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PART 0

PROLOGUE



To be conscious that
you are ignorant is a great step
to knowledge.

BENJAMIN DISRAELI









































































































PAR'T @

FOUNDATIONS




The statement is so_frequently made

that the differential calculus deals with
continuous magnitude, and yet

an explanation of this continuity is
nowhere given;

even the most rnigorous expositions

of the differential calculus do not base
their proofs upon continuity but,

with more or less consciousness of the fact,
they either appeal to geometric notions
or those suggested by geometry,

or depend upon theorems which are never
established in a purely arithmetic manner.
Among these, for example,

belongs the above-mentioned theorem,
and a more careful investigation
convinced me that this theorem, or

any one equivalent to it, can be regarded
in some way as a sufficient basis

Jor infinitesimal analysis.

It then only remained to discover its true
origin in the elements of arithmetic

and thus at the same time

lo secure a real definition of

the essence of continuily.

[ succeeded Nov. 24, 1858, and

a few days afterward I communicated
the results

of iy meditations to my dear friend
Durége with whow I had a long

and lively discussion.

RICHARD DEDEKIND




























































































































































CHAPTER

PROVISIONAL DEFINITION

LIMITS

The concept of a hmit is surely the most important, and probably the most difficult
one in all of calculus. The goal of this chapter i1s the definition of limits, but we
are, once more, going to begin with a provisional definition; what we shall define
is not the word “limit” but the notion of a function approaching a limit.

The function f approaches the limit / near a, if we can make f(x) as close as we
like to / by requiring that x be sufficiently closc to, but unequal to, a.

Of the six functions graphed in Figure 1, only the first three approach / at a.
Notice that although g(a) is not defined, and h(a) is defined “the wrong way,” it
is still true that g and h approach / ncar a. This is because we explicitly ruled
out, in our definition, the necessity of ever considering the value of the function
at a—it 1s only nccessary that f(x) should be close to / for x close to a, but unequal
to a. We are simply not interested in the value of f(a), or even in the question of

whether f(a) is defined.

[+ f ] -

—

FIGURE |

One convenient way of picturing the assertion that f approaches [ near a is
provided by a method of drawing (unctions that was not mentioned m Chapter 4.
In this mecthod. we draw two straight Iines, each representing R, and arrows from
a pomnt x in one, to f(x) m the other. Figure 2 illustrates such a picture for two
different functions.
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98 Foundations

DEFINITION

The function f approaches the limit / near a, if we can make |f(x) —1| as
small as we like by requiring that |x — a| be sufficiently small, and x # a.

The second, more crucial, change was to note that making |f(x) —/| “as small as
we hke” means making | f(x) — /| < € for any € > 0 that happens to be given us:

The function f approaches the hmit / near a, if for every number ¢ > 0 we
can make | f(x) — /| < € by requiring that [x — a| be sufficiently small, and

X #a.

There i1s a common pattern to all the demonstrations about limits which we have
given. For each number ¢ > 0 we found some other positive number, § say, with
the property that if x # @ and |x —a| < §, then |f(x) — /] < . For the function
f(x) = xsinl/x (with a = 0,1 = 0), the number § was just the number &;
for f(x) = /|x|sin1/x, it was €% for f(x) = x2 it was the minimum of 1 and
e/Q2lal + 1). In general, it may not be at all clear how to find the number §,
given &, but 1t 1s the condition |x —a| < § which expresses how small “sufhciently”
small must be:

The function f approaches the limit / near a, if for every € > 0O there is some
8 > 0 such that, for all x,if |[x —a| < 6 and x # a, then |f(x) =] <e.

This 1s practically the definition we will adopt.  We will make only one trivial

change, noting that “|x — a] < 8 and x # a” can just as well be expressed “0 <
lx —al <6

The function f approaches the limit / near a means: for every € > 0O there
1s some § > 0 such that, for all x,if O < |x —a] <6, then |f(x) = 1| < &.

This definition 1s so important (everything we do from now on depends on it) that
proceeding any further without knowing it is hopeless. If necessary memorize it,
like a poem! That, at least, is better than stating it incorrectly; if you do this you
arc doomed to give incorrect proofs. A good exercise i giving correct proofs is to
review cvery fact already demonstrated about functions approaching hmits, giving
formal proofs of each. In most cases, this will merely mvolve a bit of rewording
to make the arguments conform to our formal definition  all the algebraic work
lias been done already. When proving that f does not approach I at a, be sure to
negate the definition correctly:

[f 1t 1s not true that

for every € > 0 there 1s some § > 0 such that, for all x,;1if 0 < |x —a| < 6,

then | f(x) =1 < ¢,

then



















































































































































PAR'T @

DERIVATIVES

AND
INTEGRALS



In 1604, at the height of

his scientific career, Galileo argued
that for a rectilinear motion

in which speed increases proportionally
to distance covered,

the law of motion should be

Just that (x = ¢t?)

which he had discovered

i the vestigation of falling bodies.
Between 1695 and 1700

not a single one of the monthly issues
of Lewpzig’s Acta Eruditorum was published
without articles of Leibniz,

the Bernoulli brothers

or the Marquis de 'Hépital treating,
with notation only slightly different from
that which we use today,

the most varied problems of
differential calculus, integral calculus
and the calculus of variations.

Thus in the space of almost precisely
one century

mfinitesimal calculus or,

as we now call it in English,

The Calculus,

the calculating tool par excellence,

had been forged:;

and nearly three centuries of

constant use have not completely dulled
this incomparable instrument.

NICHOLAS BOURBAKI















































































































































































































































































































































































































































































































































































































































































































































































































PART 9

INFINITE
SEQUENCES
AND
INFINITE
SERIES



One of the most remarkable series of
algebraic analysis is the following:

m m(m — 1)

1 + TX+ 13

m(m — l)m — 2)
1-2.3

mm — 1)+ [m—-@n-1)]

x2

X3+...

Xn

When m ts a positive whole number

the sum of the series,

which is then finite, can be expressed,

as is known, by (I + x).

When m 1s not an integer,

the series goes on to infinity, and it will
converge or diverge according

as the quantities

m and x have this or that value.

In this case, one writes the same equalily

(1+X)m=1+—rl§X

m(m — 1)

1-2
... 1t is assumed that
the numerical equality will always occur

whenever the series is convergent, but
this has never yet been proved.

X2+ - - - elc.

NIELS HENRIK ABEL



























































































































































































































































































































































































































































































































PAR'T @

EPILOGUE




There was a most ingentous Architect
who had contrived a new Method

Jfor building Houses,

by beginning at the Roof, and working
downwards to the Foundation.

JONATHAN SWIFT

















































































SUGGESTED
READING

A man ought to read

Just as inclination leads him;
Jor what he reads as a task
will do hum little good.

SAMUEL JOHNSON
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