Chapter 4

Maxima and Minima in Several Variables

4.1 Differentials and Taylor’s Theorem

In Exercises 1-7 we will first calculate f(x), f'(x), ..., f® (x) and f(a), f'(a), ..., f*) (). Then we’ll plug into the formula
for Taylor’s theorem in one variable (Theorem 1.1 in the text):

pr(a) = fa) + @)z —a) + -+ =5 (@ — )",

1. Herea = O and k = 4:

SO

4 8 16
pa(z) =142z + 51’2 + gx?’ + ﬂﬁ
:1+2x+2x2+éx3 2

2. Herea =0and k = 3:
f(z) =In(1+x) f(0)=0
/ 1 / o
f(x)—1+x f(0)=1
1! 1 4
" -1 1m
0 =-2( ) 0 =2,
SO
pa(x) =0+ — %xQ + %xs
_ 1o 13
= — éac + gcc .
3. Herea = 1and k = 4: )
f@y==  Jm)=1
F@=-%  ro=-2
f@=o =6
" 24 111
)= =25 ) =2
1111 120 1111
) =8 () =120,
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196 Chapter 4 Maxima and Minima in Several Variables

SO

pa(z) = 1—2(z — 1) + g(:p = R %(w _1)

=1-2z—1)+3@x—-1)° -4z —-1)>+5=-1)"

Students sometimes forget that the Taylor polynomial depends on the choice of a. Some texts include the parameter a in the
notation to stress this fact. A nice way to remind your students of this dependence on a is to either assign Exercises 4 and 5 or 6

and 7 together
We’ll do the scratch work for both Exercises 4 and 5 together:

flx) =z fay=1 f9)=3
fe)=5= F=3 JO=%

" —1 " 1 7 1
'@y =15z 'O=-7 ["9=-153
" _ 3 " 73 " _ 1
f (I)—&ET/Q ! (1)—§ f (9)—@.

4. Here a = 1 and k£ = 3 so, using the work above:

pa@) =3+ 5@ —9) = 3o (@ —9) + (o - 9)°
We’ll do the scratch work for both Exercises 6 and 7 together:
f(z) =sinz f(0)=0 f(m/2) =1
f'(z) = cosa F)=1 f(x/2) =0
f'(z)=—sinz  f7(0)=0 f'(m/2) = -1
f(@) =—=cosz  fU(0)=-1 f"(x/2)=0
f////(x) —sinzx fl///(o) — O f//l/(ﬂ_/z) — 1
f/////(x) — cosT fl////(o) — 1 f///ll(ﬂ_/Z) — 0

7. Here a = w/2 and k = 5 so, using the work above:

_ (x—m/2)  (z—m/2)*
po(@) = 1= o=+

Three notes:
e [t makes sense to assign Exercises 8, 9, 16, and 21 together as they explore the same function. Exercise 14 is a higher-
dimensional analogue.

e [n Exercises 8—15, we again do the preliminary calculations and then substitute into the formulas given in Theorem 1.3

pi(x) = f(a) + Dfla)(x — a)
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Section 4.1. Differentials and Taylor's Theorem 197

and Theorem 1.5

pa(x) = @) + Y fo @)@ — )+ 3 D Fore @) — ai) s — a)

ij=1

= 1) 5 D fran, ()i — )25 — )

ij=1

e Just as in the one-variable versions of Taylor’s theorem, note the lower degree polynomials are contained in the expres-
sions for the higher degree ones.

We’ll do the scratch work for both Exercises 8 and 9 together:

Pew) = T JO.0=1  f(1-1)=1/3
fa(,y) = m f2(0,0)=0 fo(l,—1) = —2/9
W@ = Gy BOO=0 (LD =29
Folo) = R L00) =2 full-) =227
fyy(,y) = % fuy(0,0) = =2 fy,(1,—-1) =2/27
Iy E— Feu(0,0)=0 oy (1,—1) = —8/27

(1:2 +y2 + 1)3
8. a = (0,0) so, using the work above:
p1(x) = f(0,0) + Df0,0)x =1 and
1
P2(%) = pL(X) + 5 (Faz(0,0)2% + 2£2 (0, 0)zy + f1y (0, 0)%)
=1-2*— y2.

9. a = (1, —1) so, using the work above:

P = £(1, -1+ DAL -Dx - (1,-1) = 3+ -5 5| [ 27|
1 2@-1)  20y+1)
=3 ) + ) and
p2(x) = p1(x) + %(fm(L —1)(z = 1)* + 2foy (1, =1)(x — D)y + 1) + fuy (1, =D (y + 1)%)
1 2@—1)  2y+1) | (z-1)° 8@—-L(y+1)  (y+1)°
=379 T 9 T T a2t
10. Herea = (0,0) and
fz,y) = >t £(0,0)=1
fz(xvy) = 262z+y fI(Oa O) = 2
fy($7y) = 621+y fy(070) = 1
frﬂc(m7y) = 4e* Y fa:x(O,O) =4
fyy(x7y) = ety fyy(0,0) =1
fzy(x,y) = 2621+y f;vy(o, O) = 23
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198 Chapter 4 Maxima and Minima in Several Variables

SO

pi(x) = £(0,0) + DA0,0)x =142z +y and

1
p2(x) =1+20+y+ 5 (40" + 222y +¢°)

2
:1+2x+y+2x2+2my+%

11. Here a = (0, 7) and

flz,y) = e** cos 3y fO,7)=-1

fu(z,y) = 2¢** cos 3y f=(0,7) = =2

fy(z,y) = —3e** sin 3y fy(0,7)=0
fua(z,y) = 4" cos 3y fez(0,m) = —4
foy(z,y) = —9¢** cos 3y fuy(0,m) =9
foy(z,y) = —6**sin3y  fuy(0,7) =0,

SO

pi(x) =—1—2z and

pa(x) = —1 — 22 + %(74:52 49y —m)?)

=—1-2z 22"+ %(y—ﬂ')?

12. Herea = (0,0,2) and

flz,y, 2) = ye*® + ze?¥ £(0,0,2) =2

fo(,y, 2) = 3ye® f2(0,0,2) =0

fy(z,y, 2) = €3 + 2ze% f4(0,0,2) =5

fo(z,y,2) = e* f4(0,0,2) =1
foo(2,y,2) = 9ye’® f22(0,0,2) =0
foy(@,y,2) = 3¢ fay(0,0,2) =3 = £,2(0,0,2)
Jez(z,y,2) =0 f22(0,0,2) =0 = f.,(0,0,2)
Jyy(w,y,2) = 4ze® fyy(0,0,2) =8
fyz(a:,y,z):262y fy2(0,0,2) =2 = f.,(0,0,2)
fez(2,y,2) =0 fyy(0,0,2) =0,

SO

pi(x) =245y +1(z—2) =5y + 2z and
1
p2(X) = by + 2 + 5 (6zy + 8y” + 4y(2 — 2))

:y+z+3xy+4y2+2yz.
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Section 4.1. Differentials and Taylor's Theorem 199

13. Herea = (2,—1,1) and

f(x,y,2) =xy — 3y° + 222 f(2,-1,1)=-1

fe(z,y,2) =y + 22 f=(2,-1,1)=1

fy(z,y,2) =2 — 6y fy(2,-1,1) =8

fa(z,y,2) =22 fy(2,-1,1) =4
foa(,y,2) = foa(2,-1,1) =
Jay(2,y,2) =1 Jey(2,-1,1) =1 = fye(2,-1,1)
fez(z,y,2) =2 fez(2,-1,1) =2 = f.2(2,-1,1)
fyy(z,y,2) = —6 fyy(2,-1,1) = —6
fy=(2,y,2) = fu=(2,-1,1) =0 = f.,(2,-1,1)
fez(2,y,2) =0 fow(2,-1,1) =0,

SO
pi(x) =—14+1(z—-2)+8y+1)+4(z—1)=1+2+8y+4z and
Pa() = 14w+ 8y 42+ L(2(r — Dy -+ 1) + 4 — (= — 1) ~ 6y + 1)%)
:xy—3y2+2xz.

Note that the second-order polynomial matches the original function exactly. This makes sense, since f is itself a polynomial
of degree two.

14. Here a = (0,0, 0) and there is quite a bit of symmetry so we’ll only calculate:

f(m7yvz):m f(0,0,0)=1
@) = e 1000 =0=£,0.0.0) = £.0.0.0)
o) = SR 10,000 = —2 = £,(0.0.0) = £2(0,0,0)
Fae) = Grpgrsr sy f(0.0.0)=0= £e:(0,0,0) = £,+(0.0.0)
SO
pi(x)=1 and
p2(x) =1+ %( 207 — 2y° — 22%)

=1-a2"—y* -2~

15. Againa = (0,0, 0) and there is quite a bit of symmetry so we’ll only calculate:

f(x,y,z) =sinzyz £(0,0,0) =
fz(x,y,2) = yzcoszyz f2(0,0,0) =0 = f,(0,0,0) = f.(0,0,0)
foz(z,y,2) = —y? 22 sinzyz J22(0,0,0) =0 = fyy(0,0,0) = f..(0,0,0)
foy(z,y) = zcoszyz — xyz®sinzyz  fuy(0,0,0) =0 = £,.(0,0,0) = £,-(0,0,0)

so pi(x)=0 and p2(x) =0.

16. From Exercise 8 we can read off that the Hessian Hf{0,0) = [ 7(2) _g } .
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200 Chapter4

17. f(z,y) = coszsiny

Maxima and Minima in Several Variables

fe(z,y) = —sinzsiny fy(z,y) = cosxcosy
Jex(z,y) = —coszsiny  fyu(z,y) = —sinz cosy
fey(z,y) = —sinzcosy  fyy(x,y) = —coszsiny
0
_V6 V2
T 1 1
(5.5) -
f 43 V2 V6
1 1
z
18. f(x,y,2) = —
s = 7
z z 1
fx(x7yaz):_W fy(%yyz):—W fz(xyyvz):\/T—y
Jfaa( e fya( )= s e )= s
e\, Y, 2) = 4x5/2y1/2 y2\L: Y, 2) = 4x3/2y3/2 za\, Y, 2) = 3x3/2y1/2
z 3z 1
fzy(%%z):W fyy(x7yaz):W fzy(x7yaz):_W
1 1
fzz($7y7z):—W fyz(x7yvz):_W Joa(,y,2) =0
S0
_ 3 1 1
V2 2v2 2v2
1 3 1
Hi(L2,-4) =1 —35 ~23 ~1/3
1 0
2v2 42
19. f(z,y,2) = 2> + 2%y — yz? +22°
fo(@,y,2) =32 + 20y fy(e,y,2) =2 =2 fuw,y,2) = f2yz+6z
Jaz(2,y, 2) = 62 + 2y Jya(,y,2) =22 fea(z,y,2) =
fzy( z,Y,z )_237 fyy(x7ya )_O fzy( z,Y,z ) —2z
foz(@,y,2) = fuz(@,y,2) = =22 fe2(2,y,2) = =2y + 122
s0
6 2 0
H1,0,1)=| 2 0 -2
0 -2 12
20. f(x,y,2) = e sin bz
fulz,y,2) =2e** ¥ sin5z fy(x,y,2) = —3e** ¥ 5in 52 fa(z,y,2) = 5e** 3 cos 5z
Jaoz (2,9, 2) = 4e** 3 sin 52 Jyz (2,9, 2) = —6** 73 5in 52 feu (2,9, 2) = 10e** 73 cos 52
foy(,9,2) = 6273 sin5z  fo, (2,9, 2) = 9¢** 73 sin 52 fey(,y, 2) = —15e** 73 cos 52
Jaz(z,y, 2 )_10622 Weosbr  fya(w,y,2) = =15 cosb5z  fo.(z,y,2) = —25¢** Y sin 5z
0
0 0 10
HA0,0,0)=| 0 0 —15
10 —-15 0

For Exercises 21-25 you'll need formula (10): p2(x) =

21.

Use the work from Exercises 8 and 16:

p2(x) = f(0,0) + Df(0,0)x + %XT [

1+%[m y}{

-2

0 -2
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Section 4.1. Differentials and Taylor's Theorem 201

22. Use the work from Exercise 11:

pz(a:,y):f(o,w)wLDf(Omr)[yfﬂ}+%[x y*ﬂHﬂOﬂf)[yfﬁ}
——1+[ -2 o]{yfﬂ}+%[w y—ﬂ][_é gHny}

23. Use the work from Exercise 12:

x x
1
pa(w,y,2) = £(0,0,2) + Df(0,0,2) | 'y | +5[z y 2-2]Hf0,02)] v
z—2 z—2
x . 0 30 T
=2+[0 5 1] vy |+5[@z y z-2]|3 8 2 y
z—2 0 2 0 z—2

24. Use the work from Exercise 19:

pa(x) = £(1,0,1) + DA1,0,1)(x — (1,0, 1)) + %(x—(l,(),l))T{ -2 _g } (x— (1,0, 1))

0

r—1 1 6 2 0 x—1

=3+[3 0 6] Yy +§[x—1 y z—1]]2 0 -2 Yy
z—1 0 -2 12 z—1

Exercises 25 and 26 are related and could be assigned together. To make it a cohesive single problem, you may want to tell the

students to use the function from Exercise 26 in place of the function given in Exercise 25.

25. The function is f(x1, za,. .., x,) = "1 T272 T Fnon,
(@) Df(z1,22,...,2n) = e P22t tmen 11 2 ... p |, and therefore Df(0,0,...,0) = [ 1 2 - n |

Taking second derivatives and evaluating at the origin results in:

1 2 3 n
2 4 6 2n
3 6 9 3
Hf(0,0,...,0) = "
n 2n 3n - n?

(¢) Since (c) follows immediately from (a) we will skip (b) for a moment.

p2(x) = £(0,0,...,0) 4+ Df0,0,...,0)x + %XTH/(O,O, ..., 0)x

1 2 3 n
T1 2 4 6 2n, z1
L2 1 3 6 9 3 x2

=1+[1 2 n | +§[m1 T2 Ty ] "
Zn . : : . Zn

n 2n 3n - n?

(b) Now we can read the answer to (b) right off of our answer to (c).

pi(x) =14+x1+2z2+--- +nx, and

1 <&
pg(x):1+x1+2x2+~~+nxn+§ Z ijriT;.

i,j=1

© 2012 Pearson Education, Inc.



202 Chapter4 Maxima and Minima in Several Variables

26. This is an extension of a special case of Exercise 25. Note that f:, .« (0,0,0) = ijk so

1
p3(x) =1+z+2y+3z+ 5(932 + 4y +92° 4 day + 622 + 12y2)

+ (w3 + 8y° + 272% + 62y + 9272 + 1220 + 36y° % + 2722” + 54y’ + 36xyz).

| =

27. Df(z,y,2) = [ 42® + 32’y — 2° + 22y + 3y 246y +2°+3z —2zz—1 |and
1222 + 6zy +2y 3z + 22 +3 -2z
Hf(z,y,2) = 3% +2x+3 12y 0
—2z 0 —2z
The only non-zero third derivatives are
fooo(@,y,2) = 240+ 6y fuuy(2,,2) = 62 +2
fzzz(-T,y7Z) =-2 fyyy(x,y7z) =12

and their permutations.

0 3 0
(a) Herea = (0,0,0) so f(0,0,0) =2,Df(0,0,0)=[ 0 0 —1 ],and H/(0,0,0)=| 3 0 0
0 0 0

1 2 2 3

pg(x):2—z+31y+g(6m y —6xz” 4+ 12y°)

:2fz+3my+m2yfx22+2y3.

4 8 0
(b) Here f(1,—-1,0) = —4,Df(1,-1,0) = [ —4 11 —1 |,and Hf(1,-1,0)=| 8 —12 0
0 0 -2

p3(x) =—4—4(z—-1)+11(y+1) — 2
+o[4@—1)? +16(x — 1)(y+ 1) — 12(y + 1)* — 227

+ 2 [18(z = 1)* +3(8)(z — 1)*(y + 1) = 3(2)(x — 1)2" + 12(y + 1)°]

D= N =

=—4—-A4z—-1)+11y+1) —z2+2@—-1)>+8x—1)(y+1) —6(y+1)* — 2>
+3(x—1)° +4z— 1) y+1) — (z— 122 +2(y + 1)°.

Exercises 28 and 32 are used in Exercise 33 (a) and (b). From Definition 1.4, the total differential of f is
df(a,h) = ——(a) dx;.
flauh) =3 5 (a)d

28. f(z,y) = 2%y® so df(z,y, h) = 229> dz + 322y° dy.

29. f(z,y,2) =2+ 3y® — 22° sodf(x,y, z,h) = 2z dx + 6y dy — 62° d=.

30. f(z,y,z) = cos(xyz) sodfix,y, z,h) = —yzsin(xyz) dr — zzsin(xyz) dy — zy sin(zyz) dz.

31. f(z,y,2z) =e®cosy+ eYsinzsodf(x,y,z,h) =e” cosydr + (—e®siny + e¥ sin z) dy + e cos z dz.
32. f(x,y,2) =1/\/ryzsodfixz,y,z,h) = —%(myz)fB/Q(yz dz + zzdy + zy dz).

33. (a) Use the function from Exercise 28: f(z,y) = x*y® withz = 7, y = 2, dz = .07, and dy = —.02. So

(7.07)%(1.98)% = 7°2% + df((7,2), (.07, —.02)) = 2(7)(2*)(.07) + 3(7%)(2*)(—.02)
= —3.92.
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Section 4.1. Differentials and Taylor's Theorem

(b) Use the function from Exercise 32: f(z,y,2) =1/\/zyzwithz =4,y =2,z = 2,dz = .1, dy = —.04,

and dz = .05. So
1 - 1 — L16)¥2(4(.1) + 8(—.04) + 8(.05))
VAT1)(1.96)(2.05)  /(4)(2)(2) 2 | | |
11
= 1 735 (48) = 24625,

(¢) Here the function is f(z,y,z) = x cos(yz) withe =1,y =7,z =0,dx = .1,dy = —.03, and dz = .12. So

(1.1) cos((m — 0.03)(0.12)) &~ 1 4 (cos0)(.1) — (7wsin0)(.12) = 1.1.

203

34. dg(z,y,2,h) = (32% — 2y + 222) dx + (—2x) dy + (2® +7) dz, s0 dg(1, —2,1,h) = 9dx — 2 dy + 8 dz. This means that

changes in  have the most effect.

35. Although students will probably solve this more formally, they should see that, intuitively, changes in the upper left entry are

multiplied by the largest number so that is the entry for which the value of the determinant is most sensitive.
36. r=2,dr = .1, h =3, and dh = .05.

(@) V =7r’h,sodV = 2nrhdr + mr? dh = 27(2)(3)(.1) 4+ 7(2%)(.05) = 1.47.

(b) S = 2nrh + 272,50 dS = (27h 4 47nr) dr + 27 dh = (27(3) + 47(2))(.1) + 27(2)(.05) = 1.67.
37. Let x denote the diameter of the can, y the height. Then the volume V' is given by

o (E) = T2
V—7r<2) y—4x Y.

The change in volume, AV, that occurs when x and y are changed by small amounts dx and dy is given approximately by the

differential: - -
AV = dV = 5%y dx + sz dy.

When z = 5 and y = 12 this becomes
dV =m (30dm+ %dy) .

If x is decreased by 0.5 cm, so that dz = —0.5, then
dV:W(—15+%dy) .

For dV to be zero (which represents approximately no change in volume), we see that

60
dy = % = 2.4 cm.

38. (a) The area A is given by
1. 1, . 1 . 1
A= 5absm€, so dA= §bsm0da+§asm0db+ Eabcosﬁd&

With a = 3, b = 4, and 6 = 7/3, this becomes

dA:x/ﬁda+¥db+3d9.

Thus, at these values, the area is most sensitive to changes in the angle 6.
(b) We use the differential appearing in part (a):

3v3

AAsz:ﬁda—deb—deG.

If the measurement of a is in error by at most 5%, then
|da] < 0.05(3) = 0.15.
Similarly,

|db| < 0.05(4) = 0.2 and |d6] < 0.02 <§) = 0.0067.
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204 Chapter4 Maxima and Minima in Several Variables

Hence the maximum error that results in the calculated value of the area is

|dA| < V/3(0.15) + %(0.2) +0.027 ~ 0.58245 cm®.

The percentage error that this represents is calculated as

|dA|] _ 0.58245
A T 33

~0.112,

or 11.2%.
39. We are told that dr = dh and know that V = (1/3)7r?h. So dV = (2/3)rxrhdr + (1/3)7r?dh = (287/3) dr. Now we
want |dV| to be at most .2 so |dV| = (287/3)|dr| < .2 or |dr| < .3/(147) ~ .0068209.
40. V = xyz where x = 3, y = 4, z = 2 and we assume that dv = dy = dz. So dV = (4)(2) dz + (3)(2) dy + (3)(4) dz =
26dx. We want |dV| < .2 so |dx| < .2/26 &~ .00769. This is a percentage error of .2/24 = .8333%.
41. (a) We do the preliminary calculations:

f(x,y) =coszsiny f0,7/2)=1
fz(z,y) = —sinzsiny f=(0,7/2) =0
fy(x,y) = cosxcosy fy(0,7/2) =0

fea(z,y) = —cosxsiny  fur(0,7/2) = —1
fuy(z,y) = —coswsiny  fyy (0,7/2) = —1
foy(z,y) = —sinzcosy  fzy(0,7/2) =0

Sopa(x) =1—a2/2 — (y — w/2)%/2.
(b) We’ll just follow the estimate in Example 12 in the text: “since all partial derivatives of f will be the product of sines and
cosines and hence no larger than 1 in magnitude” and |1 | and |h2| are each no more than .3,

1
|B2(0,7/2, hn, ha)| < < (|hal® + 33 |ha| + 3lhalh} + [ha]*) <

(8-(0.3)%) = .036.

| =

42. (a) We do the preliminary calculations:

fla,y) = e £(0,0)=1
fola,y) = e f2(0,0)=1
fylw,y) =2e"7 £,(0,0) =2
foa(@,y) = f,,(0,0) =1
Fou(@,y) = 4" £,,(0,0) =4
(z,y)

fey(z,y) =22 £,,(0,0) = 2.
Sopa(x) =1+ + 2y + 2%/2 + 2y + 29°.
(b) This time each third derivative has a factor of e 2 in it. Each derivative with respect to y brings out an additional factor
of two. Here |h1| and |ha| are no more than .1 and on our set e”™2¥ < e3 < 2. So

1
|R2(0,0, h1, hs)| < (2)6(|h1\3 + 6h3 |ha| 4 12|h1|h3 + 8|he|?) < =(27 - (0.1)%) = .009.

W=

43. (a) The preliminary calculations for f(z,y) = €** cosy are

flz,y) = e** cosy f(0,7/2)=0
fu(z,y) = 2e** cosy f2(0,7/2) =0
fy(z,y) = —e*siny fy(0,m/2) = -1
fuz(,y) = 4€> cosy fz2(0,7/2) =0
foy(@,y) = —26*7siny  foy(0,7/2) = =2 = fye(0,7/2)
fyy(zy) = —e* cosy fuy(0,7/2) =

© 2012 Pearson Education, Inc.



Section 4.2. Extrema of Functions 205

P2($7yvz):—(y—g)+%<—4m<y—g)):g—y—Qx(y—g>.

(b) The eight third-order partial derivatives are:

Thus

x
cosy

2SNy = foye(T,y) = fyeo(z,y)

(z,y)

(z,y)

Jayy(z,y) = —2e%" cosY = fyay(T,y) = fyya(T,9)
(z,y) = ¢

“siny,
Lagrange’s form of the remainder tells us that
us 1 2
’RQ (%%0:5)‘ = ? Z fa:,i:cjxk(z)hihjhk ’
i,j,k=1

where z is a point on the line segment joining (0, 7/2) and (z,y). Note that the exponential function > increases with
« and the sine and cosine have maximum values of 1. Thus

|fac:cx(137 y)‘ < 830'47

and similar results apply to the other third-order partials. Hence

‘RQ (2.0, g)‘ <~ (8" |ha[* + 3+ 4¢% |l [*ha] + 3 - 2e% 4 ha | [hal® + €4 |hof?)

S| =

e0A4
=5 (811]* + 12|h1|?|ha| + 6|ha | [h2|* + |h2|*) .
If|h1| S 0.2 and ‘hg‘ S 01, then
T e0.4
‘RQ <x,y, 0, 5)‘ < S5~ (8(0.008) + 12(0.004) + 6(0.002) + 0.001) ~ 0.03108.

4.2 Extrema of Functions

L f(z,y) = 4o + 6y — 12 — 2% — y® so fu(z,y) = 4 = 2z, fy(2,y) = 6 = 2y, fou(2,y) = =2, fay(z,y) = 0, and
Jyy(z,y) = —2.
(a) To find the critical point we will set each of the first partial derivatives equal to 0 and solve: f5(z,y) = 0when4—2z =0
or when z = 2 and fy(z,y) = 0 when 6 — 2y = 0 or when y = 3. So f has a unique critical point at (2, 3).
(b) The increment

Af = f(2+Az,3+ Ay) — f(2,3)
=424+ Az) +6(34+ Ay) — 12 — (2 + Az)® — (3+ Ay)®
—(4(2) +6(3) — 12 — 2° — 3*) = —(Az)* — (Ay)*.
This tells us that little changes in x and/or y result in a decrease in the value of f. This means that f must have a local
maximum at (2, 3).
(¢) The Hessianis Hf(2,3) = {

at (2, 3).
2. g(z,y) =2 — 2y° + 22+ 350 gu (2, y) = 22 + 2, gy (2, y) = —4Y, gau (T, y) = 2, gy (2,y) = 0, and gy (z,y) = —4.
(a) To find the critical point we will set each of the first partial derivatives equal to 0 and solve: g, (z,y) = 0 when 2z +2 =0
or when z = —1 and gy (z,y) = 0 when —4y = 0 or when y = 0. So ¢ has a unique critical point at (—1, 0).

-2

0 _(2) } sod; = —2and d2 = 4 so by the second derivative test, f has a local maximum
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(b) The increment
Ag = g(—1+ Az, Ay) — g(—1,0)
= (-1+A2)*> = 2(Ay)* +2(-1+ Az) + 3 — ((=1)* +2(—1) + 3)
= (Az)* —2(Ay)*.
This tells us that any changes in z result in an increase in the value of g and little changes in y result in a decrease in the
value of g. This means that f must have a saddle at (—1,0).
(¢) The Hessian is Hg(—1,0) = { (2) _Z
(=1,0).

In Exercises 3—20, most of the mistakes will be algebra mistakes made in solving for the critical points. For Exercises 3—14,
you are using the familiar rule for the second derivative test at a point a = (a, b) where f,(a) = 0 = f,(a). The determinant of
the Hessian is often referred to as the discriminant:

D(a,b) = |Hf(a,b)| = fsz(a,b) fyy(a,b) — [fay(a, b)]2'
The second derivative test (see Example 5) is then

e if D(a,b) > 0and

] so di = 2 and d2 = —8, so by the second derivative test, g has a saddle at

if fzz(a,b) > 0 then f has a local minimum at (a, b)
if fzz(a,b) <0 then f has a local maximum at (a, b)
e if D(a,b) < 0then f has a saddle at (a, b).
e Otherwise the test tells us nothing.

In many calculus classes students never see the extension of this test to higher dimensions. In Exercises 15-20, the students will
need to use the R® version of the second derivative test.
3. f(z,y) = 2zy — 22% — 5y® +4y — 3,50 fu(x,y) = 2y — 4z and f,(z,y) = 2o — 10y + 4. At a critical point 2y — 4z = 0
soy =2z. Also4 = 10y — 22 = 10y —y = 9y soy = 4/9 and x = 2/9. So f has a critical point at (2/9, 4/9).

We easily calculate the Hessian Hf = { _;l 713 } so di = —4 and d2 = 36. So f has a local maximum at (2/9, 4/9).
2 2 .. . .
4. f(z,y) = In(z® + y®> + 1), 50 fu(z,y) = Wyg—i—l and fy(z,y) = W;ZH The only critical point of f is at the
origin.
_ 942 2 2 9,2
The second derivatives are fzo(x,y) = %, fuw(z,y) = %, and also

faey(z,y) = (562;257211)2 At the origin, the Hessian Hf{0,0) = { 2
minimum at (0, 0).

5. f(x,y) = ® +y® — 6xy + 32 + 6y, s0 fu(z,y) = 2x — 6y + 3 and fy(x,y) = 3y> — 6z + 6. At a critical point for f,
22 = 6y — 3and 0 = 3y> — 62 + 6 50 0 = y? — 2z + 2. Substituting, 0 = y> — 6y + 5 = (y — 1)(y — 5). We have critical
points at (3/2, 1) and (27/2, 5).

The second derivatives are fro(x,y) = 2, fyy(z,y) = 6y, and fz,(z,y) = —6. d1 = 2 and d2 = 12y — 36. In other words,
dy is always positive and ds is positive when y = 5 and negative when y = 1 so by the second derivative test f has a saddle
point at (3/2, 1) and f has a local minimum at (27/2, 5).

6. f(x,y) =y* —2xy* +2® —a,50 fo(x,y) = —2¢° + 32 — Land f,(x,y) = 4y — day = 4y(y*> — x). Ata critical point
for f,y =0ory? = x. Ify = 0then z = £1/v/3. If y> = z then 0 = 32% — 22 — 1 = (32 + 1)(x — 1). This gives us that
x = 1orx = —1/3 but z can’t be negative. So there are four critical points for f: (£1//3,0), and (1, +1).

The second derivatives are fo.(z,vy) = 62, fyy(2,y) = 12y% — 4, and fo, (z,y) = —4y. di = 6z and d2 = 8(92y* —
2% — 3x?). We’ll calculate d; at each critical point to classify them:

0 g}sodl = 2and d2 = 4. So f has a local

Critical Point | di | d2 | Classification
(1/4/3,0) 6/v3 | —8 | saddle
(=1/4/3,0) | —6/v/3 | —8 | saddle

(1,-1) 6 | 32 | local minimum
(1,1) 6 | 32 | local minimum
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13.

14.

15.

16.

17.
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1 1 .. . 1
. flzy) =2y + 8 + =, 80 fo(z,y) =y — 8 and fy(z,y) = © — —. Atacritical point for f,z = — andy = 8 8y*
z "y 22 Y2 2 22

500 = y(8y® — 1) so either y = 0 or y = 1/2. Since y = 0 is not in the domain of £, the only critical point of f is at (4, 1/2).

The second derivatives are fr(z,y) = l—g,fyy(x,y) = %, and fry(z,y) = 1. di = 1—3 and do = 5 — L. Atour
x T

3y
critical point both d; and ds are positive so (4, 1/2) is a local minimum.

. f(z,y) = e®sinyso fo(x,y) = e sinyand f,(z,y) = €” cosy. There are no values of x and y for which both first partials

are 0 so there are no critical points.

. flz,y) = e7Y(2? — y?), 50 folx,y) = 2ze™Y and f,(x,y) = —e ¥(x? — y* + 2y). At a critical point for f, z = 0 and

0= —y* + 2y = —y(y — 2) so the critical points of f are at (0, 0) and (0, 2).

The second derivatives are fu.(x,y) = 2¢ Y, fyy(z,vy) = e Y (2® — y? + 4y — 2), and foy(z,y) = —22¢ Y. d1 > 0 and
d2(0,y) = —2e~?¥(y*> — 4y + 2). In other words, d; is always positive and d> is negative when y = 0 and positive when
y = 2 so by the second derivative test f has a saddle point at (0, 0) and f has a local minimum at (0, 2).

flz,y) =z +y— 2%y — 2y 50 fu(z,y) =1 — 2zy —y? and f, (z,y) = 1 — 2zy — x°. Ata critical point for f, ? = 3>
sox =24y Ifr =y, then0=1-2zy —¢y> =1-32sox =y = +1/V3. Ifz = —y, then 0 = 1 — 2zy — ¢y*> = 1 +¢°
for which there are no real solutions. So the critical points for f are 4(1/v/3,1/v/3).

The second derivatives are fy(z,y) = —2y, fyy(z,y) = —2z, and foy(z,y) = —2x — 2y. di = —2y and dx =
—4a” — 4xy — 4y°. At the critical points d» is negative and d; is non-zero so f has a saddle point at both &(1/+/3,1/v/3).
flz,y) =2 —y* — 2%y +y, 50 fo(x,y) = 20 — 22y = 22(1 —y) and f,(z,y) = —3y* — 2% 4 1. Ata critical point for
f, either x = 0 or y = 1. When = = 0, y must be £1/+/3. No solution corresponds to y = 1, So the critical points for f are
(0,41/v/3).

The second derivatives are fox(z,y) = 2 — 2y, fyy(x,y) = —6y, and fay(z,y) = —2z. di = 2 — 2y and d2 =
—12y + 12y® — 42, At (0, —1/+/3),d; is positive and d2 is positive so f has a local minimum at (0, —1/v/3). At
(0,1/+/3), dx is positive and do is negative so f has a saddle point at (0, 1/+/3).

flz,y) = e " (2® +3y?), 50 fu(z,y) = (22 — 2* — 3y*)e ™ and f, (x,y) = 6ye~". From f, we see that at a critical point
for f, we must have y = 0. Plugging back into f, we conclude that there are critical points at (0, 0) and at (2, 0).

The second derivatives are fo.(z,y) = (2 — 42 + 2% + 3y%)e %, fyy(z,y) = —6e%, and foy(z,y) = —6ye *. di =
(2 — 4z + 2% + 3y*)e " and d2 = 6 2*(1 — 4z + x* — 3y?). At (0, 0), d1 and d» are positive so f has a local minimum
at (0, 0). At (2, 0), dq and ds are negative so f has a saddle point at (2, 0).

f(z,y) =22 — 3y + Inzy, so fz(z,y) =2+ 1/x and fy(z,y) = —3 + 1/y. The critical point is (—1/2,1/3).

The second derivatives are foo(z,y) = —1/22, fuy(z,y) = —1/y%, and foy (2,y) = 0. d1 = —1/2% and d> = 1/2%y>. At
(—=1/2,1/3), d:1 is negative and d2 is positive so f has a local max at (—1/2,1/3).

f(z,y) = coszsiny, so fo(x,y) = —sinzsiny and fy(z,y) = cosz cosy. The critical points are of the form (nm, 7/2 +
mm) and (7/2 + n, mm) where m and n are integers.
The second derivatives are frz(z,y) = —cosxsiny, fyy(x,y) = —coszsiny, and fuy(z,y) = —sinxzcosy. di =

—cosasiny and dz2 = cos® zsin? y — sin® 2 cos® y. At points of the form (n7, /2 + mm), d; alternates between negative
and positive values while ds is positive so f has an alternating string of local maxs and mins at such points. At the point
(0,7/2), for example, f has a local max. At points of the form (7 /2 + nm, mm), di = 0 and ds is negative so such points
are saddle points.

flx,y,2) = 2 —ay + 2% — 222 + 62, 50 fo(x,y,2) = 22 —y — 22, fy(x,y,2) = —x and f.(x,y,2) = 22 — 22 + 6.
From the second equation, x = 0. From the third, then, z = —3 and from the first it follows that y = 6.

The second derivatives are foz(x,y, 2) = 2, fyy(z,y,2) = 0, foz(2,y, 2) = 2, foy(z,y,2) = =1, fo:(z,y,2) = —2 and
fy=(z,y,2) =0.d1 =2,d2 = —1 and ds = —2 so [ has a saddle point at (0, 6, —3).

f(z,y,2) = (2 +2y> +1) cos 2,50 fo(x,y, 2) = 22 cos 2, fy(x,y,2) = dycos zand f.(x,y, z) = —(2> +2y* +1) sin 2.
From the third equation, z = nm. The other two equations imply that « and y both are 0. So the critical points are of the form

(0,0, nm).
The second derivatives are f...(z,y, 2) = 208 2, fyy(x,y, 2) = 4cos z, foz(z,y, 2) = — (2% +2y*+1) cos z, fuy(z,y,2) =
0, foz(,y,2) = —2xsinzand fy.(x,y, 2) = —4ysinz. di = 2cosz and d2 = Scos? z. It is easier to calculate d3 at our

critical point. In this case ds3(0, 0, nw) = F8 while d1 (0,0, nw) = +2,d> = 8. So f has saddle points at (0,0, n7).
flx,y,2) =22 + 9% + 22 + 2250 fulz,y,2) =22+ 2, fy(z,y,2) = 2y, and f.(z,y,2) = 4z + =. It is easy to see that
the only critical point is at the origin.

2 0 1
The Hessianis Hf = | 0 2 0 | sody = 2,d> = 4, and d3 = 14. By the second derivative test, f has a local minimum
1 0 4
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18.

19.

20.

21.

22.

at (0, 0, 0).

flz,y,2) = x> + 222 — 327 4+ y® + 227 so fu(z,y, 2) = 32% + 22 — 6z, f,(z,y,2) = 2y, and f.(z,y,2) = 2z2 +
4z = 2z(x + 2). We see immediately that at a critical point of f, y = 0 and either z = 0 or x = —2. If z = 0 then
0=32%—6x =3x(xr—2)sox =0orz = 2. Ifx = —2then 22 = —24 for which there are no real solutions. We conclude
that f has critical points at (0, 0, 0) and (2, 0, 0).

6z—6 0 2z 6x—6 0 0
The Hessian is Hf = 0 2 0 so Hf(z,0,0) = 0 2 0 . This makes it easier to calcu-
2z 0 2z+4 0 0 2x+4

late di(x,0,0) = 6z — 6, d2(z,0,0) = 2di(x,0,0), and d3(z,0,0) = (2z + 4) d2. At (0, 0, 0) all three d;’s are negative
and at (2, 0, 0) all three are positive. By the second derivative test, f has a saddle point at (0, 0, 0) and a local minimum at (2,
0,0).

1 1
F@,y,2) = 2y + 5+ 295+ = 50 ful@,y,2) = Y+ 2 — —, fyl@,,2) = @+ 22 and [o(@,,2) = @+ 2y, We see

immediately that at a critical point of f, y = z so both 2z = —z and 2z = % S0 —x = % so x = —1. Therefore, f has a
x T
critical point at (—1,1/2,1/2).
2/z% 1 1
The Hessian is Hf = 1 0 2 |sodi(—1,1/2,1/2) = —2,d2(—1,1/2,1/2) = —1,and d3(—1,1/2,1/2) = 12.
1 2 0

This is the case of the second derivative test where the conditions are valid but neither of the first two cases holds so f has a
saddle point at (—1,1/2,1/2).

flx,y,2) = e (2® —y? —22%) 50 fu(x,y, 2) = (2 + 20 — y® — 227), fy(x,y,2) = —2ye”, and f.(x,y,2) = —4ze”.
We see immediately that at a critical point of f, y = z = 0 and therefore 0 = 2420 = z(x + 2). The two critical points of
fare(0,0,0)and (—2,0,0).

[ e (2? + 4z +2 — 9% —22%) —2ye® —4ze”
The Hessian is Hf = —2ye” —2e” 0 )
i —4ze" 0 —4e”
e"(2® +4x+2) 0 0
Hf(2,0,0) = 0 270
0 0 —4e”

For (0,0, 0), d1 > 0,d2 < 0,and d3 < 0 so f has a saddle at (0, 0, 0). For (—2,0,0),d1 < 0,d2 > 0,and d3 < 0so f hasa
local maximum at (—2, 0, 0).

~2y® —3y? — 36y + 2 _ 62(2y° — 3y® — 36y + 2) 6y —y—6)
(2) f(x7y)7 1+3CL‘2 Sofﬁf("l"7y)7 (1+3$2) andfy(;r:,y)f 1+3[E2
= % From f, we see that either y = 3 or y = —2. Neither of these values makes f, = 0so xz = 0. The
critical points for f are (0, —2) and (0, 3).
(b)
6(3z — )3z +1)(2y° — 3y> =36y +2)  36x(y—3)(y+2)
324+ 1)3 3z2 + 1)
Hf = (322 +1) (322 +1) ond
~ 36z(y —3)(y +2) 6(2y — 1)
L (322 +1)2 3z2 4+ 1
[ —6(2¢° — 3y — 36y +2) 0
Hf(0,y) = :
I 0 6(2y — 1)

At (0, —2) we find that d1 < 0 and d2 > 0 so f has a local maximum at (0, —2). At (0, 3) we find that d; > 0 and
d2 > 0so f has a local minimum at (0, 3).
(@) f(z,y) = ka® — 2xy + ky® so fo(x,y) = 2kx — 2y and f,(x,y) = —22 + 2ky. We see that the origin is a critical
-2
-2 2k
local maximum or minimum dz > 0so k> — 1 > 0 so either ¥ > 1 or k < —1. If k > 1, then d; > 0 and the origin is a
non-degenerate local minimum. If k& < —1, then d; < 0 and the origin is a non-degenerate local maximum.

point for any value of k. The Hessian is { sod, = 2k and d> = 4k* — 4. For f to have a non-degenerate
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®) g(x,y,2) = ka® + kzz — 2yz — y° + kz°/2 50 go (3,5, 2) = 2kx + kz,gy(z,y,2) = —22 — 2y, and g.(z,y,2) =

2k 0 k
kx — 2y + kz. The Hessian is 0 —2 —2 |. Firstnote that di = 2k and do = —4k. These are of opposite signs
kE -2 k

so a non-degenerate local minimum is not possible. For a non-degenerate local maximum we need di < 0 and d2 > 0 so
k < 0. We also need d3 = 2k(—k — 4) < 0so k < —4. So we have a non-degenerate local maximum when k& < —4.
If you think of this problem geometrically it should be reasonably straightforward. The slices through the origin where only
one variable is allowed to change are parabolas. They open up if the coefficient of the term containing that variable is positive
and down if it is negative. This tells you that if all of the coefficients are positive then we have a local minimum, if all of the
coefficients are negative then we have a local maximum, and if some are positive and some are negative then we have a saddle
point.

(@) f(z,y) = az® + by® so f.(z,y) = 2ax and f,(x,y) = 2by. Since neither a nor b is 0, the critical point must be the
origin. The Hessian is Hf = { 2(;1 2Ob . The first condition is that d2 > 0 so 4ab > 0 so a and b are the same sign.

Also, di = 2a so when a and b are negative the origin is a local maximum and when a and b are positive the origin is a
local minimum.
(b) f(z,y) = az® + by? + cz? so fu(z,y,2) = 2az, f, (2,9, z) = 2by and f.(x,y, z) = 2cz. Since none of a, b and c is

2¢ 0 O
0, the critical point must be the origin. The Hessian is Hf = 0 2b 0 |[.Again, in either case d2 > 0so 4ab > 0
0 0 2

so a and b are the same sign. Also, di = 2a and d3 = 8abc. In either case d; and d3 must be the same sign. When a, b
and c are negative the origin is a local maximum and when a, b and c are positive the origin is a local minimum.

(¢) Really the analysis is no harder, it is just harder to write down. The function is now f(z1, z2,...,Tn) = a12? + asxd +
.-+ 4+ apx?. The first derivatives are fo, (1,22, ..., ) = 2a;x;. Because none of the a; is zero and all of the first
derivatives are 0, we conclude that the only critical point is at the origin. The Hessian is an n X n matrix with zeros
everywhere off of the main diagonal and the entry in position (¢, ¢) is 2a;. We easily calculate d; = 2'a1as . ..a;. As
above, d2 must be positive so both a; and as are of the same sign. We could continue to argue that dy = 4asaads so as
and a4 must be of the same sign. In fact, we can continue that reasoning to say for k odd, ax and ax+1 must be of the
same sign. For f to have a local maximum d; < 0 so a; and a2 are both negative. Also, d, = 2ardy—1 and for k& odd
di, < 0 so we can move up through the entries and argue that all of the a;’s must be negative. Similarly, for f to have a
local minimum all of the a;’s must be positive.

Note: In Exercises 24-27 we have used a computer algebra system. In fact, I've used Mathematica. In Exercise 24, I've

included a list of the relevant commands. These were adapted for each of the exercises.

24.

25.

We’ll use the following sequence of commands:
o flooy )=yt —2apP +ad - o
e Solve [{D[f[z,y], 2] == 0, D[f[z,y],y] == 0}]
o H={{0uaf[2,y], 00y flx,y]},{0y.a flz. ], Oyy flz, y]}}
e MatrixForm [H/.{x — 1,y — —1}] (since (1, —1) is the critical point found in the second step)

This is how you define the function, solve V f = 0, create the Hessian and display it at the critical points.
In this case we get the following solutions to the simultaneous equations: (—1/3, £i//3), (1, +1), and (£1/4/3, 0). Let’s
examine the real-valued solutions.

At (1, 1) the Hessian is { —4

_4 L This means that d; > 0 and d2 > 0so (1, 1) is a local minimum.

At (1, —1) the Hessian is { i ;l } . This means that d1 > 0 and d2 > 0so (1, —1) is a local minimum.

—2V3 0
0 4//3

At (1/+/3,0) the Hessian is { 2\0/3 _4(/)\/§ } . This means that d; < 0 and d2 < 0so (1/+/3,0) is a saddle point.

At (—1/+/3,0) the Hessian is { } . This means that d; < 0 and d2 < 0'so (—1/+/3,0) is a saddle point.

The commands are the same as those outlined in Exercise 24. The critical points are (0, 0), (=+/3/2,0), and +(1/v/2, —1/v/2).

At (0, 0) the Hessian is { -3

_g _9 ] . This means that d1 = 0 and d> < 0 so (0, 0) is a saddle point.
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26.

27.

0 6

At (£4/3/2,0) the Hessian is { 6 9

points.
At +(1/+/2,—1/+/2) the Hessian is [ -
(—1/+/2,1/+/2) are local maxima.

We need to slightly alter the commands from the previous two exercises. The command to find the roots specified by the three
first partials is now:

Solve [{D[f[z, vy, z],x] == 0, D[f[z,y, 2], y] == 0, D[f[z, v, 2], z] == 0}].
We also need to change the specification of the Hessian to:

}. Again, dy = 0 and d2 < 0 so both (1/3/2,0) and (—+/3/2,0) are saddle

0

0 _9 } This means that d; < 0 and d2 > 0 so both (1/v/2,—1/v/2) and

H = {{aT,Tf[x’ya Z]7am7yf[:r7y7 ZLam,zf[Iay:Z]L
{8y,zf[x7y, Z]? 8y,yf[$,y7 Z]? 8y,2f[wvy7 Z]}7
{azﬂf[xa?ﬁ Z]7 8z’yf[xay7 Z]7 8272.]“[3?, y7 Z}}}

Finally, it will be helpful to use the computer to calculate the determinant. For Mathematica you type Det[M] where M is the
matrix for which you wish to calculate the determinant.

The critical points are at (1 — 2v/2, —1/2(4 — v/2), =4 — v/2), (1 — 2v/2,1/2(4 — v/2), V4 — V/2),
(142v2,—1/2(4 +v2), V4 + v2), (1 +2v2,1/2(4 + V2), /4 + /2), and (0, 0, 0).

-2 0 0
At (0, 0, 0) the Hessian is 0 -2 1 |.Sodi <0,d2 > 0andds < 0so(0,0,0)is alocal max.

0 1 -4
-2 VA—+2 /24— V2)
t(1—2v2,—1/2(4 — V2), =4 — \/2) the Hessian is 4—-2 -2 2¢/2 .

2(4 — V/2) 2v/2 —4
So,d; = —2 < Oanddy = /2> 0and ds = 64 — 161/2 > 0s0 (1 — 2v/2, —/2 (4 f) —v/4 = /2) is a saddle point.
5 i
At (1—2v2,1/2(4 — V2), /4 — \/2) the Hessian is | —v/4 — /2 -2
2(4 —V/2) 2v/2 —4
So,d1:—2<0andd2:f>0andd3—64—16f>0so 1—2\/\/ (4— f \/7 1sasaddlepomt
—2 \/ﬁ V244 v2)
t(1+2f,f\/2(4+\/§),\/m) the Hessianis | —v/4+ /2 —2v/2
204+ V?2) —2V2 —4
So,d1 = -2 < 0and dy = \f<0andd3_64+16f>0s0(1+2\/§ —/2( 4+f \/ﬁ 1sasaddlep01nt
-2 Vit+V2 2(4 +/2)

At (14 2v/2,1/2(4 + V/2), —/4 + +/2) the Hessian is Va+V2 -2 —2v/2
204+V2) —2v2 —4

So,d1 = —2 < 0andd> = —v/2 < Oand d3 = 64+ 161/2 > 050 (1 +2v/2,1/2(4 + v/2), —/4 + /2) is a saddle point.
The commands are extended as they were in Exercise 26. The critical points are (0, 0, 0, 0), (—v/2,2v/2, 1, —v/2), (v/2,2V/2,
_1> _\/5)5 (_\/57 _2\/57 _17 \/i)y and (\/57 _2\/§7 17 \/5)

-2 0 0 0
At (0, 0, 0, 0) the Hessian is 0 g _2 (1) .Sodi =—-2<0,d2 =0,d3 =0,andds = —8 < 0,50 (0,0,0,0)is a
0 1 0 2

saddle point.
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-2 -1 —2v2 0
At (—v/2,2v/2,1, —/2) the Hessian is -0 v2 1 .Sod; = —2<0,do=—-1<0,d3=16>0
Yo -2v2 V2 -4 0 ’ ’ ’
0 1 0 2
and dy = 32 > 0, 50 (—v/2,2v/2, 1, —/2) is a saddle point.
-2 1 —2v2 0
At (V/2,2v/2, —1, —+/2) the Hessian is L 0 —v2 1 .Sodi =-2<0,do=-1<0,d3s =16>0
R -2v2 -2 -4 0 ’ ’ ’
0 1 0 2
and dy = 32 > 0, s0 (v/2,2v/2, —1, —/2) is a saddle point.
-2 1 2v/2 0
AU(—VE,—2v2,—1,v2) the Hessiands | L O V2 1| qou o0 dy= —1<0,ds = 16 > 0, and
i 20/3 V3 -4 0 : : :
0 1 0 2
dq =32 > 0,50 (—V2, —2v/2, —1,+/2) is a saddle point.
-2 -1 2v2 0
At (v/2, —2v/2,1,/2) the Hessian is 2\_/% _\/g __i é .Sod; = —-2<0,da=—-1<0,d3 =16 > 0, and
0 1 0 2
dy = 32> 0,50 (v/2,-2v2,1,/2) is a saddle point.
We want to maximize V' = zyz subject to the constraint 2zy + 2z2z + 2yz = c. Solve the second equation for z = ;;j;z

and substitute to get
cry — 2z%y?

V =
(z,y) 2 T 2y
o ?(22° 4 4wy — 2(2y° + dzy — . ‘
The derivatives are V, = —Lﬂ:yzc) and V, = —Lﬂ;c). Since neither x nor y could be zero (we
2(z+y) 2z +y)

wouldn’t have a box), a critical point of f occurs when both 22 +4zy — ¢ = 0 and 2y 442y — c = 0. Solving these together
we find that > = y? and since x and y are positive we conclude that 2z = y. Substituting back in, 0 = 2z + 4oy — ¢ =

-2 — .. .
207 +42® —c=62> —csox =y = \/c/6. z = c— 2wy _ c=(c/3) = +/¢/6. So our only critical point is when

2z +2y 44/¢c/6

the box is a cube. To conclude that this is a local maximum we see that d; = —

v (c+2y%)

2,205.2 2 4 2 @+y)°

dy = — 207y (27 + 8zy +2y” — 3¢) = - 22"(122" = 3c) =- 2e -3¢ > 0. So the largest rectangular box with fixed
(x+y)* (22) 8

surface area is a cube.
We will actually minimize the square of the distance (i.e., the sum of the squares of the differences in each direction):
D(z,y) = x* +y* + 3z — 4y — 24)? so D, (z,y) = 20x — 24y — 144 and Dy(z,y) = 34y — 24z + 192. Set
these equal to 0 and solve to get that the point on the plane closest to the origin is (36/13, —48/13, —12/13).
Again we will minimize the square of the distance. For points (x,y, z) on the surface we have 2% = 4 — xy, so that the square
of the distance 2 4+ y? + 22 = 2® + 3? + 4 — zy; thus we consider the function D(z,y) = z* — zy + y* 4+ 4. We have
Dy (z,y) = 2x — y and Dy(z,y) = 2y — x. Set the partial derivatives equal to 0 and solve the system

20—y =0
—r+2y=0

< 0 and at our critical point

The only solution is (0, 0). This solution corresponds to the points (0,0, 2) and (0, 0, —2) on the surface zy + 2% = 4. To see
that these points really do give the minimum distance, we rewrite D as

2 2
D(z,y) =2 —ay+y° +4= (xf %) +3%+4.
Thus we see that D(x,y) > 4 for all (z,y) and D = 4 exactly when z = y = 0.
We solve

Re(z,y) =8—2x+2y=0
Ry(z,y) =6—4y+2x =0
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32.

33.

34.

3s.

Adding the two equations gives 14 — 2y = 0 which implies that y = 7. Using this in the first equation gives 22 — 2z = 0 so
that z = 11. Hence (11, 7) is the unique critical point. A quick check with the Hessian

HR(11,7) = {_22 34]

reveals that d1 = —2, do = 8 — 4 = 4, so this critical point yields a maximum value of R. (Note: we may rewrite the revenue
function as R(x,y) = 8z + 6y — (x — y)® — y°. From this it is clear that this critical point must be a global maximum.) Thus
you should manufacture 1100 units of model X and 700 units of model Y.

Exercises 32-39 force us to check values on the border of our region.
flx,y) = 2* + 2y + y* — 6y so fu(x,y) = 22 +y and f,(x,y) = = + 2y — 6. At a critical point for f, y = —2x so
6 = x + 2y = —3x. Our only critical point is (—2,4). We need to check the value of f at the critical point and along the
boundary of the region —3 < x < 3,0 <y < 5.

o f(=2,4) = —12,

e f(=3,y) =9 — 9y + 4 has a minimum of —11.25 at y = 4.5 and a maximum of 9 at y = 0,

e f(3,y) =9 — 3y + 4* has a minimum of 27/4 at y = 3/2 and a maximum of 19 aty = 5,

e f(z,0) = 2” which has a minimum of 0 at z = 0 and a maximum of 9 at x = +3,

o f(x,5) = 2% 4+ 5z — 5 has a minimum of —11.25 at x = —5/2 and a maximum of 19 at x = 3.

The absolute maximum is, therefore, 19 at (3, 5) and the absolute minimum is —12 at (—2, 4).

flx,y,2) = +az—y? +222 Fay+ 5w 50 fo(x,y,2) = 20 +y+2+5, fylz,y, 2) = x—2y,and f.(z,y,2) = x +4z.
At a critical point for f, * = 2y = —42s0 -5 = 2z 4+ y+ 2z = —8z — 22 + z = —9z. Our only critical point is
(—20/9,—-10/9,5/9) which is not within our region. We need to check the value of f along the boundary of the region
-5 <2 <0,0<y<3,0<z< 2 This consists of six two-dimensional faces, twelve one-dimensional edges and eight
vertices.

z,0,0) = 2% + 52 has a minimum of —6.25 at z = —5/2 and a maximum of 0 at x = —5 or 0,
e f(x,0,2) = ? 4 72 + 8 has a minimum of —4.25 at z = —7/2 and a maximum of 8 at x = 0,
o f(x,3,0) = + 8z — 9 has a minimum of 25 at # = —4 and a maximum of —9 at z = 0,
o f(x,3,2) = 22 4+ 10z — 1 has a minimum of —26 at © = —5 and a maximum of —1 at x = 0,

5,9,0) = —y* — 5y has a minimum of —24 at y = 3 and a maximum of 0 at y = 0,

°
~

5,9,2) = —y* — by — 2 has a minimum of —26 at y = 3 and a maximum of —2 at y = 0,

[ ] [ )
=

0,y,2) =8 — y? has a minimum of —1 at y = 3 and a maximum of 8 at y = 0,

5,0, 2) = 22 — 52 has a minimum of —25/8 at z = 5/4 and a maximum of 0 at z = 0,

[ ]
~

f(
f(
(
(
(-
e f(0,y,0) = —y? has a minimum of —9 at y = 3 and a maximum of 0 at y = 0,
(-
(
(-
e £(0,0,2) = 22% has a minimum of 0 at z = 0 and a maximum of 8 at z = 2,
f(=

5,3,2) = 22 — 5z — 24 has a minimum of —217/8 at z = 5/4 and a maximum of —24 at z = 0,

£(0,3,2) = 22* — 9 has a minimum of —9 at z = 0 and a maximum of —1 at z = 2.

You also must check for extrema on each face and at each vertex. When you do you find: The absolute maximum is 8 at (0, 0,
2) and the absolute minimum is —191/7 at (—32/7,3,8/7).

In a fit of compassion, the author of the text has not forced Livinia the housefly to walk around the metal plate in search of
the hottest and coldest points. The temperature is T'(z,y) = 222 + y? —y — 3 s0 Ti(x,y) = 4z and Ty (z,y) = 2y — 1.
We have a critical point for 7" at (0, 1/2) and 7°(0,1/2) = 2.75. To check the temperature of the boundary we note that it is a
unit disk and so 2 = cos § and y = sin 6. We can rewrite T'(0) = 2 cos® 0 + sin” @ — sin @ + 3 = cos> § — sin 6 + 4. Then
Ty(0) = —2cosfsinf — cosf = — cos(2sin b + 1). We, therefore, have critical points on the boundary when cos 6 = 0
(so 8 = 7/2 or 3w/2) and when sinf = —1/2 (so § = 77 /6 or 117 /6). Checking the values we see that T'(7/2) = 3,
T(3w/2) = 5and T(7w/6) = T (117 /6) = 21/4. We conclude that the coldest spot on the plate is at (0, 1/2) where the
temperature is 11/4 and the two hottest spots are at (£+/3/2, —1/2) where the temperature is 21/4.

Because the function is “separable”, we can analyze it without calculus. The maximum value for f is 1 and the minimum value
for f is —1. The absolute maximum is achieved at (7 /2,0), (7 /2, 27), and (37 /2, 7). The absolute minimum is achieved at
(37/2,0), (3w/2,27), and (7/2, 7).
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of ..
= 2sinx
of _

a—y—Scosy

So “ordinary” critical points on {(z,y)|0 <z <4, 0 <y < 3}areat (0,%), (7, 5). (In fact, (m, 5) is the only critical
point that’s actually in the interior of the rectangle.)
Now we look at the boundary of the rectangle:

fi(x) = f(z,0) = 2cosw fi(z) = —2sin z so critical points at (0,0), (r, 0);
f2(z) = f(z,3) =2cosz +3sin3  fy(x) = —2sinz so critical points at (0, 3), (7, 3);
f3(y) = f(0,y) =2+ 3siny f3(y) = 3 cosy so critical point at (O, g) ;
fa(y) = f(4,y) =2cos4+ 3siny  fi(y) = 3cosy so critical point at (4, 5 ).

Now we compare values:

(z,y) f(z,y) =2cosz + 3siny

(0,5) | s
(™, 3)

0,0) |2
(m,0) -2

0,3) 2 + 3sin 3 ~ 2.423
(m,3) | —2+3sin3 ~ —1.577
(4,%) | 2cosd+3~1.693

4,0) 2cos4 ~ —1.307

4,3) 2cos4 + 3sin3 ~ —0.884

Thus the absolute minimum occurs at (7, 0) and is —2. The absolute maximum occurs at (O7 g) and is 5.
flz,y) =227 — 22y +y® —y + 3,50 fu(x,y) = 4o — 2y and f,(2,y) = —2x + 2y — 1. Ata critical point for f we have
y = 2z, 50 —2x + 4z — 1 = 0. Thus the only critical point is (3, 1).

Now we need to consider the boundary of the region. It consists of three parts: (1) the horizontal line y = 0, where
0 <z < 2;(2) the vertical line x = 0, where 0 < y < 2; (3) thelinez +y = 2 (ory = 2 — ), where 0 < x < 2. Thus we
compare

° f(%v 1) = g’
e f(x,0) = 2z + 3 has a minimum of 3 at z = 0 and a maximum of 11 at x = 2,

o f(0,y) =v? —y+3hasaminimumof% aty = % and a maximum of S aty = 2,

o f(x,2—1z)=>5z2 —7x+5hasaminimumof% atr = 1—70 and a maximum of 11 at x = 2

Thus the absolute minimum is 2 occurring at (4, 1) and the absolute maximum is 11 occurring at (2, 0).
f(z,y) = 2%y so fo(x,y) = 2xy and f,(x,y) = x2. Therefore the only ordinary critical point is (0, 0). The boundary of D
may be parametrized by x = 2cost, y = v/3sint for 0 < t < 27. Thus

F(t) = f(2cost,V/3sint) = 4v/3 cos” tsin t
and
F'(t) = 4V3 (—2costsin® t + cos’ t)
= 4v/3cost (—2(1 - cos” t) + cos® t) = 4v/3cost(3cos’ t — 2).

We see that F(t) = 0 when either cost = 0 (in which case sint = 41) or cost = 4=+/2/3 (in which case sint = £1/+/3).
Thus, in addition to (0, 0), we need to consider six more points: (0, £v/3), (£2+/2/3,41). From the following table
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2

flz,y) =%y

(z,y)
(0,0)

(0,+v3)

(55)
V3
ERINE
V3 3
we see that absolute minima occur at (2/2/3, —1) and (—21/2/3, —1) and absolute maxima at (2/2/3,1) and (—2+/2/3, 1).
The boundary of the closed ball is given by 22 +y? — 2y + 2? + 4z = 0. Completing the square, we find 2% + 3% — 2y + 1+
22 4dz+4=50rz? + (y— 1) + (2 +2)% = 5. (Note also that % +y* — 2y + 2% + 4z = 2> + (y — 1)2 + (2 +2)? = 5.)
_ l—xz—y2+2y—22—4z
e has

wloo o o

The function f(z,y, z)

fo(z,y,2) = —ogel TtV w1z when z =0
fy(z,y,2) = (—2y + 2)el_x2_y2+2y_22_42 =0 wheny=1
fo(z,y,2) = (=22 — 4)61712792+2y72274z =0 whenz=-2

So (0,1, —2) is an interior critical point (the only one). Note that on the boundary 2 + y? — 2y + 2% + 4z = 0, we have

1-0 _

flz,y,2) =e e

£(0,1,—2) = '~ = €% 50 absolute max is at (0, 1, —2).
The absolute minimum of e occurs at all points of the boundary. If we set w = 2 +3% — 2y 422 +4z, then f(z,y,2) = e' 7%,
so that it’s clear that the minimum must occur when w = 0 (since w < 0 defines the domain we are to consider). Likewise,
the maximum must occur at the center of the ball.

1t’s good to take a step back and see that sometimes we can tell what type of critical point we have without using the tools

we've developed. In single-variable calculus, when the second derivative test failed to tell us anything we returned either to the
first derivative test or to an analysis of the function.

In Exercises 40—45, the exponents are all at least two so (see, for example, Section 2.4, Exercise 27) when the Hessian is

evaluated at the origin, all of the entries will be 0. The fact that Hf{0) = 0 means that the Hessian doesn’t provide us with any
information about the nature of the critical point at the origin. This is part (a) for Exercises 40—45. By a deleted neighborhood of
the origin, we will mean a neighborhood of the origin with the origin removed.

40.

41.

42.

43.

44.

45.

46.

47.

48.

f(z,y) = z*y?: in every deleted neighborhood of the origin f(x,y) > 0so £(0,0) < f(x,y) for every point (, ) near but
not equal to (0, 0) so f has a local minimum at the origin.

f(z,y) = 4 — 32%y?: in every deleted neighborhood of the origin 22y > 0 so —3z%y* < 0o f(z,y) < 4 so f(0,0) >
f(z,y) for every point (z, y) near but not equal to (0, 0) so f has a local maximum at the origin.

f(z,y) = 2°y®: in every deleted neighborhood of the origin in quadrants I and III f(z,y) > 0 and in quadrants II and IV
f(x,y) < 0so f has neither a minimum nor a maximum at the origin.

f(z,y,2) = 2®y>2*: in every deleted neighborhood of the origin where y > 0, f(z,y,2) > 0; wheny < 0, f(x,y,2) <0
so f has neither a minimum nor a maximum at the origin.

f(z,y,z) = 2?y?2": in every deleted neighborhood of the origin f(z,y,2) > 0so f(0,0,0) < f(x,y, z) for every point
(z, y, z) near but not equal to (0, 0, 0) so f has a local minimum at the origin.

f(z,y,2) = 2 — x*y* — 2*: in every deleted neighborhood of the origin z*y* 4+ 2* > 0o f(z,y,2) < 20 £(0,0,0) >
f(z,y, z) for every point (z, y, z) near but not equal to (0, 0, 0) so f has a local maximum at the origin.

flz,y) = e +5% Notice that e" is a monotone increasing function of u and 22 4 5y has a unique minimum at (0, 0). So
f has a local minimum at (0, 0) so f(0,0) = 1 is a global minimum.

fz,y,2) = e2=o" =207 =32" Notice that e“ is a monotone increasing function of u and 2 — % — 2y% — 3z has a unique

maximum of 2 at (0, 0, 0). So f has a local maximum at (0, 0, 0), so £(0,0,0) = e? is a global maximum.

flz,y) =2 +y* — 3zy + 7.

(a) The first partial derivatives are f,(x,y) = 32 — 3y and f,(,y) = 3y> — 32 so we have critical points at (0, 0) and (1,
1). At the origin we have a saddle point. For the behavior at (1, 1), d1(1,1) = 6 and d2(1,1) = 36 — 9 = 27. By the
second derivative test we have a local minimum.

(b) We know there are no global extrema. Look along the z-axis. The function is f(z,0) = 2 + 7. Asz — oo f increases
without bound and as * — —oo f decreases without bound.
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There can’t be a global maximum because, for example, for fixed y, as 2 — 0+ the function grows without bound. f,(z,y) =
y—1/zand fy(z,y) = x + 2 — 2/y so f has a critical point at (2, 1/2). From the Hessian { 1{4 é } we see that there is

a local minimum at (2, 1/2) of 2 + In 2. Note that f,(2,y) =y — 1/2.

We would like to now conclude that f has a unique critical point at (2, 1/2) which is a local minimum and hence it is
a global minimum—such a conclusion seems reasonable, but, as Exercise 52 will demonstrate, is not correct. Consider
fo(x,1/2) =1/2—1/x. For z > 2 this is positive and so f is increasing along this line. Now look at fy, (z,y) = x+2—-2/y
for z > 2. When y > 1/2 this is positive and when 0 < y < 1/2 this is negative. So as we move vertically away from the
line y = 1/2 for x > 2 we see that f is increasing. A similar analysis for the remaining regions shows that f has a global
minimum at (2, 1/2).

First we’ll determine the local extrema. We have f.(z,y,2) = 322 + 6x — 3z, fy(v,y,2) = 2yey2+1, and f.(z,y,2) =
2z — 3x. Thus the critical points are (0, 0,0) and (—1/2,0, —3/4). The Hessian is

62 + 6 0 -3
Hf(z,y,2)=| 0  (2+492)e T 0
-3 0 2
Thus
6 0 -3
Hf(0,0,00=|0 2 0
-3 0 2

whose sequence of principal minors is di = 6, d2 = 12e, d3 = 6e. Thus (0, 0, 0) yields a local minimum. In addition,

3 0 -3
Hf(-3,0,-2)=10 2 0
-3 0 2
whose sequence of principal minors is di = 3, d2 = 6e, d3 = —6e. Hence this critical point is a saddle point.

There are no global extrema. If we fix y and z both equal to zero, then f(z,0,0) = 2 + 322 + e. As z — 400, the
expression 2> + 322 + e grows without bound and as ¢ — —oo, it decreases without bound.

(a) We have
of 2 —1/3 o 2(9_2)2/3
o =<l Dy—2) W%%—-W
of 2 —-1/3 _ 2w —1)*°
ay = 3@ DA @ - =5 o

Note that 0 f /Ox is undefined when « = 1 and zero when y = 2 (and = # 1). Similarly, 0 f /9y is undefined when y = 2
and zero when x = 1 (and y # 2). Hence the set of critical points consists of all points on the lines x = 1 and y = 2.
Note that these critical points are not isolated.

(b) The domain of f is all of R?; the expression [(x — 1)(y — 2)}2/ 3 is always nonnegative and is zero only when either
z = 1lory = 2. Thus f(z,y) < 3 forall (z,y) € R?and f(x,y) = 3 precisely when either z = 1 or y = 2. Hence
there are (global) maxima of 3 along these lines.

(a) Say that f has a local maximum at zo and no other critical points. Assume that f(zo) is not the global maximum. Then
there exists a point 1 such that f(x1) > f(zo). By the extreme value theorem, on the closed interval with endpoints x¢
and x; there must be a global maximum and a global minimum somewhere on that closed interval. The global minimum
could not be at ¢ since it is a local maximum. It could not be at z1, since f(x1) > f(zo). The global minimum must be
somewhere on the open interval and it must be at a critical point. This contradicts the assumption that there were no other
critical points. If instead the unique critical point of f were a local minimum, then just modify the argument appropriately.

b) f(z,y) = 3ye® — ™ — 4> s0 fu(x,y) = 3ye” — 3¢>" and f,(x,y) = 3e” — 3y>. Solving,y = Oory = 1, buty
can’t be 0 since e = y2. The only critical point for f is at (0, 1) and £(0,1) = 1. Also, d1(0,1) = f..(0,1) = —6 and
d2(0,1) = 27 so at (0, 1) f has a local maximum. Along the y-axis, f(0,y) = 3y — 1 — y°, so as y — —oo we see that
f increases without bound.

(a) Let the local maxima occur at a < b. Consider f on [a, b]. By the extreme value theorem, f must attain both a maximum
and minimum somewhere on [a, b]. The minimum cannot occur at a or b since local maxima occur there. Hence there
must be some c is the open interval (a, b) that gives an absolute minimum on [a, b]—hence it must be at least a local
minimum on R.
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(b) ) )
Ja(z,y) = —2(zy” —y — Dy

fulz,y) = —2(zy® —y —1)(2zy — 1) — 4(y° — 1)y

For f, = 0, either zy> —y—1 = 0ory® = 0 (so y = 0). If y = 0, then the f, = 0 equation becomes —2(—1)(—1) = 0,
which is false. Thus zy? — y — 1 = 0 and the f, = 0 equation becomes —4y(y? — 1) = 0. Since y # 0, we must have
y> —1=0o0ry = £1. Withy = 1 in the f, = 0 equation, we have —2(z — 2) = 0 = x = 2. With y = —1 in the
f« = 0 equation, we have —2(z + 1 — 1) = 0 so x = 0. So we have two critical points: (2, 1) and (0, —1). The Hessian
matrix is 2 2dzy® — 3y — 20)

Hftw,y) = [ —2(4zy® — 3y% —2y)  —2(62y> — 6zy — 2z + 1) — 4(3y> — 1)
so

Hf(2,1) = [ :?j 7_22 } sequence of minors is —2, 16 = local max;

Hf(0,-1) = { _g _13 } sequence of minors is —2, 16 = local max .

(¢) Best left to a computer. Stay close to the critical points to see the surface details well.
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4.3 Lagrange Multipliers

1. The plane is given by 2 — 3y — z = 4. There will be only one critical point in each case. Geometrically, it cannot be a local
maximum because there will always be points nearby which are farther away. There is at least one point on the plane closest
to the origin so the single critical point will be at this point. You can also perform the second derivative test.

(a) We’ll minimize the square of the distance: D(z,y) = 2? + y* 4+ (22 — 3y — 4)%. The partials are D, (z,y) =
10z — 12y — 16 and Dy(z,y) = 20y — 12z + 24. Set these equal to zero and solve simultaneously to find the critical
point (4/7,—6/7,—2/7).

(b) Minimize f(x,y, z) = 2 + 3> + 2° subject to the constraint g(z, y, z) = 22 — 3y — z = 4. We solve the system

2x = 2\
2y = —3X\
2z = —\

20 — 3y —z =4.

We see that z = Asoy = —(3/2)z and z = —a /2. Substituting into the last equation: 2z + 9z/2 + 2/2 = 4 so
2 = 4/7 and our critical point is (4/7,—6/7,—2/7).
2. The function is f(z,y) = y subject to the constraint g(z,y) = 22 4 y* = 4. We solve the system

0=4\z
1=2\y
202 4 9% = 4.

From the first equation, Az = 0, but A # 0 since 2\y # 0. Hence we must have = 0, so y? = 4; therefore the critical
points are (0, £2).
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. The function is f(x,y) = 52 + 2y subject to the constraint g(z, y) = 52> + 23> = 14. We solve the system

5=10\z
2=4\y
522 4+ 2y° = 14.

By either of the first two equations we see that X # 0. Together, the first two equations imply that z = y so 7z? = 14 so the
critical points are 4(v/2, v/2).
. The function is f(x,y) = zy subject to the constraint g(z,y) = 2z — 3y = 6. We solve the system

y =2\
T = —3\
2x — 3y = 6.

If A were 0, then both « and y would be 0 which would contradict the third equation. In short, A # 0. In that case, the first
two equations imply that z = —(3/2)y so —3y — 3y = 6 or y = —1. The critical point is at (3/2, —1).
. The function is f(x,y, z) = xyz subject to the constraint g(z, y, 2) = 2x + 3y + z = 6. We solve the system

yz =2\
xz = 3\
Ty = A

2z + 3y +z = 6.

One possibility is that two of x, y, and z are zero. In this case the three possible critical points are (3, 0, 0),
(0, 2, 0), and (0, 0, 6). If none of x, y, and z is zero then the first two equations imply that x = (3/2)y, and the second
and third equations together imply that 3y = z. Hence, 3y + 3y + 3y = 6, so the final critical point is (1, 2/3, 2).

. The function is f(z,y,z) = x4+ y* + 2? subject to the constraint g(z, y, z) = = + y — z = 1. We solve the system

2z = A
2y = A
2z =—)
r+y—z=1

We see immediately that 2 = y = —z, which implies that  + « 4+ 2 = 1. Therefore, the critical point is (1/3,1/3,—1/3).
. The function is f(z,y,2) = 3 — 2% — 2y* — 2? subject to the constraint g(z, y, z) = 2z + y + z = 2. We solve the system

—2x =2\
—4dy = A
—2z=2A
20 +y+ 2z =2.

Immediately we have A = —x = —4y = —2z <= x = 4y = 2z. Thus z = 2z and y = z/2 so that the last equation of
the system becomes 4z + z/2 + z = 2 <= z = 4/11. Therefore, there is a unique critical point of (%, %, %)
. The function is f(z,y, z) = 2° + y® + 2° subject to the constraint g(z,y, z) = 2* + y* + 22 = 6. We solve the system

62° = 2z
6y° = 2\y
625 = 22z

22+ 92 +22=6.

The first equation of the system implies either 2 = 0 or A\ = 3z*. Similarly, the second equation implies either y = 0
or A = 3y* and the third equation implies either z = 0 or A = 32*. No more than two of z, y, or z can be zero, or
else the constraint 22 + y? + 22 = 6 cannot be satisfied. Let us suppose that y = z = 0. Then z = ++/6 from the
constraint. Hence (41/6, 0, 0) are two of the critical points. Similarly, if z = z = 0, then we obtain (0, ++/6, 0) as additional
critical points, and if 2 = y = 0 we obtain (0,0,4+/6). If just z = 0, then A = 32* = 3y*, so 2 = £y and the
constraint z° + y* + 2% = 6 implies 222 = 6 or x = £+/3 and there are thus four more critical points (++/3, ++/3,0).
In a similar manner (+/3,0,++/3) and (0, £+/3,++/3) are critical points. Finally, if none of x, y, or z is zero, then
X = 3z* = 3y* = 32*, which implies z = +y = 42. Hence the last equation of the system implies that 3z> = 6, so
x = ++/2. Therefore, there are eight more critical points, namely (i\/i, i\/i iﬂ) Thus there are 26 critical points in
all.
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9.

10.

11.

12.

13.

The function is f(z,y, z) = 2x+y> — 2” subject to the two constraints g (z,y, 2z) = 2—2y = 0and g2(, y, 2) = x+2 = 0.
We solve the system
2=XA+pup
2y = —2A
—2z=p
T =2y
x=—z.
Solving, we see that 2 = A\ 4+ pp = —y — 2z = —x/2 + 2z = 3x/2. So the critical point is (4/3,2/3,—4/3).
The function is f(z,y,2) = 2z + y* + 2z subject to the two constraints g; (z,y, 2) = 2°> — y*> = 1 and g2(z,y, 2) =
x4y + z = 2. We solve the system
2=2\z+ u
2y = =2 \y +
2=p
22 —y?=1
T+y+z=2.
The third equation of the system implies that the first equation becomes 2A\z = 0. Thus either A = 0 or x = 0. If z = 0, the
fourth equation becomes —y? = 1, which has no solution. If X = 0, then the second equation becomes 2y = 2 <= y = 1.
Hence 22 = 2 in the fourth equation. Using the last equation, we see that (v/2, 1,1 —v/2) and (—+/2, 1, 1 4 1/2) are the only
critical points.
The function is f(x, %, z) = xy + yz subject to the two constraints g (2, y, z) = 2° +y*> = 1 and ga(x, y, 2) = yz = 1. We
solve the system

y=2\r

T4+ z=2\y+ pz
Yy=pny
m2+y2:1
yz = 1.

The third equation of the system implies that either ;+ = 1 or y = 0. However, y cannot be zero from the last equation. Thus
4 = 1 and the second equation reduces to = = 2\y, and the first equation becomes y = 4\?y. Thus either y = 0 (which we
reject) or A = 41/2. This in turn implies that 2 = =y, and the fourth equation thus becomes 2z = 1, so that x = +1/v/2
and y = £1/v/2. Now z = 1/y from the last equation, so there are four critical points:

(5 (o) () (o)

The function is f(x, vy, z) = = +y -+ 2 subject to the two constraints g (z,y, 2) = y> —2* = land g2 (x,y,2) = z+22 = 1.
We solve the system

1=—2\z+u

1=2\y

1=2up

yr—az?=1

r+2z=1.

Solving, we see that 4 = 1/2 and 2\ = 1/y s01/2 = —2\z = —x/y or y = —2x. This means that 1 = > — 2 = 322, so
the critical points are (—1/v/3,2/+/3, (3 ++/3)/6) and (1/v/3, —2/V/3, (3 — v/3)/6).

(a) The function is f(z,y) = 2> + y subject to the constraint g(x,y) = 2* + 23> = 1. We solve the system

2 = 22\
1 =4y
2 4+ 2% = 1.

From the first equation, we see that either x = Oor A = 1. If A = 1, theny = 1/4, so x = +/7/8. If z = 0, then

y = £4/1/2. In short, the critical points are (++/7/8,1/4) and (0, £4/1/2).
(b) L\ 2,9) = 2% +y — AMa? +2y* — 1) so

0 —2z -4y
H(M\zy)=| -2z 2-—2)\ 0
—4y 0 —4X

© 2012 Pearson Education, Inc.



Section 4.3. Lagrange Multipliers 219

So —d3 = —16y[z* + 1/2 — 2y]. Substitute the critical points to find that there are local maxima at (£+/7/8, 1/4) and
local minima at (0, ++/1/2).

14. (a) The function is f(z,y,z,w) = z® + y* + 2? + w? subject to the three constraints g1 (z,y, z,w) = 2z +y + 2z =
1,92(z,y,z,w) =x — 22 —w = —2 and g3(z, y, 2, w) = 3z + y + 2w = —1. We solve the system

20 =2\ + p+ 3v
2=A+v

22 =A—2u

20 =—p+2v
20 +y+z2z=1
r—2z—w=-2
3z +y+2w=—-1

After a great deal of fussing we find that there is a critical point at % (—11,15,75, —25).

() _ _
0 0 o -2 -1 -
0 0 0o -1 0
0 0 0 -3 -1 -
HLO\ p,v,z,y,z,w)= | —2 —1 =3 2 0

-1 0 -1 0 2
—1 2 0 0 0
0 1 -2 0 0

We calculate —d7 = 628 and conclude that f has a local minimum at the critical point.

OO OO N
N O OO N~ O

Note: For Exercises 15-19 the Mathematica code would be similar to that in Exercise 15.

15. Input the following three lines into Mathematica (or the equivalent into your favorite computer algebra system)
f=3zy —4z
g=3x+y—2zz

Selve [{D[f, 2] == ADlg,a], D[f, y] == AD[g, 9], DIf, 2] == AD[g, 2}, 3z + y — 20 = == 1}]
The solutions are

o \= \/67 (xvyvz) = (\/ 2/37 1/27(12 - \/6)/8) and
o \=—V6,(2,y,2) = (—/2/3,1/2,(12 + v/6)/8).
16. Use the same basic code you used in Exercise 15, allowing for two Lagrange multipliers. The solution is Ay = 482/121,
A2 = —107/121, (z,y, 2z) = (31,29,5)/11.
17. Many solutions are returned by Mathematica. They are

e (0,—1,0) for A = —3/2

e (0,1,0)for A =3/2

o (—2/3,—2/3,—1/3) and (2/3,—2/3,1/3) for A = —4/3

e (—1,0,0)and (1,0,0)for A = —1

e (0,0,—1)and (0,0, 1) for A = 0 and

o (/11/2/8,-3/8,—3,/11/2/8) and (—/11/2/8,—3/8,3./11/2/8) for A = 1/8.
18. The solutions given are

o (1,-1/2,+./3/2) for A\ = —1

o ((—1=+05)/2,(=3 —/5)/4,+i5'*/\/2) for A = (1 +/5)/2.

o (1=+5)/2,(=3+/5)/4,+£54/\/2) for A = (1 — V/5)/2.

e (—i,1,0) and (¢, —1,0) for A = —2, and

e (—1,—1,0)and (1, 1,0) for A = 2.

Note that several of the solutions are complex and, for the purposes of this discussion, can be discarded.
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19. Here there are two solutions:

o (w,z,y,2) = ((1—+2)/2,1/v/2,1/v/2,(1 = /2)/2) for \i1 =2 —1/v/2, 2 = 1 — /2, and A3 = 0, and
o (w,z,y,2) = ((14++2)/2,-1/v2,-1/v2, (1 +/2)/2) for \1 =2 +1/v/2, o =14 /2,and A3 = 0.

20. (a) We need to solve

21.

22.

322 = My
6y = Az
zy = —4

Substitute y = —4/x into the second equation to get A = —24/x2. Substitute both of these into the right side of the first
equation to get #° = —32orxz = 2. Soy = —2 and \ = —6.

0 2 =2
(b) The Hessian in this case is 2 12 6 |. Following the rule for the second derivative test for constrained local
-2 6 6

extrema, note that n = 2 and k£ = 1 so the only relevant term in sequence (1) is
(—1)'ds = (—1)[(—2)(24) — 2(36)] = 120 > 0.

We conclude that there is a constrained local minimum at the point (2, —2).
(¢) You can see from the figure below that there is a constrained local minimum at (2, —2) on the curve. This will be the
point at which the constraint curve is tangent to one of the level curves.

0
-1
-2
-3
. /|
0 1 2 3 4
The symmetry of the problem suggests the answer, but we are maximizing f(x,y,%) = xzyz subject to the constraint

g(z,y,2) = x +y + z = 18. We solve the system

Yz = A
Tz = A
Ty = A
r+y+z=18.

None of the solutions that corresponds to one of x, y, and z being zero is a maximum. The solution we getis x = y = z, so
3x = 18, so the maximum product occurs at the point (6, 6, 6).

First, a sphere is a compact surface and the function f is continuous so, by the extreme value theorem, we know that both
a minimum and a maximum must be attained. We find the extrema of f(x,y,2z) = = + y — z subject to the constraint
z? + y? 4 2% = 81. We solve the system

1 =2\
1=2\y
—1=2\z

% + 4% + 2% =81.
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28.

Section 4.3. Lagrange Multipliers 221

We see that 2 = y = —z, so the critical points are (3v/3,3+/3, —3v/3) and (—3v/3, —3v/3,3v/3). By evaluating at
f(z,y,2) =z +y — z, we see that the first must yield a maximum of 9v/3, and the second a minimum of —9+/3.

This is a nice problem to assign because by this point some students are only checking boundary values. We are looking for
the maximum and minimum values of f(z,y) = 2 +xy+y* constrained to be inside the closed disk g(x,y) = z* +y* < 4.
First we find the critical points without paying attention to the constraint. The partial derivatives are f;(z,y) = 2z + y and
fy(z,y) = = + 2y so we have a critical point at the origin, and f(0,0) = 0. Next we look for extrema of the function on the
boundary of the disk by solving the system

2 +y = 2)\x
T+ 2y =2\y
z? % =4,

From the first two equations we see that 2> = 3 so x = 4y and 2 = £+/2. Substituting, we find that the minimum is 0 at
the origin and the maximum is 6 at (v/2, v/2).

We are maximizing V' (x, y, z) = xyz subject to the constraint g(x, y, z) = 2x + 2y + z < 108. In this case, the maximum
must occur on the boundary because the only unconstrained critical point requires two of the coordinates to be zero—these
points are on the boundary and give the (degenerate) minimum solution of 0. We solve the system

yz = 2\
Tz =2\
Ty = A

2x 4+ 2y 4+ z = 108.

Since none of z, y, or z can be zero, we find that = = y = 2/2, so 3z = 108 and the critical point is (18, 18, 36). So the
dimensions are 18” by 18” by 36”.
We are maximizing f(r, h) = 7rh subject to the constraint that g(r, h) = 27rh + 271 = c. We solve the system

2nrh = A(2wh + 47r)
mr? = 2\
2mrh + 27r? = c.

Since r # 0 the second equation implies that » = 2\, so, substituting this into the first equation, we see that A = 2r. Hence,
the height should equal the diameter.

We are minimizing the cost which is C'(r,h) = 7r? + 2(27rh) + 5(27r?) = 117r? + 4rrh subject to the constraint
g(r,h) = 7mr%h + (2/3)7r® = 9007. We solve the system

2277 + dth = wA(2rh + 2r?)
4y = \rr?
wr?h + (2/3)7r® = 9007,

As above, we see that 4 = Ar so 2277 4 4rwh = (47/r)(2rh+2r?) or 14r = 4h. Substituting, 900 = (7/2)r* 4 (2/3)r® =
(25/6)r® so the radius is 6 feet and the height is 21 feet.
We wish to minimize M (z,y, z) = xz — y* + 3 + 3 subject to the constraint g(z,y, z) = 2* 4+ 3> + 2* = 9. We solve the
system

z+3=2\x

—2y =2y

T =2\z

22+t +22=09.
Either y = O or A = —1. Ify = 0, then z = —3 or 3/2 so we get (0,0, —3) and (£31/3/2,0,3/2) as critical points. If
A = —1, we find the critical points are (—2,2, 1) and (=2, —2,1). Comparing values of M, the minimum of —9 is attained
at either (—2,2,1) or (-2, —-2,1).
It’s easier to maximize the square of the area f(z,y,z) = s(s — z)(s — y)(s — z) subjecttox +y + z = 2s (= P), a
constant.

Thus V f = AVg (where g(z,y,2) = = + y + 2) gives us the system:

—s(s—y)(s—2z)=A
—s(s—z)(s—2)=A
—s(s—z)(s—y)=A

TH+y+z=2s (0<z,y,2<5s)
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29.

Hence —s(s — y)(s — z) = —s(s — z)(s — z) = —s(s — z)(s — y). The first equality implies z = s or z = y. Note that
z = s means f = 0—so there’s zero area which cannot possibly be maximum. Thus = y. From —s(s — z)(s — z) =

—s(s — z)(s — y) we similarly conclude thaty = z. Hencex =y =z | = %s) gives us our critical point and corresponds
to having an equilateral triangle. Our constraint looks like a portion of a plane. The dark triangle in the figure below is the part

. . . . 2 2 2 . .
to be considered—it’s where f is > 0. Therefore, the point (gs, 3% gs) yields the maximum.

A sphere centered at the origin has equation 2* + y? 4 2> = . Thus we want to maximize f(z,y, z) = x> + 3> + 2> subject
to the constraint g(z,y, z) = 322 4 2y + 22 = 6. We can solve this using Lagrange multipliers, but we must make sure we
find an inscribed sphere. We consider the system

2z = 6)\x 1%* equation gives x = O or A = 1/3
2y = 4y 274 equation gives y = 0 or A = 1/2
2z = 2)\z 34 equation gives z = O or A = 1

322 +2y> + 22 =6 (Note that we can’thave z =y = 2z = 0
and still satisfy the constraint.)

Thus if A = 1/3, y = z = 0 and the constraint implies = +£+v/2. If A = 1/2, 2 = z = 0 and y = £+/3. Finally, if A = 1,
then z = y = 0 and z = 4+/6. Comparing values, we have

F(£V2,0,0) =2, f(0,£V3,0)=3, f(0,0,£V6) =6,

so that it’s tempting to say that the largest sphere has a radius of v/6. However, such a sphere is not actually inscribed in the
ellipsoid. The largest sphere that actually remains inscribed in the ellipsoid has a radius of /2.

\y

.
S
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This is just Exercise 1 with two constraints. We are minimizing f(z, v, z) = 2> + y* + 2* with the constraints g1 (z, y, z) =
2x +y + 32z = 9and g2(z,y, 2) = 3z + 2y + 2z = 6. We solve the system

20 =2\ + 3u
2y =A+2u
22 =3 \+pu

2c+y+32=9
3x 4+ 2y + z = 6.

Eliminate A and p and then solve to get a critical point at (1, 2/5, 11/5).
This is just Exercise 22 translated by (2,5, —1). We are minimizing f(z,y,2) = (z — 2)® + (y — 5)® + (2 + 1)? with the
constraints g1 (z,y, 2) = — 2y + 3z = 8 and g2(z, y, z) = 2z — y = 3. We solve the system

2(x—2)=A

20y —5)=—2A—p
2(z4+1) =3 +2p
r—2y+32=28

2z —y=3.

Eliminate p by combining the second and third equations and then substitute 2(z — 2) for A. Solve to get a critical point at
9/2,2,5/2).

We want to maximize and minimize the distance function /2 + y2 + 22, but the task is equivalent to finding the extrema
of the square of the distance. Hence we find the extrema of f(z,y, z) = 2° 4+ y? + 22 subject to the two constraints that
gi(z,y,2) =x+y+2=4and ga2(z,y,2) = > + y*> — z = 0. Note that f is continuous and the ellipse defined by the
constraints is compact, so the extreme value theorem guarantees that f has a global maximum and a global minimum on the
ellipse. From the Lagrange multiplier equation V f = A1 Vg1 + A2V ga, plus the constraints, we see that we must solve the
system

20 = 2 \1x + Ao
2y =2 M1y + A2
22 = —A1 + A2
r+yt+z=4

224y —2=0.

The first two equations imply A2 = 2z — 2 12 = 2y — 21y, so that 2z(1 — A1) = 2y(1 — \1). Hence either Ay = 1 or
x = y. If Ay = 1, then A2 = 0 and the third equation becomes 2z = —1, so z = —1/2. The last two equations are thus
x4y —1/2=4and2? + y* 4+ 1/2 = 0. However, there can be no real solutions to 2 + y? = —1/2. Therefore, the case
that Ay = 1 leads to no critical points.
If x = y, then the last two equations become 2z 4+ z = 4 and 222 — 2 =0. Hence z = 4 — 22, so that 22> — 2 = 0 is
equivalent to 2z + 2x — 4 = 0, which has solutions = = —2, 1. Therefore our critical points are (—2, —2, 8) and (1,1, 2).
Finally, note that f(—2,—2,8) = 72 > f(1,1,2) = 6. Hence, in view of the initial observations above, (1,1, 2) is the
point on the ellipse nearest the origin and (—2, —2, 8) the point farthest from the origin.
This is the same as Exercise 32 except that we are trying to find extrema for f(x,y, z) = z and the plane has the equation
g1(z,y,2) =z + y + 2z = 2. Again, using a computer algebra system we find that the lowest point is at (1/2, 1/2, 1/2) and
the highest is at (—1, —1, 2).
Minimize f(z,y, u,v) = (x—u)*+(y—v)? subject to the two constraints: g1 (x, y, u,v) = >+2y* = 1 and g2(z,y, u,v) =
u 4+ v = 4. We solve the system
2(x —u) =2z
2z —u)=p
2(y —v) =2y
2y -v)=p
2+ 27 =1
u+v=4.
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35.

36.

37.

38.

Solving you get two critical points (z, v, u,v) = (1/2/3,/1/6,24+/6/12,2 —+/6/12) for which the square of the distance
is 35/4 — 2¢/6 ~ 3.85 and (z,y,u,v) = (—/2/3, —/1/6,2 — v/6/12,2 + 1/6/12) for which the square of the distance

is 35/4 + 21/6 ~ 13.65. The minimum distance is 1/35/4 — 21/6 ~ 1.96.
(@) f(x,y) =z + y with the constraint xy = 6 so we solve the system

1=2\y
1=2\x
xy = 6.

So 2 = y and the critical points are at +(1/6, v/6).

(b) The constraint curve is not connected. There are two distinct components. Although (—+/6, —/6) produces a local
maximum of —2+/6 on its component, the value of the function at any point on the other component is greater. Similarly,
(v/6,/6) produces a local minimum of 2v/6 on its component, but the value of the function at any point on the other
component is less.

We use a Lagrange multiplier to find the maximum value of f(«,3,v7) = sinasin 3sin~ subject to the constraint that

a+ 3+ v = m. (Note that we also assume that each of «, 3, ¥ must be strictly between 0 and 7.) The system of equations to

consider is
cosasinfGsiny = A
sinacos Bsiny = A
sinasin fcosy = A
a+fB+y=m.

The first two equations imply that cos asin #siny = sina cos Gsin~y This holds if either cosasin 3 = sinacos 3 or

siny = 0. However, if siny = 0, then «y is 0 or = which we have already ruled out. (Also, f would necessarily be zero and

clearly not maximized since any acute triangle will yield a positive value of f.) Hence

cosasin B =sinacos 3 <= sinacos —cosasin =0 < sin(a — 3) = 0.
It follows that a = 3. Similarly, the second and third equations together imply that sin a cos 3 siny = sin asin 3 cos -y Thus
either sin & = 0 (which we reject) or

cos Bsiny = sin fcosy <= sinfFcosy —cosBsiny =0 <= sin(8 —v) =0.

Hence 8 = v and so o = 8 = = 7/3 using the last equation. Therefore, the maximum value of f is 3v/3/8.

Let P have coordinates (z,vy,z). The square of the distance from P to the origin is given by the function f(z,y,z) =
2?2 + y? + 2* and the coordinates of P must satisfy g(z,y, z) = c. Thus if f is maximized at P, then, since Vg(z, y, z) is
given never to vanish, V f(x,y, 2) = AVg(x, y, z) for some \. If we write this out, we find

(22,2y,22) = A\Vg(z,y, 2).

But .
(22,2y,22) = 2(x,y, 2) = 20P,

where OP denotes the displacement vector from the origin to P. Therefore,
— A

that is, OPis parallel to Vg. (Note that OP must be nonzero if the distance from the origin to P is to be maximized.) Since
the gradient vector Vg at P is known to perpendicular to the level set of g through P, the result follows.

This is a non-linear version of Exercise 30. Minimize f(z,y,z) = x? + 3> + 2> subject to the constraints g (z,y,z) =
2?4+ 9% = 4 and ga(x, y, 2) = 22 + 2y + 2z = 2. We solve the system

2z = 2 x + 2u
2y =2 \y +2p
22 =p
2?4 y% =4

20+ 2y 4+ z = 2.

Solving we see that either z = yor A = 1. Ifz = ythenz = y = +v/2 and z = 2 F 4v/2. The farthest point is
(—V2,—v/2,2 4+ 4/2). If A\ = L then =z = (1 + /7)/2,y = (1 T v/7)/2, and z = 0—these last two are the closest points.
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We want to find the extreme values of the function f(x,y) = 2 + y? (the square of the distance from the point (z, y) to the
origin) subject to the constraint g(z, y) = 3z> — 4ay + 3y> = 50. (Note that there will be a global maximum and a global
minimum by the extreme value theorem since the ellipse is a compact set in R2.) We solve the system

2z = A6z — 4y)
2y = A\(—4x + 6y)
32% — dzy + 3y* = 50.

The first two equations together imply

1 _ 6r—4y —4xz+06y
A 2 2y

Thus y = £x. If y = z, then the last equation becomes

2

322 —42® + 322 =50 « 22 =25 < x = 45.

Thus there are two critical points (5,5) and (=5, —5). If y = —z, then the last equation becomes
30° +42” + 32° =50 <= 2° =5 < z=+V5.
Hence there are two more critical points (v/5, —v/5) and (—+/5,v/5). Finally, we have
£(5,5) = f(~=5,-5) =50 and f(V5,—V5) = f(-v5,V5) = 10,

so that (5, 5) and (—5, —5) are the points on the ellipse farthest from the origin and (v/5, —+/5) and (—+/5, /5) are the points

nearest the origin.

(a) This follows immediately from the extreme value theorem. The constraint defines a quarter circle, including the endpoints,
which is a compact set in R? and the function f (w,y) = /& +8,/y is continuous whenever x and y are both nonnegative.

(b) The system we consider is

1
— =2\z
< 18 > A2z, 20) eNE
o /=0 ,— = a"? y
2z’ 2\/y or 4 2y
2?4yt =17 VY
2?4 9% =17
The first two equations of the system together imply that
1 4
2\ =— = =8 = y=a

T 9232 T e

Using this result in the last equation gives z% + 162? = 17. Thus = = 1 since we only want z (and y) nonnegative. Thus
the only critical point we identify in this manner is (1,4).
(¢) Note that V f(z,y) is undefined if either x or y is zero. Given the constraint, this means that we should also consider the
points (v/17,0) and (0, v/17). Comparing values, we have
e f(1,4) =17,
o f (\/ﬁv O) = W,
o f(0,V/17) = 8+/17 ~ 16.24.
Hence (1, 4) yields the global maximum and (1/17,0) the global minimum on the quarter circle.
(a) The system is
1= \162° — 122?)
0=2\y
y? —4da® + 42t = 0.
The second equation implies that either y = 0 or A = 0. But A = 0 cannot satisfy the first equation, so y = 0. The last

equation implies 42®(1 — x) = 0; thus 2 = 0 or 1. But 2 = 0 cannot satisfy the first equation. Thus the only solution to
the system is (1, 0).
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226 Chapter 4 Maxima and Minima in Several Variables

(b) The graph of the curve (known as the piriform) is shown in the figure below. From it, it’s clear that the maximum value
of f(x,y) = x occurs at (1, 0) and the minimum value at (0, 0).

Y

(¢) Note that Vg(z,y) = (162 — 1222, 2y) = (0,0) at (0, 0) (and at (3/4, 0)). (0, 0) is a point on the curve ((3/4, 0) is not).
It’s the singular point of the piriform and, although not a solution to the Lagrange multiplier system in part (a), it must be
considered as a possible site for extrema.
42. (a) The relevant Lagrange multiplier system to solve is

20 =0
2y=20
0=\

zZ=2cC

The obvious unique solution is (0, 0, ¢) with A = 0.

(b) L(l;z,y,2) =z +y? — I(z — ¢). With c as a constant and 1 = z, 2 = y, 23 = 2, we have

0 0 0 -1
0 2 0 0
HL(l;z,y,2) = 00 2 0ol = HL(0;0,0,c).
-1 0 0 0
The second derivative test asks us to calculate (—1)'ds and (—1)*d4 or
0 90
—ds=—det | 0 2 0 | =0; —d4y=—det =—(—-4)=14
0 0 2 0 0 2 0
-1 0 0 0

Thus the second derivative test seems to suggest that we’ve found a saddle point.
(¢) Now we let 1 = z,x2 = y, x3 = = and look at

HL(l; 2, y,x) =

oo = O
OO O
oNn OO
N O OO

© 2012 Pearson Education, Inc.



Section 4.3. Lagrange Multipliers 227

In this case we find

0 -1 0
—ds = —det | —1 0 0 |=—-(-2)=2 and
| 0 0 2
[0 -1 0 0
-1 0 0 O
—dy = —det 0 0 2 0 =—(—4)=14
| 0 0 0 2

This time the sound derivative test suggests a local minimum.

(d) Indeed, inspection tells us that the expression z + y? attains a global minimum at z = y = 0. So to satisfy the constraint
z = ¢, we see that (0, 0, ¢) yields a global minimum. The difference between the results of (b) and (c) can be explained
by looking at dg/Jx vs. dg/dz: g/0x = 0,but dg/dz =1 # 0.
In part (b), we did not satisfy the hypothesis of the second derivative test that the variables be ordered so that

991 991
s (a) ... D, (a)
det . . # 0.
Ok 99k
Dy (a) ... D (a)

(The determinant in this situation is just dg/dx.) In part (c), we did satisfy the hypothesis, since 9g/dz # 0.
43. (a) In order for (A, a) to be a solution of the constrained problem, (X, a) must solve the system

fei(@) = Xj(g)es(a) for1<i<m
j=1
g;j(a) =c¢j forl <j <k

On the other hand, an unconstrained critical point for L must be where all first partials are zero. In other words, we
must have

Li; =0, 1<j<k and L,; =0, 1<j<n,

Upon explicit calculation of the partials these equations are:

fi;(a) — (gj(a) —¢;) =0 for1 < j <k, and
fo,(8) = 3 Xi(gi)a, () =0 forl < j<n.

This is the same system as that for the constrained case.
(b) Calculate the Hessian in four blocks. All of the entries in the upper left £ x & block are 0. This is because the entry
in position (7, j) is Li;i; and the highest power of any l; appearing in L is 1. The top right block with & rows and
n columns gives back the negative first partials of the constraint conditions because the entry in position (k + 4, j) is
Lyj; = —(95 — ¢)z; = —(9gj)a,;. The lower left block of n rows and k columns is just the transpose of this last block.
The lower right n x n block is such that the entry in position (k 44,k + j) = Loz, = (f — 25:1 l49q)z;x;- When A
and a are substituted for 1 and x, the desired matrix is obtained.
44. We find extreme values of f(x1,...,%n,Y1,...,Yn) = »_ s, Tiyi subject to the two constraints g1 (z1,...,ZTn, Y1,.. .,
yn) =212+ Az =land ga(21, ..., Tny Y1y rYn) = Y124 -+yn? = 1. Thus we look at Vf = A1 Vg1 + A2 Vg
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228 Chapter 4 Maxima and Minima in Several Variables

together with the constraints to solve

Y1 = 2121 The first n equations (and the last) imply 1 = Z yiz =4),° Z z;2
: =4x7%-1

: 1

Yn = 2M1Zn SO A1 = ii’

o1 = 2y The next n equations (and the next-to-last) imply 1 = Z @2 = 4Ny Z yi® = 4X\°

1
: SO Ay = +—.

Zl‘i221
1 1

Putting all the information together, we find that x = y (when A1 = A2 = 5) and x = —y (when A1 = A2 = —3). When
x=y, f(x,y) = > ;> = 1. Whenx = —y, f(x, —x) = > (—x;%) = —1. Though it takes a little bit of argumentation, the
hypersphere in R™ is compact—hence so is the product of hyperspheres in R*”(= R"™ x R™). Thus we find maximum and
minimum values of +1 and —1, respectively.

45. (a)

(Vz2)?  (Vai?)? (Vai2)2 Y w?

So u is an the unit hypersphere. The case for v is identical.
(b) By Exercise 44, we have —1 < >~ | w;v; < 1. Hence

n 2 2 2 2

2 2 2 Tl T2 Tn Eirz
Y ul =+’ = + R =1
i=1

=2 e ORI
@—,/Zj:c?,/zjyfﬁzimiyisq/ j:v?‘/zjyf

& = [Ixllllyll < x-y < [Ix[[]lyll

& Ix- vl < xlly]l-

4.4 Some Applications of Extrema

1. This problem can be done using calculators or the following table to help with Proposition 4.1:

T | Y | T TiYi
0o 2 0] 0
13 1| 3
20 5| 4] 10
303 9| o9
a4l 2| 16| 8
s| 7] 25| 35
6| 7| 36| 4
2T [ 29 | 9T [ 107
(107) — (21)(29) _ 140 _ 35 _
S0 o= oz 196 49 -
(91)(29) — (21)(107) 392 98
and o= O @12 196 49

The equation of the least squares line is y = (35/49)x + 2.

© 2012 Pearson Education, Inc.



Section 4.4. Some Applications of Extrema 229

2. Again, using Proposition 4.1,

2(z1y1 + 2oy2) — (w1 +22)(W1 +y2) (1 —@2)(yn —y2) Y1 — 2

2(2% + 3) — (21 + x2)? T (21— x2)? T — o

m =

b— (21 +23)(y1 +92) — (21 + @2) (191 +a2y2) _ (2192 — 22y1) (21 — @2) _ 12 — T2y
2(1'% + x%) — (21 +22)? (x1 —z2)? x1— T2

You can check that (21, y1) and (z2, y2) are both on the line

T — T2 1 — T2

y = (y1—y2>x+x1yz—mzy1.

3. (a) As in the text, the function D(a, b) will be the sum of the squares of the differences between the observed y values and
the y values on the curve y = a/x + b. This means that

n

D(a.b) = 3" (4 — (afa: + b))

i=1

(b) Make the substitution X; = 1/z; and then fit the line y = a X + b to this transformed data using Proposition 4.1. We get

o () (Dw) () () - (2 x) (XX
nZXff<ZXi> nZX,L-27<ZXi>

Transform the data back, replacing X; with 1/z;, then the curve of the form y = a/x + b that best fits the data has

S (S (), () () (S (S
nzuxf—(Zl/xi) nzl/ﬁ_(zl/mz)

4. We’ll use the results of Exercise 3 and organize our sums with the following table:

1/ i 1a? | yi/wi
1 0 1 0
12| -1 14 | —1/2
2 1 4 2
1/3 | =1/2 1/9 | —1/6
23/6 —1/2 193/36 8/6

_4(8/6) — (23/6)(—1/2) 261 29
T 4(193/36) — (23/6)2 243 27
193/36)(—1/2) — (23/6)(8/6) 561 187

_( _ _
and b = T 103/36) — (23/6)° T Ta86 162

So

The equation of the least squares curve of the desired form is y = 29/(27x) — 187/162.
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5. Again the function D(a, b, c) will be the sum of the squares of the differences between the observed y values and the y values
on the curve y = az® + bx + c. This means that

D(a,b,c) = zn:(yi — (az} + bzi + ¢))?
i=1
= inyraQim?erQix? +nc? fZaim?yi f2bix¢yi 72ciyi
i=1 i=1 i=1 i=1 i=1

1=1

+2abix?+2acimf+2bcixi S0
i=1 i=1 i=1
Dq(a,b,c) = 2aimf — 2ix?y¢ +2bix? +2Cix§,
i=1 i=1 i=1 i=1
n n n n
Dy(a,b,c) = 2b2x? — 2iny¢ + QaZx? + 202 x;, and
i=1 i=1 i=1 i=1

n n n
Dc(a,b,c) = 2cn — 22 vi + QaZx? + Qbei.
i=1 =1 =1

Set each of the partial derivatives equal to zero, move the term with coefficient —2 to the other side, and divide by 2 to get the
desired equations.

6. You may want to point out to the students that the independent variable x corresponds to hours of sleep because that is what
(in theory) Egbert can control.
(a) To getaliney = ax + b we’ll need

2

Zq Yi € TilYi
8 85 64 680
8.5 72 72.25 612
9 95 81 855
7 68 49 476
4 52 16 208

8.5 75 72.25 637.5
7.5 90 56.25 675
6 65 36 390
58.5 | 602 | 446.75 | 45335

Using the formulas in Proposition 4.1 you’ll find that the least squares line is

y = (4204/607)z + (14935/607) ~ 6.93x + 24.6.

(b) We will need some additional data:

s x; ay 7y
8 512 4096 5440
8.5 614.125 5220.0625 5202
9 729 6561 7695
7 343 2401 3332
4 64 256 832

8.5 614.125 5220.0625 5418.75

7.5 421.875 3164.0625 5062.5

6 216 1296 2340
58.5 | 3514.125 | 28214.1875 | 35322.25

Use the formulas given in Exercise 5 to obtain the system

28214.1875a + 3514.125b + 446.75¢ = 35322.25
3514.125a + 446.75b 4 58.5¢ = 4533.5
446.75a + 58.5b + 8¢ = 602.

© 2012 Pearson Education, Inc.



Section 4.4. Some Applications of Extrema 231

Solve this system to get the following (approximate) quadratic:
y = —.1920440542% + 9.42923983z + 17.02314387.

(¢) Plugging 6.8 into the linear model predicts that Egbert will get 71.7, plugging 6.8 into the quadratic model predicts that
Egbert will get 72.26.
7. (a) We are required to show that F is a gradient (conservative) vector field. Clearly if V' (z,y) = 2 4 22y + 3y® + = + 2y
then —VV = (=22 — 2y — 1)i+ (—2z — 6y — 2)j = F.
(b) We find equilibrium points of F when F = 0. Solve the system of equations

—2r—2y=1
—2x — 6y = 2

and find one solution at (—1/4, —1/4). The Hessian is
2 2
HV = [ 2’ }
so both d; and d» are positive so the equilibrium is stable.
8. Here V(z,y) = 22® —8ay —y> + 122 —8y+12s50 VV = —F = (4 — 8y +12, —8z — 2y — 8). Thisis 0 at (—11/9,8/9).

The Hessian is

4 -8

Hv = { o }
Note that d; > 0 and d2 < 0 so the equilibrium at (—11/9,8/9) is not stable.

9. Here V(z,vy,2) = 32 + 2zy + 22 —2yz + 32+ 5y — 10s0 VV = —F = (62 + 2y + 3,2z — 22 + 5, —2y + 22). This is

0at (—1,3/2,3/2). The Hessian is

6 2 0
HV =] 2 0 -2
0 -2 2

Note that d; > 0, d2 < 0, and d3 > 0 so the equilibrium at (—1, 3/2, 3/2) is not stable.
10. (a) Here we are looking for constrained equilibria (as in Example 3 in the text). Our equation is F — VV = AVg where
g(z,y,z) = 2% + 3y*> + 22 = 1, F = —mgk, and V (x5, z) = 2z. So our system of equations is

—2=4\z

0 =6y

—mg = 2\z

222 + 3y2 +22=1.

Note from the first equation that A # 0 so by the second equation y = 0. From the third equation 2\ = —mg/z so
z = mgx. Substituting into the equation of the ellipsoid, 22% + m?g*z? = 1s0 2 = £1/,/2 +m2g2. So our two

equilibria are at £(1/4/2 + m2g2,0, mg/+/2 + m?g?).
(b) Note the direction of the force is (—2,0, —mg) so —(1/+/2 + m2g2,0,mg/+/2 + m2g?) is a stable equilibrium.
11. Maximize R(x,y, z) = 2yz* — 25000z — 25000y — 25000z subject to the constraint & + y + z = 200000. Our system of

equations is
yz? — 25000 = \
z2° — 25000 = A
2zyz — 25000 = A
z 4+ y + z = 200000.

The hidden condition is that all of the variables are non-negative. This means that we are finding a maximum on the triangular
portion of the plane that lies in the first octant. The maximum revenue will occur at a boundary point or at a critical point.
Along the boundary at least one of the variables is 0 and the revenue is at most 0 when at least one of z, y and z is 0. We will
see the value of R at the critical point is greater and therefore that it is our global maximum. Assume none of the variables is
zero. Then, from the first two equations, since z # 0 then x = y. From the third equation paired with either of the first two we
see that z = 2z = 2y. Finally, since their sum is 200000 we find the solution (50000, 50000, 100000) is where the maximum
revenue occurs.
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12. This is similar to Example 4 from the text. We are maximizing U (x1, z2,23) = z122 + 22123 + 12223 subject to the
constraint g(x1, x2, x3) = x1 + 422 + 223 = 90. Our system of equations is

To + 2x3 + Tox3 = A
1+ X1T3 = 4\

2r1 + x1x2 = 2A

1 + 4o 4 223 = 90.

The only solution of this system with all three of the z;’s non-negative is (33.0149, 6.37314, 15.7463). You can only order inte-
ger amounts, so experiment with the different ways of rounding to obtain a maximum at
(34, 6, 16).
13. We maximize the function B subject to the constraint 15z + 10y = 500. Using a Lagrange multiplier, we solve the system
8z = 15\
2y = 10\
152 + 10y = 500.

The first two equations imply that 5\ = %z = y. Using this in the constraint equation yields
15x+?$:500 — x =12

Thus (z,y) = (12, 32) is our only critical point. We should compare the yield B at this point with that at the boundary values
of (132, 0) (all irrigation) and (0, 50) (all fertilizer). We have
B(12,32) = 2200, B (13%,0) = 5044.4, B(0,50) = 3100.

Thus she should forgo the fertilizer entirely and simply irrigate the field.

14. (a) We maximize the given production function f subject to the constraint 8z + 2y = 1000. Using a Lagrange multiplier, the
system we must consider is

4y — 2 = 8\
dr — 8 = 2\
8z + 2y = 1000.

The first two equations of the system imply that
IAN=8zr—-16=2y—1 =— 8z =2y+ 15.

Using this in the last equation we have 4y + 15 = 1000 <= y = 985/4. Hence z = 1015/16. (Note that in the
constraint 8z + 2y = 1000, we must have 0 < = < 125 and 0 < y < 500. The endpoints (125, 0) and (0, 500) give
negative values for f and so (1015/16,985/4) must yield the maximum value of f on the line segment described by the
constraints.) Hence the manufacturer should purchase 63.4375 1b of cashmere and 246.2516 1b of cotton. The ratio of
cotton to cashmere is 4 (1% ) ~ 3.88.

(b) Most of the essential features of the situation remain unchanged. The constraint equation becomes 8x + 2y = B, so that
the relevant system to solve is

4y —2 =8\
4 — 8 =2\
8z + 2y = B.

As before, 8x = 2y + 15 and, using this we find that

(@,y) = (B+15 3715)

16 ° 4
is the critical point that maximizes f. Thus the ratio of cotton to cashmere should be

(B-15)/4 _, (B— 15) .

(B+15)/16  \B+15

As B becomes very large, we have

_ B-15\ .  4(1-15/B) _
BETM4(B+15)_BETOO 1+15/B =4

which is the ratio of the cost of cashmere to that of cotton.
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15. (a) This is an example of the Cobb-Douglas production function with p = w = 1 (see Example 5 from the text). The only
critical point will be (K, L) = ((1/3)360000, (2/3)360000) = (120000, 240000).
(b) Q/OK = 20(L/K)?/? and so at (120000, 240000), dQ/OK = 20(2)?/%. On the other hand, dQ/dL = 40(K/L)'/*
and so at (120000, 240000), Q /0L = 40(1/2)'/3. These quantities are equal at the critical point.
16. This time we are minimizing pK + wL = M subject to the constraint Q (K, L) = c¢. Our system of equations is

_ e
P= oK
_,9Q

Since none of p, g, and A is 0, we can divide the top equation by pJ, divide the bottom equation by g and the result is
immediate.

True/False Exercises for Chapter 4

. True.

. False. (The increment measures the change in the function.)
True.

True.

True.

False. (p2(x,y) = 1 — 3z 4+ y + 32% + 2xy.)

. False. (f is most sensitive to changes in y.)

. False. (The result is true if f is of class C2.)

. False.

N T S

[
S

True.

ek
—

True.

. False. (The set is not bounded.)

. False. (Consider the function f(z,y) = x2 4+ 3°.)
. True. (This ball is compact.)

—
n A W N

. True.

. False. (The point a might not be a critical point.)
False. (The point is not a critical point of the function.)
. False. (The point (0, 0, 0) gives a local minimum.)

o
CRTESERC)

. True.

[S°]
(=]

. True.

(5]
[t

. False. (The critical point is a saddle point.)

22. False. (A local extremum can occur where a partial derivative fails to exist.)
23. False. (Extrema may also occur at points where g = cand Vg = 0.)

24. False. (Solutions to the system only give critical points.)

25. False. (You will have to solve a system of 7 equations in 7 unknowns.)

26. True.

27. True.

28. True.

29. False. (The equilibrium points are the critical points of the potential function.)

(]
(=]

. False. (This is only true at values of labor and capital that maximize the output.)

Miscellaneous Exercises for Chapter 4

1. IfV = nr2h then dV = 27rh dr + w2 dh, so in order for V' to be equally sensitive to small changes in  and h, we must be
at a point (1o, ho) where 27roho = 71§ so ro = 2ho.
2. (a) If f(z1,22,...,20) = 6’1%’”3’”"’%, then fo, (z1,22,...,2,) = —Zmie’“:%’z§"”’zi and is 0 only when z; = 0.
So the only critical point is at the origin.
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(b) If i # j, then fo,o; (x1,72,...,2,) = 4xixje_”%_x%_"'_xi, S0 fr;2;(0,0,...,0) = 0. Also fo,a;(x1,22,...,
Tn) = (—2+ 4@?)6’15”5’”"1?1, SO fz,2,(0,0,...,0) = —2. The Hessian is an n X n diagonal matrix with —2’s on
the main diagonal and 0’s everywhere else. It is easy to calculate d; (0,0, ...,0) = (—2)® and so by the second derivative
test, f has a local maximum at the origin.

3. We are asked to maximize the profit P(z,y) = (z — 2)(80 — 100z + 40y) + (y — 4)(20 + 60z — 35y) = —1002> + 40z —
35y? + 80y + 100y — 240. The partial derivatives are P, (z,y) = —200x + 100y + 40 and Py (x,y) = 100z — 70y + 80.
These are both zero at (27/10, 5). You can read the Hessian right off the first derivatives and you see that d; = —200 < 0 and
d2 = 4000 > 0 so profit is maximized when you charge $2.70 for Mocha and $5 for Kona.

4. (a) Revenueis R(x,y, z) = 1000x(4 — 0.022) + 1000y(4.5 — 0.05y) + 1000z(5 — 0.12) = —2027 + 4000z — 504> +

4500y — 10022 + 5000z.

(b) When (z,y,z) = (6,5,4), the prices of brands X, Y and Z are, respectively, $3.88, $4.25, and $4.60, and when
(z,y,2z) = (1,3,3), the prices are $3.98, $4.35, and $4.70. The difference is R(1,3,3) — R(6,5,4) = 31,130 —
62,930 = —31, 800. The revenue will decline by $31,800 if the prices are raised.

(¢) The partial derivatives are R (z,y,z) = 4000 — 40z, Ry(z,y,z) = 4500 — 100y, and R.(z,y,z) = 5000 — 200z.
Thus the critical point is (100, 45, 25) and hence the selling prices should be $2 for brand X, $2.25 for brand Y and $2.50
for brand Z.

5. We note that there must be both a (global) maximum and a minimum value of f because the constraint equation defines the
surface of a sphere, which is compact, and f is continuous, so that the extreme value theorem applies.

(a) We find the extrema of f(z,vy,2) = « — /3y subject to g(x, y, z) = 2 + y* + 2% = 4. Using the Lagrange multiplier
method, we solve

1 =2\
—V3=2\y
0=2\z

x2+y2+22:4.

From the first equation, we must have A # 0, so from the third equation z = 0. Then the first two equations imply that
y = —/3x. Thus, since 2° + 322 = 4, our critical points are (1, —/3,0). We evaluate f at these points to find that
we have a maximum of 4 at (1, —+/3, 0) and a minimum of —4 at (—1,+/3,0).

(b) Now we are looking at the function g(y,0) = f(2sin ¢ cos 8, 2sin psin, 2 cos ) = 2sin p cosd — 2v/3 sin sin 6.
Thus g, (p,0) = 2cospcosd — 2v/3 cos psin b and go(p,0) = —2sin@sinf — 2v/3sin p cos d so that we should
solve

—2sin ¢(sin 6 + v/3cos0) = 0
2 cos p(cos — v/3sin ) = 0.

Either p = 0,7 and cosf = /3sin@ (hence tan® = 1/v/3 s0 § = 7/6,77/6), or ¢ = 7/2,37/2 and sin =
—v/3cos 6 (hence tan @ = —+/3 s0 O = 27/3, 57 /3). Note that these points are (using (x, y, z) = (2sin ¢ cos 0,
2sin@sin g, 2 cos ¢)):

(0.0 =(0F) <= (2,9,2)=(0,0,2)
(0,0)=(07) <+ (.9,2)=(0,0,2)

(0. 0)=(m§) <= (2,9,2)=(0,0,-2)
(0,0)=(r,F) <= (2,9,2)=(0,0,-2)
.0 =(3.%) < (z,9,2)=(-1,V3,0)
(0,0)=(3.%) <= (2,9,2) = (1,-V3,0)

(p,0)=(32,%20) <= (2,9,2) = (-1,V3,0)
(0,0) = (35,%) <= (2,9,2) = (1,-V3,0).

We obtain the same points as in part (a), plus the additional critical points (0,0, 2) and (0, 0, —2), which are not global
extrema, since f(0,0,+2) = 0.
6. (a) Here we are maximizing T'(x,y, z) = 200zyz> subject to the constraint g(z,y,2) = z* + 3> 4+ 2? = 1. Using the

© 2012 Pearson Education, Inc.



Miscellaneous Exercises for Chapter 4 235

Lagrange multiplier method, we solve

200yz° = 2\x
200x22 = 2\y
400zyz = 2Xz

22yt 422 =1,

From the third equation, A # 0 so 2\ = 400zy so 2z* = 2y> = 2> From the last equation we see that 42> = 1 so
our critical points are the eight possible combinations of x = £1/2,y = 41/2 and z = 41/v/2. The temperature is a
maximum of 25 when the sign of 2 and y are the same. This is at the four points 4(1/2,1/2, £1/+/2).

7. (@) fo(z,y) = 22(=3y + 427) while f,(z,y) = 2y — 3z>. From f, we see that either z = 0 or y = (4/3)2>. But from

the second equation y = (3/2)z>. So we conclude that the only solution is at (0, 0).
b) fuz(z,y) = 6(—y + 422), fuy(z,y) = —62, and fyy(x,y) = 2. At the origin, the Hessian is { 8 (2) } and so the
determinant is 0 and the critical point is degenerate.

(¢) Ify = max then the original equation becomes F'(x) = m?z? — 3ma® + 22*. We calculate F”' () = 2m?z — 9maz® +
82° = 2x(m? — 9ma/2 + 42?). From the second derivative we see that F”/(z) = 2m? — 18ma + 242>, This is
positive at x = 0 for all m # 0 so there is a minimum for x = 0 along any line other than the two axes. When
m = 0, F'(x) = 8z* and so the first derivative test implies that there is a minimum at 2 = 0 when m = 0. Finally,
consider G(y) = f(0,y) = y>. This clearly has a minimum at y = 0. We’ve shown that along any line through the
origin, f has a minimum at (0, 0).

(d) Consider g(z) = f(z,32%/2) = (—2?/2)(2*/2) = —x*/4. From the derivative ¢'(z) = —2® we see that g has a
maximum at = 0 and hence f has a maximum at the origin when constrained to the given parabola. This means that
the origin is actually a saddle point for f.

(e) A portion of the surface is shown below.

8. (a) Here we are finding the critical points of f(x,y) = xy subject to the constraint g(z,y) = 2> +y*> — 1 = 0. So taking
the partials of f(z,y) = Ag(x, y) along with the constraint we get the following system of equations.

y =2z
T =2\y
1=z 492

The solutions correspond to A = #1/2 and are the four critical points (1/v/2,1/v/2), (=1/v/2,1/v/2), (1/v/2, —1/v/2),
and (—1/v/2, —1/V/2).

(b) Here is a contour plot of f(x,%) = y along with the constraint curve 2> 4 4> = 1 and the four critical points.
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236 Chapter 4 Maxima and Minima in Several Variables

-1.5 -1 -0.5 0 0.5 1 1.5

(¢) You can see from the figure that f is at its highest value along the constraint curve at two of the critical points and at
its lowest at two of the others. In particular, f has a constrained max at +(1/+/2,1/+/2) and has a constrained min at

+(1/v/2,—1/v/2).

9. (a) Here we are finding the critical points of f(x,y, z) = xy subject to the constraint g(z,y,2) = 2° + y> + 2> — 1 = 0.
So taking the partials of f(z,y, 2) = Ag(z, y, z) along with the constraint we get the following system of equations.

y=2\z
T =2\y
0=2\z

1= a2 442 + 22

This problem is very similar to Exercise 8 and so it is no surprise that we again get four critical points corresponding to
X = £1/2. They are (1/v/2,1/+/2,0), (—1/+/2,1/v/2,0), (1//2,—1/4/2,0), and (—1/+/2, —1/+/2,0). We also get
critical points at the two poles corresponding to A = 0. These are at (0,0, +1).

(b) Of course, it is harder to represent this situation than its lower-dimensional counterpart. Here are some level sets, the unit
sphere and the critical points.

© 2012 Pearson Education, Inc.
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(c) The arguments that f has a constrained max at 4(1/+/2, 1/v/2,0) and has a constrained min at +(1/+/2, —1/+/2,0)
are the same as in Exercise 8. The two poles must be saddle points. If you travel in a direction where y = z, f(x,y) is
increasing while if you travel in a direction where y = —x, f(z, y) is decreasing. So there are saddle points at (0,0, £1).

10. From the diagram you can see that we are minimizing f(x,y) = (z +y)y subject to the constraint that z* 4+ y* = 1. Because
this is a physical problem, we can assume that > 0 and y > 0. A look at the contour plot for f along with the constraint

curve lets us see that this solution will be a max.
%

-1.5 -1 -0.5 0 0.5 1 1.5

Our system of equations is

Y =2\x
T+2y =2y
1 — 22 4y

Solving gives us one solution for which z and y are positive, namely z = (v/2 4+ v/2/2)(v/2 — 1) and y = (V2 + v/2/2).
The area of the rectangle is, therefore, (v/2 4 1)/2.

11. Minimize f(z1,Z2,...,%n) = &5 4+x3+- - -+2 subject to the constraint g(x1, T2, ..., Tn) = a121+a2T24- - -+ant, = 1
where not all the a;’s are zero. We solve

2x; = a; A forl1 <i<mn
a1T1 + agx2 + -+ apTy = 1.

This means that our constrained critical point is at z; = a;\/2and 2/(af+-a3+---+a2) = Asox; = a; /(a3 +a3+---+a2).
So our minimum is

fen, s, 2) = | @ a2 a
1,L2y...,Tn) = af—&—a%—i—-n—i—a%’a%—l—a%—&----—i—a%""’a%+a§+~~~+a%
al 2 a 2 a 2
n
(ﬁ+ﬁ+m+ﬁ)+(ﬁ+ﬁ+m+ﬁ)+ +(ﬁ+ﬁ+m+ﬁ)

1
af +aj+---+ai’

12. Minimize the function f(z1,x2,...,2n) = (@121 + asxs + - -+ + ants)? subject to the constraint g(x1, T2, ..., Tn) =
x? + 22 + -+ 22 = 1 where not all the a;’s are zero. We solve

2a; (@121 + a2x2 + - + ann) = 2Ax; forl <i < n, and
it as+-+an =1
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238 Chapter 4 Maxima and Minima in Several Variables

13.

14.

15.

From the first equation, 27 = (a;x;/\)(a121 4 a2 + -+ + anxs), SO

A =aizi(a1z1 + asxa + -+ + anTy) + a2w2(a11 + a2wa + - + anTy) + -
+ ana:n(auh +asxo + -+ anxn)
= (@121 + azxa + - + anzn)’  so
Qaj

€xr; = and finally,
a1T1 + a2T2 + -+ + ATy

n
2

2 d

i=1

me = 7 =1
— (arz1 + asza + -+ + anxn)

Now we can substitute back into the original equation:

f($17$27...,$n):f< o an )

b b
a1x1 + agx2 + - + anTn a1r1 + agx2 + - + anTn

([ aita+tan N’
a1x1 + a2x2 + -+ anln

:( ai +aj+-+ap

2 2 2
(arz1 +a2x2+...+anmn)2> (a7 + a3 + +a2)

2 2 2
=aj tax+---+ay,.

Since the faces are parallel to the coordinate planes, we can reduce the problem to maximizing M (z,y, z) = zyz subject to
the constraint g(z, y, z) = x* +2y* + 422 = 12, where z, y, and z are all positive. Here, by the symmetry of the problem, we
are maximizing the volume of one eighth of the box and therefore we will have the dimensions of the box itself by doubling
z,y, and z. We solve

yz = 2 \x
rz =4y
Yy = 8A\z

2% 4297 +42° = 12.
So 22 = 2y = 42” and 1222 = 12 s0 a critical point is (2, v/2, 1). The dimensions of the box are twice these values so the
largest box is 4 x 2¢/2 x 2.
We are minimizing the cost of producing a sphere and a cylinder of equal radii with the given constraints. We also need to

convert 8000 gallons to 8000,/7.480520 ~ 1069.444 cubic feet. So minimize V' (r, h) = 27rh + 872 subject to g(r, h) =
mr?h + (4/3)7r® = 1069.444. We solve

21h 4 167r = A(27rh + 47r?)
2mr = \(mr?)
nr2h + (4/3)7r® = 1069.444.

Physically, r cannot be zero, so by the second equation A = 2/r and then by the first A = 4r and so by the third 1069.444 =
47r® + (4/3)mr® = (16m/3)r3. Therefore, the best dimensions are r ~ /63.8277 ~ 3.9964 feet and h ~ 15.9856 feet.

Minimize M (z,y,z) = 2* + y* + 2% subject to 2° — (y — 2)* = 1. We solve

2z =2\x

2y = —2\(y — 2)
22 =2\y — 2)

2 —(y—2)*=1.

Since the last equation implies that « # 0, the first equation gives us that A\ = 1, so y = z = 0 and thus © = +1. The
minimum distance is, therefore, 1.
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16. Place the vertex of the cone at the North Pole (0, 0, a), with the axis of symmetry of the cone coinciding with the z-axis. The
height of the cone is h and the radius is r. We are maximizing V (r, h) = (1/3)7r>h subject to the constraint (h —a)? 4% =
a® or g(h,a) = h* — 2ha + r* = 0. We solve

(2/3)mrh = 2Ar
(1/3)7r* = 2A(h — a)
h? —2ha + 1% = 0.

From the first equation we know A # 0 and wh/3 = \. So substitute this into the second equation to find that 7> = 2h? —2ah.
Solve this with the third equation to find that h = 4a/3 and r = 2v/2a/3.

17. We want to maximize V' = zyz subject to bcx + acy + abz = abc.

V4

corner (xX,VY,2z)
on plane

Thus we solve

VV = AV(bcz + acy + abz)
bex + acy + abz = abe

——
8 8

s RSN RN
[
> > >
L 9 <
> o 6

TLYLE
b ¢
Hence A\ = 22 = 22 _ %Y
be ac ab
Yz  xz be b
—=—%2z=0 o y=—zx=-x.
be ac ac a
Now z = 0 makes V' = 0, so this cannot possibly maximize. Thus y = (b/a)x. Now % = % < y = 0 (reject) or
c a

be c .
z= —bx or z = —x. Hence the constraint becomes
a a

T T
—+=-+==1 =a/3=y="5/3 =c/3.
so z=a/ y /3 z=¢/

2
18. We have V(z,y) =7 <§) y= Zmzy with 7z + y < 108.

(a) We maximize V subject to g(x,y) = mx + y = 108. Thus, with a Lagrange multiplier we solve

o=
2
T _
4
T +y = 108
2
The first two equations imply that A = g—y = % so that either x = 0 (which we reject) or % = %I, S0 Yy = ﬂ-—;
2-108 72 72"

Thus, in the constraint we must have 7z + 5= 108 sox = = —. Hence the maximizing dimensions are —
m

s m
diameter, 36" length. (That these dimensions really do maximize volume may be seen from the following picture.)
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constraint line

/ \
100
80
increasing
60 /V
40
20
0
0 5 10 15 20 25 30 35
2
(b) Perhaps this is an easier method: 7z + y = 108 < y = 108 — 7wz so v(z) = V(x,108 — wz) = %(108 — )
1 .. . 2
defined on {0, %} . Thus v’ (z) = %(2161’ — 3rz?) so critical points are z = 0, 7?

Compare values: v(0) =0, v (E> >0, wv <@> =0, so z = 72/7 must give the absolute maximum.
T T

19. The two equations are ¢ = y/2 — 1 and x = y?. We will minimize the square of the distance between a point (z1,y1) on the
line and a point (22, y2) on the parabola. Maximize f(y1,v2) = (y1/2 — 1 — y3)* + (y2 — y1)?. Take the first partials:

5
S (1, 92) = YL~ 1—y5 —2y> and
Jua (yh y2) = 4?!% — 2y1y2 + 6y2 — 2y1.

Set these equal to zero and solve to find the critical point at (y1, y2) = (5/8, 1/4). The minimal distance is therefore 3v/5/8.

Y
3

-2
20. (a) For each section the time is the distance divided by the rate and the hypotenuse is the altitude divided by the cosine of the
angle that is formed by the altitude and the hypotenuse. So
a b

vicosfy  wacosls’

T(61,02) =
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(b) We are minimizing time subject to the constraint that the horizontal separation is constant: a tan 6, + btanf2 = c. We

solve
asin 0 Aa

vicos2f;  cos? 0
bsin 0 b
Vg cos? Oy cos? 0>

atanf, + btanfs = c.

sin 601 V1

The first two equations immediately give the result: — = —.
sin 0o Vo
21. We are minimizing the square of the distance f(z,vy) = (z — 20)? + (y — yo)? subject to the constraint az + by = d. We

solve
2(x — x0) = aX
2(y — yo) = bA
ax + by = d.

Solving, we see that = = (a\ + 2x0)/2 and y = (bA + 2y0)/2 so substituting for = and y in the third equation (a® + b*)\ =
2(d — axzo — byo). Also substituting for x and y in f we see that

aX\>  (bAN® [a®+ b\ o a4+ b% [2(d—azo — byo)\’
ren=(5) + () = (S5 )= (™)

(d —axo — byo)2

a? + b2
. . . lazo + byo — d|
so the distance D is the square root of this: D = ——————.
qa A /a2 + b2

22. This is very similar to Exercise 21. Minimize the square of the distance f(z,y,2) = (z — 20)* + (¥ — y0)* + (2 — 20)?

subject to the constraint ax + by + cz = d. We solve

2(x — x0) = aX
2(y — yo) = bA
2(z — z0) = cA

ar + by +cz=d.

Solving, we see that © = (a\ + 220)/2,y = (bA + 2y0)/2 and z = (cA + 220) /2 so substituting for x, y and z in the fourth
equation (a® + b? 4+ c®)\ = 2(d — axo — byo — czo). Also substituting for z, y and z in f we see that

a? + 0%+ 2 5 (d—axo — byo —020)2

lazo 4+ byo + czo — d|
N

20y 2% = 2\
2a2yz? = 2y
202y%2 = 2\z

x2+y2+z2:a2.

so the distance D is the square root of this: D =

23. (a) We solve

If A = 0, then at least one of x, y and z is 0 and this corresponds to a minimum. If A # 0, we see that, at a critical point,

2?2 = y? = 2%, 50 32 = a? or 2? = a?/3. Therefore, at a critical point,

a2\ 48
faws = () = 5
(b) Inpart (a) we showed 2°y*2” < (a®/3)* = [(z* + y* + 27)/3]” and so this result follows immediately.
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(©)

(d)

24. (a)

(b)

(©

We make the appropriate adjustments to parts (a) and (b) and maximize f(x1,22,...,%,) = zix3 - x2 subject to
23 4+ 23 + - 4 22 = a®. Because, as in part (a), the case A = 0 corresponds to a minimum, we see that at a maximum
no z; is 0. So we solve

{ 2022322 o = 2y forl<i<n

2 2 2 2
i +x3+ -+ x, =a”.

At a maximum, 23 = 23 = --- = 2, so 7 = a®/n. Therefore, the maximum of f is (a*/n)". So we conclude that
xixs - xk < (a?/n)" = [(xF + x5 + -+ 22)/n]". The result follows immediately.

We found that f was maximized when 27 = 23 = - - - = 22 so, since here we are assuming ; > 0 for all i, the equality
holds when 1 = 22 = - -+ = xy,.

n

of & -
Do = Jz::l ag;w; + ; QikTi = Z(ajk + akj);

- et
99

= 2xy.
61’k Tk

Thus the Lagrange multiplier system is

Z(CL]‘1 + alj):cj = 2AZC1

J

Z(ajn + anj)zj; = 2 2y

J
2242 =1.

Because A is symmetric, ajr = ax; so the system becomes

Z 2a1jmj = 2)\131

J

Z2anjmj =2\,
J
4+ =1.

The first n equations come from V f = AV g and simplify to

E aij = >\x1
J

E AnjTj = ATnp.
J

Note that Y ax;jx; is the dot product of the kth row of A with x. So the n equations, taken together, express
J

Ax = Ax.
f(z1,...,2n) =x Ax = x" (Ax) (x is an eigenvector)
=Ax"x) = Ax - x
= AN = A1,

since x is assumed to be a unit vector.
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(b)
26. (a)
(b)

(©)
27. (a)

(b)

(©)

Section 4.4. Some Applications of Extrema 243

To set things up using Lagrange multipliers, we solve

2az + 2by = 2\x (a—=Nz+by=0
2bx 4+ 2cy =2 y &< br+(c—ANy=0
224yt =1 2+ =1.

In the last system, multiply the first equation by A — ¢ and the second by b, then add to obtain:
((@a= AN\ —¢)+b)z=0.

Now multiply the first equation by b and the second by A\ — a, then add to get:
b+ (A —a)(c—N)y=0.

Since 22 + y? = 1, we cannot have both z and y equal to 0. Thus

P+A—a)(c=N) =02 —(a+c)A+ac—b>=0.

Hence
(a+c) £ /(a+c)? —4(ac — b?)
A1, A = .
2
+ — )2 + 4b?
Rewriting, A1, A2 = (atc) (a=cp+ . (a — ¢)* + 4b* > 0 so the eigenvalues are always real.

2
M=X& (a—c)?+4* =0 a=cb=0s0 f(z,y) = a(z® + ¢°).
The eigenvalues are the max and min values of f on the circle. If both are positive, then f has a positive minimum on the
circle; hence f must be positive on the entire circle.
If both eigenvalues are negative, then f has a negative maximum on the circle—so f must be negative on the entire circle.

f(k:axl, ey kzxn) = Z az](kmz)(km]) = /(32 Z A5 TiT 5
i,j=1 4,j=1
Let u = x/||x|| when x # 0. Then u is a point on the unit hypersphere. If f has a positive minimum on the hypersphere,
then f must be positive on the entire hypersphere. Hence, for x # 0:

F(x) = f(ku) = k*f(u) >0 (k= ||x]).

The case where f has a negative maximum on the hypersphere is similar.

Clearly the converses of the results of part (b) hold (i.e., if f(x) > 0 for all x # 0, then f is positive on the hypersphere
...). From Exercise 24, the minimum value of f is the smallest eigenvalue of A. Thus the quadratic form is positive
definite & f(x) > 0 forall x # 0 < f is positive on the hypersphere <> the smallest eigenvalue of A is positive < all
eigenvalues are positive. (The negative definite result is similar.)
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