Chapter 8

Vector Analysis in Higher Dimensions

8.1 An Introduction to Differential Forms

1. (dzy — 3dx2)(7,3) = da1(7,3) — 3dx(7,3) =7 — 3(3) = —2.
2.

(2dx +6dy —5dz)(1,—1,-2)
= 2dx(1,-1,2) + 6dy(1, -1, —2) — 5dz(1, —1, —2)
=2(1) + 6(—1) — 5(=2) = 6.

3. (Bdey A dia)(4,—1),(2,0)) =3 det | “TH 7D dmZ 0 2 o6
. (3dxy A dr2)((4,-1),(2,0)) = 3 det dra(4,—1) dz2(2,0) | ot 0| @ =6

4.
(4dx N dy — Tdy N dz)((0,1,—1),(1,3,2))
dz(0,1,-1) dz(1,3,2) dy(0,1,-1)  dy(1,3,2)
=4 det — 7 det
dy(0,1,—-1) dy(1,3,2) dz(0,1,-1) dz(1,3,2)
0 1 1 3
=4 det { ] — 7 det { ] =4(-1) = 7(5) = —39.
1 3 -1 2
5. We have
dz(a) dz(b) dx(c)
Tdex ANdy ANdz(a,b,c) =7 det [dy(a) dy(b) dy(c)
dz(a) dz(b) dz(c)
[1 2 5
=7det |0 —1 2| =7(—1+12+ 15) = 182.
3 0 1
6. We have

(dl‘l Adxo + 2drs ANdxs + 3dxs A dCE4)(a, b)

= et [gonle) ont) 290 o) aeso] 9 ey )

1 4

= det { } + 2 det E g} + 3 det ﬁ ﬂ = —5+2(-5) + 3(—5) = —30.

© 2012 Pearson Education, Inc. 439



440 Chapter 8 Vector Analysis in Higher Dimensions

7.

(2dx1 A dxs N dxs + dxa A dxs A dxs)(a, b, ¢)

[ dri(a) dxi(b) dri(c) dxa(a) dxa(b) dra(c)
=2 det | dxsz(a) dxs(b) dxs(c) | +det | drs(d) dxs(b) drs(c)
| dra(a) dxa(b) dra(c) drxs(a) dxs(b) drs(c)
1 0 5 0
=2det| -1 9 0 | +det| -1 9
4 1 0 2 -1 =2

= 2(—185) + 0 = —370.

8. w,—1,0)(@) = (—9dx + 4dy + 192dz)(a1, a2, a3) = —9a1 + 4az + 192as.
9.
w(27_1,_3,1)(a, b) = (—6d££’1 A dxs + dxo N\ da:4)(a, b)

- dxl(a) dﬂ,’1(b) dmg(a) dxg(b)
=0 det[ drs(a)  dus(b) } +det{ dvi(a) dwa(b) ]

= —6(a1bs — asb1) + a2bs — asbs.

10.
wWo,~1,7/2)(a,b) = (1dx A dy — 1dy A dz + 4dx A dz)(a,b)
| dz(a) dxz(b) dy(a) dy(b) 44 dx(a) dxz(b)
| dy(a) dy(b) dz(a) dz(b) dz(a) dz(b)
ar b az by a1 b
as bz as bg as b3
= a1bz — az2b1 — (a2bs — asb2) + 4(a1bs — azb1)
11.
((2,0, 1), (1,7,5)) = i ’ + W +3) !
W(a,y,2) (2,0, , (1,7,5)) = cosx sinz| . y s
=14 cosx — Tsinz 4+ 11(y° + 3)
12. We have
w(0,0,0)(a,b,c) = (3dx Ady Adz)(a,b,c)
dz(a) dz(b) dx(c) a1 b1
=3det [dy(a) dy(b) dy(c)| =3det|az b2 c2
dz(a) dz(b) dz(c) as bz c3
= 3(a1b203 + asbica + asbszcy — azbacy — a1bses — a2b103).
13. We have

1
w(ma%z) ((17 07 0)7 (Oa 2a 0)7 (07 07 3)) - (ez COSy + (y2 + 2)62z) det |:0
0

o N O

w O O
_

=6 (e cosy + (y° +2)e*?).
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Section 8.1. An Introduction to Differential Forms 441

14. From Definition 1.3 of exterior product,
(3dx 4 2dy — xdz) A (x° dz — cosydy + 7dz)
=32%de A dz + 227 dy A dv — 2* dz A dx — 3cosydr A dy — 2cosydy A dy + zcosydz A dy
+2ldx AN dz+14dy N dz — Txdz A\ dz
= 2a72dy/\ dv — 2 dz A dx — 3cosydx A dy+ xcosydz N\ dy
+21dx A dz+ 14dy A dz using (4),
= —(22° + 3cosy)dx A dy + (z° +21)dx A dz
+ (14 —zcosy)dy A dz using (3).
15. Again from Definition 1.3 of exterior product,
(ydr —xdy) A (zdx A dy +ydx A dz +xdy N dz)
=yzdr N drx N\ dy —xzdy N\ dx N\ dy+y2dx/\ de N\ dz —xydy A dx N\ dz
+axydx A dy A dzmedy/\ dy N\ dz
=2zydz A dy A dz using (3) and (4).
16. Again from Definition 1.3 of exterior product,
(2dx1 A dro — g dra A dxa) A (2zadrr A dxs + (v — x2) des N daa)
=4x4dr1 N drs N\ dxi N\ drs — 2x3xadrs N dra N\ dxi N dxs
+ 2(xz3 — x2)dr1 A doo A dxs N drg — x3(x3 — x2) dra A dra A dxs N drg
= —2xsxadra A dra N\ dx1 N drs + 2(xs — x2) do1 A dxa A des A dxsa  using (4),
= 2(w3xa + T3 — x2)dT1 A dX2 A das A drs  using (3).
17. Again from Definition 1.3 of exterior product,
(z1dx1 + 2x2 dxa 4+ 3x3dxs) A (1 + 22) det Adxa A dxs + (x3 — xa) dza A dza A dxa)
= z1(x1 + x2) dz1 Adzy Adee A des + 2xe(x1 + x2) doe A dzi A dze A dxs
+ 3x2(z1 + x2) dxs Adx1 A dxo A drs + x1(xs — x4) dxr Adxr A dxo A dza
= 2x9(x3 — x4) dx2 Adz1 Adxe A drs + 3x3(x3 — x4) des A dzy A dxs A dxs.
Using equation (4), this last expression is equal to
0+04+0+0+0+ 3z3(xs — xa) dxz A dz1 A dze A drs = 3ws(x3 — x4) dz1 A dza A dos A daag,

using equation (3).
18. We can work everything out, or note that w and 7 in this problem are 77 and w (respectively) in Exercise 17. Thus anticommu-
tativity (property 2 of Proposition 1.4) may thus be applied to give

wAn= (—1)3'131:3(31:3 — z4)dzy ANdxe Ades A dey = —3x3(x3 — x4) dzy A dzo A dxs A dxy.
19. Again from Definition 1.3 of exterior product,
(z1dxo N drs — xowsdrr A das) A (€75 doy A dra N drs — x1 cosws dra A dxs A dxa)
=21 dxa A dxs A dxy A dra N\ drs — zox3e™ % dry A dxs A dxy A dxa A dzs
— x? cosxs dxra N drs N drs N\ dxs N\ drs + ;120223 cCOs x5 dr1 A drs A\ dras N\ dxs N dxg
= 21" dxo A\ dxs A dxi A dea N dos + x12023 cOs x5 drr A dxs A dxa A drs A dra  using (4),

4T

= (21" — z1@2w3 cos x5)dx1 A dxa A dus A dra A drxs  using (3).
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442 Chapter 8 Vector Analysis in Higher Dimensions

20. Using Definition 1.1,

21.

22.

23.

a’xil A dil%;z/\"'A dmij A A d:l?il/\~~~/\ dmik(al,ag,...,ak)

dri (a1) dri(a2) ... dzi(ag) ]
a’xij (a1) dl‘ij (a2) ... dxij (ax)
= det
dz;, (21) dx;, (ag) oo dxy, (ak)
| dzi,(a1) dvi(a2) ... drzi(ar) |
I dri (a1) dx;,(a2) ... dx; (ag) T
dxi,(a1)  dzg(a2) ... dzi(ax)
= —det
dri,(a1) dri(a2) ... dri(a)
| dxi(a1) dxi (a2) ... dxg (ag) |

(since switching rows [ and j changes the sign of the determinant)
= —dxi; N driy Ao Nduig Ao N degg N--- A dog (a1, a2, .. ag).

This is easier to show in person, but the point is that if you switch the two identical forms then, on the one hand, nothing has
changed and, on the other hand, formula (3) says that you now have the negative of what you started with. So

dxil/\dZL‘i2/\~~~/\dxij/\---/\dl‘ij/\“'/\dl’ik:—dxil/\dx7;2/\~'~/\dl'¢j/\~~~/\dl'ij/\---/\dl‘ik

and therefore
dﬂ?il AN dziz A A dl'ij A A d:ri]. VANEERIVAN dmik = 0.

A k-form w on R™ may be written as w = Z Fi, . 4, dxiy A--- A dxg, . For each summand, each of the k a’mij ’s is one of
dxy,dxo, ... de,. Ifk > n, then, by the pigeon hole principle, there must be at least one repeated term dx; in dxs, A- - -A dxs,,
(i.e., it will look like dzs; A---A dxy A--- A dxy A--- A dxs,). And so, by formula (4), we have that dz;; A--- A dx;, = 0.
Hence every term of w is zero.

Letw, = Z F'i1~~~ik- dazil VAKERWAN dxik, Wo = Z Glllk dxil VAKERWAN dwik, andn = Z Hj1-~-jL dle JACERWAN dl’jl. Then

(Witw) An=1| > (Fiyoip+Giyoiy)dwiy Ao Adaay | A Y Hyyogydag, A A dag,
J1seeesdl

E T S
= Z (Fiy i, + Giy i )Hyy gy dxsy N+ A dxgy, A\ djy N -+ A dxy,
G1aeedl

=w1 An+w2 An.
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Section 8.1. An Introduction to Differential Forms 443
24, Letw = Fiy iy dxgg N+ A dxg,,and n = Gy, .5, dxj, A--- A dxj,. Then
k k J N J N

wAn= Fi1~~~iij1~~»jl dﬂ?il A A dxlk A dl‘jl JANERRIAN dl‘jl.

Now move dxj, to the front by switching, in reverse order, with each of the dx;,’s. There are k switches so, by formula (3),
there are k sign changes and this last equation becomes

wAn= Z Fi, .. v (“DFdxg A driy Ao A dxgy, A dzgy A A dag,.

Similarly, we use k more interchanges to move dxx;, into the second position. We repeat this for each of the I dz;,’s. and our
equation becomes

wAn= Z Fiyin Gy gy (“DF (=) (=1 dagy Ao A day A driy A A day, = (=) A w.

ipsig )
P g ! times

25. Letw = Z Flllk dCL’il VASERWAN dmik, n= Z Gjl---jl dle JARERWAN dl’jl, and T = Z Hul...um dxul ARRENAY dxum~ Then
(UJ /\77) NT = Z Fil»-»iijL»Jl d.l?il JANERRIAN dmlk A dl'jl JANERRIAN dl'jl

A Z Hulmum d-'rul VAERIAN d$um

= Z Fi1---ikGj1-»-szu1---um dxiy N+ A diEik ANdzj N A dle N dxy, N N\ dxy,,.
,,,,,,

Similarly, calculate w A (n A 7) and you will obtain the same result.

26. Here w = Z Fi i dxiy N+ A dxg,,and n = Z Gy, .5, dxj; A--- A dxj, and f is a function (or 0-form). First we
note that

(fw) An= Z JFi iy dxiy N A dxyy | A E Gijy..gydzgy A= N dry,

Z fFiy Gy gy dziy Ao A dxi, A dzj, A A day,

=f Z Fi1»--’iij1---jz driy N - N dxg, N\ dxj, N\--- N dxy,

Therefore, (fw) An = f(wAn) =wA(fn).
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444 Chapter 8 Vector Analysis in Higher Dimensions

8.2 Manifolds and Integrals of ki-Forms

1. Here the map is X(01,02,03) = (3cosb61, 3sinb1, 3cosO + 2cosb2, 3sinbfy + 2sinbs, 3cosb1 + 2cos Oz + cosbs,
3sin 6y + 2sin 02 + sin 63).
Follow the lead of Example 2 from the text. Each component function is at least C* so the mapping is at least C'*. To see one-
one, consider the equation X(01, 02, 03) = X (61,05, 05). The first two component equations would then have cos 8; = cos 6,
and sin ) = sin 6, . Since 0 < 0,, 0, < 27 we see that 01 = 0, . Using this information in the next two component functions,
we make the same conclusion for 6, and 6. Finally, use all of this information in the last set of equations to see that 03 = Os.
So X is one-one and C'*. What is left to show is that the tangent vectors Tg, , Ts,, and Tg, are linearly independent.

To, = (—3sinbq,3cos1, —3sinb,3 cosb,—3sin by, 3cosb:)
Ty, = (0,0, —2sin 62, 2 cos O2, —2sin O2, 3 cos H2)
To, = (0,0,0,0,sin 03, cos H3)

Because of the leading pair of zeros in Ty, and Te, we can see that if ¢1To, + c2To, + c3To, = 0, then ¢; = 0. Looking at
the second pair of zeros in Tg, we can then see that co = 0. This would then force c3 = 0. So Ty, , Tg,, and Ty, are linearly
independent. We have shown that the parametrized 3-manifold is a smooth parametrized 3-manifold.

2. Asin Example 3, let’s begin by describing the location of the point (x1, y1). It is anywhere in the annular region described by
(l1cos01,l1sin61) where 1 < l; < 3and 0 < 6; < 27. You can now describe (z2,y2) as being this same annular region
centered at (x1,y1). Together this means that the locus of (x2, y2) is the interior of a disk of radius 6. Using variables /5 and
02 such that 1 < [ < 3and 0 < 02 < 27, the mapping is

X(ll, 91,[2, 92) = (ll CcOS 91, I sin91, l1 cos 01 + 2 cos 92, l1sin 07 + lo sin 92)

As before, the component functions are at least C 5o the mapping is at least C". 1. As for one- one, consider X(I1,01,12,02) =

X(l1,01,1s,05). From the first component functions we see that (w1, y1) lies on a circle of radius {1 and (1, ¢1) lies on a
circle of radius [; so {1 = l1. Then, as in Exercise 1, cos @1 = cosf; and sin; = sinfd;. As 0 < 01, 6, < 2, we see that
0, = 01. Now the rest of the argument follows in exactly the same way since (x2,y2) is related to (1, y1) in the same way
that (z1,y1) is related to the origin. We now need to show that the four tangent vectors are linearly independent.

T;, = (cosf1,sin 61, cos by, sin f;)

Ty, = (—l1sin 61,11 cos b1, —l1 sin 1,11 cos 1)

(-
T, = (0 0, cos 02, sin 02)
(0,

Ty, = —ls sin 02, 12 cos 02)

Look at the equation ¢1 T;; + c2Te, +¢3T, +caTo, = 0. Because of the leading pair of zeros in T;,, and Tg, we can see that
c1 cos 1 = ¢zl sin by and ¢; sin 67 = —calq cos 0. Solve for ¢; in the first equation and substitute into the second equation
to get caly sin? 01 = —caly cos® 61. Because I1 cannot be zero, this implies that co = 0. This then implies that ¢; = 0. Given
that, we can make the same argument to show c3 = c4 = 0. Therefore the four tangent vectors are linearly independent and
we have described the states of the robot arm as a smooth parametrized 4-manifold in R*.

3. This is a combination of Example 3 and Exercise 2. Let’s begin by describing the location of the point (x1,y1). It is
anywhere on a circle of radius 3 centered at the origin. So (xz1,y1) = (3cosf1,3sin6;) where 0 < 6; < 27. We can
then describe (z2, y2) as being this same annular region centered at (x1, y1). Together this means that the locus of (z2, y2) is
(3cos 1 + l2cosb2,3s8in61 + l2sinfy) where 1 < I < 2and 0 < 62 < 2. Similarly we describe (z3,ys) in terms of
(22, y2) using variables I3 and 03 such that 1 < I3 < 2 and 0 < 0> < 27. The mapping is

X(601,12,02,13,03) = (3cosb1,3sin 01,3 cos 01 + l2 cos 2, 3sin 01 + 2 sin b2,
3cos by + l2 cos bz + I3 cosO3,3sin 01 + losin Oz + I3 sin b3).

As before, the component functions are at least C' ! so the mapping is at least C*. As for one-one, consider X(Gl, l2,02,13, 63)

(917 lz, 927 137 93) From the first two component functions we see that cos 1 = cos 6, and sin 01 = sin 1 and 0 < 01, 6, <
27 50 01 = 0. Now, (z2,y2) lies on a circle of radius /> and (Z2,92) lieson a circle of radius I with each circle centered at
the same point (z1,y1) = (Z1,41). Solz = I. Then, as above, cos 2 = cos o and sin B = sin fs. As 0 < 6a, 0y < 27,
we see that @2 = 0. Now the rest of the argument follows in exactly the same way since (23, y3) is related to (2, y2) in the
same way that (z2, y2) is related to (1, y1).
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Section 8.2. Manifolds and Integrals of k-forms 445

We now need to show that the five tangent vectors are linearly independent.

3sin b, 3 cosbr,—3sin b1, 3 cos b, —3sinb1, 3 cosb1)

0,0, cos 2, sin B2, cos O, sin 67)

=(=
= (
= (0,0, —l2sin Oz, I3 cos 02, —l2 sin O2, I cos 02)
= (0,0,0,0, cos 03, sin H3)

= (

0,0,0,0, —I3sin 03,13 cos 03)

Look at the equation ¢1 Tg, + c2Ti, + ¢3Tg, + caTiy + c5To, = 0. Because of the leading pair of zeros in all but the vector
To, we conclude that ¢c; = 0. The remainder of the argument is exactly as in Exercise 2. Because the first four components of
T, and Ty, are zero, we can see that ¢z cos 02 = cala sin 02 and ¢z sin 02 = —c3la cos 02. Solve for ¢ in the first equation
and substitute into the second equation to get czlo sin 6 = —c3la cos? B, Because o cannot be zero, c3 = 0. This then
implies that co = 0. Given that, we can make the same argument to show ¢4 = ¢5 = 0. Therefore the five tangent vectors are
linearly independent and we have described the states of the robot arm as a smooth parametrized 5-manifold in RS.

4. We can use spherical coordinates to describe the parametrized space. The point (z1, y1, z1) can be written as (2 sin o1 cos 61,
2sin 1 sin 01,2 cos 1) where 0 < o1 < wand 0 < 01 < 27. We can then write (x2, Y2, 22) as (x1 + sin @2 cos Oz, y1 +
sin @2 sin 02, z1 + cos p2) where 0 < @2 < wand 0 < 62 < 27. In other words, our mapping is

X(01,¢1,02,02) = (2sin ¢ cos b1, 2 sin ¢ sin 61, 2 cos ¢1,

2 sin 1 cos 1 + sin 2 cos 02, 2 sin 1 sin 1 + sin @2 sin Oz, 2 cos p1 + cos @2).

As in the previous exercises, the fact that the component functions are at least C'* tells us that the mapping is at least
C*. Checking one-one is a little more interesting than in the above exercises. Consider the implications of the equa-
tion X (01, @1, 02, 02) = X(01,@1,02,p2). By the third component functions we see that cos p; = cos ;. Because
0 < 1,91 < m we see that o1 = 1. Substituting this into the sixth component function implies that w2 = ¢2. Now
comparing the equations from the first two component functions we see that if ¢o; = 0 or 7 then 61 need not be the same as 6.

This is allowed—recall that the mapping might not be one-one on the boundary of the domain. Other than on the boundary,
cosf; = cosf; and sin6; = sin 6y and so, as before 6; = 6;. Again, substitute this into the equations that arise from the
fourth and fifth component functions to conclude that, except when 2 is 0 or 7w, we must have 02 = 0.

We now need to show that the four tangent vectors are linearly independent.

2 sin 1 sin 61, 2 sin @1 cos 01,0, —2 sin 1 sin Oy, 2 sin 1 cos 61, 0)
2 cos 1 cos 01,2 cos p1 sin 01, —2 sin 1,2 cos 1 cos 61, 2 cos p1 sin 01, —2 sin 1)

0,0, 0, — sin 2 sin f2, sin @2 cos 62, 0)

= (=
=
=(
= (0,0, 0, cos p2 cos b2, cos p2 sin Oz, — sin p2)

Look at the equation ¢1Tg, +c2Ty, +c3Tg, +caT,, = 0. There is a zero in the third component of all of the tangent vectors
except for Ty, . This tells us that co = 0. If that is the case, then there is a zero in the sixth component of all of the remaining
tangent vectors except for T, so ¢4 = 0. But then the leading trio of zeros in Tg, implies that ¢c; = 0 which in turn would
mean that cs = 0. Therefore the four tangent vectors are linearly independent and we have described the states of the robot
arm as a smooth parametrized 4-manifold in R®.

5. This is just an exercise in linear algebra. If x € R™ is orthogonal tov; fori = 1,...,k,thenx-v; =0fori =1,...,k. An
arbitrary vector v in Span{vi, ..., v} is of the form v = c1vi + - - - + cx Vs for scalars 1, ..., ¢, € R. The calculation is
straightforward:

X-V:X~(01V1+~~~+Ckvk):Cl(X~V1)+~~~+Ck(X~Vk)201(0)+~~~+Ck(0):O.

In other words, x is orthogonal to v.

6. By Definition 2.1, /w = / wy(t)(x'(t)) dt. We have, X'(t) = (—asint,beost,c) and also w = bdz — ady + zy dz so
X 0
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446 Chapter 8 Vector Analysis in Higher Dimensions

10.

that

/w = / [b(—asint) — a(bcost) + (abcostsint)c| dt
X 0

ab/ [—sint — cost + csintcost|dt
0

™

= —2ab.

=ab (cost —sint + € sin? t)
2 0

. Parametrize the unit circle C' by x(¢) = (cost,sint),0 < t < 2z. Then

27 27
/ w :/ w(t)(—sint, cost) dt :/ (sintdx — costdy)(—sint,cost) dt
c 0 0

27

27
:/ (—sin®t — cos® t)dt:/ —1dt = —2m7.
0 0

. Parametrize the segment as x(¢) = (,¢,...,t),0 <t < 3. Thenx'(t) = (1,1,...,1) and so

wyy (X' (1)) = (tdzy + 2 dao + -+ t"dry) (1,1, ., 1) =t + 7 + -+ 1"
Hence,

3 n+1 n
3k 3k+1

k E+1

0 k=2 k=1

3
n 12 13 1 n+1
w=| G+ 4+ +tdt= (-t ++ 4 ——+t

. By Definition 2.3, /w = // wx(s,t)(Ts, Te) dsdt.  For X(s,t) = (scost,ssint,t), we have T, = (cost,

5 D
sint,0), and T; = (—ssint, scost, 1). Then
wx(s,4)(Ts, Tt) = (tdx A dy +3dz A dx — scostdy N dz)(Ts, Te)

0 1

cost —ssint

sint scost
0 1

cost —ssint
— scost

sint scost

= st — 3cost — %sin?t.

Thus

4 1 s 4w 1 1

/w:/ / (St—3COSt—*SiH2t> dsdt:/ (ft—3cost—fsin2t) dt
s o Jo 2 0 2 4
4r
= 17527351nt+lcos2t = 4r2.

4 8 o

(a) First calculate the two tangent vectors for this parametrization of the helicoid. We have T,, = (cos3us,

sin 3uz, 0) and Ty, = (—3uq sin 3uz, 3us cos 3uz, 5). Then

—5sin3us  cos3us —3ui sin 3us
X (uy uz) (Tug s Tuy) = det 5cos3us  sin3us 3w cos 3us = —Qu% —-25<0
—3uy 0 5

for all (w1, u2). Therefore this particular parametrization is incompatible with 2.

(b) There is more than one solution. One possible way to do this is to switch the ordering of the variables so that the
resulting determinant is positive. Try the parametrization Y(u1,u2) = X(uz,u1) = (u2 cos 3u1, uz sin 3u1, 5uq) for
0 <wu <2rand 0 < uwp < 5. Then the tangent vectors are T,, = (—3uszsin3u;, 3us cos3ui,5) and Ty, =
(cos 3uy, sin 3uq, 0). Then

—5sin3u;  —3ussin3u;  cos3uq
Qv (uryuz) (Tug s Tuy) = det 5 cos 3u1 3us cos3u;  sin3uq = 9u% +25>0
—3us 5 0

for all (u1, uz). Therefore this particular parametrization is now compatible with €2.
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(¢) Since the goal is to change the sign of the resulting determinant, we can change €2 to ® where
—5sin3us a1 b1

DX (uy,uz) (2, b) = —det 5cos3uz  az be

*3u1 as b3

(d) The discussion following Theorem 2.11 tells us what to do if the parametrization is compatible. Since the parametrization
X is incompatible with 2 we make the following simple adjustment: [ w = — [ w. We pause to calculate

cos3uz —3ui sin 3us
WX (u1,uz) (Tul 5 Tug) = dug

sin 3ua  3uy cos 3us

sin 3us  3ui cos 3us

— (u% cos® 3uz + u? sin® 3uz) 0 5

2 .
= 15uju2 — Suj sin 3us.

Hence,

5 27 5 27
/w = —/ / (15urus — 51@ sin 3uz) dus duy = 5/ / (u% sin 3ug — 3uius) dus duq
s o Jo o Jo
5

_5/ 2 — cos 3uz _3ulu§ ug=2m
LU 3 2

5
= —30712/ uy duy = —157r2u%|2 = 37572,
0

5
duy = 5/ (—672u1) duy
0

up=0

11. (a) For the parametrization given, we calculate the tangent vectors as T,,, = (cos uz, sinuz, 0),
Tu, = (—u1 sinusg, u1 cosuz,0), and T, = (0,0, 1). Then

cosuz —ujsinus 0
Ox(u)(Tuys Tuy, Tuy) =det | sinus  wicosua 0 | =ui.
0 0 1

As 0 < u; < /5, this is positive when u; # 0. Note that when u; = 0 the parametrization is not one-one and also
that Ty, = 0so Ty, , Tu,, and T, are not linearly independent. In other words, the parametrization is not smooth when
w1 = 0. It is, however, smooth when u; # 0. You can easily see that the mapping is one-one and at least C*. To see that
the tangent vectors are linearly independent, consider the equation ¢1Tw, + c2Tu, + ¢3Tw; = 0. We see from the third
components that c3 = 0. Look at the remaining equations and we see that

(cosuz)cr — (w1 sinuz)es =0
(sinwug)er + (ur cosuz)ea = 0.

Multiply the first equation by — sin us and the second by cos u2 and add to obtain uic2 = 0. Because we are assuming
that u; # 0, this implies that co = 0 and therefore ¢; = 0. This shows that the tangent vectors are linearly independent
and hence the parametrization is smooth when u; # 0. The conclusion is then that the parametrization given is compatible
with the orientation when it is smooth.

(b) We can read the boundary pieces right off of the original parametrization: they are paraboloids that intersect at z = —1 in
a circle in the plane z = —1 of radius v/5 centered at (0,0, —1). The boundary is

OM ={(z,y,2)|z=2"4+y* — 6,2 < -1} U{(z,y,2) |z =4 —2® —y?, 2 > —1}.
We can easily adapt the parametrization to each of these pieces. For the bottom, use
Y : [0,V5] x [0,27) — R®; Yi(s1,52) = (51 COs 52,51 8in 52,57 — 6).
For the top, use

Y : [0, \/5] x [0,27) — R3; Y2 (s1,582) = (s1c08 82, $18in 52,4 — s%)
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(¢) On the bottom part of O M the outward-pointing unit vector

2x, 2y, —1 . 2 2 i —1
(22,2y, —1) . Interms of Y1, thisis Vi = (251 cos s3, 251 5in 5o, )

VAar? + 49?2 + 1 45%—&—1

On the top part of OM the outward-pointing unit vector

Vi =

(2z,2y,1) (251 cos s2, 251 sin s2, 1)

————=2 2 Interms of Ya, thisis Vo =
VAaz? +4y? + 1 V4s2 +1

12. The paraboloid can be parametrized as X(s,t) = (s, t, s> +t?) where 0 < 5% +¢> < 4. Therefore, Ts = (1,0,2s) and T; =
(0,1, 2t). Note that this parametrization is compatible with the orientation €2 derived from the normal N = (—2z, —2y, 1) as

V, =

—-2s 1 O
Ox(s,t)(Ts, Te) = det[N T, Te]=det| —2¢t 0 1 | =2s"+22+1>0.
1 2s 2t

Therefore, we may compute [ w as [y w. So we begin by calculating

wx(s,t) (Ts, Te) = (652+t2 de N\ dy+tdz A de+ sdy A dz)(Ts, Tt)

0 1
2s 2t

2s 2t
1 0

1 0
0 1

242

+ s

2 2
=¥ T 9% _ 242

Use this in the calculation:

/ w= // [eszﬂ2 —2(s* +t°)] dsdt
S 0<s24+t2<4

2m 2
= / / (eT2 —2r%)rdrdf using polar coordinates,
o Jo
27
do

_/ (Lf_l,fl)
. \2¢% 2" )|,

27
_ la_1_ — (et
—/0 (26 5 8) do = m(e” —17).

13. The cylinder can be parametrized as X(s,t) = (2cost,s,2sint) where —1 < s < 3 and 0 < ¢t < 2m. Therefore,
Ts = (0,1,0) and T; = (—2sint,0, 2 cost). This parametrization turns out to be compatible with the orientation Q derived

from the normal N = (z, 0, z) as

2

2cost 0 —2sint
Ox(s,0)(Ts,Ty) =det [N T, Ty]=| 0 1 0 |=4cos’t+4sin’t=4>0.
2sint 0 2cost

Therefore, we may compute | gwas fx w. Hence we calculate

wx(s,4)(Ts, Ty) = <2 sintdx A dy + 682 dz Adx +2costdy A dz) (Ts, T¢)

$2

0 2cost
0 —2sint

0 —2sint

= 2sint 1 0

1 0
'+2C08t 0 2cost

:4sin2t+0+4cos2t:4.

/w:// 4dsdt = 32m.
s [—1,3]x[0,27]
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14. We have, for the given parametrization, that

t int int t
T, — (cos sin sin cos )

25 2V/A—s 25 2V/d—s

and
T, = (—\/gsint, \/Z,lfscost7 \/gcost7 —\/éissint) )
Thus,
wx(s,4)(Ts, Tt) = (((4 —8) sin®t + (4-9) cos> t)dx1 A das
— (2s cos® t + 2ssin® t) dza A dx4) (Ts, Ty)
cost sint
—/ssint —————— /4 —scost
= (-5 |23 gs| 2V
5~ Vscost ———— —y/4—ssint
2¢/s 2V4 — s
=(4—s5)(3cos’t+ Lsin’t) — 25 (Lsin®t + Lcos’t) =2 — 3s.
Hence,

s=3 27
dt = / (—2)dt = —dr.
1 0

27 3 27
/ w:/ / (2—%5) dsdt:/ (23—%52)
be 0 1 0

15. We have, for the given parametrization, that T, = (1,0,0,4(2u1 — u3)), Tu, = (0,1,0,0), and T, = (0,0, 1,2(us —

2uq)). Thus,
wX(ul,uQ,ug)(Tu1 s Tuz’ TuB) = (UQ dro N dxs N drg + 2uius dry N\ dxs A dl‘g)(Tul s Tuz, Tu3)
0 1 0 1 0 0
= Us 0 0 1 +2uuz| 0 1 0
4(2’[1,1 — U3) 0 2(’11,3 — 211,1) 0 0 1
= ’LLQ(SU1 — 4U3) + 2uiuz = 8uius — dusuz + 2uius.
Hence,
11 1
/w = / / / (Burug — 4dusus + 2uius) dui dus dus
X o Jo Jo
1,1
= / / (4UQ — 4duousz + U3) dus dus
o Jo
1
1 3
= 2—2 duz =2— - = —.
/0 ( uz + ug) dus 2 5
8.3 The Generalized Stokes’s Theorem
1. Using Definition 3.1,
de™*) = i(ezyz) dx + 2(eg““’z) dy + g(e'ryz) dz + e"* (yzdx + x2 dy + zy dz).
ox oy 0z

2. Using Definition 3.1,
d(z®y — 202° + xy°2) = (32°y — 22° + y°2) du + (2 + 2zy2) dy + (wy” — 4az) dz.
3. Again, using Definition 3.1,
d((2® + y*) dz + zy dy) = d(z® + y*) A dx + d(zy) A dy
= (2zdzr +2ydy) A dx + (ydx + zdy) A dy
=2ydy N de +ydx N\ dy using (4) from Section 8.1,
= —ydx A dy using (3) from Section 8.1.
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450 Chapter 8 Vector Analysis in Higher Dimensions

4. Again, using Definition 3.1,

d($1 d:rz — T2 d.’L’1 —+ T34 d.’IZ4 — X4T5 d$5)
=dxr1 N dxe — drs N\ dri + (564 drs + x3 d.’L‘4) A drs — (I5 dry + x4 dl‘5) A dxs
=dx1 N\ dro — dxo N\ dr1 + xadrs N\ dra — x5 dra N drs  using (4) from Section 8.1,

=2dx1 N\ dzy + x4dxs N\ dxs — vsdrs N\ dxs  using (3) from Section 8.1.

5. Again, using Definition 3.1,

dzzdz A dy — y’zdz A dz) = (zdx + zdz) A dz A dy — (2yzdy +y* dz) A dz A dz
=xdz A\ dx N\ dy—2yzdy A dx N dz using (4) from Section 8.1,
= (z+2yz)dx N\ dy N\ dz using (3) from Section 8.1.

6. Again, using Definition 3.1,

d(z1zexzdra N drs N\ drg + xoxsxzadr: A dra A dxs)
= (w2x3dr1 + x123dT2 + T172dX3) A dXa A drs N\ dra
+ (x3wa dxo + T2xa drs + xows dra) N\ dx1 A dze N das
= wax3dr1 A dva A dxs N dvs + woxsdra A doy A dxa A drs  using (4) from Section 8.1,

=0 using (3) from Section 8.1.

7. For this solution d/a; means that the term dz; is omitted.

dw =" d(x:)’ A dzy A+ Ndai A A day

i=1

2w dri A dri A Adzi A - A dan

Il

@
Il
-

(=1)""'2z;dx1 A--- A dr, using equation (3) of Section 8.1 repeatedly

Il

@
Il
-

=2 —xat+az—- -+ (=1)" ') dei A A dan,.

8. Letu = (u1,u2,...,un); then

dfso(u) = (fz; (X0) dz1 + fay (X0) d2 + -+ + [z, (X0) dzn)(u)
= fay (x0)ur + fuy (x0)uz + -+ + fa, (x0)un
= (fa1(x0), fas (X0), -+, fa, (X0)) - u
=Vf(x0)-u
= Duf(x0) by Theorem 6.2 of Chapter 2.

. Forw = F(z,2)dy + G(z,y) dz, we have dw = (F, dz + F. dz) A dy + (Gz dx + Gy dy) N dz. Expanding, this gives
dw = Fydx A dy+ Gy dx A dz+ (Gy — F.)dy A dz. But we are told that dw = zdx A dy + ydx A dz so

oF 90 _ . 0G oF
or O or ¥ oy 0z

The first equation implies that F'(z,z) = xz + f(z) for some differentiable function f of z alone. Similarly, the second
equation implies that G(z,y) = zy + g(y) for some differentiable function g of y alone. Using these results together with
the third equation we see that x + ¢'(y) = = + f'(2) or ¢’(y) = f'(2). This can only be true if their common value is a
constant C. So if ¢'(y) = f'(z) = C, then f(z) = Cz + D and g(y) = C'y + D> for arbitrary constants C, D1, and D».
We conclude that F'(z,2) = zz + Cz + D1 and G(z,y) = zy + Cy + Da.
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Section 8.3. The Generalized Stokes’s Theorem 451

10. Ifw =2xdyA dz—zdx A\ dy,thendw = 2dx A dyA dz—dz A dx A\ dy = dx N dy A dz. From Exercise 11 of Section 8.2,
M is parametrized as X: D — R3;X(u1,u2,u;;) = (u1 cos uz, uq sinuz, us) where D = {(ul,ug,u3)|u% —6 <uz <
4—uf0<u <+5,0 <up < 27}, If we orient M by the 3-form Q = da A dy A dz, then

cosus —uisinus O
Qxw) (Tuy s Tug, Tuy) =det | sinuz  wicosuz 0 | =wug >0.
0 0 1

As before, this is strictly positive when the parametrization is smooth so the parametrization is compatible with the orientation.
Therefore, using this orientation,

27 V5 4*11% V5
/ dw = / dw = / / / u1 dug duy dus = 27r/ w1 (10 — 2u?) dus
M X 0 0 u?—6 0

V5
2 2
=A4r (gu% - iu?) =A4r (—5 — —5) = 25m.

o 2 4
On the other hand, M is parametrized on the bottom surface as

Y : [0,\/5] x [0,27) — R®;  Yi(s1,82) = (8108 s2,518ns2,s; —6)
with tangent vector normal to O M
(251 cos s2,2s1 sin s2, —1)
4s7 +1

vV, =

The boundary M is parametrized on the top surface as

Y, : [O,\/g] x [0,27) — R®;  Ya(s1,s2) = (s1c0Ss2,518n52,4—s7)

with tangent vector normal to O M
(251 cos s2,2s1 sin s2, 1)
V4s? +1 '

Then we have that the induced orientation on dM is given by Q% (a;,a:) = Q(V,ay,as). Therefore we see that on the
bottom part of M

oM
QY1(s) (T31 ) Tsz) = QX(sl,SZ,sf—ﬁ) (V1, TS1 ) TSz)

V, =

281 COS 89

V4s?+1

— det 251 sin so
Vas?+1
-1

457 +1

COS S2 —S1 SIn 8o

sin so S1 COS S2

251 0

B 48% + 51 <
4s? +1
The parametrization Y is incompatible with the induced orientation on M. Along the top part of OM
aM
QYQ(S) (Ts1 ) TS2 ) = Qx(sl ,32,4—5%) (V2> TSl ) TS2 )

251 COS S2 .
——— oSSz —81Sinss
43% +1

251 sin so

VA4s? +1

1
VA4s?+1
. 48? + s1

VAT 1

= det sin so S1 COS S2

*281 0
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452 Chapter 8 Vector Analysis in Higher Dimensions
This parametrization is compatible with the induced orientation on M.

Therefore we set up our integral (changing signs in the first integrand because of the incompatibility of the parametrization)
to obtain the following.

Lo
oM Y, Yy

2m VB sin sa  S1 COS S2 5 CcoS Sy —sS1 sin So
=— 251 COS S2 —(s1—6)| . ds1 dsa
0 0 281 0 sin so S1 COS S2
2m VB sin sy S1 COS Sa 5. | cossz —sisinss
+ 281 COS 82 —(4-s7)| . ds1 dss
0 0 —251 0 sinss  §1COS S2

27 \/g
= / / [85% cos® so + (257 — 10)s1] ds1 ds2
o Jo
27 3 s1=V5
= / {sf cos 282 4 =51 — 55%}
0 2

dSQ
27
- / [25 cos 255 + 25/2] dss = [(25/2) sin 253 + 25s2/2]
0

s1=0

27
= 25m.
0

11. One integral is easy. Since w = xy dz A dw and OM = {(x,y, z,w)|z = 0,8 — 2y* — 22% — 2w? = 0}, we see thatx = 0

along OM so [, w= [,,, 0=0.
Now dw = d(xy) A dz ANdw = xzdy A dz A dw + ydx A\ dz A dw. We can orient M any way we wish, so we won’t
worry about this—we’ll choose the orientation to be compatible with the parametrization.

X:D — R, X(u1,u2,u3) = (8 — 2ud — 2ul — 2u§,u1,u2,u3)

where D = {(u1, u2, u3)|ui + u3 + u3 < 4} (i.e., the solid ball of radius 2). Then

/ dw:/ dw:/// dwx(u)(Tuy s Tuy, Tug) dur dus dus
M X B

) 1 0 0 —4U1 —4U2 —4U3
= /// (8—2ui—2u3—2u3)| 0 1 0 |+u| O 1 0 duy dus dus
ToB 00 1 0 0 1

= /// (8 — 2(ui + uj + u3) — 4u?) du dus dus.
B
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8.3. The Generalized Stokes’s Theorem 453

At this point it is helpful to switch to spherical coordinates. The previous quantity is then
27 ™ 2
= / / / (8 — 2p* — 4p*sin® @ cos® 0) p” sin ¢ dp dep df
o Jo Jo
2m T 2
= 8- (volume of B) — 2/ / / p*(sin o + 2sin®  cos® 0) dp dy db
o Jo Jo

27 T
=8. (%7&3) 72/ / %(sin<,o+2sing0(1fcos2 ©) cos® 0) dy db
o Jo

2m ™ ™
_ 2o6m 64 {(—cos)| +2cos” (- cos ¢ + (cos® ) /3) }do
3 5 Jo 0 »=0
256 64 [ 5 2 256 128 [*7 4
=27 _ = 24 2cos’0- (22 =27 = 1+ = cos
3 5 /. { + 2cos” 0 ( 3>}d0 3 5 ), +3cos 0 do

256 128 (2" /5
3 5 Jo

2 .
3 + 3 cos 29) df  (using the half angle formula)

—Er_® <g(27r) + 5 5in20

=0.

2“) _ 256m 256

o 3 3

12. (a) Using the generalized version of Stokes’s theorem (Theorem 3.2), we have

l/ a:dy/\dz—ydx/\dz—i—zda:/\dy:l/ dlxdy N\ dz —ydx N dz + zdx \ dy)
3 Jonr 3 Jur

:%/ de N dy N dz— dy N de N\ dz+dz N\ de A\ dy
M

- % / 3dx N\ dy A\ dz using formula (3) of Section 8.1,
M

dx N\ dy N\ dz:// dx dy dz = volume of M.
M M

(See Definition 2.6 and Example 6 of Section 8.2.)
(b) This generalizes the result demonstrated in part (a). Notice that the £th summand is (— l)k’lx  multiplied by the (n — 1)-
form which is the wedge product of the dz;’s in order with dzxj, missing. In other words, the kth summand is

(=) zpday Ao Adog A+ A don

where cTac\k means that dzxj, is omitted. (Make the obvious adjustments to the expression if it is the first or last term that is
omitted.) Then
d(of the kth summand) = (—1)* ' dax A dei A - Adap A+ A da,.

Let w denote the (n — 1)-form in the integrand. Then, using the generalized Stokes’s theorem,

1 [ 1 [
f/ w:f/ dw
n Jom nJm

n

1 _ —
:E/M (Z(—l)’“ ldxk/\d:rl/\~-~/\dxk/\-~-/\dxn>.

k=1

Use formula (3) of Section 8.1 to “move” each dxj, back into the slot from which it has been omitted and collect terms to

obtain
1 [ 1
f/ w:f/ ndﬂc1/\-~/\dxn=/---/ dry--- doy.
n Jom nJm M

It is entirely reasonable to take this last n-dimensional integral to represent the n-dimensional volume of M.
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True/False Exercises for Chapter 8

True.

. False. (There is a negative sign missing.)
True.

. False.

True.

False. (A negative sign is missing.)

True.

. False. (There should be no negative sign.)

N N

True.

[
S

True.

. False. (X(1,1,—1) = X(1,1, 1), so X is not one-one on D.)
. True. (Both manifolds are the same helicoid.)

. False. (The agreement is only up to sign.)

o
AW N -

. True.

[
wn

. False. (This is only true if n is even.)

16. False. (A negative sign is missing.)
17. True.
18. False. (dw = 0.)

.
o

. True. (dw would be an (n + 1)-form, and there are no nonzero ones on R".)

N
(=}

. True. (This is the generalized Stokes’s theorem, since OM = ().)

Miscellaneous Exercises for Chapter 8

1. (a) First, by definition of the exterior product and derivative

n n

d(f N g) Z Z ( 83:1 ag_) dz; by the product rule,

y Tq
i=1 =1

~Oof . N~O9
218 dlerf;axidxz
=gNdf+fNdg
=df ANg+ (=1)°f A dg.

(b) If k = 0, then write w = f so that

d(w A ) Zd(f/\U)Id(Z JGiogydejy N A d‘rjz) Z d(f )N dxjy A A dag,
=D _(df NGy + [ A dGig) A dajy Ao A day, - from (),
=df A Z Gjy. gy drgy A~ Ndxj, + [ A Z dGj, .. g dxjy N--- Ndxj,

=df A+ (=1 f A dn.
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(¢) Ifl =0, then write n = g so that
dw A ) = d(w A g) = d (3 gFiyiy doiy Ao A ds, )
= Z d(gF;,..i),) N\ dziy A-- - A dxg,
= Z(dg ANFi i+ 9N dFs ) N dzig A+ A dagy,
=dghw+gA dw
= (fl)kw ANdg+dwg

by part 2 of Proposition 1.4 (recall dg is a 1-form).
(d) In general,

d(w/\n) =d Z Flllk da:il VANEERIVAN dl'ik A Z Gjl-ujl del A A del
1<ip < <ip<n 1<ji<--<51<n
=d Z Filu-’iijlmjl driy N\ -+ N dxg, N\ dxj, N--- A dxy,

1<ig < <ip<n
1<j1<---<ji<n

= Z d(Filmiijl.Hj,,) A d.Til JANEERIAN dﬂ,’ik AN d;tjl A A dI]’l SO by part (a),
= Z(dFlllk A GhmjL —|—F111k A del--»]'z) N dl’il JANERRIAN d.flk A dle JANEERIAN dl’jl
=Y dFyy iy ANGjy gy A dziy Ao A di A dag, A A dag,
+ ZFlllk A delmjl A dxiy N N dg, A\ drg, A--- A dxy,
= Z dF»Lle A dCUz‘l A A dmik A Gj1mjz A d.CL‘jl A A d.CL‘jl
k
+ 3 Fiyig A=) daiy A A dig A dGy g, A dag, A A da,

since G, ...j, is a O-form and dG/j, .. j, is a 1-form,
k
=dwAn+(=1)"wA dn.
2. (a) Define X : [0,1] x [0,1] x [0,1] x [0,1] — R® X(u1,uz, us, w4, us) = (u1,u2,us, s, u1usuzs). Then T, =
(1,0,0,0, UQU3U4),Tu2 = (O,l,O,O,U1U3U4),Tu3 = (0,0,1,0,U1UQU4), and Tu4 = (0,0,07 1,U1’LL2’LL3). From this

we see that
1 0 0 O
0 1 0 O
Qx) (Tuy s Tuy s Tuy, Tuy, ) = det 00 10l 1.
0 0 0 1
(b) We can now calculate
/ dxy N\ dro N\ drs A\ dxg
M
1 0 0 0

1 1 1 pr1 0 1 O 0
= det duy dus dus du
//// . , X .

U2U3U4 ULTUIU4  ULTU2U4  UTU2U3

1 1 1 1 1
= / / / / uiuousz duy dus dus dus = —.
o Jo Jo Jo 8

© 2012 Pearson Education, Inc.



456 Chapter 8 Vector Analysis in Higher Dimensions

3. (a) The curve C' may be parametrized as x(t) = (¢, f(t)),a < t < b. Thenx'(¢) = (1, f'(t)) and this is compatible with the
orientation of C'. By Definition 2.1, we have

fo=[o=] o K0 .

b b
/ f@t)-1dt = / f(t) dt = area under the graph.

For w = y dx this is

(b) Parametrize S by
X:[a,b] x [¢, d] — R®;  X(ui,uz) = (u1,us, f(u1,us)).
The upward unit normal N is given by
(_flv _fyv 1)

The parametrization is compatible with the orientation since

i j Kk
Tu1 X Tu2 = 1 0 fu1 = (7fu1affu27 1)
0 1 fu,

is parallel to N (when N is expressed in terms of the parametrization). Thus,

d b
/w:/w:/ / Wx(ur,uz) (Tuy, Tuy) duy dus.
S X c a

Forw = zdx A dy, this is

/Cd/abf(ul»uz)

(¢) Parametrize M using

1 d b
0 duy dus = / / f(u1,u2) duy dus = area under the graph.

X:D—R" XU,y tun-1)= (U1, Un-1, f(U1,...,un—1)).

Then, depending on how M is oriented,

/ w=:|:/wz:|:/~~~/ wx@) (Tuyy -+ Tup_y) dur -+ dup—1
M X D

1
::I:// f(u17...7un,1)det duy - dun_1
D
1

=4 / e / flui,...;up—1) du - - - dun—1 = £(n-dimensional volume under the graph).
D

If you orient M with the unit normal

(fxlwu,fafnfn_l)
Ve )2+ 4 (fey )2 1

N=(-1)"
we can guarantee a + sign above.
4. (a) Define a parametrization
X:[0,3] x [0,27) — R®;  X(u1,us) = (cosug,ur,sinuy).

Then we may define Qx(y)(a, b) = det[N a b]. Note that X is compatible with this orientation as T.,;, = (0, 1,0) and
Tu, = (—sinus, 0, cosuz) so that

cosus 0 —sinwus
QX(“) (Tu1 s Tuz) = det 0 1 0 =1> 0.
sinus 0 COS U2

(Note that the first column is the normal N in terms of the parametrization.)
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(b) The boundary OM consists of two disjoint pieces. The left piece is {(x,0,2)|z* + 2® = 1}, parametrized by Y; :
[0,27) — R* Y1(t) = (cost,0,sint). The right piece is {(z, 3, 2)|z? + 2% = 1}, parametrized by Y2 : [0,27) —
R® Y3(t) = (cost, 3,sint).

(¢) We must first determine V, a unit vector tangent to M, normal to 9 M, and pointing away from M. If you think about the
boundary pieces we looked at in part (b), a vector corresponding to the left side is Vi = (0, —1, 0) and corresponding to
the right side is V2 = (0, 1, 0). Then, along the left circle of 9M,

Qgivft)(a) = Qx(0,1)(V1,2)

and along the right circle of 0M,
Q?i‘@)(a) = Oxs,1)(V2, a).

Note that }
cost O —sint
QM) (Ty) =det| 0 -1 0 =1
sint 0 cost

So the parametrization Y; is incompatible with Q9. However,

cost 0 —sint |
QM (M) =det| 0 1 0 =1

sint 0 cost

So the parametrization Yo is compatible with Q%M.
d) Ifw=zdr+ (zr+y+2)dy — xdz, we have

dv=dzNdx+ (de+dy+dz)\Ndy—deNdz=dxNdy—dyNdz—2dxA dz.

> du1 dUQ

On the other hand, using the parametrizations Y; and Y2 for M in parts (b) and (c), we have (after reversing the sign for
the left piece because of the incompatibility with Q%)

Jo= b e
oM Y, Yo
27

= —/ [sint(—sint) + (cost +sint) - 0 — cos t(cost)] dt
0

Then using the orientation €2 and the parametrization X from part (a), we have

A

27 3
= / / (sinuz — cos uz) dui duz = 3(— cosuz — sin uz)\gﬂ =0.
o Jo

1 0

0 cosus

0 —sinwus 9 0 —sinus
1

0

0 COS U2

27
+ / [sint(—sint) + (cost + 3 +sint) - 0 — cost(cost)] dt = 0.
Jo

5. If S is the unit 4-sphere in R, then let B denote the 5-dimensional unit ball
B = {ml,xg,x3,x4,x5)|x? + s+ m§ +a2+ xg <1}

Note that 9B = S*. Then using the generalized Stokes’s theorem, we have

/ w:/ dw.
S4 B

Forw = z3dx1 A dxa A dxa N\ das + x4 dxy A deo N dxs A daxs we have dw = dxs A dxy A dxo A dra N dxs + dza N
dxy A dxo A dxs A das = dxy A--- A dos —dxzy A--- A das = 0. Hence [, w = [,0=0.
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6. (a)

(b)

7. (a)

(b)

8. (a)

Letw = f. Then df = Z dxl and

ddf) =" d<3f> Adz; =Y ( afi;; A dxj) A dz;

2

>’f o f
= Z:] B,0, dz; N\ dx; + ; 78%-6@ dx; N dzi,

since the terms where 7 = j contain dz; A dx; = 0. By exchanging the roles of ¢ and j in the second sum, we find

2 2
d(df)IZ#dxj/\dxi-&-Z o f dz; A dz;
i<y i

z;0x O0x;0x;
FA%L =, 9Ti0T;

o*f
N Z < 836]8% 8@-811-) dei N\ doj =0

since the mixed partials are equal because £ is of class C2.
Now

dldw)=d | d > Fiy iy degy Ao+ A da,

1<ig<-<ip<n

=d > dFyy iy A dzig A--- A dai,

1<ip<-<ig<n

= Z [d(anzk) A dxil FANEIRIAY dl’ik

1<i1 <--<ip<n
+ (—1)1 dFy, . i, N d(dxi, N--- A dxs, )] from Exercise 1,

= — Z dFlek A d(dJZLl VANERRIVAN dmlk)

1<iy < <ip<n
since d(dFj, ...;;,) = 0 from part (a). But
d(dziy N+ AN dxi, ) =d(ldzi, A+ A dag,) =d(1) A dzgy Ao A dag, = 0.

Hence d(dw) = 0, as desired.

If w is a 0-form, write w = f. Then, using the first row of the chart, the 1-form dw corresponds to the vector field V f.
Hence, from the second row of the chart, d(dw) is the 2-form that corresponds to V x V f. Thus d(dw) = 0 “translates”
to the statement V x (V f) = 0.

If w is a 1-form, it corresponds to the vector field F and, using the second row of the chart, dw is the 2-form that
corresponds to V X F, another vector field. Then, using the third row of the chart, d(dw) is the 3-form that corresponds
to V- (V x F). Hence, d(dw) = 0 “translates” to the statement that V - (V x F) = 0.

The outward unit normal N = (z, y, z) gives orientation form Qx ) (a1, a2) = det[N a; ap] where X is a parametrization
of S. For a specific parametrization we can use

X:[0,7] x [0,27) — R®; X(u1,u2) = (sinuy cos ug, sin uy sin ug, cos u1).

Then Ty, = (cosui cos uz, cosui sinuz, — sinuq) and Ty, = (— sin u1 sin ug, sin w1 cos uz, 0), so that

sinu cosSu2 COSU] COSu2 — Sinup Sin us
Qx) (Tuy, Tuy) =det | sinugsinus  cosui sinug sin uq cos us =sinu; > 0.
COS U1 — sinuq 0

In fact, this quantity is strictly greater than 0 when the parametrization is smooth and so the parametrization is compatible
with the orientation.
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Next we note that on S we have w = xdy A dz + ydz N\ dx + zdx N\ dy as the denominators in w are all 1 on
S. Therefore,

/w:/“’
s X
27 b
:/ / sin w1 coS Uz
0 0

cosui Sinus  sinuq COS Us

— sin uy 0
. . —sinu 0
4+ sin wy sin us . .
COS U1 COSU2  — Sinuj sin us
COSU1 COS U2 — sinuy sin us
-+ cosu1 . . du1 dus
Ccos U1 Sin ug sin uq cos ug

27 ™ 27 ™
.3 2 .
= / / (sin” w1 + cos” uy sinwy) duy duz = / / sin w1 duy dus
o Jo o Jo

= 27(—cosuy)|p = 4.

(b) For w as given we calculate

d- T 1 (W +2*—22°)dz — 3zvydy — 3z2dz
_(x2—|—y2+z2)3/2_ - (a:2+y2—|—22)5/2

d [ Yy | _ —3zydr — (2% + 2° — 2¢%) dy — 3yz dz
_(x2+y2 +22)3/2— (£E2 +y2+22)5/2

J [ z i _ —3wzdr — 3yzdy — (2 4+ 9% — 22°%)dz
| (@2 + 42 + 22)3/2 | (22 + y2 + 22)5/2

Hence,
1

dov=————7——— [(y2—|—22 —2z%) dx A dy A dz

(22 + 12 + 22)5/2

+ (2 =2 + 22 dy A dz A dx

+(z® +y° —22°)dz A dx A dy|

This is identically equal to 0 wherever it is defined.
(c) Since M does not include the origin, we have | y dw = I 2y 0 = 0 from part (b).
OM consists of two pieces. The outer piece S; is the unit sphere z? + 3> 4+ 2z = 1, oriented by the outward unit
normal n; = (z,y, z). The inner piece is the sphere 2% 4+ y? + 2% = a? of radius a, oriented by inward unit normal
ne = (—z, —y, —z)/a. Then, using Proposition 2.4, we have

zi+ yj + zk
= F-dSwhereF = ———————.
/{)M“’ //(’)J\/I w (22 + 42 + 22)3/2

In the following calculation we will use the fact that 22 4 ¢? + 22 is 1 on S; and is a” on Ss.

/ w:// F~n1dS+// F-nydS
oM S1 Sa
:// 1ds+//%ds
S1 Sy, @

= (1)(surface area of S1) ! (surface area of Ss)

Ca?
1 2

This verifies Theorem 3.2.
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460 Chapter 8 Vector Analysis in Higher Dimensions

(d) No—since w is not defined at the origin, Theorem 3.2 does not apply.
(e) Let M be the 3-manifold bounded on the outside by S, oriented with the outward normal, and on the inside by S., oriented
by the inward normal. Then 0 ¢ M, so we have

0:/ dw:/ w:/w+/w:/w—47r.
M oM s . S

The last equality follows from part (c). The conclusion is that g w = 4.
9. Because OM = (), the note following Theorem 3.2 advises us to take [y, w A 7 to be 0 in the equation [4,, w A1 =
[ar d(w A m). Now substitute the results of Exercise 1 to get

0:/ d(wAn):/ denJr(fl)kw/\dn:/ dw/\n+(71)k/ wA dn.
M M M M

Pull this last piece to the other side to obtain the result

(—l)kH/ wA dnz/ dw A 7.
M Jm

10. By the generalized Stokes’s theorem,

fo=[ d(fw)

oM M

= / (df Nw+ f A dw) Dby the result of Exercise 1,
M

:/ (df Aw + fdw).
M

Hence

fdw = fw—/ df Nw.
M oM M
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