Chapter 6

Line Integrals

6.1 Scalar and Vector Line Integrals
1. (a) x'(t) = (—3,4) and ||x'(¢)|| = 5 so by Definition 1.1,

25 = 50.

0

/x.fds:/()2(:c+2y)(5)dt:5/02[(2—3t)+(8t—2)]dt: 5/0 5tdt =

(b) x'(t) = (—sint,cost) and ||x'(¢)|| = 1 so by Definition 1.1,
/fds = / (x4 2y)(1)dt = / [cost + 2sint]dt = [sint — 2cost]|g = 4.
X J0 0

For Exercises 2—7 we will use Definition 1.1. For each calculate X', ||x'||, and f(x).

2.
2 2 A 12
/fds:/ [(£)(2t)(3t)\/12 + 22 + 32] dt = 6\/14/ t%tz%t‘l = 24V/14.
X 0 0 0
3.
' t+ %2 3/2|®
/xfds:/l e\ 9| at = /,/2+ —tdt = (2+ t) 1
= (35V/35 — 17V/17)/27.
4.
27 . 27 1 i
/fds: \/16+9/ (3cos4t+cos4tsin4t+27t3)dt:5/ (3cos4t+§sin8t+27t5) dt
X 0 0
=5 §suﬂlt—icos&f—i—ﬁt 27T*54071'4
4 16 4 0 '
5.
56215 ot 5
/fds: —=V17e dt:/ V17 dt = 5V17.
x o € 0
6.
1 2 3
/fds:/ 2t~2dt+/ (3t—1)-3dt+/ (2 +1) - 2dt
x 0 1 2
o2t 92_ ‘2 2 ‘37 E 7@
=2t ’O+<2t 3t> )| =2+ r12= 2
7.

/fds:/01[(275715)\/1+4t2]dt+/13(271+2t274t+2)dt

= (5%% —1)/12 4+ 22/3 = (5°/* 4+ 87)/12.
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338 Chapter 6 Line Integrals

10.

11.

12.

13.

14.

15.

For Exercises 8—16 we will use Definition 1.2.

1

1 1
/F-ds:/ (2t+1,t,3t—1)~(2,1,3)dt:/ (14t — 1) dt = (7t* —t)| =6.
X 0 0

0

/2 /2
/ F-ds= / (2 — cost,sint) - (cost,sint) dt = / (2cost — cos® t 4 sin” t) dt
x 0 0

/2

= (2sint — (sin2t)/2) =2.

0

1 1
/F-ds:/ (2t+1,t+2)-(2,1)dt:/ (5t +4)dt = (gt2+4t) 13
x 0 0 0
1 b
/F-ds:/ (> — 26" - (2t,3t%) dt
x —1
:/1(2t472t3+3t13)dt: 2p Ly 3 b
. 5 2 14 o, 5

27
/ F.ds= / (3cost,6costsint, 30t costsint) - (—3sint,2cost,5)dt
x 0
27
:/ (=9 costsint + 12cos® tsint + 150t cos tsint) dt
0

27 27 27
:/ —9costsintdt—|—/ 12c032tsintdt—|—/ 75t sin 2t dt.
0 0 0

In the first two integrals, let w = cos ¢; in the last integrate by parts. Thus

27

/F-ds: (%coth—llcosSt— %tcoth—i— %sith)

0
=0-0-75m+ 0= —T757.

1
/F-ds:/ (=3(t° +1),2t + 1,3¢>) - (2,2t + 1,¢") dt
x 0

1 1
:/ (=2t =2t +1+3e™)dt = (26° —1* +t +€*)

0 0

2

: 3e* — 5
=2 14148 -1=
3 +1+e 3

1 1
/F- ds :/ (t,3t%, —2t%) - (1,6t,6t%) dt :/ (t + 18> — 12t°) dt = 0.

-1 -1

4m 4m
/F- ds = / (t,sin*t,2t) - (—sint, cost, 1/3) dtz/ (—tsint + sin® t cost + 2t/3) dt
X J0 0

127 4 167

0 3

+

.3 2
sin” t t

= | tcost —sint —
( T3 3>
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Section 6.1. Scalar and Vector Line Integrals
16.
1 1 _
/F~ ds = / (t? cost® tsint® t*sint®) - (1,2t,3t%) dt :/ (t% cost® + 2% sin t + 3t° sin t®) dt
X 0 0

1

_ 7T—Tcosl+2sinl

o 6

[ sin 3 2cost? cost®
o 3 3 2

339

Assign at least one of Exercises 17 and 19 so that the students are exposed to the notation before they encounter Green’s

theorem in the next section.
17. /xdy —ydx = / [3(cos 3t)* + 3(sin 3t)°] dt = 3/ dt = 3.
X 0 0

2 2

18. /F-ds = / (2t,1,0) - (1,6t,0) dt = / 8tdt = 16.
X 0 0

19. The good news is: there is a ton of cancellation.

/ rdr +ydr /27T 2" cos 3t(2e*" cos 3t — 3e** sin 3t) + 2" sin 3t(2e*" sin 3t + 3e** cos 3t)
(@2 +y2)32 (et cos? 3t + et sin? 3t)3/2
27 27
= / 2¢ it = - =1-e
0 0

dt

4m

20. Note that x = (£,2v/%) and x’ = (1,7 /2), s0

9
/3yds:/ 6t1/2\/1+%dt:40\/1078\/§.
C 1

r1 1
/F-ds=/ (2t2,t2—t)~(172t)dt:/ 2t3dt:%.

0 0

21. (a)

1/2
/F~ a’s:/ (2 — 8t +8t%,4t° — 2t) - (—2,8t — 4) dt
y 0

1/2 1
:/ (32t3—48t2+24t—4)dt:—§_
0

(b) The pathy is an orientation-reversing reparametrization of x.
22. We write the path as x(¢) = (¢ + 1, —4¢ + 1,2t + 1), 0 < ¢ < 1. This means that X' () = (1, —4, 2), therefore

Work:/ F~ds:/l((1+t)2(1—4t)—4(1+2t)+2(2(1+t)—(1—4t)))dt
C 0

1 1
1
:/ (—4t> — 7t 42t — 1) __10
0 0 3
23. First we organize the information we need for each of the four paths (each is for 0 < ¢ < 1).
i X; x; (1) F(x;(1)) - x;(t)
1 (1—2t,1,3) (—=2,0,0) | —2(486 — 3(1 — 2t))
2| (=1.1-—2¢3) (0,—2.0) —2(=1)
3| (=1+2¢,-1,3) (2,0,0) 2(486 — 3(1 — 2t))
4| (1,-1+2¢t,3) 0,2,0) 2(-1)

So

Work:/CF- ds:Z/, F(x;(t)) - x;(t) dt

:/1(—2(486—3(1—2t)))dt+/l(2)dt+/1(2(486—3(1—2t)))dt+/l(—2)dt

=0.
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340 Chapter 6 Line Integrals

24. The pathis x(¢) = (2t + 1,4t + 1), 0 < ¢t < 1. The integral is

/ (2 —y)de + (x —y°) dy = /1[4152(2) + (—16t> — 6t)(4)] dt
C 0

1
= / (—56t% — 24t) dt = _9%2
0 3

25. The curve C looks like

0.5 1 1.5
Then/nydx—(a:—Fy)dy:/ +/ +/ —I—/
C JCq J Co Cs JCy

/ 7 26 3 137
So [ =—s -2 40 =0
. 1

o o o o
N o 00

> X

(' is the segment from (0, 0) to (3, 0), given as x(t) = (¢,0),0 <t < 3 = x'(t) = (1,0).

3
Then/ :/Odt—t-()zo.
C1 0

(S is the segment from (3, 0) to (3, 1), given by x(¢) = (3,1),0 <t < 1 =x'(¢) = (0, 1).

1 1
Then/ :/ 0—(3+t)dt = (—315—11:2)
Cy 0 2

=—7/2.
0
Cj is the segment from (3, 1) to (1, 1), given by x(t) = (3 —¢,1),0 <t < 2 = x'(¢) = (—1,0).
2 2
Then/ :/ B2 (=1 dt—(4—1)-0= ~(3—1)?| =2(1—27)=-20,
co Jo 3 3 3

C4 is the segment from (1, 1) to (0, 0), given by x(¢) = (1 —¢,1 —¢),0 <t <1=x'(t) = (-1, -1).

/C =/01[<1—t>3<—1>+<2—2t)]dt: (i(l—t)4+2t—t2>

0

0

26. Parametrize C as x(t) = (¢%,%), —1 <t < 1, so that X'(t) = (2t, 3t?). Then

o1 1

/Cx?ydx—xydy:/j (t7(2t)—t5(3t2))dt=/

1 -1

2 3
od gt = [ 242 _ 248
(2t 3t)dt—(9t ot

-1

27. Parametrize C as x(t) = (3 — ¢, (3 — t)?), 0 < t < 3, so that the parabola is oriented correctly. Then

/ydxf:cdy:/ [(B—1)%(—1) — (3—1t)(-2(3—1))] at
(e 0

3

- /3(3—t)2dt: f§(3ft)3‘ =9.

0
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Section 6.1. Scalar and Vector Line Integrals 341

28. We parametrize C' in two parts: x(t) = (¢, —t) for —2 < ¢ < 0 and x(¢) = (¢,¢) for 0 < ¢ < 1. Therefore,

0

/C(yc—y)2da:—|—(x+y)2dy:/

—2

1 1
:/ 482 dt = ét“’ —12.
3 12

—2

((2t)* +0) dt + /1(0 + (2t)%) dt

29. In order to obtain the correct direction, we parametrize C' as x(t) = (2sint,2cost), 0 < ¢ < . Then
/ zy’de — xy dy = / [(8sint cos®t)(2cost) — (4sint cost)(—2sin t)] dt
c 0
= / [16 cos® tsint + 8sin? ¢ cos t] dt
0
4 8 . 3 |7
=—4cos"t+ -sin"t| =—-4—(—4)=0.
3 0
30. We parametrize the circle as x(¢) = (4cost,4sint), 0 < ¢t < 27. Then the circulation is given by

27
/F-ds:/ (16 cos® t — 4sint, 16 costsint + 4 cost) - (—4sint, 4 cost) dt
x 0

27
= / (—64 cos® tsint + 16 sin® ¢t + 64 cos” tsint + 16 cos” t) dt
0

27
= / 16 dt = 327.
0

31. The pathis x(t) = (4t + 1,2t + 1, —t +2), 0 < t < 1. The integral is
1
/ yzde — xzdy + zydz = / [4(—2t> + 3t +2) — 2(—4t> + Tt +2) — (8> + 6t + 1)) dt
C 0

! 11
:/ [—8t% — 8t + 3] dt = ——.
0 3

32. We must parametrize C. Along the cylinder we may take x = 2 cost, y = 2sint. Then z = 2 so we have z = 4 cos® t. The
curve is traced once as t varies from 0 to 27, so we have

27
/ zdr +xdy+ydz = / [(4cos®t)(—2sint) + (2cost)(2cost) 4 (2sint)8 cost(—sint)] dt
c 0

27
= / (8 cos® t(—sint) + 2(1 + cos 2t) — 16sin” t cost) dt
0

27
= 4.
0

(% cos® t + 2t + sin 2t — %6 sin® t)

33. Using formula (3) in §6.1, we have

/T~ ds:/(T~T)ds:/1ds:lengthofx.

34. Of course it’s left to Becky Thatcher to figure out that the path is x(¢) = (5cost,5sint), 0 < ¢ < 7/2, so the area of one
side of the fence is

/2
/ (10 —z —y)ds = / 5(10 — 5cost — Hsint) dt = 25[1 — 2] ~ 28.54 ft°.
c 0

35. (a) The force that Sisyphus is applying is 50x’(¢)/||x'(¢)||. The path is given as x(t) = (5 cos 3t, 5sin 3¢, 10¢) and so
x'(t) = (—15sin 3t, 15 cos 3t, 10) and ||x'(t)|| = v/325. The total work done is

10 50x'(t) , 10 ) 10
/ el (t) dt:/ 50||x (t)Hdt:/ 50v/325 dt = 2500v/13 fi-Ib.
0 0 0
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342 Chapter 6 Line Integrals

(b) This time the 75 pounds is applied straight down. The total work done is
10 10
/ (0,0,75) - (—15sin 3¢, 15 cos 3¢, 10) dt = / 750 dt = 7500 ft-Ib.
0 0

36. The force is applied in the direction of (24, 32 — 14¢). Force is applied in the opposite direction to the tension. The total work
done is

1 _ 1 _
25— 243218 4y g — —(7)(25) 321 4~ 250 fb.
o /242 1 (32— 141)2 o 400 — 2241 t 4912

37. Thepathis x(¢) = (£, f(t)), a < t < b,and x'(¢) = (1, f'(¢)). Since F = i,

b b
/c Fods= / (F(£),0) - (1, /(1)) dt = / F(8) dt.

38. We take the sphere to be of radius ¢, so that 2% + % + 2% = ¢2. Begin with the hint and take the derivative with respect to t of
[z(8))* + [y(t)]* + [2(t)]* = c*. Divide the result by 2 to obtain: z(t)x’(t) + y(t)y'(t) + 2(t)2’ () = 0. Now we are ready
to calculate the integral.

[F-ds= [ @020 - @ 0.5/ 0,2 @) b

:/ (z(t)z'(t) +y()y' (t) + 2(t)2' (1)) dt

b
:/ 0dt =0.

39. Ifx is a parametrization of C, then formula (3) of §6.1 gives / Vf-ds= /(Vf -T)ds, where T = x'(¢)/||x'(¢)]|. But T
c X
is tangent to C' and V f is perpendicular to level sets of f (including C'), so V f - T = 0, and thus the integral must be zero.

20
ﬁ. Hence the total time for the trip is / dt = / ds =2 / _ds (where 1’ve
v(s) v(s) 0o 25420

used symmetry) = In(2s + 20) io =1n60 — In20 = In 3 ~ 1.0986 hours or 65.92 min.
(b) On a semicircular path you can travel at a maximum constant speed of 60 mph. You must do so for 207 miles, so the trip

will take 2(?—(? = 7/3 ~ 1.047 hrs or 62.83 min.
(¢) Traveling through the center of Cleveland (as in part (a)) will take

0 ds 20 16ds /4 20 sec? 0 df
2 =2 — = =32 = =
o $2/16+25 oS24+ 202 0 202 sec? 0

40. (a) We have % =v(s),sodt =

32 [™/4

8 m 2w
== =_-.>=""x1256h .40 min.
2 J, do 5 5 566 hrs or 75.40 min
2 2
Going around Cleveland will take % = %—same time!

41. (a) Newton’s second law gives ma = ¢(E + v x B). Take the dot product withv: ma-v=¢q(E-v+ (vXx B)-v) =¢E-v
sincevx B L v.

(b)
Work = /E ds = /bE(x(t)) X' (t)dt = /bE(x(t)) v(t)dt

b
= [ ma(t) - v(t) dt by part (a).

. . d
If the path has constant speed, then ||v(¢)|| is constant. Hence v-v is constant so that a(v-v) =0&e2av=0sav=0.
Therefore the integrand of the work integral is zero.
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, while Ay, = =

42. (a) Inthiscase all Az, = Az = 6

Ayz =

Ea

Section 6.1. Scalar and Vector Line Integrals 343
5 7
Ays = 16° Ay = 6" Then
14
2

o3+2(116)3+2(i)3+2(§3)3+13
+ <—02 - (i)Q) # +
) e

(b) With y = 2% we have dy = 2x dz so that

/y3dxfx2dy:/
c

2675
8192

L L
v T2

43. (a) We have xo = (0,0,0), x

)

= ——— =~ —0.326538.

(- () (

(L r3N (L3 (239
- 4727432— 27,273_ 4,274;

(-G)-()) %

1
Sde — 2°(2udx) = / (2° — 24%) dx
0

= —5/14 = —0.357143.

x4 = (1,2,3). Then all Az, = i,

Ayk = %, Azk = Z Then
T, = 0+2~§+2 §—i—2 ——|—6 1/4 +0+2-14+2-2+2- 3+4)1/2
8 8 2 2
1 245
+(0+2 3—2+2 Z+2 7+2) ———7.65625.
r=1
(b) Parametrize C'as{ y =2t, 0<t<1. Then
z =3t
1
/yzdx+(x+z)dy+x2ydz:/ (61> + 4t -2 4 2t - 3) dt
c 0
1
:<2t3+4t2+§t4) __vs
2" )|, 2
44. (a) Wehave: Az; =1, Awe =0, Axs =1, Axy = Axs = Axg = Axr =0, Azg = —1;
Ay1 = 3, Ayg = 1, Ay3 = Ay4 = 0, Ay5 = —1, Ay6 = 0, Ay7 = —1, Ayg = 0;
Azl:O,AZQILAZ?,:AZ4:1,AZ5IO,AZG:AZ7:—1,A28:0. Then
A A A A A
Ts=(0+0)"2 + 04+ 122 4 (1+2)208 4 (2+2)2H 4 (24 2)25
2 2 2 2 2
A A A A
+E2+) B U+ 0+ )
Ayo Ays Ayy A
R R e e R R y5
Ays Ay A
(3+3)—+(3+3)—+(3+3) ng
Azl AZQ AZ3 AZ4 AZ5

+(1+222 24222 1 (2+2)

2 2

By e+t r 24352

2 2
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344 Chapter 6 Line Integrals

A A A
F(B+3) "2 4 B43) T 4+ (3442
2 2 2
3 3 5 11
:§+(—4)+§+1+(—5)+(—3)+2+2+2+(—3)+(—3):—7.
(b) Now
A]lexg—xo:l Ay1:4 AZ1:1
A$2=$4—$2=1 Ayz:O AZ2:2
Az =26 —24 =0 Ays =—1 Azz=-1
A]J4 =g — T = —1 Ay4 =—1 AZ4 = -1
Then
A A A A
Ty=(0+1)=2 4 (142) 2“+(2+3) ;3+(3+4) ;4
A A A A
O+ DS+ 1+ =L+ 2+ + 343
A A A A
F(14+2)"2 + 242D "2 4 (243) 2+ 3+4) =2
2 2 2 2
1 3 7 5 3 5 7
(=) po (=2 ) ()2 at (=2 L
2+2+( 2)+ +< 2)+( )+ 5+ +( 2)+( 2)
__u
-7

6.2 Green’s Theorem
1. M(z,y) = —2*yand N(z,y) = zy>.
e For the line integral the path is x(¢) = (2cost, 2sint), 0 < ¢ < 2.

27
Mdr+ Ndy = / (—8cos® tsint,8costsin®t) - (—2sint, 2 cost) dt
Joap 0

27
=32 / sin® t cos® t dt
0
27

= 8.
0

= (4t — sin4t)

e For the area calculation, we use polar coordinates:

'//D(NI—My)dA://;(y2+x2)dA=/0.2W/0.2r3drd9

:/ 4d0 = 8.
0

2. M(z,y) = 2®> —yand N(z,y) = = + 9°.

e For the line integral, the path is split into four pieces, in each case 0 < ¢ < 1: x1(¢t) = (2t,0), x2(t)

x3(t) = (2 —2t,1),and x4(¢) = (0,1 — ¢t).

1
Mdx+ Ndy = / [2(41%) 4 (2 +t°) — 2(4t> — 8t + 3) — (t* — 2t + 1)] dt
oD 0

1
=/ [18¢ — 5 dt = 4.
J0

e The area calculation is straightforward:

//D(Nz—My)dA://DQdA:/l/22dxdy:4.

© 2012 Pearson Education, Inc.
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Section 6.2. Green’s Theorem 345

3. M(x,y) =yand N(z,y) = 2>

e For the line integral, the path is again split into four pieces, in each case 0 < t < 1: x3(¢) = (1 — 2¢,1), x2(¢) =
(=1,1 —2¢t),x3(t) = (=1 +2t,—1), and x4(t) = (1, —1 + 2¢).

Mdx + Ndy = /1[—2(1) +—2(1) + 2(=1) +2(1)] at

1
= / —4 dt = —4.
0
e The area calculation is again straightforward:

//D(Nm—My)dA://D(Qx—1)dA:/_11/_11(2x—1)dxdy:/_11—2dy:—4.

4. M(z,y) =2y and N(z,y) = x.

e For the line integral, the path is split into two pieces: x1(¢t) = (acost,asint),0 < ¢ <, and x2(t) = (—a + 2at, 0),
0<t<1.

oD

K 1
Mdz+ Ndy = / (2asint,acost) - (—asint,acost)dt + / a(0) dt
aD 0 0

7'('(1,2

:az/ (—2sin2t+0052t)dt:a2/ (—2—|—3coszt)dt:—7.
0 0

e We’ll use polar coordinates for the area calculation:

//D(N:c—My)dA://];(1—2)dA:/OW/Oa—rdrd9:/ow—a;d0:—%(12.

5. M(xz,y) = 3y and N(z,y) = —4x.
e For the line integral, the path is x(t) = (2cost, v2sint), 0 < t < 2.

Mdx + Ndy = /27r [(Sﬁsint)(—Q sint) — (SCOSt)(ﬁCOSt)] dt
Jop Jo

27
= / (—Gﬂsith — 82 cos” t) dt
0
27 27
= —2\/5/ (3 sin® t + 4 cos® t) dt = —2\/5/ (3+ cos® t) dt
0 0

27
= —2\/5/ (3+ 5(1+cos2t)) dt
0

27

=-2V2 (gt + %sith) = —14V2nr.

0

e For the double integral calculation, we have:

//D(Nz—My)dA://D(—4—3)dA:—7//D dA

= 7. (areaof D) = —7-2-V2 = —14V/2r.

(See Example 3 in §6.2.) Alternatively, we can let z = 2u, y = v/2v so that the ellipse 2> + 2y = 4 transforms to
u? 4+ v? = 1. The Jacobian of this transformation is

% = det B \(/)5] =2V2.
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346 Chapter 6 Line Integrals
Then, using the change of variables theorem from §5.5,
—7// dA = —7// 2V2 dudv = —14V/2 - (area of D*) = —14+/2,
D “

since D™ is just the unit disk.
6. M(z,y) = 2®y +xand N(z,y) = y°* — zv>.
e In order to make the line integral calculation along the boundary of D, we need two parametrized paths:
x1(t) = (3cost,3sint), 0 <t <27 and x2(t) = (2cost,2sint), 0 <t < 27.

Note, however, that the path x2 goes counterclockwise, which is the wrong orientation for Green’s theorem. We must
take this into account and compute

]{ (2%y +z) dz + (y* — 2y”) dy
oD

= / (2®y + x) de + (v° — 2y®) dy — / (y + z) dx + (y° — zy?) dy.
X1

X2

Thus we calculate

/ (@®y +2)de + (y° — ay*) dy
x1
27
= / [(27 cos® tsint + 3cost)(—3sint) + (27sin® t — 27 cos ¢ sin” t)(3 cos t)] dt

27
/ 162 cos® t sin® t—9costsmt—|—81sm tcost) dt
0

r
I
I

1
( %t—&-—sm4t—g sin t—|—84 sin t)

(1 + cos 2t)(1 — cos 2t) — 9 cost sint + 81 sin® ¢ cos t) dt

[=}

w\ﬁ w\?_.o

1—cos 2t)—9costsmt—|—81s1n tcost> dt

(=}

77+—1 1+Cos4t)79(:ostsmt+81sm tcost> dt

(=}

27

(=
(-
(-2
(

0
Similarly, we have

/ (2®y +z)dx + (y° — 2y°) dy
X2
27
= / [(8 cos® tsint + 2 cost)(—2sint) + (8sin®t — 8 costsin® t)(2 cos t)] dt
0

/ —32cos® tsin® t — 4 costsint 4+ 16sin® ¢ cos t) dt

0

/ 14 cos 2t)(1 — cos 2t) — 4costsint + 16sin” ¢ cos t) dt
0

- 8(
[ s
/

= (—4t +sin4t — 2sin” ¢t + 4sin” ¢)
0

1 — cos® 2t) —4costsint + 16 sin® ¢ cos t) dt

7
-
N
7

—8 4 4(1 + cos4t) — 4costsint + 16sin® ¢ cos t) dt

= —8m.
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Section 6.2. Green’s Theorem

Therefore,
81w 657

]{ (y+z)de+ (v° —ay’)dy = — == + 81 = ———.
oD 2 2

e For the double integral calculation, making use of polar coordinates, we have:

//D(Nx—My)dA://D(—yQ—a;Q)dA:/O%/;—rQ-rdrde

T 657
= / —1@3* -2 do = —5(81-16) = ——~.
0

7. (a) By Green’s theorem, we have

7{Cy2dx+a:2dy=//; {%(mQ)—gy(yQ)} dA:/(;l/c;l(Qx—zy)dmdy

= [ —2a) 1

1
=0.
0

) dy:/o (1—2y)dy = (y—y°)

=

347

(b) Our path is made up of four straight-line pieces with 0 < ¢ < 1 on each: x1(¢) = (¢,0) (so dz = dt, dy = 0),
x2(t) = (1,t) (sodx = 0, dy = dt), x3(t) = (1 — t,1) (so de = —dt, dy = 0), and x4(¢) = (0,1 — ¢) (so dz = 0,

Uy —dt) Therefore,
foaesatin= | of v f +f
= [0+ eopars [0+
+ [acy+a-oroas [ -0’0+

=0+1-140=0.

8. M(x,y) = 3wy and N(z,y) + 222

e For the line integral, the path is split into four pieces: x1(t) = (0, —2t), x2(¢) = (2t, —2), and x3(t) = (2, —2 + 2t),

with 0 < ¢t < 1,and x4(¢) = (cost + 1,sint) with 0 < ¢ < 7. So
1 ™
?{ F-ds= / [—2(0) + 2(—12t) + 2(8)] dt +/ [~3sin® t(cost + 1) + 2 cost(cost + 1)°] dt
c 0 0
1 K
:/ [724t+16]dt+/ [2cost 4 4cos® t + 2cos’ t — 3sin®t — 3costsin® t] dt
0 0

=4+ x/2.

e If D is the region bounded by C', then

fF-ds://(4x73x)dA://di
c D D
0 2 T 1
:/ / mdxder/ / r(rcosf + 1) drdo
—2.Jo o Jo

0 T
:/ 2dy+/ Fcos@—!—l} do =4+ 7/2.
J o o L3 2

9. Note that the curve is oriented clockwise so the square lies on the right side of the curve.

1 1 1
%(m2*y2)dx+(x2+y2)dy:*/ / (2w+2y)dydrr:*/ 2z + 1) de = =2.
C 0 0 0
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348 Chapter 6 Line Integrals

10. As we saw in Section 6.1, Work = fo F - ds. If D is the ellipse z° 4+ 4y = 4 and its boundary is C, then by Green’s theorem

2 V1-z2/4
4y — 3z, x — 4 -ds:// 1—-4 dA:/ / —3dydx
# G ) [a-waa= [ [*sa

-/ " [~6y/T=2%/4] dz = —6r.

—2
For Exercises 11, 12, 14, 15, 16 we will calculate the area of a region using formula (1):

1
areaosza —ydr + x dy.
aD

.1 . . . .
11. By formula (1), the area is 5 ]{ —y dx + x dy. We can work this out, as in the case of Exercises 2 and 3, by enumerating the

OR
paths along the four sides and calculating the integral. We can, however, eliminate a lot of work by first noting that dy = 0
along both horizontal parts of the path and that = 0 along the left vertical portion of the path. Also, dr = 0 along both
vertical parts of the path and y = 0 along the bottom portion. So

a b
1 —ydr +xdy = 1 [/ bdx—|—/ ady} = ab.
2 Jor 2 LJo 0

12. One arch of the cycloid is produced from ¢ = 0 to t = 27r.

mTa 2ma

© 2012 Pearson Education, Inc.
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Because of the orientation shown,

1 1 1
Area:ffydm—xdy:f/ —|—f/ .
2 /e 2)c, 2Jo,

27
1/ :1/ (a(1l —cost)-a(l —cost) —a(t —sint) - asint) dt
2 ), 2o

2 27 2 27
= %/ (1 = cost)® —tsint +sin’ t) dt = %/ (1 —2cost + cos’ t — tsint + sin® t) dt
0 0
a2 [ a2 27 a2
:?/ (ZfZCostftsint)dt:5(2t72sint+tcostfsint) :5(47r+27r):37ra2.
0 0

13. By Green’s theorem:

fc(my 72y)dm+(3a7+xy)dy:f//D((3+5aty)f(5xy —2))dA

:f// 5dA = —5-areaof D = —5(2+ 3 +4) = —45.
D

(Note the minus sign because of the orientation of the curve.)
14. A sketch of a hypocycloid with a = 1 is:

Let D be the interior of the hypocycloid and let C' be the bounding curve traced by the path
x(t) = (acos®t,asin®t). Then by Green’s theorem,

1 . 27
// dydx = 3 —ydr +xdy = / [asin® t(3a cos® tsint) 4 acos® t(3asin® t cost)] dt
JJp Jop Jo
2 27 2
= 3% (cos® tsin® t + cos® tsin® ) dt = 371;1 .
0

© 2012 Pearson Education, Inc.
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15. (a) Shown below are three views of the curve x(t) = (1 — t*,t* — t).

%
1.5
1
0.5
L X y
-1.5 -1 -0.5 0.5 0.4
0.2
-0.5
xX
0.2 0.4 0.6 0.8 1
-1
-0.2
-1.5 0.4
%
0.3
0.2
0.1
L X
0.2 0.4 0.6 0.8 1

The figure on the top left is for —3 < ¢ < 3, the top right figure is for —1 < ¢ < 1, and the figure on the bottom is for
—1 <t < 0. The first gives a feel for the curve, the second isolates the closed portion of the curve and the third gives us
the orientation: that as ¢ increases from —1 to 1 the path moves clockwise.

(b) We again must make an adjustment because the path moves clockwise. The area is

1

% ) ydo tady = —/ (£ — £)(28) + (1 — £2)(3¢% — 1)) dt

—1

Y oa o0 8
= T —2t 1) dt = —.
/_1< +1hdt =15

16. In this exercise, we are finding the area of the region D that is outside the ellipse and inside the circle.
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Y

We need to orient the boundary curve C' so that the path travels counterclockwise around the circle and clockwise around the
ellipse. We split this path into two pieces, each with 0 < ¢ < 27, x;(¢) = (5cost, 5sint) and x2(t) = (3cost, —2sint).
By Green’s theorem,

// dA 1 —ydr + xdy
D 2 Jop

— %/027{[(_5 sint)(—5sint) + (5cost)(5cost)] dt
w3 [sno st + @eost)(-2cost)]

1 27 1 27
_ f/ 25 dt + 7/ (—6) dt = 197.
2 0 2 0

17. Itis easier if we work from the line integral to the double integral. By Green’s theorem,

7{ xdy:// (@) dA:// dA = Areaof D.
oD p \ Oz D

Similarly, also by Green’s theorem,

—% ydat:—// (—@) dA:// dA = Area of D.
oD D dy D

Note: Assign Exercises 17 and 18 together to point out that the students cannot mix the two line integrals given in Exercise 17.
The quadrilateral in Exercise 18 has one vertical side and one horizontal side so there is a temptation to use the integral with a dx
in it along the vertical side and the integral with a dy in it along the horizontal side so that they disappear. You must choose one or
the other for the entire problem.

18. We’ll use the results of Exercise 17. If we use the formula §,  x dy, then for the side connecting (1, 1) to (—1, 1), since there
is no change in y, this integral is 0. Therefore,

AreaofD:]fcxdy:/01((2—t)(2)+1(—1)+0+(—1+3t)(—1))dt:/01(4—5t)dt: :

19. The area inside the polygon may be computed from

1
- 7{ —ydz + xdy.
2 /e
The key is to parametrize the boundary C' of the polygon. This may be done in n line segment pieces. Fork =1,...,n — 1,

the line segment from (ax, bx) to (ak+1, br+1) is

Xk (t) = ((ak+1 — ar)t + ax, (besy1r —br)t + b)), 0<t <1,
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while the last segment from (a,, by,) to (a1,b1) is
xn(t) = ((a1 — an)t + an, (b1 — b))t +b,), 0<t <1

Thus, for k =1,...,n — 1, we have

/ —ydxr+xdy

k

N | =

%/O [((bx — brt1)t — bi)(ans1 — ax) + ((ass1 — ar)t + ax) (brtr — bx)] di

1 1
3 [ 6= b @i = @)t = bueni - )
0
+ (ak41 — ar)(brg1 — br)t + ar (b1 — br)] dt
1t
= 5/ (—akt1bg 4 arby + arbri1 — axby) dt
0

1

1
=3 / (—ars1br + arbryr) dt =
Jo

ak b

1
(—ar41be + arbri1) = 3

N | =

ap+1 brga|’
For the last segment, the calculation is very similar, so we abbreviate the steps:

1
5/ —ydr+xdy
Xk

1 /1
= 5/ [((bn — b1)t — by) (a1 — an) + ((a1 — an)t + an)(br — by)] dt
0
1t 1 1lan bn
= 5/0 (—a1bn + anbi) dt = 5 (—a1bn + anb1) = 3lar b

Adding the results of these calculations, we obtain

1 1

= —yd dy = =

2%0 yaxr + xady 2(
as desired.

20. (a) Using the hint, we see that ||x(¢)||*> = a® when

a2 bz
az bz

al bl

as b2 + -+

((a4 1) cost — cos (a+ 1)t)* + ((a + 1) sint — sin (a + 1)t)* = a*.
Expanding and simplifying the left side gives

(a4 1)°+1—2(a+1)costcos (a+ 1)t —2(a+ 1) sintsin (a + 1)t = a®
<= 2a+2—2(a+1)(costcos(a+ 1)t +sintsin(a+ 1)t) =0
<= costcos(a+ 1)t +sintsin(a + 1)t = 1.

Using the subtraction formula for cosine, this last equation becomes

2
cos(a+ 1)t —t=1 < cosat =1 < t=T"
a

The graphs for of the epicycloids for a = 5 and a = 6 are shown.
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(b) When a is an integer larger than 1, the epicycloid traces its complete image once for ¢ in [0, 27). To compute the enclosed
area, we use the line integral % _550 —y dz + x dy. Thus the area is

% /027T [((a+1)sint —sin(a+ 1)t) (—(a + 1) sint + (a + 1) sin (a + 1))

+ ((a+1)cost —cos(a+ 1)t) ((a+1)cost — (a+ 1) cos (a+ 1)t)] dt

= %/% [(a+ 1)? - ((a+1)+ (a+ 1)2) (cos (a+ 1)tcost + sin(a + 1)tsint)

+(a+1)]dt
= w/% [(a+1)—(a+2)(cos(a+ 1)tcost+sin(a+ 1)tsint) + 1] dt
(a+1)(a+2

2m
_ f) / [1 — (cos (a+ 1)tcost +sin (a + 1)tsint)] dt
0

after expansion and some simplification. Next we use the subtraction formula for cosine:

27
Area = w / (1 —cosat) dt
0

— w (t— %sinat) ‘zﬁ =n(a+1)(a+2).

(Note that we used the fact that a is an integer when evaluating the final integral.)
(¢) The area of the fixed circle is wma?. Thus

1 m(a+1)(a+2)

im ———2="= = lim (1+1) (1+2) =1.
a— 00 mTa a— o0 a a

Hence, in the limit, the epicycloid’s area approaches that of the fixed circle.

21. By Green’s theorem,
% Syde —3xdy = // (-=3—-5)dA = // —8dA = —8(area of D),
c D D
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where D is the region in the plane enclosed by the cardioid. We may evaluate the double integral using polar coordinates.

2m 1—sin 6
// —8dA——8/ / rdrdf

27
:—8/ d¢9:—4/ (1 —sin6)> do
0 0

27 27
= —4/ (1 —2sin6 +sin® 0) do = —4/ (1—2sin0 + 3(1 — cos26)) db
0 0

2|7= 1—sin 0
r

l\.’)\»—l

r=0

27
= —4(16+2cosf — sin26) ‘0 = —127.

22. (a) Note that we have
9 y _ 2zy 0 =
61‘1’2-{-]/27 1‘2+y278y562+y2.
Therefore, Green’s theorem implies that, for the region D enclosed by C'

fmdm—i—ydy //< (_ 2zy )) dA::I:// 0dA =0.
- 1:2_|_y g];2+y x2—|—y2 D

(The =+ sign is due to the fact that we do not know the orientation of C, not that it ultimately matters.)
(b) Green’s theorem does not apply since M and N are not defined at the origin, which is in the region D enclosed by C.

(b) If C1 and C both enclose the origin and don’t cross or touch, then one of the curves must lie entirely inside the other.
Let’s assume that C5 lies inside C'y. Together, C'; and C'> make up the boundary of a region D that does not contain the
origin. Thus we may apply Green’s theorem to D and its boundary:

0_// 9y 0 = dA—j{ rdr+ydy
S p\oz a2 +y? Oy a? +y? ~Jop 2?4y

_7{ xdx—l—ydy_}{ xdr+ydy
o @Ay Jo, Ay

Hence the desired result follows. Note that the orientation of 9D requires a counterclockwise orientation on the outer
curve, but a clockwise orientation on the inner curve.
(¢) Find a circle C’ of some small radius a so that C” lies entirely inside C' and is oriented the same way that C' is. Then,

from part (c), we know that
]{xdm—i—ydyif‘ rdr+ydy
o x2—|—y2 - o $2+y2 :

We may evaluate this last integral using the parametrization x(¢) = (acost,asint), 0 < ¢ < 27. Thus

o o . . 27
]{ zdr+ydy :i/ (acost)(—asint) + (asint)(acost) :i/ 0dt = 0.
. w242 0 a? 0

(Once again the + sign is due to the fact that we do not know the actual orientation of C’.)
23. (a) By the divergence theorem:

%(2341 3zj) na’s—/ [(2Y)a + (—32)y]dA = // 0dA =0.

(b) For direct computation, n = (cos 6, sin ) and x = cos § and y = sin 6. Therefore,

1
F-n= (2y,—3x) - (cosf,sinf) = 2cosfsinf — 3cosfsinf = — cosOsin = —isin29.

27
.7{F~nds:71/ sin 20 df = 0.
c 2 Jo
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24. Similar to what was done in the proof of the divergence theorem, we will calculate the line integral f F - Tds along a C*

segment of OD. Recall that T(t) = x'(¢)/||x'(¢)]. v
b b
/ (F(x(t)) - T(1)) ¥ ()] dt = / (F(x(t)) - x'(£)) dt

b
= / (M (x(t),y(t) 2 (t) + N(x(t), y (1)) y' (t)) dt = /de + Ndy.
We extend this result to the entire curve and apply Green’s theorem.
]{ F-Tds = deJrNdy:/ (Nz — My)dA.
oD aD D

25. By Green’s Theorem, if D is the region bounded by C,

%Sxyderm dy—// dA—O

(Note that in this case the orientation of C'is not important as — (32 — 32%) = 32% — 327.)
26. If C is oriented as required and D is the region bounded by C, then by Green’s Theorem,

j{fygdx+(m3+2x+y)dy:// (327 + 24 3y°)dA > 0.
c D

27. Let§ = 1if C is oriented counterclockwise and 6 = —1 if C'is oriented clockwise. Let D be the region bounded by C. Then
by Green’s Theorem,

f (a;2y3 —3y)dx + 2yidy =46 // (3x2y2 —32%y% + 3) dA = 36 (the area of the rectangle).
c D

28.
Flux = ds— [ @it yp) LT g
ux = C(r.n) s = a(x1—|—yj) Nz 2 +y
b
_ dy dx
—/(; < Tt dt) dt = /Cydas—i-mdy
/ / (1—-(—1))dA by Green’s theorem
:// 2dA = 2 - (area inside C').
D
29. We have u Vv = <u%,u@) so that
oz’ 0Oy
}{C(UVU)~ :}{u%dx+ g—dy

0 ov
// (ax ( y) _@<u8w)> dA by Green’s theorem
// ou 8v 821) ou Ov 82’0
— o5 —us o | dA
dz0y " “ozoy  Oyox  "Oyos

_ Oudv  Ou v ) ) ,
B // <a$ dy oy 8:0) dA since v is of class C

-], e
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30. Let D be the region bounded by C. By Green’s theorem,

G- e [ (54 52) = o

31. First, or ds = Vf-nds = % ﬁ + o1, j | - nds. You can continue the calculation or note that this is the
op On oD oz Oy
of.  of.

same computation done in the proof of the divergence theorem with F = Mi + Nj = a—l + a—] Therefore, applying

'af of / of  o°f _/ 2
6Dan BDayd + d _/ (812+ )dA_ DVfdA.

6.3 Conservative Vector Fields

Green’s theorem
9

1. (a) Let C be the path parametrized by x(¢) = (¢,¢,¢) with 0 < ¢ < 1. Then

1 1
/zzdx—l—dey—i—mzdz:/(t2+2t+t2)dt:2/ (tz—l—t)dt:g‘
c 0

0

(b) Letx(t) = (¢,*,¢*) with 0 < ¢ < 1. Then

1 1
/szx+2ydy+xzdz:/ (t6+2t2(2t)+t4(3t2))dt:4/ (t6+t3)dt=1—71.
C 0 0

(¢) Parts (a) and (b) show that line integrals are not path-independent. By Theorem 3.3, therefore, F is not conservative.
2. (a) Let C be the path parameterized by x(t) = (¢2,3,¢°) with 0 < t < 1. Then

1 1
/ F- ds :/ (2t°, 4 + 10, 2t%) - (2t, 3%, 5t") dt :/ (7t° + 13t"%) dt = 2.
C 0 0

(b) Let C be comprised of the two paths: x1(¢) = (¢,0,0) and x2(¢) = (1,¢,¢) each with 0 < ¢ < 1. The integral along x;
is easily seen to be zero (y, 2z, and dx are all identically zero along x;). We have that

1
/F.ds:/ (2t,1+t,2t) - (0,1,1) dt = 2.
C 0

(¢) Obviously the fact that our answers to parts (a) and (b) are the same is not enough to convince us that F is conservative.
We can, however, easily see that F = V (z%y + y2?) so F is conservative.

In Exercises 3—9, we will check to see whether F = Mi + Nj is conservative by checking to see whether ON/0x = OM /Dy
(formula (1)).

ON . oM . .
3. = =ye™ £ " = 2= 50 F is not conservative.
ox dy
ON oM . . . .
4. o = 2rcosy = B0 so F is conservative. We want to find f where F = V f(z,y). We find that the indefinite integral
z Yy

of 2z sin y with respect to x is #% siny. To see whether any adjustments need to be made, we check to make certain that

a—y(az2 siny) = z” cos . It does, so we conclude that f(z,y) = V(z%siny).
N 2.2 1 — 2242 M
S. %m =327 siny + ﬁ 4 —3z%siny + ﬁ = %—y, so F is not conservative.
ON 2zy oM . . %y
6. e m = a—y, so F is conservative. F =V (m .
7. Note that é%(e*y —ysin(zy)) = —e ¥ —sinzy — zycosxy = p (—ze ¥ — xsinzy). Since the domain of F is all of
R?, the vector field is conservative. Thus F = V £, so % =e ¥ —ysinzy = f(z,y) = ze ¥ + coszy + g(y) for some
g. Hence ? = —ze ¥ —xsinzy + ¢'(y) = —we™¥ — xsinzyso g'(y) = 0. Thus f(z,y) = ze ¥ +cosxy + Cisa
Yy

potential for any C.
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oN =122y —y # 122y + 6y = B—M, so F is not conservative.

ox oy

%—N = 12zy = %—M, so F' is conservative. F = V (3x2y2 —z® 4 %yd)
T Y

In Exercises 1018, we will check to see whether ¥ = Mi+ Nj + PK is conservative by checking whether V- x ¥ = 0. This

amounts to checking whether ON/0x = OM /dy,0P/0x = OM/dz, and OP/dy = ON/Dz. We also need to check that the
domain of F is simply-connected. This last condition is only an issue in Exercise 16.

10
11

12.
13.

14.
15.

16.

17.
18.

19.

20.

21.

22.

V x F = (62 — 2yz — 62227 — 2y) i+ (32zyz® — 22 — 122y) j + (322> — x) i # 0. Hence F is not conservative.

We see that ON/Ox = 4x2® — 22 = OM /0y, OP/0x = 12xyz*> = OM 0z, and OP/dy = 62°2* + 2y = ON/9z. Thus
F is conservative. F = V (22%y2° — 2%y + y°z).

V x F = (2ze™7 4 22%yze"¥?)i — (22¢"Y% + 2xyz2e™ )k # 0. Hence F is not conservative.

We see that ON/O0x = 1 = OM/dy, OP/0x = 0 = OM/0z, and OP/J0y = cosyz — yzsinyz = ON/Jz. So F is
conservative. F = V(22 4 2y + sin yz).

Here, ON/Ox = 0 # 1 = OM /Jy, so F is not conservative.

We see that ON/Ox = e” cosy = OM /0y, 0P/0x = 0 = OM/0z, and OP/0y = 0 = ON/Oz. So F is conservative.
F = V(e®siny + 2° + 22).

We see that ON/0z = 0 = OM /0y, 0P/0x = 0 = OM/0z, and OP/0y = 2z /y = ON/9z. So F is conservative in each of
the simply-connected regions on which it is defined: {(z,y, )|y > 0} and {(,y, 2)|y < 0}. On each, F = V(2® + z%Iny|).
We see that ON/Dz = ze™Y* + ™V* (xyz? 4 z) = —OM/y, so F is not conservative.

We see that, for G, ON/0x = 2z = OM/dy,0P/0x = 0 = OM/dz, and OP/dy = 2y = ON/0z. So G = (2zy, 2> +
2yz,y?) is conservative and G = V(z%y + y?z). We know, therefore, that F is not conservative because the wording
of the problem assured us that exactly one of F and G was conservative. It may be more satisfying to verify that for F,
OM /9y = 2xyz> while ON/Ox = 4xy. These are different so F is not conservative.

(a) Wehave, fori =1,...,n,that f,,(x) = 0 for all x in the domain of f. Taking these results one at a time, we have

far (x) =0 = fis afunction of z2, . .., z, only.

fas(x) = 0 = in addition f is a function of zs, . .., x, only.

Continuing in this way, we see that f must be independent of all variables, and so must be a constant function.
(b) We have Vg = Vh = F. Consider f = g — h. Then

Vf=Vg—Vh=F-F=0.

Therefore, by part (a), f = g — h is constant.
For F to be conservative, we must have

oM _ o (zsiny —ycosz) =siny + ysinx
dy = ay y—y = yTy .
Thus
M(z,y) = —cosy + %yQ sinz + u(z),

where u is any C'* function of .

. ON 0 Z - 1 oy
For F to be conservative, we must have B = —(ye* 4 3x%e¥) = €* + 3a%e¥. Thus N(z,y) = 562 + 2% + u(y)
T Y
where u is any C'* function of y.

Note that the constant function g(z) = 0 is a trivial solution. Otherwise, we must have

3 [ +)9(@)] = 5 favg(a).

Thus means that

2yg(x) = yg(x) + zyg'(v) = %
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23.

24.

25.

26.

Integrating this last equation, we have

In|g(z)| =n|z|+ C or In

Exponentiating, we have

where k = €. Thus g(z) = Lkx. If we allow k to be completely arbitrary (i.e., positive, negative, or zero), then we may
simply say g(z) = kax for any constant k gives a solution.
For F' to be conservative, we must have V x F = 0. Thus we demand
i j k
0=VxF= 9/0x /0y 0/0z

23y —32%2z N(x,y,2) 2yz—a°

= (22— N.)i+ (32> +32%)j+ (N, —2°) k.

From this, we see that N must satisfy ON/0x = x* and ON/0z = 2z. The first equation implies that N (z,v,z) =
12* + g(y,2), and so 2z = ON/9z = g/ 9=, which in turn implies that g(y, z) = 2> + h(y). From here it is easy to check
that the curl condition above is satisfied when N (z,y, z) = *2* + 2° + h(y), where h is any function of class C" defined on
a simply-connected domain.

For F to be conservative, we must have V x F = 0. Thus we impose

i i Kk
0=V xF= 9 9 o
oz y 0z

322 + 3y’zsinzz  aycosxz +bz 3xy’sinzz + 5y
= (6zysinzz + 5 + azysinzz — b)i
+ (Sy2 sinxz + 3acy2z cos Tz — 3y2 sinxz — 3my2z cos x2)j
+ (—ayzsinzz — 6yzsinzz)k.

From this, it is easy to see that only the choices a = —6, b = 5 will work. Moreover, the resulting vector field is clearly

defined on all of R? (a simply-connected region), so the vanishing of the curl is enough to guarantee that F is conservative.

(a) As above we check that ON/dz = 0 = OM /0y, OP/0x = 0 = OM/0z, and OP/0y = cosycos z = ON/Oz. So F is
conservative. F = V(2%/3 + sin y sin z).

(b) By Theorem 3.3,

/F~ ds = f(x(1)) — f(x(0)) = f(2,e,e®) — f(1,1,1) = 7/3 + sinesin(e?) — sin® 1.

Since (Ty — 5x) = —5 = (3z — 5y)y, F = (3¢ — 5y)i + (7Ty — 5x)j is conservative and the integral is path independent.
We’ll integrate along the path x(¢) = (4¢ + 1, —t + 3) for 0 < ¢ < 1.

/ (32 — 5y) dz + (Ty — 5a) dy = /1[4(3(475 F1) = 5(—t+3)) — (T(—t +3) — 5(4¢ +1))] dt
C 0

1
- / (95¢ — 64) dt = — 22|
0 2

Using Theorem 3.3,
/ (3z — 5y)dx + (Ty — 5z) dy = f(5,2) — f(1,3), where F = V.
c

In this case, f(x,y) = 32%/2 — 5xy + Ty* /2. Therefore,

3 7 3 7 33
[ @r=swde+ @y-soas = (309 -5610+ 1) - (3w -s0@ + T9) = - L.
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Section 6.3. Conservative Vector Fields 359

27. Here

0 y _ Ty 0 x

ox /22 +y2 - ($2+y2)3/2 - ay /7:r2—|—y2 .
So F is conservative so long as we restrict the domain. Our domain must be simply-connected and must contain the upper half
of'the circle of radius 2 centered at the origin. Our domain also must not contain the origin as F is not defined at the origin. We
can choose, for example, the upper half disk of radius 3 centered at the origin minus the upper half disk of radius one centered
at the origin. This “semi-annular” region meets all of our conditions. Therefore, the given integral is path independent. We’ll
integrate along the path x(¢) = (2cost, 2sint), 0 < ¢t < 7. The integral

/ xderydx / 4dcos®t — 4sin® tdt:/ cos 2t dt — sin 2t
0

¢ Va2 +y? 4cos?t + 4sin®t 2 |,

Using Theorem 3.3, and the fact that F = V f where f(z,y) = /22 + y2,

=0.

rdy + ydx
o Vr?+y?

28. This time we check that three pairs of partial derivatives are equal:

= f(=2,0) = £(2,0) = /(=22 + 0 - V2> + 0 =0.

7] 3}
%(Qx—kz) =2= a—y(Zy— 32)
3} 0
%(y—iix) =-3= &(Qy—?)z)
0 0
a—y(yfi%z) =1= $(2x+z).

We conclude that F is conservative, because the domain of F is all of R®. The given integral, therefore, is path independent.
We’ll integrate along the paths x; (¢) = (0,¢,¢),0 < ¢t < 1,and x2(t) = (t,t + 1,2t + 1), 0 < ¢t < 1. The integral

/(2y73z)dx+ (2z + z)dy + (y — 3z) d=
C
:/I(O(ft)Jr1(t)+1(t))dt+/l((f4tf1)+(4t+1)+2(72t+1))dt
0 0

1 1
:/ 2tdt+/ (—4t +2)dt =1+ 0= 0.
0 0
Using Theorem 3.3, and the fact that F = V f where f(z,y, 2) = 2zy — 32z + yz, we obtain
[ 2y =32 dot o+ )y + (g - 30)d= = £1,2,3) — £0,0,0) =
c

In Exercises 29-32, to determine the work, we need to calculate line integrals of the form [ o F - ds, where C'is an appropriate
curve from A to B. To do this, we use the result of Theorem 3.3, since all of the vector fields in these exercises are conservative.

29. A potential function for F is easily calculated to be f(x,y) = x*y — xy?. Thus, for any curve C' from (0, 0) to (2, 1) the
work is

/F-ds:f(2,1)ff(0,0):670:6.
C

30. A potential function for F is f(z,y) = 22°/2

y. Thus the work is
f(9,1) — f(1,2) =54 — 4 = 50.
31. A potential function for F is f(z,y, 2) = 2*yz — xy*2®. Therefore, the work is
£(6,4,2) — f(1,1,1) = —480 — 0 = —480.
32. A potential function for F is f(z,vy, z) = xy cos z. Hence the work is

£(2,3,0) — f(1,1,7/2) =12 — 0 = 12.
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360 Chapter 6 Line Integrals

33. (a) We’ll check to see where N, = M,,.

K z2+1 _2x _ 9 x + x1?
ox \ Yy ) y* Oy y? '

therefore, F is conservative on each of the two simply-connected sets on which it is defined. More precisely, F is conser-
vative on {(z, y)|y > 0} and on {(z,y)|y < 0}.
22+ 1
2y? '
(¢) As the particle moves from (0, 1) to (1, 1) along the parabola y = 1 + = — z* we note that y > 0 and so the path lies
entirely in one of the simply-connected regions. We can, therefore, apply Theorem 3.3 and calculate the work done as
f(1,1) - f(0,1)=3/2—-1/2=1.

34. (a) We need to check that three pairs of partial derivatives are equal:

(b) The scalar potential is f(z,y) =
2

Sola90) +2) = 1= (@) +y+2)

9 (f@) +y+2)

! 0z

D @ty )

§y<x+y+h<z>>

1= (ot gly) +2)

(b) F = V¢(x,y, z) where, for constants a, b, and c,

x

¢($,y’z):$y+$z+yz+/

a

F(t)dt + /by glt)dt + / h(t) dt.

(¢) Using Theorem 3.3,

/ F-ds = ¢(x1,y1,21) — (20, Y0, 20)
c

1 "Y1 rZ1
= T1y1 — ToYo + T121 — ToZo + Y121 — YoZo + / ft)dt + / g(t)dt + / h(t) dt.
Jxo 7 Yo J 20

35. (a) F is conservative since F = V f where f(z,y, z) = sin(z? + z2) 4 cos(y + yz).
(b) Since we have a potential function,

JF-ds= [Vseds = x(0) - Fx(0))
= f(1,1,7 — 1) — £(0,0,0) = —2.

36. (a) G = F + xj, where F is given in Exercise 35. Now V X G =V x F + V X (zj) = k # 0, so G is not conservative.

(b) Here we have that
/G'dSZ/(F+xj)-ds:/F~ds—|—/zj~ds.

From Exercise 35, we have that / F-ds=-2,5s0
X

1
/G- ds:—2+/ (O,t3,0)~(3t2,2t,7r—gcos%t) dt
X 0

1
8
= —2+/ ot dt = —24+2/5=—_.
0 5
37. You could check that F is conservative by confirming that V x F = 0 on any simply-connected region that misses the origin.
It is, however, easy enough to find the scalar potential for F is f(x,y, z) = GMm(z? + y? + 22)7*/2. So the work done by
F as a particle of mass m moves from Xg to X; is

GMm GMm 1 1
f(w1,y1,21) — f(20,Y0,20) = = = 5 5 5 5 :GMm<——7),
Vai+yi+27  Jai+yd+ 22 Ix]  Ilxoll
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True/False Exercises for Chapter 6

True.

. False. (The value is 2.)

. False. (The integral is negative.)

True.

. False. (The integral is 0.)

True.

. False. (There is equality only up to sign.)
. False.

True.

p—
b

True.

i
o

. True.

(S
(5]

. False. (V f is everywhere normal to C')

[
w

. True.

. False. (The work is at most 3 times the length of C'.)

. False. (The line integral could be = [, ||F|| ds, depending on whether F points in the same or the opposite direction as C')
True. (Just use Green’s theorem.)

. False. (Let F = yi — zj and consider Green’s theorem.)

)
FRESRONIES

. True. (Use the divergence theorem in the plane.)
. False. (Under appropriate conditions, the integral is f(B) — f(A).)
. True.

NN =
-\

. True.
. False. (There’s a negative sign missing.)
. False. (For the vector field to be conservative, the line integral must be zero for al/ closed curves, not just a particular one.)

N NN
= W N

. True.

N
V]

. False. (The vector field (e” cos y sin z, e” sin y sin z, e” cos y cos z) is not conservative.)

[
=)

. False. (F must be of class C'* on a simply-connected region.)
False. (The domain is not simply-connected.)
. True.

N NN
o e

. False. (f is only defined up to a constant.)

(]
(=]

. True.

Miscellaneous Exercises for Chapter 6

1. Partition the curve into n pieces each of length As, = (length of C')/n. The right side of the given formula is just our
calculation of arclength for a rectifiable curve:

Jofds  [.fds
lengthof C [, ds

Now, if on the kth sub-interval we choose any ¢, then on the interval f(x) ~ f(ci). Therefore,

. 1 < L "~ fler)  limgy_oo Yooy fler)Asy B fcfds
i (n kZ:1 f(ck)) o nll»n;okz:l n o length of C ~ length of C”

For each value of n we are calculating an average of n values of f at points on the curve. As n grows large, if this limit exists,
it is reasonable to define it as the average value of f along C'.

2. Here f(x(t)) = 2 + 2t*, and ||x(¢)|| = /2. Therefore,

_Jofds 0377((2152‘?2)\/5)“’757 2 [P, _ 2 3 a2
[flave = s e =3 ), (¢ +1)dt—3—7r(97r +37) = 67 + 2.
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362 Chapter 6 Line Integrals

3. We may parametrize the semicircle as x(t) = (acost, asint), where 0 < ¢ < 7. Therefore, ||x'(¢)|| = a. The length of the
semicircle is wa and so the average y-coordinate may be found by calculating

1 i i 2
— asint~adt:g/ sintdt:—a.
ma Jo T Jo T

zds
4. Calculate [z]avg as lengctW' The total length of C' is just the sum of the lengths of four straight segments:

2414+vVA+0+1+VIF+1+1=3+V5+V3.

Now [, zds = fcl zds+ -+ jc4 zds, but z is clearly zero on two of the four segments.
The segment C3 joining (2, 1, 0) and (0, 1, 1) may be parametrized as

x(t) = (1 —1)(2,1,0) + £(0,1,1), 0<t<1

=(2-2t,1,1).

Thus x'(t) = (—2,0,1) and ||x'(¢)|| = v/5. Therefore,

1
/ zds:/t»\/gdt:ﬁ
Cs 0

ER
The segment C} joining (0, 1, 1) and (1, 0, 2) may be parametrized as
x(t) = (1—-1¢)(0,1,1) +¢(1,0,2), 0<t<1
=(t,1—t,t+1).

Thus x'(¢) = (1, —1,1) and ||x(¢)|| = +/3. Hence

zds = 1(t+1)\/§dt:\/§ ﬁ—kt
foe= ], (5+)

Putting all this together, we find

B CVE/24+3v3/2 . VE+3V3
T 34VE+V3 2B3+VE+V3)

5. The curve may be parametrized as x(t) = (v/bBcost,sint,2sint),0 < ¢t < 27 Then ||x'(t)]]
= \/(—\/5sin )2 + (cost)? + (2cost)? = /5 so the length of C'is fozﬂ V5 dt = 27v/5. Now

~ 0.5333.

2m .
/ fds:/ (4sin®t +V5cost - e )VEdt
c 0

27 .
= \/5/ (2(1 — cos2t) + V5e™™ " - cost) dt
0

= V5(2t —sin2t + /5" ") " V54w 4+ V5 — 040 — /5)

0

= 47/5.

4\/577 —9
2\/57r

6. (a) For the total mass we integrate the density along the curve:

Hence [f]ave =

/(37y)d3:/ 2(3 — 2sint) dt = 67 — 8.
C 0
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Miscellaneous Exercises for Chapter 6 363

(b) The density depends only on y and the wire is symmetric with respect to « so Z = 0 (if you write out the formula you’ll
see that the numerator is an integral of an odd function of x over a curve that is symmetric with respect to x). Also, since
z = 0, we quickly conclude that Z = 0. What remains is to calculate

g= fcy(i(x,y,z)ds _ foﬂ(Zsint(B—Qsint)Q)dt _ 24 — 477 _ 12 — 2rr
Jo 0(x,y, 2) ds 6m —8 6m —8 3m—4-

2 2
i) + (y — L) . From symmetry considerations, we must have T

. Locate the wire in the first quadrant of the zy-plane. Then the center is at (L %) and 0(x,y, z) = (x—
73 =Y.

5
7 Now parametrize the quarter circle as

T =acost
y=asint, 0<t<m/2.

Then ||x/(t)|| = a. We have

M—/cads—/om((acost—\%)er(asint—ji)z) adt

i /2
:a3/ (coth—\/icost—l—%+sin2t—\/§sint+%) dt
0

/2
:a3/ (2—V2cost —V2sint)dt = (x — 2v/2)a®
0

/2 a \?2 a \2
MZ:/acéds:/ acost <acost——> +(asint——> -adt
! c 0 ( V2 V2
4 /2 4 /2 \/§
:a/ cost(?—\/icost—\/ﬁsint)dt:a/ <2COSt—7(1+COS?t)—\/§SthCOSt> dt
0 0
/2
= 2s1n1‘/7£257£ Qtfﬁsm t
4 2 o
21 \/§
= 2————-0——-0
o (2= 0= o)
(8—\/§7T—2\/§) 4
=(———F—a
4
Hence

. (a) By symmetry z =y = 0 and Z = 8.
) |IX'|| =9+ 16 = 5; §(x,y, 2) = > + y + 2°. Hence the mass of the wire is
an 20m
M= [dds= (94 166) - 5.t = = (27 + 2567°)

I 2 _ 1
M/x§ds M/o 3cost(9+ 16t7) - 5dt = % 19207

T =

*—i/ Sds = i/4w33int(9+16t2) 5a’t—i(738407r2)

VTSmO T M, M

2—i/z5ds—i/4w4t(9+16t2) 5dt—i(1607r2)(9+1287r2)
M, M, M '
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364 Chapter 6 Line Integrals

Thus
319207 288
- _ — ~ 0.112781
¥ 7 207 (27 + 25672) | 27 + 25672
_ 3(—38407%) 5767
_ - _ ~ —0. 2
VT S0n@r+5om) 2+ gmom o
2 2 2
__ 3-160m%(9+1287%) _ 24m(9+1287%) . o0

207 (27 + 25672) 27 + 25672

9. (a) Parametrize the wire as x(t) = (2cost, 2sint),0 < ¢ < 7. Then ||x'|| = 2 and

I, = / x26d5:/ dcos” (3 — 2sint) - 24t
Jc Jo
= / (24 cos® t — 16 cos” tsint) dt = / (12(1 + cos 2t) 4 16 cos” t(—sint)) dt
0 0
16, . 16 32 36m — 32

=1 —(—1 1)=1 - — =
27r+3( ) 3() 2 3 3

(b) The square of the distance between a point on the wire and the z-axis is #* + y*. Thus I. = [, (z” + y°)d(w,y, 2) ds.
Using the given information,

I, = / 4. (3—2sint)2dt = 8(3w — 4) = 24w — 32.
0
The total mass was found in Exercise 6 to be 67 — 8. Hence the radius of gyration is
= (241 — 32 _9
6m — 8

. t
10. Parametrize the curve as x(t) = (t, -+ 2) ,—2 <t < 2. Then ||X|| = ? and

2
2 2 2 3
_ 20 1 _ t 12 VE o ¢ 1
IZ—Ly5ds—[2(2+2) <2+2> 2dt_¢5[2(2+2) 5 dt
3 3
:\/5/ Fau= Y2 —20vE
1 4 1
2 2
M:/ads:/ o) VB o VB (L —4v5
o ,\2 2 2 \4 .
Hence
20v/5
re = /I /M = | =2 = /5.
/ v

11. We use = as parameter so x(¢) = (¢,t?), 0 < ¢ < 2, and ||x’|| = v/1 + 4¢2. Then

0 0

2 2
Iz:/y25dS:/ ot 1+4t2dt:/ OV/1 + 442 dt.
c
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Now let 2t = tan 6 so dt = % sec? 0 df. Then

tan~ 1 4 1 1
I, = / — tan® @ sec® ( = sec?0dp
0 32 2

tan— 14
= 6714 tan® 0 sec® O(sec O tan 6 df)
0
1 tan~ 14
=51 (5602 60— 1)2 sec? O(sec tan6db)
0
1 tan~ 14

== (sec® @ — 2sec” 0 + sec” 0) d(sec §)

64 /,
tan— 14
:6—14<%sec79—§secs0+%sec39> .
1 (1. 70 2 .52, 1. .30 1, 2 1
=— (=1 - 21 -1 — -4+ 2=
64(77 57 +37 77573
= % V4107_1 ~ 38.1326.
We also have
1 2 2
M= /6d37/ V1 4e2dt = o (144t 2)3/2
0
= E(173/2 — 1) &~ 5.75773.
Hence
. [ L. [7T769v17—1 12 | 76917 — 1
‘ M 840 1717 — 1 119017 — 70

~ 2.57349.

12. (@) I, = fc(y2 +296(x,y,2) ds, I, = fc(xz +296(x,y,2)ds, I, = fc(x2 +yHé(z,y, 2)ds
(b) For the given parametrization, ||x|| = v/9 + 16 = 5.

e 47
I, =56 / (9sin®t + 16t°) dt = 55/ (2(1 — cos 2t) + 16t2> dt
JO 0

3 2
ks (18W+ 102;7r ) _ 1071'(274;512# )8

4w
1,*56/ (9 cos t+16t)dt—56/ ( 1+c032t)+16t)d

_10m(27 + 5127%)6
=

47
I, = 56/ 9dt = 180mo
0
47
NowM:/ dds :/ 55 dt = 205. Thus
c 0

. |7 27—|—5127r 18078 _
=== 206
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366 Chapter 6 Line Integrals

13. We may parametrize the segment as x(¢) = (1 — ¢)(—1,1,2) +£(2,2,3),0 <t < 1,orx(t) = (3t — 1,¢ + 1,t + 2). Then

IX=vo9+1+1=+V1L

Iz:/(x2+y2)6ds:/1[(3t—1)2+(t+1)2][1+(t+2)2]~\/ﬁdt
C 0

1

1
= \/11/ (10t* + 36> 4 361> — 12t + 10) dt = V11(2t° + 9t* + 12t — 6t 4 10¢)
0 0

=VI1(24+ 9412 -6+ 10) = 27V/11

1

M:/cdds:/01(1+(t+2)2)\/ﬁdt:\/ﬁ(t+%(t+2)3)

Vi (1r0-8) - 2T

0

Hencer, = \/I./M = 81 = w
V 22 22
Exercises 14, 15, and 23 explore polar versions of results we 've seen in this Chapter:
14. (a) The path is
x(0) = (f(0) cos O, f(0)sin0).
Using the product rule, we find that

X' (0) = (f'(0) cos@ — f(0)sin 6, f'(0) sinf + f(6) cosh).
The length of x’(9) is a straightforward calculation:

X' = v/ (f/(8) cos 0 — f(0) sin0)2 + (f/(0) sin @ + f(6) cos )2 = /((0))2 + (f(6))>.
We conclude that the arclength of the curve between (f(a), a) and (f(b), b) is

b
ds = X (0)]| do = 0))2 (0))2d6.
/C /xw)n ®)l /a\/(f( D2+ (7(0))

(b) The sketch of r = sin?(6/2) is
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The length is

/27r \/sin4(0/2) +sin%(0/2) cos2(0/2) do = /27r sin(0/2)df = —2(—1 — 1) = 4.
0 0

b

liwﬁﬂQMMIAMM@WWWM=/ﬂﬂk%ﬂ'$M¢ T (0)2 do.

a

(b) We’ll use the formula from part (a).

27
/ gds = / (1(6¥ o8 0)? + (% sin 0) — 2(* cos )] /e + 9¢69) df
C 0

27
= / ([e%% — 2¢*? cos 0]v/10e*") do
0

367

V10
= 533 (37 T 108e"T 4 71).
In this text k is always non-negative. In cases where the curvature is signed, differential geometers are often interested in the
total squared curvature: k> ds.
c
16. In Section 3.2 it was shown that
_fvxal
MK

Herev=x'anda =x". So

b b
K:/nds:/ (”VXfHIIx’H> dt:/ <“ij”) dt.
c o \ vl a \ VIl

17. We use the results of Exercise 16:

107 (g : _ g
K:/ |[(—=3sint, 3cost,4) X (=3 cost,—3sint,0)]] gt

[(—3sint, 3cost,4)|?

B /107r [(=12sint, —12cost,9)|| ,, _ /m S gt = 6.
= . 25 - 0 5

18. We use the results of Exercise 16 with x(¢) = (t, At?,0):

o /wlmm 02400, _ [ 10.0.20)],
(1, 2A¢, 0)]]2 . 1+ 4A%2

b
= tan" ' (24b) — tan" ' (24a).

a

2A —1
= /a m dt = tan (2At)

19. We parameterize the ellipse by the path x(¢) = (acost, bsint,0) for 0 < ¢ < 27. Then, using Exercise 16,

K—/QW [[(—asint,bcost,0) X (—acost,—bsint,0)|| dt—/% [[(0,0,ab)||
N [(—asint,bcost,0)] " Jo  a?sin®t+ b2 cos? t

ab
/0 a?sin’®t + b2 cos? t

This verifies Fenchel’s Theorem for the given ellipse. This final integral was calculated using Mathematica. With work it can

also be done by hand.
20. (a) By Fenchel’s theorem (see Exercise 19), we know that for C' (a simple, closed C* curve in R®), K > 27, so

K:/ndsz%r.
e}

© 2012 Pearson Education, Inc.



368 Chapter 6 Line Integrals

But 0 < k < 1/a, therefore

Kz/ndsﬁ/lds:l/ d3:£.
c ca a o a

Putting these two inequalities together we see that

£ZK22T{' so L > 2ma.
a

(b) To conclude that L = 27wa we would need both of the preliminary inequalities to be equalities. As we saw in Exercise
19, we have K = 27 when C is also a plane convex curve. Also, as we saw above, K = L/a when k = 1/a. Together,
these two conditions imply that C' is a circle of radius a.
21. The work done is

1 1
/F- ds:/ (sin(£%), cos(—12), 14) - (362, —21, 1)dt:/ (36 sin(£%) — 2t cos(—1) + 1) dt
X 0 0

1
=6/5—cosl—sinl.
0

= (= cos(t®) 4 sin(—t*) +t°/5)

22. The first thing to note is that we are traversing the path in the wrong direction to apply Green’s theorem. If C'; is the triangular
path described in the problem from the origin, to (0, 1), to (1, 0), back to the origin, then let C> be the path traversed in the
opposite direction and let D be the region bounded by C and C2. Then

7{ wgydx+(fv+y)ydy:f]{ wgydm+(w+y)ydy:*// (y —a*)dA
Cq Co D

1 pl-zx 1
=*// (yfxz)dydm=f/(y2/27x2y)

o Jo 0

L x> 3 1 s oz a2t

23. In Section 6.2 we saw that Green’s theorem implied the formula

11—z

1
Area:fjl{ —ydr + xdy.
2 Jop

In general the boundary D of the region D consists of the curve » = f(6), which may be parametrized by x(0) =
(z(0),y(0)) = (f(0)cosb, f(0)sin0), and possibly straight line segments along & = a and § = b. The line 0 = a
may be parametrized by y(r) = (z(r),y(r)) = (r cos a, r sin a) and the line § = b may be parametrized similarly. Note that,
along the straight segment C' given by 6§ = a, we have

f(a)
1/ —ydr +xdy = 7/ (—rsinacosa + rcosasina) dr = 0.
2 Je, 2 Jo

An identical result holds for the straight segment C2 given by @ = b. Therefore, the area of D may be evaluated by computing
the line integral over the path x described above:

1
Area = 5/—ydac+wdy

1

= 5/(1 ((—f(0)sind)(f'(0) cos 0 — f(0)sin0)

+ (f(0) cos 0)(f'(0)sin + f(0) cos0)) db

1 [ 5
=5 | wwyrw.

24. By Green’s theorem, if D is the region with C' = 9D,

fcf(x)dxnug(y)dy://D (a%(g(y))—%(f(x))> dmdy://DOdrdyZO.
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Miscellaneous Exercises for Chapter 6

25. We begin by applying Green’s theorem (here D has constant density 6):

369

26.

1 2y 1 _ Jlp xdzdy

2 - area of D Dm dy_lareaofD//szdxdy_ [, dzdy
_ffD:c5d:cdy_7
T ddrdy "

Similarly,

1 B 1 I, ydrdy
area of D [, zydyiareaofD//D ydedy = [f, dxdy

_ Jpyddedy
T [y edrdy

For the second pair of formulas, we proceed in an entirely similar manner with Green’s theorem.

1 1
- do = ——— —xdxd
areaof D J5p ryar area of D //Dx v

- 1 ' _ffDmdmdy
B areaofD//D zdvdy = [/, dzdy

7ffDx6da:dyi_
[, ddzdy -
Also,
1 2 1
- - 9
2 - area of D BDy du 2-areaofD// ydedy
ddxd
- // yavdy=1p¥0EY _ o
areaofD [f,ddrdy

Along the bottom of the triangle, dy is zero and along the left side x is zero, so the first pair of line integrals in Exercise 25
must be zero except along the side connecting (1, 0) to (0, 2). Parametrize this side by x(¢) = (1 — ¢,2¢) with 0 < ¢ < 1.
Note also that the area of the triangle is 1. Using the results of Exercise 25, we have

1 1
52174 m2dy:1/ (lft)22dt:/(t272t+1)dt
2 Jop 2 Jo 0

1 1
= - —1 1=—
3 + 3

and

1 r1
g:}{ a:ydyz/ (1—t)(2t)2dt:2/ (—2t* + 2t) dt
oD 0 J0

2 2
=2(-S+1)=2.
(-3+1)=3
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370 Chapter 6 Line Integrals

27. The region in question looks like:

The area of this region is

36m —mwm — 7w = 34m.

Using the result of Exercise 25, we calculate

1
rT=—— 2*dy and §=

y2d:c
2-areaof D Jyp

2. areaof D oD

(other computations are possible).
‘We may parametrize the outer boundary of the region by

x(t) = (6cost,6sint), 0<t<2rm
and the inner two circles by
y(t) = (4 +sint, cost),0 < ¢t < 27 and
z(t) = (sint — 2,cost +2),0 < t < 2.

Hence
= 1 2
T=or an dy
1 27 27T 27
= — U 3600s2t~6costdt+/ (sint+4)2(—sint)dt+/ (sint—2)2(—sint)dt]
687 |/ o 0
1 2m 27
= {/ 216(1 — sin® t) cos t dt — (sin® ¢ + 8sin’ t + 16sint) dt
687 | /o 0
27
- / (sin®t — 4sin®t + 4sint) dt]
0
1 27 27
- U 216(1 — sin® t) cos t dt —/ (2sin” t 4+ 4sin® ¢ + 20sint) dt}
687 |/, o
1 27 27
= g |(216sint =72 sin®t)|  — / (2(1 — cos® t) sint + 2(1 — cos 2t) + 20sint) dt
0 0
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1 9 2m
= 04 (2cost — = cos®t — 2t +sin 2t + 20 cos ¢
687 3 .
1 1
fer M =755
and
1 9 1 2m 9 27 5 2m 5
gj:——% y doe = —— {/ 36 sin t~(—6sint)dt—|—/ cos t-costdt+/ (cost + 2) costdt}
687 Jop 687 | /o 0 o
1 r pr2m 27 27
T / 216(1 — cos® t)(—sint) dt+/ cos3tdt+/ (cos3t+4c052t+4cost)dt}
Lo 0 0
1 [ 27 27
T (216 cost — T2 cos” t) +/ (2(1 —sin® t) cos t + 2(1 + cos 2t) + 4 cost) dt
0 0
i 2y . N
= —— |0+ (2sint — =sin" ¢t + 2t +sin2t +4sint
687 3 .
1 1

- ] = ——.
gen (¥ =33

28. We can write fVg as (f0g/0x, fOg/0y). Now apply the divergence theorem and collect the appropriate terms.

_ 0 dg
7{ IV mds = // (896 ( ) Ay (ff?y)> “
0fdg , 0% , 0f0g 0%
// (8$8x Tour Y ayay T a2 ) A
0f g 0f dg g, 0%
&9 99, 291 aa
// ({Bx Oor Oy dy + f8x2 +f8y2 d
— [[ (vs-99+ 79
D
29. Apply the results of Exercise 28 to both parts of the line integral.
7{(ng—gi) ~nds:% ng~nds—j£ gV f-nds
c c c
:// (fVQg+Vf~Vg)dAf// (gV’f +Vg-Vf)dA
D D
— [[ ¥ - gv*paa
D
30. With f(z,y) = 1 in Green’s first identity, we have V f = 0, so

// (fV2g+ V[ -Vg)dA = //vgdA Vg- nds_}f 6gd
JoD BD

But if ¢ is harmonic, Vg = 0, so§aD§ ds = 0.

371

31. Now use Green’s first identity with f = g and f harmonic to obtain [ (Vf-Vf)dA = §.(fVf-n)ds. Since C = oD

and Vf -n= 2—7{, the desired result follows.

32. If f is zero on the boundary of D, then Exercise 31 implies that 0 = faf ds = / Vf-VfdA. ButVf -Vf =
oD

[V£]|> > 0. Thus the right integral is of a nonnegative, continuous integrand. For it to be zero, the integrand must be
identically zero. That is, Vf - V f vanishes an D. We conclude that V f is zero on D and so f must be constant. Since

f(z,y) =00ndD and f is constant on D, we must have f = 0 on D.
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372 Chapter 6 Line Integrals

33. Let f = fi — fo. Thensince f1 = foon 9D, f = 0 on 0D. Also f is harmonic if f1 and f> are. Hence, by Exercise 32,
f=0onDso fi = faonD.
34. (a) Exercise 37 from Section 6.3 is a particularly nice example of a nontrivial radially symmetric vector field because there is
a compelling physical reason for the field F to be radially symmetric. There F is the gravitational force field of a mass M
on a particle of mass m.

GMm ) . GMm (zi+ yj + zk) GMm
F=—— " (zityj+2k)=— — =- €.
Tl e | R

(b) Apply the formula for the curl in spherical coordinates found in Theorem 4.6 in Chapter 3.

e, pe, psinpey
d/dp /0
VXF:% d/op 9/0p  8)00 | = 0,0, Leq /00 B/0¢ = (0,0,0).
p?sinp f(p) 0
flp) 0 0

When students get to complex analysis and learn to integrate around poles, texts often refer to their experience with Green's
theorem in multivariable calculus. At least one of Exercises 35 and 36 should be assigned so that this reference might ring a bell.

35. (a) The boundary is in two pieces which we separately parametrize as x; (6) = (cos 6, sin 0) and x2(6) = (acos 8, —asinf),
each for 0 < 0 < 2. The line integral is then

2 27 2 .. 2 2 2
-y T . 2 2 a“sin“0  a“cos“0
7{C$2+y2dx+m2+y2dy:/o (sin” @ + cos 9)d9+/0 (7 — _ = >d0

:/0%(1— 1)do = 0.

The double integral is
0 x 0 —z? 497 —y? 4 2?
//D {3:6 <w2+y2> dy <x2+y ﬂ dwdy_// { @+ 27 (@t y2)? drdy
:// 0dxdy = 0.
D

Thus the conclusion of Green’s theorem holds for F in the given annular region.
(b) This time the line integral is only taken over the outer boundary and so

—y z
74 d dy = 2.
cr?+y? $+m2+y2 y=ar

The same cancellation takes place in the double integral as in part (a), so

0 x 0 —y B
//D {% (w2+y2) oy (w2+y2)} drdy =0

The problem is that F is not defined at the origin.

(¢) Let D be the region so that 9D consists of the given curve C' oriented counterclockwise and also the curve Cj, the circle
of radius a centered at the origin oriented clockwise. Then F is defined everywhere in the region D. Green’s theorem
holds so

—y T -y x -y X
d d d dy = d d
%Cl,z_'_yQ m+1’2—|—y2 y+£a$2+y2 m+1’2—|—y2 Y ﬁ'ucax2+92 x+$2+y2 Y
AN x 0 —y
= — - = drdy =0, but
//D (81’ («’E2+y2) oy ($2+y2)) rws=n

Z -y x Z -y x
——d. ————dy = —2m. Theref d. dy = 2.
. PO x + 2 112 Y T erefore, Cx2+y2 x + 2 412 Y s
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Section 6.3. Conservative Vector Fields 373

36. (a)
i j K

VK F— 0/0x 0/0y  0/0z ~ (0,0,0).
Y z 0

) +y2 32+ y2
(b) Here the path is x(0) = (cos 8, sin @) for 0 < 6 < 27. Then

%CF- ds = /027r((_ sin 0)(—sin 0) + (cos 0)(cos #)) do = /027T df = 2.

(¢) We saw in part (b) that the line integral around a closed path is not zero, so F cannot be conservative on its domain.
(d) The conditions are not met for the theorem as the domain of F is not a simply-connected region.
37. (a) By the divergence theorem, the flux

/F nds—//( [e¥] + = [4])dydx:0.

(b) Again, by the divergence theorem, the flux

Jrenas= [ (Zisn+ i@ dyds =0

38. Over the path x(¢),

a

39. We’ll first replace F with —V'V and apply Theorem 3.3.
/F- ds = /—VV~ ds = -V (B)+ V(A),

where A = x(a) and B = x(b). However, in Exercise 38 we showed that

/XF- ds = %m[v(b)]z - %m[v(a)]Q.

Therefore,

=
=
_|_

|
2
<
&
I

V(B) + gmlo).

We see, therefore, that the sum of the potential and kinetic energies of the particle remains constant.
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