The Bounds of Reason
Game Theory and the Unification
of the Behavioral Sciences

Herbert Gintis

Princeton University Press
Princeton and Oxford



The Bounds of Reason



This page intentionally left blank



The Bounds of Reason
Game Theory and the Unification
of the Behavioral Sciences

Herbert Gintis

Princeton University Press
Princeton and Oxford



Copyright @2009 by Princeton University Press
Published by Princeton University Press, 41 William Street, Princeton, New Jersey 08540
In the United Kingdom: Princeton University Press, 6 Oxford Street, Woodstock, Oxfordshire
0X20 1TW
All Rights Reserved
Library of Congress Cataloging-in-Publication Data
Gintis, Herbert
The Bounds of Reason: Game Theory and the Unification of the Behavioral Sciences /
Herbert Gintis
p. cm.
Includes bibliographical references and index.
ISBN 978-0-691-14052-0 (hardcover: alk. paper) 1. Game theory. 2. Practical reason.
3. Human behavior. 4. Social sciences—Methodology. 5. Psychology. I. Title.
HB144.G552009
519.3-dc22
2008036522
British Library Cataloging-in-Publication Data is available
The publisher would like to acknowledge the author of this volume for providing the
camera-ready copy from which this book was printed
This book has been composed in Times and Mathtime by the author
Printed on acid-free paper.
press.princeton.edu
Printed in the United States of America
10987654321



This book is dedicated to Morris and Henrietta
Malena, Gerson Gintis, and Flora and Melvin Greisler.
We get along without you very well. Of course we do.

There is no sorrow so great that it
does not find its background in joy.
Niels Bohr



This page intentionally left blank



Contents

Preface Xiii
1 Decision Theory and Human Behavior 1
1.1 Beliefs, Preferences, and Constraints 4
1.2 The Meaning of Rational Action 6
1.3 Why Are Preferences Consistent? 7
1.4 Time Inconsistency 8
1.5 Bayesian Rationality and Subjective Priors 11
1.6  The Biological Basis for Expected Utility 16
1.7 The Allais and Ellsberg Paradoxes 16
1.8 Risk and the Shape of the Utility Function 18
1.9  Prospect Theory 21
1.10  Heuristics and Biases in Decision Making 26
2 Game Theory: Basic Concepts 30
2.1 The Extensive Form 30
2.2 The Normal Form 33
23 Mixed Strategies 34
24  Nash Equilibrium 35
2.5 The Fundamental Theorem of Game Theory 36
2.6 Solving for Mixed-Strategy Nash Equilibria 37
2.7 Throwing Fingers 38
2.8 The Battle of the Sexes 38
2.9 The Hawk-Dove Game 39
2.10  The Prisoner’s Dilemma 40
2.11  Alice, Bob, and the Choreographer 41
2.12  An Efficiency-Enhancing Choreographer 43
2.13  The Correlated Equilibrium Solution Concept 44
3 Game Theory and Human Behavior 45

3.1 Self- and Other-Regarding Preferences 46



Vil Contents

3.2 Methodological Issues in Behavioral Game Theory 49
3.3 An Anonymous Market Exchange 52
3.4  The Rationality of Altruistic Giving 54
3.5  Conditional Altruistic Cooperation 56
3.6 Altruistic Punishment 57
3.7  Strong Reciprocity in the Labor Market 59
3.8 Altruistic Third-Party Punishment 61
3.9  Altruism and Cooperation in Groups 64
3.10 Inequality Aversion 68
3.11 The Trust Game 71
3.12  Character Virtues 73
3.13  The Situational Character of Preferences 75
3.14  The Dark Side of Altruistic Cooperation 77
3.15 Norms of Cooperation: Cross-Cultural Variation 78
4 Rationalizability and Common Knowledge of Rationality 83
4.1 Epistemic Games 83
4.2 A Simple Epistemic Game 86
4.3 An Epistemic Battle of the Sexes 87
44  Dominated and Iteratedly Dominated Strategies 88
4.5 Eliminating Weakly Dominated Strategies 89
4.6  Rationalizable Strategies 90
4.7 Eliminating Strongly Dominated Strategies 92
4.8 Common Knowledge of Rationality 93
4.9  Rationalizability and Common Knowledge of Rationality 94
4.10 The Beauty Contest 94
4.11 The Traveler’s Dilemma 95
4.12  The Modified Traveler’s Dilemma 96
4.13  Global Games 98
4.14 CKR Is an Event, Not a Premise 100
S Extensive Form Rationalizability 102
5.1 Backward Induction and Dominated Strategies 102
5.2 Subgame Perfection 104
5.3 Subgame Perfection and Incredible Threats 105
54 The Surprise Examination 105
5.5 The Common Knowledge of Logicality Paradox 106

5.6 The Repeated Prisoner’s Dilemma 107



Contents

5.7 The Centipede Game 108
5.8  CKR Fails Off the Backward Induction Path 110
5.9 How to Play the Repeated Prisoner’s Dilemma 112
5.10 The Modal Logic of Knowledge 114
5.11 Backward Induction and Extensive Form CKR 115
5.12  Rationality and Extensive Form CKR 118
5.13  On the Nonexistence of CKR 119
6 The Mixing Problem: Purification and Conjectures 121
6.1 Why Play Mixed Strategies? 121
6.2  Harsanyi’s Purification Theorem 123
6.3 A Reputational Model of Honesty and Corruption 125
6.4  Purifying Honesty and Corruption 128
6.5 Epistemic Games: Mixed Strategies as Conjectures 128
6.6  Resurrecting the Conjecture Approach to Purification 129
7 Bayesian Rationality and Social Epistemology 132
7.1 The Sexes: From Battle to Ballet 133
7.2 The Choreographer Trumps Backward Induction 134
7.3 Property Rights and Correlated Equilibrium 135
7.4  Convention as Correlated Equilibrium 136
7.5 Correlated Strategies and Correlated Equilibria 136
7.6 Correlated Equilibrium and Bayesian Rationality 138
7.7 The Social Epistemology of Common Priors 139
7.8 The Social Epistemology of Common Knowledge 141
7.9 Social Norms 143
7.10  Game Theory and the Evolution of Norms 143
7.11 The Merchants’ Wares 144
8 Common Knowledge and Nash Equilibrium 146
8.1 Conditions for a Nash Equilibrium in Two-Player Games 146
8.2 A Three-Player Counterexample 147
8.3 The Modal Logic of Common Knowledge 149
8.4 The Commonality of Knowledge 152
8.5  The Tactful Ladies 153
8.6  The Tactful Ladies and the Commonality of Knowledge 156
8.7 Agreeing to Disagree 158
8.8 The Demise of Methodological Individualism 161

X



X

Contents

9 Reflective Reason and Equilibrium Refinements

9.1
9.2
9.3
94
9.5
9.6
9.7
9.8
9.9
9.10
9.11
9.12
9.13
9.14

Perfect, Perfect Bayesian, and Sequential Equilibria
Incredible Threats

Unreasonable Perfect Bayesian Equilibria

The LBR criterion picks out the sequential equilibrium
Selten’s Horse: Sequentiality vs. the LBR criterion
The Spence Signaling Model

Irrelevant Node Additions

Improper Sequential Equilibria

Second-Order Forward Induction

Beer and Quiche Without the Intuitive Criterion

An Unreasonable Perfect Equilibrium

The Principle of Insufficient Reason

The Principle of Honest Communication

Induction: Forward is Robust, Backward is Fragile

10 The Analytics of Human Sociality

10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8

Explaining Cooperation: An Overview

Bob and Alice Redux

The Folk Theorem

The Folk Theorem with Imperfect Public Information
Cooperation with Private Signaling

One Cheer For the Folk Theorem

Altruistic Punishing in the Public Goods Game

The Failure of Models of Self-Regarding Cooperation

11 The Evolution of Property Rights

11.1
11.2
11.3
114
11.5
11.6
11.7
11.8

The Endowment Effect

Territoriality

Property Rights in Young Children

Respect for Possession in Nonhuman Animals
Conditions for a Property Equilibrium
Property and Antiproperty Equilibria

An Antiproperty Equilibrium

Property Rights as Choreographer

12 The Unification of the Behavioral Sciences

12.1

Gene-Culture Coevolution: The Biological Model

164

166
167
170
171
171
173
174
175
176
177
178
179
179
180

181

181
183
185
188
193
195
197
200

201

201
204
207
207
210
213
217
220

221
223



12.2
12.3
12.4
12.5
12.6
12.7
12.8
12.9
12.10
12.11
12.12
12.13
12.14
12.15

Culture and Physiology of Human Communication
Biological and Cultural Dynamics

The Theory of Norms: The Sociological Model
Socialization and the Internalization of Norms
Rational Choice: The Economic Model
Deliberative Choice: The Psychological Model
Application: Addictive Behavior

Game Theory: The Universal Lexicon of Life
Epistemic Game Theory and Social Norms
Society as a Complex Adaptive System
Counterpoint: Biology

Counterpoint: Economics

Counterpoint: Psychology

The Behavioral Disciplines Can Be Unified

13 Summary

14 Table of Symbols

References

Index

Contents

228
229
231
233
234
236
238
239
240
242
244
245
245
247

248

250

253

283

Xi



This page intentionally left blank



Preface

The eternal mystery of the world is its comprehensibility.

Albert Einstein

Mathematics without natural history is sterile, but natural history
without mathematics is muddled.
John Maynard Smith

Game theory is central to understanding the dynamics of life forms in
general, and humans in particular. Living creatures not only play games but
also dynamically transform the games they play and have thereby evolved
their unique identities. For this reason, the material in this book is foun-
dational to all the behavioral sciences, from biology, psychology, and eco-
nomics to anthropology, sociology, and political science. Disciplines that
slight game theory are the worse—indeed, much worse—for it.

We humans have a completely stunning capacity to reason and to apply
the fruits of reason to the transformation of our social existence. Social
interactions in a vast array of species can be analyzed with game theory,
yet only humans are capable of playing a game after being told its rules.
This book is based on the appreciation that evolution and reason interact in
constituting the social life and strategic interaction of humans.

Game theory, however, is not everything. This book systematically re-
futes one of the guiding prejudices of contemporary game theory. This is
the notion that game theory is, insofar as human beings are rational, suf-
ficient to explain all of human social existence. In fact, game theory is
complementary to ideas developed and championed in all the behavioral
disciplines. Behavioral scientists who have rejected game theory in reac-
tion to the extravagant claims of some of its adherents may thus want to
reconsider their positions, recognizing the fact that, just as game theory
without broader social theory is merely technical bravado, so social theory
without game theory is a handicapped enterprise.

The reigning culture in game theory asserts the sufficiency of game the-
ory, allowing game theorists to do social theory without regard for either
the facts or the theoretical contributions of the other social sciences. Only
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the feudal structure of the behavioral disciplines could possibly permit the
persistence of such a manifestly absurd notion in a group of intelligent and
open-minded scientists. Game theorists act like the proverbial “man with a
hammer” for whom “all problems look like nails.” I have explicitly started
this volume with a broad array of social facts drawn from behavioral de-
cision theory and behavioral game theory to disabuse the reader of this
crippling notion. Game theory is a wonderful hammer, indeed a magical
hammer. But, it is only a hammer and not the only occupant of the social
scientist’s toolbox.

The most fundamental failure of game theory is its lack of a theory of
when and how rational agents share mental constructs. The assumption that
humans are rational is an excellent first approximation. But, the Bayesian
rational actors favored by contemporary game theory live in a universe of
subjectivity and instead of constructing a truly social epistemology, game
theorists have developed a variety of subterfuges that make it appear that ra-
tional agents may enjoy a commonality of belief (common priors, common
knowledge), but all are failures. Humans have a social epistemology, mean-
ing that we have reasoning processes that afford us forms of knowledge and
understanding, especially the understanding and sharing of the content of
other minds, that are unavailable to merely “rational” creatures. This social
epistemology characterizes our species. The bounds of reason are thus not
the irrational, but the social.

That game theory does not stand alone entails denying methodological
individualism, a philosophical position asserting that all social phenomena
can be explained purely in terms of the characteristics of rational agents, the
actions available to them, and the constraints that they face. This position is
incorrect because, as we shall see, human society is a system with emergent
properties, including social norms, that can no more be analytically derived
from a model of interacting rational agents than the chemical and biological
properties of matter can be analytically derived from our knowledge of the
properties of fundamental particles.

Evolutionary game theory often succeeds where classical game theory
fails (Gintis 2009). The evolutionary approach to strategic interaction helps
us understand the emergence, transformation, and stabilization of behav-
iors. In evolutionary game theory, successful strategies diffuse across pop-
ulations of players rather than being learned inductively by disembodied ra-
tional agents. Moreover, reasoning is costly, so rational agents often do not
even attempt to learn optimal strategies for complicated games but rather
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copy the behavior of successful agents whom they encounter. Evolutionary
game theory allows us to investigate the interaction of learning, mutation,
and imitation in the spread of strategies when information processing is
costly.

But evolutionary game theory cannot deal with unique events, such as
strangers interacting in a novel environment or Middle East peace negoti-
ations. Moreover, by assuming that agents have very low-level cognitive
capacities, evolutionary game theory ignores one of the most important of
human capacities, that of being able to reason. Human society is an evolved
system, but human reason is one of the key evolutionary forces involved.
This book champions a unified approach based on modal logic, epistemic
game theory, and social epistemology as an alternative to classical and a
supplement to evolutionary game theory.

This approach holds that human behavior is most fruitfully modeled as
the interaction of rational agents with a social epistemology, in the con-
text of social norms that act as correlating devices that choreograph social
interaction. This approach challenges contemporary sociology, which re-
jects the rational actor model. My response to the sociologists is that this
rejection is the reason sociological theory has atrophied since the death of
Talcott Parsons in 1979. This approach also challenges contemporary so-
cial psychology, which not only rejects the rational actor model but also
generally delights in uncovering human “irrationalities.” My response to
the social psychologists is that this rejection accounts for the absence of a
firm analytical base for the discipline, which must content itself with a host
of nanomodels that illuminate highly specific aspects of human functioning
with no analytical linkages among them.

The self-conceptions and dividing lines among the behavioral disciplines
make no scientific sense. How can there be three separate fields, sociology,
anthropology, and social psychology, for instance, studying social behav-
ior and organization? How can the basic conceptual frameworks for the
three fields, as outlined by their respective Great Masters and as taught to
Ph.D. candidates, have almost nothing in common? In the name of sci-
ence, these arbitrarities must be abolished. I propose, in the final chapter,
a conceptual integration of the behavioral sciences that is analytically and
empirically defensible and could be implemented now were it not for the
virtually impassible feudal organization of the behavior disciplines in the
contemporary university system, the structure of research funding agencies
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that mirror this feudal organization and interdisciplinary ethics that value
comfort and tradition over the struggle for truth.

Game theory is a tool for investigating the world. By allowing us to
specify carefully the conditions of social interaction (player characteristics,
rules, informational assumptions, payoffs), its predictions can be tested and
the results can be replicated in different laboratory settings. For this rea-
son, behavioral game theory has become increasingly influential in setting
research priorities. This aspect of game theory cannot be overstressed be-
cause the behavioral sciences currently consist of some fields where theory
has evolved virtually without regard for the facts and others where facts
abound and theory is absent.

Economic theory has been particularly compromised by its neglect of the
facts concerning human behavior. This situation became clear to me in the
summer of 2001, when I happened to be reading a popular introductory
graduate text on quantum mechanics, as well as a leading graduate text on
microeconomics. The physics text began with the anomaly of blackbody
radiation, which could not be explained using the standard tools of electro-
magnetic theory. In 1900, Max Planck derived a formula that fit the data
perfectly, assuming that radiation was discrete rather than continuous. In
1905, Albert Einstein explained another anomaly of classical electromag-
netic theory, the photoelectric effect, using Planck’s trick. The text contin-
ued, page after page, with new anomalies (Compton scattering, the spectral
lines of elements of low atomic number, etc.) and new, partially success-
ful models explaining the anomalies. In about 1925, this culminated with
Heisenberg’s wave mechanics and Schrodinger’s equation, which fully uni-
fied the field.

By contrast, the microeconomics text, despite its beauty, did not contain
a single fact in the whole thousand-page volume. Rather, the authors built
economic theory in axiomatic fashion, making assumptions on the basis of
their intuitive plausibility, their incorporation of the “stylized facts” of ev-
eryday life, or their appeal to the principles of rational thought. A bounty
of excellent economic theory was developed in the twentieth century in this
manner. But, the well has run dry. We will see that empirical evidence chal-
lenges the very foundations of both classical game theory and neoclassical
economics. Future advances in economics will require that model-building
dialogue with empirical testing, behavioral data-gathering, and agent-based
models.
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A simple generalization can be made: decision theory has developed valid
algorithms by which people can best attain their objectives. Given these
objectives, when people have the informational prerequisites of decision
theory, yet fail to act as predicted, the theory is generally correct and the
observed behavior faulty. Indeed, when deviations from theoretical pre-
dictions are pointed out to intelligent individuals, they generally agree that
they have erred. By contrast, the extension of decision theory to the strate-
gic interaction of Bayesian decision makers has led to a limited array of
useful principles and when behavior differs from prediction, people gener-
ally stand by their behavior.

Most users of game theory remain unaware of this fact. Rather, the con-
temporary culture of game theory (as measured by what is accepted without
complaint in a journal article) is to act as if epistemic game theory, which
has flourished in the past two decades, did not exist. Thus, it is virtually uni-
versal to assume that rational agents play mixed strategies, use backward
induction and more generally, play a Nash equilibrium. When people do
not conform to these expectations, their rationality is called into question,
whereas in fact, none of these assumptions can be successfully defended.
Rational agents just do not behave the way classical game theory predicts,
except in certain settings such as anonymous market interactions.

The reason for the inability of decision theory to extend to strategic in-
teraction is quite simple. Decision theory shows that when a few plausible
axioms hold, we can model agents as having beliefs (subjective priors) and
a utility function over outcomes such that the agents’ choices maximize the
expected utility of the outcomes. In strategic interaction, nothing guaran-
tees that all interacting parties have mutually consistent beliefs. Yet, as we
shall see, a high degree of intersubjective belief consistency is required to
ensure that agents play appropriately coordinated strategies.

The behavioral sciences have yet to adopt a serious commitment to link-
ing basic theory and empirical research. Indeed, the various behavioral
disciplines hold distinct and incompatible models of human behavior, yet
their leading theoreticians make no attempt to adjudicate these differences
(see chapter 12). Within economics there have been stunning advances in
both theory and empirical data in the past few decades, yet theoreticians and
experimentalists retain a hostile attitude to each other’s work. This bizarre
state of affairs must end.

It is often said that the mathematical rigor of contemporary economic the-
ory is due to the economists’ “physics envy.” In fact, physicists generally
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judge models according to their ability to account for the facts, not their
mathematical rigor. Physicists generally believe that rigor is the enemy of
creative physical insight and they leave rigorous formulations to the mathe-
maticians. The economic theorists’ overvaluation of rigor is a symptom of
their undervaluation of explanatory power. The truth is its own justification
and needs no help from rigor.

Game theory can be used very profitably by researchers who do not know
or care about mathematical intricacies but rather treat mathematics as but
one of several tools deployed in the search for truth. I assert then that
my arguments are correct and logically argued. I will leave rigor to the
mathematicians.

In a companion volume, Game Theory Evolving (2009), I stress that un-
derstanding game theory requires solving lots of problems. I also stress
therein that many of the weaknesses of classical game theory have beauti-
ful remedies in evolutionary game theory. Neither of these considerations
1s dealt with in The Bounds of Reason, so I invite the reader to treat Game
Theory Evolving as a complementary treatise.

The intellectual environments of the Santa Fe Institute, the Central Eu-
ropean University (Budapest), and the University of Siena afforded me the
time, resources, and research atmosphere to complete The Bounds of Rea-
son. I would also like to thank Robert Aumann, Robert Axtell, Kent Bach,
Kaushik Basu, Pierpaolo Battigalli, Larry Blume, Cristina Bicchieri, Ken
Binmore, Samuel Bowles, Robert Boyd, Adam Brandenburger, Songlin
Cai, Colin Camerer, Graciela Chichilnisky, Cristiano Castelfranchi, Rosaria
Conte, Catherine Eckel, Jon Elster, Armin Falk, Ernst Fehr, Alex Field, Urs
Fischbacher, Daniel Gintis, Jack Hirshleifer, Sung Ha Hwang, David Laib-
son, Michael Mandler, Stephen Morris, Larry Samuelson, Rajiv Sethi, Gia-
como Sillari, E. Somanathan, Lones Smith, Roy A. Sorensen, Peter Vander-
schraaf, Muhamet Yildiz, and Eduardo Zambrano for helping me with par-
ticular points. Thanks especially to Sean Brocklebank and Yusuke Narita,
who read and corrected the entire manuscript. I am grateful to Tim Sulli-
van, Seth Ditchik, and Peter Dougherty, my editors at Princeton University
Press, who persevered with me in making this volume possible.
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Decision Theory and Human Behavior

People are not logical. They are psychological.

Anonymous

People often make mistakes in their maths.
This does not mean that we should abandon
arithmetic.

Jack Hirshleifer

Decision theory is the analysis of the behavior of an individual facing
nonstrategic uncertainty—that is, uncertainty that is due to what we term
“Nature” (a stochastic natural event such as a coin flip, seasonal crop loss,
personal illness, and the like) or, if other individuals are involved, their
behavior is treated as a statistical distribution known to the decision maker.
Decision theory depends on probability theory, which was developed in
the seventeenth and eighteenth centuries by such notables as Blaise Pascal,
Daniel Bernoulli, and Thomas Bayes.

A rational actor is an individual with consistent preferences (§1.1). A
rational actor need not be selfish. Indeed, if rationality implied selfishness,
the only rational individuals would be sociopaths. Beliefs, called subjective
priors in decision theory, logically stand between choices and payoffs. Be-
liefs are primitive data for the rational actor model. In fact, beliefs are the
product of social processes and are shared among individuals. To stress the
importance of beliefs in modeling choice, I often describe the rational actor
model as the beliefs, preferences and constraints model, or the BPC model.
The BPC terminology has the added attraction of avoiding the confusing
and value-laden term “rational.”

The BPC model requires only preference consistency, which can be de-
fended on basic evolutionary grounds. While there are eminent critics of
preference consistency, their claims are valid in only a few narrow areas.
Because preference consistency does not presuppose unlimited information-
processing capacities and perfect knowledge, even bounded rationality (Si-



2

Chapter 1

mon 1982) is consistent with the BPC model.! Because one cannot do be-
havioral game theory, by which [ mean the application of game theory to the
experimental study of human behavior, without assuming preference con-
sistency, we must accept this axiom to avoid the analytical weaknesses of
the behavioral disciplines that reject the BPC model, including psychology,
anthropology, and sociology (see chapter 12).

Behavioral decision theorists have argued that there are important areas in
which individuals appear to have inconsistent preferences. Except when in-
dividuals do not know their own preferences, this is a conceptual error based
on a misspecification of the decision maker’s preference function. We show
in this chapter that, assuming individuals know their preferences, adding in-
formation concerning the current state of the individual to the choice space
eliminates preference inconsistency. Moreover, this addition is completely
reasonable because preference functions do not make any sense unless we
include information about the decision maker’s current state. When we are
hungry, scared, sleepy, or sexually deprived, our preference ordering ad-
justs accordingly. The idea that we should have a utility function that does
not depend on our current wealth, the current time, or our current strate-
gic circumstances is also not plausible. Traditional decision theory ignores
the individual’s current state, but this is just an oversight that behavioral
decision theory has brought to our attention.

Compelling experiments in behavioral decision theory show that humans
violate the principle of expected utility in systematic ways (§1.7). Again,
is must be stressed that this does not imply that humans violate preference
consistency over the appropriate choice space but rather that they have in-
correct beliefs deriving from what might be termed “folk probability theory”
and make systematic performance errors in important cases (Levy 2008).

To understand why this is so, we begin by noting that, with the exception
of hyperbolic discounting when time is involved (§1.4), there are no re-
ported failures of the expected utility theorem in nonhumans, and there are
some extremely beautiful examples of its satisfaction (Real 1991). More-
over, territoriality in many species is an indication of loss aversion (Chap-
ter 11). The difference between humans and other animals is that the latter
are tested in real life, or in elaborate simulations of real life, as in Leslie
Real’s work with bumblebees (1991), where subject bumblebees are re-

'Indeed, it can be shown (Zambrano 2005) that every boundedly rational individual is
a fully rational individual subject to an appropriate set of Bayesian priors concerning the
state of nature.
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leased into elaborate spatial models of flowerbeds. Humans, by contrast,
are tested using imperfect analytical models of real-life lotteries. While it
is important to know how humans choose in such situations, there is cer-
tainly no guarantee they will make the same choices in the real-life situa-
tion and in the situation analytically generated to represent it. Evolutionary
game theory is based on the observation that individuals are more likely to
adopt behaviors that appear to be successful for others. A heuristic that says
“adopt risk profiles that appear to have been successful to others” may lead
to preference consistency even when individuals are incapable of evaluating
analytically presented lotteries in the laboratory.

In addition to the explanatory success of theories based on the BPC
model, supporting evidence from contemporary neuroscience suggests that
expected utility maximization is not simply an “as if” story. In fact, the
brain’s neural circuitry actually makes choices by internally representing
the payoffs of various alternatives as neural firing rates and choosing a
maximal such rate (Shizgal 1999; Glimcher 2003; Glimcher and Rusti-
chini 2004; Glimcher, Dorris, and Bayer 2005). Neuroscientists increas-
ingly find that an aggregate decision making process in the brain synthe-
sizes all available information into a single unitary value (Parker and New-
some 1998; Schall and Thompson 1999). Indeed, when animals are tested
in a repeated trial setting with variable rewards, dopamine neurons appear
to encode the difference between the reward that the animal expected to
receive and the reward that the animal actually received on a particular trial
(Schultz, Dayan, and Montague 1997; Sutton and Barto 2000), an evalua-
tion mechanism that enhances the environmental sensitivity of the animal’s
decision making system. This error prediction mechanism has the drawback
of seeking only local optima (Sugrue, Corrado, and Newsome 2005). Mon-
tague and Berns (2002) address this problem, showing that the orbitofrontal
cortex and striatum contain a mechanism for more global predictions that in-
clude risk assessment and discounting of future rewards. Their data suggest
a decision-making model that is analogous to the famous Black-Scholes
options-pricing equation (Black and Scholes 1973).

The existence of an integrated decision-making apparatus in the human
brain itself is predicted by evolutionary theory. The fitness of an organism
depends on how effectively it make choices in an uncertain and varying en-
vironment. Effective choice must be a function of the organism’s state of
knowledge, which consists of the information supplied by the sensory inputs
that monitor the organism’s internal states and its external environment. In

3
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relatively simple organisms, the choice environment is primitive and is dis-
tributed in a decentralized manner over sensory inputs. But in three separate
groups of animals, craniates (vertebrates and related creatures), arthropods
(including insects, spiders, and crustaceans), and cephalopods (squid, oc-
topuses, and other mollusks), a central nervous system with a brain (a cen-
trally located decision-making and control apparatus) evolved. The phylo-
genetic tree of vertebrates exhibits increasing complexity through time and
increasing metabolic and morphological costs of maintaining brain activity.
Thus, the brain evolved because larger and more complex brains, despite
their costs, enhanced the fitness of their carriers. Brains therefore are in-
eluctably structured to make consistent choices in the face of the various
constellations of sensory inputs their bearers commonly experience.

Before the contributions of Bernoulli, Savage, von Neumann, and other
experts, no creature on Earth knew how to value a lottery. The fact that
people do not know how to evaluate abstract lotteries does not mean that
they lack consistent preferences over the lotteries that they face in their daily
lives.

Despite these provisos, experimental evidence on choice under uncer-
tainty is still of great importance because in the modern world we are in-
creasingly called upon to make such “unnatural” choices based on scientific
evidence concerning payoffs and their probabilities.

1.1 Beliefs, Preferences, and Constraints

In this section we develop a set of behavioral properties, among which
consistency is the most prominent, that together ensure that we can model
agents as maximizers of preferences.

A binary relation ©a on a set A is a subset of A x A. We usually write
the proposition (x,y) € ©p as x ®p y. For instance, the arithmetical
operator “less than” (<) is a binary relation, where (x, y) € < is normally
written x < y.2 A preference ordering > A on A is a binary relation with
the following three properties, which must hold for all x, y,z € A and any
set B:

1. Complete: x > yory >a Xx;
2. Transitive: x >p y and y >a z imply x >4 z;

2See chapter 14 for the basic mathematical notation used in this book. Additional
binary relations over the set R of real numbers include >, <, <, =, >, and #, but + is not
a binary relation because x + y is not a proposition.
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3. Independent of irrelevant alternatives: For x, y € B, x > y if and
only if x >A y.

Because of the third property, we need not specify the choice set and can
simply write x > y. We also make the behavioral assumption that given
any choice set A4, the individual chooses an element x € A such that for all
y € A, x = y. When x > y, we say “x is weakly preferred to y.”

The first condition is completeness, which implies that any member of 4
is weakly preferred to itself (for any x in A, x > x). In general, we say
a binary relation © is reflexive if, for all x, x ©® x. Thus, completeness
implies reflexivity. We refer to > as “weak preference” in contrast with
“strong preference” >. We define x > y to mean “it is false that y > x.”
We say x and y are equivalent if x > y and y > x, and we write x >~ y.
As an exercise, you may use elementary logic to prove that if > satisfies the
completeness condition, then > satisfies the following exclusion condition:
if x > y, then it is false that y > x.

The second condition is transitivity, which says that x > y and y > z
imply x > z. It is hard to see how this condition could fail for anything
we might like to call a preference ordering.> As a exercise, you may show
that x > yandy > zimply x > z,and x > y and y > z imply x > z.
Similarly, you may use elementary logic to prove that if > satisfies the
completeness condition, then ~~ is transitive (i.e., satisfies the transitivity
condition).

The third condition, independence of irrelevant alternatives (ILA) means
that the relative attractiveness of two choices does not depend upon the
other choices available to the individual. For instance, suppose an individual
generally prefers meat to fish when eating out, but if the restaurant serves
lobster, the individual believes the restaurant serves superior fish, and hence
prefers fish to meat, even though he never chooses lobster; thus, IIA fails.
When IIA fails, it can be restored by suitably refining the choice set. For
instance, we can specify two qualities of fish instead of one, in the preceding
example. More generally, if the desirability of an outcome x depends on
the set A from which it is chosen, we can form a new choice space 2%,
elements of which are ordered pairs (A4, x), where x € A C €2, and restrict
choice sets in 2* to be subsets of * all of whose first elements are equal.
In this new choice space, I1A is trivially satisfied.

3The only plausible model of intransitivity with some empirical support is regret theory
(Loomes 1988; Sugden 1993). Their analysis applies, however, only to a narrow range of
choice situations.
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When the preference relation > is complete, transitive, and independent
of irrelevant alternatives, we term it consistent. If > is a consistent prefer-
ence relation, then there will always exist a preference function such that
the individual behaves as if maximizing this preference function over the
set A from which he or she is constrained to choose. Formally, we say
that a preference function u : A — R represents a binary relation > if, for
all x,y € A, u(x) > u(y) if and only if x > y. We have the following
theorem.

THEOREM 1.1 A binary relation > on the finite set A of payoffs can be
represented by a preference function u:A—R if and only if > is consistent.

It is clear that u(-) is not unique, and indeed, we have the following the-
orem.

THEOREM 1.2 If u(-) represents the preference relation > and f(-) is a
strictly increasing function, then v(-) = f(u(-)) also represents >. Con-
versely, if both u(-) and v(-) represent >, then there is an increasing func-

tion f(-) such that v(-) = f(u(-)).

The first half of the theorem is true because if f is strictly increasing, then
u(x) > u(y) implies v(x) = f(u(x)) > f(u(y)) = v(y), and conversely.
For the second half, suppose u(:) and v(-) both represent >, and for any
y € Rsuch that v(x) = y for some x € X, let f(y) = u(v~!(y)), which
is possible because v is an increasing function. Then f(-) is increasing
(because it is the composition of two increasing functions) and f(v(x)) =
u(v~!(v(x))) = u(x), which proves the theorem. g

1.2 The Meaning of Rational Action

The origins of the BPC model lie in the eighteenth century research of
Jeremy Bentham and Cesare Beccaria. In his Foundations of Economic
Analysis (1947), economist Paul Samuelson removed the hedonistic as-
sumptions of utility maximization by arguing, as we have in the previous
section, that utility maximization presupposes nothing more than transitiv-
ity and some harmless technical conditions akin to those specified above.
Rational does not imply self-interested. There is nothing irrational about
caring for others, believing in fairness, or sacrificing for a social ideal. Nor
do such preferences contradict decision theory. For instance, suppose a man
with $100 is considering how much to consume himself and how much to



Decision Theory and Human Behavior

give to charity. Suppose he faces a tax or subsidy such that for each $1
he contributes to charity, he is obliged to pay p dollars. Thus, p > 1
represents a tax, while 0 < p < 1 represents a subsidy. We can then treat
p as the price of a unit contribution to charity and model the individual
as maximizing his utility for personal consumption x and contributions to
charity y, say u(x, y) subject to the budget constraint x+py = 100. Clearly,
it is perfectly rational for him to choose y > 0. Indeed, Andreoni and Miller
(2002) have shown that in making choices of this type, consumers behave
in the same way as they do when choosing among personal consumption
goods; i.e., they satisfy the generalized axiom of revealed preference.

Decision theory does not presuppose that the choices people make are
welfare-improving. In fact, people are often slaves to such passions as
smoking cigarettes, eating junk food, and engaging in unsafe sex. These
behaviors in no way violate preference consistency.

If humans fail to behave as prescribed by decision theory, we need not
conclude that they are irrational. In fact, they may simply be ignorant or
misinformed. However, if human subjects consistently make intransitive
choices over lotteries (e.g., §1.7), then either they do not satisfy the axioms
of expected utility theory or they do not know how to evaluate lotteries. The
latter is often called performance error. Performance error can be reduced
or eliminated by formal instruction, so that the experts that society relies
upon to make efficient decisions may behave quite rationally even in cases
where the average individual violates preference consistency.

1.3 Why Are Preferences Consistent?

Preference consistency flows from evolutionary biology (Robson 1995).
Decision theory often applies extremely well to nonhuman species, includ-
ing insects and plants (Real 1991; Alcock 1993; Kagel, Battalio, and Green
1995). Biologists define the fitness of an organism as its expected number
of offspring. Assume, for simplicity, asexual reproduction. A maximally
fit individual will then produce the maximal expected number of offspring,
each of which will inherit the genes for maximal fitness. Thus, fitness max-
imization is a precondition for evolutionary survival. If organisms maxi-
mized fitness directly, the conditions of decision theory would be directly
satisfied because we could simply represent the organism’s utility function
as its fitness.

7
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However, organisms do not directly maximize fitness. For instance, moths
fly into flames and humans voluntarily limit family size. Rather, organisms
have preference orderings that are themselves subject to selection according
to their ability to promote fitness (Darwin 1872). We can expect preferences
to satisfy the completeness condition because an organism must be able to
make a consistent choice in any situation it habitually faces or it will be
outcompeted by another whose preference ordering can make such a choice.

Of course, unless the current environment of choice is the same as
the historical environment under which the individual’s preference sys-
tem evolved, we would not expect an individual’s choices to be fitness-
maximizing, or even necessarily welfare-improving.

This biological explanation also suggests how preference consistency
might fail in an imperfectly integrated organism. Suppose the organism has
three decision centers in its brain, and for any pair of choices, majority rule
determines which the organism prefers. Suppose the available choices are
A, B, and C and the three decision centers have preferences A > B > C,
B >~ C > A,and C > A > B, respectively. Then when offered A or B, the
individual chooses A, when offered B or C, the individual chooses B, and
when offered A and C, the individual chooses C. Thus A = B = C > A,
and we have intransitivity. Of course, if an objective fitness is associated
with each of these choices, Darwinian selection will favor a mutant who
suppresses two of the three decision centers or, better yet, integrates them.

1.4 Time Inconsistency

Several human behavior patterns appear to exhibit weakness of will, in the
sense that if there is a long time period between choosing and experienc-
ing the costs and benefits of the choice, individuals can choose wisely, but
when costs or benefits are immediate, people make poor choices, longrun
payoffs being sacrificed in favor of immediate payoffs. For instance, smok-
ers may know that their habit will harm them in the long run, but cannot
bear to sacrifice the present urge to indulge in favor of the far-off reward
of a healthy future. Similarly, a couple in the midst of sexual passion may
appreciate that they may well regret their inadequate safety precautions at
some point in the future, but they cannot control their present urges. We
call this behavior time-inconsistent.*

4For an excellent survey of empirical results in this area, see Frederick, Loewenstein,
and O’Donoghue (2002).
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Are people time-consistent? Take, for instance, impulsive behavior. Ec-
onomists are wont to argue that what appears to be impulsive—cigarette
smoking, drug use, unsafe sex, overeating, dropping out of school, punching
out your boss, and the like—may in fact be welfare-maximizing for people
who have high time discount rates or who prefer acts that happen to have
high future costs. Controlled experiments in the laboratory cast doubt on
this explanation, indicating that people exhibit a systematic tendency to
discount the near future at a higher rate than the distant future (Chung and
Herrnstein 1967; Loewenstein and Prelec 1992; Herrnstein and Prelec 1992;
Fehr and Zych 1994; Kirby and Herrnstein 1995; McClure et al. 2004).

For instance, consider the following experiment conducted by Ainslie and
Haslam (1992). Subjects were offered a choice between $10 on the day of
the experiment or $11 a week later. Many chose to take the $10 without
delay. However, when the same subjects were offered $10 to be delivered
a year from the day of the experiment or $11 to be delivered a year and a
week from the day of the experiment, many of those who could not wait
a week right now for an extra 10%, preferred to wait a week for an extra
10%, provided the agreed-upon wait was one year in the future.

It is instructive to see exactly where the consistency conditions are vio-
lated in this example. Let x mean “$10 at some time #”” and let y mean “$11
at time ¢ + 7,” where time ¢ is measured in days. Then the present-oriented
subjects display x > y whent = 0,and y > x when ¢ = 365. Thus the ex-
clusion condition for > is violated, and because the completeness condition
for > implies the exclusion condition for >, the completeness condition
must be violated as well.

However, time inconsistency disappears if we model the individuals as
choosing over a slightly more complicated choice space in which the dis-
tance between the time of choice and the time of delivery of the object cho-
sen is explicitly included in the object of choice. For instance, we may write
Xo to mean “$10 delivered immediately” and x365 to mean “$10 delivered a
year from today,” and similarly for y; and y37,. Then the observation that
Xo > y7 and y375 > X365 1s no contradiction.

Of course, if you are not time-consistent and if you know this, you should
not expect that your will carry out your plans for the future when the time
comes. Thus, you may be willing to precommit yourself to making these
future choices, even at a cost. For instance, if you are saving in year 1 for a
purchase in year 3, but you know you will be tempted to spend the money
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in year 2, you can put it in a bank account that cannot be accessed until the
year after next. My teacher Leo Hurwicz called this the “piggy bank effect.”

The central theorem on choice over time is that time consistency results
from assuming that utility is additive across time periods and that the in-
stantaneous utility function is the same in all time periods, with future util-
ities discounted to the present at a fixed rate (Strotz 1955). This is called
exponential discounting and is widely assumed in economic models. For in-
stance, suppose an individual can choose between two consumption streams
X = Xg,X1,...0r Yy = Yo, V1,.... According to exponential discounting,
he has a utility function u(x) and a constant § € (0, 1) such that the total
utility of stream x is given by’

U(xg, x1,...) = Z(Sku(xk). (1.1)
k=0

We call § the individual’s discount factor. Often we write § = e~ where

we interpret 7 > 0 as the individual’s one-period continuously compounded
interest rate, in which case (1.1) becomes

oo

U(xo,X1,...) = Ze‘rku(xk). (1.2)

k=0

This form clarifies why we call this “exponential” discounting. The indi-
vidual strictly prefers consumption stream x over stream y if and only if
U(x) > U(y). In the simple compounding case, where the interest accrues
at the end of the period, we write 6 = 1/(1 + r), and (1.2) becomes

o u(x)
U(xo, X1,...) = ;; TrF (1.3)

Despite the elegance of exponential discounting, observed intertempo-
ral choice for humans appears to fit more closely the model of hyperbolic
discounting (Ainslie and Haslam 1992; Ainslie 1975; Laibson 1997), first
observed by Richard Herrnstein in studying animal behavior (Herrnstein,
Laibson, and Rachlin 1997) and reconfirmed many times since (Green et
al. 2004). For instance, continuing the previous example, let z; mean

>Throughout this text, we write x € (a,b) fora < x < b, x € [a,b) fora < x < b,
x € (a,b]fora <x <b,and x € [a,b]fora < x < b.
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“amount of money delivered ¢ days from today.” Then let the utility of z, be
u(z;) = z/(t + 1). The value of x¢ is thus u(xo) = u(100) = 10/1 = 10,
and the value of y7 is u(y7) = u(1ly) = 11/8 = 1.375, so xo > y7.
But u(x365) = 10/366 = 0.027 while u(y37,) = 11/373 = 0.029, so
Y372 > X365.

There is also evidence that people have different rates of discount for dif-
ferent types of outcomes (Loewenstein 1987; Loewenstein and Sicherman
1991). This would be irrational for outcomes that could be bought and sold
in perfect markets, because all such outcomes should be discounted at the
market interest rate in equilibrium. But, of course, there are many things
that people care about that cannot be bought and sold in perfect markets.

Neurological research suggests that balancing current and future payoffs
involves adjudication among structurally distinct and spatially separated
modules that arose in different stages in the evolution of H. sapiens (Tooby
and Cosmides 1992; Sloman 2002; McClure et al. 2004). The long-term
decision-making capacity is localized in specific neural structures in the
prefrontal lobes and functions improperly when these areas are damaged,
despite the fact that subjects with such damage appear to be otherwise com-
pletely normal in brain functioning (Damasio 1994). H. sapiens may be
structurally predisposed, in terms of brain architecture, to exhibit a system-
atic present orientation.

In sum, time inconsistency doubtless exists and is important in model-
ing human behavior, but this does not imply that people are irrational in
the weak sense of preference consistency. Indeed, we can model the be-
havior of time-inconsistent rational individuals by assuming they maxi-
mize their time-dependent preference functions (O’Donoghue and Rabin,
1999a,b, 2000, 2001). For axiomatic treatment of time-dependent prefer-
ences, see Ahlbrecht and Weber (1995) and Ok and Masatlioglu (2003). In
fact, humans are much closer to time consistency and have much longer
time horizons than any other species, probably by several orders of mag-
nitude (Stephens, McLinn, and Stevens 2002; Hammerstein 2003). We do
not know why biological evolution so little values time consistency and long
time horizons even in long-lived creatures.

1.5 Bayesian Rationality and Subjective Priors

Consider decisions in which a stochastic event determines the payoffs to
the players. Let X be a set of prizes. A lottery with payoffs in X is a
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function p: X —[0, 1] such that ), ., p(x) = 1. We interpret p(x) as the
probability that the payoffis x € X. If X = {x1,...,x,} for some finite
number n, we write p(x;) = p;.

The expected value of a lottery is the sum of the payoffs, where each
payoffis weighted by the probability that the payoff will occur. If the lottery
[ has payoffs xi,...,x, with probabilities py,..., p,, then the expected
value E[/] of the lottery [ is given by

E[l] = Zp,-x,-.
i=1

The expected value is important because of the law of large numbers (Feller
1950), which states that as the number of times a lottery is played goes to
infinity, the average payoff converges to the expected value of the lottery
with probability 1.

Consider the lottery /; in figure 1.1(a), where p is the probability of win-
ning amount ¢ and 1 — p is the probability of winning amount b. The ex-
pected value of the lottery is then E[/;] = pa 4+ (1 — p)b. Note that we
model a lottery a lot like an extensive form game—except that there is only
one player.

Consider the lottery [, with the three payoffs shown in figurel.1(b). Here
p 1is the probability of winning amount a, g is the probability of winning
amount b, and 1—p—q is the probability of winning amount c. The expected
value of the lottery is E[l»] = pa + gb + (1 — p — g)c.

A lottery with n payoffs is given in figure 1.1(c). The prizes are now
ai,...,a, with probabilities pq, ..., p,, respectively. The expected value
of the lottery is now E[l3] = pia; + paas + -+ + puan.

p_—4 p —4
ll lZ
9 b
l—p b l—p—qg>~¢
(a) (b) (c)

Figure 1.1. Lotteries with two, three, and n potential outcomes.

In this section we generalize the previous argument, developing a set of
behavioral properties that yield both a utility function over outcomes and a
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probability distribution over states of nature, such that the expected utility
principle holds. Von Neumann and Morgenstern (1944), Friedman and
Savage (1948), Savage (1954), and Anscombe and Aumann (1963) showed
that the expected utility principle can be derived from the assumption that
individuals have consistent preferences over an appropriate set of lotteries.
We outline here Savage’s classic analysis of this problem.

For the rest of this section, we assume > is a preference relation (§1.1). To
ensure that the analysis is not trivial, we also assume that x > y is false for
at least some x,y € X. Savage’s accomplishment was to show that if the
individual has a preference relation over lotteries that has some plausible
properties, then not only can the individual’s preferences be represented
by a utility function, but also we can infer the probabilities the individual
implicitly places on various events, and the expected utility principle holds
for these probabilities.

Let €2 be a finite set of states of nature. We call A C Q2 events. Let L be
a set of lotteries, where a lottery is a function 7 :2— X that associates with
each state of nature w € 2 a payoff 7(w) € X. Note that this concept of a
lottery does not include a probability distribution over the states of nature.
Rather, the Savage axioms allow us to associate a subjective prior over each
state of nature w, expressing the decision maker’s personal assessment of
the probability that @ will occur. We suppose that the individual chooses
among lotteries without knowing the state of nature, after which Nature
chooses the state w € €2 that obtains, so that if the individual chose lottery
7 € L, his payoff is 7(w).

Now suppose the individual has a preference relation > over £ (we use
the same symbol > for preferences over both outcomes and lotteries). We
seek a set of plausible properties of > over lotteries that together allow us
to deduce (a) a utility function u : X — R corresponding to the preference
relation > over outcomes in X; (b) a probability distribution p : 2 — R
such that the expected utility principle holds with respect to the preference
relation > over lotteries and the utility function u(-); i.e., if we define

Ex[u:p) = ) p(o)u(r(w)), (14)

weR

then for any 7, p € L,
m > p <= Ez[u; p] > Eplu; p].

Our first condition is that 7 > p depends only on states of nature where
and p have different outcomes. We state this more formally as follows.
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Al. For any m,p,n’,p' € L,let A = {w € Q|n(w) # p(w)}.
Suppose we also have A = {w € Q|n'(w) # p'(w)}. Suppose
also that 7(w) = n'(w) and p(w) = p'(w) for w € A. Then
T=psa >p.

This axiom says, reasonably enough, that the relative desirability of two
lotteries does not depend on the payoffs where the two lotteries agree. The
axiom allows us to define a conditional preference m >4 p, where A C €2,
which we interpret as “r is strictly preferred to p, conditional on event A,”
as follows. We say m >4 p if, for some 7/, o’ € L, n(w) = n'(w) and
p(w) = p'(w) forw € A, n’(w) = p'(w) forw ¢ A, and " > p’. Because
of Al, this is well defined (i.e., # >4 p does not depend on the particular
', p' € L£). This allows us to define >4 and ~4 in a similar manner. We
then define an event A C 2 to be null if 1 ~4 p forall m,p € L.

Our second condition is then the following, where we write 7 = x|A to
mean (w) = x forallw € A (i.e., 1 = x|A means 7 is a lottery that pays
x when A occurs).

A2, If A C Qisnotnull,thenforallx,y € X, 7 =x|A >4 7 =
y[A < x> y.

This axiom says that a natural relationship between outcomes and lotteries
holds: if 7 pays x given event A and p pays y given event A, and if x > y,
then w >4 p, and conversely.

Our third condition asserts that the probability that a state of nature occurs
is independent of the outcome one receives when the state occurs. The diffi-
culty in stating this axiom is that the individual cannot choose probabilities
but only lotteries. But, if the individual prefers x to y, and if A, B C 2 are
events, then the individual treats A as more probable than B if and only if a
lottery that pays x when A occurs and y when A does not occur is preferred
to a lottery that pays x when B occurs and y when B does not. However,
this must be true for any x,y € X such that x > y, or the individual’s
notion of probability is incoherent (i.e., it depends on what particular pay-
offs we are talking about—for instance, wishful thinking, where if the prize
associated with an event increases, the individual thinks it is more likely to
occur). More formally, we have the following, where we write 7 = x, y|A
to mean “w(w) = x forw € Aand n(w) = y forw ¢ A”
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A3. Suppose x > y, x' >y, m p,n',p € L,and A,B C Q.
Suppose that 7 = x,y|A4, p = x',y'|A, ' = x,y|B, and
o =x",y|B.Thenm > ' < p > p.

The fourth condition is a weak version of first-order stochastic domi-
nance, which says that if one lottery has a higher payoff than another for
any event, then the first is preferred to the second.

Ad4. Foranyevent A4, if x > p(w) forallw € A, then t = x|A >4
p. Also, for any event A4, if p(w) > x for all ® € A, then
p >4 = x|A.

In other words, if for any event A, ¥ = x on A pays more than the best p
can pay on A, then & >4 p, and conversely.

Finally, we need a technical property to show that a preference relation
can be represented by a utility function. We say nonempty sets Ay, ..., A,
form a partition of set X if the A; are mutually disjoint (4; N 4; = @ for
i # j) and their union is X (i.e., A; U --- U A4, = X). The technical
condition says that for any 7, p € £, and any x € X, there is a partition
Aq, ..., Ay of Q such that, for each A;, if we change 7 so that its payoff
is x on A;, then 7 is still preferred to p, and similarly, for each A4;, if we
change p so that its payoff is x on A;, then 7 is still preferred to p. This
means that no payoff is “supergood,” so that no matter how unlikely an
event A is, a lottery with that payoff when A occurs is always preferred to
a lottery with a different payoff when A occurs. Similarly, no payoff can be
“superbad.” The condition is formally as follows.

AS5. Forall w,7’,p,p" € L with w > p, and for all x € X, there
are disjoint subsets Ay, ..., A, of 2 such that U; A; = 2 and
for any A; (a) if 7'(w) = x for w € A; and 7’ (w) = 7 (w) for
w ¢ A;, then 7’ > p, and (b) if p'(w) = x for w € A; and
o (w) = p(w) fors ¢ A;, thent > p'.

We then have Savage’s theorem.

THEOREM 1.3 Suppose AI-AS5 hold. Then there is a probability function
p on Q2 and a utility function u: X — R such that for any w,p € L, m > p
if and only if Ex[u; p] > Ep[u; p].

The proof of this theorem is somewhat tedious; it is sketched in Kreps 1988.
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We call the probability p the individual’s Bayesian prior, or subjective
prior and say that A1-AS imply Bayesian rationality, because the they
together imply Bayesian probability updating.

1.6 The Biological Basis for Expected Utility

Suppose an organism must choose from action set X under certain condi-
tions. There is always uncertainty as to the degree of success of the various
options in X, which means essentially that each x € X determines a lottery
that pays i offspring with probability p;(x) fori = 0,1,...,n. Then the
expected number of offspring from this lottery is ¥ (x) = 27:1 jpj(x).
Let L be a lottery on X that delivers x; € X with probability ¢; for
i = 1,...,k. The probability of j offspring given L is then Zle qipj(xi),
so the expected number of offspring given L is

n k k k k
Yoidaipi) =) @i ) ipix) =) aivx), (13
j=1 i=1 i=1 i=1 i=1

which is the expected value theorem with utility function 1 (-). See also
Cooper (1987).

1.7 The Allais and Ellsberg Paradoxes

Although most decision theorists consider the expected utility principle ac-
ceptably accurate as a basis of modeling behavior, there are certainly well
established situations in which individuals violate it. Machina (1987) re-
views this body of evidence and presents models to deal with them. We
sketch here the most famous of these anomalies, the Allais paradox and
the Ellsberg paradox. They are, of course, not paradoxes at all but simply
empirical regularities that do not fit the expected utility principle.

Maurice Allais (1953) offered the following scenario. There are two
choice situations in a game with prizes x = $2,500,000, y = $500,000,
and z = $0. The first is a choice between lotteries # = y and n’/ =
0.1x + 0.89y + 0.01z. The second is a choice between p = 0.11y + 0.89z
and p’ = 0.1x + 0.9z. Most people, when faced with these two choice
situations, choose = > 7" and p’ > p. Which would you choose?

This pair of choices is not consistent with the expected utility principle.
To see this, let us write uy = u(2500000), u,, = u(500000), and u; =
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u(0). Then if the expected utility principle holds, = > 7’ implies u,, >
0.1up 4+ 0.89u,, 4+ 0.01uy, so 0.11u,, > 0.10u; + 0.01u;, which implies
(adding 0.89u; to both sides) 0.11u,, + 0.89u; > 0.10u; + 0.9u;, which
says p > p'.

Why do people make this mistake? Perhaps because of regret, which does
not mesh well with the expected utility principle (Loomes 1988; Sugden
1993). If you choose 7’ in the first case and you end up getting nothing,
you will feel really foolish, whereas in the second case you are probably
going to get nothing anyway (not your fault), so increasing the chances of
getting nothing a tiny bit (0.01) gives you a good chance (0.10) of winning
the really big prize. Or perhaps because of loss aversion (§1.9), because
in the first case, the anchor point (the most likely outcome) is $500,000,
while in the second case the anchor is $0. Loss-averse individuals then
shun 7/, which gives a positive probability of loss whereas in the second
case, neither lottery involves a loss, from the standpoint of the most likely
outcome.

The Allais paradox is an excellent illustration of problems that can arise
when a lottery is consciously chosen by an act of will and one knows that
one has made such a choice. The regret in the first case arises because if
one chose the risky lottery and the payoff was zero, one knows for certain
that one made a poor choice, at least ex post. In the second case, if one
received a zero payoff, the odds are that it had nothing to do with one’s
choice. Hence, there is no regret in the second case. But in the real world,
most of the lotteries we experience are chosen by default, not by acts of
will. Thus, if the outcome of such a lottery is poor, we feel bad because of
the poor outcome but not because we made a poor choice.

Another classic violation of the expected utility principle was suggested
by Daniel Ellsberg (1961). Consider two urns. Urn A has 51 red balls and
49 white balls. Urn B also has 100 red and white balls, but the fraction of
red balls is unknown. One ball is chosen from each urn but remains hidden
from sight. Subjects are asked to choose in two situations. First, a subject
can choose the ball from urn 4 or urn B, and if the ball is red, the subject
wins $10. In the second situation, the subject can choose the ball from urn
A or urn B, and if the ball is white, the subject wins $10. Many subjects
choose the ball from urn A4 in both cases. This violates the expected utility
principle no matter what probability the subject places on the probability p
that the ball from urn B is white. For in the first situation, the payoff from
choosing urn A4 is 0.51u(10)+0.49u(0) and the payoff from choosing urn B
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is (1—p)u(10) + pu(0), so strictly preferring urn A means p > 0.49. In the
second situation, the payoff from choosing urn A4 is 0.49u(10) + 0.51u(0)
and the payoff from choosing urn B is pu(10) + (1 — p)u(0), so strictly
preferring urn A means p < 0.49. This shows that the expected utility
principle does not hold.

Whereas the other proposed anomalies of classical decision theory can be
interpreted as the failure of linearity in probabilities, regret, loss aversion,
and epistemological ambiguities, the Ellsberg paradox strikes even more
deeply because it implies that humans systematically violate the following
principle of first-order stochastic dominance (FOSD).

Let p(x) and g(x) be the probabilities of winning x or more in
lotteries A and B, respectively. If p(x) > ¢g(x) for all x, then
A > B.

The usual explanation of this behavior is that the subject knows the prob-
abilities associated with the first urn, while the probabilities associated with
the second urn are unknown, and hence there appears to be an added degree
of risk associated with choosing from the second urn rather than the first. If
decision makers are risk-averse and if they perceive that the second urn is
considerably riskier than the first, they will prefer the first urn. Of course,
with some relatively sophisticated probability theory, we are assured that
there is in fact no such additional risk, it is hardly a failure of rationality for
subjects to come to the opposite conclusion. The Ellsberg paradox is thus
a case of performance error on the part of subjects rather than a failure of
rationality.

1.8 Risk and the Shape of the Utility Function

If > is defined over X, we can say nothing about the shape of a utility func-
tion u(-) representing > because, by theorem 1.2, any increasing function
of u(-) also represents >. However, if > is represented by a utility function
u(x) satisfying the expected utility principle, then u(-) is determined up to
an arbitrary constant and unit of measure.®

5Because of this theorem, the difference between two utilities means nothing. We thus
say utilities over outcomes are ordinal, meaning we can say that one bundle is preferred to
another, but we cannot say by how much. By contrast, the next theorem shows that utilities
over lotteries are cardinal, in the sense that, up to an arbitrary constant and an arbitrary
positive choice of units, utility is numerically uniquely defined.
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u(y)
u(Ex) I

E(u(x))
u(x)

Figure 1.2. A concave utility function
THEOREM 1.4 Suppose the utility function u(-) represents the preference
relation > and satisfies the expected utility principle. If v(-) is another
utility function representing >, then there are constantsa,b € Rwitha > 0
such that v(x) = au(x) + b forall x € X.

For a proof of this theorem, see Mas-Collel, Whinston, and Green (1995,
p. 173).

If X = R, so the payoffs can be considered to be money, and utility
satisfies the expected utility principle, what shape do such utility functions
have? It would be nice if they were linear in money, in which case expected
utility and expected value would be the same thing (why?). But generally
utility is strictly concave, as illustrated in figure 1.2. We say a function
u: X — R is strictly concave if, for any x,y € X and any p € (0, 1), we
have pu(x) + (1 — p)u(y) < u(px + (1 — p)y). We say u(x) is weakly
concave, or simply concave, if u(x) is either strictly concave or linear, in
which case the above inequality is replaced by pu(x) + (1 — p)u(y) =
u(px + (1 —=p)y).

If we define the lottery m as paying x with probability p and y with
probability 1 — p, then the condition for strict concavity says that the ex-
pected utility of the lottery is less than the utility of the expected value of
the lottery, as depicted in figure 1.2. To see this, note that the expected
value of the lottery is £ = px + (1 — p)y, which divides the line seg-
ment between x and y into two segments, the segment x £ having length
(px+ (1—p)y)—x = (1 — p)(y — x) and the segment Ey having length
y—(px+(1—=p)y) = p(y —x). Thus, E divides [x, y] into two segments
whose lengths have the ratio (1 — p)/ p. From elementary geometry, it fol-
lows that B divides segment [A4, C] into two segments whose lengths have
the same ratio. By the same reasoning, point H divides segments [F, G|
into segments with the same ratio of lengths. This means that point H has
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the coordinate value pu(x) + (1 — p)u(y), which is the expected utility of
the lottery. But by definition, the utility of the expected value of the lottery
is at D, which lies above H. This proves that the utility of the expected
value is greater than the expected value of the lottery for a strictly concave
utility function. This is know as Jensen’s inequality.

What are good candidates for u(x)? It is easy to see that strict concav-
ity means u”(x) < 0, providing u(x) is twice differentiable (which we
assume). But there are lots of functions with this property. According to
the famous Weber-Fechner law of psychophysics, for a wide range of sen-
sory stimuli and over a wide range of levels of stimulation, a just noticeable
change in a stimulus is a constant fraction of the original stimulus. If this
holds for money, then the utility function is logarithmic.

We say an individual is risk-averse if the individual prefers the expected
value of a lottery to the lottery itself (provided, of course, the lottery does
not offer a single payoff with probability 1, which we call a sure thing). We
know, then, that an individual with utility function u(-) is risk-averse if and
only if u(-) is concave.” Similarly, we say an individual is risk-loving if he
prefers any lottery to the expected value of the lottery, and risk-neutral if he
is indifferent between a lottery and its expected value. Clearly, an individual
is risk-neutral if and only if he has linear utility.

Does there exist a measure of risk aversion that allows us to say when
one individual is more risk-averse than another, or how an individual’s risk
aversion changes with changing wealth? We may define individual A4 to be
more risk-averse than individual B if whenever A prefers a lottery to an
amount of money x, B will also prefer the lottery to x. We say A is strictly
more risk-averse than B if he is more risk-averse and there is some lottery
that B prefers to an amount of money x but such that A prefers x to the
lottery.

Clearly, the degree of risk aversion depends on the curvature of the utility
function (by definition the curvature of u(x) at x is u”(x)), but because
u(x) and v(x) = au(x) + b (a > 0) describe the same behavior, although
v(x) has curvature a times that of u(x), we need something more sophis-

"One may ask why people play government-sponsored lotteries or spend money at
gambling casinos if they are generally risk-averse. The most plausible explanation is that
people enjoy the act of gambling. The same woman who will have insurance on her
home and car, both of which presume risk aversion, will gamble small amounts of money
for recreation. An excessive love for gambling, of course, leads an individual either to
personal destruction or to wealth and fame (usually the former).
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ticated. The obvious candidate is A,,(x) = —u”(x)/u’(x), which does not
depend on scaling factors. This is called the Arrow-Pratt coefficient of ab-
solute risk aversion, and it is exactly the measure that we need. We have
the following theorem.

THEOREM 1.5 An individual with utility function u(x) is more risk-averse
than an individual with utility function v(x) if and only if A, (x) > Ay(x)
for all x.

For example, the logarithmic utility function u(x) = In(x) has Arrow-
Pratt measure A,(x) = 1/x, which decreases with x; i.e., as the indi-
vidual becomes wealthier, he becomes less risk-averse. Studies show that
this property, called decreasing absolute risk aversion, holds rather widely
(Rosenzweig and Wolpin 1993; Saha, Shumway, and Talpaz 1994; Nerlove
and Soedjiana 1996). Another increasing concave function is u(x) = x¢
fora € (0, 1), for which A,,(x) = (1 —a)/x, which also exhibits decreasing
absolute risk aversion. Similarly, u(x) = 1 — x™* (a > 0) is increasing
and concave, with A,,(x) = —(a + 1)/x, which again exhibits decreasing
absolute risk aversion. This utility has the additional attractive property that
utility is bounded: no matter how rich you are, u(x) < 1.% Yet another can-
didate for a utility function is u(x) = 1 —e~** for some a > 0. In this case
Ay (x) = a, which we call constant absolute risk aversion.

Another commonly used term is coefficient of relative risk aversion,
Wty (x) = Ay (x)/x. Note that for any of the utility functions u(x) = In(x),
u(x) = x%fora € (0,1),and u(x) =1 —x7% (a > 0), uy,(x) is constant,
which we call constant relative risk aversion. Foru(x) = 1—e=** (a > 0),
we have , (x) = a/x, so we have decreasing relative risk aversion.

1.9 Prospect Theory

A large body of experimental evidence indicates that people value payoffs
according to whether they are gains or losses compared to their current
status quo position. This is related to the notion that individuals adjust to
an accustomed level of income, so that subjective well-being is associated
more with changes in income rather than with the level of income. See, for
instance, Helson (1964), Easterlin (1974, 1995), Lane (1991, 1993), and

8If utility is unbounded, it is easy to show that there is a lottery that you would be
willing to give all your wealth to play no matter how rich you are. This is not plausible
behavior.
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Oswald (1997). Indeed, people appear to be about twice as averse to tak-
ing losses as to enjoying an equal level of gains (Kahneman, Knetsch, and
Thaler 1990; Tversky and Kahneman 1981b). This means, for instance, that
an individual may attach zero value to a lottery that offers an equal chance
of winning $1000 and losing $500. This also implies that people are risk-
loving over losses while they remain risk-averse over gains (§1.8 explains
the concept of risk aversion). For instance, many individuals choose a 25%
probability of losing $2000 rather than a 50% chance of losing $1000 (both
have the same expected value, of course, but the former is riskier).

More formally, suppose an individual has utility function v(x —r), where
r is the status quo (his current position), and x represents a change from
the status quo. Prospect theory, developed by Daniel Kahneman and Amos
Tversky, asserts that (a) there is a “kink” in v(x — r) such that the slope of
v(-) is two to three times as great just to the left of x = r as to the right;
(b) that the curvature of v(-) is positive for positive values and negative
for negative values; and (c) the curvature goes to zero for large positive
and negative values. In other words, individuals are two to three times
more sensitive to small losses than they are to small gains, they exhibit
declining marginal utility over gains and declining absolute marginal utility
over losses, and they are very insensitive to change when all alternatives
involve either large gains or large losses. This utility function is exhibited
in figure 1.3.

psychic
payoff
value

v(x —r)

v(0)

r Money x

Figure 1.3. Loss aversion according to prospect theory

Experimental economists have long known that the degree of risk aver-
sion exhibited in the laboratory over small gambles cannot be explained by
standard expected utility theory, according to which risk aversion is mea-
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sured by the curvature of the utility function (§1.8). The problem is that
for small gambles the utility function should be almost flat. This issue has
been formalized by Rabin (2000). Consider a lottery that imposes a $100
loss and offers a $125 gain with equal probability p = 1/2. Most subjects
in the laboratory reject this lottery. Rabin shows that if this is true for all
expected lifetime wealth levels less than $300,000, then in order to induce
a subject to sustain a loss of $600 with probability 1/2, you would have to
offer him a gain of at least $36,000,000,000 with probability 1/2. This is,
of course, quite absurd.

There are many regularities in empirical data on human behavior that fit
prospect theory very well (Kahneman and Tversky 2000). For instance,
returns on stocks in the United States have exceeded the returns on bonds
by about 8 percentage points, averaged over the past 100 years. Assum-
ing investors are capable of correctly estimating the shape of the return
schedule, if this were due to risk aversion alone, then the average individ-
ual would be indifferent between a sure $51,209 and a lottery that paid
$50,000 with probability 1/2 and paid $100,000 with probability 1/2. It is,
of course, quite implausible that more than a few individuals would be this
risk-averse. However, a loss aversion coefficient (the ratio of the slope of
the utility function over losses at the kink to the slope over gains) of 2.25 is
sufficient to explain this phenomenon. This loss aversion coefficient is very
plausible based on experiments.

In a similar vein, people tend to sell stocks when they are doing well but
hold onto stocks when they are doing poorly. A kindred phenomenon holds
for housing sales: homeowners are extremely averse to selling at a loss and
sustain operating, tax, and mortgage costs for long periods of time in the
hope of obtaining a favorable selling price.

One of the earliest examples of loss aversion is the ratchet effect discov-
ered by James Duesenberry, who noticed that over the business cycle, when
times are good, people spend all their additional income, but when times
start to go bad, people incur debt rather than curb consumption. As a result,
there is a tendency for the fraction of income saved to decline over time. For
instance, in one study unionized teachers consumed more when next year’s
income was going to increase (through wage bargaining) but did not con-
sume less when next year’s income was going to decrease. We can explain
this behavior with a simple loss aversion model. A teacher’s utility can be
written as u(c; — ry) + s:(1 4+ p), where ¢; is consumption in period ¢, s,
is savings in period ¢, p is the rate of interest on savings, and r; is the ref-
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erence point (status quo point) in period ¢. This assumes that the marginal
utility of savings is constant, which is a very good approximation. Now
suppose the reference point changes as follows: r;+; = ar; + (1 — @)cy,
where o € [0, 1] is an adjustment parameter (¢ = 1 means no adjustment
and « = 0 means complete adjustment to last year’s consumption). Note
that when consumption in one period rises, the reference point in the next
period rises, and conversely.

Now, dropping the time subscripts and assuming the individual has in-
come M, soc +s = M, the individual chooses ¢ to maximize

u(c—r)+ (M —c)(1+ p).

This gives the first order condition u'(c — r) = 1 + p. Because this must
hold for all r, we can differentiate totally with respect to r, getting

u’(c — r)d—i =u"(c—r).

This shows that dc/dr = 1 > 0, so when the individual’s reference point
rises, his consumption rises an equal amount.

One general implication of prospect theory is a status quo bias, according
to which people often prefer the status quo over any of the alternatives but
if one of the alternatives becomes the status quo, that too is preferred to
any of the alternatives (Kahneman, Knetsch, and Thaler 1991). Status quo
bias makes sense if we recognize that any change can involve a loss, and
because on the average gains do not offset losses, it is possible that any one
of a number of alternatives might be preferred if it is the status quo. For
instance, if employers make joining a 401k savings plan the default posi-
tion, almost all employees join. If not joining is made the default position,
most employees do not join. Similarly, if the state automobile insurance
commission declares one type of policy the default option and insurance
companies ask individual policyholders how they would like to vary from
the default, the policyholders tend not to vary, no matter what the default is
(Camerer 2000).

Another implication of prospect theory is the endowment effect (Kahne-
man, Knetsch, and Thaler 1991), according to which people place a higher
value on what they possess than they place on the same things when they
do not possess them. For instance, if you win a bottle of wine that you
could sell for $200, you may drink it rather than sell it, but you would
never think of buying a $200 bottle of wine. A famous experimental result
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exhibiting the endowment effect was the “mug” experiment described by
Kahneman, Knetsch and Thaler (1990). College student subjects given cof-
fee mugs with the school logo on them demand a price two to three times
as high to sell the mugs as those without mugs are willing to pay to buy
the mugs. There is evidence that people underestimate the endowment ef-
fect and hence cannot appropriately correct for it in their choice behavior
(Loewenstein and Adler 1995).

Yet another implication of prospect theory is the existence of a framing
effect, whereby one form of a lottery is strictly preferred to another even
though they have the same payoffs with the same probabilities (Tversky
and Kahneman 1981a). For instance, people prefer a price of $10 plus a
$1 discount to a price of $8 plus a $1 surcharge. Framing is, of course,
closely associated with the endowment effect because framing usually in-
volves privileging the initial state from which movements are assessed.

The framing effect can seriously distort effective decision making. In par-
ticular, when it is not clear what the appropriate reference point is, decision
makers can exhibit serious inconsistencies in their choices. Kahneman and
Tversky give a dramatic example from health care policy. Suppose we face
a flu epidemic in which we expect 600 people to die if nothing is done.
If program A is adopted, 200 people will be saved, while if program B is
adopted, there is a 1/3 probability 600 will be saved and a 2/3 probability
no one will be saved. In one experiment, 72% of a sample of respondents
preferred A to B. Now suppose that if program C is adopted, 400 people
will die, while if program D is adopted there is a 1/3 probability nobody
will die and a 2/3 probability 600 people will die. Now, 78% of respon-
dents preferred D to C, even though A and C are equivalent in terms of the
probability of each final state, and B and D are similarly equivalent. How-
ever, in the choice between A and B, alternatives are over gains, whereas
in the choice between C and D, the alternatives are over losses, and people
are loss-averse. The inconsistency stems from the fact that there is no natu-
ral reference point for the decision maker, because the gains and losses are
experienced by others, not by the decision maker himself.

The brilliant experiments by Kahneman, Tversky, and their coworkers
clearly show that humans exhibit systematic biases in the way they make
decisions. However, it should be clear that none of the above examples
illustrates preference inconsistency once the appropriate parameter (cur-
rent time, current position, status quo point) is admitted into the preference
function. This point is formally demonstrated in Sugden (2003). Sugden
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considers a preference relation of the form f > g|h, which means “lot-
tery f is weakly preferred to lottery ¢ when one’s status quo position is
lottery h£.” Sugden shows that if several conditions on this preference re-
lation, most of which are direct generalizations of the Savage conditions
(§1.5), obtain, then there is a utility function u(x, z) such that f > g|h if
and only if E[u( f, h)] > E[u(g, h)], where the expectation is taken over the
probability of events derived from the preference relation.

1.10 Heuristics and Biases in Decision Making

Laboratory testing of the standard economic model of choice under un-
certainty was initiated by the psychologists Daniel Kahneman and Amos
Tversky. In a famous article in the journal Science, Tversky and Kahneman
(1974) summarized their early research as follows:

How do people assess the probability of an uncertain event or
the value of an uncertain quantity? ...people rely on a lim-
ited number of heuristic principles which reduce the complex
tasks of assessing probabilities and predicting values to simpler
judgmental operations. In general, these heuristics are quite
useful, but sometimes they lead to severe and systematic er-
rors.

Subsequent research has strongly supported this assessment (Kahneman,
Slovic, and Tversky 1982; Shafir and Tversky 1992; Shafir and Tversky
1995). Although we still do not have adequate models of these heuristics,
we can make certain generalizations.

First, in judging whether an event A or object A belongs to a class or pro-
cess B, one heuristic that people use is to consider whether A is represen-
tative of B but consider no other relevant facts, such as the frequency of B.
For instance, if informed that an individual has a good sense of humor and
likes to entertain friends and family, and asked if the individual is a profes-
sional comic or a clerical worker, people are more likely to say the former.
This is despite the fact that a randomly chosen person is much more likely
to be a clerical worker than a professional comic, and many people have a
good sense of humor, so there are many more clerical workers satisfying
the description than professional comics.
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A particularly pointed example of this heuristic is the famous Linda the
Bank Teller problem (Tversky and Kahneman 1983). Subjects are given the
following description of a hypothetical person named Linda:

Linda is 31 years old, single, outspoken, and very bright. She
majored in philosophy. As a student, she was deeply concerned
with issues of discrimination and social justice and also partic-
ipated in antinuclear demonstrations.

The subjects were then asked to rank-order eight statements about Linda
according to their probabilities. The statements included the following two:

Linda is a bank teller. ‘ o o
Linda is a bank teller and is active in the feminist movement.

More than 80% of the subjects—graduate and medical school students with
statistical training and doctoral students in the decision science program
at Stanford University’s business school—ranked the second statement as
more probable than the first. This seems like a simple logical error be-
cause every bank teller feminist is also a bank teller. It appears, once again,
that subjects measure probability by representativeness and ignore baseline
frequencies.

However, there is another interpretation according to which the subjects
are correct in their judgments. Let p and g be properties that every member
of a population either has or does not have. The standard definition of “the
probability that member x is p” is the fraction of the population for which
p is true. But an equally reasonable definition is “the probability that x is
a member of a random sample of the subset of the population for which
p is true.” According to the standard definition, the probability of p and ¢
cannot be greater than the probability of p. But, according to the second, the
opposite inequality can hold: x might be more likely to appear in a random
sample of individuals who are both p and ¢ than in a random sample of
the same size of individuals who are p. In other words, the probability that
a randomly chosen bank teller is Linda is probably much lower than the
probability that a randomly chosen feminist bank teller is Linda. Another
way of expressing this point is that the probability that a randomly chosen
member of the set “is a feminist bank teller” may be linda is greater than
the probability that a randomly chosen member of the set “is a bank teller,”
is Linda.

A second heuristic is that in assessing the frequency of an event, peo-
ple take excessive account of information that is easily available or highly
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salient, even though a selective bias is obviously involved. For this rea-
son, people tend to overestimate the probability of rare events because such
events are highly newsworthy while nonoccurrences are not reported. Thus,
people worry much more about dying in an accident while flying than they
do while driving, even though air travel is much safer than automobile
travel.

A third heuristic in problem solving is to start from an initial guess, cho-
sen for its representativeness or salience, and adjust upward or downward
toward a final figure. This is called anchoring because there is a tendency
to underadjust, so the result is too close to the initial guess. Probably as
a result of anchoring, people tend to overestimate the probability of con-
junctions (p and ¢) and underestimate the probability of disjunctions (p or
9).

For an instance of the former, a person who knows an event occurs with
95% probability may overestimate the probability that the event occurs 10
times in a row, suggesting a probability of 90%. The actual probability is
about 60%. In this case the individual starts with 95% and does not adjust
downward sufficiently. Similarly, if a daily event has a failure one time in
a thousand, people will underestimate the probability that a failure occurs
at least once in a year, suggesting a figure of 5%. The actual probability is
30.5%. Again, the individual starts with 0.1% and doesn’t adjust upward
enough.

A fourth heuristic is that people prefer objective probability distributions
to subjective distributions derived from applying probabilistic principles,
such as the principle of insufficient reason, which says that if you are com-
pletely ignorant as to which of several outcomes will occur, you should
treat them as equally probable. For example, if you give a subject a prize
for drawing a red ball from an urn containing red and white balls, the sub-
ject will pay to have the urn contain 50% red balls rather than contain an
indeterminate percentage of red balls. This is the famous Ellsberg paradox,
analyzed in §1.7.

Choice theorists often express dismay over the failure of people to apply
the laws of probability and conform to normative decision theory. Yet, peo-
ple may be applying rules that serve them well in daily life. It takes many
years of study to feel at home with the laws of probability, the understand-
ing of which is the product of the last couple of hundred years of scientific
research. Moreover, it is costly, in terms of time and effort, to apply these
laws even if we know them. Of course, if the stakes are high enough, it is
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worthwhile to make the effort or engage an expert who will do it for you.
But generally, as Kahneman and Tversky suggest, we apply a set of heuris-
tics that more or less get the job done. Among the most prominent heuristics
is simply imitation: decide what class of phenomenon is involved, find out
what people normally do in that situation, and do it. If there is some mech-
anism leading to the survival and growth of relatively successful behaviors,
and if the problem in question recurs with sufficient regularity, the choice-
theoretic solution will describe the winner of a dynamic social process of
trial, error, and imitation.

Should we expect people to conform to the axioms of choice theory—
transitivity, independence from irrelevant alternatives, the sure-thing prin-
ciple, and the like? Where we know that individuals are really optimizing,
and have expertise in decision theory, we doubtless should. But this applies
only to a highly restricted range of actions. In more general settings we
should not. We might have recourse to Darwinian analysis, demonstrat-
ing that under the appropriate conditions individuals who are genetically
constituted to obey the axioms of choice theory are better fit to solve gen-
eral decision-theoretic problems and hence will emerge triumphant through
an evolutionary dynamic. But human beings did not evolve facing general
decision-theoretic problems. Rather, they faced a few specific decision-
theoretic problems associated with survival in small social groups. We may
have to settle for modeling these specific choice contexts to discover how
our genetic constitution and cultural tools interact in determining choice
under uncertainty.
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Game Theory: Basic Concepts

High-rationality solution concepts in game theory can
emerge in a world populated by low-rationality agents.

Young (1998)

The philosophers kick up the dust and then complain that
they cannot see.

Bishop Berkeley

2.1 The Extensive Form

An extensive form game G consists of a number of players, a game tree, and
a set of payoffs. A game tree consists of a number of nodes connected by
branches. Each branch connects a head node to a distinct tail node. If b is
a branch of the game tree, we denote the head node of b by b”, and the tail
node of b by b'.

A path from node a to node @’ in the game tree is a connected sequence
of branches starting at @ and ending at a’.! If there is a path from node a to
node a’, we say a is an ancestor of a’, and a’ is a successor to a. We call
the number of branches between a and a’ the length of the path. If a path
from a to a’ has length 1, we call a the parent of a’, and a’ is a child of a.

We require that the game tree have a unique node r, called the roof node,
that has no parent, and a set 7" of nodes, called terminal nodes or leaf nodes,
that have no children. We associate with each terminal node ¢t € T (€ means
“is an element of "), and each player i, a payoff w;(t) € R (R is the set of
real numbers). We say the game is finite if it has a finite number of nodes.
We assume all games are finite unless otherwise stated.

We also require that the graph of G have the following tree property.
There must be exactly one path from the root node to any given terminal

Technically, a path is a sequence b1, .. ., b of branches such that bt =g, bf = bl-hJrl

fori =1,...,k—1, and b,’c = a’; i.e., the path starts at a, the tail of each branch is the
head of the next branch, and the path ends at a’. The length of the path is k.
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node in the game tree. Equivalently, every node except the root node has
exactly one parent.

Players relate to the game tree as follows. Each nonterminal node is
assigned to a player who moves at that node. Each branch b with head node
b" represents a particular action that the player assigned to that node can
take there, and hence determines either a terminal node or the next point of
play in the game—the particular child node b’ to be visited next.?

If a stochastic event occurs at a node a (for instance, the weather is good
or bad, or your partner is nice or nasty), we assign the fictitious player
Nature to that node, the actions Nature takes representing the possible out-
comes of the stochastic event, and we attach a probability to each branch of
which a is the head node, representing the probability that Nature chooses
that branch (we assume all such probabilities are strictly positive).

The tree property thus means that there is a unique sequence of moves
by the players (including Nature) leading from the root node to any specific
node of the game tree, and for any two nodes there is at most one sequence
of player moves leading from the first to the second.

A player may know the exact node in the game tree when it is his turn
to move, or he may know only that he is at one of several possible nodes.
We call such a collection of nodes an information set. For a set of nodes to
form an information set, the same player must be assigned to move at each
of the nodes in the set and have the same array of possible actions at each
node.

We also require that if two nodes a and a’ are in the same information set
for a player, the moves that player made up to @ and ¢’ must be the same.
This criterion is called perfect recall, because if a player never forgets his
moves, he cannot make two different choices that subsequently land him in
the same information set.?

A strategy s; for player i is a choice of an action at every information
set assigned to i. Suppose each player i = 1,...,n chooses strategy s;.
We call s = (s1,...,S,) a strategy profile for the game, and we define the
payoff to player i, given strategy profile s, as follows. If there are no moves

2Thus, if p = (by,...,by) is a path from a to a’, then starting from a, if the actions
associated with b; are taken by the various players, the game moves to a’.

3 Another way to describe perfect recall is to note that the information sets N; for
player i are the nodes of a graph in which the children of an information set v € A; are
the v/ € N; that can be reached by one move of player i, plus some combination of moves
of the other players and Nature. Perfect recall means that this graph has the tree property.
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by Nature, then s determines a unique path through the game tree and hence
a unique terminal node ¢t € T'. The payoff ;(s) to player i under strategy
profile s is then defined to be simply ; (7).

Suppose there are moves by Nature, by which we mean that at one or
more nodes in the game tree, there is a lottery over the various branches
emanating from that node rather than a player choosing at that node. For
every terminal node ¢ € T, there is a unique path p; in the game tree from
the root node to 1. We say p; is compatible with strategy profile s if, for
every branch b on p;, if player i moves at b” (the head node of b), then s;
chooses action b at b”. If p; is not compatible with s, we write p(s,¢) = 0.
If p; is compatible with s, we define p(s,?) to be the product of all the
probabilities associated with the nodes of p; at which Nature moves along
P:, or 1 if Nature makes no moves along p;. We now define the payoff to
player i as

mi(s) = ) p(s. )i (0). @1

teT

Note that this is the expected payoff to player i given strategy profile s,
assuming that Nature’s choices are independent, so that p(s,?) is just the
probability that path p, is followed, given strategy profile s. We generally
assume in game theory that players attempt to maximize their expected
payoffs, as defined in (2.1).

4.4 0,5 5,0 1,1 64 00 00 4,6
Figure 2.1. Evaluating payoffs when Nature moves

For example, consider the game depicted in figure 2.1. Here, Nature
moves first, and with probability p; = 0.6 chooses B where the game be-
tween Alice and Bob is known as the Prisoner’s Dilemma (§2.10), and with
probability p; = 0.4 chooses S, where the game between Alice and Bob
is known as the Battle of the Sexes (§2.8). Note that Alice knows Nature’s
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move, because she has separate information sets on the two branches where
Nature moves, but Bob does not, because when he moves, he does not know
whether he is on the left- or right-hand branch.

Alice’s strategies can be written LL, LR, RL, and RR, where LL means
choose L whatever Nature chooses, RR means choose R whatever Nature
chooses, LR means chose L when Nature chooses B, and choose R when
Nature chooses S, and finally, RL means choose R when Nature chooses B
and choose L when Nature chooses S. Similarly we can write Bob’s choices
as uu, ud, du, and dd, where uu means choose u whatever Alice chooses,
dd means choose d whatever Alice chooses, ud means chose u when Alice
chooses L, and choose d when Alice chooses R, and finally, and du means
choose d when Alice chooses L and choose u when Alice chooses R.

Let us write, m4(x, y,z) and 7p(x, y,z) for the payoffs to Alice and
Bob, respectively, when Alice plays x € {LL, LR, RL, RR}, Bob plays
y € {uu,ud,du,dd} and Nature plays z € {B, S}. Then, using the above
parameter values, (2.1) gives the following equations.

wa(LL,uu) = pywa(LL,uu, B) + pywa(LL,uu,S)
= 0.6(4) + 0.4(6) = 4.8;

np(LL,uu) = pynp(LL,uu, B) + p,np(LL,uu,S)
=0.6(4) + 0.4(4) =4.0;

The reader should fill in the payoffs at the remaining nodes.

2.2 The Normal Form

The strategic form or normal form game consists of a number of players, a
set of strategies for each of the players, and a payoff function that associates
a payoff to each player with a choice of strategies by each player. More
formally, an n-player normal form game consists of

a. Asetof playersi =1,...,n.

b. A setS; of strategies for playeri = 1,...,n. Wecall s = (s1,...,58,),
where s; € S; fori = 1,...,n, a strategy profile for the game.*

c. A function m; : S — R for player i = 1,...,n, where S is the set of
strategy profiles, so 7;(s) is player i’s payoff when strategy profile s is
chosen.

“Technically, these are pure strategies because in §2.3 we will consider mixed strategies
that are probabilistic combinations of pure strategies.
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Two extensive form games are said to be equivalent if they correspond to
the same normal form game, except perhaps for the labeling of the actions
and the naming of the players. But given an extensive form game, how ex-
actly do we form the corresponding normal form game? First, the players
in the normal form are the same as the players in the extensive form. Sec-
ond, for each player i, let S; be the set of strategies for that player, each
strategy consisting of the choice of an action at each information set where
i moves. Finally, the payoff functions are given by equation (2.1). If there
are only two players and a finite number of strategies, we can write the
payoff function in the form of a matrix.

As an exercise, you should work out the normal form matrix for the game
depicted in figure 2.1.

2.3 Mixed Strategies

Suppose a player has pure strategies sy, ..., Sk in a normal form game. A
mixed strategy for the player is a probability distribution over sy, ..., Sk;
i.e., a mixed strategy has the form

o= p1s1 + -+ prSk,

where pi, ..., pr are all nonnegative and ) ] p; = 1. By this we mean
that the player chooses s; with probability p;, for j = 1,...,k. We call
p; the weight of s; in o. If all the p;’s are zero except one, say p; = 1, we
say o is a pure strategy, and we write 0 = s;. We say that pure strategy s;
is used in mixed strategy o if p; > 0. We say a strategy is strictly mixed
if it is not pure, and we say that it is completely mixed if all pure strategies
are used in it. We call the set of pure strategies used in a mixed strategy o;
the support of o;.

In an n-player normal form game where player i has pure-strategy set .S;

fori = 1,...,n,amixed-strategy profile 0 = (o1, ...,0,)is the choice of a
mixed strategy o; by each player. We define the payoffs to o as follows. Let
7w (s1,...,8,) be the payoff to player i when players use the pure strategy

profile (s1,...,s,), and if s is a pure strategy for player i, let ps be the
weight of s in ;. Then we define

7i(0) = Y 0 Y Psi s Py TilS1, - 5n).
S1E€S] Sn €Sy

This is a formidable expression, but the idea behind it is simple. We assume
the players’ choices are made independently, so the probability that the
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particular pure strategies s; € Sy,...,8, € S, will be used is simply the
product py, - - - ps, of their weights, and the payoff to player i in this case is
just i (sq,...,S,). We get the expected payoff by multiplying and adding
up over all n-tuples of mixed strategies.

2.4 Nash Equilibrium

The concept of a Nash equilibrium of a game is formulated most easily in
terms of the normal form. Suppose the game has n players, with strategy
sets S; and payoff functions 7; : S — R, fori = 1,...,n, where S is the
set of strategy profiles. We use the following very useful notation. Let A.S;
be the set of mixed strategies for player i and let A*S = []7_, AS;, be the
mixed-strategy profiles for the game. If 0 € A*S, we write o; for the ith
component of o (i.e., 0; is player i’s mixed strategy in o). If 0 € A*S and
T; € AS;, we write

(‘L'l,O'z,...,O'n) ifi=1
(U_i,‘L’l')Z(‘L’l‘,O'_l‘)Z (01,...,O’i_l,‘L’l‘,Ol'+1,...,O'n) ifl<i<n.
(0'1,...,0'n_1,Tn) ifi=n

In other words, (0—_;, 7;) is the strategy profile obtained by replacing o; with
7; for player i.

We say a strategy profileo™ = (o7, ...,0,) € A*S is a Nash equilibrium
if, for every playeri = 1,...,n and every 0; € AS;, we have ;(0*) >
mi(0X;,0:); i.e., choosing o/ is at least as good for player i as choosing
any other o; given that the other players choose o*;. Note that in a Nash
equilibrium, the strategy of each player is a best response to the strategies
chosen by all the other players. Finally, notice that a player could have
responses that are equally good as the one chosen in the Nash equilibrium—
there just cannot be a strategy that is strictly better.

The Nash equilibrium concept is important because in many cases we can
accurately (or reasonably accurately) predict how people will play a game
by assuming they will choose strategies that implement a Nash equilibrium.
In dynamic games that model an evolutionary process whereby successful
strategies drive out unsuccessful ones over time, stable stationary states are
always Nash equilibria. Conversely, Nash equilibria that seem implausible
are often unstable equilibria of an evolutionary process, so we would not
expect to see them in the real world (Gintis 2009). Where people appear to
deviate systematically from implementing Nash equilibria, we sometimes
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find that they do not understand the game, or that we have misspecified the
game they are playing or the payoffs we attribute to them. But, in important
cases, as we shall see in later chapters, people simply do not play Nash
equilibria at all.

2.5 The Fundamental Theorem of Game Theory

John Nash showed that every finite game has a Nash equilibrium in mixed
strategies (Nash 1950). More concretely, we have the following theorem.

THEOREM 2.1 Nash Existence Theorem. If each player in an n-player
game has a finite number of pure strategies, then the game has a (not nec-
essarily unique) Nash equilibrium in (possibly) mixed strategies.

The following fundamental theorem of mixed-strategy equilibrium devel-
ops the principles for finding Nash equilibria. Let 0 = (01,...,0,) be a
mixed-strategy profile for an n-player game. For any playeri = 1,...,n,
let o_; represent the mixed strategies used by all the players other than
player i. The fundamental theorem of mixed-strategy Nash equilibrium
says that o is a Nash equilibrium if and only if, for any playeri = 1,...,n
with pure-strategy set .S,

a. Ifs,s” € §; occur with positive probability in o;, then the payoffs to s
and s” when played against o_;, are equal.

b. If s occurs with positive probability in ¢; and s” occurs with zero prob-
ability in o;, then the payoff to s is less than or equal to the payoff to
s, when played against o_;.

The proof of the fundamental theorem is straightforward. Suppose o is
the player’s mixed strategy in a Nash equilibrium that uses s with proba-
bility p > 0 and s” with probability p’ > 0. If s has a higher payoff than
s’ when played against o_;, then i’s mixed strategy that uses s with prob-
ability (p + p’), does not use s’, and assigns the same probabilities to the
other pure strategies as does o has a higher payoff than o, so o is not a best
response to o—;. This is a contradiction, which proves the assertion. The
rest of the proof is similar.
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2.6 Solving for Mixed-Strategy Nash Equilibria

This problem asks you to apply the general L R
method of finding mixed-strategy equilibria in
normal form games. Consider the game at the
right. First, of course, you should check for
pure-strategy equilibria. To check for a com- D | €1.€2 | di.d>
pletely mixed-strategy equilibrium, we use the
fundamental theorem (§2.5). Suppose the column player uses the strategy
o = oL + (1 — )R (i.e., plays L with probability ). Then, if the row
player uses both U and D, they must both have the same payoff against 0.
The payoff to U against o is va; + (1 — )by, and the payoff to D against
o isac; + (1 — a)d;. Equating these two, we find
di — by

dl —b1 —|—a1—c1'

For this to make sense, the denominator must be nonzero and the right-hand
side must lie between zero and one. Note that the column player’s strategy
is determined by the requirement that the row player’s two strategies be
equal.

Now suppose the row player uses strategy t = U + (1 — B)D (.e,
plays U with probability 8). Then, if the column player uses both L and
R, they must both have the same payoff against t. The payoff to L against
7 is Bay 4+ (1 — B)c,, and the payoff to R against 7 is Bby + (1 — B)da.
Equating these two, we find B = (dy — ¢2)/(d2 — ¢2 + a> — by).

Again, for this to make sense, the denominator must be nonzero and the
right-hand side must lie between zero and one. Note that now the row
player’s strategy is determined by the requirement that the column player’s
two strategies be equal.

U ai,ds bl,bz

o

a. Suppose the above really is a mixed-strategy equilibrium. What are the
payoffs to the two players?
b. Note that to solve a 2 x 2 game, we have checked for five different

configurations of Nash equilibria—four pure and one mixed. But there
are four more possible configurations, in which one player uses a pure
strategy and the second player uses a mixed strategy. Show that if there
is a Nash equilibrium in which the row player uses a pure strategy (say
U U) and the column player uses a completely mixed strategy, then any
strategy for the column player is a best response to U U .
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c. How many different configurations are there to check for in a 2 x 3
game? Ina 3 x 3 game? In an n x m game?

2.7 Throwing Fingers

Alice and Bob each throws one (c¢;) or two (c3) fin- Bob
gers simultaneously. If they are the same, Alice Alice €1 ¢
wins; otherwise, Bob wins. The winner takes $1 1111
from the loser. The normal form of this game is €\ ’
depicted to the right. There are no pure-strategy

equilibria, so suppose Bob uses the mixed strategy €2 =111, ~1

o that consists of playing ¢; with probability « and
¢, with probability 1 — «. We write this as 0 = ac; + (1 — @)c,. If Al-
ice uses both ¢y and ¢, with positive probability, they both must have the
same payoff against o, or else Alice should drop the lower-payoff strat-
egy and use only the higher-payoff strategy. The payoff to ¢; against
oisa-1+(1—a)(—1) = 2a—1, and the payoff to ¢, against o is
a(=1)+(1—a)l = 1—2«. If these are equal, then « = 1/2. Similar
reasoning shows that Alice chooses each strategy with probability 1/2. The
expected payoff to Alice is then 2o — 1 = 1 — 2« = 0, and the same is true
for Bob.

2.8 The Battle of the Sexes

Violetta and Alfredo love each other so much Violetta
that they would rather be together than apart. ~ Alfredo g 0
But Alfredo wants to go gambling, and Vi- g 21 0.0
oletta wants to go to the opera. Their pay- ’ ’
offs are described to the right. There are o| 00 1,2
two pure-strategy equilibria and one mixed-
strategy equilibrium for this game. We will show that Alfredo and Violetta
would be better off if they stuck to either of their pure-strategy equilibria.
Let o be the probability of Alfredo going to the opera and let B be the
probability of Violetta going to the opera. Because in a strictly mixed-
strategy equilibrium the payoff from gambling and from going to the opera
must be equal for Alfredo, we must have § = 2(1 — ), which implies
B = 2/3. Because the payoff from gambling and from going to the opera
must also be equal for Violetta, we must have 2o = 1 —«, soa = 1/3.
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The payoff of the game to each is then

2 5 2 22

Z(1.2) + 20,00 + =(2,1) = (=,

512+ 300+ 320 = (33)
because both go gambling (1/3)(2/3) = 2/9 of the time, both go to the
opera (1/3)(2/3) = 2/9 of the time, and otherwise they miss each other.

Both players do better if they can coordinate because (2,1) and (1,2) are
both better than (2/3,2/3).

2.9 The Hawk-Dove Game

Consider a population of birds that fight over H D
valuable territory. There are two possible strate-
gies. The hawk (H) strategy is to escalate battle
until injured or your opponent retreats. Thedove p | 00 |y /2,v/2
(D) strategy is to display hostility but retreat be-
fore sustaining injury if your opponent escalates. The payoff matrix is given
in the figure, where v > 0 is the value of territory, w > v is the cost of in-
jury, and z = (v —w)/2 is the payoff when two hawks meet. The birds can
play mixed strategies, but they cannot condition their play on whether they
are player 1 or player 2, and hence both players must use the same mixed
strategy.

As an exercise, explain the entries in the payoff matrix and show that
there are no symmetric pure-strategy Nash equilibria. The pure strategy
pairs (H,D) and (D,H) are Nash equilibria, but they are not symmetric, so
cannot be attained assuming, as we do, that the birds cannot which is player
1 and which is player 2. There is only one symmetric Nash equilibrium, in
which players do not condition their behaviors on whether they are player
1 or player 2. This is the game’s unique mixed-strategy Nash equilibrium,
which we will now analyze.

Let a be the probability of playing hawk. The payoff to playing hawk
is then 7 = a(v — w)/2 + (1 — «)v, and the payoff to playing dove is
g = a(0) + (1 — a)v/2. These two are equal when a* = v/w, so the
unique symmetric Nash equilibrium occurs when « = «*. The payoff to
each player is thus

H| z,z v,V

mt-03 =35,
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Note that when w is close to v, almost all the value of the territory is dis-
sipated in fighting, while for very high w, very little value is lost. This is
known as “mutually assured destruction” in military parlance. Of course, if
there is some possibility of error, where each player plays hawk by mistake
with positive probability, then you can easily show that mutually assured
destruction may have a very poor payoff.

2.10 The Prisoner’s Dilemma

Alice and Bob can each earn a profit R if they both C D
cooperate (C). However, either can defect by work- cl RR|sT
ing secretly on private jobs (D), earning T > R, but ’ ’
the other player will earn only S < R. If both defect, p| 7.5 | PP
however, they will each earn P, where S < P < R.
Each must decide independently of the other whether to choose C or D.
The game tree is depicted in the figure on the right. The payoff 7" stands
for “temptation” (to defect on a partner), S stands for “sucker” (for coop-
erating when your partner defected), P stands for “punishment” (for both
defecting), and R stands for “reward” (for both cooperating). We usually
assume also that S 4+ 7" < 2R, so there is no gain from taking turns playing
C and D.

Let o be the probability of playing C if you are Alice and let B be the
probability of playing C if you are Bob. To simplify the algebra, we assume
P=1,R=0,T =1+1t,and S = —s, where s, > 0. It is easy to
see that these assumptions involve no loss of generality because adding a
constant to all payoffs or multiplying all payoffs by a positive constant does
not change the Nash equilibria of the game. The payoffs to Alice and Bob
are now

g =of +a(l—=p)(—=s)+ (1 —-a)p(l+1)+ (1 —-a)1 - p)0),
g =af +a(l—p)(1+1)+ (1—-a)B(=s) + (1 —a)(1 - p)(0),
which simplify to

74 =B +1)—a(s(1—p)+ Bt),
np=a(l +1)— Bl —a) + at).

It is clear from these equations that 4 is maximized by choosing &« = 0 no
matter what Bob does, and similarly g is maximized by choosing 8 = 0,
no matter what Alice does. This is the mutual defect equilibrium.
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As we shall see in §3.5, this is not the way many people play this game in
the experimental laboratory. Rather, people very often prefer to cooperate,
provided their partners cooperate as well. We can capture this phenomenon
by assuming that there is a psychic gain A4 > 0 for Alice and Ag > 0 for
Bob when both players cooperate, above the temptation payoff T =1 + .
If we rewrite the payoffs using this assumption, we get

g =aof(l1+1t+A2q) +a(l —pB)(-s)
+(1—a)B(1+1)+ (1 —a)(1—p)0)

ap=aof(l+t+Ap)+a(l—B)(1+1)
+(1—a)B(—s) + (1 —a)(1 — B)(0),

which simplify to

ma =P +1)—als—B(s+ Aa)
g =a(l +1)— (s —a(s + Ap)).

The first equation shows that if 8 > s/(s + A4), then Alice plays C, and
if o > 5/(s + Ap), then Bob plays C. If the opposite equalities hold, then
both play D.

2.11 Alice, Bob, and the Choreographer

Consider the game played by Alice and Bob, with Alice Bob
the normal form matrix shown to the right. There are
two Pareto-efficient pure-strategy equilibria: (1,5) 5.1 0,0
and (5,1). There is also a mixed-strategy equilibrium
with payoffs (2.5,2.5), in which Alice plays u with Jd| 44 1.5
probability 0.5 and Bob plays / with probability 0.5.

If the players can jointly observe a choreographer who signals u/ and
dr, each with probability 1/2, Alice and Bob can then achieve the payoff
(3,3) by obeying the choreographer; i.e. by playing (u,!) if they see ul
and playing (d, r) if they see dr. Note that this is a Nash equilibrium of
a larger game in which the choreographer moves first and acts as Nature.
This is a Nash equilibrium because each players chooses a best response to
the move of the other, assuming the other carries out the choreographer’s
directive. This situation is termed a correlated equilibrium of the original
game (Aumann 1974). The commonly observable event on which their
behavior is conditioned is called a correlating device.

r
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A more general correlated equilibrium for this game can be constructed
as follows. Consider a choreographer who would like to direct Alice to play
d and Bob to play / so the joint payoff (4, 4) could be realized. The prob-
lem is that if Alice obeys the choreographer, then Bob has an incentive to
choose r, giving him a payoff of 5 instead of 4. Similarly, if Bob obeys the
choreographer, then Alice has an incentive to choose u, giving her a payoff
of 5 instead of 4. The choreographer must therefore be more sophisticated.

Suppose the choreographer has three states. In w;, which occurs with
probability o1, he advises Alice to play u and Bob to play /. In w,, which
occurs with probability o, the choreographer advises Alice to play d and
Bob to play /. In w3, which occurs with probability o3, the choreographer
advises Alice to play d and Bob to play r. We assume Alice and Bob know
o1, 0z, and @3 = 1 — a3 — oy, and it is common knowledge that both
have a normative predisposition (see chapter 7) to obey the choreographer
unless they can do better by deviating. However, neither Alice nor Bob
can observe the state w of the choreographer, and each hears only what the
choreographer tells them, not what the choreographer tells the other player.
We will find the values of o, oz, and a3 for which the resulting game has
a Pareto-efficient correlated equilibrium.

Note that Alice has knowledge partition [{w; }, {w>, @3}] (§1.5), meaning
that she knows when w; occurs but cannot tell whether the state is w, or
ws3. This is because she is told to move u only in state w; but to move d
in both states w, and w3. The conditional probability of w, for Alice given
{ws, w3} is pa(wz) = az /(o2 +a3), and similarly pg(w3) = a3/ (02 +a3).
Note also that Bob has knowledge partition [{w3}, {w;, w,}] because he is
told to move r only at w3 but to move [ at both w; and w,. The conditional
probability of w; for Bob given {w;,w,} is pp(w;) = a1/(a; + a2), and
similarly pp(w2) = o /(a1 + a3).

When w; occurs, Alice knows that Bob plays /, to which Alice’s best
response is u. When w, or ws; occurs, Alice knows that Bob is told / by
the choreographer with probability p4(w;) and is told r with probability
pa(w3). Thus, despite the fact that Bob plays only pure strategies, Alice
knows she effectively faces the mixed strategy / played with probability
oy /(ax+a3) and r played with probability o3 /(ax+a3). The payoff to u in
this case is Satp / (@o+3), and the payoff to d is 4o, / (axtos Hos /(o2 +3).
If d is to be a best response, we must thus have a; + 20, < 1.

Turning to the conditions for Bob, when w3 occurs, Alice plays d so
Bob’s best response is r. When w; or w, occurs, Alice plays u with
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probability pp(w;) and d with probability pg(w;). Bob chooses [ when
o1 + 4an > S5ap. Thus, any o and o that satisfy 1 > o; + 20, and
o1 > op permit a correlated equilibrium. Another characterization is
1—2062 > o] = 0y ZO

What are the Pareto-optimal choices of @y and o, ? Because the correlated
equilibrium involves wy — (u,l), w, — (d,l), and w3 — (d,r), the
payoffs to (o1, a2) are o1(5,1) + a2(4,4) + (1 — a1 — az)(1,5), which
simplifies to (1 + 41 + 302, 5 — 41 —z), where 1 =205 > a1 > o > 0.
This is a linear programming problem. It is easy to see that either o; =
1 —2a, ora; = ap and 0 < ap < 1/3. The solution is shown in figure 2.2.

Bob

0 1 2 3 4 5 Alice
Figure 2.2. Alice, Bob, and the choreographer

The pair of straight lines connecting (1,5) to (10/3,10/3) to (5,1) is the
set of Pareto-optimal points. Note that the symmetric point (10/3,10/3)
corresponds to oy = o, = a3 = 1/3.

2.12 An Efficiency-Enhancing Choreographer

Consider an n-player game in which each player can choose an integer in
the range k = 1,...,10. Nature chooses an integer k in this range, and if
all n players also choose k, each has payoff 1. Otherwise, each has payoff
0. Nature also supplies to any agent who inquires (one sample per agent)
a noisy signal that equals the true value with probability p > 0.10. A
best response for each player is to sample the signal and choose a number
equal to the signal received. The payoff is p”. For a correlated equilibrium,
suppose there is a social rule that obligates the youngest player to reveal his
choice. There is then a correlated equilibrium in which each player follows
the youngest player’s choice, and the payoff to each player is now p. For
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instance, when p = 90% and n = 25, the Nash equilibrium payoffis 0.071,
which is only 8% of the value of the correlated equilibrium payoff.

This example shows that there may be huge gains to groups that manage
to find an appropriate correlating device.

2.13 The Correlated Equilibrium Solution Concept

The correlated equilibrium concept will be studied further in chapter 7. This
solution concept has been neglected in classical game theory, although we
will show that it is a more natural solution concept than the Nash equilib-
rium. This is because the correlated equilibrium directly addresses the cen-
tral weaknesses of the Nash equilibrium concept: its lack of a mechanism
for choosing among various equally plausible alternatives, for coordinating
the behaviors of players who are indifferent among several pure strategies,
and for providing incentives for players to follow the suggested strategy
even when they may have private payoffs that would lead self-regarding
agents to do otherwise (§6.3, 6.4).

Game theorists have not embraced the correlated equilibrium concept be-
cause it appears to require an active social agency, in the form of the chore-
ographer, that cannot be accounted for within game theory. We will argue
that therein lies the true power of the correlated equilibrium concept: it
points away from game theory to a larger, complementary, social episte-
mology, that will be explored in chapters 7 and 12.
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Game Theory and Human Behavior

God is crafty, but He is not malicious.
Albert Einstein

My motive for doing what I am going to do is simply personal re-
venge. I do not expect to accomplish anything by it.

Theodore Kaczynski (the Unabomber)

Game theory is multiplayer decision theory where the choices of each
player affect the payoffs to other players, and the players take this into ac-
count in their choice behavior. In this chapter we address the contribution
of game theory to the design of experiments aimed at understanding the
behavior of individuals engaged in strategic interaction. We call this be-
havioral game theory.

Game theory is a general lexicon that applies to all life forms. Strategic
interaction neatly separates living from nonliving entities and defines life it-
self. Strategic interaction is the sole concept commonly used in the analysis
of living systems that has no counterpart in physics or chemistry.

Game theory provides the conceptual and procedural tools for studying
social interaction, including the characteristics of the players, the rules
of the game, the informational structure, and the payoffs associated with
particular strategic interactions. The various behavioral disciplines (eco-
nomics, psychology, sociology, politics, anthropology, and biology) are
currently based on distinct principles and rely on distinct types of data.
However, game theory fosters a unified analytical framework available to
all the behavioral disciplines. This facilitates cross-disciplinary informa-
tion exchange that may eventually culminate in a degree of unity within the
behavioral sciences now enjoyed only by the natural sciences (see chap-
ter 12). Moreover, because behavioral game-theoretic predictions can be
systematically tested, the results can be replicated by different laboratories
(Plott 1979; Smith 1982; Sally 1995). This turns social science into true
science.

Behavioral game theory presumes the BPC model, as developed in §1.1.
Experiments subject individuals to a variety of game settings, including
diverse payoffs, informational conditions, and constraints on action, and
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deduce their underlying preferences from their behavior. This would be
impossible if the individuals were not maximizing consistent preferences.
Chapter 1 showed that the deviations that human subjects exhibit from the
prescriptions of normative decision theory, while important, are compatible
with preference consistency plus performance error.

3.1 Self- a nd Other-Regarding Preferences

This chapter deals with the interplay of self-regarding and other-regarding
behavior. By a self-regarding actor we mean a player i in a game G who
maximizes his own payoff m; as defined in §2.1. A self-regarding actor
thus cares about the behavior of and payoffs to the other players only inso-
far as these impact his own payoff 7;. The term “self-regarding” is more
accurate than “self-interested” because an other-regarding individual is still
acting to maximize utility and so can be described as self-interested. For
instance, if I get great pleasure from your consumption, my gift to you may
be self-interested, even though it is surely other-regarding. We can avoid
confusion (and much pseudophilosophical discussion) by employing the
self-regarding/other-regarding terminology.

One major result of behavioral game theory is that when modeling mar-
ket processes with well-specified contracts, such as double auctions (sup-
ply and demand) and oligopoly, game-theoretic predictions assuming self-
regarding actors are accurate under a wide variety of social settings
(Kachelmaier and Shehata 1992; Davis and Holt 1993). In such market set-
tings behavioral game theory sheds much new light, particularly in dealing
with price dynamics and their relationship to buyer and seller expectations
(Smith and Williams 1992).

The fact that self-regarding behavior explains market dynamics lends cre-
dence to the practice in neoclassical economics of assuming that individuals
are self-regarding. However, it by no means justifies “Homo economicus”
because many economic transactions do not involve anonymous exchange.
This includes employer-employee, creditor-debtor, and firm-client relation-
ships. Nor does this result apply to the welfare implications of economic
outcomes (e.g., people may care about the overall degree of economic in-
equality and/or their positions in the income and wealth distribution), to
modeling the behavior of taxpayers (e.g., they may be more or less honest
than a self-regarding individual, and they may prefer to transfer resources
toward or away from other individuals even at an expense to themselves)
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or to important aspects of economic policy (e.g., dealing with corruption,
fraud, and other breaches of fiduciary responsibility).

A second major result is that when contracts are incomplete and individ-
uals can engage in strategic interaction, with the power to reward and pun-
ish the behavior of other individuals, game-theoretic predictions based on
the self-regarding actor model generally fail. In such situations, the char-
acter virtues (including, honesty, promise keeping, trustworthiness, and
decency), as well as both altruistic cooperation (helping others at a cost
to oneself) and altruistic punishment (hurting others at a cost to oneself)
are often observed. These behaviors are particularly common in a social
dilemma, which is an n-player Prisoner’s Dilemma—a situation in which
all gain when all cooperate but each has a personal incentive to defect, gain-
ing at the expense of the others (see, for instance, §3.9).

Other-regarding preferences were virtually ignored until recently in both
economics and biology, although they are standard fare in anthropology,
sociology, and social psychology. In economics, the notion that enlight-
ened self-interest allows individuals to cooperate in large groups goes back
to Bernard Mandeville’s “private vices, public virtues” (1924 [1705]) and
Adam Smith’s “invisible hand” (2000 [1759]). The great Francis Ysidro
Edgeworth considered self-interest “the first principle of pure economics”
(Edgeworth 1925, p. 173). In biology, the selfishness principle has been
touted as a central implication of rigorous evolutionary modeling. In The
Selfish Gene (1976), for instance, Richard Dawkins asserts “We are sur-
vival machines—robot vehicles blindly programmed to preserve the selfish
molecules known as genes. ...Let us try to teach generosity and altruism,
because we are born selfish.” Similarly, in The Biology of Moral Systems
(1987, p. 3), R. D. Alexander asserts that “ethics, morality, human conduct,
and the human psyche are to be understood only if societies are seen as
collections of individuals seeking their own self-interest.” More poetically,
Michael Ghiselin (1974) writes: “No hint of genuine charity ameliorates
our vision of society, once sentimentalism has been laid aside. What passes
for cooperation turns out to be a mixture of opportunism and exploitation.
...Scratch an altruist, and watch a hypocrite bleed.”

The Darwinian struggle for existence may explain why the concept of
virtue does not add to our understanding of animal behavior in general, but
by all available evidence, it is a central aspect of human behavior. The
reasons for this are the subject of some speculation (Gintis 2003a,2006b),
but they come down to the plausible insight that human social life is so
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complex, and the rewards for prosocial behavior so distant and indistinct,
that adherence to general rules of propriety, including the strict control of
such deadly sins as anger, avarice, gluttony, and lust, is individually fitness-
enhancing (Simon 1990; Gintis 2003a).

One salient behavior in social dilemmas revealed by behavioral game
theory is strong reciprocity. Strong reciprocators come to a social dilemma
with a propensity to cooperate (altruistic cooperation), respond to cooper-
ative behavior by maintaining or increasing their level of cooperation, and
respond to noncooperative behavior by punishing the “offenders,” even at a
cost to themselves and even when they cannot reasonably expect future per-
sonal gains to flow therefrom (altruistic punishment). When other forms of
punishment are not available, the strong reciprocator responds to defection
with defection.

The strong reciprocator is thus neither the selfless altruist of utopian the-
ory, nor the self-regarding individual of traditional economics. Rather, he
is a conditional cooperator whose penchant for reciprocity can be elicited
under circumstances in which self-regard would dictate otherwise. The pos-
itive aspect of strong reciprocity is commonly known as gift exchange, in
which one individual behaves more kindly than required toward another
with the hope and expectation that the other will treat him kindly as well

(Akerlof 1982). For instance, in a laboratory-simulated work situation in
which employers can pay higher than market-clearing wages in hopes that
workers will reciprocate by supplying a high level of effort (§3.7), the gen-
erosity of employers was generally amply rewarded by their workers.

A second salient behavior in social dilemmas revealed by behavioral
game theory is inequality aversion. The inequality-averse individual is will-
ing to reduce his own payoff to increase the degree of equality in the group
(whence widespread support for charity and social welfare programs). But
he is especially displeased when placed on the losing side of an unequal
relationship. The inequality-averse individual is willing to reduce his own
payoff if that reduces the payoff of relatively favored individuals even more.
In short, an inequality-averse individual generally exhibits a weak urge
to reduce inequality when he is the beneficiary and a strong urge to re-
duce inequality when he is the victim (Loewenstein, Thompson, and Baz-
erman 1989). Inequality aversion differs from strong reciprocity in that the
inequality-averse individual cares only about the distribution of final pay-
offs and not at all about the role of other players in bringing about this
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distribution. The strong reciprocator, by contrast, does not begrudge others
their payoffs but is sensitive to how fairly he is treated by others.

Self-regarding agents are in common parlance called sociopaths. A so-
ciopath (e.g., a sexual predator, a recreational cannibal, or a professional
killer) treats others instrumentally, caring only about what he derives from
an interaction, whatever the cost to the other party. In fact, for most people,
interpersonal relations are guided as much by empathy (and hostility) as
by self-regard. The principle of sympathy is the guiding theme of Adam
Smith’s great book, The Theory of Moral Sentiments, despite the fact that
his self-regarding principle of the “invisible hand” is one of the central in-
sights of economic theory.

We conclude from behavioral game theory that one must treat individuals’
objectives as a matter of fact, not logic. We can just as well build models of
honesty, promise keeping, regret, strong reciprocity, vindictiveness, status
seeking, shame, guilt, and addiction as of choosing a bundle of consumption
goods subject to a budget constraint (§12.8), (Gintis 1972a,b, 1974, 1975;
Becker and Murphy 1988; Bowles and Gintis 1993; Becker 1996; Becker
and Mulligan 1997). ,

3.2 Methodological Issues in Behavioral Game Theory

Vernon Smith, who was awarded the Nobel prize in 2002, began running
laboratory experiments of market exchange in 1956 at Purdue and Stanford
universities. Until the 1980s, aside from Smith, whose results supported
the traditional theory of market exchange, virtually the only behavioral dis-
cipline to use laboratory experiments with humans as a basis for modeling
human behavior was social psychology. Despite the many insights afforded
by experimental social psychology, its experimental design was weak. For
instance, the BPC model was virtually ignored and game theory was rarely
used, so observed behavior could not be analytically modeled, and exper-
iments rarely used incentive mechanisms (such as monetary rewards and
penalties) designed to reveal the real, underlying preferences of subjects.
As a result, social psychological findings that were at variance with the
assumptions of other behavioral sciences were widely ignored.

The results of the Ultimatum Game (Giith, Schmittberger, and Schwarze
1982) changed all that (§3.6), showing that in one-shot games that preserved
the anonymity of subjects, people were quite willing to reject monetary re-
wards that they considered unfair. This, and a barrage of succeeding experi-
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ments, some of which are analyzed below, did directly challenge the widely
used assumption that individuals are self-regarding. Not surprisingly, the
first reaction within the disciplines was to criticize the experiments rather
than to question their theoretical preconceptions. This is a valuable reaction
to new data, so we shall outline the various objections to these findings.

First, the behavior of subjects in simple games under controlled circum-
stances may bear no implications for their behavior in the complex, rich,
temporally extended social relationships into which people enter in daily
life. We discuss the external validity of laboratory experiments in §3.15.

Second, games in the laboratory are unusual, so people do not know how
best to behave in these games. They therefore simply play as they would in
daily life, in which interactions are repeated rather than one-shot, and take
place among acquaintances rather than being anonymous. For instance,
critics suggest that strong reciprocity is just a confused carryover into the
laboratory of the subject’s extensive experience with the value of building
a reputation for honesty and willingness to punish defectors, both of which
benefit the self-regarding actor. However, when opportunities for reputa-
tion building are incorporated into a game, subjects make predictable strate-
gic adjustments compared to a series of one-shot games without reputation
building, indicating that subjects are capable of distinguishing between the
two settings (Fehr and Géchter 2000). Postgame interviews indicate that
subjects clearly comprehend the one-shot aspect of the games.

Moreover, one-shot, anonymous interactions are not rare. We face them
frequently in daily life. Members of advanced market societies are engaged
in one-shot games with very high frequency—virtually every interaction
we have with strangers is of this form. Major rare events in people’s lives
(fending off an attacker, battling hand to hand in wartime, experiencing a
natural disaster or major illness) are one-shots in which people appear to
exhibit strong reciprocity much as in the laboratory. While members of the
small-scale societies we describe below may have fewer interactions with
strangers, they are no less subject to one-shots for the other reasons men-
tioned. Indeed, in these societies, greater exposure to market exchange led
to stronger, not weaker, deviations from self-regarding behavior (Henrich
et al. 2004).

Another indication that the other-regarding behavior observed in the lab-
oratory is not simply confusion on the part of the subjects is that when
experimenters point out that subjects could have earned more money by be-
having differently, the subjects generally respond that of course they knew
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that but preferred to behave in an ethically or emotionally satisfying man-
ner rather than simply maximize their material gain. This, by the way, con-
trasts sharply with the experiments in behavioral decision theory described
in chapter 1 where subjects generally admitted their errors.

Recent neuroscientific evidence supports the notion that subjects punish
those who are unfair to them simply because this gives them pleasure. de-
Quervain et al. (2004) used positron emission tomography to examine the
neural basis for the altruistic punishment of defectors in an economic ex-
change. The experimenters scanned the subjects’ brains while they learned
about the defector’s abuse of trust and determined the punishment. Punish-
ment activated the dorsal striatum, which has been implicated in the pro-
cessing of rewards that accrue as a result of goal-directed actions. More-
over, subjects with stronger activations in the dorsal striatum were willing
to incur greater costs in order to punish. This finding supports the hypothe-
sis that people derive satisfaction from punishing norm violations and that
the activation in the dorsal striatum reflects the anticipated satisfaction from
punishing defectors.

Third, it may be that subjects really do not believe that conditions of
anonymity will be respected, and they behave altruistically because they
fear their selfish behavior will be revealed to others. There are several prob-
lems with this argument. First, one of the strict rules of behavioral game re-
search is that subjects are never told untruths or otherwise misled, and they
are generally informed of this fact by experimenters. Thus, revealing the
identity of participants would be a violation of scientific integrity. Second,
there are generally no penalties that could be attached to being discovered
behaving in a selfish manner. Third, an exaggerated fear of being discov-
ered cheating is itself a part of the strong reciprocity syndrome—it is a psy-
chological characteristic that induces us to behave prosocially even when
we are most attentive to our selfish needs. For instance, subjects might feel
embarrassed and humiliated were their behavior revealed, but shame and
embarrassment are themselves other-regarding emotions that contribute to
prosocial behavior in humans (Bowles and Gintis 2004; Carpenter et al.
2009). In short, the tendency of subjects to overestimate the probability
of detection and the costs of being detected are prosocial mental processes
(H. L. Mencken once defined “conscience” as “the little voice that warns
us that someone may be looking”). Fourth, and perhaps most telling, in
tightly controlled experiments designed to test the hypothesis that subject-
experimenter anonymity is important in fostering altruistic behavior, it is
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found that subjects behave similarly regardless of the experimenter’s knowl-
edge of their behavior (Bolton and Zwick 1995; Bolton, Katok, and Zwick
1998).

A final argument is that while a game may be one-shot and the players
may be anonymous to one another, they nonetheless remember how they
played a game, and they may derive great pleasure from recalling their gen-
erosity or their willingness to incur the costs of punishing others for being
selfish. This is quite correct and probably explains a good deal of non-self-
regarding behavior in experimental games.! But this does not contradict the
fact that our behavior is other-regarding! Rather, it affirms that it may be
in one’s personal interest to engage in other-regarding acts. Only for so-
ciopaths are the set of self-regarding acts and the set of self-interested acts
the same.

In all the games described below, unless otherwise stated, subjects were
college students who were anonymous to one another, were paid real
money, were not deceived or misled by the experimenters, and they were
instructed to the point where they fully understood the rules and the payoffs
before playing for real.

3.3 An Anonymous Market Exchange

By neoclassical economics 1 mean the standard fare of microeconomics
courses, including the Walrasian general equilibrium model, as developed
by Kenneth Arrow, Gérard Debreu, Frank Hahn, Tjalling Koopmans, and
others (Arrow 1951; Arrow and Hahn 1971; Koopmans 1957). Neoclas-
sical economic theory holds that in a market for a product, the equilibrium
price is at the intersection of the supply and demand curves for the good.
It is easy to see that at any other point a self-regarding seller could gain
by asking a higher price, or a self-regarding buyer could gain by offering a
lower price. This situation was among the first to be simulated experimen-
tally, the neoclassical prediction virtually always receiving strong support
(Holt 1995). Here is a particularly dramatic example, provided by Holt,
Langan, and Villamil (1986) (reported by Charles Holt in Kagel and Roth,
1995).

"William Shakespeare understands this well when he has Henry V use the following
words to urge his soldiers to fight for victory against a much larger French army: “Whoever
lives past today ... will rouse himself every year on this day, show his neighbor his scars,
and tell embellished stories of all their great feats of battle. These stories he will teach his
son and from this day until the end of the world we shall be remembered.”
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In the Holt-Langan-Villamil experiment there are four “buyers” and four
“sellers.” The good is a chip that the seller can redeem for $5.70 (unless it is
sold) but a buyer can redeem for $6.80 at the end of the game. In analyzing
the game, we assume throughout that buyers and sellers are self-regarding.
In each of the first five rounds, each buyer was informed, privately, that
he could redeem up to 4 chips, while 11 chips were distributed to sellers
(three sellers were given 3 chips each, and the fourth was given 2 chips).
Each player knew only the number of chips in his possession, the number
he could redeem, and their redemption value, and did not know the value
of the chips to others or how many they possessed or were permitted to
redeem. Buyers should be willing to pay up to $6.80 per chip for up to 4
chips each, and sellers should be willing to sell a chip for any amount at
or above $5.70. Total demand is thus 16 for all prices at or below $6.80,
and total supply is 11 chips at or above $5.70. Because there is an excess
demand for chips at every price between $5.70 and $6.80, the only point of
intersection of the demand and supply curves is at the price p = $6.80. The
subjects in the game, however, have absolutely no knowledge of aggregate
demand and supply because each knows only his own supply of or demand
for chips.
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Figure 3.1. The double auction. The size of the circle is proportional to the number
of trades that occurred at the stated price.

The rules of the game are that at any time a seller can call out an asking
price for a chip, and a buyer can call out an offer price for a chip. This
price remains “on the table” until it is accepted by another player, or a
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lower asking price is called out, or a higher offer price is called out. When
a deal is made, the result is recorded and that chip is removed from the
game. As seen in figure 3.1, in the first period of play, actual prices were
about midway between $5.70 and $6.80. Over the succeeding four rounds
the average price increased until in period 5 prices were very close to the
equilibrium price predicted by neoclassical theory.

In period 6 and each of the succeeding four periods, buyers were given
the right to redeem a total of 11 chips, and each seller was given 4 chips. In
this new situation, it is clear (to observers who know these facts, though not
the subjects in the experiment) that there is now an excess supply of chips
at each price between $5.70 and $6.80, so supply and demand intersect pre-
cisely at $5.70. While sellers, who previously made a profit of about $1.10
per chip in each period, must have been delighted with their additional sup-
plies of chips, succeeding periods witnessed a steady fall in price until in
the tenth period the price is close to the neoclassical prediction, and now
buyers are earning about $1.10 per chip. We see that even when agents
are completely ignorant of macroeconomics conditions of supply and de-
mand, they can move quickly to a market-clearing equilibrium under the
appropriate conditions.

3.4 The Rationality of Altruistic Giving

There is nothing irrational about caring for others. But do preferences for
altruistic acts entail transitive preferences as required by the notion of ra-
tionality in decision theory? Andreoni and Miller (2002) showed that in
the case of the Dictator Game, they do. Moreover, there are no known
counterexamples.

In the Dictator Game, first studied by Forsythe et al. (1994), the exper-
imenter gives a subject, called the Dictator, a certain amount of money
and instructs him to give any portion of it he desires to a second, anony-
mous, subject, called the Receiver. The Dictator keeps whatever he does
not choose to give to the Receiver. Obviously, a self-regarding Dictator
will give nothing to the Receiver. Suppose the experimenter gives the Dic-
tator m points (exchangeable at the end of the session for real money) and
tells him that the price of giving some of these points to the Receiver is
p, meaning that each point the Receiver gets costs the giver p points. For
instance, if p = 4, then it costs the Dictator 4 points for each point that he
transfers to the Receiver. The Dictator’s choices must then satisfy the bud-
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get constraint 7y + pm, = m, where g is the amount the Dictator keeps
and 7, is the amount the Receiver gets. The question, then, is simply, is
there a preference function u (s, 7,) that the Dictator maximizes subject
to the budget constraint 7y + pm, = m? If so, then it is just as rational,
from a behavioral standpoint, to care about giving to the Receiver as to care
about consuming marketed commodities.

Varian (1982) showed that the following generalized axiom of revealed
preference (GARP) is sufficient to ensure not only rationality but that
individuals have nonsatiated, continuous, monotone, and concave utility
functions—the sort expected in traditional consumer demand theory. To de-
fine GARP, suppose the individual purchases bundle x (p) when prices are
p. We say consumption bundle x ( p;) is directly revealed to be preferred to
bundle x(p;) if psx(p:) < psx(ps);i.e., x(p;) could have been purchased
when x (ps) was purchased. We say x(ps) is indirectly revealed to be pre-
ferred to x(p,) if there is a sequence x(ps) = x(p1), x(p2), ..., x(pr) =
x(p:), where each x(p;) is directly revealed preferred to x(p;+1) for
i =1,...,k—1. GARP then is the following condition: if x(p;) is in-
directly revealed to be preferred to x(p;), then p,x(p;) < p:x(ps); i.e.,
x(ps) does not cost less than x(p;) when x(py) is purchased.

Andreoni and Miller (2002) worked with 176 students in an elementary
economics class and had them play the Dictator Game multiple times each,
with the price p taking on the values p = 0.25,0.33,0.5,1,2, 3, and 4,
with amounts of tokens equaling m = 40, 60, 75, 80, and 100. They found
that only 18 of the 176 subjects violated GARP at least once and that of
these violations, only four were at all significant. By contrast, if choices
were randomly generated, we would expect that between 78% and 95% of
subjects would have violated GARP.

As to the degree of altruistic giving in this experiment, Andreoni and
Miller found that 22.7% of subjects were perfectly selfish, 14.2% were per-
fectly egalitarian at all prices, and 6.2% always allocated all the money so
as to maximize the total amount won (i.e., when p > 1, they kept all the
money, and when p < 1, they gave all the money to the Receiver).

We conclude from this study that, at least in some cases, and perhaps in
all, we can treat altruistic preferences in a manner perfectly parallel to the
way we treat money and private goods in individual preference functions.
We use this approach in the rest of the problems in this chapter.
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3.5 Conditional Altruistic Cooperation

Both strong reciprocity and inequality aversion imply conditional altru-
istic cooperation in the form of a predisposition to cooperate in a social
dilemma as long as the other players also cooperate, although they have dif-
ferent reasons: the strong reciprocator believes in returning good for good,
whatever the distributional implications, whereas the inequality-averse in-
dividual simply does not want to create unequal outcomes by making some
parties bear a disproportionate share of the costs of cooperation.

Social psychologist Toshio Yamagishi and his coworkers used the Pris-
oner’s Dilemma (§2.10) to show that a majority of subjects (college students
in Japan and the United States) positively value altruistic cooperation. In
this game, let CC stand for “both players cooperate,” let DD stand for
“both players defect,” let CD stand for “I cooperate but my partner de-
fects,” and let DC stand for “I defect and my partner cooperates.” A self-
regarding individual will exhibit DC > CC > DD > CD (check it),
while an altruistic cooperator will exhibit CC >~ DC > DD > CD (for
notation, see §1.1); i.e. the self-regarding individual prefers to defect no
matter what his partner does, whereas the conditional altruistic cooperator
prefers to cooperate so long as his partner cooperates. Watabe et al. (1996),
using 148 Japanese subjects, found that the average desirability of the four
outcomes conformed to the altruistic cooperator preferences ordering. The
experimenters also asked 23 of the subjects if they would cooperate if they
already knew that their partner was going to cooperate, and 87% (20) said
they would. Hayashi et al. (1999) ran the same experiment with U.S. stu-
dents with similar results. In this case, all the subjects said they would
cooperate if their partners were already committed to cooperating.

While many individuals appear to value conditional altruistic coopera-
tion, the above studies did not use real monetary payoffs, so it is unclear
how strongly these values are held, or if they are held at all, because sub-
jects might simply be paying lip service to altruistic values that they in fact
do not hold. To address this issue, Kiyonari, Tanida and Yamagishi (2000)
ran an experiment with real monetary payoffs using 149 Japanese university
students. The experimenters ran three distinct treatments, with about equal
numbers of subjects in each treatment. The first treatment was a standard
“simultaneous” Prisoner’s Dilemma, the second was a “second-player” sit-
uation in which the subject was told that the first player in the Prisoner’s
Dilemma had already chosen to cooperate, and the third was a “first-player”
treatment in which the subject was told that his decision to cooperate or de-
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fect would be made known to the second player before the latter made his
own choice. The experimenters found that 38% of the subjects cooperated
in the simultaneous treatment, 62% cooperated in the second player treat-
ment, and 59% cooperated in the first-player treatment. The decision to co-
operate in each treatment cost the subject about $5 (600 yen). This shows
unambiguously that a majority of subjects were conditional altruistic coop-
erators (62%). Almost as many were not only cooperators, but were also
willing to bet that their partners would be (59%), provided the latter were
assured of not being defected upon, although under standard conditions,
without this assurance, only 38% would in fact cooperate.

3.6 Altruistic Punishment

Both strong reciprocity and inequality aversion imply altruistic punishment
in the form of a predisposition to punish those who fail to cooperate in a
social dilemma. The source of this behavior is different in the two cases:
the strong reciprocator believes in returning harm for harm, whatever the
distributional implications, whereas the inequality-averse individual wants
to create a more equal distribution of outcomes even at the cost of lower
outcomes for himself and others. The simplest game exhibiting altruistic
punishment is the Ultimatum Game (Glith, Schmittberger, and Schwarze
1982). Under conditions of anonymity, two player are shown a sum of
money, say $10. One of the players, called the Proposer, is instructed to
offer any number of dollars, from $1 to $10, to the second player, who
is called the Responder. The Proposer can make only one offer and the
Responder can either accept or reject this offer. If the Responder accepts
the offer, the money is shared accordingly. If the Responder rejects the
offer, both players receive nothing. The two players do not face each other
again.

There is only one Responder strategy that is a best response for a self-
regarding individual: accept anything you are offered. Knowing this, a
self-regarding Proposer who believes he faces a self-regarding Responder,
offers the minimum possible amount, $1, and this is accepted.

However, when actually played, the self-regarding outcome is almost
never attained or even approximated. In fact, as many replications of this
experiment have documented, under varying conditions and with varying
amounts of money, Proposers routinely offer Responders very substantial
amounts (50% of the total generally being the modal offer) and Respon-

57



58

Chapter 3

ders frequently reject offers below 30% (Giith and Tietz 1990; Camerer
and Thaler 1995). Are these results culturally dependent? Do they have
a strong genetic component or do all successful cultures transmit similar
values of reciprocity to individuals? Roth et al. (1991) conducted the Ulti-
matum Game in four different countries (United States, Yugoslavia, Japan,
and Israel) and found that while the level of offers differed a small but
significant amount in different countries, the probability of an offer being
rejected did not. This indicates that both Proposers and Responders share
the same notion of what is considered fair in that society and that Proposers
adjust their offers to reflect this common notion. The differences in level
of offers across countries, by the way, were relatively small. When a much
greater degree of cultural diversity is studied, however, large differences in
behavior are found, reflecting different standards of what it means to be fair
in different types of societies (Henrich et al. 2004).

Behavior in the Ultimatum Game thus conforms to the strong reciprocity
model: fair behavior in the Ultimatum Game for college students is a 50—
50 split. Responders reject offers under 40% as a form of altruistic pun-
ishment of the norm-violating Proposer. Proposers offer 50% because they
are altruistic cooperators, or 40% because they fear rejection. To support
this interpretation, we note that if the offers in an Ultimatum Game are
generated by a computer rather than by the Proposer, and if Responders
know this, low offers are rarely rejected (Blount 1995). This suggests that
players are motivated by reciprocity, reacting to a violation of behavioral
norms (Greenberg and Frisch 1972). Moreover, in a variant of the game
in which a Responder rejection leads to the Responder getting nothing but
allows the Proposer to keep the share he suggested for himself, Respon-
ders never reject offers, and proposers make considerably smaller (but still
positive) offers (Bolton and Zwick 1995). As a final indication that strong
reciprocity motives are operative in this game, after the game is over, when
asked why they offered more than the lowest possible amount, Proposers
commonly said that they were afraid that Responders will consider low of-
fers unfair and reject them. When Responders rejected offers, they usually
claimed they want to punish unfair behavior. In all of the above experiments
a significant fraction of subjects (about a quarter, typically) conformed to
self-regarding preferences.
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3.7 Strong Reciprocity in the Labor Market

Gintis (1976) and Akerlof (1982) suggested that, in general, employers pay
their employees higher wages than necessary in the expectation that work-
ers will respond by providing higher effort than necessary. Fehr, Géchter,
and Kirchsteiger (1997) (see also Fehr and Géchter 1998) performed an ex-
periment to validate this legitimation or gift exchange model of the labor
market.

The experimenters divided a group of 141 subjects (college students who
had agreed to participate in order to earn money) into “employers” and
“employees.” The rules of the game are as follows. If an employer hires
an employee who provides effort e and receives a wage w, his profit is
m = 100e — w. The wage must be between 1 and 100, and the effort is
between 0.1 and 1. The payoff to the employee is then u = w —c(e), where
c(e) is the cost of effort function shown in figure 3.2. All payoffs involve
real money that the subjects are paid at the end of the experimental session.
We call this the Experimental Labor Market Game.

Cost
of
Effort
15
c(e
0 (e)
5
0
0.1 020304 05060708 091.0

Effort e

Figure 3.2. The Cost-of-effort schedule in Fehr, Géchter, and Kirchsteiger (1997).

The sequence of actions is as follows. The employer first offers a “con-
tract” specifying a wage w and a desired amount of effort e*. A contract is
made with the first employee who agrees to these terms. An employer can
make a contract (w, e*) with at most one employee. The employee who
agrees to these terms receives the wage w and supplies an effort level e that
need not equal the contracted effort e*. In effect, there is no penalty if the
employee does not keep his promise, so the employee can choose any effort
level, e € [0.1, 1], with impunity. Although subjects may play this game
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several times with different partners, each employer-employee interaction
is a one-shot (nonrepeated) event. Moreover, the identity of the interacting
partners is never revealed.

If employees are self-regarding, they will choose the zero-cost effort
level, e = 0.1, no matter what wage is offered them. Knowing this, employ-
ers will never pay more than the minimum necessary to get the employee
to accept a contract, which is 1 (assuming only integer wage offers are per-
mitted).? The employee will accept this offer and will set e = 0.1. Because
¢(0.1) = 0, the employee’s payoff is u = 1. The employer’s payoff is
7=01x100—1=09.

In fact, however, this self-regarding outcome rarely occurred in this ex-
periment. The average net payoff to employees was u = 35, and the more
generous the employer’s wage offer to the employee, the higher the effort
provided. In effect, employers presumed the strong reciprocity predisposi-
tions of the employees, making quite generous wage offers and receiving
higher effort, as a means to increase both their own and the employee’s pay-
off, as depicted in figure 3.3. Similar results have been observed in Fehr,
Kirchsteiger, and Riedl (1993, 1998).

Effort (e)
0.9 [

Contracted Effort (e*)

0.7 [

0.5
Delivered Effort (e)

0.3

0.1

5 10 15 20 25 30 35 40 45 50
Wage (w)

Figure 3.3. Relation of contracted and delivered effort to worker wage (141 sub-
jects). From Fehr, Gichter, and Kirchsteiger (1997).

Figure 3.3 also shows that, though most employees are strong reciproca-
tors, at any wage rate there still is a significant gap between the amount of

2This is because the experimenters created more employees than employers, thus en-
suring an excess supply of employees.
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effort agreed upon and the amount actually delivered. This is not because
there are a few “bad apples” among the set of employees but because only
26% of the employees delivered the level of effort they promised! We con-
clude that strong reciprocators are inclined to compromise their morality to
some extent.

To see if employers are also strong reciprocators, the authors extended
the game by allowing the employers to respond reciprocally to the actual
effort choices of their workers. At a cost of 1, an employer could increase or
decrease his employee’s payoff by 2.5. If employers were self-regarding,
they would of course do neither because they would not (knowingly) in-
teract with the same worker a second time. However, 68% of the time,
employers punished employees who did not fulfill their contracts, and 70%
of the time, employers rewarded employees who overfulfilled their con-
tracts. Employers rewarded 41% of employees who exactly fulfilled their
contracts. Moreover, employees expected this behavior on the part of their
employers, as shown by the fact that their effort levels increased signif-
icantly when their bosses gained the power to punish and reward them.
Underfulfilling contracts dropped from 71% to 26% of the exchanges, and
overfulfilled contracts rose from 3% to 38% of the total. Finally, allowing
employers to reward and punish led to a 40% increase in the net payoffs
to all subjects, even when the payoff reductions resulting from employer
punishment of employees are taken into account.

We conclude from this study that subjects who assume the role of em-
ployee conform to internalized standards of reciprocity even when they
are certain there are no material repercussions from behaving in a self-
regarding manner. Moreover, subjects who assume the role of employer
expect this behavior and are rewarded for acting accordingly. Finally, em-
ployers reward good behavior and punish bad behavior when they are al-
lowed, and employees expect this behavior and adjust their own effort lev-
els accordingly. In general, then, subjects follow an internalized norm not
because it is prudent or useful to do so, or because they will suffer some
material loss if they do not, but rather because they desire to do this for its
own sake.

3.8 Altruistic Third-Party Punishment

Prosocial behavior in human society occurs not only because those directly
helped and harmed by an individual’s actions are likely to reciprocate in
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kind but also because there are general social norms that foster prosocial
behavior and many people are willing to bestow favors on someone who
conforms to social norms, and to punish someone who does not, even if they
are not personally helped or hurt by the individual’s actions. In everyday
life, third parties who are not the beneficiaries of an individual’s prosocial
act, help the individual and his family in times of need, preferentially trade
favors with the individual, and otherwise reward the individual in ways
that are not costly but are nonetheless of great benefit to the cooperator.
Similarly, third parties who have not been personally harmed by the selfish
behavior of an individual refuse aid even when it is not costly to do so, shun
the offender, and approve of the offender’s ostracism from beneficial group
activities, again at low cost to the third party but at high cost to the offender.

It is hard to conceive of human societies operating at a high level of effi-
ciency in the absence of such third-party reward and punishment. Yet, self-
regarding actors will never engage in such behavior if it is at all costly. Fehr
and Fischbacher (2004) addressed this question by conducting a series of
third-party punishment experiments using the Prisoner’s Dilemma (§2.10)
and the Dictator Game (§3.4). The experimenters implemented four exper-
imental treatments in each of which subjects were grouped into threes. In
each group, in stage 1, subject A played a Prisoner’s Dilemma or the Dic-
tator Game with subject B as the Receiver, and subject C was an outsider
whose payoff was not affected by A’s decision. Then, in stage two, subject
C was endowed with 50 points and allowed to deduct points from subject
A such that every 3 points deducted from A’s score cost C 1 point. In the
first treatment, TP-DG, the game was the Dictator Game, in which 4 was
endowed with 100 points, and could give 0, 10, 20, 30, 40, or 50 points to
B, who had no endowment.

The second treatment (TP-PD) was the same, except that the game was
the Prisoner’s Dilemma. Subjects A and B were each endowed with 10
points, and each could either keep the 10 points or transfer them to the other
subject, in which case the points were tripled by the experimenter. Thus, if
both cooperated, each earned 30 points, and if both defected, each earned
10 points. If one cooperated and one defected, however, the cooperator
earned O points and the defector earned 40 points. In the second stage, C
was given an endowment of 40 points, and was allowed to deduct points
from A and/or B, just as in the TP-DG treatment.

To compare the relative strengths of second- and third-party punishment
in the Dictator Game, the experimenters implemented a third treatment,
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S&P-DG. In this treatment, subjects were randomly assigned to player A
and player B, and A-B pairs were randomly formed. In the first stage of
this treatment, each A was endowed with 100 points and each B with none,
and the A’s played the Dictator Game as before. In the second stage of
each treatment, each player was given an additional 50 points, and the B
players were permitted to deduct points from A players on the same terms
as in the first two treatments. S&P-DG also had two conditions. In the S
condition, a B player could punish only his own Dictator, whereas in the T
condition, a B player could punish only an A player from another pair, to
which he was randomly assigned by the experimenters. In the 7' condition,
each B player was informed of the behavior of the A player to which he
was assigned.

To compare the relative strengths of second and third-party punishment in
the Prisoner’s Dilemma, the experimenters implemented a fourth treatment,
S&P-PG. This was similar to the S&P-DG treatment, except that now they
played the Prisoner’s Dilemma.?

In the first two treatments, because subjects were randomly assigned to
positions A, B, and C, the obvious fairness norm is that all should have
equal payoffs (an equality norm). For instance, if A gave 50 points to
B and C deducted no points from A, each subject would end up with 50
points. In the Dictator Game treatment, TP-DG, 60% of third parties (C's)
punished Dictators (As) who give less than 50% of the endowment to Re-
ceivers (Bs). Statistical analysis (ordinary least squares regression) showed
that for every point an A kept for himself above the 50-50 split, he was
punished an average 0.28 points by C’s, leading to a total punishment of
3 x 0.28 = 0.84 points. Thus, a Dictator who kept the whole 100 points
would have 0.84 x 50 = 42 points deducted by C’s, leaving a meager gain
of 8 points over equal sharing.

The results for the Prisoner’s Dilemma treatment, TP-PD, was similar,
with an interesting twist. If one partner in the A-B pair defected and the
other cooperated, the defector would have on average 10.05 points deducted
by Cs, but if both defected, the punished player lost only an average of 1.75
points. This shows that third parties (C's) cared not only about the intentions
of defectors but also about how much harm they caused and/or how unfair
they turned out to be. Overall, 45.8% of third parties punished defectors

3The experimenters never used value-laden terms such as “punish” but rather used
neutral terms, such as “deduct points.”
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whose partners cooperated, whereas only 20.8% of third parties punished
defectors whose partners defected.

Turning to the third treatment (S&P-DG), second-party sanctions of self-
ish Dictators were found to be considerably stronger than third-party sanc-
tions, although both were highly significant. On average, in the first con-
dition, where Receivers could punish their own Dictators, they imposed a
deduction of 1.36 points for each point the Dictator kept above the 50-50
split, whereas they imposed a deduction of only 0.62 point per point kept
on third-party Dictators. In the final treatment, S&P-PD, defectors were
severely punished by both second and third parties, but second-party pun-
ishment was again found to be much more severe than third-party punish-
ment.. Thus, cooperating subjects deducted on average 8.4 points from a
defecting partner, but only 3.09 points from a defecting third party.

This study confirms the general principle that punishing norm violators
is very common but not universal, and that individuals are prone to be more
harsh in punishing those who hurt them personally, as opposed to violating
a social norm that hurts others than themselves.

3.9 Altruism and Cooperation in Groups

A Public Goods Game is an n-person game in which, by cooperating, each
individual A adds more to the payoff of the other members than A’s cost of
cooperating, but A’s share of the total gains he creates is less than his cost
of cooperating. By not contributing, the individual incurs no personal cost
and produces no benefit for the group. The Public Goods Game captures
many social dilemmas, such as voluntary contribution to team and commu-
nity goals. Researchers (Ledyard 1995; Yamagishi 1986; Ostrom, Walker,
and Gardner 1992; Géchter and Fehr 1999) uniformly found that groups
exhibit a much higher rate of cooperation than can be expected assuming
the standard model of the self-regarding actor.

A typical Public Goods Game consists of a number of rounds, say 10.
In each round, each subject is grouped with several other subjects—say
3 others. Each subject is then given a certain number of points, say 20,
redeemable at the end of the experimental session for real money. Each
subject then places some fraction of his points in a “common account” and
the remainder in the subject’s “private account.” The experimenter then tells
the subjects how many points were contributed to the common account and
adds to the private account of each subject some fraction, say 40%, of the
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total amount in the common account. So if a subject contributes his whole
20 points to the common account, each of the 4 group members will receive
8 points at the end of the round. In effect, by putting the whole endowment
into the common account, a player loses 12 points but the other 3 group
members gain in total 24 (8 times 3) points. The players keep whatever is
in their private accounts at the end of the round.

A self-regarding player contributes nothing to the common account.
However, only a fraction of the subjects in fact conform to the self-regarding
model. Subjects begin by contributing on average about half of their en-
dowments to the public account. The level of contributions decays over the
course of the 10 rounds until in the final rounds most players are behaving
in a self-regarding manner. This is, of course, exactly what is predicted
by the strong reciprocity model. Because they are altruistic contributors,
strong reciprocators start out by contributing to the common pool, but in
response to the norm violation of the self-regarding types, they begin to
refrain from contributing themselves.

How do we know that the decay of cooperation in the Public Goods
Game is due to cooperators punishing free riders by refusing to contribute
themselves? Subjects often report this behavior retrospectively. More com-
pelling, however, is the fact that when subjects are given a more constructive
way of punishing defectors, they use it in a way that helps sustain cooper-
ation (Orbell, Dawes, and Van de Kragt 1986, Sato 1987, and Yamagishi
1988a, 1988b, 1992).

For instance, in Ostrom, Walker, and Gardner (1992) subjects in a Public
Goods Game, by paying a “fee,” could impose costs on others by “fining”
them. Because fining costs the individual who uses it but the benefits of
increased compliance accrue to the group as a whole, the only subgame
perfect Nash equilibrium in this game is for no player to pay the fee, so no
player is ever punished for defecting, and all players defect by contribut-
ing nothing to the public account. However, the authors found a signifi-
cant level of punishing behavior. The experiment was then repeated with
subjects being allowed to communicate without being able to make bind-
ing agreements. In the framework of the self-regarding actor model, such
communication is called cheap talk and cannot lead to a distinct subgame
perfect equilibrium. But in fact such communication led to almost perfect
cooperation (93%) with very little sanctioning (4%).

The design of the Ostrom-Walker-Gardner study allowed individuals to
engage in strategic behavior because costly punishment of defectors could

65



66

Chapter 3

increase cooperation in future periods, yielding a positive net return for the
punisher. What happens if we remove any possibility of punishment being
strategic? This is exactly what Fehr and Géchter (2000) studied.

Fehr and Gichter (2000) set up an experimental situation in which the
possibility of strategic punishment was removed. They used 6- and 10-
round Public Goods Games with groups of size 4, and with costly punish-
ment allowed at the end of each round, employing three different meth-
ods of assigning members to groups. There were sufficient subjects to run
between 10 and 18 groups simultaneously. Under the Partner treatment,
the four subjects remained in the same group for all 10 periods. Under the
Stranger treatment, the subjects were randomly reassigned after each round.
Finally, under the Perfect Stranger treatment, the subjects were randomly
reassigned but assured that they would never meet the same subject more
than once.
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Figure 3.4. Average contributions over time in the Partner, Stranger, and Per-
fect Stranger Treatments when the punishment condition is played first (Fehr and
Gichter 2000).
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Fehr and Giéchter (2000) performed their experiment for 10 rounds with
punishment and 10 rounds without. Their results are illustrated in figure 3.4.
We see that when costly punishment is permitted, cooperation does not de-
teriorate, and in the Partner game, despite strict anonymity, cooperation in-
creases almost to full cooperation even in the final round. When punishment
is not permitted, however, the same subjects experienced the deterioration
of cooperation found in previous Public Goods Games. The contrast in
cooperation rates between the Partner treatment and the two Stranger treat-
ments is worth noting because the strength of punishment is roughly the
same across all treatments. This suggests that the credibility of the punish-
ment threat is greater in the Partner treatment because in this treatment the
punished subjects are certain that, once they have been punished in previous
rounds, the punishing subjects are in their group. The prosociality impact
of strong reciprocity on cooperation is thus more strongly manifested, the
more coherent and permanent the group in question.*

Many behavioral game theorists have found that, while altruistic punish-
ment increases participation, it often leads to such a high level of punish-
ment that overall average payoffs, net of punishment, are low (Carpenter
and Matthews 2005; Page, Putterman, and Unel 2005; Casari and Luini
2007; Anderson and Putterman 2006; Nikiforakis 2008). Some have in-
terpreted this as showing that strong reciprocity “could not have evolved,”
or “is not an adaptation.” It is more likely, however, that the problem is
with the experiments themselves. These experiments attempt to refute the
standard “homo economicus” model of the self-regarding actor and do not
attempt to produce realistic punishment scenarios in the laboratory. In fact,
the motive for punishing norm violators is sufficiently strong as to lower
overall payoffs when not subject to some social regulation. In real soci-
eties, there tends to be collective control over the meting out of punishment,
and the excessive zeal of individual punishers is frowned upon and socially
punished. Indeed, in one of the rare studies that allowed groups to regu-
late punishment, Ertan, Page, and Putterman (2005) found that groups that
voted to permit only punishment of below-average or of average and below-
average contributors achieved significantly higher earnings than groups not
using punishment.

“In Fehr and Gichter (2002), the experimenters reverse the order of the rounds with
and without punishment to be sure that the decay in the “without punishment” phase was
not due to its occurring at the end rather than at the start of the game. It was not.
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3.10 Inequality Aversion

The inequality-averse individual exhibits a weak urge to reduce inequality
when on top and a strong urge to reduce inequality when on the bottom
(Loewenstein, Thompson, and Bazerman 1989). Since the advent of hier-
archical societies based on settled agriculture, societies have attempted to
inculcate in their less fortunate members precisely the opposite values—
subservience to and acceptance of the status quo. The widely observed
distaste for relative deprivation is thus probably a genetically based behav-
ioral characteristic of humans. Because small children spontaneously share
(even the most sophisticated of nonhuman primates, such as chimpanzees,
fail to do this), the urge of the fortunate to redistribute may also be part of
human nature, though doubtless a weaker impulse in most of us.

Support for inequality aversion comes from the anthropological literature.
H. sapiens evolved in small hunter-gatherer groups. Contemporary groups
of this type, although widely dispersed throughout the world, display many
common characteristics. This commonality probably reflects their common
material conditions. From this and other considerations we may tentatively
infer the social organization of early human society from that of these con-
temporary foraging societies (Woodburn 1982; Boehm 1982, 2000).

Such societies have no centralized structure of governance (state, judi-
cial system, church, Big Man), so the enforcement of norms depends on
the voluntary participation of peers. There are many unrelated individuals,
so cooperation cannot be explained by kinship ties. Status differences are
very circumscribed, monogamy is widely enforced,” members who attempt
to acquire personal power are banished or killed, and there is widespread
sharing of large game and other food sources that are subject to substantial
stochasticity, independent of the skill and/or luck of the hunters. Such con-
ditions are, of course, conducive to the emergence of inequality aversion.

We model inequality aversion following Fehr and Schmidt (1999). Sup-
pose the monetary payoffs to n players are given by 7 = (7, ..., 7,). We
take the utility function of player i to be

u,-(n)zn,-—naTil Z (nj—m)—n'bzl Z (wi — 7). (3.1

;> T <m;

SMonogamy in considered to be an extremely egalitarian institution for men because it
ensures that virtually all adult males will have a wife.
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A reasonable range of values for §; is 0 < 8; < 1. Note that when n = 2
and m; > m;, if B; = 0.5, then i is willing to transfer income to j dollar
for dollar until 7; = n;, and if B; = 1 and i has the highest payoff, then i
is willing to throw away money (or give it to the other players) at least until
n; = m; for some player j. We also assume B; < «;, reflecting the fact
that people are more sensitive to inequality when on the bottom than when
on the top.

We shall show that with these preferences we can reproduce some of the
salient behaviors in the Ultimatum and Public Goods games, where fairness
appears to matter, as well as in market games, where it does not.

Consider first the Ultimatum Game. Let y be the share the Proposer offers
the Responder, so the Proposer gets x = 1 — y. Because n = 2, we can
write the two utility functions as

) x—ai(1-2x) x <05

u(x) = { x—Bi2x—1) x>05 (3.2)
_Jy—a(l=2y) y <05

V)= { y—p22y—-1) y>05 (3-3)

We have the following theorem.

THEOREM 3.1 Suppose the payoffs in the Ultimatum Game are given by
(3.2) and (3.3) and a is uniformly distributed on the interval [0, o*]. Writ-
ing y* = a*/(1 4+ 2a*), we have the following:

a. If By > 0.5, the Proposer offers y = 0.5.
b. If By = 0.5, the Proposer offers y € [y*,0.5].
c. If B1 < 0.5, the Proposer offers y*.

In all cases the Responder accepts. We leave the proof, which is straight-
forward, to the reader.

Now suppose we have a Public Goods Game G with n > 2 players.
Each player i is given an amount 1 and decides independently what share
X; to contribute to the public account, after which the public account is
multiplied by a number a, with 1 > a > 1/n, and shared equally among
the players. Because 1 > a, contributions are costly to the contributor, and
because na > 1, the group benefits of contributing exceed the costs, so
contributing is a public good. The monetary payoff for each player then
becomes m; = 1 —x; + a 27:1 x;j, and the utility payoffs are given by
(3.1). We then have the following theorem.
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THEOREM 3.2 In the n-player Public Goods Game G,

a. If Bi < 1 — a for player i, then contributing nothing to the public
account is a dominant strategy for i (a strategy is dominant for player
i if it is a best response to any strategy profile of the other players).

b. If there are k > a(n — 1)/2 players with B; < 1 — a, then the only
Nash equilibrium is for all players to contribute nothing to the public
account.

c. Ifthere are k < a(n — 1)/2 players with B; < 1 — a and if all players
i with B; > 1 —a satisfy k/(n — 1) < (a + Bi — 1)/(o; + Bi), then
there is a Nash equilibrium in which the latter players contribute all
their money to the public account.

Note that if a player has a high  and hence could possibly contribute, but
also has a high « so the player strongly dislikes being below the mean, then
conditionk /(n—1) < (a+ Bi—1)/(a; + B;) in part (c) of the theorem will
fail. In other words, cooperation with defectors requires that contributors
not be excessively sensitive to relative deprivation.

The proof of this theorem is a bit tedious but straightforward and will be
left to the reader (or consult Fehr and Schmidt 1999). We prove only part
(c). We know from part (a) that players i with 8; < 1—a will not contribute.
Suppose B; > 1 — a and assume all other players satisfying this inequality
contribute all their money to the public account. By reducing his contribu-
tion by § > 0, player i saves (1 — a)§ directly and receives ko;6/(n — 1)
in utility from the higher returns compared to the noncontributors, minus
(n —k — 1)8B;/(n — 1) in utility from the lower returns compared with the
contributors. The sum must be nonpositive in a Nash equilibrium, which
reduces to the inequality in part (c).

Despite the fact that players have egalitarian preferences given by (3.1)
if the game played has sufficiently marketlike qualities, the unique Nash
equilibrium may settle on the competitive equilibrium however unfair this
appears to be to the participants. Consider the following theorem.

THEOREM 3.3 Suppose preferences are given by (3.1) and that $1 is to be
shared between player 1 and one of the players i = 2,...,n who sub-
mit simultaneous bids y; for the share they are willing to give to player 1.
The highest bid wins, and among equal highest bids, the winner is drawn
at random. Then, for any set of (a;, B;), in every subgame perfect Nash
equilibrium player 1 receives the whole $1.
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The proof is left to the reader. Show that at least two bidders will set their
yi’s to 1, and the seller will accept this offer.

3.11 The Trust Game

In the Trust Game, first studied by Berg, Dickhaut, and McCabe (1995),
subjects are each given a certain endowment, say $10. Subjects are then
randomly paired, and one subject in each pair, Alice, is told she can trans-
fer any number of dollars, from 0 to 10, to her (anonymous) partner, Bob,
and keep the remainder. The amount transferred will be tripled by the ex-
perimenter and given to Bob, who can then give any number of dollars back
to Alice (this amount is not tripled). If Alice transfers a lot, she is called
“trusting,” and if Bob returns a lot to Alice, he is called “trustworthy.” In
the terminology of this chapter, a trustworthy player is a strong reciproca-
tor, and a trusting player is an individual who expects his partner to be a
strong reciprocator.

If all individuals have self-regarding preferences, and if Alice believes
Bob has self-regarding preferences, she will give nothing to Bob. On the
other hand, if Alice believes Bob can be trusted, she will transfer all $10
to Bob, who will then have $40. To avoid inequality, Bob will give $20
back to Alice. A similar result will obtain if Alice believes Bob is a strong
reciprocator. On the other hand, if Alice is altruistic, she may transfer some
money to Bob, on the grounds that it is worth more to Bob (because it
is tripled) than it is to her, even if she does not expect anything back. It
follows that several distinct motivations can lead to a positive transfer of
money from Alice to Bob and then back to Alice.

Berg, Dickhaut, and McCabe (1995) found that, on average, $5.16 was
transferred from Alices to Bobs and on average, $4.66 was transferred back
from Bobs to Alices. Furthermore, when the experimenters revealed this
result to the subjects and had them play the game a second time, $5.36
was transferred from Alices to Bobs, and $6.46 was transferred back from
Bobs to Alices. In both sets of games there was a great deal of variabil-
ity: some Alices transferring everything and some transferring nothing, and
some Bobs more than fully repaying their partners, and some giving back
nothing.

Note that the term “trustworthy” applied to Bob is inaccurate because Bob
never, either explicitly or implicitly, promised to behave in any particular
manner, so there is nothing concrete that Alice might trust him to do. The
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Trust Game is really a strong reciprocity game in which Alice believes with
some probability that Bob is a sufficiently motivated strong reciprocator
and Bob either does or does not fulfill this expectation. To turn this into
a real Trust Game, the second player should be able to promise to return
a certain fraction of the money passed to him. We investigate this case in
§3.12.

To tease apart the motivations in the Trust Game, Cox (2004) imple-
mented three treatments, the first of which, treatment A, was the Trust
Game as described above. Treatment B was a Dictator Game (§3.8) exactly
like treatment A, except that now Bob could not return anything to Alice.
Treatment C differs from treatment A in that each Alice was matched one-
to-one with an Alice in treatment 4, and each Bob was matched one-to-one
with a Bob in treatment A. Each player in treatment C was then given an
endowment equal to the amount his corresponding player had after the A-
to- B transfer, but before the B-to-A transfer in treatment A. In other words,
in treatment C, the Alice group and the Bob group have exactly what they
had under treatment A, except that Alice now had nothing to do with Bob’s
endowment, so nothing transferred from Bob to Alice could be accounted
for by strong reciprocity.

In all treatments, the rules of the game and the payoffs were accurately
revealed to the subjects. However, in order to rule out third-party altruism
(§3.8), the subjects in treatment C were not told the reasoning behind the
sizes of their endowments. There were about 30 pairs in each treatment,
each treatment was played two times, and no subject participated in more
than one treatment. The experiment was run double-blind (subjects were
anonymous to one another and to the experimenter).

In treatment B, the Dictator Game counterpart to the Trust Game, Alice
transferred on average $3.63 to player B, as opposed to $5.97 in treatment
A. This shows that $2.34 of the $5.97 transferred to B in treatment A
can be attributed to trust, and the remaining $3.63 to some other motive.
Because players A and B both have endowments of $10 in treatment B this
other motive cannot be inequality aversion. This transfer may well reflect
a reciprocity motive of the form, “If someone can benefit his partner at a
cost that is low compared to the benefit, he should do so, even if he is on
the losing end of the proposition.” But we cannot tell from the experiment
exactly what the $3.63 represents.

In treatment C, the player B Dictator Game counterpart to the Trust
Game, player B returned an average of $2.06, as compared with $4.94 in
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treatment A. In other words, $2.06 of the original $4.94 can be interpreted
as a reflection of inequality aversion, and the remaining $2.88 is a reflection
of strong reciprocity.

Several other experiments confirm that other-regarding preferences de-
pend on the actions of individuals and not simply on the distribution of
payoffs, as is the case with inequality aversion. Charness and Haruvy
(2002), for instance, developed a version of the gift exchange labor mar-
ket described in §3.7 capable of testing self-regarding preferences, pure al-
truism, inequality aversion, and strong reciprocity simultaneously. Strong
reciprocity had by far the greatest explanatory value.

3.12 Character Virtues

Character virtues are ethically desirable behavioral regularities that indi-
viduals value for their own sake, while having the property of facilitating
cooperation and enhancing social efficiency. Character virtues include hon-
esty, loyalty, trustworthiness, promise keeping, and fairness. Unlike such
other-regarding preferences as strong reciprocity and empathy, these char-
acter virtues operate without concern for the individuals with whom one
interacts. An individual is honest in his transactions because this is a de-
sired state of being, not because he has any particular regard for those with
whom he transacts. Of course, the sociopath “Homo economicus” is honest
only when it serves his material interests to be so, whereas the rest of us are
at times honest even when it is costly to be so and even when no one but us
could possibly detect a breach.

Common sense, as well as the experiments described below, indicate that
honesty, fairness, and promise keeping are not absolutes. If the cost of
virtue is sufficiently high, and the probability of detection of a breach of
virtue is sufficiently small, many individuals will behave dishonestly. When
one is aware that others are unvirtuous in a particular region of their lives
(e.g., marriage, tax paying, obeying traffic rules, accepting bribes), one is
more likely to allow one’s own virtue to lapse. Finally, the more easily
one can delude oneself into inaccurately classifying an unvirtuous act as
virtuous, the more likely one is to allow oneself to carry out such an act.

One might be tempted to model honesty and other character virtues as
self-constituted constraints on one’s set of available actions in a game, but
a more fruitful approach is to include the state of being virtuous in a certain
way as an argument in one’s preference function, to be traded off against

73



74

Chapter 3

other valuable objects of desire and personal goals. In this respect, character
virtues are in the same category as ethical and religious preferences and are
often considered subcategories of the latter.

Numerous experiments indicate that most subjects are willing to sacri-
fice material rewards to maintain a virtuous character even under condi-
tions of anonymity. Sally (1995) undertook a meta-analysis of 137 ex-
perimental treatments, finding that face-to-face communication, in which
subjects are capable of making verbal agreements and promises, was the
strongest predictor of cooperation. Of course, face-to-face interaction vio-
lates anonymity and has other effects besides the ability to make promises.
However, both Bochet, Page, and Putterman (2006) and Brosig, Ockenfels,
and Weimann (2003) report that only the ability to exchange verbal infor-
mation accounts for the increased cooperation.

A particularly clear example of such behavior is reported by Gneezy
(2005), who studied 450 undergraduate participants paired off to play three
games of the following form, all payoffs to which were of the form (b, a),
where player 1, Bob, receives b and player 2, Alice, receives a. In all
games, Bob was shown two pairs of payoffs, A:(x, y) and B:(z, w) where
X, y, z,and w are amounts of money with x < z and y > w, so in all cases
B is better for Bob and A is better for Alice. Bob could then say to Alice,
who could not see the amounts of money, either “Option A will earn you
more money than option B,” or “Option B will earn you more money than
option A.” The first game was A:(5,6) vs. B:(6,5) so Bob could gain 1 by
lying and being believed while imposing a cost of 1 on Alice. The second
game was A:(5,15) vs. B:(6,5), so Bob could gain 1 by lying and being
believed, while still imposing a cost of 10 on Alice. The third game was
A:(5,15) vs. B:(15,5), so Bob could gain 10 by lying and being believed,
while imposing a cost of 10 on Alice.

Before starting play, Gneezy asked the various Bobs whether they ex-
pected their advice to be followed. He induced honest responses by promis-
ing to reward subjects whose guesses were correct. He found that 82% of
Bobs expected their advice to be followed (the actual number was 78%). It
follows from the Bobs’ expectations that if they were self-regarding, they
would always lie and recommend B to Alice.

The experimenters found that, in game 2, where lying was very costly
to Alice and the gain from lying was small for Bob, only 17% of Bobs
lied. In game 1, where the cost of lying to Alice was only 1 but the gain to
Bob was the same as in game 2, 36% of Bobs lied. In other words, Bobs
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were loathe to lie but considerably more so when it was costly to Alices. In
game 3, where the gain from lying was large for Bob and equal to the loss to
Alice, fully 52% of Bobs lied. This shows that many subjects are willing to
sacrifice material gain to avoid lying in a one-shot anonymous interaction,
their willingness to lie increasing with an increased cost to them of truth
telling, and decreasing with an increased cost to their partners of being
deceived. Similar results were found by Boles, Croson, and Murnighan
(2000) and Charness and Dufwenberg (2004). Gunnthorsdottir, McCabe,
and Smith (2002) and Burks, Carpenter, and Verhoogen (2003) have shown
that a socio-psychological measure of “Machiavellianism” predicts which
subjects are likely to be trustworthy and trusting.

3.13 The Situational Character of Preferences

This chapter has deepened the rational actor model, allowing it to apply
to situations of strategic interaction. We have found that preferences are
other-regarding as well as self-regarding. Humans have social preferences
that facilitate cooperation and exchange, as well as moral preferences for
such personal character virtues as honesty and loyalty. These extended
preferences doubtless contribute to longrun individual well-being (Konow
and Earley 2008). However, social and moral preferences are certainly not
merely instrumental, because individuals exercise these preferences even
when no longrun benefits can accrue.

Despite this deepening of rational choice, we have conserved the notion
that the individual has an immutable underlying preferences ordering that
entails situationally specific behaviors, depending on the particular strate-
gic interaction involved. Our analysis in §7.8, however, is predicated upon
the denial of this immutability. Rather, we suggest that generally a social
situation, which we call a frame, is imbued with a set of customary social
norms that individuals often desire to follow simply because these norms
are socially appropriate in the given frame. To the extent that this occurs,
preferences themselves, and not just their behavioral implications, are sit-
uationally specific. The desire to conform to the moral and conventional
standards that people associate with particular social frames thus represents
a meta-preference that regulates revealed preferences in specific social sit-
uations.

We present two studies by Dana, Cain, and Dawes (2006) that illus-
trate the situational nature of preferences and the desire to conform to so-
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cial norms (which we term normative predisposition in chapter 7). The
first study used 80 Carnegie-Mellon University undergraduate subjects who
were divided into 40 pairs to play the Dictator Game (§3.4), one member
of each pair being randomly assigned to be the Dictator, the other to be the
Receiver. Dictators were given $10, and asked to indicate how many dol-
lars each wanted to give the Receiver, but the Receivers were not informed
they were playing a Dictator Game. After making their choices, but before
informing the Receivers about the game, the Dictators were presented with
the option of accepting $9 rather than playing the game. They were told
that if a Dictator took this option, the Receiver would never find out that the
game was a possibility and would go home with their show-up fee alone.

Eleven of the 40 Dictators took this exit option, including 2 who had
chosen to keep all of the $10 in the Dictator Game. Indeed, 46% of the
Dictators who had chosen to give a positive amount to their Receivers took
the exit option in which the Receiver got nothing. This behavior is not
compatible with the concept of immutable preferences for a division of
the $10 between the Dictator and the Receiver because individuals who
would have given their Receiver a positive amount in the Dictator Game
instead gave them nothing by avoiding playing the game, and individuals
who would have kept the whole $10 in the Dictator Game were willing to
take a $1 loss not to have to play the game.

To rule out other possible explanations of this behavior, the authors exe-
cuted a second study in which the Dictator was told that the Receiver would
never find out that a Dictator Game had been played. Thus, if the Dictator
gave $5 to the Receivers, the latter would be given the $5 but would be
given no reason why. In this new study, only 1 of 24 Dictators chose to take
the $9 exit option. Note that in this new situation, the same social situation
between Dictator and Receiver obtains both in the Dictator Game and in the
exit option. Hence, there is no difference in the norms applying to the two
options, and it does not make sense to forfeit $1 simply to have the game
not called a Dictator Game.

The most plausible interpretation of these results is that many subjects
felt obliged to behave according to certain norms when playing the Dictator
Game, or violated these norms in an uncomfortable way, and were willing
to pay simply not to be in a situation subject to these norms.
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3.14 The Dark Side of Altruistic Cooperation

The human capacity to cooperate in large groups by virtue of prosocial
preferences extends not only to exploiting nature but also to conquering
other human groups as well. Indeed, even a slight hint that there may be
a basis for inter-group competition induces individuals to exhibit insider
loyalty and outsider hostility (Dawes, de Kragt, and Orbell 1988; Tajfel
1970; Tajfel et al. 1971; Turner 1984). Group members then show more
generous treatment to in-group members than to out-group members even
when the basis for group formation is arbitrary and trivial (Yamagishi, Jin,
and Kiyonari 1999; Rabbie, Schot, and Visser 1989).

An experiment conducted by Abbink et al. (2007), using undergraduate
students recruited at the University of Nottingham, is an especially dramatic
example of the tendency for individuals willingly to escalate a conflict well
beyond the point of serving their interests in terms of payoffs alone. Ex-
perimenters first had pairs of students i = 1,2 play the following game.
Each individual was given 1000 points and could spend any portion of it,
X;i, on “armaments.” The probability of player i winning was then set to
pi = xi/(x1 + x2).

We can find the Nash equilibrium of this game as follows. If player 1
spends x;, then the expenditure of player 2 that maximizes the expected

payoff is given by
x5 = y/1000x; — x;.

The symmetric Nash equilibrium sets x; = x5, which gives x] = x5 =
250. Indeed, if one player spends more than 250 points, the other player’s
best response is to spend less than 250 points.

Fourteen pairs of subjects played this game in pairs for 20 rounds, each
with the same partner. The average per capita armament expenditure started
at 250% of the Nash equilibrium in round 1 and showed some tendency to
decline, reaching 160% of the Nash level after 20 rounds.

The experimenters also played the same game with 4 players on each
team, where each player on the winning team received 1000 points. It is
easy to show that now the Nash equilibrium has each team spending 250
points on armaments. To see this, we write player 1’s expected payoff as

1000 Y7, x;
Yimi
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Differentiating this expression, setting the result to zero, and solving for x;

gives
8

X1 = \/1000()65 + X6 + X7 + Xg) — ZX,‘.
i=2
Now, equating all the x;’s to find the symmetric equilibrium, we find x* =
62.5 = 250/4. In this case, however, the teams spent about 600% of the
optimum in the first few periods, and this declined fairly steadily to 250%
of the optimum in the final few periods.

This experiment showcases the tendency of subjects to overspend vastly
for competitive purposes, although familiarity with the game strongly
dampens this tendency, and had the participants played another 20 periods,
we might have seen an approach to best response behavior.

However, the experimenters followed up the above treatments with an-
other in which, after each round, players were allowed to punish other
players based on the level of their contributions in the previous period. The
punishment was costly, three tokens taken from the punishee costing the
punisher one token. This, of course, mirrors the Public Goods Game with
costly punishment (§3.9), and indeed this game does have a public goods
aspect since the more one team member contributes, the less the best re-
sponse contribution of the others, because the optimal total contribution of
team members is 250, no matter how it is divided up among the members.

In this new situation, competition with punishment, spending started at
640% of the best response level, rose to a high of 1000% of this level, and
settled at 900% of the best response level in period 7, showing no tendency
to increase or decrease in the remaining 13 periods. This striking behavior
shows that the internal dynamics of altruistic punishment are capable of
sustaining extremely high levels of combat expenditure far in excess of
the material payoff-maximizing level. While much more work in this area
remains to be done, it appears that the same prosocial preferences that allow
humans to cooperate in large groups of unrelated individuals are also turned
into the goal of mutual self-destruction with great ease.

3.15 Norms of Cooperation: Cross-Cultural Variation

Experimental results in the laboratory would not be very interesting if they
did not aid us in understanding and modeling real-life behavior. There are
strong and consistent indications that the external validity of experimen-
tal results 1s high. For instance, Binswanger (1980) and Binswanger and
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Sillers (1983) used survey questions concerning attitudes towards risk and
experimental lotteries with real financial rewards to successfully predict the
investment decisions of farmers. Glaeser et al. (2000) explored whether ex-
perimental subjects who trusted others in the Trust Game (§3.11) also be-
haved in a trusting manner with their own personal belongings. The authors
found that experimental behavior was a quite good predictor of behavior
outside the laboratory, while the usual measures of trust, based on survey
questions, provided virtually no information. Genesove and Mayer (2001)
showed that loss aversion determined seller behavior in the 1990s Boston
housing market. Condominium owners subject to nominal losses set selling
prices equal to the market rate plus 25% to 35% of the difference between
their purchase price and the market price and sold at prices 3% to 18% of
this difference. These findings show that loss aversion is not confined to
the laboratory but affects behavior in a market in which very high financial
gains and losses can occur.

Similarly, Karlan (2005) used the Trust Game and the Public Goods
Game to predict the probability that loans made by a Peruvian microfi-
nance lender would be repaid. He found that individuals who were trust-
worthy in the Trust Game were less likely to default. Also, Ashraf, Karlan,
and Yin (2006) studied Phillipino women, identifying through a baseline
survey those women exhibited a lower discount rate for future relative to
current tradeoffs. These women were indeed significantly more likely to
open a savings account, and after 12 months, average savings balances in-
creased by 81 percentage points for those clients assigned to a treatment
group based on their laboratory performance, relative to those assigned to
the control group. In a similar vein, Fehr and Goette (2007) found that in a
group of bicycle messengers in Ziirich, those and only those who exhibited
loss aversion in a laboratory survey also exhibited loss aversion when faced
with real-life wage rate changes. For additional external validity studies,
see Andreoni, Erard, and Feinstein (1998) on tax compliance (§3.4), Bew-
ley (2000) on fairness in wage setting, and Fong, Bowles, and Gintis (2005)
on support for income redistribution.

In one very important study, Herrmann, Thoni, and Géchter (2008) had
subjects play the Public Goods Game with punishment (§3.9) with 16 sub-
ject pools in 15 different countries with highly varying social characteris-
tics (one country, Switzerland, was represent by two subject pools, one in
Zurich and one in St. Gallen). To minimize the social diversity among sub-
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ject pools, they used university students in each country. The phenomenon
they aimed to study was antisocial punishment.

The phenomenon itself was first noted by Cinyabuguma, Page, and Put-
terman (2004), who found that some free riders, when punished, responded
not by increasing their contributions, but rather by punishing the high con-
tributors! The ostensible explanation of this perverse behavior is that some
free riders believe it is their personal right to free-ride if they so desire,
and they respond to the “bullies” who punish them in a strongly reciprocal
manner—they retaliate against their persecutors. The result, of course, is a
sharp decline in the level of cooperation for the whole group.
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Figure 3.5. Countries judged highly democratic (political rights, civil liberties,
press freedom, low corruption) by the World Democracy Audit engage in very
little antisocial punishment, and conversely. (Statistics from Herrmann, Thoni,
and Géchter, 2008.)

This behavior was later reported by Denant-Boemont, Masclet, and Nous-
sair (2007) and Nikiforakis (2008), but because of its breadth, the Her-
rmann, Thoni, and Gichter study is distinctive for its implications for so-
cial theory. They found that in some countries, antisocial punishment was
very rare, while in others it was quite common. As can be seen in fig-



Game Theory and Human Behavior

ure 3.5, there is a strong negative correlation between the amount of anti-
punishment exhibited and the World Development Audit’s assessment of
the level of democratic development of the society involved.

Figure 3.6 shows that a high level of antisocial punishment in a group
translates into a low level of overall cooperation. The researchers first ran
10 rounds of the Public Goods Game without punishment (the N condi-
tion), and then another 10 rounds with punishment (the P condition). The
figures show clearly that the more democratic countries enjoy a higher av-
erage payoff from payoffs in the Public Goods Game.
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Figure 3.6. Antisocial punishment leads to low payoffs (Statistics from Herrmann,
Thoni, and Géchter, Online Supplementary Material, 2008).

How might we explain this highly contrasting social behavior in uni-
versity students in democratic societies with advanced market economies
on the one hand, and more traditional societies based on authoritarian and
parochial social institutions on the other? The success of democratic mar-
ket societies may depend critically upon moral virtues as well as material
interests, so the depiction of economic actors as “homo economicus” is as
incorrect in real life as it is in the laboratory. These results indicate that
individuals in modern democratic capitalist societies have a deep reservoir
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of public sentiment that can be exhibited even in the most impersonal in-
teractions with unrelated others. This reservoir of moral predispositions is
based upon an innate prosociality that is a product of our evolution as a
species, as well as the uniquely human capacity to internalize norms of so-
cial behavior. Both forces predispose individuals to behave morally, even
when this conflicts with their material interests, and to react to public dis-
approbation for free-riding with shame and penitence rather than antisocial
self-aggrandizement.

More pertinent to the purposes of behavioral game theory, this experiment
shows that laboratory games can be deployed to shed light on real-life social
regularities that cannot be explained by participant observation or cross-
country statistical analysis alone.



4

Rationalizability and Common Knowledge of
Rationality

Men tracht un Got lacht
(Mortals scheme and God laughs)

Yiddish proverb

To determine what a rational player will do in a game, eliminate strategies
that violate the cannons of rationality. Whatever is left we call rationaliz-
able. We show that rationalizability in normal form games is equivalent to
the iterated elimination of strongly dominated strategies, and the epistemo-
logical justification of rationalizability depends on the common knowledge
of rationality (Tan and Werlang 1988).

If there is only one rationalizable strategy profile, it must be a Nash equi-
librium, and it must be the choice of rational players, provided there is
common knowledge of rationality.

There is no plausible set of epistemic conditions that imply the common
knowledge of rationality. This perhaps explains the many non-obvious, in-
deed perplexing, arguments surrounding the iterated elimination of strongly
dominated strategies, some of which are presented and analyzed below.

4.1 Epistemic Games

The Nash equilibrium criterion (§2.4) does not refer to the knowledge or
beliefs of players. If players are Bayesian rational (§1.5), however, they
then have beliefs concerning the behavior of the other players, and they
maximize their expected utility by choosing best responses given these be-
liefs. Thus, to investigate the implications of Bayesian rationality, we must
incorporate beliefs into the description of the game.

An epistemic game G consists of a normal form game with players i =
1,...,n and a finite pure-strategy set S; for each playeri, so S =[]/, S
is the set of pure-strategy profiles for G, with payoffs 7; :S —R. In addition,
G includes a set of possible states €2 of the game, a knowledge partition P;

83



84

Chapter 4

of Q for each player i, and a subjective prior (§1.5) p;(-; w) over 2 that is
a function of the current state w. A state w specifies, possibly among other
aspects of the game, the strategy profile s used in the game. We write this
s = s(w). Similarly, we write s; = s; (w) and s—; = s_; ().

The subjective prior p; (-; ) represents the i ’s beliefs concerning the state
of the game, including the choices of the other players, when the actual
state is w. Thus, p;(w’; w) is the probability i places on the current state
being w’ when the actual state is w. Recall from §1.6 that a partition of
a set X is a set of mutually disjoint subsets of X whose union is X. We
write the cell of the partition P; containing state @ as P; w, and we interpret
P;w € P; as the set of states that i considers possible (i.e., among which
i cannot distinguish) when the actual state is w. Therefore, we require
that P;w = {0’ € Q|p;(v’|w) > 0}. Because i cannot distinguish among
states in the cell P; w of his knowledge partition P;, his subjective prior must
satisfy p; (0”; w) = pi(0”; ') forall w” € Q and all ®’ € P;w. Moreover,
we assume a player believes the actual state is possible, so p; (w|w) > 0 for
all w € Q.

If ¥ (w) is a proposition that is true or false at w for each w € 2, we write
[V] = {w € Q|Y(w) = true}; i.e., [¥] is the set of states for which ¥ is
true.

The possibility operator P; has the following two properties: for all
w,w € Q,

(P1) w e Piw
(P2) a)’ePl-a) =>Pl-a)’ =Pow

P1 says that the current state is always possible (i.e., p; (w|w) > 0), and P2
follows from the fact that P; is a partition: if @’ € P;w, then P;w’ and P;w
have nonempty intersection, and hence must be identical.

We call aset £ C €2 an event, and we say that player i knows the event E
at state w if P;w C E;i.e., o’ € E for all states ' that i considers possible
at w. We write K; E for the event that i knows E.

Given a possibility operator P;, we define the knowledge operator K; by

Kl'E = {a)|Pl-a) - E}

The most important property of the knowledge operator is K; £ C Ej; i.e.,
if an agent knows an event E in state w (i.e., v € K; E), then E is true in
state o (i.e., w € E). This follows directly from P1.
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We can recover the possibility operator P;@ for an individual from his
knowledge operator K;, because

Piw = |{Elw € KE}. (4.1)

To verify this equation, note that if w € K; E, then P;w C E, so the left
hand side of (4.1) is contained in the right hand side. Moreover, if @’ is
not in the right hand side, then w’ ¢ E for some E with v € K;E, so
Piw C E, so o’ ¢ P;w. Thus the right hand side of (4.1) is contained in
the left.

To visualize a partition P of the universe into knowledge cells P; @, think
of the universe €2 as a large cornfield consisting of a rectangular array of
equally spaced stalks. A fence surrounds the whole cornfield, and fences
running north/south and east/west between the rows of corn divide the field
into plots, each completely fenced in. States w are cornstalks. Each plot is
a cell P;w of the partition, and for any event (set of cornstalks) E, K; E is
the set of plots completely contained in £ (Collins 1997).

For example, suppose Q = S = []'_, Si, where S; is the set of pure
strategies of player i in a game G. Then, P3; = {s = (51,...,5,) € Q|s3 =
t € S3} is the event that player 3 uses pure strategy ¢. More generally, if P; is
i’s knowledge partition, and if i knows his own choice of pure strategy but
not that of the other players, each P € P; has the form P;; ={s=(t,s5_;) €
S|t € S;,s—; € S_;}. Note thatif ¢,¢" € S;,thent #t' = P;; N Pipy =0
and U;es, Pi; = €2, so P; is indeed a partition of 2.

If P; is a possibility operator for i, the sets {P;w|w € 2} form a partition
P of 2. Conversely, any partition P of €2 gives rise to a possibility operator
P;, two states w and w’ being in the same cell iff @’ € P;w. Thus, a
knowledge structure can be characterized by its knowledge operator K;,
by its possibility operator P;, by its partition structure P, or even by the
subjective priors p; (-|w).

To interpret the knowledge structure, think of an event as a set of possible
worlds in which some proposition is true. For instance, suppose E is the
event “itis raining somewhere in Paris” and let w be a state in which Alice is
walking through the Jardin de Luxembourg where it is raining. Because the
Jardin de Luxembourg is in Paris, w € E. Indeed, in every state ’ € Pyw
that Alice believes is possible, it is raining in Paris, so Pyw C E;i.e., Alice
knows that it is raining in Paris. Note that P4w # E, because, for instance,
there is a possible world @’ € E in which it is raining in Montmartre but not
in the Jardin de Luxembourg. Then, o’ ¢ Pqw, butw € E.
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Since each state w in epistemic game G specifies the players’ pure strategy
choices s(w) = (s1(w), ...,sy(w)) € S, the players’ subjective priors must
specify their beliefs ¢{’, . .. , ¢’ concerning the choices of the other players.
We have ¢ € AS_;, which allows i to assume other players’ choices are
correlated. This is because, while the other players choose independently,
they may have communalities in beliefs that lead them independently to
choose correlated strategies.

We call ¢ player i’s conjecture concerning the behavior of the other
players at w. Player i’s conjecture is derived from i’s subjective prior by
noting that [s_;] =, [s—; (w) = s_;] is an event, so we define ¢ (s_;) =
pi([s—i]; ), where [s_;] C € is the event that the other players choose
strategy profile s_;. Thus, at state w, each player i takes the action s; (w) €
S; and has the subjective prior probability distribution ¢ over S_;. A
player i is deemed Bayesian rational at w if s; (w) maximizes 7; (s;, ¢;°),
where

i (i ) =t Z &P (s—)mi(si,5-i). 4.2)
S_;€S_;
In other words, player i is Bayesian rational in epistemic game G if his
pure-strategy choice s; (w) € S; for every state w € €2 satisfies

n,-(s,-(a)),qﬁlf”) > Jr,-(s,-,qﬁlf") for s; € §;. 4.3)

We take the above to be the standard description of an epistemic game,
so we assume without comment that if G is an epistemic game, then the
players are i = 1,...,n, the state space is €2, the strategy profile at w is
s(w), the conjectures are ¢, i’s subjective prior at @ is p;(-|w), and so on.

4.2 A Simple Epistemic Game

Suppose Alice and Bob each choose heads (h) or tails (t), neither observing
the other’s choice. We can write the universe as 2 = {hh, ht, th, tt}, where
xy means Alice chooses x and Bob chooses y. Alice’s knowledge partition
is then P4 = {{hh, ht}, {th, tt}}, and Bob’s knowledge partition is Pp =
{{hh, th}, {ht, tt}}. Alice’s possibility operator P4 satisfies P4hh = P4ht =
{hh, ht} and P4th = P4tt = {th, tt}, whereas Bob’s possibility operator Pp
satisfies Pghh = Pgth = {hh, th} and Pght = Pptt = {ht, tt}.

In this case, the event “Alice chooses h” is E fl‘ = {hh, ht}, and because
P4hh, P4ht C E, Alice knows Efl‘ whenever E” occurs (i.e., E! = K; Efl‘).
The event £ 2; expressing “Bob chooses h”is E = {hh, th}, and Alice does
not know E because at th Alice believes tt is possible, but tt ¢ £ g.
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4.3 An Epistemic Battle of the Sexes

Consider the Battle of the Sexes (§2.8), de- Violetta

: . Alfredo g 0
picted to the right. Suppose there are four
types of Violettas, Vi, V5, V3, V4, and four g 2,1 0,0
types of Alfredos, Ay, A, A3, A4. Violetta
V1 plays t; = o0 and conjectures that Alfredo 0 0,0 1.2

chooses o. Violetta V, plays t, = g and con-

jectures that Alfredo chooses g. Violetta V3 plays 3 = g and conjectures
that Alfredo plays his mixed-strategy best response. Finally, Violetta V4
plays t4 = o0 and conjectures that Alfredo plays his mixed-strategy best re-
sponse. Correspondingly, Alfredo A; plays s; = o and conjectures that
Violetta chooses o. Alfredo A, plays s, = g and conjectures that Violetta
plays g. Alfredo A3 plays s3 = g and conjectures that Violetta plays her
mixed-strategy best response. Finally, Alfredo A4 plays s4 =0 and conjec-
tures that Violetta plays her mixed-strategy best response.

A state of the game is w;; = (A;,V;,si,tj), wherei,j =1,...,4. We
write a)lf? = A, a)l-‘; =V, 0f = si, 0, = 1.

Define E#A = {w;; € S2|a)l-‘;4 = A;}and E) = {w;; € S2|a)l-‘; =V}
Then, E;‘l is the event that Alfredo’s type is A;, and E jV is the event that Vi-
oletta’s type is V. Since each type is associated with a given pure strategy,
Alfredo’s knowledge partition is {El-A,i =1,...,4} and Violetta’s knowl-
edge partitionis {E/,i = 1,...,4}.

Note that both players are Bayesian rational at each state of the game
because each strategy choice is a best response to the player’s conjecture.
Also, a Nash equilibrium occurs at w1, w22, w33 and wa4, although at only
the first two of these are the players’ conjectures correct. Of course, there
is no mixed-strategy Nash equilibrium, because each player chooses a pure
strategy in each state. However, if we define a Nash equilibrium in con-
Jectures at a state as a situation in which each player’s conjecture is a best
response to the other player’s conjecture, then w;; is a Nash equilibrium in
conjectures fori = 1,...,4, and w34 and w43 are also equilibria in conjec-
tures. Note that in this case, if Alfredo and Violetta have common priors
and mutual knowledge of rationality, their choices form a Nash equilibrium
in conjectures. We will generalize this in theorem 8.2.
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4.4 Dominated and Iteratedly Dominated Strategies

We say s, € S is strongly dominated by s; € S; if, for every o_; € A*S_;,
7i(si,0-i) > mwi(s;,0-;). We say s; is weakly dominated by s; if, for every
o_j € A*S_;, mi(s;i,0-;) > m;(s;,0_;) and for at least one choice of o_;,
the inequality is strict. A strategy may fail to be strongly dominated by
any pure strategy but may nevertheless be strongly dominated by a mixed
strategy (§4.11).

L C R
u 02031123 L C R
v | 1al21]a0
v 14l21 41—
D | 2.1]44]32
D 2114432 ¢
L C L 'C
D ~_ s[4 |21
v D 21 |44
C

D44

Figure 4.1. The iterated elimination of strongly dominated strategies

Having eliminated dominated strategies for each player, it often turns
out that a pure strategy that was not dominated at the outset is now dom-
inated. Thus, we can undertake a second round of eliminating dominated
strategies. Indeed, this can be repeated until no remaining pure strategy
can be eliminated in this manner. In a finite game, this occurs after a finite
number of rounds and always leaves at least one pure strategy remaining
for each player. If strongly (respectively, weakly) dominated strategies are
eliminated, we call this the iterated elimination of strongly (respectively,
weakly) dominated strategies. We call a pure strategy eliminated by this
procedure an iteratedly dominated strategy.

Figure 4.1 illustrates the iterated elimination of strongly dominated strate-
gies. First, U 1is strongly dominated by D for player 1. Second, R is
strongly dominated by 0.5L +0.5C for player 2 (note that a pure strategy
in this case is not dominated by any other pure strategy, but is strongly
dominated by a mixed strategy). Third, M is strongly dominated by D,



Rationalizability

and finally, L is strongly dominated by C. Note that {D,C} is indeed the
unique Nash equilibrium of the game.

4.5 Eliminating Weakly Dominated Strategies

It seems completely plausible that a rational player will never use a weakly
dominated strategy, since it cannot hurt, and can possibly help, to switch
to a strategy that is not weakly dominated. However, this intuition is faulty
for many reasons that will be explored in the sequel. We begin with an
example, due to Rubinstein (1991), that starts with the Battle of the Sexes
game G (§2.8), where if players choose gg, Alfredo gets 3 and Violetta gets
1, if they choose oo, Alfredo gets 1 and Violetta gets 3, and if they choose
og or go, both get nothing. Now, suppose Alfredo says to Violetta before
they make their choices, “I have the option of throwing away 1 before I
choose, if I so desire.” Now the new game G is shown in figure 4.2.

Alfredo

No Throw

Throw
Away

Away

Alfredo Alfredo

3,1 0,0 0,0 1,3 2.1 -1,0 —1,0 0,3
Figure 4.2. Battle of the Sexes with money burning

This game has many Nash equilibria. Suppose apply the iterated elimina-
tion of weakly dominated strategies to the normal form of this game. The
normal form is shown in figure 4.3, where nx means “don’t burn, choose x,”
bx means “burn money (throw away 1) and choose x,” gg means “choose
g,” oo means “choose 0,” go means “choose g if Alfredo does not burn and
choose o if Alfredo burns,” and og means “choose o if Alfredo does not
burn and choose g if Alfredo burns.”

Let us assume rational players reject weakly dominated strategies, and as-
sume it is common knowledge that Alfredo and Violetta are rational. Then,
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g8 144 0g 00
ng 3,1 3,1 0,0 0,0
no 0,0 0,0 1,3 1,3
bgl 21 | -1,0| 21 | _1.0
bol —1,00 0,3 —1,0 0,3

Figure 4.3. Normal form of the Battle of the Sexes with money burning

bo is weakly dominated by ng, so Alfredo will not use ho. But then Vi-
oletta knows Alfredo is rational, so she eliminates bo from the running,
after which oo is weakly dominated by og. Since Violetta is rational, she
eliminates og, after which go is weakly dominated by gg, so Violetta elim-
inates these two strategies. Since Alfredo knows Violetta has eliminated
these strategies, then no is weakly dominated by bg, so Alfredo eliminates
no. But, Violetta then knows that Alfredo has made this elimination, so og
is weakly dominated by gg, and she eliminates og. But, Alfredo knows
this as well, so now bg is weakly dominated by ng, leaving only the Nash
equilibrium (ng,gg). Thus, we have found that a purely hypothetical pos-
sibility that Alfredo might burn money, although he never does, allows him
to enjoy the high-payoff Nash equilibrium in which he earns 3 and Violetta
earns 1.

Of course, this result is not plausible. The fact that Alfredo has the ca-
pacity to do something bizarre, like burning money, should not lead rational
players inexorably to choose an asymmetric equilibrium favoring Alfredo.
The culprit here is the assumption of common knowledge of rationality, or
the assumption that rational agents eliminate weakly dominated strategies,
or both.

4.6 Rationalizable Strategies

Suppose § is an epistemic game. We denote the set of mixed strategies with
supportin S as A*S = []i_, AS;, where AS; is the set of mixed strategies
for player i. We denote the mixed strategy profiles of all j # i by A*S_;.
In §1.5, we found that an agent whose choices satisfy the Savage axioms
behaves as if maximizing a preference function subject to a subjective prior
over the states of nature. We tailor this definition to epistemic game theory
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by saying that player i is rational at state w if his pure strategy s; (@) is a
best response to his conjecture ¢;” of the other players’ strategies at w, as
expressed in equation 4.3. Since a strongly dominated strategy can never
be a best response, it follows that a rational player never uses a strongly
dominated strategy. Moreover, if i knows that j is rational and hence never
uses a strongly dominated strategy, then i can eliminate pure strategies in S;
that are best responses only to strategies in A*S_; that do not use strongly
dominated pure strategies in S_;. Moreover, if i knows that j knows that
k is rational, then i knows that j will eliminate pure strategies that are best
responses to k’s strongly dominated strategies, and hence i can eliminate
pure strategies that are best replies only to j’s eliminated strategies. And
so on. Pure strategies that survive this back-and-forth iterated elimination
of pure strategies are call rationalizable (Bernheim 1984; Pearce 1984).

One elegant formal characterization of rationalizable strategies is in terms
of best response sets. In epistemic game G, we say a set X = ]_[;.1:1 X,
where each X; C §;, is a best response set if, for each i and each x; € X;,
i has a conjecture ¢_; € AX_; such that x; is a best response to ¢_;, as
defined by (4.3). It is clear that the union of two best response sets is also
a best response set, so the union of all best response sets is a maximal best
response set. We define a strategy to be rationalizable if it is a member of
this maximal best response set.

Note that the pure strategies for each player used with positive probability
in a Nash equilibrium form a best response set in which each player con-
jectures the actual mixed-strategy choice of the other players. Therefore,
any pure strategy used with positive probability in a Nash equilibrium is
rationalizable. In a game with a completely mixed Nash equilibrium (§2.3),
it follows that all strategies are rationalizable.

This definition of rationalizability is not constructive; i.e., knowing the
definition does not tell us how to find the set that satisfies it. The following
construction leads to the same set of rationalizable strategies. Let S? = S;
for all i. Having defined Sl-k foralli and fork = 0,...,r—1, we define
ST to be the set of pure strategies in S/~ that are best responses to some
conjecture ¢; € AS’'. Since S/ € S/~! for each i and there is only
a finite number of pure strategies, there is some r > 0 such that S/ =
SI~1, and clearly for any / > 0, we then have S/ = Sl.r"'l. We define i’s
rationalizable strategies as S; .

These constructions refer only obliquely to the game’s epistemic con-
ditions, and in particular to the common knowledge of rationality (CKR)
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on which the rationalizability criterion depends. CKR obtains when each
player is rational, each knows the others are rational, each knows the others
know the others are rational, and so on. There is a third construction of
rationalizability that makes its relationship to common knowledge of ratio-
nality more transparent.

Lets;, ..., s, be the strategy profile chosen when ¢4, . .. , ¢, are the play-
ers’ conjectures. The rationality of player i requires that s; maximize i’s
expected payoff, given ¢;. Moreover, because i knows that j is rational, he
knows that s; is a best response, given some probability distribution over
S_j—namely, s; is a best response to ¢;. We say ¢; is first-order consis-
tent if ¢; places positive probability only on pure strategies of j that have
the property of being best responses, given some probability distribution
over S_;. By the same reasoning, if i places positive probability on the
pair s;, Sk, because i knows that j knows that k is rational, i knows that
J’s conjecture is first-order consistent, and hence i places positive prob-
ability only on pairs s;, sy where j is first-order consistent and j places
positive probability on sx. When this is the case, we say that i’s conjecture
is second-order consistent. Clearly, we can define consistency of order r
for all positive integers r, and a conjecture that is r-consistent for all r is

simply called consistent. We say s1, ..., s, is rationalizable if there is some
consistent set of conjectures ¢q, ..., ¢, that places positive probability on
Sl 9 0 0 ey Sn .

I leave it to the reader to prove that these three constructions define the
same set of rationalizable strategies.

4.7 Eliminating Strongly Dominated Strategies

Consider the constructive approach to rationalizability developed in §4.6.
It is clear that a strongly dominated strategy will be eliminated in the first
round of the rationalizability construction if and only if it is eliminated in
the first round of the iterated elimination of strongly dominated strategies.
This observation can be extended to each successive stage in the construc-
tion of rationalizable strategies, which shows that all strategies that survive
the iterated elimination of strongly dominated strategies are rationalizable.
Are there other strategies that are rationalizable? The answer is that strongly
dominated strategies exhaust the set of rationalizable strategies, given our
assumption that players can have correlated conjectures. For details, see
Bernheim (1984) or Pearce (1984).
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4.8 Common Knowledge of Rationality

We will now define CKR formally. Let G be an epistemic game. For conjec-
ture ¢; € AS_;, define argmax;(¢;) = {s; € S;|s; maximizes 7; (s}, $;)};
i.e., argmax;(¢;) is the set of i’s best responses to the conjecture ¢;. Let
Bi(X_;) be the set of pure strategies of player i that are best responses
to some mixed-strategy profile o_; € X_; € S_;; i.e., Bi(X_;) = {s; €
Si|(3¢; € A*X_;) s; € argmax, (¢;)}. We abbreviate ¢ ([s; (w) = s;]) > 0
as ¢(s;) > 0, and ¢ ([s—; (@) = s—;]) > O as ¢p(s—;) > 0. We define

K} =[(Y # )¢ (s;) > 0= 5, € B;(S-))]. (4.4)

K} is thus the event that i conjectures that a player j chooses s;, only if s;
is a best response for j. In other words, Kl-1 is the event that i knows the
other players are rational.

Suppose we have defined Klk fork =1,...,r—1. We define

KI = K[7'0 (% #)¢7(s;) > 0= 5; € By (K] D].

Thus, K? is the event that i knows that every player knows that every player
is rational. Similarly, K/ is the event that i knows that every chain of r
recursive “j knows that k> We define K™ = N; K7, and if o € K", we say
there is mutual knowledge of degree r. Finally, we define the event CKR as

K> = hK’.

r>1

Note that in an epistemic game, CKR cannot simply be assumed and is
not a property of the players or of the informational structure of the game.
This is because CKR generally holds only in certain states and fails in other
states. For example, in chapter 5, we prove Aumann’s famous theorem
stating that in a generic extensive form game of perfect information, where
distinct states are associated with distinct choice nodes, CKR holds only
at nodes on the backward induction path (§5.11). The confusion surround-
ing CKR generally flows from attempting to abstract from the epistemic
apparatus erected to define CKR and then to consider CKR to be some
“higher form” of rationality that, when violated, impugns Bayesian ratio-
nality itself. There is no justification for such reasoning. There is nothing
irrational about the failure of CKR. Nor is CKR some sort of “ideal” ra-
tionality that “boundedly rational” agents lamentably fail to attain. CKR
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is, unfortunately, just something that seemed might be plausible and useful,
but turned out to have too many implausible and troublesome implications
to be worth saving.

4.9 Rationalizability and Common Knowledge of Rationality

We will use the following characterization of rationalizability (§4.6). Let
SP = S; for all i and define S® = [];_, S and S°; = [],; S}. Having
defined S* and S’_‘l- for all i and for k = 0,...,r—1, we define S/ =
Bi(S77"). Then, S” = [];=, S/ and S”; =[], S]. We call S” the set of
pure strategies that survive r iterations of the elimination of unrationalizable
strategies. Since S C Sl.’_1 for each i and there is only a finite number of
pure strategies, there is some >0 such that S = S7~!, and for any / > 0,

we then have S” = S7 . We define i’s rationalizable strategies as S7.

THEOREM 4.1 For all players i andr > 1, if o € K] and ¢ (s—;) > 0,
thens_; € S”..

This implies that if there is mutual knowledge of degree r at w, and i’s
conjecture at w places strictly positive weight on s_;, then s_; survives r
iterations of the elimination of unrationalizable strategies.

To prove this theorem, let @ € K' and suppose ¢ (s;) > 0. Then, s; €
B;(S-;), and therefore s; € S jl, using the conjecture that maximizes s; in
B;(S_;). Since this is true for all j # i, $*(s—;) > 0 implies s_; € S*..

Now suppose we have proved the theorem for k = 1,...,r and let w €
K!*!. Suppose ¢ (s;) > 0. We will show that » € SJ."H. By the inductive
hypothesis and the fact that w € K{‘H C K/, we have 5; € Sj’, SO §; 18
a best response to some ¢; € S”,. But thens; € S *1 by construction.
Since this is true for all j # i, if ${°(s—;) > 0, then s_; € Sil‘-H.

4.10 The Beauty Contest

In his overview of behavioral game theory Camerer (2003) summarizes
a large body of evidence in the following way: “Nearly all people use one
step of iterated dominance. ... However, at least 10% of players seem to use
each of two to four levels of iterated dominance, and the median number of
steps of iterated dominance is two.” (p. 202) Camerer’s observation would
be unambiguous if the issue were decision theory, where a single agent
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faces a nonstrategic environment. But in strategic interaction, the situation
is more complicated. In the games reported in Camerer (2003), players
gain by using one more level of backward induction than the other players.
Hence, players must assess not how many rounds of backward induction
the others are capable of but rather how many the other players believe
that other players will use. There is obviously an infinite recursion here,
with little hope that considerations of Bayesian rationality will guide one
to an answer. All we can say is that a Bayesian rational player maximizes
expected payoff using a subjective prior over the expected number of rounds
over which his opponents use backward induction. The Beauty Contest
Game (Moulin 1986) is crafted to explore this issue.

In the Beauty Contest Game, each of n > 2 players chooses a whole
number between 0 and 100. Suppose the average of these n numbers is k.
Then, the players whose choices are closest to 2k /3 share a prize equally.
It is obviously strongly dominated to choose a number greater than 2/3 x
100 ~ 67 because such a strategy has payoff 0, whereas the mixed strategy
playing O to 67 with equal probability has a strictly positive payoff. Thus,
one round of eliminating strongly dominated strategies eliminates choices
above 67. A second round of eliminating strongly dominated strategies
eliminates choices above (2/3)? x 100 ~ 44. Continuing in this manner,
we see that the only rationalizable strategy is to choose 0. But this is a
poor choice in real life. Nagel (1995) studied this game experimentally
with various groups of size 14 to 16. The average number chosen was 35,
which is between two and three rounds of iterated elimination of strongly
dominated strategies. This again conforms to Camerer’s generalization, but
in this case, of course, people play the game far from the unique Nash
equilibrium of the game.

4.11 The Traveler’s Dilemma

Consider the following game G, known as the Traveler’s Dilemma (Basu
1994). Two business executives pay bridge tolls while on a trip but do not
have receipts. Their superior tells each of them to report independently an
integral number of dollars between 2 and n on their expense sheets. If they
report the same number, each will receive this much back. If they report
different numbers, each will get the smaller amount, plus the low reporter
will get an additional $2 (for being honest) and the high reporter will lose
$2 (for trying to cheat).
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S2 S3 Sq S5
S2| 2,21 4,0 4,0 4,0
31 0,4 3,3 | 5,1 5,1
sa| 0,41 1,5 | 4,4 | 6,2
Ss1 0,4 | 1,5 | 2.6 5,5

Figure 4.4. The Traveler’s Dilemma

Let sx be strategy report k. Figure 4.4 illustrates the game Gs. Note first
that s5 is only weakly dominated by s4, but a mixed strategy €s, + (1 —€)s4
strongly dominates ss whenever 1/2 > € > 0. When we eliminate 5
for both players, s3 only weakly dominates s4, but a mixed strategy €s, +
(1 — €)s3 strongly dominates s4 for any € > 0. When we eliminate s4
for both players, s, strongly dominates s3 for both players. Hence (s3, 52)
is the only strategy pair that survives the iterated elimination of strongly
dominated strategies. It follows that s, is the only rationalizable strategy,
and the only Nash equilibrium as well.

The following exercise asks you to show that for n > 3, s, in the game
G, is strongly dominated by a mixed strategy of s5, ..., S,—1.

a. Show that for any n > 4, s, is strongly dominated by a mixed strategy
0n—1 using only s,_1 and s,.

b. Show that eliminating s, in G, gives rise to the game G,_;.

c. Use the above reasoning to show that for any n > 2, the iterated elimi-
nation of strongly dominated strategies leaves only s,, which is thus the
only rationalizable strategy and hence also the only Nash equilibrium
of G,.

Suppose n = 100. It is not plausible to think that individuals would
actually play 2,2 because by playing a number greater than, say, 92, they
are assured of at least 90.

4.12 The Modified Traveler’s Dilemma

One might think that the problem is that pure strategies are dominated by
mixed strategies, and as we will argue in chapter 6, rational agents have no
incentive to play mixed strategies in one-shot games.

However, we can change the game a bit so that 2,2 is the only strategy
profile that survives the iterated elimination of pure strategies strictly dom-
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inated by pure strategies. In figure 4.5, I have added 1% of s, to s4 and 2%
of s, to s3, for both players.

S2 S3 Sq S5
S2 2.00,2.00| 4.00,0.04| 4.00,0.02 | 4.00,0.00
S3 0.04,4.00| 3.08,3.08| 5.08,1.04 | 5.08,1.00
S4 | 0.02,4.00| 1.04,5.08| 4.04,4.04| 6.04,2.00
S5 0.00,4.00| 1.00,5.08| 2.00,6.04 | 5.00,5.00

Figure 4.5. The Modified Traveler’s Dilemma

It is easy to check that now s4 strictly dominates s5 for both players, and
when s5 is eliminated, s3 strictly dominates s4 for both players. When s4 is
eliminated, s, strictly dominates s3.

This method will extend to a Modified Traveler’s Dilemma of any size.
To implement this, let

q—2 q<m
flm.q) =44 q=m,
m+ 2 q>m
and define
712,9) = f(2,9) forq =2,...,n
n_
q) = , 2,9)—————
rmgy= Y, S+ Q)

It is easy to show that this Modified Traveler’s Dilemma is strictly
dominance-solvable and that the only rationalizable strategy again has pay-
off 2,2. Yet, it is clear that for large n, rational players would likely choose
a strategy with a payoff near n. This shows that there is something fun-
damentally wrong with the rationalizability criterion. The culprit is the
CKR, which is the only questionable assumption we made in defining ra-
tionalizability. It is not irrational to choose a high number in the Modified
Traveler’s Dilemma, and indeed doing so is likely to lead to a high payoff
compared to the game’s only rationalizable strategy. However, doing so is
not compatible with the common knowledge of rationality.
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4.13 Global Games

Suppose Alice and Bob can cooperate (C) and earn Bob

4, but by defecting (D) either can earn x, no matter ~ Alice D C
what the other player does. However, if one player D |x.x | x,0
cooperates and the other does not, the cooperator Clox|44

earns 0. Clearly, if x > 4, D is a strictly dominant
strategy, and if x < 0, C is a strictly dominant strategy. If 0 < x < 4, the
players have a Pareto-optimal strategy C in which they earn 4, but there is
a second Nash equilibrium in which both players play D and earn x < 4.

Suppose, however, that x is private information, each player receiving an
imperfect signal & = x + ¢; that is uniformly distributed on the interval
[x —€/2,x + €/2], where €4 is distributed independently of €ég. We can
then demonstrate the surprising result that, no matter how small the error
€ is, the resulting game has a unique rationalizable strategy, which is to
play C for x < 2 and D for x > 2. Note that this is very far from the
Pareto-optimal strategy, no matter how small the error.

To see that this is the only Nash equilibrium, note that a player surely
chooses C when £ < —e/2,and D when § > 4+ ¢€/2, so there is a smallest
cutoff x* such that, at least in a small interval around x*, the player chooses
D when § < x* and C when £ > x*. For a discussion of this and other
details of the model, see Carlsson and van Damme (1993), who invented
and analyzed this game, which they term a global game. By the symmetry
of the problem, x* must be a cutoff for both players. If Alice is at the cutoff,
then with equal probability Bob is above or below the cutoff, so he plays D
and C with equal probability. This means that the payoff for Alice playing
D is x* and for playing C is 2. Because these must be equal if Alice is to
have cutoff x*, it follows that x* = 2. Thus, there is a unique cutoff and
hence a unique Nash equilibrium x* = 2.

To prove that x* = 2 is the unique rationalizable strategy, suppose Alice
chooses cutoff x4 and Bob chooses xp as a best response. Then when
Bob receives the signal £g = xp, he knows Alice’s signal is uniformly
distributed on [xp — €, xp + €]. To see this, let €; be player i’s signal error,
which is uniformly distributed on [—€/2, €/2]. Then

g =x+ép =&4— €4 +€5.

Because —é4 + €p is the sum of two random variables distributed uniformly
on [—€/2,€/2], £p must be uniformly distributed on [—e, €]. It follows that
the probability that Alice’s signal is less than x4 is g = (x4 —xp +€)/(2¢),
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provided this is between zero and one. Then, xp is determined by equating
the payoff from D and C for Bob, which gives 4g = xp. Solving for xp,
we find that

2(x4 +€) (x4 —2)e
==Xy —.

24 € 24 €

The largest candidate for Alices cutoff is x4 = 4, in which case Bob will
choose cutoff f1 = 4 — 2¢/(2 + €). This means that no cutoff for Bob that
is greater than f] is a best response for Bob, and therefore no such cutoff is
rationalizable. But then the same is true for Alice, so the highest possible
cutoffis f;. Now, using (4.5) with x4 = f1, we define fo = 2(f1+¢€)/(2+
€), and we conclude that no cutoff greater than f; is rationalizable. We can
repeat this process as often as we please, each iteration k defining f; =
2(fx—1 + €)/(2 4+ €). Because the { fr} are decreasing and positive, they
must have a limit, and this must satisfy the equation f = 2(f +¢€)/(2+¢€),
which has the solution f = 2. Another way to see this is to calculate fj
explicitly. We find that

XB (4.5)

2 k
=242(—1 ,
Jr (2+€)

which converges to 2 as k — co0, no matter how small € > 0 may be. To
deal with cutoffs below x = 2, note that (4.5) must hold in this case as
well. The smallest possible cutoff is x = 0, so we define g, = 2¢/(2 + €),
and gx = 2(gx—1 + €)/(2 + €) for k > 1. Then, similar reasoning shows
that no cutoff below gy is rationalizable for any k > 1. Moreover the {gx }
are increasing and bounded above by 2. The limit is then given by solving
g =2(g +¢€)/(2+ ¢€), which gives g = 2. Explicitly, we have

2 k
=2-2 ,
8k (2+€)

which converges to 2 as k — oo. This proves that the only rationalizable
cutoff is x* = 2.

When the signal error is large, the Nash equilibrium of this game is plau-
sible, and experiments show that subjects often settle on behavior close to
that predicted by the model. However, the model predicts a cutoff of 2 for
all € > 0 and a jump to cutoff 4 for ¢ = 0. This prediction is not veri-
fied experimentally. In fact, subjects tend to treat public information and
private information scenarios the same and tend to implement the payoft-
dominant outcome rather than the less efficient Nash equilibrium outcome
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(Heinemann, Nagel, and Ockenfels 2004; Cabrales, Nagel, and Armenter
2007).

4.14 CKRIs an Event, Not a Premise

Rational agents go through some process of eliminating unrationalizable
strategies. CKR implies that players continue eliminating as long as there
is anything to eliminate. By contrast, as we have seen, the median number
of steps of iterated dominance found in experiments is 2, and few player
use more than 4 (Camerer 2003). This evidence indicates that CKR does
not hold in the games analyzed in this chapter. Yet, it is easy to construct
games in which we would expect CKR to hold. For instance, consider
the following Benign Centipede Game. Alice and Bob take turns for 100
rounds. In each round r < 100, the player choosing can cooperate, in which
case we continue to the next round, or the player can quit, in which case
each player has a payoff of (1 —r/100) dollars and the game is over. If both
players cooperate for all 100 rounds, each player gets $10.

CKR for this game implies Alice and Bob will both choose 100, and they
will each earn $10. For, in the final round, because Bob is rational, he will
choose to continue, to earn $10 as opposed to (1—100/100) = 0 dollars by
quitting. Since Alice knows that Bob is rational, she knows she will earn
$10 by continuing, as opposed to $0.01 by quitting. Now, in round 98, Bob
earns $0.02 by quitting, which is more than he could earn by continuing and
having Alice quit, in which case he would earn $0.01. However, Bob knows
that Alice knows that Bob is rational, and Bob knows that Alice is rational.
Hence, Bob knows that Alice will continue, so he continues in round 98.
The argument is valid back to round 1, so CKR implies cooperation on each
round.

There is little doubt that real-life players will play the strategy dictated
by CKR in this case, although they do not in the Beauty Contest Game, the
Traveler’s Dilemma, and many other such games. Yet, there are no epis-
temic differences in what the players know about each other in the Benign
Centipede Game as opposed to the other games discussed above. Indeed,
CKR holds in the Benign Centipede Game because players will continue to
the final round in this game, and not vice-versa.

It follows from this line of reasoning that the notion that CKR is a premise
concerning the knowledge agents have about one another is false. Rather,
CKR is an event in which a strategy profile chosen by agents may or may
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not be included. Depending upon the particular game played, and under
identical epistemic conditions, CKR may or may not hold.

I have stressed that a central weakness of epistemic game theory is the
manner in which it represents the commonality of knowledge across indi-
viduals. Bayesian rationality itself supplies no analytical principles that are
useful in deducing that two individuals have mutual, much less common,
knowledge of particular events. We shall later suggest epistemic principles
that do give rise to common knowledge (e.g., theorem 7.2), but these do
not include common knowledge of rationality. To my knowledge, no one
has ever proposed a set of epistemic conditions that jointly imply CKR.
Pettit and Sugden (1989) conclude their critique of CKR by asserting that
“the situation where the players are ascribed common knowledge of their
rationality ought strictly to have no interest for game theory.” (p. 182)
Unless and until someone comes up with a epistemic derivation of CKR
that explains why it is plausible in the Benign Centipede Game but not in
the Beauty Contest game, this advice of Pettit and Sugden deserves to be
heeded.

For additional analysis of CKR as a premise, see §5.13.
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Extensive Form Rationalizability

The heart has its reasons of which reason
knows nothing.

Blaise Pascal

The extensive form of a game is informationally richer than the normal
form since players gather information that allows them to update their sub-
jective priors as the game progresses. For this reason, the study of rational-
izability in extensive form games is more complex than the corresponding
study in normal form games. There are two ways to use the added infor-
mation to eliminate strategies that would not be chosen by a rational agent:
backward induction and forward induction. The latter is relatively exotic
(although more defensible) and will be addressed in chapter 9. Backward
induction, by far the most popular technique, employs the iterated elimina-
tion of weakly dominated strategies, arriving at the subgame perfect Nash
equilibria—the equilibria that remain Nash equilibria in all subgames. We
shall call an extensive form game generic if it has a unique subgame perfect
Nash equilibrium.

In this chapter we develop the tools of modal logic and present Robert
Aumann’s famous proof (Aumann 1995) that CKR implies backward in-
duction. This theorem has been widely criticized, as well as widely misin-
terpreted. I will try to sort out the issues, which are among the most im-
portant in contemporary game theory. I conclude that Aumann is perfectly
correct, and the real culprit is CKR itself.

5.1 Backward Induction and Dominated Strategies

Backward induction in extensive form games with perfect information (i.e.,
where each information set is a single node) operates as follows. Choose
any terminal node € T and find the parent node of this terminal node,
say node v. Suppose player i chooses at v and suppose i’s highest payoff
at v is attained at terminal node ¢’ € T'. Erase all the branches from v so v
becomes a terminal node and attach the payoffs from ¢’ to the new terminal
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node v. Also, record i’s move at v, so you can specify i’s equilibrium
strategy when you have finished the analysis. Repeat this procedure for all
the terminal nodes of the original game. When you are done, you will have
an extensive form game that is one level less deep than the original game.
Now repeat the process as many times as possible. If the resulting game
tree has just one possible move at each node, then when you reassemble the
moves you have recorded for each player, you will have a Nash equilibrium.

We call this backward induction because we start at the terminal nodes of
the game and move backward. Note that if players move at more than a sin-
gle node, backward induction eliminates weakly dominated strategies, and
hence can eliminate Nash equilibria that use weakly dominated strategies.
Moreover, backward induction is prima facie much stronger than normal
form rationalizability (§4.6), which is equivalent to the iterated elimination
of strongly dominated strategies.

Alice

Bob

9,1

Figure 5.1. An example of backward induction

For an example of backward induction, consider figure 5.1. We start
with the terminal node labeled (0,0) and follow it back to the Bob node on
the left. At this node, w is dominated by ¢ because 1 > 0, so we erase
the branch where Bob plays w and its associated payoff. We locate the
next terminal node in the original game tree, (4,4), and follow back to the
Bob node on the right. At this node, ¢ is dominated by w, so we erase
the dominated node and its payoff. Now we apply backward induction
to this smaller game tree—this time, of course, it’s trivial. We find the
first terminal node, (9,1), that leads back to Alice’s choice node. Here ¢
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is dominated, so we erase that branch and its payoff. We now have our
solution: Alice chooses w, Bob chooses cw, and the payoffs are (9,1).

It is clear from this example that by using backward induction and hence
eliminating weakly dominated strategies, we have eliminated the Nash
equilibrium ¢, ww. This is because when we assume Bob plays ¢ in re-
sponse to Alice’s w, we eliminate the weakly dominated strategies ww and
wc for Bob. We call ¢, ww an incredible threat. Backward induction elim-
inates incredible threats.

5.2 Subgame Perfection

Let v be an information set of an extensive form game G that consists of a
single node. Let H be the smallest collection of nodes including v such that
if 1’ is in ‘H, then all of the successor nodes of A’ are in H and all nodes in
the same information set as /" are in H. We endow H with the information
set structure, branches, and payoffs inherited from G, the players in H being
the subset of players of G who move at some information set of H. It is clear
that H is an extensive form game. We call H a subgame of G.

If 'H is a subgame of G with root node v, then every pure-strategy profile
of G that reaches v has a counterpart s in H, specifying that players in H
make the same choices with sy at a node in ‘H as they do with sg at the
same node in G. We call sg the restriction of sg to the subgame H. Suppose
oG = 0181 + *+* + ar Sk (Zi a; = 1) is a mixed strategy of G that reaches
the root node v of H, and let I C {1,...,k} be the set of indices such
thati € [ iff s; reaches h. Let o =Y _,; ;. Then, oy =) ;. (i /a)s;
is a mixed strategy defined on H, called the restriction of og to H. We
have o > 0 because og reaches v, and the coefficient «; /& represents the
probability of playing s;, conditional on reaching /.

It is clear that if sg is a pure-strategy Nash equilibrium for a game G
and if H is a subgame of G whose root node is reached using sg, then the
restriction sy of sg to H must be a Nash equilibrium in H. However, if
the root node of H is not reached by s, then the restriction of sg to H
need not be a Nash equilibrium. This is because if a node is not reached
by sg, then the payoff to the player choosing at that node does not depend
on his choice in G, but it may depend on his choice in H. We say a Nash
equilibrium of an extensive form game is subgame perfect if its restriction
to every subgame is a Nash equilibrium of the subgame.
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It is easy to see that a simultaneous move game has no proper subgames
(a game is always a subgame of itself; we call the whole game an improper
subgame), because all the nodes are in the same information set for at least
one player. Similarly, a game in which Nature makes the first move also
has no proper subgames if there is at least one player who does not know
Nature’s choice.

At the other extreme, in a game of perfect information (i.e., for which all
information sets are singletons), every nonterminal node is the root node
of a subgame. This allows us to find the subgame perfect Nash equilibria
of such games by backward induction, as described in §5.1. This line of
reasoning shows that, in general, backward induction consists of the iterated
elimination of weakly dominated strategies and eliminates all nonsubgame
perfect Nash equilibria.

5.3 Subgame Perfection and Incredible Threats

The game to the right has a Nash equilibrium in pure Alice
strategies Rr, in which Alice earns 2 and Bob earns L 4R
1. This equilibrium is subgame perfect because in the Bob

subgame starting with Bob’s choice at vp, r is payoff- 1,5 I AN
maximizing for Bob. This equilibrium is also the one 0.0 2]
chosen by backward induction. However, there is a ’ ’
second Nash equilibrium, L/, in which Alice earns 1 and Bob earns 5. Bob
much prefers this equilibrium, and if he can somehow induce Alice to be-
lieve that he will play /, her best response is L. However Bob communicates
to Alice his intention to play /, if Alice believes Bob is rational, she knows
he in fact will play r if the game actually reaches vg. Thus, L/ is thought
to be an implausible Nash equilibrium, whereas the subgame perfect Nash
equilibrium is held in high regard by game theorists.

5.4 The Surprise Examination

A group of game theorists once took an intensive Monday-through-Friday
logic course. After several weeks, the professor announced that there would
be a surprise examination one day the following week. Each student thought
to himself, “The exam cannot be given next Friday because then it would
not be a surprise.” Each then concluded that, for similar reasons, the exam
could not be given next Thursday, next Wednesday, next Tuesday, or next
Monday. Each student thus concluded that the professor was mistaken.
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The professor gave the exam the next Tuesday, and all of the students were
surprised.

This is one version of a famous logic problem called the Surprise Ex-
amination or the Hanging Paradox. For an overview of the many proposed
solutions to the problem, see Chow (1998). Interpretations vary widely, and
there is no single accepted solution. There are a number of cogent analyses
using standard logic and modal logic to show that the professor’s statement
is impermissively self-referential or self-contradictory, and because a false
statement can validly imply anything, there is no paradox in the professor’s
prediction being correct.

Backward induction indicates that the exam cannot be given. But, if a
student believes this, then it will be a surprise no matter what day it is
given. Thus, the incoherence of backward induction should convince a
rational student that the professor’s prediction is indeed reasonable. But,
what exactly is incoherent about backward induction? I present this paradox
to indicate the danger of using the informal logic of backward induction.
We develop a more analytically precise approach below.

5.5 The Common Knowledge of Logicality Paradox

Let us say an agent is logical in making inferences concerning a set of
propositions if the agent rules out all statements that are inconsistent with
this set. We then define common knowledge of logicality (CKL) for a set
i = 1,...,n of agents in the usual way: for any set of integers iy, ... ,ix €
[1,...,n], i; knows that i, knows that ... knows that ix_; knows that iy is
logical.

A father has $690,000 to leave to his children, Alice and Bob, who do
not know the size of his estate. He decides to give one child $340,000 and
the other $350,000, each with probability 1/2. However, he does not want
one child to feel slighted by getting a smaller amount, at least during his
lifetime. So, he tells his children: “I will randomly pick two numbers, with-
out replacement, from a set S C [1,...,100], assign to each of you ran-
domly one of these numbers, and give you an inheritance equal to $10,000
times the number you have been assigned. Knowing the number assigned to
you will not allow you to conclude for sure whether you will inherit more
or less than your sibling.” The father, confident of the truth of his state-
ment, which we take to be common knowledge for all three individuals,
sets S = {34, 35}.
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Alice ponders this situation, reasoning as follows, assuming common
knowledge of logicality: “Father knows that if 1 € S or 100 € S, then
there is a positive probability one of these numbers will be chosen and as-
signed to me, in which case I would be certain of the relative position of my
inheritance.” Alice knows her father knows she is logical, so she knows that
1 ¢ S and 100 ¢ S. But Alice reasons that her father knows that she knows
that he knows that she is logical, so she concludes that her father knows
that he cannot include 2 or 99 in S. But Alice know this as well, by CKL,
so she reasons that her father cannot include 3 or 98 in S. Completing this
recursive argument, Alice concludes that S must be empty.

However, the father gave one child the number 34 and the other 35, nei-
ther child knowing for sure which had the higher number. Thus, the father’s
original assertion was true, and Alice’s reasoning was faulty. We conclude
that common knowledge of logicality is false in this context. CKL fails
when the father includes 35 in S, because this is precluded by CKL.

CKL appears prima facie to be an innocuous extension of logicality and
indeed usually is not even mentioned in such problems, but, in fact, it leads
to faulty reasoning and must be rejected. In this regard, CKL is much like
CKR, which also appears to be an innocuous extension of rationality but in
fact is often counterindicated.

5.6 The Repeated Prisoner’s Dilemma

Suppose Alice and Bob play the Prisoner’s Dilemma, C D
one stage of which is shown to the right, 100 times.

. 33 | 04
Common sense tells us that players will cooperate for
at least 95 rounds, and this is indeed supported by p| 40 1,1
experimental evidence (Andreoni and Miller 1993).
However, a backward induction argument indicates that players will defect
in the very first round. To see this, note that the players will surely defect
in round 100. But then, nothing they do in round 99 can help prolong the
game, so they will both defect in round 99. Repeating this argument 99
times, we see that they will both defect on round 1.

Although in general backward induction removes weakly iterated domi-
nated strategies, in this case it removes only strongly iteratedly dominated
strategies, so the only rationalizable strategy, according to the analysis of
the previous chapter, is the universal defect Nash equilibrium. This presents
a problem for the rationalizability concept that is at least as formidable as
in the case of the normal form games presented in the previous chapter.
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In this case, however, the extensive form provides an argument as to why
the logic of backward induction is compromised. The backward induction
reasoning depends on CKR in precisely the same manner as in the previous
chapter. However, in the current case, the first time either player chooses C,
both players know that CKR is false. At the terminal nodes of the Repeated
Prisoner’s Dilemma, players have chosen C many times. Therefore, we
cannot assume CKR at the terminal nodes because these nodes could not be
reached given CKR. This critique of backward induction has been made by
Binmore (1987), Bicchieri (1989), Pettit and Sugden (1989), Basu (1990),
and Reny (1993), among others.

The critique, however, is incorrect. The backward induction argument is
simply a classic example of reductio ad adsurdum: assume a proposition
and then show that the proposition is false. In this case, we assume CKR
and we show by reductio that the 100th round will not be reached. There is
no flaw in this argument. It is incoherent to base a critique of the proposition
that CKR implies backward induction on what would happen if CKR were
false.

The misleading attractiveness of this flawed critique of the proposition
that CKR implies backward induction lies in the observation that the first
time either player chooses C, both players know that CKR is false, and
hence they are free to devise a modus operandi that serves their interests
for the remainder of the game. For instance, both may employ the tit-for-
tat strategy of playing C in one round and copying one’s partner’s previous
move in each subsequent round, except for playing universal D as the game
nears the 100th round termination point.

This argument is completely correct but is not a critique of the proposi-
tion that CKR implies backward induction. Indeed, assuming CKR, neither
player will choose C in any period.

As I shall argue below, the problem with backward induction is that CKR
is not generally a permissible assumption, and hence backward induction
cannot be justified on rationality grounds.

5.7 The Centipede Game

In Rosenthal’s Centipede Game, Alice and Bob start out with $2 each and
alternate rounds. In the first round, Alice can defect (D) by stealing $2
from Bob, and the game is over. Otherwise, Alice cooperates (C) by not
stealing, and Nature gives her $1. Then Bob can defect (D) and steal $2
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from Alice, and the game is over, or he can cooperate (C), and Nature gives
him $1. This continues until one or the other defects or until 100 rounds
have elapsed. The game tree is illustrated in figure 5.2.

Formally, the reduced normal form of the Centipede Game can be de-
scribed as follows. Alice chooses an odd number k, between 1 and 101,
and Bob chooses an even number k; between 2 and 100, plus either C or
D if kp, = 100. The lower of the two choices, say k*, determines the
payoffs. If k* = 100, the payoff from (k*, C) = (52, 52) and the payoff
from (k*, D) = (50,53). Otherwise, if k* is an odd number, the pay-
offs are (4 + (k* — 1)/2,(k* — 1)/2), and if k* is even, the payoffs are
(k*/2,3 4+ k*/2). You can check that these choices generate exactly the
payoffs as described above.

To determine the strategies in this game, note that Alice and Bob each has
50 places to move, and in each place each can play D or C. We can thus
describe a strategy for each as a sequence of 50 letters, each of which is a
D or a C. This means there are 2°° = 1125899906842624 pure strategies
for each. Of course, the first time a player plays D, what he does after that
does not affect the payoff of the game, so the only payoff-relevant question
is at what round, if any, a player first plays D. This leaves 51 strategies for
each player.

We can apply backward induction to the game, finding that in the unique
subgame perfect Nash equilibrium of this game, both players defect the
first time they get to choose. To see this, note that in the final round Bob
will defect, and hence Alice will defect on her last move. But then Bob
will defect on his next-to-last move, as will Alice on her next-to-last move.
Similar reasoning holds for all rounds, proving that Bob and Alice will
defect on their first move in the unique subgame perfect equilibrium.

22 32 33 43 51,51 52,51
A B A B A B
. 52,52
C C C C C C C
D D D D D D
40 14 51 25 53,49 50,53

Figure 5.2. Rosenthal’s Centipede Game

Now, of course, common sense tells you that this is not the way real
players would act in this situation, and empirical evidence corroborates this
intuition (McKelvey and Palfrey 1992). It may seem that the culprit is
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subgame perfection because backward induction finds only subgame per-
fect equilibria. This, however, is not the problem. The culprit is the Nash
equilibrium criterion itself because in any Nash equilibrium Alice defects
inround 1.

While backward induction does not capture how people really play the
Centipede Game, normal form rationalizability does a better job because it
suggests that cooperating until near the end of the game does not conflict
with CKR. This is because all pure strategies for Bob are normal form ra-
tionalizable except kp = (100, C), as are all pure strategies for Alice except
ks = 101 (i.e., cooperate in every round). To see this, we can show that
there is a mixed-strategy Nash equilibrium of the game where Bob uses
kp = 2 and any one of his other pure strategies except (100,C), and Alice
uses k, = 1. This shows that all pure strategies for Bob except (100,C) are
rationalizable. Alice’s k, = 101 is strictly dominated by a mixed strategy
using k, = 99 and k, = 1, but each of her other pure strategies is a best
response to some rationalizable pure strategy of Bob. This shows that these
pure strategies of Alice are themselves rationalizable.

This does not explain why real people cooperate until near the end of the
game, but it does show that it does not conflict with CKR in the normal
form game to do so. This is little consolation, however, since cooperat-
ing becomes compatible with CKR only by ignoring information that the
players surely have—namely, that embodied in the extensive form structure
of the game. In the context of this additional information, CKR certainly
implies the validity of the backward induction argument, and hence of the
assertion that CKR ensures defection on round 1.

5.8 CKR Fails Off the Backward Induction Path

A B oA

di d> d3

1,0 0,2 3,1
Figure 5.3. A short Centipede Game

This section presents a formal epistemic argument supporting the con-
tention that CKR is violated off the subgame perfect game path in a generic
extensive form game. This is the thrust of Aumann’s (1995) general proof
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that CKR implies backward induction, but here we present the proof for a
very simple game where the intuition is relatively clear. Figure 5.3 depicts a
very short Centipede Game (§5.7) played by Alice (A) and Bob (B), where
Alice moves at A; and A3 and Bob moves at B,. Let R4 and Rp stand for
“Alice is rational,” and “Bob is rational,” respectively, let K4 and Kp be
knowledge operators, and let 74 and g be the payoffs to Alice and Bob,
respectively. We will have much more to say in later chapters concern-
ing what it means to be rational and what it means to assert that an agent
“knows something.” For now, we simply assume that a rational agent al-
ways chooses a best response, we assume Kp = p (i.e., if an agent knows
something, then it is true), and we assume Kp A K(p = ¢) = Kq (.e., if
an agent knows p and also knows that p implies g, then the agent knows q).
We assume that both players know all the rules of the game, and since the
game is one of perfect information, when the game is at a particular node,
it is common knowledge that this is the case.

We have A; A R4 = d3, which we read, “at node As, if Alice is rational,
then she will choose d3.” This is true because a3 = (14 = 2), and d3 =
(r4a = 3), and since these implications simply follow from the rules of
the game, they are known to Alice, so Kq(az = (4 = 2)) A Ky(ds =
(mq4 = 3)). This assertion implies A3 A Ry = d3. Now, if Bob knows
that Alice is rational, and if the rules of the game are common knowledge,
then a, = Kpa, = Kpds = Kg(wp = 1). Moreover, d, = Kpd, =
Kp(wg = 3),s0 B A Rg A KgR4y = d,. Now, if Alice knows that
Bob is rational at 4; and that Bob knows that she is rational at B,, then
Ky(a1 = d»), so K4(a; = (w4 = 0)). However, K4(dy = (4 = 1)).
Hence, since Alice is rational at 4, she will choose d;. In short, we have

R4 A KA(RB A KBRA) = d;. (51)

We have thus shown that if there are two levels of mutual knowledge
of rationality, then the backward induction solution holds. But this pre-
supposes that the set of assumptions is consistent; i.e., it assumes that we
cannot also prove from these assumptions that Alice will play a;. Note that
if Alice plays a1, then the premise of (5.1) is false, and Bob knows this,
which says that

=KpgR4 vV -KgK4Rp vV - KgK4KgRy4. (52)

In words, if Alice chooses a;, then Bob does not know Alice is rational,
or Bob does not know that Alice knows that Bob is rational, or Bob does
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not know that Alice knows that Bob knows that Alice is rational. One level
of mutual knowledge, which imply Kp Ry4, eliminate the first alternative,
and two levels, which implies KpK4 Rp, eliminates the second alterative.
Thus, if Alice chooses ai, it must be the case that —KpK 4 KpgRy4; i.e., Al-
ice’s choice violates third level mutual knowledge of rationality and hence
violates common knowledge of rationality.

We conclude that no node after the first can be attained while conserving
more than two levels of mutual knowledge of rationality. Nor is there any-
thing special about this game. As we expressed in the previous section and
will prove in §5.11, in all finite extensive form games of perfect informa-
tion with unique subgame perfect equilibria, the only nodes in the game at
which common knowledge of rationality can hold are along the backward
induction path of play. In the current case, there are just two such nodes,
the root node and the first terminal node.

5.9 How to Play the Repeated Prisoner’s Dilemma
In cases where a stage game is repeated a finite number C D
of times, it is reasonable to assume Bayesian rational- cl RR | sT
ity (§1.5), avoid backward induction, and use decision ’ ’
theory to determine player behavior. Consider, forin- p| 7.6 | p P
stance, the Prisoner’s Dilemma (§2.10), the stage game
of which is shown to the right with 77 > R > P > S, repeated until one
player defects or 100 rounds have been played. Backward induction implies
that both players will defect in the very first round, and indeed, this is the
only Nash equilibrium of the game. However, player 1 may say to himself,
“If my partner and I both play D, we will each earn only P. I am willing
to cooperate for at least 95 rounds, and if my partner is smart, he will also
be willing to cooperate for many rounds. I suspect my partner will reason
similarly. Thus we stand to earn on the order of 95R. If I am wrong about
my partner, [ will lose only S — P, so it’s worth a try, because if I am right,
I will go home with a tidy bundle.”

More formally, suppose I conjecture that my partner will cooperate up to
round k and then defect, with probability gx. Then, I will choose a round
m to defect in that maximizes the expression

m—1
Tm =Y (i =R+ S)gi + ((m—1)R+ P)gm (5.3)
i=1

+((m—-—1DR+T)1—-Gp),
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where G,, = g1 + -+ + gm. The first term in this expression repre-
sents the payoff if my partner defects first, the second term if we de-
fect simultaneously, and the final term if I defect first. In many cases,
maximizing this expression suggests cooperating for many rounds for all
plausible probability distributions. For instance, suppose gi is uniformly
distributed in the rounds m = 1,...,99. Suppose, for concreteness,
(T,R,P,S) = (4,2,1,0). Then, you can check by using equation (5.3)
that it is a best response to cooperate up to round 98. Indeed, suppose you
expect your opponent to defect in round 1 with probability 0.95 and other-
wise defect with equal probability on any round from 2 to 99. Then it is still
optimal to defect in round 98. Clearly, the backward induction assumption
is not plausible unless you think your opponent is highly likely to be an
obdurate backward inductor.

The reasoning dilemma begins if I then say to myself, “My partner is just
as capable as I am of reasoning as above, so he will also cooperate at least
up to round 98. Thus, I should set m = 97. But, of course, my partner
also knows this, so he will surely defect in round 96, in which case I should
surely defect in round 95.” This sort of self-contradictory reasoning shows
that there is something faulty in the way we have set up the problem. If the
{gx} distribution is reasonable, then I should use it. It is self-contradictory
to use this distribution to show that it is the wrong distribution to use. But
my rational partner will know this as well, and I suspect he will revert to
the first level of analysis, which says to cooperate at least up to round 95.
Thus, we two rational folks will cooperate for many rounds in this game
rather than play the Nash equilibrium.

Suppose, however, that it is common knowledge that both I and my part-
ner have the same Bayesian priors (§1.5) concerning when the other will
defect. This is sometimes called Harsanyi consistency (Harsanyi 1967).
Then, it is obvious that we will both defect at our first opportunity because
the backward induction conclusion now follows from a strictly Bayesian ar-
gument: the only prior that is compatible with common knowledge of com-
mon priors is defection in round 1. However, there is no plausible reason
for us to assume Harsanyi consistency in this case.

This argument reinforces our conclusion that there is nothing sacrosanct
about CKR. Classical game theorists commonly argue that rationality re-
quires that agents use backward induction, but this is simply not the case.
If two players are rational and they know both are rational, and if each
knows the other’s conjecture, then they will play the unique Nash equilib-
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rium of the game (§8.4). But, as we have seen, we may each reasonably
conclude that we do not know the other’s conjecture, but we know enough
to cooperate for many rounds.

5.10 The Modal Logic of Knowledge

The Savage model in decision theory is agnostic as to how an agent’s sub-
jective prior is acquired. How people play a game depends on their beliefs
about the beliefs of the other players, including their beliefs about others’
beliefs about the players, and so on. To deal analytically with this situa-
tion, we develop a formal model of what it means to say that an individual
“knows” a fact about the world.

The states of nature consist of a finite universe €2 of possible worlds,
subsets of which are called events. Event E occurs at state w if v € E.
When Alice is in state w, she knows only that she is in a subset Py € €2 of
states; i.e., Pqw is the set of states Alice considers possible when the actual
state is w. We say that Alice knows the event E at state w if P4w C E
because for every state w’ that Alice knows is possible, w’ € E.

Given a possibility operator P, we define a corresponding knowledge op-
erator Kby KE = {w|Pw C E}. Note that KE is an event consisting
of all states at which the individual knows E. It is easy to check that the
knowledge satisfies the following properties:

(K1) KQ =Q omniscience
(K2a) K(ENF)=KENKF
(K2b) E C F = KE CKF

(K3) KE CE knowledge
(K4) KE = KKE transparency
(KS) —K-KE C KE negative introspection

where —, means “not”; i.e., logical negation. Note that K2a implies K2b.
To see this, assume K2aand E C F. Then, KE = K(EN F) = KE N
KF, so KE € KF, which proves K2b. Property K3, often called the
axiom of knowledge, asserts that what is known must be true (if we drop
this principle, we get a model of belief rather than knowledge) and follows
directly from P1. Property K4, called the axiom of transparency, says that
if you know something, then you know that you know it. Property K5
says that if you do not know something, then you know that you do not
know it. This is not a very intuitive statement, but it allows us to specify
the properties of the knowledge operator syntactically without regard to
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its semantic interpretation in terms of possible worlds and the possibility
operator Pw. We show that K5 follows from P1 and P2 by extending the
definition of the P operator from states to events by PE = |, .z Po,
then the knowledge and possibilities operators are dual in the sense that

—K—FE = PE and -P—E = KF for any event £ C 2. To see the first,

—K—-F ={w|Pw §&—FE} = {0|Po N E # 0}
= {o'|o’ € UyegPw} = PE.

To see the second, suppose w € —P—FE. We must show Po C E. If
this is false, then Po N —E # @, which implies @ € P—E, which is a
contradiction. To prove K5, which can be written PKE C KE, suppose
w € PKE. Then Pw C KE, so w € KE. This argument can be reversed
to prove equality.

As we saw in §4.1, we can recover the possibility operator Pw for an
individual from his knowledge operator K because

Po = {E|w € KE}. (5.4)

To verify this equation, note that if w € KE, then Pw C E, so the left-hand
side of (5.4) is contained in the right-hand side. Moreover, if o’ is not in
the right-hand side, then @’ ¢ E for some E with w € KE, so Pw C E, so
" ¢ Pw. Thus, the right-hand side of (5.4) is contained in the left.

We say an event E is self-evident to an agent if he knows E at each state
w € E. Thus, E is self-evident exactly when KE = FE, which means
Pw C E for every w € E. Clearly, €2 itself is self-evident, and if £ and
F are self-evident, then E N F is self-evident. Thus, for each state w, Pw
is the minimal self-evident event containing w. Every self-evident event is
the union of minimal self-evident events. The minimal self-evident events
coincide with the cells of the partition P.

5.11 Backward Induction and Extensive Form CKR

In this section we show how a little modal logic can clarify issues concern-
ing rational behavior and choice. We take the case of backward induction,
presenting Aumann’s (1995) proof that common knowledge of rationality
in generic extensive form games of perfect information is possible only at
nodes of the game tree that lie along the backward induction path of play.
Consider a finite generic extensive form epistemic game of perfect infor-
mation G (a game is generic if, for each player, no two payoffs at terminal
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nodes are equal). A pure-strategy profile s assigns an action sV at each non-
terminal node v. Indeed, if s; is the pure-strategy profile of player i and if
i moves at v, then s = 5. We denote by b the unique backward induction
strategy profile. Thus, if player i moves at node v, then

n}(b) > n/(b/a") fora® # b°, (5.5)

where 77 (s) is the payoff of strategy profile s to player 7, starting from
node v (even if, starting from the beginning of the game, v would not be
reached), and s/¢V denotes the strategy profile s for the player who chooses
at v, replacing his action s; with action ¢ at v.

To specify Bayesian rationality in this framework, suppose players
choose pure strategy profile s(w) in state @. We then say i is Bayesian
rational if, for every node v at which i chooses and for every pure strategy
t; € S;, we have

R; € —Ki{w € Q|n/(s/t;) > n/(5)}; (5.6)

i.e., i does not know that there is a better strategy than s; (w) at v. Common
knowledge of rationality, which we write as CKR, means R; is common
knowledge for all players i. Note that this definition is somewhat weaker
than Bayesian rationality, which requires that agents have subjective priors
over events and maximize utility subject to these priors.

Let IV C Q2 be the event that " is chosen at node v. Thus

I’ ={w € Q|s(w)” = b"}, (5.7
so the event / that the backward induction path is chosen is simply
I =nN,I°.

The assertion that common knowledge of rationality implies backward in-
duction is then simply expressed as
THEOREM 5.1 CKR C [.
Proof: We first show that at every terminal node v, CKR C /. We have
CKR C R; € =K{w € Q|7 (s/b;) > 7/ (s)}
= —Ki{w € Q|n/(b) > n/(b/si)}
= —1Kl-{a) S Q|S;] 75 bv} = —'Kl'—'lv.
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The first line follows from (5.6) with #; = b;. The second line follows from
the fact that v is a terminal node at which i chooses, so 7 (b) = 7/ (s/b;)
and w7 (s) = /' (b/s;).

Because i chooses at v, /Y is a union of cells of i’s knowledge par-
tition, so IV is self-evident to i, and hence I = K;/V. Thus we
have CKR C —K;—K;/". By negative introspection (K5), this implies
CKR € ——K;I" =K;I" = I".

This argument proves that at every state compatible with CKR, players
must make the backward induction move at each terminal node. Note that
this argument does not commit what we called in chapter 5 the “fallacy of
backward induction” because this argument does not assume that a terminal
node is reached that could not be reached if players used backward induc-
tion. Indeed, this argument does not assume anything about which nodes
are reached or not reached.

The rest of the proof proceeds by mathematical induction. Assume that
CKR C 1" for all nodes w that follow a node v, where player i chooses.
We can then write CKR C K; /7Y = Ny, K; 1%, where w > v means that
node w follows node v in the game tree. We then have

R; € —Ki{w € Q|xn’(s/b;) > ' (s)},

by (5.6) with#; = b;. Now 7/ (s) depends only on s” and s~ the restriction
of s to the nodes following v. Thus, we can write

R NI7" C—Ki{w € Qn/(b) > 7/ (b/s")}NI7" ==K;—~I"NI7",

where the first inclusion follows from the fact that forw € 17%, n”(s/b;) =
n?(b) and 7 (s) = =’ (b/s”). Thus,

CKRC R, NI C=K,=I"NI"CI'NI?,

where the argument for the final inclusion is as before. @

This theorem does not claim that rational agents will always play the sub-
game perfect equilibrium. Rather, it claims that if a player makes a move to
a node that is not along the backward induction path of play, then common
knowledge of rationality cannot obtain at that node or at any subsequent
node of the game tree. There is nothing irrational about a player making
such a move, as he may have some notion as to how rational agents will
play the game based on considerations other than CKR.

Another way of saying this is that CKR is an event, not a premise (§4.14).
In some cases CKR holds, not because CKR implies the outcome, but rather
because the outcome implies CKR.

117



118

Chapter 5

5.12 Rationality and Extensive Form CKR

Between 1987 and 1993, several influential papers questioned the classical
game-theoretic argument that in an extensive form game of perfect informa-
tion with a single subgame perfect Nash equilibrium, rational agents must
play this equilibrium. Aumann (1995) was seen by many game theorists as
a futile and inadequate response to these critics in defense of the conven-
tional wisdom. The central criticism of Aumann’s analysis was stated as
follows by Binmore (1996):

What keeps a rational player on the equilibrium path is his eval-
uation of what would happen if he were to deviate. But, if he
were to deviate, he would behave irrationally. Other players
would then be foolish if they were not to take this evidence
of irrationality into account in planning their responses to the
deviation. ... Aumann ...is insistent that his conclusions say
nothing whatever about what players would do if vertices of the
game tree off the backward-induction path were to be reached.
But, if nothing can be said about what would happen off the
backward-induction path, then it seems obvious that nothing
can be said about the rationality of remaining on the backward-
induction path.” (p. 135)

Similarly, Ben-Porath (1997) asserts that

Aumann assumes that in every vertex x there is common
knowledge that a player will play rationally in the subgame
that starts at x. This is assumed even for vertices x that cannot
be reached if there is CKR at the beginning. Thus, the assump-
tion is that a player i will ignore the fact that another player j
behaved in a way which is consistent with CKR. (p. 43)

One correction is clearly in order. If a rational player were to deviate from
the equilibrium path, says Binmore, “he would behave irrationally.” The
correct statement is that if a player deviated from the equilibrium path,
he would violate CKR, not rationality. That said, although there may be
versions of CKR that are vulnerable to this critique, Aumann’s version,
presented in §5.11, is not.

This argument should not be seen, however, as a defense of CKR. Au-
mann himself, in all his writings, states clearly that CKR is not dictated
by the norms of social interaction among rational agents. CKR is not a
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strengthening of Bayesian rationality. Rather, CKR is a powerful and of-
ten highly implausible assumption concerning the communality of mental
representations across Bayesian rational agents.

A major attraction of epistemic game theory lies in its allowing us to
replace arguments about where a proposition v is true and false in a game
by an analysis of the set of states w € €2 in which ¥ (w) holds. Thus,
the conclusion of Aumann’s argument, equation (5.1), must be read as “In
every state @ in which CKR holds, the backward induction path is chosen
by s(w).” Similarly, “CKR fails off the backward induction path” should be
read “In every state w for which s(w) is not the backward induction path,
CKR fails.”

The bottom line is that the critics, from Binmore (1987) to Reny (1993)
are correct in stating that rationality does not imply backward induction.
But Aumann (1995) is also correct in stating that in every state where CKR
holds, the backward induction path is followed.

5.13 On the Nonexistence of CKR

The proof that CKR implies backward induction in Aumann (1995) is fol-
lowed by the proof of the following theorem.

THEOREM 5.2 In every game of perfect information, there is a knowledge
system such that CKR # .

The proof is trivial. Assume €2 has exactly one state, in which each agent’s
strategy is the backward induction strategy.

The more interesting question, however, is: What are the characteristics
of knowledge systems for which CKR## @, and are there plausible knowl-
edge systems for which €2 = CKR? The answers to these questions are, to
my knowledge, unknown.

It is easy, however, to construct a realistic epistemic game in which
CKR= 0. For instance, consider the situation described in §5.9. The game
is the 100-round Repeated Prisoner’s Dilemma, and each player has a sub-
jective prior that includes a probability distribution over the strategies of
the potential partners and chooses a strategy that maximizes his expected
payoff subject to this conjecture. Unless all players’ conjectures lead to de-
fecting in round 1, CKR= @ for this epistemic game. Nothing, of course,
constrains rational agents to hold such a pattern of conjectures, so CKR= ¢
should be considered the default situation.
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More generally, in any epistemic game that has a perfect information ex-
tensive form and a unique subgame perfect Nash equilibrium s*, the priors
pi (+|w) fully determine the probability each player places on the occurrence
of s* namely, p;([s = s*]|w). This is surely zero unless s; (w) = s*. More-
over, we must have p;([s = s*]|w) = 1 if ® € CKR, which is a restriction
on subjective priors that has absolutely no justification in general, although
it can be justified in certain cases (e.g., the one- or two-round Prisoner’s
Dilemma or the game in §5.3).

It might be suggested that a plausible strategy selection mechanism epis-
temically justified by some principle other than CKR might succeed in se-
lecting out the subgame perfect equilibrium—for instance, extensive form
rationality as proposed by Pearce (1984) and Battigalli (1997). However,
this selection mechanism is not epistemically grounded at all. There are al-
ternative, epistemically grounded selection mechanisms for extensive form
games, such as Fudenberg, Kreps, and Levine (1988), Borgers (1994), and
Ben-Porath (1997), but these mechanisms do not justify backward induc-
tion.
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The Mixing Problem: Purification and
Conjectures

God does not play dice with the universe.

Albert Einstein

Economic theory stresses that a proposed mechanism for solving a co-
ordination problem assuming self-regarding agents is plausible only if it
is incentive compatible: each agent should find it in his interest to behave
as required by the mechanism. However, a strictly mixed-strategy Nash
equilibrium o* = (o7, ..., 0, ) fails to be incentive compatible, because
a self-regarding agent 7 is indifferent to any mixed strategy in the support
of o;*. This chapter deals with the solution to this problem. We conclude
that, while ingenious justifications of the incentive compatibility of mixed-
strategy Nash equilibria have been offered, they fail except in a large ma-
jority of cases. We suggest that the solution lies in recognizing both the
power of social norms, and of a human other-regarding psychological pre-
disposition to conform to social norms even when it is costly to do so.

6.1 Why Play Mixed Strategies?

In Throwing Fingers (§2.7), there is a unique mixed-strategy Nash equilib-
rium in which both players choose each of their pure strategies with prob-
ability 1/2. However, if both pure strategies have equal payoffs against the
mixed strategy of the other player, Why bother randomizing? Of course,
this problem is perfectly general. By the fundamental theorem (§2.5), any
mixed strategy best response consists of equal-payoff pure strategies, so
why should a player bother randomizing? Moreover, this argument holds
for all other players as well. Therefore, no player should expect any other
player to randomize. This is the mixing problem.

We assume that the game is played only once (this is called a one-shot
game, even though it could be an extensive form game with many moves
by each player, as in chess), so there is no past history on which to base
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an inference of future play, and each decision node is visited at most once,
so a statistical analysis during the course of the game cannot be carried
out. If the stage game itself consists of a finite repetition of a smaller stage
game, as in playing Throwing Fingers n times, one can make a good case
for randomizing in the stage game. But only a small fraction of games have
such form.

One suggestion for randomizing is that perhaps it is easier for an oppo-
nent to discover a pure-strategy choice on your part than a mixed-strategy
choice (Reny and Robson 2004). Indeed, when Von Neumann and Morgen-
stern (1944) introduced the concept of a mixed strategy in zero-sum games,
they argued that a player would use this strategy to “protect himself against
having his intentions found out by his opponent.” (p. 146) This defense is
weak. For one thing, it does not hold at all for many games, such as Battle
of the Sexes (§2.8), where a player gains when his partner discovers his
pure-strategy move. More important, if there are informational processes,
reputation effects, or other mechanisms whereby the agents’ “types” can be
known or discovered, this should be formally modeled in the specification
of the game.

Finally, it is always costly to randomize because one must have some so-
phisticated mental algorithm modeling the spinning of a roulette wheel or
other randomizing device, so mixed strategies are in fact strictly more costly
to implement than pure strategies. In general, we do not discuss implemen-
tation costs, but in this case they play a critical role in evaluating the relative
costs of playing a mixed-strategy best response or any of the pure strategies
in its support. Hence the mixing problem: why bother randomizing?

There have been two major approaches to solving the mixing problem.
The first approach, which we develop in §6.2, is due to Harsanyi (1973).
Harsanyi treats mixed-strategy equilibria as limit cases of slightly perturbed
“purified” games with pure-strategy equilibria. This remarkable approach
handles many simple games very nicely but fails to extend to more com-
plex environments. The more recent approach, which uses interactive epis-
temology to define knowledge structures representing subjective degrees of
uncertainty, is due to Robert Aumann and his coworkers. This approach,
which we develop in §6.5, does not predict how agents will actually play
because it determines only the conjectures each player has of the other
players’ strategies. It follows that this approach does not solve the mixing
problem. However, in §6.6, we show that a simple extension of the Au-
mann conjecture approach is valid under precisely the same conditions as
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Harsanyi purification, with the added attractions of handling pure-strategy
equilibria (§6.6) and applying to cases where payoffs are determinate.

Our general conclusion, which is fortified by two examples below, is that
purification is possible in some simple games but not in the sorts of games
that apply to complex social interaction, such as principal-agent models
or repeated games. Yet, such complex models generally rely on mixed
strategies. Thus, game theory alone is incapable of explaining such complex
social interactions even approximately and even in principle. This provides
one more nail in the coffin of methodological individualism (§8.8).

6.2 Harsanyi’s Purification Theorem

To understand Harsanyi’s (1973) defense of the mixed- L R

strategy Nash equilibrium in one-shot games, consider Ul 00 l0—1
the game to the right, which has a mixed-strategy equi- ’ ’
librium (of,0;) = 3U/4+ D/4,L/2 + R/2). Be- p|—-10| 13
cause player 1, Alice, is indifferent between U and D, if
she had some personal idiosyncratic reason for slightly preferring U to D,
she would play pure strategy U rather than the mixed strategy o;". Similarly,
some slight preference for R would lead player 2, Bob, to play pure strategy
R. The mixed-strategy equilibrium would then disappear, thus solving the
mixing problem.

To formalize this, let 6 be a random vari- L R
able uniformly distributed on the interval ;7| c9, 0, | €6,.—1
[—1/2,1/2] (in fact, 8 could be any bounded R 13
random variable with a continuous density) T2 ’
and suppose that the distribution of payoffs from U for the population
of player 1’s is 2 4+ €6y, and the distribution of payoffs from L for the
population of player 2’s is 1 4+ €6,, where ¢, and 6, are independently
distributed as 6. Suppose Alice and Bob are chosen randomly from their
respective populations of player 1’s and player 2’s to play the game, and
each knows only the distribution of payoffs to their partners. Suppose
Alice uses U with probability 8 and Bob uses L with probability o. You
can check that Bob infers that the payoff from U for Alice is distributed as
my = €61, and that the payoff from D for Alice is 7p = 1 —2«. Similarly,
Alice infers that the payoff from L for Bob is 77, = €68,, and the payoff
from R for Bob is mg = 3 — 48.
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Now, B is the probability 7y > mp, which is the probability that 6; >
(1 —2a) /€, which gives

3—4 8B —6
a:P[nL>nR]=P[93> ﬁ]: p-6tc 1
€ 2e
1-2 4o — 2
ﬁ:P[nU>nD]=P[9A> “]: ATEFE (62
€ 2e
Solving these simultaneously for « and 8, we find
1 € 3 €2
= - — == — 6.3
YT Ty e P 4 4(8—¢€?) ()

This is our desired equilibrium. Now, this looks like a mixed-strategy equi-
librium, but it is not. The probability that an Alice randomly chosen from
the population chooses pure strategy U is 8, and the probability that a Bob
randomly chosen from the population chooses pure strategy L is «. Thus,
for instance, if an observer measured the frequency with which player 1’s
chose U, he would arrive at a number near «, despite the fact that no player
1 ever randomizes. Moreover, when € is very small, (a, ) ~ (o;,05).
Thus, if we observed a large number of pairs of agents playing this game,
the frequency of playing the various strategies would closely approximate
their mixed-strategy equilibrium values.

To familiarize himself with this analysis, the reader should derive the
equilibrium values of « and f, assuming that player i’s idiosyncratic pay-
off is uniformly distributed on the interval [a;, b;],i = 1,2, and show that
a and B tend to the mixed-strategy Nash equilibrium as € — 0. Then,
he should find the purified solution to Throwing Fingers (§2.7) assuming
player 1 favors H with probability €6;, where 0; is uniformly distributed
on [—0.5,0.5] and player 2 favors H with probability €6,, where 6, is uni-
formly distributed on [0,1], and then show that as € — 0, the strategies in
the perturbed game move to the mixed-strategy equilibrium.

Govindan, Reny, and Robson (2003) present a very general statement
and elegant proof of Harsanyi’s purification theorem. They also correct
an error in Harsanyi’s original proof (see also van Damme 1987, ch. 5).
The notion of a regular equilibrium used in the theorem is the same as that
of a hyperbolic fixed point in dynamical systems theory (Gintis 2009) and
is satisfied in many simple games with isolated and strictly perfect Nash
equilibria (meaning that if we add very small errors to each strategy, the
equilibrium is displaced only a small amount).
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The following theorem is weakened a bit from Govindan, Reny, and Rob-
son (2003) to make it easier to follow. Let G be a finite normal form game
with pure-strategy set S; for playeri,i =1,...,n, and payoffs u; :S —R,
where S = []7_, S; is the set of pure-strategy profiles of the game.

A Nash equilibrium s is strict if there is a neighborhood of s (considered
as a point in n-space) that contains no other Nash equilibrium of the game.
The distance between equilibria is the Euclidean distance between the strat-
egy profiles considered as points in RS! (| S| is the number of elements in
S). Another way of saying this is that a Nash equilibrium is strict if the
connected component of Nash equilibria to which it belongs consists of a
single point.

Suppose for each player i and each pure-strategy profile s € §, there is
a random perturbation v;(s) with probability distribution p; such that the
actual payoff to player i from s € S is u;(s) + €v;(s), where € > O is a
small number. We assume the v; are independent, and each player knows
only his own outcomes {v;(s)|s € S;}. We have the following theorem.

THEOREM 6.1 Suppose o™ is a regular mixed-strategy Nash equilibrium
of G. Then, for every § >0, there is an € > 0 such that the perturbed game
with payoffs {u;(s)+e€v;(s)|s € S} has a strict Nash equilibrium & within €
of o*.

6.3 A Reputational Model of Honesty and Corruption

Consider a society in which sometimes people are Needy, and sometimes
others help the Needy. In the first period, a pair is selected randomly, one
being designated Needy and the other Giver. Giver and Needy then play a
stage game G in which if Giver helps, a benefit b is conferred on Needy at
a cost ¢ to Giver, where 0 < ¢ < b; or, if Giver defects, both players receive
0. In each succeeding period, Needy from the previous period becomes
Giver in the current period. Giver is paired with a new, random Needy, and
the game G is played by the new pair. If we assume that helping behavior
is public information, there is a Nash equilibrium of the following form,
provided the discount factor § is sufficiently close to unity. At the start of
the game, each player is labeled “in good standing.” In every period Giver
helps if and only if his partner Needy is in good standing. Failure to do so
puts a player “in bad standing,” where he remains for the rest of the game.
To see that this is a Nash equilibrium in which every Giver helps in every
period for § sufficiently close to 1, let v, be the present value of the game
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to a Giver, and let v, be the present value of the game for an individual
who is not currently Giver or Needy. Then we have v, = —c+6vp and vp =
p(b+8v.)+(1—p)dvp, where p is the probability of begin chosen as Needy.
The first equation reflects the fact that a Giver must pay ¢ now and becomes
a candidate for Needy in the next period. The second equation expresses
the fact that a candidate for Needy is chosen with probability p and then
gets b, plus is Giver in the next period, and with probability 1 — p remains
a candidate for Needy in the next period. If we solve these two equations
simultaneously, we find that v, > 0 precisely when § > c¢/(c+ p(b—c)).
Because the right hand side of this expression is strictly less than 1, there
is a range of discount factors for which it is a best response for a Giver to
help, and thus remain in good standing.

Suppose, however, the informational assumption is that each new Giver
knows only whether his partner Needy did or did not help his own partner in
the previous period. If Alice is Giver and her partner Needy is Bob, and Bob
did not help when he was Giver, it could be because when he was Giver,
Carole, his Needy partner, had defected when she was Giver, or because
Bob failed to help Carole even though she had helped Donald, her previous
Needy partner when she was Giver. Because Alice cannot condition her
action on Bob’s previous action, Bob’s best response is to defect on Carole,
no matter what she did. Therefore, Carole will defect on Donald, no matter
what he did. Thus, there can be no Nash equilibrium with the pure strategy
of helping.

This argument extends to the richer informational structure where a Giver
knows the previous k actions for any finite k. Here is the argument for
k=2, which the reader is encouraged to generalize. Suppose the last five
players are Alice, Bob, Carole, Donald, and Eloise, in that order. Alice can
condition her choice on the actions taken by Bob, Carole, and Donald, but
not on Eloise’s action. Therefore, Bob’s best response to Carole will not
be conditioned on Eloise’s action, and hence Carole’s response to Donald
will not be conditioned on Eloise’s action. So, finally, Donald’s response
to Eloise will not be conditioned on her action, so her best response is to
defect when she is Giver. Thus, there is no helping Nash equilibrium.

Suppose, however, back in the k=1 case, that instead of defecting uncon-
ditionally when facing a Needy who has defected improperly, a Giver helps
with probability p = 1 — ¢ /b and defects with probability 1 — p. The gain
from helping unconditionally is then b — ¢, while the gain from following
this new strategy is p(b —c) + (1 — p) pb, where the first term is the proba-
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bility p of helping times the reward b in the next period if one helps minus
the cost ¢ of helping in the current period, and the second term is the prob-
ability 1 — p of defecting times the probability p that you will be helped
anyway when your are Needy, times the benefit . Equating this expression
with b — ¢, the cost of helping unconditionally, we get p = 1 — ¢ /b, which
is a number strictly between zero and one and hence a valid probability.

Consider the following strategy. In each round, Giver helps if his partner
helped in the previous period, and otherwise helps with probability p and
defects with probability 1 — p. With this strategy each Giver i is indifferent
to helping or defecting, because helping costs i the amount ¢ when he is
Giver but i gains b when he is Needy, for a net gain of b — c¢. However,
defecting costs zero when Giver, but gives bp = b — ¢ when he is Needy.
Because the two actions have the same payoff, it is incentive-compatible
for each Giver to help when his partner Needy helped, and to defect with
probability p otherwise. This strategy thus gives rise to a Nash equilibrium
with helping in every period.

The bizarre nature of this equilibrium is clear from the fact that there is no
reason for any player to follow this strategy as opposed to any other since
all strategies have the same payoff. So, for instance, if you slightly favor
some players (e.g., your friends or coreligionists) over others (e.g., your
enemies and religious infidels), then you will help the former and defect on
the latter. But then, if this is generally true, each player Bob knows that he
will be helped or not by Alice independent of whether he helps Carole when
she is Needy, so Bob has no incentive to help Carole. In short, if we add a
small amount of “noise” to the payoffs in the form of a slight preference for
some potential partners over others, there is no longer a Nash equilibrium
with helping. Thus, this repeated game model with private signals cannot
be purified (Bhaskar 1998b).

However, if players receive a subjective payoff from following the rules
(we term this a normative predisposition in chapter 7) greater than the
largest subjective gain from helping a friend or loss from defecting on an
enemy, complete cooperation can be reestablished even with private signals.
Indeed, even more sophisticated models can be constructed in which Alice
can calculate the probability that the Giver with whom she is paired when
she is Needy will condition his action on hers, a calculation that depends on
the statistical distribution of her friends and enemies and on the statistical
distribution of the strength of the predisposition to observe social norms.
For certain parameter ranges of these variables, Alice will behave “merito-
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cratically,” and for others, she will act “corruptly” by favoring friends over
enemies.

6.4 Purifying Honesty and Corruption

Suppose police are hired to apprehend criminals, but only the word of the
police officer who witnessed the transgression is used to determine the pun-
ishment of the offender—there is no forensic evidence involved in the judg-
ment, and the accused has no means of self-defense. Moreover, it costs the
police officer a fixed amount f to file a criminal report. How can this soci-
ety erect incentives to induce the police to act honestly?

Let us assume that the society’s elders set up criminal penalties so that
it is never profitable to commit a crime, provided the police are honest.
The police, however, are self-regarding and so have no incentive to report
a crime, which costs them f. If the elders offer the police an incentive w
per criminal report, the police will file zero reports for w < f and as many
as possible for w > f. However, if the elders set w = f, the police will be
indifferent between reporting and not reporting a crime, and there will be
a Nash equilibrium at which the officers report all crimes they observe and
none others.

This Nash equilibrium cannot be purified. If there are small differences in
the cost of filing a report or if police officers derive small differences in util-
ity from reporting crimes, depending on their relationship to the perpetrator,
the Nash equilibrium will disappear. We can foresee how this model could
be transformed into a full-fledged model of police honesty and corruption
by adding effective monitoring devices, keeping tabs on the reporting rates
of different officers, and the like. We could also add a in the form of a
police culture favoring honesty or condemning corruption, and explore the
interaction of moral and material incentives in controlling crime.

6.5 Epistemic Games: Mixed Strategies as Conjectures

Let G be an epistemic game where each player i has a subjective prior
pi(-;w). We say a probability distribution p over the state space €2 is a
common prior for G if, for each player i and for each P € P;, p(P) > 0
and i’s subjective prior p;(:| P) satisfies p;(w|P) = p(w)/p(P) for w €
P.
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The sense in which conjectures solve the problem of why agents play
mixed strategies is given by the following theorem due to Aumann and
Brandenburger (1995), which we will prove in §8.7.

THEOREM 6.2 Let G be an epistemic game with n > 2 players. Suppose
the players have a common prior p and it is commonly known at v € 2
that ¢® is the set of conjectures for G. Then, for each j = 1,...,n, all
i # J induce the same conjecture ;(w) = ¢7 about j’s conjectured mixed
strategy, and o) = (01(®), ..., 0n(w)) form a Nash equilibrium of G.

Several game theorists have suggested that this theorem resolves the prob-
lem of mixed-strategy Nash equilibria. In their view, each player chooses a
pure strategy, but there is a Nash equilibrium in player conjectures (see, for
instance, §4.3). However, the fact that player conjectures are mutual best
responses does not permit us to deduce anything concerning the relative fre-
quency of player pure-strategy choices except that pure strategies not in the
support of the equilibrium mixed strategy will have frequency zero. This
suggested solution to the mixing problem is thus incorrect, assuming one
cares about explaining behavior, not just conjectures in people’s heads.

There are many stunning indications of contemporary game theorists’
disregard for explaining behavior, but perhaps none more stunning than the
complacency surrounding the acceptance of this argument. The method-
ological commitment behind this complacency was eloquently expressed
by Ariel Rubinstein in his presidential address to the Econometric Society
(Rubinstein 2006). “As in the case of fables, models in economic theory
...are not meant to be testable. ...a good model can have an enormous
influence on the real world, not by providing advice or by predicting the
future, but rather by influencing culture.” It is hard not be sympathetic with
Rubinstein’s disarming frankness, despite his being dead wrong: the value
of a model is its contribution to explaning reality, not its contribution to
society’s stock of pithy aphorisms.

6.6 Resurrecting the Conjecture Approach to Purification

Harsanyi purification is motivated by the notion that payoffs may have a
statistical distribution rather than being the determinate values assumed in
classical game theory. Suppose, however, that payoffs are indeed determi-
nate, but the conjectures (§6.5) of individual players have a statistical distri-
bution around the game’s mixed-strategy equilibrium values. In this case,
the epistemic solution to the mixing problem might be cogent. Indeed, as
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we shall see, the assumption of stochastic conjectures has advantages over
the Harsanyi assumption of stochastic payoffs. This avenue of research has
not been studied in the literature, to my knowledge, but it clearly deserves
to be explored.

Consider the Battle of the Sexes (§2.8) and suppose that Alfredos in the
population go to the opera with mean probability «, but the conjecture as to
« by the population of Violettas is distributed as & +€6y,. Similarly, suppose
that Violettas in the population go to the opera with mean probability 8, but
the conjecture as to 8 by the population of Alfredos is distributed as +€6.

Let n;,‘l and Jr;,‘l be the expected payoffs to a random Alfredo chosen from
the population from going to the opera and from gambling, respectively, and
let 7} and né‘,’ be the expected payoff to a random Violetta chosen from the
population from going to the opera and from gambling, respectively. An
easy calculation shows that

md —wd =38 2+ 3eby,

g
J/—n;=3a—l+3eev.

b4
Therefore,
2—-38 68 — 4 + 3¢
_ A A7 _ _
o =P[x} >71g]—P|:9A> 3e ]— > , (6.4)
1 — 3« 60 —2 + 3¢
p=rplnl > nf) = oy > 2| - 2L )

If we assume that the beliefs of the agents reflect the actual state of the two
populations, we may solve these equations simultaneously, finding

1 € 2 €
a*: I — ,3*:_

37 6(1+¢) 3 6(1+e) (6.6)

Clearly, as € — 0, this pure-strategy equilibrium tends to the mixed-strategy
equilibrium of the stage game (2/3,1/3), as prescribed by the purification
theorem.

However, note that our calculations in arriving at (6.6) assumed that
a, B € (0,1). This is true, however, only when

1 € 1 € 2 €
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Suppose, however, that « < 1/3 — €/2. Then, all Violettas choose gam-
bling, to which gambling is any Alfredo’s best response. In this case, the
only equilibrium is « = B = 0. Similarly, if « > 1/3 4 €/6, then all
Violettas choose opera, so all Alfredos choose opera, and we have the pure-
strategy Nash equilibrium o = 8 = 1. This approach to solving the mixing
problem has the added attraction that it yields an approximation not only
to the mixed-strategy equilibrium for some statistical distribution of beliefs
but also to one or another of the two pure-strategy equilibria with other
distributions of beliefs.
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Bayesian Rationality and Social Epistemology

Social life comes from a double source, the likeness of consciences
and the division of social labor.

Emile Durkheim

There is no such thing as society. There are individual men and
women, and there are families.

Margaret Thatcher

Atleast since Schelling (1960) and Lewis (1969), game theorists have in-
terpreted social norms as Nash equilibria. More recent contributions based
upon the idea of social norms as selecting among Nash equilibria include
Sugden (1986), Elster (19891,b), Binmore (2005), and Bicchieri (2006).
There are two problems with this approach. The first is that the conditions
under which rational individuals play a Nash equilibrium are extremely de-
manding (theorem §8.4), and are not guaranteed to hold simply because
there is a social norm specifying a particular Nash equilibrium. Second, the
most important and obvious social norms do not specify Nash equilibria
at all, but rather are devices that implement correlated equilibria (§2.11,
§7.5).

Informally, a correlated equilibrium of an epistemic game G is a Nash
equilibrium of a game G, in which G is augmented by an initial move by
a new player, whom we call the choreographer, who observes a random
variable y on a probability space (I, p), and issues a “directive” f;(y) €
S; to each player i as to which pure strategy to choose. Following the
choreographer’s directive is a best response for each player, if other players
also follow the choreographer’s directives.

This chapter uses epistemic game theory to expand on the notion of so-
cial norms as choreographer of a correlated equilibrium, and to elucidate
the socio-psychological prerequisites for the notion that social norms im-
plement correlated equilibria.

The correlated equilibrium is a much more natural equilibrium criterion
than the Nash equilibrium, because of a famous theorem of Aumann (1987),
who showed that Bayesian rational agents in an epistemic game G with a
common subjective prior play a correlated equilibrium of G (§2.11-2.13).
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Thus, while rationality and common priors do not imply Nash equilibrium,
these assumptions do imply correlated equilibrium and as we shall see, so-
cial norms act not only as choreographer, but also supply the epistemic
conditions for common priors.

In a correlated equilibrium, rational players have no incentive to deviate
from the instructions of the choreographer, but if the correlated equilibrium
involves multiple strategies with equal payoffs, they have no incentive to
follow them either. If a correlated equilibrium can be purified (see chap-
ter 6), each agent effectively has a strict preference to follow the directives
of the choreographer. However, in most complex games purification fails
(§6.3, §6.4), in which case, as we shall see, we must assume that agents
have a normative predisposition towards following the choreographer’s in-
structions unless they have alternatives with strictly higher payoffs.

The isomorphism between correlated equilibrium and Bayesian rational-
ity with common priors assumes that the choreographer has at least as much
information as any player. This means that all information is public, an as-
sumption that is violated in many practical cases. For instance, each agent’s
payoff might consist of a public component that is known to the choreog-
rapher and a private component that reflects the idiosyncrasies of the agent
and is unknown to the choreographer. Suppose the maximum size of the
private component in any state for an agent is «, but the agent’s inclination
to follow the choreographer has strength greater than «. Then, the agent
continues to follow the choreographer’s directions whatever the state of his
private information. Formally, we say an individual has an a-normative
predisposition towards conforming to the social norm if he strictly prefers
to play his assigned strategy so long as all his pure strategies have payoffs
no more than « greater than when following the choreographer. We call an
o-normative predisposition a social preference because it facilitates social
coordination but violates self-regarding preferences for « > 0. There are
evolutionary reasons for believing that humans have evolved such social
preferences for fairly high levels of « in a large fraction of the population
through gene-culture coevolution (Gintis 2003a).

7.1 The Sexes: From Battle to Ballet

Suppose there is a social norm specifying that when choosing between
opera and gambling, the male of the pair decides on Monday through Fri-
day, and the female on the weekend. This norm choreographs a correlated
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equilibrium in which Alfredo and Violetta go to the opera if and only if it
is a weekend. Assuming that their planned meeting occurs equally likely
on each day of the week, Alfredo’s payoffis 2(5/7) + 1(2/7) = 12/7 and
Violetta’s is 1(5/7) 4+ 2(2/7) = 9/7. This correlated equilibrium is not a
Nash equilibrium of the underlying game and, like the pure-strategy Nash
equilibria of the game, it is Pareto-efficient.

7.2 The Choreographer Trumps Backward Induction

Suppose Alice and Bob play the 100-round repeated Prisoner’s Dilemma
under conditions of common knowledge of rationality. They thus defect
on every round (§5.12). They then discover a choreographer who chooses
a number k, with 1 < k < 99, and with probability 1/2 advises Alice to
cooperate up to the kth round and Bob to cooperate up to the 1 + kth round,
and with probability 1/2, reverses the advice to Alice and Bob. Both players
are advised to defect forever after the first defection.

Assuming that both Alice and Bob believe that each has probability
6(k) =1/2 of having the lower number when advised to defect on the kth
round, we can show that this is a correlated equilibrium with cooperation
up to round k—1. Suppose Bob takes the choreographer’s advice, cooperat-
ing up to the suggested round, and then defecting thereafter. Then, Alice’s
payoff from cooperating, assuming the payoffs to the prisoner’s dilemma
stage game are t > r > p > s (correspondingto 4 > 3 > 1 > 01in §5.6),
is given by

%[r(k—l)+t+(n—k)p]—|—%[r(k—Z)-l—s—i—(n—k-l—l)p]

s+t+p+r
2

If Alice disobeys the choreographer, she can only possibly gain by defecting
either one or two rounds earlier. The payoff to defecting on round k — 1 is

=r(k —2) + + (n—k)p.

%[r(k—2)+t+(n—k+1)p]+%[r(k—2)+(n—k+2)p]
:r(k—2)+%+(n—k+1)p.

The payoff to obeying the choreographer rather than defecting one round
earlier is thus (r + s — p)/2 > 0. If Alice defects two rounds earlier, her
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payoffis r(k —3) +t + (n —k 4+ 2) p, which is less than obeying, provided
r — p > (t —s)/4. Thus, given this inequality (which clearly holds for the
game in §5.6), we have a correlated equilibrium. If k is large, this correlated
equilibrium has a high payoff, despite CKR.

7.3 Property Rights and Correlated Equilibrium

The Hawk-Dove-Game (§2.9) is an inefficient way to allocate property
rights, especially if the cost of injury w is not much larger than the value v
of the property. To see this, note that players choose hawk with probability
v/w, and you can check that the ratio of the payoff to the efficient payoff
v/21is 1 —v/w. When w is near v, this is close to zero.

The Hawk-Dove-Game is thus a beautiful example of the Hobbesian state
of nature, where life is nasty, brutish, and short (Hobbes 1968[1651]). How-
ever, suppose some members of the population institute a social norm re-
specting property rights, based on the fact that whenever two players have
a property dispute, one of them must have gotten there first, and the other
must have come later. We may call the former the “incumbent” and the
latter the “contester.”

Note that if all individuals obey the property rights social norm, then
there can be no efficiency losses associated with the allocation of property.
To show that we indeed have a correlated equilibrium, it is sufficient to
show that if we add to the Hawk-Dove-Game a new strategy, P, called the
property strategy, that always plays hawk when incumbent and dove when
contester, then property is a best response to itself. When we add P to the
normal form matrix of the game, we get the Hawk-Dove-Property Game de-
picted in figure 7.1. Note that the payoff to property against property, v/2,
is greater than 3v/4—w/4, which is the payoff to hawk against property,
and is also greater than v/4, which is the payoff to dove against property.
Therefore, property is a strict Nash equilibrium. It is also efficient, because
there is never a hawk-hawk confrontation in the property correlated equi-
librium, so there is never any injury.

The property strategy is not a Nash equilibrium of the Hawk-Dove-Game,
but is a correlated equilibrium of the larger social system with the property
norm. This example will be elaborated upon in chapter 11.
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H D B
H| (v—w)/2 v 3v/4d—w/4
0 v/2 v/4
B| (v—w)/4 3v/4 v/2

Figure 7.1. The Hawk-Dove-Property Game

7.4 Convention as Correlated Equilibrium

The town of Pleasantville has one traffic intersection, one road going north-
south and the other east-west. If an east-west car meets a north-south car
at the intersection and both stop, one is randomly chosen to go first across
the intersection and the second follows, with an average loss of time of one
second each. If one car stops and the other goes, only the car that stopped
will lose a second. If they both go, however, they may crash, so there is an
expected loss of ¢ > 1 for each.

There is clearly a unique symmetrical Nash equilibrium to this game, in
which each car goes with probability « = 1/c¢ and the expected payoff
to each player is —1; that is, they do no better than both waiting. How-
ever, there is an obvious social norm in which one car, say the east-west
car, always goes, and north-sound car always waits. This is now a corre-
lated equilibrium that implements an asymmetric Nash equilibrium of the
underlying game.

With these examples in mind, we can tackle the underlying theory.

7.5 Correlated Strategies and Correlated Equilibria

We will use epistemic game theory (§6.5) to show that if players are
Bayesian rational in an epistemic game G and have a common prior over €2,
the strategy profiles s: €2 — S that they play form a correlated equilibrium
(Aumann 1987). The converse also holds: for every correlated equilibrium
of a game, there is an extension to an epistemic game G with a common
prior p € Q such that in every state o it is rational for all players to carry
out the move indicated by the correlated equilibrium.

Informally, a correlated equilibrium of an epistemic game G is a Nash
equilibrium of a game G*, which is G augmented by an initial move by
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Nature, who observes a random variable y on a probability space (I, p)
and issues a directive f;(y) € S; to each player i as to which pure strategy
to choose. Following Nature’s directive is a best response, if other players
also follow Nature’s directives, provided players have the common prior p.

The intuition behind the theorem is that in an epistemic game, the state
space €2 includes all information concerning the players’ actions, so com-
mon priors imply that all agents agree as to the probability distributions
over the actions they will take. Hence, assuming each agent i has a single
best response s; (@) in every state w (i.e., the equilibrium is a strict cor-
related equilibrium), the move of each player is known to the others, and
because the agents are rational, each must then play a best response to the
actions of the others.

Formally, a correlated strategy of epistemic game G consists of a finite
probability space (I, p), where p € AT, and a function f:I'— S. If we
think of a choreographer who observes y € I" and directs players to choose
strategy profile f(y), then we can identify a correlated strategy with a prob-
ability distribution p € AS, where, fors € S, p(s) = p([f(y) = s]) is
the probability that the choreographer chooses s. We call p the distribution
of the correlated strategy. Any probability distribution on S that is the dis-
tribution of some correlated strategy f is called a correlated distribution.

Suppose f1,..., f* are correlated strategies and let @ = (a1, ..., ax) be
alottery (i.e.,; > 0and > ; @ = 1). Then, f = Y, o; f' is also a corre-
lated strategy defined on {1, ... ,k} xI". We call such an f a convex sum of
£, ..., f¥. Any convex sum of correlated strategies is clearly a correlated
strategy. It follows that any convex sum of correlated distributions is itself
a correlated distribution.

Suppose 0 = (071, ...,0y,) is a Nash equilibrium of a game G, where for
eachi =1,...n,

n;
o; = Z OkiSki
k=1

where n; is the number of pure strategies in S; and og; is the weight
given by o; on the kth pure strategy sx; € S;. Note that o thus de-
fines a probability distribution p on S such that p(s) is the probabil-
ity that pure strategy profile s € S will be chosen when mixed strategy
profile o is played. Then, p is a correlated distribution of an epistemic
game associated with G, which we will call G as well. To see this, de-
fine I'; as a set with n; elements {yy;, ..., ¥n,i} and define p; € AS; that
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places probability ak; on yk;. Then, for s = (s1,...,8,) € S, define
p(s) = [1'=, pi(si). Now, define T' = [];_; T; and let f:T — S be
given by f(Yk,1s--+» Vkon) = (Sky1s---,5k,n). It is easy to check that f
is a correlated strategy with correlated distribution p. In short, every Nash
equilibrium is a correlated strategy, and hence any convex combination of
Nash equilibria is a correlated strategy.

If f is a correlated strategy, then 7; o f is a real-valued random variable
on (T, p) with an expected value E;[r; o f], the expectation taken with
respect to p. We say a function g; : I' — §; is measurable with respect to
fiif fi(y) = fi(y’), then g;(y) = gi(y’). Clearly, player i can choose to
follow g; (y) when he knows f;(y) iff g; is measurable with respect to f;.
We say that a correlated strategy f is a correlated equilibrium if for each
player i and any g;:I'—S; that is measurable with respect to f;, we have

Ei[m; o f] > E;[m; o (f-i, &)l

A correlated equilibrium induces a correlated equilibrium probability dis-
tribution on S, whose weight for any strategy profile s € S is the proba-
bility that s will be chosen by the choreographer. Note that a correlated
equilibrium of G is a Nash equilibrium of the game generated from G by
adding Nature, whose move at the beginning of the game is to observe the
state of the world y € I', and to indicate a move f;(y) for each player i
such that no player has an incentive to do other than comply with Nature’s
recommendation, provided that the other players comply as well.

7.6 Correlated Equilibrium and Bayesian Rationality

THEOREM 7.1 If the players in epistemic game G are Bayesian rational at
w, have a common prior p, and each player i chooses s;(w) € S; in state
w, then the distribution of s = (S1,...,8y) is a correlated equilibrium dis-
tribution given by correlating device f on probability space (2, p), where
f(w) = s(w) forall w € Q.

To prove this theorem, we identify the state space for the correlated strat-
egy with the state space 2 of G, and the probability distribution on the state
space with the common prior p. We then define the correlated strategy
f:Q2—S§ by setting f(w) = (s;(w),...,sy(w)), where s; (w) is i’s choice
in state w (§6.5). Then, for any player i and any function g;:Q2—S; that is
‘Pi-measurable (i.e., that is constant on cells of the partition P;), because i
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is Bayesian rational, we have
E[r;(s(w))|w] > E[n; (s—; (®), gi(w))|w].

Now, multiply both sides of this inequality by p(P) and add over the dis-
joint cells P € P;, which gives, for any such g;,

E[7;(s(w))] > E[7; (s-i (), gi(w))].

This proves that (22, f(w)) is a correlated equilibrium. Note that the con-
verse clearly holds as well. @

7.7 The Social Epistemology of Common Priors

De gustibus, we are told, non est disputandum: the decision theorist does
not question the origin or content of preferences. The Savage axioms, for
instance, assume only a few highly general regularities of choice behavior
(§1.5). However, we have seen that when we move from individual decision
theory to epistemic game theory, this vaunted tolerance is no longer tenable.
In its place we require common priors and sometimes, as we shall see, even
common knowledge of conjectures (§8.1).

Common priors must be the result of a common process of belief forma-
tion. The subjectivist interpretation of probability (di Finetti 1974; Jaynes
2003) is persuasive as a model of human behavior but is a partial view
because it cannot explain why individuals agree on certain probabilities.!

For standard explanations of common priors, we must turn to the fre-
quency theories of von Mises (1981) and others or to the closely related
propensity theory of Popper (1959), which interpret probability as the long-
run frequency of an event or its propensity to occur at a certain rate. John
Harsanyi (1967) has been perhaps the most eloquent proponent of this ap-
proach among game theorists, promoting the Harsanyi doctrine, which
states that all differences in probability assessments among rational indi-
viduals must be due to differences in the information they have received. In
fact, however, the Harsanyi doctrine applies only under a highly restricted
set of circumstances.

'Savage’s axiom A3 (see p. 15) suggests that there is something supraindividual about
probabilities. This axiom says that the probability associated with an event must not de-
pend on the desirability of the payoff contingent upon the event occurring. There is no
reason why this should be the case unless there is some supraindividual standard for as-
sessing probabilities.
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Despite lack of agreement concerning the philosophical grounding of
probabilistic statements (von Mises 1981; de Laplace 1996; Gillies 2000;
Keynes 2004), there is little disagreement concerning the mathematical
laws of probability (Kolmogorov 1950). Moreover, modern science is pub-
lic and objective: except at the very cutting edge of research, there is broad
agreement among scientists, however much they differ in creed, culture, or
personal predilections.

This line of reasoning suggests that there is a basis for the formation of
common priors to the extent that the event in question is what we may call
a natural occurrence, such as “the ball is yellow,” that can be inferred from
first-order sense data. We say a natural occurrence is mutually accessible to
a group of agents when this first-order sense data is accessible to all mem-
bers of the group, so that if one member knows N, then he knows that all
the other members know N. For instance, if i and j are both looking at
the same yellow ball, if each sees the other looking at the ball, and if each
knows the other has normal vision and is not delusional, then the ball’s
color is mutually accessible: i knows that j knows that the ball is yellow,
and conversely. In short, we can assume that a social situation involving a
set of individuals can share an attentive state concerning a natural occur-
rence such that, in a joint attentive state, the natural occurrence is mutually
accessible (Tomasello 1999; Lorini, Tummolini, and Herzig 2005).

When we add to this sense data the possibility of joint attentive states
of symmetric reasoners (§7.8), common knowledge of natural occurrences
becomes plausible (theorem 7.2).

But higher-order epistemic constructs, such as beliefs concerning the in-
tentions, beliefs, and prospective actions of other individuals, beliefs about
the natural world that cannot be assessed through individual experience,
as well as beliefs about suprasensory reality, do not fall into this category
(Morris 1995; Gul 1998; Dekel and Gul 1997). How, then, do such higher-
order constructs become commonly known?

The answer is that members of our species, H. sapiens, have the capac-
ity to conceive that other members have minds and respond to experience
in a manner parallel to themselves—a capacity that is extremely rare and
may be possessed by humans alone (Premack and Woodruff 1978). Thus,
if agent i believes something, and if i knows that he shares certain envi-
ronmental experiences with agent j, then i knows that j probably believes
this thing as well. In particular, humans have cultural systems that provide
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natural occurrences that serve as symbolic cues for higher-order beliefs and
expectations. Common priors, then, are the product of common culture.

The neuropsychological literature on how minds know other minds deals
with mirror neurons, the human prefrontal lobe, and other brain mecha-
nisms that facilitate the sharing of knowledge and beliefs. From the view-
point of modeling human behavior, these facilitating mechanisms must be
translated into axiomatic principles of strategic interaction. This is a huge
step to take for game theory, which has never provided a criterion of any
sort for knowledge or beliefs.

7.8 The Social Epistemology of Common Knowledge

We have seen that we must add to Bayesian rationality the principle of
normative predisposition to have a social epistemology sufficient to assert
that rational agents with common priors, in the presence of the appropriate
choreographer, will choose to play a correlated equilibrium. We now study
the cognitive properties of agents sufficient to assert that social norms can
foster common priors.

Many events are defined in part by the mental representations of the in-
dividuals involved. For instance, an individual may behave very differently
if he construes an encounter as an impersonal exchange as opposed to a
comradely encounter. Mental events fail to be mutually accessible because
they are inherently private signals. Nevertheless, there are mutually acces-
sible events N that reliably indicate social events E that include the states
of mind of individuals in the sense that for any individual i, if i knows N,
then i knows E (Lewis 1969; Cubitt and Sugden 2003).

For instance, if I wave my hand at a passing taxi in a large city, both I
and the driver of the taxi will consider this an event of the form “hailing a
taxi.” When the driver stops to pick me up, I am expected to enter the taxi,
give the driver an address, and pay the fare at the end of the trip. Any other
behavior would be considered bizarre.

By an indicator we mean an event N that specifies a social event E to all
individuals in a group; i.e., for any individual i, K; N = K; E. Indicators
are generally learned by group members through acculturation processes.
When one encounters a novel community, one undergoes a process of learn-
ing the various indicators of a social event specific to that community. In
behavioral game theory an indicator is often called a frame of the social
event it indicates, and then the framing effect includes the behavioral im-
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plications of expectations cued by the experimental protocols themselves.

We define individual i as a symmetric reasoner with respect to individual
j for an indicator N of event E if, whenever i knows N, and i knows that
J knows N, then i knows that j knows E;ie., KiN AK;K;N = KK E
(Vanderschraaf and Sillari 2007). We say the individuals in the group are
symmetric reasoners if, for each 7, j in the group, i is a symmetric reasoner
with respect to j.

Like mutual accessibility, joint attentive states, and indicators, symmetric
reasoning is an addition to Bayesian rationality that serves as a basis for
the concordance of beliefs. Indeed, one may speculate that our capacity for
symmetric reasoning is derived by analogy from our recognition of mutual
accessibility. For instance, I may consider it just as clear that [ am hailing a
taxi as that the vehicle in question is colored yellow, and has a lighted sign
saying “taxi” on the roof.

THEOREM 7.2 Suppose individuals in a group are Bayesian rational sym-
metric reasoners with respect to the mutually accessible indicator N of E.
If it is mutual knowledge that the current state w € N, then E is common
knowledge at w.

Proof: Suppose P;w C N for all i. Then, for all i, P;w C E because N
indicates E. For any i, j, because N is mutually accessible, w € K;K; N,
and because i is a symmetric reasoner with respectto j, w € K;K; E. Thus,
we have P;w C K E forall i, j (the case i = j holding trivially). Thus, N
is an indicator of K; E for all j. Applying the above reasoning to indicator
Ki E, we see that v € K;K;K¢ E for all 7, j, and k. All higher levels of
mutual knowledge are obtained similarly, proving common knowledge. @

COROLLARY 7.2.1 Suppose in state w that N is a mutually accessible
natural occurrence for a group of Bayesian rational symmetric reasoners.
Then N is common knowledge in state w.

Proof: When w € N occurs, N is mutually known since N is a natural
occurrence. Obviously, N indicates itself, so the assertion follows from
theorem 7.2. B

Note that we have adduced common knowledge of an event from simpler
epistemic assumptions, thus affording us some confidence that the com-
mon knowledge condition has some chance of realization in the real world.
This is in contrast to common knowledge of rationality, which is taken as
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primitive data and hence has little plausibility. Communality of knowledge
should always be derived from more elementary psychological and social
regularities.

7.9 Social Norms

We say an event E is norm-governed if there is a social norm N'(E) that
specifies socially appropriate behavior N(E) € S, N(E) # @, where S
is the strategy profile set for an epistemic game. Note that we allow appro-
priate behavior to be correlated. How does common knowledge of a social
situation E affect the play of a game G? The answer is that each player i
must associate a particular social norm N (E) with E that determines ap-
propriate behavior in the game, i must be confident that other players also
associate N'(E) with E, i must expect that others will choose to behave ap-
propriately according to AV'(E), and behaving appropriately must be a best
response for i given all of the above.

Suppose E indicates N (E) for players because the players belong to a
society in which common culture specifies that when a game G is played
and event E occurs, then appropriate behavior is given by N (E). Suppose
players are symmetric reasoners with respect to E. Then, reasoning similar
to theorem 7.2 shows that A/(E) is common knowledge. We then have the
following theorem.

THEOREM 7.3 Given epistemic game G with normatively predisposed
players who are symmetric reasoners, suppose E is an indicator of so-
cial norm N'(E). Then, if appropriate behavior according to N(E) is a
correlated equilibrium for G, the players will choose the corresponding
correlated strategies.

7.10 Game Theory and the Evolution of Norms

Social norms cannot be explained as a product of the interaction of Bayesian
rational agents. Rather, as developed in chapters 10—12, social norms are
explained by sociobiological models of gene-culture coevolution (Cavalli-
Sforza and Feldman 1973; Boyd and Richerson 1985). Humans have
evolved psychological predispositions that render social norms effective.
Social evolution (Cavalli-Sforza and Feldman 1981; Dunbar 1993; Richer-
son and Boyd 2004) has favored the emergence both of social norms and
human predispositions to follow social norms, to embrace common priors,
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and to recognize common knowledge of many events. Nor is this process
limited to humans, as the study of territoriality in various nonhuman species
makes clear (Gintis 2007b). The culmination of this process is a pattern of
human attributes that can likely be subjected to axiomatic formulation much
as we have done with the Savage axioms.

The notion of a social norm as a choreographer is only the first step in
analyzing social norms—the step articulating the linkage between Bayesian
rationality and game theory on the one hand, and macro-social institutions
and their evolution on the other. We can add the dimension of coercion
to the concept of a social norm by attaching rewards and punishments to
behaviors based on their relationship to socially approved behavior. We
can also treat social norms as strongly prosocial under some conditions,
meaning that individuals prefer to follow these norms even when it is not in
their personal interest to do so, provided others do the same («-normative
predisposition). Finally, we may be able to use a model of the social norm
linkage to develop a theory of the evolution of norms, a task initiated by
Binmore (1993, 1998, 2005).

7.11 The Merchants’ Wares

Consider the coordination game G with the normal 51 52
form matrix shown to the right. There are two pure- g, 22 | 00
strategy equilibria: (2,2) and (1,1). There is also a
mixed-strategy equilibrium with payoffs (1/3,1/3) in s> | 0,0 | 1,1
which players choose s; with probability 1/3. There
is no principle of Bayesian rationality that would lead the players to coor-
dinate on the higher-payoff, or any other, Nash equilibrium.

There are two obvious social norms in this case: “when participating in
a pure coordination game, choose the strategy that gives players the maxi-
mum (respectively, minimum) common payoff.” The following is a plausi-
ble social norm that leads to a convex combination of the two coordinated
payoffs.

There are two neighboring tribes whose members produce and trade ap-
ples and nuts. The members of one tribe wear long gowns, while the mem-
bers of the other tribe wear short gowns. Individuals indicate a willingness
to trade by visually presenting their wares, the quality of which is either
1 or 2, known prior to exchange to the seller but not to the buyer. After
exchanging goods, both parties must be satisfied or the goods are restored
to their original owners and no trade is consummated. The social norm A/
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that governs exchange is “never try to cheat a member of your own tribe,
and always try to cheat a member of the other tribe.”

We assume that, when two individuals meet, the visibility of their wares,
F, represents a mutually accessible natural occurrence that is an indica-
tor that the appropriate social norm is N, conforming to which is a best
response for both parties. If both have long robes or short robes, N indi-
cates that they each give full value 2, while if their robe styles differ, each
attempts to cheat the other by giving partial value 1. Because all individ-
uals have a normative predisposition and this is common knowledge, each
follows the norm, as either trade is better than no trade. A trade is thus con-
summated in either case. The expected payoff to each playeris 2p+(1—p),
where p is the probability of meeting a trader from one’s own tribe.

This analysis illustrates several key points. First, as we will see in §8.1,
there are very straightforward sufficient conditions for two rational agents
to play a Nash equilibrium (theorem 8.2): mutual knowledge of rationality,
mutual knowledge of the game and its payoffs, and mutual knowledge of
conjectures (what the other player will choose).

In The Merchants’ Wares Problem it is clear that the problem is: Where
does mutual knowledge of conjectures come from? As I have stressed,
there is nothing in the theory of rational choice that permits us to conclude
that two rational agents share beliefs concerning each other’s beliefs about
each other’s beliefs. Rather, each player forms conjectures concerning the
other’s likely behavior, and the other’s likely conjectures, from his social
knowledge—in this case, from the common mores of the two tribes and
from mutual knowledge that each knows the mores of the two tribes.

The conclusion is that there is no reason to posit that rational agents will
choose the Pareto-superior equilibrium because we have seen that some-
times they do not. It is not reason but humanity that leads us to believe
that the Pareto-superior equilibrium is obvious. We humans, by virtue of
our gene-culture coevolutionary history and our civilized culture, harbor
a default frame that says, “in a coordination game, unless you have some
special information that suggests otherwise, conjecture that the other player
also considers the frame to be a default frame and reasons as you do, and
choose the action that assumes your partner is trying to do well by you.”
We will return to this point in chapter 12, where we locate it as part of an
evolutionary epistemology.
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Common Knowledge and Nash Equilibrium

Where every man is Enemy to every man ...the life of man is soli-
tary, poore, nasty, brutish, and short.
Thomas Hobbes

In the case of any person whose judgment is really deserving of
confidence, how has it become so? Because he has kept his mind
open to criticism of his opinions....

John Stuart Mill

This chapter applies the modal logic of knowledge developed in §4.1 and
§5.10 to explore sufficient conditions for a Nash equilibrium in two-player
games (§8.1). We then expand the modal logic of knowledge to multiple
agents and prove a remarkable theorem, due to Aumann (1976), that asserts
that an event that is self-evident for each member of a group is common
knowledge (§8.3).

This theorem is surprising because it appears to prove that individuals
know the content of the minds of others with no explicit epistemological
assumptions. We show in §8.4 that this theorem is the result of implicit epis-
temological assumptions involved in construction of the standard semantic
model of common knowledge, and when more plausible assumptions are
employed, the theorem is no longer true.

Aumann’s famous agreement theorem is the subject of §8.7, where we
show that the Aumann and Brandenburger (1995) theorem, which supplies
sufficient conditions for rational agents to play a Nash equilibrium in multi-
player games, is essentially an agreement theorem. Because there is no
principle of Bayesian rationality that gives us the commonality of beliefs
on which agreement depends, our analysis entails the demise of method-
ological individualism, a theme explored in §8.8.

8.1 Conditions for a Nash Equilibrium in Two-Player Games

Suppose that rational agents know one another’s conjectures (§4.1) in state
w, so that for all i and j # i,if ¢’(s—;) > O and s; € §; is player j’s
pure strategy in s—;, then s; is a best response to his conjecture ¢7*. We
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then have a genuine “equilibrium in conjectures,” as now no agent has an
incentive to change his pure strategy choice s;, given the conjectures of the
other players. We have the following theorem.

THEOREM 8.1 Let G be an epistemic game players who are Bayesian ra-
tional at w, and suppose that in state w each player i knows the others’
actions s—_; (w). Then s(w) is a Nash equilibrium.

PROOF: To prove this theorem, which is due to Aumann and Branden-
burger (1995), note that for each i, i knows the other players’ actions at
w, s0 ¢ (s—;) = 1, which implies s_; (w) = s—; by K3, and i’s Bayesian
rationality at w then implies s; (w) is a best response to s_;. |l

We say a Nash equilibrium in conjectures (¢{’, ..., ¢5) occurs at w if for
each player i, s; (@) is a best response to ¢, and for each i, ¢ € A*S_;.
We then have the following theorem.

THEOREM 8.2 Suppose G is a two-player game, and at € , fori =
1,2, j #i.

a. Each player knows the other is rational: i.e., Yo' € Piw, s;(®’) is a
best response to ¢% ;

b. Each player knows the other’s beliefs; i.e., Piow C {w' € Q|¢j‘.‘” = ¢%}.

Then, the mixed-strategy profile (01, 02) = (¢35, ¢Y) is a Nash equilibrium
in conjectures.

PROOF: To prove the theorem, which is due to Aumann and Brandenburger
(1995) and Osborne and Rubinstein (1994), suppose s; has positive weight
in oy = ¢9. Because ¢9(s1) > 0, there is some @’ such that o’ € P, and
s1(@') = s1. By (a) sy is a best reply to ¢, which is equal to ¢¢ by (b).
Thus s, is a best reply to 0> = ¢, and a parallel argument shows that s, is
a best reply to o1, so (01, 02) is a Nash equilibrium. @

8.2 A Three-Player Counterexample

Unfortunately theorem 8.2, which says that Bayesian rationality and mu-
tual knowledge of conjectures imply Nash equilibrium, does not extend to
three or more players. For example figure 8.1 shows a game where Al-
ice chooses the row (U, D), Bob chooses the column (L, R), and Carole
chooses the matrix (£, W) (this example is due to Osborne and Rubinstein,
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L R L R
U|23,0(200 | U|00,0]0,2,0

D|03,0]0,0,0 | D|3,00]32,0

w E
Figure 8.1. Alice, Bob and Carole

1994, p. 79). Note that every strategy of Carole’s is a best response be-
cause her payoff is identically zero. We assume there are seven states, so
Q = {w,...,w7}, as depicted in figure 8.2. States w; and w; represent
Nash equilibria. There are also two sets of mixed-strategy Nash equilibria.
In the first, Alice plays D, Carole plays 2/5W + 3/5E, and Bob plays
anything (Carole’s strategy is indeed specified by the condition that it gives
Bob equal payoffs for all strategies), while in the second, Bob plays L,
Carole plays 3/5W + 2/5E, and Alice plays anything (this time, Carole’s
strategy is specified by the condition that it equalizes all Alice’s payoffs).

w1 W) w3 w4 ws We w7
P | 32/95 16/95 8/95 4/95 2/95 1/95 32/95
S1 U D D D D D D
So L L L L L L R
S3 W E W E w E E

Pa | o} w2 w3} {ws w5} {ws} {w7}

Pp | {wo1 w2} {w3 wif {ows wsf {7}

Pc | {o1}  {wz} {ws} {wst {os} {wst {o7)

Figure 8.2. Information structure for the Alice, Bob, and Carole Game. Note that
P is the probability of the state, s; is i’s choice in the corresponding state, and P;
is the knowledge partition for individual .

Because there is a common prior (the P row in figure 8.2) and every
state is in the corresponding cell of partition for each player (the last three
rows in the figure), these are true knowledge partitions. Moreover, the pos-
terior probabilities for the players are compatible with the knowledge op-
erators for each player. For instance, in state w4, Pyws = {w4, ws}, and
the conditional probability of w4, given P4y, is 2/3, and that of w5 is 1/3.
Therefore, Alice’s conjecture for Bob is ¢j’% = L, and for Carole it is

we = 2/3E + 1/3W. Alice’s move at ws, which is D, is therefore a
best response, with a payoff of 2 as opposed to the payoff of 2/3 earned
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from playing U against L and 2/3E + 1/3W. Moreover, Alice knows
that Carole is rational at w4 (trivially, because her payoff does not depend
on her move). Alice knows Bob’s beliefs at w4 because Bob could be in
Pp partition cell {w3, w4} or {ws, we}, in both of which he believes Alice
plays D and Carole plays 2/3W 4 1/3E. She also knows that Bob plays
L in both cells, and Bob is rational because L pays off 2 against D and
2/3W + 1/3E, as opposed to a payoff of 2/3 from playing R. Similarly,
at wg, Ppws = {w3, w4}, so Bob knows that Alice is in P4 partition cell
{w,, w3} or {wy4, ws}, in both of which Alice knows that Bob plays L and
Carole plays 2/3E+1/3W. Thus, Bob knows Alice’s beliefs and that Alice
is rational in playing D. Similar reasoning shows that Carole knows Alice
and Bob’s beliefs and that they are rational at w4. Thus, all the conditions
of the previous theorem are satisfied at w4 but, of course, the conjectures at
w4 do not form a Nash equilibrium because ¢ = L and ¢g% = D are
not part of any Nash equilibrium of the game.

The reason theorem 8.2 does not extend to this three-player game is that
Alice and Bob have different conjectures as to Carole’s behavior, which is
possible because Carole has more than one best response to Alice and Bob.
They both know Carole is rational, and they both know Carole believes
¢& = {D,L} for € {ws,...,ws}. However, these conditions do not
determine Carole’s mixed strategy. Thus, mutual knowledge of rationality
and beliefs is not sufficient to ensure that a Nash equilibrium will be played.

8.3 The Modal Logic of Common Knowledge

Suppose we have a set of n agents, each of whom has a knowledge operator
Ki,i =1,...,n. Wesay E C Q is a public event if E is self-evident for
alli = 1,...,n. By K1, Q is a public event, and if E and F are public
events, so is £ N F, by K2a. Hence, for any w € €2, there is a minimal
public event P.w containing @; namely the intersection of all public events
containing .

We can construct P.w as follows. First, let

Plo=|JPo, (8.1)
JEN

which is the set of states that are possible for at least one agent at . Now,
w is possible for all players i from every state @’ € PLlw, but an arbitrary
o’ € Plw is possible for some player i at w, although not necessarily for
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all. So, PLw may not be a public event. Thus, we define
Plo = J{Plo'|o € Pio}, (8.2)

which is the set of states that are possible for some agent at some state in
Plw; i.e., this is the set of states that are possible for some agent from some
state o’ that is possible for some (possibly other) agent at w. Using similar
reasoning, we see that any state in P! is possible for any player i and any
state @’ € P2, but there may be states in P2w that are possible for one
or more agents but not for all agents. In general, having defined PLw for
i=1,...,k—1, wedefine

Piow = J{Plo'lo' € PX 0}, (8.3)
Finally, we define

oo
P.o = | Po. (8:4)
k=1

This is the set of states w’ such that there is a sequence of states w =
w1, Ws,...,Wk—1,wr = o such that w,; is possible for some agent at w,
forr =0,...,r — 1. Of course, this is really a finite union because €2 is a
finite set. Therefore, for some k, PXw = PX*w forall i > 1.

We can show that P,.w is the minimal public event containing w. First,
P.w is self-evident for each i = 1,...,n because for every o’ € P.w,
o’ € Pk for some integer k > 1, so P;o’ € PXt1y C P,w. Hence P,
is a public event containing . Now let E be any public event containing
w. Then, E must contain P;w foralli = 1,...,n,s0 P o C E. Assume
we have proven PLw C E for j = 1,...,k. Because P’;a) C Fand EFisa
public event, then PX*1w = PL(PXw) C E. Thus, P,w C E.

The concept of a public event can be defined directly in terms of the
agents’ partitions Py, ..., P,. We say partition P is coarser than partition
Q if every cell of Q lies in some cell of P, and we say P is finer than Q
if Q is coarser than P. The public event partition P, corresponding to P,
is then the finest common coarsening of the partitions P4y, ..., P, of the
individual players.

To visualize these concepts, we return to the cornfield analogy (§4.1).
To coarsen a partition, simply remove one or more fence segments, and
then to be tidy, repeatedly remove any fence segments that have either end
unconnected to another segment. To refine (i.e., make finer) a partition,
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simply partition one or more of its cells. If the field has two partitions,
visualize one with fence segments colored red and the other with fence
segments colored blue. Where the fence segments intersect, let them share
a common fence pole. Where a red and a blue fence segment separate
the same cornstalks, including the fence segments surrounding the whole
cornfield, merge them into red and blue striped fence segments. The finest
common coarsening of the two partitions is then the partition formed by
removing all fence segments that are of only one color.

This visualization extends directly to the public event partition corre-
sponding to the knowledge partitions in an n-player game. We give each
player’s fence partition a distinctive color, and we allow two or more agents
to share fence segments by applying multiple colors to shared segments.
We allow fence segments of different agents to pass through one another
by placing a common fence pole at a point of intersection. Now, remove
all fence segments that have fewer than n colors. What remains is the pub-
lic event partition. Alternatively, the minimal public event P, containing
state @ consists of the states that can be attained by walking from  to any
state in the field, provided one never climbs over a fence shared by all the
players.

Clearly the operator P, satisfies P1. To show that it also satisfies P2,
suppose @’ € P.w. Then, by construction, P&’ C P,w. To show that
P.ow’ = P.w, note that o’ € P’;a) for some k. Therefore, by construction,
there is a sequence ® = w1, wa, ..., wk—1,Wx = ' suchthatw;; € P w;
for some i; € n for j = 1,...,k — 1. However, reversing the order of the
sequence shows that w € P.w’. Therefore, P, = P.w’. This proves that
P2 holds, so P, has all the properties of a possibility operator.

It follows that P, is a possibility operator. We define a public event oper-
ator K, as the knowledge operator corresponding to the possibility operator
P.,so K.E = {®|P.w C E}. We can then define an event E as a public
event at w € Q if P.w C E. Thus, E is a public event if and only if E is
self-evident to all players at each w € E. Also, E is a public event if and
only if £ is the union of minimal public events of the form P.«w. Moreover,
KS shows that if E is a public event, then at every w € E everyone knows
that £ is a public event at w.

In the standard treatment of common knowledge (Lewis 1969; Aumann
1976), an event is common knowledge if everyone knows E, everyone
knows that everyone knows E, and so on. A public event is always common
knowledge, and conversely. To see this, suppose E is a public event. Then,
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for any i,j,k = 1, oo, n, KlE = E, KjK,‘E = KJE = E, KkKjKl'E =
Ky E = E, and so on. Thus, all events of the form K¢ K; ... K; E are self-
evident for k, so E is common knowledge. Conversely, suppose that for
any sequence i, j,... .k = 1,...,n, KiKK; ... K¢ E € E. Then, for any
w € E,because P;w C E, we have PLw C E, where P! is defined in (8.1).
We also have K;Plow C E because KK, E C Efori,j =1,...,n,so
P2w C E from (8.2). From (8.3), we now see that Pw C E for all k, so
P.w C E. Therefore E is the union of public events and hence is a public
event.

E

Cote ]

Figure 8.3. The case where, at @, Bob knows that Alice knows E.

Figure 8.3 shows the situation where Alice knows E at w, because her
minimal self-evident event P4w at w lies within £. Moreover P4w inter-
sects two of Bob’s minimal self-evident events, Pgw and Ppw’. Because
both of Pgw and Ppw’ lie within E, Bob knows that Alice knows that E at
o (and at every other state in Pqw).

8.4 The Commonality of Knowledge

We have defined a public event as an event that is self-evident to all players.
We then showed that an event E is public if and only if it is common knowl-
edge. It appears, then, that at a public event there is a perfect commonality
of knowledge: players know a great deal about what other players know.
Where does this knowledge come from? The answer is that we have tacitly
assumed that the way each individual partitions €2 is known to all, not in the
formal sense of a knowledge operator but rather in the sense that an expres-
sion of the form K;K; E' makes sense and means ‘7 knows that j knows
that £.” Formally, to say that i knows that j knows E at @ means that at
every state " € Pjw, Piw’ C E. Buti knows that this is the case only if
he knows P;w, which allows him to test K;@’ C E for each o’ € P;w.
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For example, suppose Alice, Bob, and Carole meet yearly on a certain
date at a certain time to play a game G. Suppose, by chance, all three
happen to be in Dallas, Texas, the day before, and although they do not see
each other, each witnesses the same highly unusual event x. We define the
universe Q2 = {w, ®’}, where the unusual even occurs in @ but not in w’.
Then, Pyw = Ppw = Pcw = {w}, and hence Ky = Kpw = Kcw =
{w}. Thus w is self-evident to all three individuals, and hence w is a public
event. Therefore at w, Alice knows that Bob knows that Carole knows w,
and so on. But, of course, this is not the case. Indeed, none of the three
individuals is aware that the others know the event x.

The problem is that we have misspecified the universe. Suppose an event
w is a four-vector, the first entry of which is either x or —x (meaning
“not x’) and the other three are “true” or “false,” depending on whether
Alice, Bob, and Carole, respectively, knows or does not know whether
x occurred. The universe §2 now has 16 distinct states, and the state
o that actually occurred is @ = [x, true, true, true]. However, now
Psjow = {0 € Q|o'[l] = x A @'[2] = true}. Therefore, the state w is
now not self-evident for Alice. Indeed, the smallest self-evident event P4
for Alice at w in this case is €2 itself!

This line of reasoning reveals a central lacuna in epistemic game theory:
its semantic model of common knowledge assumes too much. Economists
have been misled by the elegant theorem that says mutual self-evidence im-
plies common knowledge into believing that the axioms of rational choice
imply something substantive concerning the commonality of knowledge
across agents. They do not. Indeed, there is no formal principle specifying
conditions under which distinct individuals attribute the same truth value to
a proposition p with empirical content (we can assume rational agents all
agree on mathematical and logical tautologies) or have a mental represen-
tation of the fact that others attribute truth value to p. We address this be-
low by sketching the attributes of what we have termed mutually accessible
events (§7.8).

8.5 The Tactful Ladies

While walking in a garden, Alice, Bonnie, and Carole encountered a violent
thunderstorm and were obliged to duck hastily into a restaurant for tea.
Carole notices that Alice and Bonnie have dirty foreheads, although each
is unaware of this fact. Carole is too tactful to mention this embarrassing
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situation, which would surely lead them to blush, but she observes that, like
her, each of the two ladies knows that someone has a dirty forehead but is
also too tactful to mention this fact. The thought occurs to Carole that she
also might have a dirty forehead, but there are no mirrors or other detection
devices handy that might help resolve her uncertainty.

At this point, a little boy walks by the three young ladies’ table and ex-
claims, “I see a dirty forehead!” After a few moments of awkward silence,
Carole realizes that she has a dirty forehead and blushes.

How is this feat of logical deduction possible? Certainly, it is mutually
known among the ladies that at least one of them has a dirty forehead, so
the little boy did not inform any of them of this fact. Moreover, each lady
can see that each of the other ladies sees at least one dirty forehead, so it is
mutually known that each lady knew the content of the little boy’s message
before he delivered it. However, the little boy’s remark does inform each
lady that they all know that they all know that one of them has a dirty
forehead. This is something that none of the ladies knew before the little
boy’s announcement. For instance, Alice and Bonnie each knows she might
not have a dirty forehead, so Alice knows that Bonnie might believe that
Carole sees two clean foreheads, in which case Alice and Bonnie know that
Carole might not know that there is at least one dirty forehead. Following
the little boy’s announcement, however, and assuming the other ladies are
logical thinkers (which they must be if they are Bayesian decision makers),
Carole’s inference concerning the state of her forehead is unavoidable.

To see why, suppose Carole does not have a dirty forehead. Carole then
knows that Alice sees one dirty forehead (Bonnie’s), so Alice has learned
nothing from the little boy’s remark. But Carole knows that Bonnie sees
that Carole’s forehead is not dirty, so if Bonnie’s forehead is not dirty, then
Alice would see two clean foreheads, and the little boy’s remark would
have implied that Alice knows that she is the unfortunate possessor of a
dirty forehead. Because Alice did not blush, Carole knows that Bonnie
would have concluded that she herself must have a dirty forehead and would
have blushed. Because Bonnie did no such thing, Carole knows that her
assumption that she has a clean forehead is false.

To analyze this problem formally, suppose €2 consists of eight states of
the form w = xyz, where x, y,z € {d, c} are the states of Alice, Bonnie,
and Carole, respectively, and where d and ¢ stand for “dirty forehead” and
“clean forehead,” respectively. Thus, for instance, @ = ccd is the state
of the world where Carole has a dirty forehead but Alice and Bonnie both
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have clean foreheads. When Carole sits down to tea, she knows E¢ =
{ddc,ddd}, meaning she sees that Alice and Bonnie have dirty foreheads,
but her own forehead could be either clean or dirty. Similarly, Alice knows
E4 = {cdd,ddd} and Bonnie knows Ep = {dcd,ddd}. Clearly, no lady
knows her own state. What does Bonnie know about Alice’s knowledge?
Because Bonnie does not know the state of her own forehead, she knows
that Alice knows the event “Carole has a dirty forehead,” which is Ep4 =
{cdd,ddd,ccd,dcd}. Similarly, Carole knows that Bonnie knows that
Alice knows Ecps = {cdd,ddd,ccd,dcd,cdc,ddc,ccc,dcc} = Q.
Assuming Carole has a clean forehead, she knows that Bonnie knows
that Alice knows Eyp, = {cdc,ddc,dcc,cccy. After the little boy’s
announcement, Carole then knows that Bonnie knows that Alice knows
E¢p4q = {cde,ddc,dcc}, so if Bonnie did not have a dirty forehead, she
would know that Alice knows E3, = {dcc}, so Bonnie would conclude
that Alice would blush. Thus, Bonnie’s assumption that she herself has a
clean forehead would be incorrect, and she would blush. Because Bonnie
does not blush, Carole knows that her assumption that she herself has a
clean forehead is incorrect.

4 FA 4 FB
dcc ded dcc » dcd
dd dd ddd
c ddd C c c
>
ccce cced ced
B cdc Cdd B cdc Cdd
FC FD
ded ded
dd
c ddd c c
ced ced
B 2 cdd cdd

Figure 8.4. The Tactful Ladies Problem

There is an instructive visual way to approach the problem of the Tactful
Ladies Problem, due to Fagin et al. (1995) and illustrated in figure 8.4.

155



156

Chapter 8

Think of each of the ladies as owning one of the three axes in this figure,
each corner of the cube representing one of the eight states of the world. The
endpoints of lines parallel to an axis represent minimal self-evident events
for the lady owning that axis; i.e., the lady in question cannot determine
whether her own forehead is dirty.

Because the endpoints of every line segment represent a minimal self-
evident event for one of the ladies, a node is reachable from another pro-
vided there is some path along the lines of the graph, connecting the first
to the second. What, for instance, does it mean that ccc is reachable from
ddd along the arrows in panel FA of the figure? First, at ddd, Alice be-
lieves cdd is possible, at cdd, B believes ccd is possible, and at ccd, C
believes that ccc is possible. In other words, at ddd, Alice believes that it
is possible that B believes that it is possible that C believes that ccc might
be the true state. Indeed, it is easy to see that any sequence of moves around
the cube corresponds to some statement of the form “x believes it is pos-
sible that y believes it is possible that ..., and so on. We define an event
E C Q as a public event, or common knowledge, if every state € E is
reachable from every other in this manner. Clearly, the only public event is
Q itself.

When the little boy announces b (that someone has a dirty forehead),
assuming this statement is taken as truthful, then the three ladies all know
that ccc cannot occur, so we can delete all the paths from some state to ccc.
The result is shown in pane FB of the figure. Now, if dcc were the state,
Alice would know she has a dirty forehead, and because she apparently
does not know this, we can delete the lines terminating in dcc, leading to
pane FC in the figure. Now, at ddc or cdc, Bonnie would know she has
a dirty forehead, so we can delete the lines connecting to these two nodes.
This leaves the nodes depicted in pane FD. Clearly, Carole knows at this
event that she has a dirty forehead, but Alice and Bonnie do not.

8.6 The Tactful Ladies and the Commonality of Knowledge

The Tactful Ladies Problem involves many unstated epistemological asser-
tions going far beyond the common knowledge of rationality involved in the
conclusion that Carole knows the state of her forehead. Let us see exactly
what they are.

Let x; be the condition that i has a dirty forehead and let k; be the knowlI-
edge operator for i, where i = A, B, C, standing for Alice, Bonnie, and
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Carole, respectively. When we write i, we mean any i = A, B, C, and
when we write 7, j, we mean any i, j = A, B,C, with j # i, and when
we write i, j,m wemeani, j,m=A, B,C andi # j #m #i. Let y; be the
condition that i blushes. The six symbols x; and y; represent the possible
states of affairs in a state space 2. Let E be the event prior to the little
boy’s exclamation b = x4 V xp V Xc.

The statement of the problem tells us that x; € E and k;x; € E; ie,
each lady sees the forehead of the other two ladies, but not her own. The
problem also asserts that k;x; = y; € E (alady who knows she has a dirty
forehead will blush), and y; = k;y; € E. Itis easy to check that these
conditions are compatible with —k;x; € E; i.e., no lady knows the state of
her own forehead at event E. These conditions also imply that k;b € E
(each lady knows the little boy’s statement is true).

While the problem intends that k;x; = kjknx; € E (ie., if i knows
that j has a dirty forehead, she then knows that m knows this as well), this
implication does not follow from any principle of rationality, so we must
include it as a new principle. The concept needed is that of a mutually
accessible natural occurrence. The mutual accessibility of x; to j and m
may appear to be a weak assumption, but in fact it is the first time we have
made a substantive assertion that one agent knows that another agent knows
something. With this assumption, k;k;b € E follows—each lady knows the
others know b holds in E (recall that b is the little boy’s statement that ccc
is false). To see this, note that k;x; = k;knx; = kik,,b, which is true for
alli and m # i.

Let E’ be the state of knowledge following the exclamation b = x4 VxpV
Xc, which we assume is common knowledge. To prove that in £’ one of the
ladies (e.g., Carole) blushes, we will assume that y; is mutually accessible
to j,m, and j is a symmetric reasoner with respect to m concerning event
Yi-

The reasoning following the little boy’s statement can be summarized
as follows. We will show that if Carole assumes —x¢ at any state in E’,
she will arrive at a contradiction. Assuming —xc is true and b is common
knowledge, we have kckp(—xp = kq—xp = ka(—xp A —xc Ab) =
kaxq4 = yA) = kckByA = kcyA, which is false in E’. Thus in E/,
kckpxp = k¢ yp, which is not true at any state in E’. Hence x¢ is true in
E’, and since Carole knows the current state is in E’, k¢ xc, she blushes.
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8.7 Agreeing to Disagree

In a four-page paper buried in the Annals of Statistics, Robert Aumann
(1976) proved a remarkable theorem. He showed that if two agents have
the same priors concerning an event, if they update their priors using their
private knowledge of the current state @, and if their posterior probabilities
are common knowledge, then these posterior probabilities must be equal. In
short, two rational agents with common priors cannot “agree to disagree”
even though the information upon which each bases his updating can be
quite different. I will call any theorem with this conclusion an agreement
theorem. Aumann commented “We publish this observation with some dif-
fidence, because once one has the appropriate framework, it is mathemat-
ically trivial.” (p. 1236) It is valuable to understand this theorem and its
generalizations because, as it turns out, the common knowledge conditions
for a Nash equilibrium are such as to entail an agreement theorem among
the agents as to how they will play the game.

Suppose Alice and Bob have a common prior p over €2, where p(w) > 0
for all ® € 2. Suppose the actual state is wq, leading Alice to update
the probability of an event E from p(E) to pa(E) = p(E|Pswy) = a
and leads Bob to update p(E) to pp(E) = p(E|Ppwy) = b. Then, if
pa(E) = a and pg(E) = b are common knowledge, we must have a = b.
Thus, despite the fact that Alice and Bob may have different information
(Pawy # Ppwy), their posterior probabilities cannot disagree if they are
common knowledge.

To see this, suppose the minimal public event containing wy is K¢* =
Pyw; U - U Pyqwr, where each of the P4w; is a minimal self-evident
event for Alice. Because the event ps(E) = a is common knowledge,
it is constant on K%, so for any j, a = pa(E) = p(E|Paw;) =

* 0

P(ENPyw;)/ p(Pawj), so p(E NPyw;) = ap(P4aw;). Thus,

pa(EN Kf"‘) = p(ENU;Pqw;) = p(U; E NPyw;)
=Y p(ENPyw;) =a )y p(Paw;) = ap(KL).

However, by similar reasoning, p4(E N K%) = bp(K%~). Hence, a = b.

It may seem that this theorem would have limited applicability because
when people disagree, their posterior probabilities are usually private in-
formation. But suppose Alice and Bob are risk-neutral, each has certain
financial assets, they agree to trade these assets, and there is a small cost
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to trading. Let E be the event that the expected value of Alice’s assets is
greater than the expected value of Bob’s assets. If they agree to trade, then
Alice believes E with probability 1 and Bob believes E with probability 0,
and this is indeed common knowledge, because their agreement indicates
that they desire to trade. This is a contradictory situation, which proves that
Alice and Bob cannot agree to trade.

Because in the real world people trade financial assets every day in huge
quantities, this proves that either common knowledge of rationality or com-
mon priors must be false. In fact, both are probably false. As I argued
in §5.11, a rational agent violates CKR whenever such a violation will in-
crease his expected payoff, a situation that is often the case where the sub-
game perfect equilibrium has relatively low payoffs for the players (§5.9,
5.7). Moreover, there is little reason to believe that the Harsanyi doctrine
(§7.7) holds with respect to stock market prices (Kurz 1997).

We can generalize Aumann’s argument considerably. Let f(P) be a real
number for every P C Q. We say f satisfies the sure-thing principle on
Qif, forall P,Q € Qwith PN Q = @,if f(P) = f(Q) = a, then
f(P U Q) = a. For instance, if p is a probability distribution on 2 and
E is an event, then the posterior probability f(X) = p(E|X) satisfies
the sure-thing principle, as does the expected value f(X) = E[x|X] of a
random variable x given X C €2. We then have the following agreement
theorem (Collins 1997):

THEOREM 8.3 Suppose that for each agenti = 1,...,n, f; satisfies the
sure-thing principle on 2 and suppose it is common knowledge at w that
fi = si. Then f;(K?) = s; for all i, where K¢ is the cell of the common
knowledge partition that contains w.

PROOF: To prove this theorem, note that K¢ is the disjoint union of i’s
possibility sets P;w’ and that f; = s; on each of these sets. Hence, by the
sure-thing principle, f; = s; on K. ®

COROLLARY 8.3.1 Suppose agentsi = 1,...,n have a common prior on
Q, indicating an event E has probability p(E). Suppose each agent i now
receives private information that the actual state o is in P;w. Then, if

the posterior probabilities s; = p(E|P;w) are common knowledge, s, =
el — Si’h
COROLLARY 8.3.2 Suppose rational, risk-neutral agents i = 1,...,n

have the same subjective prior p on €2, and each has a portfolio of assets
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Xi, all of which have equal expected value E,(X,) = -+ = E,(X,), and
there is a small trading cost € > 0, so no pair of agents desires to trade. In
state w, where agents have posterior expected values E,(X;|P;w), it cannot
be common knowledge that an agent desires to trade.

Finally, we come to our sought-after relationship between common
knowledge and Nash equilibrium:

THEOREM 8.4 Let G be an epistemic game with n > 2 players, and let
P? = @, ..., ¢ be a set of conjectures. Suppose the players have a
common prior p, all players are rational at o € 2, and it is commonly
known at w that ¢ is the set of conjectures for the game. Then, for each
J =1,....n,alli=j induce the same conjecture o;(w) about j’s action,
and (01(w), ..., on(w)) form a Nash equilibrium of G.

The surprising aspect of this theorem is that if conjectures are common
knowledge, they must be independently distributed. This is true, essen-
tially, because it is assumed that a player’s prior ¢ is independent of his
own action s; (w). Thus, when strategies are common knowledge, they can
be correlated, but their conditional probabilities given @ must be indepen-
dently distributed.

PROOF: To prove this theorem, we note that, by (8.3), ¢ = ¢, ..., ¢7
are common knowledge at w, and hence (01(w), ..., 0, (w)) are uniquely
defined. Because all agents are rational at w, each s;(w) maximizes
E[7; (si, ¢{)]. It remains only to show that the conjectures imply that agent
strategies are uncorrelated. Let F = {w’|¢® |is common knowledge}.
Because w € F and p(Pw) > 0, we have p(F) > 0. Now, let
Q(a) = P([s]|F) and Q(s;) = P([s;]|F), where in general we define
[x] = {w € Q|x(w) = x} for some variable function x : & — R (thus,
[s] = {w € Qs(w) = s}). Note that Q(a) = P([s] N F)/P(F).
Now, let H; = [s;] N F. Because F is commonly known and [s;] is
known to i, H; is known to i. Hence H; is the union of minimal i-
known events of the form P;w’, and p([s;] N P;w’) = ¢ (s-i) p(P;»’).
Adding up over all the P;‘” comprising H; (a disjoint union), we conclude
P(s]N F) = P(ls] N H) = ¢2(s_1)P(Hy) = ¢2(s-1) O (s:) P(F).
Dividing by P(F), we get Q(a) = ¢{”(s-i) Q(si) = Q(s-i) Q(si).

It remains to prove that if Q(a) = Q(s—;)Q(s;) foralli =1,...,n, then
QO(a) = Q(s1)--- Q(sp). This is clearly true for n = 1,2. Suppose it is
trueforn=1,2,...,n— 1. Starting with Q(a) = Q(s1) Q(s—1), where a =
(51,...,8,), we sum over s;, getting Q (s—,) = Q(s1)Q(s2,...,S,—1). Sim-
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ilarly, Q(s—i) =0 (s;))O(s2,...,8i—1,8i+15-..,5p—1) foranyi=1,... ,n—
1. By the induction hypothesis, Q(s—,) = Q(s1)Q(s2)--- Q(sp—1), SO
Q(a)=0(s1)---Q(sn)- W

Theorem 8.4 indicates that common priors and common knowledge of
conjectures are the epistemic conditions we need to conclude that rational
agents will implement a Nash equilibrium. The question, then, is under
what conditions are common priors and common knowledge of conjectures
likely to be instantiated in real-world strategic interactions?

8.8 The Demise of Methodological Individualism

There is a tacit understanding among classical game theorists that no infor-
mation other than the rationality of the agents should be relevant to analyz-
ing how they play a game. This understanding is a form of methodological
individualism, a doctrine that holds that social behavior consists of the in-
teraction of individuals, so nothing beyond the characteristics of individuals
is needed, or even permitted, in modeling social behavior.

The most prominent proponent of methodological individualism was
Austrian school economist and philosopher Ludwig von Mises, in his book
Human Action, first published in 1949. While most of Austrian school eco-
nomic theory has not stood the test of time, methodological individualism
has, if anything, grown in stature among economists, especially since the
“rational expectations” revolution in macroeconomic theory (Lucas 1981).
“Nobody ventures to deny,” writes von Mises, “that nations, states, mu-
nicipalities, parties, religious communities, are real factors determining the
course of human events.” He continues: “Methodological individualism,
far from contesting the significance of such collective wholes, considers it
as one of its main tasks to describe and to analyze their becoming and their
disappearing, their changing structures, and their operation.” Von Mises’ ar-
guments in favor of this principle involve an appeal neither to social theory
nor social fact. Rather, he asserts, “a social collective has no existence and
reality outside of the individual members’ actions. ...the way to a cogni-
tion of collective wholes is through an analysis of the individuals’ actions.”
(p. 42).

This defense, of course, is merely a restatement of the principle. A pass-
ing familiarity with levels of explanation in natural science shows that it
is not prima facie plausible. A computer, for instance, is composed of a
myriad of solid-state and other electrical and mechanical devices, but stat-
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ing that one can successfully model the operation of a computer using only
models of the behavior of these underlying parts is just false, even in princi-
ple. Similarly, eukaryotic cells are composed of a myriad of organic chem-
icals, yet organic chemistry does not supply all the tools for modeling cell
dynamics.

We learn from modern complexity theory that there are many levels of
physical existence on earth, from elementary particles to human beings,
each level solidly grounded in the interaction of entities at a lower level,
yet having emergent properties that are ineluctably associated with the dy-
namic interaction of its lower-level constituents, yet are incapable of being
explained on a lower level. The panoramic history of life synthesis of bi-
ologists Maynard Smith and Szathmary (1997) elaborates this theme that
every major transition in evolution has taken the form of a higher level of
biological organization exhibiting properties that cannot be deduced from
its constituent parts. Morowitz (2002) extends the analysis to emergence in
physical systems. Indeed, the point should not be mystifying because there
is nothing preventing the most economical model of a phenomenon from
being the model itself (Chaitin 2004). Adding emergent properties as fun-
damental entities in the higher-level model thus may permit the otherwise
impossible: the explanation of complex phenomena.

Epistemic game theory suggests that the conditions ensuring that individ-
uals play a Nash equilibrium are not limited to their personal characteristics
but rather include their common characteristics, in the form of common pri-
ors and common knowledge. We saw (theorem 7.2) that both individual
characteristics and collective understandings, the latter being irreducible to
individual characteristics, are needed to explain common knowledge. It is
for this reason that methodological individualism is incorrect when applied
to the analysis of social life.

Game theory has progressed by accepting no conceptual constructs above
the level of the individual actor, as counseled by methodological individual-
ism. Social theory operating at a higher level of aggregation, such as much
sociological theory, has produced important insights but has not developed
an analytical core on which solid cumulative explanatory progress can be
based. The material presented here suggests the fruitfulness of dropping
methodological individualist ideology but carefully articulating the analyt-
ical linkages between individually rational behavior and the social institu-
tions that align the beliefs and expectations of individuals, making possible
effective social intercourse.
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Methodological individualism is inadequate, ultimately, because human
nature in general, and human rationality in particular, are products of bio-
logical evolution. The evolutionary dynamic of human groups has produced
social norms that coordinate the strategic interaction of rational individu-
als and regulate kinship, family life, the division of labor, property rights,
cultural norms, and social conventions. It is a mistake (the error of method-
ological individualism) to think that social norms can be brought within the
purview of game theory by reducing a social institution to the interaction
of rational agents.
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Reflective Reason and Equilibrium Refinements

If we allow that human life can be governed by reason, the possibil-
ity of life is annihilated.

Leo Tolstoy

If one weight is twice another, it will take half as long to fall over a
given distance.

Aristotle, On the Heavens

In previous chapters, we have stressed the need for a social epistemology
to account for the behavior of rational agents in complex social interactions.
However, there are many relatively simple interactions in which we can use
some form of reflective reason to infer how individuals will play. Since
reflective reason is open to the players as well as to us, in such cases we
expect Nash equilibria to result from play. However, in many cases there
are a plethora of Nash equilibria, only some of which will be played by
reasonable agents.

A Nash equilibrium refinement of an extensive form game is a criterion
that applies to all Nash equilibria that are deemed reasonable but fails to
apply to other Nash equilibria that are deemed unreasonable, based on our
informal understanding of how rational individuals might play the game. A
voluminous literature has developed in search of an adequate equilibrium
refinement criterion. A number of criteria have been proposed, including
subgame perfect, perfect, perfect Bayesian, sequential, and proper equi-
librium (Harsanyi 1967; Myerson 1978; Selten 1980; Kreps and Wilson
1982; Kohlberg and Mertens 1986), which introduce player error, model
beliefs off the path of play, and investigate the limiting behavior of per-
turbed systems as deviations from equilibrium play go to zero.!

I present a new refinement criterion that better captures our intuitions and
elucidates the criteria we use implicitly to judge a Nash equilibrium as rea-
sonable or unreasonable. The criterion does not depend on counterfactual

IDistinct categories of equilibrium refinement for normal-form games, not addressed
in this chapter, are focal point (Schelling 1960; Binmore and Samuelson 2006), and risk
dominance (Harsanyi and Selten 1988) criteria. The perfection and sequential criteria are
virtually coextensive (Blume and Zame 1994) and extend the subgame perfection criterion.
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or disequilibrium beliefs, trembles, or limits of nearby games. I call this the
local best response (LBR) criterion. The LBR criterion appears to render
the traditional refinement criteria superfluous.

The traditional refinement criteria are all variants of subgame perfection
and hence suffer from the fact that there is generally no good reason for
rational agents to choose subgame perfect strategies in situations where
CKR cannot be assumed. The LBR criterion, by contrast, is a variant of
forward induction, in which agents infer from the fact that a certain node in
the game tree has been attained that certain future behaviors can be inferred
from the fact that the other players are rational.

We assume a finite extensive form game G of perfect recall, with players
i = 1,...,n and a finite pure-strategy set S; for each player i, so S =
S1x---x 8, is the set of pure-strategy profiles for G, with payoffs ; :S —R.
Let S_; be the set of pure-strategy profiles of players other than i and let
A*S_; =[], AS; be the set of mixed strategies over S_;. Let N be the
set of information sets of G and let V; be the information sets where player
i chooses.

A behavioral strategy p at an information set v is a probability distri-
bution over the actions A, available at v. We say p is part of a strategy
profile o if p is the probability distribution over A4, induced by o. We say
a mixed-strategy profile o reaches an information set v if a path through
the game tree that occurs with strictly positive probability, given o, passes
through a node of v.

For player i and v € V;, we call ¢” € A*S_; a conjecture of i atv. If ¢”
is a conjecture at v € N; and j #1i, we write ¢,, for the marginal distribution
of ¥ on LeN;, so ¢,, is i’s conjecture at v of j’s behavioral strategy at .

Let N, be the set of Nash equilibrium strategy profiles that reach informa-
tion set v and let A/% be the set of information sets reached when strategy
profile o is played. For v € N,, we write p;, for the behavioral strategy at
p (i.e., the probability distribution over the choices A, at ) induced by 7.
We say a set of conjectures {¢”|v € N} supports a Nash equilibrium o if]
for any i and any v € N° N N;, o; is a best response to ¢".

We say a Nash equilibrium o is an LBR equilibrium if there is a set of
conjectures {¢"|v € '} supporting o with the following properties: (a) For
each i, each j #1i, each v € NV;, and each u € N, if N, N N, # @, then
¢, = p,, for some T € N, N N,; and (b) If player i choosing at v has several
choices that lead to different information sets of the other players (we call
such choices decisive), i chooses among those with the highest payoff.
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We can state the first condition verbally as follows. An LBR equilibrium
is a Nash equilibrium o supported by a set of conjectures of players at
each information set reached, given o, where players are constrained to
conjecture only behaviors on the part of other players that are part of a
Nash equilibrium.

9.1 Perfect, Perfect Bayesian, and Sequential Equilibria

The traditional refinement criteria can be understood Alice

as reactions to a problem appearing in the game to the L AR
right. This game has two Nash equilibria, L/ and Rr. Bob
The former, however, includes an incredible threat be- 1,5 [ v\
cause if Bob is rational, when he is faced with a choice 0.0 2]

at vg, he will surely choose r rather than /. If Alice
believes Bob is rational, she will not find L/ plausible and will play R, to
which r is Bob’s best response.

Selten (1975) treated this as a problem with subgame perfection (§5.2).
He noted that if we assume that there is always a small positive probability
that a player will make a wrong move and choose a random action at each
information set (called a tremble) then all nodes of the game tree must be
visited with positive probability, and only subgame-perfect equilibria will
remain. Selten defines an equilibrium o as perfect if, for any § > 0, there is
an € > 0 such that every instance of the game plus trembles of size less than
€ has a Nash equilibrium within § of o. Clearly, in the game above, Rr is
the only perfect equilibrium.

One weakness of this solution is that the L/ equilibrium is unreasonable
even if there is zero probability of a tremble. A more pertinent equilibrium
refinement, a perfect Bayesian equilibrium (Fudenberg and Tirole 1991),
directly incorporates beliefs in the refinement. Let A/ be the set of informa-
tion sets of the game. A Nash equilibrium o determines a behavioral strat-
egy py for all v € N (i.e., a probability distribution over the actions A4,
at v). An assessment [ is defined to be a probability distribution over the
nodes at each information set v. An assessment must be consistent with the
behavior strategy { p,,|v € N'}. Consistency means that if o reaches v € N/
and x is a node in v, then p(x) must equal the probability of reaching x,
given 0. On an information set not reached, given o, u can be defined
arbitrarily. We say o is a perfect Bayesian equilibrium if there is a consis-
tent assessment p such that, for every player i and every information set v
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where i chooses, p, maximizes i’s payoff when played against p_,, using
the probability weights given by u at v.2

This is a rather complicated definition, but the intuition is clear. A Nash
equilibrium is perfect Bayesian if there are consistent beliefs rendering each
player’s choice at every information set payoff-maximizing. Note that for
the game above, the equilibrium L/ is not perfect Bayesian because at vp
Bob’s payoff from r is greater than his payoff from /.

Perhaps the most influential refinement criterion other than subgame per-
fect is the sequential equilibrium (Kreps and Wilson 1982). This criterion
is a hybrid of perfect and perfect Bayesian. Rather than allowing arbitrary
assessments off the path of play (i.e., where the Nash equilibrium does not
reach with positive probability), the sequential equilibrium approach per-
turbs the strategy choices using some pattern of errors and requires that the
assessment at an information set off the path of play be the limit of assess-
ment in the perturbed game as the error rate goes to zero. If the pattern
of errors is chosen appropriately, Bayes’ rule plus o uniquely determine a
limit assessment p at all nodes, which is the limit of consistent assessments
as the error rate goes to zero. We say o is a sequential equilibrium if there
is a limit assessment p such that, for every player i and every information
set v where i chooses, p, maximizes i’s payoff when played against p_,,
using the probability weights given by p at v.

9.2 Incredible Threats

In the game to the right, first suppose a = 3. All Nash Alice
equilibria have the form (L, o) for an arbitrary mixed L AW\ R
strategy op for Bob. At v4, any conjecture for Alice

supports all Nash equilibria. Since no Nash equilib- a,5 [ /v,
rium reaches vpg, there are no constraints on Alice’s 0.0 21
conjecture. At vg, Bob’s conjecture must put proba- ’ ’
bility 1 on L, and any op for Bob is a best response to this conjecture.
Thus, all (L, op) equilibria satisfy the LBR criterion. While only one of
these equilibria is subgame perfect, none involves an incredible threat, and
hence there is no reason a rational Bob would choose one strategy profile
over another. This is why all satisfy the LBR criterion.

Bob
r

2We define p_, as the behavioral strategies at all information sets other than v given
by o.
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Now, suppose a = 1 in the figure. The Nash equilibria are now (R, r)
and (L,op), where og(r) < 1/2. Alice conjectures r for Bob because this
is the only strategy at vp that is part of a Nash equilibrium. Because R is
the only best response to r, the (L, op) are not LBR equilibria. Bob must
conjecture R for Alice because this is her only choice in a Nash equilibrium
that reaches vp. Bob’s best response is r. Thus (R, r), the subgame perfect
equilibrium, is the unique LBR equilibrium.

Note that this argument does not require any out-of-equilibrium belief or
error analysis. Subgame perfection is assured by epistemic considerations
alone; i.e., a Nash equilibrium in which Bob plays / with positive probabil-
ity is an incredible threat.

One might argue that subgame perfection can be defended because there
is, in fact, always a small probability that Alice will make a mistake and
play R in the a = 3 case. However, why single out this possibility? There
are many possible imperfections that are ignored in passing from a real-
world strategic interaction to the game depicted in the above figure, and
they may work in different directions. Singling out the possibility of an
Alice error is thus arbitrary. For instance, suppose [ is the default choice
for Bob, in the sense that it costs him a small amount €; to decide to choose
r over [, and suppose it costs Bob €p to observe Alice’s behavior. The new
decision tree is depicted in figure 9.1.

Bob

0,0 2,1 0,—€p 2,1 —ep—¢€4

Figure 9.1. Adding an infinitesimal decision cost for Bob

In this new situation, Bob may choose not to observe Alice’s choice (i),
with payoffs as before and with Bob choosing / by default. But if Bob
chooses to view (v), he pays inspection cost €p, observes Alice’s choice,
and shifts to the nondefault » when she accidentally plays R, at cost €4. If
Alice plays R with probability €4, it is easy to show that Bob will choose
to inspect only if ¢4 > €p/(1 — €4).

The LBR criterion is thus the correct refinement criterion for this game.
Standard refinements fail by accepting only subgame perfect equilibria
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whether or not there is any rational reason to do so (e.g., that the equi-
librium involves an incredible threat). The LBR criterion gets to the heart
of the matter, which is expressed by the argument that when there is an
incredible threat, if Bob gets to choose, he will choose the strategy that
gives him a higher payoff, and Alice knows this. Thus Alice maximizes by
choosing R, not L. If there is no incredible threat, Bob can choose as he
pleases.

In the remainder of this chapter, I compare the LBR criterion with tra-
ditional refinement criteria in a variety of typical game contexts. I address
where and how the LBR criterion differs from traditional refinements, and
which criterion better conforms to our intuition of rational play. For illus-
trative purposes, I include some cases where both perform equally well.
Mainly, however, I treat cases where the traditional criteria perform poorly
and the LBR criterion performs well. I am aware of no cases where the
traditional criteria perform better than the LBR criterion. Indeed, I know
of no cases where the LBR criterion, possibly strengthened by other epis-
temic criteria, does not perform well, assuming our intuition is that a Nash
equilibrium will be played. My choice of examples follows Vega-Redondo
(2003). I have tested the LBR criterion for all of Vega-Redondo’s examples,
and many more, but present only a few of the more informative examples
here.

The LBR criterion shares with the traditional refinement criteria the pre-
sumption that a Nash equilibrium will be played, and indeed, in every exam-
ple in this chapter, I would expect rational players to choose an LBR equi-
librium (although this expectation is not backed by empirical evidence).
In many games, however, such as Rosenthal’s Centipede Game (Rosen-
thal 1981), Basu’s Traveler’s Dilemma (Basu 1994), and Carlsson and van
Damme’s Global Games (Carlsson and van Damme 1993), both our intu-
ition and the behavioral game-theoretic evidence violate the presumption
that rational agents play Nash equilibria. The LBR criterion does not apply
to these games.

Many games have multiple LBR equilibria, only a strict subset of which
would be played by rational players. Often, epistemic criteria supplemen-
tary to the LBR criterion single out this subset. In this chapter, I use the
principle of insufficient reason and what I call the principle of honest com-
munication to this end.
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9.3 Unreasonable Perfect Bayesian Equilibria

Alice A

e1,0,0

2,2,2 0,00 0,0,0 0,0,1

Figure 9.2. Only the equilibrium BV is reasonable, but there is a connected set
of Nash equilibria, including the pure strategy AbU, all members of which are
perfect Bayesian.

Figure 9.2 depicts a game in which all Nash equilibria are subgame per-
fect and perfect Bayesian, but only one is reasonable, and this is the only
equilibrium that satisfies the LBR criterion. The game has two sets of equi-
libria. The first, A, chooses A with probability 1 and op(b)oc (V) < 1/2,
which includes the pure-strategy equilibrium AbU, where o4, op, and o¢
are mixed strategies of Alice, Bob, and Carole, respectively. The second is
the strict Nash equilibrium BbV . Only the latter is a reasonable equilibrium
in this case. Indeed, while all equilibria are subgame perfect because there
are no proper subgames, and AbU is perfect Bayesian if Carole believes
Bob chose a with probability at least 2/3, it is not sequential because if
Bob actually gets to move, he chooses b with probability 1 because Carole
chooses V' with positive probability in the perturbed game.

The forward induction argument for the unreasonability of the .4 equilib-
ria is as follows. Alice can ensure a payoff of 1 by playing A. The only
way she can secure a higher payoff is by playing B and having Bob play b
and Carole play V. Carole knows that if she gets to move, Alice must have
chosen B, and because choosing b is the only way Bob can possibly secure
a positive payoff, Bob must have chosen b, to which V' is the unique best
response. Thus, Alice deduces that if she chooses B, she will indeed secure
the payoft 2. This leads to the equilibrium BbV .

To apply the LBR criterion, note that the only moves Bob and Carole use
in a Nash equilibrium where they get to choose (i.e., that reaches one of their
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information sets) are b and V', respectively. Thus, Alice must conjecture
this, to which her best response is B. Bob conjectures V, so choose b,
and Carole conjectures b, so chooses V. Therefore, only BbV is an LBR
equilibrium.

9.4 The LBR criterion picks out the sequential equilibrium

The figure to the right depicts another ex-
ample where the LBR criterion rules out
unreasonable equilibria that pass the sub-
game perfection and perfect Bayesian cri-
teria, but sequentiality and the LBR crite-
rion are equally successful in this case. In
addition to the Nash equilibrium Ba, there
is a set A of equilibria in which Alice plays =20 LI —L=1 21
A with probability 1 and Bob plays b with probability at least 2/3. Equilib-
ria in the set A are not sequential, but Ba is sequential. The LBR criterion
requires that Alice conjecture that Bob plays a if he gets to choose because
this is Bob’s only move in a Nash equilibrium that reaches his information
set. Alice’s only best response to this conjecture is B. Bob must conjecture
B because this is the only choice by Alice that is part of a Nash equilibrium
and reaches his information set, and a is a best response to this conjecture.
Thus, Ba is an LBR equilibrium, and the others are not.

9.5 Selten’s Horse: Sequentiality vs. the LBR criterion

Selten’s Horse is depicted in figure 9.3. This game shows that sequentiality
is neither strictly stronger than nor strictly weaker than the LBR criterion
since the two criteria pick out distinct equilibria in this case.

There is a connected component M of Nash equilibria given by

M ={(A.a,piA+ (1= p;)p)|0 < pp < 1/3},

where p; is the probability that Carole chooses A, all of which, of course,
have the same payoff (3,3,0). There is also a connected component A/ of
Nash equilibria given by

N ={(D, paa + (1 = pa)d. M)|1/2 < pa < 1},

where p, is the probability that Bob chooses a, all of which have the same
payoff (4,4,4).
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Alice A

3,3,0

4.4.4 L1,1 5.5.0 2,22
Figure 9.3. Selten’s Horse

The M equilibria are sequential, but the A equilibria are not even perfect
Bayesian since if Bob were given a choice, his best response would be d,
not a. Thus, the standard refinement criteria select the M equilibria as
reasonable.

The only Nash equilibrium in which Carole gets to choose is in the set
N, where she plays A. Hence, for the LBR criterion, Alice and Bob must
conjecture that Carole chooses A. Also, a is the only choice by Bob that
is part of a Nash equilibrium that reaches his information set. Thus, Alice
must conjecture that Bob plays a and Carole plays A, so her best response
is D. This generates the equilibrium DaA. At Bob’s information set, he
must conjecture that Carole plays A, so a is a best response. Thus, only the
pure strategy DaA in the N' component satisfies the LBR criterion.

Selten’s Horse is thus a case where the LBR criterion chooses an equilib-
rium that is reasonable even though it is not even perfect Bayesian, while
the standard refinement criteria choose an unreasonable equilibrium in M.
The M equilibria are unreasonable because if Bob did get to choose, he
would conjecture that Carole plays A, because that is her only move in a
Nash equilibrium where she gets to move, and hence violates the LBR con-
dition of choosing an action that is part of a Nash equilibrium that reaches
his choice node. However, if he is rational, he will violate the LBR criterion
and play d, leading to the payoff (5,5,0). If Alice conjectures that Bob will
play this way, she will play a, and the outcome will be the non-Nash equi-
librium AaA. Of course, Carole is capable of following this train of thought,
and she might conjecture that Alice and Bob will play non-Nash strategies,
in which case, she could be better off playing the non-Nash p herself. But,
of course, both Alice and Bob might realize that Carole might reason in
this manner. And so on. In short, we have here a case where the sequential
equilibria are all unreasonable, but there are non-Nash choices that are as
reasonable as the Nash equilibrium singled out by the LBR criterion.



Equilibrium Refinements

9.6 The Spence Signaling Model

2,10 12,10
8,5 18,5

14,5 14,5

20,10 20,10

Figure 9.4. The LBR criterion rejects an unreasonable pooling equilibrium

figure 9.4 represents the famous Spence signaling model (Spence 1973).
Alice is either a low quality worker (L) with probability p =1/3 or a high
quality worker (H) with probability p =2/3. Only Alice knows her own
quality. Bob is an employer who has two types of jobs to offer, one for an
unskilled worker (U ) and the other for a skilled worker (.5). If Bob matches
the quality of a hire with the skill of the job, his profit is 10; otherwise, his
profit is 5. Alice can invest in education (Y') or not (N ). Education does
not enhance Alice’s skill, but if Alice is low quality, it will cost her 10 to
be educated, while if she is high quality, it will cost her nothing. Education
is thus purely a signal, possibly indicating Alice’s type. Finally, the skilled
job pays 6 more than the unskilled job, the uneducated high-quality worker
earns 2 more than the uneducated low-quality worker in the unskilled job,
and the base pay for a low quality, uneducated worker in an unskilled job is
12. This gives the payoffs listed in figure 9.4.

This model has a separating equilibrium in which Alice gets an education
only if she is high quality and Bob assigns educated workers to skilled jobs
and uneducated workers to unskilled jobs. In this equilibrium, Bob’s pay-
off is 10 and Alice’s payoff is 17.33 prior to finding out whether she is of
low or high quality. Low-quality workers earn 12, and high-quality workers
earn 20. There is also a pooling equilibrium in which Alice never gets an
education and Bob assigns all workers to skilled jobs. Indeed, any combi-
nation of strategies S'S (assign all workers to skilled jobs) and SU (assign
uneducated workers to skilled jobs and educated workers to unskilled jobs)
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is a best response for Bob in the pooling equilibrium. In this equilibrium,
Bob earns 8.33 and Alice earns 19.33. However, uneducated workers earn
18 in this equilibrium and skilled workers earn 20.

Both sets of equilibria are sequential. For the pooling equilibrium, con-
sider a completely mixed-strategy profile o, in which Bob chooses S'S with
probability 1 —1/n. For large n, Alice’s best response is not to be educated,
so the approximate probability of being at the top node a; of Bob’s right-
hand information set v, is approximately 1/3. In the limit, as n — oo, the
probability distribution over v; computed by Bayesian updating approaches
(1/3,2/3). Whatever the limiting distribution over the left-hand information
set v; (note that we can always ensure that such a limiting distribution ex-
ists), we get a consistent assessment in which S'§ is Bob’s best response.
Hence the pooling equilibrium is sequential.

For the separating equilibrium, suppose Bob chooses a completely mixed
strategy o, with the probability of US (allocate uneducated workers to un-
skilled jobs and educated workers to skilled jobs) equal to 1 — 1/n. Al-
ice’s best response is NY (only a high-quality Alice gets and education),
so Bayesian updating calculates probabilities at v, as placing almost all the
weight on the top node, and at Bob’s left-hand information set v;, almost
all weight is placed on the bottom node. In this limit, we have a consis-
tent assessment in which Bob believes that only high-quality workers get
an education, and the separating equilibrium is Bob’s best response given
this belief.

Both Nash equilibria specify that Bob choose S at vé, so Alice must
conjecture this, and that Alice choose N at L, so Bob must conjecture this.
It is easy to check that (NN, SS) and (NY, US) thus both satisfy the LBR
criterion.

9.7 Irrelevant Node Additions

Kohlberg and Mertens (1986) use figure 9.5 with 1 < x < 2 to show that an
irrelevant change in the game tree can alter the set of sequential equilibria.
We use this game to show that the LBR criterion chooses the reasonable
equilibrium in both panels, while the sequential criterion does so only if we
add an “irrelevant” node, as in the right panel of figure 9.5. The reasonable
equilibrium in this case is M L, which is sequential. However, TR is also
sequential in the left panel. To see this, let {04(T),04(B),04(M)} =
{1l — 10€,€,9¢} and {op(L),05(R)} = {€,1 — €}. These converge to T’
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00 1.1 33 x,0 0,0 1,1 33 x,0

Figure 9.5. The only reasonable equilibrium for 1 < x < 2 is ML, which is
sequential and satisfies the LBR criterion. However, the unreasonable equilibrium
TR is sequential in the left panel, but not the right, when an “irrelevant” node is
added.

and R, respectively, and the conditional probability of being at the left node
of v, is 0.9, so Bob’s mixed strategy is a distance € from a best response.
In the right panel, however, M strictly dominates B for Alice, so TR is no
longer sequential.

To apply the LBR criterion, note that the only Nash equilibrium allow-
ing Bob to choose is M L, which gives Alice a payoff of 3, as opposed to
a payoff of 2 from choosing 7. Therefore, conjecturing this, Alice max-
imizes her payoff by allowing Bob to choose; i.e., ML is the only LBR
equilibrium.

9.8 Improper Sequential Equilibria

Consider the game to the right. There are
two Nash equilibria, Fb and Aa. These
are also sequential equilibria since if Al-
ice intends F', but if the probability that B
is chosen by mistake is much greater than
the probability that A4 is chosen, then b is
a best response. Conversely, if the prob-
ability of choosing A by mistake is much -21 10 1,0 21
greater than the probability that B is chosen by mistake, then a is a best
response. Since B is the more costly mistake for Alice, the proper equi-
librium concept assumes it occurs very infrequently compared to the A
mistake, Bob will play a when he gets to move, so Alice should chose
A. Therefore, Aa is the only proper equilibrium according to the Myerson
(1978) criterion.
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To see that Aa is the only LBR equilibrium of the game, note that the
only Nash equilibrium that reaches Bob’s information set is Aa. The LBR
criterion therefore stipulates that Alice conjecture that Bob chooses a, to
which her best response is A.

The reader will note how simple and clear this justification is of Aa
by comparison with the properness criterion, which requires an order-of-
magnitude assumption concerning the rate at which trembles go to zero.

9.9 Second-Order Forward Induction

Alice

32 00 L1 23 22 —-10 0,1 1,3

Figure 9.6. The Money Burning Game

Figure 9.6 depicts the famous Money Burning Game analyzed by Ben-
Porath and Dekel (1992), illustrating second-order forward induction. By
“burning money” (to the amount of 1), Alice can ensure a payoff of 2,
so if she does not burn money, she must expect a payoff greater than 2.
This induces Alice’s Battle of the Sexes partner to act favorably toward her,
giving her a payoff of 3.

The set of Nash equilibria can be described as follows. First, there is V1,
in which Alice plays Yb (do not burn money and choose favoring Bob)
and Bob chooses any mixture of BB (play B no matter what Alice did)
and SB (play S if Alice played X and play B if Alice played Y). This
set represents the Pareto-optimal payoffs favoring Bob. The second is VS,
in which Alice plays Ys (don’t burn money and choose favoring Alice),
and Bob chooses any mixture of BS (play B against X and S against Y')
and S'S (play S no matter what). This set represents the Pareto-optimal
payoffs favoring Alice. The third is XS, in which Alice plays Xs and



Equilibrium Refinements

Bob chooses any mixed-strategy combination of SB and S.S in which the
former is played with probability > 1/2. This is the money-burning Pareto-
inferior Battle-of-the-Sexes equilibrium favoring Bob. The fourth set is the
set M in which Alice plays Y and then (1/4)b + (3/4)s and Bob chooses
any mixed strategy that leads to the behavioral strategy (3/4)B + (1/4)S.
Second-order forward induction selects out J)S.

All equilibria are sequential and result from two different orders in elimi-
nating weakly dominated strategies. The only Nash equilibrium where Bob
chooses at vy; involves choosing S there. Thus, Alice conjectures this, and
knows that her best response compatible with v,; is X's, which gives her a
payoff of 2. There are three sets of Nash equilibria where Alice chooses Y .
In one, she chooses Y'b and Bob chooses B, giving her a payoff of 2. In
the second, she chooses Ys and Bob chooses S, giving her a payoff of 3. In
the third, Alice and Bob play the Battle-of-the-Sexes mixed-strategy equi-
librium, with a payoff of 3/2 for Alice. Each of these is compatible with a
conjecture of by that Bob plays a Nash strategy. Hence, her highest payoff
is with Y's. Because Y is decisive and includes a Nash equilibrium, where
Alice plays Y's, with a higher payoff for Alice than any Nash equilibrium
using X, when Bob moves at v,,, the LBR criterion stipulates that he con-
jectures this, and hence his best response is S. Thus, Alice must conjecture
that Bob plays S when she plays Y, to which Y's is the only best response.
Thus, Y'Ss is the only LBR equilibrium.

9.10 Beer and Quiche Without the Intuitive Criterion

Nature

0,1 20 1,1 3,0 I,—1 3,0 0,—1 2,0

Figure 9.7. The Real Men Don’t Eat Quiche Game
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Figure 9.7 depicts perhaps the most famous example arguing the impor-
tance of beliefs in equilibrium refinement, the Cho and Kreps (1987) Real
Men Don’t Eat Quiche Game. It also illustrates the well-known intuitive
criterion, which is complementary to sequentiality. However, the LBR cri-
terion singles out the reasonable equilibrium without recourse to an addi-
tional criterion.

This game has two sets of (pooling) Nash equilibria. The first is Q, in
which Alice plays Q Q (Q if wimp, Q if strong) and Bob uses any mixture
of DN (play D against B and play N against Q) and NN (play N no
matter what) that places at least weight 1/2 on DN . The payoff to Alice is
21/10. The second is B, in which Alice plays BB (B if wimp, B if strong)
and Bob uses any mixture of ND (play N against B and play D against
Q) and NN that places at least weight 1/2 on ND. The payoff to Alice is
29/10.

The Cho and Kreps (1987) intuitive criterion notes that by playing Q Q,
Alice earns 21/10, while by playing BB, she earns 29/10. Therefore, a
rational Alice will choose BB. To find the LBR equilibrium, we note that
both the B and the Q equilibria satisfy the first LBR conditions. Moreover,
B is decisive with respect to Q and has a higher payoff for Alice. Thus, the
only LBR equilibria are the B.

9.11 An Unreasonable Perfect Equilibrium

Nature

3,0,20,0,3 0,2,20,0,0

Figure 9.8. Perfection is not sensible, but the LBR criterion is

The game in figure 9.8, taken from McLennan (1985), has a strict Nash
equilibrium at R/ U and an interval of sequential equilibria £ of the form Lr
and D with a probability of at least 3/4. The L equilibria are “unintuitive”
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for many reasons. Perhaps the simplest is forward induction. If Carole gets
to move, either Alice played R or Bob played /. In the former case, Alice
must have expected Carole to play U, so that her payoff would be 3 instead
of 2. If Bob moved, he must have moved /, in which case he also must
have expected Carole to move U, so that his payoff would be 2 instead of
1. Thus, U is the only reasonable move for Carole.

For the LBR criterion, note that £ is ruled out since the only Nash equi-
librium reaching Carole’s information set uses U with probability 1. The
RIU equilibrium, however, satisfies the LBR criterion.

9.12 The Principle of Insufficient Reason

The figure to the right, due to Jeffery
Ely (private communication) depicts a
game for which the only reasonable
Nash equilibria form a connected com-
ponent A in which Alice plays 4 and
Bob plays a with probability op(a) €
[1/3,2/3], guaranteeing Alice a payoff
of 0. There are two additional equilib- —2,-2 L1 LT =2,-2
ria, Ca and Bb, and there are states at Alice’s information set that are con-
sistent with each of these equilibria. At Bob’s choice information set, all
conjectures o4 for Alice with 04(A) < 1 are permitted. Thus, all Nash
equilibria are LBR equilibria. However, by the principle of insufficient rea-
son and the symmetry of the problem, if Bob gets to move, each of his
moves is equally likely. Thus, it is only reasonable for Alice to assume
op(a) = op(b) = 1/2, to which A is the only best response.

9.13 The Principle of Honest Communication

It is easy to check that the coordination game to
the right has three Nash equilibria, each of which
satisfies all traditional refinement criteria, and all
are LBR equilibria as well. Clearly, however,
only L/ is a reasonable equilibrium for rational
players. One justification of this equilibrium is
that if we add a preliminary round of communication, if each player com-
municates a promise to make a particular move, and if each player believes

44 00 0,0 1,1
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in the principle of honest communication (according to which players keep
their promises unless they can benefit by violating these promises and being
believed), then each will promise to play L or /, and they will keep their
promises.

9.14 Induction: Forward is Robust, Backward is Fragile

The LBR criterion is an improvement of refinement criteria meant to render
other standard refinement criteria superfluous. However, the LBR criterion
is not an impediment to standard game-theoretic reasoning. If a game has a
unique Nash equilibrium, this will be both a subgame perfect and an LBR
equilibrium. If a game has a non-subgame perfect equilibrium with an in-
credible threat, this cannot be an LBR equilibrium because in an LBR equi-
librium, players never conjecture incredible threats. In a repeated game, it
is reasonable to argue, as does the LBR criterion, that players maximize at
every information set they reach. We do not need the extra baggage of the
sequential equilibrium concept to justify this assumption.

The LBR criterion supplies a rigorous and insightful equilibrium refine-
ment criterion. Moreover, it clarifies the meaning of an “intuitively reason-
able” equilibrium as being one in which players conjecture that other play-
ers use actions that are part of Nash equilibria and choose actions them-
selves that maximize their payoffs subject to such conjectures.
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The Analytics of Human Sociality

The whole earth had one language. Men said, “Come, let us build
ourselves a city, and a tower with its top in the heavens.” The
Lord said, “Behold, they are one people, and they have all one
language. Nothing will now be impossible for them. Let us go
down and confuse their language.” The Lord scattered them over
the face of the earth, and they ceased building the city.

Genesis 11:1
An economic transaction is a solved political problem. Economics

has gained the title of Queen of the Social Sciences by choosing
solved political problems as its domain.

Abba Lerner

10.1 Explaining Cooperation: An Overview

It is often said that sociology deals with cooperation and economics deals
with competition. Game theory, however, shows that cooperation and com-
petition are neither distinct nor antithetical. Cooperation involves align-
ing the beliefs and incentives of agents with distinct interests, competition
among groups requires cooperation within these groups, and competition
among individuals may be mutually beneficial.

A major goal of economic theory is to show the plausibility of wide-scale
cooperation among self-regarding individuals. In an earlier period, this
endeavor centered on the Walrasian model of general market equilibrium,
culminating in the celebrated fundamental theorem of welfare economics
(Arrow and Debreu 1954; Debreu 1959; Arrow and Hahn 1971). However,
the theorem’s key assumption that market exchange can be enforced at zero
cost to the exchanging parties is often violated (Arrow 1971; Bowles and
Gintis 1993; Gintis 2002; Bowles 2004).

The game theory revolution replaced reliance on exogenous enforcement
with repeated game models in which punishment of defectors by cooper-
ators secures cooperation among self-regarding individuals. Indeed, when
a game @ is repeated an indefinite number of times by the same players,
many of the anomalies associated with finitely repeated games (4.11, §5.1,
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5.7) disappear. Moreover, Nash equilibria of the repeated game arise that
are not Nash equilibria of G. The exact nature of these equilibria is the
subject of the folk theorem (§10.3), which shows that when self-regarding
individuals are Bayesian rational, have sufficiently long time horizons, and
there is adequate public information concerning who obeyed the rules and
who did not, efficient social cooperation can be achieved in a wide variety
of cases.

The folk theorem requires that each action taken by each player carry a
signal that is conveyed to the other players. We say a signal is public if all
players receive the same signal. We say the signal is perfect if it accurately
reports the player’s action. The first general folk theorem that does not rely
on incredible threats was proved by Fudenberg and Maskin (1986) for the
case of perfect public signals (§10.3).

We say a signal is imperfect if it sometimes mis-reports a player’s action.
An imperfect public signal reports the same information to all players, but
it is at times inaccurate. The folk theorem was extended to imperfect public
signals by Fudenberg, Levine, and Maskin (1994), as will be analyzed in
§10.4.

If different players receive different signals, or some receive no signal at
all, we say the signal is private. The case of private signals has proved much
more daunting than that of public signals, but folk theorems for private
but near-public signals (i.e., where there is an arbitrarily small deviation €
from public signals) have been developed by several game theorists, includ-
ing Sekiguchi (1997), Piccione (2002), Ely and Vilimiki (2002), Bhaskar
and Obara (2002), Horner and Olszewski (2006), and Mailath and Morris
(2006). It is difficult to assess how critical the informational requirements
of these folk theorems are because generally the theorem is proved for “suf-
ficiently small €,” with no discussion of the actual order of magnitude in-
volved.

The question of the signal quality required for efficient cooperation to ob-
tain is especially critical when the size of the game is considered. Generally,
the folk theorem does not even mention the number of players, but in most
situations in real life, the larger the number of players participating in a
cooperative endeavor, the lower the average quality of the cooperation-vs.-
defection signal because generally a player observes only a small number
of other players with a high degree of accuracy, however large the group
involved. We explore this issue in §10.4, which illustrates the problem by
applying the Fudenberg, Levine, and Maskin (1994) framework to the Pub-
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lic Goods Game (§3.9) which in many respects is representative of contexts
for cooperation in humans.

10.2 Bob and Alice Redux

Suppose Bob and Alice play the Prisoner’s Dilemma C D
shown on the right. In the one-shot game there is only cl 55 |-3.8
one Nash equilibrium, in which both parties defect.
However, suppose the same players play the game at D 8,-3] 0,0
times t = 0,1,2,.... This is then a new game, called

a repeated game, in which the payoff to each is the sum of the payoffs over
all periods, weighted by a discount factor § with 0 < § < 1. We call the
game played in each period the stage game of a repeated game in which at
each period the players can condition their moves on the complete history
of the previous stages. A strategy that dictates cooperating until a certain
event occurs and then following a different strategy, involving defecting and
perhaps otherwise harming one’s partner, for the rest of the game is called
a trigger strategy.

Note that we have exactly the same analysis if we assume that players
do not discount the future, but in each period the probability that the game
continues for at least one more period is §. In general, we can think of
8 as some combination of the discount factor and the probability of game
continuation.

We show that the cooperative solution (5,5) can be achieved as a subgame
perfect Nash equilibrium of the repeated game if § is sufficiently close to
unity and each player uses the trigger strategy of cooperating as long as the
other player cooperates and defecting forever if the other player defects in
one round. To see this, consider a repeated game that pays 1 now and in
each future period to a certain player and the discount factor is §. Let x be
the value of the game to the player. The player receives 1 now and then gets
to play exactly the same game in the next period. Because the value of the
game in the next period is x, its present value is éx. Thus, x = 1 + §x, so
x =1/(1-19).

Now suppose both agents play the trigger strategy. Then, the payoff to
each is 5/(1 — §). Suppose a player uses another strategy. This must in-
volve cooperating for a number (possibly zero) of periods, then defecting
forever; for once the player defects, his opponent will defect forever, the
best response to which is to defect forever. Consider the game from the
time ¢ at which the first player defects. We can call this ¢ = 0 without loss
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of generality. A player who defects receives 8 immediately and nothing
thereafter. Thus, the cooperate strategy forms a Nash equilibrium if and
onlyif 5/(1 —48) > 8, or 6 > 3/8. When ¢ satisfies this inequality, the pair
of trigger strategies is also subgame perfect because the situation in which
both parties defect forever is Nash subgame perfect.

This gives us an elegant solution to the problem, but in fact there are lots
of other subgame perfect Nash equilibria for this game. For instance, Bob
and Alice can trade off defecting on each other as follows. Consider the
following trigger strategy for Alice: alternate C, D, C, ... as long as Bob
alternates D, C, D, ... . If Bob deviates from this pattern, defect forever.
Suppose Bob plays the complementary strategy: alternate D,C, D, ... as
long as Alice alternates C, D, C, ... . If Alice deviates from this pattern, de-
fect forever. These two strategies form a subgame perfect Nash equilibrium
for § sufficiently close to unity.

To see this, note that the payoffs are now —3,8, -3, 8, ... for Alice and
8,—3,8,—3,... for Bob. Let x be the payoffs to Alice. Alice gets —3
today and 8 in the next period and then gets to play the game all over again
starting two periods from today. Thus, x = —3 + 85 + §?x. Solving this,
we get x = (85 —3)/(1 —682). The alternative is for Alice to defect at some
point, the most advantageous time being when it is her turn to get —3. She
then gets O in that and all future periods. Thus, cooperating forms a Nash
equilibrium if and only if x > 0, which is equivalent to 8 — 3 > 0, or
s > 3/8.

For an example of a very unequal equilibrium, suppose Bob and Alice
agree that Bob will play C, D, D,C, D, D, ... and Alice will defect when-
ever Bob is supposed to cooperate, and vice versa. Let vp be the value of
the game to Bob when it is his turn to cooperate, provided he follows his
strategy and Alice follows hers. Then, we have

vp = —3 + 85 + 852 + vEs3,

which we can solve, getting vg = (852 + 85 — 3)/(1 — §%). The value to
Bob of defecting is 8 now and O forever after. Hence, the minimum discount
factor such that Bob will cooperate is the solution to the equation vg = 8,
which gives § &~ 0.66. Now let v4 be the value of the game to Alice when it
is her first turn to cooperate, assuming both she and Bob follow their agreed
strategies. Then we have

vy =—=3—-38+ 882 + UA83,
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which gives v4 = (852 — 38 — 3)/(1 — §3). The value to Alice of defecting
rather than cooperating when it is her first turn to do so is then given by
vq = 8, which we can solve for §, getting § ~ 0.94. With this discount
factor, the value of the game to Alice is 8, but vp ~ 72.47, so Bob gains
more than nine times as much as Alice.

10.3 The Folk Theorem

The folk theorem is so called because no one knows who first thought of
it—it is just part of the folklore of game theory. We shall first present a
stripped-down analysis of the folk theorem with an example and provide a
more complete discussion in the next section.

Consider the stage game in §10.2. There is a subgame perfect Nash equi-
librium in which each player gets zero. Moreover, neither player can be
forced to receive a negative payoff in the repeated game based on this
stage game because at least zero can be assured simply by playing D.
Also, any point in the region OEABCF in figure 10.1 can be attained in
the stage game, assuming the players can agree on a mixed strategy for
each. To see this, note that if Bob uses C with probability o and Al-
ice uses C with probability B, then the expected payoff to the pair will
be (88 — 3«, 8« — 38), which traces out every point in the quadrilateral
OEABCF fora, € [0, 1]. Only the points in OABC are superior to the
universal defect equilibrium (0,0), however.

Consider the repeated game R based on the stage game G in §10.2. The
folk theorem says that under the appropriate conditions concerning the co-
operate/defect signal available to players, any point in the region OABC
can be sustained as the average per-period payoff of a subgame perfect
Nash equilibrium of R, provided the discount factors of the players are
sufficiently near unity.

More formally, consider an n-player game with finite strategy sets .S; for
i = 1,...,n, so the set of strategy profiles for the game is S = []'_, Si.
The payoff for player i is 7; (s), where s € S. For any s € §, we write s_;
for the vector obtained by dropping the ith component of s, and for any
i =1,...,n, we write (s;,5—;) = s. For a given player j, suppose the
other players choose strategies m’ ; such that j’s best response mj’ gives
J the lowest possible payoff in the game. We call the resulting strategy
profile m/ the maximum punishment payoff for j. Then, ¥ = m;(m’) is
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E (-3.,8)

F (8,-3)

Figure 10.1. The folk theorem: any point in the region OABC can be sustained
as the average per-period payoff the subgame perfect Nash equilibrium of the re-
peated game based on the stage game in §10.2.

j’s payoff when everyone else “gangs up on him.” We call

n* = (ny,...,7,;) (10.1)

n

the minimax point of the game. Now define
I = {(m1(5),...,wn(s))|s € S,mi(s) >, i =1,...,n},

so IT is the set of strategy profiles in the stage game with payoffs at least as
good as the maximum punishment payoff for each player.

This construction describes a stage game G for a repeated game R with
discount factor §, common to all the agents. If G is played in periods t =
0,1,2,..., and if the sequence of strategy profiles used by the players is
s(1),s(2), ..., then the payoff to player j is

p =y 8'mi(s(t)).

t=0

Let us assume that information is public and perfect, so that when a player
deviates from some agreed-upon action in some period, a signal to this
effect is transmitted with probability 1 to the other players. If players can
use mixed strategies, then any point in IT can be attained as payoffs to R
by each player using the same mixed strategy in each period. However, it
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is not clear how a signal indicating deviation from a strictly mixed strategy
should be interpreted. The simplest assumption guaranteeing the existence
of such a signal is that there is a public randomizing device that can be seen
by all players and that players use to decide which pure strategy to use,
given that they have agreed to use a particular mixed strategy. Suppose, for
instance, the randomizing device is a circular disk with a pointer that can
be spun by a flick of the finger. Then, a player could mark off a number of
regions around the perimeter of the disk, the area of each being proportional
to the probability of using each pure strategy in a given mixed strategy to
be used by that player. In each period, each player flicks his pointer and
chooses the appropriate pure strategy, this behavior is recorded accurately
by the signaling device, and the result is transmitted to all the players.

With these definitions, we have the following, where for & € I1, 0; () €
AS; is a mixed strategy for player i such that 7; (01, ...,0,) = 7;.

THEOREM 10.1 Folk Theorem. Suppose players have a public randomiz-
ing device and the signal indicating cooperation or defection of each player
is public and perfect. Then, for any m = (my,...,7,) € I1, if 8 is suffi-
ciently close to unity, there is a Nash equilibrium of the repeated game such
that 7t; is j’s payoff for j =1,...,n in each period. The equilibrium is ef-
fected by each player i using o; () as long as no player has been signaled
as having defected, and by playing the minimax strategy m;] in all future
periods after player j is first detected defecting.

The idea behind this theorem is straightforward. For any such = € II,
each player j uses the strategy o; (;r) that gives payoffs & in each period,
provided the other players do likewise. If one player deviates, however, all
the other players play the strategies that impose the maximum punishment
payoff on j forever. Because mr; > n 7, player j cannot gain from deviating
from o} (), so the profile of strategies is a Nash equilibrium.

Of course, unless the strategy profile (m1, ..., m;y) is a Nash equilibrium
foreach j = 1,...,n, the threat to minimax even once, let alone forever,
is not a credible threat. However, we do have the following theorem.

THEOREM 10.2 The folk theorem with subgame perfection. Suppose y =
(Y15 .., Yn) is the vector of payoffs in a Nash equilibrium of the underlying

one-shot game and w € 1 with m; > y; fori = 1,...,n. Then, if §
is sufficiently close to unity, there is a subgame perfect Nash equilibrium
of the repeated game such that ww; is j’s payoff for j = 1,...,n in each

period.
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To see this, note that for any such 7 € II, each player j uses the strategy s;
that gives payoffs & in each period, provided the other players do likewise.
If one player deviates, however, all the players play the strategies that give
payoff vector y forever.

10.4 The Folk Theorem with Imperfect Public Information

An important model due to Fudenberg, Levine, and Maskin (1994) extends
the Folk Theorem to many situations in which there is public imperfect
signaling. Although their model does not discuss the n-player Public Goods
Game, we shall here show that this game does satisfy the conditions for
applying this theorem.

We shall see that the apparent power of the folk theorem in this case
comes from letting the discount factor § go to 1 last, in the sense that for
any desired level of cooperation (by which we mean the level of intended,
rather than realized cooperation), for any group size n and for any error
rate €, there is a § sufficiently near unity that this level of cooperation can
be realized. However, given 4, the level of cooperation may be quite low
when 7 and € are relatively small. Throughout this section, we shall assume
that the signal imperfection takes the form of players defecting by accident
with probability € and hence failing to provide the benefit b to the group
although they expend the cost c.

The Fudenberg, Levine, and Maskin stage game consists of players i =
1,...,n, each with a finite set of pure actions ay,...,a,, € A;. A vector
ac A= ]_[7:1 Aj; is called a pure-action profile. For every profile a € A,
there is a probability distribution y|a over the m possible public signals
Y. Player i’s payoff, r;(a;, y), depends only on his own action and the
resulting public signal. If 7 (y|a) is the probability of y € Y given profile
a € A, i’s expected payoff from a is given by

gi(@) =) m(yla)ri(ai, y).

yeY

Mixed actions and profiles, as well as their payoffs, are defined in the usual
way and denoted by Greek letters, so « is a mixed-action profile and 7 (y|)
is the probability distribution generated by mixed action «.

Note that in the case of a simple Public Goods Game, in which each
player can cooperate by producing b for the other players at a personal cost
¢, each action set consists of two elements {C, D}. We will assume that



Analytics of Human Sociality

players choose only pure strategies. It is then convenient to represent the
choice of C by 1 and D by 0. Let A be the set of strings of n zeros and
ones, representing the possible pure strategy profiles of the n players, the
kth entry representing the choice of the kth player. Let t(a) be the num-
ber of ones in a € A and write g; for the ith entry in a € A. For any
a € A, the random variable y € Y represents the imperfect public informa-
tion concerning a € A. We assume defections are signaled correctly, but
intended cooperation fails and appears as defection with probability € > 0.
Let r(y|a) be the probability that signal y € A is received by players when
the actual strategy profile is a € A. Clearly, if y; > a; for some i, then
(y|a) = 0. Otherwise,

r(yla) = €€@7TO(] — ¢)*®) for t(y) < t(a). (10.2)

The payoff to player i who chooses a; and receives signal y is given by
ri(ai, y|la) = bt(y)(1 —€) —a;c. The expected payoff to player i is just

gila) = Zn(y|a)r,-(a,-,y) = bt(a)(1 —€) —ajc. (10.3)

yeyY

Moving to the repeated game, we assume that in each periodt = 0, 1, .. .,
the stage game is played with public outcome y’ € Y. The sequence
{y% ..., y'} is thus the public history of the game through time 7, and we
assume that the strategy profile {0’} played at time ¢ depends only on this
public history (Fudenberg, Levine, and Maskin show that allowing agents
to condition their play on their previous private profiles does not add any
additional equilibrium payoffs). We call a profile {o’} of public strategies
a perfect public equilibrium if, for any period ¢ and any public history up
to period ¢, the strategy profile specified for the rest of the game is a Nash
equilibrium from that point on. Thus, a public perfect equilibrium is a sub-
game perfect Nash equilibrium implemented by public strategy profiles.
The payoff to player i is then the discounted sum of the payoffs from each
of the stage games.

The minimax payoff to player i is the largest payoff i can attain if all the
other players collude to choose strategy profiles that minimize i ’s maximum
payoff—see (10.1). In the Public Goods Game, the minimax payoff is zero
for each player because the worst the other players can do is universally
defect, in which case i’s best action is to defect himself, giving payoff
zero. Let V* be the convex hull of stage game payoffs that dominate the
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minimax payoff for each player. A player who intends to cooperate and
pays the cost ¢ (which is not seen by the other players) can fail to produce
the benefit b (which is seen by the other players) with probability € > 0. In
the two-player case, V'* is the quadrilateral ABCD in figure 10.2, where
b* = b(1 —e€) —c is the expected payoff to a player if everyone cooperates.

(b*,b%)

Payoff 1

(b(1 —€),—c)
Figure 10.2. Two-player Public Goods Game

The folk theorem in Fudenberg, Levine, and Maskin(1994, p. 1025) is
then as follows.! We say W C V* is smooth if W is closed and convex,
has a nonempty interior, and is such that each boundary point v € W has a
unique tangent hyperplane P, that varies continuously with v (e.g., a closed
ball with center interiorto V'*). Then, if W C V* is smooth, thereisad < 1
such that for all § satisfying § < § < 1, each point in W corresponds to a
strict perfect public equilibrium with a discount factor 8, in which a pure-
action profile is played in each period. In particular, we can choose W to
have a boundary as close as we might desire to v* = (b*, ... b*), in which
case the full cooperation payoff can be approximated as closely as desired.

The only condition of the theorem that must be verified in the case of the
Public Goods Game is that the full cooperation payoff v* = {b*,... b*}
be on the boundary of an open set of payoffs in R"”, assuming players can
used mixed strategies. Suppose player i cooperates with probability x;, so
the payoff to player i is v; = m; — cXx;, where

n
TT; =b E Xj — Xj.
Jj=1

'T am suppressing two conditions on the signal y that are either satisfied trivially or are
irrelevant in the case of a Public Goods Game.
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If J is the Jacobian of the transformation x — v, it is straightforward to
show that
b n—1
det[J] = (=1)"t' (b —¢) (— + c) ,
n—1
which is nonzero, proving the transformation is not singular.

The method of recursive dynamic programming used to prove this theo-
rem in fact offers an equilibrium construction algorithm, or rather a collec-
tion of such algorithms. Given a set W C V*, a discount factor §, and a
strategy profile o, we say « is enforceable with respect to W and § if there
is a payoff vector v € R" and a continuation function w:Y — W such that,
for all i,

vi = (1=8)gi(ai, ) +8 ) m(ylai,a—)wi(y)

yeyY
for all a;with «; (a;) > 0, (10.4)
vi = (1= 8)gi(a.0—) +8 ) w(ylar,ai)w;(y)
yeyY
for all a;with «; (a;) = 0. (10.5)

We interpret the continuation function as follows. If signal y € Y is ob-
served (the same signal will be observed by all, by assumption), each player
switches to a strategy profile in the repeated game that gives player i the
long-run average payoff w;(y). We thus say that {w(y),ey} enforces o
with respect to v and § and that the payoff v is decomposable with respect
to o, W, and 8. To render this interpretation valid, we must show that
W C E(§), where E(§) is the set of average payoff vectors that correspond
to equilibria when the discount factor is 8.

Equations (10.4) and (10.5) can be used to construct an equilibrium. First,
we can assume that equations (10.4) and (10.5) are satisfied as equalities.
There are then two equations for |Y| = 2" unknowns {w;(y)} for each
player i. To reduce the underdetermination of the equations, we shall seek
only pure strategies that are symmetric in the players, so no player can con-
dition his behavior on having a particular index 7. In this case, that w;(y)
depends only on whether or not i signaled cooperate, and the number of
other players who signaled cooperate. This reduces the number of strate-
gies for a player at this point from 2" to 2(n — 1). In the interest of max-
imizing efficiency, we assume that in the first period all players cooperate,
and as long as y indicates universal cooperation, players continue to play
and all cooperate.
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To minimize the amount of punishment meted out in the case of observed
defections while satisfying (10.4) and (10.5), we first assume that if more
than one agent signals defect, all continue to cooperate. If there is a single
defection, this is punished by all the players defecting an amount that just
satisfies the incentive compatibility equations (10.4) and (10.5). There is,
of course, no assurance that this will be possible, but if so, there will be a
unique punishment y that is just sufficient to deter a self-regarding player
from intentionally defecting. This level of y is determined by using (10.2)
and (10.3) to solve (10.4) and (10.5) using the parameters for the Public
Goods Game. The calculations are quite tedious, but the solution for y in
terms of the model parameters is

B c(1-19)
— 8(1 —e)"1(1 —ne)’

14 (10.6)

Note that y does not depend on b. This is because the amount of punishment
must induce a player to expend only the cost ¢. The fraction of a period of
production entailed by a given y does, of course, depend on b. Note also
that (10.6) holds only for ne < 1. We deal with the more general case
below.

We can now calculate v = v;(Vi), the expected one-period payoff.
Again, the calculations are tedious, but we find

v=b(l—e)—c_ecd =9 (10.7)
1 —ne
This shows that when ne approaches unity, the efficiency of cooperation
plummets.

The above solution is meaningful only when ne < 1. Suppose k is a pos-
itive integer such that k — 1 < ne < k. An extension of the above argument
shows that if no punishment is meted out unless exactly k defections are
signaled, then (10.7) becomes

b= b(l—e)— e ecd=9) (10.8)
k —ne
Again, for § sufficiently close to unity, we can approximate Pareto-
efficiency as closely as desired.
By inspecting (10.4) and (10.5), we can gain some insight into what the
folk theorem is really saying in this case. When ne is large, punishment
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is kept down by requiring several defections to trigger the punishment, in
which case the punishment continues over several periods during which
payoffs are zero. However, with positive probability when cooperation re-
sumes there will be few defections, and if § is near unity, the sum of the
payoffs over these rare periods of cooperation will be high, so the second
term in (10.4) will be large. Moreover, for § near unity, the first term, repre-
senting the expected current period payoff, is near zero, so the present value
of cooperation will be determined by the second term as 6 — 1. There is
clearly no sense in which this can be considered a solution to the problem
of cooperation in large groups.

10.5 Cooperation with Private Signaling

Repeated game models with private signals, including Bhaskar and Obara
(2002), Ely and Viliméki (2002), and Piccione (2002), are subject to the cri-
tique of the previous section, but private signaling models are complicated
by the fact that no sequential equilibrium can support full cooperation, so
strictly mixed strategies are necessary in equilibrium. To see this, consider
the first period. If each player uses the full cooperation strategy, then if a
player receives a defection signal from another player, with probability 1
this represents a bad signal rather than an intentional defection. Thus, with
very high probability, no other member received a defection signal. There-
fore, no player will react to a defect signal by defecting, and hence the
always-defect strategy will have a higher payoff than the always-cooperate
strategy. To deal with this problem, all players defect with positive proba-
bility in the first period.

Now, in any Nash equilibrium, the payoff for any two pure strategies
used with positive probability by a player must have equal payoffs against
the equilibrium strategies of the other players. Therefore, the probability of
defecting must be chosen so that each player is indifferent between cooper-
ating and defecting at least in the first round. Sekiguchi (1997) and Bhaskar
and Obara (2002) accomplish this by assuming players randomize in the
first round and play the grim trigger strategy in each succeeding round—
cooperate as long as you receive a signal that your partner cooperated in the
previous round, and after receiving a defect signal, defect yourself in each
succeeding round. After the first round, it is possible that a defect signal
really means a player defected because that player, who is also playing a
trigger strategy, could have received a defect signal in the previous round.
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This model is plausible when the number n of players is small, especially
for n=2. However, when the error rate approaches 1/n, the model becomes
inefficient because the probability of at least one agent receiving a defect
signal approaches unity, so the expected number of rounds in the game is
close to 1, where the benefits of game repetition disappear. Moreover, it
is true in most cases that the quality of the private signal deteriorates with
increasing group size (e.g., if each individual receives a signal from a fixed
maximum number of other players). As Bhaskar and Obara (2002) show,
we can improve the performance of the model by “restarting” cooperation
with a positive probability in each round after cooperation has ceased, but
this only marginally improves efficiency because this process does not in-
crease the incentive for players to cooperate in any given round.

Ely and Vilimiki (2002) have developed a different approach to the prob-
lem, following the lead of Piccione (2002), who showed how to achieve co-
ordination in a repeated game with private information without the need for
the sort of belief updating and grim triggers used by Sekiguchi, Bhaskar,
and Obara. They construct an equilibrium in which at every stage, each
player is indifferent between cooperating and defecting no matter what his
fellow members do. Such an individual is thus willing to follow an arbitrary
mixed strategy in each period, and the authors show that there exists such a
strategy for each player that ensures close to perfect cooperation provided
individuals are sufficiently patient and the errors are small.

One problem with this approach is that it uses mixed strategies in every
period, and unless the game can be purified (§6.2), there is no reason for
players to play such strategies or to believe that their partners will do so.
Bhaskar (2000) has shown that most repeated game models that use mixed
strategies cannot be purified, and Bhaskar, Mailath, and Morris (2004) have
shown that purification is generally impossible in the Ely-Viliméki ap-
proach to the Prisoner’s Dilemma when the signal is public. The case of
private signals is much more difficult, and there is no known example of
purification in this case.

Without a choreographer, there is no mechanism that coordinates the ac-
tivities of large numbers of people so as to implement a repeated game
equilibrium with private information. It follows that the issue of whether
or not such games, the Nash equilibria of which invariably require strictly
mixed strategies, can be purified is not of fundamental importance. Never-
theless, it is useful to note that there are no examples of purification of such
games, and at least two examples of the impossibility of purification. These
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examples, due to Bhaskar (1998, 2000), make it clear why purification is
not likely: the Nash equilibria in repeated games with private information
are engineered so that players are indifferent between acting on informa-
tion concerning defection and ignoring such information. A slight change
in payoffs, however, destroys this indifference, so players behave the same
way whatever signal they receive. Such behavior is not compatible with a
cooperative Nash equilibrium.

It might be thought that the lack of purification is not a fatal weakness,
however, because we have already shown that the social instantiation of a
repeated game model requires a choreographer, and there is no reason, at
least in principle, that a social norm cannot implement a mixed strategy o
by suggesting each of the pure strategies in the support of o with a probabil-
ity equal to its weight in 0. This idea is, however, incorrect, as we exhibited
in §6.3. Unless players have a sufficiently strong normative predisposition,
small random changes in payoffs induce players to deviate from the chore-
ographer’s suggestion. The lack of purification for these models is virtually
fatal—they cannot be socially instantiated.

10.6 One Cheer For the Folk Theorem

The folk theorem is the most promising analytically rigorous theory of hu-
man cooperation in the behavioral sciences. Its strength lies in its transfor-
mation of Adam Smith’s “invisible hand” into an analytical model of ele-
gance and clarity. The folk theorem’s central weakness is that it is only
an existence theorem with no consideration of how the Nash equilibria
whose existence it demonstrates can actually be instantiated as a social pro-
cess. Certainly, these equilibria cannot be implemented spontaneously or
through a process of player learning. Rather, as we have stressed throughout
this book, strategic interaction must be socially structured by a choreogra-
pher—a social norm with the status of common knowledge, as outlined in
chapter 7.

This weakness is analytically trivial but scientifically monumental. Cor-
recting it both strengthens repeated game models and suggests how they
may be empirically tested—namely, by looking for the choreographer and,
where it cannot be found, determining what premise of the repeated game
model is violated and proposing an alternative model. Recognizing the
normative dimension of social cooperation has the added benefit of ex-
plaining why repeated game models have virtually no relevance beyond our
own species (Clements and Stephens 1995; Stephens, McLinn, and Stevens
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2002; Hammerstein 2003), the reason being that normative behavior is ex-
tremely primitive, at best, for nonhuman species.

A second weakness of repeated game theory is its preoccupation with
situations in which players are almost perfectly future-oriented (i.e., use a
discount factor close to unity) and the noise in the system (e.g., signaling
stochasticity or player error) is arbitrarily small. The reason for this preoc-
cupation is simple: the folk theorem with self-regarding agents fails when
agents are present-oriented, signals are imperfect, or players are likely to
err.

The correct response to this weakness is to (a) observe how cooperation
really occurs in society and (b) alter the characteristics of the repeated game
model to incorporate what one has discovered. We learn from biology that
there are huge gains in cooperation for an organism, but the challenges of
coordinating behavior and keeping defection to manageable levels are ex-
treme and are solved only by rare genetic innovation (Maynard Smith and
Szathmary 1997). The notion that human cooperation has a strong biolog-
ical element, as stressed in chapter 3, is in line with this general biological
point. We present in this chapter, for illustrative purposes, a model of coop-
eration based on observed characteristics of humans that are not captured
by Bayesian rationality or by the social epistemology developed in earlier
chapters (§10.7).

Both common observation and behavioral experiments suggest that hu-
mans are disposed to behave in prosocial ways when raised in appropri-
ate cultural environments (Gintis 2003a). This disposition includes having
other-regarding preferences, such as empathy for others, and the predispo-
sition to embrace cooperative norms and to punish violators of these norms
even at personal cost. It also includes upholding such character virtues
as honesty, promise keeping, trustworthiness, bravery, group loyalty, and
considerateness. Finally, it includes valuing self-esteem and recognizing
that self-esteem depends on how one is evaluated by those with whom we
strategically interact. Without these prosocial, biologically rooted traits,
human language could not have developed, because there would then have
been no means of maintaining veridical information transmission. With-
out high-quality information, efficient cooperation based on repeated game
Nash equilibria would be impossible. Indeed, it is probably rare that infor-
mation is of sufficient quality to sustain the cooperation of self-regarding
actors.
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10.7 Altruistic Punishing in the Public Goods Game

This section develops a model of cooperation in the Public Goods Game
in which each agent is motivated by self-interest, unconditional altruism,
and strong reciprocity, based on Carpenter et al. (2009). We investigate the
conditions for a cooperative equilibrium, as well as how the efficiency of
cooperation depends on the level of altruism and reciprocity. We show that
if there is a stable interior equilibrium (i.e., including both cooperation and
shirking), an increase in either altruism or reciprocity motives will generate
higher efficiency.

Consider a group of size n > 2, where member i supplies an amount of
effort 1 —o; € [0, 1]. We call o; the level of shirking of member i and write
o= 27:1 o;/n for the average level of shirking. We assume that working
at level 1 — 0; adds ¢(1 — o;) dollars to the group output, where ¢ > 1,
while the cost of working is a quadratic function s(1 — ;) = (1 — 0;)2/2.
We call g the productivity of cooperation. We assume the members of the
group share their output equally, so member i’s payoff is given by

mi=q(l1 —56)—(1—0;)%/2. (10.9)

The payoff loss for each member of the group from one member shirking
isB=¢q/n. Weassume 1/n < f < 1.

We assume member i can impose a cost on j # i with monetary equiv-
alent s;; at cost ¢;(s;;) to himself. The cost s;; results from public criti-
cism, shunning, ostracism, physical violence, exclusion from desirable side
deals, or another form of harm. We assume ¢; (0) = ¢/(0) = ¢/(0) = 0
and c; (s;;) is increasing and strictly convex for all i, j when s;; > 0.

Member j’s cooperative behavior b; depends on j’s level of shirking and
the harm that j inflicts on the group, which we assume is public knowledge.
Specifically, we assume

b, = B(1 —20;). (10.10)

Thus, 0; = 1/2 is the point at which i evaluates j’s cooperative behavior
as neither good nor bad.

To model cooperative behavior with social preferences, we say that indi-
vidual i’s utility depends on his own material payoff 7; and the payoft =;
to other individuals j # i according to

wi =+ Y (i + Aib)(r; —sij) — ci(si)] —si(or)  (10.11)
j#i
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where s;(0;) = Y ;i $ji(0i) is the punishment inflicted upon i by other
group members and A; > 0. The parameter a; is i’s level of unconditional
altruism if a¢; > 0 and unconditional spite if a; < 0, and A; is i’s strength
of reciprocity motive, valuing j’s payoffs more highly if j conforms to i’s
concept of good behavior, and conversely (Rabin 1993; Levine 1998). If
A; and a; are both positive, the individual is termed a strong reciprocator,
motivated to reduce the payoffs of an individual who shirks even at a cost
to himself.

Players maximize (10.11), and because b; can be negative, this may lead
i to increase his shirking o; and/or to punish j by increasing s;; in response
to a higher level of shirking by j. This motivation for punishing a shirker
values the punishment per se rather than the benefits likely to accrue to the
punisher if the shirker responds positively to the punishment. Moreover,
members derive utility from punishing the shirker, not simply from observ-
ing that the shirker was punished. This means that punishing provides a
warm glow rather than being instrumental towards affecting j’s behavior
(Andreoni 1995; Casari and Luini 2007).

This model requires only that a certain fraction of group members be re-
ciprocators. This is in line with the evidence from behavioral game theory
presented in chapter 3, which indicates that in virtually every experimental
setting a certain fraction of the subjects do not act reciprocally, because they
are self-regarding or they are purely altruistic. Note also that the punish-
ment system could elicit a high level of cooperation, yet a low level of net
material payoff. This is because punishment is not strategic in this model.
In real societies, the amount of punishment of shirkers is generally socially
regulated, and punishment beyond the level needed to secure compliance is
sanctioned (Wiessner 2005).

In this model, i will choose s (0;) to maximize utility in (10.11), giving
rise to the first-order condition (assuming an interior solution)

ci(s;) = AiBQ2oj — 1) —a;. (10.12)
If A; > 0and
1 a;
0, <ol = 3 [Aiﬂ + 1], (10.13)

the maximization problem has a corner solution in which i does not punish.
For A; > 0 and 0; > o, denoting the right-hand side of (10.12) by ¢ and
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differentiating (10.12) totally with respect to any parameter x, we get

dsj _ 99 1
dx  dxc/(s);)

(10.14)

In particular, setting x = a;, x = A;, x = 0;,x = fand x = n in turn in
(10.14), we have the following theorem.

THEOREM 10.3 For A; > 0 and o; > o, the level of punishment by i
imposed on j, sl’; is (a) decreasing in i’s unconditional altruism a;; (b)
increasing in i’s reciprocity motive, A;; (c) increasing in the level o of j’s
shirking; (d) increasing in the harm B that j inflicts upon i by shirking;

and (e) decreasing in group size.

The punishment s;(0;) inflicted upon j by the group is given by

IO EDIEACH) (10.15)
i#j

which is then differentiable and strictly increasing in o; over some range,
provided there is at least one reciprocator i (4; > 0).
The first-order condition on o; from (10.11) is given by

l—0i =B =8 (ai+ b)) +5/(0i), (10.16)
J#i

so i shirks up to such a point that the net benefits of shirking (the left-hand
side) equal i’s valuation of the costs imposed on others by his shirking (the
first term on the right-hand side) plus the marginal cost of shirking entailed
by the increased level of punishment that i may expect. This defines i’s op-
timal shirking level o;* for all i and hence closes the model, assuming the
second-order conditions s (0;) > —1. Whether there is an interior solution
depends on the array of parameters of the problem. For instance, if reci-
procity is very weak, there could be complete shirking by every player, or if
very strong, zero shirking by every player. We assume an interior solution
to investigate the comparative statics of the problem.
The average shirking rate of i’s partners is given by

1

n_IZUj.

o_i =

199



200

Chapter 10

We say that i’s partners shirk on balance if 6; > 1/2 and work on balance
if the opposite inequality holds. We then have the following theorem, which
is proved in Carpenter et al. (2009):

THEOREM 10.4 Suppose there is an stable interior equilibrium under a
best response dynamic. Then (a) an increase in i’s unconditional altruism
a; leads i to shirk less; and (b) an increase in i’s reciprocity motive A;
leads i to shirk more when i’s partners shirk on balance and to shirk less
when i’s partners work on balance.

While this is a simple one-shot model, it could easily be developed into
a repeated game model in which some of the parameters evolve endoge-
nously and where reputation effects strengthen the other-regarding motives
on which the above model depends.

10.8 The Failure of Models of Self-Regarding Cooperation

Providing a plausible game-theoretic model of cooperation among self-
regarding agents would vindicate methodological individualism (§8.8), and
render economic theory virtually independent of, and foundational to, the
other behavioral disciplines. In fact, this project is not a success. A fully
successful approach is likely to require a psychological model of social
preferences and a social epistemology, as well as an analysis of social norms
as correlating devices that choose among a plethora of Nash equilibria and
choreograph the actions of heterogeneous agents into a harmonious opera-
tional system.



11

The Evolution of Property Rights

Every Man has a property in his own Person. This no Body has any
Right to but himself. The Labour of his Body, and the Work of his
Hands, we may say, are properly his.

John Locke

This chapter illustrates the synergy among the rational actor model, game
theory, the socio-psychological theory of norms and gene-culture coevolu-
tion (§7.10), highlighting the gains that are possible when ossified disci-
plinary boundaries are shattered. The true power of game-theoretic anal-
ysis becomes manifest only when we cast our theoretical net beyond the
strictures of methodological individualism (§8.8). The underlying model is
taken from Gintis (2007b). A general case for the methodological approach
followed in this chapter is presented in chapter 12.

Authors tracing back to the origins of political liberalism have treated
property rights as a social norm the value of which lies in reducing conflict
over rights of incumbency (Schlatter 1973). Our analysis of the bourgeois
strategy as a social norm effecting an efficient correlated equilibrium em-
bodies this classical notion (§7.3). However, we argued in chapter 7 that
a social norm is likely to be fragile and unstable unless individuals gen-
erally have a normative predisposition to conform. We here interpret the
well-known phenomena of loss-aversion and the endowment effect (§1.9)
as highly rational forms of normative predisposition. In this case, the norm
is shared with many species of animals as well, in the form of territoriality.

11.1 The Endowment Effect

The endowment effect is the notion that people value a good that they pos-
sess more highly than they value the same good when they do not possess
it (§1.9). Experimental studies (§11.2) have shown that subjects exhibit a
systematic endowment effect. The endowment effect is widely considered
to be an instance of human irrationality. We suggest here that the endow-
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ment effect is not only rational, but also is the basis of key forms of human
sociality, including respect for property rights.

Because the endowment effect is an aspect of prospect theory (§1.9), it
can be modeled by amending the standard rational actor model to include
an agent’s current holdings as a parameter. The endowment effect gives
rise to loss-aversion, according to which agents are more sensitive to losses
than to gains (§1.7). We show here that the endowment effect can be mod-
eled as respect for property rights in the absence of legal institutions en-
suring third-party contract enforcement (Jones 2001; Stake 2004). In this
sense, preinstitutional “natural” property rights have been observed in many
species in the form of recognition of territorial possession. We develop a
model loosely based on the Hawk-Dove Game (§2.9) and the War of At-
trition (Maynard Smith and Price 1973) to explain the natural evolution of
property rights.

We show that if agents in a group exhibit the endowment effect for an in-
divisible resource, then property rights for that resource can be established
on the basis of incumbency, assuming incumbents and those who contest
for incumbency are of equal perceived fighting ability.! The enforcement of
these rights is then carried out by the agents themselves, so no third-party
enforcement is needed. This is because the endowment effect leads the in-
cumbent to be willing to expend more resources to protect his incumbency
than an intruder will be willing to expend to expropriate the incumbent. For
simplicity, we consider only the case where the marginal benefit of more
than one unit of the resource is zero (e.g., a homestead, a spider’s web, or a
bird’s nest).

The model assumes the agents know the present value 7, of incumbency,
as well as the present value 5 of nonincumbency, measured in units of bio-
logical fitness. We assume utility and fitness coincide, except for one situa-
tion, described below: this situation explicitly involves loss aversion, where
the disutility of loss exceeds the fitness cost of loss. When an incumbent
faces an intruder, the intruder determines the expected value of attempting
to seize the resource, and the incumbent determines the expected value of
contesting vs. ceding incumbency when challenged. These conditions will
not be the same, and in plausible cases there is a range of values of 74 /7y

'The assumption of indivisibility is not very restrictive. In some cases it is naturally
satisfied, as in a nest, a web, a dam, or a mate. In others, such as a hunter’s kill, a fruit tree,
a stretch of beach for an avian scavenger, it is simply the minimum size worth fighting
over rather than dividing and sharing.
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for which the intruder decides not to fight and the incumbent decides to
fight if challenged. We call this a (natural) property equilibrium. In a prop-
erty equilibrium, since the potential contestants are of equal power, it must
be the case that individuals are loss-averse, the incumbent being willing to
expend more resources to hold the resource than the intruder is to seize it.

Of course, g and mp, are generally endogenous in a fully specified model.
Their values depend on the supply of the resource relative to the number of
agents, the intrinsic value of the resource, the ease of finding an unowned
unit of the resource, and the like.

In our model of decentralized property rights, agents contest for a unit of
an indivisible resource, contests may be very costly, and in equilibrium, in-
cumbency determines who holds the resource without costly contests. Our
model, however, fills in critical gaps in the Hawk-Dove Game. The central
ambiguity of the Hawk-Dove Game is that it treats the cost of contesting
as exogenously given and taking on exactly two values, high for hawk and
low for dove. Clearly, however, these costs are in large part under the con-
trol of the agents themselves and should not be considered exogenous. In
our model, the level of resources devoted to a contest is endogenously de-
termined, and the contest itself is modeled explicitly as a modified War of
Attrition, the probability of winning being a function of the level of re-
sources committed to combat. One critical feature of the War of Attrition
is that the initial commitment of a level of resources to a contest must be
behaviorally ensured by the agent, so that the agent will continue to contest
even when the costs of doing so exceed the fitness benefits. Without this
precommitment, the incumbent’s threat of “fighting to the death” would not
be credible (i.e., the agent would abandon the chosen best response when
it came time to use it). From a behavioral point of view, this precommit-
ment can be summarized as the incumbent having a degree of loss aversion
leading his utility to differ from his fitness.

Our fuller specification of the behavioral underpinnings of the Hawk-
Dove Game allows us to determine the conditions under which a property
equilibrium will exist while its corresponding antiproperty equilibrium (in
which a new arrival rather than the first entrant always assumes incum-
bency) does not exist. This aspect of our model is of some importance
because the inability of the Hawk-Dove Game to favor property over an-
tiproperty is a serious and rarely addressed weakness of the model (but see
Mesterton-Gibbons 1992).
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11.2 Territoriality

The endowment effect, according to which a good is more highly prized
by an agent who is in possession of the good than by one who is not, was
first documented by the psychologist Daniel Kahneman and his cowork-
ers (Tversky and Kahneman 1991; Kahneman et al. 1991; Thaler 1992).
Thaler describes a typical experimental verification of the phenomenon as
follows. Seventy-seven students at Simon Fraser University were randomly
assigned to one of three conditions, seller, buyer, or chooser. Sellers were
given a mug with the university logo (selling for $6.00 at local stores) and
asked whether they would be willing to sell at a series of prices ranging
from $0.25 to $9.25. Buyers were asked whether they would be willing
to purchase a mug at the same series of prices. For each price, choosers
were asked to choose between receiving a mug or receiving that amount of
money. The students were informed that a fraction of their choices, ran-
domly chosen by the experimenter, would be carried out, thus giving the
students a material incentive to reveal their true preferences. The average
buyer price was $2.87, while the average seller price was $7.12. Choosers
behaved like buyers, being on average indifferent between the mug and
$3.12. The conclusion is that owners of the mug valued the object more
than twice as highly as nonowners.

The aspect of the endowment effect that promotes natural property rights
is known as loss aversion: the disutility of giving up something one owns
is greater than the utility associated with acquiring it. Indeed, losses are
commonly valued at about twice that of gains, so that to induce an indi-
vidual to accept a lottery that costs $10 when one loses (which occurs with
probability 1/2), it must offer a $20 payoff when one wins (Camerer 2003).
Assuming that an agent’s willingness to combat over possession of an ob-
ject is increasing in the subjective value of the object, owners are prepared
to fight harder to retain possession than non-owners are to gain possession.
Hence there will be a predisposition in favor of recognizing property rights
by virtue of incumbency, even where third-party enforcement institutions
are absent.

We say an agent owns something, or is incumbent, if the agent has exclu-
sive access to it and the benefits that flow from this privileged access. We
say ownership (incumbency) is respected if it is rarely contested and, when
contested, generally results in ownership remaining with the incumbent.
The dominant view in Western thought, from Hobbes, Locke, Rousseau,
and Marx to the present, is that property rights are a human social con-
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struction that emerged with the rise of modern civilization (Schlatter 1973).
However, evidence from studies on animal behavior, gathered mostly in the
past quarter-century, has shown this view to be incorrect. Various territorial
claims are recognized in nonhuman species, including butterflies (Davies
1978), spiders (Riechert 1978), wild horses (Stevens 1988), finches (Senar,
Camerino, and Metcalfe 1989), wasps (Eason, Cobbs, and Trinca 1999),
nonhuman primates (Ellis 1985), lizards (Rand 1967), and many others
(Mesterton-Gibbons and Adams 2003). There are, of course, some obvi-
ous forms of incumbent advantage that partially explain this phenomenon:
the incumbent’s investment in the territory may be idiosyncratically more
valuable to the incumbent than to a contestant or the incumbent’s famil-
iarity with the territory may enhance its ability to fight. However, in the
above-cited cases, these forms of incumbent advantage are unlikely to be
important. Thus, a more general explanation of territoriality is needed.

In nonhuman species, that an animal owns a territory is generally estab-
lished by the fact that the animal has occupied and altered the territory (e.g.,
by constructing a nest, burrow, hive, dam, or web, or by marking its lim-
its with urine or feces). In humans there are other criteria of ownership,
but physical possession and first to occupy remain of great importance, as
expressed by John Locke in the epigraph for this chapter.

Since property rights in human society are generally protected by law and
property rights are enforced by complex institutions (judiciary and police),
itis natural to view property rights in animals as a categorically distinct phe-
nomenon. In fact, however, decentralized, self-enforcing types of property
rights, based on behavioral propensities akin to those found in nonhuman
species (e.g., the endowment effect), are important for humans and arguably
lay the basis for more institutional forms of property rights. For instance,
many developmental studies indicate that toddlers and small children use
behavioral rules similar to those of animals is recognizing and defending
property rights (Furby 1980).

How respect for ownership has evolved and how it is maintained in an
evolutionary context is a challenging puzzle. Why do loss aversion and the
endowment effect exist? Why do humans fail to conform to the smoothly
differentiable utility function assumed in most versions of the rational actor
model? The question is equally challenging for nonhumans, although we
are so used to the phenomenon that we rarely give it a second thought.

Consider, for instance, the sparrows that built a nest in a vine in my gar-
den. The location is choice, and the couple spent days preparing the struc-
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ture. The nest is quite as valuable to another sparrow couple. Why does
another couple not try to evict the first? If they are equally strong, and both
value the territory equally, each has a 50% chance of winning the territorial
battle. Why bother investing if one can simply steal (Hirshleifer 1988)? Of
course, if stealing were profitable, then there would be no nest building, and
hence no sparrows, but that heightens rather than resolves the puzzle.

One common argument, borrowed from Trivers (1972), is that the original
couple has more to lose since it has already put a good deal of effort into
the improvement of the property. This, however, is a logical error that has
come to be known as the Concorde or the sunk cost fallacy (Dawkins and
Brockmann 1980; Arkes and Ayton 1999): to maximize future returns, an
agent ought consider only the future payoffs of an entity, not how much the
agent has expended on the entity in the past.

The Hawk-Dove Game was offered by Maynard Smith and Parker (1976)
as a logically sound alternative to the sunk cost argument. In this game
Hawks and Doves are phenotypically indistinguishable members of the
same species, but they act differently in contesting ownership rights to a
territory. When two Doves contest, they posture for a bit, and then each
assumes the territory with equal probability. When a Dove and a Hawk
contest, however, the Hawk takes the whole territory. Finally, when two
Hawks contest, a terrible battle ensues, and the value of the territory is less
than the cost of fighting for the contestants. Maynard Smith showed that,
assuming that there is an unambiguous way to determine who first found
the territory, there is an evolutionarily stable strategy in which all agents
behave like Hawks when they are first to find the territory, and like Doves
otherwise.

The Hawk-Dove Game is an elegant contribution to explaining the en-
dowment effect, but the cost of contesting for Hawks and the cost of display
for Doves cannot plausibly be taken as fixed and exogenously determined.
Indeed, it is clear that Doves contest in the same manner as Hawks, ex-
cept that they devote fewer resources to combat. Similarly, the value of the
ownership is taken as exogenous, when in fact it depends on the frequency
with which ownership is contested, as well as on other factors. As Grafen
(1987) stresses, the costs and benefits of possession depend on the state of
the population, the density of high-quality territories, the cost of search,
and other variables that might well depend on the distribution of strategies
in the population.
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First, however, it is instructive to consider the evidence for a close asso-
ciation, as Locke suggested in his theory of property rights, between own-
ership and incumbency (physical contiguity and control) in children and
nonhuman animals.

11.3 Property Rights in Young Children

Long before they become acquainted with money, markets, bargaining, and
trade, children exhibit possessive behavior and recognize the property rights
of others on the basis of incumbency.? In one study (Bakeman and Brown-
lee 1982), participant observers studied a group of 11 toddlers (12 to 24
months old) and a group of 13 preschoolers (40 to 48 months old) at a
day care center. The observers found that each group was organized into
a fairly consistent linear dominance hierarchy. They then cataloged pos-
session episodes, defined as situations in which a holder touched or held
an object and a taker touched the object and attempted to remove it from
the holder’s possession. Possession episodes averaged 11.7 per hour in the
toddler group and 5.4 per hour in the preschool group.

For each possession episode, the observers noted (a) whether the taker
had been playing with the object within the previous 60 seconds (prior pos-
session), (b) whether the holder resisted the take attempt (resistance), and
(c) whether the take was successful (success). They found that success
was strongly and about equally associated with both dominance and prior
possession. They also found that resistance was positively associated with
dominance in the toddlers and negatively associated with prior possession
in the preschoolers. They suggest that toddlers recognize possession as a
basis for asserting control rights but do not respect the same rights in others.
Preschoolers, more than twice the age of the toddlers, use physical proxim-
ity both to justify their own claims and to respect the claims of others. This
study was replicated and extended by Weigel (1984).

11.4 Respect for Possession in Nonhuman Animals

In a famous paper, Maynard Smith and Parker noted that if two animals
are competing for some resource (e.g., a territory), and if there is some dis-
cernible asymmetry (e.g., between an owner and a later-arriving animal),
then it is evolutionarily stable for the asymmetry to settle the contest con-

2See Ellis (1985) for a review and an extensive bibliography of research in this area.
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ventionally, without fighting. Among the findings of the many animal be-
haviorists who put this theory to the test, perhaps none is more elegant and
unambiguous than that of Davies (1978), who studied the speckled wood
(Pararge aegeria), a butterfly found in the Wytham Woods, near Oxford,
England. Territories for this butterfly are shafts of sunlight breaking through
the tree canopy. Males occupying these spots enjoyed heightened mating
success, and on average only 60% of the males occupied the sunlit spots
at any one time. A vacant spot was generally occupied within seconds, but
an intruder at an already occupied spot was invariably driven away even if
the incumbent had occupied the spot for only a few seconds. When Davies
“tricked” two butterflies into thinking each had occupied the sunny patch
first, the contest between the two lasted, on average, 10 times as long as the
brief flurry that occurred when an incumbent chased off an intruder.

Stevens (1988) found a similar pattern of behavior among the feral horses
occupying the sandy islands of the Rachel Carson Estuarine Sanctuary near
Beaufort, North Carolina. In this case, it is freshwater that is scarce. Af-
ter heavy rains, freshwater accumulates in many small pools in low-lying
wooded areas, and bands of horses frequently stop to drink. Stevens found
that there were frequent encounters between bands of horses competing for
water at these temporary pools. If a band approached a water hole occupied
by another band, a conflict ensued. During 76 hours of observation, Stevens
observed 233 contests, of which the resident band won 178 (80%). In nearly
all cases of usurpation, the intruding band was larger than the resident band.
These examples, and many others like them, support the presence of an en-
dowment effect and suggest that incumbents are willing to fight harder to
maintain their positions than intruders are to usurp the owner.

Examples from nonhuman primates exhibit behavioral patterns in re-
specting property rights much closer to those of humans. In general, the
taking of an object held by another individual is a rare event in primate
societies (Torii 1974). A reasonable test of the respect for property in pri-
mates with a strong dominance hierarchy is the likelihood of a dominant
individual refraining from taking an attractive object from a lower-ranking
individual. In a study of hamadryas baboons (Papio hamadryas), for in-
stance, Sigg and Falett (1985) handed a food can to a subordinate who was
allowed to manipulate it and eat from it for 5 minutes before a dominant
individual who had been watching from an adjacent cage was allowed to
enter the subordinate’s cage. A takeover was defined as the rival taking
possession of the can before 30 minutes had elapsed. They found that (a)
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males never took the food can from other males; (b) dominant males took
the can from subordinate females two-thirds of the time; and (c) dominant
females took the can from subordinate females one-half of the time. With
females, closer inspection showed that when the difference in rank was one
or two, females showed respect for the property of other females, but when
the rank difference was three or greater, takeovers tended to occur.

Kummer and Cords (1991) studied the role of proximity in respect for
property in long-tailed macaques (Macaca fascicularis). As in the Sigg
and Falett study, they assigned ownership to a subordinate and recorded
the behavior of a dominant individual. The valuable object in all cases
was a plastic tube stuffed with raisins. In one experiment, the tube was
fixed to an object in half the trials and completely mobile in the other half.
They found that with the fixed object, the dominant rival took possession
in all cases and very quickly (median 1 minute), whereas in the mobile
condition, the dominant rival took possession in only 10% of cases, and
then only after a median delay of 18 minutes. The experiment took place in
an enclosed area, so the relative success of the incumbent was not likely due
to an ability to flee or hide. In a second experiment, the object was either
mobile or attached to a fixed object by a stout 2- or 4-meter rope. The results
were similar. A third case, in which the nonmobile object was attached to
a long dragline that permitted free movement by the owner, produced the
following results. Pairs of subjects were studied under two conditions, one
where the rope attached to the dragline was 2 meters in length and a second
where the rope was 4 meters in length. In 23 of 40 trials, the subordinate
maintained ownership with both rope lengths, and in 6 trials the dominant
rival took possession with both rope lengths. In the remaining 11 trials, the
rival respected the subordinate’s property in the short rope case but took
possession in the long-rope case. The experimenters observed that when a
dominant attempted to usurp a subordinate when other 