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PREFACE

This monograph is essentially a compilation of a series of lectures given
by the author to the Piezoelectric Crystal Device Department of Bell Tele-
phone Laboratories at the invitation of Dr. W. J. Spencer. The lectures
were given, between March 1965 and April 1966, in order to acquaint the
people in the department with the very relevant theoretical techniques that
had been developed and systematically employed by Prof. R. D. Mindlin
of Columbia University during the preceding fifteen years. The lectures
appear to have been somewhat successful in that a number of people who
attended them and had been unfamiliar with the viewpoints and techniques
before have been using them since.

Although most of Prof. Mindlin’s work was on the vibrations of
elastic plates, this monograph is concerned with the vibrations of piezo-
electric plates. In addition, the basic differential equations and boundary
conditions governing the behavior of the linear, piezoelectric continuum
are developed systematically from fundamental continuum concepts. The
field-theoretic viewpoint adopted is quite different from the lumped-circuit
attitude prevalent in existing works on this subject. This treatment is more
akin to certain treatments of the linear theory of elastic waves and vibra-
tions available in the current literature. During the period in which the
lectures were being delivered the monolithic crystal filter was discovered
by R. A. Sykes and W. D. Beaver.* As a consequence, the theory presented
was applied to the analysis of such a structure at a very early stage in its
development. '

It is intended that this monograph can be used as a nucleus for a gra-
duate course or a seminar in piezoelectric vibration theory. It is also felt
that it can be read, with some effort, by a reasonably competent individual
knowing something about the rudiments of elasticity and electromagnetism,
and that this effort can enable him to engage in timely research in this
field.

The author would like to take this opportunity to thank W. J. Spencer
for suggesting that the lectures be given, for constant encouragement, and

* Work on the same type of structure was done by Prof. M. Onoe at the Institute of
Industrial Science of the University of Tokyo.
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for indispensable help with the preparation of a preliminary version of this
monograph; A. H. Meitzler and J. H. Rowen for their support and en-
couragement throughout; and all those who attended the lectures for their
time, effort, and patience. I wish to thank Mrs. E. Jenkins for doing a
magnificent typing job on the final version of this manuscript under very
trying circumstances. I also wish to thank Prof. J. L. Bleustein of Yale
University for some useful comments and for providing a list of corrections
to the preliminary version of this monograph. The author, of course, takes
full responsibility for any errors and inadequacies that remain.

H.F.T.
Murray Hill, New Jersey
July 1968
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INTRODUCTION

The small vibrations of piezoelectric bodies are governed by the equa-
tions of the linear theory of piezoelectricity. In piezoelectricity the quasi-
static electric field is coupled to the dynamic mechanical motion. To be
more specific, the equations of linear elasticity are coupled to the charge
equation of electrostatics by means of the piezoelectric constants. The
equations of piezoelectricity have been available and used since the days
of Voigt (1). Although there are a reasonable number of books on piezo-
electricity currently available (*3), they are all written from different prac-
tical points of view, and use the theory sporadically without a systematic
development. In fact, a systematic derivation of the equations and relevant
boundary conditions appears to be virtually nonexistent in the open liter-
ature, with the exception of the work of Mindlin (?), which is very brief.
Moreover, all the existing texts discuss the piezoelectric vibrations of bodies
only in the simplest cases of the one-wave thickness vibrations and the
extremely low-frequency extensional and flexural vibrations of thin rods.
In addition, considerations of large piezoelectric coupling are completely
absent in texts on this subject except for discussions of the simplest cases
of elementary thickness vibrations. However, during the past two decades
techniques for the solution of more complicated piezoelectric plate vibration
problems have been developed and employed, and appear in the current
research literature, although not in the texts on the subject. Although there
are a number of such methods, the technique that has been most used and
the one that seems most fruitful to this author is the one resulting from the
investigations of Prof. R. D. Mindlin of Columbia University and some of
his students. Even though Prof. Mindlin has written a very valuable mono-
graph (®) on the vibrations of elastic plates which appeared as a Signal
Corps report, it was never published as a book. As a consequence, it is,
unfortunately, not readily available, and some acquaintance with much of
its contents is essential to an understanding of much of the current literature
on this subject. Hence it seems advisable at this time to prepare for publica-
tion the present rather brief monograph, which originated as a series of
lectures given by the author within Bell Telephone Laboratories at the
request of W. J. Spencer, and which includes some very relevant material
(and ideas) that appear (in greater detail) in the Signal Corps monograph

xiii



Xiv Introduction

by Mindlin. However, it should be noted that the material presented here
includes the piezoelectric interaction, whereas Mindlin’s monograph was
devoted to the vibrations of purely elastic plates. In addition, linear piezo-
electric theory is developed in some detail and some space is devoted to a
discussion of approximation techniques other than the ones considered by
Mindlin in his monograph.

The material presented can broadly be separated into four categories:

1. The development of the three-dimensional linear differential equa-
tions and appropriate boundary condition.

2. Solution of pertinent three-dimensional standing wave problems,
which can be solved and serve as the basis of the approximation techniques.

3. The approximation techniques.

4. Applications to practical problems.

In developing the three-dimensional theory, the mechanical concepts
of infinitesimal deformation and stress are presented in some detail, but
the electrical discussion proceeds from Maxwell’s equations, which are
assumed to be known. However, the quasistatic electric field equations,
which are used in linear piezoelectric theory, are obtained from Maxwell’s
equations, and the attendant assumptions and limitations are carefully
delineated. The degenerate form of the Poynting vector for the quasistatic
electric field and the conditions for its validity appear naturally in the course
of the derivation. At this point it should be noted that the importance of
the word linear appearing in the title of this monograph cannot be over-
emphasized. The assumption of linearity is far-reaching and obscures much
interesting physical detail which is of no importance for the type of small
vibrations being described. As a consequence of this assumption, con-
sideration of such things as electric body forces and couples and the distinc-
tion between the final and initial position are omitted, along with a number
of other related things. Almost all of the equations presented rest, in one
way or another, on this assumption of linearity, and if a situation is to be
described in which nonlinear effects are present, the entire description pre-
sented in this monograph must be abandoned and the appropriate invariant,
nonlinear description derived. Important results concerning the nonlinear
theory have been presented by Toupin (%), but are not needed or included
in this monograph. A derivation of Hamilton’s variational principle for
the linear piezoelectric continuum is included, since it is needed for a number
of the approximate techniques.

The three-dimensional problems that are presented, which are extremely
important for the approximate techniques of vibration analysis developed
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later, are the thickness vibrations of piezoelectric plates and two-dimensional
standing eigenwaves in plates, which, fortunately, are problems that can be
solved exactly in the framework of the three-dimensional theory. If all the
vibration problems could be solved exactly within the framework of the
three-dimensional theory, there would be no need for approximation tech-
nique. However, this is not the case, and approximation techniques are
almost always required in any real physical problem.

The approximation techniques that are developed are not perturbation
techniques in any sense. Actually, three techniques are discussed. Two of
these take modal solutions of the three-dimensional equations just men-
tioned ; these solutions satisfy the differential equations and boundary con-
ditions on the major surfaces of the plate exactly, and a number of such
solutions are summed so as to satisfy the remaining boundary conditions
on the minor surfaces approximately, using either the variational formula-
tion or the method of least squares. The third technique, which is consider-
ed to be most fruitful and is concentrated on most heavily, is somewhat
different in philosophy from the other two, in that the variational formula-
tion is used to construct a system of approximate two-dimensional plate
equations, which may then be solved exactly in some instances in which
the three-dimensional equations cannot. This latter procedure originated
with Poisson, Cauchy, and Kirchhoff in the development of the classical
theory of elastic plates, and has been developed most extensively by Mindlin.
A great deal of present research in the area of piezoelectric plate vibrations
uses these approximate equations. In this monograph a further simplifica-
tion in these equations is introduced, and the more tractable thickness-shear
approximation is obtained along with the appropriate edge conditions in a
manner exhibiting the natural limitations inherent in the approximation.
However, these latter equations turn out to be extremely accurate in the
frequency range of most practical interest, i.e., in the vicinity of the thick-
ness-shear frequency.

These equations are applied in the description of the steady-state forced
vibrations of a monolithic crystal structure. Structures of this type show
great promise of significantly furthering the crystal filter art, and, indeed,
have been fabricated and used and are already available commercially.
Another area of application of these approximate procedures is in the design
of AT cut quartz resonators and thickness-shear resonators using high
coupling materials.



Chapter 1

ELEMENTS OF VECTOR
AND TENSOR NOTATION

1. CARTESIAN COORDINATE TRANSFORMATIONS

Consider the orthogonal coordinate system with axes x;, x,, and x,
shown in Fig. 1. The base vectors are e; (i = 1, 2, 3), where |e;| = 1. Clearly,
the vector r may be written

I = e;X; = e.X; + €,X, + e;x;, (1.1)
and since the coordinate system is orthogonal,
e;-e; = 0;, 1.2)
where d;; is the Kronecker delta defined by
d; =1 if i=j (L.3)
=0 if i#]j,

and we have introduced the summation convention (?) for repeated indices.

/
)(2
\

Fig. 1. Rectangular Cartesian coordinate axes.
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2 Elements of Vector and Tensor Notation [Ch. 1

A vector is an invariant quantity, i.e., it is independent of the frame of
reference in which its components are measured; this is why it is useful
for the description of physical phenomena. Consider another orthogonal
coordinate system x;' (shown dotted in Fig. 1). Then we may write

r = el'xl’ = €;X;* (1.4)

Remembering that e;-e; = §;; and e, -e,’ = d;,, upon dotting e, into

both sides of (1.4) we obtain x,,’ =e,'-ex;. Let a,; = e, -¢;; then
xm’ = ApiXi, (15)

which is the transformation law for the components of a first rank tensor.
Similarly, we have
x; = ayx;, (1.6)

which is the transformation law going the other way. Note the placement
of the indices in (1.5) and (1.6). Since r = (r-e;)e;, and r can be ¢;', we
have

e = (e;'-e)e;,
from which we obtain

en e = (e/-e))e, -¢;,
which with the definition of a,;, (1.2), and (1.4) yields

a1i8mi = Opm- 1.7

Similarly, we obtain
apa; = 61’]’- (18)

Equations (1.7) and (1.8) are the orthogonality relations, which tell us that
the transformation from one orthogonal coordinate system to another is
orthogonal.

Since det d;; = 1 and the determinant of a matrix product is equal to
the product of the determinants, we must have

det ay; = |ay| = £ 1. 1.9)

Proper rotations have det a;; = + 1, and improper rotations — 1. Inver-
sion and reflection operations give improper rotations.
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2. VECTORIAL OPERATIONS
AND INTEGRAL THEOREMS

According to any text on vector and/or tensor analysis, the scalar
product of any two vectors A and B may be written

A-B = Aiei°Bjej = A,,;Bi. (1.10)
Similarly, the vector product may be written
AXB =A,-ei><Bjej =AiBje,-><ej, (1.11)

and we may write
e@-><ej = €i1C% > (1.12)

where e, is the three-dimensional skew-symmetric tensor or Levi-Civita
symbol defined by

e =+ 1 if ijk is a cyclic permutation of 1, 2, 3
0 if any two indices are equal (1.13)

=—1 if ijk is an anticyclic permutation,

in any coordinate system; hence e;; does not transform as a tensor under
improper transformations. Substituting from (1.12) into (1.11), we obtain

AXB = eijkA@-B]-ek = ekiinB]-ek ) (1.14)

which shows that A X B is not a true (polar) vector. In other words, (1.14)
shows that A x B behaves as a vector under proper rotations, but not under
improper rotations. It is the vectorial representation of an antisymmetric
second rank tensor in three-dimensional space. It is very useful in 3-space,
but not in spaces of higher dimensions. It is called a dual, oriented, or
relative quantity by mathematicians, and either an axial or pseudo vector
by physicists.

Texts on vector and tensor analysis define the spatial differential opera-
tor 7 by

0 0 0 d

V=g =gt ey, T o

(1.15)

Then we may write the gradient of a scalar ¢ in the form

Vp =e 0p/dx; =ewp;, (1.16)



4 Elements of Vector and Tensor Notation [Ch. 1

where the comma followed by an index denotes differentiation with respect
to the space coordinate x;. Clearly, we may write the divergence and curl
of a vector A in the forms

V-A=04,/0x;,=4,;, (1.17)
VXA = (e; 0/0x;)) X e, 4y, = e; X Ay ; = ez 4y, ;- (1.18)

There exist the following integral theorems, which we write in both vector
and Cartesian tensor notation

fs n-Ads = fVV.A av, (1.19a)
fs nd; ds = fVAM- dv, (1.195)
A-dr :f n-(F xA)ds, (1.20a)
Agdx; = [ megdy ;ds, (1.205)

where S denotes a closed surface enclosing a volume ¥, and ¢ a closed
curve enclosing an open area s.

3. DYADICS AND HIGHER RANK TENSORS

Let A = A4,e; and B = Bje;. Form the outer product P = AB (no dot,
no cross), i.e.,

P=AB = A,,:e,,;Bjej = eiA,,;Bjej = eiPijej' (1.21)

The symbol P represents a dyadic or second rank tensor, and P;; are its
nine components in a rectangular Cartesian coordinate system. A dyadic
(second rank tensor) is an invariant just like a vector (first rank tensor)
and scalar (zero rank tensor). Consequently, from (1.21) we have

P= eiPijej = el’Pl/mem’ . (1.22)

from which we may obtain the transformation law for the components of
second rank tensors by successively dotting both sides of (1.22) with primed
base vectors as we did in obtaining (1.5) for the transformation of the
components of vectors. The resulting transformation laws for second rank
tensors corresponding to (1.5) and (1.6) for vectors are
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Pl = aya,;P;5, (1.23)
Pij = aliam,-Pim. (1.24)

In a similar way we may form triads or third rank tensors and tetrads or
fourth rank tensors, and so on. The transformation law always turns out
to be of the form

imnayﬁ... = aliamjankaataysaﬂr...H ijktsr... - (1.25)

In Cartesian tensor notation we simply write the components and ignore
the base vectors.

4. PROPERTIES OF ANTISYMMETRIC
SECOND RANK TENSORS

We will now show that there is a one-to-one correspondence between
an antisymmetric second rank polar tensor and an axial vector. Consider
w;;(w = e;w,e;), where

wi; = — wj(w = — wT). (1.26)

Clearly there are three independent components, i.e., the number of inde-
pendent components possessed by a vector in 3-space. Form the vector £
from the tensor w by

Q, = %eijkwjk s (1.27)

and § = e;Q2, is an axial vector, whereas w is a polar tensor (dyadic).
Note that

. 1
O = Cimf2; = Yeimeis , (1.28)

since we have the well-known tensor identity between the Levi-Civita and
Kronecker symbols

€im€ijt = 010mr — Opp0m;. (1.29)
Consider the polar vector v =w-r. Then
Vi = WyX; = ekij.Qka = eiijij » (1.300)

and
V=w-r=rx. (1.305)



6 Elements of Vector and Tensor Notation [Ch. 1

5. PROPERTIES OF SYMMETRIC
SECOND RANK TENSORS

Let us now determine the eigenvalues and eigenvectors of a symmetric
matrix. Consider S;;(S = e;5;;e;), where

S,;j - Sji(S = ST) (131)

Consider S operating on r to form v, where v is any other vector. Then
we have
v=S-r v; = %5 - (132)

Now ask whether there are directions whereby v = S-r is in the direction r.
This may be stated mathematically by writing v = Ar, where 1 is a scalar
multiplier. Then from (1.32) we have

Si]-xj = in N (133)
and
(S,,;j - Z(Sij)x_,- =0 ) (1'34)

which can have nontrivial solutions only if the determinant of the coefficients
of x; vanishes, i.e., if

1S — A8;] =0. (1.35)

Equation (1.35) is a cubic equation and yields 3 A’s. Each A® (n =1, 2, 3)
determines amplitude ratios x{". Let A denote the complex conjugate
of A™ and % denote the complex conjugate of x{. Taking the complex
conjugate of (1.33) for A™, i.e., of Syx{™ = AWx™, we get

P P —
Syx{ = Amxm | (1.36)
or
§iji§") = Amgm (1.37)
Form
X.:_n) Sijx_(jn) — x%n) S"U;é;n) — (A(n) — A(n))xgn)ﬂn) ,
and

x%n)Sijx-(in) — x(in)Sijx;'n) —_ (l(n) - l(n))xgn)i(in) =0 , (138)

where we have used (1.31), (1.33), and (1.37) in obtaining (1.38). Since
XMW is real, A® = A™ and A™ is real. Thus x{ is real, since it is



Sec. 5] Properties of Symmetric Second Rank Tensors 7

determined from linear equations which contain only real quantities. Now
assume all A™ distinct (no degeneracy). Normalize x{™ so that X x{» =1,
i.e., x{Mx™ = N%, and %" = x{™/N,,. The e;X{" are eigenvectors, one
eigenvector for each value of n. Thus there are three eigenvectors. We can
write the X (n =1, 2, 3; j =1, 2, 3) as X,; and consider them as a 3x3
array which is a transformation. We will now show that for distinct A™
the eigenvectors e;X{” are mutually orthogonal, or what is the same thing,
that the transformation given by the X,; is orthogonal. To this end, we
write the eigenvalue equation for two distinct values of n = I,m,

S;XP = AWED (1.39a)
SyXm = Amigm (1.395)
and form

x-%m)sﬁx}(l) — x;l)sij)-c;m) — (l(l) — l(m))ﬁl)x‘ém) ,

from which with (1.31) we have

(A — Am))xDxm — Q. (1.40)

Since A £ A and x¥Wx™ =1, from (1.40) we have x{Pxm = §,,,
and the eigenvectors are orthogonal; thus X;;X,,; = 0y, , and the transforma-
tion is orthogonal. Let us now transform the S;; to the particular orthogonal
coordinate system which is composed of the aforementioned eigenvectors.
It is clear that we may do this by writing

Sim = X1:¥mSi3
but from (1.395) we have
-’?ijij — Sij-’?_;‘M) — l(m)jém)

so that

Sl’m — xlil(m)xgm) — _ﬂl)l(m)x&m) —_— l(m)alm' (141)
From (1.41) it is clear that in the coordinate system composed of the eigen-
vectors the S matrix is diagonal, and the diagonal values are equal to the
eigenvalues. In the case of a degeneracy it turns out that the eigenvectors
are not unique but may be selected to be orthogonal. For a discussion of

the degenerate case when two or even all three of the eigenvalues are equal
see (%), Section 72.
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6. LAGRANGIAN UNDETERMINED MULTIPLIERS

We will now consider the stationary value of a function F(x;) = F(x, ,
Xy, X3). For a stationary value of F at P we have

dF = (0F|0x;) |p dx; = 0. (1.42)
Since all dx; are arbitrary, we have the three independent conditions
(0F[0x) |p = 0. (1.43)

However, suppose we want F to be stationary but the variables x; are not
independent and satisfy an additional relation of the form

g(x) =c. (1.44)

Now we cannot have (0F/0x;) |p = 0, since all the dx; are no longer ar-
bitrary. Nevertheless, we can solve (1.44) for any one of the x; in terms
of the other two, and then make F(x,) stationary with respect to the other
two. However, this is a cumbersome and unnecessarily selective and asym-
metric procedure. However, by taking the total differential of (1.44) and
solving for any one of the dx; in terms of the other two and substituting
in (1.42), it can be shown that we can proceed in a more symmetric and
less cumbersome manner by introducing an unknown scalar multiplier A
and forming

OF _, 0p

dF—ldg=(ax_ u

) dx; = 0. (1.45)
This procedure can also be viewed as selecting A so that any one of the
terms in parentheses vanishes. Then the other two dx, are independent,
and the coefficients can be equated to zero independently. We can find the
additional unknown A from the condition (1.44). Thus we can obtain a
stationary value of F, subject to (1.44), by making

H=F—Xg—c¢) (1.46)

stationary and allowing all dx; to be arbitrary.
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ELEMENTS OF THE LINEAR THEORY
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Chapter 2
MECHANICAL CONSIDERATIONS

1. DEFINITION OF THE FIELD VARIABLES
AND THE CONSERVATION EQUATIONS

In a mechanical continuum two distinct types of forces act, body
forces f and contact forces t. The body forces arise as a result of some
distant action. They are long-range forces. The contact forces arise as a
result of the contact of adjacent elements of a body. Macroscopically
speaking, they are surface forces. Microscopically, they are caused by very
short-range near-neighbor interactions between adjacent microscopic ele-
ments. The body force exerted by electric or magnetic fields will be neglected
below. We will also neglect body-couples and surface-couples as well. The
quantities being neglected can be shown to be very small in the linear theory
with which we will be concerned.

The traction vector t(n) is defined as the force per unit area acting on
a surface, usually exerted by a neighboring surface, and is shown in Fig. 2.
The body force f is applied and has the units of force per unit volume.
An example is gravity. The mechanical linear momentum of a continuum
is given by gv, where p is the mass density and v denotes the velocity of a
point. Both f and pv are volumetric quantities, and are shown applied to
an arbitrary point of a continuum in Fig. 2.

The motion of an arbitrary portion of a continuum is governed by the
following conservation equations:

Mass
(d/dt) fvg dv =0. 2.1)
Linear momentum
f L t@) ds + f Lav = djdr) f evdv. 2.2)
Angular momentum
fsrxt(n) ds + jvrxde:(d/dt)f rxovdV. 2.3)

1
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t(n)

0

Fig. 2. An arbitrary material volume element in motion.

In (2.1)-(2.3) d/dt denotes the material derivative, but as we shall see
shortly, such considerations are of no importance in the linear theory.

2. THE STRESS TENSOR

Applying (2.2) to the elementary tetrahedron shown in Fig. 3 and
taking the limit as the volume approaches zero, i.e., as h — 0, we obtain

3
t@) A4S, + 3 t(— e;) AS; + h (f— Q%v) A4S, = 0.
=1

VOL = %hAsn

Asi = ni ASn

Fig. 3. Elementary tetrahedron.
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Then substituting 4S; = n; A4S, (Fig. 3) and taking the limit as 2 — 0,
we find

3
t) + X t(— e)n; =0. 2.4)
i=1
Considering n = (1, 0, 0) as a limit of (2.4), we find
t(e,) + t(—¢) =0, t(e,) = —t(—ey).
If we consider the other two perpendicular surfaces, we get
t(e;) = —t(—e)). 2.5)

Substituting from (2.5) into (2.4), we find

tn) = § nit(e;) = n;t(e;) = nye;-e;t(e;) = n-et(e;). (2.6)

=1

As we have seen, the quantity e;t(e;) is a dyadic or second rank tensor, and
hereafter will be denoted by = or T, i.e.,

T = et(e;), 2.7
and from (2.7) and (2.6)
t(n) =n-t. (2.8)

From Fig. 3 it is clear that the component representation of the vector t
may be written

t(n) = Ty;€;. (2.9)

Consequently,
t(ei) = T;€;, (2.10)

where the subscript 7 indicates the surface on which t acts and j indicates
the direction in which t acts. Finally,

T = e;t(e;) = e;7;;. 2.11)
We may also write the vector t{(n) in the form

t(n) = t;(n)e; = te;. (2.12)
Clearly, from (2.9) and (2.12) we have

= tj(n) =Tnjs (2.13)
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and from (2.8), (2.11), and (2.12) we have
1e; = ne;-e;T;6; = n;T;e;, (2.14)
so that in Cartesian tensor component form we have
t; = n;Ty. (2.15)

From (1.23) and (1.24) we know that the components of the tensor < trans-
form according to the formulae

' '
Tkl = QgiQ1Ty5 and Tij = QpQTgg- (216)

3. THE STRESS EQUATIONS OF MOTION

Substituting from (2.8) into the equation of the conservation of linear
momentum (2.2) and applying the divergence theorem, we obtain

fVV--r dv + fo dv = fvg(dv/dt) v,
from which, since V is arbitrary, we find
V-x+1f=pdv/dt, (2.17a)

which are the stress equations of motion. In Cartesian component form
we have

Tij.i +f; =0 de/dt. (217b)
Rewriting (2.3) in component form and substituting from (2.15), we obtain
[ ez dS + [ ewlxifs — xie(dvs/dt) — evws] dV = 0. (2.18)

Using the divergence theorem in (2.18), we find

dv;
fv em;-m(n;-,i +fi— Q—‘#) dv + fvekﬂxl‘i-cij dv =0.

Since x;; = d;; and V is arbitrary and we have (2.17b), we may write
ety =0, (2.19)
from which we may conclude that
Ty =T, (2.20)

and the stress tensor is symmetric.
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We now introduce the first linearizing approximation,

dv, ov;, O*u;
R a2

where u is the mechanical displacement of a material point. The stress
equations of motion (2.17) now take the component form

.. 3 equations
Tii.i T J5 = 0l (9 variables)' (2.22)
From (2.11) we obtain
Ty — €T €, (2.23)
and in particular
Thyw = €T €,  k no sum (2.24)

(the parentheses mean no sum), where e; and e; denote mutually orthogonal
unit vectors referred to a particular Cartesian coordinate system.

Let n denote a unit vector normal to a surface (any surface). Then
from (2.24)

Ty = N-TD = NT0;, (2.25)

and 7, , represents the component of the traction vector on that surface,
normal to that surface.

4. THE NATURE OF THE STRESS TENSOR

It is natural to ask the question: For a given stress tensor referred to
a specific Cartesian coordinate system, are there surfaces with normal n
on which the normal component of stress 7, is locally a maximum or
a minimum, and if so, where are they? To answer this, we try to find orien-
tations n for which 7, is stationary, subject to the constraint n-n = 1.
From our discussion of Lagrangian multipliers it is clear that we proceed
by forming the function

f=ngyn; — Ann; — 1), (2.26)
and making f stationary for arbitrary dny, i.e.,

of = (0f/on;) dm, =0, 2.27)
so that
aflon, =0 (2.28)
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are the conditions. Now, since we must regard the n; as independent,
we have
ani/ank = 61;]‘,. (229)

Hence from (2.26), (2.28), and (2.29) we find

OuTiiny + niTi05 — Andy + Ony) =0

(2.30)
Ty + nvg — 2Anm, =0,
and from (2.20) and (2.30) we obtain
Tril; — an; (2.31)

but (2.31) is just the eigenvalue equation for a symmetric matrix, and we
already know all the results. There are three real eigenvalues, and three
mutually orthogonal eigenvectors which form a triad, and the symmetric
tensor is diagonal and is equal to the eigenvalues when referred to this
triad. Therefore we can immediately conclude that there are three mutually
orthogonal planes on which the normal stress is locally a maximum or
minimum, and all shear stresses are zero on these planes. Moreover, the
eigenvalues of this problem are the locally extreme values of the stresses.



Chapter 3
INFINITESIMAL DEFORMATION THEORY

1. THE INFINITESIMAL DISPLACEMENT FIELD

Consider a line element df which moves in such a manner that it
rotates and extends (or contracts) to dr as shown in Fig. 4. From Fig. 4
it is clear that

di =1 — 1, dt =r*—rt, 3.1

f—f=ul, 22— =u, (3.2)

0

Fig. 4. Deformation of an arbitrary line element.

17
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and from (3.1) and (3.2) we have
dr — dr = u? — ul. 3.3)

Let u? — u! = du, where u is the displacement field. Then from (3.3) we
have

du =dr — dr,
or
dr = di + du. 34

When the deformation is infinitesimal we may assume that

r~#¢, (3.5)
|0ui/0x,] <1, (3.6)

which means that u is very small and that products of components of the
displacement gradients are negligible compared to the components of the
displacement gradients themselves.
Expand u in a Taylor’s series:
ou;

1
7x, dx; + h.o.t. (3.7a)

u? = u +

where the higher order terms (h.o.t.) are negligible, or, vectorially,
w=u+d-Vu=u+ df-l?u, (3.7b)

where 7 =V because of the assumption given by (3.5), i.e., because
Eulerian and Lagrangian coordinates are equivalent. Thus, since the infini-
tesimal strain assumptions have already been made, we can no longer
distinguish between the final and the initial positions. This is a far-reaching
assumption and obscures much important detail, but it is perfectly all right
for the type of linear theory in which we are interested. Almost all of the
simplified treatment which will be presented rests on this assumption. If
this assumption is removed, the mathematics becomes much more involved.
From (3.76) and the definition of du we have

du; = (0u;/0x;) dx;, (3.8a)

or
du = dr-Vu. (3.8)
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Since du;/0x; is a second rank tensor with nine terms, we can decompose
it into its symmetric and antisymmetric parts. Thus let

Sy =3¥ui; +u;5), S=31Vu+ul), (3.9)
where ul = (Pu)transeose and

wi =30 —ui;), w=3iFu—ubl). (3.10)
Then, adding (3.9) and (3.10), we obtain

u; = Si; + wji, (3.11a)

or
Pu=S+ow, (3.11b)

and
du=dr-S + dr-w,

dui = Sij dx]' + Wj; de.

Since w;; is an antisymmetric second rank tensor, according to (1.28) it
may be written

wi; = + e %%, 3.12)
where & is an axial vector, and according to (1.27) we have

Q; = + ley0;5. (3.13)
Moreover, from (3.10) and (3.13) we have

2, = Yeyu;;, (3.14a)

or
Q =V xu. (3.14d)

2. THE NATURE OF AN INFINITESIMAL
DEFORMATION
From (3.4) and (3.8b) we have
dr =dt + di-Vu=di- 1+ Vu), (3.15aq)
where I = e;0;;¢; = e;e;, or

dx; = diy(8;; + u; ;) , (3-15b)
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and from (3.11a) and (3.15b) we obtain

dx; = dx; (05 + Sy — wy). (3.16)
Let
Ty =0 + Sy — wyy, G.17)

and regard T; as a linear transformation which transforms df to dr. Further,
let

Ry = 5ik - a’ik (3-18)
and
Lik == 61;76 + Sik‘ (3.19)
Then from (3.17)-(3.19)
Ti; = RyLjy

since by (3.9), (3.10), and (3.6) w and S are infinitesimal, and products
of components are negligible. Thus we now have two infinitesimal transfor-
mations R and L operating successively in transforming 4t to dr.

Now, the square of the length of any arbitrary line element before the
deformation is given by

102 = d)oC] d)%] N

and the square of the length of the corresponding element after the defor-
mation is given by
2= dxi dxi.

Let us compute /2 using (3.16). Thus

dx; dx; = dx; (0;5 + Sij — wy;) dXp (O + Sax — wix)
= d)%] d)oCk (5_7]9 + 2S]k) N (3.20)

since S and w are infinitesimal and  is antisymmetric.
Consider a deformation in which the Sy = 0. Then from (3.20) we
have

dx,— dxi = d)oC] dij ,

or I2 = ]2, and the length of any element does not change. Therefore, since
the length of any element does not change under a deformation consisting
of an w only (S = 0), w must correspond to a pure infinitesimal rotation.
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It is interesting to note that from (3.4), (3.16), and (3.12) we may
write

du,; = dx,— - di, = Si]' di] + e,-kj.Qk d)%, , (3.210)
or
du = dr — di = S-di + QX dF, (3.21d)

where £ is given by (3.14b). Therefore the infinitesimal change in displace-
ment between the ends of any differential line element consists of a portion
which produces a change in length and another portion which does not
produce any change in length, and corresponds to a pure rotation. It is
important to note that whereas the rotational deformation w (or £) cannot
change the length of any element, the extensional deformation S can (and
generally does) rotate almost all differential line elements df issuing from
a point. The difference is that the rotation w rotates every element by the
same amount, i.e., rigidly, while the strain S rotates different elements
different amounts, i.e., nonrigidly. The off-diagonal terms of S do the
rotating.

Let us ask if for a given deformation (u; ;) referred to a specific Car-
tesian coordinate system, out of all differential elements issuing from a
point, having the same initial length /,, are there any elements which
locally have a maximum or minimum final length, and if so, where are
they? To answer this question, we maximize the final length (or the square)
dx; dx; , subject to the constraint that the initial length (or rather the square)
is equal to a constant, i.e., dx; dx; = ;2. We know that we may proceed
by forming the function

G =dx;dx; — Mdx; dx; — 1,?), (3.22)
and making G stationary for arbitrary dx;, i.e.,

G ..
0G = —am 5(dxm) = 0,

so that
0G|o(dx,) =0 (3.23)

are the conditions. Substituting from (3.20) into (3.22), we obtain
G = (O + 28y) dx; dXy, — A(dx; dX; — 1p?). (3.24)
Since we must regard the d%; as independent, we have

B(d%;)/0(d%p) = Sjm » (3.25)
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and from (3.23) and (3.24), with (3.25), we obtain

oG
0(d)

= (05 + 25;z)(Ojm ARy + Opp, dX;) — 240, d%; =0
= (Opz + 2Su) A% + (Ojm + 28j) d%; — 24 d%,, =0; (3.26)
but 6,,; + 2S,; = 0 + 28;,, and

(O + 2Sp) dXy = (Opj + 2Sy;) dX;. 3.27)
Hence from (3.26) and (3.27) we have

(amj + 2Sm]) d)'&_, = l d)"cm >

or

Sy d% = YA — 1) di,, = A di,,. (3.28)

Again, we see that this is just the eigenvalue equation for a symmetric
matrix S,,;, and we know all the results.

Therefore we can immediately conclude that there are three mutually
orthogonal directions dx{® along which the change in length is locally a
maximum or minimum, and consequently, the extensional strain is locally
a maximum or minimum along these same mutually orthogonal directions.
Moreover, from our knowledge of the solution of the eigenvalue problem
it is clear that when the S tensor is referred to the eigenvector triad, the
off-diagonal (or shear) strains vanish. Thus in this coordinate system we
may write

Si; = S 0y, (3.29)
where S;, = A'®, and from (3.16) and (3.29) we have

dx; =dx; (0;; + S 0i; — wy)

(3.30)
dxi == (l + S(i)) d)uCz - wi]‘ d)%]

Now we consider only the three line elements which coincide with the axes
of the eigenvector triad. In order to keep track of the three elements, let
us denote which element we are considering by an m, i.e., instead of dx;
we have dx{™. Then substituting from (3.12) into (3.30), we obtain

dx{™ = (1 + S(i)) d¥™ + ey di™ . (3-31)

Since we are considering only those elements lying along the axes of the
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eigenvector triad, we may write
dx{™ = Op;ly (3.32)
and substituting from (3.32) into (3.31), we have

dxi™ = (1 4+ Si))0milo + €31 24Omjlo

(3.33)
dx{™ = [(1 + Sen)0mi + €irmello-
Multiplying (3.33) by e; and summing over i, we obtain
dr'™ = [(1 + Sim))em + €iCumSillo s
[( ( )) kmy k]o (334)
drm = [(1 + S(m))em + ek*Qkxem]IO'
Since e, /, = di™, from (3.34) we find
dr™ = (1 4 Sn)) dF™ + Qx di™ | (3.35)

from which it is clear that the strain deformation S does not rotate the
eigenvectors of the strain tensor, it simply elongates (or contracts) them,
and that each eigenvector is rotated through the same infinitesimal angle .
Since the eigenvectors are orthogonal before the deformation and rotate
through the same angle, they remain orthogonal during the deformation.
Thus it is clear that an arbitrary infinitesimal deformation consists of a small
translation u of a point, a rotation of three mutually perpendicular lines
through the point, and an extension or contraction of these lines.

3. INFINITESIMAL VOLUME CHANGE

We will now determine the expression for an infinitesimal change in
volume. The most expedient way of doing this is to consider the mutually
orthogonal eigenvectors of the strain tensor S. These vectors are orthogonal
before the deformation and remain orthogonal during the deformation.
They are simply rotated rigidly by £ and extended (or contracted) by S.
The rectangular volume enclosed by these vectors before the deformation
is [(®), Section 19]

dVy = di'V-di'® x di'® . (3.36)

The corresponding volume enclosed by the same vectors after the defor-
mation is

dV = drV.dr® x dr'®. (3.37)
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Substituting from (3.35) into (3.37), we obtain

AV =(>1+4+ Sy)diV. (1 4 Su) di¥x (1 + Sg) dt®,  (3.38)
since &2 and S, are infinitesimal and
di V. di® x ( x di®) 4 diV . (R X di'®) X dit ¥+ (Q X di V) di? X di® =0,

where each term vanishes separately, since dit'V, di'® and di'® are mutually
orthogonal. Therefore from (3.36) and (3.38) we obtain

av —dVy = [(1 + Su)A + Se)(1 + Sg) — 11 diV-di® xdi®, (3.39)
and from (3.39) and (3.36) we find
@v — davy)[dvo = Su + S + S » (3.40)

since the S, are infinitesimal.
The quantity (dV — dV,)/dV, is called the dilatation and is represented
by the symbol 4. Thus from (3.40) we have

4=84y+ Se + Sa» (3.41)

that is to say, the dilatation is equal to the sum of the eigenvalues of the
strain tensor. But the sum of the diagonal components of a second rank
tensor is an invariant, and we have

4 =S5y, (3.42)

in any coordinate system, and since |S;;{ <1, 4 < 1. Moreover, since
from (3.40) and (3.41) dV = (1 4+ 4)dV, and 4L, dV = dV,; and
since 9 dV = podVy, 0 = (1 — A)gy, 0 = 0o. Thus in infinitesimal de-
formation theory, although A represents the change in volume per unit
volume, the final volume and mass density may be taken to be equal to
the initial volume and mass density, respectively. Note that
7}
——dV = 4 av,, (3.43)
ot
and that
Ad=8S;=u,; =V u (3.44)



Chapter 4
ELECTROMAGNETIC CONSIDERATIONS

1. THE FIELD VECTORS AND THE FIELD EQUATIONS

Maxwell’s equations in Gaussian units are (?)

1 dD 4z

oB

1
VXE=—2 7%

“4.2)
where H is the magnetic field intensity, E is the electric field intensity, D

is the electric displacement vector, and B is the magnetic flux vector. These
vector fields are related by the equations

D =E -+ 4aP, 4.3)
B =H + 47M, (4.4)

where P is the polarization vector and M is the magnetization vector,
with D, E, and P polar vectors, while B, H, and M are axial vectors. Along
with the six Maxwell equations, (4.1) and (4.2), we have the auxiliary
equations

V.B=0, 4.5)

V.D = dnp,. (4.6)

Equation (4.5) is satisfied automatically, and (4.6) simply defines g, such
that the equation of the conservation of electric charge

00,/0t + V-3 =0 @.7)

is satisfied.

Boundary conditions are determined from the integral form of Max-
well’s equations. Maxwell’s differential equations may be determined from
the integral forms when suitable differentiability conditions are assumed.
The integral forms are:

25
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Ampere’s law:
451 H.dr = (1/c) [ n-D ds + (@afc) [ n-3 ds, (4.8)

Faraday’s law:

9€l E-dr = — (1/c) fsn-B ds, 4.9)
fsn.B ds =0, (4.10)
fsn.D ds = 4n jV 0, dV, @.11)

where / in (4.8) and (4.9) denotes an arbitrary closed circuit and s an ar-
bitrary open surface contained within /, and S in (4.10) and (4.11) denotes
an arbitrary closed surface. All surfaces and circuits are stationary with
respect to an inertial reference frame. The integral form of the conservation
of electric charge takes the form

fsn-J ds = — fV 6, dV (4.12)
where S is a closed surface.

In indicial notation Maxwell’s equations (4.1) and (4.2) and (4.5)
and (4.6) take the form, respectively,

ety ; = (1/e)D; + (4n/c)];, (4.13)
einEr; = — (1/c)B;, 4.14)

B;; =0, 4.15)

D; ; = 4np,, (4.16)

2. THE ELECTROMAGNETIC POTENTIALS

These equations may be reformulated in terms of the vector and scalar
potentials A and ¢:

B; = epA; 5, 4.17)
1 .
ei]'k(Ek + ? Ak),j =0 5 (418)

Ek + (I/C)Ak == — (P,k- (4.19)
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Note that A, ; is arbitrary. Different selections of 4, ; determine different
gauges. The vector potential A is not unique because any other A defined by

A=A4UPY7, (4.20)

where ¥ is any scalar, could also have been used as the vector potential,
since
VxP¥ =0.

When written in terms of the vector and scalar potential Maxwell’s equa-
tions become (4.13), (4.17), and (4.19), which we rewrite here as

1 . 4r
et ; =— Di + —Ji, 4.21)
Bi = eijkA,M- N (4.22)
1 .
Ek = — (P,k — —E' Ak, (423)

along with the definitions (4.3) and (4.4), which we rewrite here as
D, = E; + 4xP;, H,= B; — 4aM;, (4.24)
and the auxiliary equation (4.16), which we rewrite here as
D; ; = 4np,. (4.25)
Although A and hence ¢ are not unique, E, H, B, D, and J are unique.
3. POYNTING'S THEOREM
AND ELECTROMAGNETIC ENERGY FLUX
From (4.13) and (4.14) we form
EieyHy ; = (1/¢)E;D; + (4n/c)EJ; (4.26)
HiegkEr ; = — (1/c)HB;, 4.27)
and subtracting, we obtain

1 . 1 . 4n
ek Hy ; — eypHEy ; = - ED; + - H.B; + - EJ;

1 , . 4
— (euEiHy),; = S (E;D; + H;B;) + _En_ EJ;. (4.28)
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Integrating (4.28) over an arbitrary volume and using the divergence
theorem, we find

— (c/4n) fsn-E x HdS = fV(1/4n)(E-1‘) +H-B)dV+ fVE-J dv. (4.29)

Equation (4.29) is Poynting’s theorem. So far it is nothing more than a
mathematical consequence of Maxwell’s equations. We will now try to
interpret the terms physically for the purely electromagnetic case. When
we do this we will have an energy equation for the purely electromagnetic
case only. It is not an energy equation when there is any interaction present,
such as, e.g., thermal or mechanical. However, in any event it is always a
mathematical identity which is compatible with Maxwell’s equations.
Let us define

h = (c/An) ExH, (4.30)

and identify (E-D + H-B)/4n with the rate of change of electromagnetic
energy, U. This last identification is questionable in general, but adequate
for our purposes. Moreover, questions of this nature, which are closely
related to the electromagnetic body force question, will, like and for the
same reasons as the body force and finite deformation questions, be entirely
ignored. Then in this purely electromagnetic case Poynting’s theorem (4.29)
gives us

%jVUdyz_fsn.hdS—fvE-JdV. (4.31)

Under the interpretation we are using, the E-J term is the usual Joule
heat term. The energy equation (4.31) for the purely electromagnetic case
now asserts that the time rate of change of internal energy in an arbitrary
volume is equal to minus the rate at which electromagnetic energy flows
out of the surface enclosing that volume minus the rate at which electric
energy is dissipated inside the volume by thermal means.

The previous considerations have told us the important fact that the
vector h defined in (4.30) represents the energy flux vector across a surface,
and it is taken to be positive when outwardly directed across a closed surface.
It is called the Poynting vector, and it has the units of energy per unit area
per unit time or power per unit area.

The electromagnetic potentials A and ¢ enable us to put Poynting’s
theorem in a form which is particularly useful for our purposes. Consider
the term in Poynting’s differential equation, (4.28), which is responsible
for the Poynting energy flux vector, h, in (4.31). If (4.28) is multiplied
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throughout by c¢/4n, the term may be written
— hi; = — (c/4n)eiE;Hy) i
and substituting from (4.23), we have

c 1 .
—hi=+ y= [eijk<(p,j +— A;j)Hk]’i

c 1 R
= eijk[‘P,ij,i + - (Aij),i] )
and substituting from (4.21), we find

c 1 . 47 1 ;
— hi,’i = — -—4—7—1—(p’]<7 D] -+ —c" J_,) -+ —Z;T— (eijkAij),i

1 . . 1 ,
== 27 [@D)); — oD ;1 — (@9J)),; + ¢Jj; + 54— (eond;Hi) s,
which, with the divergence of (4.21), yields

D, 1 )
_ hi.i = — I:(p(ﬂ + Jz) - Z—TE— e,-]-kA]-Hk] - (4.32)

)

Substituting from (4.32) into (4.28) and integrating over an arbitrary
volume and applying the divergence theorem, we get Poynting’s theorem,
(4.29), in the form

D, 1
- fs n; [‘P(E + Ji) ~ I eijkAij] as

1 . .
= f o EDi+ HiB) av + j Edidv, (4.33)

and as a consequence we obtain from (4.32) and (4.33) for the purely
electromagnetic case the previous energy equation, (4.31), with

he=o Dy 5) - o euAsHy. (4.34)
Now, whereas h; = (c/4m)e;rE;H), is unique, the present A; in (4.34) is
not, because ¢ and A; are not unique. Nevertheless, in the present case
we know that [gn;h; dS, where S is any closed surface, is unique, and
that is all that counts. Moreover, the unique form of h can have added
to it the 7 X V, where V is any vector, without violating Poynting’s theorem,
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because [¢n-V XV dS =0, where S is an arbitrary closed surface. That
is to say, the nonunique h’s all differ by the curl of some vector, and that
doesn’t matter because the surface integral vanishes.

4. THE QUASISTATIC ELECTRIC FIELD

When we consider piezoelectricity or biased electrostriction, which, to
a good approximation, gives the same equations, we will consider polariz-
able (but not magnetizable) dielectrics only. Consequently, we may set

e =Ji=M;=0 4.35)

in all the equations. It should be noted that under these circumstances
from (4.35) and (4.24)
H,,: = B,,: N (4.36)

and H; (and consequently 4;) cannot be zero, because from (4.21) and
(4.35)

VxH = (l/c)D, (4.37)

and

D £ 0. (4.38)

Under these circumstances Maxwell’s equations (4.21)-(4.23) take the form

egnHy ; = (1/c)D;, (4.39)
Hy = eppdmis (4.40)
Ei=—¢;— (4ife), (4.41)
and from (4.24)
D; =E; + 4nP;, 4.42)

and from (4.25) and (4.35) we have the auxiliary equation
D;;=0. (4.43)

The basic simplifying assumption which is used to get the piezoelectric
equations is that each component of ¢ ; that enters in a problem satisfies

| difel <l (4.44)

This assumption obviously is well borne out experimentally. It basically
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is valid when the electromagnetic waves essentially uncouple from the elas-
tic waves, and when we are considering wavelengths near the elastic wave,
which are much shorter than the electromagnetic wavelength of the same
frequency. The condition for the validity of (4.44) is

wle L | k;|, (4.45)

where k; represents a component of the wave number for a wavelike solution
of (4.39)-(4.41). It may readily be seen that (4.45) is_the condition for the
validity of (4.44) by considering a wavelike solution of (4.39)-(4.41) in
the form of a successive approximation about A;/c =0. When A;/c is
neglected in (4.41), the auxiliary equation (4.43) may be used to find ¢.
When g is thus determined, 4; may be determined by using (4.39) and (4.40)
with the now known D, on the r.h.s. of (4.39), with the result that each

|4 <Ll el (4.46)

when (4.45) holds, thereby showing that (4.44) is indeed satisfied whenever
(4.45) holds. As a matter of fact we could continue with this successive
approximation procedure with the now known nonzero A; and determine
a second approximation for ¢, and so on. However, as a consequence of
(4.45), the first approximation (or the theory of the quasistatic electric
field) is certainly as accurate as necessary. Moreover, when (4.45) is valid,
it is clear from (4.39) and (4.46) that the magnetic portion of the Poynting
energy flux in (4.34) is negligible compared to the electric portion, and
by virtue of this fact and (4.35), the degenerate form of the Poynting energy
flux in this quasistatic electric case may be written from (4.34) in the form

h; = @D;/4x. (4.47)

In addition, since (4.45) must hold in the vacuum (or air) immediately
outside a piezoelectric body as well as inside—in order to satisfy the electric
boundary conditions at the interface—(4.44), (4.46), and (4.47) also hold
in the same region and, consequently, the electric equation in the vacuum
in the immediate vicinity of the piezoelectric body is

Dokl = 0. (4.48)

We are now in a position to write the conservation of energy for a
linear piezoelectric continuum. However, before proceeding it should be
noted that in this chapter we have used Gaussian units exclusively, primarily
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because we wished to make the quasistatic electric field approximation
and A and ¢ have the same Gaussian units, thereby enabling the approxima-
tion to be made more easily in those units. Nevertheless, once the quasi-
static approximation has been made, we are free to use any electrical
units we wish; and we employ MKS units exclusively throughout the
remainder of this monograph because they are more convenient.



Chapter 5

THE LINEAR THEORY
OF PIEZOELECTRICITY

1. ENERGY CONSIDERATIONS

The principle of conservation of energy for a piezoelectric medium
states that in any volume ¥V bounded by a surface S with unit outward
normal n the rate of increase of energy (kinetic plus internal) is equal to
the rate at which work is done by the surface tractions acting across S
less the flux of electric energy outward across S. Thus we have

a 1 y 7 . ry
a7 1y (—z‘ otk + U) dv = [ _(ts1; — npD;) dS, (5.1)

as the equation of the conservation of energy. Basically, this equation pos-
tulates the existence of the internal energy function U.

From our previous work we have the following equations: The stress
equations of motion, (2.22), with f; =0,

Ty, = 0%, (5.2)
(where 7;; = 7;;). The charge equation of electrostatics, (4.43),
D;,;=0. (5.3)
The electric field-electric potential relations, (4.41), with (4.44),
E=—o¢ 54
The strain-mechanical displacement relations, (3.9),
Sy = ¥(ui; + u5,0). (5.5)

All these will be needed in what follows. Previously discussed linearizing
approximations have already been included, such as d/dt =~ 3/0¢t, v~ u,
infinitesimal strain, the absence of the electric body force and couple, and

33
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the fact that we cannot distinguish between the initial and the final positions.
We also have the relation

AV =dVy(1 + A) = dV,, (5.6)
since
Ad=u,; L1, 5.7
and hence
e = g1 —4) =g, (5.8)
and, (3.43),
% AV = AdVy~ AdV. (5.9)

Substituting from (2.15) into (5.1), applying the divergence theorem,
and utilizing the fact that the resulting equation is valid for an arbitrary
volume ¥V, we obtain

ot + U= (zitty) i — (‘PDi),i
U = (vy,; — il + ity ; — 9Dy i — 9Dy,
which with (5.2)-(5.5) yields
U=r;S;+ ED,. (5.10)
Equation (5.10) is called the first law of thermodynamics for the piezo-

electric medium.

2. PIEZOELECTRIC CONSTITUTIVE EQUATIONS
Let us define the electric enthalpy H by
H=U — E;D;. (5.11)
Then differentiating (5.11) with respect to time, we obtain
H=U— ED, — ED;,

which with (5.10) yields

H = TijSij - DiEi' (5.]2)

Equation (5.12) implies that
H=H(S,E), (5.13)
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and differentiating (5.13) with respect to time, we find

0H | 0H

:a_&?__sij_i_ﬁ‘;E

i

H
and substituting from (5.12), we obtain

0H \ . OH \ .

Since Eq. (5.14) is an identity which must hold for arbitrary S‘i]- and E;
which are consistent with the condition S;; = S;, we obtain

Tij =%<—2§%+§;{:>, (5.15)
D; = — 0H/OE;. (5.16)
If we further agree to construct H so that
oH _ on
aS,; 0SSy’
we may write in place of (5.15)
Ty; = 0H[0S;. (5.17)

Since we are interested in a linear theory only, we construct a homo-
geneous quadratic form for H

H = 3c5uSySu — einEiSy — yehEE;, (5.18)
where
Cijkl = Cijik = Cjikl = Cklij »
Cijk = €ikj >

Eij = Ejis

and here and below we have dropped the superscript E on the elastic con-
stants and the superscript S on the dielectric constants because all other
constants occurring in this monograph will be defined in terms of these
constants and e;;. Thus we have 21 independent elastic constants, 18
independent piezoelectric constants, and six independent dielectric con-
stants in the most general case (1°) (triclinic crystal without center of sym-
metry). Since e is an odd rank polar tensor, it cannot exist in any material
that has a center of symmetry.
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From (5.16)-(5.18) we obtain the linear piezoelectric constitutive
equations

Tij = CiuaSer — €rijE » (5.19)
D; = eiiSii + sk (5.20)

3. THE DIFFERENTIAL EQUATIONS
OF PIEZOELECTRICITY

We now have a determinate system of equations, i.e., the number of
equations is equal to the number of variables, as is clear from Table I.
This system of 22 equations in 22 variables can readily be reduced by
simple substitutions to four equations in the four variables u; and ¢. The
equations are

Ciskilr,1i T €ri® ki = 0, (5.21)

ek, 1; — P = 0. (5.22)

We must solve this system of equations subject to boundary conditions
which we have yet to determine. To determine the boundary conditions,
we will obtain conditions sufficient for a unique solution analogous to
those of Neumann for the purely elastic case [(1'), Section 124]. This will
give us a uniqueness theorem.

Before we obtain the uniqueness theorem we should note that the
internal energy function U must be a positive-definite quadratic form in
order to secure the stability of the system. From (5.18), (5.11), and (5.20)
it is readily seen that

U = }¢iju1Si;Su + dei,EE;. (5.23)
TABLE 1
Number of equations Additional variables

Tiji = O

Di’,' = 0

Tij = CijiaSm — €risEr
D; = €;1Sw + €inEx
S = ¥ + wr )
E,=—9;

S|uc\uo\»—-u
N
NI'—‘OO\DM\O

Totals
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4. UNIQUENESS OF SOLUTION

Consider two solutions of the 22 equations

Ty.i = 0l (5.24)
D;;=0, (5.25)

Tij = CiaSrr — €xijby» (5.26)
D; = eiiSu1 + &by, (5.27)
Sk = ¥, + wip), (5.28)
Ey = — @k (5.29)

Since every equation is linear, the difference of the two solutions is also
a solution of the same system of equations. Let t3, uf, Df, Sf;, E, and ¢*
denote the difference solution, where 7j; = 7® — 7{}), etc. Now, consider
the dependent variables in the above equations to be starred (i.e., the
difference variables), and drop the star.

From (5.24) form the scalar

(rij,i — oilj)u; =0,
and integrate over the volume of the region being considered
J'V (Tij,iuj - guju]) dV =0
= [ W), — vty — beyiy) dV. (5.30)

Applying the divergence theorem to (5.30) and employing the symmetry
of the stress tensor and (5.28), we obtain

f | ity dS = f LS+ T1av, (5.31)

where
T = boust;. (5.32)

The substitution of (5.26) into (5.31) yields

fs ni‘rijﬂj dS = fV [cijlele’ij — ekijEkSij + T] dV,
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and the further substitution of (5.27) yields
fs nTiu; dS = J.V leimiSuSiy — E(Dy — exiby) +T1 4V,
which with (5.29) and (5.25) yields
fs nTi; dS = IV leiiSuSy + eaEibi + (@Dp)x + T1dV. (5.33)

Applying the divergence theorem to (5.33), we obtain

fV [T + cymSuSy + eaEiby] dV = fs [nzyy; — npD;1dS.  (5.34)
At this point it should be remembered that this equation is for the difference

solution, i.e., every dependent variable should have a star. Let us define
the internal energy U* of the difference system as

U* = %cijleij,fl 'Jr %EikEi*Ek*' (5.35)

Then differentiating (5.35) with respect to time and utilizing the symmetries
of all the quantities, we find

U* = ciiShSh + eaE*E*,
which enables us to write (5.34) in the form
f % 4 U1 dy = f , et — nig*Di*] ds. (5.36)
Integrating (5.36) with respect to time, we have
[lar| @+ v9yav = da| @ti* —ng*D*)ds
to v to S L t ¢ ?
and hence
Frh U =F¢+ 2t + | Z dr | | (i — nig*D*) dS, (5.37)

where
G* — * Yx — * .
—f T* dV, —f U* dv, (5.38)

t* = ngk. (5.39)

Since T* and U* are positive-definite homogeneous quadratic functions (12)
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of u;*, S% and E;*, making the right-hand side zero (and hence the left-
hand-side zero) is sufficient to ensure that

ok — Ok __ *
Uj —S'ij—Ei —0,

and hence that the two solutions are identical to within a static rigid body
displacement and a constant potential [see (*!), Section 18). Therefore from
the right-hand side of (5.37) we can read off initial and boundary conditions
sufficient for a unique solution.

Initial conditions may be the specification of #;, u;, and E; at each
point of the body at #,, in which case the aforementioned static rigid body
displacement of the difference system vanishes. Boundary conditions con-
sist of the specification at all ¢ and at each point of the surface of the body
any combination of conditions which make the surface integral in (5.37)
vanish. For example: (¢, t5, t3, @); (81, L, 13, n;Dy); (8, Uy, ug, @);
(t1, us, t3, n;D;); etc. '

The above is the piezoelectric generalization of Neumann’s theorem
in linear elasticity [see (*!), p. 176]. The uniqueness theorem which has been
presented is subject to a number of restrictions which are not especially
important for our purposes. Some of these restrictions may be removed
[see Mindlin’s monograph (¢), pp. 1.17-1.18].



Chapter 6
HAMILTON’S PRINCIPLE

1. THE PROCESS OF VARIATION

Consider a function f(x), a << x < b. Change the function at any (or
every) point x = x, to f(x), while holding x = x, fixed. Form the difference

fxo) — flxo) = O, 6.1)

which is called the variation of f. Note that éf differs fundamentally from
df, which is defined as the difference in the value of the function f at two
neighboring points x; and x,. In taking the variation, the functional form
is varied and the position is held fixed. In taking the differential, the position
is varied and the functional form is held fixed.

Now
%f:zlligzlof(’g—:ﬁi), X, = Xo + Ax, (6.2)
and
df\ & df . [fG+Ax)—f(x)  flx+ Ax) —fx)
5(7;) = & —};EL[ Jix A ]
. [flx+ Ax) — f(x)  flix+ Ax) — f(x)
= },‘Eﬁ[ Ax - Ax ]

= tim — [fx + A%) — fGx + 4%) = f) + /)]
— lim L [3(x + Ax) — 0] =~ (3. 63)

Thus the d-process (variation) commutes with d/dx (differentiation). Con-
sider & [ F(x) dx; then by definition

afZF(x) dx — fiF(x) dx — fZF(x) dx — ﬁﬁ(x) dx — f';F(x) dx
= | " [Fx) — F)] dx = | " SF(x) dx. (6.4)

41
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This shows that the variation of a definite integral is equal to the definite
integral of the variation.

In practice we are not interested in the simple cases we have just
discussed, in which Fis a prescribed function of the independent variable x.
Instead we are interested in the situation in which F is a prescribed function
of a dependent variable, say, y, and its first derivative, y’, which in turn
depends on the independent variable x. Moreover, we are especially con-
cerned when F appears as the integrand of a definite integral. Under these
circumstances we have

G = Fu, ', x) dx, (6.5)
a

and we wish to make the functional G in (6.5) stationary. In Eq. (6.5)
the dependence of F on y, y’, and x does not change during the variation.
However, the dependent variable y (and, of course, y') is changed during
the variation in accordance with (6.1). Clearly then, taking the variation
of the functional G in (6.5), we obtain

8G = f": 8F(y, y', x) dx =0, (6.6)

since the limits @ and b remain fixed. Since the dependence of F on y and y'
does not change as y (and, hence, y’) are varied, from (6.1) we obtain

6F=F(f,j;’sx)_F(yaylsx)’ (67)

where y =y + 8y and y' =y’ + Jy’. Expanding F(7, y', x) in a Taylor
series about y and y' and neglecting terms in dy and dy’ higher than the
first since dy and dy’ approach zero, from (6.7) we obtain

!

I N A

0F = — —
oy Sy=0 7 oy Sy'=0

which may be written

OF oF

Substituting from (6.8) into (6.6), we find

b [ OF oF ., .
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which may be written

5G — f[ W(gfﬂad+{ E=o, (6.9)

which must hold for arbitrary variations dy. In particular, if dy vanishes
ataand b, it is easy to show [(*3), Chapter I1, Section 10] that we must have

oF d [ OF
%~ (57) =° (610

which is the Euler equation for the variational problem. If, on the other
hand, dy does not vanish at one end, say b, we must have

oF
ay'
and (6.10) is satisfied.

=0 at x =25, (6.11)

2. HAMILTONIAN MECHANICS

In classical mechanics there is a function L of all the pertinent variables
(the independent coordinates and velocities) which is given by [(*®), Chapter
V, Section 1]

L =T(Gx) — V(gr>t) = LGr» Ge> 1) (6.12)

where T is the kinetic and ¥ the potential energy. There is a principle which
states that for a conservative holonomic system

a:Lm=o (6.13)
0

for all variations dq; of the position coordinates g; which are consistent
with the holonomic [(*?), Chapter I, Section 6] constraints and which vanish
at 7, and t [(*?), Chapter V, Section 1]. The principle is called Hamilton’s
principle, and all of classical mechanics (subject to the restrictions mention-
ed) may be shown to be a consequence of that single statement. If the con-
straints are not holonomic, the principle can be generalized by introducing
Lagrangian undetermined multipliers, but we are not interested in this.
If the force system is not conservative, the principle can be generalized
directly simply by calculating the virtual work W done by the noncon-
servative forces in a virtual displacement consistent with the constraints,
and reformulating the principle as follows:

t t
af Lm4-f SWdt=0. (6.14)
to to
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This is the form of Hamilton’s principle which we will use. There is a
Hamilton’s principle for the electromagnetic field equations in free space
[see (°), Chapter 24].

It is commonly agreed that it is both interesting and useful to have
a variational principle which reproduces an entire system of equations
which were obtained previously in the alternative manner of defining field
variables and applying conservation theorems. It is interesting (from the
standpoint of having a single statement embodying the entire theory in a
manner which exhibits energies of interaction) and useful for the purpose
of obtaining approximate solutions of the equations or of generalizing
the theory.

We are interested in obtaining approximate solutions of the equations
which we have already derived.

3. THE VARIATIONAL PRINCIPLE
FOR A LINEAR PIEZOELECTRIC CONTINUUM*

Consider a piezoelectric body subject to prescribed surface tractions,
t, and surface charge per unit area o. The given surface tractions t and
surface charge ¢ may, of course, be zero at any part. The virtual work
per unit area done by the prescribed surface tractions in a small virtual
displacement of the surface is #; éu;. The electrical analog of the virtual
work per unit area done by the prescribed surface charge o in a small
variation d¢ of electrical potential ¢ is —¢ dp. The minus sign occurs be-
cause in the variational principle for our electromechanical medium it
turns out that the electric enthalpy H = U — E;D; takes the place of the
internal energy function U in the Lagrange density, i.e., the effective elec-
trical energy content of H is opposite in sign to that of U. In any event,
we will show that the variational principle presented here yields the dif-
ferential equations and boundary conditions previously derived.

The Lagrangian for this bounded piezoelectric medium is defined by

L= [ e — H(Su, B dV, (6.15)

and

oW = fs (F Ou, — G Opp) dS. (6.16)

* All linearizing approximations will be already built in.
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Hence, from (6.14)-(6.16) the variational principle takes the form

t
8 [  d f Doty — H(Su, E)] dV + f dt j (i, du, — G ¢) dS _(6017)

where 7, and & are prescribed and all variations vanish at 7, and . Remember
that we have the relations (5.5), (5.4), (5.17), and (5.16) and the approxi-
mation for the material derivative:

Sp = (1 + urp), E=—q,

) b _ OH 9 _d
= 98 L) A ot adr’

which we will need in the derivation.
Consider the expression for the variational principle term by term.

First term:
¢ ¢ .
0 fto dt J'V %Quju]- av = fto dt J.V ou; 6u]- av
t a . N
—[af, [W (oit; 0u; dV) — oil; du; dV]
t 11 1
= fV [Qu] 6uj]t0 av — J.to dt J.Vgu]- 614]' dv = — fto dt J.Vguj 6uj dV,

since du; vanishes at #,, ¢.

Second term:

6ftodtf H(Sy, E)) dV = fdzf [ 6S“+6E 6Ek]

Now,
0S8k = ¥ 0(up,; + upi) = 3[(0uwr) ;1 + (duy) ], (6.18)

O0E, = — 0p; = — (0¢) - (6.19)
Hence because of the symmetry of 7y,
4 t
E) j  dt f JHav = f  d f | [ru(u) ¢ + Di(89) 4] dV

¢ t
= fto dt fs[nk'rkl 6141 + nka 6¢] as — J‘to dt fV [Tkl,k 6”[ + Dk.k 6¢] dV,

from the divergence theorem.
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Thus after substituting the above expressions for the first two
terms back into the variational principle, (6.17), and rearranging terms
we have

6 [“dr [ [dous; — H(Sw, ED1dV + [ dt [ (G 6w, — & 89) dS
fto th [3ouu; (Sk» E)] +Lo tfs(k U, — G Op)
t
= fto dt [fV (Tkl,k — Qul) 5ul dV+ fV Dk,k (S(P dV

+ [, G = mu) b ds — @+ mDy) sy dS] —0. (6.20)

Since the variations du; and d¢ are arbitrary inside the volume V, we
have: '

Stress equations of motion
Telk — gul = 0. (621)
Charge equation of electrostatics

Dy =0. (6.22)
Now, on the surface S:

() Either du; is arbitrary and #; — m1y,; = 0, or u; is prescribed and
ou; = 0.

(#) Either dgp is arbitrary and & + n.D, = 0, or ¢ is prescribed and
dg is zero.

Thus we see that we have obtained both the differential equations and the
boundary conditions from this single variational principle.

Note that f; =0 for traction-free boundary conditions. The surface
charge & exists in general at all interfaces in this formalism. It may be taken
as zero at a dielectric—dielectric interface if the appropriate dielectric con-
stant on the side of interest is sufficiently greater than the corresponding
dielectric constant on the other side. This will usually be the case, and
for our purposes it will be nonzero only when solved for at the end of a
problem. It will be taken as zero on all surfaces on which it must be pre-
scribed. In introducing ¢ and ignoring the electromagnetic field on the
vacuum (or air) side of the dielectric-vacuum (or air) interface we have
made a restrictive but usually valid assumption. This assumption may be
removed, but we will not do so here.
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We are interested in the last variational form, (6.20), of the variational
principle. This is the variational equation from which we will obtain ap-
proximate solutions.

4. A MODIFICATION OF HAMILTON’S PRINCIPLE

As we shall see, Eq. (6.20), which we obtained from Hamilton’s prin-
ciple, turns out to be useful in certain instances and not in others. More
specifically, Eq. (6.20) is particularly useful, within the theoretical frame-
work we will espouse, when the boundary conditions which are to be
satisfied approximately are traction free and/or charge free, but not when
the mechanical displacement and/or the electrical potential vanishes. The
reason for this limitation is that in the variational principle the variations
of u, and ¢ are constrained to vanish on those portions of the boundary
on which they are prescribed, and any approximating functions used with
this variational principle must satisfy the variational constraints contained
in the principle. On the other hand, the traction and/or charge boundary
conditions arise when the variations of u; and ¢ are unconstrained: In
addition, for similar reasons Eq. (6.20) is not useful when there is an in-
ternal surface of discontinuity present as shown in Fig. 5. However, it
turns out that all these difficulties present in (6.20) may be removed if we
modify (**) Hamilton’s principle slightly.

It is clear from the discussion in the preceding paragraph that the
limitations of the utility of (6.20) arise as a consequence of the constraints
on the variations imposed in the principle. Thus it is clear that if we can
remove the constraints, we can remove the limitation. Now, it is well known
in variational calculus [(**), Chapter IV] (and in stationary problems in
general) that a constraint on a variation may be removed by adding to
the Lagrangian each constraint as a zero times a Lagrange multiplier and
then treating all variations of the field variables as unconstrained [(*®),

(2)
5(1) S

Fig. 5. Diagram of a bounded region containing an
internal surface of discontinuity.
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Chapter IV, Section 9.1]. We now proceed to modify Eq. (6.17) accord-
ingly, i.e., in place of (6.17) we write

¢ 2
S fz,, 'y Uv(rm [Bomumim — Hm(Sw | Em)] dV

m=1

+ fs"") Fmum — Gmgm) ds 4 fs A (uim — gow)y ds
N

(m)
c

_ m)(p(m) . F(m)
[ 1™ — )ds|

1@ (p® —pW) S =0,
(6.23)

(d)

+of arf o —upyas—of arf

where S{™, S, and S'?, respectively, stand for the portion of the mth
surface on which the traction 7™ and/or the charge 6™ are prescribed,
the portion of the mth surface on which the mechanical displacement ™
and/or the electrical potential ¢p‘™ are prescribed, and the surface of dis-
continuity shown in Fig. 5. In taking the variation of the expression on
the left-hand side in (6.23), all the du™ and d¢p"™ are unconstrained
everywhere except at ¢ and ¢,,* where they are constrained as in the usual
version of Hamilton principle, and the Lagrangian multipliers A{™, 1™,
A{®, and ['? are to be varied freely [(*%), Chapter IV, Section 9.2]. Carrying
out the variations in (6.23), as we did in going from (6.17) to (6.20), and
taking into consideration the fact that the divergence theorem is valid only
up to and not across the surface of discontinuity S, we obtain

; d’m%l [fvwn [y — o™u™) dui™ + D™ de'™] dV
+ [ o [0 — ) b — @ - i D) 3951 dS
+ fs},"” [ — p{wzimy suim — (I 4 gm Dim) gepim
SR (uim — ey — Slm(glm — pim)] dS]

¢
+ f .U fsm [— (U@ + nDrDy gyl 4 (AD |+ pDe®) Gy
+ (l(d) — n(kd)Dlzl)) 6q)(1) — ([(d) _ n(kd)DI(cz)) 599(2)
+ 5;[;011)(“,(62) — u;cl)) + 6l(d)(¢(2) — (P(l))] ds =0 , (624)

* This constraint can be removed also. [See (*)].
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where ng"’ denotes the components of the unit normal to the surface of
discontinuity S'@ directed from V® to V®. Since the volumetric variations
in (6.24) are arbitrary, we have (6.21) and (6.22) in both V™ and V@,
Since all the surface variations du{™, dp™, o™, 6I'™, 64, and ol
are independent (unconstrained), we have

fm — gl gm =0 on S(m, (6.25)
Gm L nim Dm — on Sim, (6.26)
A — plm g(m) — on Sm, (6.27)
Itm) 4 pim Dim) — on S, (6.28)
um™ — g™ =0 on S, (6.29)
Pl — gm) = on S, (6.30)
Zl(d) + @7l = on S@, (6.31)
2D 4 pldy® = on S@ (6.32)
I — pdDW =0 on S@ (6.33)
[ — p@D® =0 on S@, (6.34)
u» —ud =0 on SO, (6.35)

PP — @ =0 on S@, (6.36)

From (6.27) and (6.28) we obtain the Lagrangian multipliers 4™ and /™
in the form

Am = pimrim, 6.37)
[tm = — pglm Dim, (6.38)
‘Note that the subtraction of (6.32) from (6.31) yields
R — 1) =0, (6.39)
and the subtraction of (6.34) from (6.33) yields
n#(DP — D) =0. (6.40)

Equations (6.39) and (6.40), respectively, tell us that the traction vector
and the normal component of electric displacement are continuous across
S@, At this point it is clear that our variational formalism (6.23) yields
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the differential equations (6.21) and (6.22) in the mth region and the bound-
ary conditions (6.25), (6.26), (6.29), (6.30), 6.35), (6.36), (6.39), and (6.40)
of the linear theory of piezoelectricity for the problem at hand.

In order to find the most appropriate forms of (6.23) and (6.24) to be
used in obtaining approximate solutions to boundary value problems, add
(6.31) to (6.32) and (6.33) to (6.34) to obtain, respectively,

/1;") = — %n;cd)(rblc) + T(z)), (6.41)
JD — In@ (DY + Dy, (6.42)

and then substitute from (6.37), (6.38), (6.41), and (6.42) into (6.23) and
(6.24) to obtain, respectively,

(t’(cm)u;cm) — O'-("”q} m)) ds

(m)

5 f: dtZ [ [y Gemitgmisgm — Homy ay 4 |

+ f m P Gy — g dS—I—f n(m)D"(:m)((p(m)_q/(m))dS]

(m)

_6fto f %n(d)[('[(l) (2))(u(2) u(l))+(D;cl)_’_D’(CZ))((p(m_(p(l))]df'6=4(;),

t 2
Lo dth Umm)[(r;cm — @™iim) duym + D) dp'™] AV

=1

+ fs('") [G™ — n{oeim) dulm — (G + ™ D) Sg™] dS
N
+ fs(m) I [(fm — @) ST 4 (g — g™ D] dS]

+ J' fs(d n® D — D)(EuP + du®)
-+ (u(l) — u(Z))((ST(l) 4+ 6.[(2)
+ (D;CZ) - D]‘(:l))((s(p(l) + 6¢(2))
+ (¢ — gV)(ODW + SDP)]dS =0.  (6.44)

Equation (6.44) is a form that is very useful for approximation. The in-
tegrals over S in (6.43) and (6.44) were first presented by Eer Nisse (1)
and Holland and Eer Nisse () but without a complete derivation. A
derivation was provided in (1), in which the integrals over S‘@ first appear.



Chapter 7

MATERIAL SYMMETRY
CONSIDERATIONS

1. COMPRESSED NOTATION AND MATRIX ARRAYS

In order to determine the solution of piezoelectric (or elastic) vibration
problems, we will have to know the arrays of material coefficients for the
particular symmetry of the material we are considering. The book by
Nye (1) is very useful in this context. The compressed matrix notation turns
out to be more useful than the extended tensor notation when discussing
symmetry. This matrix notation consists of replacing ij or kI by p or g,
where i, j, k, and [ take the values 1, 2, and 3, and p and ¢q take the values
1,2, 3,4, 5, and 6 according to the prescription in Table II.

Furthermore

Cijkl = Cpg>  Cmi =6, Ty=Ty=T,=r1,.

By virtue of the above identifications and the fact that we wish the con-
stitutive relations (5.19) and (5.20) to be written

T, = &S, — exkEy, (1.1
Di = eiqu + Ei'ngk N (7.2)
TABLE 1l
ij or ki porg
11 1
22 2
33 3
23 or 32 4
31 or 13 5
12 or 21 6

51
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we find that
Sij=S'p when i=j,p=132139

(1.3)
28, =S, when i#%j, p=475,6.

We may now write the elastic and piezoelectric constants as well as
the dielectric constants as matrices, since they all are described by two
indices. The arrays for an arbitrarily anisotropic (triclinic) material without
a center of symmetry are

Ci3 Co3 C33 C34 C35 Cgz (7.4)

€ip — | €21 €22 €33 €34 €35 €3], (7-5)

e = |&1n € €3] (7.6)

Here we see the 21 4 18 4+ 6 = 45 independent constants exhibited. The
arrays for a material with monoclinic symmetry, with x, the digonal axis
(which by the International Symbol is class 2, or by the Schoenflies Symbol
is C,), are

€1 €2 €3 ¢y O 0
Cla Cyp Cp3 €y 0 O
c Coyg C33 C33 0 O
cE — |C18 Cas Caz Caa , 77
v Clg Cy Cag Cyy O 0 .7
0O 0 0 O 9«5 c5
0 0 0 0 5 co
e e e ey 0 0
ep =10 0 0 0 ey ey, (7.8)
0 0 0 O e eg
&, 0 0
e =10 & e&y3). (7.9)
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These arrays exhibit the symmetry of rotated Y-cut quartz when the equa-
tions are referred to rectangular axes in and normal to the plane of the plate.
For a monoclinic crystal all 13 + 8 4 4 = 25 constants are independent,
whereas for rotated Y-cut quartz the 25 constants are not independent
but are derived from a smaller number of independent constants, which
are the independent constants of a trigonal crystal with x; the trigonal
axis and x, a diagonal axis. The arrays for such a crystal (32, D,) are

(411 C12 Ci3 cg 0 0
(4T cu €3 —¢4 0 0
|3 Ci13 Cas 0O 0 O

ng - 6'14 _014 0 C44 0 0 i (7‘10)
0 0 o0 0 cy Cus
0 0 O 0 o cg

Cos = 3(cu1 — c12)»

ell ——eu 0 814 0 0

e, = |0 0 0 0 —ey —eyl, (7.11)
0 0O 0 0 0 0
gy 00

85 ={0 ¢&; 0 ]. (7.12)
0 0 &g

Thus we see that a material with this type of trigonal symmetry is described
by 6 + 2 4+ 2 = 10 independent material constants. Clearly, the 25 con-
stants for the previously mentioned rotated Y-cut quartz may be expressed
in terms of the 10 independent material constants for a crystal in class Dy
by using the appropriate tensor transformation laws.

Lithium tantalate and lithium niobate are two new crystalline materials
which have higher piezoelectric coupling than quartz, and are currently
being investigated for potential resonator and transducer applications.
Both of these materials are trigonal, but they are a different type of trigonal
crystal than quartz. Although x; is the trigonal axis in both quartz and
these crystals, x, is normal to a mirror plane in these crystals instead of
being a twofold rotation axis as it is in quartz. For these two crystals the
crystal class is Cy, = 3m. The arrays of the elastic and dielectric constants
are the same as for quartz when referred to the principal axes, and are
given in (7.10) and (7.12). However, the array of piezoelectric constants
is quite different, and is given by
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0 0 0 0 e; —ey
ep=|—€n € 0 e5 0 0 ]. (7.13)
e €5 ey 0 0 0

When a rotated Y-cut is formed by rotating about x,, as shown in Fig. 6,
and the arrays are referred to rectangular axes in and normal to the plane
of the plate the arrays have m-monoclinic symmetry with x; normal to a
mirrorplane. The arrays of the elastic and dielectric constants are the same
as for 2-monoclinic symmetry and are given in (7.7) and (7.9). The array
of piezoelectric constants is given by

0 0 0 O €15 €18
€p = |€u €pn €3 € 0 0 | (7.14)
€y €3 €3 e 0 0

Thus it is clear that a material with m-monoclinic symmetry has 13 4 10
+ 4 = 27 independent constants. However, if the arrays (7.7), (7.9), and
(7.14) are for rotated Y-cut lithium niobate referred to axes in and normal
to the plane of the plate, the 27 constants are not independent, but are
expressible in terms of the 6 + 4 + 2 = 12 independent constants of a
material with 3m symmetry by using the appropriate tensor transformation
laws.

The polarized ferroelectric ceramics (with x; in the poling direction)
effectively have the symmetry of a hexagonal crystal in class Cg, = 6mm.

Fig. 6. Diagram of a rotated Y-cut of quartz.
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The arrays for a material possessing this symmetry are

cn €2 ¢35 0 0 O
Ci2 ¢1 ¢35 0 0 O
€13 €3 €3 0 0 0
0 ¢4 O O}
0

Al (1.15)
0O 0 0 o0 Caa
0O 0 0 0 o Ces

Cos = 3(C11 — C12)

0 0 0 0 ¢; O

ep = (0 0 0 e5; O 0) , (7.16)
e, ey €3 0 0 O
g, '0 O

eg =1{0 g; 0 ). (7.17)
0 0 &g

Thus it is clear that a material with this type of symmetry is described
by 5+ 3 4+ 2 = 10 independent material constants. Materials with this
type of symmetry are important because the polarized ceramics have high
piezoelectric coupling. An isotropic material has arrays which are similar
to the arrays for class C,, except that there are some additional relations
among the coefficients. For one thing, all the e;, vanish, and there is no
piezoelectric coupling. In addition to that, there are the relations

Cig = (13, €11 = Ca3, Cia = Cgs» €11 = €33- (7.18)

Hence there are two independent elastic constants and one independent
dielectric constant. The relationships between the isotropic c,, elastic con-
stants and the Lamé constants 4 and u are

cn =24+ 2, C1z =4, Cayg = [ (7.19)

2. EQUATIONS FOR DIFFERENT SYMMETRIES

When the arrays for the material with monoclinic symmetry (class 2, C,)
are substituted in the constitutive equations (7.1) and (7.2) we obtain

Ty, = cuthyy + Crallp s + Cralis s + 014(142,3 + us,z) + eng,1s

Ty = Cyalty,1 + Cogllp 5 + Cagllz 3 + Cag(thp 3 + ua,z) + e129,15
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Tyy = Cyghy 1+ Coglly » -+ Cyatiy 3+ Caq(Uha s + Us ) + €139 4,

To3 = Crathy) + Coqlhpp + Caglty 3 + Caa(Uaz + Usp) + €149 1

Ty = c55(u,; + ty,3) + Cse(ty,e + Up 1) + €25P2 + €350,5,

Typ = c56(uy,; + ty,3) + Cooty,z + Uz1) 1 €602 + €369,35 (7.20)
Dy = epth,1 + erathy s + €13Us 3 + e14(Up 3 + Usp) — 0191,

D, = ey5(us,y + uy3) + e26(thy,e + Us1) — E20P 2 — €03P 35

Dy = e35(uy,y -+ uy,3) + eselthyn + 1) — €230 2 — €339 .3,

When these constitutive relations are substituted in the stress equations
of motion

T« = ot (7.21)
and the charge equation of electrostatics

D;; =0, (7.22)
and terms are combined we obtain

Cith,1 (c12 + cse)uz,lz + (€13 + 055)u3,13 + (e + C5e)u2,13
+ (C1a + Csa)ua,lz + 2056Uy,23 - Cogldr,22 + Cs5t1,33

+ €@ 11 + €@ 20 + (e36 + €25)P 23 + €35p 33 = Qliy,

Csellz 11 + (cs6 -+ 014)141,13 + (ces + Cr2)th1,12 + Ceeliz,11
4 Caalhy 20 + (Coz + Caa)Us 95 -+ 2CoqUp 95 + Cagls op

+ Caglty 33 + Caglhy 33 + (€26 -+ elz)‘P,lz + (e3¢ + €109 13 = 0ily, (7 23)

Cssls 11 + (cs5 -+ Cls)u1,13 + (e56 + Cra)tty 12 -+ Csel2, 11
+ Coals 90 + 2C34U3 23 + (€44 + Czs)uz,za + Caqlis, e
+ CaaUs 33 + Caalts 35 + (€25 + €199 12 + (e35 + els)(p,lS = pil,

eyt 1 + (e2 + €26)Uz 12 + (€13 + e35)u3,13 + (€14 + e36)ua 13
+ (e + 925)143,12 + (e2s + e3s)u1,23 + exqtty 00

4 e35U1,33 — EP 11 T E2aP 20 — 28930 03 — E33P 33 = 0.

These are the equations for rotated Y-cut quartz referred to axes (x;, X,
X3) in and normal to the plane of the plate, with x, normal to the plane of
the plate and x, the digonal axis in the plane of the plate. The coordinate
axes for the rotated Y-cut are related to the principal axes of trigonal
quartz as shown in Fig. 6. In Fig. 6, § is the angle of the cut. The equations
for quartz (trigonal, class D;) when referred to the principal axes (x, y, z),
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which are then denoted, respectively, (x;, x,, X;3), are given by (7.20) and
(7.23) provided

Cag = Cy1 Co3 = C13» Coqg = — Cy4, c3 =0,
— —_ — 1 _—
C55 = Caq» Cs6 = C145 cee = 3(cnn C12)
(7.24)
€12 = — €1, e;3 =0, €35 = €14, €96 = — €11,
ey =0, e =0, 89 = €11, g3 = 0.

When the arrays for a material with m-monoclinic symmetry are sub-
stituted in the constitutive equations (7.1) and (7.2) we obtain

Ty, = cyythy 1 + Cralds o + Ci3lis 5 + Craltla,s + Ug2) + €192 + €593

Ty = Crothy,1 + Coglhp s + Coglhy 3 + CogUp 3 + Us ) + €200 + €329 5

T35 = Crathy1 + Coshp s + Casthy s + CoalUla 3 1 Us2) + €230 + €359 5

Tos = Cyqhy,1 + Coglhap + Cagiy 3 + CagUp 3 + Uz 2) + €240 5 + €349 5

Ty = cs5(us,y + th,3) + Coeltiy,e + Up 1) + €159 1 (7.25)
Tys = c5e(us,y + ty,3) + Cosltty,e + 1) + €1691

Dy = ey5(uy,3 + us1) + ety + 4 1) — €119

Dy = ety ) + egslly 5 + €3y 3 + €4(Ua 3 + Uss) — E20P 2 — €239 3

D,; = ez + esoliy 5 + eagtiy 5 + e3q(tiys + Uz p) — €03P 2 — €330 3

When these constitutive equations are substituted in (7.21) and (7.22)
we obtain

Culy i+ (C12+Cee)u2,12 + (013+C55)u3,13 + (cl4+c56)u2,13 + (C14+056)u3,12
+ 2¢561y,03 + Copliy 22 + Cstty 33 + (€a11€16)P 12 + (es1te5)p 15 = 0y ,
Csetg 11 T (Cs6Cra)tty 15 + (066+012)u1,12 + Coglhz,11 1 Caolia 22
4 (CagtCaa)s 23 + 2CaqUa 23 - Cogls 25 T C3altz 33 T+ Caglds 33

+ e16® 11 1 €20 20 + (932+924)¢,23 + €39 35 = 0ty »
Cs5Us 11 T (6‘55—}-613)141’13 + (C56+cl4)u1,12 + Cseldz 11 T Coaltn 20 (7.26)

+ 2C34U3,05 + (CaatCos)hp 03 + Caglhy 20 + Caslly 33 + C34Uz 33
+ esp 11t easp 20 + (e30t€93)p 25 + €339 33 = 03,

(e15te31)uy 31 + eq5Us 11 + (€167T€21 )ty 10 + €16l 11 T €xalhs 2o
+ (323+334)u3,23 + (east-e30)tiz 23 -+ €a4liz 22 + €33U5 33

+ €34la 35 — EnP 11 T €200 22 — 2803P 23 — E33P 33 = 0.

These are the equations for rotated Y-cut lithium niobate or lithium tan-
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talate referred to axes (x,, x,, x3) in and normal to the plane of the plate.
The equations for these two materials (trigonal, class 3m = C,,) when
referred to the principal axes (x, y, z), which are then denoted, respectively,
(xy, x5, x3), are given by (7.25) and (7.26) provided

Co2 = (115 Co3 = (13, Cag = — Cuna> €3 =0,

Cs5 = Caq5 Cs6 = C1a5 Ces = 3(c11 — €12) (7.27)
€3y = €5, €15 = — €y, €9 = — €99, €3 =0,

€39 = €3;, €34 =0, €20 = E11 €23 =0.

When the arrays for the material in class Cg, are substituted in the con-
stitutive equations (7.1) and (7.2) we obtain

Ty, =cnthy g + Crolp s + Cralhy 3 + €@ 5,

Ty = Cpatiy + Cuaths s + Cralis 3 + €39 5,

Ty = cygthy 1 + Crgla s + Casls 3 + €339 5,

Tys = cag(uzn + Uy 3) + €159,2,

T = cag(us s + ty3) + e59,1,5 (7.28)
Tip = copltty,2 + 1),

D, = eysu3, + ety 3 — En@,1,

Dy = ey5(us,2 + U 3) — €132 s

Dy = e51uy,, + €31ty 5 + €333 3 — 330 3.

When these constitutive equations are substituted in the stress equations
of motion (7.21) and the charge equation of electrostatics (7.22) we obtain

cuth,in + (€2 + Css)“z,lz + (€13 + Caadtty 15 + Copti, e

T Caghy 35 + (€31 + €15)9 13 = 08,

Cogtz,11 + (Cos + C'12)“1,12 + el 20 + (€13 + C44)u3,23

+ Caqlta 335 + (€31 + €15)P 23 = iy,
(7.29)
Caathz 1y + (Caq + Cla)ul,m + Caalhy 20 + (Caa + C13)Up 03

+ C33ltz 33 + €159,11 + €159, 22 + €339 33 = Qi3

€15Us, 11 + (€5 + €31)Uy,13 + 15Uz 20 + (€35 + €31)Us 3

+ essllz 33 — €nP1 — EuP.ee — €@ = 0.

The constitutive equations for an isotropic material may be written suc-
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cinctly in indicial notation and in vector notation in terms of the Lamé
constants 4 and u, since, for the isotropic array shown

Cijer = A0450k1 + (0051 + 040). (7.30)
Substituting in the elastic constitutive relations

Ty = Cijathe,i» (7.31)
we obtain
Ty = A 1055 + pu(uy 5 + 154). (7.32)

Substituting this into the stress equations of motion, (7.21), we obtain
(A + Wy 15 + puj i = oil;. (7.33)

In invariant vector notation we have

T=W-ul 4 uWVu + o), (7:32)

for the constitutive equations and
(A + @) PV -u+ u V7 = gii, (7.3%)

for the displacement equations of motion for an isotropic material.

3. MATERIAL CONSTANTS

Values for the material constants for left-hand quartz have been de-
termined by Bechmann (18). When referred to the crystal axes in accord-
ance with the notation in this chapter, for left-hand quartz the constants
have the values

€11 = Cop = 86.74 %X 10° N/m2, ¢4 = — €y = €36 = — 17.91, ¢}, = 6.99,
Cas =0, €33 = €3 = 11.91, ¢4y = 055 = 57.94, ¢33 = 107.2,

Ces = (11 — €12) = 39.88;

€17 = — €15 = — €3 = 0.171 C/m?, e, = — ey; = — 0.0406,

€3 = €35 = €34 = 0;

£ = €35 = 3921 X 10722 C/V-m, &5 = 41.03, &5 =0.

(7.34)
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The mass density of quartz is
o = 2649 kg/m3. (7.35)

When the constants are referred to the (x;, x,, x3) axes shown in Fig. 6
and 6 = 35.25° the rotated Y-cut is an AT-cut and the constants for the
AT-cut determined from Bechmann’s constants given in (7.34) are

¢y = 86.74, ¢y = 129.77, ¢33 = 102.83, ¢, = — 8.25, c¢y3 =27.15,
Cla=—3.66, cpy=—742, 3y =257, €33 =992, ¢4 = 38.61,
Css = 68.81, cge =29.01, 5 = 2.53;

ey =0.171, e, = — 0.152, e;; = — 0.0187, e, = 0.067, e,; = 0.108,
es = — 0.095, e, = — 0.0761, ez = 0.067;

g1 =39.21, &, =39.82, &5 =40.42, &y =0.86. (7.36)

Values for the material constants for lithium tantalate and lithium
niobate have been determined by Warner, Onoe, and Coquin (**). When
referred to the crystal axes in accordance with the notation of this chapter
the constants for lithium tantalate have the values

€11 = Cop = 233X 10U N/m?, ¢4 = — €y = 56 = — 0.11, ¢, =047,
C3a =0, ¢13=0C5 =080, ¢y =05 =094, ¢33 =275,
Cos = 3(c1y — €12) = 0.93;

7.37

e = €y = 2.6 C/m?, €y = — €15 = — €y = 1.6 (7.37)
€3 = e5 = 0.0, €33 = 1.9, €3 = €33 = 0;
£y = Egp = 36.3X 101 C/V-m, g4 = 38.2, £93 =0.
The mass density of lithium tantalate is

o = 7450 kg/m3. (7.38)
The constants for lithium niobate have the values
€11 = Csp = 2.03 X 10" N/m?, Cla = — Coq = C56 = 0.09, ¢ = 0.53,
c3s =0, €13 = Cy3 = 0.75, €44 = C55 = 0.60, C33 = 2.45,
Cee = 3(cyy — €15) = 0.75;
66 ( 11 12) (7.39)
5 = ey = 3.7 C/m?, €y = — €1 = — €3 = 2.5,
€3 = €5 =02, € = 1.3, €9 = €3 = 0;

£ = € = 389X 101 C/V-m, &5 =25.7, &5 =0.
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The mass density of lithium niobate is
o = 4700 kg/m3. (7.40)

There are so many different high coupling polarized ceramics which
have the effective symmetry of a material in class Cg, that there seems to
be no point in reproducing the constants for all or many of these ceramics
here. Constants for many of these ceramics are given in the excellent article
by Berlincourt et al. (%°).
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Chapter 8

SOME ASPECTS OF THE THEORY
OF WAVES AND VIBRATIONS

1. THE INHOMOGENEOUS SCALAR WAVE EQUATION

Before considering piezoelectric (or even elastic) vibrations—which
are vectorial—it is enlightening to consider the mathematics of scalar
vibration theory in some detail because the basic ideas of the two theories
are the same and vectorial vibration theory is sufficiently complex and cum-
bersome to obscure the basic ideas if one is not already aware of them.
On the other hand, scalar vibration theory is sufficiently simple and straight-
forward so as not to obscure the basic ideas. Of course, in either case we
are considering linear vibration theory only.

Consider the scalar wave equation in one space variable and time and
containing a source term:

0% I 9%

e @ o e ), (8.1)

where ¢ denotes the source term, which is the inhomogeneous term of the
differential equation. It must be prescribed. The scalar ¢ is the dependent
variable. Any term containing ¢ or any of its partial derivatives is called
a homogeneous term. The differential equation is defined in a region of
space-time defined by

a<x<b, t>0. 8.2)

If a = — oo and b = + oo the region is unbounded and we do not have
to consider the boundary conditions associated with the differential equa-
tion. If a is finite and b = + oo the region is unbounded on one side, i.e.,
a half space, and we do have to consider the boundary conditions on the
bounded side. If both a and b are finite, the body is bounded and we have
to consider the boundary conditions at both a and 5. The problem of the
unbounded and semibounded region are similar and have many things in
common, in particular, the existence of a continuous distribution of eigen-

65
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states. On the other hand, the problem of the fully bounded body is quite
different in character from the other two, namely, in the existence of a
discrete distribution of eigenstates only. We are here concerned with the
fully bounded body which possesses a discrete distribution of eigenstates,
and will discuss the other problem only in passing. The differential equation
we are discussing could be describing the transverse vibrations of a string,
the longitudinal oscillations of a rod, as well as other things.

The boundary conditions at each end consist of the specification of
either ¢ or dp/dx or any combination thereof. These conditions could be
obtained from a uniqueness theorem as in three-dimensional piezoelectricity.
The most general condition at a boundary point then is of the form

cp + e dp/dx = f(¢), 8.3)

where f(¢) denotes a prescribed inhomogeneous term and ¢ and e could be
functions of time. Only those situations in which ¢ and e are constants are
of interest to us and will be considered here. Now our problem consists
of the differential equation (8.1) and the boundary conditions

@ + e Opldx = fi(t) at x=aand t >0,

8.4)
P + e, 0pldx = fi(2) at x=band t >0, (
and the initial conditions
= g(x at t=0,a<x<b,
@ = g(x) ®.5)

dp/dt = h(x) at t=0, a<x<b.

The quantities g, f; , /2, &, and A are the inhomogeneous terms which must
be prescribed and which force the system into oscillation. The initial con-
ditions g and/or h produce so-called free vibrations, while the boundary
and interior forcing terms f;, f5, and o are responsible for the steady-
state forced vibrations. It should be noted that we are not interested in
the free vibrations here, but only in the steady forced vibrations. Con-
sequently, we take g = h = 0 and assume that any free-vibrational term
which is generated by f;, f,, or p is sufficiently damped to be ignored. We
further assume that the damping is sufficiently small to be ignored in the
steady-state forced vibrational solution. Both of these assumptions are
essentially satisfied after a sufficient number of cycles. Thus we are obtain-
ing the solution after a sufficient number of cycles and we call this solution
the steady-state solution. In brief, we have eliminated any consideration
of the initial conditions and all transients associated therewith.
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2. HOMOGENEOUS SOLUTIONS

When f;, f;, and ¢ vanish we have what is called a homogeneous
boundary value problem (or eigenvalue problem). It is important to note
that the solution to-the inhomogeneous (forced) problem, which exists
when any one of f;, f;, and p are nonzero, frequently may be composed
of solutions of the associated homogeneous (¢ = f; = f, = 0) problem.
Consequently, the solution of the homogeneous problem is of fundamental
interest.

Let us first consider the homogeneous problem in the infinite medium
(line). Then the boundary conditions may be left out of account. Our dif-
ferential equation is

O%p 1 0%

@ ®.6)
We may verify that a traveling wave solution in the 4 x direction is given
by

¢ = A cos(nx — wt), 8.7)
provided
7 = w?/c?, (8.8a)
or
w=cn, (8.8b)

since we restrict w to be positive and real always and 7 to be positive in
this instance. If we plot an w vs. 7 diagram from (8.85), we obtain the straight
line shown in Fig. 7, i.e., a straight line with slope c. If instead of writing
(8.7) we write

@ = A cosn(x — vt), 8.9)

“

-7

Fig. 7. Frequency vs. wave number diagram for a
nondispersive string.
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where v is the velocity of an infinite train of waves, then
o=nv, (8.10)

and the slope ¢ of the above dispersion curve is identical with the phase
velocity v of the infinite train of waves in this simple case.

If we had been obtaining a plate wave solution of a more complicated
equation the dispersion curve associated with the solution might not have
been a straight line as above, but might have been curved as shown in Fig. 8,
or any of a number of other shapes for that matter. As a matter of fact,
there might be portions of the dispersion curves for which # is imaginary
or even complex, but w is always restricted to be real and positive. In any
event, when 7 is real the slope of the radius vector from the origin to the
curve denotes the phase velocity v.

If in the present wave equation we had considered a traveling sine wave,
we would, of course, have obtained the same dispersion curve. Moreover,
if we had considered standing waves of the forms

@ = B cos nx cos wt, @.11)
@ = B sin nx cos wt, ’

we would have obtained the same straight-line dispersion relation shown in
Fig. 7. It is precisely these latter standing waves which will be of importance
to us in obtaining solutions to vibration problems.

Let us now consider the homogeneous problem of, say, a string of

“A

- T
Fig. 8. Frequency vs. wave number diagram for a
hypothetical dispersive medium.
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y o]

R

- X

P
Fig. 9. Stretched string of length 2/

length 2/ fixed at both ends as shown in Fig. 9. For convenience, let us
place the origin of coordinates in the center of the string; we could place
it anywhere. Here ¢ is the displacement. The equation and boundary
conditions are

0% 1 0%
W ? FTD =0 l<x< 1, (8.12)
=0 at x =41 (8.13)

We will now obtain two independent sets of solutions, which correspond,
respectively, to the symmetryc and antisymmetric motions (or modes). For
the symmetric modes we have

@ = A cos nx cos wt, (8.14)
and for the antisymmetric modes
@ = B sin 7x cos wt. (8.15)
In either case, from (8.12) we obtain the w vs.  (or dispersion) relation
w=cn, (8.16)

and 4 and B are arbitrary. Substituting in the boundary conditions (8.13),
we find in the symmetric case

A cos pl cos wt = 0. (8.17)
For a nontrivial solution to exist, i.e., 4 nonzero, we must have
cosnl =0. (8.18)

Hence
nl = nn/2, n=135717,..., (8.19)
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and from (8.19) and (8.16) we obtain
w = nen[2l, n=13,5717,.... (8.20)

These values of w in (8.20) are the natural (or eigen) frequencies of the
symmetric modes. From the boundary conditions (8.13), in the antisym-
metric case we find

Bsin plcos wt =0, (8.21)
and for a nontrivial solution we must have
sin gyl = 0. (8.22)

Equations of this nature are called transcendental frequency equations. We
will be concerned with equations of this nature—but much more complicat-
ed ones of course—throughout.

From (8.22) we have

nl = nxn/2, n=2,4,6,8,..., (8.23)
and from (8.23) and (8.16) we obtain
w = ncw|2l, n=24,6,8,.... (8.24)

These are the eigenfrequencies of the antisymmetric modes.

Suppose we consider the same string, but have the slope vanish at
both ends instead of the displacement. The boundary conditions now
become

Oplox =0 at x=+41. (8.25)
Then for the symmetric motions we have
@ = A cos 1x cos wt, (8.26)

and from (8.25) we obtain
singl =0, (8.27)

so that from (8.27) and (8.16) we have
o = nerf2l, n=24,6,8,...; (8.28)
and for the antisymmetric motions we have

@ = B sin nx cos wt, (8.29)
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and from (8.25) we obtain
cosyl =0, (8.30)

so that from (8.30) and (8.16) we have
w = nemf2, n=13,5717,.... (8.31)

From this we see that the boundary conditions have a strong influence on
the natural frequencies of the system. In fact, in the two systems the natural
frequencies of the symmetric and antisymmetric modes have been inter-
changed.

Suppose we consider the same string, but have the slope vanish at
one end and the displacement at the other. The boundary conditions be-
come

Op/ox =0 at x=—1, (8.32)

=0 at x =1 (8.33)

Now, we will not have separate, uncoupled symmetric and antisymmetric
motions because the system is no longer symmetric. From the differential
equations we have the independent solutions

@ = A cos nx cos wt,

. (8.34)
@ = B sin 7x cos wt,
where in both solutions
7 =w/c, (8.35)
and 4 and B are arbitrary. Hence we have the sum solution
@ = (A cos nx + B sin 5x) cos wt, (8.36)

since the system is linear. Substituting from (8.36) into the boundary
conditions (8.32) and (8.33), we obtain

[— Ansin 9(— I) + By cos n(— )] coswt =0, 8.37)
[4 cos nl + Bsinnl]lcoswt =0, (8.38)

or
Ansinnl + Bycosnl =0, (8.37")

Acosnl+ Bsinnl =0. (8.38")
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For a nontrivial solution to exist, i.e., for 4 and B nonzero, the determinant
of the coefficients of 4 and B must vanish, and we obtain

7 sin 5/ necosyl|

cos n/ sin /| 0. (8.39)
Expanding (8.39), we find
7 sin®nl — n cos®nl = 0. (8.40)

This is a more complicated transcendental frequency equation than obtained
previously. Since n % 0, we have

sin?ypl — cos’nl =0, (8.41)
or
cos 2yl =0, 8.42)
and
2yl = nn/2, n=135,..., (8.43)

and from (8.43) and (8.35) we find
w = ner /4l n=1,3,5,.... (8.44)

We could go on to consider more complicated homogeneous boundary
conditions, but no new ideas would be introduced. However, the trans-
cendental frequency equations would become even more complicated.

3. STEADY-STATE FORCED VIBRATIONS. |

Let us now consider an inhomogeneous (forced) vibration problem
with an interior forcing term. The boundary conditions are homogeneous
—say, zero displacement conditions (8.13)—and the interior forcing term
in (8.1) is taken to be

o = Kcos wt. (8.45)

The classical procedure consists of first obtaining the solutions to the
associated homogeneous eigenvibration problem, which we have already
done, then expanding X in the complete set of eigenfunctions of the homo-
geneous solution, expanding the solution to the forced problem in the
same set of functions, and evaluating the coefficients of each term of the
solution. Let us briefly run through this procedure. We will then run through
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another very useful procedure, which has applications when the classical
procedure doesn’t. Both forms of solution are useful in their own way.
In the solution let

@(x, 1) = @(x) cos wt. (8.46)
Then substituting (8.45) and (8.46) into (8.1), we obtain

d2
dx?

+ 2 0=k, —l<x<lI, (8.47)

and from (8.13) we have
p=0 at x=41 (8.48)

We have already obtained the eigensolutions to the associated homogeneous
problem. They are

@, = A, cos n,x, Ny =nnf2l, n=1,3,5,..., (8.49)
for the symmetric modes and
@, = B, sin n,x, N, =nnf2l, n=2,4,6,..., (8.50)

for the antisymmetric modes. Expanding K in a series of the eigenfunctions,
we have

K=73 c,cosn,x+ 3 d,sinyn,x, (8.51)

n=1,3 n=2,4

where by virtue of the orthogonality of the eigenfunctions we find
1
= (K/D) f , COS M, X dx = (2K/n,l)sinn,l, d, = 0. (8.52)
Expanding ¢ in a series of the eigenfunctions, we have

@ = X A,cosn,x + X, B,sinn,x, (8.53)

n=1,3 n=2,4

and substituting in the differential equation (8.47), we find

[e]
—

-2 77n2A COS NpX — 2 nn B sin N X
i wz oo 2
+ — 2 4, cosnnx—{——E B, sin n,x = Z Cp COS 7], X. (8.54)

ct n=1,3 n=2,4 n=1,3
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Now from the eigensolutions we know that
Nn® = 0,’[c. (8.55)

Hence, substituting from (8.55) into (8.54), we obtain

2 [4n(@® — wp?) — Pe] cos mx + X B,(w? — w,?) sin g, x =0, (8.56)
n=1,3 n=2,4
which, by means of the orthogonality [(®*), Chapter 1] of the eigensolutions,
yields
B, =0, A, = e, /(@ — w,?). (8.57)

Hence, substituting from (8.57) into (8.53), we see that our solution may
be written

@ =c*Y ————COSN,X, (8.58)

ne13 @ — oy’ "

from which it is clear that a symmetric (in this case constant) forcing
function cannot force the antisymmetric motions, which was clear on
intuitive grounds. From the form of the solution (8.58), i.e., the fact that
each term contains a resonance denominator, it is clear that when the
driving frequency w is very near a particular natural frequency w; the ith
term dominates the entire series and the solution may be written

2

c%c;
————5 COS ;X (8.59)

w* — w;

(p:

and when w = w; the steady-state solution blows up.

4. ORTHOGONALITY OF THE EIGENSOLUTIONS

It is clear from the foregoing that the orthogonality of the eigen-
solutions was crucial to obtaining our result. Although the eigensolutions
turned out to be trigonometric functions in this simple case, and it is well
known that the trigonometric functions are orthogonal, the orthogonality
properties are more far reaching (fundamental), and in fact are a direct
consequence of our differential eigensystem. That is, any solution of the
homogeneous differential equation and homogeneous boundary conditions
can be shown to be orthogonal without actually obtaining the solution.
This is an important fact, since when we have such a general proof of
orthogonality we don’t have to examine the orthogonality of complicated
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solutions, which is very desireable with complicated functions—especially
complicated vectorial functions.

To this end consider two eigensolutions to the homogeneous differential
equation (8.47) subject to the same homogeneous boundary conditions

d2 ” wm2
P | O, —o0, (8.60)
d2p, w,?
- U @8.61)

From (8.60) and (8.61) form the equation

pn, d*p, 0, — 0,}

P g P gz T @ PP =0, (8.62)

which with an integration from — / to 4 / can be written

w, —wm

[@nPm’ — Qw1 = f PmPr 4, (8.63)

from which it is clear that for any homogeneous boundary condition [Eq.
(8.3) with f(¢) = 0] the left-hand side vanishes. Hence if w,, #* w,

[ ’l O, dx = 0. (8.64)

We will now obtain the solution to the previous forced vibration prob-
lem in the second manner, which will be a particularly useful procedure
to us in future problems.

5. STEADY-STATE FORCED VIBRATIONS. Il

The second manner of obtaining the steady-state solution of (8.47)
subject to (8.48) consists of writing

p=x+v, (8.65)
and substituting in (8.47) and (8.48) to obtain

&y | o w
A+ + dx2 Y+ Sv =K, —l<x<l, (866

x+v=0 at x =41 8.67)
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We now select y so that p satisfies a homogeneous equation. Hence

x = c*K|w?, (8.68)

d2 2
Tty =0, —l<x<l, (8.69)
p = — 2K/w? at x =41 (8.70)

Clearly, the differential equation (8.69) is satisfied by

p = A cos px + Bsin nx, (8.71)

where
n = w/c. (8.72)

Substituting in the boundary conditions (8.70), we find

A cos nl — Bsinnl = — ¢*K/w?,
. (8.73)
A cos gl + Bsinngl = — EK[w?.
Adding, we obtain
A cos gl = — 2K|w?, (8.74)
and subtracting, we obtain
Bsinyl =0. (8.75)

Equation (8.74) is inhomogeneous, and shows that symmetric motions are
forced by a uniform forcing field; whereas (8.75) is homogeneous, and
shows that antisymmetric motions cannot be forced by a uniform forcing
field. More precisely, from (8.75) we have

B =0, (8.76)
and from (8.74) :
A = — c2K/(w? cos nl). 8.77)

Resonance occurs when the amplitude of the forced oscillation goes to oo,
i.e., when 4 = oco. From (8.77) we see that this occurs when

cospl = 0. (8.78)
Note that

K (1 __cos nx

= = .79
o o5 7]’) cos wt, 7 =w/c, (8.79)
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is the steady-state solution for any driving frequency w off resonance, and
simply diverges at resonance.

6. BOUNDARY FORCING

Now let us consider the problem of a boundary (here an edge) forcing
term. We have the differential equation (the time factor cos wt has been
removed)

d2 2
l£4~%¢zm —l<x<lI, (8.80)

and the boundary conditions

=0 at x=—1, (8.81)
o =H at x =1 (really H cos wt). (8.82)

If we wish to use the classical (Fourier) procedure, we write

=3+, (8.83)

and, substituting from (8.83) into (8.80)-(8.82), obtain

d?y w? d*y w?

nr it gyt my=0 (8.84)
x+v=0 at x=—1, (8.85)
x+y=H at x=1. (8.86)

We now select y so that the boundary conditions on y are homogeneous.
That is, we wish yx to satisfy the conditions

x=0 at x=—1, (8.87)
yr=H at x =1/ (8.88)
This is accomplished by the selection

x=" (1 +3). (8.:89)

Substituting from (8.89) into (8.84)-(8.86), we find

d>p
dx?

w? w? H x
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p=0 at x = +1/. (8.91)

We now proceed as before, i.e., we obtain the solutions to the homogeneous
eigenvalue problem defined by

d_xf+—071p=0, —l<x<l, (8.92)
py=0 at x=4I, (8.93)

and then expand the forcing term

w*H X
— g (1 + T) , (8.94)

and the function v as an infinite sum of all the eigensolutions v, of (8.92)-
(8.93), and then evaluate the amplitudes (coefficients) of each vy, by means
of the orthogonality of the y,. There is no point in repeating this procedure
here, since it is exactly the same as we followed in Section 3 except for the
fact that the forcing term is different. From the form of the forcing term
it is clear that a motion will be neither symmetric nor antisymmetric in
general; but a resonant mode will be either symmetric or antisymmetric.

Now the second manner of obtaining a solution of (8.80)-(8.82) is
perfectly straightforward. Clearly, we may write

@ = A cos nx + Bsin gx, = w/c. (8.95)

Substituting from (8.95) into the boundary conditions (8.81)-(8.82), we
find

Acosnl — Bsinnl =0,

(8.96)
Acosnl+ Bsinyl = H.
At this point we could simplify the problem by adding and subtracting
the two equations in (8.96), but it is more instructive to proceed in the
following way because it is more typical of what has to be done in more
complicated problems. We solve the inhomogeneous simultaneous equations
in (8.96) for 4 and B to obtain

\ 0 —sin nl‘ cos nl —sin 7/
A= ey R
H sin nl|/ |cos n/ sin n/
. (8.97)
. cos il —sin n/

cos nl 0‘/
cos nl H

cos nl sin 5/’



Sec. 71 Orthogonality of Piezoelectric Vibrations 79

Expanding (8.97), we obtain

A = (H sin 9)/(2 sin nl cos nl) = HJ(2 cos nl),

B = (H cos 5l)/(2 sin 5l cos nl) = HJ(2 sin 5l). ©.98)
These are two inhomogeneous equations for 4 and B. These equations
show that in general a motion will be neither symmetric nor antisymmetric.
However, since the resonance denominator factored into two parts, a re-
sonant mode will be either symmetric or antisymmetric. This is clear from
the above equations since there are two separate conditions for resonance,
i.e., resonance occurs when either 4 or B go to infinity. In this case they
go to infinity separately (and not together), and that is why a resonant
mode is either symmetric or antisymmetric even though the solution is
asymmetric. Note that

H [(cos nx sin nx
(p:“( n "

2 \cosnl sin 5l ) cos wf, = w/c, (8.99)

is the steady-state solution for any driving frequency w off resonance, and
simply diverges at a symmetric or antisymmetric resonance.

7. ORTHOGONALITY OF PIEZOELECTRIC VIBRATIONS

Consider two eigensolutions of the homogeneous piezoelectric equations

Tiji = Oy, (8.100)

D,; =0, (8.101)

Tij = CiraSur — erijEr (8.102)
D; = ej1Sp + €ikr (8.103)
Spr = 3,1 + uip) (8.104)

E,.=—o4, (8.105)

one solution at frequency w,, and the other at w,. The solution at frequency
w,, satisfies the equations

i + ewyu™ =0, (8.106)
Dy, =0, (8.107)
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and the solution at w, the equations
T4+ oo,y =0, (8.108)
Dy, =0. (8.109)
From (8.106) and (8.108) form the equation
u"th, — u"h; + 0w — @ )uu = 0.
Now, we have

N gy Ml | — nem) . — QUM . (1M . Man,
uftls — uth s = (). — STy — Wth) . + STy

Y
— nem Manl, p— nm "m.
== (u] I’L'j u]- tij),’i SZ]tl] + S’t]l

(8.110)

i

and from (8.101)-(8.103), and the symmetry of the elastic and dielectric
coefficients we have

Spvy — Syvly = SH(cumSh — eryEr™) — SH(cimSH — eriEy™)

= e SHE™ — e Sy E"

= (D" — enEME™ — (D™ — enE™)E = D" Ey™ — D" E®

= — D% + D% = (D™ 1 — (Di"¢™) x- (8.111)
Substituting from (8.111) into (8.110), we obtain
it — umty + DMe" — D™ ; + o(w?, — ®Du™u =0. (8.112)
Integrating (8.112) throughout the volume V, we find

fs (v — nivfui™ + niD"9" — n,D;"¢™) dS

= o(wn" — ®,%) f "y dv. (8.113)

From (8.113) it is clear that for any homogeneous boundary conditions the

left-hand side vanishes. Hence, if w,, 3% w,, for homogeneous boundary
conditions we have

fVu,-’"uj”dV=0 if ms£n, (8.114)

which is the orthogonality condition for piezoelectric vibrations.



Chapter 9
THICKNESS VIBRATIONS OF PLATES

1. FREE ELASTIC THICKNESS VIBRATIONS

The plate is infinite in extent and bounded by two parallel planes
located at, say, x, = 4 h, as shown in Fig. 10. For our purposes, both
faces of the plate may (or may not) be completely coated with electrodes
which are infinitesimally thin. Since the electrodes are infinitesimally thin,
all possible mechanical effects may be ignored. When the electrodes are
there we shall assume that an alternating potential difference is applied
to them.

Let us first consider a few purely elastic eigenvibration problems so
that later on we can note the influence of the piezoelectric coupling. This
approach will also be instructive, since the purely elastic problems are less
cumbersome. The mechanical boundary conditions are

T, =0 at x,=+h. ©.1)

Referring to Fig. 10, thickness vibrations correspond to solutions which
depend on the x, spatial coordinate only, and are independent of x; and x;.

For the thickness eigenvibration problem for an isotropic plate the
differential equations become

Uy 20 = QUy,
(l + 2,“)“2,22 = giiy, (9-2)

s 5o = Qi3 ,

X
) ¢

) %

Fig. 10. Infinite plate of thickness 2.

v
x

81
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and the boundary conditions become

Ty =pu, =0 at x, =+ h,
To = (A + 2u)u , =0 at x,=+h, 0.3)
Tys = puz s =0 at x,=+h,

from which it is clear that the three displacements u; , 4, , and u; uncouple,
and we have three independent scalar wave equations, which have already
been solved in Chapter 8. The only additional information which we now
have is that

¢ = (u/e) 9.4)

for shear vibrations and

¢ = [(A + 2u)/o] ©-3)

for extensional vibrations. Exactly the same sort of thing happens for the
material with hexagonal symmetry, for the symmetry axis either in the
plane of the plate or perpendicular to the plane of the plate.

For the material with monoclinic symmetry, with x, the digonal axis
in the plane of the plate and x, perpendicular to the plane of the plate,
the differential equations and boundary conditions, respectively, become

Ceglly,2e = Qliy,
Caollp 90 + Cagls on = Qily, (9.6)

Coglp 22 + Cagls 22 = Qliz,

Ty = Ceglhy,s =0 at x, = +nh,
Toy = Cogliz o + Coqlizs = 0 at x,=+th, .7
Ty3 = Cogllp, -+ Cagtizs =0 at x, = =+ h.

Thus it is clear that the u; displacement is uncoupled from u, and u;, but
u, and u, remain coupled even in a thickness solution. The thickness vibra-
tions depending on the u; displacement are governed by a scalar wave
equation as before with

¢ = (Ces/@)/?, ©.8)

and we have already obtained the solution. The thickness vibrations depend-
ing on u, and u, are a little more complicated than the previous ones. Let us
obtain the solutions. Consider as a solution of the differential equations
9.6)
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U = 0 ’
Uy = (A, cos nx, + B, sin nx,;) cos wt, 9.9)
uz = (A3 cos nx, + By sin 7x,) cos wt,
which satisfies (9.6) provided
As(coan® — 0w?) + Ascaqn® =0,
Ascagn® + As(caan® — ow®) =0,

32(622712 — ow?) + B:aczfﬂl2 =0,
Bycoyn® + Bs(can® — ow?) =0,

(9.10)

©.11)

which shows that the symmetric and antisymmetric motions are not coupled
by the differential equations. In other words, we can have a nontrivial
solution with either 4, = 0 or B, = 0 (¢ = 2,3). Dividing Eqgs. (9.10) and
(9.11) by 7? and defining 4 as gw?/#?, and noting that for a nontrivial sym-
metric solution B, = 0 and the determinant of the coefficients of the A,
must vanish, i.e.,

Zi A Zi 4l =0 9.12)
we obtain the two values of 4
A% = $(cae + €as) £ $[(cop — Caa)® + 4B, ]2 9.13)
For each value of 4 we obtain amplitude ratios
[ApE:43%] = [co0: (AT — €35)], (9.14)

and a dispersion curve as shown in Fig. 11. Thus we have two dispersion
curves in this case. For a nontrivial antisymmetric solution 4, = 0, and
we obtain the same A% and amplitude ratios for the B, * as we did for the
A, * in the other case. We now have the four boundary conditions (two on
each surface) given in (9.7) remaining to be satisfied. It is instructive—
because it is at times necessary—to proceed in the following general way.
Take u, as a sum of all four solutions—two symmetric and two anti-
symmetric—of the differential equations. Thus

u, = [C*A,* cos nrx, + C-Ay~ cos 5 x, + D¥B,* sin ntx,

-+ DB, sin 7x,] cos wt,
9.15)
uz; = [CtAz* cos prx, + C-A3~ cos p~x, + D*B;* sin tx,

+ D~B;~ sin 7 x,] cos wt.



84 Thickness Vibrations of Plates [Ch. 9

w A )\"

= 7

Fig. 11. Frequency vs. wave number diagram for elastic thickness
vibrations in a rotated Y-cut quartz plate.

Substituting from (9.15) into the boundary conditions (9.7), we obtain

F CH(cadyt + s It (sin nth) F C(Caads™ + Casds™ )y (sinn~h) .
+ D¥(casByt + casBy )t (cos nth) + D (coe By~ + coaBy™ ) (cos nh) =0,
(9.16)
F CH(casdst + cudst It (sin th) F C(casdy™ + casds™)n~(sin n~h)
+ D¥(c4Byt + cauBs )t (cos nth) + D(coaBy™ + c4aBs™)n(cos ~h) =0,

in which the upper sign refers to the boundary conditions at the upper
surface and the lower sign at the lower surface. Adding, we obtain

DH(caeByt + €auBst )Nt (cos nth) + D=(Ca0By™ + cayBy™)n~(cos nh) =0,
9.17)
D (c4Byt 4 c4aBst It (cos nth) + D=(CyyBy™ + caaBs™)n~(cos nh) =0,

and subtracting, we obtain

CH(co2ds™ -+ C20A5MNT(sin nth) + C(c324,™ + CogA3™ I~ (sin n~h) =0,
(9.18)
CH(cpgdyt + cudz It (sin yth) + C(caude™ + cudy )~ (sin p~h) =0,

which shows that the symmetric and antisymmetric solutions of the dif-
ferential equations are not coupled by the boundary conditions. For a
nontrivial antisymmetric solution C+ = C- =0, and the determinant of
the coefficients of D* and D~ must vanish, i.e.,
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(€22By* + €y Byt)nt cos pth (CasBy™ + CouBy™ )~ cos h

=0, (9.19
(CoaByt + CauBs Mt cOs pth (€24Bo™ + c4uBy )~ cos n~h ( )

and from (9.19) we obtain the two independent transcendental frequency
equations

cos nth =0, cosnh =0. (9.20)

Consequently, either D~ = 0 or D+ =0, and the two independent anti-
symmetric solutions of the differential equations are not coupled by the
boundary conditions in this case. From the transcendental frequency equa-
tions (9.20) we have

n*h = nn/2, n=1135..., 9.21)
and the eigenfrequencies are given by
w* = (A¥/p)%nmn/2h, n=1,35,.... (9.22)

Exactly the same sort of thing happens for the symmetric modes, when
D+ = D~ = 0; and the eigenfrequencies are given by Eq. (9.22), but with
n=246,....

Now, let us consider an arbitrarily anisotropic material. For thickness
vibrations we have the differential equations

Cojialls,22 = QUj (9.23)

and boundary conditions
ng = Cojpolp,2 = 0 at x, = =+ h. (9.24)

Let us see if we can determine purely antisymmetric solutions. Consider
as a solution of the differential equations

u; = A;sinnx,coswt, j=1,2,3. 9.25)
This is a solution of (9.23) provided
(czjkz hd ﬂ@,k)Ak = 0. (9.26)

Equation (9.26) is a system of linear, homogeneous, algebraic equations
in the A;, and for a nontrivial solution to exist the determinant of the
coeflicients of the A4; must vanish, i.e.,

| cojpe — Az | = 0. (9.27)
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This is a cubic equation in 4 and yields 34, which, for our purposes,
are all assumed distinct. Since

Cojke = Cra2j = Cakja > (9.28)

this is an algebraic eigenvalue problem for a symmetric matrix, and this
problem has already been covered in great detail by us, from which we
can assert that the 3A*) (here distinct) are all real and that the eigenvectors
A= of the three independent solutions are mutually orthogonal, so that the
displacements u* are, of course, mutually orthogonal also. From the fore-
going it is clear that there are three dispersion curves which are all straight
lines, as shown in Fig. 12. In order to satisfy the six boundary conditions
in (9.24) (three on each surface), we will try a sum of the three independent
antisymmetric solutions of the differential equations. If we were to require
six solutions, we would need the three independent symmetric solutions
as well. Thus we take

3
u=3 C(a)A]ga) (sin n'¥x,) cos wt (9.29)
a=1

as the solution. Substituting from (9.29) into the boundary conditions (9.24),
we obtain
3

] Cc, A1 ™ cos n'Ph =0 9.30)

oa=

on each surface. Consequently, the antisymmetric solutions are adequate,
and we do not need the symmetric solutions. The equations are linear,

“ |

- 7)
Fig. 12. Frequency vs. wave number diagram for elastic thickness
vibrations in an arbitrarily anisotropic plate.
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homogeneous, algebraic equations in the C®, and for a nontrivial solution
to exist the determinant of the coefficients of the C® must vanish, i.e.,

| Cojradfn® cos n'?h | =0, 9.31)
and we obtain the three independent transcendental frequency equations
cos n'Yh =0, a=1,23. 9.32)

Consequently, for each eigensolution two of the three C* =0, and the
three independent solutions of the differential equations are not coupled
by the boundary conditions. Therefore from the previous discussion we
know what the antisymmetric eigenmodes look like. The eigenfrequencies
of the antisymmetric modes are

0@ = (A® [pVing/2h; a=1,2,3; n=1,3,5,.... (9.33)

This result is due to Koga (32). From the foregoing the symmetric eigen-
solutions are obvious. The implications for propagating elastic waves in
anisotropic crystals are obvious.

2. FORCED PIEZOELECTRIC THICKNESS VIBRATIONS

Let us now consider a forced piezoelectric thickness vibration problem.
We will consider a material with monoclinic symmetry (rotated Y-cut
quartz), since the material with hexagonal symmetry is somewhat simpler.
The differential equations are

Cogllr 22 T €oeP 25 = 0¥,

Coglly 29 + Coglly 20 = Qliy,

. (9.34)
Coglly 5 + Cyallz 00 = Qll3,
Caglly 22 — E25P,2s = 0
and the boundary conditions are
Ty = Cogthy,z + €26p,2 = 0, at x, =+ h,
T = Coolty g + Cogliz o = 0, at x, =+t h, (9.35)
Ty = oz s + Caqths 2 = 0, at x, = LA,
@ = 4 @, cos wt, at x, =+ h

From the differential equations (9.34) and the boundary conditions (9.35)
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it is obvious that only the u, displacement is coupled to the electric po-
tential. Hence we take

Uy, = uy =0,
u (x5, 1) = uy(x,) cos wt, (9.36)
(p(xZ ’ t) = ¢(x2) Cos wta

and substitute in the differential equations (9.34), which are then mani-
pulated to obtain

[cos + (636/822)]1‘1,22 + ow?u, =0, (9.37)
@ = (€xe/822)tty + LiXy + L,. (9.38)

Substituting from (9.36) and (9.38) into the nontrivial boundary conditions
in (9.35), we obtain

[cgs + (€36/E22)Ttt1,2 + €26Ly =0 at x, =+ h,

(9.39)
(ess/€20)uy = Lih + Ly = + ¢o, at x, =+ h.
Consider the antisymmetric function
u, = A sin nx, (9.40)

as a solution of the differential equation (9.37). This satisfies (9.37) provided
Coall® = Qu®, (9.41)
where

Cos = Cos + (€26/€22) 9.42)

is the piezoelectrically stiffened elastic constant. If we were to consider
the symmetric solution, we would find that it could not be forced. Sub-
stituting from (9.40) into the four remaining boundary conditions (9.39),
we obtain

Ceen A cos nh + eyl =0 at x, =+ h, (9.43)

4 (egs/€s0)Asinnph + Lh+ Ly, =4+ ¢, at x,= 4+ h. (9.44)
Hence solving (9.44) for L, and L,, we find

L2:0,

. (9.45)
L, = (go/h) — (exs4/e55h) sin nh,
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and substituting from (9.45) into (9.43), we obtain

2 .
€ SINnh\ @y
= >_ ers T (9.46)

A(Eeﬁn cos nh —
Equation (9.46) is an inhomogeneous linear algebraic equation in 4. Con-
sequently, the antisymmetric modes are forced by the application of an
alternating voltage to the surface electrodes. Resonance occurs when the
coefficient of 4 in (9.46) vanishes, i.e., when

tan nh = (ex5Ce6/€36) Nh = nhik3s. 9.47)

Thus for this piezoelectric plate the wavelengths of overtone resonances
are not integral fractions of the fundamental; as a consequence the resonant
frequencies of overtone modes are not integral multiples of the fundamental.
The deviation from the integral multiple relationship depends on the elec-
tromechanical coupling factor k,q only. Consequently, the coupling factor
can be determined from simple resonance measurements (fundamental plus
at least one overtone) only, and antiresonance measurements are not re-
quired. Tables for doing this exist in the literature (%2).

Now let us consider an arbitrarily anisotropic piezoelectric plate ().
Let the index », instead of the index 2, denote the direction normal to the
surface of the plate. We will adopt the convention that there will be no
sum over repeated Greek indices, although we will continue to sum over
repeated Latin indices. The differential equations are

cvjkvuk,vv + evvj(p,vv = Qi‘] ’

(9.48)
evkvuk,w - va‘P,w = 0 s
and the boundary conditions are
Tv'zcv'vu v+evv' v=0 at xuzj:h,
3 Calllr T Cogb, (9.49)
@ = 4 @, cos wt at x, =+ h.
Let
u;(x,, t) = u;(x,) cos wt,
(%, , 1) = u;(x,) (9.50)

p(x,, 1) = @(x,) cos wt,

and substitute in the differential equations (9.48), which are then manipulat-
ed to obtain

cvjkvuk,vv + szuj =0 s (9.51)
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(p = (evvk/svv)uk + lev + L2 > (9.52)

where

cvjkv = cvjkv + (evvjewk/evv) ’ (9'53)

and L, and L, are integration constants. Substituting from (9.50) into the
boundary conditions (9.49), we obtain

C_,.jk,,uk,,, + e,,,,le =0 at X, = j: h, (954)

b (e h) £ Lh+ Ly =49, at x,=h (955

Consider the antisymmetric functions
U; = Aj sin nx, (9.56)

as a solution of the three coupled ordinary differential equations (9.51).
This satisfies (9.51) provided

(Cjiv — Cou) A =0, 9.57)
where

C = pw?/np. (9.58)

For a nontrivial solution to (9.57) the determinant of the coefficients of
the A4; must vanish:

| 5,,]7‘;,, - C’é,k | = 0 (959)

Equation (9.59) is a cubic equation in € and yields three real positive roots,
Cw, C®, C®. Hence for a given w there are three real ™, one for each
C™. Bach C™ then yields an independent solution, and amplitude ratios
are found from the linear algebraic equations (9.57). The amplitude ratios
will be denoted by

(A AP AP) = (B BEH).
Thus we have three antisymmetric solutions given by
um = M sin n'™x, , n=1,2,3; (9.60)

and from (9.52) for each solution there exists an electric potential ¢'™
given by

P = egvvvvlc B (sin n™x ) + Liwx 4+ L™, (9.61)
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Similarly, there are three symmetric solutions given by
Uy = Bim cos m'mx, , m=1,2,3, (9.62)

where the ™ and g{™ are exactly the same as in the antisymmetric so-
lutions. One solution of the differential equations is insufficient to satisfy
the eight boundary conditions. All six solutions seem to be required. Six
solutions will certainly be enough, since the two integration constants L,
and L, already appear in the boundary conditions, and we require at most
eight linear algebraic equations in eight unknowns which will consist of
L,, L,, and the amplitudes of the six solutions. Hence we take

3 3
uj — Z P(n)ﬂj(n) sin n(n)xy + Z Q(m)ﬂj(m) cos ,,](m)xy (963)

n=1 m=1
as the solution of the problem. Clearly, from (9.61) we have
3

€,k . 3 €k
=3 P™ gvv B (sin 7™x,) + ZIQ(m) 8w Bim (cos 7mx )
vy m=

n=1 vy

+ Lyx, + L,. (9.64)

From the two boundary conditions on the electric potential (9.55) we
obtain

| G .
L = __";710 - X pm ‘;vvk B sin 5™k,
n=1 ry
, (9.65)
my Evk
L,=— m2=1 0" ’———ew Bim cos n™h.

Substituting from (9.63)-(9.65) into the remaining six boundary conditions
(9.54), we obtain

3 3
n) 7~ (n)gnin) (n) (m)= (m)g,(m) ¢ {(m)
1P G, Br'n™ cos n™h ZIQ C, B m™ sin p™h
m=

n=

S €,,5€ ok
— 7 > pln) 2o ﬁ;cn)(sin n(n)h) -+ e,
n=1

v,
avv J

at x, =+ h. (9.66)

Do _
=0

Adding the equations at x, = 4+ h and multiplying by /4, we obtain

3 .
Zl P(n)ﬂ’(cn) [c-vjkpn(n)h (COS ,r](n)h) _ ev,:evvk‘ sin n(n)h:l —_ — ewj(po s (967)
n= -

vy
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while subtracting the equations at x, = 4+ A, we obtain

3

Gy 2 QMBMn™ sin n™h =0, (9.68)
m:

=1

which shows that the symmetric and antisymmetric solutions of the equa-
tions are not coupled by the boundary conditions, and, moreover, that the
symmetric solutions are not driven by the application of an alternating
voltage to the surface electrodes. For the antisymmetric modes which are
driven by an alternating voltage resonance occurs when the determinant
of the coefficients of the P vanishes, i.e., when

B [, (cos 1) — Z222E (sin qwmy| | =0, 0.69)
This is the transcendental frequency equation, from which the resonant
frequencies may be determined. It cannot be factored, and shows that the
three fundamental antisymmetric solutions of the differential equations are
coupled by the boundary conditions. It is a very complicated transcendental
equation indeed. Each term in the 3 X3 determinant consists of a sum of
three terms with a cosine function and three terms with a sine function.
It is fortunate that in practical cases there are usually enough zeros so that
the determinant simplifies considerably, as it does for rotated Y-cut quartz
plates, polarized ceramic plates with surfaces parallel to principal axes,
and many other instances. However, it does not simplify very much for
certain principal cuts of a material in trigonal class C,, (lithium niobate)
or C; or monoclinic class m. One may calculate resonances from the
complicated determinant by first noting that

n‘”’h — [Q/C_‘(n)]lmwh , (9.70)

substituting the constants ¢, in the determinant (9.59), and then calculat-
ing the three C™ from the cubic, and the 8 from the linear algebraic
equations (9.57) that led to the cubic. Then everything is known in the
complicated determinant (9.69) except wh, which are then determined as
the roots of the determinant. Note that when the piezoelectric constants
vanish the determinant factors and reduces to

cos n™Mh =0, n=1,2,3, 9.71)

which is the same as (9.32) in the purely elastic case. It should, of course,
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be clear that every thickness vibration problem of a piezoelectric (or elastic)
plate is a special case of the foregoing.

Equation (9.69) can be written in a more compact form, which turns
out to be more illuminating for certain purposes. To obtain this form
construct the matrix

F™ = B™G", 9.72)
where

G = B ™ (eos ") — S sin ™), ©.73)

142

and the ;" are assumed to be normalized. Now since the determinant of a
matrix product is equal to the product of the separate determinants and
det /3;-"’ is nonzero (it equals one), we have

| F™ | = |G| =™ || G| =0, (9.74)

which, with (9.57) and 8™ = §,,, enables us to write

1 (n)}Z
7V @y®E cos 5k cos 7Ph cos Ok | 8, — k™k™ ( S 7 =0,
n n)h cos n(n)h
9.75)

where

(k(n))2 - (ﬂ}n)ewj)z/c_(n)gw' (9'76)
Expansion of the determinant in (9.75) yields

tan n™Wh

7](1)77(2)77(3) coS n(l)h coS ,'7(2)}1 cos 7](3)h|:§1 (k(n))Z n(:z)h — 1} =90. (9_77)

Equation (9.77) was first obtained by G. A. Coquin of Bell Telephone
Laboratories, who communicated the result to the author.



Chapter 10

TWO-DIMENSIONAL STANDING WAVES
IN ELASTIC PLATES

1. SOLUTION FOR POLARIZED CERAMIC

Since the solutions of problems in the theory of the vibrations of
bounded plates may be composed of sums of solutions of the appropriate
problems of two-dimensional standing waves in unbounded plates, the
solution of the problem of two-dimensional standing waves in an infinte
plate will be discussed in considerable detail. In fact, one cannot even
attempt to obtain a solution to a vibration problem of a bounded plate
by the methods we will adopt until one is thoroughly familiar with the
details of the solution to the corresponding problem of the unbounded
plate. The exact reasons for this will become increasingly clear as we proceed.
Since waves in purely elastic plates are simpler than waves in piezoelectric
plates—and more is known about the details of the solution—and we
wish to see the influence of the piezoelectric coupling on the solution,
we will consider two-dimensional standing waves in purely elastic plates
before proceeding to a consideration of the equivalent problem for piezo-
electric plates. To this end, we will consider the polarized ceramic material
—excluding piezoelectric coupling—first, since it is simpler than rotated
Y-cut quartz (*). Let the surfaces of the unbounded plate be normal to
the polarization axis, which is in the x, direction, and let us consider stand-
ing waves which depend on x; and x; only. Note that the solution will be
similar to that for plate-waves propagating in the x, direction. Consider
as a solution of the differential equations (7.29), with the e;; =0,

u; = A, cos nx; cos &x, cos wt,
u, =0, (10.1)
uy = Aj sin x5 cos &x; cos wt ,

which satisfies (7.29) with the e = 0, provided

(e1nf? + cam® — g*)A4; + (c13 + ca)énd; =0,

10.2
(caa + C13)énA; + (caaf® + cyn® — ow?)A; = 0. ¢ )

95
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This system of linear homogeneous equations in 4, and A4; yields nontrivial
solutions when the determinant of the coefficients of 4, and A4; vanishes,
i.e., when

(01152 + C447]2 - QCU2) (cl3 + c44) 577 =0 (10 3)
(€15 + €aa) &7 (€aab® + c33m® — 0?) . '

This equation is quadratic in w?, &2, and %2 Therefore for a given w and &
there are two 72, [(nV)?, (®)?]. The frequency w must be real, but & can
be real, imaginary, or even complex. For real or imaginary &£ an %2 may
be either real-positive, real-negative, or they may occur in complex conjugate
pairs. If an %2 is real-positive, the corresponding 7 is real. Although both
+ 7 and — 7 result, only the + # need be considered, since the — % gives
the same solution as the + 7 because of the form of the solution (10.1).
If an 7? is real-negative, the corresponding # is imaginary. Again, and for
the same reason, only the + imaginary n need be considered. If the two #?
occur in complex conjugate pairs, the resulting four » consist of two com-
plex conjugates and the negatives of them. Again, because of the form of
the solution (10.1) the negative pair give the same solution as the positive
pair, and hence do not have to be considered. Each solution yields amplitude
ratios when substituted in the linear equations (10.2) in 4, and A4;. The
amplitude ratios are given by

A = — (13 + Ca)iNwy »
1 (c13 1)ENm) (10.4)
AP = ¢, + cumlny — ow®.
The boundary conditions at each surface of the plate are
Ty =Ty =T33=0 at x; = 4+ h. (10.5)

Since u, = o and u; and u, are independent of x,, by virtue of (7.28) with
the e;z =0, T3, = 0. Thus we have two remaining boundary conditions
to satisfy at each surface of the plate. One solution of the differential equa-
tions is insufficient to satisfy the boundary conditions; both solutions are
required. Hence we take

u, = sin &x, cos wt é C™MA™ oS 1yXs _

"? (10.6)
uz = cos &£x; cos wt X, C™AP sin 7,)x3

n=1

as the solution of the problem. Substituting from (10.6) into the boundary
conditions (10.5), with the aid of (7.28) with e;; = 0 we obtain
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2
21 C™eyy(APE 4 A1) sin nyh =0
=

(10.7)

2

> C(")(CmA(")f + 2345 (y) €OS Pyh = 0.

n=1

Equations (10.7) constitute a system of linear homogeneous algebraic
equations in the C. This system yields nontrivial solutions when the de-
terminant of the coefficients of C*? and C® vanishes, i.e., when

cas(A3VE + AP n)) sin ng\h ca(APE + AP ) sin neh
(C1aA(11)5 =+ CaaAfsl)’?m) COS Nyt (01314;2)5 =+ CssA:(sZ)n(z)) COS 7)(2)

N .
(10.8)
Equation (10.8) is a transcendental equation, the roots of which determine
the w vs. & relation for this plate. For a fixed @ and £&—and hence 7'V,
n®, AL, AP, AP, and A{P—this equation contains an infinite number
of roots A, , each of which determines a point on the wh vs. &k relation,
and yields amplitude relations (C'V:C'®) when substituted in the linear
algebraic equations (10.7) in CV and C*®.
The foregoing has implicitly assumed both # real. However, when an
7 is imaginary, it may be carried through the entire calculation as an ima-
ginary quantity. In fact, some of the modern computing machines do
complex arithmetic directly and even enable the direct treatment of some
functions of a complex variable. Also, when %;, and #,, are complex con-
jugate they may be carried through the calculation as complex quantities
in the same way. Of course, when you obtain the final solution, it will be
real—either because each term is real or because the complex terms occur
in conjugate pairs. Until now we have considered & either pure real or pure
imaginary. However, when £ is complex it may be carried through the entire
calculation as a complex quantity. Of course, when £ is complex 7, and
7 are complex, and they are not complex conjugates. Consequently, all
successive quantities occurring in the solution are complex, and are not
complex conjugate. Therefore when £ is complex the frequency determinat
is complex and both real and imaginary parts must vanish simultaneously.
However, when £ is pure real or pure imaginary the frequency determinant
is either pure real or pure imaginary, so that only one quantity has to vanish.
If £ (complex) is a point on the w vs. £ curve, then — & and £ (complex
conjugate) are also points on the w vs. & curve because of the form of the
solution. When a final complex solution is obtained it will be complex.

However, combinations of complex conjugate (£ and &) solutions will
be real.
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For purposes of calculation, it is convenient to write the pertinent
equations involved in the calculation in dimensionless form. To this end,
we define

y = 2&h/x, a = 2nh/x, Cpq = CpglCaa > 2 =w/o, (10.9)

where
® = (7/2h)(casl0)"? (10.10)

is the lowest thickness shear frequency, and substitute in Egs. (10.3), (10.4),
and (10.8) to obtain

Cuy® + o — 2?) (613 + D ya

- _ =0, 10.11
G + D ya 0P + E® — 2) (10.1)
AP = — (63 + Dyay,,
-1 ] (€13 - ) Y% (10.12)
3 =eny? +aiy — 2%,
(A-:;l))’ + A-{l)au)) sin d7a ) (A_?(,Z)V + 14—1(2)0‘(2)) sin d7a )

(5131‘1'1(1)7 + 533/1-:;1)0‘(1)) cos ey, (513/;1(2)7 + 53314-?(,2)0‘(2)) COos %ﬂa(z)(lo 13)

The relation between £ and y is wanted from Egs. (10.11)-(10.13). A
straightforward procedure for calculating this relation begins by selecting
a value of y. The further choice of £ permits «¥ and a'® to be determined
from the biquadratic equation in «, (10.11). After this A, A, A®,
and A§¥ may be evaluated from (10.12). If the values thus determined
satisfy the transcendental frequency equation (10.13), the selected values
of v and £ consitute a point on the 2 vs. ¢ (dispersion) curve. If the tran-
scendental frequency equation (10.13) is not satisfied, repeat the calculation
for different values of £ (and/or y) until the frequency equation is satisfied
and a root has been obtained. When a sufficient number of values of y
and £ satisfying the frequency equation have been obtained the dispersion
curves may be plotted.

2. DISPERSION RELATIONS FOR ELASTIC WAVES
WITH REAL PROPAGATION WAVE-NUMBERS

One could now proceed randomly and do a tremendous amount of
calculation and determine the curves. One could also proceed by determin-
ing certain critical points analytically and obtain the curves with much
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less calculation by starting at these points. We will, of course, discuss the
latter procedure. Furthermore, these equations must be studied exhaustively
in the £ vs. y region of interest because it is essential that all branches of
the dispersion curves in the region of interest be determined before proceed-
ing with vibration problems of the bounded plate by means of the procedures
discussed in this monograph.

Before proceeding with a discussion of the tracing of the dispersion
curves we should note that the solution and dispersion curves we have been
discussing completely determine the longitudinal modes for this elastic plate.
Another independent solution can be obtained by interchanging cos nx; and
sin x5 in the solution functions (10.1) and (10.6) and carrying through
the solution in the same manner. This latter solution yields dispersion
curves which are independent of the others and determine the flexural
modes for the plate.

In determining critical (or starting) points on the dispersion curves,
we examine the solution. when y = 0 and £2 £ 0. The solution degenerates
and the frequency determinant (10.13) takes the form

AVay, sin dmag, 0
- =0 10.14
0 Cs3 570tz COS oy ’ ( )

which yields the two transcendental equations
sin {na,, =0, cos $may, =0, (10.15)

the first of which, as we know, corresponds to the symmetric thickness
shear modes, and the second to the antisymmetric thickness stretch modes.
Thus we have

xnqy =N, n:2,4,6,...,

(10.16)
a(2)=m, m=1,3,5,...,
and from (10.11), we have
o) =2, o) = /¢ (10.17)
Hence at £ = 0 we have the points
Q=n, n=2,486,...,
(10.18)

Q = c}m, m=1,3,5....
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Fig. 13. Location of thickness frequencies on dispersion spectrum for
polarized ceramic plates.

If c3* = 1.5, then the points of the upper set and the points of the lower
set in (10.18) take the respective positions shown on the dispersion spec-
trum in Fig. 13. If we had obtained the antisymmetric solution, we would
have found the points m even and n odd. These results for the antisym-
metric modes are also shown in Fig. 13. We have to determine the dispersion
spectrum in some region of this space shown in Fig. 13.

If the material were isotropic, the basic characteristics of the dispersion
spectrum would be essentially the same as in this anisotropic case, and
would differ only in detail. Furthermore, when the elastic constants satisfy
the isotropic relations, the algebra and, consequently, some of the associated
discussion simplifies considerably. Moreover, for a first discussion the iso-
tropic case is complicated enough, and a knowledge of the isotropic case
turns out to be a useful—if not an essential—prerequisite for a discussion
of the algebraically more complicated anisotropic case. Hence we will now
introduce the assumption of elastic isotropy into our problem. When a
material is elastically isotropic we have

cu=Cy=2A+2u, c3=2 c4y=1%(cy— c) =u. (10.19)
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Expansion of the algebraic determinant (10.11) yields
2 -
ot + [(511 . g - 2_613),}}2 . (__1_ + 1)92 ]az
Cs3 C33 C33

- = 4
$ G (2_ N __1_) o if_ —o0. (10.20)

33 33 Cs3 33

Introducing the isotropy relations, (10.20) may be written

Vy? Vyt V,?
at 4 292 — {1+ Vz)!y]az-{—y“— 1+ e y292+—V2 2 =0,
! ! ! (10.21)
where
Vi =ple, Vi =+ 2ue. (10.22)
The roots of the biquadratic in « in (10.21) are given by
1 Vy2 1 V,2
2 2 2 __ A2 02 _ 2
wi=g (1) oo (1- 5y,
from which we obtain
a2 = a2 =022 — %, (10.23)
a = a® = (V2[V,2)82% — 7%, (10.24)

which shows the major simplification which results from the assumed
isotropy-—the biquadratic equation in « in (10.21) factors into the two
parts (10.23) and (10.24). This algebraic simplification does not occur in
the anisotropic case.

Substituting from (10.23) and (10.24) into (10.12) for the amplitude
ratios, we obtain for the coefficients of the trigonometric functions in the
transcendental determinant

_ — | %
A3(1),y 4 Al(l)a(l) = 2)/0!(21)(1 - 712-) 5
2

- - V2
APy + Ao =yl — ¥ (1 - > ) )

_ s _ - V2
ClsAl(l)V + c33A3(1)a(1) = /‘a(l)(afz) - 72) <1 - Vlz ) s
2

. R 2 4%
Eis APy + APy = — 2uy oy, (1 — V—IZ) (10.25)
2

Substituting from (10.25) into the transcendental determinant (10.13), we
obtain
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wy (1 e )2a 20, sin dmerg, (et — ¥*) sin dma, | _ 0
V2] V| (a2 — p?) cos dna — 2P0y, cos dmag, |
2 @ — 7V (6¥) Y %) 2700 (2) (10.26)
Expanding (10.26), we find
n O —at)? =@
tan —oq) = — ——————— tan — ) , 10.27
2 1) 4y2a(1)a(2) 2 (2) ( )

which is the Rayleigh (?%) frequency equation governing the symmetric
motions of an isotropic elastic plate. If in the basic solution of the problem
we interchange cos 7x; and sin 7x;, we obtain -

2

tan %am = — éﬁl—i‘]{:—gﬁ tan %«x(z, , (10.28)
which is the Rayleigh (?®) frequency equation governing the antisymmetric
motions of an isotropic elastic plate. The frequency—propagation wave
number-thickness wave number relations, (10.23)-(10.24), are the same

as for the symmetric motions.
In attempting to sketch the dispersion spectrum we first focus our
attention on y real, and note that the £2-Rey plane breaks up into three
distinct regions (>%7) depending on the character of e, and (). When

Qly > V|V, ay and a, are real,
ViV, > 2y >1 a) real, a, imaginary, (10.29)
1>Q/y o) and a, are imaginary.

The character of the solutions and the mode shapes are, of course, quite
different in the three regions. Schematically, we have the regions shown
in Fig. 14. Besides the thickness solutions which we have already discussed,
there are other simple solutions at which the frequency equation degener-
ates, and which are helpful in the approximate sketching of the spectrum.
One such set of simple solutions are the Lamé solutions, which are given by

ol =3, cos dma g, =0, ag=1,3,5..., (10.30)
for the symmetric motions and
a%g) = ‘}/2, Sin %na(g) == 0, a(z) = 2, 4, 6,. PP (10.31)

for the antisymmetric motions. Clearly, these solutions intersect the line
£ =y+/ 2. Schematically, we have the Lamé frequencies shown in Fig. 15.



Sec. 2] Dispersion Relations for Elastic Waves 103

¢

=Re7

Fig. 14. Regions of real and imaginary thickness wave numbers in
the £2 vs. Rey plane for an infinite isotropic plate.

Another set of simple degenerate solutions are those along the line
£ = V|V, when a; = 0. We will not bother to discuss this set.

In the lowest range of 2/y, ., and «,) are pure imaginary. An imagin-
ary o, or a, will be denoted by

oqy = i, ey = (). (10.32)

a4 gv*

+

®

:RCY

Fig. 15. Location of the Lamé modes on the dispersion spec-
trum of an infinite isotropic plate.
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It should be noted at this point that although the «,, are either pure real
or pure imaginary for real y in’ the isotropic case, in the anisotropic case
there are frequently ranges in which they are complex. This is one of the
algebraic complications which are avoided in the isotropic case. In the
lowest range of £2/y the equation for the symmetric modes (10.27) becomes

tanh (7d5)/2)  4p*aq@

= 10.33
tanh (G,2) O + @) (1033
and (10.28) for the antisymmetric modes becomes
tanh (77&(2)/2) _ (72 + &(2))2 (10.34)

tanh (n&q)/2)  4y%000m)

For y very large (wavelengths very short compared to /), we obtain from
both (10.33) and (10.34) for both the symmetric and antisymmetric motions

* + @) = 40000 (10.35)

Substituting from (10.23) and (10.24) into (10.35), we obtain

2 6 4 2 2 2
e s < R
1 1

which is the equation governing the velocity (£2/y) of Rayleigh (2®) surface
waves in an isotropic solid. This equation, which is valid only in the region
Q/y < 1, has only one root in this range. For V,/V, = 1.5 that root is
given by

2/y =0.8935, (10.37)

which corresponds to a straight line slightly below the £2 = y line on the
dispersion spectrum. Clearly, this line will be an asymptote for at least one
curve for the symmetric motions and ‘one curve for the antisymmetric
motions.

Still in the lowest £2/y range, we have for y very small (wavelengths
very long compared to 4) £ — 0, @y, — 0, and &4, — 0. In this limit the
equation for the symmetric modes (10.33) becomes

O* + @) = dtay,), (10.38)
from which, with the aid of (10.23) and (10.24), we obtain

Q =2[1 — (V2/V)I'2, (10.39)
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which does not lie in the range £2/y < 1 since V,?/V,® < £, and hence is
invalid. In the same limit (y very small) for the antisymmetric modes we
must use the first two terms in the expansion for the tanh x, i.e., tanh x
= x — %x3. Using this expression, the transcendental equation (10.34) for
the antisymmetric modes becomes

dy*@l) — sy = (° + a)* (1 —H7’@) (10.40)

from which, remembering that £ — 0 and y — 0 and using (10.23) and
(10.24), we obtain

1 V22 1/2
— 2| " —_
Q=my [ : (1 Vﬁ)] , (10.41)

which is an unfamiliar form of the dispersion equation in the classical
theory of the flexure of thin plates.

In the intermediate range of 2/y the transcendental equation (10.27)
for the symmetric modes takes the form

tan (mae)/2)  4pEa o)

= = , 10.42
anh(raw2) O — o)’ (1042)
and (10.28) for the antisymmetric modes
tan (7a/2) O — aiy)’
- = — - . 10.43
nh(a2) | 4 (1043

For y very small 2 — 0, @,,— 0, and a, — 0. In this limit Eq. (10.42)
for the symmetric modes becomes

? — afy)® = &%y, (10.44)
from which we obtain
Q =29l — (V2IVDI”2, (10.45)

which is a straight line intersecting the origin, and does lie in the inter-
mediate range 1 < 2/y < V;/V, since 0 < (V,%/V;%) < 2. Equation (10.45)
is an unfamiliar form of the dispersion equation in the classical theory of
the extension of thin plates. In the same limit the transcendental equation
(10.43) for the antisymmetric modes takes the form

712

1 _
- 472(1(22)(1 n ﬁzﬂafz)) =t —at, (1 - —15%) . (10.46)
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which yields the same dispersion relation, (10.41), as for the classical theory
of flexure, which lies below the intermediate range, and hence is invalid.

The lowest antisymmetric curve is confined to the lowest £2/y region
and is asymptotic to the Rayleigh surface-wave line from below. The lowest
symmetric curve crosses the line {2 =y separating the lowest from the
intermediate region. The crossover point is found by taking the limit of
the transcendental equation (10.42) for the symmetric modes as &, — 0,
to obtain

4d,,, tanh $na,, = $ny?,

from which with the aid of (10.24) we find

2
4 (1 - —ij—) tanh 2z, = 2. (10.47)

Then the location of the crossover point on the dispersion spectrum is given
by
Q=y=ayll — VI, (10.48)

where & is the root of the previous transcendental equation. For V,/V,
= L.5, @y, = 2.22 and y = 2.97. This lowest curve is then asymptotic to
the Rayleigh surface-wave line from above.

Thus so far in addition to the thickness frequencies and the Lamé
modes we also have, in the two lowest £2/y ranges, the curves shown in
Fig. 16. In Fig. 16 the upper heavy line is the lowest longitudinal mode

2,

= ReY

Fig. 16. Dispersion curves for the lowest extensional and flexural
modes in an infinite isotropic plate.
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and the lower dotted line is the lowest flexural mode. As already mention-
ed, the behavior of these curves as 2 — 0 and y — 0 coincides with that
predicted by the classical theories of the extensional and flexural motions
of thin plates. Note that these are the only curves in the lowest 2/y region
shown in Fig. 14.

In the highest £2/y region in Fig. 14 the transcendental equation (10.27)
for the symmetric modes degenerates at certain points, at which it has the
special roots

sin §merq, =0, 'sin 7oy =0, (10.49)

and the amplitude ratio determined from (10.7) is given by

CIC® = 4 2p%a /(o) — YHeg, . (10.50)
Under these circumstances

apy=n=2,4,6,..., ag=m=2,4,6,.... (10.51)

When o, =n and o, = m, from (10.23) and (10.24) we have
22 — 2 =p?, (10.52)
Q2 — (V2VRy? = (Vi3 V P m?. (10.53)
Equation (10.52) represents a series of hyperbolas on the £ vs. y diagram
which intersect the £ axis at certain of the thickness frequencies and are
asymptotic to the line 2 =y as y — oo. Equation (10.53) also represents
hyperbolas which intersect the £ axis at thickness frequencies, but which

are asymptotic to the line 2 = Vyy/V, as y — oo.

The intersections of these two sets of hyperbolas determine points on
the dispersion curves. The transcendental equation (10.27) for the symmetric

modes degenerates at another sequence of points, at which it has the special
roots

cos dnag, =0,  cos dma, =0, (10.54)
and at which the amplitude ratio determined from (10.7) is given by
CVIC® = 4 (y? — a2y)/20%,. (10.55)
Under these circumstances

ay=n=13,5,..., g =m=1,3,5,..., (10.56)
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and the two sets of hyperbolas discussed previously may be drawn for
n-odd, m-odd as well as for n-even, m-even. Thus it is clear that the inter-
sections of the hyperbolas for m-even, n-even and for m-odd, n-odd deter-
mine points on the dispersion curves for the symmetric motions, whereas
mixed intersections do not. In an entirely similar way it may be shown
that the same set of intersection points determine points on the dispersion
curves for the antisymmetric motions. It is also clear that the curves m-odd,
n-odd and m-even, n-even form bounds for the dispersion curves, i.e., the
dispersion curves can cross the m, n curves only at the aforementioned
intersection points.

3. IMAGINARY PROPAGATION WAVE NUMBER
When y is pure imaginary, i.e.,
y =1y, (10.57)
where 7 is a real number, from (10.23) and (10.24) we have
0y = Q2% + 72, (10.58)
oty = (V2|V,2)Q2 + 2. (10.59)

Therefore «, and «(,, are always real when y is pure imaginary. Con-
sequently, the previous degenerate roots corresponding to the intersections
of the hyperbolas for m-odd, n-odd and m-even, n-even when y is real and
[y > V.|V, are also roots whenever y is pure imaginary. The only dif-
ference is that the curves are no longer hyperbolas. Now the set of curves
from (10.58) are circles and the other set from (10.59) are ellipses. Thus
at this stage we can exhibit the set of dispersion curves shown in Fig. 17
for the isotropic plate. Actually, to really draw the curves in as much
detail as shown, we would have to determine the slopes and curvatures at
all critical points. We will not bother with these steps because we intend
to use a calculator to determine the precise detail. Note that for real y all
curves except the lowest two are asymptotic to the line 2 =y as y — oo.
The lowest two are asymptotic to the Rayleigh surface-wave line £2=0.8935y.

4. COMPLEX PROPAGATION WAVE NUMBER

This brings us to a discussion of the complex branches (*). The first
thing to do is to determine the points of intersection of the complex bran-
ches with the three coordinate planes — 2 =0, Imy =0, and Rey = 0.
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Fig. 17. Frequency spectrum of an infinite isotropic plate for real and imaginary wave
numbers (v = 0.31). After Mindlin (33).

When y is complex, i.e.,
y=x-+1iy, (10.60)

aq) and @, become complex. The points of intersection of the complex
branchés with the plane £2 = 0 cannot be found simply by setting £2 =0
in the equations

afyy =% — 9%, afyy = (V22[VE) — 2, (10.61)
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because then o, = a(,, and the solution evaporates, and the Rayleigh
frequency equation for the symmetric modes

tan §mo,/tan dmo,, = — (2 — o))/ dyPag,0 ., , (10.62)

degenerates to an identity which permits any value of . In other words,
in this isotropic case we cannot first select the plane £ = 0 and then ask
where the intersections of the branches with the plane £2 = 0 are. We must
first get on a branch at some small value of £2 > 0 and then ask for the
limiting position of the branch as £2 — 0. This complication does not exist
in an anisotropic case, in which one may proceed in the straightforward
manner of first selecting the plane £ = 0 and then determining the inter-
section with that plane.

In proceeding with the isotropic (and anisotropic) case, it is expedient
to note that the transcendental frequency equation (10.62) and the two
quadratic relations (10.61) actually amount to an implicit equation of the
form

F(y, 2) =0. (10.63)

In the isotropic case we now make a Taylor expansion of (10.63) at some
¥y =74, Which is not required to be the intersection of a branch with the
£ = 0 plane, in powers of £, and retain only the first term in £ to obtain

F(ys,2) = F(y,, 0) + QOF|0Q)g—0,y=y,= 0. (10.64)

Since F(y,,0) = 0 (as already noted, it gives no information in the iso-
tropic case), and since from (10.61) and (10.62) @F/d%2 is linearly propor-
tional to 2 and £ £ 0, from (10.64) we must have

Q-Y(0F|0Q)g—g = 0 (10.65)

as the condition for the intersection of the branches with the plane 2 = 0.
Carrying out the operations

1 oF _ 1 oF aa(l) 1 oF aa(g)

=0

Q 02 Q2 Oa, 02 Q Oa, 02

by means of (10.61) and (10.62) and noting that &, = a(, = iy when
£ = 0, we obtain after some manipulation

(sinhzy) + 7y =0 (10.66)
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for the symmetric modes. In a similar way but replacing (10.62) by (10.28),
we obtain
(sinhzy) — 7y =0 (10.67)

for the antisymmetric'modes. Equations (10.66) and (10.67) are complex
equations, and equating real and imaginary parts of (10.66) we obtain for
the symmetric modes

sinh 7zx)(cos +ax =0,
(sinh wx)(cos my) + = (10.68)
(coshzx)(sinmy) +my =0,

with similar equations for the antisymmetric modes. The two equations in
(10.68) determine curves in the £ = 0 plane. The intersections of these
families of curves determine the intersections of the complex branches
with the plane £ = 0. We can determine the character of the complex
branches in the vicinity of the plane £2 = 0 by differentiating (10.63) totally
with respect to 2. Thus

oF oy . oF

) o =0

and since, from (10.61) and (10.62) 0F/dy is not zero, with (10.65) we
have

Q10900 =0 as Q0. (10.69)

We have derived (10.69) for the isotropic case only. The derivation for the
anisotropic case would proceed by setting £2 =0 in (10.11)-(10.13) and
finding the y, at 2 = 0, and then evaluating 2! dy/9Q2 at y, and 2 =0
from (10.11)-(10.13).

The behavior of the complex branches in the vicinity of the plane
Imy = 0 can be investigated by making a Taylor expansion at some real
y = xoand 2 = £, which is not required to be a root of (10.63), in powers
of iy and retaining only the first term in iy to obtain

F(Y’ ‘QO) = F(x09 ‘QO) + iy(aF/ay)y=xo =0.

Since for analytic functions of a complex variable the derivative is inde-
pendent of the direction in the complex plane, we have 0F/dy = 0F/dx
== dF/diy. Consequently,

F(y, 2y) = F(x,y,82) + iy(aF/ax)FzO =0,

and separating real and imaginary parts, we obtain the equations
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F(xo,£0) =0, y(aF/ax)a::xo =0,

governing the roots in the complex space near the plane Imy = 0. These
equations yield the usual real roots

F(xo H QO) = 05 y = 0 ’ (1070)
and also the roots
F(xo,820) =0, y#0,  0F/0x|;=, =0, (10.71)

which govern the complex branches in the vicinity of the plane Imy = 0.
Differentiating (10.63) with y = x totally with respect to x, we obtain

oF 0Q 4 JoF
a2 Ox Ox

=0. (10.72)

Since, as is usually the case, dF/0Q2 - 0, from (10.71) and (10.72) we have
0R2/0x =0, (10.73)

thereby clearly showing that the complex branches intersect the real bran-
ches at points of zero slope of the real branches. Exceptional cases where
0F[0f2 = 0 occur, but they will not be discussed here. These cases are
exceptional in other ways which we have also ignored here. The exceptional
cases are discussed by Mindlin (3%). The theorem we have just proved is
referred to by Mindlin as Onoe’s theorem, and is true for any analytic
function of one real and one complex variable, as noted by Kaul and
Mindlin (3°). Equation (10.73) is valid in the anisotropic as well as the
isotropic case, since the isotropic relations were in no way used in obtain-
ing (10.73).

A similar investigation of the behavior of the roots in the vicinity of
the plane Rey = 0 shows again that the complex branches intersect the
imaginary branches at points of zero slope of the imaginary branches.

When the end points of a complex branch have been determined the
entire branch can be calculated starting at the known points. Thus any
desired portion of the frequency spectrum can be calculated.

5. CALCULATION OF THE DISPERSION CURVES

When the material is somewhat anisotropic—cubic, Cq, (not quartz)—
the same curves exist but are shifted somewhat (3!). The amount of numerical
work does not change much, but much of the algebra that we went through
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for the isotropic case becomes extremely cumbersome in an anisotropic
case. Nevertheless, it should be clear that all the information we obtained
in the isotropic case is not really necessary if a machine calculation is to
be made. The really crucial information consists of the following:

1. The thickness frequencies, which have already been determined in
general.

2. The behavior of the real branches in the vicinity of zero frequency
and zero wave number. I will provide a simple procedure which works in
every case.

3. The location of the Rayleigh surface-wave line, which is located by
solving the appropriate surface wave problem. This will be discussed later.

4. The location of the lowest of the three wave velocity lines for the
infinite medium. This is straightforward. In the isotropic case this was
simply the shear velocity line.

5. The location of the intersection of the complex branches with the
plane £ = 0. This has already been discussed.

After the aforementioned have been determined the order of the
machine calculation should be:

1. The calculation of the real branches.
2. The calculation of the imaginary branches.
3. The calculation of the complex branches.

Of course, step 3 must proceed after steps 1 and 2 because the real
and imaginary branches are needed in order to locate the intersections of
the complex branches with the real and imaginary planes (points of zero
slope in the respective planes).

The exact procedure is, of course, a computational decision. At this
point we again note that a vibration problem can be started using the
techniques presented in this monograph only after the frequency spectrum
has been plotted in detail in some defined region in £ vs. ¥ space.

6. LOW-FREQUENCY EXTENSIONAL PLATE
EQUATIONS

The aforementioned procedure for determining the behavior of the
lowest branches in the real plane (£ — 0 vs. y — 0) begins with the govern-
ing equations (7.28) and (7.29), which with #, = 0 and no x, dependence
yield the nontrivial equations
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Ty = ciqtiy,1 + Crglis s, Ty = cratiy,1 + Caslia 3, Ty = C44(“1,3 + u3,4);

(10.74)
Ty~ Tayy + 00®uy =0, (10.75)
Ti31 + Ts35 + ow?u; = 0. (10.76)
We also have the boundary conditions
Ty =T5 =0 at x; =4 h. (10.77)

We now look for the lowest longitudinal branch. To this end, we make the
approximations and the expansions directly in the equations. The simplest
way of describing the approximation consists of assuming that

T3 =T5 =0 for all x;, x;, (10.78)
along with
pw’u; =~ 0, (10.79)

so that the boundary conditions (10.77) and the differential equation (10.76)
are satisfied identically. The one remaining differential equation (10.75)
with the aid of (10.78) and (10.74) yields

2
(cll - %ﬁ) Uy11 + gw2u1 =0 . (10,80)

from which we can see that the lowest longitudinal branch approaches
2 =0, y =0 as a straight line with the slope

2 \1/2
Q _(Cn_ €13 )/

.8
” (10.81)

Cas  C33C4
For the isotropic case this becomes
Qly =2[A + w/@A + 2wV =2[1 — (V3 H]V2,  (10.82)

as we have already shown in (10.45).

7. LOW-FREQUENCY FLEXURAL PLATE EQUATIONS

We now look for the lowest flexural branch by means of an essentially
analogous procedure. To this end we assume that

Ty =0, for all x;, x; (10.83)
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and that
U = x39(x,), (10.84)

u; = w(x,), (10.85)
and perform the following operation on (10.75):

b
J.—h X3(Th1,1 + Ty,3 + 0w?uy) dx; =0,

which yields
M,—V+4 Ity =0, (10.86)

where
M= " x1,4d v={"T1,4 = f” X2 dx,.  (10.87)
—f_hxs 11 9X3, _f—h 31 X3, =0 a7 3. .

We now suppose that
In®y =0, (10.88)

which means that we are neglecting what is commonly termed rotatory
inertia; and from (10.86) and (10.88) we have

V=M, (10.89)

Substituting from (10.83), (10.85), (10.87), and (10.89) in the integrated
form of (10.76), we obtain

M 1 + 2how®*w = 0. (10.90)
From (10.83) and the second of (10.74) we further have
Us s = — (Cr5/C33)th1,1, (10.91)

and substituting from (10.91) and (10.84) into the first of (10.74) and in-
tegrating through the thickness and using (10.87), we obtain

c2 2h3
M= (cu - 0—13) Ll (10.92)

33

Finally, we assume that the shearing strain S,, is negligible, and obtain

p=—w,. (10.93)
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Substituting from (10.92) and (10.93) into (10.90), we find

3\ h?

— (cn — ) = W1 + ow*w =0, (10.94)
3/ 3

from which it is clear that the dispersion relation for the lowest antisym-

metric (flexural) branch is a parabola as £ — 0, y — 0, which is given by

the equation

2 2 1/2
0= [L (_011_ _ G )] _ (10.95)

2 3 \cy C33Ca

For the isotropic case Eq. (10.95) becomes

A + /’L 1/2 1 V22 1/2
. 2 — 2| _—_ —
o=w3iiey] =3 (1-5)] - 0%

in accordance with (10.41), as we obtained previously.

I have gone through these last operations in accord with the elementary
theories of the extension and flexure of thin plates. This may be regarded
as a preliminary introduction to the principles underlying Mindlin’s theory
of plates (®).

8. ELASTIC SURFACE WAVES

We will now go through the procedure for determining the surface
wave velocity. We begin with Eqs. (10.74)-(10.76), but we take as solutions
of the equations the following:

u; = A,(exp — 1x;) sin &x, ,

(10.97)
ug = Az(exp — #x3) cos £x; ,
which satisfy the equations provided
€1y — Cagk® — o)A, — (cy3 + Cy)kA; =0,
(cu 44 ov®)A; — (c13 1)k A (10.98)

(c13 + ca)kA; + (Caa — €35k — @v*)43 =0,

where v = w/& and k = #/£. This system of linear homogeneous equations,
(10.98), in A, and A, yields nontrivial solutions when the determinant of
the coefficients of 4, and A; vanishes, i.e., when

(cu1 — cqg® — QV2) — (c13 + C44)k
=0. 10.99
(cis + ca)k (caa — Cosk® — @v?) (1059)
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This equation is quadratic in k2 and v2. Hence for a given v there are two
k? (k% k,%). For a physically meaningful solution v must be real, and k2
must be positive if it is real. However, the k2 may occur in complex conjugate
pairs and the solution is still physically meaningful. In any event, each k?
yields two solutions, one the negative of the other, and the one correspond-
ing to a negative real part is discarded since it cannot correspond to a
physically meaningful solution. Each solution, of course, yields amplitude
ratios when substituted in the linear equations (10.98) in 4, and 4,,

A;n) = (€13 + € )kmy s

(10.100)
AP = (cyp — Caaklyy — ov?).

The boundary conditions at the surface of the semiinfinite body are

Ty =Ty =T, =0 at x,=0, (10.101)

and everything vanishes as x; — oo. Since T, = 0, one condition is satisfied
identically, and two remain. Hence we take

2
up = (sin &x;) X CWAM exp(— 1n)X3) »

n=1

2
us = (Cos £x;) 33 CM ALY exp(— NuXs) »

n=1

(10.102)

as the solution of the problem. Substituting from (10.74) and (10.102)
into the nontrivial boundary conditions (10.101), we obtain

2
> C(n)(Aén) + knAYL)) =0,

n=1

2

> C™ (A — cyskyAS™) = 0. (10.103)

n=1
Equations (10.103) constitute a system of linear homogeneous algebraic
equations in the C™. This system yields nontrivial solutions when the
determinant of the coefficients of C*¥! and C‘® vanish, i.e., when

(4" + kyAr” (45" + ko d?”)

=0. (10.104)
(013/1;1) - c33k1A§,1)) (01314(12) - 033k2A(32))

This equation may be regarded as an algebraic equation in &, , k., and v,
or as a higher-order algebraic equation in v alone. A number of values of
v satisfy the system. However, only one value of v turns out to yield a
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physically permissible solution, i.e., a solution with real v and such that
all variables vanish at infinity. To my knowledge, this has not been proven
in general, but it usually works out this way. It has been proven for the
isotropic case, and Synge has shown that at times there may be no physically
meaningful solution. The v that yields the physically meaningful solution is
called the Rayleigh surface wave velocity.

The surface wave velocity v may now be calculated by selecting a
value of v and calculating the corresponding k, and &, from (10.99). After
this the 4{ and A{ may be calculated from (10.100). All quantities
appearing in the determinant (10.104) are now known, and it either does
or does not vanish. If it vanishes, the v which has been selected is a root,
and if it does not vanish, change v and repeat the calculation until the
determinant does vanish. When you have a root such that v is real, then
k, and k, must be checked to assure that the solution vanishes as x; — oo.
The one physically acceptable solution, when it exists, corresponds to a
vy which is almost always less than the lowest plane wave velocity in the
infinite medium in the propagation (here x,) direction. The surface wave
velocity V5 will usually be in the vicinity of 0.9 of the lowest plane wave
velocity in that direction. At any rate, that value provides a good starting
point for the calculation.



Chapter 11

TWO-DIMENSIONAL STANDING WAVES
IN PIEZOELECTRIC PLATES

1. SOLUTION FOR POLARIZED CERAMIC MATERIAL

We now consider the solution for two-dimensional standing waves in
a piezoelectric plate (32) of the same material considered in Chapter 10.
The surfaces of the plate are coated with infinitesimally thin electrodes
which are shorted. Consider the following as a solution of the differential
equations:
u; = A, cos nx, sin £x; cos wt,
U =0, IR))
uy = A, sin nx, cos &x, cos wt,

@ = B sin nx, cos £x; cos wt,
which satisfies the differential equations (7.29) provided
(c11é? + can® — 0wP) Ay + (€13 + Ca)énds + (es + €15)énB =0,
(Caa + €12)6n Ay + (caaE® + c33n® — )45 + (€156* + €35m*)B =0, (11.2)
(e1s + €3)énA, + (e158® + exn®)A; — (e11€® + e35n°)B = 0.
This system of linear homogeneous equations in A4,, A;, and B yields

nontrivial solutions when the determinant of the coefficients vanishes, i.e.,
when

(cué® + cun® — 0w?) (c13 + caadém (ez1 + eis)én
(cas + c13)ém (€4aE® + ca3n® — ow?) (e156% + egn®) | =0.
(e15 + es1)én (e15E? + e33m?) —(e1? + &331%)

(11.3)

Equation (11.3) is quadratic in w? but cubic in &% and %2 Hence for a
given w and £ there are three % (1,, 7, , 515), each of which yields amplitude
ratios when substituted in any two of the three linear algebraic equations

119
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(11.2) in 4,, A5, and B. The amplitude ratios will be designated by
(424 :B™) = (BP:6:65) (11.4)

and are readily determined so that there are no denominators in the expres-
sions. The above determinantal equation (11.3) clearly shows that the
piezoelectric constants couple the quasistatic electric solution to the dyn-
amic mechanical solution. These two solutions uncouple only if all the e;,
vanish. It is precisely the coupling of these two solutions that is ignored
in purely mechanical treatments of this problem. This coupling of a quasi-
static phenomenon to a dynamic phenomenon is the underlying reason that
although in this instance a given wave normal in the x;—x; plane results in
only two phase velocities, a given frequency and propagation wave number
results in three thickness wave numbers. The existence of these three thick-
ness wave numbers is what enables the solution of the problem. The bound-
ary conditions at each surface of the plate are

Ty =T =T =9 =0 at x; = + h. (11.5)

Since according to (7.28) and (11.1) T,, = 0, we have three boundary
conditions to satisfy at each surface of the plate. Clearly, all three solutions
of the differential equations are required in order to satisfy the remaining
conditions. Hence we take

3
u; = cos wt sin £x; 3, C™MBM cos 7,x;,
n=1

3
U = cos wt cos £x; X CMBIM sin 9, x,, (11.6)
n=1

3
@ = cos wt cos &x; X, C™ B sin 7, ,
n=1

as the solution of the problem. Substituting from (11.6) into (7.28) and
from (7.28) into the boundary conditions (11.5), we obtain

3

3 CWLW sin g h =0,
n=1

3

> C™MLM cos ph =0, (11.7)

n=1

3
3 C®BMm sin nh =0,

n=1
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where
LM = cyu(BPME + BiMn,) + ersBE,

(11.8)
L = ¢38(ME + c3afin, + €335y,

The above system of homogeneous linear algebraic equations, (11.7), in
C C? and C*® yields nontrivial solutions when the determinant of the
coefficients of the C™ vanishes, i.e., when

LV sin n,h L®sinn,h LY sin n3h
LY cos g,k L®» cospsh L§ cosmsh | =0. (11.9)
B sinmh PP sinmh PP sinngh

Equation (11.9) is a transcendental equation, the roots of which enable
the determination of the w vs. & relation for this piezoelectric plate. The
procedure for making a calculation is similar to, but more complicated
than, that in the purely mechanical case, and should be obvious. However,
it should be noted that in putting the equations in dimensionless form for
a calculation, the dimensionless constants are most conveniently defined by

qu = Cpq/c44 s éip = eip/(c44833)1/2’ Eij = 81‘;’/833- (1110)

In addition, note that the transcendental determinant (11.9) can be written
in the more familiar form

3

> M,cotn,h =0, (11.11)

n=1
where the M, are composed of combinations of L{®, L{™, and f{.
The determinantal form (11.9) is better suited to a calculation, however,
since it does not contain terms which sometimes diverge.

2. LIMITING ROOTS

No complete calculation for the determination of the roots of (11.9)
has been performed to date. However, we shall determine the important
critical information for starting a calculation and note some of the similar-
ities and differences between this and the purely elastic case. First we de-
termine the thickness frequencies. This solution at infinite wavelength can
be obtained directly from the previous solution simply by setting & = 0.
However, the procedure is not quite as straightforward as in the purely
elastic case. Consequently, we will present the details. When £ is set equal
to zero the set of algebraic equations, (11.2), in 4,, 4,, and B and the
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corresponding determinant (11.3) become, respectively,

(caam® — 00®)4;, =0,
(c3am® — 0w*)A4; + egn*B =0, 11.12)
e3n*A; — e3m*B =0,

(caam® — ow?) 0 0
0 (czm® — ow?) esm?l =0.  (11.13)
0 es3n® —&33n°

The determinant (11.13) readily yields the three #,, which are given by

N = of(cu/e)t, M =0, 73 =0/[(Cs/e)"? (11.14)
where _
Cs3 = C33 + (€3s/33). (11.15)

The substitution of the three #, in (11.14) successively into the algebraic
equations (11.12) yields
0

1 0
B =10 1 esfess |, (11.16)
00 1

where the column refers to the %, and the row to the u; or ¢. The linear
equations (11.7) in the C® now become

C(I)C44n1 sin 7]1}1 =0 >
CPegqmy cos moh + C®[eg + (€3s/ess)Ins cos nsh =0, (11.17)
C? sin g + C®(egq/e55) sin nh = 0.

The last two equations in (11.17) show that as n, — 0, C® — oo, since
sin 73h and cos 73;h cannot be equal to zero simultaneously. However, in
(11.17) C® and 75, always occur as an indeterminate product. Hence Egs.
(11.17) may be written

COcuym, sin i =0,
K€33 + C(3)0_337]3 COoS 7]3h = 0, (11.18)
Kh 4 C®(eg3/e45) sin mgh =0,

where
K= CPy,. (11.19)
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Equations (11.18) yield a nontrivial solution when

C4aM; Sin 74 0 0
0 2 C33M3 COS M3h = 0. (11.20)
0 h (e33/€33) sin 75k

This transcendental determinant (11.20) yields the two transcendental
equations

sin i = 0, tan ngh = Nghegylas/els = nsh/k,2. (11.21)

Thus we see that the first transcendental equation yields thickness frequencies
and modes which are identical with the purely elastic, symmetric, thickness-
shear frequencies and modes. We also see that the second transcendental
equation yields thickness frequencies and modes which are identical with
those of the piezoelectric, antisymmetric, thickness-stretch solution which
we have obtained previously. These two sets of roots determine the starting
points of the dispersion curves on the £ axis (y = O line).

The three wave velocities for propagation in any direction in an ar-
bitrarily anisotropic crystal have been obtained previously. Hence the lowest
velocity for our direction may be obtained easily. The determination of the
surface wave velocity is straightforward and, by virtue of Chapter 10, Sec-
tion 8, the procedure should be obvious. The procedure for determining
the intersections of the complex branches with the plane £2 = 0 is the same
as in the anisotropic, purely elastic case and is straightforward. Onoe’s
theorem concerning the intersection of the complex branches with the real
(Imy = 0) and the imaginary (Rey = 0) planes remains valid, since the
proof covers this case also. We have still to determine the behavior of the
lowest branches in the real plane as y — 0 (£ — 0 as y — 0). Although
we can proceed with the approximation in an essentially similar (but some-
what different) manner in this piezoelectric case as in the elastic case, we
will not do so now because the analysis is a little complicated, and, more
importantly, we will obtain the approximate equations automatically a
little later on and to obtain them now also seems a waste of time.

3. PLATE OF INFINITESIMAL WIDTH

In the foregoing we have considered two-dimensional standing waves
in infinitely wide as well as infinitely long plates. We will now show that
the solution we have presented is also applicable in the case of standing



124 Two-Dimensional Standing Waves in Piezoelectric Plates [Ch. 11

waves in an infinitesimally wide (i.e., very narrow) and infinitely long plate,
provided some changes are made in the elastic, piezoelectric, and dielectric
constants.

We now take the coordinate system in the same way as before, as
shown in Fig. 18, so that the additional faces of the plate are at x, = 4+ w.
The boundary conditions on the additional faces of the plate are, assuming
a high enough dielectric constant,

T,=T,=T,=D,=0 at x, = + w. (11.22)

The proper assumptions for such a plate in which w/h <€ 1 are
T,=T,=Ts=D,=0, (11.23)

for all x;, along with
pwiu, = 0. (11.24)

Introducing the assumptions (11.23) into the constitutive equations (7.28),
we obtain after elimination of certain terms

_ P
T, = cfiuy, + cfaus 5 + e?ﬁ‘P,sa
T, = c{;ul,l + ez s + e:g‘P,a >
Ty = caqlisy + Casthy s + €159,15

(11.25)

D, = ej5u; + etz — eu@ 1,

— P P — P
D, = ejyuy 1 + ety s — 559,35

Ty,=T,=Ty=D,=0,

L

X2

2W Nt———————— = - X4 2h

N
I

Fig. 18. Plate of infinitesimal width and infinite length between
shorted electrodes.
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where
ch = [en — (Ga/e)], cfs = [c13 — (CraCrs/enn)],
e = [en - (cres/en)],  cfy = [eg3 — (chs/enn)], (11.26)
ely = [ess — (cpses/cn)], efy = [eg3 + (€51/cn)],

and the constants without the superscript remain unchanged. The substi-
tution of the constitutive equations (11.25) along with the unused assumption
(11.24) into the equations

T+ Top + T3 + oo’y =0,

T s+ Top+ Tys + 00®u, =0,

T5, + Ty + T3 + po®u; =0,

Diyy+ Dy + Dy 3 = 0,

(11.27)

yields a system of equations which are identical, except for the modification
of the constants, with the equations we used before in the case of the in-
finitely wide (2w = oo) plate, i.e., Eqgs. (7.28) and (7.29) with u, = 0 and
no x, dependence. The nontrivial boundary conditions on the electroded
surfaces x; = 4 A remain the same, and are given in (11.5). The boundary
conditions (11.22) on the additional surfaces are, of course, satisfied iden-
tically by virtue of the assumptions. Thus, since the nontrivial equations
and boundary conditions are identical with those used in the case of the
infinitely wide plate, that analysis applies without change to the thin (nar-
row) plate provided the c,,, e;,, and ¢;; are replaced, respectively, by the
chy» eh,, and &f; which we have defined. It should be noted that for the
analysis of the thin plate which we have presented to be applicable the
frequency must be well below the lowest width frequency because of the
assumptions we have made. It should be noted further that these plate
equations which we have presented are the piezoelectric counterparts of the
(so-called) plane-stress equations of the theory of elasticity.

Since the entire solution for the infinitely wide plate is valid in the case
of the infinitesimally wide plate if the constants are changed, the thickness
solution must, of course, also be valid. Thus we obtain the transcendental
equation

h— nshedsch _ 73h
(e33)* (k5)?

tan 7, , (11.28)

where
ns = w/(Ch/e)}, (11.29)
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and
¢l = by + [(els)?/ehs]. (11.30)

The transcendental equation (11.28) governs the piezoelectric thickness-
stretch modes for a plate which is narrow in one direction and very long
in another. These modes can, of course, be driven by the application of an
alternating voltage to the surface electrodes. It is evident that we have
obtained a piezoelectric coupling factor kZ; which is neither the one for
the infinite medium nor the one for the thin rod.

If we were to go further and introduce additional boundaries at x, = 4/
and make the assumption that //A <€ 1 as well as w/h <1, we would in-
troduce the conditions

T1=T5=T6=D1=0,

and obtain the equations, resonant frequencies, and coupling factor for the
thin rod with a high dielectric constant. The procedure is obvious.
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Chapter 12
EXPANSION IN PLATE EIGENSOLUTIONS

1. METHOD OF LEAST SQUARES

The method of least squares [(*!), Section 6.C] is a very powerful
technique for obtaining approximate solutions to boundary value problems
with a high degree of accuracy. Before proceeding with a problem of in-
terest we will introduce the general idea by applying the procedure to
Fourier series.

Supposing we wish to approximate f(x) in the range — I <x <!/
by a trigonometric series in the form

Sy(x) = $4, + % A, cos(nrx/l) + IEV} B, sin(nzx/l). (12.1)
n=1

n=1

To proceed with the method of least squares, we form the error &y,
ey =f(x) — Sy(x), (12.2)
and following Gauss we calculate the mean-square error

M= l_l ex? dx, (12.3)

and reduce M to a minimum through the choice of the only quantities
left to us, i.e., the 4, and B,,. Note that although ¢y can be either positive
or negative, ey> must always be positive so that there can be no cancella-
tions from different Ax regions. That is why the minimization of M yields
an excellent approximation. The mean-square error M will be a minimum if

oM = (1/1) f’l ey Oey dx =0, (12.4)
where
o . aSy _N oSy _N oSy

129
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and
0Sy/0A, = %, 0Sy/0A,, = cos(mnx|l), 0Sy/0B, = sin(mzx/l). (12.6)

Substituting from (12.5) and (12.6) into (12.4), we obtain

mrnx
/

mmnx

/

1 N N
__lfl[%sNéAo—{—sNZcos 0A4,, + ey X sin 6Bm]dx=0,
- m=1 m=1

(12.7)

from which, since all the 4, and B; are independent, we obtain the equations

) fll(SN—f)cos(mnx/l)dxzo, m=0,1,2,..N,
- (12.8)
an fl_l (Sy — f)sin(max/lydx =0, m=12,...N.

Equations (12.8) constitute 2N + 1 linear algebraic equations for the de-
termination of the 2N + 1 unknowns 4, B,. In this particular application
of the method of least squares a tremendous simplification of the algebra
occurs because of the orthogonality of the trigonometric functions, which
enables each A4; and B, to be determined separately by an independent
equation. In many situations—as in the ones we will be concerned with—
this simplification does not occur, but the procedure is still applicable and
the algebra simply becomes more cumbersome.
For the trigonometric functions the orthogonality relations are

| l | cos(max/l) sin(ux/l) dx = 0,
[ ll cos(max/l) cos(nax/l) dx = I 8,,,, (12.9)
| ll sin(mzx/) sin(nax/l) dx — 1 6,,,.

Hence from (12.8) and (12.9) for the coefficients of the trigonometric series
in (12.1) we obtain

4, — -11— [ ’_l f(x) cos(mmx/l) dx, By — il [ ’_l f(x) sin(max/l) dx. (12.10)

We could go on and show that the series is complete [(**), Chapter II,
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Section 1.3] since M — 0 as N — oo, but mathematical considerations of
this nature are not of interest to us here.

Now suppose we wish to approximate a function in the range —/<<x <</
by a trigonometric series when we are given the function f(x) for —/<x<a
and the slope f'(x) = g(x) for a << x < l. The series is the same as before,
but the error term changes. We now must define two error functions &f
and &Y such that

I
ey =f(x) — Sy(x —l<x<a,
ol () = Sw) (12.11)
exy = [g(x) — Sy'(x)]a a<x<l,
where we have introduced the a for dimensional purposes, and
N N
Sy =—3 -”11,4,, sin@Jr s —”11 B, cos i’%’i (12.12)
n=1 n=1
We now form the mean-square error
. 1 @ 1.2 1 i IIy2
M= f_l (ed)’ dx + — fﬂ (e)?dx, (12.13)
proceed as before, and obtain
a 2
li ~ f (Sy — f) cos ’"’l’x dx —; 2 f’ Sy’ —g)$sin—ml—’ﬁdx -0
- a’a (12.14)
2
—l—fa (Sy — f)sin max dx + a fl Sy’ ~g)~m—ncos MAX dx =0
I+ala I} Il—ala / / (12.15)

m=20,1,2,...,N.

Equations (12.14)-(12.15) constitute a system of 2N - | linear algebraic
equations for the 2N + 1 unknowns 4;, B,. However, in this case the
orthogonality relations are of no use to us because of the limits on the
integrals, and the algebraic equations have to be inverted in the usual
manner to find the 4, and B;. Note that each time the number N is changed
all the 4; and B, change. However, the solution (Sy) will usually converge,
and the solution will not change much after a certain N = N,. We are
here bordering on some complicated questions relating to the convergence
of series, which questions are answered by concepts from modern functional
analysis relating to the theory of the Lebesgue integral (33). We shall not
concern ourselves with questions of this nature.
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2. FORCED VIBRATIONS OF A BOUNDED
PIEZOELECTRIC PLATE BY THE METHOD
OF LEAST SQUARES

Consider the plate shown in Fig. 19, and let the top and bottom sur-
faces be completely coated with infinitesimally thin electrodes, while the
right and left surfaces are exposed. The plate may be either infinitely wide
in the direction out of the paper or infinitesimally narrow with the additional
faces free and without electrodes. As we have already shown, the only
difference between the two cases is in the specific values of the constants
in the equations. The plate is driven into vibration by the application of an
alternating potential difference to the surface electrodes. For definiteness
we will be considering the plate which is infinite in the direction out of the
paper.

From Eqgs. (7.28) and (7.29) the pertinent nontrivial equations are

Ty, + Ts3 =gy, T51+ Ts5=0ils, Dy, + Dy5=0, (12.16)

and the constitutive equations are

Ty =cpth + Cals 3 + €193, T3 = cyathy,1 + Casldz 3 + €339 3,
Ts = caathy,3 + t3,1) + €591 (12.17)
D, = ey5(uy 5 + u3,1) — &P D3 = eyt + €33Us 3 — E33P 3

and simple substitution of (12.17) in (12.16) yields three differential equa-
tions in the three variables u, , 45, and ¢. The boundary conditions are

T,=T;=0, @ = &+ @, cos vt at x;, =+ h,

(12.18)
T,=T,=D; =0 at x; = +1/

2h

21

Fig. 19. A bounded plate of length 2/ and thickness 2h.
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Our previous work has shown that the thickness solution satisfies the
conditions

T,=T,=0, @ = -+ @, cos wt at x;, =+ #h, (12.19)
and the two-dimensional standing waves satisfy the conditions
T,=T,=¢=0 at x; =+ h. (12.20)

Hence the thickness solution plus any number of the two-dimensional
solutions satisfy, at the driving frequency w, the prescribed conditions on
x; = -+ h. Our procedure then consists of taking a sum of the aforemention-
ed solutions with undetermined coefficients and satisfying the boundary
conditions on x; = + [ approximately by the method of least squares.

" The thickness solution is given by

w =u, =0, u; = A sin 7yxy,
] (12.21)
@ = B (sin n¢x,) + Cxq,

where we have ignored the time factor cos w?, and

No = @/(Caa/@)"?, Cag = Caq + [(€15)?/e11] s
B =e;A4/ey, C = (po/h) — (eysA/e11h) sin noh, (12.22)

A[Cyymoh cos noh — (e}5/11) sin noh] = — ey5p,.

Thus, given an w and a ¢,, the 7y, 4, B, and C are known in terms of w
and @, unless w is a thickness frequency.

We are interested in the two-dimensional solutions in which ¢ is
symmetric in x;, since the driving field, and hence the thickness solution,
are symmetric in x;. These two-dimensional solutions take the form

3
u; = sin éxy 3 H™B{™ cos 1y X1,
n=1

u2=05

3 12.23
uy = cos xg 3 H™BM sin 94, ( )
n=1 '

3
@ = cos &x; X H™BM sin 5,,%, ,

n=1
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where for a given £ and o the 7, are the three roots of

(cum® + c4uf® — pw?) (c13 + ca)né (€31 + ey)né

(cas + ci3)mé (caam® + c338% — pw?) (e15m® + €33€%) | =0.

(e15 + es)né (e15m® + e35£?) —(eun? + 3387
(12.24)

The amplitude ratios f{™, i, and B are determined in the usual way such
that there are no denominators. For a given w the correct & must satisfy

LYV sin ¢,k L sin nh L sin ng)h
L cos ny)h L® cos )k LP cosnyh| =0, (12.25)

5 ) 3y o
B51 sin n\h § sin 9k B sin 9k

where
L = ¢y + ciaBPE + e e,

(12.26)
L = cuff iy + caaPE + esf80n™.

The amplitude ratios HY, H®, and H® are determined in the usual way
such that there are no denominators.

After the dispersion curves have been determined we must decide in
how many two-dimensional eigensolutions we will expand in order to obtain
an accurate solution. This approximation is crucial and cannot be made
until after all the dispersion curves have been determined in a given w—¢
region. Let us suppose that in the w—& region of interest to us the dispersion
curves look as shown in Fig. 20. We are interested in w << A. Other bran-
ches in the region w << A — and there are an infinite number of such
branches — have a very large Im &, so large that their influence on the
frequency spectrum is negligible and they may be ignored. In particular,
the complex branch emanating from B is assumed to have an Im £ value
well in excess of that of the essentially vertical branch, shown in the Im &
plane, for all w << A. If this were not so, it would be ridiculous to include the
vertical branch without also including the two complex-conjugate branches
emanating from B. The essentially vertical branch is a consequence of
the piezoelectric coupling and will be included in the analysis. It can sub-
sequently be ignored simply by setting its amplitude equal to zero through-
out. Obviously this could be done with the complex-conjugate branches
emanating from B also, or any other branches for that matter. A branch
shown in the position of the essentially vertical branch will probably be
negligible, but we will include it at this point anyway.
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Ime 1 ) 1 | 1 ARQE
3 2 1 (o) 1 2 3

Fig. 20. Dispersion curves for the low antisymmetric modes of an infinite,
polarized ceramic plate for real and imaginary wave numbers including the
influence of piezoelectricity.

Thus, as far as we are concerned, there are three branches (or solutions)
which we have to consider for any w << 4 in order to obtain an accurate
solution. The three branches are labeled 1, 2, 3 in the diagram. We now
take the approximate solution in the form

3 3
u, = 3 Kmym uy = 3 K™u$m + A4 sin nox, ,
m=1 3 m=1 (12.27)
@ =Y Kmgm 1 (e/e;) A(sin 1ox,)+ Cx, ,
m=1
where
3
ui"” = 8in EgnyXy 2 H(nm)ﬁ{nm) €05 Nnm)X1 »
n=1
3
ué"” = COS E(m)x:; Z H(nm)ﬂz(inm) sin N (em)*1 » (12'28)

n=1

3

_ ( ;
@™ = cos Eguyxy X H™™ ™ sin 1y Xy
n=1

and 7, 4, and C are known in terms of w and ¢, from the thickness solu-
tion. We now express the quantities appearing in the remaining boundary
conditions on x; = 4 [ in terms of the u,, u;, and ¢ shown above, form
the mean-square error M, and minimize M by the appropriate selection of
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the K, To this end, we write the expressions
3
T3 =y Z K(m)u(m) + Css E K(m)u(m) + €33 E K(m)(pfgn) ,
m=1

Ty=cy Z K(M)U(M) + c44( > K(m)uz(sr,nl) + An, cos 770x1)
m= (12.29)
+ 5 [ > K(m)(l’f;m + (e1s/€11) Ano(cos nex,) + C] >

m=1

3 3 3
_ ( ) (m)
Dy =e; > K m)u{t’i + e X K(m)usy,ns — & X K(M)wf:y;n) >
m=1 . m=1 m=1

and after the differentiations are performed we set x; = / in the above and
form

M= % f’_’h [(:/"3)2 (T + (z—‘::- 1)3>2] dx, , (12.30)

where the factor c,4/e,5 has been introduced for dimensional reasons. This
factor is not unique; other factors with the same dimensionality could have
been chosen. This is an undesirable feature of this procedure. The mean-
square error M in (12.30) will be a minimum if

1 o2 3 aT, aT, c% oD
oM = — E[Ts——aﬁ*{“Ts—%”{" i p, g |okw dx, = 0.
- D)
h f hpmil 0K oK oK (12.31)
Since all the K® are independent, we obtain
h 0T, T 3, oD
f—h[Ts axw T T gxw T g, Do ggw } =0 p=L2 3’(12 32)

which yields three linear inhomogeneous algebraic equations in the three
K@, This system can be solved for the K» unless we have resonance, in
which case the K diverge. The resonance condition occurs when the
determinant of the coefficients of the K® vanishes. The vanishing of said
determinant yields a transcendental frequency equation, the roots of which
determine w vs. I/h. The procedure for making a calculation should be
obvious. The determination of the algebraic equations in the K‘? requires
some straightforward if tedious effort. There is no point in presenting the
final algebraic equations here, since they are quite lengthy, and by them-
selves provide no additional insight.
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3. SMALL PIEZOELECTRIC COUPLING

If we had assumed small coupling, the problem considered in Section 2
of this chapter would simplify somewhat, in that we would have had

E, = — (po/h)coswt,  E; =0, (12.33)

so that a pure elasticity problem would remain with E; as the driving term.
The solution would proceed in exactly the same way except that the electric
differential equations and boundary conditions would be ignored, so that
the thickness vibration and two-dimensional standing wave solutions would
be purely elastic. Under these circumstances the purely imaginary vertical
branch on the dispersion curves would not exist. The sums in the two-
dimensional mode equations would be over 1 and 2, and both determinants
would have the third row and column eliminated, and all piezoelectric con-
stants would be eliminated from any equation pertaining to the two-dimen-
sional standing waves. In the final solution equations the sum on m would
be over 1 and 2, and ¢ would not appear. The expression for M would not
contain D3, and we would obtain two linear inhomogeneous algebraic
equations in KV and K@ in place of the three in the piezoelectric case.

It should be noted that in either case if an off-resonant steady-state
solution is obtained, the charge on (and of course, the current through)
the crystal may be obtained from the relation

0——b f’_l Dl] dx,, (12.34)

zy=h

where b is the length into the paper, and the resonances do not depend on b.
The time derivative of the above equation gives the relation between the
voltage across and the current through the crystal. This is the relation
needed to put the crystal in a circuit.

4. USE OF VARIATIONAL TECHNIQUES
In Chapter 6 [Eq. (6.20)] we derived the variational equation
t 'Y
fzo dt [fV (Tkl,k — Qul) 5ul dv + fVDk’k (S(p av
+ [, G = m) urds — [ @+ nDy) op dS} —0. (12.35)

We may employ this principle instead of the method of least squares to
obtain an approximate solution to the problem treated in Section 2 of this
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chapter. The variational procedure is very similar to the previous one except
for the last step.

Exactly as in Section 2 we expand the solution in a sum of the thickness
solution and the two-dimensional standing waves. Then all that remains
in (12.35) is

— 0 f}_lh (Ts1 Oy + T Oup) dxy — b f}_lhD:; dpdx; =0 at xg3=41,
(12.36)

since the plate eigenmodes, which satisfy the differential equations and
boundary conditions at x; = 4 A, are such that all the other terms vanish.
We then substitute in the above equation instead of (12.31) and equate
the coefficients of each K™ in (12.36) to zéro in order to obtain the three
equations in the K™,

Note that the technique presented in this section does not have the
unfortunate nonuniqueness of the least-squares technique. However, if the
boundary at, say, x; = / of the plate in Fig. 19, is held rigidly, the variational
equation (12.35) is not applicable when the solution consists of an expansion
in plate eigenmodes because under such circumstances the solution functions
w, must vanish at x; = / and the plate eigensolutions cannot. On the other
hand, the least squares technique can be used when the aforementioned
boundary cannot move, because with the use of least squares the solution
functions u; need not satisfy any conditions at x; = /. Nevertheless, in the
boundary value problem we are now considering the least squares technique
suffers from the additional dimensional difficulty that the mechanical
displacement and stress terms appearing in the error equation are not
naturally dimensionally compatible. These terms can be made dimensionally
compatible by introducing a nonunique geometric factor (/ or #?) and some
nonunique combination of elastic constants (c,, or c¢;;3?). However, the
difficulties inherent in the variational equation (12.35) and the least squares
technique are both eliminated if the modification of Hamilton’s principle
presented in Section 4 of Chapter 6 is employed. In this modification the
variational equation that replaces (12.35) is (6.44). Since there is no surface
of discontinuity in the problem being considered here, the integral over S*@
in (6.44) does not exist and the superscript (m) and attendant summation
sign can be eliminated. Since the plate eigenmodes satisfy the differential
equations and boundary conditions at x; = -- A, all that remains of (6.44) is

h h
+b f A [T51 6uy + Ty Ougly =1 dx, + b f A [D; ¢)s,=—1 dx,
R h (12.37)
h h
+0b f—h [y 0T + us 5T33]x3=l dx; — b f—h (D, 6‘P]xs=l dx; = 0.



Sec. 4] Use of Variational Techniques 139

At this point it should be noted that since the boundary conditions in the
problem we are considering now are asymmetric with respect to x;, the
plate eigenmodes in which ¢ is symmetric in x; are no longer adequate and
the eigensolutions in which ¢ is antisymmetric in x; are also required.
We may now take both the symmetric and antisymmetric (in x,) plate eigen-
solutions with amplitude coefficients K™ and substitute in (12.37) and then
equate the coefficients of each 6K in (12.37) to zero in order to obtain
the same number of equations as of K™,

If a surface of discontinuity were present in Fig. 19, we would expand
the solution in two sets of plate eigensolutions, one for each region separated
by the surface of discontinuity. The amplitude coefficients K™ for each
term of each set would be independent, and we would employ (6.44) with
the integral over S'@ included, and, as in the immediately preceding discus-
sion, obtain the requisite number of linear algebraic equations for the K™,

It should be noted that variational formulations such as (6.17) or
(6.20) and (6.43) or (6.44) can be used to obtain approximate solutions
without expanding in plate eigenmodes. In other words, the expansion func-
tions selected need not even satisfy the differential equations and boundary
conditions on the major surfaces in addition to not satisfying the boundary
conditions on the minor surfaces. Under such circumstances none of the
integrals appearing in (6.20) and (6.44) can be eliminated. Although this
latter approach can yield very accurate and useful information, this writer
feels that it does not yield as much understanding and insight into the
nature of plate vibrations as does the expansion in eigenmodes. Con-
sequently, this latter approach will not be treated at all in this monograph.
In recent years this approach has been fruitfully exploited by Eer Nisse
and Holland (®*)* in treating the vibrations of complicated geometric
structures.

* Also (*!") and a number of other publications cited in these references.



Chapter 13

TWO-DIMENSIONAL PIEZOELECTRIC
PLATE EQUATIONS

1. GENERAL PLATE EQUATIONS FROM A POWER
SERIES EXPANSION

Since we are interested here in obtaining plate differential equations
only, and not in establishing three-dimensional plate boundary conditions,
we consider the volumetric portion of the variational principle (6.20) and
ignore the surface portion. If we were to include the surface portion, we
would obtain no additional terms in the resulting plate equations. The
volumetric portion of the variational principle is

fﬁ dr fv [(Tiy.s — oii;) du; + Dy 0] dV = 0. (13.1)

In addition to the variational principle we have the strain-mechanical

displacement and electric field—electric potential relations, (5.5) and (5.4),

Sy =35+ v, (13.2)

E;=—¢,, (13.3)

respectively, and the linear piezoelectric constitutive relations, (5.19) and
(5.20),

Ty = ciprSrr — i (13.4)

D; = eyiSy + eaky. (13.5)

The faces of the plate are at x, = 4- 4 and the remaining boundary

is a cylindrical surface with generators perpendicular to the faces as shown

in Fig. 21. We now expand the mechanical displacement (*>*3¢) u; and

electric displacement (3?) D; in a series of powers of the thickness coordinate
X5. Thus

g
u; = x,u (13.6)

n=0

141
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X2

Fig. 21. Orientation of the coordinate system with respect to a
bounded plate.

D; =% %D, (13.7)
n=0

where g is a positive integer and the variables u;"’ and D]‘."’ are independent
of x, but are functions of x; and x;, and u{ and D{® vanish for n > g.
Successively higher values of g determine successively higher-order theories.
When the series expansions (13.6) and (13.7) are substituted in the varia-
tional principle (13.1) and the integrations with respect to x, are performed
we obtain

g
R (A L I

+ (D;{wg + (n + 1)D@+) wm] dd =0, (13.8)
where A4 is the area of the plate and we have introduced the definitions
T = f X T; dx,, (13.9)
F™ = [x,"Ty;]", (13.10)
g —f X7 dx,, (13.11)

for the nth order component of stress resultant, the nth order component
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of applied plate force per unit area, and the nth order potential resultant,
respectively; and

h 2pmtntl
— m - =
H,, = f—h X,x5" dXx, mEnt1’ m + n even, (13.12)
=0, m -+ n odd.

Since the variations 6u]‘.’“ and d¢™ in (13.8) are arbitrary, we obtain

g

T — T30 4+ FW = ¢ 3 H, g™, (13.13)
m=0

DY + (n+ 1)DP =0, (13.14)

as the two-dimensional equations of motion and of electrostatics of order ».
Note that the substitution of the power series expansion for the electric
displacement D; given in (13.7) into the three-dimensional equation of
electrostatics, D; ; = 0, yields

g
z xzn[Di(,?) + (n + 1)Dé’n+1)] j— 0’

n=0

which is satisfied identically by virtue of the form of the two-dimensional
equations of electrostatics (13.14).

Substituting the power series expansion (13.6) for u; in the three-
dimensional expression (13.2) for the strain and rearranging terms, we
obtain

g
Sy =2 xS, (13.15)
n=0
where we have introduced the definition
S = u™m + u® + (n + 1)(8y; u™V + Oy u*t)],  (13.16)

for the nth order component of strain. Now, we define the nth order com-
ponent of electric field resultant by forming

h
Em = f XE dx,, (13.17)

and we substitute from (13.3) into (13.17) to find

EM = — ¢'P) — 8 (B — ngn1), (13.18)
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where we have introduced the definition
oM = [x,"pl, (13.19)

for the nth order component of applied voltage. All that remains now is
the determination of the two-dimensional constitutive equations. To this
end, we substitute the power series expansions (13.7) and (13.15) in the
constitutive equations (13.4) and (13.5), multiply by x,™ dx, , integrate over
the thickness, and employ (13.9) and (13.17), with the result

g
T = ey z:onnSI(c?) — eriEr™ (13.20)
n=
d H D(n) — . S(TL) . .E(m) 13 21
Z mn( 0 Cik1Pkl ) = &yly ( . )
n=0

which, with (13.12), shows that the nth order stress resultants and electric-
field resultants depend on all the strains and electric displacements of even
order if n is even and odd order if # is odd. If we define

H;nln = (COf Hmn)/|Hmn| ’ (1322)
é Hr;,;l'Hmn = 6m’ (1323)
m=0

(13.21) may be written in the more useful form

DY = egySY + X Himtewi™. (13.24)
m=0
Thus we have obtained a complete system of two-dimensional equations
from the three-dimensional equations.

At this point it should be noted that the stress at a point cannot be
determined from a solution of the plate equations because the equations
are written in terms of the stress-resultants 7 and not the stresses Tj;.
Similarly, we cannot obtain the electric potential at a point, but only the
electric-potential resultants ¢™. In addition, the actual mode shapes cannot
be determined from a solution because the x, dependence of u; and D;
has been assumed. Thus it should be clear that we have given up all hope
of obtaining a solution of the three-dimensional equations, and have re-
placed them by a larger system of two-dimensional equations which we can
hope to solve in some cases. It is not surprising then that we are unable
to obtain the aforementioned three-dimensional information from a solution
of the two-dimensional equations. It is, of course, implicit that the infor-
mation which we cannot obtain is not pertinent to the information we wish
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to obtain. This assumption is valid in certain instances—such as the de-
termination of frequency spectra—but not in all instances. It should be
‘clear that we have replaced the philosophy of obtaining an approximate
solution to an exact system of equations discussed in Chapter 12 by that
of obtaining an exact solution to an approximate system of equations.
Note that the F]‘."’ are the inhomogeneous mechanical forcing terms in the
equations and the @™ are the inhomogeneous electrical forcing terms.
Hence the @™ are important even in the small coupling case, since they
are the electrical driving terms which force the elastic solution. Now we
define two-dimensional kinetic energy, internal energy, and electric enthalpy
densities by substituting the appropriate series expansions in the respective
volumetric densities and integrating through the thickness. Thus we obtain

" Lona 1 v e < (m) . (n)

K = f " 20UU; dx2 = 30 I Hmnuj U, (1325)
- m=0 n=0
"y 1 ¥ (n)o(n) (n) (0

7 = f A T(Tijsij + EiDi) dx2 =3 Z (T'“ Sij + E™D; ), (1326)
- n=0
h g

H = f . 1({TyS;; — EDy) dxy =} 3 (TS — EMDP). (13.27)
B n=0

2. TRUNCATION OF SERIES FOR A SPECIFIC
APPROXIMATION

The equations in Section 1 are not particularly useful unless they are
truncated to form a finite system. Unfortunately, the truncation is not
quite as straightforward as the expansion because it entails an approximation
which is always a bit difficult because of its nature. In this section we will
truncate in order to obtain a system that includes the lowest-order coupled
extensional and flexural motion of the plate. However, before proceeding
with the truncation it is enlightening to study the character of certain of
the equations in Section 1 in some detail.

An examination of Eq. (13.8) reveals that in making an approximation
we have the choice of either taking a 6u]‘."’ = 0 and ignoring that #th order
equation (13.13) or letting 6u]‘."’ be arbitrary and satisfying the nth order
equation (13.13). Clearly, from (13.8) a similar relationship exists between
a particular dp™ and the nth order equation (13.14). The specific choice
in a given instance depends on some knowledge of the two-dimensional
standing wave solutions discussed in Chapter 10 in the frequency-wave
number range of interest. It is also worth noting that the nth order equations
in (13.13) are coupled to the (n — 1)th order equations through the T, 2‘]’.’“1’.
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Moreover if n is even, the nth order equation in (13.13) is coupled to all
the even order equations for which du{™ does not vanish by virtue of
(13.12), the inertia terms on the right-hand side of Egs. (13.13), and the
strains of even order appearing on the right-hand side of Egs. (13.20) for
m even. Similar statements hold, of course, for m and # odd. In a similar
way the nth order electrical equations are coupled together for all »’s for
which d¢p™ does not vanish by virtue of (13.24), (13.12), and (13.18).
Thus it is clear that in making a truncation we will have the choice, with
the highest order equations considered, of either including the equation
and letting the associated du{™ (or dp™) be arbitrary, or ignoring the
equation and letting the associated 6u]‘."’ (or d¢p™) vanish. The choice
will be made so as to optimize the approximation for the size of the system
of equations obtained by an appeal to the character of the solutions discus-
sed in Chapter 10.

We begin the truncation in which we are interested, and which includes
coupled extensional and flexural motions, by first setting g =2 in the
equations of Section 1. At this stage we have three sets of Eqgs. (13.13)
and (13.14) corresponding to »n = 0, 1, 2. This seems simple enough, but
the truncation is not yet complete because this is far from an optimum
approximation for such a large number (twelve) of dynamic equations.
Clearly, we have

u]‘."’ =0 for n>2, (13.28)
D}(’” =0 for n>2, (13.29)

at this stage of the truncation. We now wish to eliminate the differential
equations of order two from our approximation. For the mechanical
equations (13.13) this can readily be accomplished by setting 6u]‘.2) =0.
But such an approach will not yield an accurate description of the flexural
metion because it prevents contraction during the extension accompanying
flexure, which is undesirable. We would obtain a much more accurate
description of the flexural motion by permitting the contraction during
the extension accompanying flexure to take place freely. This can be ac-
complished by letting dul?’ be arbitrary and setting

TR =0, (13.30)

and assuming #?’ to be negligible in the equations of motion (13.13). The
other two mechanical displacement conditions

Sul =0, u® =0, (13.31)
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are retained. Since the three-dimensional electric potential ¢ is most likely
essentially antisymmetric in x, because of (13.17) and (13.3), we take

E® =0, E® =0, (13.32)

and retain D{?’, a = 1,3. This consideration will undoubtedly yield different
conditions for the even and odd order truncations. From (13.32) and (13.18)
it is clear that we have

Sp® =0 (13.33)

in this approximation, and we have thus eliminated the equation (13.14)
for n = 2. At this stage from (13.13) and (13.14) we have a total of eight
differential equations. From (13.20), (13.21), (13.28), and (13.29) we also
have the constitutive equations

T,9 = 2hc,, SO — e, E,

(13.34)
T® = 3h¥c, S{ — e, B,

%haD%I) — %h:&eiqsél) + EikEI(cl) ,
2hDY® + §h3DP® = 2he; S + exE[Y, (13.35)
%h3D;0) + %h&D%Z) pa— %hi‘leiqS;O) + €i2E(22) R
where we have introduced the abbreviated indicial notation. The last two

constitutive equations in (13.35) may be solved simultaneously for D;O’
and D;.z) to give

15
8h?

(0) ) 9 (0) @)
D;" = e,S, +_—8h eaky — epkEy

(13.36)

D(f) = 81;3 (% 8i2Eé2) - eikEI(cO))-

This system of equations contains, among other things, the lowest thickness-
stretch resonance, which Mindlin has shown [(®%); (®), Sections 5.01, 6.02;
(®®)] can be eliminated without appreciably altering the range of validity
of the approximation. This unnecessary thickness resonance can be elimin-
ated by setting

T =0, T =0, (13.37)
T =0, (13.38)

and neglecting i#i{" in the equations of motion (13.13). This essentially
completes the truncation.



148 Two-Dimensional Piezoelectric Plate Equations [Ch. 13

The condition (13.38) permits the elimination of S from the con-
stitutive equations (13.34) and (13.35) with the result

T = 2hc},SP — eXLE®, (13.39)
DY = ef, S 4 (1/2h)e EL® — (15/8h%)e,ER (13.40)
where
Cpg = Cpg — (CpaCag/Cn2) s
el = e — (€4aCp2/Ca2) (13.41)

52'; = 4%‘ + (€i23j2/022)~

The conditions (13.30) and (13.37) permit the elimination of the S
from (13.34) and (13.35) with the result

TV = 3hdy, SO — p, EW (13.42)
DY = S0 + 320 L 4EP (13.43)
where with i,j = 1,2,3;r,s = 1,3, 5; v,w = 2, 4, 6;

Vrs = Cps — crwcvs(cvw)_l s
Yir = € — €5Cryp(Con) ™, (13.44)
Cij = €45 T €injw(Conn) "
Thus we now have the constitutive equations for this intermediate approxi-
mation.

At this stage our two-dimensional electric enthalpy density takes the
form

— ( (O)S(O) + T(I)S(l) — E(O)D(O) _ E%l)D’(il) — Eé2)D(22))
( hC S(O)S(O) _— 26 S(O)E(O) + 2 h3 sS;l)Sé(}l)
— 2,(/) E(I)S(I) - (1/2h)8*E(0)E(0) — (3/2h3)C1]E§,1)E;l)

+ (15/4h3) e EPE® — (45/8h5)e,, ELED) (13.45)

1
2
1
2

and an analogous expression may be written for the internal energy density.

Even before this point we could have substituted the strain-mechanical
displacement and electric field—electric potential relations (13.16) and (13.18)
in the constitutive equations (13.39), (13.40), (13.42), and (13.43) and sub-
stituted the latter in the equations of motion (13.13) and (13.14) for» = 0,1
to obtain seven differential equations in the seven variables u{, u{’, ¢,
and ¢*. However, if we had done this and specialized the resulting equa-
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tions to rotated Y-cut quartz (or even an isotropic material for that matter)
and obtained the thickness solution we would have obtained a thickness-
shear frequency that was too high. This sort of thing happens because we
have assumed a thickness dependence of the displacement which is linear,
whereas the actual one is trigonometric. In order to compensate for this
(incorrect) assumption without altering the description of the fundamental
modes at long wavelengths, we follow Mindlin (**) and introduce correction
factors », and », by replacing S/ and S’ in 57" and Z with »,S.? and %S,
respectively. This replacement produces important aiterations in the zero-
order constitutive equations. The values of x», and %4 are to be determined
so that the two lowest thickness-shear frequencies predicted by these ap-
proximate equations agree with the exact values predicted by the three-
dimensional equations in Chapters 10 and 11. The correction factors may

conveniently be inserted in the appropriate position by replacing ¢}, and
e}, in & and Z by

cpF = nplck,, el =xlely (no sum), (13.46)
where a and f are the powers a = cos*(pn/2), B = cos?*(gn/2). Thus x5
(or %8) is equal to x4, %, or 1 depending on whether p (or g) in ¢}y and
etk is 4, 6, or neither, respectively. The same definitions hold for ¢f};,
ekt , =%, and »f; if p and g are replaced by ij and k/.

At this point it should be noted that piezoelectric correction factors
should be introduced in addition to the aforementioned elastic correction
factors in the fully coupled piezoelectric case. Furthermore, it is believed
that these piezoelectric correction factors should be introduced by replac-
ing E{Y and E{V by corrected terms in 5 and Z because of the incorrect
assumption of the thickness dependence of D, and D;. However, nothing
has been done in connection with the determination of such piezoelectric
correction factors, mainly because the dispersion curves in a fully coupled
piezoelectric case have never been determined. Such correction factors are,
of course, of no importance in a small coupling case (such as quartz).
Consequently, they are being neglected in this development.

To recapitulate, after the truncation and adjustments we have the
following:

The electric enthalpy density & is given by the previous expression
with cj, and e}, replaced by cyf and eX*.
The internal energy density %’ is given by

Y =5 + EOD® + EWDWY 4 EDDP (13.47)
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The kinetic energy density .4 is given by
T = (P + ([3iigD)

where here, and hereafter, indices a, b, ¢, d range over 1, 3.
The constitutive relations are given by

TV — 057(0SY = 2hef S — eBEL,

TS = 057/0S) = § yr,S{® — v B,
DY) = — F[OELY = ef*S + (1/2h)eXE® — (15/8h%)e;ES? ,
DY = — GFJOEP = pu S + B2 GED,
D@ = — 0FZ|OE® = (15/8h°)(BennES? — e EX).
The equations of motion take the form:
T+ FO = 20hil®, T, — T + FV = Sohi?.
The equations of electrostatics take the form
D@, + D =0, D, +2DP =0.
The strain-displacement relations are given by
S = 3 + u + Su’ + Su),
S = Hugh + uflh).
The electric field—potential relations are given by

E® = — @@ — §,.00
Efil) —_—— (p(%) _+_ 621:(97(0) — @(1))’
EP =290 — @@

and we note that @ = h2Q©,

[Ch. 13

(13.48)

(13.49)

(13.50)

(13.51)

(13.52)

(13.53)

(13.54)

The foregoing equations (13.49)-(13.54) comprise 37 equations in the
37 dependent variables: five each of 7T” and S{’; three each of TV, SV,
D®, E® DV EWM, and u®; two u{’; and D@, EP, @, and ¢V. The 37
equations may readily be reduced to seven in seven variables by first sub-
stituting from (13.53) and (13.54) into (13.49) and (13.50) with the result
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TQ = 2hckh(ufd) + 0y ulP) + etV + e3fd@, (13.55)
T% = § BYaeatica — Y2a®® + Pir®? + per®?

DY = efif(uf) + 05 uf) — (12h)efe — (15/4h%)epnp™ — (1/8h)ein @,
DM = il + (3/2h%) 09 — (B/20%) 39} — (B/2h%) P, (13.56)
DY = (15/855)(h2eq@'® + 6650 — 2h2e, @),

where ¢;, = 4} — 15¢;,; and then substituting from (13.55) and (13.56)
into (13.51) and (13.52), respectively, to obtain

2/10?}1?1(“%0 + (5 ku(l)) + ekz](p kz + F(O) + e;}k@(o) — 2Qhu(0)

B B apoatttha — 2heiu Q) + SyauV) — el (13.57)
+ Pian (@D — 00 p®) + FP — e3P0 + 1, D = § oh®iifV,

& Boyoufl) + § heltul) + Ouufl)) — 3 B2eteQ
— L@ — 00) — § £ — (B2/12)e, DD — L@V =0,

3 h wv,abua b7, - Cu((p o 62](’7(0)) + 2 82]6(;0 v + (15/h2)8 2(;0(1)
— 56,00 — £, 0D = 0.

(13.58)

Equations (13.57) and (13.58) are seven second-order differential equations
in the seven dependent variables ', u’, ¢'®, and ¢'* with seven inhomo-
geneous (forcing) terms; the five surface tractions F{®, F{!’ and the two sur-
face potentials @9, @V, Note that there are three independent variables,
X1, X3, and ¢, and that the major surfaces are already included in the case
of the infinite medium (plate). Note that the inhomogeneous potentials
DO, P are important even in the small coupling case, since they are the
electrical terms that drive the motion.

3. UNIQUENESS OF SOLUTION
OF THE TRUNCATED SYSTEM

We have still to establish edge (boundary) conditions at the bounding
surface of a finite plate. To this end, we will establish a theorem of uni-
queness of solution of the aforementioned 37 equations in the classical
Neumann manner. We consider two sets of the 37 variables, each set satisfy-
ing the system of equations, and form a system comprising the 37 differences
between corresponding variables in the two sets. Since each set satisfies the
equations and the equations are linear, the difference set also satisfies the
equations. In terms of the difference quantities, we form the equation
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¢ — = o . o 7 r
[ dt [ AT+ 2= 202 + (Ta = TS + B
— 3oh*EM)EP] dA =0, (13.59)

where the bar denotes the difference. After much tedious manipulation and
the use of all other difference equations along with many applications of
the divergence theorem the above equation may be brought to the form

27 7% ¢ F(0).% T s — -
[ 17 +7L =] X @C n (T + TOAD — g DO — G HIV) ds

n fz a'tf [Fj‘.‘“’ﬁ;o’ + F;l)lj(bl) — (5‘0’(15;‘” + h213‘22’) — @(1)D;1)] dA,
o T4 (13.60)

where % and. %7 denote the internal and kinetic energy densities, respectively,
of the difference system; C denotes the edge of the plate; and the n, are the
components of the outward unit normal to the edge of the plate in the plane
of the plate. From the above equation we see by the usual arguments based
on the positive-definiteness of Z and.%% that there are seven conditions to
be specified at each point of the interior and at each point on the edge of
the plate in addition to the initial values of u®, u{l, @, 4, and #.
Referred to orthogonal coordinates n, s, x,, the edge conditions are one
member of each of the seven products

1 1 1
TP, TQUY, TQUP, THud, TR, oD, ¢1DY. (13.61)

In terms of the orthogonal coordinates, «, 8, x,, the interior conditions
are one member of each of the seven products

FOuP, FOy® FPu®, FOud, FOud, @O(DY+h2DRY), @V DP. (13.62)

The terms D + h2D® and DY in the interior conditions (13.62) can
be interpreted by recalling that, to our approximation,

D, = DY + x,DV + x,2D$. (13.63)
Hence from (13.63) we have

DY + WD = 3[Dy(h) + Do(— )],

(13.64)
D = (1/2h)[Dy(h) — Dy(— h)].

The above interior conditions (13.64) and the interpretation indicates that
these equations, which have been derived for the situation where the major
surfaces of the plate are completely coated with electrodes, may be applied
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even when the major surfaces are without electrodes provided the dielectric
constant &,, of the plate is sufficiently larger than the dielectric constant of
the surrounding region simply by setting

D + p2D@® =0, DY =0, (13.65)

at all interior points. Under these circumstances @© and @ become un-
known variables. However, the above two conditions in (13.65) permit the
elimination of @© and @V from the equations (13.49)-(13.54). When a
solution is obtained the unknown quantities @ and @ can, of course,
be obtained from the solution.

4. ORTHOGONALITY OF SOLUTION
OF THE TRUNCATED SYSTEM

In solving a forced vibration problem it is sometimes useful to have
orthogonality conditions. To this end we consider two solutions

0 D O HMY — (Ok Wi PO o Du)pio,d
2, uf®, 9, V) = (WP#, upPx, Ok, @ Vr)eteut (13.66)

1 — 1 1 ]
(u}o), u(b )’ (P(O), (P(l)) — (u}O)v, u(b )v’ (p(O)v’ (p( )v)euu,,t ,

of the equations of motion (with F;.‘” = F{¥ = 0) and electrostatics. The
substitution of the first of (13.66) in the equations of motion (13.51) yields

20hw 200 — — T.(.O%Il ,
Ou T g (13.67)
ok, — — T4 + TR,
and the second yields
2@hwv2u}0)v —_ — T{?)Zv ,
' (13.68)
Bohw, s = — T + T,
From (13.67) and (13.68) we now form the equation
2ho(w,? — .2) fA (u;."’”u;."’” + 3ROy dA
= [ @y = T & T — T
+ Mty — T uVe) dA. (13.69)

After much tedious manipulation and the use of the constitutive equations
(13.49) and (13.50), the equations of electrostatics (13.52), the relations
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(13.53) and (13.54), the symmetries of the material constants, and the di-
vergence theorem, Eq. (13.69) may be brought to the form

29h(oo”2 - ,?) fA (u;."’/‘u;.""’ + YPuPeuilr) dA
- fA [@OH(D®* + K2DP) — GOY(DOn 4 p2D@uy
+ ®VLDWY — GUDWA] A
T, (T — T |- T — T
+ DOpOu — DOug®r 4 DWrgMu — DWugmY) s, (13.70)

The area integral on the right-hand side of (13.70) vanishes for either zero
electric potential or zero electric displacement on both major surfaces of
the plate, and the edge integrals vanish for homogeneous boundary con-
ditions on the edge. Thus for homogeneous conditions on the major surfaces
and edge we find

| | OO 4 WD) dA = N, (13.71)

where N, is a normalization factor. These are the orthogonality conditions
for the approximation.

5. STEADY-STATE FORCED VIBRATIONS. |

Let us consider the problem of steady vibrations forced by an ac voltage
applied to electrodes on the major surfaces of a plate with its edge free.
Under these circumstances the inhomogeneous terms FJ‘.‘”, F;”, and @
vanish and only the inhomogeneous term @ remains. The boundary
conditions on the edge are

n TP = nT = n, DY =n,DP =0, (13.72)

since we have assumed the dielectric constants of the plate to be large
compared with those of the surrounding region. Although these edge con-
ditions appear to be homogeneous, they are actually inhomogeneous due
to the presence of the prescribed potential @@ in the constitutive equations
(13.49) and (13.50) by virtue of (13.54). It will be convenient for our purposes
here to transfer all inhomogeneous terms from the boundary conditions to
the differential equations. It should be noted that at times it might be better
to transfer the inhomogeneous terms from the differential equations to the
boundary conditions, as would be the case in the presence of dissipation.
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Nonetheless, we shall proceed as specified. To this end, we shall choose the
auxiliary function so that it removes the inhomogeneity not only from the
boundary conditions (13.72), but also from the electrostatic equations
(13.58), thereby leaving a residual problem of inhomogeneous equations
of motion, homogeneous electrostatic equations, and homogeneous bound-
ary conditions. Let
W, uf”, @@, ) = (U4, ufD 4, P04, ®4) giot
_l_ (u(.O)R uél)R (p(O)R (p(l)R) eiwt (13 73)
f] b b b b .

where the superscript 4 identifies the auxiliary functions and R the residual

solution. Inserting this solution in the constitutive relations (13.49) and
(13.50) and cancelling the factor e‘#!, we obtain expressions of the type

0) 0 0 %k %k, (1}
T =TPE 4 T4 4 efr @O, (13.74)
where
0)R — *3% (01 (0 (1 fk . (0)
TR = 2helti(ud® + OyuiR) + efXp P,

04 — HJ k() 014 04 % (04
T4 = 2hethudd + 0yuP4) + efp'P4.

With resolutions like (13.74) for all the constitutive equations, the dif-
ferential equations (13.51) and (13.52) take the form

0 24,(0). (0)4 2,,(0)4 *xH(0) —
TR + 20ha™®® + TPA + 20h0*u® + e3P =0, (13.75)
1 0 2 3,32 1 0 2 5324401 — pkkp0)
TEE — TR + Zeh*o’uiPR + THE — T + foh*o®ui — 0@ = 0,

DO + DPR + DO + DP4 — (1/8h)ep®P =0,

D{JE + 2DPE + DA 4 2DPA — (15/2h%)ep,®® =0, (1379
and the boundary conditions (13.72) take the form

nTQE + 1, T4 + naefhd® =0,

neT PR + n TP =0, 1377

1 DR 4 n, D4 — (1/8h)n e, P =0,
nyDE + p,DP4 = 0.
We now choose the auxiliary functions 4, u{’4, @4, and ¢V to be
particular solutions of the differential equations
DA + DA = (el SRPY,

D4 4 2DP4 = (15/2h%)e3,9 (13.78)



156 Two-Dimensional Piezoelectric Plate Equations [Ch. 13

and to satisfy the boundary conditions

n T4 + nefd® =0,
nelap =0, (13.79)
neDP4 — ny(eq,/8R)P® =0, nanll)A =0.

Then, inserting (13.78) and (13.79) in (13.75), (13.76), and (13.77), re-

spectively, we find the residual problem governed by the differential equa-
tions

TR + 20hotu®% 4 ohotP4 1+ GY =0, (1350)
T — TR + foh*o®ufR + JohPw®uiP4 + 3H°GY =0, (13.81)
D©R + DPR — 0, (13.82)
DR 4 2DPR =0, (13.83)

and the boundary conditions
n, 798 = n, TR = n,DPE = n,DPE =0, (13.84)
where the inhomogeneous forcing terms are given by
GP = TPA + e @Y, G = GIW)(TPE — T4 — e d™).
The solution of the residual problem may be expressed as an infinite series
(u(;-))R,uﬁ,l)R#P(O)R,(P(UR) — Z A’u(u;O)p’u(bl)u,(p(O)u,(p(1)/4) , (1385)
#
where u{®#, u{#, @'@#, and pV# are the orthogonal solutions of the associated
homogeneous (P® = 0) eigensystem,

TO# + 20hw 2ul®* = 0,
s NG (13.86)
TR# — TP# + 3ohPo 2ufbs =0,

D@+ Dy =0,

(13.87)
D + 2D — 0,
n TP = n, TP# = n,DP* = n,DP* =0 on  C. (13.83)

Noting, from (13.85), (13.55), and (13.56) (with @@ = 0), that

0) (1) (0) (1), (2) o (0) (1) (0) 1) (2)
(T:] RyTabRyDi RyDi R’Dg R) - E A#(Tij #’]:lb /"Di #yDi #,Dg ,u) ’ (1389)
13
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we see from (13.87) that the residual electrostatic equations (13.82) and
(13.83) are satisfied identically, since they are satisfied by each term of the
sum in (13.85) separately. In order to find the 4, which will make the series
solution (13.85) satisfy the residual equations of motion (13.80) and (13.81),
we must first express the known inhomogeneous terms, in (13.80) and
(13.81) in series form:

G® =3 Buo«, uP4 =3 Culo, (13.90)
M “

G =3 Bub~, U4 = 3 C ubx. (13.91)
Iz I

Multiplying (13.90) by u{*”, (13.91) by }A2uf"”, adding, integrating over the
area of the plate, and using the orthogonality relations (13.71), we find

B, = N_! fA (GOUOs + Jh2GPum) dA

(u)

(13.92)
c,=Ng | | W40 - YDA dA.

Now substituting (13.85) and (13.89)-(13.91) in (13.80) and (13.81), using
(13.86), multiplying (13.80) by »{”” and (13.81) by #{'”, adding, integrating
over the area, and then using (13.71), we find

A, = (B, + 20h0*C,)[20h(w,} — ®?), (13.93)
thereby showing that each 4, has a resonance denominator. Thus we have
(u;p),u(;),(p(o)’(pm) —_ (u(jp)A’u(;)A’(p(o)A,(p(l)A)eiwt
_+_ Z A”(u;O)u,u(l)l)u’(p(O)u’(p(l)u)eia)t s (13'94)
u
as the complete steady-state solution of (13.57) and (13.58) with boundary
conditions (13.72). Obviously, very near a resonance—say w,—one term

of the series expansion in (13.94) dominates all others and the quasistatic
auxiliary solution as well, so that our solution (13.94) becomes

1 — 1 1
(u](_O)’ u;) ), (p(O), (P(l)) — Av(u](_o)v, u(b )v, (p(O)v, (p(l)v)elml‘ (1395)

The solution, of course, blows up at w = w, because A4, diverges.

6. DETERMINATION OF SURFACE CHARGE

Since the ac voltage is applied uniformly over traction-free faces by
means of a thin perfectly conducting film, we have

PO — Peiot (13.96)
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where V is the constant voltage drop across the thickness. The current
through the plate is equal to the time derivative of the integrated surface
charge, Q, over the whole area of a face, where

o= Dz] dA. (13.97)

Zo=—h

Substituting from (13.63) into (13.97) and using the two-dimensional
equations of electrostatics (13.52), the divergence theorem, and the electric
boundary conditions on C in (13.72), we find

0= f DY da. (13.98)

Then substituting (13.94) in the first of (13.56) and the resulting expression
for D® in (13.98), we have for the total surface charge

0= V[L (/)4 + 3 A,,Y,,], (13.99)
H
where A is the area of the plate and the A4, are given in (13.93) and

W= [ less iy 4 yudn) — (eh2R)p — (154 )es,g ] dA,

(13.100)
L = J‘ [e:k*;(u(om + 6zlu(1m) (Szj/Zh)(p,(;'))A — (15/4;,3)8.;2(;,(1),4] dzlé 1 l)
13.10

with the constant ¥ factored out. The formula (13.99) for the surface charge
O takes account of the action of the crystal both as a capacitor and as a
charge generator, including in both cases the distortion of the field due
to the finite dimensions of the plate. When in the vicinity of a resonant
frequency w ~ w, one term in the sum in (13.99) dominates all others, and
the formula for surface charge takes the form

Q = VL — (e55/80)A + A,Y,]. (13.102)

At resonance (w = w,) 4, and hence Q approach infinity. Right near the
resonant frequency there is the so-called antiresonant frequency at which
the quasistatic terms in (13.102) cancel the resonant term, so that Q vanishes.

7. STEADY-STATE FORCED VIBRATIONS. Il

In the solution to the nondissipative forced vibration problem which
we have obtained we have transferred the inhomogeneities from the bound-
ary conditions and the electrostatic equations to the equations of motion.
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This procedure enabled the solution to be obtained as an expansion in the
eigensolutions of the associated homogeneous problem. As we already
know, there is another procedure whereby we transfer the inhomogeneities
from the differential equations to the boundary conditions. Moreover, this
latter procedure is equally applicable when dissipation is present. We may
obtain the solution based on this latter procedure simply by defining our
auxiliary solution in such a way that the residual differential equations are
homogeneous, rather than in the way we did before. To this end, we choose
the auxiliary functions 4”4, u{’4, ¢4, and ¢V4 to be particular solutions
of the equations

TOA + 20h0?u®4 + ef3 PP =0,

THA — TRA + Sohbwnud — i@ =0,
DOM4 + DPM4 — (e/8)PP =0,

D4 + 2DP4 — (15/2h)e,@® =0,

(13.103)

without regard to boundary conditions. Then inserting (13.103) in the full
equations (13.75)-(13.77), we find the residual problem governed by the
homogeneous equations

TR + 20h0*uPk =0,

TR — THE 4 SphPw*uPE =0, (13.104)

D%O,)R + Dél)R — 0’ D;,lt)R + 2D(22)R =0 ,

and the inhomogeneous boundary conditions

R — — 04 __ kK DR — DA
naTa(zj B = naTo(tj 4 nanaj¢(O)s naTtgb R = naTéb s (13 105)
0OR __ ’ DR __ 1 :
nyDPR = — n,DP4 + ny(en /8NP,  n,DPE = — n,DP4,

wherein the entire right-hand sides of (13.105) are known from the afore-
mentioned particular auxiliary solution. We must now obtain an appropriate
number of independent solutions of the residual homogeneous equations
(13.104) at any given frequency, and take a sum of those independent
solutions in order to satisfy the seven inhomogeneous boundary conditions
(13.105) of the residual problem. The boundary condition equations (13.105)
yield a number of inhomogeneous algebraic equations in the same number
of amplitudes of the independent solutions of the residual homogeneous
equations. Hence the amplitudes may be solved for in terms of the driving
terms and the resultant solution thereby obtained. The above may be
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accomplished, of course, without further approximation for a highly limited
number of geometries only. The series method of solution naturally suffers
from the same limitation. When the present solution is obtained the surface
charge @ may be obtained from the equation

0= f (D94 + DPR) dd, (13.106)

where D4 and D{'R are determined from the constitutive relation for DY,
The present solution may be generalized formally to account for a small
amount of dissipation simply by replacing the real elastic constants by
complex quantities, as is usually done in linear viscoelasticity theory. The
complex quantities will, of course, be functions of frequency. When the
complex quantities are introduced in place of the elastic constants the
resonances may be defined as the frequencies at which Q is a maximum
for a given voltage. When the system is left nondissipative the solution
blows up (Q becomes infinite) at resonance and cannot be used for a cal-
culation.

8. TRUNCATED PLATE EQUATIONS
FOR ROTATED Y-CUT QUARTZ

When the arrays of elastic piezoelectric and dielectric constants for a
crystal with 2-monoclinic symmetry given in (7.7)-(7.9) are substituted in
(13.49) and (13.50) we obtain the constitutive equations
T = 2h[chu® + choal® + cloeil? + cEull] + 9,

T = 2hng[cdieaul®) + clorealV + chul® + ckul] + ede,@® + edneg'd,

T = 2h[cknul) + cloai® + ciu® + ciul] + 5P + exe®,

T = 2ho,[cfyu®) + cloequ®} + el + ] + elpeag'?,

T5 = 2h[chul®) + cpeufs + clpequf + chu®l] + el

DY = eful®) + epeaul®) + efpest + eful®) — (1/2h)ehe'9

DY = efpecu®) + efnauV + efu® + efu®) — (1/2h)[£DP® + 'Y
— (15/4h%) e300 + (15/8h)e5, D@ ,

DY = efpeaul®) + edxcautl + eul®) + eful®) — (1/2h)[e£D + ek¢']
— (15/4h%)e8.0' + (15/8h)es, D,

W = R [3)[ynui} + v1sus3] + vued

TV = (2h3[3)[yssuiy + Vssts] T Pas @V — pusp@ + pi0)
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T3V = (2h%[3)[y1suiy + vass3] + pis9?

DYV = pyuil + pisush — (323 ney,

DY = pyui} + Pastty — (3/28%)[£0e@® — Lo9p@ + £, P31,

D{Y = 1/’35“5% =+ '/’35“(1) — (3/2h3)[L0@™ — Coap® +- Cs3§",3 1,

D@ = (15/8h%)[e5,D?C + eds¢'P] — (45/8h%)e5, D + (45/4h%)es L.
(13.107)

Constitutive equations for rotated Y-cut quartz in this approximation have
been presented by Beaver (*°). However, there are discrepancies between
his Egs. (9) and our (13.107) above.

When the constitutive equations (13.107) are substituted in the plate
stress equations of motion (13.51) and the plate charge equations of elec-
trostatics (13.52) we obtain the differential equations
Cflu(loh + C;;uioa{s + (Carta + 6:6%3)112 + (cis + Csa)ua 13 1 cse"eu(l)

(0)
(1) 11 (0) 35 (0) ‘325 (0) +(0)
+cl4"4u31+ +— +_¢3+ = g#h ,

* * . (0) % 2 (0) % 2 (0) *_ (0) *_ (0
(cra7y + ”ﬁcse)ul,ls + Cee*e Up,11 T Caa¥y Us 33 + 6Csel3 11 + 0347‘41‘3 33

* *
2. (1) 2, (1) <914”4+936”s) (0)_+_ 926

* * :(0)
4 Cge¥te Uy 1 - Caa
66776 “1,1 44%4 33 2h 2h e

—Quo s

* %, (0) * (0 *__(0) *_(0) *_(0)
(c1a + C55)u1,15 + Cae¥lia, 11 T CaaMaldp 33 + Cs5Us 1y + Caala 3z + Css"eu

* * (0)
es +e e F.
+ c34”4u(1) ( o 2h 35)‘77(0) 22}15 Q(O) + 3 - Qui(im ’

(1)

(0) *_ (0) * * (0 * %1 (0) (1
ellul 11 T €35ty 33 + (era%¢y + 9367‘6)“2,13 + (e + e35)u3 13T (%s"e + Wos)thy 3

*
e )
+ (e147‘4 + '/’25)“(1) — == ‘P(O) = ‘P(O) 2h3 sz‘P

2h T h
__3__ _5_83 4 ¢ (1 _ 5z3 @(0) £yp®P + S.P0 —0
3\ b2 23 |P 3 2h 2/13 22 Eog¥W g = U,
3 & (0 3 2 (0) (0 3 % 2 (1)
T e Cs6%6U1,3 — T Cse”s Upq — e Css"eus 17 e Ces¥e Y1 T Yulin
=+ Vssul(,l:;:; + (s + y55)u§,11)3 h3 ("seas + '/’25)‘7’(0) h3 1/)11‘77(1)1

3 3
+ 5 o 1/’55‘7)(;.2; s ezs 6¢(0) + 55 2h3 '/’25¢(1)+ Fl(l) eu 1(),
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3 3 3 3
(0) X 2 (0) _ 0 _ 2 % (1)
- clegl®) — — chyeus Catal %y Caqld
h 14¥4%1,1 h2 444 3 h 3 3,3 h2 44“3
)

+ (Y13 + 7’55)”8)13 + 755“&31 + VasU 33 — 2h3 (e14%4 + ‘Pos)‘l’

(0)

3 3
+ _2h—3('l’13 + ¥s)pis + ST P @y + 2h3 F{V = gii{V,

"Pnu(ﬁil + 1/"3514{,1%3 + (p13 + w35)u§,11)3 (523 823>‘P((3”
445 15
+ W 8’22?9(1) - 2h3 CII(P(D - 2h3 4-.'33(})(1) 4h 822¢(0)
oY — 2 o0 — 13.108
- 2h3 C23 4h3 822 - 0 ( . )

9. AN APPLICATION TO A ROTATED Y-CUT
QUARTZ PLATE

As an example of the use of the equations obtained let us consider a
rotated Y-cut quartz plate with edges at x; = -4 / and unbounded in the x;
direction, as shown in Fig. 22. We will obtain the solution using both of
the aforementioned procedures. Let us first consider the series expansion
procedure discussed in Section 5. Clearly the problem, and hence the solu-
tion, is independent of x;. An examination of Eqgs. (13.108), which are
applicable to rotated Y-cut quartz, when they are independent of x; reveals
that we may take

W =yl =@ =0, (13.109)
while #{, 4, 4{, and ¢'*’ remain coupled to the driving voltage. Then
from (13.108) the governing differential equations are

cowts™(Usm + i) + Csexetids + 0’y =0,
csea(ily + ulll) + cssuilly + ew®uf =0,
EhPy )y — 2hegeg(ul) + M) — 2hngeseul) + pue'hy  (13.110)
+ $h%0wuil) — xgepsV =0,
Shiyulty — Cugl + (15/h)ehp™ — S,V = 0.
Note that the constant e,q couples the thickness-shear deformation with

the applied voltage, and y,;, couples the flexural deformation with the
induced electric field.
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In accordance with Fig. 22, the plate is bounded by x; = 4/ and
x; = 4+ w. The appropriate boundary conditions on x; = 4-/ are

TQ =TQ =TY = DP =0, (13.111)

and we ignore the boundary conditions on x; = 4 w. Substituting from
the constitutive equations (13.107) into the boundary conditions (13.111)
on x; = 4 [ and taking account of (13.109), we obtain
2hrgeee(ul®) + u) + 2hegeull) + eV =0,
2hxgese(ugy -+ ull) + 2hegsuld) -+ e,V =0,
6 56( ) 55 31 25 (13.112)
Sy + V’ll‘P(}) =0,
§h37l’11u1,1 - 511(775{) =0.
A set of auxiliary functions which may be used to remove the inhomoge-
neous terms, V, from the electrostatic equation, the fourth of (13.110),
and the boundary conditions (13.112), is
UM = (12h)VPyx;, uP4 = (1/2h)VPyx;, uV4 =0

ot _ ey (13.113)

where
P, — €35C56 — €26C55 P. — €26C56 — €25Ce6
2T 2y 3T . . 2y
#6(Cs5Ce6 — C36) (c55¢66 — C36)

Then G = G{’ = 0 and the residual inhomogeneous differential equations
are

Css”sz(ug?ﬁz + umR) + Css"su:(s?i{z + 0w’ ul® 4 (1/2h)ow?®VPyx, =0,
csee(UsiR + U\ E) + cssnaui)T + 00’ uE + (1/2h)00w®VPyx, =0,
§Py T — 2hegcos(usi® + uiPR) — 2hgesqu® + @it (13.114)
+ 2ohPwu(VE =0,

R0y uif — LB + (15/h%)e5p VR = 0.
In this case we see that the third residual equation in (13.114) has also
become homogeneous. The boundary conditions to be satisfied by the re-
sidual solution are

2h”6c66(u(0)R + u(l)R) + 2h(:56u(0)R — 0

2hrgesq(WS)F + u{PE) 4 2hcsu’)E =0, (13.115)

3/13,}/11”(1)12 + Py (p(l)R — 0 2h3wuu(l)R — c (p(l)R — 0
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We now find the orthogonal functions for the series solution of the
residual problem, i.e., we find the solutions of the above systems (13.114)
and (13.115) with ¥ = 0. Consider

©®, u®) = (4, B) sin &x;, (U, ') = (C, D) cos &x,.  (13.116)
These satisfy (13.114) with ¥V = 0 provided

A(xg%cee8? — pw?) + Brgeyb? + CrgPcgeE =0,

AxgCsef® + B(css8? — pow?) + Crgcsef =0, (13.117)
AngPegel + BrgCsef + C( #e2ces + 5hPy1E% — doh*w?®) + D(pq[2h)82 =0,
Cyué® — D3/2k*)[(15/h)e5, + (12E%] = 0.

For a nontrivial solution the determinant of the coefficients of 4, B, C,
and D in (13.117) must vanish, leading to a quartic equation in &2, as
against a cubic when the piezoelectric constant ,, vanishes. The additional
root is imaginary for all w, i.e., it produces a nonpropagating mode. Thus
there will be no additional resonances due to the piezoelectric effect, i.e.,
there will be a modification of the existing resonances only. Since %, is
small in comparison with {;,y,; and &y, , the remaining three roots are
almost the same as with y;; = 0. Hence there will be little error in the
wave numbers £ if they are computed as the roots of the aforementioned
vanishing determinant with y,, = 0. Under these circumstances we have
&..n =1, 2,3, as functions of w? from the portion of the determinant from
the first three of the linear equations (13.117) in 4, B, and C, and

£ = — 156, /h%C,, (13.118)

independent of w, from the fourth. From the three-dimensional solution
presented in Chapter 11 it is seen that (13.118) should be more like

& = — mlel,/h%el,. (13.119)

An examination of the equations reveals that an electrical correction factor
», should be introduced, and the most probable position should be alongside
E{V in the expression for the plate electric enthalpy density &7 Nothing
has been done along these lines, and it really doesn’t matter for small
coupling materials such as quartz. Corresponding to §,, n =1, 2, 3, we
may determine amplitude ratios

(Pn:qy:5,) = (4,:B,:C,) (13.120)
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from the first two of the linear equations (13.117) in 4, B, and C, and

kg 2 Bl
" Y 3 (I5eph™+ Liéd’

n=1273, (13.121)

from the fourth. In accordance with our approximation p, = g, = s, = 0,
ry = 1. Consequently, we may write (13.116) as

3
(uz(O)’uéo)) = Z Mn(pns qn) sin £nx1 ’
n=1
3
w = 3 M,s, cos £,x,, (13.122)
1

n=

3
@ = M, cosh &,/'x; + (/edz) X Myr, cos €,x, ,

n=1

as the solution of the problem. In (13.122) &, = i&,. Substituting (13.122)
into the boundary conditions (13.115) for the residual solution, we obtain

3
E Mn[”fscee(pnén + Sn) + cseqnsn] Cos Snl =0,
n=1

3

E Mn[”ﬁcss(pnfn + sn) + Cssqnfn] Cos Enl =0,

"=t \ (13.123)
M6y sinh(€)']) — 3 M,(3h°y 11688, + ¥hr,)é, sin &,/ =0,

n=1

3
M, 811888, sinh(Ey]) 4 iy 2 M, (3hPesss, — Cury)é, siné,l = 0.
n=1

Equations (13.123) constitute a system of linear homogeneous algebraic
equations in M,, M,, M;, and M,. This system yields nontrivial solutions
when the determinant of the coefficients of the M,, vanishes. As usual, the
vanishing of said determinant results in a transcendental frequency equation
which ultimately relates the //A ratio to the eigenfrequencies. For a given
frequency w, the equation yields an infinite number of //h ratios (or vice-
versa), to each of which there correspond amplitude ratios

(M :M,:My:M,) (13.124)
from three of the four linear equations in the M,,, and the amplitude ratios
(PnGniSn'Ty) (13.125)

from three of the four linear equations in 4, B, C, and D, as already discus-
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sed. Thus we obtain the expressions

3
@ u?) = T My#(pyt, 45 sin &%y,

n=1

3
uVe = 3 M, #s,# cos &,4%, , (13.126)

n=1

3
P = My cosh &,/'x; + (Yu/ede) X My ry# cos &%y,
n=1
for the orthogonal eigenfunctions for the series solution of the residual
problem.

Little error in a computation of frequencies and amplitude ratios will
result if the frequency equation is obtained from the first three of (13.123)
with M, = 0. The frequency equation would then be of the same form as
in the purely elastic case (*), but the coefficients of the transcendental
functions would have slightly different values due to the presence of the
piezoelectric constants. In such an approximation the amplitude ratios M,#,
My# , and M4#* would be obtained from the first two of (13.123) and M
from the fourth.

The normalization factor N, is found by inserting the eigen-solution

(&)
(13.126) in (13.71), remembering that #{¥# = u{P# = 0, with the result

3 3
N(p) = %A Z Z MmﬂMnﬂ[(pmﬂpn# + qmﬂqnﬂ + %hzsmﬂsnﬂ)sﬁn

m=1n=1
— (PP + GG — $Hspts)Sinl s (13.127)
where

Siin = [sin(€u#l &= E#D1/Eml 1= E4D).

Now, from (13.92) we have

; sin ;4
C/t 2N(”) ; (Pzpn + P3qn ) ( ‘Sn/‘l COS .fn/‘l) , (13]28)

since G = G =0 and u{"4 = y{’ = y{’4 = 0.
Finally, from (13.93) we have

4, = Co/(w,2 — o?). (13.129)

Note that for small damping, dissipation may be introduced simply by
allowing some of the elastic constants in the associated eigenproblem to be
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complex, thereby introducing a small amount of viscoelastic behavior,
which contributes a time decay portion to the eigensolution of the free-
vibration problem. This is admittedly a very approximate procedure, and
one which we have not justified. However, it is probably very accurate for
the small damping which occurs in vibrating piezoelectric crystals. In other
words, it is very doubtful that a more accurate analysis is warranted. This
procedure permits the relation of the time decay factor of a free vibration
to the Q of the crystal, which should be related to the steady-state spatially-
decaying mode rather than the transient time-decaying mode. Nevertheless,
this procedure affords a useful and essentially valid simplification. Introduc-
ing the usual expression for small damping into (13.129), we obtain

2
C.w

A= I 0 = o

(13.130)

This latter expression prevents the solution from blowing up at resonance.

The solution is completed except for the expression for the correction
factor x¢. This is determined by equating the thickness frequency predicted
by the third of (13.110) with the thickness-shear frequency for rotated Y-cut
quartz plates, which we have obtained previously from the appropriate
solution of the three-dimensional equations and is given in Chapter 9 as
the lowest root of (9.47) along with (9.41) and (9.42). The result is

nt = _1_%2(1 + €5 >, (13.131)
3 €508
where o is the lowest positive root of
e5,cE
tan =a(1 +—22—266—> (13.132)
€26

The formula for surface charge, (13.99), requires expressions for Y,
and L in addition to 4,. These are obtained by substituting (13.126) and
(13.113) in (13.100) and (13.101), respectively, with the results

3. M, 15 .
Y, =4% Tl (”eezs(Pn”'Sn” + 52#) + easdn’*En — el 'Purn”) sin &4/
n=1 n
15 . sinh &,'/
— 4 T "322]‘44”—51,1L )
L = (A]2h)(x4e56Ps + €55 Py — $£5,). (13.133)

As noted previously, since the expression (13.129) for 4, has a reson-
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ance denominator, near a resonance only one term in the infinite series
in the formula for the surface charge Q need be computed. In the fore-
going it has been suggested that in computing the roots of the equations
obtained by setting determinants of the coefficients in (13.117) and (13.123)
equal to zero certain of the terms having y,, as a factor be neglected because
of the smallness of y,,. By following this suggestion the coupling between
the applied voltage ¥ and the strain would be taken into account through
ey6, as would the generation of the induced electric field by the strain
gradient through the amplitude ratios r,, but a part of the small counter-
effect of the induced electric field on the strain would be neglected. This
approximation need not be made if adequate computing facilities are avail-
able for computing the roots of the 4 x4 algebraic determinant obtained
from (13.117), which yields a quartic equation, and the 4 x 4 transcendental
determinant which would replace the present transcendental determinant
obtained from (13.123).

As noted previously, the solution to a problem including dissipation
may be obtained more properly by means of the other method of solution,
which transfers the inhomogeneities from the differential equations to the
boundary conditions, thereby leaving a residual problem of homogeneous
equations and inhomogeneous boundary conditions. For completeness we
will indicate this second method of solution of the rotated Y-cut quartz
plate problem, which solution we have just obtained by the first method.
To this end, we take the auxiliary solution in the form

U4 = P4 =0, uP =RV, ¢V4=RV, (13.134)

where
R, = sge56/2n(hh%0w? — n¢%Ceq), R, = h*/3. (13.135)

Substituting these expressions for the auxiliary solution, (13.134)and (13.135),
into (13.110) and (13.112), it is clear that the residual problem consists of
homogeneous differential equations with inhomogeneous boundary con-
ditions, and all inhomogeneities are proportional to V. If the problem is
nondissipative, it is clear that we obtain exactly the same resonance con-
dition as before, and an off-resonance solution is not a series. If the problem
is dissipative, the solution exists at all driving frequencies and we may
obtain the surface charge Q (or any other quantity) in terms of ¥ and the
driving frequency w. Resonance may then be defined as that w at which Q
is a maximum for a given V. This procedure involves much more calculation
than the first, but it is exact, whereas the first is an approximation, although
one which undoubtedly is very accurate in most practical instances.



Chapter 14

MECHANICAL EFFECT
OF ELECTRODE PLATING

1. EQUATIONS FOR THE CRYSTAL PLATE

We are here interested in determining the effect of the elastic stiffness
and inertia of the electrodes shown in Fig. 22 on the truncated form of
the two-dimensional equations of motion we have obtained previously in
Chapter 13. The equations for the unplated crystal (13.51) and (13.52) are
reproduced here

TO, + F® =20hi®, TP, — TH + FP = 3oh*iP, (14.1)

D@, + DP =0, D@ + 2D =0, (142)

and the constitutive equations (13.49) and (13.50) are also reproduced
here as

[ 15

2w

2h /’ N
X3
-— 2L =

Fig. 22. A rectangular plate with electroded surfaces connected to
a driving circuit.

169
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T(O) — 2hcwle;c(i) . ek’by E(O)

TR = 8h* SR — VinEY ,

D® = ef*S® + (1/2h)efE® — (15/8h%)e;,ES
DY = puwSH + (/2K CED, (14.4)
D = (15/8h°)(BennE® — hPe, E),

(14.3)

and all the quantities have been defined previously in Chapter 13.

Now, before proceeding to the platings we must discuss a few points
in a little greater detail than we have previously; namely, the significance
of the quantities T2y, T}, F{, and F;V. First consider the stress resultants
TY, which are defined by

TP = j T, dx,, (14.5)

from which we can see that T{® and T represent extensional forces per
unit length in the plane of the plate. Similarly, we see that T7J’ represents
a shearing force per unit length in the plane of the plate, and that 7,9
and T represent shearing forces per unit length acting in the direction
normal to the plane of the plate. The stress resultants T}’ are defined by

8 = [ Ty ds, (14.6)

from which it is clear that 71} and T§3’ represent bending moments and 7{3’
represents a twisting moment. Note that T(9, 759, and T{Q are forces per
unit length which occur in the elementary theory of the extension of thin
plates and 779, 7, T\, T, and T{¥ are forces and moments per unit
length which occur in the elementary theory of the flexure of thin plates (*0).
The surface loadings F{” and F{* are defined by

FP = [Tyl = Toi(h) — Ty(— h), (14.7)
FP = [Ty = hTop(h) + hTou(— B), (14.8)

and will be of the utmost importance in obtaining the equations for the
electroded crystal.

2. EQUATIONS FOR THE PLATINGS

The electrodes are assumed to be perfectly conducting, and are ex-
tremely thin compared with the thickness of the crystal plate (Fig. 23).
Consequently, the purely mechanical portions of Eqs. (14.1) and (14.3),
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=
2n
!
2h - X4
e =

X3
Fig. 23. Diagram of a plated crystal plate showing thicknes-
ses of platings.

i.e., excluding all electrical terms, for the unplated crystal are applicable to
each electrode with the additional simplification that all forces, T3, and
moments, 7}’, per unit length associated with the elementary theory of
flexure of thin plates may be neglected, since the plate is so thin that only
its extensional resistance need be considered. Nevertheless, both its ex-
tensional and transverse inertia must be included, but rotatory inertia,
20h%iV /3, may be neglected. Under these circumstances all that remains
of (14.1) and (14.3) are

OpTadla + F" = 2h' '™, (14.9)
T8" = 2h'yapeaSY” (14.10)

where d;, = 0 for j = 3 and
hl
Fo" — [T2’j ]_h, — T () — T, (— b). 14.11)

Equations (14.9)-(14.11) are for the upper electrode, and we have an
identical set of equations for the lower electrode but with the primes replac-
ed by double primes.

3. EQUATIONS FOR THE PLATED CRYSTAL PLATE

Since the electrodes are attached to the crystal plate, we must impose
the conditions of continuity of surface tractions and mechanical displace-
ments across the interfaces as did Mindlin (*'). However, since we are
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already limited to wave numbers which are not too large (£2 < 2), we may
ignore the free thickness-stretch motion (u{"") which accompanies the exten-
sional motion of the plating and write

To(—= By =Tyi(h),  Ty(h") = Ty (— h), (14.12)
U0 = ul® + héud, U =ul® — houd. (14.13)

Using (14.12), we may express the surface loadings F;.‘” and FV of the
unelectroded crystal in terms of the surface loadings F{”" and FJ‘.‘”" of the
electrodes. Then the equations of motion of the electrodes, (14.9), may be
incorporated in the stress equations of motion of the unplated crystal,
(14.1), thus forming five stress equations of motion of the electroded
crystal plate; and #{®’ and 4"’ may be eliminated from the five equations
as well as from all the constitutive relations by means of (14.13). In essence,
this procedure will leave us with five stress equations of motion of the
electroded crystal plus two electrostatic equations, for a total of seven
equations in the seven dependent variables u{”, u?, ¢'”, and ¢'*. To carry
out this process from (14.7), (14.8) and (14.12) we note that

F{® = Ti(— k) — TY("), F® = hTip(—K) + hT50"). (14.14)

The successive addition and subtraction of (14.11) and its double primed
counterpart, respectively, yield

Ti(— ) — Tyh'") = P — B — FP”,
(14.15)
HT3(— ) + hTRH") = F§0 — h(EY" — FO"),
where
PP =Ty — T(— 1),  ZP = hT5(H) + k(= h').  (14.16)
Thus from (14.14) and (14.15) we obtain
F;-O) —_ ?;0) — (F;O)' 4+ F;O)")’ Fél) —_ ?Igl) — h(FéO)' _ Fb(m“). (14'17)
We further obtain from the sum and difference of (14.9) and its double
primed counterpart the equations
Fg.o)/ + F;O)//: . 6]b(Tég), + Tég)”),a + 2h!elil-;_0)l + 2h”9”ﬁ;‘0)“ ,

(14.18)
B — = — (T — T").a + W0 — 20'¢" "
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Hence substituting from (14.18) into (14.17) and using the continuity of
mechanical displacement conditions (14.13), we find

F(O) — ‘?"(0) + 6]b(T(0)' + Tég)”) . — 2hQRsﬁ(~0) — 2h2QRD6‘aﬁ¢;D ,

(14.19)
F(l) — ?’(1) + h(T(O)’ —_ TI;O)”),a — 2h30RSu(l) — 2h20RDu(O) R
where
Rg = (o'W + o"'h'")/eoh, (14.20)
p=1(0'h" — ¢"h")/oh, (14.21)

so that Ry and Rj are the ratios of the sums and differences of the weights
of the electrodes to the weight of the portion of the crystal located between
the electrode. Finally, substituting from (14.19) into (14.1), we obtain

@+ F© = 2ho(l + R)iP + 2R pd,4ils",

(14.22)
Tt(z})) — T2b) + ?(1) —_ 2h30(1 + 3Rs)ué1) _|_ 2h2QRDu(O) s

where
Q) — 70 0)’ 0)"!
T( T1(7) + 6za6]b(Ta( ) + Téb) );

, ) (14.23)
T = T4 + KT — Tp").

Noting from the conditions of continuity of mechanical displacement at
the interface (14.13) that
S9' = S@ + hSY,  SY’ = SY — hSY, (14.24)

and substituting from the constitutive equations for the unelectroded crystal
(14.3) and the electrodes (14.10) and its double primed counterpart, and
using (14.24), we obtain the stress constitutive equations for the electroded
crystal in the form

T = 2h(clit + 0:a0;60ke 014V 500a) S + 21200057 0eaSH + et EL

(14.25)
758 = 30 Vavea + 3¥5ea)SW + 287 5eaSY — VimE,
where
Varea= (A'Vapea + h'"Vabea) P » (14.26)
Yahea= (N'Vapea — 1" Varea) 1, (14.27)

and the electric-displacement constitutive equations for the electroded
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crystal remain the same as for the unelectroded crystal, (14.4). Thus we
now have the full system of equations for the electroded crystal, which may
readily be reduced, by straightforward substitution of the constitutive equa-
tions (14.25) and the kinematical and potential relations (13.53) and (13.54)
in the five stress equations of motion (14.22) and the two equations of
electrostatics (14.2), to seven equations in the seven dependent variables
U, ul, 99, and ¢V, The equations are similar to but a bit more com-
plicated than the equations for the unelectroded crystal. At this point we
could proceed in the usual way to obtain initial, edge, and interior conditions
sufficient for a unique solution (*'). However, in view of our previous work
in Chapter 13, the results are obvious, and we need not present the uni-
queness theorem here. We could also obtain the orthogonality conditions
for the electroded crystal in the usual straightforward manner, but we shall
not bother to do so, even though the results are slightly different for the
electroded crystal. Nevertheless, the orthogonality relation for homogeneous
conditions in the interior and on the edge probably takes the form

[ 10+ RO 4 §12(1 + 3R JuPrusy>

+ AR p(uy uy”” + uy uy”” )] dA = N0 (14.28)

I

where N, is a normalization factor.

Of particular importance to us is the situation where the upper and
lower electrodes are identical and isotropic. Under these circumstances
from (14.21) and (14.27) we have 5,.; = Rp = 0, and from (14.26), (7.30),
and (11.26)

Vopea = [A°0450ca + p(0ac0pg + 0aabyc)12H 1, (14.29)

where 2° = 2ul/(A + 2u) is the plate Lamé constant of the electrode and
A and u are the Lamé constants for the electrode material. Then the stress
equations of motion (14.22) for the symmetrically electroded crystal take
the form

Qs + PP = 2ho(1 + Re)ii,

(14.30)
o — T +FP = el + IR,
and the stress constitutive equations (14.25) take the form
o) = 2heHrSY — eBER, 1430

1) — 223.,% (1) _ (1)
T = 31y dheaSti VimE®,
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where
cHit = el -+ QA [h)[2°0:50;501a014 + 1(0:0;40k014 + 0:40;c0k.01a)]1,
Vaved = Vaved + (61 [h)[A%005004 -+ 1(0e0pa + 04adpc)]. (14.32)

Thus it is clear that in the case of symmetric isotropic electrodes the equa-
tions are exactly the same as in the case of the unelectroded crystal except
that the elastic constants and translational and rotational inertial densities
are different.

4. FURTHER USES OF THE PLATING EQUATIONS

Before proceeding further I would like to indicate how the mechanical
effect of the electrode plating may be included in the least squares or var-
iational methods discussed in Chapter 12 for solving problems in the
vibration of bounded plates. In either of these methods we superpose
solutions of the three-dimensional equations which exactly satisfy the dif-
ferential equations and the boundary conditions on the major surfaces in
order to satisfy the conditions on the remaining surfaces approximately.
The major difference is that in the previous method of using the two-
dimensional equations the mechanical effect of the electrode served to
change the differential equations and the edge conditions, while in the least
squares and variational methods it changes the boundary conditions on
the major surfaces of the plate and the edge conditions. That is to say, we
proceed exactly as we did before with either the least squares or variational
method except that we first change the mechanical boundary conditions on
the major surfaces of the plate so as to account for the mechanical effect
of the electrode on those surfaces, and then extend the integration over the
minor surfaces so as to include the electrode plating. Without the electrode
the mechanical boundary conditions for a plate with major surfaces at
X, = + h are

Ty; =0 at x, = + h. (14.33)

We are here going to consider the case of symmetric electrodes only. The
electrodes are sufficiently thin compared to the thickness of the plate that
the mechanical equations for the upper electrode are the same equations
as before, i.e.,

0Ty + F®' = 2h'o"ii®", (14.34)
FO' = [Ty;%, = Ts;(h") — To(—h'), (14.35)
TSR = 2 yapea S (14.36)
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Since the electrodes are attached to the crystal and the wave numbers of
interest are not too large (§4 < 5), we may ignore the free thickness-stretch
motion (u{"’") which accompanies the extensional motion of the plating and
write

To(—h'") = Ty;(h), u®" = uy(h). (14.37)
Moreover, since the outside of the electrode is traction free, we have
Ty(h')y = 0. (14.38)
From the mechanical displacement continuity conditions in (14.13) we have
SS9 = Sea(h), (14.39)
and from (5.19) we also have the stress constitutive equations
Ti; = comatte,1 + exij@oe- ’ (14.40)

Substituting (14.36) in (14.34) and then (14.34) and (14.40) in the first of
(14.37), we obtain the mechanical boundary conditions

Cajithr,1 + €xa @k = Ojo2h Vapoathe,ag — 2H 0"l (14.41)

at x, = - h. We obtain a negative right-hand side at x, = — A, since the
electrode on the lower surface is identical with the electrode on the upper
surface and x, points up. Moreover, since the electrode is perfectly conduct-
ing, the potential within the electrode must be constant, and

Pe=0,
so that the boundary conditions become
Cojiith,1 1 €22i®.2 F 2N OjpYapcatic,aa = 200", =0 at x, = £ h, (14.42)
and since the electrodes are isotropic we have
Yaved = A°025004 + 14 (OacOba + Saabbe)- (14.43)

It can readily be shown in the usual way that these boundary conditions,
along with the usual electrical condition, are sufficient for a unique solution
to the steady-state problem of the infinite plate. The electrical condition
is, of course,

@ = == @, cos wt at x, = 4+ h. (14.44)
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The homogeneous form (p, = 0) of (14.44) and (14.42) determines
the two-dimensional standing wave solutions and corresponding dispersion
curves for the infinite plate including the mechanical effect of the electrode
plating (**). Note that the new mechanical boundary conditions (14.42)
on the major surfaces are homogeneous and linear. Consequently, the same
procedure of superposing the thickness solution and an appropriate number
of two-dimensional standing wave solutions of the homogeneous problem
(i.e., with ¢ = 0 at x, = 4 h) in order to satisfy the remaining boundary
conditions approximately by either the method of least squares or a varia-
tional technique is applicable. Note from (14.42) that even the thickness
solution changes because of the inertia of the electrode. Note further that
in integrating either the least-squares conditions or the variational con-
ditions in the thickness direction along the minor surfaces of the plate the
contribution of the electrode plating must be included. For example, sup-
pose in a symmetric, purely elastic problem that the boundary conditions
on each of the minor surfaces are, say,

T, =0 at x, =41 (14.45)

Then, according to the method of least squares discussed in Chapter 12,
we must minimize

M= f Ty, dxy + 2 f Ty Ty dxz] at x, =1, (14.46)

W[

since, as already discussed, T, is negligible in the electrode plating. Now

, h+2h!
T = f YT, dx, (14.47)

and since Tj, is essentially constant in the electrode plating, we have

Ty =T [2h . (14.48)
Hence we must minimize
1 h (0 rp(0)’
M = m" [J._thjle dx2 + h T T at Xy = l. (14.49)

In the same problem, using the variational technique discussed in Section 4
of Chapter 12, we have the variational condition

h h+2h’
— f T Ouydx, — 2 jh Ty Oupdx, =0 at x, =1, (14.50)



178 Mechanical Effect of Electrode Platings [Ch. 14

since T, is negligible in the electrode plating. Since u, is essentially constant
in the electrode plating, as is Ty,, we have from (14.37), (14.48), and
(14.50)

h ’ ’
- f Ty buydxy — 2T uf®' =0 at x =1  (1451)

as the variational condition for the approximation.



Chapter 15

SOME ELECTRICAL CIRCUIT
CONSIDERATIONS

1. ELECTRICAL ADMITTANCE

In Section 6 of Chapter 13 we found the current through the crystal
for a prescribed driving voltage across the crystal. In electrical engineering
terminology we have found the admittance of the crystal [(*®), Chapter 3,
Section 18)]. However, before we can introduce these terms properly we
must discuss a sign convention associated with the terminology. The sign
convention we will employ is contained in the diagram in Fig. 24, which
indicates that by convention the current is considered positive if it flows
from active to passive + to + [(*3), Chapter 9, Sections 1, 2]. The passive
element can be represented by an admittance Y and eliminated from the
diagram by means of the relation

I=7YV, (15.1)

so that we may consider the diagram in Fig. 25 instead of the one in Fig. 24.
Thus it is clear that our formula for surface charge has effectively determin-
ed the admittance of the crystal, which, in that case, was a passive element.

Tar
/+‘\ .
A Va P Ve Vp=VaEV
Ipa=Iap*l
Lae

Fig. 24. An electrical circuit with a passive and an active element.
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Fig. 25. An electrical circuit with the passive element repre-
sented by an admittance.

However, we must find out if Iis 4+ Q or — Q according to our convention.
Since the x, axis has been taken to be positive in the up direction and accord-
ing to our electrical convention the current flows down in this passive ele-
ment, we have

I:—fADZ(—h)dAz—Q, (15.2)

and in our particular case from (13.102) and (15.2) we find near a resonance
(0 = w,)

/ 2
1=—in(L—%A+w—)v;"C_”—CZ)2). (15.3)
Hence the admittance of the crystal is given by
) £p0d Y.C,w?
=~—zw(L— 282}1 +w2_w2), (15.4)

and is purely susceptive [(43), Chapter 3, Section 18] when there is no damp-
ing. If damping is introduced in the usual manner, a conductive (*¥) com-
ponent enters (15.4) by virtue of (13.130). We can now use the above formula
(15.4) to put the crystal in a circuit with an active element and determine
the characteristics of the entire circuit as a function of frequency if the
frequency is confined in the neighborhood of w,.

However, of prime interest to us here is the situation where the crystal
is the active element, because in that case the problem cannot be completely
formulated field-theoretically without determining the analytical expression
for the admittance relation for the remaining passive portion of the circuit.
We are again concerned about whether a sign is plus or minus according
to our convention. Since the x, axis has been taken to be positive in the up
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direction and according to our electrical convention the current flows up
in an active element, we have

I=+LD2(_ h)ydA =+ Q. (15.5)

Thus from (15.1) and (15.5) our required expression for the admittance
relation for the remaining passive portion of the circuit is

f D= hyda =V (15.6)

As we shall see, this expression is crucial to the solution of a crystal vibration
problem when the crystal is an active element.

2. COMPLEX NOTATION

Note that in Section 1 we introduced the usual electrical engineering
convention [(#%), Chapter 3, Sections 13-15] of introducing complex quan-
tities and meaning that the real part should be taken after the complete
expression is written in terms of real quantities including the time depend-
ence. For example, in Section 1

Y=YE iyl V = (Vi + iVi)et,
and according to the convention, by YV we mean

YV = Re(Y2 + iYI) (VB 4 iV{)(cos wt + isin wt),

15.7
YV = (YEVE — YIV) cos wt — (YEVI 4+ YIVE) sin wt. {.7)

We shall adhere to this convention where convenient. Moreover, when we
have a standing wave function as a solution we shall write, say,

U, = A sin x, cos £x, et (15.8)

where 4 is complex and sin 7x, cos £x, is real, so that in (15.8) we mean
U, = sin nx, cos &x, (AZ cos wt — A sin wt). (15.9)

When we have a traveling wave function as a solution we shall write, say,

U, = A cosh nx, exp — i(éx, — wt), (15.10)
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where A4 is complex and cosh #x, is real, so that according to our con-
vention, by (15.10) we mean

U, = cosh nx, [4® cos(§x; — wt) + Al sin(éx; — wt)].  (15.11)

This convention reduces the amount of writing considerably.



Chapter 16

APPLICATION TO A
MONOLITHIC STRUCTURE

1. COUPLED THICKNESS-SHEAR AND FLEXURE

Consider the rotated Y-cut quartz plate shown in Fig. 26 with five
sections which are denoted 0, 1, 2, 3, and 4. The 1 and 3 sections contain
electrodes and the others do not. The 1 section is driven by the application
of an alternating voltage to the surface electrodes and the energy is detected
in the 3 section by a passive detecting circuit of admittance Y. As usual,
the dimension out of the paper will be ignored. The solution actually re-
quires the full system of two-dimensional equations (13.110) which we
derived for x, dependence in rotated Y-cut quartz, and which contain
coupled thickness-shear, flexure, and face-shear motions. However, we shall
make an approximation which results in a tremendous simplification and
which yields very accurate results if we confine the frequency to a certain
very narrow range of great practical importance. Nevertheless, before we
make the simplification we will discuss the solution of the more general
problem in some detail, including the full piezoelectric coupling. When
we make the approximation we will, of course, assume that the piezoelectric
coupling is small.

The differential equations in all four sections are of the same form,
but the voltage must be eliminated in sections 0, 2, and 4 by means of the
zero surface charge conditions (13.65). As we know from Chapter 14, on
account of the plating the mechanical material constants (elastic and
inertial) in sections 1 and 3 are different than those in sections 0, 2, and 4.
The first thing we do in all five sections is introduce auxiliary solutions in

2

2h - X

£, Vs £

Fig. 26. A monolithic structure.
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Imé - 1 1 \ 1 —1 o Reé
3 2 1 (o} 1 2 3
Fig. 27. Dispersion curves for the lowest antisymmetric modes of an infinite

rotated Y-cut quartz plate for real and imaginary wave numbers including the
influence of piezoelectricity.

(13.110) which leave residual homogeneous differential equations and in-
homogeneous boundary conditions. We know that the standing and travel-
ing wave solutions of these differential equations yield the dispersion curves
shown in Fig. 27. The curves shown are for the unplated regions 0, 2, and 4.
The curves for the plated regions 1 and 3 are of the same shape, but have
the important difference that the nonzero intersection point A with the w
axis appears lower, say at the point 4’, on the diagram shown. Real values
of the wave number & correspond to propagating waves in regions 0 and 4
and trigonometric standing waves in regions 1, 2, and 3. Imaginary values
of & correspond to decaying (or growing) standing waves in regions 0 and 4
and hyperbolic standing waves in regions 1, 2, and 3. In regions 0 and 4
we can tolerate only decaying standing and outward traveling waves. Thus
at any frequency we have four complex solutions in each of these two re-
gions. In regions 1, 2, and 3 we can have both sin and cos (or sinh and
cosh) for the spatial dependence of each variable, thereby giving eight
complex solutions at any one frequency in each of regions 1, 2, and 3. Thus
so far we have 32 independent solutions, and hence 32 complex unknowns.
The voltage V in Section 3 is an additional complex unknown, and we have
a total of 33 complex unknowns. The boundary conditions are the con-
tinuity of

TQ, T, TY, DY, u®, u®, ud, v (16.1)

at each point of connection of one region with the adjacent one. There
are four such points of connection of the five regions. Hence the continuity
of the eight quantities in (16.1) at each of the four connection points gives
us 32 complex equations in the 33 complex unknowns. However, we have
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the admittance condition in Section 3, which takes the form

| L ID9 + iDP]dd = Y, (16.2)

in this approximation. This gives us a total of 33 complex linear algebraic
equations in 33 complex unknowns, which may be solved numerically.

2. THE THICKNESS-SHEAR APPROXIMATION ()

Numerical results from the aforementioned system of equations discus-
sed in Section 1 in simpler cases (#4%%) indicate that for frequencies in the
vicinity of the thickness-shear frequency (say 4’ < @ < 4) and for small
wave numbers (| &4 | <€ 1) the thickness-shear mode dominates and the
amplitudes of all other modes are extremely small. Consequently, we will
formulate the problem discussed in Section 1 considering only that one
mode and assuming small piezoelectric coupling. The significant character-
istics of this essentially thickness-shear approximation are:

1. The frequency is very close to—both above and below—the thick-
ness-shear frequency in each region.
2. The wave number ¢ is sufficiently small that | &242 | <L 1.

This means that our approximation will contain two parameters of
smallness, (1) the ratio (deviation from the thickness-shear frequency):
(thickness-shear frequency) and (2) the dimensionless quantity £&4. We now
proceed to make the approximation in the two-dimensional equations. The
equations are the four differential equations (13.110) in the dependent
variables 4, u, u’, and ¢*, which we used when we considered the
vibrations of a rotated Y-cut quartz plate in Chapter 13. We are at this
stage considering the typical equations which are valid in any section,
with different sections having different constants. The pertinent constitutive
equations may be obtained from (13.107) when x; dependence is excluded,
and are

TY = 2]m62c66(u<0) V) + 2hx6056u31 + xges6V,

T® = 2hegcsq(u) + u) + 2hcssul) + egsV

Y = § FPyaul) + vue?,

DY = pnu) — (3/283)8,9%,

D = o (u®) + ul) + eu5ul®) — (15/48%)eyp® + (3/4h)eV,
D = (15/4h°)eq (39" — H*V).

(16.3)
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Since the piezoelectric coupling is small, for purposes of obtaining a solution
all electrical quantities can be ignored in the unelectroded sections 0, 2,
and 4, the electrostatic equation can be ignored in the driving section 1,
and the stress equation and electrostatic equations can be solved separately
in the detection Section 3, and all electrical edge conditions can be omitted
in the analysis. However, if when the solution is obtained, we wish to cal-
culate the current through the driving Section I, we must first obtain the

induced electrical-potential resultant ¢* from the electrostatic equation in
1

Section 1 using the mechanical functions known from the solution. Thus
under the assumption of small piezoelectric coupling it is perfectly permis-
sible to make the approximation, in the three stress equations of motion
in (13.110), of ignoring the induced electrical potential resultant ¢,

We begin the approximation by noting that c¢;5 <€ ¢;5, and neglecting

. Then since we are not interested in the resonances associated with "’
we may ignore the second differential equation and T. At this stage the
two remaining mechanical equations in (13.110) take the form

Coste® (Uit + ufl) + e0®u® =0, (16.4)
QB3 [3ypult]y — 2hrgPcee(ud) + ul) 4+ §hPow ) — xee,sV =0, (16.5)
and the remaining constitutive equations (16.3) take the form

T = 2hrgPcee(u) + ul) + xee96V ,

TR = § Kyuuli,

D" = yyul) — (3/21%) 09, (16.6)
DY = wgesg(u} + uf") — (15/4h%)eng'® + (3/4h)esV,

D = (15/4h%)e,, (3" — h2V).

Note from (16.4)-(16.6) that the two remaining mechanical differential
equations (16.4) and (16.5) may be written

TY, + owoul® =0, (16.7)
TY, — TY + 3hPewul = 0. (16.8)
Ignoring the mechanical effect of the electrode, we take

W) = Asinéx;,  ud = Bcoséx,, (16.9)
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such that
o = (7/2h)(ces/0)? + & = wo + &, |EF L1, [¢]| K wp, (16.10)

and substitute (16.9) in the homogeneous form (¥ = 0) of (16.4) and (16.5),
to obtain

A = (B%]3)B, (16.11)
— $hy EHB — (n2/6)cesthA + 3hPm(coe0)?eB = 0.  (16.12)

Substituting from (16.11) into (16.12), we obtain

$hlyn + (%/12)ces)e?h2B — 3h?n(cee0)"/?eB = 0. (16.13)

The implications of the foregoing are that (16.4) serves to enable us to
solve for u{? in terms of u{!’ in the form

W = — (h/3) ul, (16.14)
which may then be substituted in (16.5) to yield
$h3(yyy + xglcee)uilly — 2hngicgeull + 30wl — xgerV = 0. (16.15)

The above approximation was for the unelectroded portion of the
crystal. A similar approximation may, of course, be performed for the
electroded portion. However, since the mass loading of the electrodes is
very small, the effect of small piezoelectric coupling may be comparable
with the effect of the mass loading. Consequently, before proceeding further
we must obtain the thickness solution of a piezoelectric plate including the
mass loading of the electrode.

3. THICKNESS VIBRATIONS OF ELECTRODED
ROTATED Y-CUT QUARTZ INCLUDING THE MASS
LOADING OF THE ELECTRODE

We begin this section by writing the equations for the thickness-shear
vibrations of a rotated Y-cut crystal with surface electrodes in the form

Cogl1 02 T 269,20 = 01y, €agly,22 — €20P 22 — 0, (16.16)
Cogly,n T €xep o &= 2h'0'th, =0 at x,=+4#h, (16.17)
@ = 4 @, cos wt at x, = 4 A. (16.18)
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Equations (16.16) are the nontrivial equations of (9.34), (16.18) is the last
of (9.35), and (16.17) is the form taken by (14.42) in this case. Ignoring
the time factor cos wt, the steady-state solution satisfying the differential
equations (16.16) and the electrical boundary conditions (16.18) is given
by

. e ;
u, = A sin nx,, (c“—i—s— 7n® = pw?,
22

€564 sin nh

[ .
¢ = —2 Asingx, —
Ea2 &ash

xz—i—%’—xz. (16.19)

Substituting from (16.19) into the mechanical boundary conditions (16.17),
we obtain

A(nh cosnh — k3g sin nph — Rn?h? sin ph) = — eqepo/Ces, (16.20)
where
k3s = €3s/Cost22 » R =2¢'H [oh, (16.21)
and
Cos = Cog + (€36/€22) . (16.22)
Resonance occurs when the coefficient of A in (16.20) vanishes, i.e., when
nh cos nh — k*sinnh — Rn*h®sinnh =0,
or

tan nh = nh/(k? + Ry2h?), (16.23)

where we have dropped the subscripts 26 on k. Since k% and R are very
small, the first root n4 of (16.23) will differ from =/2 by a small quantity,
say A. Then we have

nh = (=/2) — 4, (16.24)
and substituting (16.24) in (16.23), we find

cos 4 =2)y— 4
sin 4 k*+ R(3n® — nd + 4%)°

(16.25)

Expanding the trigonometric functions in (16.25) as power series in A4,
recalling that R <€ 1 and k? < 1, and retaining up to quadratic terms in 4,
we obtain

A2 — nA + k* 4+ iRa* =0, (16.26)
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which has the pertinent root
A = k=) + $=R. (16.27)

Hence from (16.27) and (16.24) we have

2
=" (1 _r- ) (16.28)
and the piezoelectric effect of the electrode is negligible compared to the
mass loading effect if 4k%/n? <€ R. Thus from (16.28), the second of (16.19),
and (16.22), the thickness frequency in the electroded portion is given by

2 ~ 1/2
(Ds:;—h<l—R— ‘;"2)(‘2“) . (16.29)

<

It can readily be shown that the thickness frequency in the unelectroded
region is given by

wy = (7/2h)(Cos/@)"*. (16.30)

The thickness frequency which we used in Section 2 of this chapter and
appears in (16.10) is

wo = (72/2h)(ces/0)V2. (16.31)
Now, from the first of (16.21) and (16.22) we have
Cos = Cog(1 — k7)), (16.32)
and since k% < 1, we have
Ces = Cea(1 + K£2). (16.33)

The quantity which is really of interest is @,/wy, and from (16.29) and
(16.30) this is given by

@sjoy =1 — R — (4k%/n?). (16.34)
Now from (16.33) we have
Con = [ew(l + kD12 = ()21 + K2, (16.35)

Hence from (16.30), (16.31), and (16.35) we have wy/w, = 1 + 3k, and
if we wish to continue to use the thickness-shear frequency w, from our
previous work in Section 2 in the small piezoelectric coupling approxi-
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mation we must define a fictitious piezoelectrically unstiffened thickness-
shear frequency @, by

@y = @,(1 — %k?). (16.36)
Then from (16.36), (16.29), (16.31), (16.35), and (16.34) we have
Bojwy = @y/oy =1 — R — (4k*[n?),

and the important relationship (16.34) is adhered to. From (16.29), (16.31)
and (16.35) note that

2 2 2
8 :(I—R— 412)(1+L>=1+_]L(1__§3_)_R
14 2

Wo

3]

~ 1+ 0.1k — R (16.37)

is of no physical significance here, since the piezoelectric constants cannot
be varied. However, for electrically biased electrostriction the effective
piezoelectric constants could be varied, and then (16.37) would have physical
significance. Note from (16.37) that for small piezoelectric coupling the
combination of piezoelectric stiffening and the electric boundary condition
at a driven electrode serves to raise—not lower—the thickness frequency.

4. THE THICKNESS-SHEAR APPROXIMATION
IN THE ELECTRODED REGION

We may now make the approximation for the electroded portion. In
doing so we will naturally introduce the defined thickness-shear frequency
@, given in (16.36).

From (14.30)-(14.32) we find that the pertinent equations for the
electroded portion analogous to Eqgs. (16.4) and (16.5) for the unelectroded
portion are

coete? (Uit + uf) + o(1 + R)o®uf® =0, (16.38)
§h3}711ui}{1 - Zh’zezcee(“(z?i + u) + $h%(1 + 3R)w Y — HgepsV = 0.
(16.39)

where the barred coefficients are for the plated region. The thickness-shear
frequency predicted by (16.39) is given by

_ ._& [_3066 ]1/2
(1 4+ 3R) ’

(16.40)
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and is to be compared with @, defined in (16.36), which from (16.36),
(16.29), and (16.35) is given by

2 1/2
By =2 (1 _p_ A ) (&‘1) , (16.41)

72 )

instead of @, , because we used w, instead of wy in the unelectroded region,
as noted in Section 3. Hence from (16.40) and (16.41) we have

2 21\2
22:—%(1—R— ‘;kz) (1 + 3R),

which for R <€ 1 and k% <€ 1 may be written

— T

g2 = (1 +R- — (16.42)
Now, proceeding as in Section 2 for w = @, + &, |&| < &,, and |£2h? L 1,
from (16.38), (16.41), and (16.42) we find

B 14 R— Bk*n®)
3 T—-R— Gka®)

u,® = —

or since R<€ 1 and k? < 1, we have
u® = — %1 + 2Ry, (16.43)
and substituting (16.43) in (16.39), we obtain

%hs[}ju + #63(1 + 2R)cq] uil,)u - 2h’?62066uil) + %h3e(1 + 3R) w2u§l)
— HgeesV =0, (16.44)

which is a differential equation of the same form as (16.15) but with slightly
different coefficients.

5. THE EDGE CONDITIONS
FOR THE THICKNESS-SHEAR APPROXIMATION

The edge conditions in the thickness-shear approximation [Egs. (16.15)
and (16.44)] are extremely complicated indeed, as a result of the fact that
one branch—the flexural—has been eliminated and only one—the thick-
ness-shear—remains. The approximation itself is valid in any one region
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only if the frequency is very near the thickness-shear frequency. In any
steady-state vibration problem in which there are two or more different
sections the frequency must be the same in each section. Consequently,
for Eqs. (16.15) and (16.44) to be valid the thickness-shear frequencies
must be very nearly the same in adjacent sections. I cannot emphasize
too much the need to note carefully that Eq. (16.15) [or (16.44)] is an
approximation to the equations of coupled thickness-shear and flexure,
and it is valid in a highly limited range only. Now, the equations of coupled
thickness-shear and flexure have four continuity conditions at an edge
connecting one region with another. The four conditions are the continuity
of

1 1).
Y, T, uf, ud; (16.45)

and two branches in each section are required in order to satisfy the four
conditions; however, the present approximation no longer has two branches,
it has only one. The first step in resolving this dilemma is to recall that
to the present approximation we have in the unlectroded region

T = — $h%g’costiy + 2hgcoqti” , (16.46)
T = §rpnuf'), (16.47)
u® = — heud,. (16.48)

Since in this approximation |£2h%| <€ 1, we may write 7Y’ in the form
Ti9 = 2hug’coaui? , (16.49)

in place of (16.46). Note from (16.47)-(16.49) that of the four continuity
conditions in (16.45) T{® and u{!’ are large and T{}’ and »{® are small, since
|€h| <€ 1, and the large ones and small ones are separately proportional.
Note further that the product terms

9P, Ty, (16.50)

which appear in Mindlin’s (*®*) uniqueness theorem for the equations of
coupled thickness-shear and flexure, may, by virtue of (16.47)-(16.49), be
written

-(1 2 1)1
- %ha"ezcssuil)ui,{ > 3'}13')’11“{,{“% ), (16.51)

from which it is clear that both terms are of the same order of magnitude.
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Consequently, it is impossible to eliminate the flexure in favor of the shear,
or viceversa, at this stage. Hence at a prescribed homogeneous edge con-
dition (free, fixed, or mixed) we must satisfy two conditions approximately
with one branch, and at a junction connecting two adjacent regions we
must satisfy all four conditions approximately with one branch in each
section. In the prescribed homogeneous cases we can always eliminate one
of the two conditions, since, as noted previously, two of the four quantities
specifying the conditions are small compared to the other two and the large
ones and small ones are separately proportional. Hence we have simply
to satisfy the large condition and ignore the small negligible one when it
exists. Thus when the edge is either completely free (T\Q =T =0) or
completely fixed (ul® = u{? = 0), we have to satisfy the edge condition

uV = 0. (16.52)

Clearly we must satisfy this same condition when the edge is supported
in such a way that 7{Q = ¢ = 0. Only when the edge is supported in
such a way that T8’ = u{® = 0 do we have to satisfy

ul =0. (16.53)

In the case of a junction connecting two adjacent regions we can satisfy
all four conditions approximately only when two of the four conditions
are approximately equal to the other two. This will be the case when adjacent
sections have approximately the same thickness and flexural and shear
properties, i.e., when A, v,,, and xg2cqs have very nearly the same values in
adjacent sections, as in the problems with which we are concerned. Under
these circumstances the four continuity conditions, (16.45), at a junction
may be replaced by the two continuity conditions

u?, ul, (16.54)

or any of the other equivalent combinations of two conditions for that
matter. Thus the thickness-shear approximation is sensible only if the thick-
ness and shear and flexural stiffnesses are approximately the same on
adjacent sides of a junction, and under these circumstances all four con-
tinuity conditions are satisfied approximately by the one remaining branch
associated with each section. These considerations imply that if the shear
and/or flexural characteristics in two adjacent sections differ considerably,
the thickness-shear approximation would be useless and the fully coupled
equations of thickness-shear and flexure would have to be used.
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6. APPLICATION OF THE THICKNESS-SHEAR
APPROXIMATION TO A MONOLITHIC STRUCTURE

We now have the equations and boundary conditions to solve the
problem discussed in Section 1 using the thickness-shear approximation.
In regions 0, 2, and 4 the equation is (16.15), which, for convenience, we
rewrite here as

$h3(y1 + x6Pcee) Uity — 2h”62066'ﬁl) + %thwzg(ll) =0. (16.55)
In region 1 the equation is (16.44), which, for convenience, we rewrite
here as
£h3[Pn + #2(1 + 2R)cgl 1{9{1 — 2hitg’ceq 1:(11) + 4% + 3R)w? 114(11)
— ﬁsezsr =0. (16.56)

In region 3 we have the same equation as (16.56) but with a lower script
3 instead of a 1, and from the last of (13.110) the electrostatic equation

%hgil’u 134%1{1 — Cn ‘P(111) + (15/h*)eze ‘Pm - 5822;/ =0, (16.57)
3 3

which, because of small piezoelectric coupling, may be solved separately
from the mechanical equation analogous to (16.56) for region 3. In region 3
from (15.6), (13.63), and the fact that DY’ = 0 according to (13.107) we
also have the admittance condition

f [Déo) + h2Dg2’] dA =YV, (16.58)
A| 8 3 3

where from (13.107) and (16.43) we have

2
0 _ 5 1 7 n_
13)5 = " %g€s 3 1+ 2R) ‘3{“1 + %ee26 13{(1 )

3
)
a2l Tl

DY) = (15/4h%) e (B — KV)). (16.59)
3

At each point of connection of one region with the adjacent one we have
according to (16.54)

Ut = uV (16.60)
n n+l n=0,1,2,3,
ufy = ufy (16.61)

n n+1 n=0,1,2,3.
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Since the frequencies must be confined to be in the neighborhood of the
thickness-shear resonances, we may simplify the equations somewhat by
recalling from (16.10) that

7T

B . Cos 1/2
(,()—O.)O—FE—W T +8, (16.62)

and then defining & so that

2 1/2
w=@0+z=-"_<1—R—‘Z‘2)(fgi) +&,  (16.63)

and then substituting (16.62) and (16.63) in (16.55) and (16.56) to obtain
$h3(y11 + #ePcee) Uiy + BahP(cge0)?e uf =0, (16.64)

forn =0, 2, 4, and

2

4k
3P [Pu + #(1 4 2R)cqe] uith + %nh2<1 +2R — —; )(0669)” Eup
n JT n

— e V =0, (16.65)

for n =1, 3. Clearly, from (16.62) and (16.63) we have

_ _ T Cog \ V2 4k?
8=£+w0~w0=e+iﬁ—<—gﬁ—> <R+ o )

(16.66)

In regions 1 and 3 we now express the solution as a sum of an auxiliary
and a residual part, the auxiliary part selected so that the residual part
satisfies homogeneous differential equations. Clearly, from (16.65) the
auxiliary part is given by

A Hee
a1y __ 3 6% 26

= vV,
n' 2h2m [1 + 2R — (4k2/n?))(cee0)V2E n

or since R< 1 and k2 <L 1

3 (1—3R
o — V3 (- iR) eV, (16.67)
" 4h® (ce0)V2E " m

and the residual solution satisfies the homogeneous mechanical equation

§h%[Pr + #62(1 + 2R)cge] ﬁi}h + §7h*[1 + 2R — (4k?[n*)](cee0)V? € 5;1) =0
n n
(16.68)
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for n =1, 3, and in these regions

LS
&

U = u® 4y, (16.69)

CR
=

Moreover, in region 3 the electrostatic equation (16.57) remains essentially
unchanged and may be written

R
3%y, 7'3‘{1{1 —{n ‘P(lli + (15/h%)ezy ‘Pm — SepV = 0. (16.70)
3 3 3

When expressed in terms of the residual variables in regions 1 and 3 the
mechanical continuity conditions (16.60) and (16.61) take the form

V'3 (1—3R) R
= ey V + uft 16.71
"1 4h* (ce0)'? E % n+1 n41-1 n=o0,2, ( )
n n—1 n—1 n= 2, 4.
R
uf} = uff (16.72)
n n+1 n=0,2,
n n—-1 n=24.

Thus at this stage we have five homogeneous mechanical equations, (16.64)
and (16.68), eight mechanical boundary conditions, (16.71) and (16.72),
one electrostatic equation, (16.70), and one admittance condition, (16.58).
We also have a prescribed voltage II/ In each section a typical solution

u{? = A cos &x,,
n n n !

yields a dispersion relation as shown in Fig. 28, and the dispersion relation
for the unelectroded region lies above the dispersion relation for the elec-
troded region, and is shown dotted. We will confine ourselves to frequencies

Imé -t 1 1 1 1 I Ref
3 2 1 (o] 1 2 3

Fig. 28. Thickness-shear dispersion curves for plated and unplated piezoelectric
plates for real and imaginary wave numbers.
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o, where @, < w < w,. Then ¢ is always negative. We may then write
the mechanical portion of the solution in the form

1‘;9) =Ig exp —[10§(x1 + ll + %12)] >

W — 4 05 E[x, + 3(h + )] + Bsin £lx + 1 + B,

u{¥ = A cosh iéx; — B sinh ix, , (16.73)
2 2 2 2 2

ufh = A cos £lv, — 30, + )] + Bsin élx, — 35 + )],
ul? — 4 expliE(r, — h — 1h)],
4 4 4

where the time factor is understood to be e**f and the 4 and B are complex,

and § =& =& and & =&, and which are found, respectively, from the
0 2 4 1 3
relations
S C (16.74)
0 Yu + %6°Ces
2R — (4k?/n? g
o LE2RZ G oy (16.75)
1 71+ #%(1 + 2R)ces h

which are found by substituting from (16.73) into (16.64) and (16.68),
respectively. Substituting from (16.73) into the eight mechanical continuity
conditions given in (16.71) and (16.72) yields eight complex, linear, algebraic
equations in the nine complex unknowns /01, .14, 13, A:;, ,;1, Bl‘, lg, B;, and I:

We must now satisfy the electrostatic equation (16.70) in region 3.
R .
To this end, we substitute »{" from (16.73) and write ¢'* as the sum of an
3 3

auxiliary and residual part, so that

qa)u) — f’:,m + %u) , (16.76)
where
4
q;(n — (hzg/)/g,’ (16.77)

R
so that from (16.76), (16.77), and (16.70) we see that qg‘“ satisfies
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— 2By, £2 ﬁm —¢ Zu + (15/h%)e S — 0. (16.78)
3 ¢113 el 11 ‘f,u 22‘€

Since we have assumed small piezoelectric coupling and ignored all electri-
cal edge conditions, we have already ignored the essentially vertical piezo-
electric branch shown in Fig. 27. Inasmuch as the homogeneous solution

R
of (16.78) for @'V gives rise to this essentially vertical branch which has
3

already been ignored, this homogeneous (complementary) solution can be—
indeed has been—ignored and only the inhomogeneous (particular) solu-
tion of (16.78) need be considered. This latter solution takes the form

2
=" —Zi“— g éfgv. (16.79)
22

R

eV}
4
3

Moreover, as we shall see this term turns out to be negligible when inserted
in the admittance relation (16.58). From (16.76), (16.77), and (16.79) we
now have
h? 2 Y R
W=y ps T opepr 16.80
A AT (16.50)
Substituting from (16.73) and (16.80) into the constitutive equations (16.59),
which must be integrated over the area of the electrode in region 3, in the
admittance relation (16.58), we find

2

V3 (1 — R)

e
4h?(ce0)'?E T3

R
DY = Ysen(1 + 2REH Ul + 74
3 1 3

] R(l) 1 2£2 R(l) 3
+ %geze ";1 - 7 8223V 3 Yk f ’;l + m 3223!/, (16.81)
R
DY = (12 )prah*g? D,
3 1 3
Since y,, is of the order of e,s and §24% < 1, from (16.81), we obtain
1

4/ — 2
D® + B2DY = i, 33 %R)_eze v €90 v
3 8 4h?(coe0)''%E 3 2h s

+ ’76926{13 cos f[xl — 3+ L))+ lj sin f[xl — 3+ L)1} (16.82)

Substituting (16.82) into the admittance condition (16.58) and integrating
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over the area of the electrode in region 3, we obtain

. €22
—iwbly

2h

7V 3 (1 — $R)el 7 I
- BV IA 8B | L b gne s oy,
2h(cge0)" 2EEq, E s 1 2 3

3

! (16.83)

where b is the length of the electrode out of the paper. Equation (16.83)
may be written

w

bl 822 1 _ }?6 v 3 (1 - %R)egs . iY 2b9?6€26 A
3 5 2 nr —_— P 4 sin
(Ccos0) /%880, . L
(16.84)

Equation (16.84) is the admittance relation, which provides the ninth com-
plex linear algebraic equation. As already stated, the other eight equations
come from the eight mechanical continuity conditions in (16.71) and (16.72).
We have not bothered to write them down because they are extremely
straightforward and simply require a great amount of writing. Thus we
now have nine complex, linear, algebraic equations in nine complex un-
knowns. The value of the admittance Y depends, of course, on the external
circuitry associated with region 3.

Before making a calculation the equations should, of course, be put
in dimensionless form wherever possible. This may be accomplished by
writing the pertinent equations so that the dimensionless quantities &h,
I,/h, e/wy, and &/w, occur. A calculation would then proceed by selecting
a value of w/w,, which would determine values of &¢/w, and &/w,. Then
%h and é;h could be determined from (16.74) and (16.75), respectively,

after which the nine complex equations may be solved simultaneously to
give the nine complex unknowns in terms of the applied voltage Il/ Thus Z/ {/

may be determined. In making a calculation, some obvious numerical
simplifications can be made because of the smallness of certain quantities.
That is, since the electrodes and piezoelectric coupling are such that

Y11= Yu, He = %g s R<L1, 4kt nt L1, (16.85)

we may replace the continuity relations (16.71) and (16.72) by the simpler
ones

\/3 €26 R
UV = ——+ V4 ulV (16.86)
nl Zﬂhcee 0 nn nﬁl n=
n n—1 n—-1 n=
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R
u) = ufY (16.87)
n n+l n=0,2
n n—1 n=24,

and the dimensionless form of the dispersion relations (16.74) and (16.75)
by the simpler ones

n%d 725
E2h? = — —, Eht = —, (16.88)
° 2(Pyy + 3) 1 2(Pu + )
where
0 = ¢gfw,, § = &lw,, P = V11/Ces- (16.89)

Similarly, the admittance condition (16.84) may be written in the form

€ I X \/_3 k3 iyl ¥ 2xg56 . hls
—(1--—>)- — |2 = A . (16.90
[ 2 h ( - bon| H T T A g (1699

1

Thus it is clear that the entire effect is contained in the relation

8 — 6 = R + (4k*/n?), (16.91)
and

0 = (w/wy) — 1, Dy < 0 < W, (16.92)

Once the solution has been obtained, the driving current through re-
gion 1 may be calculated. However, as already stated the electric-potential
resultant @'V must first be determined as a solution of the electrostatic

1

equation in region 1. The solution for ¢*’ in region 1 proceeds in exactly
the same manner as the solution for (p‘i’ in region 3, and with the same
terms being negligible. In fact, the ex;ression for ¥ may be obtained from
the expression for ¢ in (16.80) merely by repllacing all lower scripts 3
with lower scripts 1:.{ In this way the expressions for ]i)g” and ll)‘22’ may be
obtained from the expressions for Q;‘” and 13)9 in (16.81). Moreover, since

region 1 is passive in relation to the driving circuit, we have

I=— f (D;m + hzz‘)gm) d4 = — iw f (Dgn + h2DgZ>> d4. (16.93)
1 A\ 1 1 A\1 1
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Substituting in (16.93) from the expressions for ?g"’ and D{?, we obtain
1

[ = —iwply, 22 | BV 0 iR ],
1 2h 2h(ceq0)"*8E9, 1
_ (16.94)
, #gC2¢ . L
iw2b : 114 sin é; >
1

which, after the introduction of the approximations in (16.85), may be
written in the form

—_—t —— g — — sin - —L |.
2 70 h a9 L, ¢&h 2 kA
1

(16.95)

,_ _ lobhex |:<x6\/3k§6 1> V' 4, n 4 ¢h | }
] -

Since I;Ie%/ezz is known in terms of V/h from the solution, Eq. (16.95) de-
1

termines the admittance of the entire structure as seen by the driving circuit.
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A Conduction
electrical, 158, 179
Conductance, 180
Conservation
of angular momentum, 11, 14
of energy, 33
of linear momentum, 11
of mass, 11
Constants
dielectric, 35, 524
elastic, 35, 52
piezoelectric, 35, 52
Constitutive equations
three-dimensional, 36
isotropic, 59

Abbreviated notation for material con-
stants, 51
Active element, 179-181
Admittance, 179-181, 185, 194
of monolithic structure, 202
Ampere’s law, 26
Angular momentum, conservation of, 11
Anisotropic crystals, 35, 524, 85
Antiresonant frequency, 158
Antisymmetric tensor, 5, 20
Axes
Cartesian coordinate, 1
Axial vector, 3

B lithium niobate, 57
Body lithium tantalate, 57
force, 11 2-monoclinic, 55, 56
couple, 11 m-monoclinic, 57
Boundary conditions polarized ceramics, 55, 58
constraint, 47 Quartz, 57
electrical, 25, 39 32-trigonal, 57
homogeneous, 694, 74, 80, 155 3m-trigonal, 58
inhomogeneous, 66, 77, 154 two-dlmensx.opal plate
mechanical, 39 2-monoclinic, 160, 161
natural, 47 Constraint
piezoelectric, 36, 39 variational, 97
Branches Correction factors, 149, 164, 167, 191
on dispersion spectrum, 106, 109 Coupling factors, 89, 126
complex, 108/ Crystal point group symmetries
imaginary, 108, 109 bexagopal, 54, 55
real, 1024, 109 isotropic, .55
m-monoclinic, 54
C 2-monoclinic, 52
Cartesian 32-trigonal, 53
coordinates, 1 3m-trigonal, 54

tensor notation, 4, 5

Complex notation, 181 D

Conditions Damping, 66, 166, 167
boundary, 25, 36, 39, 66, 69, 74, 77, 80  Decay factor, 167
constraint, 47 Deformation, infinitesimal, 17§
edge, 152, 191 Degenerate
initial, 39 eigenvalues of symmetric matrix, 7
interior, 152 form of Poynting’s vector, 29
junction, 192, 193 form of Poynting’s theorem, 29
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Delta, Kronecker, 1
Differential equations
homogeneous, 67
inhomogeneous, 66
three-dimensional
isotropic, 59
lithium niobate, 57
lithium tantalate, 57
2-monoclinic, 56
m-monoclinic, 57
polarized ceramics, 58
quartz, 57
32-trigonal, 57
3m-trigonal, 58
two-dimensional plate
2-monoclinic, 161, 162
Dilatation, 24
Dispersion curves
for elastic plate, 109
for extensional mode, 106
for flexural mode, 106
for piezoelectric plate, 184
for plane wave, 84, 86
for thickness-shear, 196
for thickness-shear and flexure, 184
Displacement
electrical, 25
mechanical, 18
Dissipation, 166, 168
Divergence
of a vector, 4
of stress tensor, 14
Dyadic, 4

E

Edge conditions, 152, 193
homogeneous, 155
inhomogeneous, 154

Eigen solution )
expansion in, 135§

for coupled thickness-shear and flexural

vibrations of plates, 164-166
for elastic thickness vibrations, 81

for one-dimensional wave equation, 67f
for two-dimensional elastic standing wa-

ves, 95

for two-dimensional piezoelectric stand-

ing waves, 119-121
Figenvalues
degenerate, 7
for elastic plane waves, 83, 85f
for piezoelectric plane waves, 90

[Index

for strain tensor, 22
for stress tensor, 16
nondegenerate, 7

of symmetric matrix, 6
of symmetric tensor, 6
real, 6

Eigenvectors

of symmetric matrix, 6
of symmetric tensor, 6

Elastic

constants, 35

plane waves, 85

thickness vibration, 814
two-dimensional standing waves, 95ff

Electric

admittance, 179-181, 185, 194
boundary conditions, 25
charge density, 25
conductance, 180

current, 179

displacement, 25

edge conditions, 152, 1544
enthalpy, 34, 148

field intensity, 25
polarization, 25

potential, 26

potential resultant, 143
voltage, 144, 157

Electrode

inertia of, 169

mass loading of, 187
plating, 168-169
shorted, 119

thin, 168

Electromagnetic

energy flux, 27§
gauge, 27
potentials, 26, 27

Extensional waves

dispersion curves for, 106
theory of, 114

F

Faraday’s law, 26
Field

electric, 25
magnetic, 25
mechanical displacement, 174

Flexural waves

dispersion curves for, 106
theory of, 114

Flux

electromagnetic energy, 27
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Forced vibrations, 66, 72, 75, 87
steady state, 66
Forcing voltage, 145, 158, 162, 196
Free vibrations, 66
Frequency
antiresonant, 89, 158
equation
for coupled thickness-shear and flex-
ure, 165
for elastic thickness vibration, 85
for piezoelectric thickness vibration, 92
for a string, 70
Rayleigh, 1024
resonant, 74, 76, 79, 89, 92, 167

G
Gauge
electromagnetic, 27
Gradient

displacement, 18f

of a scalar, 3

of a vector, 18
Green’s theorem, 4

H

Hamilton’s principle
for linear piezoelectric continuum, 4446
modification of, 47§
for particle and rigid body mechanics, 43
Homogeneous
boundary conditions, 72, 74, 80
differential equations, 67
edge conditions for plate equations, 156
linear algebraic equations, 7, 85, 90,
96, 97, 117, 119, 121, 165
quadratic functions, 35, 36, 38
Holonomic condition, 43

1
Imaginary
number, 103, 181
wavenumber, 108
Improper rotation, 2
Indicial notation, 1ff
Inertia
of electrode plating, 169, 187
Infinite
linear medium, 67
piezoelectric medium 35, 36
plate, 81
Infinitesimal
mechanical displacement, 18
rotation, 19, 20

209
strain, 19, 20
volume change, 23, 24
Inhomogeneous
boundary conditions, 77, 874, 130, 131,
159

differential equations, 65, 66, 154, 159,
168
edge conditions for plate equations, 152,
154, 159, 196
linear algebraic equations, 78, 89, 92
Initial conditions, 39, 66
Interior conditions for plate equations, 152
Internal energy, 33, 36, 145
Isotropic material, 55, 59

J

Junction conditions, 193

K

Kinetic energy, 33, 43, 145
Kronecker delta, 1

L

Lagrange density, 43, 44

Lagrangian multipliers, 8, 15, 21, 47§

Lamé solution, 102

Least squares, 129f, 134

Levi-Civita symbol, 3

Linear momentum
conservation of, 11
differential equation of, 14

Linear piezoelectric equations, 36, 554
lithium niobate, 53, 54, 57, 58, 60, 61
lithium tantalate, 53, 54, 57, 58, 60, 61

M

Magnetic field, 25
Magnetization, 25
Mass loading of electrode, 169, 187
Material constants, 59
Matrix
antisymmetric, 5
notation for material constant, 51ff
symmetric
diagonal form, 7
eigenvalues, 7
eigenvectors, 7
Maxwell’s equations, 25
Mean square error, 129, 131, 135, 136
Mechanical
displacement, 18
forcing terms, 142, 143, 170
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Momentum
conservation of
angular, 11
linear, 11
Multipliers, Lagrange, 8, 15, 21, 47§

N

Natural boundary conditions, 47
Neumann’s uniqueness theorem, 39
Niobate, lithium, 53, 54, 57, 58, 60, 61
Nonlinear piezoelectricity, xii, 18, 33, 34
Notation

compressed, S1ff

indicial, 1§
tensor, 4ff
vector, 14
0]
Onoe’s theorem, 112
Orthogonal

coordinate transformation, 1, 2

eigenvectors of symmetric matrix, 7
Orthogonality

conditions, 2

of piezoelectric vibrations, 79, 80

of scalar vibrations, 74, 75

of trigonometric functions, 130

of vectors, 2

P

Passive element, 179-181, 200
Phase velocity, 68
Piezoelectric coupling factors, 89, 126
Piezoelectrically stiffened elastic constant,
88
Piezoelectricity
linear, 33
nonlinear, xii, 18, 33, 34
Plane stress, 125
Plate
bounded, 132, 142
constitutive equations, 151, 160-161
correction factors, 149, 164, 167, 191
edge conditions, 152, 193
elastic, 81-87, 954
electric enthalpy density, 145, 148
infinitely wide, 81
infinitesimally wide, 123f
interior conditions, 152
internal energy density, 145, 149
kinetic energy density, 145, 150
piezoelectric, 87f, 1194
rotated Y-cut quartz, 54

[Index

Plated plate
constitutive equations, 174
differential equations, 174
Plating equations as boundary conditions,
1756
Point group symmetry, 51
Polarization, 25
Polarized ceramics, 54, 55, 58, 61
Polar vector, 3
Potential
electric, 264
resultant, 142-143
scalar, 26ff
vector, 26ff
Poynting’s theorem, 28
quasi-static form, 31
Poynting’s vector, 28, 29
quasi-static form, 31
Proper rotation, 2

Q

Quality factor, 167
Quartz crystal, 53, 54
constitutive equations, 55-57
differential equations, 56-57
material constants for
A-T cut, 58
referred to crystal axes, 59
rotated Y-cut, 54
truncated plate equation for, 160-162
Quasi-static
electric field, 304
Poynting’s vector, 31

R

Rayleigh

frequency equatjon, 102

surface wave velocity, 118
Real

branches, 106, 108

wavenumbers, 102f
Residual solution, 1554
Resonance

denominator, 74, 158

frequency of, 74, 158
Rotated Y-cut quartz plate, 54
Rotation

of Cartesian axes, 1-2

infinitesimal, local, 20-23

S
Scalar, 4
electric potential, 26-27
Scalar product, 3
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Series
expansion, 1414
truncation of, 145f

Shear
strain, 22
stress, 16

thickness, 149, 162, 182, 192
approximation, 185 f
Shorted electrodes, 119
Solution
auxiliary, 1556, 1634
residual, 1554, 163§
uniqueness of, 37f, 1514
Standing waves, 68ff
Stationary
normal strain, 21f
normal stress, 15/
value of a function, 8
value of a functional, 42
Steadystate, 68
Stiffened elastic constants, 88
Stokes theorem, 4
Strain
plate components, 143
tensor, 214
Stress
resultants, 142, 170
tensor, 12ff
Structure
monolithic, 183f
Surface
bounding, 81, 95, 142
of discontinuity, 47f, 139, 184, 193
plating on, 1694, 183, 187
traction, 114
waves, 116/
Susceptance, 180
Symmetric
matrix, 6
eigenvalues of, 6
eigenvectors of, 7
tensors, 6, 14, 19
Symmetry
of crystals
hexagonal, 54, 55
m-monoclinic, 53, 54
2-monoclinic, 52
triclinic, 52
trigonal, 53

T

Tantalate, lithium 53, 57-58, 60-61
Tensor

21

antisymmetric, 5
dielectric, 35, 524
elastic, 35, 524
Kronecker, 1
Levi-Civita, 3
piezoelectric, 35, 52f
rotation, 194
skew-symmetric, 3
strain, 194
stress, 12/
symmetric, 6
Tetrahedron, elementary, 12
Thickness
coordinate expansion in, 141
of electrode plating, 171
shear, 149, 162, 182, 192
approximation, 185
dispersion curves, 197
stretch, 147
vibrations, 81, 100, 1214, 133, 1874
wavenumbers, 102-103
Time decay factor, 167
Traction vector, 11
Transformation
equations for components of vectors, 2
equations for components of tensors, 5
of Hamilton’s principle, 47
orthogonal, 2
improper, 2
proper, 2
Traveling wave, 67
Truncation of series, 145f

U

Uniqueness of solution
of the equations of linear piezoelectricity,
376
of the truncated plate equations, 157f
Units, 32

\"
Variation
constrained, 43, 47
free, 48

of a function, 41

of a functional, 42
Variational

approximation techniques, 47

calculus, 41-43
Vector

axial, 3

curl of, 4
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divergence of, 4 scalar, 68ff
electric displacement, 25 steady-state, 66
electric field, 25 thickness
gradient of, 18-19 elastic, 814
local rotation, 20f piezoelectric, 100, 1214, 133
magnetic field, 25 thickness-shear, 1874
magnetic flux, 25 Virtual work, 43-44
magnetization, 25 Voltage, 144, 157
mechanical displacement, 18/
polar, 3 w
polarization, 25 Wave
potential, 26f equation, 65
Poynting, 28§ number
degenerate form of, 31 complex, 108f
traction, 11/ imaginary, 108
transformation of components of, 2 real, 1024
Velocity standing, 68fF
of propagation, 68 traveling, 67
in infinite medium Waves
elastic, 82 elastic, 81f; 954
piezoelectric, 90 in infinite medium 814, 874
surface wave, 118 piezoelectric, 87f, 119
phase, 68 plane, 81/, 87f
Vibrations plate, 814
forced, 66, 72, 75, 87 surface, 116ff

free, 66 Work, 33, 4344





