Chapter 7

Surface Integrals and Vector Analysis

7.1 Parametrized Surfaces
1. (a) To find a normal vector we calculate

Ts(s,t) = (2s,1,28) so Ts(2,-1) =(4,1,4)
Ti(s,t) = (—2t,1,3) so T¢(2,—1) =(2,1,3).
Then a normal vector is
N(2,—1) =Ts(2,-1) x T¢(2,—1) = (-1, —4,2).
(b) We find an equation for the tangent plane using

0=N(2,-1)-(x—(3,1,1)) = (=1,-4,2) - (x — (3,1,1)) = —2 + 3 — dy + 4+ 2z — 2.

This is equivalent to « + 4y — 2z = 5.
2. First we figure that since 2sint¢ = 1, either ¢ = w/6 or 57/6. Since 2 cost < 0 we know that ¢ = 57 /6. Then we can see
that sin s = v/2/2 so s = /4. Next, find a normal vector to the surface at the given point by calculating

Ts(s,t) = (—(5+ 2cost)sins, (5 + 2cost)coss,0) and
T(s,t) = (—2sintcoss,—2sintsins,2cost) so

N(s,t) = Ts(s,t) X Ti(s,t) = 2(5+ 2cost)(cos s cost,sinscost,sint). Therefore,

N(m/4,57/6) = \/3\/5 5(x/§, V3, —V2).

We calculate an equation for the tangent plane by writing N - (x — (o, Y0, 20)) = 0 or, equivalently in this case,

0:(\/§,x/§,—ﬁ)~(x— (595“575;;5,1)) or V3z+ VY — vz = 5v6 — 4V2.

3. Since x = e® at x = 1, we know that s = 0. Also since z = 2¢™° + ¢, when z = 0 and s = 0, we have t = —2. As above
we calculate,

Ts(s,t) = (e*,2t°€**, —2¢7 %) and Ti(s,t) = (0,2te**, 1).

Thus, N(0, —2) = T,(0, —2) x T.(0,—-2) = (1,8, —2) x (0,—4,1) = (0, —1, —4). Then an equation of the tangent plane

is0=N(0,-2) - (x—(1,4,0)) = (0,—1,—4) - (x — (1,4,0)). We can simplify thisto y + 4z = 4.

4. (@) Ts(s,t) = (2scost,2ssint, 1) so Ts(—1,0) = (—2,0,1). Also, Ti(s,t) = (—s*sint, s cost,0) so T¢(—1,0) =
(0,4,0). Therefore, N(—1,0) = (—2,0,1) x (0,4,0) = (—4,0, —8).

(b) An equation of the tangent plane is (—4, 0, —8) - (x — (1,0, —1)) = 0. This simplifies to x + 2z = —1.

(¢) Note that the z-component of X is s% cost and the y-component is s* sin ¢ and the z-component is a function of s. We
can eliminate the ¢ by looking at z* + y?. So without much work we have found that an equation for the image of X is
2?24y -2t =0.

5. (a) Using Mathematica and the command:

ParametricPlot3D[{s, s"2 + t, t"2}, {s, —2,2}, {t, =2, 2}, AxesLabel — {x,y,z}],

we obtain the image
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376 Chapter7 Surface Integrals and Vector Analysis

(b) To determine whether the surface is smooth we need to calculate N. First, Ts(s,t) = (1,2s,0), and T.(s,t) = (0, 1,2t)
soN =T, x T; = (4st, —2t,1). We conclude that N # 0 for any (s, t) so N is smooth.

(¢) If (s,8% +t,t*) = (1,0,1),then s = 1and t = —1. So N(1, —1) = (—4,2, 1) and an equation of the tangent plane at
this point is (—4,2,1) - (x — (1,0, 1)) = 0 or more simply, 4o — 2y — z = 3.

6. In Exercise 1, z = s> — t>,y = s + t, and so if we note that z = (s + t)(s — t) = y(s — t), then z/y = s — t. This
allows us to solve for s and ¢ separately: 2s = y + x/y and 2t = y — x/y. This means that z = s® + 3t can be written as
2= (y+a/y)*/A+3(y —a/y).

7. (a) For the surface, we have X(s,t) = (scost,ssint,s?), where s > 0 and 0 < ¢ < 27. This means that T(s,t) =
(cost,sint,2s) and Ty(s,t) = (—ssint, s cost,0). Then a normal vector is given by N = T x T; = (—2s* cost,
—2s%sint, s). This means that the surface is smooth except when s = 0. In other words, S is smooth (as a parametrized
surface) except at the origin. Note that the point (1,v/3,4) = X(2, 5). Thus N(2,%) = (—8cos 5, —8sin %,2) =
(—4, —4+/3,2) and thus an equation of the tangent plane is given by (—4, —4+/3,2)-(z — 1,y — /3,2 — 4) = 0 or,
equivalently, by 2z + 2v/3y — z = 4.

(b) See the figure below and note that z = x> + y? so we see that S is a paraboloid.

(¢) Again, z = 2% + 2.
(d) Part (a) above takes care of every point except the origin. At the origin N = 0, but we easily see that the tangent plane
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there is the horizontal plane z = 0. Thus smoothness in the sense defined in Section 7.1 depends on the parametrization
as well as the geometry of the underlying surface.

Really there’s not much to show. You know that if the image of the parametrized surface is to be an ellipsoid, you need

a(2sinscost)? + b(3sinssint)? + c(coss)?> = 1. Soa = 1/4,b = 1/9, and ¢ = 1. Therefore the image satisfies

22y )

Z + 6 +z7=1.

For t = to,X(s,t0) = ((a + bcosto) coss, (a + bcosty)sins, bsinty). So z is constant and 2® + y? = (a + bcosto)?.

This is a circle of radius a + b cos to centered at (0,0, bsinto).

(a) When 6 = /3, the r-coordinate curve is given by (r/2,7v/3/2,7/3) where 7 > 0. This is the ray y = \/3x where
z > 0and z = 7/3. In general, the r-coordinate curve when 0 = 0y is a ray in the z = 0 plane. The solution is simpler
than the following four cases make it seem. If cosfg # 0 then y = (tan6p)x where x > 0 if cosp > O and x < 0 if
cos by < 0. If cosfp = 0, then the ray is z = 0 with y > 0 ifsinfp > 0 and y < 0 if'sinfy < 0.

(b) When r = 1 the 0-coordinate curve is the helix (cosf,sin 0, 6). In general, when r = r the f-coordinate curve is the
helix (rg cos 0, rosin 6, 0).

(¢) You can see that the helicoids are made up of the helices that are the -coordinate curves.

(a) First we consider the sphere as the graph of the function f(z,y) = \/4 — (¥ — 2)2 — (y + 1)2. The partial derivatives are
_ (=-2) ) )
V- @@= 2 (y+ 1) VI-@-22 -yt 1P
So £.(1,0,v/2) = 1/v/2 and f,(1,0,v/2) = —1/+/2. By Theorem 3.3 of Chapter 2, z = f(a,b) + f.(a,b)(z —a) +
fy(a,b)(y — b). In this case, this is z = v/2 + (1/v/2)(z — 1) — (1/v/2)y, or equivalently, —z + y + v/2z = 1.
(b) Now we look at the sphere as a level surface of F(z,y,2) = (x — 2)> + (y + 1)® + 2%. The gradient VF (z,y, 2) =
2(xz — 2,y + 1, 2) and, therefore, VF(1,0,2) = (—2,2,2v/2). By formula (5) of Section 2.6, the tangent plane is
given by

fa

fy

0=VF(1,0,v2) - (x — (1,0,v2)) = (=2,2,2v2) - (x — (1,0,V2)).
This too is equivalent to —x + y + v/2z = 1.

(¢) Now we’ll use the results of this section. Considering the z-component, we see 2coss = /2 so coss = /2 /2.
Considering the y- and z-components, 2sin ssint = 1 and sin s cost = —1. Thus we have that s = /4 and t = 37 /4.
Also Ts(s,t) = (2cosscost,2cosssint, —2sin s) and Ti(s,t) = (—2sinssint, 2sin scost,0). A normal vector to
the sphere at the specified point is

N(/4,37/4) = Ts(n/4,31/4) x Te(r/4,374) = (—1,1,—v2) x (—=1,—1,0) = (=v/2,V/2,2).

The tangent plane is given by (—v/2,v/2,2) - (x — (1,0,v/2)) = 0 which is also equivalent to —z + ¢ + /22 = 1.
The sphere of radius 3 is parametrized as X (s,t) = (3cosssint,3sinssint,3sint), where 0 < s < 2rand 0 < ¢ < 7. To
obtain the lower hemisphere, we need the z-coordinate to be nonpositive. Thus we may use the same expression for X (s, t),
only with0 < s < 2mrand 7/2 < ¢ < .

We may let x = 2coss, z = 2sins, and y = ¢, where 0 < s < 27, to parametrize the entire, infinitely long cylinder.
To obtain the desired finite cylinder, we just let D = {(s,t) | 0 < s < 27, —1 < t < 3} and define X: D — R?,
X(s,t) = (2cos s,t,2sins).
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378 Chapter7 Surface Integrals and Vector Analysis

14. Note that the region we are describing is the part of the plane having equation 5z + 10y 4+ 2z = 10,0or z = 5 — %a: — 5y lying
in the first octant. The projection of the triangle in the zy-plane is the triangular region

ey) x>0 4>0, 564+10y <10} = {(z,9) |0<y<1-2 0<z<2l.
{(z,y) | , Y >0, Y Yy y 5

(This was found by setting z = 0 in the equation for the plane.) Hence the desired surface may be parametrized as X: D —
R® X(s,t) = (s,t,5— 25— 5t), where D = {(s,1) |0 <t <1—%, 0 < s <2},

15. If we rewrite the equation for the hyperboloid as z? = 2% 4+ y? + 1, then we see that we must have z = +/22 + y2 + 1.
Therefore, the hyperboloid may be parametrized with two maps as X1 : R? — R3, X, (s,t) = (s, t,\/s2 4+ t% + 1) and
Xz: R? = R? Xoa(s, t) = (s,t, —Vs2 + 2+ 1).

16. (a) X(1,—1) = (1,—1,—1) and we have T = (3s2,0,¢),T; = (0,3t?,s). Hence the normal at (1, —1, —1), which is

whens = 1,t = —1,is N(1, —1) = T4(1,—-1) x T,(1,—1) = (3,0,—1) x (0,3,1) = (3,—3,9). So an equation for
the tangent plane is

3(z—1)—3y+1)+9(2+1)=0 or z—y+3z=-1.
(b) In general we have that the standard normal is given by
i
N(s,t) =Ty x Ty =| 35> 0 t |= (-3t —3595%%).
0 3% s

Note that N = 0 when s =t = 0, i.e., at (0, 0, 0). So the surface fails to be smooth there.
(¢) A computer graph is shown.

d) Withz = s%, y =t3, 2 = st, YTy = V313 = st = z. Sometimes a computer will graph z = /xy for points only
where z and y are nonnegative (or sometimes where xy > 0).
17. (@) v’z =1t> 5% = (st)> = 2
(b) The standard normal is

N(s,t) =Ts x Tt = (¢,0,2s) x (s,1,0)

i j Kk
=t 0 2s|=(-25251).
s 1 0

SoN =0whens =t =0,1i.e.,at(0,0,0). At this point X fails to be smooth.
(¢) A computer graph is shown.

© 2012 Pearson Education, Inc.



18.

19.

Section 7.1. Parametrized Surfaces 379

N nas

X
A\Rteaty

(d) X(Sl,tl) = X(Sg,tg) when s1t1 = sato, t1 = to, S% = Sg Thus if t1 = t2 = 0 and s; = +s5 we get the same
image—i.e., X(s,0) = X(—s,0) = (0,0, s%). Thus the positive z-axis (which lies on the image of X) is not uniquely
determined.

(e) Note that (2,1,4) = X(2,1). From work in part (b), N(2,1) = (—4,8,1) so an equation for the tangent plane is
—4(x—2)+8(y—1)+1(z—4) =0o0r -4z + 8y + z = 4.

® (0,0,1) =X(—1,0) = X(1,0).

N(=1,0) = (2,2,0) N(1,0) = (-2,2,0)

So the corresponding tangent planes have equations  + y = 0 and x — y = 0 respectively.

(If you look at the graph in part (c), you can see two parts of the surface intersecting, so this makes sense.)
Here we generalize the results of parts (a) and (c) of Exercise 11. If we view S as the graph of a function f(z, y) then we can
apply formula (4) of Section 2.3:

z = f(a,b) + fu(a,b)(z — a) + fy(a,b)(y = b).

We can rewrite this equation as 0 = (fz(a,b), fy(a,b), —1) - (x — (a,b, f(a,b))), where a = z(so,t0),b = y(so,t0),
and f(a,b) = z(so,to). In other words, we are also considering S to be a surface that is parametrized by X(s,t) =
(z(s,t),y(s,t),z(s,t)) and so, using the Chain Rule,

TS(S7t) = ($3(87t)7y3(57t)vfw(mfy)xs(‘s?t) + fy(mvy)ys(svt)) and
Ti(svt) = (xt(s7t)7yt(svt)vfz(xvy)xt(svt) + fy(x7y)yt(s7t))'

We calculate the normal vector N by taking the cross product Ts x T and simplifying to obtain

N(s,t) = [ze(s, 1)ys(s,1) — zs(s, )ye(s, )] (fo (2, 9), fy(2,5), —1).
So an equation of the tangent plane at (sq, to) is N - (x — X(so, o)) = 0 which in this case is
[z:(s0, t0)ys (0, t0) — s(s0, to)yt(s0, to)](fz(a, b), fy(a,b), =1) - (x — (a, b, f(a,b))) =0 or
(fa(a,b), fy(a,b),—1) - (x = (a,b, f(a,b))) = 0.

So we see that in this case the results of the two methods agree.
(a) To find an equation for the tangent plane to a surface described by the equation y = g(z, z) at the point (a, g(a, ¢), ¢) we
basically permute the case detailed in the text and in Exercise 18 to obtain either

(gﬂc(av C)v _ng(av C)) . (X - (a7g(a7 C),C)) =0 or
gz(a,c)(x — a) = (y — g(a,c)) + gz=(a,c)(z — ) = 0.

(b) Similarly, an equation for the tangent plane to a surface described by the equation x = h(y, z) at the point (h(b, ¢), b, c)
is either

(=1, hy(b,c), hz(b,c)) - (x — (h(b,c),b,c)) =0 or
—(z = h(b,c)) + hy(b,c)(y — b) + h:(b,c)(z — c) = 0.
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20.

21.

22.

23.

24.

25.

We have X: D — R? and by Definition 3.8 of Chapter 2, the linear approximation is given by

X :X(So,to) +DX(So,to) [ i:;(? :| .

Here DX(so, to) is the matrix

xs(s0,to)  wt(so0,t0)
DX(so,t0) = | ys(so.to) we(so,to) | = [(Ts(s0,t0))”  (Te(s0,t0))"]-
zs(s0,to)  zi(so,to)

Thus the tangent plane to the surface is given by

(000:2) = Xlsnsto) + [(TaCso, ) (Tlonnta))"] [ 5750

= X(s0, t0) + Ts(s0,%0)(s — s0) + Te(s0,t0)(t — to).

By Exercise 20,

[

0
s—1
(CL’,y,Z)—(l,O,l)-i‘ 2 7; |:t+1 :|

o

(z,y,2) = (s,2s +t —1,—2t — 1).
‘We check this against our result for Exercise 5(c):
dr —2y—z=4s—2(2s+t—1)— (-2t —-1) =3.

In Exercise 3 we parametrized a cylinder of radius a and height h by X(s,t) = (acoss,asins,t) for 0 < ¢ < h and
0 < s < 2m. Then Ts(s,t) = (—asins,acoss,0), Te(s,t) = (0,0,1), and Ts(s,t) X Te(s,t) = (acoss,asins,0).
Then, by formula (6), the surface area of S is

27 h 27 h
/ / ITs(s,t) X Te(s,t)| dtds = / / adtds = 2mwah.
o Jo o Jo

As in Exercise 22 we need to calculate || Ts(s,t) x T¢(s,t)||. We have that X(s,¢) = (s +t,s — t,s) for =1 < s < 1
and —v/1 — 52 < t < /1 —s2. Therefore, Ts(s,t) = (1,1,1), Te(s,t) = (1,—1,0), Ts(s,t) x Te(s,t) = (1,1,—2)
and | Ts(s,t) x Tt(s,t)| = v/6. So we are integrating v/6 over the unit disk in the s¢-plane. Therefore, the surface area of
X(D) = // V6dtds = /6m.

D
For the parametrization of the helicoid, X(7,0) = (rcos @, rsin 6, 0) so T,(r,0) = (cos8,sind,0), To(r,0) = (—rsinb,
rcos@,1), T,(r,0) xTe(r,0) = (sin @, — cos@,r) and | T, (r, 0) x Tg(r,0)| = v/1 + r2. Then the surface area of n “turns”
of the helicoid is

2mn 1 27N 1 B 27N 1
/ / \/1+r2drd9=/ 5[\@Jrsinh 1(1)]d9=/ 5[\/§+1n(\/§+1)]an9
Jo Jo Jo Jo
= [V2+ In(v2 4 1)]mn.
A quick look at the figure below shows a cutaway of a quarter of the xz-plane intersection of the cylindrical hole of radius b

bored in a sphere of radius a. The height of the hole is 2v/a? — b2. The top half of the ring is the region swept out by the
portion of the diagram containing the letter ‘h’.
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b
a
h
X
If X(s,t) = (asinscost,asinssint,acoss), then Ts(s,t) = (acosscost,acosssint,—asins), Ti(s,t) =
(—asinssint, asinscost,0), Ts(s,t) x Ti(s,t) = a’sins(sinscost,sinssint,coss) and ||Ts(s,t) x Te(s,t)| =

a®sin s. Notice that the angle s made with the z-axis has lower limit cos™"(h/a) = cos™'(v/aZ — b2/a) and upper limit
7 /2. So the surface area is

a

27 /2 27 /72 _ 12
2/ / CLQSil’lSdet:2/ a> (u) dt = 4mwar/a? — b2.
0 cos—1(y/a2-b2/a) 0
The parametrization of the paraboloid is X(s,t) = (scost,ssint,9 — 82) where 0 < ¢t < 2rand 0 < s < 3. So

Ts(s,t) = (cost,sint, —2s), Ty(s,t) = (—ssint,scost,0), Ts(s,t) x Ty(s,t) = (25% cost, 25> sint, s), and | Ts(s,t) x
T.(s,t)|| = sv/4s? + 1. The surface area is then

27 3 27
/ / s\/4s? + Ldsdt = %/ (1 +45)*2) |0 dt = %(373/2 —1).
0 0 0

We’ll parametrize the surface by X(s,t) = (scost,ssint,2s?) for 0 < ¢t < 2rand 1 < s < 2. So Ty(s,t)

(cost,sint, 4s), Ty(s,t) = (—ssint,scost,0), Ts(s,t) x Te(s,t) = (4s% cost,4s?sint, s), and | Ts(s,t) x Te(s,t)|| =
5v/16s% 4 1. So the surface area is

27 2 P27
/ / 5v/165% + 1dsdt = 4—18 / (6532 —17%/%) dt = %(653/2 —17%/%).
JO J1 JO

(a) First we use the parametrization X(s,¢) = (s,t,a — s — t) and calculate Ts(s,t) = (1,0,—1), T¢(s,t) = (0,1, —1),
Ts(s,t) x Te(s,t) = (1,1,1) and | Ts(s,t) x Ti(s,t)|| = /3. The surface area is then the integral of /3 over the disk

of radius a, which is V3dsdt = V3md>.

D
(b) To use formula (9), we view the surface as z = f(z,y) = a —x — y, so fz(z,y) = —1 and fy(x,y) = —1. Therefore,
formula (9) gives the surface area as

//D \/(—1)2+(—1)2+1dxdy://D\/§dxdy:\/§m2.

We have z = f(x,y) and f2 + fg = a s0, by formula (9), the surface area is

//D \/mdxdy = //D Va+ 1drdy = va+ 1(area of D).
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382 Chapter7 Surface Integrals and Vector Analysis

30. (a) Here is a sketch of the surface for z > 1.

(b) We can calculate the volume under the infinite funnel by disks:
/ Zdz= lim -
- b—oo %

. o1
(¢) To calculate the surface area, we’ll parametrize the funnel as X(s,t) = (s cost,ssint, f), where 0 < s < 1
s

b
= T.
1

1
and 0 < t < 2m. Then Ts(s,t) = (cost,sint,—s—Q), Ti(s,t) = (—ssint,scost,0), Ts(s,t) x T(s,t) =

1 1 /1 .

<f cost, —sint, s) and ||Ts(s,t) x Te(s,t)|| = /5 + s°. Therefore, using tables or a computer algebra system,
s s s

we see that the surface area is given by

27 1 1 27 1 1
/ / 1/—2+52dsdt: lim / \/—2+s2dsdt
o Jo s a=0+Jo  Jo S

Walir&r[\/i —In(vV2+1) = (Va*+1—In(1 + /1 +a?) +1n(a”))].

Each term in this last expression possesses a finite limit except In(a?). Since lim, o+ In(a®) = —oo, we see that the
surface area is infinite.
31. The first octant portion of the intersection is shown below.
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Section 7.1. Parametrized Surfaces 383

Note that 1/16 of the total surface area is that of the graph of z = v/a? — x2? lying over the triangular region bounded by
y=x,x =a,andy = 0.

X
a
For z = va? — 22, 0z —— "  ad 9z _ = 0. Hence
830 a2 — 2 8
2 2 _ 2
Surfacearea—lG/ / U +0+1dydx—16 T x?aifdm
a? —x
ax
=16 ———dx
/0 Va? — x?
Letu=a?> —2?> so du= —2xdz. Then
0 a? a?
Surface area = fSa/ d—u = 8a/ w2 du = 8a - 2u'/?
a2 \/a 0 0
= 16a°.
r =rcosf
32. Wehave ¢ y=rsinf (r,0) € D. Therefore,
z = f(r,0)

_ of _(_ f
T, = (cos@ sin 0, o ) Ty = ( rsinf,rcos6, 89)

So
N(r,0) =T, x Tg = (SIHG% —rcos@?—i —7rsin 0% - Osagg,TCOSQO-FTSinQQ) .
Hence
||N||2:sin20(a ) —21"sm90059?)—f%+ (a )
+ cos 9({%) +2rsm€cos¢9?—+r sin 0(%)

2 2
=(%) +r2<<gf) +1>.
2 2
|N|r\/1 (gg) +(%> +1 and
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2 2
Surface area = // \/ (g—{) + 1dr df, using formula (6) in §7.1.
,0) sin p cos 6
33. Wehave ¢ y = f (4,07 0) sin@sinf from spherical/Cartesian conversions. From this,
= f(p,0) cosp

T, = (fesinpcos® + fcospcosb, fosinpsind + fcospsinb, f, cosp — fsiny)
To = (fosinpcosf — fsinpsing, fosinpsind + fsinpcosb, fo cos ).
After some careful computation and using cos’a + sina = 1, we find N(p,0) = T, x Tg = (ffosind —

ffosingcospcosd + f2sin? pcos, f2 sin? gpsin@ — ffosinpcospsing — ffocos@, f2sinpcosp + ff,sin® p).
After still more computation, one finds |N||> = (ffs)? + (ff,)?sin® ¢ + f* sin? ¢, so that using formula (6) in §7.1,

Surface area = // \/ (ffo)2 + (ffo)?sin? p + f4sin? @ dp d

-/ /D F@, 0\ 13 + sin? o (f, + £2) dipdo.

7.2 Surface Integrals

Many of your students will apply the formulas and techniques introduced in this section by first finding a parametrization for the
given surface. In many cases, as was shown in the text, if they examine the geometry of the surface, an easier solution might present
itself. In several of the solutions below, each approach is outlined.

1. We will use Definition 2.1 to calculate the integral: // fds = // F(X(s,8)|Ts x T¢| ds dt. Here X(s,t) = (s, s+t,t),
X D

TS(Svt) = (13 1,0),Tt(8,t) = (07 1, 1)>N(Svt) = Ts(S,t)XTt(S,t) = (17 -1, 1)’and HN(S7t)H = \/g Also, .f(X(S7t)) =
82 4 (s 4+ ) + 1% = 2(s® + st +t?). So

//r +y? 427 dS*2\f// §% + st +t?) dsdt_zf/ ( + = +t>dt

_2\/( +1+8) 2

3) V3
2. (a) Since X(s,t) = (s —|—t s — t, st), we can calculate Ts(s,t) = (1,1,t), Te(s,t) = (1,—1,5),N(s,t) = Ts(s,t) x
Ti(s,t) = (s+t, —2),and |[N(s,t)|| = v/2s2 4 2t? + 4. Using polar coordinates in the double integral, we obtain

/2 1
//4dS:// 4\/232+2t2+4dsdt:/ / 4r+/2r2 + 4 dr do
X D 0 0

2 [7T/2 T
_ g./0 (6v/6— 8]do = Z[6v/6 — 8]

(b) By Definition 2.2, // F-dS = // F(X(s,t)) - N(s,t)dsdt. Here F(X(s,t)) = (s + t,s — t, st) and so, from part
X D
(a), we know that N(s,¢) = (s +t,t — s, —2). This means that F - N = (s +t)? — (s — t)? — 2st = 2st. Therefore,

1 V1-t2
//F‘dS:// 25tdsdt:/ / 2stdsdt
X D o Jo
1 . 1 ] 2 4
:/ (s°t)|Y szt:/ (t—t3)at = (t—ft—>
0 0 2 4

3. We need to calculate // F - dS. The surface is given by a level set of f(z,y, 2) = 2z — 2y + 2. Since Vf = (2, -2, 1), the
X

1

1

Z.

0
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o . .1 .
upward-pointing unit normal is 3 (2,—2,1). So, since 2x — 2y + z = 2,

/Z(F.dS: %/L(:c,y@ (2,-2,1)dS = %/L(Qm—?y—l—z)ds
= %//5(2)018 - ;//S a5 = 2 |N|(area of D) = 2(area of D).

Here D is the “shadow” of S in the xy-plane. D is a right triangle in the xy-plane with legs each of length 1. Hence
// F-dS = 2(areaof D) = (2)((1/2)(1)(1)) = 1.
X

4. (a) You can easily verify that both X and Y parametrize the surface z = 3z 4 3y® for 0 < z? + y? < 4. The major
difference is that X covers the surface once while Y covers the surface twice.
(b) For X, the standard normal N is

(cost,sint,6s) X (—ssint, scost,0) = (—6s” cost, —6s” sint, s)

SO

27 2
// (yi — xj + 2°K) - dS = / / (ssint, —scost,9s") - (—6s> cost, —6s° sint, s) ds dt
X o Jo

2w 2 2m 6
= / / 9s° dsdt = / 97
0 0 0 6

2

27
dt = / 96 dt = 192.
0 0

For Y, the standard normal N is
(2cost,2sint, 24s) x (—2ssint, 2scost,0) = (—48s” cost, —48s> sin ¢, 45)

SO

41 1
// (yi— zj + 2°Kk) - dS = / / (2ssint, —2s cost, 144s*) - (—48s” cost, —48s” sint, 4s) ds dt
Y 0 0

4 1 4 6
— / / 5765° ds dt = / 5765
0 0 0 6

As noted in part (a), the integral over Y should be twice the integral over X since they both parametrize the same space
but Y covers the space twice.

5. We will parametrize the six faces of the cube as follows (in each case —2 < s,¢ < 2):

1

4m
dt = / 96 dt = 384m.
0

0

i | X(s,t) for S; | face

1] (s,t,2) top

2| (s,t,—2) bottom
30 (s,2, %) right

i (52,10 left

51 (2,8, front

6 | (=2,s,t) back

Note that in each case |N(s,t)| = 1, so // [z(s,)]*|N(s, t)|| dsdt = // [z(s,t)]?dsdt for 1 < i < 6. Also,
JJs; JJs;
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2 2 2 2
// [m(s,t)]zdsdt:/ / s>dsdt fori=1,2,3,4 and // [x(s,t)]stdt:/ / 4dsdt fori = 5,6. Then
S; —2J-2 JJs; —2J-2
6
// deS:Z// [2(s,t)]?||N(s, t)|| ds dt
S i=17 7S
2 2 2 2
:4/ / stsdt+2/ / 4ds dt
—2J-2 —2J -2
2 53 2 2 9
:4/ = dt+8/ s|”, at

2 16 2 256 640
=4[ =Zdt+8 | 4ddt=""4128=——.
/2 g 4t /,2 3 * 3

6. We parametrize the lateral surface of the cylinder by X(s,t) = (acoss,asins,t) where 0 < s < 2w and 0 < ¢ < h.
So we have Ts(s,t) = (—asins,acoss,0), T(s,t) = (0,0,1),N(s,t) = Ts(s,t) x Te(s,t) = (acoss,asins,0), and
INGs, D]l = a. So

2m h 2 h
// (x® 4 y*)dS = / / (a® cos® s 4+ a*sin® s)adt ds = / / a®dtds = 2rha®.
5 o Jo o Jo

A quicker approach is to note that on the cylinder 2> + 3* = a2, so
// («® +y°)dS = // a®dS = a* - area of S = a”(2rah) = 2rha’.
s 5

7. (a) Because 22 4+ y? + z? = a? on the surface,

// (z® 4+ y° + 2°) dS = a®(surface area of S) = 4ma’.
s

//x2dS+//y2dS+//z2dS:47m4
s s s

and by the symmetries of the sphere

// x2dS:// y2dS:// 2*dS. So // y*dS = 4ma’ /3.
v S JS JS JS

8. (a) The sphere is symmetric about the plane x = 0. Hence xdS = 0 as for each small piece of the sphere with coordinate

(b) Here we note that by part (a)

s
x > 0 (and z < a), there is a corresponding piece with coordinate x < 0. Hence contributions in an appropriate Riemann

sum will cancel.
i+ yj + zk

(b) For z + y? + 2% = o the outward unit normal is given by n = Thus

//SF.dS://SF.ndS://SCll(mj:erz)dS
:é(//sxds—l—//sde—i—//szdS) —0

since each surface integral is zero via reasoning as in part (a).

xr = 2cost
9. (a) We parametrize the cylinder as y = 2sint 0<t<2m, —2<s<2.
z=2=s

Then
[Ts x T¢| = [/(0,0,1) x (—2sint, 2cost,0)| = |[(—2cost, —2sint, 0)|
= 2.
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//S(Z7x27y2)d5:/0%/_22(3*4)‘26113(115:/0%(82783)

= / —32dt = —64m.
0

Hence

2
dt

s=—2

(b) // (z — z? — y2)dS = // zdS — // (x2 +y2)dS. S is symmetric about the z = 0 plane and 22 4+ > = 4 on S.
s s s

Hence // zdS = 0and 7// (x® 4+ %) dS = 7// 4dS = —4 - (surface area of S) = —4(47 - 4) = —64.
s 5 5

The following calculations are useful for Exercises 10—18. Let’s parametrize the surface of the cylinder in three pieces:
e S; = the lateral surface, X(s,t) = (3coss,3sins, t) for0 < s < 2rand0 <t < 4.

e S5 = the bottom surface, X(s,¢) = (tcoss,tsins,0) for0 < s < 2rand0 <t < 3.

e S3 = the top surface, X(s,t) = (tcos s, tsins, 4) for0 < s <2mand 0 <t < 3.

For S1, Ts(s,t) = (—3sins,3coss,0), Ti(s,t) = (0,0,1), Ts(s,t)xTe(s,t) = (3coss,3sins,0), and [Ty (s, t)xTe(s,t)|| =
3. For both Sy and S3,Ts(s,t) = (—tsins,tcoss,0),Te(s,t) = (coss,sins,0), Ts(s,t) x Te(s,t) = (0,0, —t), and
[Ts(s,t) x Ti(s,t)|| = t. Because we are orienting with outward normals, N(s,¢) = (0,0, —¢) on Sz and N(s,¢) = (0,0,¢) on
Ss.

In Exercises 10—13 we use Definition 2.1: // fds = // F(X(s,t)))IN(s, t)| ds dt. And we’ll break down the integral as
D

=L L
S S1 Sa Ss3
27 4 2w 3 2m 3
10. //zdS:/ / 3tdtds+/ / Odtds+/ / At dt ds = 481 + 36m = 84m.
S 0 0 0 0 0 0

4 27 3 2m
11. // ydS = / / 9cossdsdt + 2/ / t*cossdsdt = 0+ 0 = 0. Alternatively, you could notice that we are
s o Jo o Jo

integrating an odd function of y over a region that is symmetric with respect to y.

4 2m 3 2m 3 27
12. // xyzdS = / / 2Tt cos ssin sds dt + / / O0dsdt + / / 4t° cos ssin sds dt = 0. Use the substitution
s o Jo o Jo o Jo

u = sin s. Again, alternatively, you could use a symmetry argument. We are again integrating an odd function of y over a
region that is symmetric with respect to y.

13.
4 27 3 27
// achS:/ / 27C0828d8dt+2/ / t3 cos® sds dt
s o Jo o Jo
4 S 1 2 3 3|S 1
27/0 {§+§Sin28] . dt + 2/0 t [§—|—Zsin2$}

= 1087 + 817” _ 29

27

4 3
dt:27/ 7Tdt+2/ 7t dt
0

0 0

2
For Exercises 14—18, we use Definition 2.2: // F.-dS = // F-ndS = // F(X(s,t)) - N(s,t) dsdt. For another way
X X D

of solving these exercises, recall from Section 2.6, that if S is a surface in R® defined by an equation of the form f(zx,y,z) = c,
then if xo € X, the gradient vector ¥V f(Xo) is a vector normal to the plane tangent to S at xo. Therefore the unit normal to S1 (a
surface given by 2* +y* = 9) is n = (xi + yj)/3, while the unit normal to So is —k and the unit normal to Ss is k.

14.

4 27
//(mi+yj)~dS:/ / (3coss,3sins,0) - (3cos s, 3sins,0) dsdt
s o Jo

3 27 3 27
+/ / (tcoss,tsins,0) - (0,0, —t)dsdt +/ / (tcoss,tsins,0)-(0,0,t)dsdt
o Jo o Jo

4 27
= / / 9dsdt = T2m.
0 0
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388 Chapter7 Surface Integrals and Vector Analysis

A different approach would be to observe that as the unit normals for S and S3 are £k then F-n = 0 on S and S3. On S
the unit normal is (zi + yj)/3 So F-n = (2? 4+ 4?)/3 = 9/3 = 3. Therefore we obtain, ffSl F-ndS = 3(areaof S;) =
3(2m(3)(4)) = 727.

15.
4 27 3 27
//(zk)-dS:// (o,o,t)-(3coss,3sms,0)dsdt+// (0,0,0) - (0,0, —t) ds dt
S 0 0 0 0

3 27 3 27 3
+/ / (0,0,4) - (0,0,¢t)dsdt = / / 4t dsdt = / 8t dt = 367.
o Jo o Jo 0

A different approach would have been to notice that, since the unit normal vector to the lateral surface S has no k component,
// zk-dS = 0. Also, z = 0 on Sz so // zk - dS = 0. Finally, z = 4 on S5 and therefore
Sl SZ

//zk dS—// 2k - dS—// 4k - kdS = // 4dS =4 - (area of S3) = 4(w3°) = 36m.
Ss Ss S3
27
//( dS—/ / (27sin” 5,0,0) - (3cos s, 3sin s, 0) ds dt

27 27
/ / (t*sin® 5,0,0) - (0,0, — dsdt+/ / (t*sin® 5,0,0) - (0,0,t) ds dt

4 81 [, 2m
:81/ / sin” scos sds dt = —/ sin” s|  dt
o Jo 4 Jo 0

Again, a careful student should have noticed that there is no k component and so the integrals over Se and S3 are each 0.

17.
4 27
// (—yi+ zj) - dS :/ / (27sin” 5,0,0) - (3cos s, 3sin s, 0) ds dt
5 o Jo

3 27 3 27
+/ / (t*sin® 5,0,0) - (0,0, —t)dsdtJr/ / (t*sin® 5,0,0) - (0,0,t) ds dt
0 0 0 0

4 p2om 81 [4 2m
= 81/ / sin® scossdsdt = =~ / sin® s dt
o Jo 4 Jo 0

Again, a careful student should have noticed that there is no k component and so the integrals over S and S3 are each 0.
Therefore, a different approach would be to calculate

//s(fyi“j)"dsz//Sl(*y”"”i)'(wi+yj)/3d5://510dszo.
//S(in) S = /04 /0%(90032 5,0,0) - (3coss,3sins,0)dsdt

3 27 3 27
+/ / (t* cos® 5,0,0) - (0,0, —t) ds dt +/ / (t* cos® 5,0,0) - (0,0,t) ds dt
0 0 0 0

16.

=0.

=0.

18.

4 27 4 " 27 nd 27
= 27/ / cos® sds dt = 27/ / (1 —sin®s) cos sdsdt = 27/ [sins — (sin® 5)/3]| dt = 0.
o Jo o Jo 0

0

Again, a careful student should have noticed that there is no k component and so the integrals over S2 and S5 are each 0.
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Section 7.2. Surface Integrals

We calculate the flux from // F-ndS = // F(X(s,t)) - N(s,t) dsdt. For Exercises 19-22 we have that
s s

X(¢,0) = (asinpcosf,asinpsinf,acosp) for0 <0 <2mand0 < o <,
Ty (p,0) = (acospcosb,acospsinb, —asin ),

To(p,0) = (—asinpsinf, asinpcosf,0), and

N(p,0) = Ty (p,0) x To(p,0) = (a® sin® ¢ cos 0, a® sin® p sin 0, a” cos psin @)

= a” sin (sin ¢ cos 0, sin @ sin 6, cos ).

19.
2r  pw/2
// (yj) -ndS = / / (0, asin @sing,0) - (a®sin®  cos 0, a” sin® psin 6, a* cos @ sin ) d db
s o Jo
27 /2 27 /2
= / / (a®sin® psin® 0) dp d = a® / / (1 — cos® o) sin @ sin® 0 dp db
o Jo o Jo
27 3 /2 3 ron
= a3/ —cosy + L 2 sin? 0dpdd = 2a7 sin? 0 d6
0 3 0 3 Jo
_ 2 [*"1-cos20 . 2° {g_smze} T 2ma®
3 Jo 2 3 2 4 ||, 3
20.

//S(yiij)«ndS

27 /2
= / / (asinpsinf, —asin g cos b, 0) - (a2 sin® @ cos 0, a® sin® @ sin 0, a” cos @ sin ) dpdl
o Jo

27 /2 i i
=a° / / (sin® psin 0 cos O — sin® ¢ cos O sin 0) dp df = 0.
o Jo

389

Actually it is simpler not to resort to the parametrization. Since n = (zi+yj—+ zk)/a for the sphere we see that (yi—xj)-n = 0

and so // (yi —xj)-ndS =0.
s
21.

//S(—yi+xj—k).nds:—//Sk.nds—//s(yi_zj).ndg

=— // k-ndS (since, by Exercise 20, // (yi — zj) -ndS =0)
s s

27 /2
= f/ / (0,0,1) - (a* sin® @ cos 0, a® sin” sin 0, a” cos @ sin @) dip df
o Jo

27 pw/2 2w+ 2
= —a2/ / (cospsiny) dp df = —a2/ L 4
o Jo 0 2

2 27
- JL/ do = —7a?.
2 0
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22.
// (i + zyj + 22K) - ndS
5

/2 2w
/ / [(a2 sin® ¢ cos® 0, a” sin” o cos 0sin 0, a® cos psin ¢ cos )
o Jo

- (a®sin®  cos 0, a” sin® psin 0, a® cos @ sin )] db dp

/2 /0277(
(

/2 2w
/ sin® o cos 0 + sin®  cos” @ cos 0) d dp
0

4

=a sin® ¢ cos® 0 + sin” ¢ cos 0 sin? 0 + cos® @ sin® ¢ cos 0)do dy

S~

4
=a

S~

27
df = 0.

/2 2w /2
=d / / (sin” @ cos 0) df dp = a4/ [sin” o sin 6]
JOo Jo 0 0

A different approach would be to see that

//(x2i+a:yj+xzk)~ndS:// m(xi+yj+zk)~w¢§
s s

o2
://x—dS:a//zdS.
s a s

The integrand is an odd function of & which is being integrated over a region which is symmetric with respect to x; therefore
// (2%i + zyj + 22K) -ndS = 0.
s

23. We have T = (cost,sint,0) and T+ = (—ssint, s cost, 1), so that the standard normal is

i j k
N=T,xT;=| cost sint 0| =sinti—costj+ sk.
—ssint  scost 1

Therefore, the flux of F' is given by

//SF.ds:/O%/OQF(X(SJ))-N(s,t)dsdt

2w 2
= / / (s sint,scost,t?’) - (sint, — cost, s) dsdt
o Jo
2w 2
= / / (s(sin2 t —cos®t) + st3) dsdt
o Jo

27 2 27
= / / (st3 — scos2t) dsdt = / (%s2t3 — %SQ cos 2t) |§:0 dt
o Jo

0
2m o
:/ (2t3—20052t) dt = (%t4—sin2t)|0 =8n’.
0
24. We may parametrize the cone by X (s,t) = (scost, ssint, s), where —2 < s < 1,0 < ¢ < 2. Then the standard normal
P

k
TxTy = | cost sint 1| = —scosti—ssintj+ sk
—ssint  scost 0

points the wrong way. (It points upward when z = s > 0 and downward when z = s < 0.) Thus we take N to be
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scosti+ ssintj — sk. Then

27 1
// F-dS= / / (23 cost,2ssint, 32) - (scost,ssint,—s) dsdt
s

P27 1
= / / (252 sin®t + 2s% cos® t — 53) dsdt
0 —

27 1 3971_
= 2s° — 5%) dsdt = ~—.
/O [2(3 ) ds d

25. The surface z = g(z,y) = ye® has upward normal N = —g, (z,y)i — gy(z,y)j + k = —ye® i — e” j + k. Therefore, the
flux of F = %21 — 2y j+ (z + y + 2) k is given by

11
//F-dS:/ / (y4ez,—:ry,2:+y+yez) - (—ye®,—€",1) dy dx
s o Jo
11
= / / (—y562z +yze” +x+y+ye”) dydx
o Jo

11
2/0 /0 (—ée%—&—%xez—i—x—&—%—&—%em) dz

1
= (—%eh + t(ze” — ) + L2’ + 1o+ %ez)|0

13

1.2 1
=7 ﬁe +§€

26. The tetrahedron has four triangular faces; we must consider surface integrals over each of them and then add the results.
z

(0,0,3)

z=3-(3R2)y

X y=2-2x

The top slanted face is the first octant part of the plane through the points (1,0,0), (0,2,0), (0,0, 3). This plane has
equation 6x + 3y + 2z = 6, 0or 2z = 3 — 3z — %y and upward normal N = (3,3/2,1). The “shadow” of this region
in the zy-plane is the triangular region {(z,y,0) | 0 < y < 2 — 2z, 0 < z < 1}; the shadow in the yz-plane is
{(0,y,2) | 0 < 2 <3— 3y, 0 <y < 2}; the shadow in the zz-plane is {(z,0,2) | 0 < 2 < 3 — 3z, 0 < & < 1}. These
three shadow regions determine the other three faces of the tetrahedron.

Now we calculate. For the top face S1, we have z = 3 — 3z — %y, so that

1 2—2zx
// F-dS:// (2®,12 — 122 — 6y, y — ) - (3,2,1) dydx
Js, Jo Jo

1 2—2x
:/ / (32% + 18 — 192 — 8y) dyda
0 0
1
:/'«&Ffun+1a@f2mf4072mﬂdx
0

1
:2/ (—32° +222° — 37z + 18 — 8(1 — 2)*) do = —.
0
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392 Chapter7 Surface Integrals and Vector Analysis

The bottom face S5 is the portion of the plane z = 0 over the triangular region {(z,y,0) |0 <y <2—2z, 0 <z < 1}.
To have an overall outward normal, we must take the normal here to be N = —k. Therefore, with z = 0, we have

1 p2-2z
// F-dS:/ / (xQ,O,y—x)-(O,O,—l) dy dx
Sa 0 0
1 p2-2z
:/ / (z —y)dydx
o Jo
1

= [ (e2-2) - fe—20) do =
1

= (-2t 30 -0 = -5

/1 (22 — 227 —2(1 — x)Q) dz

3
The left face S5 is the portion of the plane y = 0 over the triangular region {(z,0,2) |0 < 2 <3 -3z, 0 <z < 1}. To
have an overall outward normal, we must here take the normal to be N = —j. Therefore, with y = 0, we have

1 3—3x
// F-dS:/ / (2,42, —2) - (0, ~1,0) dzdz
Ss 0 0
1 3—3z
:/ / —4zdz dx
0 0
1

= / —2(3 — 3z)° dz = —6.
0

Finally, the right face Sy is the portion of the plane z = 0 over the triangular region {(0,y,z) |0 <z <3 — 3y, 0 <
y < 2}. For an overall outward normal, we must take the normal to be N = —i. Therefore, with z = 0, we have

- 2 13-(3/2)y
// F.dS = / / (0,4z,—x) - (—1,0,0) dzdy
JJs, Jo Jo

2 r3-(3/2)y
= / / 0dzdy = 0.
o Jo
Thus our final result is

//SF.ds://SlF.ds+//szF-dS+//SSF.dS+//S4F,dS

41 1 1
=——-—-—6+0=_.
6 3 + 2
27. (a) Below left is just the portion of .S for 0 < z < 2 so that you can more clearly see the funnel shape. Below right is a sketch

of S.

i

Il

il
Y

RN

/
7

t) = (coss,sins,t) for0 < s < 2rand 0 < ¢ < 1. In that case Ts(s,t) =
(—sins, coss,0), T¢(s,t) = (0,0, 1), Ts(s,t) X Te(s,t) = (cos s, sin s, 0) and so the outward pointing unit normal for
this portion is n = (cos s, sin s,0) = i + yj.

For the conical portion of S, X(s,t) = (tcoss,tsins,t) for 0 < s < 2rand 1 < ¢t < 9. In that case Ts(s,t) =
(—tsins,tcoss,0), T¢(s,t) = (coss,sins, 1), Ts(s,t) x Te(s,t) = (tcoss,tsins, —t) and so the outward pointing

unit normal for this portion is n = (1/4/2)(cos s,sin s, —1) = (1/v/2)((x/2)i + (y/2)j — k).

(b) For the cylindrical portion of .S, X(s,
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(©

2m 9
//F-dS://(—yi—i—mj—i—zk)-dS:/ / (—tsins,tcoss,t) - (tcoss,tsins, —t)dtds
s s o J1
27 1 2m 9 2m 1
+/ /(—sins,coss,t)-(coss,sins,O)dtds:/ / —thtds—&—/ / 0dtds
o Jo o J1 o Jo

27 319 27
:/ o ds:/ [_@Jr}} e 14567
0 3 0

. 3 '3 3

28. We know that the heat flux density H = —kVT = —k(2x, 2y, 62—12). On the ground & = 3 and X(s,t) = (¢t cos s, tsin s, 0)
for0 <¢<2and0 < s < 2m. Also, Ts(s,t) = (—tsins,tcoss,0), Ti(s,t) = (coss,sins,0) and soN(s, t) = (0,0, —t).
Along the glass we have k = 1 and X(s,t) = (tcoss,tsins,8 — 2t2) for0 <t < 2and 0 < s < 27 Also,
Ts(s,t) = (—tsins,tcoss,0), Ti(s,t) = (coss,sins, —4t) and therefore N(s,t) = (—4t% coss, —4t*sins, —t). The
outward normal must be —N(s, ) = (4t cos s, 4t* sin s, t).

//H~dS:/ H-dS+/ H-dS
S S1 So

27 2
= / / —3(2tcos s, 2tsins, —12) - (0,0, —t) dt ds
o Jo

27 2
— / / (2t cos s, 2t sin 5,36 — 12t%) - (4t° cos s, 4t” sin s, t) dt ds
o Jo

27 2 27 2
:/ / —36tdtds+/ / (—8t° — 36t + 12t°) dt ds
0 0 0 0

2

ds
0

27 2 27
= / / (4t® — 72t) dt ds = / [t* — 36t%]
0 0 0
2m

= / [16 — 144] ds = —2567.
0

29. (a) A sketch of the surface for a = 2 using Mathematica is:

(b) Att = 0 we have that sin ¢t = sin 2¢ = 0 and so the s-coordinate curve is given by (z, y, z) = (acos s,asin s, 0). This
is a circle of radius a in the xy-plane.
(¢) A computer algebra system would help the following calculation. It is not difficult; it is just very easy to drop a term here
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or there.

1. s . 1 s . . s . .5
Ts(s,t) = <coss {75 smismtf §cos§sm2t} —sins [a+cos§s1ntfsm§sm2t} ,

1 1
sin s [—fsingsint— Qcos%sin%} + cos s [a—i—cos%sint—sin%sin%] ,

1 1
§cos§sint— QsingsinZt) )

Ts(s,0) = (—asins,acos s, 0).
s .8 . s .S
Te(s,t) = <cos s [cos 3 cost — 2 cos 2t sin 5] ,sin s [cos B cost — 2 cos 2t sin 5} R
2 cos il cos 2t + cos tsin f) SO
2 2
T(s,0) = <coss [cos% — 2sin %] ,sin s {cos% — 2sin %} ,2cos% + sin %) .

Calculate the cross product Ts (s, 0) x T(s, 0) to obtain
N(s,0) = (acoss [2005% + sin g] ,asins [2005% + sin %} ,Zasing — acos %) .

We note that
X(0,0) = (a,0,0) = X(2m,0)
but
N(0,0) = (2a,0,—a) while N(27,0) = (—2q,0,a).

When you travel around the s-coordinate curve at ¢ = 0 once, you find that the normal vector is now pointing in the
opposite direction. The conclusion is that the Klein bottle cannot be orientable.

7.3 Stokes’s and Gauss’s Theorems

Exercises 14 are similar to Example 1 from the text. Recall from Section 2.6 that if S is a surface in R® defined by an equation of
the form f(x,y, z) = ¢, then if X0 € X, the gradient vector V f(Xo) is a vector normal to the plane tangent to S at Xo.
1. Calculate

i j k
VxF=|09/0x 0/0y 0/0z |=2y—y)i+ (-2x+z)j=uyi—zj.
Tz Yz x2—|—y2

By symmetry we can see that the integral will be zero; however, let’s follow the instructions. View the surface as a level set at
height 1 of f(z,y, 2) = 2° + y? 4+ 52 Then N = V f = 2zi + 2yj + 5k. So,

//V><F~dS://(yi—xj)-(in+2yj+5k)da:dy
s D

:// (2zy — 2zy) dx dy = 0.
D

On the other hand, 8 consists of C' = {(x, y, z)|2*+y* = 1 and z = 0} which we parametrize by x(¢) = (cost,sint,0). Then,

é;ﬁ@:% HW»«@#:A (0,0,1) - (— sint, cost, 0) dt = 0,

These two answers agree.
2. Sis a helicoid. We begin by calculating

i i k
VxF=|09/0z 0/oy 0/0z |=i+]j+k
4 x Yy
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We calculated a normal vector in Exercise 24 of Section 7.1: N = (sin ¢, — cos t, s). So,

//VXF~dS:// (i+j+k)- (sinti — costj + sk)dtds
s D

1 /2 171'
/ / (sint—cost—l—s)dtds:/ Zsds
o Jo 0 2

s 2’1 s

= —8§ =

4

o 4

On the other hand, 9 consists of four pieces which we parametrize by xi(s) = (s,0,0) for 0 < s < 1,x2(t) =

(cost,sint, t) for0 <t < mw/2,x3(s) = (0,1 —s,7/2) for0 < s < 1,and x4(t) = (0,0, 7/2 —t) for 0 < ¢t < 7/2. Then,
1 /2
f F-ds = / (0,s,0)-(1,0,0)ds +/ (t,cost,sint) - (—sint,cost, 1) dt
as 0 0
1 /2
+/ (7r/2,0,1—s)~(0,—1,0)ds—|—/ (/2= £,0,0) - (0,0, 1) dt
0 0

1 /2 1 /2
Ods+/ (—tsint+c032t+sint)dt+/ 0ds+/ 0dt
0 0 0

1 S—

These two answers agree.
3. We see that

! i K
VxF=|09/0z 0/0y 08/0z |=0 so //VXF-dS:O.
T y z s

On the other hand, 95 consists of C' = { (=, y, 2)|y*+2? = 16 and 2 = 0} which we parametrize by x(¢) = (0,4 cost, 4sint)
for 0 <t < 2x. Then,

27 27
?{ F.-ds= / F(x(t)) - X' (t) dt = / (0,4 cost,4sint) - (0,—4sint,4cost)dt = 0.
as 0 0

These two answers agree.
4. For S,

i j k
VxF=| 0/ox d/0y 9/0z |=@A—-(-1)i+(B-1)j+(1—-2)k=5i+2j—k
2 —z x4+y>—2z 4y—3x

If we parametrize S by X(s,t) = (2 cos ssint, 2sin ssint, 2 cos t), adownward normal vector is given by N = (4 cos s sin® ¢,
4sin ssin®t, 4sint cost). So,

// V X F-dS:// (5i 4 2j — K) - (4 cos ssin” ti + 4sin s sin® tj 4 4 sin t cos tk) ds dt
s D
T 27
= / / (20 cos s sin® ti + 8 sin s sin” tj — 4sin t cos tk) ds dt
7/2J0

:/ (47 sin(2t)) dt = 4.
/2

On the other hand, 9 consists of C' = {(x, ¥, 2)|y*+2* = 4and z = 0} which we parametrize by x(¢) = (2 cost, —2sint,0).
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396 Chapter7 Surface Integrals and Vector Analysis

Then,

27
= / (—4sint,2cost + 4sin®t, —8sint — 6cost) - (—2sint, —2cost,0) dt
0
27
= / (8sin’t — 4 cos® t — 8sin” t cost) dt
0
2m
= / (8 — 6(1 4 cos 2t) — 8sin” t cost) dt
0
2m
= / (2 — 6cos 2t — 8sin® t cost) dt = 4.
0

These two answers agree.

5. Stokes’s Theorem implies that we don’t need to be concerned that S is defined as the union of S; and S» if we choose the
calculation along the boundary. Then 05 is parametrized by x(¢) = (3 cost, 3sint,0) where 0 < ¢ < 27, and so

-is F.-ds = (/0% F(x(t)) - x'(t) dt

27
:/ (27 cos® ti + 37 sin” tj) - (—3sint, 3cost, 0)dt
0

27 27
—34/ cos3tsintdt+38/ sin” tcostdt = 0.

0 0

6. Note that V - F = 3 so

[l 5 vac=s [ffyov=s [ [ mios e
3

4 213/2 243w
=3 —(9— de = ——.
/,33( z)de ==

On the other hand, the boundary of D is in two pieces: Si1 = the disk at height z = 0 and S» = the portion of the
paraboloid about the xy-plane. Parametrize S1 by Xi(s,¢) = (tcoss,tsins,0) for0 < s < 2w and 0 < ¢ < 3. Then
Ni(s,t) = (0,0, —t). Also parametrize So by X2(s,t) = (¢ cos s, ¢ sin s, 9—t%). Then N2 (s, ) = (2t* cos s, 2t sin s,t). So

#F~dS:// F-dS+// F-dS
S S Sa
2m 3
2/ / (tcoss,tsins,0)- (0,0, —t)dtds
o Jo

2™ 3
+ / / (tcoss,tsins,9 —t2) . (21&2 cos s, 2t%sin s, t) dt ds
JO JO

2w 3 2w 2 4
:/ / (9t+t3)dtds:/ {9i+t—}
0 0 0 2 4

- /2” 243 2437
0

3

ds
0

7 B=

These two answers agree.

7. Here V- F = 0 so f f f p V- FdV = 0. As for the integral over the surface, because the normal vectors of each of the three
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Section 7.3. Stokes’s and Gauss’s Theorems

opposite pairs of sides are equal and opposite, everything will cancel. So

ffreas
s

= /xop(y —z,y—1l,z—y)-(0,0,1)dS + .//l;omm(y —z,y—(=1),z—y)-(0,0,-1)dS
+ /]fmt(y —1,y—21—1y)-(1,0,0)dS + //baCk(y —(~1)y— 2 —1—y)-(~1,0,0)dS

+//ri ht(l—x,l—z,m— 1)~(071,0)dS+/[eft(—1—:c,—l—z,;n— (—1))- (0, ~1,0)dS

://t‘)p(m_y)dS—’—//;Omm(y_x)dS—’_//front(_l)ds+//ljack(—l)d5
+//nght(1)d5+//le&(1)d5 =0.

These two answers agree.
8. Notethat V - F = 2z + 2 so

///DVFdV:Q///D(x—i—l)dV

2 /422 5
:2/ / (z+1)dzdydx
—2J—y/4—22 Jx24y2+1

_ 2/722 /\/;[(x +1)(4 -2 — ) dyds

397

On the other hand, the boundary of D can be split into two pieces: the flat top piece S1 and the surface of the paraboloid
Ss. A parametrization of Sy is Xi(s,t) = (tcoss,tsins,5) for0 < s < 2rand 0 < ¢ < 2. Then a normal vector is
Ni(s,t) = (0,0,t). A parametrization of Sy is X2(s,t) = (tcoss,tsins, t> + 1) for0 < s < 2rand 0 < ¢t < 2. Thena

normal vector is Na (s, ) = (2t> cos s, 2t* sin s, —t). So,

#F-dS:// F-dS+// F-dS
S S1 Sa
27 2
:/ /(tQCOSQS,tSinS,5)~(0,0,t)dtd8
o Jo

27 2
+ / / (t? cos® s, tsin s, t* + 1) - (2t° cos s, 2t* sin s, —t) dt ds
o Jo

27 2 27 3
:/ / (2t* cos® s + 2t sin® s — t* + 4t) :/ {8+ @ —4cos2s| ds = 16m.
o Jo 0

These two answers agree.

we see that

9. Since Q :c = v+
’ Ox /22 + 2 + 22 T (@2 42 + 22)3/2

2 2 2
V-F= 22”4y +2) = 2 and

(22 + y2 + 22)3/2 /22 + 42 + 22
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2 27 T b2
V~dez///7dvz/ //7 2 sin ) dpdp d
///D D \a?+y?+ 22 o Jo Ja P(p ?)dpdp

27 T b 27 T
= / / / (2psinp)dpdpdd = / / [p? sin ]
o Jo Ja o Jo

2m T 27
= (b27a2)/ / singodgod@z(bea?)/ 2d0 = 47 (b* — a?).
o Jo 0

b
dodb

On the other hand the boundary consists of two pieces: S is the sphere of radius a and S5 is the sphere of radius b. Parametrize
S1 by Xi(s,t) = (asinscost,asinssint,acoss) for0 < s < mand 0 < ¢t < 27. Then a normal vector is Ny (s,t) =
—a” sin s(sin s cost, sin ssin t, cos 5). A similar calculation for Sz yields Na(s, ) = b? sin s(sin s cost, sin s sin ¢, cos s).
Note that N is oriented pointing inward and N is oriented pointing outward. Then,

ﬂF-dS:// F-dS+// F-dS
S S1 Sa

27 T
1 . . . 2 . . . .
= / / ~((asinscost,asinssint,acoss) - [—a” sin s(sin s cos ¢, sin ssint, cos s)| ds dt
a
o Jo

27 T
1
+ / / 3 (bsinscost, bsinssint, bcoss) - [b° sin s(sin s cost, sin s sin t, cos s)] ds dt
o Jo

27 ™ 27 ™
= / / [—a” sin 5] ds dt + / / (b sin s] ds dt
0 0 0 0
27 27
= / [—2a] dt +/ [26%] dt = dm(b* — a®).
0 0

These two answers agree.

For Stokes’s theorem we assume that S is a bounded, piecewise smooth, oriented surface in R®. To specialize to Green’s
theorem we must further assume that S is in the xy-plane. In each case we assume that the boundary C' = 0.5 consists of
finitely many simple, closed curves which are oriented so that S is on the left as you traverse C'. In each case, F is a vector field
of class C'* whose domain includes S. In general, this would mean that F(z,y, 2) = m(z,y, 2)i + n(x,y, 2)j + p(z,y, 2)k
but because S is planar we assume that F is independent of z and that its k-component is identically zero. In other words, we
take F(z,y, z) = M(z,y)i + N(z,y)j. Then

//(@fa—M)dxdy://VxF-dS.
s \ Oz dy g
//VXF-dS:?{ F - ds.
s a8

Then, by the formula for the differential form of the line integral given in Section 6.1,

j{ F~ds:/Md:E+Ndy.
a3 c

And so we get Green’s theorem from Stokes’s theorem.

But by Stokes’s theorem,

Begin by calculating
i j k
V XF= 0/0x /0y 0/0z | = (¢° + e"ysin(yz))i + 5 + (e” cos(yz) — 222)k.
2ayz + 5z e"cos(yz)  xy

As in Example 2, we see that this looks difficult, but that Stokes’s theorem implies that

//VxF-dS:/ V x F-dS
S S1
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Section 7.3. Stokes’s and Gauss’s Theorems 399

where S and S; have the same boundary. So let S; be the disk in the y = 1 plane bounded by the circle 22 + z° = 9. The
rightward pointing unit normal to .S; is (0, 1, 0) and so

//VxF-dS:// V x F-dS
s S1

= //s ((x® + e"ysin(yz))i + 5j + (€” cos(yz) — 2z2)k) - (0,1,0) dS

= // 5dS = 5(area of S1) = 5(n3%) = 45m.
JJs,

12. The boundary of S is the ellipse 42> + 3? = 4 in the z = 0 plane. By Stokes’s theorem

//VxF-dS:% F-dS:/ V x F-dS
Js Joas Jsr

where S’ is any piecewise smooth, orientable surface with S’ = 9.5 (subject to appropriate orientation). One computes that

i k
VxF=|09/0x 8/0y 0/0z |=xze"™i—yze"j.
z3 eV’ ze™

This has no k-component. So let us take for S’ the portion of the 2 = 0 plane inside the ellipse. Hence n = k so that
/ VXxF-dS= // (zze™i—yze™j) - kdS
s s

/[ vaso

13. (a) By the double angle formula we have z = sin 2t = 2sint cost = 2xy.

(b) 7{ (y* 4 cosz)da + (siny + 2°) dy + zdz = 7{ F - ds where F = (y® + cosz)i + (siny + 2?)j + zk. By Stokes’s
c c

theorem we may calculate the line integral by evaluating / / V x F - dS where S is the portion of z = 2xy bounded by
s

C'. (Note that S lies over the unit disk in the xy-plane.) Now V x F = —4zyi — j — 3y°k = —2zi — j — 3y°k on S. Note
that the orientation of C' is compatible with an upward orientation of S. So we may take for normal

—2yi —2zj+ k

n= ke sl 3 (unit normal of S).

VAax? +4y? 4+ 1
Hence [[(V x F-dS = [[,(8zy* 4 2z — 3y®) dz dy (D = unit disk in 2y-plane).
Now use polar coordinates, so that the integral becomes

27 1
/ / (8r° sin® 0 cos 0 + 2r cos § — 3r° sin” O)r dr df
o Jo

27
:/0 (gsiHQGCOSQ—&—;cosH—%(%(1—(:0820))) do

27
3

4

= (ésin39+ gsinﬁf §9+ isin20)
0

15 3 8 16

14. First note that VX F = (ﬂczez cosyz, 3xyz? — (1 4+ x)e” sinyz, 2zy — :c223). Stokes’s theorem implies

//VxF-dS:]{ F-ds:/ V x F - dS,
S oS S’

where S’ is the top face (z = a) of the cube, oriented by downward normal —k. This gives

/ VxF-dS:/ / (2zy — a®2®) (1) dz dy
S’ —aJ —a
a 3

a a 6 7
:/ (%mii_ny) dy:/ 2idy24i.
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400 Chapter7 Surface Integrals and Vector Analysis
15. Note that the path lies in the plane x = y. Thus, by Stokes’s theorem

Work:?(F-als://VxF-olS7
Jo JJs

where S is the triangular part of the plane x = y enclosed by C. The configuration looks as follows:

z

(0,0,2)

(1,1,1)

(0,0,0) Y

X
Thus S is given by
T=s
y=s ,
z=1

where s <t <2 —sand 0 < s < 1. The appropriate normal vector to S is

N=T,xT, = —i—j

O =
O =
- o R’

Direct calculation reveals that VxF = (zy + 2%2)i + (zy — 2zy2)j — (zz + y2)k, so that

"1 2—s
//VXF-dSz/ / (Vx F)(s,s,t)- Ndtds
S 0 s

1 2—s
= / / (s* + s°t, 5% — 257, —2st) - (1, —1,0) dt ds
0 s
1 p2—s 13
:/ / 3s°t dt ds =/ 257
0 s 0 2 t=s
13 3 [l
= /0 532 (2- s)? — 32) ds = 5/0 (432 — 453) ds

3 (Ao 2L
2 \3 2

16. Let F = (3cosx + z)i + (5x — e¥)j — 3y k. Then, by Stokes’s theorem

%(3(:03:1:—l—z)cl:yc—l—(53[:—ey)dy—3ydz:7{F-ds://VXF-dS7
c c s

where S is the portion of the plane 2z — 3y + 5z = 17 enclosed by C, oriented consistently with the orientation of C'. A unit
normal to S is given by n = (2, —3,5)/v/38 and

2—s

ds

i j k
VxF=| 0/oz 0/0y  0/0z| = (-3,1,5).
3cosx+z bHr—eY =3y
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Therefore, we have

% (3cosz+z)dz + (5br — €”) dy — 3y dz
Je

—i// _3.1,5)- & =39 4o o i// —6= 3+25ds

=+——(areaof S
\/@( )=

where the £ sign depends on the orientation of C'.
17. The key to this problem is to recall that the volume of a solid region W may be calculated using a surface integral:

6 —— (area inside C),

1
\/38

VolumeofWZE# (xi+yj+ zk)-dS.
3 Jow

Now we calculate The top of the solid is bounded by the paraboloid given by z = 9 — z? — y?; if we write X;(z,y) =
(x,,9 — 22 — y?), then the standard (upward) normal is given by N; = (2x, 2y, 1). The bottom of the solid is bounded
by the paraboloid given by z = 322 4 3y — 16; if we write Xa(z,y) = (z,y,32> + 3y® — 16), then the standard
normal is given by (—6x, —6y, 1). However, to put top and bottom surfaces S1 and Sa together to give O a consistent,
outward-pointing normal, we need to take No = (6x, 6y, —1) for the correct orientation. Now the paraboloids intersect when
322 +3y? — 16 = 9 — 2% — 2, or when 2% + 2 = 25/4; hence we have that OW = S; U Sz, where S; and S; are the
respective portions of the top and bottom paraboloids with x- and y-coordinates in the disk D = {(z,y) | 2* 4+ y* < 25/4}.
Thus, with F = z i+ yj + zk, we have

ﬂ F-dS:// F-dS—|—// F - ds.
ow S1 Sao
For the top boundary, we have
[[ pas= [[ PXae.) Ny, dody
Sq D

=// (z,y,9 —2° —y°) - (27,2y,1) dz dy
D

:// (m2+y2+9) dx dy.
JD

This last integral is most easily calculated using polar coordinates. Therefore,

// F-dS:// (2® +y° +9) dzdy
51 D
5/2 p2m
:/ / (r2+9)rd9dr:27r (11“4—&—27"2)
o 0 4 2

We make similar calculations for the bottom boundary:

//S2F.dS://DF(X2($7?J))'N2(x,y)dxdy

= // (x,y,3z° + 3y> — 16) - (6z, 6y, —1) dz dy
D

5/2 27
:// (32% + 3y + 16) d:pdy:/ / (3r® 4+ 16) r df dr
D 0 0

3 5/2
=27 (ZT4 + 87’2)
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VolumeofW:l(// F-dS+// F-dS)
3 S1 So

_1 242571'+507571' 6257
3 32 32 o8

Hence

18. S is the portion of the “bell” surface for which z = e "=V and 2 > 1. Take S5 to be the disk in the plane z = 1 bounded
by the circle 22 +4® = 1. Then S| S is the boundary of a solid V. S is oriented with an upward pointing normal and S is
oriented with a downward pointing normal.

V-F=0 so ///VV~FdV:O.
//S2F.dS://S2(x,y,272z)-(O,O,fl)dS://&(szQ)dS,

ButalongSQ,z:Lso// (2z—2)dS:// (2—2)dS =0.So
J s, JJ s,

/LF%m:/fLVJMV_/LJkﬁ:0_0:0

19. Let X: D — R®, X(u,v) = (x(u,v),y(u,v), z(u,v)) parametrize S and (u(t), v(t)), a < ¢t < b parametrize dD so that
X(u(t), v(t)) parametrizes 9S. (Note the assumption that 9D can be parametrized by a single path—this is not a problem.)
Write F as Mi+ Nj + Pk. We need to show that

N _[[ (0P _ON oM 9P ON oMY
() jgs(Ml—l—N]—l—Pk).ds_//S(ay 9 02 9% Oa 8y) as.

Also,

Consider the line integral in (x). We may write it in differential form as M dx + N dy + Pdz. Consider, for the moment,

as
dx Ox du  Ox dv

just the pi M dz. By the chain rule, — = -~ — + — —. H )

just the piece - . By the chain rule il ET +8v 7 ence

b oxdu  Ox dv ox ox
asta; —/(; M(X(u(t),v(t)) (%E + %E) dt = aDMoX% du—&—MoX% dv.

The last line integral in just an integral in the uv-plane and so we may apply Green’s theorem to find

1o} ox 1o} ox
BSMd:c—//D [% (MOX%> ~ % (Moxa—u)} dudv.

We need to apply the chain rule again, along with the product rule:

0 Oz (OM Oz , OM 9y , OM 0z Oz 0%z
*@“%ﬂ*@%a ‘“"”ﬂ%*M“mm

ou dy Ou 0z Ou
d ox OM O0x OM Ody OM 0z Ox &z
—(MoX—)=|F—F5F+F"5+F%5 | =—+MoX .
ov ( ° 8u) ( Oxr dv Oy Ov 0Oz 81}) Ju e Ov du
. . . 9 . . Foats Foats
Since the exercise allows us to assume that X is of class C', the mixed partials are equal: = ———. Therefore, our
Ooudv  Jvdu

double integral becomes, after cancellation,

o [ [ (2 rony oM (0e0:_0x0)],
pl Oy \Ovou Oudv 0z \Ovou Oudv '
Now consider the surface integral in (x). Using the parametrization X, and calculating the normal, we have that it is equal to

// (Py - NZvMZ - PzaNz - My) . (yuzv — YvZuy Zuly — 2oLy, TulYv — xvyu)dudv.
D
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Next, calculate the dot product and isolate just those terms that contain M. Then the piece of the surface integral in (x) that

involves just M is
[ [ (220 oz0ey o vsty ooy,
9z \Oudv v ou Ay \Oudv Ovdu '

This is the same as the double integral in ().

In an entirely analogous way, we may show that fa s N dy and fa 5 Pdz are equal to the remaining pieces of the surface
integral in (x), completing the proof.
20. We will calculate / / / V - FdV for the closed cube and then subtract # F - dS where S5 is the bottom. Orient all of the

Sy
faces of the cube with an outward pointing normal. In particular this means that the normal to S5 is downward pointing.

///V.FdV:/ / /(szeIQ—l—S—?yz‘s)da:dydz
v o Jo Jo

1o z=1 11
= / / [zem2 + 3z — Tay2°) dydz = / / [ez — 2+ 3 — Tyz°]dy dz
o Jo 2=0 o Jo

1 7 y=1 1 7
=/ {ezy—zy—i—?)y—nyzG] dz:/ {ez—z—i—?)—fzﬁ} dz
0 2 ¥=0 o 2

! e
=42
5T

2 2

z z 1~
—{?efEJr?) 752'}

1
Also,# F«dS:/ /(O 3y,2)-(0,0,—-1) dyd:c—/ / 2) dy dx = —2. Therefore,
Sa 0
e e
//SF~dS—(§+2)—(—2)—§+4.

21. (a) If F = fa, then

VoF = 2 (far) + 5 (fo) + 5 (fas)

_ i of of
= 3 +a28 +a382

= (%’%’%) ' (a17a27a’3) :Vfa

(b) With F = f i, we may apply Gauss’s theorem:

#SF.ds:///Dv-de.
%F-dS:ﬁi(F-n)dS:ﬁi(]‘i)-n)dS:ﬁi(fm)dS

Using part (a) with a = i, the right side is

e ewacffforar - [ o

ﬂsF-ds:#Sun-n)ds:ﬁi(fm)ds
i [l o0 ] o
Fumas= [[[ 2Lav
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The left side is

Similarly, with a = j, we have

and

Finally, with a = k we obtain
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(¢) Using part (b),

%}i fnds = ( ﬂs fra dS, ﬂs fna dS, ﬁé fns dS)
(U, S 1 o 1, ) o
R
s o= ) o

—(volume of D)(dgk) = —(mass of liquid displaced)(gk)

—(weight of liquid displaced)k.

Note that the negative sign is correct—the buoyant force should point upwards and it does, since the z-axis is oriented down.
23. The proof is outlined in the proof of Theorem 3.5 of Chapter 6. One direction has already been proved in Theorem 4.3 of
Chapter 3. There it was established that if F = V f, then V x F = 0. Now suppose that V x F = 0. We show that then

F - ds = 0 where C' is any piecewise C, simple closed curve in R C R®. The idea is to “fill in C”, that is, to find a surface

C
S C R whose boundary is C'. Since R is simply-connected, this is possible. If we orient S consistently with C, then we may

apply Stokes’s theorem to conclude
?{ F~ds://V><F-dS://O~dS:O.
c s s

This shows, among other things, that F has path-independent integrals over curves in R. Therefore, by Theorem 3.3 of
Chapter 6, F = V f for some function f on R.
24. (a) Note that the boundary of D is made up of two components:
e S5 = the sphere centered at the origin of radius 5 oriented with outward pointing normal and
e S7 = the sphere centered at the origin of radius 7 oriented with outward pointing normal.

Then by Gauss’s theorem

///V-FdV: F-ds—ﬂ F-dS— (Ta+b) — (5a+b) = 2a.
D St Ss

(b) By Theorem 4.4 of Section 3.4, V - (V x G) = 0. So if D is the solid sphere centered at the origin with radius r then,
since F = V x G,

ar +b= # F-dS (nextapply Gauss’s theorem)
s

_//T/DV-FdV—///DV'(VxG)dV—O.

Therefore ar + b = 0 for all values of . We conclude that a = b = 0.
2zi + 2yj + 2zk 2zi + 2yj + 2zk .
_ 2 2 2 _ _
25. (a) If f(z,y,2) = In(x® + y° + 27) then Vf(z,y,2) = PR e R 2 on S. Also, the unit
. L 2xi + 2yj + 2zk 2xi + 2yj + 2zk
normal to the sphere that points away from the origin is n(z,y,z) = ) Il R R
4(x2 4+ y2 + 2?) 2a
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27.
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zi+ yj + zk
a

. So,

[ a5 ff 55

2zi+ 2yj + 22k xi+yj+ 2k
= 5 . ds
s T2+ y?+ 22 a

= // 2 ds = g(surface area of S)
sa a

2 (47ra2)
= E 8 = TTa.

. We’ll use spherical coordinates to integrate.

2
2 4 y? 4 22

2
e o= [l ez = [ [ [ (5) tsmeivasa
/2 /2 a 7/ 7/
:2/ / /sincpa’pdcpd0:2a/ / sin @ dp do
0 0 0 0 0

/2
:2a/ df = ma.
Jo

(b) First calculate that V - (V f) =

(¢) By Gauss’s theorem, /// V- (Vf)dV = # (Vf) - dS. The boundary of D consists of four pieces: S, the surface
D aD
from part (a); S, the intersection of D and the plane x = 0; Sy, the intersection of D and the plane y = 0; and S, the

. . 2yj + 2zk
intersection of D and the plane z = 0. On S, we know that V f(0,y, z) = % andn = (—1,0,0) so

/S Vf~dS:/S’ Vf~ndS:// 0dS = 0.

A similar analysis gives us ffsy Vf-dS=0and [[; Vf-dS=0. Therefore,

//DV-(Vf)dV: 6DVf dS_//Vf ds = //st

By Gauss’s theorem, /// V- (V)dV = # (V) - dS. Here the boundary of D consists of finitely many piecewise
D oD
smooth, closed orientable surfaces S;. By assumption, ﬂ (Vf)-dS = 0andso // V - (Vf)dV = 0. This is true for
Si
32f >*f, 0*f

any solid D, so V - (Vf) = 0. As we saw earlier in the text V - (V f) = ——5 + v + 552 So f is harmonic.

We will shrink the region D specified in the problem down to a point P. The volume decreases monotonically as we shrink
the solid. Let Dy be the shrunken version of D which is the solid of volume V and let Sy, = 0Dy for 0 < V < the volume

of D. Then, by Gauss’s theorem,
ﬂ F-dS:// V-Fdv.
Sy Dy

By the mean value for triple integrals, there exists a Qv € Dy so that

//D VleV://D V -F(Qv)dV =V -F(Qv)(volume of D).

So
lim L # F-dS=lim V- -F(Qv)=V-F(P)=divF(P).
V JTsy V=0
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28. The six faces of the cube S are given by planes with equations
a a . a
r=x0 t 5 (front and back), y=1yo *+ 5 (right and left), z=2z *t 5 (top and bottom).

The respective outward unit normal vectors to these faces are +1i, +j, +-k.
From Exercise 27, we have that the divergence of F' at P may be computed as

. 1 1
divF(P) = ‘;{novﬁél?-ds :(}_1)%14_ gﬁiF-dS.

To calculate F - dS, we add the contributions of the six surface integrals over each of the six square faces. Consider first

5
just the integrals over the faces given by z = xo + § and z = xo — 5. These integrals contribute

// F-dS+// F-dS:// (F-i)dS+// (F- (-1))dsS
</ front J Jback J J front back
:/ F1dS+// —F1 dS.
front back

The faces are parametrized as
front: X1 (y, 2) = (zo + &,y 2) back: X2 (y, z) = (z0 — £,9,2) ,

where (y, ) varies over the square D = [yo — 4,50 + %] X [20 — &, 20 + %]. Hence

/ F1dS+// fFldS:/ F1dS+// —Fds
front back X1 Xo

:// I3 (:E0+%,y,z) dydz+// —F (ajgf%,y,z) dydz
D D
:// [Fl (xo+%,y,z)—F1 (xo—%,y,z)} dy dz.

D

By the mean value theorem for double integrals, there is a point (y1, 21) € D such that

// [F1 (w0 + &,y,2) — F1 (z0 — %,9,2)] dydz
D
= [Fl (:co + %,yl,zl) —F (a:o — %,yl,zl)} (area of D)

=a? [Fl (wo + %,yl,h) - F (930 — %,yhzl)] .
In a similar manner, the two surface integrals over the faces given by y = yo + § and y = yo — § contribute

a® [Py (w2, 90 + %, 22) — Fi (22,50 — £, 22)]

to # F - dS, where (x2, 22) is a suitable point in the square [zo — &,z0 + %] X [20 — &,20 + ]. And, finally, the two

s
surface integrals over the faces given by z = 20 + § and z = 2o — § contribute
a® [Fs (z3,y3, 20 + 2) — F1 (3,3,20 — 2)] |
where (23, y3) is a suitable point in the square [zo — 4,20 + 4] X [yo — %,y0 + %].
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Putting all of this together, we have
divF(P) = lim %# F - dS
a—0+ a3 Jfg

e (B (0 + Sov1,21) — Fi (30— §,91,1)]

lim
a—0t a
+a’ [F (72,90 + &, 22) — F1 (22,50 — &, 22) ]

+a® [F3 (acg,yg,zo + %) - ($37y3720 - %)H

F1 (.’,UO + %,yhzl) - Fl ("L'O - %7?!1»'31)

= lim
a—0T1 a
+ lim Fa (z2,y0 + &, 22) — F1 (22,50 — &, 22)
a—0T a
+ lim Fs (3,3, 20 + %) — F1 (23,3, 20 — %)
a—0T a

Note that as a — 07, each of the square faces shrinks down to the point P(z0, 5o, z0). In particular, we have (yi, 21) —
(yo, 20), (x2,22) — (20, 20), and (z3,y3) — (o, yo). Thus, using the remark about partial derivatives, we see that the sum

of the limits above is OF OF OF
1 2 3
o (%0, Y0, 20) + ay (w0, yo, 20) + B (%0, Y0, 20),

as desired.
29. (a) F = F,e, + Fyey + F.e.. The area of the top face is

(AQ/2m)[x(r + Ar/2)* — w(r — Ar/2)?] = (A0/2)(2rAr) = rAOAT.

[ veas=[[ wonas= [[ ¥ocas= [ ras
top top top top

~ F.(r,0,z + Az/2)(area of top) = F.(r, 0,z + Az/2)rAOAr.

Therefore,

The calculation for the bottom face is similar. The differences are that the normal vector points down and F, is evaluated
at a different point. The result is that

// F-dS~ —F.(r,0,z — Az/2)rA0Ar.
bottom

The area of the outer face is
(Az)(A0/2m)[2m(r + Ar/2)] = A0Az(r + Ar/2).

J[ was—[[ wnas—[[ ¥oeas—[[ Fas
Jouter outer outer outer

~ F.(r 4+ Ar/2,0, z)(area of outer) = Fy.(r + Ar/2,0,z)(r + Ar/2)A0Az.

Therefore,

The calculation for the inner face is similar. The differences are that the normal vector points inward, F’. is evaluated at a
different point, and the area of the face is slightly different. The result is that

// F-dS~ —F.(r—Ar/2,0,z)(r — Ar/2)AOAz.

The area of either the left or right face is just ArAz. Therefore, the integral along the left face (looking from the origin

out at the solid) is
// F-dS:// F-ndS = / F-epdS = / FydS
left left left left

~ Fo(r,0 + A0/2, z)(area of left) = Fy(r,0 + A0/2, z) ArAz.
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The calculation for the right face is similar. The differences are that the normal vector points the opposite direction and
Fj is evaluated at a different point. The result is that

// F-dS~ —Fp(r,0 — AO/2,z)ArAz.
right
We sum these to obtain
# F-dS~ F.(r,0,z 4+ Az/2)rAOAr — F.(r,0,z — Az/2)rAOAr
s

+ Fr(r+ Ar/2,0,2)(r + Ar/2)AOAz — F.(r — Ar/2,0,2)(r — Ar/2)A0Az
+ Fy(r,0 + A0/2,2)ArAz — Fy(r,0 — AO/2, 2) ArAz.

(b) To calculate the divergence using the results of Exercise 27 we will divide the answer to part (a) by V ~ rA0ArAz
and take the limit as V' — 0. Two notes before the calculation: 1) We can replace ~ with = because in the limit our
approximation assumptions are true and 2) in evaluating each of the limits we use the remark given in the text at the end
of Exercise 28 (although you may want to break the argument of the middle limit down further to see what is going on).

lim l5§§F~¢17S
v—oV Jfg

div F(P)

— lim F.(r,0,z 4+ Az/2)rAOAr — F.(r,0,z — Az/2)rAOAr
T voo rAOATAz
. F.(r+Ar/2,0,2)(r + Ar/2)A0Az — F.(r — Ar/2,0,2)(r — Ar/2)A0Az
+ lim
V=0 rAOArAz
4 lim Fy(r,0 + A0/2,2)ArAz — Fp(r,0 — AO/2,2) ArAz
V=0 rAGArAz
. |:FZ(T,9,Z+AZ/2)—FZ(T,G,Z—AZ/Q):|
= lim
Az—0 Az
. {Fr(r +Ar/2,0,2)(r + Ar/2) — F.(r — Ar/2,0,2)(r — Ar/2)j|
+ lim
Ar=0 rAr
4 lim {Fg(r,6’+A6’/2,z)ng(r,07A0/2,z)}
N rAf
_[0F. 10 10Fy
_[82 +r8r(rFr)+T 80} P

30. Follow the steps from Exercise 29. This time F = F,e, + Fpes + F,e,. Again, for each face, [/, F - dS is approximately
the product of the component of F in the normal direction evaluated at the center point of the face and the area of that face. So
summing up we have that

) Feds~ P00, + Ap/Dpsinip + Ap/2)A0Mp — Fy(p. 0,0 ~ Ag/2)psiny — Ap/2)A0Ap
S

+ Fo(p+Ap/2,0,0)(p+ Ap/2)? sinpAOAp — F,(p — Ap/2,0,0)(p — Ap/2)* sin pAO A

+ Fo(p,0 + A0/2,0)pApAp — Fy(p,0 — AO/2, 0) pApAcp.

Divide through by V = p? sin 0 ApAGAyp and simplify to obtain
1 # FdS {Fw(p, 0,0+ Ap/2)sin(p + Ap/2) — Fy(p, 0,0 — Ap/2) sin(p — Aw/Q)}
V s

psin pAp
L[ Eelp+8p/2,0,0)(p+ Dp/2)* = Fylp = Ap/2,0,0) (0 = Ap/2)”
p*Ap
|:F9(p70+A0/2>90) — Fe(p,9 — A0/2a¢)
+ . :
psin o A6
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Take the limit as V' — 0 to conclude

div F(P) = lim lﬂ F.dS
V IIs

V-0
— i | Felpi 0,0+ Ap/2) sin(p + Ap/2) = Fo(p, 0, 0 — Ap/2) sin(p — Ap/2)
Ap—0 psin pAgp
ol | FeletB0/2,0,0)(p + 8p/2)* = Fylp = Dp/2,6,¢)(p = Ap/2)°
Ap—0 pZAp
AG—0 psin g Al

1 oR
psing 00

o, . 19,5
(sinpFy) + 2 8p(p )+ .
31. LetF, P, n, S and C be as described in the text. As in Exercise 27, we will assume that C' shrinks down to the point P so that
the area of the surface bounded decreases monotonically. We will then refer to S4 and C'4 as the surface and bounding curve
that corresponds to area A. Then by Stokes’s theorem,

?{ F-ds:/ VXF~dS:// (V xF-n)dS.
Cy Sa Sa

By the mean value theorem for surface integrals, there is some point Q4 € Sa such that
// (VxF-n)dS=(VxF(Qa) n)(areaof Sx) = (V x F(Qa) -n) A.
Sa

Therefore,

lim, % ch Fods = lim = [(V x F(Qa) -m)A] = lim (V x F(Q4) -n)

=n-(V xF(P))=n-curl F(P).

A

7{ F-ds~ —F, (7’,94—&,2) Ar — Fy (T—E,O,z) (r—g) Al
o 2 2 2

+ F. (r,@— %,z) Ar + Fy (r+£,9,z) (r—l—%) Af.

32. (a) By Exercise 31, e - curl F(P) = lima_.g L ?{ F - ds. Here A =~ rArAd.
Ca

2

Therefore,

e, -curl F(P) = lim lj{ F-ds
Ao,

i FT(T’Q_‘—%vZ)_FT(T,e %72)
7A1é11>10 o TAQ
P
Ar—0 rAr
10F, 10
o0 T rar )

1
(b) Again by Exercise 31, e, - curl F(P) = lima_.o a ?{ F - ds. Here A ~ r Az A6.
Ca

?{ F-ds~F. (r,@—l—%,z) Az — Fy (T,G,Z-F%)TAH
Ca

- F. (7”79—%%) Az + Fy (T,G,z—%)rA@.
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Therefore,
e, -curl F(P) = lim l?{ F - ds
A-0A Jo,
A A
— lim F. (1",9-1— 797,2) — F, (T,H — 2972)}
AO—0 r/A@
Az z
g | T 024 5~ Fo (0,2 - A2):|
Az—0 Az
_1or. oR
T e 00 0z
(¢) Again by Exercise 31, eg - curl F(P) = lima_.o % F - ds. Here A = ArAz.
Ca
§ Fas~r <r7 ﬂ@z) Azt F (r,e,z+ ﬁ) Ar
Ca 2 2
—F, <r+ %,9,z> Az — F, <r,€,z7 %) Ar.
Therefore,

1
e - curl F(P) = }‘imo Zj{ F-ds
= o

— tim FZ(T+A2T,0,z)FZ(rA2T,0,z):|
Ar—0 Ar
4 fim Fr(r,G,z—l—A;)—Fr(r,G,z—A;)]
Az—0 Az
_ 78FZ OF.
T or 0z

The final conclusion is just a matter of putting the three pieces together and checking that the sum agrees with the
determinant given.
1

33. This is similar to Exercise 32. By Exercise 31, e, - curl F(P) = lima_.o 1 F - ds. Here A ~ p? sin p ApAf.
Ca

]{ F.ds=—F, (p,9+ﬁ,w> pAp — Fp (p,éwf%) psin (¢7%> A
Ca 2 2 2

29

2

Ab A A
+ F, (p,&—T,@)pAap+Fg <p,9,¢+7¢)psin(<p+ )Aé).

Therefore,
17
e, -curl F(P) = lim —7{ F - ds
’ A—0 A c
~ i | Fe(p 0+ 50) = Fo (p 6= 52 0)
AG—0 psin g Al
g | Folpbo+ S2)sin (o + 52) — Fo (p,0,0 = 57) sin (o — 57)
Ap—0 psin pAgp
1 oF, 0 .
= - I (sinpFy)| .
psin p { 00 + 6(,0(Sm(p 9)}
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Again, by Exercise 31, g - curl F(P) = lima_.o % F - ds. Here A ~ pApAp.
Ca
A A A
j{ F.-ds=F, (p+ 7/3,0,@> (p+ i) Ap —F, (p79,s0+ 7@) Ap
o 2 2 2
p

A A A
- I, (p—jp’HAP) (p—{) Ap+ Fp (079790—7) Ap.

Therefore,

ep - curl F(P) = lim lf F-ds
Ao,

+ lim F,(p,0,0+ 52) —F, (p,0 @—Af)]
Ap—0 pA(p
1|0 oF,
_ ! oy 7/3}
p {30( 12 dp

Again, by Exercise 31, e,, - curl F(P) = lima_o % j{ F - ds. Here A ~ psin pApAd.
Ca

j{ F-ds = Fy (p—&ﬁ,ga) (p—&) sin pAf + F), (p,H—&-&ﬂp) Ap
o 2 2 2

- Fy (p+ %,G,so) (p+ %) sin pAd — F, (pﬁ— %7@) Ap.

Therefore,

e, - curl F(P) flximo % 7{ F-ds
- c

lim
Ap—0

—Fo(p+52.0,0) (p+52) + Fo(p— 52.,0,9) (ﬂ—%”)}
pAp

+ lim
AG0

Fp (p,9+%7¢) _FP (p79_ %’Lp)
psin Af

p

17 8 1 OF,
{_ip(pFe) * singp%} ’

Again, the final conclusion is just a matter of assembling the pieces above and checking that the sum agrees with the determi-
nant.
34. We use the results of Exercises 27 and 31:

V—0

div F(P) = lim i# F-ds
|4 S

n-curl F(P) = /lximo %7{ F - ds.
- c

The vector fields to be considered are planar, so the divergence results should actually be interpreted as

div F(P) = lim lf(F.n) ds.
C

A—0

(See the discussion regarding two-dimensional flux in Section 6.2.) Here n is the outward unit normal to C' that lies in the plane.
We need to find the four fields for which the divergence is identically zero. Intuitively, you can see in figures (b) and (e) by
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412 Chapter7 Surface Integrals and Vector Analysis

looking at symmetric neighborhoods of the center point that at the center point the divergence is not zero. We will be more
precise than that. For the curl result, we need only take n to be the unit vector pointing up out of the plane of the vector field.
Using these results, we may categorize the vector fields by drawing appropriate paths.

(@)

Draw a rectangular path C' with sides parallel to the x- and y-axes (see below left). Along such a path, 7{ F-ds # 0,

since the path is tangent to the vector field along vertical segments and F has different magnitudes along these segments.
The integrals along the horizontal segments will be equal and opposite. This will be true in the limit, so curl F # 0. On

the other hand, ¢ (F - n)ds = 0 because F - n vanishes on vertical parts of C' and has opposite sign on the two horizontal

c
segments. Therefore, div F = 0.

: c1l
Cc2
C1l C2

(b)

(©

(@

(e)

Draw a path contained in the upper right quarter of the diagram that is a “polar rectangle” (see above center). In other
words, we draw the path so that two of the sides are tangent to the vector field (one in the same direction, one in the
opposite direction) and the remaining two sides are sides each of whose distance to the center of the figure is constant.

I

= 0 along the radial segments. Therefore, div F # 0. On the other hand,

Note that once the path is oriented, the segments labelled C and C'> will receive “opposite” orientations. Here

> ’/CZ(Fm)ds and‘/(F-n)ds

F-ds = F-ds = 0, since F is perpendicular to C; and C2. However, F - T has opposite signs on the radial pieces
Cq Co

$0 % F-ds = 74 (F-T)ds = 0. Hence curl F = 0.
Jo Jc
Again our path will be a polar rectangle (see above right). This time orient the path clockwise and picture the center of

the coordinate system to be at the center of the right border of the figure. Denote the left-most, “vertical” side C'; and the
right-most, “vertical” side C5. Orient the path either way. C'1 and C> will receive “opposite” orientations. The idea here

n)ds

is that / F - ds is cancelled by / F - ds because the integral of the smaller magnitude of F along the longer segment C'
C1 C.

is balanced by the integral of the laiger magnitude of F along the shorter segment Cs. Integrals along the other segments

are 0 because F is perpendicular to those segments. Hence, curl F = 0. The path is also arranged so j{ (F-n)ds=0.1t
c
is zero along C; and C2 and cancels on the other segments. Hence, div F = 0.

Again choose a polar rectangle for our path (see below left). This time picture the center of the coordinate system to be at
the center of the left border of the figure. What makes this different from the vector field in (c) is that here ||F| is constant.

For this reason, % F - ds # 0 and, therefore, curl F 7 0. On the other hand, div F = 0 for the same reasons as in part (c).
c

Let our path be an oriented circle centered at the center of the figure (see below center). It is clear that % (F-n)ds #0
c

and therefore div F # 0. Likewise, ?{ F-ds # 0,s0 curl F # 0.
c
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C2 C1l

(®) Well, by elimination we must have div F = 0 and curl F = 0. For the divergence argument, choose a rectangular path
in the upper right quarter of the diagram with two sides parallel to and symmetric about the diagonal from the lower left
corner to the upper right corner of the diagonal. For the curl argument, use a rectangular path with sides parallel to the
coordinate axes (see above right).

7.4 Further Vector Analysis; Maxwell’s Equations

1. Notice the similarities between this exercise and Exercise 28 in the Miscellaneous Exercises for Chapter 6. By Gauss’s theorem
(Theorem 3.3), i -
ng~dS=/// V- (fVg)dV.
aD JD
By the product rule,

J[[ v uvaaw = [[[ «s-vasrerpav = [[[ ©r-voav+ [[[ ¢orgav

2. Let f = 1 in Green’s first formula. Then V f = 0 so the first term in Green’s first formula is 0, so

///Dv2gdvzﬂsvg-ds.

We assumed that g is harmonic so V2g = 0. Also we know that S = &D. Therefore, by the definition of the normal derivative,
0
0= Vg-dS:# (Vg-n)dS = 99 4s.
oD aD ap On

3. (a) Using Green’s first formula with f = g, we obtain

//va.vfdv+///va2fdv:#vaf.ds_

We are assuming that f is harmonic, so the second integral on the left side is 0. Therefore,
/// Vf-VfdV = fVf-dS= f(Vf-n)dS = fgdS.
D aD aD ap " On

(b) If f = 0 on the boundary of D, then part (a) implies that

0= 8Df%d5:///DVf«Vde.

But Vf-Vf = ||Vf||* > 0. So the right-hand integral was of a non-negative, continuous integrand. For this to be zero,
the integrand must have been identically zero. In other words, V f - V f is zero on D. We conclude that V f is zero on D
and so f is constant on D. Since f(x,y,z) = 0on D and f is constant on D, we must have that f = 0 on D.
4. Use the hint and consider f = f1 — f2. Then, since f1 = f2 on 0D, we have that f = 0 on dD. Note that if f; and f> are
harmonic on D, then f is harmonic on D. Therefore, by Exercise 3(b), f = O on all of D so fi = f2 on D.
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414 Chapter7 Surface Integrals and Vector Analysis

5. (a) Using the hint we see that the rate of fluid flowing into W' is / / / ?dV and the rate of fluid flowing out of W' is
w
pF dS. Hence we have ﬂ pF - dS = /// apdV Also, by Gauss’s theorem, we have // V- (pF)dV =
# pF - dS; therefore / / V- (pF)dV = — / / / a—idv. Finally, as in the arguments in the text, we point out that
w

the equation

// v-omav—— [ff Lav

holds for any solid region R C W by the same argument. Thus, by shrinking R to a point, we can conclude V - (pF) =
_Op
ot’

(b) From (14) in the text, the current density field J is pv. Therefore, / / / Op ——dV represents the current flowing into ¥ and

# J - dS represents the current flowing out of W (across S). Hence, the same argument as that given in part (a) shows
s

6. We are given that the total heat leaving D per unit time is — / / / O'p dV This is equal to the flux # H - dS which, by
the definition of H, is the same as —kVT - dS. By Gauss’s theorem, we have # —kVT -dS = /// —kV -VTdV.
Therefore, — / / / apEdV / / / —kV - VTdV. Since D is arbitrary, shrink it to a point to conclude that ap 8
—kV -VT or Up%—f =kV-VT.

7. We know from the argument in Exercise 6 that — / / /D apaa—{dv = / / /D —V - (kVT)dV . Use the product rule to conclude

that this equals // —(Vk - VT + EV>T)dV. As before, shrink to a point to conclude op%—f = kV?T + Vk - VT.
D

8. This is immediate from the heat equation since 97"/t = 0 and o, p, k are constants.

9. (a)
# H-dS = # —kVT -dS = /// V- (=kVT)dV by Gauss’s theorem
aD aD D

= —k// V2TdV =0 by Exercise 8.
D

(b) By part (a), there can be no net inflow or outflow of heat. Thus, heat must be flowing into D from the inner (hotter) sphere
and out of D through the outer sphere at the same rate.
10. (a) Since w = Ty — Tb, V>w = V?(Ty — T»). But T} and T each satisfy the heat equation given in the exercise, so

Viw = VA(T) - Tb) = % - % - %(T1 ) = ‘?;:
So w satisfies the heat equation. Now for (x,y, z) € D we have
w(z,y,2,0) =Ti(x,y,2,0) — Tr(z,y, 2,0) = a(z,y,2) — a(z,y,z) = 0.
So the first condition holds. Also for all (z,y, z) € 9D and t > 0 we see
w(z,y, z,t) =Ti(z,y, z,t) — Ta(z,y, 2, t) = ¢(x,y, 2,t) — d(z,y,2,t) = 0.

So w satisfies the second condition.

(b) We take the derivative
0= 3 ] ] o [ o
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Section 7.4. Further Vector Analysis; Maxwell’s Equations 415

From part (a) we know that w satisfies the heat equation S0

0= ] e

Using Green'’s first formula with f = g = w, we have

///wv2de: wVw-de// Vw~deV:f// Vw - VwdV
oD

since we showed in part (a) that w = 0 on dD. Thus, E'(t) = — [[[, [|[Vw|?*dV < 0.
(¢) In part (a) we showed that w(x,y, z,0) = 0 on D. Therefore

_ %///D[w(ac,y,z,O)]QdV:O.

Now E(t) is the integral of a non-negative integrand so E(¢) > 0. On the other hand, from part (b) we know that £ is
nonincreasing. Therefore, E is a nonincreasing, nonnegative function such that £(0) = 0. Hence E(¢t) = 0 for all ¢ > 0.

(d) By part (c), [[[, w?dV = 0 forallt > 0. Since w> > 0, we must have [w(z,y, 2,t)]*> = 0 for all (z,y,z) € D
and t > 0. Therefore w(zx,y, z,t) = 0 for all (z,y,2) € D and t > 0. Hence T1(x,y, 2,t) = Ta(z,y,2,t) for all
(z,y,2) € Dandt > 0.

11. From Ampére’s law we have J = iV x B — 6088%. Therefore,
Lo

1 OE OE
VXJ—%V'(VXB)—EOV'E——EOV 6)‘,‘
0
2

= —¢o

V-E)= —eo% (g) by Gauss’s law,

12. We find where V - E = 0. p p p
9w s O (L) 9 (L
VEf&E(x x)+8y(4y)+8z(92 22).

2

SoV -E = 322 + 241 z — 3. This is zero for points on the ellipsoid =* + 4 + 5 =1L
13. First we check that V F = 0 wherever F is defined (i.e., away from the origin):

AN S——K y A z
8$ (x2 + y + 22)3/2 ay (3:2 + y2 + Z2)3/2 82: (1‘2 + y2 + 22)3/2

vor=k(y

1/2

. (ZE2 +y2 +z2)3/2 _ 31‘2(1'2 +y2 +22)1/2 N (ZB2 +y2 +22)3/2 o 3y2({£2 +y2 + 22)
- (22 + Y2 + 22)3/2 (22 + 2 + 22)3/2

+

(2% + 9% + 2232 — 322(2? + ¢ + 22)1/2
(ZEZ +y2 +22)3/2 :
Multiply numerator and denominator by (z* + y* + 22)1/ 2;

k

V-F= (R (3(3:2 +y° +2°)% =327 (a® + o7 + 2%) - 37 (2% + 7+ 2°)

7322(x2+y2+22))

k(z® +y° + 2%) 2 2 2 2 2 2y _
:—(m2+y2+22)7/2(3(m +y +2°)—3zx" —3y" —32")=0.

Thus, by Gauss’s theorem, ﬁ F-dS = // V-FdV =0if S = 0D and S does not enclose the origin. If S does enclose

the origin, let D be the solid region between S and a small sphere S, of radius b that encloses the origin and is inside S (as in

Flgure ;5") Then
D S Sy
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416 Chapter7 Surface Integrals and Vector Analysis

where S and S}, are both oriented by outward normals.
Hence # F-dS= # F-dS= # x 1 xdS (outward normal n to Sp is %x)
s S Ms

, IxIP b
2 2
:ﬂ k‘IIXIISdS:# ﬂds (Ix] = bon S)
s, blIx]l A
_k f; f ® (anb?) = arch.
= (surface area of Sp) = 2 (4mb”) = 4m

14. (a) We may write E(x) = F,(x)e, + F,(x)e, + Eo(x)eg. The field of a point charge at the origin must be symmetric about
the origin. Thus E, = Fg = 0, so E(x) = E,(x)e, = E(x)e,. Once again, by symmetry, F(x) must be constant on any
sphere centered at the origin, so £ can only depend on p. Hence E(x) = E(p)e,.

(b) We have
ﬂ E(p)e, - dS—ﬂE dS from part (a),

/// V -EdV using Gauss’s theorem,
/// Loav using Gauss’s law,
D €

e by definition of p and q.
€0

(©) Wehave# E(p)e,-dS = # E(p)e,-ndS = ﬂ E(p)ey-e,dS = # E(p) dS. Since, bypart(b),# E(p)e,-dS =
s s s 5 s

g,we have# E(p)dS = 4,
€0 S €0

(d) By part (c), g/e0 = # E(p) dS. But, obviously, p is constant on the sphere of radius a and so on that sphere ¢/ep =
JJ S

# E(p)dS = E(a) - 4wa®. Thus we see that E(p) = q/(4meop?). Hence,
s

q q X g9 X
E(x — = as desired.
M) = Treor® = TreolWIP N ~ dreo INI®

15. (a) This is just a straightforward calculation. Write F = Mi + Nj 4+ Pk. Then

i j Kk
VxF=|0/8z 0/0y 8/0z |=(Py—N.)i+ (M. — P.)j+ (N, — M)k
M N P

and

i i k
Vx(VxF)=| 0/dx 9/0y 9/0z
P,—N. M.—P, N,—M,
- (Nzy - Myy - Mzz + Pzz)i + (Pyz - sz - sz + Myz)j

+ (Mzz - Pzz - Pyy + Nzy)k
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Section 7.4. Further Vector Analysis; Maxwell’s Equations

On the other hand,

V(V-F)=V(M, + N, + P.)
02 0? 02 )

and(VV)F:(@ﬁ’ain‘i’w

Hence, V(V - F) — VF = (Nyz + Pow — My, — M..)i+ (Myy + P.y — Nuw — N.2)j
+ (Maz + Nyz — Prw — Pyy)k.

By assumption F is of class C and so the mixed partials are equal; thus we have the result:
V x (VxF)=V(V-F) - V°F.
(b) First we show that E satisfies the wave equation.
V’E=V(V-E)—V x (V xE) from part (a),

=V (5) -V x (_%) using Gauss’s and Faraday’s laws,
0

1 19}
= — = B
60Cp+ t(CX )

1 E .
= ;Vp + % (,qu ~+ €0 o %ﬁ) using Ampere’s law
2

0°E .
=0+ e since there are no charges or currents (so p = 0 and J = 0).

2
E
Thus V?E = k% where k& = €o po.

Next we show that B satisfies the wave equation.
V’B=V(V-B)—V x (V xB) frompart (a),

OE
=0-Vx (;L()J+60/J,o

E) using Maxwell’s equations,

E .
= —eo oV X 9E sinceJ =0 (no currents),

ot

0
= —€o ﬂog(v X E)

= —¢€o ﬂo% (786—}:) from Faraday’s law,
2
T O
2
So V2B = ka@tf where k = €o po.
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418 Chapter7 Surface Integrals and Vector Analysis
(¢) By part (a),
V(V-E)—(V-V)E=V x (V xE)

=V x (—%—lj) by Faraday’s law,

0
= 8875 {,qu + €ofto ZE} by Ampere’s law,

o |:J+E()

- OF
Ho gy

ot
(d) Again from part (a),
V?E =V(V-E)—V x (V xE)
=0—-V x (V xE) byGauss’s law and the fact that p = 0,

2

PR
T Mg TR G

16. Start with the non-static version of Ampere’s law.

from the argument in part (c).

OE OE
V- (V X B) AV (/LoJ + Ho€o = ot ) V- (qu) + V- (uoso ot )

dp OE
—Ho o, + poeoV - N

from the continuity equation

+ po = 9p from Gauss’s law

ap
—HOHe t

=0.

17. (a) From Ampere’s law in the static case, V X B — poJ must be 0 when J does not depend on time. Otherwise, the difference
must depend on time. If Fy is a time-varying vector field then OF1 /0t # 0. If, on the other hand, F1 does not depend on
time, then OF1 /0t = 0. Hence, if we take V x B — puoJ = 9F1/0t, then we will have an equation that is valid in both
the static and the non-static cases.

(b) This is similar to our calculation in Exercise 16.

V- (VXxB)=V:(upd)+V- OF, =— 0@ +V- 9k from the continuity equation
ot ot ot
OE OF;
= — —_— ﬁ' K ] .
toeoV - o + V- rr om Gauss’s law
So to have V - (V x B) = 0 we conclude that peoV - 9E _ V. OF,
p el ot ot
(©) IfV- 81&1 = o €0V, then by part (b),
oF; OE B
W = Ho€o ot + F2 where V- F2 =0.

Therefore the most general formulation is

OE
VXxB= ,u,oJ+,uo€()a + Fo.

18. We first show that E satisfies the telegrapher’s equation. From Exercise 15(d) we know that

9°E

VE = “O o2’

ot +60M0
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Section 7.4. Further Vector Analysis; Maxwell’s Equations 419

but here J = oE, so
O°E

OE
V E = MO0 — 8t2 .

ot

Next we show that B satisfies the telegrapher’s equation. Now,

+ €opo 55

V?B=V(V-B)—V x (V xB) from Exercise 15(a)
OE .
=0-V x|puJ+eo MOE by Maxwell’s equations,
OE
=—-V x (,uOUE ~+ €0 1o at)

g(VxE)

OB 0 OB ,
= —o0 (_E) - eouoa <_E) by Faraday’s law,

= —,LL()J(V X E) €00

19. Since P = E x B,

'#S.P-ds _ #S(E X B) - dS

= // V- (E x B)dV by Gauss’s theorem,

/// (VXE)—E-(VxB))dV

E
/// { — —E- (,qu ~+ €ofo ((?)t )} dV  from Faraday and Ampere’s laws.
0B OE .
Since B and E are both assumed to be constant in time, i 0. Therefore, we get the desired result:

#p.dsz/// —joE-JaV.
S D
20. (a) Ifr = (ri,72,73) and x = (z,, 2),

“ a1 uf‘i‘us .
“iw (] e S v [f e =i o [ e v i o)

(b) Look at the first component of E. (The arguments for the other two components are similar.) We have

oy r=xl K
Treo r—xlP = Jr—x]?

px,y,2) 1 —x
dmeg  r —x|3

where K may be taken to be the maximum value of |p| on D divided by 47eo. Thus,

1 " r—x /// K
Y, 2)———=dV | < —dV.
Treo ///D Py ’ J I e

(¢) Use spherical coordinates with r as the origin so that the spherical coordinate p is ||r — x||. Then

/// H%dV:/// 52;)2sinapdpdapd9:// Ksinpdpdpdo.
p Ir—x] D P D

Note that K sin ¢ is a bounded, continuous integrand. Since D is a bounded region, this last integral must converge.
Hence, by the remarks in the exercise, the original triple integral must converge.
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420 Chapter7 Surface Integrals and Vector Analysis

21.

We are given B(r /// J x ”3 dV. Now,

k
Jl J2 Js | =lrs = 2) 2 = (r2 =) Js]i+ [(m — 2)Js — (r3 — 2) 1]
rn—x T2—Y T3—2
+[(r2 —y)J1 — (r1 — x)J2] k.

Hence the first component of the triple integral for B is

NS == T

(The other components are of the same form.) Note that each term in the integrand is of the form described in Exercise 20.
Thus, using the arguments in Exercise 20, each component integral of B must converge.

True/False Exercises for Chapter 7

1. True.
2. False. (Note that the parametrization only gives y > 3.)
3. True. (Letw = s° and v = tant.)
4. False. (The standard normal vanishes when s or ¢ is zero.)
5. False. (The limits of integration are not correct.)
6. True. (Use symmetry.)
7. False. (The value of the integral is 24.)
8. True. (Use symmetry.)
9. True.
10. True. (F-n=0.)
11. False. (The integral has value 327.)
12. True.
13. False. (The value is 0.)
14. True.
15. False. (The surface must be connected.)

W NN NN NNNNENDN = = - -
S O X ISR WN = OO X IR

. False. (Consider the Mébius strip.)

True. (The result follows from Stokes’s theorem.)

. False. (The value is the same only up to sign.)

. True. (Use Gauss’s theorem.)

. True. (Apply Gauss’s theorem.)

. False. (Gauss’s theorem implies that the integral is at most twice the surface area.)
. False.

. True.

. True.

. False. (Should be the flux of the cur/ of F.)

. True. (This is what Gauss’s theorem says.)

. True. (Apply Green’s first formula.)

. False. (The negative sign is incorrect.)

. False. (f is determined up to addition of a harmonic function.)
. False. (Only if S doesn’t enclose the origin.)

Miscellanenous Exercises for Chapter 7

1.

Here are the matches:
@C (ME (A
(dD (9F (OB
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Miscellanenous Exercises for Chapter 7 421

Brief reasons:

(¢) The projection of X into the xy-plane, for fixed s, is a circle centered at the origin of radius 2 + cos s.

(b) Note that 2 4+ y? = 22, so we have a conical surface.

(a) Since y = s, the intersection of the surface with the plane y = 0 is the parametrized curve = —t3,y = 0,z = —t> or
z = —x*3 y = 0, which is a cuspidal curve.

(d) Lett = /2. Thenx = 0,y = s, z = sin s. So the intersection of the surface by the = 0 plane is a sinusoidal curve.

(f) For constant values of s we have a helix, so the surface should be a helicoid.

(e) By elimination, this must correspond to F.

2. (a) Consider all the lines through (0, 0, 1). Either such a line is tangent to the sphere, or else it passes through another point
of the sphere S. The lines tangent to .S at (0, 0, 1) fill out the tangent plane z = 1. All the other lines therefore have
“slope vectors” with nonzero k-components. Hence they intersect the z = 0 plane somewhere. Thus any line joining (0,
0, 1) and (s, t, 0) intersects S at a point other than (0, 0, 1).

(b) The line joining (0, 0, 1) and (s, ¢, 0) is given parametrically by
y(u) = (1 —u)(0,0,1) + u(s,t,0) = (us,ut, 1 —u).
T =us
To see where the line intersects the sphere, we insert the parametric equations {  y = ut into the equation for S and
z=1—u
solve for u. Thus:
(ws)? + (W)Y’ +(1—-uw)’ =1 +t°+1)—2u+1=1
s u((s®+¢7+1)u—2) =0.
. . 2 .
So either u = 0 (which corresponds to (0, 0, 1)) or u = Sl For this second value of u, we may define X(s, t) as
S
2 2s 2t 2
X(s,t) = = 1-—
(%) y<s2+t2+1) (s2+t2+1’52+t2+1’ s2+t2+1)
B 2s 2t s +1t2 -1
TSR U 22412241 )
(¢) Check that the coordinates of X(s, t) satisfy the equation for S, i.e., that
LR S A S s et A
241241 s24+t2 41 s24+t2+1
A4S AP st 4+ 25%7 — 257 — 27 4 1
B (82 + 12 4 1)2
sttt 2ttt 28t 2P+ 1 (T4 4 1) _
- (s2+ 12 +1)2 S (22412 T
Note that there are no values for s and ¢ so that X(s,t) = (0,0, 1). (To see thus, look at the first two coordinates—we
must have s = ¢ = 0. But then X(0,0) = (0,0, —1)). Hence the parametrization misses the north pole.

3. (a) Ifweuse cylindrical coordinates x = r cos,y = rsin 6, z = z, then the equation 22 +7% — 2% = 1 becomes 1> — 22 = 1
or, since r > 0,r = v/z2 + 1. Hence the desired parametrization is X(z, ) = (v/22 4+ 1cosf, v/ 22 + 1sin 0, z) where
z€Rand 0 <6 < 27.

(b) Modify the cylindrical coordinate substitution by letting = = ar cost,y = brsint, z = cs. Substitution into the equation
for the hyperboloid yields 7 — s? = 1 so = v/s2 + 1. Hence a parametrization is X(s,t) = (av/s2 + 1 cost,
bv/'s? + 1sint,cs), where s € Rand 0 < ¢ < 2.

(¢) Substitute the parametric equations for l; into the left side of the equation for the hyperboloid:

a? (zo — yot)2 b2(azot + yo)2 At?
a? + b2 2

= x(z) — 2zoyot + ygt2 + :v(z)tQ + 2x0yot + yg — 42
=20+ s + (x5 +yo)t° — 17
=14+t -t =1,

since 22 4+ y& = 1. Thus I lies on the hyperboloid. The calculation for I, is similar.

© 2012 Pearson Education, Inc.



422 Chapter7 Surface Integrals and Vector Analysis

(d) The plane tangent to the hyperboloid at the point (axo, byo, 0) is given by

2 2 2

V F(axo,byo,0) - (x — axo,y — byo,0) =0 where F*——l—b—Q—'Z—2

That is, the tangent plane is
x
(+) (e —azo) + 5 (y — byo) = 0.

If we substitute the parametric equations for 1; into the left side of (%), we find
Zo Yo
;(a(mo —yot) — axo) + F(b(xot +y0) — byo) = —xoyot + yoxot =0

for all ¢. Therefore, the line 1; lies in the plane. A similar calculation can be made for 1.
4. Reconsider the parametrization from Exercise 3(a), X(z,6) = (/22 + 1cosf,v/2? + 1sin6, z) where z € Rand 0 < 0 <
27. Then we have,

T

= ( ©__ cosd ©__sin® 1)
(=vV 22+ 1sinf,\/22 + 1cos0,0).
Thus T. x Ty = (=22 + 1cos@,—/ 22 + 1sinb, z),

sothat ||T. x To| = /(22 + 1) + 22 = /222 + 1.

Therefore,

27 a
Surface area = / V222 +1dzdf = 7(v21In(V/2a2 + 1 + V2a) 4 2a/2a2 + 1).
0 —a

(Let tan u = v/2z in the z-integral.)

5. (a) This is similar to Exercise 3(b). First, consider a variant of spherical coordinates: * = ap cos 6 sin ¢,y = bpsinfsin ¢,
and z = cpcosyp. If we set p = 1, we get the desired parametrization: * = asinpcosf,y = bsinfsin g, and
z=ccospwhere 0 < p <mand 0 < 60 < 27.

(b) Here we have

T, = (acospcos@,bcospsinb, —csinp) and

Ty = (—asingsinf, bsin p cosh, 0).
Therefore,

N=T, x Tg = (bc sin? pcosf, acsin Lpsm9 abcos psiny) and

[N]| = b%¢? sin” @ cos® 6 4 a*c* sin” o sin® 0 + a°b* cos® psin® .

Therefore,

Surface area = / / \/b2c2 sin?  cos2 0 4 a2¢2 sin psin? O + a2b? cos? @ sin? p dp db.
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In the special case where a = b = ¢, we find that

27
Surface area = / / a® \/sin4 @ cos? 0 + sin? psin? O 4 cos? @ sin® ¢ dp d
o Jo
27 ™
= a2/ / \/sin4g0+0052<psin2<pd<pd0
o Jo
2m K
:az/ / \/sin? o dp df
o Jo
2m ks
:az/ / sin p dp db
o Jo
27 ™
2
a / (—cosy)
0

0
27

:aQ/ 2d0 = 4ma’.
0

6. (a) The t-coordinate curve is (so, f(so) cost, f(so)sint), which is a circle of radius |f(so)| in the z = so plane. That is,
the radius of this cross-sectional circle depends on f(so).
) Ts = (1, f'(s)cost, f'(s)sint) and T, = (0 f( )sint, f(s )cost S0 N = T x Ty = (f(s)f'(s),

—[(s) cost, —f(s) sint). Thus [N|| = \/[f(s) + )P =)V ()] +1.S0
Surfacearea:/%/ |f(@) |/ [f'(x)]? + 1dzdt

b 2
- / / F@ V@ T Ldtde
b
p / F@ IV @P + 1da.

7. (a) This should remind students of when they were using washer and shell methods for surfaces of revolution. Of course,
here we are finding a surface area and not volume. If you look at the specific value s = s¢ then, since we are revolving
around the y-axis, we are sweeping out a circle of radius so in the plane y = f(so). Therefore, a parametrization is
X(s,t) = (scost, f(s),ssint),a < s < b,0 <t < 2. Compare this with Exercise 6(a).

(b) Using the parametrization in (a), Ts = (cost, f'(s),sint) and T; = (—ssint, 0, scost). Therefore, N = T, x T; =
(sf'(s)cost,—s,sf'(s)sint), so |[N|| = +/s2[f"(s)]? + s2. Hence

b 27
Surface area = / / V82[f(s)]? + s2dtds
a 0

do

b

:27r/ svVI[f'(s)]2 + 1ds
b

:27r/ A/ [f(x)])? + 1dz

by changing the variable of integration. Compare this result with that of Exercise 6(b).

8. (a) It would be helpful for you to first draw a picture. The surface is the curve z = f(z) in the xz-plane extended so that the
derivative in the y direction is identically zero (i.e., we’re dragging the curve in the y direction). Then Sy, the portion of S
lying over D, may be parametrized as X(z,y) = (z,v, f(z)), (z,y) € D. Then T, = (1,0, f'(x)) and T, = (0, 1, 0),
sothat N = T, x T, = (—f'(x),0,1),and so |N|| = /1 + [f’(x)]2. Hence,

Surface area = //D V14 [f(x)]?dedy = //D V14 [f'(x)]2 dA.

Since s(z) = / v/ 14 [f’(t)]? dt, then, by the fundamental theorem of calculus, we have that s'(z) = /1 + [f'(z)]2.

a

Thus the surface area is / / s'(z) dA.
D
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(b) From Green’s theorem, ?{ x)dy = / / x) dA, which, by part (a), is the surface area.
(¢) Here we are working a specific example of what we worked out in part (a). The rectangle D is [1, 3] x [—2, 2]. Using part
3
1
(a), we compute the surface area as // x)dA. Now s'(z) = \/1+ [f'(z)]? where z = f(z) = % + e and so

1
f(z) =2 — oot Therefore,

1 1 1 1 1 2
2 4 4 2

Hence,

Surfacearea—// V14 [f(x)]2dA = //,/ x2+— dA
/_2/ () o= [, (5 ‘@)

53 106
— [ 24 =20
Y /,2 6 3

dy

r=1

Il
T
[\V)
/N

Ne)

|

ol
|
Wl
+
= =
~
|

9. (a) The surface integral / / fdS, roughly speaking, represents the “sum” of all the values of f on S. The area of S is a

measure of the size of SL? So the quotient can be thought of as the “total” amount of f divided by the size of the region
being sampled.

(b) Parametrize the sphere as X(s,t) = (7Tcosssint, 7sinssint, 7cost), 0 < s < 27, 0 < ¢ < . Then, following
Example 11 in Section 7.1, | Ts x T;|| = 49 sin t. Note that, on the surface .S, the temperature T'(z, y, z) = 2*+y? -3z =
49 — 2% — 3z. As a result, we can calculate

27
// (z,y,2)dS = / / (49 — 49 cos® t — 21 cost)49sintdtds

:49/ ( 49005t+?9c0 +—cos t)
0

ds
B 2 49 21 (49)2(4)(271')
_49/0 <49(2) 2) 4+ (1 1)> ds = 222

0
3 ( 2 ( 3
Now, since the surface area of a sphere of radius 7 is 47(49), we have

7] ffs z,y,z2)dS B (49)2(4)(277) 1 _ 98
Y& surfacearea 3 47(49) — 3

10. The surface area of the cylinder is 27 - 2 - 3 = 12x. If we parametrize the surface as

xr = 2cost
y=2sint 0<t<2m, 0<s<3
z=3s
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then |Ts x T¢| = 2. Hence

1 1 3 27 R 5 o
[f}avg*ﬁ//sfds—m/o /o (4e® cos™t — 4ssin“ t) - 2dt ds

3 27
= 3% / / [e*(1 + cos2t) — s(1 — cos 2t)] dt ds
o Jo

3
= % ; (eS <t+%sin2t) —s (tf %sin2t))

27

ds

t=0

11. The cone looks as follows.

The upper nappe has a height of 6 and radius of 3; the lower nappe has a height of 2 and a radius of 1. Hence the total surface

area is
7-1-vV5+m-3-3V5 = 10V57.
T = scost
Next, parametrize the surface as ¢ y = ssint  with —1 < s < 3,0 <t < 27. Then
z =2s

IN|| = | Ts x T¢| = ||(—2s cost, —2ssint, s)|| = V5 |s|.
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Therefore,
fi fL//fds—L/%/:i (s® — 3)V/B|s| ds dt
5 0ver ) s 10v6r Jo J_a

1 3 27 5
— - t
= /_1/0 (5% — 3)|s| dt ds

L (% o(s? — 3)s| ds = % Uj(s? — 3)(—s)ds + /03(52 - 3)sds}

or ),
1 14 35\/° 14 35\
5[( 1° +28> _1+(45 2° )|,
_1(1 3 s 2y _ 1
T5\4 2 4 2) 10
12. The total mass is // 4 dS. For the helicoid, Ts = (cost,sint,0) and T, = (—ssint, scost,1). Then N = Ty x Ty
X
(sint, —cost, s) and |N|| = v/1 + s2. Hence,

Total mass = // Va2 4+ y2dS

X
4w 1

:/ / V(scost)? + (ssint)>\/1+ s2 dsdt
o Jo
41 1

:/ / s\/1+ s2 ds dt
o Jo

:M(

- 43”(2\/5—1).

N | =

2 . !
2esy)

s=0

13. By the symmetry of the surface, we must have & = § = z. We compute Z explicitly. Since ¢ is constant, it will cancel from

the center of mass integrals:

ffszcst B 5ffszd5 B ffszdS
JJs0dS - 5 [[sdS " surface area of S~

z =

. . .1 1 2
The surface area of the first octant portion of a sphere of radius a is §(47m2) = §7ra2. Therefore, z = — / / zdS.
Ta 5

We may parametrize the first octant portion of the sphere as X(¢, ) = (asin ¢ cosf,asinpsinf,acosp), 0 < ¢ < 7/2,

0 < 60 < 7/2. Hence,
T, = (acos pcosl,acos psinf, —asin ),
Ty = (—asinpsinf, asin pcosb,0).

Therefore,
N = (a®sin”® p cos 0, a® sin® psin 6, a’ sin p cos§) and  |N| = o sin ¢.

) /2 /2 )
/ / (acosp)a” sinpdp do
0 0

Thus,

|
Il

Ta?

2 3 w/2 pw/2
= % / cos @ sin @ dp d
ma? J, o
/2 /2
= 27a/ (lsin2 cp) do
T Jo 2 =0

/2
:2;1/ lp_erm_a
T Jo 2 ™ 2 2
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14. A quick sketch should convince you that, by symmetry, = 0 and § = %. The equation for the surface may be written as

z = va? — x2, so that % -  and % = 0. Then
8LE a2 —xQ 6y

dsS =/1+ % 2+ % 2da?d = 1+x72d:vd = Ldﬂ:d
- Ox Oy y_\/ a? — 2 y_\/az—ar:2 Y-

[Jsz6dS _ [JszdS _ JJs=zds
[[s8as [[s dS ma?
since the surface area of half a cylinder is ma?. Now we calculate

a a 2
:%//zdS:%/ / Va2 — a2,/ Qa 5 drdy
Ta g ma? Jo J_a a’> —z

1 o re a 9 2a
- drdy = 2 (2a%) = 2.
WGQ/O /_aa vy 7ra2(a) ™

[fgz5dS
[[g6dS

Hence,

zZ =

Y

. Now

15. By symmetry £ = g = 0, so we only need to calculate Z =

o(z,y,2) = z? —|—y2 + (z+a)24
x =acosssint 0<s<2m

If we parametrize the sphere: y=asinssint 0<t<m ,then |N| = a’sint (see Example 1 of §7.2). We
z = acost

//S(SdS://S(:UZ—&-yz—i-(z—&-a)z) as

™ 27
= / / (a2 sin® ¢ + (acost+a)2) o’ sint ds dt
o Jo

therefore have

us
= 21a> / (a2 sin?t + a® cos® t + 2a® cost + a2) sint dt
0

= 47ra4/ (1 + cost)sintdt
0

= 4ma’ (— cost + % sin® t) = 8ra’
0

//SzédS://Sz(f+y2+(z+a)2) ds

™ 27
= / / acost(a2 sin® ¢ + (acost+a)2) a’sint ds dt
o Jo

= 4ma® / (1 + cost)costsintdt
0

51 . s 2|7 8mad®
= 4ma’ (% sint — % cos® t) = 7;(1 .
0
Hence,
s 8ma’/3 a
T 8mat 37
T = acoss
16. Parametrize the cylinder as y=t 0<s<2mr,0<t <2,
z =asins
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Then N =T, x T, = (—asins,0,acoss) x (0,1,0) = (—acoss, 0, —asin s) so |[N| = a. Hence

g 2 27
M://(SdS:/ / (a®cos’ s +t) - adsdt
5 o Jo

2 pom 3 -2
= / / (at + a—(l + cos” s)) dsdt = / (2rat + ma®) dt
JO JO 2 JO

2
= 4ma 4 27a® = 2ra(a® + 2).
0

= (wat® + wa®t)

Symmetry implies Z = 0, so we calculate

1 2 27
o m/ / acos s (a(t +a cos® s)) st
L/Z /%(tCOS + a® cos® s) ds dt
2m(a®+2) Jo Jo B
a 2 27
= o 7.3 .o\ tcoss+a2 1 —sin® s) cos s) ds dt
2r(a2 +2) Jo Jo

2 2
- / tsins +a’sins — = sinds
2m(a® +2) J, 3

(Actually, you can really see this from symmetry.)
’—;// (a® + )dS—;/2/2ﬂt(t+a200523)~adsdt
v= 2ra(a® +2) | Jg e Ty C 2ma(a?+2) Jy Jo

1 2 27 27
- 2m(a? + 2) /0 /0

1

2
= @ v ), B e =
2

1 2 3 a2 2 1 16 2
2(a? + 2) (3 3 )O 2(a2+2)(3+ “

2
_ 1 (§+a2)_3a +8

2m
dt = 0.
0

1 dt

1 1
t%s + a’t (55 + = sin 25)

s=0

2
2 2
. 1) dt
2(a2+2)/0 (27 +a%)

a?+2\3 C 3a246
(., 3a®+38
So (x,y,z) - <07 mv >
17. (a) Parametrize the frustum 2* = 42 + 4y%,2 < 2 < 4,as X(r,0) = (rcosf,rsin0,2r),0 < 0 < 27,1 < r < 2. Then
O(z,y) | cos® —rsinf | ,
A(r,0) | sin@ rcosf |
Az, z) cosf —rsinf .
= =2
a(r,0) 9 0 ‘ rsinf
O(y,z) | sinf rcosf |
ar.0) 9 0 = —2rcosf.

Therefore,
. 27 P2
Iz:// (1:2+y2)dS=/ / 212 + 4r2 dr do
Js o Ji

27 2 27
:/ / rtaras = [ Y515y = 15Y5T
0 1 0 4 2
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. Lo [ 1. . . . .
(b) The radius of gyration is given by 7, = I Assuming, as in part (a), that the density is 1, the total mass is just the

surface area of the frustum. This can be computed from the surface area of the cone without much trouble. We view the
frustum as a large cone (of height 4) with the tip (a similar cone of height 2) removed and note that the surface area of a
cone is 7r(radius)(slant height). Then

Surface area of frustum = 7(2)(2v/5) — 7(1)(v/5) = 3V/5m.

(Note: you can also compute the surface area as / V5rdr do.)

Hence

(¢) We recompute the integral for I, with § = kr. Thus

I — //g(ac2 +y?)5dS

27 2
= / / r2krv/5r2 dr do
JO J1
27 2
= / / V5kr* dr do
27
5k (5 _ 1)ap = 9257
0 5 5
The total mass of the frustum is
27 2
M:// 5dS:/ / kr/5r dr df
0
27
_ {(2 ~1)do = 14\§7rk

Hence
- \E_ 62V5mk 3 _ ﬁ
: M 5  14v57k 35
IZI// ($2+y2)5d5:6// a®>dS = 6a” - surface area
S S

=6a® - 2ma - 2b = 4wda’b

[1. 4750’
(b)M—//Séds—&lerab,sorz— 27 =N Trsar =

r = acost
19. (@) L. = [[,(y*+2°)6dS. If we parametrize Sby ¢y =asint —b<s<b,0<t<2r,then |N|=|T:xT:| =a

18. (a)

z=35
and so
b 27 b CL2 1 27
I, = / / (a2 sin2t+82)6adtds=6a/ — (t— fsin2t) + 5%t ds
J-vJo b\ 2 2 t=0
b
= 6a/ (ra® + 27s°) ds = woa (2a b+ b3) 27rab5 T (3a® 4 20%)

y—// z® 4 2°)6dS = / / a®cos’ t + s°)dadt ds
CL2 27
—6a/ (— (t—i—fsm2t)+st)
b\ 2
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(b) From Exercise 18, M = 4mwabd, so

 |méa(2a2b+ 3b3)  [2a®+ 302 [a®+ 2b2
Te =Ty = 4mwabd - 4 - 2

_[3a? + 202
_,/76 .

20. (a) Let M be the maximum value of f on D and m the minimum value. (The numbers M and m must exist since D is
compact.) Then

_ JIpmgdA _ []p fedA _ [], MgdA _
m = < < =
fngdA fngdA fngdA
Hence by the intermediate value theorem, there must be some point P in D such that
_JIpfgdA
[IpgdA”’

f(P)

which gives the result, provided [[,, gdA # 0.
If [[,, gdA = 0 then we have

o= [[ i [ moars [f saar< [[ staar=st [[ garo

so [, fgdA = 0andany P in D gives the desired result.
(b) Assume that S may be parametrized by a single function X. Then

//SF.dS://SF‘ndS://DF(X(S»t))'H(S,t)HN(s,t)Hdsdt

= F(X(s0,t0)) - n(so,to) //D IN(s,t)|| dsdt by part (a),
= F(P) - n(P)(area of S)

where P = X(So, to).
21. (a) Leta = (a1,a2,as) and assume x(¢) = (x(¢), y(t), z(t)) parametrizes C. Then

b
%aw{s:/ a-x'(t)dt
C a

b
_ / (12’ () + asy’ (t) + as 2 (1)) dt

= (a12(t) + azy(t) + asz(t))

since x(a) = x(b) because C'is a closed curve.
(b) Let S be any smooth, orientable surface with boundary curve C'. If we orient S appropriately and use Stokes’s theorem,

we have X
%a-ds://wadS://O-dS:O.
c s s

22. Note that C lies in the surface z = 2* — y?. The line integral is

7{ F - ds, where F = (z° + 2°) i+ yj + 2k
c
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24.

25.

26.
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fCF~ds:[/S.(V><F)~dS7

where S is the portion of z = 2> — »? bounded by C'. Note that S lies over the unit disk in the zy-plane. We may take for unit
normal

Therefore, Stokes’s theorem implies that

n— —2xi42yj+ k and
Var? +4y? + 1
i j k
VxF=| 8/dx 8/dy 9/dz | =2zj=2(z"—y*)jonS.
z? + 22 Yy z

Thus // (VxF)-dS= // 4y(x® — y*) dA where D is the unit disk. This is
s D
2m 1
/ / 41* (cos® 0'sin 0 — sin® 0) dr db
o Jo

27 27
= / %(cos2 0sin 6 — sin® 0) df = % / (cos® Bsin @ — (1 — cos® 0) sin 0) df
0 0

27

:g(f§00530+00s0) =0.

0

By Stokes’s theorem

§ (va)-ds= [[ v (rvg)-as
://S(foVg+fVX(Vg))-dS://S(VfXVQ)'dS,

since V x (Vg) = 0 (see §3.4).
Using the result of Exercise 23 (twice):

?{js(ng+gi).ds://S(foVg+Vgfo).ds://So,dS:O

because Vf x Vg = —-Vg x Vf.

¢ uvnas=¢ VsV e
S S
=0 by Exercise 24.

(a) First apply Stokes’s theorem:

%j{ (bz — cy)dx + (cx — az)dy + (ay — bx) dz
c

i i K
% // 0/0x /0y 9/0z | -dS (D is the region enclosed by C)
D

bz—cy cx—az ay-—br

1// (2a,2b,2¢)-dS:// (a,b,c) - dS

2)Jp D

// n-ndS:// dS since n is a unit vector,
D D

= area enclosed by C.
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(b) If C is contained in the xy-plane, then n = Kk, so a = b = 0 and ¢ = 1 in the notation above. Hence the result reduces to

N | =

]{ —ydx + x dy = area enclosed by C.
c

(VxE).as—— [[ 28 as=—= [| B.as.
Il I s==all,

On the other hand, using Stokes’s theorem,

/S(V><E)~dS:]iSE-ds:/as(E~T)ds:0,

. . . d . o
since E is everywhere perpendicular to 9S. Thus u / / B - dS = 0, so the magnetic flux does not vary with time.
s

27. By Faraday’s law

28. For Gauss’s theorem to apply to the situation, S must be closed. Hence 0.5 is empty. But then there really is no line integral

G - ds. If we try to apply Stokes’s theorem in general (i.e., to surfaces with nonempty boundary) then we cannot also apply
as
Gauss’s theorem.

29. Note that the boundary OW of W consists of three parts: .S, S, and the lateral surfaces L of 9W. With W oriented by
outward normal, and if we take S and S, to be oriented in the same way,

B, v s ==/ wr "’S‘//;Lﬁ’ds) + /[ s

(The + sign depends on how S, S, are oriented with respect to the orientation of OWW.) Now L consists of a collection of
segments of the rays defining (S, O). Thus L is tangent to x. Hence x - n = 0 where n is the appropriate unit normal to L.

Thus//LﬁwiS:O.Thus
B, 5= mrs- [ mr )
B, =[] (7 ) v =[], oar
Hence//sﬁ-dS://aﬁ-dS.Onga,n:ﬁ,so
Q(S,O)://ﬁds:/[ga@-ﬁds
= [ s = I s

Q(S,0) // (surface area of S,,).

Gauss’s theorem implies

But on S,, x| = a, so

30. From the definition of ©(S, O), we calculate 2(S,0) = // e ds. Now x = (z(s,t),y(s,t), 2(s, t)), so that ||x|| =
s
v/ x? + y? 4 z2. Moreover, the standard normal N = T x T, is

i j ok

Jdy 0z dr 0z or Oy
wo| & o o e Gl | B | | B 9 |
9s 9s Os Jdy 0z dr 0z ! or 0Oy '
Oz Oy 0z at ot at ot at ot
ot ot ot
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X 1
[ w5 = [, s (e e

x y z

1
= - | 0x/0s O0y/0s 0z/0s i
//D (22 + y2 + 22)3/2 / y/ / dsdt as desired.
Ox /ot Oy/Ot 0z/0t

31. First, if S does not enclose the origin then, by Gauss’s theorem

Q(S,O)://SﬁdS:i///WV-(ﬁ)dV:///WOdV:O.

Here the + sign depends on the orientation of .S and W is the region enclosed by S.

Hence

Next, if S does enclose the origin, let S, be the sphere of radius a centered at O and contained inside S. Let D be the
solid region in R? between S, and S.

Note that V - ( TE ) throughout D since D doesn’t contain O. If .S, is oriented by inward normal (which points away from
D), then, by Gauss’s theorem, we have:

o= [, (5r) = B, w5 == [+ ], o

Hence (S, O) // [ 1S On Sasm = Ly

IIXH a

:i// %-(71x> dS:i// -
a a .
== / / — dS = :I: 5 (surface area of S,)

= :I:a (47a’) = +A4n.

32. We may parametrize S as

T = scost
y=ssint 0<s<a, 0<t<2m.
z=0
(0,0,z) 40
X
S
S

Then one way to orient S is with unit normal n = k. Also, we have the vector x from O to a point of S given by
x = (scost,ssint, —z) = ||x|| = V/s% + 22.
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Hence
27
Q(S,0) // “ E -ndS = / / e 3/QSdsdt
a 27 s
ds — 2 2-1/2(_g
7TZ/O 32+z23/2 —7z(s” + 27) ( )0
1 1 1
=2z | (a —l—z vz —>:27r2(7——>
( |2| Vaz+ 22 |7
1 V22 —Va® + 22
=27z =21z ———— | .
+22 Va2 NN
Now
z +1 ifz>0
N -1 ifz<0
and
z ifz>0
\/77{ —z ifz<0
Thus
o (2—7 W) 250
(S, 0) = va® + 22
’ 9 z+ Va2 + 22 i 0
T W 1tz < 0.

(z # 0 because O should not be a point of S.)

Note that if 2 > 0,2 — Va% + 22 < 0 and |z — Va2 + 22| < Va2 + 22. Hence 0 > Q(S,0) > —27. If z < 0, then
z++VaZ+22 > 0and z + Va2 + 22 < Va2 + 22. Hence 0 < Q(S,0) < 27. Either way —27 < (S5, 0) < 27. Now as
z —0",Q(8,0) — —2rand as z — 07, Q(S, O) — 27. Hence as O passes through S, there is a jump of 4.

33. We have

1
VxG=Vx / tF(tr) X rdt wherer = (z,y, 2),
0
1
:/ V x (tF(tr) x r)dt
0
1
= / tV x (F(tr) X r)dt since t behaves as a constant with respect to V,
0
1
= / H{F(@r)V -r —rV - F(tr) + (r- V)F(tr) — (F(tr) - V)r}dt by the first identity,
0

= / C{3F(tr) — 1V - F(r) + (r - V)F(ir) — B} dt

= /1 t{2F(tr) — rV - F(tr) + (r - V)F(tr)} dt.

To compute V - F(tr), note that gF(tr) = tg—f; by the hint. This implies that V - F(¢r) = tVxyvzF(X, Y, Z) where Vx v,z
x

signifies that all partials are to be taken with respect to X, Y, and Z where X = ¢z, Y = ty, and Z = tz. Thus V - F(tr) = 0
since F is assumed to be divergenceless. By the second identity given in the hint,

(r- V)F(tr) = %[tF(tr)} F(tr).
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Hence,

{ZF(tr —[tF (tr)] — F(tr)} dt

o f
[ damn)
e

t F(tr)]dt by the last identity in the hint,

=t F(tr)

t=0

34. Note V-F =2 — 1 — 1 = 0 so, by the result of Exercise 33, a vector potential for F must exist. We can compute it by

"1 1
G= / t(2xt, —yt, —zt) X (x,y,2)dt = / t(0, —3xzt, 3zyt) dt
Jo 0

1 1
= / (0, —3z2t?, 3:ryt2) dt = (0, —zzt?, a:yt3)
0

t=0

= (0, —zz, zy).

35. V-F=1+1+1=3# 0, so, by the result of Exercise 33, F has no vector potential.
36. V-F =040+ 0 =0, so, by the result of Exercise 33, a vector potential for F must exist. We compute it as follows.

1
G =/ t(3yt,2xzt2, —7m2yt3) X (x,y,z)dt
0

1
= / (23:22753 + 7222t —TPytt — 3yzt?, 3yt — 2:r2zt3) dt
0

= leQJrsz 2 ,Zx3 —yz 271x22
2 5 Yy, 5 Yy—Yyzy 2 .
37. Since V x (V¢) = 0 for any C? function, we have
Vx(G+Vp)=VxG+Vx(Vp)=VxG+0=F

Thus G + V¢ is a vector potential for F.

. GMm . .
38. (a) Write F = 7m(xl+yj +Zk)Then
%72 T B (w2+y2+z2)3/2—3m2(m2+y2+22)1/2
or Oz (22 4 y2 + 22)3/2 - (22 + y2 + 22)3

B ($2+y2+22)2—33;‘2(31‘2+y2+212)
- (x2+y2+22)7/2 :

Similarly,
% B g y B (x2—|—y2+22)2—3y2(1’2—|—y2+22)
ay ) (x2+y2+22)3/2 - (:C2+y2+22)7/2
% _ 2 P B ($2+y2+22)2 *322($2+y2+22)
0z O (x2 +y2 + z2)3/2 - (w2 +y2 + z2)7/2 :
Thus

vF_@_’_%_i_%_3($2+312+22)2—(3I2+3y2+322)($2+92+22) 0
T Oz Oy 0z (22 4 y2 + 22)7/2 =0.
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436 Chapter7 Surface Integrals and Vector Analysis

(b) Let S be a sphere of radius a enclosing the origin. Consider S to be the union of hemispheres S; and S3, each oriented
so that the normal vector points away from the center of the sphere. If F = V x G, then

//F~dS:/ V><G~dS:/ VxG-dS+/ V xG-dS
S S S1 Sa

= G-ds+ 7{ G -ds Dby Stokes’s theorem
S, 8So

=0,

since 951 and OS2 inherit opposite orientations from S; and S» and are equal as unoriented curves. On the other hand

n =r/|r|, so
2
//F-dS:/ _GMm, X4 = —GMm // Il 4s
s s Arl® el Il
= —GMm// —QdS: —GMm// — dS since ||r| =aon S,
Il sa

47Ta

=—-GMm = —47GMm # 0.
Hence, it cannot be that F = V x G.
(¢) F is not of class C* on R3; F is undefined at the origin. The C'* hypothesis is assumed in Exercise 33, so there’s no
contradiction.
39. We calculate the curl:
0A

OA
Vx(E—%—E) VXE+V><§

:VXE—i—ngA

8B

by Faraday’s law. Since E, B and thus A are all defined on a simply-connected region, we must have that E + 0A /0t is
conservative.
40. Substituting V x A for B in Ampere’s law, we have

OE
X (V X A) = ,qu—&—,uoeoE.

From the identity V x (V x A) = V(V - A) — V?A, we have

qu = V(V . A) V A — Ho€o %IE

Since E + JA /Ot is conservative, E = V f — %—?, so that

0A

g
,U()J = V(V ) V A — HO€0 =, ot (Vf - E)

of
ot

2 aQA . . 2
=V(V-A)—V°A—poeo (V — since f is of class C~.

ot?

Thus
2

- of P
pod =V (V A — poe€o 8t) V A + po€o = YR

which is equivalent to the desired formula.
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41. Again we have E = Vf — %—? so that Gauss’s law becomes p/eg = V - E = (Vf — 8—A) = V3f - %(V A) or
v? f=rlet 5 (V A).
42. (a) If A=A+ V¢, then in order to have
OA
E
Vi=E+ — B
OA o
=E+ ot + V= ot
_ 9¢
=Vf+V— ETR
z 0¢ 0¢
wemusthave Vf =V [ f+ a5 ) . Thus, up to addition of a constant, f=f+= FTR
g < of . .
(b) The condition that V - A = pg 05/ is equivalent to
0
V(A+V¢>) = 060 <f+ af) or
of 0%
A 24 = AT
\Y4 + V<o M060(8t+8t2 =
o _ of
=-V- A
V2% — poco o o VAt pocop
of
43. If the final equation in part (b) above can be solved for ¢, then we may arrange things so that V - A = poeo—=— ot Then the

equation in Exercise 40 is

0

9?A
VQA — ,uoeo—2 =

ot —pod +V <V A — poeo 3{) = —pod

and the equation in Exercise 41 is

44. We check all the equations, given the assumptions.

. 0A 0 0 of 2
V-E=V ( 8t+vf) 8tV A+V2f= 8t(“0608t>+vf
N—————
E
S )
o€ 5 ot? tV f_ €0
from the second equation in Exercise 43.
0A OA 0 OB

V-B=V-(VxA) =0
VXxB=Vx(VxA)=V(V-A)—V°A (identity)

2

0°A
= V(V . A) HOE0 5

ETe) + pod

© 2012 Pearson Education, Inc.



438 Chapter7 Surface Integrals and Vector Analysis

by the equation in part (b) of Exercise 42

0 d
=V (ﬂo%%) - uoan(—E +Vf) + pod,
using the condition V - A = uoﬁoﬁ, and that a—A =Vf-—
ot ot
€ a—E + pod
Ho€o ot o

since we may assume f to be of class C2.
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