Chapter 5

Multiple Integration

5.1 Introduction: Areas and Volumes

1.
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246 Chapter 5 Multiple Integration
7. (a) Here we are fixing x and finding the area of the slices:
2

=22 +20/3.
0

2
16 40 2 20
=2+ ) (-2-%)=2.
» <3+3> (3 3) 0

2

2 3
A(z) =/ (@ +y* +2)dy = (w2y+y§ +2y>
0

Now we “add up the areas of these slices™:

? 2 2 320
V= A(z)de = (22" +20/3)dx = 3% +§m

—1 -1

(b) Now we fix y and find the area of the slices:

2 3
Aly) = / (> +y° +2)de = (%—i—yzw—i—Qa:)
—1 —1

8 1
= (§+2y2+4> - <—§—y2—2) =9+ 3y°

2
= 26.
0

3 2 /g
dy:/ (7+9y+3> dy
0 1 2

2
1

Adding up the area of these slices:

V:/O A(y)a'y:/0 9+ 3y°) dy = (9y +v°)

8. Here we are calculating:

2 3 2 /.2
//(m+3y+1)dxdy:/ <f+3y:r+x)
1 Jo 1\ 2
> (15 15 9,
= — 49y ) dy=— =
[ (F o) o= (Zoiv)
= (15+18) — (15/2 +9/2) = 21.
9. Here we are calculating
2 1 2 4 1 2 4
/ /(2x2+y4sin7rm)da:dy:/ (ng—y—coswx> dy:/ <g+2l) dy
—1Jo 1 3 T 0 1 3 7T
(2, N[ ALy (22 _,, 66
“\3Y 5 )|, T8 3 1) bm

10. This is the volume of the “rectangular box” bounded by the plane z = 2, the xy-plane, and the planes z = 1,z = 3,y = 0,
and y = 2. Here we could just calculate the volume of this 2 x 2 x 2 box as 8 without integrating—or

2 3 2
V:/ / 2dmdy:/ 2x
0o J1 0

11. This is the volume of the region bounded by the paraboloid z = 16 — x® — 22, the xy-plane, and the planes z = 1, & =

3, y = —2, and y = 2. The volume is
3 p2 3 ANk 3 16
V:/ / (16—x2—y2)dydz:/ (16y—1:2y——) dx:/ (64—4932——) dx
1 J-2 1 3 o N 3
= (192 — 36 — 16) — (64 —4/3 — 16/3) = 248/3.

4 5 16 3
— (64 — =22 —
(6 x 336 395) )

12. This is the volume of the region bounded by z = sin x cos y, the xy-plane, and the planes x = 0, * = 7, y = —7/2, and
y = /2. The volume is

2
=8.

3 2
dy:/ 4dy =4y
0 0

1

/2 7r /2 ™
V= /(sinxcosy)dmdy:/ (—coszcosy)| dy
—7/2J0 J—m/2 0
w/2 /2
=2/ cosydy = 2siny =4.
—7/2 —m/2
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14.

15.

16.

Section 5.2. Double Integrals 247

This is the volume of the region bounded by z = 4 — z?, the xy-plane, and the planes ¢ = —2, + = 2, y = 0, and y = 5.
The volume is

dy = /05((8 —8/3) — (~8+8/3))dy

V—/05/22(4x2)dxdy—/o5(4xx3/3)2
[ 2]

= 160/3.
This is the volume of the region bounded by z = |x| sin 7y, the xy-plane, and the planes x = —2, x =3, y = 0,and y =

The volume is . , 1 )
V:/ / |=’E|Sin7fydydx:/ *mcoswy d:v:/ Md
S -2 7 0 —2 T

At this point we use the definition of absolute value to split this into two quantities:

0 213

0 3 2
V= —gxdw—t—/ gz:dﬂc:—:L + 7é+g:§
g T 0o T T _, T | m ™
2
// (5 Iy dmdy—/(swyn dy
-1 — r=—1
— [ 6-luh-sar=150-3 [ lldy
-5 —5
0 5
:150—3/ (—y)dy—3/ ydy
—5 0
3,9 3, 75 75
=1 2 — S =150 - 2 - 2 .
50+2y . Y . 50 5 5 =175

The iterated integral gives the volume of the region bounded by the graph of z = 5 — |y|, the xy-plane, and the planes x = —1,
x = 2,y = —5,y = 5. (The solid so described is a rectangular prism.)

b opd
We have V' = / / f(z,y)dydz. Since 0 < f(x,y) < M, the solid bounded by y = f(z,y), the xy-plane, and the

planes x = a, x < b,cy = ¢, y = d sits inside the rectangular block of height M and base bounded by x = a, x = b,y = ¢,
y=d.Hence V< M(b—a)(d—c)

5.2 Double Integrals

1.

Since the integrand f(z,y) = y* + sin 2y is continuous, the double integral IS R(y3 + sin 2y) dA exists by Theorem 2.4.
Now consider a Riemann sum corresponding to the double integral that we obtain by partitioning the rectangle [0, 3] x [—1, 1]
symmetrically with respect to the z-axis and by choosing test points c;; in each subrectangle that are also symmetric with
respect to the z-axis. Then
S=Y fley) AAij =Y (yi; +sin2yi;) AAy
¥ (%)

(where y;; denotes the y-coordinate of ¢;;) must be zero since the terms cancel in pairs because f(x, —y) = — f(z,y). When
we shrink the rectangles in the limit, we can arrange to preserve all the symmetry. Hence the limit under such restrictions must
be zero and thus the overall limit (which must exist in view of Theorem 2.4) must also be zero.

. The integrand f(x,y) = 2 4 2y is continuous, so the double integral exists by Theorem 2.4. Consider a Riemann sum

corresponding to the double integral that we obtain by partitioning the rectangle [—3, 3] X [—2, 2] symmetrically with respect
to both coordinate axes and by choosing test points c;; in each subrectangle that are also symmetric with respect to both axes.

Then
S=3 fley) Ay =) (xF +2yi;) Adi; = Y al; Adi; + ) 2yi; AAy
2% 2% 2% 2%
must be zero since the terms in each sum will cancel in pairs (because (—z)° = —xz° and 2(—y) = —2y). When we shrink

the rectangles in the limit, we can arrange to preserve all the symmetry. Hence the limit under such restrictions must be zero
and thus the overall limit (which must exist in view of Theorem 2.4) must also be zero.
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248 Chapter 5 Multiple Integration

Note: you may want to discuss Exercise 3 (b) before assigning it, to get your students in the habit of looking critically at
problems before working on them.

3. (a) We are computing

4—22 2 2
dmz/ (4x3—x5)dx= (x4—$6/6) =0.
0

—9 _2

2 pd4—az? 2
/ / 2 dydx = / 2y
—2.Jo —2

(b) The integrand is an odd function depending only on x and the region is symmetric about the y-axis. The students encounter
this situation when they looked at [ fa x> dx in first year calculus.

1 pad 12 1 3
4. / / dedx:/ 3y da::/ 32° dx = Szt
0o Jo 0 0 0 4

1

3 . . . o
=7 The region over which we are integrating is:

0

2 py? 2 2 2 412
5. / / ydrdy = / ry| dy = / yidy = Y1 — 4 The region over which we are integrating is:
0o Jo 0 0 0 41,
%
2 T
1.5
1
0.5 Y
?7
X
1 2 3 4
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Section 5.2. Double Integrals 249

2 a2 2 9 )a2? 2 4 52
Y T T 32 16 . . . N

6. dydr = | dr= —dr = ~—~| = -— = —.Th hich tegrat :

/0/0 ydydx /0 2, T /0 i 0], ~ 10 5 e region over which we are integrating is
Yy
4,
3,
2,
l,

X
1 1.5 2

20+1 3 2713
) dx = %[1(3x3+4x2+x)dw: % 22:4—1—%3:3—1—%} = %.Theregion

3 r2x41 3 ..,2
/ / xydydw:/ Ty
—1Jz —1 2

over which we are integrating is:

-1

TN
TN

y=x/2

<

dzx

y=a2/4

2 rx/2 2 3
X / / («® 4+ y°) dy dz :/ <x2y+ )
0 2/4 0

|

2 3 2 4 6
1 1 1 . . .
= /0 ((% + %) - (% + %)) dr = {%:f — %xs — @x7] . = % The region over which we are inte-
grating is:
Y
1
0.8
0.6
0.4
0.2
] 0.5 1 1.5 2 =
N 4,2 =2,y 4
. / / zsin (y*) dzdy = / 5 sin (y?) dy = / 2y sin (y°) dy. Now let u = y?, so du = 2y dy. Then this
o Jo 0 =0 0
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250 Chapter5 Multiple Integration

integral becomes
16

16
/ sinudu = —cosu =1—cos16.
0 0

The region over which we are integrating is:
Yy

X

1 2 3 4

sinx

K
der = = / (sin®zcosz)dr = (using the substitutionu = sinz)
0 0

T sinx T 2
10. / / ycosxdydr = / Y cosx
o Jo 0o 2
1 ™
2

=, sin®
u”du =
=0 6

= 0. The region over which we are integrating is:
0

Note: After you assign Exercises 11 and 12, together you can probe to see whether students see that they are the same.
This is a nice set-up for Section 5.3 where they will learn about interchanging the order of integration.

1 \/1—a2 1 V1—x2 1

11. / / 3dydx = / 3y de = / 611 — 22 dz = (using the substitution © = sint) = 37 /2. You can
0 Joy/1-a? 0 —/1-22 0

also see that the region over which we are integrating is a half-circle of radius 1 so we have found the volume of the cylinder

over this region of height 3. This figure is:
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Section 5.2. Double Integrals 251

12. This is the same as Exercise 11 with the limits of integration reversed. The solution is again 37 /2.
1 e” 1 .4
13. / / y3dydx:/ L
0 —e® 0 4
Yy

3 -

e’ 1
dx = / 0dx = 0. The region over which we are integrating is:
_e® 0

14. For each square in the domain we need to estimate the height of the square and multiply it by the length times the width. For
our estimate we will choose the value of the height f(c;;) in the lower right corner of the square in row ¢ column j as our
height for the square. The heights are then:

4 (516171899 |10] 9 |9
4 (516171819 0] 11 0|9
4 (51617189 ]10|10] 1019
4 (56| 7]8|8] 9 9 919
4 (516 |7]7|8] 8 8 8 |8

Each box has a base of area 25 so the sum of the products of 25 times the heights is 92500. Of course, this answer depends on
what point in each box we chose for our estimate—your mileage may vary.
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252 Chapter 5 Multiple Integration

15. A quick sketch of the region over which we are integrating helps us set up our double integral.

Y
2B
1.5
1
0.5
X
0.5 1 1.5
2 2—x zy
/ / (l—acy)dydx— < —) (2—3$U+2£C —2°/2) dx
o Jo 2 /1o
3 2 3 1'4 2
= (222 T =4-6+1 2=14
(:c 21’—|—3 8)0 6+16/3 — /3.

16. Again a sketch of the region over which we are integrating helps us set up our double integral. The top bounding curve is
y = /7 and the bottom curve is y = 32z>.

Y

-0.05 0.05 0.1 0.15 0.2 0.25

1/4 p/z 1/4 2\ VT 1/4
/ / 3y dydr = / <3‘“y ) do = / (§x2 - 15363@7) d
0 3223 0 2 3223 0 2
= (%mz — 192:08)

AT | 3 5

T 128 1024 1024°

0
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Section 5.2. Double Integrals 253

17. We can easily determine the limits of integration from the sketch and/or by solving for where x + vy = 2 intersects the parabola
2
y -2y —x=0.

Y
21N
L
/
a 2
\\
X
-1 B 3
-0.5
~1 N
~1 :l
—1 T 1T IN
-1 ~

2—y 2 4 2

2 2y 2 /.2
/ / (x—l—y)dxdy:/ (f—&-xy)
—1 y2,2y —1 2

y2—2y -1
5 4 3 2
99
= _y7+y7_y7+2y = .
10 4 6 1 20

18. The region D of integration has top boundary curve = = y* and bottom boundary curve y = 2 and looks like:

Yy

X

0.2 0.4 0.6 0.8 1

Note that y = x® may be expressed as = = /Y since the region of interest lies in the first quadrant. Hence we have a type 2

elementary region and
T=./Y 1 2 7
we [ (5-5) o
e=y3 0 2 2

1 VT 1,2

// mydA:// xyda:dyz/ —

D 0 Jy3 o 2

_ (L 1|
“2\3Y 7%

Lo
Note that we may also set up this integral as / / zy dy dz.
0 2

48"

0
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254 Chapter 5 Multiple Integration

19. The region D is triangular, with top boundary the line y = x and looks like:
Yy

1

0.2 0.4 0.6 0.8 1

Viewing D as a type 1 region we have

2 1oz 5
//ez dA://em dy dx
D o Jo
1

22 ! 1 u 2
= re® dxr = —e"du where u = x
0 0o 2

1

1
= 5(6 —1).

0
20. We see from the sketch that we need to divide the integral into two pieces. For 0 < 2 < 1/9 we see that z < y < 3 and for
1/9 <z <1lweseethatz <y <1/y/x.

Y
3 \

1/9 3 1 1/VE
// 3ydA:/ / 3ydyda:—|—/ / 3y dydx
D 0 z 1/9Jx
193, 3 1 Ve
= Sy
[

d:c+/ 22
. 927 |,

V9 o7 3 2) /3 3
= - — =z dw+/ (7_7332) dx
/0 (2 2 1o \2z 2
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Section 5.2. Double Integrals

1/9
1
. + (glnx— 53:3)

_ (27 1 '
“ 27"

_°2_-_°2 In(1/9) =1+ 1n27.

1/9

21. From the sketch below we see that this is a fairly straightforward integral.

Y
6

['5N

//D(m2y)dA—/_22/2:jj(x2y)dydm
= [ @)

= (32°/5 — 2" /4 — 42® 4 22%)

2242 2
dx = / (3z* — 2 — 1227 + 4x) dx

222 -2 -2

2
=192/5 — 64 = —128/5

—2

22. From the sketch below we see that this integral needs to be done in two pieces.

2 2 o Lo 2 2 V3 s/ 2 2
(z°+y")dA = (" +y")dydr + (" +y°)dydx
D 0 x 1 x
1 V3

3/x

:/ (z*y +y*/3) ide+/1 (*y+y°/3)| dv

0

x

1 V3
= / (32/3)2” dx + / (9/2° + 3z — 42° /3) du = 8/3 +10/3 =6

© 2012 Pearson Education, Inc.
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256 Chapter 5 Multiple Integration

23. As in the proof of property 1 in the text, we note that the Riemann sum whose limit is

// cfdAls S cf(c”)AA” =c Z f(ei)AA;; Hc/ fdA.

1,5=1

24. //RgdA = //R(er[gff])dAWhich,byproperty 1, equals //Rfa'AJr//R[gff] dA.Butg—f > 0so //R[gff] dA >

Oandso//RgdAz//RfdA.

25. Define f* = max(f,0) and f~ = max(—f,0). Note that both f* and f~ have only non-negative values. Then f =
fr—f and|f| = f* 4+ f~. Since f* < |f] = f* + f~ we can see that |f| is Riemann integrable. Also we can use

property 2 to conclude that
L= ol =| [ s as- [[ 5o
g//Rf+dA+//Rf‘dA:/R\f|dA.

26. (a) Intuitively, the volume of a figure with constant height should be the area of the base times the height. In this case that is
just the area of the base. More formally, by Definition 2.3,

// 1dA = allAmll Ay;—0 Z ATiAY;-

i,j=1

We are assuming that D is an elementary region; let’s consider the case of a type 1 region, then we can rewrite the above

sum as . \
lim (6(cs) —v(ci))Ax; = / (6(z) — y(z)) dx = the area of D.

all Aw;—0
¢ i=1 a

The proof is not much different for the other elementary regions.

CLQ—CCQ a
(b) We integrate // 1dA = / / dydr = 2/ v a? — z? dx. We’ve seen this above in Exercises 11 and 12.

az_zz

Let x = asint and integrate to get the desired result.

27. Using Exercise 26, the area is
// 1dA = / / ldydx*/(as —z%) dx

= (2%/3 —a*/4) _1/371/4:1/12.

0

28. Again using Exercise 26, the area is

V5-2 pl—2z—a? V5-2
// 1dA = / / 1dydx:/ (1—4z —z°) dx
2 0

V52

= (v — 22 — 2°/3) = (1/3)(10v/5 — 22).

0

b2 b2x 2/0.2 By 2
29. We integrate/ / dydr = 2/ b z _ 2 (/ Va2 —z? d:r) = ~(ma®) = mab.

b2 b2 zz/a,2

30. (a) For z > 0 the curve 2® — x lies below the curve y = az? between 0 and their positive point of intersection z =
o+ VaZid e+V/a+D/2 oz’
— So the area is given by / /
0 z3—x

dy dx.
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Section 5.2. Double Integrals

(b) The graph of area against a is:

Area

The area is 1 at a ~ .995.
31. The region looks like:

By symmetry, it’s enough to calculate the first quadrant area and double it. Thus

1 pat/® 1
Total area = 2/ / ldydx = 2/ <x1/5 — a:3) dx
0 Ja3 0
565 1 4\ | 5 1\ 7
:2 - —_ = :2 _——— = —
(6“” 49”)0 6 4) 6

© 2012 Pearson Education, Inc.
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258 Chapter 5 Multiple Integration

32. The region in question looks like:

-1 20.5 \ 0.5 1 x

Note that the intersection point of y = —2x and y = 2 — 27 is (1 — /3, —2 + 2v/3). We use the y-axis to divide the region
into two type 1 subregions. Then

0 272 1 p2—22
Area:/ / 1dydx+/ / 1ldydx

1-v3J -2z 0 Jax

0 1

:/ (2+2$—I2)d$+/ (2 —x —a%)dx
1-v3 0
3\ |0 2 3
:(2x+x2—m—) +(2x—x——x—>
3 1-v3 2 3
_ 6v3-38

4/3-3
3 2

LT
.

33. First, note that the integrand is continuous; hence the integral as the limit of Riemann sums must exist. Second, note that the
region D is symmetric with respect to the z-axis. Next, note that we can break up the integral as

// (ys—l—ez?siny+2)dA:// y3dA+// eIQSinydA—i—// 2dA.
D D D D

Consider first f f D y> dA and note that the integrand, 3/°, is an odd function. Hence, in a Riemann sum, we can arrange to
partition any rectangle that contains D in such a way that for every subrectangle above the z-axis (i.e., where y > 0), there is
a corresponding “mirror image” subrectangle—with the same area—below the z-axis (where y < 0). Then the “test points”
in each pair of subrectangles may be chosen to have opposite y-coordinates. (See the figure below.)

© 2012 Pearson Education, Inc.
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Yy
For each subrectangle 0, 3)
in the partition..., ’
x+y=3
...there is another 30 ©
= (3,0)

subrectangle with ——— |
the same area,

symmetrically x—y=3
placed with respect
to the x-axis.

The Riemann sum corresponding to this partition will be

0]
since the terms of the sum will cancel in pairs. Thus, even when we take the limit of this sum as AA;; — 0, we still obtain
’ sinydA = 0 as well.

T

zero. Therefore, we conclude that [[, 4° dA = 0. Using a similar argument, we find that [/, e

Hence
// (y3+ez2siny+2)dA:// ySdA—i—// eZQSinydA+// 2dA
D D D D

:0+0+2// dA = 2(area of D)
D

=2(9) = 18.

First, note that the integrand is continuous; hence the integral as the limit of Riemann sums must exist. Second, note that the
region D is symmetric with respect to the y-axis. Next, note that we can break up the integral as

// (2x3—y4sin:n+2)dA:// 2x3dA—// y4sindi+// 2dA.
D D D D

Consider first f f D 23 dA and note that the integrand, 223, is an odd function. Hence, in a Riemann sum, we can arrange to
partition any rectangle that contains D in such a way that for every subrectangle to the right of the y-axis (i.e., where > 0),
there is a corresponding “mirror image” subrectangle—with the same area—to the /eft of the y-axis (where = < 0). Then the
“test points” in each pair of subrectangles may be chosen to have opposite x-coordinates. (See the figure below.)

y

For each subrectangle ©, 3)

in the partition,
X2 +y2=9
y

there is another
subrectangle with _El
the same area,
symmetrically
placed with respect
to the y-axis.

(3,0
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260 Chapter5 Multiple Integration

The Riemann sum corresponding to this partition will be

Z 2%?] AA” = 0,

%)

since the terms of the sum will cancel in pairs. Thus, even when we take the limit of this sum as AA;; — 0, we still obtain
zero. Therefore, we conclude that [ [, 22° dA = 0. Using a similar argument, we find that [[, y*sinzdA = 0 as well.

Hence
// (2:v37y4sinx+2)dA:// 2m3dAf// y4sindi+// 2dA
D D D D

:0—|—0+2// dA = 2(area of D)
D

=2 (9%) = 9.

35. The volume is given by ffD (24 — 2z — 6y) dA, where D is the region in the z:y-plane bounded by y = 4 — 22, y = 4z — 22,
and the y-axis. Now D is a type 1 region that looks like:

Yy

Thus the volume is

1 pd4—a? 1 y=4—=2°
/ / (24 — 2z — 6y) dydz = / [(24 — 2z)y — 3y2] dz
o Ja 0

z—a2 y=4x—x2

= /1 [(24 — 22)(4 — 4z) — 3(4 — 2°)* + 3(42 — 2°)?] da

1
— / [8(2z* — 132 + 12) — 242® + 722 — 48] da
0

e 3 50
= [ [80z" —242° — 104z + 48] dz = 3
0

36. The volume is given by [/ D(m2 + 69?) dA, where D is the region in the xy-plane bounded by y = = and y = 2 — x. This
region D looks like:
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Section 5.2. Double Integrals 261

Therefore, the volume is
1 x 2
/ / (2% + 6y°) dy dz = / [x2(2x —2%)+2 (x3 —(2* - x)?’)] dx
0 z2—x 0
2
= / [—2x6 +62° — 7zt + 61:3} dx
0

(et 3)

23
T35

0

37. The graphs of y = 2% — 10 and y = 31 — (z — 1)? intersect at z = —4 and & = 5 with the graph of y = 2% — 10 lying below
the graph of y = 31 — (x — 1)? on this interval.

31—(z—1)2 5 31— (z—1)2
/ / (4x + 2y + 25) dy dx = / (4zy 4 y* + 25y) dz
x —4

2-10

22-10

5
= / (—12z° — 782° + 330z + 1800) dx:
—4
5

= (32" — 262° +1652% + 1800z)| = 11664.

—4

38. (a) Thisisa special case of the region over which we integrated in Exercise 26 (b). The integral is

4— 12
/ / (#® —y? +5) dy d.
4 ac2

(b) You can use your favorite computer algebra system. Using Mathematica, enter the command:
Integrate[Integrate[z? — 4> + 5, {y, —Sqrt[4 — %], Sqrt[4 — 22]}], {x, —2,2}] or

Integrate[z® — y* + 5, {x, —2,2}, {y, —Sqrt[4 — x?], Sqrt[4 — 2°]}] and get the answer 207.
39. By symmetry we see that the volume is four times the volume of the piece over the first quadrant (z,y > 0). In this region
|x| = z and |y| = y so the volume is

2 2—x 2 2—
4/ / (2—w—y)dydw=4/(2y—ry—y2/2)
0 0 0 0

2
=16/3.
0

B 2
dx:4/ (2 — 2z + 2°/2) dx
0

= 4(2x — 2° + 2°/6)

The results demonstrated in Exercises 40 and 41 are arrived at easily but worth seeing. In Exercise 40 we have the dream
situation where the double integral of a product can be split into the product of integrals. We quickly see that this only works
in a very special case. In Exercise 41 we examine a function where [[ f dy dx exists but [ [ f dA does not.
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40. (a) The function h(z,y) = f(x)g(y) satisfies the conditions of Theorem 2.6 (Fubini’s theorem) on [a, b] X [c, d]. So

[ eoas [ [ e

For emphasis, we rewrite this last integral with parentheses and, since f(z) does not depend on y, we have:

/ab (/cdf(x)g(y) dy) de = /abf(:r) (/Cdg(y) dy> dr.

d
But / g(y) dy is constant so we can pull it out of this last integral to get the result:
(&

[ s ([Catwar) ae=( [“swan) ([ swrar).

(b) If D is an elementary region we can perform the first step above, if D is not an elementary region, there’s not much we
can do. For example, if D is a type 1 region, D = {(z,y)|v(z) <y < d(x),a < x < b} then

J[ s@atwaa~ /(/;f <>dy> dr = /:f(x) (ﬁjj@@)@) dr.

1
41. (a) If z is rational, then/ Sz, y)dy—/ 1dy = 2. If x is irrational, then/ f(z, y)dy—/ 0dy+/ 2dy = 2.
0 0

1
1 2

(b) Using our answer from part (a), / / f(z,y)dyde = / 2dx = 2.

Jo Jo 0

(¢) If ¢;; has a rational x coordinate, then f(¢;;) = 1 and so the Riemann sum will converge to the area of the region, which
is 2.

(d) In this case f(c;;) = 1 for our points in the region [0, 1] x [0, 1] and f(¢;;) = 2 for our points in the region [0, 1] x [1, 2].
In short, the Riemann sums will converge to (1)(1) 4 (2)(1) = 3.

(e) As we saw in parts (c¢) and (d), the Riemann sum does not have a well defined limit and so f fails to be integrable on R,
even though in part (b) we actually computed the iterated integral.

5.3 Changing The Order of Integration

This is a good section in which to encourage students to explore with a computer system.

1. (a)
2 2 2 2
/ / (2x+1)dyda::/ (2x+1)(2x—x2)dm:/ (—22° + 32° + 2z) dx
o Ja2 0 0

7t 2
= (-5 retes)

=4.
(b) The region of integration is bounded above by y = 2z and below by y = z*:

0

Y

| 4

GH
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(©)

VY

4 2
dy:/ <fyz+%+\/§)dy
0

4
=4.
0

4 T 4
/ / 2z + 1) dedy = / (2 + )
0o Jy/2 0 /2

3 2 3/2
_ (LY Y%
_( era’ )

4 3

263

Note: In Exercises 2—9, most students will find the biggest challenge in reversing the order of integration (the topic of this
section). You may want to suggest that they reverse the order of integration in all of the exercises, but that they evaluate both

iterated integrals only in Exercises 7-9.

2. The region of integration is:

TN

/;/;(2—30—y)dyd:c:/ol(2x—3x2/2)dx:1/2 and

1
0

/01/y1(2—x—y)dacdy:/ g(y2—2y+1)dy:1/2,

3. The region of integration is:

<

1V
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2
0

4 p2—y/2 4
/ / ydxdy:/ (=4 /2 + 2y) dy = 16/3.
0 0 0

2 pd—2a
/ / ydydx:/ (22° — 8z 4 8)dx = 16/3 and
o Jo

4. The region of integration is:

2 pa—y? 2 _2\2
// xdacdy:/ (%)@:128/15 and
o Jo 0
4 AT 4
/ / J:dydw:/ (zv4 — z)dz = 128/15.
o Jo 0

5. The region of integration is:

Y
4
Y&
8r AT
6,
4,
2,
T, e mEE %
0.5 1 1.5 2 2.5 3

9 3 9
/ / (m+y)dmdy:/ 1(—21/3/2—|—5y—|—9)a’y:891/20 and
0o Jyy 0o 2

9
0

/03 /sz (@+y)dyds = / (2" /2 + 2°) do = 891/20.
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6. The region of integration is:

. X
0.5 1 1.5 2 2.5 3
3 e” 3
// 2dydx:/(2ex—2)dx:2e3—8 and
o J1 0
e 3 3
/ / 2d:vdy=/ (6 —2Iny)dy = 2¢° — 8.
1 Iny 0
7. The region of integration is:
Y
1t Em=s
0.8
0.6
0.4F
0.2t A
- X
0.5 1 1.5 2

1 2y 1 1
/ / e’ drdy = / (€* —e)dy = =(e* —2e+1) and
0 y 0 2

1 g 2 1 1 2
/ / exdydx—i—/ / ezdyda::/ (:cez/Q)dy—&—/ (e" —ze"/2)dy =
0 Jau/2 1 Jay2 0 1

N | —
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8. The region of integration is:

7/2 pcosx /2
/ / sina:dydx:/ (coszsinz)dr =1/2 and
0 0 0

1 Cos_ly 1
/ / sina:da:dy:/ (1—y)dy=1/2.
o Jo 0

9. The region of integration is:

-2 -1 1 2

2 py/4—y2? 2
/ / ydxdy:/ (2y\/4 —y?)dy =16/3 and
0 J—y/4—y2 0

/,22 /omydydm = /722(—662/2 +2)dw =16/3.

10. The limits of integration describe a region D bounded on the top by the line y = —x and on the bottom by the parabola
y =z — 2, as shown in the figure.

1y
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To reverse the order of integration we must divide D into two regions by the line y = —1. Then the original integral is

-1 rvyt2
/ / (z—vy dmdy—i—/ / y)dx dy
-2 J=y+2

-1
/ / dycdy—/ —2y\/y +2dy
-2

:/ —2(u—2)\/ﬂdu:—2/1(103/2—2“1/2)“'“

0 0

2 52 4 30 ! 2 4 28
Y _Z ——2(Z2_2) =22
<5“ 3 ), 5 3) 15

equivalent to the sum

The first of these integrals is

The second integral is

2 -y 2 12 1 5
(x —y)drdy = Y oWy —yvy+2)dy
—1

2 2 4
3
—/ y\/y+2dy=Z—/ (u —2)Vudu
1 Ja 1

2 5 4 s 3 64 32 2 4
(5“ 3" )|, T1 5 T35 3
139
60
Thus the final answer is 28 _ 139 = g
15 60 20
11. The limits of integration describe a region D bounded on the left by = y — 4 and on the right by the parabola = = 4y — y>.
y
4 A
X
y: 2 4
g -1

To reverse the order of integration, divide D into two regions by the line x = 0 (the y-axis). The original integral is equiva-

// (y+1 dyder// y+1)dydx
P P

—[5(;(x+4) +(x+4)—%( —\/m)Q—H\/m) dz

lent to

+/04<%(2+\/m)2+(2+m)f%@f\/m)t(zfm)> i
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0 4
:/ (6—&—3\/4—1’4— 12—1332—1—%3:2) d;r—i—/ 6V4 — xdzx
-5

0

0.25 0.50.75 1 1.251.51.75 2

Taken together, we obtain the triangular region D below

.....

0.25 0.5 0.75 1 1.25 1.5 1.75 2

Reversing the order of integration, we find that the sum of the integrals equals

12—y 1
/ / sinzdrdy = / (—cos(2 —y) + cosy) dy
0 y 0
1
= (sin(2 —y) +siny)| =sinl+sinl —sin2
0

= 2sinl — sin 2.
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13. The limits of integration of the first integral describe the region D bounded on the left by the z-axis, on the right by x = /y/3
(or, equivalently, by y = 327) and on top by z = 8.

0.25 0.5 0.75 1 1.25 1.5

The limits of integration of the second integral describe the region D> bounded on the bottom by y = 8, on the left by
x = /y — 8 (which is equivalent to y = z® + 8), and on the right by z = \/— /3.

Yy
12

10

b4
0.25 0.5 0.75 1 1.25 1.5 1.75 2

Together, D1 and D5 give the full region D of integration.

Y

e - 4

10

0.25 0.5 0.75 1 1.25 1.5 1.75 2+

‘When we reverse the order of integration, the sum of integrals is equal to

2 ra48 2
/ / ydydx:/ —((z® +8)* — 92" da
0 J3z22 0o 2

1 2
:5/ (—8z* 4+ 162> + 64) dx
0
1/ 256 128 896
= (-2 4+ =2 4128) = =2
2< 5 T3t 8> 15
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14. We reverse the order of integration:

1,3 3 ra/3 3 x/3
/ / costda:dy:/ / costdydx:/ (y cos z?) dx
0 J3y o Jo 0 0
1 /'3 2 sinz?|®>  sin9
== rcosz dr = =
3 /o 6 |, 6
15. We reverse the order of integration:
11 1w 1 ©
/ / z2 sinmyd:rdy:/ / xQSinxydydm:/ (—xzcoszy)| dx
0 Jy o Jo 0 0
! 1 Y
:/ (x —zcosz®)de = = (2 —sinz?)| = Z(1 —sin1).
0 2 . 2

16. We reverse the order of integration:

/"/"sin;rdwdy:/”/zsinmdydm:/”ysinx
0o Jy T o Jo * 0 x

17. We reverse the order of integration:

x ™

=2.
0

dr = / (sinz)dx = —cosx
0

0

3 9—x? 3y 9 rVO—y 3y "9 2 3y 9—y
/ / re dydacz/ / re dwdy:/ re dy
Jo Jo 99—y o Jo 99—y Jo 209-19)|,

9 9 27
N / (¢ /2) dx = (¢ /6)| = ° !
0 0 6
18. We reverse the order of integration:

2 1 2 1 2z 2 1 5 2z

/ / e " dydx:/ / e " dyda::/ e "yl dr
o Jy/2 o Jo 0 0
1 1

_ _ 1
:/ (2ze xz)dx:(—e “”2) =1--.
0 0 €

Note: It’s kind of interesting to see, in Exercises 19-21, that order of integration matters to us and to computer algebra systems.

19. (a) After churning for a while the program returned a sum of terms that included Bessel functions, Gamma functions and
other non-trivial and non-elightening results.
(b) You would use integration by parts twice and then substitute back in to eliminate the integral.

1 2y
(¢) In ablink of an eye you get / / v coszydrdy = (1/4)(1 — cos 2).
0

0
20. (a) Again, the program thought for a while and warned that inverse functions were being used and that values could be lost
for multivalued inverses. This time, however, it did come up with the correct answer of (1/4)(1 — cos 81).

9 VI
(b) The calculation / / x sin y2 dx dy resulted in the same answer, but the solution came much more quickly.
0o Jo
21. (a) The software did nothing more than typeset the integral and leave it unevaluated.

/2 sinx
(b) This time Mathematica quickly calculated the integral / / e dydr =e— 1.
0 0

5.4 Triple Integrals

In Exercises 1-3, use Theorem 4.5, Fubini’s Theorem, to integrate in the most convenient order. Exercise 4 asks the students to
reconsider what happened in Exercise 1. Exercise 3 is a nice opportunity to look back at a result from Section 5.2.
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1. If we integrate with respect to x first, the integral simplifies:

3 2 el 3,2 2 |1
/// a:yde:/ / / xyzdxdydz:/ / T Yz
[=1,1] x [0,2] X [1,3] 1 Jo Joa 1 Jo 2

—1
3 2
= / / 0dydz = 0.
1 Jo
2. Here order doesn’t matter.

12 3
/// (172+y2+22)dV:/ //(w2+y2+z2)dzdydm
[0,1] x [0,2] x [0,3] o Jo Jo
3
dydx

12 53
:/ / (x2z+y2z+ —)
o Jo 3/ 1o

12
= / / (3z° + 3y +9) dy dx
o Jo
1 2

dx

= / (32%y + y* + 9y)
0

0

1
= / (62° 4 26) dx
0

1
= 28.
0

= (22 + 262)

271

3. You could work this out as in Exercise 2, or suggest to your students that they could extend the result they established in

Exercise 40 of Section 5.2:

/] () v = ([ o) (L 50) ([ )
[1,e] x [1,e] x [1,¢] \LYZ 1 T 1 Y 1 R
e 1 3 e\ 3
:</ 7dz) :(ln:r ) =1°=1.
1 T 1

4. This works for the same reason that Exercise 1 simplified. We are integrating an odd function of z on an interval that is

3

symmetric in the z coordinate and so, since / zdz = 0, the triple integral will also be 0.
-3

5.
2 22 Ytz 2 22 y+z 2 22
/ / / 3y22dxdydz=/ / 3zyz? dydzzS/ / (y2z2+y23)dydz
-1J1 Jo J-1J1 0 -11
2 3,2 2.3\ |2° 2 8 7 3 2
Yz Yz z z z z
= dz = o AN d
S5 ) e G5
N A AR | R U
S \27r 16 8 9/, 16 °
6.

3 z xz 3 z
/ / / (w+2y+z)dyda:dz=/ / (xy +y° + zy)
1 Jo 1 1 Jo

3 z
:/ / (Pz+ a2 422> —x—z2—1)dedz
1 Jo
_/3 &+m322+m2z2_ﬁ_m2_3¢
AR 3 2 2

[(FaE e
/)i \U3 6 2 97
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1 2y y+z 1 2y y+
// / zdxdzdy:// Tz
0 14y Jz 0 1+y
1
// yzdzdy—/(yz2/2) dy
0 1+y
_/ 3 2w\ 5
— ), 2 7Y o) WT Ty

8. (a) This is a higher-dimensional analogue of Exercise 26 from Section 5.2. Again the idea would be that if we were in four-
dimensional space that a figure of constant height would have volume equal to the volume of the base multiplied by the
height. In this case that would be just the volume of the base. Somehow this is a lot less physically appealing or intuitive.

By Definition 4.3,
n
///W 1dA = aqui,ki?,Azkw i Z Az Ay;Azy,.

7.
dz dy

2y

The intuition follows from examining the formula above on the right. This converges to the volume of W. More formally,
we are assuming that W is an elementary region; let’s consider the case of a type 1 region, then we can rewrite the sum
above as

(ei)
. Axll,AyJ—>0 Z Az Ay;(Y(ei;) — p(es;)) = al lAigIC?_'OZ Az, (L (Y(y) — o)) dy>

i,j=1 (ei)

6(cy)
/ / — ¢(y)) dy dz = volume of W.

The proof is not much different for the other elementary regions.
(b) Work out that the equation of the circle where the two paraboloids intersect is 2 + y? = 9/2 so

3/V2 9/2 ’I‘2 —x2—y?
Volume = / / ldzdydx
+

3/V2 9/2 332 24y2
3/V2 9/2 12

/ / (9— 227 — 2y2) dy dx
3/V2 9/2 z2

3/\/5
:/ {12—§x2}\/9—x2 dx
J-3/v2 3 2

[9 2{15:;: 23:3} 81 [\/i«r} 3/V2
= - —x° | — — —— | + ——arcsin | —/——

2 2 3|1 3 1)1y us
_ 8ir
—

9. Of course there are other ways to calculate the volume of the sphere.

a \/a27w2 \/a27w27y2
Volume = / / / ldzdydx = / / a? — 2% —y?dydx
—a _\/a2_x2 _\/a2_x2_y2 az_x2

a aZ_z2
= / (y a? — 22 —y? — (a® — 2°) arcsin [$}> ‘ dz
W2 _ 22

—a 2_ .2

—v\/a“—x

_47ra3
=5

= w./;i(ag —2°)dx = n(a’x — 2°/3) '

—a

10. The students have seen this as the volume of a solid of revolution. We’ll orient the cone so that the vertex is down at the origin
and the axis is along the z-axis. Then the horizontal cross sections are circles of radius rz/A. This simplifies the following
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rz/h (7z/h)27a:2 h 7,2 1
Volume = / / / dydxdz = / T 52 2dz = Zwr’h.
rz/h (rz/h)2—x2 0 h 3

computation:

11.
1 2 py? 1,2 22 y?
/ / / (2xfy+z)dzdydx:/ / (2xzfyz+—) dydx
0o J—2Jo 0o J-2 2 ) o
12
=/ / ey —y’ +y'/2)dydx
0o J-2
1 2:vy y4 5> 2
= - =4 dx
/0 ( 3 10/,
Y322 64)
= + dx
/o ( 3 10
_(lee? 32 NP _176
-\ 3 571, 15°
12.
1 V1= 2—x—=z y 2—x—2z
/ / / ydydzdx—/ / (—) dzdx
—1J—y/1-22 Jo 2

_/_11/_\/1;((2_56—2)2/2)512(1:5

_ [1 (éﬂ(zxz — 12z + 13))

223 — 162% + 2 1 .
( 1—:1:2( r 62" + 25z + 6)+%arcsmm)

1

12

—1
_ 9
“

273

9—y
13. Here / / / 8xyzdzdydx = 0, because we are integrating an odd function in x over an interval that is symmetric

in x (see Exlércises 1 and 4).
14.

dy dx

[ /ﬁ casayar= [ [ 2]
= [ [ -vyzaa
)

/3 (xS - 27a:—|—54) 81
0 6 8

15. Here we are again integrating a polynomial. The only difficulty is in the set up:

1 2—2z 3—3x—3y/2 5 1
(1—-2%)dzdyde = —.
LL v
2 py/4—a2 p4 64
3rdzdydr = —.
0 0 x24y2 5

© 2012 Pearson Education, Inc.
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16. Again, the set up and solution are:



274 Chapter 5 Multiple Integration

17.
33—z 3— :02/3 3 3—x
/ / / +y)dzdyd:c:/ / 2(z+y)v3—2a?/3)dydx
V3—22/3 o Jo
3
:/ (9 — 2°)\/3 — 22/3) dx
0
. 3 3
:( i?»fav2/3(45:r 2 >+ 81v3 arcsin(az/3))
8 8 .
_ 81371
16
18.
2 V1—-z2/4 x+2 1— 12/4
/ / / zdzdydx—/ / (z+2)%/2)dydx
—2J—\/1=22/4 Jo f 12/4

:[2((x+2) 1= 22/4) dz

2

3 2 -
= (Bx +16x1; 18z 64\/1—x2/4+5arcsin(x/2))
= 5.
1
19/// (4z +vy) dzda:dy—// 4m+yydﬂcdy7/(3y3—2y5—y4)dy
0

8 Lo Lol
4 3 5 o 60
20. The surfaces z = 22 4+ 2y% and z = 6 — 2> — y intersect where

—2

x2+2y2:6—x2—y2 = 2x2+3y2=6.

Since we are only interested in the first octant part of the solid, the shadow of the solid in the xy-plane is the region bounded
by the ellipse 22 + 3y* = 6 and the coordinate axes in the first quadrant. Thus we calculate:

V3 pa/2—222/3 66—z —y> V3 pa/2-222/3
/ / / rdzdydr = / / z(6 — 2% — 3y°) dy dx
0 0 0 0

224242
3/2
:/ [6x2x \/277.2132 <2,,m> }dm
0
2 2 ‘° 3,302
= 2 — — —
[ (e ge) e [

2
where u = 2 — gccQ,

2 12v2

:/2 3032 qu = 3,52
0 0 5

2 5

21. The volume is given by

'///V‘Vld\/:/:/ogz/;ﬁldzdydm
:/02/0271(4—3;2)@@:/02(4—:52)(2—@(195

2 4
:/(m3—212—4x+8)dx:<m——2i—2 +8w>
. 173
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22. The volume is

[[f [ /W [ - [ _/W(G_wm

:/ [6v/0— 22 - (9 ]dm_/_ 6\/77172dm+/ (2 — 9) dz

3 3 3
:/ 6vV9 —z2dr + (%—9:5)

-3

3
2/ 69 — 22 dr — 36.

For the remaining integral, let = 3 sin 6 so that dz = 3 cos 6 dfl. Then

™/2 /2
/ 69 —a?2dx = / 6(3cost)3cosfdh =27 (14 cos26)df
_ —7/2 —7/2
1 /2
=270+ - sin20 = 27T.
2 —7/2

(Alternatively, we could have recognized this integral as six times the area of a semicircle of radius 3, or 6(m - 32/2) = 27x.)
Hence the total volume is 277 — 36.

23.
Va=y2)2 r2-y? Vi-y2)/2 5 5
/ / / dzdxdyf/ / (2 -4z — 2y")dxdy
-1 V(1—y2)/2 J4a2 442 -1 (1— y2)/2
1
42
=/ (—3 (y2—1)M) dy
-1
-
V2
24.

o S aZ_z2 Va2—a? a2,zz
/ / / dzdydﬂc—/ / a? — z?) dydx
—aJ—/a2—z2 a27vc2 —a a27ac2
= / 4(a® — 2°) dx

164>
3
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2

/ f(x,y,2)dzdr dy
0

1

Multiple Integration

25. The region looks like a wedge of cheese:
The five other forms are:

276 Chapter 5

1—x
/ f(x,y,2)dzdx dy
0

1 /1
1Jy2

/

J

J

26. The five other forms are:
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/()2/0z/0yf(m,y,z)dzdydm:AQLQ/Oyf(x,y,z)dzdmdy
:/j/j/jf(a:,y,z)dydzdx
:/j/j/jf(m,y,z)dydmdz
—/OQ/Oy/ny(x,y,z)dxdzdy
_/(JQLQLQf(x,y,z)dwdydz.

28. (a) The solid W is bounded below by the surface z = 522, above by the paraboloid z = 36 — 422 — 432, on the left by the
xz-plane (i.e., y = 0), and in back by the yz-plane (i.e., x = 0). The solid is shown below.

27. The five other forms are:

(b) The shadow of the solid in the xy-plane is a quarter of the ellipse 922 + 43> = 36 (obtained by finding the intersection
curve of z = 52% and z = 36 — 42 — 43°.) The shadow looks like:

Y

Using the shadow region to reverse the order of integration between = and y, we find that the original integral is equiva-

lent to
3 riy/36-4y2 [ 36—422—4y?
/ / / 2dzdx dy.
o Jo 5

2
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(¢) In this case, we need to consider the shadow of W in the xz-plane.

Z

b d
0.25 0.5 0.75 1 1.25 1.5 1.75 2

This region is bounded on the left by = 0, on the bottom by z = 522, and on top by z = 36 — 42 (the section by

y = 0). Now the full solid W is bounded in the y-direction by y = 0 and y = %\/ 36 — 422 — z (the latter is just the
paraboloid surface). Hence the desired iterated integral is

36—4x2 36— 4z —z
/ / / 2dydzdx.
5z

(d) Here we use the same shadow in the xz-plane as in part (c), only to integrate with respect to « before integrating with
respect to z will require dividing the shadow into two regions by the line z = 20. (Equivalently, we are dividing the solid
W into two solids by the plane z = 20.) This is why we need a sum of integrals. They are

20 pv/2/5 [34/36—422—2 2V36—= 36— 4z2fz
/ / / 2dydmdz+/ / / 2dydxdz.
0 0 0 20

(e) To integrate with respect to « first, we need to divide W in a very different manner. The shadow in the yz-plane shows
a region bounded on the left by y = 0 and above by z = 36 — 4y (the section of the paraboloid by x = 0). However,
the curve of intersection of the surfaces z = 5x2 and z = 36 — 4a® — 4y” with 2 eliminated yields the equation

20y>

shadow and thus the integrals. (Note: This curve is just
the shadow of the intersection curve of the two surfaces projected into the yz-plane.)

z
35 FFTT

30

25

20 =

15

10

5

Thus the desired sum of integrals is

20—20y2 /9 z/ 36—4y> 36— 4y —z
/ / / 2dxdzdy+/ / / 2dxdzdy.
20—-20y2/9

29. (a) The solid TV is bounded below by the paraboloid z = 2% + 332, above by the surface z = 4 — 3 and in back by the
plane y = 0. The solid is shown below.
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WO NSIIN
\‘§§°§;

(b) The shadow of TV in the xy-plane is half of the region inside the ellipse 2% + 4y? = 4 (the half with y > 0). It may be
obtained by finding the intersection curve of z = z + 3y? and z = 4 — 3 and eliminating z. The shadow looks like

Y

G

>

HHD

-2 -1 1 2
Using the shadow to reverse the order of integration between x and y, we find that the original integral is equivalent to
1 p24/1—y2  pa—y?
/ / / («® +4°) dz dx dy.
0 J—2¢/1—9y2 Jax243y2
(¢) We need to consider the shadow of W in the yz-plane.

z

4

0.2 0.4 0.6 0.8 1 Y

The region is bounded on the left by y = 0, on the bottom by z = 3y (the section by 2 = 0) and on the top by z = 4 —¢/>.

The full solid T is bounded in the z-direction by the paraboloid z = 2% 4+ 3y?, which must be expressed in terms of  as
T = :I:W . Putting all this information together, we find the desired iterated integral is

1 4—y2 \/ z2—3y?
/ / / (z* +y°) dx dz dy.
0 J3y2 —1/z—3y2
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(d) Here we use the same shadow in the yz-plane as in part (c), only to integrate with respect to y before integrating with
respect to z requires dividing the shadow into two regions by the line z = 3. (Equivalently, we are dividing the solid W
by the plane z = 3.) This is why we need a sum of integrals. They are

3 pa/2/3 pA/2—3y2 4 pA=z py/2—3y2
/ / / (:v3+y3)da:dydz+/ / / (z® +y°) da dy dz.
0 0 —/ z—3y? 3 0 —+/z—3y2

(e) To integrate with respect to y first, we need to divide W in a different manner. The shadow in the xz-plane shows a region
bounded by z = 2 (the section of the paraboloid by y = 0) and z = 4. However, the curve of intersection of the surfaces
z = x* 4 3y and z = 4 — y* with y eliminated yields the equation z = % + 3. It is along this curve that we must divide
the xz-shadow and thus the integrals. (Note: This curve is just the shadow of the intersection curve of the two surfaces
projected into the xz-plane.)

7
<y

p>

-2 -1 1 2

Thus the desired sum of integrals is
2 p(@2/4)43  py/(z—22)/3 2 4 Vi=z
/ / / (x3+y3)dydzdx+/ / / («® +9°) dy dz dz.
-2 Jz2 0 —2J(z2/4)+3 JO

5.5 Change of Variables

1. (a)
wo-[1 4][3]

(b) In this case we can see by inspection that the transformation stretches by 3 in the horizontal direction and reflects without
a stretch in the vertical direction. Therefore the image D = T(D™) where D* is the unit square is the rectangle [0, 3] x
[-1,0].
2. (a) This is similar to the map in Example 4 with a scaling factor of 1/1/2. We can also rewrite

1 1
wo=| P |[1]
V2 V2

This is a rotation matrix (the determinant is 1 so there is no stretching) which rotates the unit square counterclockwise by
45° leaving the vertex at the origin in place.
(b) We rewrite

1 1
T(u,v) = ? 7? [ﬂ
V2 V2

This is a rotation followed by a reflection. You can apply Proposition 5.1 and see where T maps each of the vertices to
completely determine the image of the unit square. You will see that the vertices (0, 0), (1, 0), (1, 1), and (1, 0) are mapped

to (0,0), (1/v/2,1/v/2), (v/2,0), and (1/v/2, —1//2).

© 2012 Pearson Education, Inc.



3.

4.

1 r(y/2)+2 1
. () / / (2¢ —y)drdy = / (@® — zy)
0 Jys2 0

Section 5.5. Change of Variables 281

Again, since T has non-zero determinant, we can apply Proposition 5.1 and see where T maps each of the vertices. We
conclude that T maps D" to the parallelogram whose vertices are: (0, 0), (11, 2), (4, 3), and (15, 5).
We are trying to determine the entries a, b, ¢, and d in the expression:

o= [ 4][1]

Since T(0,0) = (0,0) we know that the motion is not a translation. Also T(0,5) = (4,1) sob = 4/5 and d = 1/5. Now
T(1,2) = (1,—1) soa = —3/5 and ¢ = —7/5. We check with the remaining vertex: T(—1,3) = (3,2).

o= 2% 48101

As noted in the text, we have a result for R® that is analogous to Proposition 5.1, so as in Exercises 3 and 2 (b) we can just
compute the images of the vertices of W*. We conclude that W™ maps to the parallelepiped with vertices: (0, 0, 0), (3, 1, 5),
(-1,-1,3),(0,2,-1),(2,0,8),(3,3,4), (—1,1,2),and (2, 2, 7).

. You can see that T(u,v) = (u,uv) is not one-one on D* by observing that all points of the form (0, v) get mapped to the

origin under T. In fact, you can imagine the map by picturing the left vertical side of the unit square being shrunk down to a
point at the origin. The image is the triangle:

Y

. This map should be a happy memory for the students:

(2,9, 2) = T(p,p,0) = (psin pcos §, psin psin b, pcos p)

is familiar from their work with spherical coordinates.

(a) This is the unit ball: D = {(2,y, )|z +¢* + 2% < 1}.

(b) This is the portion of the unit ball in the first octant: D = {(z,y, 2)|z? +y* + 2* < 1,2,9,2 > 0}.

(¢) You can think of this as the region from part (b) with the portion corresponding to 0 < p < 1/2 removed. It is the
portion in the first octant of the shell 1/2 unit thick around a sphere of radius 1/2: D = {(x,y, 2)|1/4 < 2? +¢y* + 22 <
1,z,y,2 > 0}.

(y/2)+2 1

dy = / 4dy = 4. A sketch of D is shown below.

0

y/2

(b) We again can apply Proposition 5.1 and see that the vertices are mapped: (0,0) — (0,0),(2,0) — (4,0),(1/2,1) —
(0,1),and (5/2,1) — (4,1) so D" is [0,4] x [0, 1].

(¢) First note that

2

A(u,v) -1 1 _1
0 1]*2 B 2

(z,y)

Then, using the change of variables theorem,

1 p(y/2)+2 1 a4 1,2
/ / (2x—y)dxdy:/ / u(1/2) dudv = / —
0 Jy/2 o Jo o 4
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Y

o
5
=
=
5
)
)
5

9. First,

o(u,v) o 1 0] s Oz,y) 1
a(x,y)idt{—l 2}72 © A(u,v) 2’

Also we can rewrite 2° (2y — 313)6(29’1)2 = uPve””, and the transformed region is [0, 2] x [0, 2] so

(x/2)+1 ) 8
/ / (22 — y)e®* v? dydx—/ / u’ve" (1/2)dudv——/ ve” dv—g(e —-1).
0

10. The original region D is sketched below left. The transformation v = z + y and v = x — 2y maps D to the region D*

sketched below right.
Y v
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.2 0.4 0.6 0.8 1 = 0.2 0.4 0.6 o0.8 1 U

We may find 9(x, y)/9(u, v) in two ways. First, solving for z and y in terms of v and v, we have

2u + v u—v
T = , y= .

3

w

Thus

oxy) . . [2/3 131 2 1 _ 1
. _dt{l/S —1/3}“ - :

Alternatively, we may calculate

o(u,v) L
8(m,y)_det{1 _2}— 2—1=-3.

Therefore, d(z, y)/0(u,v) = (O(u,v)/d(x,y)) " = —1/3.
Using the change of variables theorem, our integral becomes

u 1o “ 1y u? 1
/ / ( > dvdu—/ Zut 22 du:/ —udu = —
0 o 3 o o 3 3 o

11. Here the problem cries out to you to let u = 2z + y and v = x — y. Once you’ve made that move you can easily figure that
d(z,y)/0(u,v) = —1/3 and that the new region is [1, 4] x [—1, 1]. So the integral is

1 4
/ / 2e"(1/3) dvdu = 7/ u’e’
—1 3 1
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12. If we sketch the region we get the square:

Y
1

-2

The transformation we use is u = 2z + y — 3 and v = 2y — x + 6 s0 d(z,y)/O(u,v) = 1/5 and the transformed region is
the square:

Our integral is
2

6 2 2 6.3 6
/ / u—2dua’v:i U—Q dv:z/ v72dv:z<—l)
T 15/, |, 3/, 3\ o

Note: In Exercises 13—17 the Jacobian for the change of variables is r. Assign Exercise 16 so that your students appreciate
the role of the extra r.

1 V1—22 27,1 27 3
13. 3dydx = 3rdrdf = —df = 3.
—1J—y/1-22 0 0 0 2

2 py/4—z2 /2 2 /2
14.// dydm:/ /rdrd@z/ 2d0 = .
o Jo 0 0 0
2w 3 2m .5 3
15./ /r4drdn9:/ —
0 0 o O

2T
do = / 213 gy = 2507
o 0 5 5
a Va2—y? 5. o /2 a 5 /2 1 2 @
16. / / e TV drdy = / re” drd@z/ —e"
—aJO —7/2J0 —7/2 2

¢ 35

. 8

/2
o = / Le®® Z1)do = n(e™ — 1)2.
/2 2

© 2012 Pearson Education, Inc.



284 Chapter 5 Multiple Integration

3 rx dydx w/4 r3sect /4 /4
17. / / — = / drdf = / 3secfdf = 31n(secO+tan0)[5/" = In(14+v2)—In1 = In(1+V2).
o Jo Va?+y? 0 0 0
18. This is a job for polar coordinates. The given disk has boundary circle with equation 2* 4 (y — 1)? = 1. In polar coordinates
this equation becomes

r?cos’ 0 4 (rsinf —1)° =1 < r°cos” 0 +r°sin® 0 — 2rsinf + 1 =1
& r® = 2rsiné.

Factoring out 7, the boundary circle has equation 7 = 2sin 6. In fact, this circle is completely traced by letting 6 vary from 0
to . Thus the region D inside the disk is given by

D = {(r,0)|r <2sinf, 0<60<m}.

Hence
1 T 2sin 0 1
70114:/ / ————rdrdf
//D\/4—;r2—y2 o Jo Vi —r?

T 1 2 sin 0
——(2vV4—1r2)
J; 2t

—2/ VC0529d0+/ 2d0
0 0

/2 b
-2 (/ cos0d€—|—/ (—cos0) d@) +27
0 /2

= -2 [sing *SiﬂO*SiIlﬂ"l’Sing] + 27

d@z—/ (V4 —4sin®0 — 2)do
0

= 4427 =21 — 4.

19. The region in question looks like

(-1,1) (1,1)

(-1,-1) (1,-1)

We find / / yPdA = / yPdA — / / yPdA
D square disk
1 p1 1 9
// ysz:/ / yzdwdy:/ 2% dy = 2y
square —1J-1 -1 3 1
. 2T 1 27 1
// deA:/ / r2sin29-rdrd9:/ ~sin® 640
J Jdisk 0 0 0o 4

27 27
= é/o (1 —cos20)do = é (9— %sin?@)

! 4

3

3

s

0
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) 4 7 16-371
dA=2_T_0"°T
//Dy 371 12

20. A sketch of the rose is shown below. One leaf means that 0 < 6 < 7/2. The area of one leaf is

Thus

7/2 psin 26 1 /2 1 /2
/ / rdrdf = f/ sin® 20 d6 = — (460 — sin 46) =
0 0 2 Jo 16

0

e

The total area is then four times this, or 7 /2.

21. If n is odd, the polar equation r = a cos nf determines an n-leafed rose. Half of one of the n leaves is traced as 6 varies from
0 to 7/(2n). Hence the total area enclosed is

7/(2n) a cos nb 7/(2n) 1 )
// 1dA:2n/ / rdrd9:2n/ —(acosnd)” do
D 0 0 0 2

7/(2n) 2 7/(2n)
= na’ / cos’ nf df = % (1 + cos2n6) do
0 0
2 7/(2n) 2
na 1 ma
= — |0+ —sin2nd = —.
5 ( + on s1n 2ny ) . n

If n is even, then the equation » = a cos nf determines a rose with 2n leaves. Half of one of these 2n leaves is again
traced as 6 varies from 0 to 7/(2n). The total area enclosed is

7/(2n) a cosné
// 1dA = 2(2n)/ / rdrdo.
D 0 0

Since this is just twice the previous iterated integral, there is no reason to recompute; the result is wa? /2.
In each case the answer depends only on a, not the specific value of n other than its parity.
22. The circles 7 = 2acosf and r = 2asin @ are both of radius a with respective centers at (a,0) and (0,a) (in Cartesian
coordinates). The region in question looks like:
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The circles intersect where 2a cos @ = 2asinf <= 0 = 7/4 (also at the origin where = 0). By symmetry, we have

/4 2a sin 0
Area:// 1dA:2/ / rdrdf
D 0 0
/4 /4

= / (2asin 0)° do = / 2a*(1 — cos 26) d6
0 0

= 24> (9 — %sin 29)

23. We sketch the graphs of the cardioid » = 1 — cos 6 and the circle r = 1:

T ra? 9 (m—=2)a?
2 2 '

0

Y

The two curves intersect when 1 — cos @ = 1 which is when cos @ = 0 so the two points of intersection are (r,0) = (1, 7/2)
and (1, 37/2). The region between the two graphs is where /2 < 6 < 37/2. The area is

3w/2 pl—cos@ 3w /2 2
/ / rdrdez/ (COS g —cosa) do
/2 J1 J/2 2

3mw/2
/2

= 5(29 — 8sin 0 + sin 20)

N
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24. We want the area “inside” the spiral shown below. The area is

27

27 30 27 9 3
/ / rdrdf = / 20%do = 203 = 1275,
0 0 0 2 2 0

25. The integral is

™

db = %sinl

= E(sinl).
/3 3

1
T 1 K
1
/ / reosr®drdd = 7/ sinr?
7/3J0 2 /3 0

/2 3
26. // sin(:c2+y2)dA:/ / sin (r?) - rdr df
D 0 1
/2 /2

:/0 (f%cos (r2))
27. Two of the edges of the unit square are given by z = 1 (or » = 1/cos@ in polar coordinates) and by y = 1 (i.e., by
r = 1/sinf). We need to divide the square along the § = 7/4 line, and use a sum of integrals:

r=3
d@:/o %(005170059) df = %(Coslfcos9).
r=1

r = 1/cos 6
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Thus

[ =

1 /2
= ———— - cosfdb + ———— -cosf db
0

2cos? 0 Jaya 2sin®6

" eenar s [T L agsing
foaseoas [ s o)

7/4 pl/cosf ) /2 p1/sinf

/ reosf -rdrd@—l—/ / 7 cos 0 dr df
Jo r /4 Jo

/4 2

1 /4 1 /2
= —1In|sec + tan 0| - —
2 o 2sin 6 /4
= %1n(ﬂ+1)—%lnl—%+§=%(ln(\/§+1)+\/§—1).

28 /3 /\/9—:02 /3 e? b dud /27\' /3 /3 e Lz dr df
. —azayar = — -razar
—3J—\/9-x2 J\/z24y2 / $2+y2 0 o Jr T
27
0

27 3
:/ / (637er)drd9:/ (3¢* — & +1)df = 27(2¢° + 1).
0 0
1 p/1—y2  pa—z—y? 2r 1l p4—r?
29, / / / & 4y de dy = / / / e rdzdr do
—1J—y/1—y2Jo 0 0 0

27 1 N =472 27 1 N
T z T 4—r
:/ / (re” -€7) drd@z/ / re (e 71> dr do
0 0 -0 0 0
27 1 - 27 4
:/0 /0 <e4r—rerz> drd@z/o <%—§+%> do = 7(e* —e+1).

30. Since B is a ball we will use spherical coordinates:

z
z

2 .
PP 1odpdd

= A N =
= /0277 /07T ({\ﬁ - g arcsinh(?/\/g)} sin np) dp do

= /2ﬁ(2\ﬁ — 3arcsinh(2/v/3)) d6
0

= 4V/Tr — 67 arcsinh(2/+/3)  which is the same as the text’s solution

= (4V7 - 61In(2 +V7) + 31 3)r.

31. Here we will use cylindrical coordinates:

2 p2r 2
/// (az2+y2+2z2)dV:/ / / r(r® + 22%) drdf dz
w -1Jo Jo
2 27
= / / (42° 4 4) db dz
-1Jo
2

= / (872% + 8) dz = 48m.
-1
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32. We use cylindrical coordinates:

. ar 03 pl2
7dV:/ / / — -rdzdrdf
///W Va2 +y? o Jo Jarz—g T
/ / (144 — (2r* — 6)° drdO—/ / (54 + 121 — 2r") dr d
:/ <54r+4r —gr5> d6 = 2r <864> 17287
0 5 0

5 5
33. Again we use cylindrical coordinates:

27 b \a2—r2
Volume:/// 1dV:/ / / rdzdrdf
w 0 o Jo

27 b 2w a?—b2
:/ / v/ a? —7’2de9:/ / —%ﬁdud&
0 0 0 a2

where u = a? — 12,

27 a? 27
l o 1 3_ 2_ 2\3/2
/0 /aLbz 2\/ﬂdud0—/0 : (a (a® — b?) )de

_ 2?77 [a3 . (a2 . b2)3/2] .

34. It is natural to use spherical coordinates.

av /-271'/-7r /b )
_ = sin ) dpdp db
///W el A A a(p p)dpdp
/ / ? — a®)sin ) dp df

:/ (6 — a®)db = 215 — o).
0

35. Once again we use spherical coordinates.

27
| s e ta = [T / e sin ) dpdip o
w
2 a2 2 b2y .
= / / [(1—a?)e” + (b —1)e” ] sinp) dp db

:/ (1 a®)e” + (02 — 1)) db

0

= 2m((1 — a®)e” + (B> — 1)e).
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36. We use spherical coordinates:

g /2 /2 b
/// (w—l—y—&—z)de/ / / (psin @ cos 0 + psin sin O + pcos p)p” sin @ dp de do
w 0 0 a

/2 /2 b4 _ a4 5
:/ / 1 (sin” ¢(cos 6 + sin ) + sinp cos @) dy df
0 0

p=m/2

do

44 pw/2 1
_b 4a/0 {(cos@—i—sin@) (icp—isin&p)—i—%sin%p}

4 4 /2
_b 4a /O <£(c050+sin€)+%> do

bt —at [, . 1
1 {Z(smﬁ —cosf) + 50]

=0

/2

(=}

37. We use spherical coordinates, in which case the cone z = /322 + 3y? has equation
pcosp =/3psing < tanp = L = p= il
V3 6

The sphere 22 + 3 4 2% = 62 has spherical equation
p2 =6pcosp <= p=06cosy.

Thus

2w pmw/6  r6cose
/// zde:/ / / (p* cos® @) - p* sin p dp de d
w o Jo 0
27 /6 65 . 27 7776 8
= — cos gosingodgod&z/ <f cos ap)
/0 /0 5 0 40
[T (1 B g 82 (122 st
—Jo 5 256 5\ 128 32

38. We are integrating over a cone with vertex at the origin and base the disk at height 6 with radius 3. We will use cylindrical
coordinates.

p=m/6

df

»=0

///W(2+m)dV:/()S/OQW/:r(2+r)dzd0dr

3 r2m
:// (=2 + 2r% + 12r) dO dr
o Jo
3

= / (2m(=2r® 4 2r% 4 12r)) dr = 63
0

You should assign one of Exercises 39 or 40 so that your students see the benefits of using another coordinate system even
when it is not explicitly called for. You might want to stress that the symmetries of the problem are what lead you, in this case,
to choose cylindrical coordinates. Exercise 41 is fun because students will be tempted to use spherical coordinates—life is much
easier if they use cylindrical coordinates.
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39. We will use cylindrical coordinates.
27 10— 27‘2
/// dV = / / rdzdfdr
—/10—2r2
27\'
/ / 10—2r2)d0dr

- / (4rr /10 — 2°2) dr

- %”wm_m).

40. We will again use cylindrical coordinates.

2 27 p9—12
/// dV:/ / / rdzdf dr
w o Jo 0
2 27
:/ / (9r — r®) do dr
o Jo

2
:/ (187r — 277°) dr

0

= 28.

41. We will again use cylindrical coordinates.

(2+ ) ) B 5 2w py/25—22 )
" +y7)dV = (2+r7)rdrdddz
w 3
4
// (z 7272 +@) dodz
4
2 212 725 6567

291

42. You can draw a million pictures, but the easiest way to visualize this is by taking an apple corer and a potato and cutting in
the three orthogonal directions. This will provide you with a model that the students can hold and pass around to aid their

discussion. They can easily identify symmetries and cut the model along the coordinate planes to set up the integral.

If you do this and look in the first octant, you will see a seam along the line y = x. If we split the integral along this line we
will have 1/16 of the desired volume. Using cylindrical coordinates this means that 0 < 6 < 7/4 and the cylinder with axis
of symmetry the z-axis gives us that 0 < r < a. The hard one to see is z, but because we are only looking at the wedge on

one side of = 7 /4 we need only worry about one other cylinder so 0 < z < /a? — r2 cos?(6).
So the volume is
/4 ra Va2 —r2cos2(0)
V:16/ / / rdzdrdd = 8a*(2 — V?2).
0 o Jo

5.6 Applications of Integration

Exercises 1-9 concern average value.
1. (a) Let’s assume a 30-day month.

30

1 1 T
[flave = 30 / I(z)dx = % (75005 3 + 80> dx

1 /11 30
73—( 2 H+80a:>

= 2400/30 = 80 cases.

0
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(b) Here the 2 cents will be a constant that pulls through the integral so the average holding cost is just 2 cents times the
average daily inventory, or $1.60.
2. We will divide the integral by the area:

2 4m

1 mopam 5 1 o fsina
[flave = W/o /0 sin” z cos” ydy dx = @/0 ( 1 (sln2y+2y)) dx

0

1 [ o 1 /7 ) Toor2
7@ o (271'5111 x)defW(E(Q‘T—SIDQI')) . 7@71
3. Again we will divide the integral by the area:
e = 175 / / "+ dy do = 2 / (e 21”) dz
1
=2/(w+1— ")z = (277 — 2| = ¢* —2e 1 1.
Jo 0

4. Here we are finding the average over a ball of volume 47 /3. We’ll integrate using cylindrical coordinates because z appears

explicitly in the integrand.

[g]angf/g/_ll/:ﬁ/O o re drd@dz——/ / ( 1-=2 )) do dz

_3
T Arn

5. (a) We are told that in the 2 x 2 x 2 cube centered at the origin, T'(x,y, z) = c(z* + y* + 2?). The average temperature of

the cube is
O c [t )
[T]avgzg/ / / (" 4y " +2 )dxdydz:g/ / (22" + 2y~ +2/3)dydz
11/ -1/

C

S
= 5/ (42 +8/3)dz = <(8) = c.
8./ 1 8
(b) T(z,y,z) = cwhen z? + y? + 22 = 1 so the temperature is equal to the average temperature on the surface of the unit

sphere.
6. The region looks like

(-1,1) (1,1)

(-1,-1) (1,-1)

and the area of it is 22 — 7 = 4 — 7. Hence the average value is

s [ ] e e [ @l

© 2012 Pearson Education, Inc.




Section 5.6. Applications of Integration 293

where D, denotes the square and D> the disk.

1 1 1
// (:c2+y2)dA:/ / (x2+y2)dmdy:/ (lx‘o’—i—yzx) dy
D4 —1J-1 -1 3 r=—1
1 1
2 2 2 2 3 4 4 8
- Zh2 ) ay=(2y+2 2422
/_(3+y> Y (3y+3y)71 3t373

271 T

1

27 1
// (:r2+y2)dA:/ /r2-rdrd0:/ —df = ~
Do o Jo o 4 2

Therefore the average value is

3 2

1 8 w 16 —37 37 —16
4—71'( *) T4 —6r  Gr_24 2TO0

4 24 —4
7. The volume of W is 8 — gac = T Thus the average value is

3
L/// (® + 9y +22)dV = _3 /// (2® +y° +2%)av
24 —4x | ) 24 — Ar -

—///W2(x2 +y° + z2)dV)

where W, denotes the cube and W5 the ball. Using Cartesian coordinates to integrate over Wi and spherical coordinates to

integrate over W5, this may be calculated as

3 /1 /1 /1 9 5 5 27 ™ 1 4.
—_— i +y +z dzdydx—/ / / p sinpdpdpdd
24 — 47w ( 1/ _1( ) 0 o Jo

_ 3m—30
5T —30

8. We are looking for the average value of the minimum of = and y in the 6 x 6 box. This is 1/36 times the sum of the average
value for x in the region where z < y and the average value for y in the region where y < x. Because of the symmetry, the

2

. 2 [0 1 [z
[Tlme]a\,g = %A \/0 ydy dr = TSA ?dx
1 (2*\]°
T 18 <F)

= 2.
© 2012 Pearson Education, Inc.
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9. This is an extension of Exercise 8. The domain is [0, 6] x [0,6] x [0,6]. This time there is six-fold symmetry so we will
calculate the average value for z in the region where z < 3 < x and multiply by 6 and then divide by 6 which is the volume

of the domain.
[Time]ave = 216/ / / zdzdydm——/ / —dydz

1 (08 1 [z ]°
— —dr = — | — =3/2.
“36), 6 36 (24) . /
So with three train lines the average wait is 90 seconds.
Exercises 10-24 concern centers of mass. We use the formula:
b
zd(x) dx

a
b

/ 0(x)dx

a

Center of mass =

and its variants.

10. (a) The curve y = 8 — 222 intersects the z-axis at +2. So
2 8-2z2 2
/ / cdyda::c/ (8 — 22°) dx = ¢ (8z — 22°/3)
—2Jo —2

2 8—2z2 2
My:/ / cxdydx:c/ (8z — 22°) dx = ¢ (42® — 2 /2)
—2Jo -2

2
= 64c/3

—2

2
=0 and

-2

2

2 8222 2 9 16
M, = / / cydydr = (6/2)/ (8 — 22°)%dx c( 2® — —a® +32¢ ) =1024¢/15
—2.Jo o 5 3 L
1024¢/15
T — )= ———— =1 .
Soz=0andy 61c/3 6/5

(b) Again, we see the symmetry with respect to 2 so £ = 0. The following integrals are straightforward so we leave out the

details, but
8—222
3y’ dy d
/ / v ayar _ 32768¢/35

8—222 ©1024¢/5
/ / 3cy dy dx

11. We assume that the plate has uniform density and place it so that the center of the straight border is at the origin and the
semicircle is symmetric with respect to the y-axis. Once again this means that z = 0.

a \/ll27£1)2
dy d:
_ [a/() vaar 20%c/3  4a

v= wa2c/2 - ma?c/2 ~3n

2 2x 2
M:/ / 1+x+y)dyde =
0 z2

2z
My:/ / [x(14+ 2z +y)|dyde = —
0 x2 5

=32/7.

12. First calculate

U“.&

2z
Mi:/]/ (1 +z+y)dyde = ——
0 x2 35

Thus,
_28/5 _ 328/35
a:f24/5f7/6 and y = 54/5 =41/21.
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13. Again we first calculate

SO

6561/8
243/2

_ 1458/7
=27/4 and 7= 243//2

T =

=12/7.

14. We’ll take d to be 1. A look at the figure below tells us again that £ = 0. We’ll use polar integrals to calculate 7.

295

27 1—sin 6 37 27 1—sin @ 5 _57
We first calculate M = / / rdrdd = — and M, = // ydA = / / r°sinfdrdd = ——, so
0 0 2 D 0 0 4

—57/4
= = —-5/6.
3m/2 /
15. We first calculate

7/3 frdcosb
M:/ / rdrd =3+ X
0 0 3

/3 4cos 6
My:// di:/ / r2c050drd9:l+8—ﬂ- and
D 0 0 V3 3

7/3 pdcosO
Mgc:// ydA:/ / r’sin0drdd = 5,
D 0 0

wi_?%ﬁ@WMIg_ 15
3V3 + 4r 3V3+4r
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16. The region is a slice of pie:

3

r=0

/4 3 /4 1
Total mass M = // 0dA = / / (4—7)rdrdd = / (27’2 — fr‘?’)
D 0 0 0 3
/4
:/ (18— 9)do = T
0

4
. /4 3 ) 5 /4 81
My:// médAz/ / (4r° —r )COSGdeHZ/ (36——) cos@do
D JO JO 0 4
63

4v2
/4 3 9 3 /4 81
Mw:// y(SdAz/ / (4r —r)sinGdrd@z/ (36_X) sin @ d6
JJp Jo Jo 0
63

:§(2*\/§)

Thus

s M, _ 63 4 TV2

M 4y2 9 2«

M, _632-vV2) 4 _72-V2)
YT T 8 or 2«
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17. The region in question looks as follows:

x
27 1+cos @
Total mass M = / / SdA = / / r2dr df
D 0 0
27 1 ;
:/ —(1 + cos0)*do
o 3
21 57
:/ g(l+3cos€+3cos20+c0536')d0: 5
0

=
I

27 1+cos 6 27 1
/ xédA:/ / r3cos9drd9:/ —(1 4 cos0)* cos 0 db
D o Jo o 4
e

= (after some effort!)

4
27 1+cos@
Mz:// yédA:/ / r®sin 0 dr do
D 0 0
27

2
:/ 1(1—1—0059)4$inl9a’9:—1/ u'du =0
o 4 4)s

(It’s also possible to see this from symmetry.) Thus

18. Because the volume of the tetrahedron is 1, we can find the centroid by calculating:

1 p2—2z ;3—3y/2-3z 1
T = / / / rdzdydr = 1
o Jo 0
1 2—2z p3-3y/2-3z
y= / / / ydzdydx = and,
Jo Jo Jo

1

2

1 2—2z 3—3y/2—3z 3
2:/ / / zdzdydr = —.
o Jo 0 4

© 2012 Pearson Education, Inc.
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19. (a) First calculate:

2 1 3
M :/ / dzdydr =12
—1J—1J3y2
2 1 3
/ / / xdzdydr =6
—1J—-1J3y2
2 1 3
—1J-1J3y2
2,1 p3 1
szz/ / / zdzdydeEA
J—1J—1J3y2 5

This means that (Z, 7, z) = (1/2,0,9/5).
(b) Next we calculate the center of mass with the given density function.

2 1 43
M:/ / / (z—l—m%dzdydrzﬁ

—1J 1 3y 5
2 1 43

My :/ / / z(z 4+ 2°) dzdydx = 129
-1 -1 3y2 5
2 1 43

M, :/ / / y(z—|—x2)dzdydz:O
—1J—-1J3y2
2 1 3

sz:/ / / z(z+az2)dzdydx:@.
—1J-1 3y2 35

This means that (Z, g, 2) = (43/56,0,99/49).

Note that in Exercises 2022, the symmetry with respect to the z-axis implies that T = 0 and § = 0. We only explicitly set up
all of the integrals in the solution of Exercise 20.

20. First calculate:
18— r2
M = / / / rdzd0dr = 367/2r — o8
r2/3 2

3 27 1877‘2
Myzz/ / / r cosOdzdfdr =0
o Jo r2/3
18— r2
IZ_/ / / r sinf@dzdfdr =0
r2/3
27 18— r2
m,—/ / / rzdzd@drzﬁ.
r2/3 4

21
This means that (z,y,2) = ( 0,0, ——— ).
@59 = (00 3572 )

21. Asnoted above, T = 0 and § = 0. First calculate:

5/2
M = / / / rdz df dr = 625m
3r2-16 8
5/2
/ / / rzdzdfdr = — 106257
3r2-16 96

M,.

This means that (Z, 7, Z) = <0, 0, —%)
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22. Note first that, by symmetry, the centroid must lie along the z-axis, so = y = 0. Since the density is to be assumed constant,
we may take it to be equal to 1. Then we have
JfJwzdV

Jlw v

We use cylindrical coordinates to calculate the integrals. Thus the cone has cylindrical equation z =
r? 4+ 22 = 25. These surfaces intersect where 72 + 412 = 25, or, equivalently, where r = V/5. Hence

21 V5 pa/25—12 27 VB
/// dV:/ / / rdzdrd@z/ / <\/257r272r>rdrd0
w 0 0 2 0 0

27 r=+v5
1 2 2n3/2 2 3
= .25 — _Z
/0 ( 53— 3 )|,

do
_ (_M N g) (2m) = (250 — 100v5)r

z =

2r and the sphere

3 3 3
Also,
2r V5 pa/25—12 217 V5 1
/// de:/ / / zrdzdrd@z/ / 7(25—r2—4r2)rd7“d0
w o Jo 2 o Jo 2
1 [ vs 5 1 (2 /125 125 1257
= - 257 — 5 drdf = = - ) d= .
2/0 /0 (257 = 5r7) dr 2/0 ( 2 1 > 1
Therefore,

1257 /4 15
(250 — 100v/5)7 /3 8(5 — 2v/5)

. . .1 /4
23. By symmetry T = § = Z. Z is easiest to find. Volume of W' is 3 (gﬂ'CLS) = e

z =

~ 3.55.

6
X
0.25 9
0.5
0.75
1
1
0.75
Z 0.5 {
0.25
0
0
0.25
0.5 0.75
vy o 1
Thus
6 6 /2 /2 a 5
2:73/// ZdV:ig/ / / pcos - p sinpdpdpdd
T w Ta Jo 0 0
6 w/2 pm/2 4 3a [™/21
= — cos psinpdpdfd = N
|, /0 4 coswsinpdy o J, 2
_3a
=3
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24. If we put the bottom of the cylinder in the xy-plane, then §(x, y, 2) = (h — 2).

\\\\\\\\‘\‘\‘\‘\‘\‘\

2
2
z
z
2
I
z
z

SRS
SItttt sttt ——————

S

z
z
z
z
gz
Z
Z
g
g
Z
Z

NAANNNNRY

Therefore the total mass is

27 a h
M:/// 5dv:/ / / (h— z)*rdzdrdb
w o Jo Jo
27 a 1 h
:/ / ——(h—2)%  rdrdd
0 0 3 z=0
27 a h3 7rh3a2
= —rdrdf = .
Lol ;
T = y = 0 by symmetry, so we compute
27 a h
M, :/// z6dV:/ / / 2(h — 2)*rdzdrdf
w o Jo Jo

2T a h 27 a 4 2
:/ / / (h22—2hz2+z3)rdzdrd0:/ / v A ptgrae = T
0 0 7o 0 0 12 12

wh'a® 3 h

12 7wh3a2 4’

Thus

z =

25. (a) By symmetry we can see that the moment of inertia about each of the coordinate axes is the same.

1 1—x l—xz—y 5 9 1
I, = y:[Z:// / (y"+2")dzdyde = —.
0o Jo 0 30

(b) Again, by symmetry we see that the radius of gyration about each of the coordinate axes is the same. We calculate

1 11—z l—z—y 1
M:// / dzdydr = —.
o Jo 0 6
Thenrz:ry:rzzwll//—gé):l/\/g

26. By symmetry we can see that the moment of inertia about each of the coordinate axes is the same

2 2 2
I, = y:Iz:/ / /(y2+z2)(:c+y+z+1)dzdydx:96.
o Jo Jo

Again, by symmetry we see that the radius of gyration about each of the coordinate axes is the same. We calculate
2 2 2
M:/ / / (r+y+z+1)dzdydx = 32.
o Jo Jo
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/96
Th r = =T, = e 3
enr Ty =T 32 V3

. . . . . . 2 2 . . .
. . z
27. (a) The problem cries out to be solved using cylindrical coordinates. For I, this means that the 2= + y~ in the integrand is

2
3 27 9
12:// /2zr3dzd9dr:6561” and
o Jo r2 4

S0
3 p2m 19
/ / / 2zrdz df dr = 4867, so
o Jo r2

VA

3 2w 9 4
L. :/ / / P dzdddr = ST and
0 0 r2 35
3 2w 9 24
/ / / 1“2dza’9a’r*3—ﬂ-7 S0
0 0 r2 5

r, = ——.

VT

28. Although it may be tempting to move to spherical coordinates, it is nice to have a z-coordinate so we will stay with cylindrical

M

(b) This time

M

coordinates.
(@)
a2—'r2 5
I. _/ / / Pedzdfdr — S and
Va2—r2 15
27 a.27'r2 3
M = / / / redzdfdr = dmea
a2,T2 3
r, = a\/;
(b)
(L2—7’2 7
1. —/ / / (r* + 2°) dzdO dr = Sma and
\/ﬁ 21
a 27 \/&2—7“2 5
M :/ / r(r® + 2*) dzdf dr = ima S0
S az_r2 5
o JT0
r:=ay/ 57
(c)

27 a27'r2 7
2
1. _/ / / a2—r2T dzd@dr:3lg; and
(L2—7’2 5
M= / / / W dzdodr = 5700
Va2—r2 15

r, =

S
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29.
//yédA / / (> + 1) dy dx
! 1, 2 3\ (.2 T 2 4 6 .8
:/ (9—§(x —|—2))(x —l—l)dx:/ 5(19+7x —18z" — 7x” —2”)dx
—1 —1
1 14 36 2 1496
== 22 922
3<38+ 375 9) 135
%
=S H =
1.5
1
0.5
X
-1 -0.5 0.5 1
30.

2 1
L::/]“ <x2+y2mdA:1/ /’w2+y%<r+yw@dr
JJ10,2] x [0,1] o Jo

2ot ) ) 5 20,1 1, 1
:/ /(m +y -‘r:Cy—l—y)dydx:/ 24422+ ) de
o Jo 0 3 2 4

o8, 2. 4.1 31
33 3 2 6

31. The only adjustment in the formula for /.. is because we are using the square of the distance from the line y = 3 and not the
formula given in text which squares the distance from the x-axis. This is a straightforward application of formula (8).

4— 12
ygi// 3 y)?)dyde = 1107
A /4 1:2 3

What follows is preliminary work for Exercises 32—34. You should probably assign all three together.

V(0,0,7) /// Gmé(z,y,z)dV ‘
\/x2+y +(z—7)?

In this special case, IV is the shell bound by spheres centered at the origin of radii a and b where a < b. The volume of W is
therefore 47 (b® — a®) /3. The density is assumed to be constant and so the density is mass divided by volume, so

We will be calculating

M 3M

0= (o —a8) /3] ~ (0P — 0¥y’
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So

V(0,0,r):med/// v
w /22 + %+ ( z—r)2
_3GmM ///
4 (b® — a?) \/wz—l-y—l—z—r)

_ 3G3mM3 / / / p?sin @ dodpdo
CAn(b® —a Vp? 412 —2rpcosyp

3GmM 2’*/ \/ "
= p?+1r2—2rpcosp dpdf
ar(b® — a?) } =0
3GmM
- / / ) (o7l ~ o D] dpdd.

Our final note before proceeding to Exercises 3234 is that
4 o] 2 if p > r, and
(r) (lptrl=lp TD_{ 20 /v ifp <.

32. See preliminary work above. When r > b, then in the range a < p < b, we have that p < 7, so

3GmM [T 2
V.00 = - s / 2 dpao
27 3
_ 3GmM / QL a0
dn(b® —ad) Jo  3r |,
_ 3GmM /2” 200° —a®)
T 4wk —ad) 3r
27
~GmM d0 — 7GmM.
2mr - Jo T

33. See preliminary work above. When r < a, then in the range a < p < b, we have that p > 7, so

3GmM 2
V(0,0,r) = T — ) / 2pdpdo
3GmM 2 2
= I o) (b* — a®) do
_ —=3GmM (b — a®)
T 23 —ad)

What is striking about this result is that V(0, 0, r) is independent of r. Therefore, since F = —VV, we see that there is no
gravitational force.
34. (b) Students might consider the connection before they explicitly find it in part (a). If a < r < b, then we have a combination
of the two cases dealt with in Exercises 32 and 33. For a < p < r, we are in a case similar to Exercise 32, and for
r < p < bwe are in a case similar to Exercise 33.
(a) We must break the integral at p = r:

3GmM 2p? 3GmM
V(0,0,7) = "I ) / / Sdpd) — e ) / /2pdpd€
- 3GmM ™ 9(r® — a®) 3GmM [,
T Ar (v 7a3)/0 5 0 47r(b37a3)/0 (b7 —r7) b
_3GmM_(2(r® —a®)\ = 3GmM (5 — 1)
—2(b3 —ad) 3r 2(b% — a?)
GmM

= —m(SbQT —2a® —7?).
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5.7 Numerical Approximations of Multiple Integrals

1. (a) Welet Ax = 3'127 5 0.05, Ay = 21215 0.2. Thus, using formula (6) with f(x, %) = 2> — 632, we have
0.05)(0.2
Tys = % [£(3,1.5) + £(3,2.1) + f(3.1,1.5) + £(3.1,2.1)

+2(F(3,1.7) + £(3,1.9) + £(3.05,1.5) + £(3.05,2.1) + f(3.1,1.7) + f(3.1,1.9))
4(£(3.05,1.7) + £(3.05,1.9))]

= —0.621375
3.1 3.1 y=2.1 3.1
(b) / / (z® — 6y° dydm:/ (z®y — 2¢°) dx :/ [0.62% —2(2.1° — 1.5%)] da
1.5 3 y=1.5 3
3.1
=[0.22° —2(2.1° = 1.5%)2] |  =0.2(3.1° - 3%) — 0.2(2.1° — 1.5%) = —0.619
3
2. (a) Welet Az = 333 =0.15, Ay = 33-3

= 0.1. Thus, using formula (6) with f(z,y) = xy?, we have
0.15)(0.1
Ths = % [£(3,3) + £(3,3.3) + £(3.3,3) + £(3.3,3.3)

(£(3,3.1) + £(3,3.2) + f(3.15,3) + £(3.15,3.3) + £(3.3,3.1) + £(3.3,3.2))
4(£(3.15,3.1) + £(3.15,3.2))]

= 2.81563
3.3 3.3 3.3,  |v=33 3.3, ) 3.3
(b) / / xy” dy da :/ e da :/ = (3.3°-3%) da::2.979/ zdx
3 3 3 37 |3 3 3 3
= {Mgﬂ} = M(3.32 —3%) = 2.81516
2 s 2
22 -2 1.6 -1 . .
3. (a) Welet Az = 5 = 0.1, Ay = 3 = 0.2. Thus, using formula (6) with f(z,y) = x/y, we have

Ty = & 11(0 2 12,1+ f(2,1.6) + £(22,1) + £(2.2,1.6)
2(£(2,1.2) + f£(2,1.4) + £(2.1,1) + F(2.1,1.6) + f£(2.2,1.2) + £(2.2,1.4))
FA(F(21,1.2) + £(2.1,1.4))]

= 0.19825

2.2
(b)/ / fdydx—/ zlny
2
In (1.

y=1.6

2.2
dm:/ z-1n(1.6)dx
2

y=1

2.2
{ 5 6)x2} = 1“21'6(2.22 ) = 0.421n (1.6) = 0.197402
2
4. (a) Welet Az = 1'42* L. 0.2, Ay = 13-4

= 0.1. Thus, using formula (6) with f(z,y) = \/z + \/y, we have

= S (L 4) + (1,43) + F(L4,4) + £(1.4,4.3)
+2

—~

FOL,A1) + f(1,4.2) + f(1.2,4) + £(1.2,4.3) + f(1.4,4.1) + f(1.4,4.2))
+4(f(1.2,4.1) + f(1.2,4.2))]
= 0.375666
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y=4.3
dx

1.4 4.3 1.4
(b)/ (Vo + ) dydw—/ (\/:fy+§y3/2>
y=4

:/ (0.3v/x +0.61111318) dz = 036 (( 1.4)%2 — 1) + (0.61111318)(0.4) = 0.375746
1

1.1-1 0.6—-0
3

=0.05, Ay = = 0.2. Thus, using formula (6) with f(x,y) = ¢**2¥, we have

5. (a) Welet Az =

Tos = [£(1,0) + f(1,0.6) 4+ f(1.1,0) + f(1.1,0.6)

)

(0.05)(0.2)
4

+2(£(1,0.2) + £(1,0.4) + f(1.05,0) + f(1.05,0.6) + f(1.1,0.2) + f(1.1,0.4))
+4(£(1.05,0.2) + £(1.05,0.4))]
= 0.336123

1.1 0.6 1.1 0.6 1.1 1 y=0.6
(b) / / "t dy dx = / / e“e® dydr = / e’ (fezy) dx
2 ¥=0
—/ €LY gy = E0 L gy 331642
A 2 2 o
2—-1 - . .
6. (a) Welet Az = 0 =0.1, Ay = M = 118 Thus, using formula (6) with f(z,y) = z cosy, we have

Tow = SO (10, 7/6) + £(0,7/3) + 1(0.2,7/6) + £(0.2,7/3)
+2(£(0,21/9) + £(0,57/18) + £(0.1,7/6) + f(0.1,7/3)
+ £(0.2,27/9) + £(0.2,57/18))
4 A(£(0.1,27/9) + £(0.1,57/18))]

= 0.00730192
0.2 px/3 0.2 y=m/3 1/5 _
(b)/ / xcosydydm:/ rsiny dm:/ <\/§ 1)xd$
0 /6 0 y=m/6 0 2
V3 -1
= = 2051
100 = 0.0073205

Note that in all of the solutions to Exercises 7—12 below, the rectangle R = [a,b] X [c, d] is partitioned as in the figure below
and the Simpson’s rule approximations S22 may be written as

2 2
Sa0 = AmAy Zzwuf i, Yj),
o S

where
1 if (mi,y;) is one of the four vertices of R;

wij = 4 if (x;,y;) is a point on an edge of R, but not a vertex;

16 if (xi,y;) is a point in the interior of R.

4

1 o 1
I
I

40——————0—16————04
I
I

1 & 1
(a,0) 4
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306 Chapter5 Multiple Integration

7. (a) Welet Az = 01%(701) =0.1,Ay = 0'327 0 = 0.15. Hence, with f(z,y) = y* — xy?, we have
0.1)(0.15
Sa0 = % [f(=0.1,0) + f(—0.1,0.3) + £(0.1,0) + £(0.1,0.3)
+4(f(-0.1,0.15) 4+ f(0,0) + f(0,0.3) + £(0.1,0.15)) + 16 £(0,0.15)]
= 0.00010125
0.1 0.3 0.1 y=0.3
(b) / / (y4 - myQ) dydx = / (éy5 - %xyB) dx
—o0.1Jo —0.1 y=0

0.1
= / (0.000486 — 0.009z) dz = (0.000486z — 0.00452%) | = 0.0000972

—0.1

—0.1
11— 2-1
010 _ 0.05, Ay = == = 0.5. Hence, with flz,y) =1/(1 4 2?), we have

8. (a) Welet Az =

S22 = 0O (5(0.1) 4+ £(0,2) + 701, 1) + 7(0.1,2)
T 4(£(0,1.5) + £(0.05,1) + f(0.05,2) + f(0.1,1.5)) + 16£(0.05, 1.5)]
= 0.0996687

01 2 4 T Lo )
(b) / / dydr = / dr =tan™ x =tan 0.1 = 0.0996687
Jo 1 0

14 22 14 22 o
(Note that this agrees to seven decimal places with our answer in part (a).)
9. (a) Welet Az = izt 0.05, Ay = 0'62_ 0_ 0.3. Hence, with f(z,y) = ¢"T2¥, we have

~(0.05)(0.3)
So o = 9

[£(1,0) + £(1,0.6) + f(1.1,0) + f(1.1,0.6)

+4(f(1,0.3) + £(1.05,0) + f(1.05,0.6) + £(1.1,0.3)) + 16£(1.05,0.3)]
=0.331871

11 0.6
(b) In part (b) of Exercise 5 we calculated / / "2 dy dz to be 0.331642.
1 Jo

10. (a) Welet Az = 7T/427 0_ g, Ay = M = % Hence, with f(z,y) = sin 2z cos 3y, we have

Sa0 = w [f(0,w/4) + f(O,7/2) + f(w/4,7/4) + f(7/4,7/2)
+4(f(0,37/8) + f(n/8,w/4) + f(w/8,7/2) + f(m/4,37/8)) + 16 f (7 /8, 37/8)]

= —0.288808
w/4 /2 /4 y=m/2
(b) / / sin 2z cos 3y dy dx = / — sin 2z sin 3y dzx
0 /4 o 3

y=m/4

T (2442 2+2 /e
= — sin2x dx = cos 2x
0 6 12 o
242 242
=13 0-1)=- 5 = —0.284518
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12.

13.

14.

Section 5.7. Numerical Approximations of Multiple Integrals

(a) Welet Az = Ay = W/427 0_ g Hence, with f(z,y) = sin (x + y), we have

S22 = LD (1(0,0) 4 £(0,m/4) + (7 /4,0) + (/4,7 )

+4(f(0,7/8) + f(n/8,0) + f(w/8,7/4) + f(n/4,7/8)) + 16 f(7/8,7/8)]
=0.414325

/4 pw/4 /4
(b)/ / sin(x—i—y)dydx:/ —cos (z+vy)
0 0 0 y=0

:/07‘/4 (7(305 (er%) +cos:c> dx = [sinxsinEerZ)]

=v2—-1=0.414214

y=m/4

dx

/4

0

(a) Welet Az = 1'12_ L 0.05, Ay = 7T/42_ 0_ g Hence, with f(z,y) = €” cosy, we have

0.05 8
S0 = QO (11 0) 4 51, 7/4) + £(1.1,0) + (1.1, 7/4)
+4(f(1,7/8) + F(1.05,0) + F(105,7/4) + f(11,7/8)) + 16£(1.05,7/8)]
= 0.202178
1.1 pn/4 1.1 y=m/4 1.1
(b) / / e’ cosydydr = / e’ siny dr = Q e’ dx
o Jo 0 y=0 o 2
- g (e —¢) = 0.202151

307

(a) The paraboloid is a portion of the graph of f(x,y) = 4 — x® — 3y>. We have 0f/0x = —2z, 0f /Oy = —6y so that the

surface area integral we desire is

1,1
/ / V4x? + 36y? + 1dy dzx.
o Jo
1-0 .
(b) Welet Az = Ay = = 0.25. With g(z,y) = /422 + 36y? + 1, we have

(0.25)(0.25)

T4,4 = [g(O,O)+g(071)+g(170)+g(171)

+2(g(0,0.25) + g(0,0.5) + g(0,0.75) + g(0.25,0) + g(0.25, 1) + (0.5, 0)
+9(0.5,1) 4+ ¢(0.75,0) + ¢g(0.75,1) + g(1,0.25) 4+ ¢(1,0.5) + ¢g(1,0.75))
+4(g(0.25,0.25) + ¢(0.25,0.5) + ¢(0.25,0.75) + g(0.5,0.25) + ¢(0.5,0.5)
+ ¢(0.5,0.75) + g(0.75,0.25) + ¢(0.75,0.5) + g(0.75,0.75))]
= 3.52366

1.5-1 2—-14

(a) Welet Ax = =0.25 Ay = = 0.15. Then

To 4 =

w[1n(2+1.4)+1n<2+2>+1n(3+1~4)+1n(3+2>

+2(In (24 1.55) +In(2+ 1.7) + In (24 1.85) + In (2.5 + 1.4) + In (2.5 + 2)
+1n(3+1.55) +In (34 1.7) + In (3 + 1.85))
+4(In(2.5+ 1.55) + In (2.5 + 1.7) 4+ In (2.5 + 1.85))]
= 0.429161
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(b) We have
2 2
4 0 1
2e+y)=———— and —smmQ2zr+y) =-——""—.
v) (2z + y)? dy? (2 +9) (22 + y)?
The maximum magnitude of both of these expressions on the rectangle [1,1.5] x [1.4, 2] occurs at (1,1.4). Hence, from
Theorem 7.3, we have that

wln(

(0.5)(0.6) 2 4 9 1
E < ——((025)° —— 0.15)° - ———— ] = 0.00589317.
|Bral < =5 (0-25) (24 1.4)2 +(0.15) (24 1.4)2
Thus the actual value of the integral lies between 0.428572 and 0.42975.
(¢) With Az and Ay as in part (a), we have

524:%[ln(2+1.4)+ln(2+2)+ln(3+1.4)+ln(3+2)

’

+2(In(2+ 1.7) +1n (34 1.7)) + 4 (In (2 + 1.55) + In (2 + 1.85)
+1n (2.5 + 1.4) +In (2.5 + 2) + In (3 + 1.55) + In (3 + 1.85))
+8In(2.5+ 1.7) + 16 (In (2.5 + 1.55) + In (2.5 + 1.85))]
= 0.429552

(d) We have
o 96 o 6
—In(2 = d —In(2 =
Ozt n (2w +y) (2z +y)* My n (2w +y) (2z 4 y)*
and, as in part (b), the maximum magnitude of both of these expressions on [1, 1.5] x [1.4, 2] occurs at (1,1.4). Hence,
from Theorem 7.4, we have that

(0.5)(0.6) 96

0.25)% . —— = 6.36068 x 107°.
180 (( N CE T X

| Ea,4] < + (0.15)* -

6
(2+1.4)%
Hence the actual value of the integral lies between 0.429546 and 0.429559.

15. To answer the question, we compare the errors of the respective methods as given in Theorems 7.3 and 7.4.
First we consider the error 4 4 associated with the trapezoidal rule approximation 7} 4. In this case we have

Ar=2AT1 01 and Ay = 07205 _ 5.
4 4
In addition,
o 1 0 1

Theorem 7.3 says that there exist points (¢1,71) and (2, 72) in the rectangle [1,1.4] x [0.5,0.7] such that

Fus— (14— 1)1(2.7— 0.5) {(0‘1)2 (7%12) + (0.05) <7%)}

2

~(0.4)(0.2) [(0.1)? N (0.05)?
B 12 ¢ o]
Now 1 < (1 < 1.4and 0.5 < n2 < 0.7 so that, if we choose (1 = 1.4 and 12 = 0.7, we can make the value in the brackets

as small as possible; hence F4 4 > 0.000068027.
Next we consider the error > o associated with the Simpson’s rule approximation S> ». Hence we have

Az = t4-1 =0.2 and Ay = M:O.l;
2 2
also .\ .
d 6 0 6
w ln (l’y) = —wj and aiyél h’l (Z’y) = —E.
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Theorem 7.4 says that there exist points (¢1,71) and (Cz2, 72) in [1, 1.4] x [0.5,0.7] such that

(1.4 — 1)(0.7 = 0.5) 4 6 4 6
Eap = — 2 - 1 -——
2,2 150 (0.2) c +(0.1)
~ (0.4)(0.2) [(0.2)* N (0.1)*
30 ¢ mo ]
By choosing ¢; = 1 and 2 = 0.5 we make the expression as large as possible; hence F2» < 8.53 x 107°. Since the

maximum possible error using Simpson’s rule is less than the minimum possible error using the trapezoidal rule, we see that
S22 will be more accurate than 7 4.

We calculate the error E,, ,, associated with the trapezoidal rule approximation 7', ,. Note first that
52

dx?

The maximum values of these expressions on the rectangle [0, 0.2] x [—0.1,0.1] both occur at the point (0.2,0.1) and are,

respectively, (2.16)e’-?* and 4¢°2*. Also note that in calculating T}, ., we have Az = Ay = 0.2/n. Thus, from Theorem
7.3, we have that

&= 2 :(4x2+2)ez2+2y and 8—2 e W) = gem T
oy?

|Enn| < % [(Of) (2.16)e"2* 4 (%) (460-24)] _ %_

For this last expression to be at most 10™*, we must have

(0.2)*(6.16)e"-** - 2 _ 10%(0.2)*(6.16)e%2*
— <1 <— >
12n2 =10 "= 12
Hence, since n must be an integer, we should take n to be at least 4.
(a) We have

<— n > 3.23.

> o
@(6 y):@(

ey =",

The maximum value of ¢”~¥ on [0, 0.3] x [0,0.4] is ¢®*7° = €%, Furthermore, in computing the approximation 7}, ,,
we have Az = 0.3/n and Ay = 0.4/n. Thus Theorem 7.3 implies that

|Epon| < % {(?)2603 N ((24)2@0‘3} _ (0.3)(0.142)1&2.5)260-3‘

For this expression to be at most 10>, we must have
(0.3)(0.4)(0.5)%e%3
12n2
Thus we should take n to be at least 19.
(b) In this case, we use Theorem 7.4. First note that we have
64
a7 (

25 10°(0.3)(0.4)(0.5)%¢%3

D <= n > 18.37.

<107° < n

4
€)=,

Jy

so that, as in part (a), the maximum value of ¢® ¥ on [0, 0.3] x [0, 0.4] is €*-*. Moreover, in computing the approximation
Son,2n, we have Az = 0.3/(2n) and Ay = 0.4/(2n). Therefore, Theorem 7.4 implies that

Epnon] < (0.3)(0.4) [(0.3) 09 (0.4) 60,3} _ (03)(0.4)((0.3)" + (0.4))e™*

z—y) _

180 2n 2n 180 - 16n4

For this expression to be at most 10~°, we must have
4 4y,0.3 5 4 4y,0.3
(0.3)(0.4)((0.3)* + (0.4)%)e <1077 = > 10°(0.3)(0.4)((0.3)* 4+ (0.4)%)e
180 - 16n* 180 - 16
<= n > 0.659.

Thus, since n must be an integer, we must have n at least 1; that is, S2 2 will give an approximation with the desired
accuracy.
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2 — - .
18. (a) Let Az = TO =1,Ay = % = 1.5. With f(z,y) = 3z + 5y, we have

1o =02 110,04 7(0,8) + 7(2,0) + 7(2.3)

+2(f(0,1.5) + f(1,0) + f(1,3) + f(2,1.5)) + 4f(1,1.5)] = 63.

y=3

2 3 2 2
(b) / / (356+5y)dydcc:/ (3zy + 9%) da::/ (9z + %) da
0 0 0 0

2
= 63.
0
This is exactly the same result as in part (a).
(¢) Note that, for all (x,y), we have

y=0

= (322 + %2)

92 22

Hence Theorem 7.3 shows that the error term E5 2 must be zero. Hence it’s no surprise that the results in parts (a) and (b)
are the same.

19. (a) Let Az = 0%(71) =0.5,Ay = = 0.25. With f(x,y) = 23y>, we have

1/2-0
2

S22 = U0 (11 0) 4 11, 3) 4 £0,0) + 50, 3)

= —0.00390625

0 p1/2 0,3 y=1/2 0,3 4 1
b 33dd:/£4 d:/idzi __
()/_1/0 vewer= g Y] L T e T 26|, T 256

(¢) The answers in parts (a) and (b) turn out to be the same. Note that, for all (x, y), we have

0

Hence Theorem 7.4 shows that the error term E> > must be zero.
20. Welet Az = * ) 1 G thatag = 12y = 2,25 = — 125 = 0. Then Ay(a) = 2D = 2F2
. We let x—T—g,sotatxo——,xl——— T2 = —3, 3 = 0. Then y(:p)—f— 3 so that

Ay(-1) =% = wolzo) =1, y1(wo) = 3, ya(xo) = 3, y3(w0) =2

Ay(=2) =5 = wolz1) =2, yi(z1) =22, ya(21) = &, ys(z1) =2

Ay(—=3) =32 = yolw2) =3, yi(x2) = 5, va(w2) = 2, ys(z2) =2
Ay(0) =2 = wyol(xs) =0,y1(z3) = 3, y2(a3) = 3, ya(ws) =2

This information is pictured in the figure below.
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Therefore, using f(z,y) = «* + 2y%, we have

T35 = w [f(=1,1)+2f(=1,35) +2f(-1,3) + f(—1,2)]

o+ W) g5z 2y fap(-2,19) £ ap(-2, 1) +2f(-2,2)
+ CBE) (ot 4) 4 ap(-8,5) + 453, ) +27(-3,2)]
N % [£(0,0) +2£(0, 2) + 2/(0, %) + £(0,2)]

=4.97119

(Note that the exact answer is 24/5 = 4.8.)

4 .
21. Welet Az = m/ 3 0 = 1%, sothat zo = 0,21 = 5, z2 = §, w3 = §. Then Ay(z) = w, so that
Ay(0) =35 = yo(xo) =0, yi(zo) = 5, y2(z0) = 3, ys(wo) =1
Ay (%) = 3\1@ (by use of the half-angle formula)
= yo(z1) =sin (%), yl(xl):sin(%)Jrﬁ,
y2(z1) = sin (75) + 325, ys(a1) =sin ({5) + 75
Ay(2) =L = go(ae) = 5, pilea) = B2, y(2) = 23EL yg(an) = L2
Ay (%) =0 = partition points not needed.

This information is pictured in the figure below.
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T 7T 7T X
12 6 4
Thus, using f(x,y) = 2 cosy + sin? z, we have
75 = T2OB) (50,0) 1270, 4) + 27(0.2) + £(0.1)]

+ %/(3\/5)) [2f(%,sin%)+4f(l sin & + 1)

+4f (G sinF5 + 335) + 2f (5, 005 55)]

+ (7/12)((\/?:—1)/6) |:2f(%7%)+4f(%a \/§+2)+4f(1 2\/§+1)+2f(%7§)}

4 6 60 6
= 0.190978
(This approximation turns out to be rather low.)
0.3-0 20 —x  x
22. Let Az = 5 = 0.1, sothat zop = 0, x1 = 0.1, 2 = 0.2, 3 = 0.3. Then Ay(z) = 3 =3 so that
Ay(0) =0 == partition points not needed;
0.1 _ _
Ay(o_l) = ? S yo(gyl) =0.1, yl(ml) =0.13, yg(l‘l) = 0.16, yg(xl) =0.2
0.2 _ _
Ay(0.2) = 5 = yo(z2) = 0.2, yi(x2) = 0.26, y2(x2) = 0.3, ys(z2) =04

Ay(0.3) =01 = yo(z3) =0.3,y1(x3) = 0.4, y2(z3) = 0.5, ys(x1) = 0.6

Then, using f(z,y) = xy — x°, we have

Ts3 = (0'1)(4& [2/(0.1,0.1) +4(0.1,0.13) 4+ 2f(0.1,0.16) + 2£(0.1,0.2)]

(0.1)(0.2/3)
4

(0.1)(0.1)
4

+ [2£(0.2,0.2) + 4£(0.2,0.26) + 4(0.2,0.3) + 2£(0.2,0.4)]

+ [£(0.3,0.3) + 2(0.3,0.4) + 2£(0.3,0.5) + £(0.3,0.6)]
= 0.001125

(Note that the actual value is 0.0010125.)
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23. Let Ax = 7T/337 0 = g, sothatzo = 0,71 = 5,72 = %”,:pg = Z. Then Ay(z) = % = %sinx, so that
Ay(0) =0 == partition points not needed;
Ay %) = %sm% = yo(z1) =0, yi(z1) = %si nyg, y2(x1) = §51n g, y3(x1) = sin §
Ay %T = %bln% = yo(x2) =0, y1(x2) = %si o y2(r2) = 7s1n 9 , ys(z2) = 5111%7
Ay(5) =8 = yol@s) =0, yilws) = 2, ya(s) = %2, yalws) = L
Thus, using f(z,y) = z/+/1 — y2, we have
T3,3:97[2f( 0) +4f (5. 3sin§) +4f(5, §sin §) +2f(F,sin §)]

2f(5,0) +4f(3, $sin 20) + 4f(3, Zsin 3F) + 2 (37, sin 27 )

+ GO (12, 0) 4 27(5,48) 4 255,40 + 15, )]

= 0.412888

(This actual value is 72 /81 ~ 0.382794, so our approximation is not especially good here.)

24. We must first let Ay = T

_1 ~0
,sothatyo = 1,41 = ™2, yo = 2H g3 = 7. Then Az(y) = y—:%,sothat

Az(l)=4% = zo(yo) =0, z1(y0) = 3, z2(y0) = 3, x3(yo) =1
Az (%52) =552 = 2o(y) =0, 21(y) = 552, w2(y1) = 25, ws(yy) = 552
Ax (277;1) = 27r9+1 =  20(y2) =0, z1(y2) = %’ za(y2) = 47r9+27 23(y2) = %
Az(m) =15 = wo(ys) =0, 21(ys) = 3, z2(ys) = 3, as(ys) =7

LH)

—~
3
|
-
—
—~

[2£(0, 7£2) + 4f (552, T82) + 4f (3552, =82) + 2f (552, =2)]

) s us us us us us us
[2£(0, 250) + 4F (5L 255 4 4 (4552, 2500 4 235, 250

EGE) (50,m) + 22, 7) + 242 7) + i, )]
= 2.78757

(This actual value is sin 1 + 7 — 1 ~ 2.98306, so this result is quite rough.)
1.6 -1 2y —
25. Welet Ay = 2071 — 09 sothatyo = 1, 51 = 1.2, yo = 1.4, ys — 1.6. Then Aa(y) = 24— —

3

Azx(l) =1

3
Az(1.2) = 0.4

z1(yo) = 3, z2(yo) = 2, w3(yo) =2
(yl) = 16, .’1}2( 1) = 2, :Eg(y1) =24

Y
Az(l.4) =0.46 = 1.4, z1(y2) = 1.86, x2(y2) = 2.3, z3(y2) = 2.8
(

A

Y2
Ax(1.6) = 0.53 = 1.6, x1(y3) = 2.13, x2(y3) = 2.6, z3(y3) = 3.2
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Thus, using f(z,y) = In (zy), we have

(0.2)(0.3

Ts3 = ) [FL1) +2f(3,1) +2f(3,1) + f(2,1)]

(0.2)(0.4)
4

+ [2(1.2,1.2) + 4£(1.6,1.2) + 4£(2,1.2) + 2f(2.4, 1.2)]

(0.2)(0.46)

Ty

[2£(1.4,1.4) + 4f(1.86,1.4) + 4£(2.3,1.4) + 2f(2.8,1.4)]

L %‘tﬂﬁ) [£(1.6,1.6) + 2(2.13, 1.6) + 2f(2.6, 1.6) + f(3.2,1.6)]

= 0.724061
(This actual value is closer to 0.724519.)
26. (a) We have
b pd b y=d
//LdA:/ / (Aa:—l—By—!—C’)dydx:/ [(Ax—i—C)y—l—%ByZ] dx
R a c a
b

y=c

:/ [(Az + C)(d — ¢) + L B(d® — )] da

a

:(dfc)/b [Az+ C + 3B(c+d)] dz

=(d—c) [3A®0° —a®) + (C+ 3B(c+d)) (b—a)]
=(b—a)(d—c)[A(a+b)+ 3B(c+d)+C]
(b—a)(d—c)

D E— [2A(a + b) + 2B(c+ d) + 4C1.

(Note that we drew out factors along the way.) The average of the values of L taken at the vertices of R is

[L(a,c) + L(a,d) + L(b,c) + L(b,d)]

P

[((Aa+ Bc+ C)+ (Aa+ Bd+ C) + (Ab+ Be+ C) + (Ab+ Bd + C)]

el Rl S

[2A(a+b) +2B(c+d) +4C].

If we multiply this expression by (b— a)(d — ¢), which is the area of R, we obtain the expression for [, L dA calculated

above.
(b) To calculate T4 1, note that Ax = b — a, Ay = d — ¢, so that xg = a, x1 = b, yo = ¢, y1 = d and formula (6) becomes

W [f(a,c) + f(a,d) + f(b,c) + f(b,d)]

= (area of R) - (average of values of f on vertices of R).

Ti1 =

(¢) By part (b), the approximation T3 1 to [ [, fdAis
ij

Az Ay
4

[f(@iz1,yj-1) + f(@i-1,y5) + f(@isyj-1) + f(@i,95)] -
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Thus / / fdA = Z Z / / f dA is approximated by

j=11i=1
n m A:EA
> Y @ion,yion) + Flaion ) + Flaeyi—) + Fi, )]
j=11i=1
== {ZZf(xil,yjl)JrZZf Ti-1,Y;)
j=11i1=1 Jj=11=1
+D D f@oyi-)+ > fl@iy)
j=11i=1 Jj=11i=1
A(L’Ay n—1 m—1 n—1lm-—1
7 {f(icoyy()) +Y f@oy) + Y f@iyo)+ Y > fl@iys)
Jj=1 1=1 j=1 i=1
n—1 m—1 n—1m—1
+ f(@o,yn) + Y F@o,ys) + Y fl@ayn) + Y > flwi,5)
j=1 i=1 Jj=1 i=1
n—1 m—1 n—1m-—1
+f(wm,y0)+zf(xm7yj)+ Z f(xlayo)—'_ f(xlayj)
j=1 i=1 =1 i=1
n—1 m—1 n—1lm-—1
+f(xm,yn)+2f(a:m,y])+ Z (@i, yn) +Z Z fzi,yy)
Jj=1 =1 Jj=1 i=1
Az A m—1
== F@0,0) +2 3 f(i,10) + £, 0)
n—1m-—1
+2fo07yj +4Z fo’nyj +2fom7yj
Jj=1 i=1
m—1
+ f(wo, yn) +2 Z f(@isyn) + f(Tm, yn)
i=1
=T n-

)

True/False Exercises for Chapter 5

. False. (Not all rectangles must have sides parallel to the coordinate axes.)
True.

True.

True.

. False. (Let f(z,y) = =, for example.)

True.

. False. (The integral on the right isn’t even a number!)

True.

R N S

True.
. False. (It’s a type 1 region.)
. True.

o
N =D

. True.

[
w

. False. (The value of the integral is 3.)

[
=

. True. (Use symmetry.)
. True.

o
9]
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316 Chapter 5 Multiple Integration

16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.

29.
30.

False. (The y part of the integrand gives a nonzero value.)

True. (The inner integral with respect to z is zero because of symmetry.)
False. (The triple integral of y is zero because of symmetry, but not the triple integral of x.)
True.

False. (The area is 30 square units.)

False. (The integrals are opposites of one another.)

True.

False. (A factor of 7 should appear in the integrand.)

True.

False. (A factor of p is missing in the integrand.)

True.

True.

Sl 1
False. (The centroid is at <0, 0, Zh) )

True.
True.

Miscellaneous Exercises for Chapter 5

1.

First let’s split the integrand:

[ s fff o fff o - ] e

Here B is the ball of radius 3 centered at the origin. The integral of an odd function of z over a region which is symmetric
with respect to z is 0. The other integral is twice the volume of a sphere of radius 3 so

///B(z3 +2)dV =2 (§w33) = 727,

. As in Exercise 1 we see that our integrand is the sum of odd functions in = and y and a constant which we are integrating over

a region which is symmetric with respect to « and y. Our answer will be —3 times the volume of the hemisphere of radius 2.

In symbols,
3 1\ (4 s
V:/// (x +y—3)dV:—3// dV=—3(*)(*7T2)=—167T.
w W 2 3

. (a) We’ll use the bounds given for z in both integrals and just reverse the order of integration for « and y. We are integrating

over the ellipse:

x
-2 -1.5 -1 -0.5 0.5 1 1.5 2
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Miscellaneous Exercises for Chapter 5 317

3— y2/3
/// 3dV = / / / 3dzdxdy and
202 4y2
2

9 3x2
/ / 3dzdydzx.
99— 3z2 2x2+y

(b) Using Mathematica, the result was (81+/37) /4 in either order.
4. First follow the hint (noting that 2" and 3’ are just dummy variables) and write

T Yy
Py = [ o e where g(a') = [ 5@y dy
By the fundamental theorem of calculus,

OF _ 0 / r_

Also, again by the fundamental theorem,

= sl = o [ = 1)
ayor ~ oy Y@ =5, yay =y

T Yy Y x
/ / f@' g dy'de’ = / / (' ) de'dy'.
a b c a

Yy xT
Fla,y) = / hz,y)dy' where h(z,y') = / @y de

Proceeding as above we see that

By Fubini’s theorem,

As above, write

OF O*F
afy—h(x,y) and —— = f(z,y).

0x0y
5. I think the given form is the easiest to integrate:

/OQW/OI/OWrdzdrde—/0277/017*\/9—77*2drd0
-2
“on(0-157).

(a) In Cartesian coordinates, z doesn’t really change and for the outer two limits, we are integrating over a unit circle so our

answer is
1 p/1—a? pf9-aZ—y?
/ / / dz dydzx.
—-1J—4/1-22J0

(b) The solid is the intersection of the top half of a sphere of radius 3 centered at the origin and a cylinder of radius 1 with
axis of symmetry the z-axis. In spherical coordinates this means that we have to split the integral into two pieces: one
that corresponds to the spherical cap and one that corresponds to the straight sides. The “cone” of intersection is when
¢ =sin"'1 /3. For the integral that corresponds to the “straight sides”, 0 < r < 1. In spherical coordinates that is
0 < psinp < 1lor0 < p < csc . The integrals are, therefore,

27 psin”11/3 ;3 2n  pm/2 csc ¢
/ / / pPsinpdpdpdd + / / / pPsinpdpdpdd.
0 0 0 0 sin—=11/3J0

6. (a) This solid is similar to that in Exercise 5. It is the intersection of a cylinder over the circle of radius 2 with center (0, 2)
(i.e., 22 = 4y — y?) and the plane = = 0 with caps on either end that are portions of the sphere of radius 4 centered at the
origin (z = £4/16 — 22 — y?).
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318 Chapter 5 Multiple Integration

(b) In cylindrical coordinates, —v/16 — 72 < z < /16 — 72 and we are above the first quadrant so 0 < 6 < 7 /2. Since
2% 4+ y* = 4y, > = 4rsin 0 so in the first quadrant, 7 = 4 sin 0. The volume is therefore

4 sin 6 16— 'r2 /2 4sin 6
V= / / / rdzdrd@z/ / 2r/16 — r2dr do
0 0

16— 'rZ

Exercises 7 and 8 are a good lesson in the advantage of choosing the right coordinate system in which to work. This simple
problem in Cartesian coordinates is a pain using either cylindrical or spherical coordinates.

7. Orient the cube so that a vertex is at the origin and the edges that meet at that vertex lie along the z-, y- and z-axes so that the
cube is in the first octant. We’ll double the volume of half of the cube. In this case 0 < z < a, 0 < 6 < 7/4 and the only
difficulty is with r. The radius varies from 0 to the line x = a. In cylindrical coordinates = = r cos § so r = a sec § and our
limits for r are 0 < r < a sec . The volume is

a rm/4 rasech a pm/4 a i
v:z/ / / rdrd@dz:/ / a2sec29d9dz:/ a’dz = d®.
0 0 0 0 0 0

The above calculation wouldn’t change much if you followed the hint in the text and placed the center of the cube at the origin.
In this case you would have 1/8 of the figure in the first octant and you would be calculating the volume of a cube with sides
al2.

8. We again orient the cube so that a vertex is at the origin and the edges that meet at that vertex lie along the z-, y- and z-
axes so that the cube is in the first octant. As in Exercise 7 we will double the volume of half of the cube corresponding to
0 < 0 < /4. We will have to split the integral into two pieces: the piece in which p is bounded by the top of the cube (z = a
or p = asec p) and the piece in which p is bounded by the side of the cube (z = a or p = a csc psec 6). The boundary value
of o depends on 6. Set a = p cos ¢ equal to a = psin ¢ cos 6 and solve to obtain ¢ = cot ™! cos #. So the volume is

n/4 pcot™!cos6 a sec ¢ /4 pm/2 a csc psecO
V:2/ / / pQSintpdpdgad9+2/ / / p*sinpdpdp dd
0 0 0 0 cot=lcos6 JO

a3 LZS 3
(55)=

Exercises 9—17 are examples where a change of variables helps. Exercise 14 depends on Exercise 11 and together they are
much less difficult than they may first appear.

9. Here we will let w = x — 2y and v = = + y. We calculate

A(u,v) ‘
A(z,y) 1 1

=1/3.

The three boundary lines x +y = 1,2 = 0, and y = 0 correspond to v = 1,2v = —u, and u = v. We have all of the pieces

to assemble our integral:
) U
) / / 7005 dudv— / —sin (7)
2'u JO 3 v —

T —
cos
JD z +
Yy vo .
= —(sinl —sin(—2))dv = —(sin1 +sin2)
o 3 6

= %(sinl + sin 2).

10. Letu:y3andv:x+2y. Then 0 < u < 216,0 <wv < 1,and

1
2 3,23 o 9(z,y) _

= —Sy
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11.

12.

13.
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Then
6 r1—2y 216 1
3 2 (w42y)° _ u 2 o3
y’(z+2y)7e dxdy—/ / (7,’[)6 >dvdu
/0 /—2y o o 3u2/5
216 3
/ /(f 1/32”)dvdu
1 1
= / (fulme” ) du
0 9 v=0
216 7
= / (ful/s(e 1)) du
0 9
1(3 45 216
=(=(= 1
(5 (G) i),
=108(e—1)
1— zz/a
(a) As we’ve seen before, we can write the integral as / / dy dx.
1— 132/11
(b) When we scale by letting x = ax and y = by, the ellipse is transformed into the unit circle E* in the Zg-plane. To rewrite
1 p/1—32
the integral we also quickly calculate that d(x, y)/9(Z, §) = ab. The transformed integral is / / abdy dz.
1—z2

(¢) Because we are integrating over a unit circle, we transform to polar coordinates (0.k., really we do it because the text tells

us to):
27 27 1
/ / abdydm = / / abrdrdf = / iabde = fab(27r) = 7mab.
0

. R 20 — _
(@ Withu =2z —y,v=x+4+y,weseeu+v = 3xsox = UT—H] which implies y = % Substituting these
expressions into the equation for the ellipse, we obtain

13(u—;—q))2+14(u—£v> (21}3—u) +10(2113—u)2:9.

Expanding and simplifying, we find

% + v =1.
(b) Area = / / 1dA = / / ldxdy = / / ggw’ y; du dv where E* denotes the corresponding ellipse in the uv-plane
E B « | 0(u,v
1
given above. Now ggz:z; = det [ ;g _11/?3 = -3 0
Area = // %du dv = %(area of E¥) = %(ﬂ' -3 - 1) = m using the result of part (c) of Exercise 11.
. u+v v—Uu o . . .
Withu = 2 —y, v = = + y we find that x = g Y=o Substituting these expressions into the equation for F,
we find N )
U+ v U+ v v —u v —u
=4
() () () e () =4
which simplifies to
’LL2 2
Z + v = 1.
The area of ellipse £* in the uv-plane is 27r. The area of the original ellipse E is
— _ 1/2 1/2
//1dA //da:dy //* dudv = //* det{il/2 1/2”dudv

%‘dudv— area of E” %( T) = .

I
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320 Chapter5 Multiple Integration

14. We follow the steps in Exercise 11, inserting the same letters for ease in locating the corresponding parts.
(a) First we write the integral in Cartesian coordinates as

a  pb/1—22/a2  pey/1—22/a2—y2 /b2
/ / / dzdydz.
—aJ—by/1-22/a2 J —c\/1—22 /a2 —y2 /b2

(b) We now scale the variables using x = aZ,y = by, and z = cZz. Note that the ellipsoid E is transformed into the unit
sphere £* and that d(z, y, z)/0(Z, §, Z) = abe. The transformed integral is:

1 V1-z2 V1-z2-32
/ / / abcdz dy dz.
—1J—4/1-32 J—/1-72—52
(¢) Because we are integrating over a unit sphere, we will transform to spherical coordinates:
1 V1-z2 V1-z2 52 2 1l pw
/ / / abcdz dydz = / / / abe p* sin g do dp d
—1J—/1-22 J —/1-532 3?2 0 o Jo

2m 1 ™ 2w 1
= / / (— cos p(abe)p?)| dpdd = / / (2abc p*) dp db
o Jo o Jo
2w

= / gabc do = é7Tabc.
o 3 3

0

15. If you didn’t first sketch the region you may be tempted to use the numerator and denominator of the integrand as your new
variables. The diamond-like shape is bounded on two sides by the hyperbolas 2 — 3*> = 1 and 22 — 3> = 4 and on the other
two sides by the ellipses 2% /4 + y*> = 1 and 2% /4 + 3> = 4.

1.72 \/

1.5¢

We, therefore, make the change of variables v = 22 — y* and v = 2. /4 + y2. Then

2 2y
x/2 2y

’ =5zy so ggz: z; =1/(5zy).

The integral greatly simplifies:

4 4 4 4
// &dA:// oy 1 dudv:fl//ldudv
p Yy —a? 1 J1 —u bzy 5J1 J1 ou
1

4 3
= 75/1 Inddv = fglnél.
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16. The region D is bounded on the left and right by 2 — y? = 1 and 2> — y? = 9 and on the bottom and top by zy = 1 and
xy = 4. It looks like

This suggests we try the change of variables v = x? — y%, v = xy. Then

D

(u,v) 20 2y | _ 5 5
= det y o =2(z" +vy°)

so that

Moreover, the region D* in the uv-plane corresponding to D is

Thus, using the change of variables theorem, we have

2 2 x2—y2 1 u ‘ 91 u
(" +y)e dA = —e"dudv = —e" dudv
D D 2 1 J1 2
9

Y1 3
:/1 Q(e —e)dV—g(e —e).

17. The region D is bounded on the bottom and top by y = 1 and y = 2 and on the left and right by xy = 1 and zy = 4; the
region looks like the following figure.
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322 Chapter5 Multiple Integration

With this in mind, we try the change of variables © = xy, v = y. Then

O(u,v)
9(z,y)

Moreover, the region D* in the uv-plane corresponding to D is the rectangle [1,4] x [1, 2]:

v

_ y x| _ ., _ .
—det[0 1}—y—v == =—.

2

The change of variables theorem tells us that

1 1 1 S| 1
- dA = - .= — .-
//Dx2y2+1d //D*u2+1 vdudv /1/1u2+1 1}dvdu

4 4
:/ an du=1n2|tan 'u
; u?r+1 )

=1In2 (tan71 4 — %) .

18. (a) Follow the same steps as in defining the double and triple integrals.

e Define a partition of B = [a,b] X [¢,d] X [p,q] X [r, s] of order n to be four collections of partition points that
break up B into a union of n? subboxes. See Definition 4.1 and add that r = wy < w1 < - < w, = s and
Awl =w; —WwW;—-1.

e Define a Riemann sum. For a function f defined on B, partition B as above and let ¢;;5; be any point in the subbox
Bijii = [Ti—1,@i] X [yj-1,y5] X [2k—1, 26] X [wi—1,wi].
e The Riemann sum of f on B corresponding to the partition is
n n
S = Z f(cijk,l)AJciijAzkAwl = Z f(cijkl)AVijkl.
@4,k 1=1 i,9,k, =1

e Define the quadruple integral of f on B, written

] et~ [[[] o

////B flz,y, z,w)dV = a“AIi’Ay?‘IEZhAleO Z fleijr) Az Ay; Az Aw;.

5,k =1

to be
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e We extend the definition to compact non-box regions W by defining the function f¢”* which is f everywhere in W
and is 0 everywhere else. Then if B is a box containing W we can define

IS, 5o = JJf], o

e As in the cases of the double and triple integrals, Fubini’s theorem allows us to evaluate the integral as an iterated
integral.

(b) We calculate:

e 2 3 4 p2
//// (m+2y+32—4w)dV=/ / //(az+2y+3z—4w)dwdzdydm
JJw Jo J-1Jo J—2
2 3 4
:4// /(m+2y+3z)dzdya’m
o J-1Jo

2 3
:4/ / (4z 4 8y + 24) dy dx
0o J-1

2 2

:4/ (16m+32+96)dac:64/ (z +8)dz
0 0

= 64(2 + 16) = 1152.

19. (a) We are just generalizing what we’ve done to set up the area of a circle or the volume of a sphere (more recently see
Exercises 11 and 14 from this section). Here our integral is:

a \/a2_m2 \/a2_12_y2 \/a2_m2_y2_22
dwdz dydz.
/_a /_\/a2_12 /_\/az_zz_yz /_\/a2_zz_yz_zz wazayar
(b) You should get 7%a? /4.

(¢) Forn = 5 you should get 872a° /15, and for n = 6 you should get 7°a® /6. If you include the cases for n = 2 and
n = 3 you may begin to see a pattern for the even exponents. If n is even, the volume of the n-sphere of radius a is
7"/2a™ /(n/2)!. Fitting in the odd terms looks really hard and the pattern shouldn’t occur to any of your students.
In fact, the general formula depends on the Gamma function which is beyond what we would expect the students to
know at this point. For kicks, the volume of the n-sphere of radius a is

71_n/2an
I'((n/2) +1)

Note that the volume of an n-sphere of radius a decreases to 0 as n increases.
20. Letz1 = aZ1, ©2 = aZa,...,Tn = aZy,. Then, by substitution,

B={(z1,...,z,) |2} + -+ < a’}
={(@1,..., %) | (a71)* + -+ + (aZn)” < @’}

={(Z1,...,ZTn) | T + -+ 72 <1},

which is the unit ball in (Z1, . .., T, )-coordinates. The Jacobian of this change of variables is
a 0 --- 0
R Y L] B
6(1'1, ’ In) :
0 0 a
Hence

Vn(a):/--~/ 1dm1~--dxn:/~~/a"dfyndinzcnan.
B U
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21. (a) Sinceapoint (z1,...,2,) in B satisfies the inequality 3 +- - -+ < a?, a pointin B of the form (1, 22,0, ...,0)
must have 23 + 23 +0--- 4+ 0 < a?. Thus (z1, 2), considered as a point in R?, satisfies z7 + 23 < a?, so that
(1, 22) lies in the disk of radius a in R2.
(b) The point (z1,22,0,...,0) in B described in part (a) has coordinates that relate to polar coordinates (r,6) by
3 + 23 = r? < . Hence any point (r,0,xs,...,,) in B lying over the specific point (,0) in the disk must
satisfy 72 4+ 23 + - + 22 < a? <= 23 +--- + 22 < a® — r? Hence the coordinates (z3, . .., z,) fill out an
(n — 2)-dimensional ball of radius v/a? — r2.

(¢) If D denotes the radius a disk centered at the origin, then, from part (b), we have

Vn(a):/-~~/de1---dxn://DVn,2< a2—r2> dx1 dxo

27 a
= / / Vo2 (\/ a? — 7"2) rdrdf.
o Jo

22. By the previous exercise, we have

27 a
Vila) = /0 /0 Vo (\/ a? — 7’2) rdrdf

27 a
= / / Chn_o (a2 — 7‘2) (n=2)/2 rdrdf from Exercise 20,
0 0

27 0
= Cn_Q/ / w7 (—L du) do
0 a?

2
_ Cn2 /'2” 2 2|’
2 L

do

u=0

_2m n
= —0Unp—20a .
n

Now Vi, _2(a) = Cn—2a""2, so we have

Vi(a) = (21a2) (Cpa™?) = <21a2) Vir_a(a).

n n
23. (a) The one-dimensional ball of radius a consists of points in R described as
{rieR |2} <a’}={z1 €R|—a <z <a} =[-a,a

The one-dimensional volume of this “ball” is the length of the interval; thus Vi (a) = 2a. The two-dimensional ball

of radius a consists of points (z1,z2) € R? such that 27 + 23 < a®. Such points form a disk of radius a, so the

two-dimensional volume of this disk is its area; hence Vz(a) = ma?.

(b) By repeatedly using the recursive formula in Exercise 22, we have

(2£ a2)< 27r2 a2> (%TW a2) Va(a) if n is even,
Vi(a) = n n—

2\ (F g2 (2 I
(na)<n72a> (1 a)Vl(a) if n is odd.

In the expressions for V;,(a) above, there are § — 1 factors appearing before Vz(a) when n is even and "T’l factors
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25.

26.
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appearing before Vi (a) when n is odd. Hence, using the results of part (a), we have

9(n/2)=1_(n/2)~1 (az)(n/Q)*l ra’

if n is even
Vi(a) = n(n—2)---4
9(n=1)/2 (n=1)/2 (az)(nfl)/Q %
if n is odd
n!!
2n/27rn/2 (az)n/Z
— nn—2)---4-2 if n is even
Rl G MG I
if n is odd
n!!
2"/271'"/2@" N
n V
_ ) 2(/2) - 2((n/2) —1)-2((n/2) —2)--- (2 1)
9(n+1)/2_(n=1)/2 n
. . if n is odd
n!!
7Tn/2an
_ (n/2)! if n is even
(n+1)/2__(n—1)/2 n
: z . ifnisodd

n!!

(a) To obtain the mass we compute the following integral (which is straightforward so the details are omitted):

27 T 4
M= / / / ((120%)p% sin ) dpdp df = T4.976m ~ 235.5440508.
0 0 3

(b) Because the shell is sealed, the volume is V' = (4/3)7(4%) = 2567/3 cm?, so the mass of that volume of water is
greater, and so the shell would float.

(¢) If the core of the shell fills with water, then the volume that the shell has to displace is V = (4/3)w(4® — 3%) =
(4/3)m(37). The water for that volume would have mass of about 155 grams so the shell would sink.

When you average the height of the hemisphere of radius a, first you integrate

27 a 27 a
/ / zrdrdf = / / rv a2 —r2drdf = gwa?’.
0 0 0 0

For the average height, we divide this by the area of the region over which we are integrating:

(2/3)ma® ga

ma? 37

We now solve to see which values of » correspond to this height: (2/3)a = v/aZ — r2 when (4/9)a® = a® — 2, which
is when r = V/5a /3. Therefore, the pole can be installed at most V5a /3 from the center of the floor of the dome.
(a) By the fundamental theorem of calculus

d (Y ., . d v [° ' L[
@/C Gy)dy =G(y) so @/C /a fu(z,y) dxdy :/a fy(z,y)dz.
(b) On the other hand, by Fubini’s theorem,
d y b d by
@/C /a fy(x,y')dxdy':@/a /C fy(z,y') dy'dx
d [° d

=& | v - 1wy = / f(z,y)de.

Combine parts (a) and (b) to obtain the desired results.
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27. (a)

b) lim I(ed)=4-1-1=4

(€,8)—(0,0)
1 1 . ' 1
28. For0 <e< 3 0<d< 5 we consider I(¢,0) = // . dA where D, 5 = [e,1 — €] X [§,1 — §]. Then
Ds,é
1—e 1-6 1 l1—e 1-6
I(e, 6 :/ / dyd:v:/ In(z +y dx

o= [ G|

1—e

:/ (In(x +1—90) — In(xz + 0)) dz.
Using integration by parts, we find that / Inudu = ulnu — u + C so that

I(e,8)=[(x+1=0)In(x+1-0) — (x+1—10) — (z+0)In(z + ) + (x + 8)[s=¢
=2-€e—0)mR2—-€e—0)—(2—€e—08) — (1 —e+0)In(1l —e+0)
+(1—€e+6)—(e+1—-08)In(e+1—-0)+(e+1—90)
+ (e+90)In(e+d) — (e+4).

To evaluate 1(e, 0) we first note that, by ’Hopital’s rule,

lim
(e,6)—(0F,0%)

lim ulnu:limln—u: i 1/7u:flim u=0.
u—0t u—0t+ 1/u u—0t —1/U2 u—0t

Thus (e + &) In(e + &) — 0 as (e,6) — (0F,07). The other terms in the expression have evident limits so that
lim I(,0)=2In2—2—-In1+1—-In14+14+0—-0=2In2.
(e,6)—(0t,01)

29. ForO0<e < $,0<6< 3,let Des = [e,1 — €] x [6,1 — 6] and consider

1-6 1—e
1(6,5):// LdA = / L dxdy
D, s Yy 8 € Yy
1

:/5 il (éfe) (In(1 - §) — Iné).

Y

Note that ( 6}irr<1 )I (€,8) = —oo since & — e and In(1 — &) remain finite, but In § — —oco. Thus the improper integral
€,6)—(0,0

does not converge.
In Exercises 30 and 31 the students will need integration by parts and I’Hépital’s rule.
30.

2w 1
// ln«/m2+y2dA:1iH(l)// ln\/xQ—i—y?dA:lir%/ / rlnrdrdd
D €e— . e— 0 6

27 2 2
= lim {r—lnrfr—} df = lim e S e+ S a0
) 2 1

e—0 4

1 27 1 2 E2
e—0 2 4 0

€

1 ¢ e

e—0

= lim 27 {
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31. Define B. = {(z,v, 2)|¢ < 2* +y*> + 2® < 1}. Then

/// ln\/x2+y2+z2dV:lim/// Inv/a2 4y + 22dV
B e—0 B.

27 T
= lim / / ((In p)p® sin ) de dp do)
€ 0

e—0

27 1
= lim / ((20° In p)) dp do

e—0 0

27 1

= lim | ((2/3)p Inp — 29" /9)

e—0

€

e—0

2 2 2¢°
im 71'( 3" 3 ne+ 9 ) /9

32. (a)

(b) Asa,b%oo,[(a,b)ﬁé

33. Let Do = [1,a] x [1,b] and consider, for p, ¢ # 1,

1 bore 1
I(a,b):// dA:/ / dx dy
Doy TPY? 1 J1 2Pye
b a
1 1 1
:/ T ovwaar—i| W=7, ( =
1 (L=pysar=t| _, 1—p\a»

afeEr e (1 ‘1) (% ‘1)'

1 _ 1
Ifp >1,q > 1thenasa,b — oo, I(a,b) — e ey CE
then 1/a?~! — oc. Similarly ifq <1,1/bP7 — oo.

b
[ e
1y

327

so the integral converges in this case. If p < 1,

Ifp=1,q # 1, then fl I qu drdy = Ina (1 q) (2=t — 1). This becomes infinite as a,b — oc. Similarly, if

b4
qg=1,p #1,I(a,b) becomes infinite as a,b — oo. If p = ¢ = 1, then I(a,b) =lnalnb — co as a,b — oco.

To summarize: the integral converges if and only if p > 1 and ¢ > 1—in which case the value of the integral is

/(p-1(g—1).

34. (a) We use polar coordinates to make the evaluation. Let

/Aa(1+z2+y2)_2dA—/Ozﬂ/oa(l—i-rQ)_zrdrdﬂ
o (%) (=147 ;) =7 (ﬁ - 1)

1
= 1——.
’T( 1+a2>

limg oo = 7. Thus the integral converges.

27
(b) Let I(a // (14 2° +y°)PdA = / / (1+7%)Prdrdd. If p # —1, then

I(a)

1) = (0 +a?) - ).
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328 Chapter5 Multiple Integration

Now limg oo (1 + a?)P* is finite (and equals 0) just in case p + 1 < 0 or p < —1. In such case, the integral

27 a
T 2
converges and its value is ———. If p = —1, then [ = ———drdf = tln(l1 +a”) — oo as
& mf b= (-1 A Al+ﬂ ( )

a — oo. So the integral converges if and only if p < —1.

35. Consider
27
p SIHQO
/// +x2+y T T / / / ey e ®
p2

Now let p = tanu so dp = sec® u du. Then

—1 —1
t. t. .
e tan?u - sec udu an " a gin?y
I(a) = 4 B U B U r du
o sec3 u o cos U

1 -1
tan a 2 tan a
1 —cos“u
=A4r ————du=A4r (secu — cosu) du

0 cosu 0

tan" 1 a

=47 (ln(\/a2+1+a)— an—l)'

= 4r(In|secu + tanu| — sinu)

0

Since lim I(a) = oo the integral does not converge.

36. Consider
27 T a
a) = /// e VY gy = / / / e P p?sinpdpdpdd
“ o Jo Jo
a 27 ™ a
:/ / / e Pp’sinpdpdddp = 471'/ ple P dp
o Jo Jo 0

Now use integration by parts twice: First let u = p? and dv = e~ dp. Then

I(a) = 4n (—p2e_p + 2/ pe_pdp) = —4ra’e* + 87r/ pe Pdp.
0 0 0

Now let u = p and dv = e “dp so that

I(a) = —4ma’e”* 4 87 (fpefp|8 +/ e’ dp)
0
= —4ra’e * — 8rae” * — 8re ® + 8.

lim I(a) = 8, so the integral converges and has value 8.

a— 00

The importance of Exercise 37 can not be overemphasized. The students have come from a course where they learned one
technique of integration after another. They also learned some numerical methods (at least a brief introduction to Riemann
sums, the trapezoid rule and Simpson’s rule). In a way Exercise 37 is the payoff—it is a chance to mention:

e Until now they couldn’t calculate ffo e da. The fact that you need the tools of multivariable calculus (or complex

analysis) is pretty cool. =

e They still can’t calculate fab e~ dx. There is a need for numerical methods to calculate a function as common as the
bell curve (with a constant that stretches in the vertical direction and another constant that stretches in the horizontal
direction, this is the normal curve). Many will encounter this function in a course on statistics and use the tables; they
should know that this is because we can 't find the definite integral over a general finite interval.

o The technique is pretty and unexpected and is one of the tricks that they should see some time in their mathematical
training. The problem is surprisingly straightforward once someone shows you the trick.
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1
37. (a) / e~ d is finite since e—*" is bounded on [—1,1]. Since 0 < e~ < 1/2?% on both [1, 00) and (—o0, —1] and
-1
-1

o] -1 =)
the improper integrals / (1/2°) dx and / (1/2%) dx converge, we see that / ¢ dz and / e da
1 —o0 1

— 00

e} —1 1 e}
both converge. Hence/ e d :/ 67””2d1:+/ efx2dx+/ e dp converges.
_ Joa1 J1
(b) We have

—oo o]

2 o —z? o —z? o —z? > —y?
I = / e ¥ dx / e ¥dr) = / e " dr / e Y dy
:/ / e eV’ dxdy:// eV 4A.
—oo J —oo R2

(¢) We’ll use polar coordinates.

2,2 27 a 2 1 27 a2
// e ydA:/ /e ~’I“d7“d9:—*/ (e7* —1)db
a o Jo 2 Jo
2

=n(l—e ")

(d) Note that, as a — oo, the disk D, fills out more and more of R?. Thus lim // e_“'z_ysz =

// eV gA = I,
R2

(e) Putting everything together:

2 _ 1 —a? o
I"'=limn(l—e *)=m.

a— 00

Thus I = [ e dy = N
38. (a) First, clearly f(x) > 0. And second, by symmetry,

o0 o0

—2 —2 —2
/ e mdac=2/ e Tdr=—e "
—o00 0

(b) We will reduce the calculations in Egbert’s problem by recentering.

oo

=1.

0

350 | 350 |
P(250 <z < 350) = / *6_‘:6_30[)' dr = 2/ ,e_(x_300) dr
250 300

50
:/ e Ydr=—e "
0

>0on|0,5] x [0,4], f(z,y) > 0 forall (z, y). Now

4 5 4
20 +y 1 1 5 o
= dedy = — 25 +by)dy = — | 25 =
JI t@n= [ [ 2t avay = g [ o5+ suas= o5 (20 + 50°)
1

100 4 40) = 1.

50

—50
=1—e .

0

39. (a) Since 22+ Y

4

0
= 1m0
(b) Since f(z,y) =0forz <0ory <0,

2¢ +y
140

Prob(z <1,y < 1) = Prob((z,y) € [0,1] x [0,1]) = /01 /01 dx dy

1
(I4+y)dy= L (1+ 1) -3 ~ 0.0107.

~ 140 J, 140 2) 280

© 2012 Pearson Education, Inc.



330 Chapter5 Multiple Integration

40. (a) Since ye~“~¥ > 0 for y > 0 (note the exponential term is strictly positive), we have that f(z,y) > 0 for all (z, y).

Now we check
// yeizfydA:/ / ye Ye “dxdy
R2 o Jo
=/ ye Ydy
0

(b) Prob(z +y < 2) = Prob((z,y) € D) where D is the triangular region bounded by z = 0,y = Oand z + y = 2

Y

Thus the desired probability is

2 r2-a 2
/ / ye Ye “dydr = / (—ye ¥ —e )2 e " da
o Jo 0

2 2

= / (z—2)e"?—e" > +1)e "de = / (x—2)e?—e?+e ") dx
0 0

=1-5e ">

41. First, we know that C' > 0. Second,

1= / / Ce =170l gy gy = 4/ / Ce™ """ dx dy
—o00 J —o0 0 0
o —ax > —by 1 —ax =~ 1 —by
=4C e dx e dy| =4C | ——e ——e
0 0 a o b
42. Note that if C > 0, then f(z,y) > 0 for all z since a and b are nonnegative. Thus we calculate

1ol 1/

// f(x,y)dA:/ / C(a;t—&-by)dxdyzC/ (fa—l—by) dy
R2 0o Jo 0o \2

1 1 a+b

. 2
For this to equal 1, we must have C' = ——.
a+b

Tl _4c
ol ab’
So C = ab/4.
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43. (a) IfC >0, then f(x,y) > 0 for all (z, y). Thus we calculate

b a ba2
// f(l’,y)dA:/ / Cwydxdy:C/ ?ydy
R2 0

2b2

=C
. 4
For this to equal 1 we must have C' = prToR
(b) Prob(bxz — ay > 0) is the probability that a point (z, y) falls below the line y = Sx. Since f is zero outside the
rectangle [0, a] x [0, b], we see that the desired probability is the same as the probability Prob((z,y) € D) where
D is the triangular region shown below.

Yy

b

This last probability is calculated as

" a (b/a)x 4
//Dfd —/0/0 2b2mydydx

© 4 1(b ©2 4
IR
2a* 2°

0

44. We are integrating over the triangle where 0 < = + y < 60. The integral is fairly straightforward so the details are
omitted:

60 /60 x _1/50 /s dyd = _i ﬁo(e_z/w[e—w-m/s _ 1])dx
250 50

1 1
—1_ 306*6/5 + 56712 ~ .665340.

45. We use polar coordinates:

172 p/(1/4)—a2 1 2 2 p1/2
/ / Y dydr = / / (fre ) dr do
o Jo

1/2 ) —/(1/4)—2? 7r
2m 1 71/4) "
o s

=1 — e Y4~ 22199.

46. The joint density function of the components is

L —@+y)/2000 o S 0,y>0

F(z,y) = f(z) - f(y) = ¢ (2000)?
0 otherwise.
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1
20002

2000 2000
So we want Prob(z < 2000, y < 2000) = / / — /2000 .=y /2000 o gy
J O 0

1 2000 2000
_ / 9000 ®/2000 o~ Y/2000 dy
0

(2000)2 .

1 2000 1 1 2
__L 1 2) w200, _ (L)
2000 J, ( e) c 4y c

47. Formula (8) in Section 5.6 is [ = // d25(:r, y, z) dV. If we choose the coordinates so that the center of mass is at the

w
origin, then /// z0(x,y,z)dV = 0 and /// yd(x,y, z) dV = 0. We can also choose the coordinates so that L is
w w

the z-axis. L is a line parallel to the z-axis distance h away, so L is the line corresponding to z = a and y = b where

a® + b = h%. Then
I = /// (m2 +y2)6(x,y,z)dV
w
I = /// (2® + 9> + h® — 2ax — 2by)S(x,y, 2)dV = /// (2 +y° + h?)o(x,y,2)dV
W w

Ip—I; = ///W h*6(z,y, 2)dV = h* ///W §(z,y,2)dV = h>M.

48. (a) With Az = (b —a)/m and Ay = (d — ¢)/n, we have

and

SO

m—1
Ty = AZNJ [f(a,c) +9 ; flxi,e) + f(bye)
+23 flay) +4) > F@oy) +2) ) f(by;)
j=1 Jj=1 i=1 Jj=1
m—1
+ fla,d) +2 Y flaid) + f(b,d)| .
=1

Now f(z,y) = F(z), so the formula above becomes

= BTAY | by 4 2% F(z;) + F(b)

=1

Tmn
’ 4

n—1 n—1m-—1 n—1

+2) F(a)+4) Y F(z:)+2)  F(b)

j=1 i=1

m—1

+F(a)+2 Y F(z:)+ F(b)|.

i=1

Note that the terms in Z;:ll F(a) do not depend on j; hence Z;:ll F(a) = (n — 1)F(a). Similarly, we have
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Miscellaneous Exercises for Chapter 5

2o 'S F(x) = (n— 1) " F(w;). Therefore,

_ AzAy iy _
20— 1)F(@) + 4~ 1) Y Fl) + 20— DFO)

+F(a)+2)  F(z:)+ F(b)

=1

— Awfy 2nF(a) + 4n2 F(zi) 4 2nF(b)
:#(Qn) a)+22F($i)+F(b)

Since Ay = (d — ¢)/n, we thus have

Az i
(d=c)= |F +2;Fxl + F(b)
= (d—¢)Tm,

using the formula for the trapezoidal rule approximation 7,, of the definite integral f: F(x)dx.
(b) We proceed in a similar manner. With Az = (b — a)/(2m) and Ay = (d — ¢)/(2n), we have

S2m,2n -
m—1 m
A"”gAy F(a)+2 " Fx) +4 F(xai-1) + F(b)
i=1 =1
n—1 n—1m-—1 n—1 m
+2) F(a)+4) > Fra) +8) > Flaia +22F
Jj=1 j=1 i=1 j=1 =1
n n m-—1 n m
+4Y F(a)+8) > Flaa) +16Y > Flazia +4ZF
Jj=1 Jj=1 i=1 Jj=11i=1
m—1 m
+F(a)+2)  F(z2i)+4)  F(zai1)+ F(b)
i=1 =1

333

Again, we note that the terms in E;:ll F(a) do not depend on j so that Z;le F(a) = (n —1)F(a). In a similar
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334 Chapter5 Multiple Integration

manner, we have 3"~ S F(x2) = (n — 1) 327" F(2;), ete. Thus,

j=1
SQm,Qn =
m—1
AzxAy
o |Fla)+2 ; F(x2:) 4+ F(b)
m—1
+2(n—1)F(a) +4(n—1) F(xz2;)
=1
+8(n—1))  F(z2i-1) +2(n — 1)F(b)
i=1
m—1 m
+4nF(a) +8n Y | F(z2:) +16n Y F(w2i-1) + 4nF(b)
=1 =1
m—1 m
+F(a)+2)  F(z2)+4)  F(z2i-1) + F(b)
i=1 i=1
AzA — i
=== Y 16nF(a) + 12n ; F(z2:) + 24n; F(22i_1) + 6nF(b)
m—1
_ AzAy

Fla)+2 ) Fl(a2)+ 4§: F(x2i-1) + F(b)

i=1 i=1

29 (6n)

Since Ay = (d — ¢)/(2n), we have that

Sanan = 57 (55) (6) | Fl@) +2 Y Flow) 443 Flows) + FO)
=(d- c)% F(a)+2 i F(x2:) + 42 F(za;1) + F(b)
= (d - C)Szm,

using the formula for the Simpson’s rule approximation Sa,, of the definite integral fab F(z)dx.
49. With Ax = (b — a)/m and Ay = (d — ¢)/n, the trapezoidal rule approximation to ff[a B x[end] f@)g(y)dA =
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S I £@)gy) dy da is
T, = 2209 {f(a)g(c) $23 fgle) + F0)g(0
F2) f@gl) + 1Y Y Fglu) +2 3 SBo(w)

m—1

+ f@)g(d) +2 Y f(w)g(d) + f(b)g(d)

i=1

- Sot {g@) (f(a) +23 f)+ f(b)>

$27(@) Y olyy) +4 <Z g(y») > f(m)) +270)Y olwy)

<g<c> F2Y o) + g<d>)]

j=1

where T, (f) denotes the trapezoidal rule approximation to fab f(x) dz and T, (g) the trapezoidal rule approximation to

[ F(y) dy.
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