x — 1 is a factor of 2x3 — 3x2 + x.
Use synthetic division to find the depressed polynomial.

1l 2 -3 10

2 -1 0
2 -1 0]0
YooY Y
2x2 — 1x+0

Thus, 2x3 —3x2 +x) + (x — 1) = 2x%2 — x.

The depressed polynomial is 2x% — x.

A depressed polynomial may also be the product of two polynomial factors,
which would give you other zeros of the polynomial function. In this case, 2x* — x

equals x(2x — 1). So, the zeros of the polynomial function f(x) = 2x3 — 3x2 + x
are 0, ; and 1.
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Note that the
values of r where
no remainder
occurs are also
factors of the
constant term of
the polynomial.

You can also find factors of a rl1 2 Z16 -32
polynomial such as x3 + 2x2 — 16x — 32 by
using a shortened form of synthetic division -4|11 -2 -8 0
to test several values of r. In the table, the -3 |1 -1 —-13 7
first column contains various values of r. -2 11 0 -16 0
The next three columns show the 11 1 —171-15
coefficients of the depressed polynomial. ol 2 16| -39
The fifth column shows the remainder. Any
value of r that results in a remainder of zero T 3 —13|-45
indicates that x — r is a factor of the 21 4 -8|-48
polynomial. The factors of the original 3|1 5 —-1|-35
polynomial are x + 4, x + 2, and x — 4. 411 6 8 0

Look at the pattern of values in the last column. Notice that when r = 1, 2, and 3, the
values of f(x) decrease and then increase. This indicates that there is an
x-coordinate of a relative minimum between 1 and 3.

Example O Determine the binomial factors of x3 — 7x + 6.

@ Graphing
Calculator
Tip
The TABLE feature can

help locate integral
zeros. Enter the
polynomial function as
Y1 in the Y= menu and
press TABLE. Search
the Y1 column to find 0
and then look at the
corresponding x-value.

Method 1 Use synthetic division. Method 2 Test some values using
11 0 -7 6 the Factor Theorem.
fO)=x>—Tx+6
—411 -4 9/-30 (- =(13—-7(-1)+6or12
-3|1 =3 2| O|x+3isafactor. | f(1)=13-7(1) +60r0
=211 -2 =3| 12 Because f(1) = 0, x — 1 is a factor.
=111 =1 =6| 12 Find the depressed polynomial.
o1 0 -7| 6 1l 10 -7 6
111 1 =6| O0|x— 1isa factor. 1 1 -6
2|1 2 -3 0 |x — 2is a factor. 11 -6 0
The depressed polynomial is
x% + x — 6. Factor the depressed
polynomial.
X+x—-6=0x+3)x-2)

The factors of x3 + x — 6 are x + 3, x — 1, and x — 2. Verify the results.

The Remainder Theorem can be used to determine missing coefficients.

Example 9 Find the value of k so that the remainder of (x3 + 3x2 — kx — 24) + (x + 3) is 0.

If the remainder is to be 0, x + 3 must be a factor of x3 + 3x2 — kx — 24. So,
f(—3) must equal 0.

() = 3 + 3x2 — kx — 24
f(=3) = (—3) + 3(—3)% — k(-3) — 24

0=-27+27+3k—24 Replace f(—3) with 0.

0=3k—-24
8=k
The value of & is 8. Check using synthetic division. —3| 1 3 -8 -24
-3 0 24
1 0 -8 0
................................................ (™
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CHECK FOR UNDERSTANDING

Communicating
Mathematics

Guided Practice

interNET

Graphing
Calculator
Program

For a graphing
calculator
program that
computes the
value of a
function visit
www.amc.
glencoe.com

O—/

Read and study the lesson to answer each question.
1. Explain how the Remainder Theorem and the Factor Theorem are related.

2. Write the division problem illustrated by the synthetic 5/ 1 -4 -7 8
division. What is the quotient? What is the remainder? 5 5 |—10
1 1 -2 -2

3. Compare the degree of a polynomial and its depressed polynomial.

4. You Decide Brittany tells Isabel that if x + 3 is a factor of the polynomial
function f(x), then f(3) = 0. Isabel argues that if x + 3 is a factor of f(x), then
f(—3) = 0. Who is correct? Explain.

Divide using synthetic division.

5.(x2—x+4)+(x-2) 6. (x*+x*2—17x + 15) = (x + 5)

Use the Remainder Theorem to find the remainder for each division. State
whether the binomial is a factor of the polynomial.

7.(x2+ 2x —15) + (x — 3) 8. (x*+x2+2)+(x—3)
Determine the binomial factors of each polynomial.
9.x3-5x2—-x+5 10.x3 — 6x2+ 11x — 6

11. Find the value of k so that the remainder of (x3 — 7x + k) + (x + 1) is 2.
12. Let f(x) = x7 + x? + x12 — 2x2.
a. State the degree of f(x).
b. State the number of complex zeros that f(x) has.
c. State the degree of the depressed polynomial that would result from dividing
f(x) by x — a.
d. Find one factor of f(x).
13. Geometry A cylinder has a height 4 inches greater than the radius of its base.

Find the radius and the height to the nearest inch if the volume of the cylinder
is 57r cubic inches.

E XERCISES

Practice
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Divide using synthetic division.

14. (x2 +20x + 91) ~ (x + 7)

16. (x*+x3 -1+ x—2)

18.(B3x* — 2x3 +5x2 —4x—2) + (x + 1)

15. (x3 — 9x% + 27x — 28) + (x — 3)
17. (x* = 8xZ + 16) = (x + 2)

19. 2x3* —2x—3) = (x— 1)

Use the Remainder Theorem to find the remainder for each division. State
whether the binomial is a factor of the polynomial.

20.(x2-2)+(x— 1) 21. (@ +32) + (x + 2)

22, (x — 6x2 + 8) = (x — V2) 23. (3 —x+6) = (x — 2)

24. (Ax3+4x2+2x+3) +~ (x— 1) 25. 2x3 —3x2+x)+ (x— 1)
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26. Which binomial is a factor of the polynomial x3 + 3x2 — 2x — 8?
a. x—1 b.x +1 c.x—2 d.x+2

27. Verify that x — \/6 is a factor of x* — 36.

28. Use synthetic division to find all the factors of x* + 7x? — x — 7 if one of the
factors is x + 1.

Determine the binomial factors of each polynomial.

29.x3 + x? —4x — 4 80.x3 —x2—-49x+49 31.x3-5x2+2x+8

32.x3 —2x2 —4x + 8 33. x3 +4x2 —x — 4 34.x3+3x2+3x + 1

35. How many times is 2 a root of x6 — 9x* + 24x% — 16 = 0?

36. Determine how many times —1 is a root of x3 + 2x2 — x — 2 = 0. Then find the
other roots.

Find the value of k so that each remainder is zero.

37.2x3 —x2+x+ R+ (x—1 38. (3 —kx2+2x—4) + (x—2)

39. (x3 + 18x2 + kx + 4) = (x + 2) 40. (X} +4x2 —kx+ D)= (x+ 1)

Applications 41. Bicycling Matthew is cycling at a speed of O —
and Problem 4 meters per second. When he starts down a
Solving hill, the bike accelerates at a rate of 0.4 meter
O Wo, per second squared. The vertical distance from
N the top of the hill to the bottom of the hill is
Ry 25 meters. Use the equation d(¢) = vyt + %at2
to find how long it will take Matthew to ride
down the hill.

42. Critical Thinking Determine a and b so
that when x* + x3 — 7x2 + ax + b is divided
by (x — 1)(x + 2), the remainder is 0.

43. Sculpting Esteban is preparing to start an ice
sculpture. He has a block of ice that is 3 feet
by 4 feet by 5 feet. Before he starts, he wants
to reduce the volume of the ice by shaving off
the same amount from the length, the width,
and the height.

a. Write a polynomial function to model the situation.

b. Graph the function.

c. He wants to reduce the volume of the ice to % of the original volume.
Write an equation to model the situation.

d. How much should he take from each dimension?

44. Manufacturing An 18-inch by 20-inch sheet of cardboard is cut and folded to
make a box for the Great Pecan Company.

a. Write an polynomial function to model the 20 in.
volume of the box. X X
X[C————— Hi X

b. Graph the function.

c. The company wants the box to have a
volume of 224 cubic inches. Write an equation
to model this situation.

d. Find a positive integer for x.

18in.

227




45, Critical Thinking Find a, b, and ¢ for P(x) = ax? + bx + cif P(3 + 4i) = 0 and
PGB —-4i)=0.

Mixed Review 46. Solve r2 + 5r — 8 = 0 by completing the square. (Lesson 4-2)

47. Determine whether each number is a root of x* — 4x3 — x2 + 4x = 0.
(Lesson 4-1)
a. 2 b.0 c. —2 d. 4

48. Find the critical points of the graph of f(x) = x> — 32. Determine whether
each represents a maximum, a minimum, or a point of inflection. (Lesson 3-6)

49. Describe the transformation(s) that have taken place between the parent
graph of y = x2 and the graph of y = 0.5(x + 1)2. (Lesson 3-2)

50. Business Pristine Pipes Inc. produces plastic pipe for use in newly-built
homes. Two of the basic types of pipe have different diameters, wall
thickness, and strengths. The strength of a pipe is increased by mixing a
special additive into the plastic before it is molded. The table below shows
the resources needed to produce 100 feet of each type of pipe and the
amount of the resource available each week.

Resource Pipe A Pipe B A5:?Ic:z l:;?:y
Extrusion Dept. 4 hours 6 hours 48 hours
Packaging Dept. 2 hours 2 hours 18 hours
Strengthening Additive 2 pounds 1 pound 16 pounds

If the profit on 100 feet of type A pipe is $34 and of type B pipe is $40, how
much of each should be produced to maximize the profit? (Lesson 2-7)

51. Solve the system of equations. (Lesson 2-2)

4+ 2y +3z=6
2x + 7y = 3z
-3x -9 +13= -2z

52. Geometry Show that the line segment
connecting the midpoints of sides 7R and
TI is parallel to RI. (Lesson 1-5)

(-2, -3)

53. SAT/ACT Practice If a > b and ¢ < 0, which of the following are true?
[. ac <bc
II. a+c>b+c
M. a—c<b-c

A lonly B Il only C Il only
D [ and Il only E I I, and III
228 Chapter 4 Polynomial and Rational Functions ; | Extra Practice See p. A32.
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OBJECTIVES
e |dentify all

possible rational

roots of a
polynomial
equation by
using the
Rational Root
Theorem.

e Determine the
number of
positive and
negative real
roots a
polynomial
function has.

The Rational Root Theorem

oo\ Wo, 0000000000000 00000000000000000000000000000000000000000CCCGOGIOGIOOIOIOGIOIOIEONOIEOGEOIOIOIEOIOIDOICOICOGDL

& s CONSTRUCTION The longest
o .

» and largest canal tunnel in the

<
0
world was the Rove Tunnel on

Dlico’
the Canal de Marseille au Rhone in the south of
France. In 1963, the tunnel collapsed and
excavation engineers were frying to duplicate
the original tunnel. The height of the tunnel was
1 foot more than half its width. The length was
32 feet more than 324 times its width. The
volume of the tunnel was 62,231,040 cubic feet. If the tunnel was a rectangular
prism, find its original dimensions. This problem will be solved in Example 4.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

The formula for the volume of a rectangular prism is V = €wh, where ¢ is the
length, w is the width, and 4 is the height. From the information above, the height

of the tunnel is % w + 1, and its length is 324w + 32.

V = €wh

62,231,040 = (324w + 32)w(;w + 1) €=324w+32h=2w+1

2
62,231,040 = 162uw? + 340w? + 32w
0 = 162w + 340w? + 32w — 62,231,040

0 = 81w? + 170w? + 16w — 31,115,520  Divide each side by 2.

We could use synthetic substitution to test possible zeros, but with such large
numbers, this is not practical. In situations like this, the Rational Root Theorem
can give direction in testing possible zeros.

Rational Root
Theorem

Let agx” + a.x" ' + ... + a,_4x + a, = O represent a polynomial
equation of degree n with integral coefficients. If a rational number B

where p and g have no common factors, is a root of the equation, then
p is a factor of a, and g is a factor of &,.

Example o List the possible rational roots of 6x3 + 11x% — 3x — 2 = 0. Then determine

the rational roots.

According to the Rational Root Theorem, if % is a root of the equation, then
p is a factor of 2 and ¢ is a factor of 6.

possible values of p: =1, £2

possible values of g: =1, =2, £3, =6

i i P. 1 & +l+l+l+g
possible rational roots, 7 +1, =2, ot Tty

(continued on the next page)
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You can use a graphing utility to narrow
down the possibilities. You know that all
possible rational roots fall in the domain

—2 = x = 2. So set your x-axis viewing )/-\
window at [—3, 3]. Graph the related

function f(x) = 6x3 + 11x2 — 3x — 2. A zero -

appears to occur at —2. Use synthetic
division to check that -2 is a zero.

-2 6 11 -3 -2
—12 2 2

6 -1 -1/ 0

Thus, 6x3 + 11x2 — 3x — 2 = (x + 2)(6x? — x — 1). Factoring 6x? — x — 1 yields

(Bx + 1)(2x — 1). The roots of 6x® + 11x2 — 3x — 2 = 0 are —2, —%, and %

[—3, 3] scl:1 by [—10, 10] scl:1

A corollary to the Rational Root Theorem, called the Integral Root Theorem,
states that if the leading coefficient q, has a value of 1, then any rational roots
must be factors of a,, a,, # 0.

Let x” + a,x" 1 + ... + a,_,x + a, = O represent a polynomial equation
that has a leading coefficient of 1, integral coefficients, and a, # O. Any
rational roots of this equation must be integral factors of a,,.

Integral Root
Theorem

Example e Find the roots of x3 + 8x2 + 16x + 5 = 0.

There are three complex roots. According to the Integral Root Theorem, the
possible rational roots of the equation are factors of 5. The possibilities are

*+ 5and *=1.
1 8 16 5
5 1 13 81 410
-5 1 3 1 0 < There is a root at x = —5.

The depressed polynomial is x2 + 3x + 1. Use the quadratic formula to find the
other two roots.

y = —b*=Vb*—dac
2a
—3+V/32 = 4()(D)
X = 2D a=1,b=3c=1
o —3x\V5
2
The three roots of the equation are —5, =3 _2\/5 , and =3 J;\/g .




the possible number of positive real zeros a polynomial
has. It is named after the French mathematician René
Descartes, who first proved the theorem in 1637. /n
Descartes’ Rule of Signs, when we speak of a zero of the
polynomial, we mean a zero of the corresponding
polynomial function.

Descartes’ Rule of Signs can be used to determine

Descartes’
Rule of Signs

Suppose P(x) is a polynomial whose terms are arranged in descending
powers of the variable. Then the number of positive real zeros of P(x] is the
same as the number of changes in sign of the coefficients of the terms or
is less than this by an even number. The number of negative real zeros of
P(x) is the same as the number of changes in sign of the coefficients of the
terms of P(—x], or less than this number by an even number.

Example e

Ignore zero coefficients when using this rule.

Find the number of possible positive real zeros and the number of possible
negative real zeros for f(x) = 2x5 + 3x* — 6x3 + 6x2 — 8x + 3. Then
determine the rational zeros.

To determine the number of possible positive real zeros, count the sign
changes for the coefficients.

)= 2x> + 3x* — 6x3 + 6x2 — 8 + 3
2 —6 GW
no yes yes yes yes

There are four changes. So, there are four, two, or zero positive real zeros.

To determine the number of possible negative real zeros, find f(—x) and count
the number of sign changes.

(=) = 2(=x)5 + 3(=2)* — 6(—x)3 + 6(—x)2 — 8(—x) + 3
()= =2x° + 3x* + 6x* + 6x2 + 8 + 3

-2 3 6 6 8 3
yes no no no no

There is one change. So, there is one negative real zero.

Determine the possible zeros.
possible values of p: =1, =3
possible values of g: =1, =2
p 1 3

possible rational zeros, ¢ *1, =3, o Ey

Test the possible zeros using the synthetic division and the Remainder Theorem.

r 2 3 -6 6 -8 3

1 2 5 -1 5 -3 0 1 is a zero.
-1 2 1 -7 13 -21 24

3 2 9 21 69 199 600
-3 2 -3 3 -3 1 0 -3 is a zero.

(continued on the next page)
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Since there is only one negative real zero and —3 is a zero, you do not need to
test any other negative possibilities.

% 2 4 —4 4 -6 0 é is a zero.
3 1 3 5
> 2 6 3 105 7 145
All possible rational roots have been N

considered. There are two positive zeros
and one negative zero. The rational zeros
for f(x) = 2x5 + 3x* — 6x3 + 6x2 — 8x + 3

are —3, ; and 1. Use a graphing utility to
check these zeros. Note that there
appears to be three x-intercepts. You can ]
use the zero function on the CALC menu
to verify that the zeros you found are

correct.

[—4, 4] scl:1 by [—10, 85] scl:5

You can use a graphing calculator to study Descartes’ Rule of Signs.

GRAPHING CALCULATOR EXPLORATION

Remember that you can determine the location =~ WHAT DO YOU THINK?
of the zeros of a function by analyzing its graph. 3 [jse Descartes’ Rule of Signs to determine
the possible positive and negative real

TRY THESE Graph each function to zeros of each function.

determine how many zeros appear to exist. 4, How do your results from Exercise 3
Use the zero function in the CALC menu to compare with your results using the TABLE

approximate each zero. feature? Explain

. = x4 4 453 + 3x2 — 4y —
1 G = x"+ 4 4 3x7 — dx — 4 5. What do you think the term “double zero”
2. fx)=x3—3x—2 means?

Because the zeros of a polynomial function are the roots of a polynomial
equation, Descartes’ Rule of Signs can be used to determine the types of roots of
the equation.

Example O CONSTRUCTION Refer to the application at the beginning of the lesson.

o\ Wo Find the original dimensions of the Rove Tunnel.
7 (A
o °.' To determine the dimensions of the tunnel, we must solve the equation
A < i 0= 81w? + 170w? + 16w — 31,115,520. According to Descartes’ Rule of Signs,
“Llica i there is one positive real root and two or zero negative real roots. Since
¢ dimensions are always positive, we are only concerned with the one positive
real root.
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Use a graphing utility to graph the ~
related function V(w) = 81w? + 170w? +
16w — 31,115,520. Since the graph has 10
unit increments, the zero is between 70
and 80.

To help determine the possible rational
roots, find the prime factorization of
31,115,520.

31,115,520 = 28 X 32 X 5 X 37 X 73 [—10, 100] scl:10 by [—10, 100] scl:10

Possible rational roots between 70 and 80
are 72 (23 X 32), 73, and 74 (2 X 37). Use the
Factor Theorem until the one zero is found.

V(w) = 81w? + 170w? + 16w — 31,115,520

V(72) = 81(723) + 170(72%) + 16(72) — 31,115,520

V(72) = 30,233,088 + 881,280 + 1152 — 31,115,520

V(72) =0

The original width was 72 feet, the original height was % (72) + 1 or 37 feet,
and the original length was 324(72) + 32 or 23,360 feet, which is over 4 miles.

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Identify the possible rational roots for the equation x* — 3x2 + 6 = 0.

2. Explain why the Integral Root Theorem is a corollary to the Rational Root
Theorem.

3. Write a polynomial function f(x) whose coefficients have three sign changes. Find
the number of sign changes that f{(—x) has. Describe the nature of
the zeros.

4. Math fJowmal Describe several methods you could use to determine the
rational zeros of a polynomial function. Which would you choose to use first?
Explain.

Guided Practice  List the possible rational roots of each equation. Then determine the rational
roots.

5.x3 —4x2+x+2=0 6.2x3+3x2—-8x+3=0

Find the number of possible positive real zeros and the number of possible
negative real zeros for each function. Then determine the rational zeros.

7. f(x) = 8x3 — 6x2 — 23x + 6 8.f(x)=x3+Tx2+7x— 15

9. Geometry A cone is inscribed in a sphere with a
radius of 15 centimeters. If the volume of the cone is
11527 cubic centimeters, find the length represented
by x.
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Solving
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List the possible rational roots of each equation. Then determine the rational
roots.

10.x3+2x2 - 5x—6=10 1M.x3-2x2+x+18=0
12. x4 —5x34+9x2 - Tx+2=0 13.x3 —5x2—4x +20=0
14.2x4 —x3—6x+3=0 15.6x* +35x3 —x2—Tx—1=0

186. State the number of complex roots, the number of positive real roots, and the
number of negative real roots of x* — 2x3 + 7x% + 4x — 15 = 0.

Find the number of possible positive real zeros and the number of possible
negative real zeros for each function. Then determine the rational zeros.

17.f0) =x3—Tx — 6 18. f(x) = x3 — 2x2 — 8x
19. f(x) = x3 + 3x2 — 10x — 24 20. f(x) = 10x3 — 17x%2 — Tx + 2
21.f() =x*+2x3 — 9x2 — 2x + 8 22. f(x) =x* —5x2 + 4

23. Suppose f(x) = (x — 2)(x + 2)(x + D2
a. Determine the zeros of the function.
b. Write f(x) as a polynomial function.

c. Use Descartes’ Rule of Signs to find the number of possible positive real roots
and the number of possible negative real roots.

d. Compare your answers to part a and part c. Explain.

24. Manufacturing The specifications for a new cardboard container require that
the width for the container be 4 inches less than the length and the height be
1 inch less than twice the length.

a. Write a polynomial function that models the volume of the container in terms
of its length.

b. Write an equation if the volume must be 2208 cubic inches.
c. Find the dimensions of the new container.

25. Critical Thinking Write a polynomial equation for each restriction.
a. fourth degree with no positive real roots
b. third degree with no negative real roots
c. third degree with exactly one positive root and exactly one negative real root

26. Architecture A hotel in Las Vegas, Nevada, is the
largest pyramid in the United States. Prior to the
construction of the building, the architects designed
a scale model.

a. If the height of the scale model was 9 inches
less than its length and its base is a square,
write a polynomial function that describes
the volume of the model in terms of its
length.

b. If the volume of the model is 6300 cubic
inches, write an equation describing the
situation.

c. What were the dimensions of the scale model?




27. Construction A steel beam is supported by two |<_ x—>|
pilings 200 feet apart. If a weight is placed x feet
from the piling on the left, a vertical deflection
d equals 0.0000008x2(200 — x). How far is the
weight if the vertical deflection is 0.8 feet?

28. Critical Thinking Compare and contrast the graphs and zeros of
f(x) = x3 + 3x? — 6x — 8 and g(x) = —x3 — 3x2 + 6x + 8.

Mixed Review  29. Divide x2 — x — 56 by x + 7 using synthetic division. (Lesson 4-3)

30. Find the discriminant of 4x2 + 6x + 25 = 0 and describe the nature of the roots.
(Lesson 4-2)

31. Write the polynomial equation of least degree whose roots are 1, —1, 2, and —2.
(Lesson 4-1)

32. Business The prediction equation for a set of data relating the year in which a
car was rented as the independent variable to the weekly car rental fee as the
dependent variable is y = 4.3x — 8424.3. Predict the average cost of renting a
car in 2008. (Lesson 1-6)

2x — 3 3—x

33. SAT/ACT Practice If = 9 which of the following could be a value
for x?
A-3 B -1 C 37 D5 E 15

MID-CHAPTER QUIZ

1. Write the polynomial equation of least 7. Determine the binomial factors of
degree with roots 1, —1, 2i, and —2i. x3 — 2x2 — 5x + 6. (Lesson 4-3)
(Lesson 4-1)

2. State the number of complex roots of 8. List the possible rational roots of
x3 — 11x% + 30x = 0. Then find the roots. x3 + 6x% + 10x + 3 = 0. Then determine
(Lesson 4-1) the rational roots. (Lesson 4-4)

3. Solve x2 + 5x = 150 by completing the
square. (Lesson 4-2) 9. Find the number of possible positive zeros

4. Find the discriminant of 65 — 395 + 45 = 0 and the number of possible negative zeros

— 4 3 2 _ Ay —
and describe the nature of the roots of the 07 F(x). X 43{ S5 S ese iy Tl
) . determine the rational zeros. (Lesson 4-4)

equation. Then solve the equation by

using the quadratic formula. (Lesson 4-2)

10. Manufacturing The Universal Paper
Product Company makes cone-shaped
drinking cups. The height of each cup is

5. Divide x3 + 3x2 — 2x — 8 by x + 2 using
synthetic division. (Lesson 4-3)

6. Use the Remainder Theorem to find the 6 centimeters more than the radius. If the
remainder for (x3 — 4x2 + 2x — 6) + (x — 4). volume of each cup is 277 cubic
State whether the binomial is a factor of centimeters, find the dimensions of the
the polynomial. (Lesson 4-3) cup. (Lesson 4-4)

Extra Practice See p. A32. | ; Llesson 4-4  The Rational Root Theorem 235




OBJECTIVE

* Approximate
the real zeros
of a polynomial
function.

Locating Zeros of a
Polynomial Function

©0000000000000000000000000000000000000000000000000000000000000000000000000000

ECONOMY Layoffs at
large corporations can

o\ Wo,
S
°

IS

-7

0 P O
©lica®  cause the unemployment

rate to increase, while low interest
rates can bolster employment. From
October 1997 to November 1998,
the Texas economy was strong. The
Texas jobless rate during that period
can be modeled by the function

fix) = —0.0003x* + 0.0066x3 —
0.0257x2 — 0.1345x + 5.35, where
x represents the number of months
since October 1997 and f(x)
represents the unemployment rate as
a percent. Use this model to predict
when the unemployment will be 2.5%.

This problem will be solved in Example 4.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

The function f(x) = —0.0003x* + 0.0066x3 — 0.0257x2 — 0.1345x + 5.35 has
four complex zeros. According to the Descartes’ Rule of Signs, there are three or
one positive real zeros and one negative zero. If you used a spreadsheet to
evaluate the possible rational zeros, you will discover that none of the possible
values is a zero of the function. This means that the zeros are not rational
numbers. Another method, called the Location Principle, can be used to help
determine the zeros of a function.

The Location
Principle

Suppose y = f(x) represents a polynomial function with real coefficients.

If a and b are two numbers with f(a) negative and f(b) positive, the
function has at least one real zero between a and b.

If f(a) > 0 and f(b) < 0, then the function also has at least one real zero between a and b.

This principle is illustrated by the graph. f(x)
The graph of y = f(x) is a continuous curve. At (b, f(b)
Xx = a, f(a) is negative. At x = b, f(b) is positive. fb)y f-————=—5 !
|
b X

Therefore, between the x-values of a and b, the a
|
|

graph must cross the x-axis. Thus, a zero exists 0 ’
somewhere between a and b. \N\‘//
f [ R ——
(a f(@)
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Example o Determine between which consecutive integers the real zeros of

© f(x) = x3 — 4x2 — 2x + 8 are located.

Example Q

There are three complex zeros for this function. According to Descartes’ Rule
of Signs, there are two or zero positive real roots and one negative real root.
You can use substitution, synthetic division, or the TABLE feature on a graphing
calculator to evaluate the function for consecutive integral values of x.

Method 1: Synthetic Division

r |1 -4 -2 8

-3 1 =7 19 | —49

-2 1 -6 10 | —12-

-1/ 1 =5 3 5:j
o1 -4 =2 8
111 -3 =5 3:1
211 =2 =6 —4
311 -1 -5 -7
4| 1 0o -2 O1=—
5| 1 1 3 23

change
in signs

change
in signs

zero

Method 2: Graphing Calculator
Use the TABLE feature.

There is a zero at 4. The changes in sign indicate that there are also zeros
between —2 and —1 and between 1 and 2. This result is consistent with the

Descartes’ Rule of Signs.

Once you know two integers between which a zero will fall, you can use
substitution or a graphing calculator to approximate the zeros.

Approximate the real zeros of F(x) = 12x3 — 19x2 — x + 6 to the nearest

tenth.

There are three complex zeros for this function. According to Descartes’ Rule
of Signs, there are two or zero positive real roots and one negative real root.

Use the TABLE feature of a graphing
calculator. There are zeros between

—1 and 0, between 0 and 1, and between
1 and 2. To find the zeros to the nearest
tenth, use the TBLSET feature changing

ATbl to 0.1.

(continued on the next page)
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Graphing i Since 0.25 is closer to zero than —2.832,

Calculator | thezeroisabout —0.5.

Tip
You can check these
zeros by graphing the
function and selecting

zero under the CALC
menu.

Since 0.106 is closer to zero than —0.816,
the zero is about 0.7.

Since 0.288 is closer to zero than —1.046,
the zero is about 1.4.

The zeros are about —0.5, 0.7, and 1.4.
If you need a closer approximation,
change ATbl to 0.01.

The Upper Bound Theorem will help you confirm whether you have
determined all of the real zeros. An upper bound is an integer greater than or
equal to the greatest real zero.

Suppose c is a positive real number and P(x) is divided by x — c. If the
resulting quotient and remainder have no change in sign, then P(x) has no
real zero greater than c. Thus, cis an upper bound of the zeros of P(x).

Upper Bound
Theorem

Zero coefficients are ignored when counting sign changes.

The synthetic division in Example 1 indicates that 5 is an upper bound of the
zeros of f(x) = x> — 4x2 — 2x + 8 because there are no change of signs in the
quotient and remainder.

A lower bound is an integer less than or equal to the least real zero. A lower
bound of the zeros of P(x) can be found by determining an upper bound for the
zeros of P(—x).

Lower Bound If ¢ is an upper bound of the zeros of P(—x), then —c is a lower bound of
Theorem the zeros of P(x).
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Examples e Use the Upper Bound Theorem to find an integral upper bound and the
Lower Bound Theorem to find an integral lower bound of the zeros of
f(x) = x3 + 3x2 — 5x — 10.

The Rational Root Theorem tells us that 1, £2, =5, and =10 might be roots of
the polynomial equation x® + 3x2 — 5x — 10 = 0. These possible zeros of the
function are good starting places for finding an upper bound.

f(x) = x3 + 3x2 — 5x — 10 f(-x) = —x3 +3x2+ 5x— 10

r 1 3 -5 -10 r -1 3 5 -10
1 1 4 -1 =11 1 —1 2 7 -3
2 1 5 5 0 2 —1 1 7 4
3 —1 0 5 5
4 —1 —1 1 -6
5 =1 -2 -5 -35

An upper bound is 2. Since 5 is an upper bound of f(—x), —5 is a lower
bound of f(x). This means that all real zeros of f(x) can be found in the interval
—5=x=2

a ECONOMICS Refer to the application at the beginning of the lesson. Use
i the model to determine when the unemployment will be 2.5%.

S Wo,.
< o
o o You need to know when f(x) has a value of 2.5.
7 S 2.5 = —0.0003x* + 0.0066x> — 0.0257x% — 0.1345x + 5.35

“plica 0 = —0.0003x* + 0.0066x> — 0.0257x? — 0.1345x + 2.85

Now search for the zero of the related function,
g(x) = —0.0003x* + 0.0066x3 — 0.0257x% — 0.1345x + 2.85

r | —0.0003 0.0066 -0.0257 -0.1345 2.85

17 | —0.0003 0.0015 —0.0002 -0.1379 0.5057
18 | —0.0003 0.0012 —0.0041 —0.2083 |-0.8994

There is a zero between 17 and 18 months.

Confirm this zero using a graphing
calculator. The zero is about 17.4 months.
So, about 17 months after October, 1997 or
March, 1999, the unemployment rate would
be 2.5%. Equations dealing with
unemployment change as the economic
conditions change. Therefore, long range
predictions may not be accurate. [=10, 20] scl:1 by [~3, 5] scl:1

CaFd .\
n=17.798998 Y=1.1E-1i:Z

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Write a convincing argument that the Location Principle works. Include a

labeled graph.
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Guided Practice

2. Explain how to use synthetic division to determine which consecutive integers
the real zeros of a polynomial function are located.

3. Describe how you find an upper bound and a lower bound for the zeros of a
polynomial function.

4. You Decide After looking at the table on a
graphing calculator, Tiffany tells Nikki that
there is a zero between —1 and 0. Nikki argues
that the zero is between —2 and —1. Who is
correct? Explain.

Determine between which consecutive integers
the real zeros of each function are located.

5. f(x) = x? — 4x — 2 B.f(x)=x3—3x2—-2x+4

Approximate the real zeros of each function to the nearest tenth.
7.f(x) =2x3 —4x? -3 8. f(xX) = x?+ 3x + 2

Use the Upper Bound Theorem to find an integral upper bound and the
Lower Bound Theorem to find an integral lower bound of the zeros of each
function.

9.f(x) =x*—8x + 2 10. fx) =x*+x2 -3

11. Manufacturing The It’s A Snap Puzzle Company is designing new boxes for
their 2000 piece 3-D puzzles. The old box measured 25 centimeters by
30 centimeters by 5 centimeters. For the new box, the designer wants to
increase each dimension by a uniform amount.

a. Write a polynomial function that models the volume of the new box.

b. The volume of the new box must be 1.5 times the volume of the old box to
hold the increase in puzzle pieces. Write an equation that models this
situation.

c. Find the dimensions of the new box.

E XERCISES

Practice
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Determine between which consecutive integers the real zeros of each function
are located.

12. f(x) = x3 — 2 13.f(x) =2x2—5x+1 14.f)=x*—-2x3+x—-2
15. f(x) = x* — 8x2 + 10 16. f() = x> —3x + 1 17.f) =2x*+x2—3x + 3

18. Is there a zero of f(x) = 6x3 + 24x2 — 54x — 3 between —6 and —5? Explain.

Approximate the real zeros of each function to the nearest tenth.

19. f(x) =3x*+ x2 -1 20. f(x) =x2+ 3x + 1
21.f(xX) =x3 —4x + 6 22. f(x) =x* —5x3 + 6x2 —x — 2
23.f()=2xt*—x*+x -2 24. f() =x° — Tx* = 3x3 + 2x2 — 4x + 9

25. Approximate the real zero of f(x) = x3 — 2x? + 5 to the nearest hundredth.

Www.amc. gIencoe.com/self_check_quiz
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Use the Upper Bound Theorem to find an integral upper bound and the Lower
Bound Theorem to find an integral lower bound of the zeros of each function.

26.
28.

30.

32.

33.

34.

35.

36.

f(x) =3x3 — 2x2 + 5x — 1 27.f(x) =x2—x—1
) =x*—6x3+2x2+6x—13  29. f(x) = x>+ 5x%2 — 3x — 20

) =x*—3x3—2x2+3x -5 31. f(x) = x5 + 5x* — 3x3 + 20x%2 — 15

Analyze the zeros of f(x) = x* — 3x3 — 2x2 + 3x — 5.
a. Determine the number of complex zeros.
b. List the possible rational zeros.

c. Determine the number of possible positive real zeros and the number of
possible negative real zeros.

d. Determine the integral intervals where the zeros are located.
e. Determine an integral upper bound of the zeros and an integral lower bound

of the zeros.
Population of
Manhattan Island

f. Determine the zeros to the nearest tenth.

Population The population of Manhattan
Island in New York City between 1890 to 1970

can be modeled by P(x) = —0.78x* + 133x3 — .
Year Population
7500x2 + 147,500x + 1,440,000, where P(x) g
represents the population and x represents 1890 1,441,216
the number of years since 1890. 1910 2,331,542
1 1,867,312
a. According to the data at the right, how 1328 1’220'?01
valid is the model? 1970 1:539:233

b. Use the model to predict the population in
1980.

c. According to this model, what happens between 1970 and 1980?

Source: U.S. Bureau of the Census

d. Do you think this model is valid for any time? Explain.

Critical Thinking Write a third-degree integral polynomial function with one

zero at \/5 State the zeros of the function. Draw a graph to support your
answer.

Medicine A doctor tells Masa to take 60 milligrams of medication each
morning for three days. The amount of medication remaining in his body on the
fourth day is modeled by M(x) = 60x3 + 60x2 + 60x, where x represents the
absorption rate per day. Suppose Masa has 37.44 milligrams of medication in
his body on the fourth day.

a. Write an equation to model this situation.

b. Write the related function for the equation.

c. Graph this function and estimate the absorption rate.
d. Find the absorption rate of the medication.

Critical Thinking Write a polynomial function with an upper bound of 1 and a
lower bound of —1.
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Mixed Review

37.

39.

40.

41.

42.

43.

44,

45.

Ecology In the early 1900s, the deer population of the Kaibab Plateau in
Arizona experienced a rapid increase because hunters had reduced the
number of natural predators. The food supply was not great enough to
support the increased population, eventually causing the population to
decline. The deer population for the period 1905 to 1930 can be modeled by
f(x) = —0.125x° + 3.125x* + 4000, where x is the number of years from 1905.
a. Graph the function.

b. Use the model to determine the population in 1905.

c. Use the model to determine the population in 1920.

d. According to this model, when did the deer population become zero?

38. Investments Instead of investing in the stock market, many
people invest in collectibles, like baseball cards. Each year, Anna
uses some of the money she receives for her birthday to buy one
special baseball card. For the last four birthdays, she purchased
cards for $6, $18, $24, and $18. The current value of these cards is
modeled by T(x) = 6x* + 18x3 + 24x2 + 18x, where x represents the
average rate of return plus one.
a. If the cards are worth $81.58, write an equation to model this
situation.

b. Find the value of x.
c. What is the average rate of return on Anna’s investments?

Find the number of possible positive real zeros and the number of possible
negative real zeros for f(x) = 2x3 — 5x2 — 28x + 15. Then determine the rational
zeros. (Lesson 44)

Physics The distance d(¢) fallen by a free-falling body can be modeled by the
formula d(¢) = vyt — %th, where v, is the initial velocity and g represents the

acceleration due to gravity. The acceleration due to gravity is 9.8 meters per
second squared. If a rock is thrown upward with an initial velocity of +4 meters
per second from the edge of the North Rim of the Grand Canyon, which is 1750
meters deep, determine how long it will take the rock to reach the bottom of the
Grand Canyon. (Hint: The distance to the bottom of the canyon is —1750 meters
from the rim.) (Lesson 4-2)

Graphy = % (Lesson 3-7)

Find the value of

79 .
3 6 ‘ . (Lesson 2-5)

Find the coordinates of the midpoint of FG given its endpoints F(—3, —2) and
G(8, 4). (Lesson 1-5)

Name the slope and y-intercept of the graph of x — 2y — 4 = 0. (Lesson 1-4)

SAT/ACT Practice AABC and AABD are right triangles that share side AB.
AABC has area x, and AABD has area y. If AD is longer than AC and BD is longer
than BC, which of the following cannot be true?

Ay>x By<x Cy=x Dy+#x E

=1

BN
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OBJECTIVES
* Solve rational

equations and

inequalities.

® Decompose a
fraction into
partial fractions.

Example
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S
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Rational Equations and
Partial Fractions

©00000000000000000000000000000000000000000000000000000000000000000000000000000

SCUBA DIVING [f a scuba diver goes to depths greater than 33 feet,

v < the function T(d) = % gives the maximum time a diver can remain

\ W,
o,

o) Xe)
Dljico™

down and still surface at a steady rate with no decompression stops. In
this function, T(d) represents the dive time in minutes, and d represents the depth in
feet. If a diver is planning a 45-minute dive, what is the maximum depth the diver can
go without decompression stops on the way back up@ This problem will be solved in
Example 1.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

1700
d— 33"
of equation is called a rational equation. A rational equation has one or more
rational expressions. One way to solve a rational equation is to multiply each
side of the equation by the least common denominator (LCD).

To solve this problem, you need to solve the equation 45 = This type

o SCUBA DIVING What is the maximum depth the diver can go without

decompression stops on the way back up?

1700
T ="3"33
1700 . . . . .
45 = 7-33 Replace T(d) with 45, the dive time in minutes.
1700 . .
45(d — 33) = 433 (d — 33) Multiply each side by the LCD, d — 33.

45d — 1485 = 1700
45d = 3185
d=70.78

The diver can go to a depth
of about 70 feet and surface
without decompression
stops.

Any possible solution that results in a zero in the denominator must be
excluded from your list of solutions. So, in Example 1, the solution could not be
33. Always check your solutions by substituting them into the original equation.

Lesson 4-6  Rational Equations and Partial Fractions 243

> contents S



-5 dad’+a+2
2-1" a+1

Example 9 Solve a + Z

a+a275_a2+a+2
a® -1 a+1

@ -5 2+a+2) %" L Muliply each side by the LCD,
2 _ — (£ TEe T a2 )
<a+a21)@ D_< a+1 k&Aq)(aUm+1)wa2l
1

a@-D+@-5=(@+a+2@-1
aAd-a+a®-5=at+a-2

a2—-2a-3=0
(a@a-3h(a@a+1)=0 Factor.
a—3=0 a+1=0
a=3 a=—1

When you check your solutions, you find that @ cannot equal —1 because a
zero denominator results. Since —1 cannot be a solution, the only solution is 3.

In order to add or subtract fractions with unlike denominators, you must first
find a common denominator. Suppose you have a rational expression and you
want to know what fractions were added or subtracted to obtain that expression.
Finding these fractions is called decomposing the fraction into partial fractions.
Decomposing fractions is a skill used in calculus and other advanced
mathematics courses.

Example e Decompose % into partial fractions.
! First factor the denominator. Y+y-2=U-DH+2)
Express the factored form as the sum 28}’ tv _ A B
of two fractions using A and B as yty-2 y-1 y+2
numerators and the factors as
denominators.
Eliminate the denominators by 8y +7T=Aly+2)+B(y—1
multiplying each side by the LCD,
vy — Dy — 2.
Eliminate B by letting y = 1 so that 8y +7=Aly+2)+Bly—1
y — 1 becomes 0. 8 +7=A01+2)+B(A -1
15=34
5=A
Eliminate A by letting y = —2 so that y+7=A(y+2)+B(y -1
y + 2 becomes 0. 8(-2)+7=AC2+2)+B(-2-1)
9= -3B
3=8B
Now substitute the values for A and A, B _ 5 L3
B to determine the partial fractions. y—1 y+2 y—-1 y+2
8&y+7 5 3
50, 2y 2Ty -1 T y+e
Check to see if the sum of the two partial fractions equals the original fraction.




The process used to solve rational equations can be used to solve
rational inequalities.

Example OSolve%<0.
| Letfoy = S22 D ber li k th f £(x) and th
et f(x) = PR R n a number line, mark the zeros of f(x) and the

excluded values for f(x) with vertical dashed lines. The zeros of f(x) are the
same values that make (x —2)(x — 1) = 0. These zeros are 2 and 1. Excluded
values for f(x) are the values that make (x — 3)(x — 4)2 = 0. These excluded
values are 3 and 4.

|

SN

|

w

|

N

|

—_

o
- -
—_ P\ = = —
—-— - ——

The vertical dashed lines separate the number line into intervals. Test a
convenient value within each interval in the original rational inequality to see
if the test value is a solution. If the value in the interval is a solution, all values
are solutions. In this problem, it is not necessary to find the exact value of the
expression.

O-20-1 . O o
O=-30-9* 7~ ()

So in the interval x < 1, f(x) < 0. Thus, x < 1 is a solution.

Forx<1,testx =0:

A5-205-1D = O
(1.5 =3)(1.5 — 4)? (=)

So in the interval 1 <x < 2, f(x) > 0. Thus, 1 <x < 2 is not a solution.

For 1 <x<2,testx = 1.5: +

@25-2)@25-1) () -
25-3)25 -4 ~ (H(HO

For 2 < x < 3, test x = 2.5:

So in the interval 2 < x < 3, f(x) < 0. Thus, 2 < x < 3 is a solution.

B5-235-1) ()
B5-)B5- 2 (DO

So in the interval 3 < x < 4, f(x) > 0. Thus, 3 <x < 4 is not a solution.

For 3 < x < 4, test x = 3.5: -+

G-26-1) COIC N
G-36 -4~ (HHH

So in the interval x > 4, f(x) > 0. Thus, 4 < x is not a solution.

For 4 < x, test x = 5:

The solution is x < 1 or 2 < x < 3. This solution can be graphed on a
number line.




Example e Solve 5 - + 65a > %.
The mequallty can be written as 32 + Gi - % > 0. The related function is
fla) = +— ol % e Find the zeros of this function.
2 5 3
3a T6a 40

2 5 3 ~ .
5(12@ + a(lZa) — Z(l2a) =0(12a) The LCD is 12a.
8+10—-9a=0
2=a

The zero is 2. The excluded value is 0. On a number line, mark these values
with vertical dashed lines. The vertical dashed lines separate the number line
into intervals.

|

S

|

w

|

N

|

—_
_—> = - —

—_
R NE S E——

S

($;]

[op]

Now test a sample value in each interval to determine if the values in the
interval satisfy the inequality.

Fora <0 =1 2 b 13
or a , test x = : 3 1) 6(— 1)>4
2 523
376 1
3 3 . .
_E>Z a < 0 is not a solution.
For0<a<2testx = 1: L+L;§
asstestx =L 30) T 6~ 4
2 523
37671
3 3 . .
E>Z 0 < a < 2is a solution.
— 2. 2 5 23
For 2 < a, test x = 3: 303) + 6(3) =7
2 5 23
9" 18 7 3
1 3 . .
E>Z 2 < x is not a solution.




CHECK FOR UNDERSTANDING '

Communicating  Read and study the lesson to answer each question.

Mathematics . b+1 5b 1
1. Describe the process used to solve 36-2) 6 ty o

2. Write a sentence explaining why all solutions of a rational equation must be
checked.

3. Explain what is meant by decomposing a fraction into partial fractions.

. 2 2 .
4. Explain why x + et 2+ e has no solution.

Guided Practice  Solve each equation.

5"1_%:4 BIb?-SZ% 7't—;4+t34:t2_—1€1t
8. Decompose f’)’; : 11 into partial fractions.

Solve each inequality.
9.5+ >1% 10.1+——

11. Interstate Commerce When truckers
are on long-haul drives, their driving
logs must reflect their average speed.
Average speed is the total distance
driven divided by the total time spent
driving. A trucker drove 3 hours on a
freeway at 60 miles per hour and then
drove 20 miles in the city. The
trucker’s average speed was 57.14
miles per hour.

a. Write an equation that models the
situation.

b. How long was the trucker driving in
the city to the nearest hundredth of
an hour?

£ XERCISES ,

Practice Solve each equation.
12 _ 1 _m-34
12 +t-8=0 13— ="
2 3_ —y 10 2n—-5 2n+5
14'y+2+y_y+2 15'n2—1+n—1_n+1
1 1 3 7a 5 _ 3a
16 et o2 b1 1 373 %4 2a+2
_ 1 a 2g 29 _
18.1= 7=+ 5 1955 -5 =1
1 6m-9 3m-3 4 7 3
20'%+ 3m ~ 4m 21'3(—1_2—)(-{_)(+1
= www.amc.gl /self_check_qui ; i i i
= . .glencoe.com/seli_check_quiz Lesson 4-6  Rational Equations and Partial Fractions 247
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n+6 4
n+l n-2"
a. What is the LCD of the rational expressions?

22. Consider the equation 1 +

b. What values must be excluded from the list of possible solutions.

c. What is the solution of the equation?

Decompose each expression into partial fractions.

x—6 5m — 4 —4y
23. 2 oy 24. 74 25'3y274y+1

9 — 9x
X2 -9

26. Find two rational expressions that have a sum of

27. Consider the inequality anz < Z — g

a. What is the LCD of the rational expressions?

b. Find the zero(s) of the related function.

(7]

. Find the excluded value(s) of the related function.

o

. Solve the inequality.

Solve each inequality.
29 -3 -4 _

2
28'E+3>E Eg.m_o
x?—16 1 5 1
30.7)(2_4)(_520 31.E+§>E
1 1 8 7
i1 T er1 715 33. 07> 7

34. Four times the multiplicative inverse of a number is added to the number. The
result is 10%. What is the number?

35. The ratio of x + 2 to x — 5 is greater than 30%. Solve for x.

Applications 36. Optics The lens equation is % = dl + dl’ Object

and .Problem where fis the focal length, d, is the distance

Solving from the lens to the image, and d,, is the
< W°’6 distance from the lens to the object. Suppose o
*) : the object is 32 centimeters from the lens
“plico™” and the focal length is 8 centimeters.

a. Write a rational equation to model the situation.

b. Find the distance from the lens to the image.

37. Critical Thinking Write a rational equation that cannot have 3 or —2 as a
solution.

38. Trucking Two trucks can carry loads of coal in a ratio of 5 to 2. The smaller
truck has a capacity 3 tons less than that of the larger truck. What is the

capacity of the larger truck?

248 Chapter 4 Polynomial and Rational Functions




39.

40.

41.

42,

43.

44,

45,

46.

Electricity The diagram of an electric

circuit shows three parallel resistors. If

R represents the equivalent resistance 90V /‘/ R, R, ';g ohms
of the three resistors, then

1 1 1 1 .. .

R~ R + R, + Ry’ In this circuit, R,

represents twice the resistance of R,, and R, equals 20 ohms. Suppose the
equivalent resistance equals 10 ohms.

a. Write a rational equation to model the situation.

b. Find R, and R,

Education Todd has answered 11 of his last 20 daily quiz questions correctly.
His baseball coach told him that he must bring his average up to at least 70% if
he wants to play in the season opener. Todd vows to study diligently and
answer all of the daily quiz questions correctly in the future. How many
consecutive daily quiz questions must he answer correctly to bring his average
up to 70%?

Aviation An aircraft flies 1062 miles with the wind at its tail. In the same
amount of time, a similar aircraft flies against the wind 738 miles. If the air speed
of each plane is 200 miles per hour, what is the speed of the wind? (Hint: Time
equals the distance divided by the speed.)

Critical Thinking Solve for a if% + % = % .

Statistics A number x is said to be the harmonic mean of y and z if s the

1 1
average of — and —.
y z
a. Write an equation whose solution is the harmonic mean of 30 and 45.

b. Find the harmonic mean of 30 and 45.

Economics Darnell drives about 15,000 miles each year. He is planning to
buy a new car. The car he wants to buy averages 20 miles on one gallon of
gasoline. He has decided he would buy another car if he could save at least
$200 per year in gasoline expenses. Assume gasoline costs $1.20 per gallon.
What is the minimum number of miles per gallon that would fulfill Darnell’s
criteria?

Navigation The speed of the
current in Puget Sound is 5 miles
per hour. A barge travels with the
current 26 miles and returns in
10% hours. What is its speed in

still water?

Critical Thinking If g—; =11, find

the value of M.
S5y

Puget Sound
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Mixed Review a47.

48.

49,

50.

51.

52.

53.

54.

55.

56.

57.

Determine between which consecutive integers the real zeros of
f(x) = x3 + 2x2 — 3x — 5 are located. (Lesson 4-5)

Use the Remainder Theorem to find the remainder for (x3 — 30x) + (x + 5).
State whether the binomial is a factor of the polynomial. (Lesson 4-3)

State the number of complex roots of 12x2 + 8x — 15 = 0. Then find the roots.
(Lesson 4-1)

Name all the values of x that are not in the domain of the function
f(x) = —*—— (Lesson 3-7)
I3x] - 12
2x

Determine if (6, 3) is a solution for y = T+3 (Lesson 3-3)

Determine if the graph of y2 = 121x? is symmetric with respect to each line.
(Lesson 3-1)

a. the x-axis b. the y-axis

c. theliney = x d. theliney = —x

Education The semester test in your English class consists of short answer
and essay questions. Each short answer question is worth 5 points, and each
essay question is worth 15 points. You may choose up to 20 questions of any
type to answer. It takes 2 minutes to answer each short answer question and
12 minutes to answer each essay question. (Lesson 2-7)

a. You have one hour to complete the test. Assuming that you answer all of the
questions that you attempt correctly, how many of each type should you
answer to earn the highest score?

b. You have two hours to complete the test. Assuming that you answer all of
the questions that you attempt correctly, how many of each type should you
answer to earn the highest score?

Find matrix X in the equation [} }][_g _g] = X. (Lesson 2-3)

Write the standard form of the equation of the line that is parallel to the graph
of y = 2x — 10 and passes through the point at (=3, 1). (Lesson 1-5)

Manufacturing It costs ABC Corporation $3000 to produce 20 color televisions
and $5000 to produce 60 of the same color televisions. (Lesson 1-4)

a. Find the cost function.
b. Determine the fixed cost and the variable cost per unit.

c. Sketch the graph of the cost function.

SAT Practice Grid-In Find the
area of the shaded region in
square inches.

~—9in.——
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OBJECTIVE
e Solve radical
equations and
inequalities.

Examples
Q.GO\ WO/?
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Radical Equations
and Inequalities

RECREATION A pogo stick stores energy in a spring. When a jumper
compresses the spring from its natural length x; to a length x, the
maximum height h reached by the bottom of the pogo stick is related

to x, and x by the equation xy = x + ,/2—'7(@, where m is the combined mass of

the jumper and the pogo stick, g is the acceleration due to gravity (2.80 meters per
second squared), and k is a constant that depends on the spring. If the combined
mass of the jumper and the stick is 50 kilograms, the spring compressed from its
natural length of 1 meter to the length of 0.9 meter. If k = 1.2 x 104, find the
maximum height reached by the bottom of the pogo stick. This problem will be
solved in Example 1.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

W,
P

V. <

o) Xe)
Dljico™

Equations in which radical expressions include variables, such as the
equation above, are known as radical equations. To solve radical equations, the
first step is to isolate the radical on one side of the equation. Then raise each
side of the equation to the proper power to eliminate the radical expression.

The process of raising each side of an equation to a power sometimes
produces extraneous solutions. These are solutions that do not satisfy the
original equation. Therefore, it is important to check all possible solutions in
the original equation to determine if any of them should be eliminated from the
solution set.

o RECREATION Find the maximum height reached by the bottom of the

pogo stick.

120.9+\/2X50><9.80><h Xo=1,x =09, m =50,

1.2 X 104 g=980k=12x10"
[ 980n .
0.1 = 12 % 10% Isolate the radical.
_ 980h .
0.01 = 12 % 10% Square each side.

0.1224489796

Il
=

Solve for h.
A possible solution is about 0.12. Check this solution.
(continued on the next page)
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Check: x,=x + Z—”;&h

2 X 50 % 9.80x0.12
209+
0.9 1.2 x 104

1 =0.9989949494 v

The solution checks. The maximum height is about 0.12 meter.

eSolvex= Vx+T7+5.

Xx=Vx+71+5
Xx-5=Vx+17 Isolate the radical.
xX2—10x+25=x+7 Square each side.
x> —1lx+18 =0
-9 —-2)=0 Factor.
x—9=0 x—2=0
x=9 x=2

Check both solutions to make sure they are not extraneous.

Checkx=9: x=Vx+7+5 Checkx=2: x=Vx+7+5

92V9+7+5 22V2+7+5
92V16+5 22V9+5
924+5 22345
9=9 v 2+8

One solution checks and the other solution does not check. The solution is 9.

The same method of solution works for nth root equations.

Exqmple e Solve4 =Vx + 2+ 8.

4=Vx+2+8
—4=Vx+2 Isolate the cube root.
—64=x+2 Cube each side. (\/ﬁ)) =x+2
66 = x |

Check the solution.
Check: 4=Vx+2+8
42VW-66+2+8

42V/-64+8
42-4+8
4=4 v

The solution checks. The solution is —66.




If there is more than one radical in an equation, you may need to repeat the
process for solving radical equations more than once until all radicals have been
eliminated.

Example 9 Solve Vx + 10 =5 — /3 — x.

Graphing

Calculator

Tip
To solve a radical
equation with a
graphing calculator,
graph each side of the
equation as a separate
function. The solution
is any value(s) of x
for points common fo
hoth graphs.

Leave the radical signs on opposite sides of the equation. If you square the
sum or difference of two radical expressions, the value under the radical sign
in the resulting product will be more complicated.

Vx+10=5-V3-x
x+10=25-10V3 —x+ 3 —x Square each side.
2x —18=-10V3 —x Isolate the radical.
4x%2— 72x + 324 = 100(3 — x) Square each side.
4x% — 72x + 324 = 300 — 100x
4x% + 28x + 24 =0

X+7x+6=0 Divide each side by 4.
x+6)x+1)=0
x+6=0 x+1=0/
x= -6 x=-1

Check both solutions to make sure they are not extraneous.

Check x = —6: Check x = —1:
Vx+10=5-V3—x Vx+10=5-V3 —x
V=6+1025—-\V3—-(-6) —1+1025-V3-(-1)
V425-V9 V9 25-V4
225-3 325-2
2=2 v 3=3 v

Use the same procedures to solve radical inequalities.

Example @) Solve Vix +5 =< 10.

Vi4x +5=10
4x +5 =100  Square each side.
4x =95
x =23.75

In order for V4x + 5 to be a real number, 4x + 5 must be greater than or equal
to zero.

4 +5=0
4x = -5
x=-1.25

So the solution is —1.25 = x = 23.75. Check this solution by testing values in

the intervals defined by the solution. (continued on the next page)
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On a number line, mark —1.25 and 23.75 with vertical dashed lines. The dashed
lines separate the number line into intervals. Check the solution by testing
values for x from each interval into the original inequality:.

1 1 L 1
I I I
50 5 10 15 20 23-7? 25

5 —1

-\ = ——

Forx=—1.25testx = —2: \V4(—2) + 5= 10

)
V —3 = 10 This statement is meaningless.
x = —1.25 is not a solution.

For —1.25 < x = 23.75, testx = 0: \/4(0) + 5 = 10
V5 < 10

2236 <10 —125=x=2375isa
solution.

For 23.75 < x, test x = 25: V/4(25) + 5 = 10
V105 £ 10
10.247 £ 10 23.75 = x is not a solution.

The solution checks and is graphed on the number line below.

| |
I 1 1 I
-5 —1.250 5 10 15 20 23.7525

CHECK FOR UNDERSTANDING _

Communicating  Read and study the lesson to answer each question.

Math ti
arhematics 1. Explain why the first step in solving 5 + V x + 1= x should be to isolate the
radical.

2. Write several sentences explaining why it is necessary to check for extraneous
solutions in radical equations.

3. Explain the difference between solving an equation with one radical and solving
an equation with more than one radical.

Guided Practice  Solve each equation.

a4.\1—4r=2 5 Vx+4 +12=3 6.5+ Vx—4=2
7. V6x — 4=\V2x + 10 8. Va+4+Va-3=1

Solve each inequality.

9.Vix+4=8 10.3+ V4a—-5=10
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11. Amusement Parks The velocity of a
roller coaster as it moves down a hill

is v = Vu,? + 64h, where v, is the
initial velocity and £ is the vertical
drop in feet. The designer of a coaster
wants the coaster to have a velocity
of 90 feet per second when it reaches
the bottom of the hill.

a. If the initial velocity of the
coaster at the top of the hill is
10 feet per second, write an
equation that models the
situation.

b. How high should the designer
make the hill?

Practice Solve each equation.
12.Vx+8=5 13.Vy—-7=4 14.V8n—5-1=2
15.Vx+16=Vx+4  16.4\/3m2—15=14 17.V9%u -4 =\V7u—20
18.Véu—-5+2=-3 19.V4m? —3m +2—-2m - 5=10
20.VEk+9-VEe=13 21.Va+21-1=Va+12
22.V3x+4-\V2x-7=3 23. 2V 76— 1-4=0
24. V3t-2=0 25. Vx+2-7=Vx+9
26.V2x +1+V2x+6=5 27.V3x+10=Vx+ 11 -1

28. Consider the equation V3t — 14 + t = 6.
a. Name any extraneous solutions of the equation.
b. What is the solution of the equation?

Solve each inequality.

29.V2x-17=5 30. Vb+4=6 31. Va-5=4
32.V2x-5=6 33. V5y —9=2 834.Vm+2=V3m+4

35. What values of ¢ make V 2¢ — 5 greater than 7?

Applications 36. Physics The time ¢ in seconds that it takes an object at rest to fall a distance of
and Problem o 2 ) ) )
Solving s meters is given by the formula ¢ = 2 In this formula, g is the acceleration

£ due to gravity in meters per second squared. On the moon, a rock falls

] . 7.2 meters in 3 seconds.

<
“0lica™® a. Write an equation that models the situation.
b. What is the acceleration due of gravity on the moon?
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37. Critical Thinking Solve Vx-5=Vx-3.

38. Driving After an accident, police can determine how fast a car was traveling
before the driver put on his breaks by using the equation s = \V/ 30/d. In this
equation, s represents the speed in miles per hour, f represents the coefficient of
friction, and d represents the length of the skid in feet. The coefficient of friction
varies with road conditions. Suppose the coefficient of friction is 0.6.

a. Find the speed of a car that skids 25 feet.

b. If you were driving 35 miles per hour, how many feet would it take you to
stop?

c. If the speed is doubled, will the skid be twice as long? Explain.

39. Physics The period of a pendulum (the time required for one back and

forth swing) can be determined by the formula T = 27 \/g In this formula,

T represents the period, ¢ represents the length of the pendulum, and
g represents acceleration due to gravity.

a. Determine the period of a 1-meter pendulum on Earth if the acceleration due
to gravity at Earth’s surface is 9.8 meters per second squared.

b. Suppose the acceleration due to gravity on the surface of Venus is
8.9 meters per second squared. Calculate the period of the pendulum on
Venus.

c. How must the length of the pendulum be changed to double the period?

40. Astronomy Johann Kepler (1571-1630) determined the
relationship of the time of revolution of two planets and their
average distance from the sun. This relationship can be

expressed as %’ = (:—Z)B. In this equation, T, represents the
time it takes planet a to orbit the sun, and r, represents the
average distance between planet a and the sun. Likewise, T,
represents the time it takes planet b to orbit the sun, and r;,
represents the average distance between planet b and the sun.
The average distance between Venus and the sun is 67,200,000
miles, and it takes Venus about 225 days to orbit the sun. If it
takes Mars 687 days to orbit the sun, what is its average

Venus distance from the sun?

41. Critical Thinking For what values of @ and b will the equation V2x —9—-a =b
have no real solution?

42. Engineering Engineers are often required to determine the stress on
building materials. Tensile stress can be found by using the formula

2 2

t represents the tension, c represents the compression, and p represents the
pounds of pressure per square inch. If the tensile stress is 108 pounds per
square inch, the pressure is 50 pounds per square inch, and the compression
is —200 pounds per square inch, what is the tension?

_f+c t—c\2 | o . .
T= + + p~ . In this formula, T represents the tensile stress,
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Mixed Review

43.

44,

45.

46.

47.

48.

49,

50.

51.

Solve - +2
a

_a
2a+1 31

da 1o (Lesson 4-6)

List the possible rational roots of x* + 5x3 + 5x2 — 5x — 6 = 0. Then determine
the rational roots. (Lesson 4-4)

Determine whether each graph has infinite discontinuity, jump discontinuity, or
point discontinuity, or is continuous. (Lesson 3-7)

Ao | AL

Music The frequency of a sound wave is called its pitch. The pitch p of a

musical tone and its wavelength w are related by the equation p = % where

v is the velocity of sound through air. Suppose a sound wave has a velocity of

1056 feet per second. (Lesson 3-6)

U

E.

b. What lines are close to the maximum values for the pitch and the
wavelength?

a. Graph the equation p =

c. What happens to the pitch of the tone as the wavelength decreases?

d. If the wavelength is doubled, what happens to the pitch of the tone?

0 3
Find the product of the matrices [j —(1) (25] and |2 —2|. (Lesson 2-3)
5 1
Solve the system of equations. (Lesson 2-2)
a+b+c=6
2a —3b+4c=3
4a — 8b + 4¢c =12
Education The regression equation for a set of datais y = —3.54x + 7107.7,

where x represents the year and y represents the average number of students
assigned to each advisor in a certain business school. Use the equation to
predict the number of students assigned to each adviser in the year 2005.
(Lesson 1-6)

Write the slope-intercept form of the equation that is perpendicular to
7y + 4x — 3 = 0 and passes through the point with coordinates (2, 5).
(Lesson 1-5)

SAT/ACT Practice In the figure at the right, four semicircles
are drawn on the four sides of a rectangle. What is the
total area of the shaded regions?

5 5
5 5
D5 E 16

Extra Practice See p. A33.
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Modeling Real-World Data
with Polynomial Functions

o\ Wo 900000000000 000000000000000000000000000000000000000000000000000000000CCCIIIEOIEILS
. v(\)/?i‘tleEOTWEs CC  WASTE MANAGEMENT The average daily amount of waste generated
polynomial :7 ~ by each person in the United States is given below. This includes all
functions to “lica®®  wastes such as industrial wastes, demolition wastes, and sewage.
model real-
world data.

* Use polynomial
functions to
interpret real-

What a Waste!

world data. Year 1980 | 1985 | 1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996
Pounds of
Waste per 37 | 38 | 45 | 44 | 45 | 45 | 45 | 44 | 43
Person per
Day

Source: Franklin Associates, Ltd.

What polynomial function could be used to model these data? This problem will be
solved in Example 3.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

In order to model real world data using polynomial functions, you must be
able to identify the general shape of the graph of each type of polynomial function.

Function Linear Quadratic Cubic Quartic
y=ax+b y=ax?2+bx+c |[y=ax®+bx®2+cx+d | y=ax*+bx3+cx2+dx+e
y y y y
Typical
Groph |7 l X /o j \ : ol ¥ X
Direction
Changes 0 ] 2 3

Example o Determine the type of polynomial function that could be used to represent
the data in each scatter plot.

Look Back a b.

You can refer to

Lesson 1-6 to review X

scatter plofs.

.
_._,..‘--‘-"5:-‘- The scatter plot seems to change The scatter plot seems to change

direction two times, so a cubic direction one time, so a quadratic
function would best fit the plot. function would best fit the plot.




You can use a graphing calculator to determine a polynomial function that

models a set of data.

Example 9 Use a graphing calculator to write a polynomial function to model the set

Graphing

Calculator

Tip
You can change the
appearance of the data
points in the STAT
PLOT menu. The data
can appear as squares,
dofs, or + signs.

of data.
x -1 | -0.5 0 0.5 1 1.5 2 2.5 3 3.5 4
f(x) | 10| —-64 | -5|-51|—-6|-69 | —7|-56| -2 | 4.6 15

Clear the statistical memory and input
the data.

Using the standard viewing window, graph

the data. The scatter plot seems to change

direction two times, so a cubic function
would best fit the scatter plot.

Press and highlight CALC. Since the
scatter plot seems to be a cubic function,
choose 6:CubicReg.

Press 1] 2] [2nd | [L2] [ENTER].

Rounding the coefficients to the nearest
whole number, f(x) = x> —3x2+ x — 5
models the data. Since the value of the
coefficient of determination r?2 is very
close to 1, the function is an excellent fit.
However it may not be the best model for
the situation.

To check the polynomial function, enter
the function in the Y=list. Then use the
TABLE feature for x values from —1 with an
interval of 0.5. Compare the values of y
with those given in the data. The values
are similar, and the polynomial function
seems to be a good fit.

Lziti=-1H

Cubickeg

AR G
L I [ (A T ||

bt +oxtd

L

0
£
1
i.
c

o
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Example e WASTE MANAGEMENT Refer to the application at the beginning of the
o\ W, i lesson.

N o a. What polynomial function could be used to model these data?

b. Use the model to predict the amount of waste produced per day
in 2010.

c. Use the model to predict when the amount of waste will drop to 3 pounds
per day.

a. Let L1 be the number of
years since 1980 and L2
be the pounds of solid
waste per person per
day. Enter this data into
the calculator.

Adjust the window to
an appropriate setting
and graph the
statistical data. The
data seems to change
direction one time, so
a quadratic function
will fit the scatter plot.

Press , highlight CALC, and
choose 5:QuadReg.

Press 11 ] [2nd | [L2] [ENTER].

Rounding the coefficients to the
nearest thousandth,

f(x) = —0.004x2 + 0.119x + 3.593
models the data. Since the value of the
coefficient of determination r?is close
to 1, the model is a good fit.

b. Since 2010 is 30 years after 1980, find £(30).

f(x) = —0.004x2 + 0.119x + 3.593
£(30) = —0.004(302) + 0.119(30) + 3.593
— 3.563

According to the model, each person will produce about 3.6 pounds of
waste per day in 2010.
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c. To find when the amount of waste will be reduced to 3 pounds per person
per day, solve the equation 3 = —0.004x% + 0.119x + 3.593.

3 =—0.004x2 + 0.119x + 3.593
0= —0.004x2 + 0.119x + 0.593 Add —3 to each side.

Use the Quadratic Formula to solve for x.

_—0.119 + V/0.1192 — 4(—0.004)(0.593)
X = 2(—0.004)

_ =0.119 = V' 0.023649

N —0.008
x= —4or 34

a=—-0.004,b=0.119 c = 0.593

According to the model, 3 pounds per day per person occurs 4 years before
1980 (in 1976) or 34 years after 1980 (in 2014). Since you want to know when
the amount of waste will drop to 3 pounds per day, the answer is in 2014.

To check the answer, graph the related
function £(x) = —0.004x% + 0.119x + 0.593.
Use the CALC menu to determine the zero
at the right. The answer of 34 years
checks.

.J-__.f'

The waste should reduce to 3 pounds per
person per day about 34 years after 1980
or in 2014.

[—10, 40] scl:5 by [—2, 4] scl:1

.

Communicating  Read and study the lesson to answer each question.

Mathematics
' 1. Draw an example of a scatter plot that can be represented by each type of
function.
a. quartic b. quadratic c. cubic

2. Explain why it is important to recognize the shape of the graph of each type of
polynomial function.

3. List reasons why the amount of waste per person may vary from the model in
Example 3.

Guided Practice 4. Determine the type of polynomial function
that could be used to represent the data in
the scatter plot.
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Graphing
Calculator

=

Use a graphing calculator to write a polynomial function to model each set of data.

50 x |-35| -3 |-25| -2 |-1.5| =1 |-05| 0 | 05| 1 1.5 2
f(x) [103 | 32 | -1 | —-11| -9 | -2 3 5 4 4 12 | 37

B.] x -3 -25 | -1.5 | -0.5 0 1 2 2.5 3.5
f(x) 19 11 =1 —7 -8 -5 4 11 29

7. Population The percent of the United States population living in metropolitan
areas has increased since 1950.

Year 1950 1960 1970 1980 1990 | 1996
Population living in N . N N N .
metropolitan areas 56.1% | 63% | 68.6% | 74.8% | 74.8% | 79.9%

Source: American Demographics

a. Write a model that relates the percent as a function of the number of years
since 1950.
b. Use the model to predict the percent of the population that will be living in
metropolitan areas in 2010.
c. Use the model to predict what year will have 85% of the population living in
metropolitan areas.

E XERCISES _

Determine the type of polynomial function that could be used to represent the
data in scatter plot.

Practice

Graphing
Calculator

=
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8.

11. What type of polynomial function would be the best model for the set of

data?
x 1 2 3 4 5 7 8

fix) | 15| 7 | 2 | -1] 3 |10/ 15
Use a graphing calculator to write a polynomial function to model each set of data.
12 x [s][2][1Jo]1[2]3

f(x) |8.75| 7.5 |625| 5 |3.75]|25|1.25
Bl x[2]1]o[1]2]3

fix)| 29 | 2 | 9| 4|17 | 54
M T1 050 fos [ 1 [15 ]2 25335

f(x) 13 3 1 2 3 3 1 —1 1 10

Polynomial and Rational Functions ! www.amc.glencoe.com/self_check_quiz
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Applications
and Problem
Solving

o\ Wo,
7 Y

., <
0, O
PDlica™

inter NE

Data Update
To compare
current census
data with
predictions
using your
models, visit
our website at
www.amc.
glencoe.com

O—/

15.

16.

17.

18.

19.

20.

21.

22.

X 5 7 8 10 11 12 15 16
f(x) | 2 5 6 4 -1 -3 5 9
X 30 35 |40 | 45 | 50 | 55 | 60 | 65 | 70 | 75
f(x) | 52 41 | 32 44 | 61 88 | 72 | 59 | 66 | 93
X -17 | -6 | —1 2 8 12 15
f(x) | 51 29 | =6 | 41 | 57 | 37 | 19

Consider the set of data.
x |-25| -2 |-15| -1 |-0.5| 0 |0.5 1 1.5
f(x) | 23 11 7 o) 6 5 3 2 4

a. What quadratic polynomial function models the data?
b. What cubic polynomial function models the data?
c. Which model do you think is more appropriate? Explain.

Marketing The United States Census Bureau has projected the median age of
the U.S. population to the year 2080. A fast-food chain wants to target its
marketing towards customers that are about the median age.

1900 [ 1930 | 1960 | 1990 | 2020 | 2050 | 2080
22.9 |26.5 | 29.5 | 33.0 | 40.2 | 42.7 | 43.9

Year

Median age

a. Write a model that relates the median age as a function of the number of
years since 1900.

b. Use the model to predict what age the fast-food chain should target in the
year 2005.

c. Use the model to predict what age the fast-food chain should target in the
year 2025.

Critical Thinking Write a set of data that could be best represented by a cubic
polynomial function.

Consumer Credit The amount of consumer credit as a percent of disposable
personal income is given below.
1988 | 1989
Consumer credit | 23% | 24%

Source: The World Almanac and Book of Facts
a. Write a model that relates the percent of consumer credit as a function of the
number of years since 1988.

1990
23%

1991
22%

1992
19%

1995
21%

1996
24%

1997
22%

Year

b. Use the model to estimate the percent of consumer credit in 1994.

Critical Thinking What type of polynomial
function should be used to model the scatter plot?
Explain.
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23. Baseball The attendance at major league baseball games for various years is

listed below.

Year

1985 | 1987 | 1990 | 1992 [ 1993 | 1994 | 1995 | 1996

Attendance
(in millions)

48 53 56 57 71 50 51 62

Source: Statistical Abstract of the United States

a. Write a model that relates the attendance in millions as a function of the
number of years since 1985.

b. Use the 