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SYMBOLS, SUBSCRIPTS AND ACRONYMS 

Symbol 

Regular 

a 

a 

ag 

A 

A 

A· I 

AF 

b 

B 

-

BFL 

c 

C 

cf 

cd 

c1 

CI" 

c ima < 

Cm 

b2/S 

Symbols, Subscripts and Al:wnyrns 

Description 

Atmospheric lapse rate 

Section or airfoil lift curve slope 

Acceleration on thc ground 

Propeller disk area 

Wing aspect ratio 

Cross sectional area of streamtube 
at section i 

Activity factor 

Wing span 

Number of blades 

Balanced fieldlength 

Section or airfoil chord 

Mean geometric chord 

Skin friction coefficient 

Airfoil or section drag coefficient 

Airfoil or section lift coefficient 

Airfoil or section lift curve slope 

Maximum section lift coefficient 

Unit(s) 

- 0.00356616 uF/ft 

!/rad or !/deg 

ft/sec 2
, or m/sec 2 

ft2 or m2 

ft or 111 

ft or m 

ft or m 

ft or m 

IIrad 

Airfoil or section pitching moment coefficient 
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Symbol 

Regular (Continued) 

cp 

cp 

c· 
J 

Cr 

Ct 

C 

Cp 

Co 

COb 

CD, 

CD 
L 

C D" 
Cf 

CL 

C 
Lbutfel 

CL 
" 

CL 
C f 

Lma~ 

Cm 

CN - CR 

Cp 

CQ 

CR 

Symbols. Subscripts and Acronyms 

Symbols, Subscripts and Acronyms 

Descriptiun Unit(s) 

Airfoil or section pitching moment coefficientt--
for zero lift coefficient 

Pressure cocfficicnt 

Specific fuel consumption 

Specific fuel consumption 

Root chord 

Tip chord 

Constant in Eqn (2.26) 

Specific heat at constant pressure 

Drag coefficient 

Base drag coefficient 

Induced drag coefficient 

Induced drag coefficient 

Zero lift drag coefficient 

Skin friction coefficient 

Lift coefficient 

Lift coefficient at buffet 

Design integrated lift coefficient 

Maximum lift coefficient 

Pitching moment coefficient 

Normal force or resultant force coefficient 

Propeller power coefficient 

Propeller torque coefficient 

Resultant force coefficient 

lbs/hr/hp 

Ibs/hr/lbs 

ftorm 

ftor m 

ft2jsec 2 

ft2jsec 2jOR 

l!rad or I/deg 
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Symbols, Subscripts and Acronyms 

Symbol Description Unit(s) 

Regular (Continued) 

CT Propeller thrust coefficient 

Cv Specific heat at constant volume ft 2 I sec2 lOR 

C.O.R. Climb gradient rad 

d Section or airfoil drag force lbs or N 

de Change in energy ft - lbs or N - 111 

dq Change in heat ft - lbs or N - m 

dT Thrust moment arm ft or m 

dT Change in temperature oR 

dv Change in volume ft 3 or m3 

D Propeller diameter ft or m 

D f Friction force lbs or N 

e Napierian logarithmic constant 2.7183 

e Oswald's efficiency factor 

E Endurance hrs 

f Equivalent parasite arca ft2 or m 2 

F Force lbs or N 

Fn Net thrust lbs or N 

g Acceleration of gravity 

Acceleration of gravity at sea-level 

32.17 ft/scc 2 - 9.806 m/scc2 
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Symbol 

Regular (Continned) 

h 

Hg 

h,screen 

J 

L 

L 

L 

m 

m 

V/nD 

Symbols, Subscripts and Acronyms 

Description 

Altitude 

Mercury 

Flare height 

Height at end of transition 

Screen or obstacle height 

Propeller advance ratio 

Flap span correction factor (p.l23) 

Flap chord corrcction factor (p.123) 

Sweep correction factor (p.12S) 

Gust alleviation factor 

Section or airfoil lift force 

Length 

Characteristic length 

Lift 

Airfoil thickness location parameter: p.lSO 

Section or airfoil pitching moment 

Mass flow 

M Mach number 

M' Critical Mach number for an unswept wing 

Med, Critical Mach number for a swept wing 

Mdd Drag divergence Mach number 

Unites) 

ftorm 

ftorm 

ft or m 

ft or 111 

lbs or .\I 

ftorm 

ft or m 

lbs or N 

ft - Ibs or N - 111 

slugs/sec or Kg/sec 
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Symbol 

Re:mlar (Continued) 

n 

n = L/W 

N 

p 

Po 

Pa 

p, 

pv 

P 

P bl 

Pc = P/qAV 

Pay 

Pshp 

Q 

r 

R 

R 

R 

R 

RC or R.C. 

Symbols. Subscripts and Acronyms 

Symbols, Subscripts and Acronyms 

Description UnitCs) 

Propeller revolutions per second l/sec 

Load factor 

Design limit load factor 

Normal force Ibs or N 

Atmospheric pressurc 

Atmospheric pressure at sea-level 
2,116.2 lbs/ft2 0 = 1.013 N/m2 

Dry air pressure 

Total pressure or stagnation pressure 

Water vapor pressure 

Power 

Power blade loading 

Power diskloading coefficient 

Available power 

Shaft horsepower 

Dynamic pressure 

Propeller torque 

Radial distance 

Propeller radius 

Range 

Resultant aerodynamic force 

Ibs/ft2
, or N/m2 

Ibs/ft2
, or N/m2 

Ibs/ft2, or N/m2 

ft - lbs/ sec or hp 

lbs/sec/ft or hp/ft2 

ft - lbs/sec or hp 

ft - Ibs/sec or hp 

Ibs/ft2 , or N/m2 

ft - lbs, or N - m 

ft or m 

ft or m 

nrn or km 

lbs or ',f 

Gas constant (for dry air: R - 53.35 ft/oR, or 29.26 m/oK) 

Rate of climb ft/sec or m/see 
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Symbol 

Regular (Continued) 

RD or R.D. 

R, 

RTR 

RLS 

RN or Re - gVL/f.! 

S 

SHP 

SCL 

SG 

SNGR 

SL 

SLA 

SLG 

SLNGR 

SR 

STR 

SLOES 

SLR 

SLTR 

Symbols, Subscripts and Acronyms 

Symbols, Subscripts and Acronyms 

Description 

Rate of descent 

Flare radius 

Loop radius 

Maximum glide distance 

Turn radius 

Transition radius 

Lifting surface correction factor 

Reynolds number 

Gas constant for water vapor or steam 

Wing-fuselage interference factor 

Wing area 

Unites) 

ft/sec or m/sec 

ft or III 

ft or m 

ft or m 

ft or m 

ft or m 

Shaft horsepower 

Take-off climb distance 

Take-off ground roll 

ft - lbs/sec or hp 

florm 

ft or m 

Take-off distance with nose gear on the ground ft or m 

Landing distance 

Landing air distance 

Landing ground roll 

ft or III 

ft or m 

ft or m 

Landing distance with nosegear on the ground ft or m 

Take-off rotation distance 

Take-off transition distance 

ft or III 

ft or III 

Landing distance to descend from the ohstacle ft or m 

Landing rotation distance 

Landing transition distance 

ft or III 

ft or m 
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Symbol 

RC2ular (Continued) 

Sro 

S.B. 

S.R. 

t 

t 

T 

T 

T 

T.F. 

THP 

TOP23 

TOP25 

u 

u 

Symhols, Subscripts and Acronyms 

Symbols, Subscripts and Acronyms 

Description Unit(s) 

Take~off distance ft or m 

Take-off balanced fieldlength ft or m 

Take~off transition distance ft or m 

Flapped wing area fl2 or m2 

Wetted area fl2 or m2 

Spccific endurance hrs/lbs 

Specific range nmllbs 

Section or airfoil thickness ft or m 

Time sec or hr 

Thrust Ibs or N 

Mean thrust during take-off run Ibs or N 

Absolute temperature 

oR = of + 459.7u, uK 

OR, or oK 

= °c + 273.15 0 

Absolute temperature at sea~level 

59 uF = 518.7 oR - IS DC - 288.2 oK 

Turbulence factor (p.185) 

Thrust horsepower 

Take-off parameter FAR 23 

Take-off parameter FAR 25 

Flow velocity 

True airspeed 

Derived gust velocity 

Steady state speed 

ftl sec or ml sec or kts or km/hr 

ft/ sec or m/ sec or kts or km/hr 

ft/ sec or Ill/ sec 

ft/ sec or m/ sec or kts or km/hr 

- xix-



Symbol 

Re!!ula[ (Continued) 

v 

v 

v 

Va 

v , 

Symbols, Subscripts and Acronyms 

Symbols, Subscripts and Acronyms 

Description 

Specific volume 

FFlow velocity 

True airspeed 

Speed of sound 

Approach speed 

Design maneuvering speed 

Unites) 

ft l or m l 

fil sec or ml sec or kls or km/hr 

fi/sec or mlsec or kls or km/hr 

rtlsec or IIllsec or kts or km/hr 

ft/sec or mlsec or kts or km/hr 

ft/sec or m/sec or kts or km/hr 

Design speed for maximum gust intensity 
ft/ sec or ml sec or kts or km/hr 

Design cruising speed fl/ sec or ml sec or kls or km/hr 

Design diving speed ft/sec or mlsec or kls or km/hr 

Design maximum level speed ft/sec or m/sec or kts or km/hr 

Calibrated airspeed ftl sec or m I sec or kts or km/hr 

Equivalent airspeed ft/sec or mlsec or kts or km/hr 

Exit or exhaust velocity ftlsec or mlsec or kts or km/hr 

Instrumcnt indicated airspeed ftlsec or mlsec or kts or lun/hr 

Flow yolu,me per second ft 3/sec or m3/ sec 
at station 1 

Indicated airspeed ft/sec or m/sec or kts or km/hr 

Stall speed ft/scc or mlsec or kts or lan/hr 

I-g Stall speed ftlsec or m/sec or kts or km/hr 

Jet velocity ft/sec or m/sec or kts or km/hr 

Tangenlial velocity ft/sec or m/sec or kts or kmlhr 

Take-off decision speed ft/sec or m/sec or kts or km/hr 

Minimum safety speed ft/see or m/see or kts or kmlhr 

Also: speed at the obstacle ftlsec or m/sec or kts or kmlhr 
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Symbol 

Regular (Continued) 

Vso 

V EF 

V flare 

Symbols, Subscripts amI Acronyms 

Description 

Also: speed at the obstacle 

Engine failure speed 

Flare speed 

Initial climb-out speed 

Lift-off speed 

Minimum control speed 

UnitCs) 

ft/ sec or m/ sec or kts or km/hr 

ft/ sec or m/ sec or kts or km/hr 

ft/ sec or m/ sec or kts or km/hr 

ft/ sec or m/ sec or kts or km/hr 

ft/sec or m/sec or kts or km/hr 

ft/sec or m/sec or kts or km/hr 

Minimum control speed on the grol)nd 
ft(sec or m/sec or kts or km/hr 

Minimum unstick speed 

Rotation speed 

Calibrated stall speed 

Touchdown speed 

Velocity at infinity 

Wind velocity 

ft/sec or m/sec or kts or km/hr 

[[/sec or m/sec or kts or km/hr 

ft/ sec or m/ sec or kts or km/hr 

ft/sec or m/scc or kts or km/hr 

ft/sec or m/sec or kts or km/hr 

ft/sec or m/sec or kts or km/hr 

V g Velocily relative to the ground ft/sec or m/sec or kls or km/hr 

w Downwash velocity ft/ sec or JllSeC 

wt or WI Fuel flow Ibs/sec 

W Airplane weight Ibs or N 

Wcrcw Crew eight lbs or N 

WE Empty weight lbs or N 

Wp Fuel weight required for mission Ibs or N 

W 
F J,eo.! 

Fuel weight used Ibs or N 

We Maximum fuel weight due to fuel volume lbs or N 
.. .,[UIt1Ctri< 

W OWE Operating empty weight Ibs or N 
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Symbols, Subscripts and Acronyms 

Symbol Description Unit(s) 

Regular (Continued) 

WpL Payluad weight Ibs or N 

Wramp Ramp weight Ibs or N 

W 
F"ewu 

Fuel weight for engine start and warm-up Ibs or N 

Wrl"~i Fuel weight for taxi Ibs or N 

WF Fuel weight for landing Ibs or N , 
WF Fuel weight for taxi and shut-down Ibs or N 

ta"l,hul 

WF Fuel weight for take~~off lbs or N 
TO 

W Fc, Fuel weight for climb Ibs or N 

WF Fuel weight for descent Ibs or N 
DE 

Wuo Trapped fuel and oil weight Ibs or N 

WTO Takc-off weight lbs or N 

W TOmax 
Maximum allowable take-off weight lbs or N 

WCR Weight at start of cruise Ibs or N 
begin 

W CRenu Weight at end of cruise Ibs or N 

x" Distance from I.e. to a.c. ft or m 

xac Aerodynamic center location in fraction 
oflbe chord 

.~-

Greek 

a Angle of attack deg or rad 
, 

Angle of attack at end of linear range deg or rad a 

a o Angle of attack for zero lift deg or rad 

u i Downwash induced angle of attack deg or rad 

a c Im,'~ 
Angle of attack for maximum lift deg or rad 
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Symbol 

Greek (Continned) 

~ 

~ = h - M~ 

Y 

Y 

Y 

r 
r 
0 - p/po 

0 

°flap 

~y 

~Vi 

~Vp 

, 
'T 

'w 
1] 

1]p 

11 propulsive 

1], 

e 
8 = T/To 

A - c,/cr 

A 

Symbols, Subscripts and Acronyms 

Description 

Geometric blade pitch angle 

Factor in Prandtl-Glauert transformation 

Ratio of specific heats of a gas 

Flight path angle 

Negative of flight path angle 

Sweep angle 

Circulation 

Atmospheric pressure ratio 

Boundary layer thickness 

Flap deflection angle 

Leading edge shape parameter 

Instrument error 

Position error 

Downwash angle 

Twist angle 

Wing twist angle 

Spanwise station in fraction of biZ 

Propeller efficiency 

Propulsive efficiency 

Thermal efficiency 

Unites) 

deg or rad 

deg or rad 

deg or rad 

deg or rad 

ft 21 sec or m2/sec 

ft or m 

deg or rad 

ftisec or m/sec 

ft/sec or m/sec 

deg or rad 

deg or rad 

deg or rad 

Airplane pitch attitude angle (See Figure 1.6) rad 

Atmospheric temperature ratio 

Taper ratio 

Sweep angle deg or rad 
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Symbol 

Greek (Continued) 

It 

Itg 

v = It/Q 

Q 

Qo 

Qt 

Qa 

Qv 

a 

a 

't 

<I> 

<I> 

CPT 

-

X = 

1jJ 

1jJ 

Bc/n:R 

9/90 

(a oo ~)/2n: 

Symbols, Subscripts and Acronyms 

Symbols, Suhscripts and Acronyms 

Description 

Coefficient of viscosity 

Wheel-to-ground friction coeftlcient 

Ground braking friction coefficient 

Kinematic viscosity 

3.14 

Air density 

Air density at sea-level 

UnitCs) 

Ibs-seC/ft2 

Air density at stagnation 

Dry air density 

Water vapor density 

Propeller solidity ratio 

Atmosph~ric density ratio 

Shear stress 

0.002377 slugs/ft3 = 1.225 Kg/m3 

slugs/ft3, or Kg/m3 

slugs/ft3, or Kg/m3 

slugs/ftl, or Kg/ml 

Airplane bank angle (See Figure 1.6) 

Propeller blade helix angle (p.276) 

Ibs/ft2
, or :-</m2 

rad 

rad 

Thrust line inclination angle W.r.t. YX-plane rad 

Lift--{Ourve-slape ratio, sec p.104 

Heading angle 

Turn rate 

rad 

rad/sec 

- XXIV-



Symbols, Subscripts and Acronyms 

Subscripts 

Note: A, S, band c without a subscript indicates a wing propelty! 

a 

ac or a.c. or A.C. 
AEO 
av 

b 

c 
cg 
c/4 or 0.25 
cl2 
climb 
CL 
compr. 

cp or c.p. or c.P. 
erit. 
C\'v' 

dd 

e 
e or eff 

emp 

f 
flap 
fus 
free 

g 
gear 

b 

h 
h 

Air 
Aerodynamic center 
All engines operating 
Available 

Body fixed 

Canard 
Center of gravity 
Relative to the quarter chord 
Relative to the semi--{Ohord 
Climb 
Climb 
Compressible 
Center of pressure 
Critical 
Canopy/windshield 

Drag divergence 

Elevator 
Effective 
Empennage 

Fuselage 
Flap 
Fuselage 
Free (propeller) 

Ground 
Gear 

Horizontal 
Horizontal tail 
At altitnde, h 
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Symbols, Subscripts and Acronyms 

Subscripts (Continued) 
1 

lllcompr. 

interf. 

L 
LA 

LE or I.e. 
LNGR 
LR 

LTR 

max 

mg 

min 
misc 
m 

M 
M=O 

11 

neg 

n-g 

NGR 

np 

OEl 
OWE 

p 
par 

PA 

pas 

ref 

reqd 

s 

s.l. 
slip 

item number i 

incompressible 
Interference 

Jet 

Landing 
Landing 

Leading edge 

Landing nose gear on the ground 
Landing rotation 

Loiter 

Maximum 

Main gear. ahout or relative to main gear 

Minimum 

Miscellaneous 
Main gear 

At some Mach number 

At zero Mach number 

Nosegear 

Negative 

n-g Pull-up 

N osegear on the ground 

K acelle/py Ion 

One engine inoperative 

Operating weight empty 

Pylon. also: propeller 
Parasite 

Puwered Approach 
Positive 

Reference 

Required 

Standard 

Sea-level 

Slipstream 
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Symbols, Subscripts and Acronyms 

Subscripts (Continued) 

s or static 

std 
store 

trim 
T 
TO 

v 
v 

w or wing 
wf 

x, y or z 

Acronvms 

AIC 

AEO 

BMA 
b.p.I. or B.P.R. 

CF. 

CCR 

ESHP 

EPNdB 
EPR 

GAW 
ICAD 

MAP 
METO 

m.g.c. 

Nl 
OAT 

OEI 

S.F. 

SHP 
RPM 

THP 

Static 
Standard 

Store 

Trimmed 

Thrust 

Takeoff 

Vertical 
Vertical tail 

Wing 
Wing+fuselage 

In the x, y or z-direction 

Air Conditioner 
All Engines Operating 
Best Mach number and Altitude 

Bypass ratio 

Centrifugal force 
Climb Gradient 

Equivalent Shaft Horsepower 
Equivalent Perceived Noise in dB 

Engine Pressure Ratio 

General Aviation Whitcomb 
International Civil Aviation Organization 

Manifold Absolute Pressure 
Minimum Except Take-otI 

Mean geometric chord 

Critical turbine RPM 
Outside Air Temperature 

One Engine Inoperative 
Shape factor (see Eqn 3.39) 

Shaft Horsepower 

Revolutions Per Minute 
Thrust Horsepower 
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Symbols, Subscripts and Acronyms 

, .... 
" .......... . 

• • ••••••• 
••••••••• 

Symbols. Subscripts and Acronyms 

<~~~~~' 
/ . /;,r 
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INTRODUCTION 

This textbook covers those fundamentals of airplane aerodynamics, propulsion and performance 
which are required to predict the performance characteristics of fixed wing airplanes. The text is 
aimed at junior and senior level aeronautical engineering students. However, the authors have at
tempted to present the material in such a manner that practising cngineers and engineering managers 
will find the material useful as well. 

As part of airplane acrodynamics the following topics are covered: 

Characteristics of the atmosphere are presented in Chapter 1. The basic principles of aerody
namics with applications are covered in Chapter 2. Fundamentals with applications of airfoil theory 
are given in Chapter 3. 

Airfoils are integrated into wings, tails and/or canards to form lifting surfaces. Basic lifting sur
face theory (also known as wing theory) isdevclopcd in Chapter4. Specifically this chapter contains 
a discussion of wing geometric parameters, circulation, downwash, lift and induced drag as well as 
aerodynamic center. Stall characteristics of wings and methods for controlling the stall characteris
tics arc also discussed. The etIects of compressibility on wing drag and on wing aerodynamic center 
are presented. Finally, high lift devices and speed (drag) brakes and spoilers arc discussed. 

Chapter 5 contains methods for estimating the drag characteristics (drag polars) of airplanes. 
Several example applications are given. This chapter also contains a basic discussion of how to re
duce small scale wind tunnel data to obtain full scale drag data. 

As part of airplane propulsion the following topics are covered: 

In Chapter 6 an overview of reciprocating, rotary and turbine engines is provided with exarnple 

data for typical engines in each category. 

Chapter 7 contains a discussion of propeller theory and application. Methods for estimating pro
peller performance (free and installed) and propeller noise are included. 

As part of airplane performance the following topics are covered: 

The fundamentals of airplane flight mechanics (i.e. the basic performance equations of motion) 
are discussed in Chapter 8. 

Introduction 
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Methods for calculating the speed, climb, descent and drift-down performance of airplanes are 

covered in Chapter 9. Applications to a range of airplanes are included. The effect of the airworthl
ness regulations on speed and climb performance is also presented. 

In Chapter 10 methods for predicting the takeoff and landing fieldlength performance are given, 
including the effects of airw0l1hiness regulations. 

Methods for determining the range, endurance and payload-range diagram of airplanes are giv
en in Chapter II. Rules for determining fuel reserves are also summarized in this chapter. A method 
for rapid weight sizing of airplanes to mcct givcn mission payload versus range and endurance re
quirements is also presented. 

Chapter 12 contains methods for the prediction of maneuvering (pull-ups and turns) characteris

tics. The effect of specific excess power on climbs is also presented in this chapter. Several airplane 
characteristics at the edges of the flight envelope arc also discussed. 

Appendix A contains standard atmospheric characteristics in English and Metric units .. 

Appendix B contains information on the Advanced Aircraft Design and Analysis software. 

Appendix C contains propeller performance charts 

Appendix D contains propeller noise charts 
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CHAPTER 1: THE ATMOSPHERE 

The performance characteristics of airplanes and engines depend on the properties of the atmo
sphere in which they operate. In this chapter those properties of the atmosphere which are important 
to the determination of airplane and engine peIionnance are presented. Applications to various air
plane and engine peIionnance scenarios are given. 

1.1 ATMOSPHERIC FUNDAMENTALS 

The atmosphere consists of a gaseous mixture (called the air) of approximately 78% nitrogen, 
21 % oxygen and I % other gases, water vapor being one of those. The actual composition of the 
atmosphere varies with geographical locations and altitudes. However, in most applications to con
ventional aerodynamics, the atmosphere can be regarded as a homogeneous gas of uniform composi
tion. The air may therefore be regarded as a gas which satisfies the perfect gas law: 

p = ggRT (1.1) 

where: 

p - atmospheric pressure in Ibs/ft2, or N/m2 

g air density in slugs/ft3 , or kg/m3 

g - acceleration of gravity in ft/ sec2 
• or m/ see2 

R = gas constant (for dry air: R = 53.35 ft/oR, or 29.26 m/oK) 

T absolute temperature in OR, or OK (OR = OF + 459.70, OK = °c + 273.15~ 

Eqn (1.1) is also referred to as the equation of state. Note that when using Eqn ( I. 1 ) the tempera
ture, T, must be the absolute temperature of the gas. When a significant amount of moisture (water 
vapor) is present in the atmosphere, the air density will change. 

To determine how water vapor affects air density, consider a given vulume filled with a dry air 
and water vapor mixture. Dalton's law of partial pressures (see Ref.!.I, p. 496) slates that the ob-

served pressure, p, ofthe mixture equals the sum ufthe dry air pressure, Pa and the water vapor pres-

sure, P\i : 

p = Pa + Pv ( 1.2) 

Alsu, since the total mass of air inside the volume is equal to the sum of the dry air mass and the 
water vapor mass, the ubserved density of the mixture is given by: 

Chapter 1 3 
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Q = Qa + Q. ( 1.3) 

In Eqn (1.3) it is also assumed that the distribution of masses of dry air and water vapor in the 
volume is uniform By using the perfect gas law ofEqn (1.1) it is possible to show that the dcnsity 
of the mixture is given by: 

p - Pv + gRT 
Pv 
R T g v 

(1.4) 

For water vapor or steam, Rv = 85.89 ftjOR, (see Ref. 1.2, pages 4-23). It follows that 

R < R, so that the second term in Eqn (1.4) is negative. Thereforc, the density of a mixture of 

dry air and water vapor is less than that of dry air. Normally the effect of water vapor on air density 
is small. To illustrate this fact, aSSllme that the observed temperature and pressure of a mixture of 
dry air and water vapor are 90 degrees F and 2,116.2 Ibs/ft2 respectively. If the relative humidity 
is 100%, the water vapor pressure can be found to be 100.6Ibs/ft2, (see Ref. 1.2, p. 4--80). The densi
ty of the mixture then follows from Eqn (1.4) as: 

Q = 53.35x32117X549.7(2,1I6.2 - 100.6xO.379) = 0.002203 slugs!ft
3 (1.5) 

The corresponding dry air density is 0.002243 slugs/ft3. The density reduction in this case is 
therefore only 1.8%. Despite this small effect of water vapor on air density, water vapor does have 
a significant effect on engine performance and on supersonic aerodynamics. The effect of humidity 
(water vapor) on engine performance is discussed in Chapter 6. A discussion of the effect of water 
vapor on supersonic aerodynamics is beyond the scope of this text. The interested reader may wish 
to consult Ref. I. 3. 

1.2 THE INTERNATIONAL STANDARD ATMOSPHERE 

For purposes of airplane aerodynamics and performance calculations the atmosphere is divided 
into fonr regions as shown in Figure 1.1. 

To provide a basis for comparing the performance characteristics of airplanes and to allow for 
the calibration of altimeters, it is desirable to have standard properties of the atmosphere whieh rcp
resent the so--<:alled "average" conditions. Such standard properties have heen established by the 
Internatiunal Civil Aviation Organization (leAD). These standard atmospheric characteristics are 
generally used by airplane and engine manufacturers around the world. In the U.S,A. there is a so
called U.S. Standard Atmosphere as well. The U.S. standard atmosphere is the same as the ICAO 
atmosphere for altitudes below 65,617 ft. This standard atmosphere is representative of the atmo
spheric characteristics in the region of the mid latitudes of the northern hemisphere. 

The properties of the U.S, standard atmosphere are given in both English and Metric units in 
Appendix A. 
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300-600 rrtiles 

50-70 miles 

Tropopause (36,089 ftl -,.---------,1 

5-10 miles 

Figure 1.1 The Four Regions of the Atmosphere 

Exosphere-rarified 

Ionosphere 
Positive temperature 
gradient 

Stratosphere 
Zero temperature 
gradient 

Troposphere 
Negative temperature 
gradient 

Sea-level (s.l.) 

According to the standard atmosphere the standard sea-level properties of the atmosphere arc 
as follows: 

go - 32.17 ft/sec 2 = 9.806 m/sec 2 
(1.6a) 

Po 29.92 in Hg = 2,116.2 Ibs/ft2 - 1.013xlO5 N/m2 (1.6b) 

To - 59°1' = SIR.7oR - lSoC = 288.2oK (1.6c) 

Qo 0.002377 slug/ft3 - 1.225 Kg/m3 (1.6d) 

For subsonic airplanes only the troposphere and the stratosphere are important. 

1.2.1 TEMPERATURE VARIATION WITH ALTITUDE 

In the standard atmosphere it is assumed that below an altitude of 36.089 ft, there is a constant 
drop of temperature of 0.00356616 deg. F per foot of altitude. This is referred to us the lapse rate 
of the atmosphere. Therefore, the temperature at any given altitude, h, can be written as: 

T = T] + a(h - h]) 

where: 

a = the lapse rate of the atmosphere = - 0.00356616 °p/ft 

T] is the reference temperature at altitude h] 

h] is the reference altitude 

(1.7) 

At sea-level, h] = 0 and T] = To . Above an altitude of 36,089 ft in the stratosphere, the 

standard temperature is constant and roughly equal to -69.7 deg. F. 
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1.2.2 PRESSURE AND DENSITY VARIATION WITH ALTITUDE 

To determine the variation of pressure and density with altitude consider the veltical force equi
librium of a small sample of air in the atmosphere. Figure 1.2 illustrates the forces acting on this 
cube of air. Because the three forces are in equilibrium in a quiescent atmosphere it follows: 

pdxdy - (p + dp)dxdy - ggdxdydh = 0 

(p + dp)dxdy 

dy 7--"..----+--------
-L~-____t--_;' 

( 1.8) 

dh 

Ll Qgdxdydh 

/ 
/ 

/ 
/ 

/ 

1"----+-+' ____________ pdxdy 

dx 

.Figure 1.2 Vertical Forces Acting on a Sample of the Atmosphere 

After simplification this yidds: 

dp = - Qgdh 

Division of Eqn (1.9) by Eqn (1.1) yields: 

dp _ dh 
P - RT 

(1.9) 

(1.10) 

Because the temperature behavior in the troposphere differs from that in the stratosphere, two 
cases must be considered: from sea-level to 36,089 ft and from 36,089 to 65,617 ft. 

Troposphere: sea-level to 36.089 ft 

Differentiation of Eqn (1.7) results in: 

dT = adh 

Substitution of this result into Eqn (1.10) yields: 

6 

dp 
P -

dT 
aRT 

(1.11) 

(1.12) 
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Eqn (1.12) can be integrated to provide the following relationship hetween the pressure at any 
altitude and the pressure at a reference altitude: 

(1.13) 

From the perfect gas relation ofEgn (1.1) it is now possible to show that the relationship between 
the density at any altitude and the density at a reference altitude is as follows: 

(--'-- I) 

gl = (:J(JJ = (iJ " (1.14) 

Of particular interest are the relationships between temperature. pressure and density at sea-lev
el to those at an arbitrary altitude: 

T - 8 - 1 - ~h = 1 - 6.875xlO- 6h 
Tn 0 

( 1.15) 

p Ii - 85.2561 
Po 

- ( 1.16) 

0 a 84.2561 
00 

- - (1.17) 

Stratosphere: 36.089 to 65.617 ft. 

Because the temperature in the stratosphere is a cons taut -69.7 deg. F it is possihle to integrate 
Egn (1.1 0) directly to yield: 

In(l) = _ (h - href) 
Pwf RT 

(1.18) 

By taking the reference altitude to be 36,089 ft it is found that: 

( _ ('h -".,,"")} L = e RTret 

Pref 
(1.19) 

However. Egns (1.1S) through (1.17) show that at 36,089 ftc 

T ref 0 = 8 = 0.75189 while: Tref = 390 R 
To 

(1.20) 
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~~f _ 85.2561 _ 0.2234 

84.2561 = 0.2971 

From Eqns (1.21) and (1.22) it can be found that: 

p ( (h - J<,.""' 'I) - = 0.2234 e - 20,Mitl,7) 

Po 

( I'll - 3(),OK9)) 
0.2971 e -, 2f1.~()fi,7 

( 1.21) 

(1.22) 

(1.23) 

(1.24) 

Equations (1.15), (1.16), (1.17), (1.23) and (1.24) have been used to compute the standard atmo
spheric properties which are tabulated in Appendix A. 

1.2.3 BAROMETRIC ALTIMETERS 

Barometric altimeters are commonly used in airplanes to measure barometric altilude. Basically 
an altimeteris a pressure gauge which translates the measured pressure into an altitude reading which 
corresponds to that predicted by the standard atmosphere. 

To calibrate altimelers the characteristics of the standard atmosphere are used. Reference 1.4 
may be consulted for a fairly detailed treatment of various types of altimeter. The reader should also 
understand the difference between instruments which can determine height above ground. such as 
Radar Altimeters. Ground Proximity Warning Systems (GPWS) and Global Positioning System 
(GPS), and barometric sensors, such as barometric altimeters. 

Figure 1.3 shows the faceplate of a typical barometric and radar altimeter. 

The setting knob on the lower left of the barometric instrument is used to rotate the scalc of the 
altimeter so that the instruments reads the correct altitude corresponding to local reference pressure 
conditions. 

The radar altimeter does not require such a setting knob. Instead it is equipped witb a test knob. 
to test it. 

When an altimeter is "set" to a pressure of29.92 "Hg (the standard atmospheric pressure at sea
level) the altitude it reads is defined as the "pressure altitude". 

The altitude corresponding to a given dens; ty in the standard atmosphere is defined as the" densi
ty altitude". The altitude corresponding to a given temperature in the standard atmosphere is defined 
as the "temperature altitude". 
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Courtesy of: Bendix-King 
Barometric Altimeter Radar Altimeter 

Figure 1.3 Typical Faceplate of a Barometric and Radar Altimeter 

In an atmosphere with standard conditions all three altitudes are exactly the same, However, in 
a non-standard atmosphere all three altitudes will be different! The following examples are pres
ented to enhance the reader's understanding of atmospheric characteristics, 

Example 1.1 A standard altimeter indicates 15,000 ft when the ambient temperature is 35 deg, 
F. Calculate the density altitude and the temperature altitude. 

Solution: From Table Al at h = 15,000 ft, the standard temperature is 5.5 deg, F. Therefore, 
the atmosphere is not standard, Since the altimeter is a pressure gauge, it will read the correct pres
sure, From Table A I the correct pressure at that altitude is 144x8.294 = 1,194 psf, The actual density 
therefore is: 

= p _ 1,194 _ I 3 
Q gRT - 32.17x53.35x(35 + 459.7) - 0,001406 slug ft 

From Table Al the standard altitude corresponding to this density is approximately 17.000 ft. 
A more accurate calculation of the density altitude can be done as follows. From Egn (1,17): 
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g a -
(>0 

0.001406 
0.002377 

0.5915 

From E'ln (1.15): 

8 = 1 - 6.R75xlO-6hdensity 

Therefore: 

I - 0.88393 
hdensity = 6.875xlO 6 

, 
- 0'4.2561 

16,883 ft 

This result is close to the 17,000 ftinterpolated from Table Al (Appendix A). To find the temper
ature altitude, Eqn (1.15) is used again: 

T
T = 4

5
94.7 = 0.95373 - I - 6.875xlO -6xhtemperature 

o IB.7 

From this it is found that: htcmpcraturc - 6,730 ft. Note the large difference between tempera

ture and density altitudes in this example. 

During flight tests, when measurements are normally conducted under non-standard atmospher
ic conditions, engine performance data and airplane performance data are all transformed to what 
these data wonld have been under standard atmospheric conditions. 

Example 1.2 Because density cannot be measured directly, the density is normally inferred by 
calculation from measurements of static, ambient temperature and static, ambient pressure. Calcu
late the density ratio, a if measurements show that the altimeter reads 5,000 ft and the ambient, static 
air temperature is 80 deg. F. 

Solution: From Eqn (1.20): 

8 = 80 + 459.7 = 1.0405 
518.7 

From Table Al it is found that Ii = 0.8320. Therefore, from Eqn (1.1): 

a = (:o)(~o) = * = 0.7996 

1.2.4 VISCOSITY 

Another atmospheric property which is important in aerodynamics and performance is the vis
cosity of the air. 

Because of the close relationship between viscosity and the behavior of the boundary layer in 
air flow around an airplane, a discussion of viscosity of the atmosphere is given in Chapter 2. 
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1.3 SUMMARY FOR CHAPTER 1 

In this chapter the most important properties of the atmosphere were derived and discussed. It 
was shown that with the perfect gas law simple equations can be derived from which standard atmo
spheric conditions can be predicted. It was also shown that with the help of local measurements of 
temperature and pressure actual atmospheric conditions can be reconstructed. In this manner a 
meaningful comparison of airplane and engine performance based on in-flight measurements can 
always be arrived at. 

1.4 PROBLEMS FOR CHAPTER 1 

1. I Calculate the pressure, density and temperature at 30,500 ft and at 61,500 ft in the standard 
atmosphere. Compare Lhe resulLs o[Lhe calculations wiLh values interpolated from Table A I. 

1.2 On a hot day, the measured temperature and pressure are 38 deg. C and 29.0 in. Hg respec
tively. Calculate the density ratio and the density. 

1.3 A standard altimeter reads 14,000 ft when the ambient temperature is 35 deg. F. What is the 
density altitude? 

1.4 At a certain altitude, a standard altimeter reads 10,000 ft. If the density altitude is 8,000 ft, 
find the true temperature at that altitude. 

1.5 An airplane is fitted with an altimeter which is calibrated according to the standard atmo
sphere. On a certain day the pressure at sea-level is found to be 2,130 Ibs/ft2 and the mea
sured temperature is 50 dcg. F. The lapse rate of the temperature is ...0.0039 deg. R per foot 
of altitude. If on this same day, the altimeter reads 15,000 ft, what is the true altitude of the 
airplane above sea-level? 

1.6 An altimeter which is seL to 29.92 in. Hg reads zero feet when Lhe airplane is on the ground 
at an airport which is 1,500 ft above sea-level. The following data are taken during a climb 
if this airplane: 

Pressure Altitude Temperature, T Pressurc Altitude Temperature, T 
in ft in deg. F in ft in deg. F 

0 21 6,000 -I 
1,000 17 7,000 -5 
2,000 14 8,000 -9 
3,000 10 9,000 -13 
4,000 7 10,000 no reading 
5,000 2 

If the altimeter reads 10,000 ft what will be the actual altitude of the airplane above sea
level? (Hint: Use an average lapse rate.) 
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CHAPTER 2: BASIC AERODYNAMIC PRINCIPLES 
AND APPLICATIONS 

In this chapter several basic aerodynamic principles and their applications to airplane aerody
namics will be discussed. Throughout the discussions in this chapter the airflow will be considered 
steady. This means that all flow properties such as pressure, velocity, temperature ami density are 
considered to be independent of time. Except in a small region close to the airplane surface, where 
viscosity is important, the airflow will also be assumed to be non-viscous or inviscid. 

When an airplane model is placed in the middle of a windtunnel test section, the uniform airflow 
will be disturbed. This produces pressure forces on the model surface which in turn are responsible 
for lift and induced drag. In addition, there will be friction forces which cause friction drag. To 
explain the friction drag which acts on the model, the airflow must be considered to be viscous, at 
least in the region adjacent to the surface of the model. That region of the flow will be referred to 
as the boundary layer. 

To understand and model these physical phcnomcna and others, some basic aerodynamic prin
ciples must be derived and discussed. Also, several applications of thesc principlcs wi II he outlined. 
The following basic aerodynamic principles are discussed: 

2.1 The continuity equation 
2.2 The incompressible Bernoulli equation 
2.3 Compressibility effects: the isentropic equation of state 

and an expression for the speed of sound 
2.4 The comprcssiblc Bernoulli equation 
2.5 Measurement of airspeed 
2.6 The Kutta-Joukowski theorem 
2.7 The linear momentum principle 
2.8 Viscous effects, boundary layer and flow separation 

2.1 THE CONTINUITY EQUATION 

Before discussing the continuity equation tile concept of streamlines will be introduced. A 
streamline is a curve along which the tangent at any point on the curve always coincides Witil the 
flow velocity vector at that point. A group of streamlines adjacent to each other is referred to as a 
streamtube. Figure 2.1 shows an example of a strcamtuhc. 

From the definition of streamtube it is evident that the flow velocity normal to the exterior sur
face of the streamtube is always zero. Therefore, following the principle of conservation of mass, 
all mass passing through Section I in Figure 2.1 must also pass through Section 2. 
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Exterior surface element: no velocity Area: A2 

component perpendicular to element 
;' 

t 
Area: AI 

, 
" I fhV2 , \ 

\ 
I 

"-QI VI 

Section 2 

Section I 

Figure 2.1 Example of a Stream tube 

The cross sectional area of Section 1 is: A I and the local velocity of the flow is: V I . The product 

of A I and V I is the flow volume per second, in ft3/sec. Therefore, the mass flow rate, li1 is given 

by: 

ill = QIAIVI = Q2A2V2 (2.1) 

For constant mass flow, evidently: 

ill = Q A V = constant (2,2) 

This equation is known as the streamtube compressible continuity equation. 

Definition: In incompressible flow, the density, Q remains constant. 

If the airflow is to be considered incompressible, the density should remain constant throughout 
the entire streamtube. If that is the case, Eqn (2.1) can be written as: 

AIV I = A2V2 (2.3) 

Therefore, Eqn (2.2), in incompressible flow becomes: 

A V = constant (2.4) 

This equation is known as the streamtube incompressible continuity equation. 

The walls of a windtunnel can be thought of as the exterior surface of a streamtube. For a low 
speed windtunnel the airt10w can be regarded as incompressible (a more precise criterion will be 
discussed in Section 2.5.2). In such a case, Eqn (2.4) shows that the airspeed can he increased hy 
decreasing the eross-.sectional area. This explains why the windtunnel test section has the smallest 
cross-sectional area to achieve higher test speeds. Figure 2.2 shows two examples of low speed wind 
tunnels. 
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Closed circuit tunnel 

Open circuit tunnel .. ~ .. 
r Test section 

Propeller Test section 

1 G-~- t t 
Motor 

[3------ 1----l- • 
Motor Propeller 

Figure 2.2 Examples of Low Speed Wind "funnels 

2.2 THE INCOMPRESSIBLE BERNOULLI EQUATION 

Consider a streamtube with length. ds, while only pressure forces act on its surface. Such a 
slreamtube is depicted in Figure 2.3. 

A + dA 

A 
'" / 

pA L I 
I 

- (p + dp) dA I 
I 2 
\ 

V'\.. ./ \ 
\ 

I .. 

, , 
~l ds 

Figure 2.3 Pressure Forces Acting on a Streamtuhe 

Applying Newton's Second Law to the streamtube segment results in: 

m dV = pA + (p + d
2
P)dA - (p + dp)(A + dA) = - Adp 

dt 

Chapter 2 

(p + dp)(A + dA) 

V+dV 

(2.5) 
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where: the product dpdA has been neglected because it is a second order term. Observe that the 
weight of the air mass has also been neglected in Eqn (2.5). For horizontal flow that certainly is 
acceptable. The left hand side of Eqn (2.5) can be cast in the form: 

m dV = m dV ds = m dV2 
dt ds dt 2 ds 

Tt is now possible to rewnte Eqn (2.5) as: 

Since m = QAds . Eqn (2.7) can be written as: 

dp + 1 dy2 = 0 
Q 2 

(2.6) 

(2.7) 

(2.ll) 

Eqn (2.8) is referred to as Euler's equation of motion along a streamline. If the density, Q remains 
constant within the streamtube (incompressible flow assumption) itis possible to integrate Eqn (2.8) 
dircctly and produce: 

(2.9) 

This result is known as the incompressible Bernoulli equation. It is applicable along a stream
line in incompressible flow. 

The reader should realize that Eqn (2.7) slales lhal the work done by the pressure forces equals 
the change in the kinetic energy of the air mass. Therefore, Eqn (2.9) is not applicable in situations 
where energy is added to the airt1ow. The latter is the case injet engines and in propellers. An exam
ple application to a low speed wind tunnel will now be presented. 

Example 2.1: The windtunnel in Figure 2.4 has a test section at Station 2 of 4 ft by 4.25 ft. At 
Station I its cross section measures 13 ft by 13 ft. At some tunnel speed, the manometer reading 
is 28 inches. The manometer liquid has a specific gravity of 0.85*. Calculate the airspeed in the 
test section. Assume that the flow is incompressible and that standard sealevel conditions prevail. 

Solution: From the manometer reading, the pressure difference between Stations 1 and 2 can 
be determined as: 

op = 7~ sin(30o)xO.85x62.4 = 62.4 Ibs/ft2 (2.10) 

Application of Bernoulli's Eqn (2.9) to Stations 1 and 2 yields: 

* Specific gravity is defined as the ratio between the mass density of a substance to that of water. 
Water density is 1.94 slugs/ft3. The specific weight of water is therefore: 32. 17x1.94 = 62.4lbs/[[3. 
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4 ft x 4.25 ft 

13 ftx 13 ft ---------- Station 2 ------------.. Station I 

Low speed 

High press ure 

28in~ 
\. .... --- \ 
\ \ 
\ \ 

----, ,----- \ 

\ 
Manometer 

30 degrees 

Figure 2.4 Wind tunnel Set-up for Example 2.1 

From the continuity Eqn (2.4) it follows that: 

AIV I = A 2V 2 

By eliminating V I tram Eqns (2.11) and (2.12) it is found that: 

1 2 A2 2 
PI - P2 = IQ V2 - (A;') V2 

{ 

2 } 

From this it follows that: 

2x62.4/0.002377 , 
I _ (4X3.25)· 

13)(13 

2.3 COMPRESSIBILITY EFFECTS 

- 229ft/sec 

High speed .. 
Low pressure 

(2.11 ) 

(2.12) 

(2.13) 

(2.14) 

When the airtlow is regarded as compressible, the internal energy of the airflow must be consid
ered. Tn this section, the so-called isentropic condition (equation of state) and an expression for the 
speed of sound will be derived. 

2.3.1 THE ISENTROPIC EQUATION OF STATE 

According to the first law of thermodynamics (Ref. 2.1, page 6), an amount of heat, dq, added 
to a unit mass of gas will result in a differential change in energy, de, and an expansion of volume, 
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dv, of the gas. The quantity, v, is defined as the specific volume. 

dq = de + pdv (2.15) 

hl most applications of subsonic aerodynamics, the heat transfer within the Dow can be ne
glected, except in a small region adjacent to the airplane surface, where viscosity and heat conduc
tion may be important. For that reason, Eqn (2.15) can be approximated as: 

de + pdv = 0 (2.16) 

Because air can be thought of as a perfect gas, the following two relationships apply in accor
dance with Ref. 2.1, page 12: 

de = C,dT (2.17) 

and: 

Cy + gR = Cp 

where: 

C y is the specific heat at constant volume in ft2/sec 2 JOR 

Cp is the specific heat at constant pressure in ft2/sec 1lOR 

For a perfect gas, the equation of state, Eqn (1.1), can also be written as: 

pv = gRT 

Differentiation of this equation of state yields: 

dT = pdv + vdp 
gR 

Substitution of Eqns (2.17) and (2.20) into Eqn (2.16) results in: 

C y ( d d C dp 0 gR P v + v p) + vp = 

This result can be rewritten as: 

(C y + gR)dvv + C y dt = 0 

By using Eqn (2.18) and defining: 

y = Cp/Cy (also called the ratio of specific heats of the gas) 

it is found that Eqn (2.22) yields: 

y dv + dp = 0 
v p 

This equation can be integrated to produce: 

pv'Y = constant 

or: 

p ~ constant 
QY 

I~ 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 
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Equations (2.25) and (2.26) are known as the isentropic conditions or the isentropic equations 
of state. 

Fur air at normal temperatures, a value ofy = 1.4 produces good results. For air at high tempera
tures, such as in an engine exhaust, y = 1.33 is a belter number. 

The reader should keep in mind that Eqn (2.26) is valid along a streamline in airflow where com
pressibility is important. This tends to be the case at free stream Macb numbers above 0.30. The 
definition of Mach number is as follows: 

M=.Y. 
Va 

(2.27) 

where: V is the true airspeed 

Va is the speed of sound 

A discussion of the speed of sound is given in Sub-section 2.3.2. 

2.3.2 THE SPEED 01<' SOUND 

As a general rule. air is a compressible medium. When a disturbance producing an infinitesimal 
pressure change is generated at some point in the flow. this disturbance will be propagated through
out the air as a pressure wave travelling at the speed of sound. Knowing the magnitude of the speed 
of sound is important. If the flow velocity exceeds the propagation speed of disturbances, these dis
turbances will pile up to form strong waves, called shock waves. These shock waves in turn produce 
large changes in flow properties. One important consequence of all this is an increase in drag. 

To derive an expression for the speed of sound, consider a one-dimensional duct \\lith an infini
tesimal pressure wave generated inside the gas at rest. If a coordinate system is chosen to be fixed 

with the disturbance, the gas velocity, Va will be the propagation speed of the disturbance before 

being affected by it. The disturbance will then produce infinitesimal changes in density, pressure 
and velocity. These changes must satisfy both the continuity equation and Euler's equation of mo
tion. Differentiating the continuity equation (2.2) for a constant area duct yields: 

V.dQ + gdVa = 0 

The Euler equation of motion, Egn (2.9) can be rewritten as: 

dp + gVadVa = 0 

Elimination of dV a from Eqns (2.28) and (2.29) produces: 

(2.28) 

(2.29) 

V.2 = dp (2.30) 
dQ 

Because the changes in the flow properties were assumed to be infinitesimal. the process can he 
assumed to be isentropic. Therefore, the isentropic equation of state, Eqn (2.26) must apply. Substi
tuting Eqn (2.26) into Eqn (2.30) results in: 

Va = l:: = jygRT (2.31) 

where the perfect gas relationship of Egn (2.19) was used in the last step. 
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One important result of Eqn (2.31) is that the speed of sound varies with the square root of the 
absolute temperature. This implies that the speed of sound is constant in the stratosphere. where T 
is constant. 

In the standard troposphere. in accordance with Eqns (1.15) and (2.31) the ambient speed of 
sound decreases with increasing altitude as follows: 

where: h is measured in feet (ft) in the English system. In the metric system it can be shown that: 

Va = 340.3 j( I - 2.255xlO- Sh) m/sec (2.33 ) 

where: h is measured in meters (m). As an exercise the reader should check equations (2.31) and 
(2.32) against the numerical results listed in Tables A land A2. 

2.4 THE COMPRESSIBLE BERNOULLI EQUATION 

In the case of isentropic, compressible flow, Egn (2.9) can be integrated in the following manner. 
By using Eqn (2.26) to eliminate the density, g, in Eqn (2.9) to yield: 

(2.34) 

where: C is the constant in Eqn (2.26). Eqo (2.34) can be integrated to produce: 

( 
I ) C1/y p(I - thi + 1 y2 = constant 

I - I/y 2 
(2.35) 

With the help of Eqn (2.26) this result can he changed to: 

( 
y ) p + 1 y2 = cunstant 

y I g 2 
(2.36) 

Egn (2.36) is known as the compressible Bernoulli equation. As stated before, this equation 
applies to isentropic flow. It is shown in Ref. 2.1, page 55, that Eqn (2.36) also applies to adiabatic 
flow in which no heat transfer occurs along the streamline. That implies that Eqn (2.36) also applies 
with shock waves present. In such acase, Egn (2.36) can be interpreted as the conservation of energy 
acruss the shuck waves (Ref.2.1, page 56). For more details on shock waves the reader is encouraged 
to consult Ref. 2.1. 

20 Chapter 2 



Basic Aerodynamic Principles and Applications 

2.5 MEASUREMENT OF AIRSPEED 

2.5.1 LOW-SPEED AIRSPEED INDICATORS (INCOMPRESSIBLE FLOW) 

Consider a pitot static tube as shown in Figure 2.5. 

v 

p 

Static pressure, p 

.. .. 
( 

Static lead 

ssure gauge, Pre 
cal 
mrs 

ibrated as 
peed indicator 

,J 

I 

f-/ 
I 

Figure 2.5 Example of a Pitot-Static Thbc 

Pitot lead 

Application of the incompressible Bernoulli equation (2.9), to a point I (located far away from 
the pilot tube) and to a point 2 (located at the inlet of the pitot tube) yields: 

+ I. y2 _ P _ P P -(! - 2 - , 
2 

(2.37) 

where: p, is the pressure at the stagnation point (zero speed). This pressure is also called the stagna

tion pressure or the total pressure. It follows that: 

(2.38) 

where: q is defined as the dynamic pressure. Next, the density, Q, in Eqn (2.38) is replaced hy the 

standard sealevel value. Following that the equation is solved for airspeed, called the equivalent 

airspeed, Ve: 

y = j2(P' - p) 
e Qo (2.39) 

The pressure difference, (p, - p) can be sensed by the pitot tube shown in Figure 2.S. The 

airspeed indicator can be calibrated to indicate Vo with the help of Ey" (2.39). Therefore, the 

airspeed indicator essentially operates as a pressure gauge. 
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The true airspeed, V, at any altitude can be expressed a' a function of Ve as follows: 

(2.40) 

The reader should observe that at sea-level, where a = 1.0, the true airspeed and the equivalent 

airspeed are the same: V = Ve as long as the flow is incompressible. 

2.5.2 HIGH-SPEED AIRSPEED INDICATORS (COMPRESSIBLE FLOW) 

The ratio of true airspeed to the ambient speed of sound at the same point is called the Machnum
ber in accordance with Eqn (2.27). Whether airspeed is considered to be low or high, depends on 

the Mach number, M or Moo. 

Flight speeds where: Moo < 1.0 are referred to as subsonic. 

Flight speeds where: Moo> 1.0 are referred to as snpersonic. 

Flight speeds in the range of roughly: 0.80 < Moo < 1.2 are referred to as transonic. 

The actual Mach range for which the flow over the surface of an airplane is transonic depends 
strongly on the configuration. Wing sweep angle and wing thickness ratio are some of the major 
parameters which determine this. Airplanes with no sweep and thick airfoils become transonic at 
much lower flight Mach numbers than airplanes with significant sweep and thin airfoils. For a de
tailed discussion of these effects, see Reference 2.2. 

Roughly speaking, for flight Mach numbers above 0.30 the compressible Bernoulli equation 
should be used. In this case, Eqn (2.36) will be applied to two points in the flow field, points 1 and 
2 in Figure 2.5. The following expression is obtained: 

C ~ 1)~ + !v2 
= C ~ 1)~: (2.41) 

Application of the isentropic equation of state, Eqn (2.26) to the same points 1 and 2 results in: 

p PI (2.42) 

Next, PI will be eliminated between Equations (2.41) and (2.42) to yield: 

V2 
= 

2 
(2.43) 

or, 
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(2,44) 

From this equation it can be seen that when (p, - p)/p is measured, the Mach number can be 

calculated, An instrument which measures both (p, - p) and the static pressure, p, to indicate the 

Mach number through Eqn (2.44) is called a Mach meter, Note, that a conventional airspeed indica

tor will only measure (p, - p) , 

When, in the calibration of an airspeed indicator, (Pt - pl/p is replaced by (p, - p)/Po and Ya 

is replaced by Va" ' the resulting airspeed is called the calibrated airspeed, Y c : 

y2 = 2Y",,2 {(P' - p + I)'~' _ I} 
c y _ 1 Po (2.45) 

Egns (2.44) and (2.45) can be used to establish a relationship between the true Mach number and 

lhe calibrated airspeed, Solving Egn (2.45) for (Pt - p) results in: 

(2.46) 

Next, Eqn (2.46) is substituted into Eqn (2,44) to yield the following relationship between M 

and Yc : 
, - , 

t[{, + y ,'U:,J't ,] + ,]-' - 1 (2.47) 

Figure 2.6 represents a plot of true Mach number versus calibrated airspeed for constant pressure 
altitudes, This plot was obtained with Eqn (2.47)_ 

In certain applIcations it is convenient to solve Eqn (2.44) for the term (p, - p) as a function 

ofM: 

p, - p = P I + y; M2 - 1 
[{ 

( I) }" I ] (2,48) 

Observe that (Pt - p) in incompressible flow is exactly equal to the dynamic pressure (See Eqn 

2,38), However, in a compressible flow, the stagnation pressure is increased due to compressibility_ 
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From Ref. 2.3 

=--t--_+ M2
= 'O.2('~'5)r:I)·t:'8'] 

M- MACH NUMBER 
Ii: :. ' ICAO STANDARD ATMOSPHERE 

'---I--+--jfVc= AIRSPEED INDICATOR READING 
CORRECrm FOR INSTRUMENT 

200 

AND POSITION ERROR, (AIRSPEeD 
INDICATOI? CALI BRAnD TO 
READ TRUe AIRSPeeD AT 

STANDARD SEA Levn CONDITIONS), 

300 4DO SOO 1.00 

CALIBRATED AI/i'SPEED, ""-KNOTS 

Figure 2.6 Effect of Mach Numher and Altitude on Calibrated Airspeed 
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This can be shown with the help of Eqn (2.48). First. note that: I (y - l)M 2/2) = 0.2M2 for air. 

Next. note that for small Mach numbers: 0.2M2 <{ 1.0. Therefore, Eqn (2.48) can be expanded 

with the binomial expansion formula to yield: 

)( 
y - I)ICY 

1 Y 1 2 
- 1 )2 4 } 4 M+ .... -1-

= PYM2(1 + 1M2 + ..1.M4 + 1 M6 + ) 2 4 40 1600 .... (2.49) 

The reader is asked to show that: 

(2.50) 

Therefore: 

(2.51) 

It is seen that: 

at M 0.3 . Pt P = 1.0227 -
q 

at M 0.5 . Pt P = 1.064 -
(2.52) 

q 

Therefore, the effect of compressibility on dynamic pressure is seen to be small at Mach numbers 
below 0.3. Above Mach numbers of about 0.5 the erTOr made by neglecting compressibility is more 
than 6%. Compressibility effects should then be accounted for. 

The reader is urged to memorize the following relationship which follows from Eqn (2.50): 

-q = Y p E. M2 = Y p 0 M2 = 1481.3 0 M2 2 0 Po . 2 0 
(2.53) 

An example application of the effect of compressibility on an airspeed indicator, calibrated for 
incompressible flow, will now be discussed. 

Example 2.2: An airspeed indicator on an airplane is calibrated in accordance with the incom
pressible flow assumption. While flying at sealevel, the indicator shows 500 mph. What is the true 
airspeed? Assume standard atmospheric conditions. 

Solution: Because the airspeed indicator is a pressure gauge, it will measure the true pressure 

difference, (Pt - p) . Therefore: 
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Pt - P = 1 Po V2 = 1xO.002377(500x1.467? = 639.4 psf 

The true Mach number can now be calculated from Eqn (2.44): 

M2 = 2 {(PI - P + I)Y~1 _ I} = l{( 639.4 + 1):: - I} _ 0.3917 
Y - 1 P 0.4 2, 116.2 

Therefore, M = 0.6259 and the corresponding true airspeed is: 

v = MV. = O.6259xl,116.4 = 698.76 fps = 476.3 mph 

It is seen, that this airspeed indicator overestimates the airspeed by about 5%. 

2.5.3 AIRSPEED CORRECTIONS 

Actual airspeed instruments aboard airplanes are calibrated to read true airspeed at all Mach 
numbers under standard sealevel conditions, provided no instrument or static pressure source errors 
present. To obtain airspeed from an imperfect airspeed instrument operating under non-standard 
conditions requires that the corresponding errors be accounted for. To this end, the following defini
tions for various airspeeds are used: 

Viis the instrument indicated airspeed which is uncorrected for errors. It includes the stan

dard sealevel adiabatic compressible flow effect. 

V I (lAS) is the indicated airspeed corrected for instrument error !l. Vi' only: 

(2.54) 

Vc (CAS) is the calibrated airspeed. It is equal to the indicator reading corrected for position 

error due to incorrect static port location (~V p ) and also corrected for instrument error: 

(2.55) 

V. (EAS) is the equivalent airspeed. It is equal to the indicatorreading corrected for instrument 

error. for position error and for adiabatic compressible flow at the particular altitude: 

Ve = Vc - ~Vc (2.56) 

where: !l. V c is called the compressibility correction. 

26 Chapter 2 



Basic Aerodynamic Principles and Applications 

V is the true airspeed. It is calculated from: 

V = Ve 
ro (2.57) 

The various corrections will nOw be discussed. 

The instrument error, AV i can be determined during laboratory calibration tests. 

The position error, A V p arises from the location of the static pressure port on the airplane. Two 

examples of typical static pon locations are shown in Figure 2.7. It can be conjectured from these 
examples that the static pon locations will normally not provide for ambient (i.e. free stream) static 
pressures. The surface of the airplane causes distortions in the flow away from ambient conditions. 
To determine the error (position error) caused by the position of the static pon the airplane is flown 
under a number of speed and altitude conditions in formation with a "pacer" airplane which has been 
accurately calibrated. By flying both airplanes together under stabilized speed conditions, the indi
cated readings of Mach number, airspeed and altitude are recorded for both airplanes. The indicated 
readings from the pacer airplane are first reduced to true values. The difference between the true 

and the indicated values for M and the test airplane is called: AMp, so that: 

M = MJ + AMp (2.58) 

The position error, A V p can now be calculated from: 

(dM/dV c) 
(2.59) 

where: (dM/dV c) is found by differentiating Eqn (2.47). An alternative is to calculate 

(dM/dV c) as follows: 

Differentiation of Eqn (2.48) results in: 

dM 
dp 

_ [I + Y; 1M2] 
yMp 

Differentiation of Eqn (2.46) yields: 

d~c = - ypo V c{ 1 + Y ; 1 ( ~aJr \ .. ,2 

Combining Eqns (2.61) and (2.62) produces: 

g~ = [OV:.,zM](1 + y; IM2){I + Y 2 I(~:f}~vc 
Chapter 2 
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Eqn (2.63) has been used to generate Figure 2.8, where (dM/ dY c) is plotted against Y c for a 

range of pressure altitudes. These results should be used in conjunction with airspeed corrections 
on high subsonic airplanes . 

. 005+ 

.0050 

.00+ .. 

.0042 

,0038 

.001+ 
dN 
dVc 

.0030 

( K~OTS) 
.0021. 

.002Z 

.001B 

A From Ref. 2.3 

Ii HIGH SPUD POSITI N 
cR~OF?-AIRSPEEO 

;> '/ I I 
Ia M '" s!.tJ.: X A v: 

/ / 
p dV~ p 

".0 / 
/ II / 

~ 

,;;/ 
., 

/ / '" 'I), 

/ <;; 
'" 

i/ V I '1'-

J 
~ 

~ 

1/ II c:;. 

~ 
/ / '1"/ / , 

~ 

0 

/ /' / / I'f> 
,/' / ;1 / I~-, . 

V / ,~/ ~ -

V /LV 
V ./ /1 V ./ VI 

v 5 
,/' i---' / .?;."f.'. --- // p'" --- --,/ 

o 100 ZOO 300 """ 300 
V, - KNOTS 

Figure 2.8 EtIect of Altitude and Calibrated Airspeed on (dM/dV c) 

For low speed airplanes, a different procedure can he used. The pressure error, 8p caused by 

the local velocity at the static pressure port, (V,) being different from the free stream velocity, Y c 

can be computed as follows: 

• _ 1 y2 1 v2 tip - 2'Qo c - 2'Qo , 

From this it follows that: 

8p 
ij 

Chapter 2 
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c 

(2.64) 

(2.65) 
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Eqn (2.65) shows that Ll. V p/v j is a function of Ll.p/q which depends on factors such as weight, 

flap deflection and other airplane configuration paramelers. The quantity Ll.p/q must be determined 

from flight tests or from windtunnel tests for different flight conditions as well as for different air
plane configurations. 

Finally, the compressibility correction Ll. V c must be derived. To do this, rewrite Eqn (2.48) as: 

p, - p = p{ (I + Y ~ I V20;0)" I _ I} (2.66) 

By equating Eqn (2.66) to Equ (2.46) it follows that: 

This equation can be solved for V./o to yield: 

y 
+ 

'I 

l::...!... ( v, ) 2} y::J 
2 V'-(I 

V./o = Ve = 

(2.67) 

- 1 

+ I - 1 (2.68) 

The difference between V c and V c is Ll. V c . The compressibility correction, Ll. V c is plotted ver

sus V c for a range of altitudes and Mach numbers in the standard atmosphere in Figure 2.9. 

Reference 2.3 contains a more detailed discussion of methods for in-flight measurement of speed 
and calibration of airspeed and Mach indicators. 
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From: Ref. 2.3 

Effect of Altitude and Calibrated Airspeed on the 
Compressibility Correction 
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2.6 THE KUTTA-JOUKOWSKI THEOREM 

The phenomenon of a wing producing lift can be explained with the concept of a vortex. A vor
tex produces a flow field of circular streamlines with induced velocity magnitude given by: 

V 8 = C (2.69) 
r 

where: C is a constant*. Figure 2.10 shows the relationship between a vortex and its induced veloc
ity. The strength of a vortex is determined by its circulation, r. The circulation of a vortex is defined 
as: 

r = fV'dT (2.70) 

where the integration is taken along a closed curve (1) as shown in Figure 2.10. 

dl 

r 
Vortex 

Closed curve I 

Figure 2.10 Relationship Between a Vortex and Induced Velocity 

As an example of evaluating the integral of Egn (2.70), consider a closed, circular path around 
the vortex, as shown in Figure 2.10. The circulation is then given by: 

2n 2n 

r = f Ve r dB = C f dB = 2:rcC (2.71) 

o 0 

It follows, that the constant, C, in Eqn (2.69) can he expressed in terms of the circulation through 
Egn (2.70) so that Eqn (2.69) can in turn be written as: 

(2.72) 

The tlow around an airfoil (or wing scction) can be represented by a vortex as shown in Figure 
2.10. That this is the case can be visualized by considering a typical flow situation around an airfoil: 
see Fig. 2.1Ia. Such a flow situation can be seen to be analogous to the flow situation depicted in 
Fig. 2.11 b where the idea of a vortex is superimposed. 

* This equation is an analog of the so-<:alled Biot and Savart Law. See Ref. 2.4, page 128. 
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r 

Vro Vro u+ 
~ Vro + u+ ~ 

r:~ 
~ 

~ c ~ c 
~ 

~ ~ 

Voo + u_ -u_ 

a) Actual flow b) Representation of flow with a vortex 

Figure 2.11 Relationship Between Lifts on an Airfoil and a Vortex Around the Airfoil 

To see how a vortex is generated on a section of the wing. consider an airfoil in a uniform free 
stream as in Fig. 2.lla. To have an upward force (lift), the pressure acting on the upper surface must 
he lower than the pressure acting on the lower surface. According to Bernoulli's equation (Eqn 2.9), 
this implies that the tangential air velocity on the upper surface will be increased by an amount equal 

to u +. At the same time, the tangential velocity of the air at the lower surface is changed by an 

amount equal to u _ . Assuming incompressible tlow, the lift force over a length dx becomes: 

dL = (p_ - p+ldx e2.73) 

However, according to Eqn (2.9): 

p+ + 4 QV; = poo + 1QV~ (2.74a) 

and: 

p- + 4QV~ = poo + 4QV~ (274b) 

By subtraction of these two equations it follows that: 

(p_ - p+) = 4Q((V 00 + u+)2 - (V ro . + U_)2) = QVoo(u+ - 0-) (2.75) 

where the terms (u~ - u2_) has been neglected as a second order effect. ltnow follows from Eqns 

(2.73) and (2.75) that: 

L = gVro Jeu+ - u_)dx (2.76) 

N ow, if a small closed curve,]' is chosen as shown in Pig. 2.11 b, and the circulation, r, is calcu

lated along it, the following result is ohtained: 

(2.77) 
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Evidently, the contribution to the circulation measured over segments AB and CD in Fig. 2.11b 
is zero because of the zero velocity along these segments. From Eqns (2.76) and (2.77) the following 
relation is now obtained: 

(2.78) 

This equation is the well known KUlta-Joukowski Theorem. 

According to the KUlla-Joukowski Theorem, the generation of lift on a wing can be explained 
by the existence of circulation in a uniform flow, and vice versa. This representation of lift force 
by circulation is convenient because it helps explain many flow characteristics around airplanes. 
As an example, the existence of wing tip vortices can be explained. It is well known by pilots that 
the tip vortices emanating from the wing tips of large, heavy airplanes can be quite strong. To make 
a rough estimate of the induced velocity in the vicinity of wing tip vortices, let W be the weight of 
the airplane and b be the span of the wing. Observe, that the lift calculated with Eqn (2.78) is the 
lift force per unit of span. According to Ref. 2.4, page 168, the total wing lift can be approximated 
as follows: 

L = W = pV",r(0.85b) 

Solving for the circulation: 

r= W 
pY",(0.85b) 

(2.79) 

(2.80) 

Therefore, the circulation, r, around each wing tip can be assumed to have the value given by 
Eqn (2.80). As a consequence, at a point far downstream from the wing tip, the approximate magni
tude of induced velocity will be given by Eqn (2.72): 

Y = W _1_ 
e pV",(0.85b) 2rcr 

(2.81) 

The airplane lift coefficient in a level, steady state, straight line flight condition can be expressed 
as: 

W 
CL = lpV2 S 

2 '" 
where: S is the wing area in ft2. 

Atter using Eqn (2.82) in Eqn (2.81) it is seen that: 

V = eLY",S _ CLV 00 

8 2rc(0.85)b2(r/b/2) 5.341 A r 

where: A = b2/S is called the wing aspect ratio 

f = 2r/b 

(2.82) 

(2.83) 

Eqn (2.83) gives a prediction of the induced velocity due to one tip vortex only. Figure 2.12 
shows a comparison of resnits predicted from Eqn (2.83) with experimental data from Ref. (2.6) and 
with estimates obtained from a theoretical model due to Betz and described in Ref. (2.7). 
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Eqn (2.83) ---- Betz model • Experiment (Ref. 2.5) 
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Figure 2.12 Comparison of Experimental and Theoretical Data of the 
Tangential Velocity Induced by One Tip Vortex 

Observe, that Eqn (2.83) over predicts the tangential (or swirl) velocity of the tip vortex close 
to the core of the trailing vortex. Par values of2rlb in excess of 0.3 the predictions with Eqn (2.83) 
appear to be quite reasonable. The reason Eqn (2.83) is not accurate close to the core is that all trail
ing vorticity is assumed to be concentrated at the core in this model. Also, the detailed roll-up pro
cess o[the tip vortex is glossed over by Eqn (2.83). In the Betz model these assumptions have been 
removed which results in a better prediction. 

Magnitudes of V 8 values for three airplane types, as predicted with Eqn (2.83), are shown in 

Figure 2.13. The airplane data required to perform these predictions are given in Table 2.1. In all 
cases the flight condition is a takeoff climb. 

Note: For geometry definition, see Figure 2.12 
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Figure 2.13 Comparison of Induced Tangential Velocity due to a Tip Vortex 
[or Three Airplanes in a Sealevel Takeoff Climb 
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Table 2.1 Characteristics of Three Airplanes in Takeoff Climb at Sealevel 

Airplane Type Weight Aspect Ratio Wing Area Climb Speed 
C L = ,fs 

(lhs) (A) (ft2) (kts) (ft/sec) 

B-747 750,000 6,96 5,500 189 320 1.12 

DC-9 140,000 9,62 1,279 198 334 0.83 

M-36 18,000 5.74 253.3 250 422 0.34 

These data are used to ocncrate Figure 2.13 

The results show that the tip vortices of a Boeing 747 will induce a tangential velocity which 
is twice as high as that of the DC-9. The reader should be aware of the fact that in a typical takeoff 
climb, the tlaps will be deployed. Flaps will create thcir own vorticity. Such flap vortices have not 
been accounted for in Figure 2. 13. Onc final comment. In reality the circulation strength of trailing 
vortices will gradually diminish as the distance behind the wing is increased. This effect has also 
not bccn accounted for. 

2.7 THE LINEAR MOMENTUM PRINCIPLE 

The tluid forces which act on an airplane can also be calculated by applying the linear momen
tum principle. According to Ref. 2.8, Chapter 3. the tluid forces acting on any control surface (cs) 
in steady tlow can be computed from the following equation: 

F = f (lVV' dA (2.84) 
cs 

The geometry associated with Eqn (2.84) is defined in Figure 2.14 for the case of ajet engine. 

xL engine nacelle 

cs control surface z 

Fz 

-'- p .. r-- --- -,~ p 

~ - T ---------~r_--
a1v ~__ __.J 

Vj m V 00 -

I Fx J , ~ 
dA 

mVj 

Figure 2.14 Application of Eqn (2.14) to a Jet Engine. 
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~ 

In Egn (2.84), the vector F is the force (including the pressure forces) acting on the control 

- - -surface, es. The scalar V . dA is the volume flow rate. Note that dA is regarded as positive in an 

outward, normal direction from the surface. To illustrate the application ofEqn (2.84) to the jet en

gine nacelle example in Figure 2.14, let Fx and Fz be the force components acting on the engine 

in the x- and z- directions respectively. Therefore, -F, and -FL will be the corresponding force 

components acting on the control surface. It follows from Egn (2.84) that, assuming that the mass 

flow rate, V . dA , is nearly unchanged: 

- F, = (V 00 cosa)(m) + Vi(m) = m(Vj - V ~ cosa) 

and also that: 

-Fz = (Voosinu)(-m) + 0 

- - -

(2.85) 

(2.86) 

Note that at the inlet: Q V . dA = -- m because V is in a direction opposite to dA . Thus, the 

horizontal force component points to the negative x-direction and the normal force points upwards. 
The problem can also be solved graphically as shown on the right hand side of Figure 2.14. Note 

~ ...... -+ --

that m V 00 IS drawn as a vector parallel to Voo and that m V
J 

is parallel to Vj . 

More applications at the linear momentuIIl principle are given in Chapters 4, 6 and 7. 

2.8 VISCOUS EFFECTS, THE BOUNDARY LAYER AND 
FLOW SEPARATION 

Safar the airflow has been considered as non-viscous. Tn reality, within a thin layer, called the 
boundary layer, near the solid surface, viscosity does become important. The air particles will ad
here to the surface as indicated in Figure 2.15. 

Plate 2: speed V 
y V 

~V 
relative to plate 1 I 

7 
d V u(y) 

Plate 1: fixed 
X 

Figure 2.15 Velocity Distribution Between Two Plates 
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In Figure 2.15, two plates, a distance d apart, are shown such that one is moving with velocity 
V to the right while the other is held fixed. Due to viscosity, thosc air particles in contact with the 
surfaces will acquire the velocities of the surfaces. Therefore, the velocity distribution will be as 
shown in Figure 2.15. Experiments in Ref. 2.8 have shown that the force, F, needed to move the 
upper plate is directly proportional to the plate area, A, and the velocity, V, while being inversely 
proportional to the distance, d. Therefore: 

F 0: AV 
d 

or 

(2.87) 

c = .E = f' du (2.88) 
A dy 

where: ~ is the so-<oallcd shear stress in Ibs/ft2 or N/m2. The proportionalty constant, f' is called the 
coefficient of viscosity. The units for f' are derived from Eqn (2.88) by a dimensional analysis: 

dim(J.I) = Ibs/ft
2 

= Ibs sec or N sec (2.89) 
(ft!scc)ft ft 2 m2 

For air, f' increases with temperature and can be calculated by the following approximate formu
la for the standard atmosphere. according to Ref. 2.8: 

J.I = (10- IOx0.3170) T3/2( 734.7 ) Ibs sec with T in OR (2.90) 
T+216 1l2' 

or: 

J.I = (1 458XIO- 6)T3/ 2( I ) N sec with T in OK 
. T + 110.4 m 2 ' 

(2.91) 

Numerical values for f' in the standard atmosphere are given in Appendix A. 

The type of air flow in the boundary layer depends on the smoothness of the flow approaching 
the body surface, thc shape of the body, the surface roughness, the pressure gradient in the flow and 

the Reynolds number, RN ' of the t1ow. The Reynolds number is defined as follows: 

VL 
v 

where: v = ~ is the so-<:alled kinematic viscosity. 

(2.92) 

L is the characteristic length of the body in the flow direction. As an example, usually, 
L is taken to be the chord length of an airfoil or the length of a fuselage. 

At low Reynolds numbers, the flow in the boundary layertends to be laminar (laminar boundary 
layer). However, above certain "transition Reynolds numbers", the flow becomes turbulent (turbu
lent boundary layer). The distinguishing characteristics of both types of boundary layers are dis
played in Figure 2.16. Note that the turbulent boundary layer tends to have a more uniform velocity 
profile. However. in a turbulent boundary layer there is a lot of vertical (up and down) exchange 
of air particles. In a laminar boundary layer the air particles follow paths parallel to the plate. 
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y .. turbulent b.1. x .. laminar b.1. transitio 

n~L 
u(y) 

V 
/ ... 1- G)n / J ... !.7 u(y) 

Plate Plate 

Figure 2.16 Illustration of a Laminar and a Thrbulent Boundary Layer (b.I.) 

According to Ref. 2.11. page 435, transition from laminar to turbulent takes place on a flat plate 
at a point, x, determined by: 

(RN). = (V~). = 3.5x105 to 106 
x cnt. cnt. 

(2.93) 

In reality the transition is also affected by such factors as pressure gradient, surface curvature, 
free stream turbulence and surface roughness (Ref. 2.12). On an airfoil it has been found that the 
pressure gradient has an important int1uence on the location of the transition point. In general, the 
flow will remain laminar in a region of accelerating flow (i.e. with a favorable pressure gradient). 
Tn a positive prcssure gradient, the boundary layer flow will be more nnstable when disturbed and 
will transition to turbulent flow sooner. In the case of surface curvature, it has been found that the 
transition Reynolds number is almost unaffected by a convex surface. However, in a region of con
cave curvature the transition Reynolds number is reduced. In addition, the transition from laminar 
to turbulent boundary layers is hastened by an increase in free stream turbulence and by surface 
roughness. For practical applications to subsonic flow, the transition point can be approximately 

taken at the point of minimum pressure if the airfoil Reynolds number, RN = ~c ,exceeds 107 

(See: Ref. 2.11, page 717). 

2.8.1 THE LAMINAR BOUNDARY LAYER 

As shown in Figure 2.16, the air velocity on the lower plate surface is zero and increases rapidly, 
away from the surface. Because the boundary layer velocity, u, will approach the external velocity, 
V. only gradually, a thickness defined at a location for which u ~ 0.99V is normally taken as the 
boundary layer thickness, Ii. From theoretical calculations (Ref. 2.11, page 130), 0 is given by: 

1\ = 5.2x 
jRN, 

(2.94) 

Eqn (2.94) shows that the boundary layer thickness grows parabolically in the downstream 
direction. 

The "rubbing" of the boundary layer on the plate gives rise to friction forces, Df ' otherwise 

known as skiu friction drag. The skin friction drag coefficient for one side of a flat plate in laminar 
flow is given by: 
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where: S is the area of one side of the plate only 

RN is based on the total plate length 

2.8.2 THE TURBULENT BOUNDARY LAYER 

(2.95) 

When the flow is transitioned to turbulent flow. the boundary layer thickness will be increased. 
In fact, this phenomenon is often used to determine the location of the transition region. The turbu
lent boundary layer tends to have a more uniform velocity profile as shown in Figure 2.16. The 
thickness of the boundary layer can be determined from (Ref. 2.11, page 599): 

Ii = 0.37x 

(RNJ 1/5 

(2.'16) 

The skin friction drag coefficient for a flat plate can be calculated from Schlichting's formula 
(Ref. 2.11. page 602): 

(2.97) 

In the transition region, the Prandtl-Schlichting skin friction formula (Ref. 2. I I, page 602) may 
be used: 

(2.98) 

The friction coefficient as given by Eqns (2.97) and (2.98) is for one side of a flat plate only. 

Figure 2.173 shows how the one-sided friction coefficient, cr • varies with Reynolds number, RN , 

in subsonic incompressible flow. Note the agreement between theory and experiment. 

As it turns out, cf is also a function of Mach number. Why this is the case, is discussed in Ref. 

2.13. Since under compressible flow situations boundary layers are usually turbulent, Figure 2.l7b 

shows how the one-sided, turbulent boundary layer skin friction coefficient, ef varies with both Re

ynolds number and Mach number. Equation (2.99) fits the curves of Figure 2.17b: 

C 
- 0.455 

f -
. )2.58( . 2)0.58 
(IoglORK 1 + 0.144M 

(2.99) 
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Figure 2.17a Variation of Flat-Plate Skin Friction Coefficient with 
Reynolds Number in Incompressible Flow 

A formula to fit the curves: From: Ref. 2.14 
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Figure 2.17b Variation of Flat-Plate Skin Friction Coefficient in a Thrbulent 
Boundar La er with Re nolds Number and Mach Number 
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2.8.3 FLOW SEPARATION 

The flow over an airfoil is somewhaL changed from that over a flat plate. The difference arises 
from (he airfoil shape which makes the air velocity near the surface ditterent from the free stream 
value. As shown in Figure 2.18. on the forward section of the airfoil, the air velocity increases down
stream, so that the static pressure decreases in the same direction. Since the accelerating flow tends 
to assist the boundary layer to remain attached to the surface. the negative rate of change of pressure 
in the downstream direction is called a "favorable" pressure gradient. 

Favorable pressure Adverse pressure 
gradien:::L:..---_--... j'"I _____ ~g:r~a~dient 

v Decreasing velocity Increasing velo ity 

On the other hand, overthe rear section of (he airfoil,Lhe opposite is true. The air velocity outside 
the boundary layer decreases and the pressure increases in the downstream direction. Therefore, the 
boundary layer flow must resisLLhe increasing pressure while moving downstream. When air par
ticles in the boundary layer do not have sumcient energy to reach the trailing edge, they will separate 
from Lhe surface, creating a so-called wake. This is Illustrated in Figure 2.19. When this happens, 
the resulting large ditference in pressure distrihution on fore and aft surfaces produces a large pres
sure drag. This pressure drag may be several times larger than the skin friction drag. Hence, the 
positive pressure gradient is often called an "adverse" pressure gradient. 

v 

Figure 2.19 Example of Wake Induced by Boundary Layer Separation 
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When the boundary layer flow is turbulent, the air particles possess more energy to overcome 
the "adverse" pressure gradient over a larger distance. Therefore, tlow separation can be delayed. 
This explains the abrupt drop in drag on spheres and circular cylinders when the transition Reynolds 

number (approximately 3x105 ) is reached, or when the boundary layer is changed artificially 

("tripped") to turbulent flow by the use of s<>-called tripping wires (Ref. 2.11, page 434). In both 
cases, the turbulent boundary layer remains attached over a larger distance so that the wake is thinner. 
Figure 2.20 shows an example in the case of a sphere . 

• oot> 
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~S 
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Point of separation Tripping wire 

t Point of separation .. ...:..J _ '0- '0 I "<. -------v .. - '" ....,v ... 
~ ? Wake 

~ .. ~ -/) 
Wake 

~ .. ~ .r----.0 

a) Laminar Separation b) Turbulent Separation 

Figure 2.20 Drag Coefficient Reduction on a Sphere due to Boundary Layer Transition 

Finally, another point to be mentioned here is that the boundary layer possesses a lower energy 
level when compared to the external flow. Therefore, when jet engines are buried inside a fuselage 
(as in many fighter aircraft) a boundary layer bleed system must be used to remove the boundary 
layer air before it enters the intake. A simple version of such a bleed system is the so--called bound
ary layer splitter, an example of which is shown in Figure 2.21. Such a splitter prevents the engine 
from ingesting low energy air and thereby reducing its operating efficiency. 

Chapter 2 43 



Basic Aerodymunic Principles and Applications 

S.L. SPLITTER 

IINLET 

FU SE LA"'~ 

"', ...... 2.21 ora Installation 

The following example shows how the friction drag of a flat plate may be calculated, 

Example 2.3: A flat plate of 10 fr span and 6ftchord is placed in an air stream of 100 mph under 

standard sealevel conditions. Tf the transition Reynolds number is 106 • calculate the total skin fric

tion drag of the plate in Ibs. 

Solution: The location of the transition point is determined from: 106 - "v x. Therefore: 

. _ 106 V _ 106 X 1.572 x 10 -4 _ 
xlran,,"on - ---y- - 100 x 1.467 - 1.072 ft 

The drag contribution of the first (and laminar) part of the plate (1.072 ft x 10 ft) may be com
puted from Egn (2.95) by first computing the one-sided drag coefficient: 

Next, the drag of the first part for the entire plate (both surfaces) is found from: 

D J = 2CD~(JV2S -

- 2 x 1.328 X 10- 3 x ~ x 0.002377 x (100 x 1.467)2 x 1.072 x 10 - 0.73 Ibs 
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To calculate the drag over the turbulent part of the plate the following procedure is used. Pirst, 
the drag coefficient of the one-sided plate, assuming a completely turbulent boundary layer is deter
mined. Then, the drag coefficient of the first part of the plate, assuming turbulent boundary layer, 
is calculated. Finally, these two contributions are subtracted, to given the drag of the second (and 
turbulent) part of the plate. 

If the entire plate is assumed to be covered by a turbulent boundary layer, the drag coefficient 
follows from Eqn (2.97). First, the Reynolds number of the entire plate must be computed: 

_ 100 x 1.467 x 6 = 5.6 x 106 
1.572 x 10 4 

Next, the drag coefficient of the completely turbulent plate is found as: 

0.455 = 0.33 x 10- 2 

The drag of the entire plate, assuming completely turbulent flow then is: 

D2 = 2 x 0.33 x 10 - 2 x q x 6 x 10 = 10.13 lbs 

Similarly, the drag coefficient for the first part of the plate, assuming turbulent flow, is given by: 

0.455 = 0.447 x 10-2 

( 
6,2.58 

log \0 10 ) 

The reader will have noted that the transition Reynolds numher had to be used to obtain this re
sult. The drag of the entire first part of the plate, assuming turbulent flow then would have heen: 

DJ = 2 x 0.447 x 10- 2 X q x 1.072 x 10 = 2,451bs 

It now follows that the drag of the entire plate is found from: 

° = 02 - 03 + DI = 10.13 - 2.45 + 0.73 = 8.41 lbs 
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2.9 SUMMARY FOR CHAPTER 2 

In this chapter various aerodynamic principles and formulas have been derived and discussed. 
For the convenience of the reader, the most important equations are summarized next. As a first 
approximation it is acceptable to assume that air flow in the subsonic speed range behave as an invis
cid fluid. However, when calculating drag in subsonic flow this is not true. Even in subsonic 11ow, 
the effect of viscosity on the houndary layer and therefore on friction drag must be included. 

2.9.1 THE CONTINUITY EQUATION: Conservation of mass along a strearntube, such 
as a windtunnel. 

(I) For incompressible flow (approximately M < 0.3): 

A Y = constant 

(2) For compressible flow (approximately M > 0.3): 

ill = gAY = constant 

(2.4) 

(2.2) 

2.9.2 THE BERNOULLI EQUATION: Conservation of energy along a streamline. 

(1) Fur incompressible flow (approximately M < 0.3): 

p + 19 y2 = constant 
2 

The isentropic equation of state, Eqn (2.26), is not needed. 

Application: Definition of equivalent airspeed, Ye: 

(2) For compressible flow (approximately M > 0.3)' 

or: 

) 
p + 1 y2 = constant 

I g 2 

M2 = 2 {(PI - P + I)'~' - I } 
Y - I P 

The isentropic equation of state can be used: 

k = constant gY 

46 

(2.9) 

(2.39) 

(2.36) 

(2.44) 

(2.26) 
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The speed of sound is given by: 

Va = jYj = ./ygRT (2.31) 

Application: Definition of calibrated airspeed, V c: 

V~ = 2va,,2{(Pt - P + 1)'~1 - I} 
Y - 1 Po 

(2.45) 

Various airspeed corrections have been discussed in Section 2.5.3. 

2.9.3 THE KUTIA-JOUKOWSKI THEOREM: Relation between a force per unit span 
acting on a body and the circulation of 
a vortex: 

(2.78) 

2.9.4 THE LINEAR MOMENTUM PRINCIPLE: The calculation of forces acting on a 
body, if the air stream which passes it 
has a momentum change: 

F = LpVV' dA (2.84) 

2.9.5 VISCOUS EFFECTS: The effect of viscosity on the behavior and friction of laminar 
and turbulent boundary layers on one side of a flat plate: 

For a laminar boundary layer: 

ct 
Df 1.328 (2.95) -

lpv2s 
-

jRN 
2 

For a turbulent boundary layer: 

cf 
0.455 (2.99) - ( )2.58( logIO RN 1 + 0.144 M2)O.58 

Application: The calculation of friction drag. 
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2.10 PROBLEMS FOR CHAPTER 2 

2.1 Air having the standard sealevel density has a velocity of 100 fps at a section ofa wind tunnel. 
At another section, having half as much cross sectIOnal area as the first section, the flow 
velocity is 400 mph. What is the density at thc second scction? 

2.2 A wind tunnel has a test section of 4 fix 4 fiand a largest section of 15 ft x 15 ft. Amanometer 
as shown in Figure 2.4 is used, with mercury as the manometer fluid. What will the man
nometer reading be if the test speed is 500 mph? Assume thalthe temperature at the test sec
tion is 80 deg. F. Also assume, that the pressure at the test section is the standard sealevel 
value. (Hint: compressibility cannot be neglected. Equate the density ratios obtained from 
the continuity and Bernoulli equations. The isentropic equation of state is also needed.) 

2.3 A wind tunnel is as shown in Figure 2.4. If the highest attainable airspeed at the test section 
is 200 mph, what would the attainable test speed be if the cross sectional area at Station 2 
is reduced 10 half of its original size? Assume that the incompressible flow rate is not 
changed. 

2.4 A low speed airspeed indicator reads 200 mph when the airplane is nying at an altitude at 
which the altimeter reads 6,000 n, while the ambient temperature is found to be 30 deg. F 
Calculate the true airspeed. 

2.5 A pitot static tube is used to measure the airspeed at the test section of a wind tunnel. If the 
pressure difference across the pilOt static tube is 4 inches of water, what is the airspeed at the 
test section? If the ratio of the cross sectional area between the largest section and the test 
section is 100: 1, what is the airspeed at the largest section? Assume incompressible flow and 
standard sealevel conditions. 

2.6 Two flat plates, one having 6 ft span and 3 ft chord, the other having 9 ft span and 6 ft chord, 
are placed in different air streams. The free stream velocity for the smaller platc is 100 ft/sec. 
It is found that the total skin friction drag for the two plates is the same. Find the airspeed 
for the larger plate. Assume laminar now at standard sealevel conditions. 

2.7 An airplane is flying at a density altitude of 15,000 ft at an ambient temperature of -39 de
grees F. If the wing chord is 6 ft and the eguivalent airspeed is 200 kts, what is the overall 
Reynolds number of the wing? 

2.8 Consider the stabilizer on a light airplane as a flat plate for the purpose of determining its 
skin fnction drag. If the transition Reynolds number is 750,000, what is the total friction 
drag of a rectangular stabilizer having a span of 6 ft and a chord of 3 ft at a speed of 100 mph? 
Assume standard sealevel conditions. 

2.9 In Example 2.3, compare the boundary layer thickness at a point 5 ft downstream ofthe lead
ing edge if the boundary layer is completely laminar and tnrbulent respectively. 

2.10 Verify Equations (2.32) and (2.33) by comparison with Table AI. 
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CHAPTER 3: AIRFOIL THEORY 

The objective ofthis chapter is to provide the reader with fundamental knowledge of and practi
cal limitations to airfoil and associated aerodynamic behavior. 

Basic geometric parameters used in describing and defining airfoils are presented in Section 3.1. 

A discussion of fundamcntal acrodynamic force behavior of airfoils, including a corresponding 
non-dimensional parameter analysis is given in Section 3.2. 

Section 3.3 covers the most important aspects of airfoil (= section) lift, drag and pitching mo
ment behavior. Several important mathematical modelling aspects are also discussed. 

The total force and moment coefficients (lift, drag and pitching moment) are the result of inte
grating the airfoil pressure distribution. Section 3.4 presents a discussion of pressure distributions. 

The aerodynamic characteristics of airfoils (or sections) are strongly influcnccd by comprcss
ibility (i.e. Mach number) effects. Section 3.5 contains a discussion of the effect of compressibility 
on airfoil behavior. 

The aerodynamic characteristics of airfoils (or sections) are also strongly influenced by viscous 
(i.e. Reynolds number) effects. Section 3.6 contains a discussion of the effect of Reynolds number 
on airfoil behavior. 

With modern airfoil theory and high speed engineering work stations it has become possible to 
actually "design" airfoil shapes to meet certain prescribed lift, drag and pitching momcnt bchaviors. 
A fundamental discussion of the effect of basic geometric airfoil parameters on airfoil performance 
is included in Section 3.7. 

The maximum lift coefficient which airfoil sections can generate are of fundamental importance 
to wing and tail design. For that reason, a separate discussion on this topic is given in Section 3.8. 

3.1 AIRFOIL GEOMETRY 

An aIrfoil or section is a streamlined body which, when set at a suitable angle of attack, produces 
more lift than drag while also producing a manageahle pitching moment. The NACA (National Ad
visory Committee for Aeronautics and predecessor ofNASA*) has developed and tested many se
ries of airfoils many of which are still being used today. 

* NASA = National Aeronautics and Space Administration 
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Ref. 3. 1 contains a systematic listing of geometric and aerod ynarnic data for the most important 
NACA airfoils. The reader should be familiar with the most important geometric features of airfoils. 
The following geometric definitions refer to Figure 3.1. 

Z leading edge circle 
thickness 

chord line 

• - Z, 

+ 
_ Zu 

V:::1-:-;::;--:::::;::::::7..::.,-lr-TI-----d ~L.. _____ J::'or camber line 

l.(' ~ ~ r ~camber - ---
o ~ ; 

t 

leading edge 

X=O 

Zt 

tangent to mean line 

chord c 

Trailing edge is 
not alwavs sham 

Note the following relations: 

trailing edge 

X=I 

Zc = CZu + Z1)/2 

Z, = (Zu - Z1)/2 

Zu = (Zc + Z() 

Z1 = (Zc - Z,) 

Fignre 3.1 Definition of Airfoil Geometry 

x 

The mean camber line is the line joining the mid points between the upper and lower surfaces 
of an airfoil and measured perpendicular to the mean camber line. From an engineering accuracy 
viewpoint it is usually acceptable to define the camber line with measurements perpendicular to the 
churd line. 

The chord line is the straight Iinc which joins the end points of the mean camber line. 

The thickneSS is the height of the airfoil measured normal to the churd line. The ratio of the maxi
mum thickness to the chord length is called the thickness ratio. 

The camber is the maximum distance of the mean line from the chord line. 

The leading edge radius is the radius of a circle which is tangent to the upper and lower surfaces. 
The center of this circlc is located on a tangent to the mean line drawn through the leading edge uf 
this line. 
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3.2 AERODYNAMIC FORCES AND MOMENTS ON AN AIRFOIL 

When an airfoil is placed in a moving stream of air, an aerodynamic force acting on the airfoil 
will be created. Experimentally, this force, F, has been found to depend on six variables: 

• air velocity, V • air density, Q • characteristic area or size. S 

• coefficient of viscosity, 11 • speed of sound, V" • angle of attack, a 

To find the general form of this dependence a dimensional analysis can be used. Since there arc 

six dimensional variables, (F , V , Q ' S , Il and Va) , three dimensionless parameters can be 

found in accordance with Buckingham's 11: - theorem (See: Ref.3.2 p.183 and also Ref. 3.3). By 
using V, g and S as the repeating variables, the first dimensionless parameter may be written as: 

(3.1) 

In terms of the fundamental units: length, I, time, [and mass, m, Eqn (3.1) yields: 

(3.2) 

Because Jt] is a dimensionless quantity, equating equal powers of the units I, m and t produces: 

for I: 0 = a - 3b + 2d + l 

for 111: 0 - b + 1 (3.3) 

for t: 0 -a - 2 

Solving these three equations for a, b and d it is found that: a = -2, b = -1 and d = -I. Therefore: 

F 
Jt] = 

Q y2 S 
(3.4) 

Using the same process, the second dimensionless parameter may be written as: 

(3.5) 

(3.6) 

Equating powers of like variables results in: 
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for I : 0 = a - 3b + 2d - 1 

for m: 

for t: 

o - h + 1 

o - a-I 

Solving for a, band d yields: a ~ -I, b = -I and d ~ -112 and therefore: 

The reader is asked to show that: 

(3.7) 

(3.8) 

(3.9) 

In accordance with the It - theorem, the dimensionless relation which governs the aerodynamic 
forces can now be written as follows: 

F - f'( ~ Va a) 
QV2S - QVSI/2' V ' (3.10) 

It is customary to replace S 1/2 (which has a linear dimension) by c, the chord of the airfoil. It 

can now be seen, that Eqn (3.10) contains two important dimensionless parameters: 

M Mach number V - -
Va 

(3.11 ) 

and 

RN Reynolds number - QVc -
~ 

(3.12) 

It is therefore possible to write: 

(3.13) 

For airfoils. let S = c x I. or the area per unit span. It is convenient to introduce the following 
dimensionless expression for the force component (i.e. the lift force) perpendicular to the free 
stream: 

_ c1 f(RN ' M , a) - '2 

It is now possible to reduce Eqn (3. 13) to its conventional form: 

54 
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where: el is the so-called sectional lift coefficient 

Ii is the dynamic pressure 

(3.15) 

In a similar manner, the force component in the free stream direction, Le. the drag force can be 
written as: 

d = C Ipy2 c -
d 2 

where: cd is the so-called sectional drag coefficient 

(3.16) 

The derivation cI early establishes the fact, that the lift and drag coefficients, ci and cd ,are func

tions of a, RN and M . By using a similar process a pitching moment coefficient, Cm , can be 

defined so that the sectional pitching moment can be computed from: 

(3.17) 

where: Cm is the so-called sectional pitching moment coefficient. It is defined as positive if the 

moment is nose-up. 

Figure 3.2 shows how I, d, m and F act on a typical airfoil at some angle of attack, a. Note that 
I is the lift force in lbs/ft, d is the drag force in lbs/ft and m is the pitching moment in ft-Ibs/ft. This 
is because the span was taken to be unity. 

lift, I aerodynamic force, F 

pitching moment, m 

angle of attack, a --''''''-.,---" drag, d 

velocity, Y arbitrary reference point 

Figure 3.2 Definition of Section (Airfoil) Forces and Moment 
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3.3 IMPORTANT AIRFOIL CHARACTERISTICS 

In the acrodynamic analysis of airplanes. the following airfoil relationships are of fundamental 
importance: 

3,3.1 Lift Curve: c i versus a 

3.3.2 Drag Polar: ci versus cd 

3.3.3 Pitching Moment Curve: C m versus a or Cm versus ci 

Example, of these relationships will be discussed next. 

3.3.1 LIFT CURVE: c. VERSUS a 

Typical curves of ci versus a are shown In Figure 3,3a for two airfoils. A generic version of 

the ci versus a relationship is shown in Figure 3,3b. 

Source: Ref. 3.4 Lift 
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Figure 3.3a Figure 3.3b 
Lift Coefficient Versus Angle of Generic Plot of Lift Coefficient 
Attack for Two Airfoils Versus An!!le of Attack 

The linear part of the lift curve can be mathematically represented by: 

c i = a (u - u o) = el"(a - ao) (3,18) 

where: a and c l" are different symhols for the so-called lift-<:urve-slope, in lIrad. This 

quantity has a theorelJcal value of 2:n: pcr radian for very thin airfoils. Table 3, I shows 
actual values of airfoil lift curve slope for various airfoils, 

a o is the angle of attack for zero lift and is typically negative 
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It is seen in Figures 3.3 that a definite maximum value of ci is rcached in the nonlinear range 

of the curves. This maximum value is called CI . Typical values for airfoil maximum lift coeffi-
m~ 

cieDt are also given in Table 3.1. A more detailed discussion of airfoil c1 and the associated so-
ma' 

called stall behavior is presented in Section 3.8. 

3.3.2 DRAG POLAR: c1 VERSUS cd 

Typical curves of c1 versus cd are shown in Figure 3.4a for two airfoils. The magnitude of Cd is 

frequently expressed in drag counts. One drag count is equivalent to cd = 0.0001. A generic ver-

sion of the c1 versus cd relationship is shown in Figure 3.4b. 

Source: Ref. 3.4, M=O.IS, RN = 6.OxI06 

Drag Design lift 
coefficient, Cd coefficient 
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Figure 3.4a Figure 3.4b 
Lift Coefficient Versus Drag Generic Plot of Lift Coetlicient 
Coefficient for Four Airfoils Versus Dra" Coefficient 

A very important paramcter which represents the aerodynamic efficiency of an airfoil is the so

called lift-to-drag ratio, ci/cd ,The maximum value of this parameter is obtained by drawing the 

tangent from the origin to the ci vcrsus cd curve. The lift coefficient at which this maximum value 

of c/cd occurs is another important design parameter, How these parameters affect the perfor

mance of airplanes is discussed in Chapters 8-12, 
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Table 3.1 Exnerimental, Low Sneed NACA Airfoil Data for Smooth Leading Edges 
(Note: Data reproduced from Reference 3.1 for RN = 9 X 106) 

~~~~~~~~==============~============================================== 

Airfoil a o emo c) xac u c, c a* 
" =. Imax 

(deg) ( lIdeg) (deg) (deg) 
==================~~====~~=======~~~=====================~~~========= 

0006 0 0 0.108 0.250 9.0 0.92 9.0 
0009 0 0 0.109 0.250 13A 1.32 llA 

1408 -0.8 -0.023 0.109 0.250 14.0 1.35 10.0 
1410 -1.0 -0.020 0.108 0.247 14.3 1.50 11.0 
1412 -1.1 -0.025 0.108 0.252 15.2 1.58 12.0 

2412 -2.0 -0.047 0.105 0.247 16.8 1.68 9.5 
2415 -2.0 -0.049 0.106 0.246 16A 1.63 10.0 
2418 -2.3 -0.050 0.103 0.241 14.0 IA7 10.0 
2421 -1.8 -0.040 0.103 0.241 16.0 lA7 8.0 
2424 -1.8 -0.040 0.098 0.231 16.0 1.29 8A 

23012 -IA -0.014 0.107 0.247 18.0 1.79 12.0 
23015 -1.0 -0.007 0.107 0.243 18.0 1.72 10.0 
23018 -1.2 -0.005 0.104 0.243 16.0 1.60 11.8 
23021 -1.2 0 0.103 0.238 15.0 1.50 10.3 
23024 -0.8 0 0.097 0.231 15.0 lAO 9.7 

64-006 0 0 0.109 0.256 9.0 0.80 7.2 
64-009 0 0 0.110 0.262 11.0 1.17 10.0 

641-012 0 0 0.111 0.262 14.5 1.45 11.0 
641-212 -1.3 -0.027 0.113 0.262 15.0 1.55 11.0 
64·-412 -2.6 -0.065 0.112 0.267 15.0 1.67 8.0 

64-206 -1.0 -0.040 0.110 0.253 12.0 1.03 8.0 
64-209 -1.5 -0.040 0.107 0.261 13.0 lAO 8.9 
64-210 -1.6 -0.040 0.110 0.258 14.0 lAS 10.8 

64AOIO 0 0 0.110 0.253 12.0 1.23 10.0 
64A21O -1.5 -0.040 0.105 0.251 13.0 1.44 10.0 
64A41O -3.0 -0.080 0.100 0.254 15.0 1.61 10.0 

641A212 -2.0 -0.040 0.100 0.252 14.0 1.54 11.0 
642A215 -2.0 -0.040 0.095 0.252 15.0 1.50 12.0 

Note: For definition Qf s~mbols, see the list of S~mbols 
===================================================================== 
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3.3.3 PITCHING MOMENT CURVE: Cm VERSUS c J or em VERSUS a 

Figure 3.5a shows typical aIrfoil data for cm versus cJ and Cm versus a . 

Source: Ref. 3.4. M=O.15, RN = 6.0x106 
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Figure 3.5a Pitching Moment Coefficient 
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The magnitude of the pitching moment coefficient, C m depends on the location of the moment 

reference center. This moment reference center is normally identified in a subscript to Cm • 

In Figure 3.5a the moment reference center is the quarter chord point, identified in the subscript 

asO.25c or simply 0.25. Genenc plots of cm versus cJ and C m versus a are shown in Figure 3.Sb. 

Numerical values for the parameter cm" are given in Table 3.1 for several types of airfoil. 

A very important reference point on an airfoil is its so-<:alled aerodynamic center or a.c. Tbe 
aerodynamic cenler is defined as that point about whicb the variation of the pitching moment coeffi
cient with angle of attack is zero. To find the a.c., assume that in some experimental set-up the mo
ment reference center was selected to be a distance x from the leading edge. Figure 3.6 shows the 
correspondmg geometry. Neglecting tbe moment contribution due to drag it is seen that: 

(3.19) 
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ci'lc arbitrary reference point 

~ 

lCm~qC2 
/'7 l' f' --

" ~ x 
aerodynamic center 

Xac 

e 

Figure 3.6 Geomet for Finding the Aerodynamic Center 

By definition, cm., is independent of the angle of attack, 0., and therefore: 

aCm~ = 0 = acm, + aCt (Xac - X) 
au ao. au e 

From this it follows that: 

Xac X 
C - c 

(3.20) 

(3.21) 

(3.22) 

Using experimental data of cm, versus c, it is therefore possible to compute the location of the 

aerodynamic center, Xac . From experimental data taken at low subsonic Mach numbers it is nor

mally found that the aerodynamic center is at the quarter chord point: x~c = 0.25 . 

3.4 AIRFOIL PRESSURE DISTRIBUTION 

The pressure distribution over an airfoil is important for load calculations and for control surface 
hinge moment calculations. The pressure distribution is normally expressed in terms of the so-

called pressure coefficient, cp , which is defined as: 

Cp - (3.23) 
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At low speed, use of the incompressible Bernoulli equation, Eqn (2.9), allows Eqn (3.23) to be 
cast in the following form: 

Cp = 1 - (VVJ 2 (3.24) 

Eqn (3.24) shows that in incompressible flow cp - 1.0 at the stagnation point, where V~O. 

A typical example of a pressure distribution over an airfoil at low speed is shown in Figure 3.7. 

z - cp z 
Upper surface 

cz 

I 
1\ 

c] I \ 
I I \ I 

x 1.0 I I \ 
0 I I \ 

x/c I I \ 
V I I I 

+1.0 I 
Lower surface 

cp V Cx 

Fi ure 3.7 Example of a Pressure Distribution at Low Speed 

The effect of angle of attack and of control surface deflection on the pressure distribution over 
an airfoil is shown in Figure 3.8. Note the peak pressure near fhe leading edge as a result of a change 
in angle of attack. Also note the peak pressure near the hinge line as a result of a control surface 
deflection. 
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Examples of the Effect of Angle of attack and Control 
Surface Deflection on Airfoil Pressure Distributions 
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By integrating the pressure distributions, c1 and cd can be obtained. The force coefficients 

Cz and c x now follow frum: 
1 

C'l-
Z f (cp,,~, - c )d(") qc Pupp.r C 

0 

1 

cx - X - f (ep'".e, - c )d(Z) 
qc Pupper C-

o 

From these equations it is possible to compute c1 and cd as: 

eX. sina 

Cd = czsina + cxcosu. 

(3.25a) 

(3.25b) 

(3.26a) 

(3.26b) 

The vectorial relationship between c1 and cd on the one hand and c, and Cx on the other hand 

is also illustrated in Figure 3.7. 

Finally, the pitching moment coefficient relative to the leading edge may be computed from: 

(3.27) 

3.5 COMPRESSIBILITY EFFECTS 

Due to the variation of local velocity overthecurved surface of an airfoil, the local Mach number 
of the flow can vary considerably from that of the free stream. By increasing the free stream Mach 
number at a given angle of attack, eventually a free stream Mach number is reached for which sonic 
speed occurs somewhere on the airfoil surface. That free stream Mach number from which this first 
occurs is defined as the critical Mach numher. 

The pressure coefficient at some point on an airfoil, whcre sonic velocity is first reached, is called 
the critical pressure coefficient. In the following an expression will be derived from which the criti
cal pressure coefficient can be determined. 

From the compressible Bernoulli equation (2.36) it follows that: 

Y2 y2 
- ---'" 
2 2 
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= -C~I)g:{loo(pPoo)~1 1}-

= - C~ l)~:{(lS~1 I} -(;:::){(:oor I} (3.28) 

From Eqn (3.23) it follows that: 

- M2 ..L = 1 + cpqoo = 1 + yep 00 

poo poo 2 (3.29) 

Substitution into Eqn (3.28) and rearranging now yields: 

y-l 

+ poo -1 Yc M2)' 
2 

(3.30) 

At the critical Mach number, V - V., the speed of sound. With the help of Eqn (2.31), the 

latter may be expressed as: 

y-l 

V~ = yp = (ypoo)ppoo = V2(...E....)y~1 = V2(1 + YCp~:;.,)-y 
P pro poop a. pro '. (3.31) 

At the critical condition, Eqns (3.30) and (3.31) are equated to each other and solved for the criti
cal pressure coefficient. The result is: 

y 

{
M:;"(Y - 1) + 2}0" _ 1 

Y + 1 
(3.32) 

Eqn (3.32) represents the value of the pressure coefficient, cp , at that point on the airfoil where 

sonic velocity is first reached for a given free stream Mach number, Moo. This expression can also 

be used to determine the critical Mach number of an airfoil at a given angle of attack, a. To do this, 

assume that at M 00 = 0, the most negative pressure coefficient on the airfoil is given by cpo . Ac

cording to GIauert (Ref. 3.1, page 256), the pressure coefficient at the same point and for the same 

a but for another Moo is approximately given by: 

c c - Po 
P - jJ - M:;" 

(3.33) 

where the factor, h - M:;" , is known as the Prandtl-Glauert Transformation Factor. A more ac-
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curate formula was derived by Von Karman and Tsien (Ref.3.1, page 258) as: 

(3.34) 

)1 - M~ 

By plotting Eqn (3.32) and either Eqn (3.33) or (3.34) as a function of Moo the critical Mach 

number is found at the intersection of the curves. Figure 3.9 illustrates this. 
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Because the lift coefficient of an airfoil can be found by integrating c p around the airfoil, it may 

be seen that, from the Prandtl-Glauert formula (Eqn (3.33): 

CJ e - " (3.35) 
J - j I - M7" 

By the same line of reasoning the airfoil lift curve slope, Cj" can be estimated from: 

C 
I,~M-() 

C = r==~~~ or: a -
I" /1 - J..1~ [i - M~ 

(3.3fi) 

The Karma'n-Tsien and Prandtl-Glauert equations are valid only for subsonic flow conditions 

below the critical Mach number, M"il . Because of the increase in lift curve slope, the Iift-versm

angle-of-attack curves of airfoils at different subsonic Ylach numbers are as shown in Figure 3.10. 
The maximum value of the lift coeffiCIent can, at first, either increase or decrease with Mach number. 
However, eventually, the maximum lift coefficient will decrease with increasing Mach number. The 
reason is shock-induced boundary layer separation. 
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Angle of attack, a .. 

Figure 3,10 Compressibility Effect on Airfoil Lift Curve Slope 

With further increase in free stream Mach number beyond the critical value, a supersonic region 
on the upper surface will appear. Eventually, a strong enough shock wave will terminate the super
sonic region and may even separate the boundary layer. This is illustrated in Figure 3.11. Due to 
shockimluced tlow separation, the drag coefficient will increase sharply. Figure 3.12 shows the drag 
rise of an entire airplane due to these phenomena. Observe that the zero-lift drag coefficient rises 
rapidly in the high subsonic Mach number range. This drag rise is referred to as drag divergence. 
Therc are two definitions used to characterize the free stream Mach number whcre the drag rise be
gins: one due to Douglas, the other due to Boeing. 

Chapter 3 65 



Supersonic flow 

Conventional 
airfoil at 
M=O.7 

Airfoil Theory 

... Strong shock wave 

Separated boundary layer 

r ,Jt, r 
--' --------)J, 

Supersonic flow 

Supcrcritical 
airfoil at 
M~0.8 

..-7"">_ 

... Weak shock wave 

Supercritical Flow Phenomena 

Upper Surface 

Lower Surface 

• o r----'-;---7 
'" \ I '+ \, I 

..... / 

Pressure Distributions 

Figure 3.11 Illustration of the Occurrence of Shocks on Airfoils 

In the Douglas definition. the free stream Mach number at which :~ = 0.1 is defined as the 

drag divergence Mach number. Mdd . In the Boeing definition. the free stream Mach number for 

which the drag rise first reaches a value of ~Cd = 0.0020 above the incompressible level, is de

fined as the drag divergence Mach number. Both definitions are also illustrated in Figure 3.12. In 
practice, these definitions produce very similar results. 

Airfoils designed for transonic cruise applications should have as high a drag divergence Mach 
number as possible. Examples of actual dragrise data on some airfoils are shown in Figure 3.13. 
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3.6 REYNOLDS NUMBER EFFECTS 

Due to the large difference in Reynolds number between windtunnel and full scale flight, the 
boundary layer characteristics of the model will not correctly simulate those of the full scale air
plane. This will create some obvious differences in the aerodynamic forces. Whereas the boundary 
layer on a full scale wing is frequently mostly turbulent, extensive regions of laminar flow may exist 
on a windtunnel model, particularly at low model Reynolds numbers. The most noticeable effect 
of Reynolds number is un the drag level and on the maximum lift coefficient. Therefore, it is essen
tial to simulate the full scale fully turbulent condition on the model surface before the model data 
can be extrapolated to full scale flight. The standard practice is to use a so-called trip-strip located 
at 5% to 10% of the chord. Such a trip-strip consists of a narrow band of distributed roughness of 
known grit size. Figure 3.14 illustrates an example trip-strip on a windtunnel model. As a practical 
guide in determining the location and the grit-size of the trip-strip, Reference 3.5 can be used. 

Experiments in subsonic flow indicate that if narrow, sparsely distributed, bands of roughness 
are used, the measured minimum drag is nearly unchanged for any roughness height which is less 
than the boundary layer thickness (Ref. 3.6). This implies that a proper choice of roughness grit can 
provide essentially a zero drag penalty due to roughness itself as long as the transition occurs. For 
the transition to occur, the roughness size should be such that the windtunnel Reynolds number, 
based on the roughness height, is at least 600. 

Oncc the boundary layer characteristics have been correclly simulated, the Reynolds number 
correction for drag can be applied as follows. The minimum profile drag coetlicient can be ex
pressed as: 

Cd. = (S.F.) x 2c f 
mill 

(3.37) 

where: cf is the skin friction coefficient of a flat plate with the same transition location as the airfoil. 

S.P. is the shape factor which represents the thickness and the associated viscosity effects. 

For a fully turbulent boundary layer, cf may be calculated from Schlichting's formula, given 

in Eqn (2.97) as: 

c. = 0.455 (3.38) 
t .2.58 

(loglORN) 

Note that this formula is valid only for low Mach numbers. A formula which applies at all Mach 
numbers is given as Eqn (2.99). 

Several forms oUhe shape faclor are in existence. Hoerner (Ref. 3.6, page 6-0) has shown, from 
a collection of early data, that the shape factor for sections with maximum thickness at 30% chord 
can be represented empirically by: 

(
I' 4 

S.P. = 1 + 2(!) + 60 c) (3.39) 

It therefore follows that the full scale minimum profile drag coefficient can be obtained from: 
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Courtesy: Rinaldo Piaggio 

Figure 3.14 Example of a Wind-tunnel Model with a Trip Strip. 
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(3.40) 

where: 

~Cdmm = 2(S.F.)(ct<model) - ct<full scale») (3.41) 

There still do not exist accurate theoretical methods for correcting the maximum lift coefficient 
from tunnel data to full scale. Jacohs and Sherman have shown some experimental results for the 

Reynolds number effect on elm" for several NACA airfoils (Ref. 3.8) Additional data can be found 

in Ref. 3.9. Most aircraft manufacturers have their own in-house correction procedures forextrapo

laling tunnel c lm" data to full scale. Such procedures are then based upon their experience obtained 

in comparing model and airplane data. 

3.7 DESIGN OF AIRFOILS 

Because lifting surfaces (such as wings, tails, canards and pylons) can be thought of as spanwise 
arrangements of airfoils, the basic characteristics of airfoils have a major effect on the behavior of 
lifting surfaces. It is therefore important to be aware of those airfoil characteristics which have the 
potential of being 'driving' factors in airplane lift, drag, and pitching moment. 

To design an airfoil for any specific requirement involving lift, drag or pitching moment, scveral 
effects of ailfoil geometry on airfoil aerodynamics should be understood. It has been found that the 
most important geometric parameters are: 

1) maximum thickness ratio, (t/c}max 

2) shape of the mean line (also referred to as camber). If the mean line is a straight line, 
the airfoil is said to be symmetrical. 

3) leading edge shape or ~y parameter and leading edge radius (1.e.r.) 

4) trailing edge angle, <PTE 

Figure 3.15 provides a geometric interpretation for these parameters, most of which were also 
defined in Figure 3.1. The reader should consult Ref. 3.1 for a detailed discussion of airfoil parame
ters and airfoil characteristics. Ref. 3.1 also contains a large body of experimental data on a variety 
ofNACA airfoils (N ACA = National Advisory Committee on Aeronautics, predecessor of NASA, 
the National Aeronautics and Space Administration). In addition, this reference contains explana
tions for the numerical deSignations used with all NACA airfoils. Table 3.2 defines the most impor
tant NACA airfoil designations. 

It is noted that the NACA 6-serics airfoils were designed to have mean camber lines which pro
duce a near uniform chordwise loading from the leading edge to a point x/c = a, and a linearly de
creasing load from this point to the trailing edge. Any time this condition is met, the corresponding 
a-value is given after the airfoil designation. 
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Figure 3.15 Definition of Important Airfoil Geometric Parameters 

Examples are: NACA 66(215)-216 with a ~ 0.6 and NACA 65(318)-217 with a ~ 0.5. These 
two examples represent airfoils with thickness distributions obtained by linearly increasing or de
creasing the ordinates of the originally derived distribution. In the last example. the airfoil has a 17% 
thickness ratio. Its ordinates were derived from the airfoil with 18% thickness distribution. The digit 
3 represents in tenths, one half of the extent of the low drag range. When this digit is omitted, it 
implies that the low drag range is less than 0.1. 

Since the late 1950's NASA has engaged in the design of airfoils [or transonic transport and 

fighter applications. These so-called supercritical airfoils have a higher Mdd value than the conven

tional NACA 6--series airfoils as illustrated in Figure 3.13. These supercritical airfoils arc character
ized by very little camber in the forward portion. On the other hand, the rearward portion is severely 
cambered. Figure 3.16 presents an example of a supercritical airfoil. 

During the course of these recent airfoil research activities, new airfoils for lower speed applica
tions have also heen derived. Examples are the low-speed airfoils, such as LS(I)-0417 and 
LS(1 )-0413, the medium speed airfoils, such as MS( I )-0313 and natural laminar flow airfoils, such 
as NLF(l)-416. The LS(l)-0417 airfoil is also known as the GA(W)-I airfoil (W stands for Whit
comb) and the LS(l)-0413 airfoil is also known as the GA(W)-2 airfoil. Figure 3.17 shows a com
parison of older NACA airfoils with the GA(W)-2 airfoil. Figure 3.17 also shows a comparison of 
the camber and thickness distributions for the GA(W)-I airfoil with those for the NACA 653-018 
airfoil. Several key design features of the 17% thick GA(W)-1 airfoil are: 
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4-digit airfoils 

Table 3.2 Examples of NACA Airfoil Designations 

Example: NACA 4412 

4 camber: 0.04c 

4 position of the camber at OAc from the leading edge (L.E.) 

12 maximum thickness: 0.12c 

5-digit airfoils Example: NACA 23015 

2 camber: 0.02e 

the design lift coefficient is 0.15 times the first digit for this series 

30 position of the camber at (0.30/2) ; 0.15c from the leading edge (L.E.) 

15 maximum thickness: 0.15c 

6-series airfoils Example: NACA 653-421 

6 series designation 

5 minimum pressure occurs at O.5c 

3 the drag coefficient is near its minimum value over a range of 
lift coefficients of 0.3 above and below the design lift coefficient 

4 design lift coefficient is 0.4 

21 maximum thickness: 0.21c 

7 -series airfoils Example: NACA 747A315 

7 series designation 

4 favorable pressure gradient on the upper surface from the L.E. 
to O.4c at the design lift coefficient 

7 favorable pressure gradient on the lower surface from the L.E. 
to O.7c at the design lift coefficient 

A a serial letter to distinguish different sections having the same numerical 
designation but different mean line or different thickness distribution 

3 design lift coefficient is 0.3 

15 maximum thickness: O.ISc 
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Source: Reference 3.10 
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a) A large upper surface leading edge radius (0.06c) was used to alleviate the peak 
negative pressure coefficients and therefore delay airfoil stall to a higher angle of attack. 

b) The airfoil was contoured to provide an approximate uniform chordwise load distribution 
near the design lift coefficient of 0.4. 

c) A blunt trailing edge was provided with the upper and lower surface slopes approximately 
equal to moderate the upper surface pressure recovery and thus postpone the stall. 

Test result. in References 3.11 (for GA(W)-I) and 3.4 (for GA(W)-2) show that the section 

maximum lift coefficient, c1 of this type airfoils is about 30% greater than that of a typical older 
m" 

NACA 6-series airfoil. This is achieved with a section lift-to-drag ratio,c/cd at cJ = 0.9 which 

is about 50% greater! Figures 3.1Sa and 3.1Sb show some example data. In Figure 3.1Sb, the su
called NACA standard roughness is a large wrap-around roughness as compared with the narrow 
strip roughness strip now used as the NASA standard. 

In selecting an airfoil for an airplane lifting surface (wing, canard, horizontal or vertical tail) the 
folluwing considerations are important: 

1) Drag (for example, one may wish to obtain the highest possible cruise speed) 

2) Lift-to-drag ratio at values of the lift coefficient which are important to the airplane (for 
example, one may wish to design for a given climb rate with one engine inoperative) 

3) Thickness (for example, one may wish to design the wing for a low structural weight) 

4) Thickness distribution (for example, one may wish to design for a large internal fuel volume) 

5) Stall characteristics (for example, one may wish to design for gentle stall characteristics) 

6) Drag rise behavior (for example, one may wish to design for a high drag divergence Mach 
number. This item is clusely linked to item 1). 

7) Pitching moment characteristics (effect on trim drag) 

It is clear from these seven items that airfoil design and/or airfoil selection will have to be done 
with a number of compromises in mind to achieve an acceptable overall result. Table 3.3 lists a num
ber of practical airfoil applications. 

Part VI of Reference 3.10 may be consulted for rapid, empirical methods to predict section lift, 
drag and pitching moment characteristics from the basic geometric parameters seen in Figure 3.14. 
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Source: Reference 3.10 
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Table 3.3 Examples of Airfoil Applications 

Airplane Type Wing Horiz. Tail Vert. Tail 

Beech Bonanza NACA 23016.5 (mod) NACAOO09 NACAOO09 
at root 
NACA 23012 (mod) 
at tip -30 twist 

Beech Queen Air B80 NACA 23020 (mod) NACA 0009 NACAOO09 
at root 
NACA 23012 (mod) 
at tip -3054' twist 

Beech Skipper NASA GACW)-J NACAOO09 NACAOO09 

Beech Duchess NACA 632A415 (mod) NACA 0009 NACA 0009 
at root 

Cessna 210 Centurion NACA 642A215 NACAOO09 NACAOO09 
at root 
NACA 64,A412 
at tip -20 twist 

Cessna T-37 NACA 2418 at root NACAOOl2 NACAOOl2 
NACA 2412 at tip 

Cessna 337 Skymaster NACA 2412 at root NACAOO09 NACAOO09 
NACA 2409 at tip 
-20 twist 

Cessna 500 Citation NACA 23014 (mod) NACAOO09 NACAOO09 
at root 
NACA 23012 
at tip -30 twist 

Piper PA-23 Aztec USA*35-B (mod) NACAOO09 NACAOO09 
tic = 14% -2.50 twist 

Piper PA-31T NACA 632415 at root NACAOO09 NACAOO09 
Cheyenne NACA 63 A212 

at tip -2.50 twist 

Lockheed 1329-25 NACA 63Al12 at root NACAOO09 NACAOO09 
Jetstar NACA 63A309 at tip 

-20 twist 

LTV A-7 Corsair NACA 65A007 Not available Not available 

Northrop F-SA NACA 65A004.8 (mod) Not available Not available 

Boeing 747 Boeing proprietary Not available Not available 
airfoils. tfc=13.44% inboard 
t/c=7.8% mid-span 
tlc=8% tip 
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3.8 AIRFOIL MAXIMUM LIFT CHARACTERISTICS 

The maximum lift charactcristics of an airfoil as well as the associated stall behavior are of great 
importance to airplane performance. 

Whenever the airflow around an airfoil separates, stall is said to have slarted. From a c1 - a 

viewpoint there are two types of stall: gradual and abrupt. Figure 3.19 shows examples of each type. 

Source: Reference 3.10 

z .. 

/. , , I 
NACA DOfZ 

~ 

~ I z 
NACAZ",z.f. II - st .. -S.,JIIJO· 

• I 

I. 

R" • 'to t JO· ii l:, z 

r I 

'" 

-u 

• tf 
V • 'I 

Ei 

, 1I 
/ I 

f 
J I 

• rI ! If I 
.~ ., o • '10 -• o " ... 

-.OEG. ~. DIG. 

Figure 3.19 Example of Gradual and Abrupt Airfoil Stalls 

The first type of stall is charactenzed by a gradual stall followed by a shallow drop-off of the 
scction lift coefficient. This type of stall frequently occurs on airfoils with moderate or thick sec
tions. 

The second type of stall is characterized by an abrupt drop-off of the section lift coefficient. 
It is often associated with thin airfoil sections. 

The main airfoil design features which affecl section stall and therefore the maximum lift coeffi
cient arc: 

a) thickness ratio 
c) camber 

b) leading edge radius 
d) location of maximum thickness 

These four factors are discussed in Sub-section 3.8.1. 
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3.8.1 GEOMETRIC FACTORS AFFECTING AIRFOIL MAXIMUM LIFT 
AT LOW SPEEDS 

3.8.1.1 Thickness Ratio 

Figure 3.20 shows how airfoil c i is affected by airfoil thickness ratio, tic. It is shown in Sub-=, 
sub-section 3X 1.2, that for a given thickness ratio, c i depends strongly on the leading edge ra-

m" 

dius and on the leading edge shape. Figure 3.20 also shows that the modern LS series of airfoils have 

considerably higher values of c l=, than conventional NACA airfoils. For the NACA airfoils, a 

thickness ratio of around 13% will generally produce the highest possible section lift coefficient. 

Par the LS series of airfoils the highest vale of c i occurs at a thicknc" ratio of about 15%. 
m~ 

Data apply a Reynolds Number range of 3.5x106 6x106 
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Figure 3.20 Trends of Maximum Lift Coefficient Values of NACA and NASA 

3.8.1.2 Leading Edge Radius and Leading Edge Shape 

The effect of leading edge radius and leading edge shape is more or less reflected in a geometric 

parameter, called: Zt ' where Z5 is the local thickness of the airfoil at 5% chord and t is the 

maximum thickness of the airfoil. Figure 3.21 shows the etfect of Zt5 on section Clm" for NACA 

symmetrical airfoils of different thickness ratios. A large value of Zt5 indicates a large leading edge 

radius. It is seentha! large leading edge radii are beneficial in producing large values of c lm" at low 

speeds. 
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Figure 3,21 Variation of Maximum Lift Coefficient with Geometry of NACA 
Symmetrical Airfoils at a Reynolds Number of 6xl06 

3.8.1.3 Camber and Location of Maximum Thickness 

Experimental data show that the maximum lift coefficient of a cambered section depends not 
only on the amount of camber and camber line shape, but also on the thickness and nose radius of 
the section on which it is used. 

In general, the addition of camber is always beneficial to c[ and the benefit grows with in-
Inax 

creasing camber. The incrernentto maximum lift due to camber is least for sections with relatively 
Zs 

large leading edge radii (i.e. the benefit of camber grows with reduction of the parameterT ; and 

camber is more effective on thin sections than on thick sections. 

In addition, a forward position of maximum camber produces higher values of c[ . For exam-
In IX 

pIe, the NACA 23012 airfoil (with 2% maximum camber at 0.15 chord) has a c[ of l.79 as 
Ill'" 

compared with 1.67 for NACA 4412 (with 4% camber at 004 chord but thc same thickness distribu
tion) at a Reynolds number of 9x 1 06. 
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3.11.2 EFFECT OF REYNOLDS NUMBER ON MAXIMUM LIFT 

For airfoils of moderate thickness ratio, there is a significant increase in clm" with increasing 

Reynolds Number as shown in Figure 3.18a. On the other hand, the effect of Reynolds number for 
thin airfoils is relatively insignificant. In general, these Reynolds number effects are less for cam
bered than for symmetrical sections. At low Reynolds Number, the effect of camber is more signifi
cant. The opposite is tnre for Reynolds numbers greater than 6xlOG., where camber loses some of 
its effect. 

3.8.3 EFFECT OF HIGH LIFT DEVICES ON AIRFOIL MAXIMUM LIFT 

The airfoil maximum lift coefficient can be significantly increased by using high lift devices. 
In the following, effects of trailing edge flaps, leading edge devices and boundary layer control 

(BLC) on cl
m

" will be discussed. 

3.8.3.1 Trailing Edge Flaps 

The following five types of trailing edge flaps will be discussed: 

a) Plain flaps 
d) Fowler flaps 

a) Plain flaps 

b) Split flaps c) Slotted Flaps 
e) Double slotted flaps 

Plain trailing edge flaps are formed by hinging the rear-most part of a wing section about a point 
within the contour, as shown in Figure 3.22a. By definition, a downward deflection is positive, an 
upward deflection is negative. The main effect of flap deflection is an increase in the effective cam
ber of the airfoil. The resulting change in lift curve is illustrated in Figure 3.23. It should be noted 
that the data in Figure 3.23 are based on the flaps-up airfoil chord. It is seen that the flap makes the 
angle of attack for zero lift much more negative without significantly affecting the lift-curve-slope. 
However, note that the stall angle of attack is reduced. Although not shown, the drag coefficient 
is increased and the lift-to-drag ratio is reduced. The pitching moment of the section becomes more 
negative with the flap down. 

For most commonly used wing sections, the flap deflection angle can be increa,ed 10 about 15 

degrees without flow separation. As a general rule, the cl
m
.. of the section will increase up to deflec

tions of 60 to 70 degrees for f1ap-to-chord ratios of up to 0.3. At those high flap deflections, the 
drag will be very much larger. For example data on airfoils with plain flaps, the reader should consult 
Refs 3.1,3.8 and 3.9. If there is a gap between the leading edge of the nap and the cove in which 
the flap rotates, significant loss of lift can occur. This is because the high pressure air from the lower 
snrfaces win "leak" through this gap toward the negative pressure region on the upper surface. It 

has been observed that a gap of 1/300th of the chord results in a loss of 0.35 inclm" (Ref. 3.12). 

Many single engine, light airplanes use plain flaps. 
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b) Split naps 

The usual split flap is formed by deflecting the aft portion of the lower surface about a hinge point 
on the surface at the forward edge of the deflected portion. Figure 3.22b shows a typical split flap. 
Split flaps derive their effectiveness from the large increase in camber produced. Because the upper 
surface is less cambered than the lower surface with the flap deflected, the separation effects on the 
upper surface will be less marked than those associated with a plain flap. Therefore, the flap perfor
mance at high angle of attack is improved. The lift-curve slope with split flaps is higher and the 
stall angle of attack is somewhat lower than that for the flaps-up airfoil, but higher than that fur the 
plain flap. The angle of attack for zero lift is reduced, but not by quite so much as is the case with 

a plain flap. The increment in cl= is larger than with a plain flap. However the drag associated 

with a split flap is very much higher than that associated with a plain flap because of the large wake. 

For airfoils with normal thickness ratios, high henefits in clm" can be obtained by using 20% 

to 25% chord split flaps with deflection angles of 60 to 70 degrees. Figure 3.24 provides some data 
based on Reference 3.1. The Douglas DC-3 used split flaps. 
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c) Slotted flaps 

Slotted flaps provide one or more slots between the main portion of the wing section and thc 
deflected flap. Figure 3.22c provides an example of a single slotted flap. The slotCs) duct high ener
gy air from the lower surface to the upper surface and direct this air in such a manner as to delay 
flow separation over the flap by providing boundary layer control. The high lift is again derived 
from the increase in camber which is characteristic for a slotted flap arrangement. The increment 

in c lm.., is much higher than that associated with either a split or a plain flap while the drag is much 

lower, due to the boundary layer control effect. However, the pitching moment associated with 
slotted flaps tends to be high and negative. This does have a slight depressing effect on the trimmed 
maximum lift coefficient of an airplane. 

Common flap--chord ratios used with slotted flaps range from 0.25 to 0.30. The aerodynamic 
characteristics of slotted flaps are very sensitive to the details of the slot entry and lip design. Typical 
incremental values for section maximum lift coefficients which can be attained with slotted flaps 
are shown in Figure 3.25 in comparison with those attained by split flaps. 
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d) Fowler flaps 

The Fowler flap (see Figure 3.22d) employs the same principle as the slotted flap, but it also 
moves backward while deflecting downward. The backward motion increases the effective wing 
area. Fowler naps were already used by Lockheed on the piston powered Electra airliners before 
WWTI. 

The relative effectiveness of the flap types a) through d) in Figure 4.22 is given in Figure 3.26. 

An important experimental result is that the incremental value of c i ' called '\"c i is essentially 
rna" mw< 

independent of Reynolds number. Also, !laps have been found to have a rather insignificant effect 

on the derivative dcm/dc l before stall and therefore on the location of the aerodynamic center. Table 

3.4 lists typical applications for various types of !laps. 

Section lift 
coefficient, 
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Section lift 
coefficient, 

ci 

Incremental 
Section lift 
coefficient, 

'\"ci 

84 

Fowler flap 

Slotted flap 

~""i'ifla;;'in~fl~a~p~ Split flap 

Plain airfoil 

.. Angle of allack, a 

Fowler flap 
Slotted flap 

Split flap 

Plain flap 

Plain airfoil 

.. Section drag coefficient, Cd 

Fowler flap 

Slotted flap 

Split !lap 

Plain !lap 

.. Flap angle, 0flap 

Figure 3.26 Comparisou of Effectiveness of Various Flaps 
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Table 3.4 Examples of Use of Leading and Trailing Edge Devices 

Airplane Type 

Cessna 414A (Chancellor) 
Cessna 208 Caravan 
Cessna 550 Citation II 

Boeing 707 
Boeing 737 
Boeing 747 

Boeing 767 

Raytheon-Beech 19000 
Raytheon-Beech Starship 
Raytheon-Beech 400A 

Bombardicr-Lcarjct 35/36 

Lockheed-Martin C-130 
Lockheed-Martin F-16 

Trailing Edge Device Type 

Split flap 
Single slotted flaps 
Single slotted flaps 

Fowler flaps 
Triple slotted Fowler flaps 
Tnple slotted Fowler flaps 

Single and double slottcd flaps 

Single slotted flaps 
Single slotted Fowler flaps 
Single and double slotted Fowler flaps 

Single slotted flaps 

Fowler flaps 
Plain flaperon 

McDonnell-Douglas C-17 Double slotted flaps 
McDonnell-Douglas MD-87 Double slotled flaps 
McDonnell-Douglas MD-ll Double slotted flaps 

Mooney Ovation 

Northrop-Grumman E-2C 

Fokker F-50 
Fokker F-IOO 

Pilatus PC-7 
Pilatus PC-12 

AVRORJlOO 

e) Double slotted flaps 

Single slotted flaps 

Fowler flaps and drooped ailerons 

Single slotted flaps 
Double slotted Fowler flaps 

Split flaps 
Fowlcr flaps 

Fowler flaps 

Leading Edge Device 

None 
Nonc 
None 

Krueger flaps 
Krueger flaps and slats 
Krueger flaps and 
variable camber slats 
Slats 

None 
None 
None 

None 

None 
Leading edge flap 

Slats 
Slats 
Slats 

None 

None 

None 
None 

None 
None 

None 

Figurc 3.22e shows an example of a double slotted flap. It is basically an enhancement of the 
single slotted flaps. Combinations of Fowler flaps and slotted flaps (called double and triple slotted 
Fowler flaps) have been used on several modern jet transports. Thc Boeing 727, 737 and 747 are 
examples. 
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3.8.3.2 Leading Edge Devices 

There are three main types of leading edge devices: 

a) and b) Slats c) Slots d) thronsh g) Leading edge flaps 

Sketches of these leading edge devices are shown in Figure 3.27. 

~c ~ a) Fixed auxiliary wing sectiun 

~-., /// 
~ \(, 

hl Handlev-Page slat (retractable slat) 

c) Slot CL ~ 
~J ~ 

d) Drouped leading edge 

~- ~ 
e) Upper surface leading edge flap 

t) Lower surface __ -en ~ leading edge flap 
(Krueger) r<. /It ,,) '- leading edge deflection angle 

t) Lower surface 
leading edge flap, 

~-C) ~ hinged about the 
leading edge radius 
(Krueger) 

() 

Figure 3.27 Seven Configurations for Leading Edge Devices 
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a) and b) Slats 

Leading edge slats (see Figures 3.27 a and b) consist of airloils mounted ahead of the leading edge 
of the wing such as to assist in turning the air around the leading edge at high angles of attack and 
therefore delay leading edge stalling. These slats may either be fixed or retractable. The use of slats 

may increase the maximum lift coefficient, c1 ' by as much as 0.50. The effect of slats was shown 
mn 

in Figure 3.25. The Handley-Page slat has been used on airplanes since WWI. Modern applications 
include the North American F-86 and Sabreliner. 

c) Slots 

When the slot (see Figure 3.27c) is located ncar the leading edge, this leading edge device differs 
only in detail from the leading edge slat. Additional slots may be introduced at various chordwise 
stations. The effectiveness of the slot derives from its boundary layer control (BLC) effect. At low 
angle of attack, the minimum section profile drag may be greatly increased by the presence of such 
slots. Early applications include the Globe Swift (outboard wing) and the horizontal tail of the 
Cessna Cardinal. 

d) through g) Leading Edge Flaps 

A leading edge flap may be formed by bending down the forward portion of the wing section, 
to form a droop: see Figure 3.27d. Other types of leading edge flaps are formed by extending a 
surlace downward and forward from the vicinity of the leading edge (Krueger flap): see Figures 
3.27e through g. Although these ±laps are not as powerful as trailing edge flaps, they tend to be me
chanically simpler. They can also be very effective when combined with the use of trailing edge 
flaps. Leading edge flaps reduce thc severity of the pressure peak ordinarily associated with high 
angles of attack and thereby help in delaying separation. 

Some test results on a NACA 641-012 airfoil with leading edge flaps and trailing edge split flaps 
are presented in Figure 3.28. The flap angle, indicated in the figure, is measured clockwise from 
the airloillower surface as shown in Figure 3.27. It is seen that the upper surface leading edge flaps 

appear to be more effective in increasing section c1=< 

3.8.3.3 Boundary Layer Control 

Higher maximum lift coefficients can also be achieved by boundary layer control (BLC). BLC 
may involve injecting high speed air (or gas) parallel to the wall (called "blowing'). or removing 
the low energy boundary layer by "suction", or both. Blowing is done to re-energize the boundary 
flow to delay separation, while suction is cquivalent to eliminating the low-energy shear layer. It 
is shown in Figure 3.29. that with the slot internal pressure 12 times higher than the free stream dy-

namic pressurc and a slot width of 0.667% of the chord, the value of c1 can be enhanced from 
mo> 

1.5 without blowing to 2.9 with blowing. 

Suction effect can be provided by using a suitable suction pump to suck the shear layer through 
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t::. Upper surface leading edge flap with trailing edge flap of Fig. 3.27e 

Figure 3.28 Variation of Incremental Maximum Lift Coefficient with Incremental 
Section Angle of Attaek for Maximum Lift for a NACA 641--{l12 
Airfoil with Leading Edge Flap Deflection. 

a porous airfoil 'kin. This was successfully applied to a F-86F airplane in 1953. This type of bound
ary layer control can not only increase the lift, but also delay transition to reduce the skin friction 
drag. This is merely one of many possible concepts in so-called boundary layer control. Olhercon
eepts use suction achieved by ejector blowing, as shown in Figure 3.30. This principle has been used 
in the design of a NASA Augmentor Wing STOL airplane. 

It should be noted that, when the blowing slot is at the flap hinge and the blowing air momentum 
is high, the device is frequently referred to as a "blown flap". In this case, not unly can the flow 
separation over the flap surface be delayed, but alsu the circulatiun, and hence the lift, can be in
creased. For more detail on the effect of blowing, References 3.13 - 3.15 may be consulted. 

3.9 SUMMARY FOR CHAPTER 3 

In this chapter several important airfuil characteristics were described and corresponding exper
imental evidence was shuwn. 

88 Chapter 3 



Airfoil Theory 

0 Plain section 
c 1 { 0 Slotted section with blowing c 

• Plain section 
Slot width = 0.667%c 
Slot at 53.9%c cd { • Slotted ~ection with blowing Internal pressure l2q higher than 

3.0 

Section Lift 
and drag 
coefficients, 

c1 and Cd 

• 2.0 

1.0 

o 

/ 
/ 

~ 
/ /' 

/ j 
/ / 

Ei V 

-8 o 
Source: NACA Th 323 

f tr t f ree s earn s a Ie pressure 

I/.Q. 

)<' \ 
~ \ 

/ \ 
/ \ 

/ \ 
)'-' >. 

L 
V'<' 

./ IT \ n 

~ ~ 

v~CT 
~ ~ 

.-
8 16 24 32 

Angle of attack, a, deg .. 

Fi 'ure 3.29 Effect of Blowln on Lift and Dra of a NACA 84-M Airfoil 

Based On the computational state-of-the-art of airfoil design which already existed in the 1970's 
(See Refs 3.16 - 3.19), it is recommended that for most new airplane designs, airfoils be specifically 
tailored to the mission requirements of that airplane. The tailoring procedure should balance the 
requirements for good performance (i.e. low drag) with requirements for good stability and control 
(i.e. benign stall, low negative pitching moments and low sensitivity to rain and ice conditions). 

An indication of the excellent agreement between experimental and theoretical determination 
of the aerodynamic characteristics of airfo ils is shown in Figure 3.3 I . 

The reader may well ask the following question . Is it possible to control the camber of a wing 
in a continuous manner? This is in fact what birds do. It is this thought which was behind the so
called NASA mission adaptive wing which was flight tested on a F- Il I fighter. See Ref. 3.20. 

Chapter 3 89 



A..irfoil Theory 

Two-dimensional test data based on Reference 3.13 

Reynolds number = 2.5xl06 &l~ Suction 
~ .... 

mOWlD£ 

4.0 ~ l-Ii, = 2SU" F-. 
c, Qr 

,....-'<:7" Ejector Ii, - 45° 

• 0' 
~ 

1,..---....1 
/ A 

A 

" 3.0 

r---/ V Airfoil with slotted flap 

6, = 25° A/' deflected 30 degrees 

00 = 30° / 
v 

~ u 
~ ...B"" &l 2.0 7 ~ 

0, = 15° ~ 30° r-- -v "'""'-03 = 

02 = 30° 
[...-Id" V Airfoil with slotted flap -

~ V deflected 20 degrees 

1.0 ../ 

V / Basi airfoi 

/ 03 = 20° ..,/' 
I--

~o V V 0 
-10 -5 0 5 10 15 

Angle of attack, a, deg ... 
Figure 3.30 Comparison of Lift Curves for a Double Flap with Suction and Blowing 

3 n it 9 LI!l!.Il. 

90 

Courtesy: Embraer, 
Embraer 145 

Chapter 3 



Airfoil Theory 
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3.10 PROBLEMS FOR CHAPTER 3 

3.1 An airfoil with thickness ratio of 17% has the following geometrical and aerodynamic 
characteristics: 

x/c (z/c) upper (zlc) lower cp upper 

at Moo -

0.0 0.0 0.0 0.0 
0.005 0.02035 - 0.01444 - 0.35 
0.0125 0.03069 - 0.02052 - 0.43 
0.D25 0.04165 - 0.02691 - 0.48 
0.05 0.05600 - 0.03569 - 0.70 
0.075 0.06561 - 0.04209 - 0.76 
0.100 0.07309 - 0.04700 -0.77 
0.150 0.08413 - 0.05426 - 0.75 
0.20 0.09209 - 0.05926 - 0.75 
0.25 0.09778 - 0.06265 - 0.73 
0.30 0.10169 - 0.06448 - 0.73 
0.35 0.10409 - 0.06517 - 0.73 
0.40 0.10500 - 0.06483 - 0.725 
0.45 0.10456 - 0.06344 - 0.723 
0.50 0.10269 - 0.06091 -0.72 
0.55 0.09917 - 0.05683 - 0.71 
0.60 0.09374 - 0.05061 - 0.66 
0.65 0.08604 - 0.04265 - 0.588 
0.70 0.07639 - 0.03383 - 0.50 
0.75 0.06517 - 0.02461 - 0.35 
0.80 0.05291 - 0.01587 - 0.26 
0.85 0.03983 - 0.00852 - 0.16 
0.90 0.02639 - 0.00352 - 0.05 
0.95 0.01287 - 0.00257 - 0.05 
1.00 - 0.00074 - 0.00783 + 0.10 

Derive an airfoil with a thickness ratio of 13% with the same camber. 

3.2 For the airfoil of Problem 3.1, calculate and plot the pressure distribution at 

Moo = 0.0 and at Moo = 0.6 by using the Prandtl-Glauert transformation. 

3.3 For the airfoil of Problem 3.1, find the critical Mach number. 

0.0 

3.4 An airfoil has a lift curve slope of 6.3 per radian and an angle of attack for zero lift of - 2 
degrees. At what angle of attack will the airfoil develop a lift of 140 lbslft at 100 mph under 
standard sea-level conditions? Assume that c = 8 ft. 
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3.5 The test results of a NACA 23012 airfoil model at RN - 3x106 show the following: 

a in degrees 

o 
9 

0.15 

1.20 

Determine the lift curve slope per degree and per radian. 

3.6 For the data of Problem 3.5 determine cd . ifRN = 20xl06 
moo 

Cd,., - 0.0065 

3.7 For the airfoil of Problem 3.1, determine the pressure coefficient at xlc = 0.10 when the 
airspeed is 450 mph under standard sea-level conditions. Hint: use the Prandtl-Glauert and 
Kanllan~ Tsien fOfIIlulas. 

3.R The pressure at a point on an airplane flying at 250 mph at sea-level is 8 psi absolute. Find 
the pressure coefficient at this point. 

3.9 Prove that Eqn (3.9) is correct. 

3.10 Use Jane's All The World's Aircraft (Ref. 3.21) to identify 10 airplanes for each of the six 
type of trailing edge flaps discussed in Chapter 3. 
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CHAPTER 4: WING THEORY 

The purpose of this chapter is to familiarize the rcader with several key aspects of wing (or plan
form) theory and applications. 

After a discussion of basic planform geometric parameters in Section 4.1, a discussion of circula
tion, downwash, lift and induced drag is given in Section 4.2. 

From an airplanc design viewpoint, span efficiency, aerodynamic center location, stall behavior, 
high speed characteristics and flaps arc of prime importance. Sections 4.3 through 4.7 provide 
introductions to these subjects. 

The material presented in this chapter is aimed at wings (or planforms). The reader will recog
nize that tail surfaces, canard surfaces as well as many other types of surfaces found in airplancs arc 
also planforms. Therefore, the material in lhis chapter can be applied directly to such other surfaces. 

4.1 DEFINITION OF WING PROPERTIES 

Figure 4.1 shows a typical straight, tapered wing planform. The reader is encouraged to memo
rize the geometric properties shown in this figure. 

Leading edge sweep 
angle, ALE 

Quarterchnr"d~s~w:e~e~p~~ __ -:~~ 
angle, A c/ 4 -

Quarter chord line 

Tip 
chord, c, 

Trailing edge I 
~1~~.-_______ sp~a_n~,b ______ I~ _____ se_~_'_s_pan __ ,_b/_2 __ ~:I 

t"igure 4.1 Example of a Straight, Tapered Wing Planform 

Root 
chord, Cr 

Leading edge 

The wing area, S is defined as the shaded area in Figure 4.1. In general, S is defined as the area 
of the wing plan form, projected onto a plane of reference which is usually the wing root chord plane. 
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It is seen from Figure 4.1 that S may be determined from: 

_ h 
S - 2:(c r + c,) (4.1) 

In addition to wing area, other important parameters are the so-called wing aspect ratio, A and 
the taper ratio, Ie, which are defined as: 

and 

A b 2 
-S 

Ie -
c, 
C r 

(4.2) 

(4.3) 

The wing sweep angle, A, is also of major importance. The sweep angle is normally measured 

either relative to the leading edge (ALE) or relative to the quarter chord line (A
C
(4 ). 

To define lift and drag coefficients, the wing area, S, is required. To define a pitching moment 
coefficient it is necessary to use S in combination with a characteristic length. :\formally, the so
called mean geometric chord (m.g.c.) of the wing is llsed for this charactcristic length. The mean 
geometric chord of a wing is defined as: 

h(2 

m.g.c. ~ C ~ ~ J c2dy (4.4) 

o 
The reader is asked to show, that for straight tapered wings the m.g.c. becomes: 

(4.5) 

The simple geometric construction shown in Figure 4.2 can he used to qUickly locate the m.g.c. 
for a straight, tapered wing. 

I~ cr 

I 
I 

I 

/ 
I 

I 

I 
I 

I 

/ C 

c,/2 

mean geometric chord (m.g.c.) 

II .................... _ 
__ _ __ c'~-------'--------J.----~~ _____ W_i_n~ _ce_n_te.:~ne 

I: cr/2-1 I J 
C r ~ C, 

Figure 4.2 Example of a Geometric Construction of the Mean Geometric Chord (m.g_c_) 
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In Chapter 3 the equations for airfoil lift, drag and pitching moment coefficients were given as 
Egns (3,15) through (317). By analogy the eyuations for wing (planform) lift, drag and pitching 
moment coefficients are as follows: 

L (4,6) 

(4.7) 

(4.8) 

4.2 CIRCULATION, DOWNWASH, LIFT AND INDUCED DRAG 

The circulation about a wing is produced by the difference in pressure between the upper and 
the lower surfaces of a wing, This pressure difference induces a flow from the lower surface toward 
the upper surface around [he leading edge and around the tips. The strength of this !low is measured 
in terms of circulation. The circulation can be represented by means of a bound vortex distribution 
on the wing and its associated trailing vortices. Figure 4.3 illustrates these ideas, 

BOllnd Vortex 

Single Vortex Filament 
(for uniform circulation) 

Bound Vortex 
-------, 

Combination of Filaments 
(for non-uniform circulation) 

Figure 4,3 Geometry of Circulation and Vortices 

The net effect of the trailing vortices is to produce a down wash velocity distribution, w, on the 
wing. This downwash is shown in Figure 4.4. From Figure 4.4 it may be seen that: 

[an a· = a = w , , V 

In accordance with Egn (2.78), the total loree on the wing is given by: 
11/2 

F = f [l V r dy 

-b/2 
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Downwash. 
w ~eSUltallt 

velocity 

Free stream velocity, V 

( 

Figure 4.4 Relatiou Between Downwash, Lift and Induced Drag 

Since u; is small, F = L and therefore: 

D j = L tan a; = L Z; = L a; (4.11) 

Let w I be the downwash far behind the wing. Next, consider a stream tube of cross sectional 
, 

area, S behind the wing. Figure 4.5 shows the wing with the stream tuhe. 

...---",-----

V 

....... ~-----

---------~-.... '7'''1'':::;: 

s' 
"'-~-------------

V 

gV(S'V) -----::::=, L 

+ 
gV(S'V) 

WI 

Figure 4.5 Relationship Between a Wing and its Stream Thbe 

Two methods [or calculating lift will now be considered: 

• the momentum method 

• the energy method 

• The Momentum Method 

According to the linear momentum principle, assuming uniform downwash over S' : 

w 
L = gV(S'V)-,j = gW1(S'Vj (4.12) 
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• The Energy Method 

The work done on the air rna" per unit time equals the kinetic energy increase per unit time. 
Therefore: 

D·Y = , 

Dividmg by V yields: 

2 
,WI 

D = uS-, , 2 

Recalling Egn (4.11): 

S ,w~ D· Q.2' 
L = -' = 

u, w/Y 

From this it follows that: 

From this, it is naw seen that: 

2w - w - I 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

This result means that the induced downwash far behind the wing is twice that of the downwash 

on the wing itself. The area, S' may be written as: S' = Jtt . Thus. it is seen that Eqn (4.15) 

may be written as: 

L = Q(2w) Jlb
2 

Y 
4 

This is just another way of writing Eqn (4.12). Now solving far the dawnwash, w: 

The angle, (Ii may now be written as: 

(I. = w = CL 
, Y JtA 

Also. from Eqn (4.11) it follows that: 
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The induced drag coefficient can therefore be written as: 

D· 
Cn =-' ; qS 

C2 
-----'"nA 

(4.21) 

(4.22) 

These equations are only valid for wings with uniform down wash distribution. The latter can 
be achieved on Iy if the span loading of the wing is elliptical. It has been shown lhal in such a case 
the induced drag coefficient is a minimum. It is shown in Ref. 4.1, page 142, that this condition can 
he achieved by using an elliptical planform. When, as is normally the case, the downwash distribu
tion is not uniform, a correction factor "e" is introduced to yield: 

(4.23) 

Therefore, the induced angle, aj can be rewritten as: 

C 
a· = -'-" , nAe (4.24) 

where: e is the span efficiency factor, also known as Oswald's efficiency factor. Experimentally it 
has been found lhat e ranges from 0.85 to 0.95 for a wing hy itself. A discussion on how to evaluate 
"e" from tunnel data is given in Section 4.3. 

The factor Ae is frequently referred to as the effective aspect ratio: Aerr . The total drag coeffi

cient for a wing can therefore be written as: 

(4.25) 

where: CD is the lift independent sum of skin friction and pressure drag. 
" 

The factor Ae can be used to determine the lift curve slope of one wing from knowledge of the 
lift curve slope of another wing. To show this, assume that two wings have high but different aspect 
ratios. Also assume that both wings use the same airfoil. According to Prandtl's Lifting Line Theory 

(Ref. 4.1 page 137) if these wings are placed at the same effective angle of attack, au - a j • their 

lift coefficient, CL will be the same. The angle, aa = a - ao is called the absolute angle of at

tack and ao is the angle of attack for zero lift. Therefore: 

(4.26) 
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or: 

(4.27) 

Because the lift curve slope, a, is related to the lift coefficient by: 

CL = aUa (with U in radians) (4.28) 

it follows that: 

(4.29) 

From the latter the lift curve slope of one wing follows from that for the other wing from: 

Note well: a2 is measured in l/rad (4.30) 

Again, this equation allows an estimate of the lift curve slope, a l of one wing with effective 

aspect ratio, (Ae) I if the corresponding, but different, properties of the other wing arc known. This 

result should be used only for high aspect ratio wings. Generally for A>5 the relation works well. 
Figure 4.6 shows the effect of aspect ratio of wings with the same angle of attack for zero lift. Note 
that wings of varying aspect ratio tend to have approximately the same angle of attack for zero lift. 
The lift curve slope is seen to decrease significantly with increasing aspect ratio. That effect agrees 
with Eqn (4.30). 

For the same wing area and for the same airfoils, the wing zero lift drag is also essentially inde
pendent of aspect ratio. Eqn (4.25) also suggests this. Application ofEqn (4.23) to two wings which 
differ only in aspect ratio yields: 

C -c + L 1 _ 1 C2 { } 
D, - D, 1t (Ae)1 (Ae)2 (431) 

The drag polars in Figure 4.6 show that, although the drag coefficients at zero lift are essentially 

independent of aspect ratio, marked reductions in the drag coefficient, CD ' occur as the aspect ratio 

is increased. This is particularly true at high values of lift coefficient, CL . 

Equations 4.27 and 4.31 were used to reduce the data of Figure 4.6 to a wing with a common 
aspect ratio of 5. The data then take the form shown in Pigure 4.7. Observe that, for all practical 
purposes, the data have collapsed onto one curve. It can therefore be concluded, that the characteris
tics of a wing of one aspect ratio may be predicted with considerahle accuracy from similar data on 
a wing of different aspect ratio. 
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Eqn (4.30) can be used to determine the lift curve slope of a wing 1 when the characteristics of 
a wing 2 with the same airfoil section are known. If wing 2 has an infinite aspect ratio (i.e. is the 
equivalent of a two-dimensional airfoil section), Eqn (4.30) can be reduced to: 

at = 
1 + ~ 

nAe 

(4.32) 

The reader should be careful in using Eqn (4.32). It has been found to produce good results only 
for wings with aspect ratios larger than about 5 and with sweep angles below about 15 degrees. An 
improved version of Eqn(4.32) has been developed by Lowry and Polhamus (See Reference 4.3) 
for arbitrary aspect ratios and sweep angles in subsonic flow: 

2:nA 
a = 

{2 + A'~' ( tan' '\,12) } - 1 + W + 4 ,,2 

(4.33) 

where: ~2 = 1 - M~ (4.33a) 

and: K = a~ 

2n/~ 

The wing lift curve slope, a, is also given the symbol:CL 
IT 

In Eqn (4.33), the term 2n/~ is the theoretical, sectional lift curve slope obtained by the Prandtl

Glauert transformation of Eqn (3.34). It follows that x is the ratio of experimental airfoil lift eurve 
slope at a subsonic Mach number to its theoretical value. It can be shown that if A is large and is 

taken as the effective aspect ratio, Aeff , while 1\/2 is small, and a 00 = 2n, Egn (4.32) can be re-

duced to Eqn (4.31) for Moo = O. 

More accurate results can be obtained through the so-called lifting surface theories (see, for ex
ample, Refs 4.4 through 4.6). Lifting surface theories can calculate not only the lift curve slope of 
any arbitrary wing, but also the induced drag, pitching moment and load distribution. 

4.3 EVALUATION OF THE SPAN EFFlCIENCY FACTOR e 

To expedite performance calculations and to simplify reduction of flight test data, it is conve
nient to represent the lift-drag coefficient curve by the following equation: 

(4.34) 

For wings with A > 3 and A < 30 deg and not incorporating airfoils with wide, low drag buckets, 
the following parabolic drag polar equation provides a reasonable curve fit for lift coefficient values 
ranging from 0 to 1: 

(4.35) 
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The fa~tor e in Eqn (4.35) is called the Oswald efficiency factor. This factor can be enhanced 
by features such as tip-tanks, winglets and proper wing-fuselage blending (i.e. fairing). The hasic 
form of Eqn (4.35) has been shown to be applicable at subsonic and supersonic Mach numbers. 
However, at high Mach numbers, e has been shown to be dependent on Mach number. This fact is 
illustrated in Figures 4.8 and 4.9 for wing-body combinations and for a supersonic fighter. The ver
tical axis is the derivative of the drag coefficient with respect to the square of the lift coefficient: 

C 

dCD _1_ 
dC2 - nAe 

L 

_____ A=2 

- - - - - - 2 A= .2 

I Data from Ref. 4.7 

0.4 

0.2 

o 
o 

A=2 

- -
----

(4.36) 

____ A=3 
_____ A=4 

tic = 0.03 

A=2 
./ ~ 

,..-~ ",A=3 

~ A=2.2 /~ ~~J. 
_ A=3 ,,;;. 1-/ - • 

--A=4 

dCFldC~ I avera ed up T C L T 0.3 

1.0 .. Mach Number 2.0 

Figure 4,8 Variation of the Drag due to Lift Factor, dCn/dC~ with Mach Number 
for Delta Wing Plus Body Combinations 
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Figure 4.9 Variation of the Drag Coefficient,Cn and e - -Lwith Mach Number 
for a Supersonic Fighter Configuration nAe 
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At supersonic speeds, CD will increase with Mach Number because of the addition of wave 
" drag. This sharp drag rise is also shown in Figure 4.9. 

Ideally, ire!) ofEgn (4.35) is plotted versus Ct. ,a straight line should be obtained, with a slope 

of l/nAe . This has been shown to be the case only for Reynolds numbers higher than about 5xl06. 

Figure 4.10 backs this up with some test data. 
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Figure 4.10 Example of the dependence of dCD/dC~ on Reynulds Number 

Table 4.1 lists typical in flight Reynolds numbers associated with the wing, horizontal tail, verti
cal tail and fuselages of a number of airplanes. 
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Table 4.1 Example of Typical Flight Reynolds Numbers of Airplanes 

Reynolds Number 

All Dimensions in Feet 

Airplane 
Flight Condition Wing Hor. Tail Vert. Tail Fuselage Tvpe 

Cessna Cw = 5.2 ch = 3.7 cy = 3.3 ]fus = 28.3 
Stationair 7 Max. Cruise Speed 

at ]0,000 ft: 

VCR - 170 mph 6.4 x 106 4.6 x ]06 4.1 x 106 34.8 x 106 

Stall Speed (flaps down) 
at Sealevel: 

Vs = 67 mph 3.2 x ]06 2.3 x ]06 2.1 x 106 17.4 X 106 

Learjet c ...... = 7.0 ch = 4.1 cy = 7.9 lfus = 45.9 
Model 36 Max. Cruise Speed 

at 35,000 ft: 

VCR = 534 mph 13.5 x 106 7.9 x 106 15.2 x 106 88.5 x ]06 

Stall Speed (flaps down) 
at Sealevel: 

Vs - 106 mph 6.9 x 106 4.0 x 106 7.8 x 106 45.2 x ]0(' 

Boeing Cw - 16.8 ch = 12.8 cy = 22.2 lfus - 130.4 
727-200 Max. Cruise Speed 

at 25,000 ft: 

VCR = 599 mph 49.0 x 106 37.3 x ]06 64.8 X 106 378.1 X 106 

Stall Speed (flaps down) 
at Sealevel: 

Vs - 122 mph 19.1 x 106 14.6 x 106 25.2 X 106 148.0 X ]06 

Boeing Cw = 30.8 ell = 24.6 cy = 27.0 lfus = 229.0 
747-200B Max. Cruise Speed 

at 30,000 ft: 

VCR = 60S mph 77.8 x 106 62.1 x ]06 6S.3 X ]06 57S.0 X 106 

Stall Speed (flaps down) 
at Sealevel: 

Vs - 116 mph 32.S x ]06 26.2 X ]06 28.8 x 106 244.0 x 106 
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4.4 AERODYNAMIC CENTER 

The aerodynamic center (a.c.) of a wing is defined in the same way"' that of an airfoil section 
(see Chapter 3). The aerodynamic center of a wing is defined as that point about which the variation 

of pitching moment coefficient, Cm is invariant with angle of attack, a. This definition is contrasted 

with that of the center of pressure (c.p.). The center of pressure is that point at which the pitching 
moment coefficient is zero. It follOWS, that the location of the c.p. varies with angle of attack. 

To determine the a.c. from experimental data, assume that the moment center for the data is at 
a distance, x from the leading edge of the mean geometric chord of the wing: see Figure 4.11. Taking 
moments about the aerodynamic center it follows that: 

a 

v 

Note: the drag force as shown is exaggerated 
relative to the lift force. 

Figure 4.11 Geometry Used with Equations (4.39) and (4.40) 

Solving for Xac , it is found that: 

Xac = X 
C C 

- C m~ 

As long as the angle of attack is small, this can be written as: 

(4.37) 

(4.38) 

(4.39) 

At zero lift, the pressure distribution on the wing appears as a pure moment. Since a moment 

may be transferred to any location without changing its magnitude, and since Cm" is independent 

of angle of attack, the zero lift pitching moment coefficient, Cmo must be equal to the pitching mo-
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ment coefficient about the aerodyn3Illic center, em"" . Therefore: 

(4.40) 

Figure 4.12 presents some experimental data showing typical a.c. locations for several wings. 
Empirical methods for determining a.c.locations and pitching moments of arbitrary wings may be 
found in References 4.9 and 4.10. 

Xac I Source: Refs 4.11 and 4.121 Quarter chord lines 
c 0 /\ • 0.40 
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c...... -
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Figure 4.12 Examples of the Effect of Aspect Ratio and Sweep Angle on the 
Aerodynamic Center Location of Several WiU2S 

4.5 WING STALL 

Wing stall is caused by flow separation. How flow separation progresses in a chordwisc and 
span wise manner depends on the folluwing items: 

4.5.1 Airfoil stall characteristics 

4.5.2 Planform geometry and twist 

4.5.3 Stall control devices 
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The stall behavior of wings (or more general of lifting surfaces) is important for the following rea
sons: 

1. InFAR* 23 airplanes, the stall speed at maximum weight may not be more than 61 knots (for 
W <6,000 lbs unless certain crash safety provisions have been incorporated into the design). Also, 
the bank angle must not exceed 15 degrees between the onset of the stall with the wings level and 
the completion of the recovery. 

2. In FAR 25 airplanes, an airplane mllst not reach a bank angle of more than 20 degrees be
tween the onset of the stall with the wings level and the completion of the recovery. 

3. It is generally of great interest for either the performance of an airplane or for reasons of sta
bility and control. to achieve the highest possible value for the maximum lift coefficient on a wing. 
This is true within certain constraints involving mission requirements and cost considerations. 

For these three reasons, the stall characteristics of wings are of great interest to designers. 

4.5.1 AIRFOIL STALL CHARACTRRTSTICS 

Airfoil stall behavior and the factors which affect it were discussed in Chapter 3. The reader 
should realize, that sudden airfoil stall behavior does not necessarily imply sudden wing stall behav
ior. The effects of planform design can significantly modify any airfoil tendency to rapid stall. 
These plan form effects are discussed in Sub-section 4.5.2. 

4.5.2 EFFECT OF PLANFORM AND TWIST 

The following planform effects are important in affecting thc stall behavior of a wing (or lifting 
surface): 

4.5.2.1 Taper ratio 4.5.2.3 Sweep angle 

4.5.2.2 Aspect Ratio 4.5.2.4 Twist and camber 

4.5.2.1 Taper Ratio 

A wing with a rectangular planform (taper ratio of 1.0) has a larger downwash angle at the tip 
than at the root. Therefore, the effective angle of attack at the tip is reduced compared to that at the 
root. Therefore, the tip will tend to staHlater than the root. However, as shown in Section 4.2 a 
rectangular wing planform is also aerodynamically inefficient. This is because the span wise load 
distribution is far from elliptical, which is needed to minimize induced drag. To reduce induced drag 
a planform is tapered, to approximate the ideal, eHiptical span load distribution. The result of taper 
is a smaller tip chord. That in turn results in a lower tip Reynolds number as well as a lower tip in
duced downwash angle. Both effects lower the angle of attack at which stall occurs and therefore 
the tip may stall before the root. This is undesirable from a viewpoint of lateral stability and lateral 

* FAR: Federal Aviation Regulations 
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controllability as the stall is approached. To counteract these tendencies, twist is applied to many 
wings. Figure 4.13 illustrates the effect of wing taper on the spanwise load distribution. It is seen 
that decreasing the taper ratio will increase the loading at the tip, which in turn promotes tip stall. 
This problem can be solved with twist as shown in Sub-sub section 4.5.2.4. 

Another problem with a rectangular wing is that it is also structurally inefficient: there is a lot of area 
outboard, which suppurts very little lift. Taper helps solve this problem as well. 

1.5 
decreasin.i taper ratio, A 

1 
c( 

~ • • 
1 ,"'-' .- "\ 

"'-.~-- • .. --
1- •••••• ti:i. ~.,I •• I'~\ 
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~. ---:~ / • , . -- ...... ...... • • 
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0 
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I Determined with the software of Ref. 4.131 .. '1 - Y j(bj2) 

Figure 4.13 Lift Distribution for CL = 1.0 for Unswept, Straight Tapered 
Wings of Varying Taper Ratio 

4.5.2.2 Aspect Ratio 

The following discussion applies to wings with very low sweep angles. As the wing aspect ratio 
increases, the wing behaves more and more like an airfoil. That is, its flow characteristics are more 
and more 2-dimensional. An exception is always the region at the wing tip. Therefore, it can be 

expected that the maximum lift coefficient, CL will increase with increasing aspect ratio, up to 
m" 

a number corresponding to section maximum lift coefficient, cl . The increase is slight as can be 
m" 

seen from the experimental data in Figure 4.14 (Ref. 4.14, p. 16-3) for sweep angles around zero: 
see the shaded box. 
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Data from: Ref. 4.14, p. 16-3 
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Figure 4.14 Effect of Sweep Angle on Maximum Lift Coefficient 

4.5.2.3 Sweep Angle 

On most aft swept wing airplanes the wing tips are located behind the center of gravity. There· 
fore, any loss of lift at the wing tips causes the center of pressure to move forward. This in turn will 
cause the airplane nose to come up. This pitch-up tendency can cause the angle of attack of the air· 
plane to increase even further. That can result in a loss of control. The reader is asked to visualize 
why a forward swept wing airplane would exhibit a pitch-down tendency in a similar situation. 

In addition, an aft swept wing will tend to have tip stall because ufthe tendency tuwarduutboard. 
span wise flow, causing the boundary layer to thicken as it approaches the tips. A swept forward 
wing, for the same reason, would tend toward root stall. 

The maximum lift coefficient (defined as the maximum value reached by the lift coefficient as 
angle of attack is increased) can actually increase with increasing sweep angle. This is shown in 
Figure 4.14. However, the accompanying variation of pitching moment with angle of attack can lead 
to serious pitch control difficulties because of the tendency toward pitch-up as shown in the insert 
of Figure 4.15. Whether or not pitch-up occurs depends not only on the combination of aspect ratio 
and sweep angle, but also on airfoil type, twist and taper ratio. Figure 4.15 shows a boundary be· 
tween stable and unstable pitching moment behavior as aspect ratio and sweep angle are varied. For 
these reasons a range of useful lift coefficients is defined as that range within which control problems 
are "manageable". Under this rather loose definition it can be shown that the maximum, useful lift 
coefficient actually decreases with increasing sweep angle. An example is shown in Figure 4.16 
which is based on Reference 4.14, page 16-6. 
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The trend is for the useful wing CL",u to decrease with increasing aft sweep in the moderate 

sweep angle range of +/-25 degrees. Initially, this decrease follows the cosine-rule of Ref. 4.15, 
page 339): 

(4.41) 

For higher sweep angles the maximum lift coefficient falls off rapidly with increasing sweep 
angles (fore and aft!). 

4.5.2.4 Twist 

If the angles of attack of spanwise sections of a wing are not equal, the wing is said to have twist. 
If the angle of attack at the tip is less than that at the root the wing is said to have wash-out or negative 
twist. With wash-out the wing tip will be at a lower angle of attack than the root thus delaying tip 
stall. Figure 4.17 illustrates how twist influences the spanwise load distribution. Note that the load 
is concentrated further inboard with wash-out (negative twist). 
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Figure 4.17 Lift Distribution foreL = 1.0 for Unswept, Straight Tapered 
Wings with Three Twist Angles 
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4.5.3 STALL CONTROL DEVICES 

In the following a number of devices for delaying tip stall are enumerated. 

4.5.3.1 Twist or Wash-out 

The effectiveness of washout in reducing tip stall was discussed in Sub-sub-section 4.5.2.4. 
Examples of the numerical magnitude of twist (or wash-out) on several airplanes are provided in 
Table 4.2. 

Table 4.2 Examples of Washout in Several Airplanes 

Airplane Type 

Cessna Stationair 6 
Cessna 310 
Cessna Titan 
Cessna Citation T 

Beechcraft T -34C 
Beechcraft 55 Baron 
Beechcraft Queenair 
Beechcraft Kingair 
Beechcraft T-IA Iayhawk 

Gulfstrcam TV 

Northrop-Grumman E-2C Hawkeye 

Piper PA-28-16l Warrior 
Piper Cheyenne 
Piper Tomahawk 

Fokkcr F-.~O 

4.5.3.2 Variations in Section Shape 

Wing Incidence Angle in Degrees 
At Root At Tip Twist or Wash-out 

+ 1.5 
+2.5 
+2.0 
+2.5 

+4.0 
+4.0 
+3.9 
+4.8 
+3.0 

+3.5 

+4.0 

+2.0 
+1.5 
+2.0 

+3.5 

- 1.5 
-0.5 
- 1.0 
-0.5 

+1.0 
0.0 
0.0 
0.0 

-3.3 

-2.0 

+1.0 

-1.0 
-1.0 

0.0 

+1.5 

in degrees 

3.0 
3.0 
3.0 
3.0 

3.0 
4.0 
3.9 
4.8 
6.6 

5.5 

3.0 

3.0 
2.5 
2.0 

2.0 

Yrany airplanes have wings with spanwise varying airfoil sections. A frequently used feature 
whIch accomplishes the same as twist is to change camber in the spanwise direction. This is some
times referred to as aerodynamIc twist. 
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4.5.3.3 Leading Edge Slats or Slots Near the Tip 

It was shown in Chapter 3 that leading edge slats or slots can significantly enhance the value of 

c, of an airfoil. Such devices are and have been used over part of the outboard span of a wing 
mM 

to delay tip stall. As seen in Figure 3.25, the maximum lift coefficient is increased by the use of slats 
or slots. 

Examples of slatted wings are the North American F-86 and Sahreliner airplanes. A fixed slot 
is used on the Globe Swift. Movable slats are used on the DC-9 and Boeing 727 and 737. 

4.5.3.4 Stall Fences and Snags 

Stall fences are used to prevent the boundary layer from drifting outboard toward the tips. 
Boundary layers on swept wings tend to do this because of the spanwise pressure gradient of a swept 
wing. Similar resuIts can be achieved with a leading edge snag. Such snags tend to create a vortex 
which act like a boundary layer fence. Examples of a boundary layer fence and a leading edge snag 
are shown in Figure 4.18. 

« 
AB 

a) Example of a Stall Fence 

.. b) Example of a Leading Edge Snag 

Figure 4.18 Example of a Stall Fence and a Leading Edge Snag 
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4.5.3.5 Stall Strips 

Stall strips are usually angular devices installed at the leading edge and extending over a limited 
span of the wing, Their purpose is to actually induce stall at a given angle of attack. Stall strips are 
often added to airplanes during flight test to correct certain unsatisfactory stall behaviors. An exam
ple of a stall strip is shown in Figure 4.19, 

Detail A 

A 

.... 
Typical spanwise extent of stall strip 

Figure 4.19 Example of a Stall Strip Installation 

4.5.3.6 Vortex Generators 

Vortex generators (v.g, 's) are very small, low aspect ratio wings (they look like jet engine turbine 
blades) placed vertically at some local angle of attack on the wing, fuselage or tail surfaces of air
planes, The span of these v.g. 's is typically selected to be just outside the local edge of the boundary 
layer, These vortex generators will produce lift and therefore tip vortices near the edge of the hound
ary layer. The vortices will mix with the high energy fluid just outside the boundary layer and there
fore raise the kinetic energy level of the flow inside the boundary layer. This increase in energy level 
allows the boundary layer to advance further into an adverse pressure gradient before separating, 

Figure 4.20 shows an example of a vortex generator on a lifting surface, Figure 4.21 shows the 
effect of a vortex generator on the lift of a GA(W)-l airfoil. 

Vortex generators are used in many different sizes and shapes. They are typically added to an 
airplane after flight tests have uncovered certain flow separation problems, For that reason they are 
often referred to as "aerodynamic afterthoughts", The precise number and orientation of v,g.'s is 
normally determined in a series of sequential flight trials, Even though v,g, 's are beneficial in delay
ing local wing stall, they can generate measurable increases in cruise drag. Most oftoday's jet trans
ports have large numbers of vortex generators on wings, tails and nacelles, 
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Local flow in boundary layer 

Figure 4.20 Example of a Vortex Generator 
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Figure 4.21 Effect of a Vortex Generator on Lift 
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4.6 COMPRESSIBILITY EFFECTS 

It was already shown in Section 3.5 that compressibility effects can have serious effects on airfoil 
drag, lift and pitching moment. It can therefore be expected that the same holds true for wings. 

Compressibility effects on airfoils can be delayed by thickness and camber tailoring (See Section 
3.7). On wings it is possible to delay the effects of compressibility not only by tailoring thickness 
and camber, but also by tailoring the sweep angle. Figure 4.22 shows two examples. 

UI is the 
freestream 
velocity 
vector 

a) Sweepback (positive): ALE > 0 

b) weepforward (negative): ALE < 0 

Figure 4.22 Effect of Sweep Angle on the Normal Velocity to the Leading Edge 

As seen in Figure 4.22, the free-stream velocity vector can be resolved into components normal 
and parallel to the leading edge. The normal component is responsible for the aerodynamic charac-

teristics, and its associated Mach number is: M oc cos ALE' It follows that if the critical Mach num-

ber for the same wing, but unswept, is denoted by M' , then the critical Mach number for the swept 

wing would be given by the relation: 

(4.42) 

or, 

Merit = M'/cosA (4.43) 

This resolt can also be interpreted as follows. In a flow with M"" the sectional characteristics 

would correspond to an effective Mach number given by: Mett. = M ~ cos ALE' For example, if 

M ~ ~ 0.9 (which may exceed the drag divergence Mach number for an unswept wing), the effective 
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Mach number for a swept wing with ALE -- 30° is: 

Meff = 0.9cos300 = 0.779 (4.44) 

This could be below the drag divergence Mach number, Mdd . Thus, it is possible with a highly 

swept wing to delay to high values of Moo the troublesome aerodynamic characteristics associated 

with transonic flow. This argument is exactly valid only in two-dimensional flow. The 3-D effects 
near the tip and the root tend to make such a relationship too optimistic. A useful empirical formula 

for an approximate value of Mer;, is givcn in Rcf. 4.17, page !O3 as: 

(4.45) 

Experiments show that the use of sweepback not only increases Mdd ' but also reduces the rate 

at which the drag cuefficient rises in the transonic region. This tendency is illustrated in Figure4.23. 

Drag 
Coefficient 

CD 

o 

U nswept wing 

Moderately swept wing 

Highly swcpt wing 

1.0 

Figure 4.23 Effect of Sweep Angle on Delay of the Drag Rise 

Experiments leading up to the X-2Y program have shown that forward swcep offcrs roughly a 
leading edge sweep benefit of approximately fivc dcgrecs over aft sweep. The reason is that what 
counts is the sweep angle of the so-called shock-sweep line. For the same leading edge sweep angle 
magnitude. a forward swept wing tends to have a five degree higher shock-sweep angle than an aft 
swept wing. 

Experiments also indicate that, other things being equal, a reduction in aspect ratio gives a rise 

in M dd , and therefore helps to reduce transonic drag (Ref. 4.18, page 15-16). This reduction in 

transonic drag more than compensates for the accompanying increase in induced drag. 
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For low aspect ratio wings edge vorle" separation becomes important. Leading edge vortex sep
aration is illustrated in Figure4.24. The vortex creal"s low pressure on the upper surface and thereby 
produces (voncx) lift. The vortex separalion can also oecur along the lip chord and along the wing 
or body mounted strakes (Lexes!). In t.ransonic now, the interaction ofvorte" !low with shock waves 
can create a very complex flow field. 

vortex sheet 

Reattachment streamlines 

J;' igure 4.24 Example of Leading Edge Vortex Separation 

4.7 HIGH LIFT DEVICES, SPOILERS, DIVE BRAKES, SPEED BRAKES 

From the definition of lift coefficient, the speed in level l1ighl, with L = W, is given by: 

(4.46) 

If the maximum lift coefficient, C Lm.. is used in Eqn (4.46), the airplane stall speed is obtained 

as: 

(4.47) 

The ratio, WIS, in Eqn (4.47) is referred to as the wing loading of the airplane. 

Because takeoff and landing speeds depend on the stall speed (as shown in Chapter 10), it is nec
essary to reduce the stall speed, whenever short runways are to be used. From Eqn (4.47) it is seen 

that the stali speed can be reduced if either CL..~ is increased , or WIS is decreased, i.e. high lift or 
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low wing loading. Wing loadings of modern airplanes range from around 10 psffor small, low per
formance airplanes to 160 psf for large, high performance airplanes. Devices which increase air
plane lift are referred to as high lift devices. Such devices come in two categories: those which 
change the airfoil geometry and those which control the boumlary layer (BLC). In practice, these 
devices are frequently referred to as trailing edge and leading edge flaps for the first category and 
BLC devices for the second category. 

The sectional (i.e. airfoil or 2D) chamcteristics of high lift devices were discussed in Section 3.8. 
In the following, somc three-dimensional (3D) effects will be discussed. 

Although significant progress in computational aerodynamics has been made toward the 
theoretical prediction of high lift effects, the current state-of-the-art is still not satisfactory. There
fore, only semi-empirical methods will be discussed. In all these methods, knowledge of the sec-

tional characteristics, cl
mu 

is generally the starting point for any three-dimensional calculations. 

These three-dimensional calculations take the form of corrections to two-dimensional data as a re
sui, of partial span effects, fuselage interference, etc. A method for estimating the incremental lift 
due to trailing edge flaps below the stall angle will be discussed first. 

4.7.1. LIFT INDUCED BY PARTIAL SPAN FLAPS BELOW STALL 

Figure 4.25 shows calculated results for a swept wing with a partial span flap deflected by to 
degrees at an angle of attack of 10 degrees. 

Copied from Ref.4.6 

0.6 

0.4 

/ 
0.2 

o 
o 0.2 0.4 0.6 0.8 -. 2y 1.0 

b 
Figure 4.25 Incremental Lift Coefficient Due to Flap Deflection at 

a = 100 and 1\ = 10° r 
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It is seen that the incremental sectional hft coetficient due to the flap, tJ.o
J 

' varies considerably 

inside the nap region. It is also seen that tJ.c J maintains significant values even outside the t1ap re

giun. This so-called t1ap-lift carry-over is due to three-dimensional effects. Even though theoreti
cal methods for calculating t1ap induced lift distributions are sufficiently accurate at low angles of 
attack, at high angles of attack experimental data should be used. 

When sectional data are available, the method by Lowry and Polhamus (Reference 4.3) can be 

used to estimate the total incremental lift coefficient due to the flap, tJ.CL . Because of its importance 

in the cycle of airplane design and airplane performance analysis it will he summarized next. Ac
cording to Lowry/Polhamus it is possible to write: 

aC L < < 
tJ.CL = ----.--- uf Kb = C L uf Kb 

aUf -\ 

where: Of is the t1ap det1ection angle in radians 

Kb is the flap span factor defined as the ratio of partial-span-flap lift coefficient to 

full-span lift coefficient 

(4.48) 

The three-dimensional effect due to the flaps, mentioned before, is accounted for tlu'ough this 

flap span factor, Kb . Equation (4.48) can be re-written as follows: 

(4.49) 

where: tJ.c l , is the sectional lift coelficient increment due to the flaps. 

The su-called flap-chord factor, Kc is defined as follows: 

C L IC L 
K - ~ " c -

cl/c]" 
(4.50) 

Including this flap-chord factor, Egn (4.49) can be written as: 

tJ.CL = tJ.c J (C
Lo

) Kc Kb 
f Cl,t 

(4.51) 

The ratio of three-dimensional over two-dimensional tift curve slupes can be estimated from 

Eqn (4.33) with a oo = 2,,; : 

CL A (4.52) u 

c)" 
A2( 1 

tan' /\12 ) 2 a, + + (';; ) 1f + ~2 
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where: ~ is defined in Eqn (4.33a). 

The reader will observe that E'ln (4.52) is a variation ofEqn (4.33). The flap-span factors Kband 

K.: may be found from Figures 4.26 and 4.27 respectively. The reader should carefully note. that 

the flap-span factor, Kb, as defined in Figure 4.27 applies to a flap which runs from the centerline 

of the wing to the outboard flap span station, bfib/2. Figure 4.28 shows how Kbshould be deter

mined for a flap which runs from a partial span inboard station to a partial span outboard station. 

The following example illustrates an application of this method: 

Example: For the wing in Figure 4.25, with a partial span flap deflected at 10 degrees, find toCL 

at M=0.2. The wing has an aspect ratio of A=8.5, a taper ratio of 1.=0.253 and a semi

chord sweep angIe of I\.c/2 = 21.3°. The inboard and outboard flap stations of the flap 

are b f/b/2 =0.110 and 0.655 of the semi-span respectively. 

Solution: Eqn (4.51) will be used to determine toCL . For a wing with a taper ratio of 1.=0.253 and 

br/b/2 =0.110 and 0.655, values for Kb are found from Figure 4.27 as 0.80 and 0.16 

respectively. With a flap chord ratio of cdc = 0.3 it is seen from the insert in Fig. 4.26 

that (aJ", = 0.66. Hence, from Figure 4.26 it follows that for an aspect ratio of 8.5, 

Kc = 1.025. The ratio of lift-curve slopes in three-dimensional and two-dimensional 

flow can be estimated from Eqn (4.52), while assuming that a., = 2:rt: 
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8.5 - 0.748 (4.53) 

2 + 852(1 + tan'21.3} + 4 
. (1 0.2') 

At this point, if experimental data were available for the incremental, sectional lift 

coefficient due to flaps, toc], ' Eqn (4.51) could be used to determine toCL . For the 

present purpose, such experimental data are assumed no! to be available. Therefore, the 
following course is taken, using the theoretical results of Ref.. 4.6. According to this 

reference, the following equations can be used to estimate toe], 

where: 't = cos -1 (2x f - 1) 

(4.54) 

(4.55) 
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Figure 4.26 Variation of Flap-Chord Factor with(a6lc, and with Aspect Ratio, A 
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Figure 4.27 Variation of Flap-Span Factor with Flap Span for Inboard Flaps 

Chapter 4 125 



\Ving Theory 

E b I 

J------'"A'-------__ ~b:ff!B~--------__ 2'i! 

Centerline -1 I F 

126 

Il-----~~~~~~~~~~----------~ G 
H 01 i C NOTE' Swf _ Area ABCO 

I I . S Area EFGH 
I 

1.0 
I I 

i t 
I 

! --------r 
t Value of: Kh 

! ______ ----------J 
o 

o 1.0 

Figure 4.28 Definition of the J<'Jap Span Factor,Kb for Other Than Inboard Flaps 

and: x f = (I - eric) (4.56) 

It therefore follows that from Eqn (4.55): 

t = cos -1(2xO.7 - I) = 66.42° = 1.16 rad . From Eqn (4.54) it is now found 

that Ll.c1, = 2xl?8x~(l.16 + sin66.42o) = 0.725. Finally,fromEqn (4.S1) itfol

lows that: Ll.CL = 0.725xO.748xI.025x(0.8 - 0.16) = 0.356. This value was 

found to be comparable to that of 0.333 found with the lifting surface method of 
Reference 4.6. 
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4.7.2. MAXIMUM LIFT COEFFICIENT WITH HIGH LIFT DEVICES 

A simple, yet acceptable, method for estimating the maximum lift coefficient of a wing with high 
lift devices is to add the maximum lift coefficient increments due to leading edgc and trailing edge 
devices to the maximum lif1 cuefficient of the clean wing, This is essentially the method presented 
in Reference 4.19, First, a method for estimating the maximum lift coefficient for a clean wing will 
be discussed. 

4.7.2.1 Clean Wing Maximum Lift Coefficient 

It has been found that for moderate to high aspect ratio wings with moderate sweep angles, the 
maximum lift, is to a large extent determined by the maximum sectional lift. A pragmatic assump-

tion in estimating CL", for a wing is that the complete wing will attain its maximum lift when any 

spanwise sectiun first reaches clm" . The reason is, that once a section is stalled, thc resulting flow 

separatiun will spread quickly to neighboring sections as the angle of attack is incrcased. As a result 
the wing will loose part of its lifting capability. 

For such a wing the maximum lift coefficient can be estimated with the following procedure. 

1.) Assume that the spanwise variation of sectional lift coefficient, ci (y) is known. This is 
m~ 

plotted as shown in Figure 4.29. 

10 Estimated section clm.J Estimated spanwise 
lift distrihution 

3.0 3.0 

ci Experimental: CL - 1.50 CI Experimental: q~, - 1.25 
m~ 

• 1 

24° • 1 

35U 
AC/4 - Ac/4 -

2.0 
fjr- r--~ 

2.0 ---
G- / "----- } G---- ..:- "\. 1.0 1.0 

V I Theoretical: C =,151 Lma~ , 

'. 
C = 1.26 Theoretical; Lma~ 

0 0 
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0 

... 2y/b ... 2y/b 

Figure 4.29 Determination of Clean Wing Maximum Lift Coefficient 
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2,) Use a lifting surface method to predict the spanwise lift distribution for a range of angles of 
attack, An example is the method of Ref. 4,6, At each angle of attack, the integrated spanwise lift 
distribution will result in a value of wing lift coefficient. The wing maximum lift coefficient is that 
calculated value which corresponds to the one for which a local lift coetficient first reaches the span
wise line of maximum section lift coetficients, 

3.) This approach is illustrated in Figure 4,29 for two wings, As can be seen, the accuracy is 
good for both cases, 

The reader should realize thal, as the sweep angle is increased (above about 40 deg,) and the as
pect ratio is reduced (below about 4.5) the three-dimensional induction effects become important. 
When edge separated v011ex flow is present (see Section 4,6), wing stall can be delayed to largcr 
angles of attack. In such cases, the flow characteristics are quitc three-dimensional, Refs 4,9 and 

4,20 present a method for estimating CL"~ for this type of wing, 

4.7.2.2 Maximum Lift Increment Due to High Lift Devices 

For efficient trailing edge naps, the sectional value of nap maximum lift coefficient increment 
can be used to calculate the three-dimensional valuc of a wing, by the following empirical relation: 

t..C - t..c) f K (Sw) ( LmJflaps - ( 1m" S /\ (4,57) 

where: t..clm,,, is the sectional value of maximum lift coefficient increment due to trailing edge flaps 

Sw,/S is the ratio of flapped wing area to the wing reference area. Sec Fig.4.28. 

K /\ is a factor which has been empirically derived (Ref A, 19) to account for the effect of 

sweep: 

K/\ = (I - 0,08Cos2Ac/4)eos3/41\/4 (4,58) 

For leading edgc dcviees, the effect of sweep is more pronounced, According to Ref. 4,21, 

p.549 , the incremental value of CL due to leading edge high lift devices can be written as: 
m" 

(4,59) 

It must be realized. that in most practical situations the actual increment ofC Lm" due to any type 

of t1ap will be reduced by flow around flap tracks, flap supports, interference with nacelles, unfore
sccn leakage paths and aeroelastic deformation. 
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4.7.2.3 Examples of Maximum Lift Iucrement Due to High Lift Devices 

Table 4.3 was prepared to provide the reader with some insight into the ranges of numerical val
ues associated with clean and flapped configurations. The first twelve configurations apply to 
pre-1957 high lift technology and the data were taken from Ref. 4.22. The last three represent more 
recent technology. Although not reflected in Table 4.3, the Airbus 320 achieves a trimmed maxi
mum lift coefficient of 3.2. This airplane uses also drooped ailerons, leading edge slats and double 
slotted trailing edge flaps. The word "trimmed" is used to indicate that the lift coefficient quoted 
is being achieved with zero total pitching moment on the airplane. The effect of trim is discussed 
next. 

4.7.3 THE EFFECT OF TRIM ON MAXIMUM LIFT 

Deployment of high lift devices is usually accompanied by a significant change in pitching mo
ment. Trailing edge flaps tend to generate negative (nose down) pitching moments, while leading 
edge devices tend to produce positive (nose up) pitching moments. These pitching moments must 
be balanced. In conventional airplane configurations (tail aft) this balance is achieved with the hori
zontal tail. In a canard airplane the balance is obtained witb the canard surface. It is important to 
be able to predict the effect of this balance requirement on the so-called trimmed value of maximum 

lift coefficient, CL . which can be achieved. For a detailed discussion of these trim effects on 
maxtrim 

conventional, pure canard and three-surface airplanes, see Ref. 4.10, pages 344-353) and Ref. 4.23, 
pages 234-237. In the present text, only the trim effect for a tail aft configuration will be examined. 

Figure 4.30 shows the geometry needed to discuss trim for a conventional airplane in the f1aps
up configuration. 
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Figure 4.30 Geometry to Illustrate the Effect of a Tail on Trimmed Lift 
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3.0--

Wing Theory 

Examples of Maximum Lift Coefficient~ Obtained 
with Various Types of High Lift Devices 

Sec~o-n o-rientation 
Clean wing 
-I- Leading edge slot 
-I'Slat+ split flap 

2.0------------------------------------~ 

'+8Iat,+ extended split 
+ Slat + double sJott:ed 

+Slat+ plaiD flap . 

eirc.arc 

A 2.9 2.9 

0.62 0.52 

64A008 

60° 

3.5 

0.25 

supererilical GA(W) - 1 2412/2409 

250 00 00 

8.5 10.32 9.0 

0040 0.50 0.50 

+ Trailing edge flap only 
. + Fowler + Krueger flaps 

2.0~VI---7'2,---------------------
CLmu A **f::,.'V 

• g ~ 0, g** 6tH

@ 
e o <T g* 0 e 

1.0--------tr-----------E~--~~~----~----~-----------4~ o o 

o 
64, - 212 64, - 112 eire.arc 64, - Al12 64, - A112 circ.arc 65A006 64 - 210 63,A012 

A 6.0 4.0 3.0 3.4 3.5 3.5 4.0 5.1 8.0 

A 0.50 0.62 0.62 0.51 0.50 0.50 0.60 0.38 0.45 
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In an equilibrium flight condition, airplane weight, W, must be balanced by the total lift on the 
airplane, L. This total lift, L, is in turn equal to the sum of wing and tail lift: 

(4.6U) 

In terms of the trimmed lift coefficient this can be written as: 

(4.61) 

The condition for pitching moment equilibrium about the center of gravity yields: 

(4.62) 

This equation can be solved for the tail lift coefficient as follows: 

(4.63) 

By substituting Cr." back into Eqn (4.61) the trimmed airplane lift coefficient is obtained as: 

(4.64) 

The term (xaew< - xei)!(xh - xei) tends to be negligible when compared to 1.0 for most con

ventional airplanes. The term Cm~wf is nearly always negative. The greater the amount of camber 

used in a wing airfoil, the larger negative Cm will be. Therefore, the trimmed lift coefficient will 
~., 

be less than the wing lift coefficient. This results in a lift and induced drag penalty. 

The reader should recognize the fact, that ±low field changes due to ±lap deployment can in fact 
alter the angle of attack of a horizontal tail. On airplanes like the Cessna 172 the change in down
wash over the tail, as a result of ±lap deployment, produces a nose up pitching moment which more 
than negates the nose down moment produced by the ±laps. In the Cessna 172 this results in the pilot 
having to push on the control wheel when the ±laps are lowered! 

With canard configurations, a similar analysis will show that the trimmed lift coefficient will be 
larger than the wing lift coefficient. Thus it would appear that a canard configuration has an advan
tage over a conventional configuration. However, if the down-wash from the canard has a signifi
cant effect on the wing, this conclusion may not be correct. Therefore, the reader is urged to always 
perform a detailed analysis, before jumping to a conclusion about the pros and cons of various types 
of configurations. 
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4.7.4 THE EFFECT OF SPOILERS, DIVE BRAKES AND SPEED BRAKES 

Spoilers are normally wing mounted, plate-like devices which are used to destroy a part of the 
lift andlor to create extra drag. Spoilers are used in flight to help an airplane slow down more rapidly 
andlor to adjust the descent rate. They arc also used as lift dumpers and drag creators, once on the 
runway, right after touch-down. Figure 4.31 shows examples of wing mounted spoilers. 

In many airplanes, wing mounted spoilers are also used for part ofthe roll control requirements. 
The four outboard spoilers on the 747 are an example. It is also possible, to use spoilers for all of 
the roll control requirements of an airplane. If that is done, the entire trailing edge of the wing is 
available for high lift devices. That technology was used in the ATLIT (Ref. 4.24) and Redhawk 
airplanes. The resulting maximum lift capability is shown in Table 4.3. Several Robertson STOL 
conversions also use this approach (Ref. 4.25). 

Dive brakes and speed brakes (these words are used interchangeably) are normally wing or fuse
lage mounted, plate-like devices which are used to increase drag. Dive brakes are used in fighter 
airplanes to allow a rapid slow-down in level flight or to arrest a speed-up in a dive. They are also 
used to help slow the airplane down immediately following touch-down. Figure 4.3l also shows 
an example of a fuselage mounted speed brake. 

Lift dumpers when 
on the round 

Wing mounted spoilers 

"'-
/:./ "" Dive and speed 

// ot 

Wing mounted spoiler 

f 

C ~ 
Section AA 

Figure 4.31 Examples of Spoilers, Dive Brakes and Speed Brakes 

132 Chapter 4 



Wing Theory 

4.8 SUMMARY FOR CHAPTER 4 

In this chapter, the reader has been given an insight into the lift, drag and pitching moment behav
ior of airplane lifting surfaces. It is shown, that the section (or airfoil) characteristics discussed in 
Chapter 3, form an essential ingredient in the prediction of lifting surface characteristics. Both em
pirical and theoretical methods were presented. 

4.9 PROBLEMS FOR CHAPTER 4 

4.1 A straight, tapered wing with a span of 30 ft has leading and trailing edge sweep angles of 
45 deg. and 15 deg. respectively. The wing area is 280 sq.ft. Determine the magnitude of: 
the root chord, tip chord and the mean geometric chord. Also, show a dimensioned drawing 
of the planform with the location of the m.g.c. clearly marked. 

4.2 Test results obtained on a NACA 23012 airfoil show the following data: 

o 
9 

c, 
0.15 
1.20 

If this airfoil is used in the design of an elliptical wing with aspect ratio, A=7.0, determine 
the wing lift curve slope at low Mach numbers. 

4.3 A rectangular wing model of 40 in. by 5 in. has the following characteristics which were 
determined in a windtunnel test: 

e=0.87 CL = a = 0.09ljdeg 
" 

If a full scale, rectangular wing of 42 ft by 6 ft is constructed, what lift will this wing develop 

at a = 5° and 120 mph under standard sea-level conditions? Assume that e=0.87 for the 

full scale wing as well. 

4.4 The following data are obtained from a windtunne1 test of a wing with an area of 200 sq.ft. 
and A=10.32 for an advanced twin engine light airplane: 

a O CL CD 

-2 0.0634 0.0060 
0 0.2598 0.0083 
2 0.4545 0.0141 
4 0.6483 0.0231 
6 0.8412 0.0349 
8 1.0327 0.0495 
10 1.2217 0.0668 
12 1.4059 0.0865 
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Determine the drag polar, using Eqn (4.36). What is the maximum lift-to-drag ratio and for 
what value of the lift coefficient does it occur? 

4.5 The following data were obtained from a windtunnel test of a wing: 

at CL - 0, Cm,,14 = - 0.126 

at CL - 0.6, Cm"I' = - 0.15 

Find the aerodynamic center location for this wing, assuming that the angles of attack are 
small. 

4.6 An airplane with a weight of 5,000 lbs has a wing area of250 sq.ft. If the airplane lift-curve 
slope is 6.0 per radian and the angle of attack for zero lift is -2 deg., calculate the angle of 
attack (in degrees) of this airplane in level flight at a speed of 200 mph under standard sea
level conditions. 

4.7 How fast must the wing of problem 4.4 travel at an angle of attack of 4 degrees to produce 
a lift of 1.87 KN at 9,000 ft altitude? Assume standard atmospheric conditions. 

4.8 A low speed airplane has the following characteristics: 

134 

Airfoil: NACA 23012, with a value of a oo per the data in Problem 4.2. 

A = 9.0 and ).. = 0.5 

Ac/2 = 0 deg. and b = 31.4 ft. 

The wing is equipped with a partial span flap as shown in Figure 4.32. During takeoff, the 
angle of attack is set at 8 degrees. Determine the flap angle required to generate a total lift 
coefficient of 1.34. Hint: use Eqns (4.33) and (4.54). 

I 

cf/C = 0.25 

I 
I 

0.18 b/2 -=.J 
0.64 b 2 / 

Figure 4.32 Partial Span Flap Definition for Problem 4.8 
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CHAPTER 5: AIRPLANE DRAG 

The objective of this chapter is to provide the reader with fundamental insight into the most im
portant contributions to airplane drag. Mathematical and experimental techniques used in represent
ing and predicting airplane drag will be presented. 

[n Section 5.1 the complete drag behavior of an airplane is discussed. The individual contribu
tions to airplane drag by its many components is discussed in Section 5.2. Methods for measuring 
drag in wind-tunnels arc discussed in Section 5.3. 

A simple method for estimating airplane drag polars is given in Section 5.4. For detailed meth
ods the reader is encouraged to consult References 5.1,5.2 and 5.3. A user-friendly computer pro
gram, based on Reference 5.1 is described in Appendix B. 

5.1 COMPLETE AIRPLANE DRAG POLARS 

5.1.1 CLEAN AIRPLANE 

A clean airplane is defined as an airplane in its cruise configuration. For most (but not all) air
planes this means flaps up and gear up. 

For many conventional airplanes it has been found possible to represent the relationship between 
drag and lift coefficients by the following parabolic form: 

C2 
+ ----"

JtAe 

where: CD" is the zero-lift drag coefficient 

(5.1) 

e is Oswald's efficiency factor. A value of e=1 indicates an elliptical lift distribution. 

C2 

A
L = Co is the induced drag coefficient 

:rt e : 

In a practical situation, magnitudes for CD" and e can be found with experimental, theoretical 

and/or empirical methods. Pigure 5.1 shows an example of a theoretical drag polar in accordance 
with Eqn (5.1). Point A is the point at which the lift-to-drag ratio is a maximum. The reader is asked 
to verify that the following relationships hold at point A: 

(5.2) 
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C2 
L 

rlAe 

CD = CD, + 

Eqn 5.1 

Lift 
coefficient, CD = CD 

min :rtAe C
L 

L-----~r-------~~--~ 
Eqn 5.4 

C2 
L 

rlAe 

• 

Drag coefficient, Cn ... Cn . Drag coefficient, CD'" 
rom 

Figure 5.1 Example Drag Polars According to Eqns (5.1) and (5.2) 

(5.3) 

If the drag coefficient, Cn , is plotted versus the square of the lift coefficient, C[ , a straight line 

should be the result. Figure 5.2 presents a comparison of actual and theoretical values ofCn plotted 

against C[ for two different airplanes. It is clear that the parabolic form of the drag polar is reason

able only for a limited range of lift coefficients. One reason for this is, that at higher values of the 
lift coefficient the flow will usually begin to separate from an airplane. This results in an increase 
in drag. 

It is observed from Figure 5.2 that the drag levels of the two airplanes are very different. This 
is partly due to the difference in the propulsion system: jet airplanes tend to be 'cleaner' than piston! 
propeller airplanes. Another reason is better aerodynamic design as a result of advances in aerody
namics technology. A final reason is the manufacturing difference between the two airplanes: the 
AT -6 used round head riveting, while the S-211 is flush riveted. 

Observe also frum Figure 5.1 (r.h.s.), that CD .. Cn . . The reason for this is the rather highly 
o ~" 

cambered airfoil used in the wing of the S-211. Whenever significant camber is used in an airplane, 
a better representation for the drag polar is: 
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(5.4) 

where: Co is the minimum drag coefficient 
moo 

C L is the lift coefficient at the minimum drag coefficient 
""".~"~ 

At high subsonic speeds, whenever shock waves occur andlor whenever shock induced bound
ary layer separation occurs, the drag rises much more rapidly with lift coefficient, than indicated by 
e!lher oflhe parabolic approximations given by Eqns (5.1) or (5.4). Figure 5.3 shows the drag rise 
behavior of a subsonic jet transport and of a subsonic jet trainer as a function of Mach number. In 
Chapter 3, page 62, the so-called critical Mach number was introduced as that free stream Mach 
number for which sonic velocity is first reached somewhere on an airfoil. The same definition is 
used for wings, for bodies and also for entire airplanes. 
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Of greater practical interest is the so--;;alled drag divergence Mach number, Mdd . This was also 

defined in Chapter 3 for an airfoil. Two definitions were given; the Boeing and Douglas definition 
respectively. These definitions are repeated next, as applied to the entire airplane. 

a) Boeing Definition 

Mdd is that free stream Mach number for which the drag due to compressibility first reaches 

20 drag counts (AC D = 0.0020) above the incompressible level. 

b) Douglas Definition 

Mdd is that free stream Mach number for which the slope of the dragrise, bCD/OM, first 

reaches the value 0.10. 

These definitions arc most easily apphed when the drag rise behavior of airplanes is represented 
in a cross· plot of drag coefficient, at constant lift coefficient, versus Mach number. The reader is 
asked to apply these definitions to the dragrise behavior at different lift coefficients of the 
B-727-100 and the S-211 of Figure 5.3 and determine how closely they agree. 

According to Chapter 4 (Figure 4.22), both critical Mach number and drag divergence Mach 
number depend strongly on the sweep angle. As it turns out. they also depend on the thickness ratio 
of hfting surfaces. These effects are illustrated in Figure 5.4 for conventional, non-super--;;ritical 
airfoils. 
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It has also been pointed out in Chapter 4, that at high Mach numbers, the occurrence of shock 
waves and shock induced separation will cause changes in lift behavior, In fact. if the free stream 
Mach number becomes too high, a phenomenon, called buffet, will occur, At the buffet boundary, 
lilt behaves in an oscillatory manner. This can cause severe stability and control problems. Since 
the effect of Mach number on lift and drag occurs simultaneously it is their interaclion which must 
be understood. Aerodynamic design details, such as airfoil design, thickness ratio variation with 
span, twist and design and location of the horizontal tail all can play an important role. An early 
example oflhe effect of Mach number on lift and drag characteristics of a complete airplane IS shown 

in Figure 5.5r}C~~", __ 
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For airplanes at supersonic speeds, the drag behavior is also strongly dependent on the Mach 
number as well as on the lift coefficient. Figures 5.6 show an example of this for an early supersonic 
fighter. For such airplanes. the drag polar is sometimes written as: 

CD = CD + kCL
2 

" 
(5.5) 

For the airplane of Figures 5.6, values for CD" . k and CL" are plotted in Figure 5.7. 
lte

L 
=0(1 

In modern fighters, leading and trailing edge flaps as well as the stabilizer, are often used to [rim 
the airplane at higher lift coefficients. The drag polars of such airplanes therefore include a schedule 
of surface deflections. This schedule is normally automatically programmed in the control laws of 
the automatic flight control system. 
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5.1.2 EFFECT OF FLAPS, SPEED-BRAKES AND LANDING GEAR 

The discussion in Sub-section 5.1.1 has dealt only with the s(}-Called 'clean' aiIplane. Whenever 
naps, speed-brakes or landing gear are deployed, the drag of aiIplanes increases significantly. Fig· 
ure 5.8 shows an example of these drag effects for the case of a small jet trainer aiIplane. 
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S.2 UNDERSTAl'IDING AIRPLANE DRAG CONTRIBUTIONS 

To understand how and which components of an airplane contribute to the total drag of an air
plane, the drag polar is frequently split into the following components: 

a) parasite drag, defined as that drag which is not dependent on the production of lift. This 

draQ contribution has been identified in Eqns (5.1) and (5.4), as CD and CD . 
'-' () Illin 

b) induced drag, defined as that drag which directly depends on the productIOn of lift. This 

drag contribution was identified in Egn (5.1) as Co, . 

In reality it has been found that such a simple split is difficult to achieve. The main reason is 
that in many airplanes parts of the parasite drag can become dependent on lift. Another reason is, 
that at high Mach numbers, compressibility drag will become very significant. Figure 5.9 shows 
typical zero-lift (parasite) and induced drag breakdowns for a transport and for a fighter airplane. 

The relative importance of parasite and induced drag varies with flight condition and with air
plane type. Note the excellent Jift-to-drag ratio of the jet transport (UD=IS.8) in cruise and 
compare this to that of the fighter (LlD=n. I in suhsonic cruise and LfI)= 1.7 in supersonic cruise). 
One reason for the very low lift-to-drag ratio in supersonic cruise is the occurrence of wave drag 
due to compressibility. 

Experienced aerodynamicists know, that any drag build-up method is somewhat arbitrary and 
relies on certain bookkeeping assumptions. For example, the internal drag of jet inlets is most often 
accounted for as a reduction in installed thrust and not as an increase in drag. Most airplane rnanufac
turers have developed their own (otten proprietary) procedures for estimating airplane drag. 

To help In understanding the hasics of drag component and drag source hUlld-up, the following 
equation is suggested in Reference 5.1: 

where: CD 
,"II'~ 

C D~".p 

146 

(5.6) 

is the wing drag coefficient, sec Suh-scction 5.2. I 

is the fuselage drag coefficient, see Sub-section 5.2.2 

is the empennage drag coefficient, see Suh-section 5.2.3 

is the nacelle/pylon drag coefficient, see Sub-section 5.2.4 

When the wing, fuselage, empennage and nacelles are integrated, several additional 
factors which influence airplane drag must be accounted for. Some of these are dis
cussed in Sub-section 5.2,5 
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Figure 5.9 Example Drag Breakdown for a Transport and for a Fighter Airplane 

C 
Dlli~~ 

is the flap drag coefficient, see Sub-section 5.2.6 

is the landing gear drag coefficient, see Sub-section 5.2.7 

is the canopy/windshield drag coefficient. see Sub-section 5.2.8 

is the store(s) drag coefficient, see Sub-section 5.2.9 

is the trim drag coefficient. see Sub-section 5.2.10 

is the interference drag coefficient, see Sub-section 5.2.11 

is the miscellaneous drag coefficient, see Sub-section 5.2.12 

The computer program described in Appendix B allows a rapid calculation of airplane compo
nent drag and complete airplane drag for arbitrary configurations and Mach numbers from low sub
sonic to supersonic. 
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Before discussing the various drag components it is instructive to consider Figure 5.10 which 
shows typical drag breakdowns as determined for five different airplanes. It is seen, that the wing 
and fuselage constitute the largest drag contributions in these airplanes. This is to a significant extent 
due to the large amount of wetted area of these components. 

It ,hould be noted here that various manufacturers of business jets and transports have developed 
very accurate predictive techniques for the drag of their designs. Accuracies of plus or minus 1 % 
in the cmise configuration are not unusual. However, becau,e of the very close interaction between 
drag and installed thrust and the intricacies of the bookkeeping decisiolls made in their prediction, 
many manufacturcrs find it necessary to engage in extensive drag reduction programs aCLer a new 
airplane has entered the flight test phase. 

5.2.1 WI1'\G DRAG COEFl<ICIEN1~ CD . 
wmg 

Drag contributions due to the wing consist of: 

• friction drag • profile or thickness drag 

• drag due to lift, also called induced drag • interference drag 

• compressibility or wave drag 

The wing drag coefficient may be determined from: 

C = C + C 
Dwn!: Dow DLw 

(5.7) 

where: Co is the zero-lift drag coefficient of the wing 
". 

CD is the drag coefficient due to lift of thc wing (induced drag) 
'w 

Wing zero-lift drag is discussed in Sub-sub-scction 5.2.1. I, whi Ie wing drag due to lift is cov
ered in Sub-sub-section 5.2.1.2. The effect of compressibility is briefly discussed in Suh-sub-sec
liun 5.2.1.3. 

5.2.1.1 Wing Zero-Lift Drag Coefficient, CD 
Ow 

The subsonic, wing zero-lift drag coefficienl may be empirically determined from: 

(5.8) 

where: Rwf is the so-called wing-fuselage interference factor. This factor be estimated from 

Figure 5.11. 

RLS is a lifting surface correction factor which depends on the sweep angle of the locus 

of maximum airfoil thickness on the wing, i\(t!C)m~' See: Figure 5.12. 

148 Chapter 5 



Zero-lift drag as % of total 

• 40 -
WING 

30 - 0 

-

20 -

-

10 -

FUSELAGE 

• 

D 

o 

Source: Ref. 5.4 

-

o 

Airplane Drag 

• Learjet M25 

D Citation 550 

o Cessna340 

\l Piper Arrow 

A Cessna 150 

ADJUSTMENT 
FOR OTHER 
DRAG SOURCES 
TO MATCH FLIGHT 
TEST DATA 

Note: other drag sources 
are: 

* cooling drag 
* control surface gaps 
* interference drag 
• trim drag 

HORIZONTAL 
TAIL 

VERTICAL 
TAIL TIP TANKS 

8 • NACELLES 

o 

Figure S.10 Example of Component Drag Breakdown for Five Airplanes 

Chapter 5 

'-

-

o -

-

-

D 

-

-

• 

149 



Airplane Drag 

C t, is the turbulent flat plate friction coefficient of the wing. The general, turbulent, flat 

plate friction coefficient, C f is shown in Figure 5.13* as a function of Mach number 

and the Reynolds number, see Eqn (2.97). For the wing Reynolds number use: 

(5.9) 

where: cw""~, is the mean geometric chord of the exposed (wetted) part of the wing. 

Figure 5.14 shows how the exposed wing area is defined. 

1-1 is the coefficient of viscosity of air: see Appendix A. 

L' is the airfoil thickness location parameter, found from Figure 5.15. 

tic is the thickness ratio urthe wing, defined at the m.g.c of the exposed wing. 

Swetw is the wetted area of the wing, see: Figure 5.14. 

S is the wing area, also called the wing reference area. 

Note Well: the friction drag prediction given here is valid only for smooth surfaces. For surfaces 
with roughness due tu manufacturing andlor various types of paint, additional friction may result. 
Reference 5. I contains a detailed method to account for such roughness effects. 

The thickness ratio term, Uc, in Eqn (5.8) accounts for the profile drag. Because a wing is nearly 
always attachcd to a fuselage, additional drag due to interference between these components will 
result. Sub-section 5.2.10 contains a physical explanation of interference drag. 

Clearly, the wetted area, Swetw plays an important role in determining wing drag. The wetted 

area of a wing depends on how much of the wing is exposed. The difference between wing reference, 
or planform, area and wing exposed area is shown in Figure 5.14. For most cases the wetted area 
of a wing can bc determined from: 

where: Se,po,ed is the exposed planform area of the wing as defined in Figure 5.13 

Kw is the sCH:alled surface area factor which may be estimated from: 

Kw - 1.9767 + 0.5333(t) for: ~ 2: 0.05 

Kw - 2.0 for : ~ < 0.05 

(5.10) 

(5.11) 

For most wings it is acceptable to use for Uc the value associated with the mean geometric chord. 

* It should be noted that Figure 5. I 3 was obtained by converting incompressible values into com
pressible valwes through Eckert's method ofRef.5.5. The required physical quantities, such as den
sity and viscosity, are evaluated at a chosen reference temperature given by Eckert. 
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In designing a new airplane, the selection of the wing area, S has important repercussions to 
cruise performance, fieldlength performance and, because most wings are used to store fuel, to range 
performance. References 5.6 and 5.7 contain methods for determining the wing area. 
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Airplane Drag 

5.2.1.2 Wing Drag Coefficient Due To Lift, CD 
Lw 

The wing drag coefficient due to lift may be determined from: 

2 C Lw 

nAe 
(5.12) 

where: CLw is the wing lift coefficient. The wing lift coeificient differs from the airplane lift 

coefficient, CL , because of trim considerations. Reference 5.1 contains a method 

for computing C Lw ' For inherently stable, tail-aft airplanes, CLw may be obtained 

from: 

(5.13) 

e is Oswald's efficiency factor. A detailed mcthod for estimating e is given in Ref. 5.1. 
Tn most cases, values for e range from 0,75 to 0.85. 

Note Well: Eqn. (5.12) does not specifically account for wing twist. Reference 5.1 contains a 
method which does account for a linear twist distribution. 

5.2,1.3 Wing Drag Coefficient Due To Compressibility, CD 
wlng w8H: 

This drag increment includes the variation of profile drag with Mach number, shock wave drag 
and drag from shock induced separation. 

Within a boundary layer, the effect of compressibility is tu increase the temperature. Therefore, 
the density of the air in the boundary layer is reduced so that the skin friction drag in compressible 
flow will be lower. However, because of a simultaneous increase in viscosity, the decrease in laminar 
skin friction drag is to a large extent eliminated. On the other hand, the turbulent boundary layer 
skin friction drag has been found to decrease with Mach numher in subsonic flow, in accordance with 
Ref 5.3, page 15-9: 

(5.14) 

The interference drag of wing-fuselage-nacelle combinations is usually increased due to com
pressibility. This increase nonllally outweighs any decrease in friction drag. One example of the 
variation of compressibility drag with Mach number and with lift coefficient is shown in Figure 5.16. 

Reducing the transonic drag due to compressibility effects is the equivalent to increasing the drag 
divergence Mach number. One way to accomplish this is to use the so--{;aUed transonic area ruling 
method. Designers apply area ruling by relying on the following area ruling concept: 

Area Rule Concept: 

The flow about a low aspect ratio wing-fuselage combination at transonic and supersonic speeds 
is similar to the flow about a hody of revolution having the same distribution of cross-sectional area. 
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Figure 5.16 Effect of Mach Number and Lift Coefficient on Compressibility Drag 
of a Business et 

According to this rule, it can be assumed that at large distances from the budy the disturbances 
in the flow are independent of the arrangement of the components and are only a functiun uf the 
cross-sectional area distribution. This means that the drag of a wing-fuselage combination can be 
calculated as though the combination were a body of revolution with equivalent cross sections. 

This area rule concept suggests the most desirable way to arrange the various components of an 
airplane (fuselage, canard, canupy, wing, nacelles and vertical (and/or) horizontal tail) for minimum 

wave drag at a particular value of the free stream .\1aeh number, Moo. What is needed is a smooth 

equivalent body of revolution. The theoretical hody of revolution with minimum wave drag is the 
so-called Sears-Haack body which is described in Refs 5.1 and 5.9. Such a body is characterized 
by the following mathematical shape: 

(r~aJ = {I (~: rr2 

for If < x < ~ 
2 - 2 

Thc volume and wave drag of an c'l"ivalent body shaped according to Egn (5.15) are: 

(5.15) 

Volume = 136"lfAmax for equivalent body of revolution (5.16) 

CD,,", = ~ Jt2Amax for equivalent body of revolution (5.17) 
If 

where: Am" is the maximum cross sectional area of the equivalent hody of revolution 
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Figure 5.17 shows an example of the actual drag rise of an early fighter airplane with that of its 
equivalent body of revolution. Note the similarity in drag rise due to compressibility between these 
two cases. 

The practical consequence of this area ruling concept is that the cross sectional area of the fuse
lage mllst be reduced in the region of the other components. Figure 5.18 shows an example cross 
sectional area distribution with a smooth equivalent body of revolution (matched to fit the maximum 
cross sectional area) superimposed. The shaded areas would require a change in local fuselage cross 
section to match the actual cross sectional area distribution to the one dictated by the smooth hody. 
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Figure 5.17 Comparison of Equivalent Body Drag and Contiguration Drag 
for an Earl }'i hter Conti uration 

Note well: In the case of flow-through engine nacelles, the cross sectional area of the stream 
tuhc of the engine should be subtracted from the total nacelle cross sectional area! I!! 

When placing bodies on wings (such as a tip tank) or close to a fuselage (sllch as an engine na
celle) a lot of attention must be paid to transonic effects on interference drag. Local area ruling is 
often applied. Examples are the NF-5 tip-tank/wing intersection, the DC-1O center-engine/verti
cal-tail intersection and the Cessna Citation X nacelle/fuselage intersection. 

Tt was already shown, that wing thickness ratio and wing sweep angle have an impOltant effect 
on drag due to compressibility. The effects of thickness ratio on the critical Mach number (and thus 
on drag due to compressibility was shown in Figure 5.4. The effect of wing sweep was discussed 
in Section 4.6. Detailed methods for predicting the effect of Mach numher on wing zero-lift drag 
and on wing drag due to lift are beyond the scope of this text. Sec Reference 5.1 for details. 
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Figure 5.18 Cross Sectional Area Distribution With and Without Area Ruling 

5.2.2 FUSELAGE DRAG COEFFICIENT, Cn fu •• 

Drag contributions due to the fuselage consist of: 

• friction drag • form and base drag 

• drag due to lift. also called induced drag • interference drag 

• compressibility or wave drag 

The fuselage drag coefficient may be determined frum: 

C n = Cn + Cn + CD 
I Of bf L f 

where: Cn is the zero-lift drag coefficient of the fuselage 
Of 

Cn is the base drag coefficient of the fuselage 
'. 

C n is the drag coefficient due to lift of the fuselage (induced drag) 
Lf 

(5.18) 

Fuselage zero-lift drag is covered in Sub-sub-section 5.2.2.1. The base drag of the fuselage is 
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discussed in Sub-sub-section 5.2.2.2. Fuselage induced drag, at normal night angles of attack, 
tends to be very small. A detailed method for its prediction is found in Ref. 5.1. The fuselage can 
significantly innuence the wing drag due to lift. That effect is discussed in Sub-section 5.2.5. 

When a fuselage is integrated with a wing (and with nacelles and the empennage), extra drag, 
called: interference drag, is produced. Several aspects of interference drag are discussed in Sub-sec
tion 5.2.10. 

Finally, compressibility effects due to an isolated fuselage tend to be small, as long as the fuse
lage has a reasonable fineness ratio (length over diameter). When a fuselage is integrated with a 
wing (and with nacelles and the empennage) the compressibility drag become.s a strong function of 
the progression of cross-sectional area. That effect is also discussed in SUb-section 5.2.5. 

5.2.2.1 Fuselage Zero-Lift Drag Coefficient, CD 
or 

The subsonic, fuselage zero-lift drag coefficient may be empirically determined from: 

(5.19) 

where: Rwf is the wing··fuselage interference factor. This factor was also included in the pre

diction of wing zero .. lift drag: see Figure 5.11. 

C f, is the turbulent nat plate skin-friction coefficient of the fuselage. The general, 

turbulent, flat plate friction coefficient, C f is shown in Figure 5.13 as a function 

of Mach number and the Reynolds number. For the fuselage Reynolds number use: 

(5.20) 

where: If is the fuselage length as defined in Figure 5.14. 

I r/ d r is the fuselage fineness ratio. Table 5.1 contai ns typical valucs for several airplanes. 

Definitions for If and for d f are also given in Table 5.1. 

Swell is the wetted area of the fuselage. Table 5.1 gives examples of the ratio offuselage 

wetted area to wing area for several airplanes. 

The wetted area of a fuselage is determined by a designer's decision to employ a certain size 
fuselage cross-section. ror example, for a given number of passengers, the designer must decide 
how much headroom, how much leg room, how many seats abreast, how much elbow room and how 
much aisle room needs to be provided. Clearly, the greater the "creature comfort", the greater the 
wetted area and, therefore, the higher the friction drag. 
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Table 5.1 Examples of Fuselage Fineness Ratios and Wetted Areas 

Type If/df S (ft2) Swct,. (ft2) Swe,IS 

Cessna 210 5.02 175 319 1.82 

Cessna 207 5.69 174 425 2.44 

Cessna 185 5.15 176 292 1.68 

Cessna 310 5.40 179 306 1.71 

Cessna 414 5.52 195.7 488 2.49 

Beech Sierra 5.22 146 332 227 

Beech Bonanza ('58) 4.98 181 323 1.78 

Beech Baron 5.69 199.2 362 1.82 

Beech Duke 5.59 212.9 586 2.28 

Beech King Air 6.06 294 652 2.22 

Piper Navajo 5.97 229 502 2.19 

Piper Seneca 5.68 206.5 356 1.72 

Learjet M24 8.80 232 502 2.16 

Shorts S03-30 7.43 453 1,543 3.41 

FokkcrF-28-40oo 8.59 850 2,454 2.89 

Boeing 757-200 11.7 1,951 5,601 2.87 

t aJ 
~ B "'"'00'"","'00' El ",""oo,",""oo"~B "'",00000000' El d f --• 1 ~ .. If ~ 

Chapter 5 159 



Airplane Drag 

5.2.2.2 Fuselage Base Drag Coefficient, CD 
'b 

When a fuselage is truncated a so--{;a1led base area is created. f'igure 5.19 shows a typical exam
ple of a fuselage with base area. 

c~ :oJ '~ No base area 

-' 

t 
C~ [0] D Base Area 

• , -' 

Figure 5.19 Example of a Fuselage With and Without Base Area 

As a result of this base area, additional drag (called base drag) is incurred. Frequently, fuselage 
base area is caused by the exhaust of ajet engine or an A.P.U. (Auxiliary Power unit). With the en
gine running, a high velocity exhaust will emanate from the base. That negates the effect of the base 
area. Therefore, with the engine runuing, the base area may be assumed to be zero r 

When a fuselage is not properly streamlined, flow separation may occur. This in effect causes 
a certain amount of base area to appear and results in base drag. Reference 5.1 contains methods 
for estimating thc base drag coefficient. Figure 5.20 shows examples of base drag coefficients. 
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Fi ure 5.20 Exam Ie of a Fusela e Base Dra Coefficients 
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5.2.2.3 Fuselage Drag Coefficient Due To Lift, CD L, 

In the normal. take-off, cruise and landing angle of attack range the induced drag due a fuselage 
tends to bc quite negligible. Exceptions are highly integrated wing-fuselage configurations, such 
as Bumelli type airplanes. A detailed treatment of fuselage induced drag is beyond the scope of this 
text but may be found in References 5.1 and 5.2. 

5.2.3 EMPENNAGE DRAG COEFFICIENT, CD ,m, 

The empennage (i.e. tail surfaces) of an airplane normally consist of the horizontal tail and the 
vertical tail. In some instances a canard is used instead of, or in addition to a horizontal tail. The 
total drag due to all these surfaces is referred to as the empennage drag. Drag contributions due to 
the empennage consist of: 

• friction drag • profile or thickness drag 

• drag due to lift, also called induced drag • interference drag 

• compressibility or wave drag 

The empennage drag coefficient may be determined from: 

CDc'"1I :::;:: C DUhl + CD(lVl + CD()~ (5.21) 

where: CD is the zero-lift drag coefficient of the horizontal tail 
°hl 

CD is the zero-lift drag coefficient of the vertical tail 
()Vl 

CD is the zero-lift drag coefficient of the canard 
He 

The zero-lift contributions for these empennage surfaces may be computed with Eqn (5.8) suit
ably modified to account for differences in Reynolds number, thickness and wetted area. 

There also are induced drag contributions due to these empennage surfaces. This is accounted 
for as so-<:alled trim drag in Sub-section 5.2.10. 

The effect of compressibility on empennage drag is not discussed in this text. It was already 
shown, that surface thickness ratio and sweep angle have an important effect on drag due to com
pressibility. The effect of thickness ratio on drag due to compressibility wa, shown in Figure 3.13. 
The effect of sweep was discussed in Section 4.6. 

Detailed methods for predicting the effect of Mach number on wing zero-lift drag and on wing 
drag due to lift are beyond the scope of this text. Such methods are contained in Reference 5.1. 

Interference effects are briefly discussed in sub-sub-section 5.5.5.11. 
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5.2.4 NACELLE-PYLON DRAG COEFFICIENT, CD 
"" 

The incremental drag due to nacelles and/or nacelle/pylon combinations [or jet or propeller 
installations consists of: 

• friction drag • form and base drag 

• drag due to lift. also called induced drag • interference drag 

• compressibility or wave drag 

Normally. a nacelle/pylon combination is split into its two components: the actual nacelle and 
the pylon which is used to attach the nacelle to a fuselage or to a wing. In most single engine light 
airplanes, there is no pylon. A typical exception is the Lake -4 amphibious airplane. Figure 5.21 
provides illustrations of these cases. 

Jet Nacelle-Pylon Propeller Nacelle-Pylon 

Nacelle 
Wing 

Propeller-
Pylon 

Nacelle 

Fuselage 

Figure 5.21 Example of Nacelle-Pylon Installations 

For the nacelle itself, the first three drag contributions can be adequately estimated using the 
same methodology used for determining the fuselage drag. Care must be used in determining the 
wetted area of the nacelle. Only the external area of the nacelle is counted as wetted area. Any drag 
caused by internal flow through the nacelle is normally accounted for against the installed thrust. 
This, of course, is a bookkeeping decision. 

For the pylon, the first three drag contributions can be adequately estimated using the same meth
odology used for determining the wing drag. 

To avoid penalties due to compressibility, the pylon sweep angle and the pylon thickness ratio 
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are subject to the same considerations as those for a wing or tail. In most cases, by using local area 
ruling on the nacelle-pylon-wing or nacelle pylon-fuselage ensemble, it is possible to avoid wave 
drag penalties in the transonic speed regime. 

For a discussion of interference drag, the reader is referred to sub-sub-section 5.2.5.11. 

5.2.5 ADDITIONAL DRAG DUE TO INTEGRATION EFFECTS 

When the wing, fuselage, empennage and nacelles are integrated, several additional factors 
which may influence airplane drag must be accounted for. Many ofthese factors involve drag due 
to lift (or induced drag). Some of these are discussed here. 

5.2.5.1 Wing Planform Shape Effect on Induced Drag 

As ntight be expected, the planform shape of the wing has a significant effect on induced drag. 
It was seen in Chapter 4, that the induced drag of a wing with elliptical planform and moderate to 
high aspect ratio, is theoretically the minimum possible. Pure trapezoidal plan forms are a good 
approximation to elliptical planforms and are usually casierto produce. Mixed trapezoidal and rect
angular planforms (the latter are called Hershey-bar wing,s) incur a modest induced drag penalty. 
The reader IIlay keep the following numbers in mind: 

For rectangular planforms, the auuitional induced drag penalty, according to the method of 
Ref. 5.3, Chapter 7. may be estimated from: 

~(dCD') = 0.003 dC2 
L 

By using Eqn (4.24) this implies a change in the induced drag factor lie of: 

~(i) = (0.003) n;A 

(5.22) 

(5.23) 

For straight tapered (trapezoidal) planforms, with taper ratios ranging from 0.3 to 0.4 the 
additional induced drag may be estimated from: 

CD = (1.01 To 1.02) x CD 
I.,tr .. if:~t- t~per \'l1ill', .... 1 

(5.24) 

Figure 5.22 shows examples of these three planform shapes. A mixcd planform, is also shown. 

5.2.5-2 Wing Tip Shape Effect on Induced Drag 

Tip vortices may roll up and getarollnd the lateral edges of a wing. This has the effect of reducing 
the effective span of the wing. Figure 5.23 illustrates these etlects. 

Experiments show that wings with square or sharp tips have the widest effective span, When 
tip-tanks are used, favorable effects can be derived from this effective increase in span and also from 
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c~ ______ ::> 
Elliptical planform Rectangular planform 

l 1 r 
Straight tapercd (trapezoidal) planform Mixed planform 

Figure 5.22 Examples of Three Basic Wing Planforms 
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Figure 5.23 Wing Tip Shapes and Their Effect on Location of the Tip Vortex Core 

the increase in wing area and from the so-<:alled end-plate effects. However, the tip vortices will 
tend to move somewhat inboard which in turn reduces the effective span. For most practical pur
poses it is acceptable to assume that, in case of tip tanks. half of the tip tank diameter can be added 
to the actual wing span to obtain the aerodynamically effective span. 

Work done by Van Dam et al (Ref. 5.11) shows that at low speeds and for moderate high aspect 
ratio wings tip planform shapes similar to the one shown in Figure 5.24 can reuuce the induced drag 
by a Significant amount when compared to conventional tip shapes. This can be of great importance 
in engine-out climb cases, where the lift coefficient (and therefore the induced drag) is high. 
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I Centerline 

Figure 5.24 Example of a Tip Shape for Low Induced Drag 

5.2.5.3 Wing Twist Effect on Induced Drag 

Washout of a wing, also referred to as twist, changes the span wise lift distribution of a wing. 
This has been found to increase induced drag. The effect may be estimated ffUm Eqn (4.8) in Ref. 
5.1 or Ref. 5.3, page 7-7. Because slightly forward swept wings tend to have favorable stall charac
teristics, no twist needs to be incorporated. This result is a small savings in induced drag. 

5.2.5.4 Wing Sweep Effect on Induced Drag 

For swept aft wings, the lift tends to be more concentrated toward the tip. By decreasing the taper 
ratio. the lift concentration ncar the tip can be reduced. However, reduction in taper ratio also results 
in a reduction in Reynolds number. This in turn llsually results in a reduction of local maximum lift 
coefficient. Therefore, small taper ratio wings tend toward tip stall. As a result, swept aft wings 
with realistic Laper ratios tend to have lift distributions which are fairly far removed from the ideal 
elliptical shape. As a result the induced drag is increased. It should he noted that this is not the case 
with a forward swept wing. Experiments indicate that the induced drag of aft swept wings is propor
tional to the inverse of the cosine of the sweep angle: 

dC D, = 1 

dC~ cosAc/4 
(5.25) 

5.2.5.5 Effect of Tandem Confignrations on Induced Drag 

Figure 5.25 shows typical wing arrangemcnts referred to as a tandem configurations. 

Whether or not such a configuration should be called a tandem dcpends on two factors: I) the 
relative size of the rear surface compared to the front surface, and 2) whether or not the rear surface 
carries positive lift. Wlllg theory shows thaLthe induced drag of a tandem configuration is equal to 
that of a single wing with the combined lift distribution. This result follows from Munk's Stagger 
Theorem (see: Ref. 5.12). 

The horizontal tail of a conventional airplane, or the front surface of a canard ailplane can be 
thought of as a Landem configuration if the tail or the canard is large relative to the wing. Because 
of the requirement for static longitudinal stability in most conventional airplanes (See Ref. 5.13) a 
tail normally carnes a down load to trim the airplane, while a canard normally carrics an up load 
to trim the airplane. The resulting induced drag can be substantial as shown in Section 5.2.6. 
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_ Direction of flight 

Figure 5.25 Examples of Tandem Configurations 

5.2.5.6 Effect of Winglcts on Zero Lift and on Induced Drag 

Winglets are small, nearly vertical lifting surfaces, mounted rearward andlor downward relative 
to the wing tips. Examples of winglets on several modern airplanes are shown in Figure 5.26. 

The total velocity of the air relative to the inside surface of a winglet consists of two components: 
the increased velocity over the inward surface (due to local angle of attack) and the high velocity 
over the forward portion of a wing tip. To avoid that the total velocity approaches fhe local speed 
of sound (which would result in additional compressibility effects), winglets are placed rearward 
on wing tips. 

To explain how winglets work, refer to the insert sketch in Figure 5.26. The wing tip circulation 
produces a large sidewa,h component, even at low airplane angles of attack. The resultant lift com
ponent is perpendicular to the local flow vector. It is seen that because of the forward orientation 
uf this winglet lift an effective thrust force is produced. This thrust force effectively reduces the 
airplane induced drag. Some readers may recognize the fact, that a winglet acts similar to the sail 
on a sailboat while tacking into the wind! Therefore, some companies refer to winglets as tip-sails. 
An example is thc Beech Starship. 

A question which is always asked is: are winglets more effective than increases in span? This 
question is tricky to answer because of the effects of wing rout bending and torsion, flutter, trade 
between induced drag and friction drag and weight. Based on studies performed in References 5.11, 
5.14 and 5.15 the only general conclusion is that it depends on the mission and on the configuration 
of an airplane whether a winglet wins alit over a wing tip extension. 

One practical problem with wing tip extensions is the limited gate parking spaces which are 
available at some airports. This is precisely the reason why the Boeing 747-400 has winglers rather 
than added span. Finally, in some cases management may perceive the very "looks" of winglets to 
be sufficiently attractive, to use them [or that reason. 
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Courtesy: Airbus 

Courtesy: Boeing 

Lift acting on winglet 
Sidewash velocity 

Wing trailing edge 
Winglet 

Resultant velocity 

Figure 5.26 Examples of Winglet Configurations 

5.2.6 FLAP DRAG COEFFICIENT, Co 
n" 

Drag contributions due to flaps consist of: 

• parasite drag • drag due to lift, also called induced drag 

• interference drag 

The flap drag coeffiCIent may be determined from: 

(5.26) 

where: CD is the parasite (zero-lift) drag coefficient due to the flap 
Iltll1Pp .. 
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CD is the drag coefficient due to lin of the !lap (induced drag) 
Ljhp 

CD" . . is the drag coefficient due to interference between the flap and the wing/fuselage 
t1a~;~IClt. 

The three-dimensional flow field due to leading edge and trailing edge flaps is very difficult to 
model. For that reason, it is customary to estimate the parasite drag contribution due to naps from 
two-dimensional data. Tn preliminary design it is acceptahle to use: 

C 
D" 

, 11~pP:H 

(5.27) 

IS the two-dimensional profile drag increment due to the nap(s). This quantity 

may be estimated with the methods of References 5, I and 5.2. 

Deflcction of partial span flaps changes the shape of the spanwise load distribution. The addi
tional induced drag due to the flaps is a function of the incremental lift coefficient due to the flap 
and is a function of the flap deflection angle itself. Also, the spanwise distribution of the section 
zero-·lift angle of attack is changed by the deflected flap. For these reasons, the induced drag due 
to the flap(s) will have a component which is proportional to the square of the incremental lift coeffi
cient. This component can be calculated by using lifting surface theories, see Ref. 4.6. 

According to Ref. 5.1 the induced drag coefficient due to flaps may be estimated from: 

(5.28) 

where: K is an empirical factor given in Ref. 5.1 

Ll.CL is the incrementall!ft coefficient due to the flap at a given angle of attack. 
tl .• p 

Interference drag due to the flaps arises from a very complicated flow field in the vicinity of the 
flaps and neighboring lifting surfaces and bodies. According to Ref. 5.1, p. 88. the following empiri
cal relations may be used to estimate the interference drag for two types of flap: 

C 

and 
D" 

Il~p;nterf. 

- - O.15L1.C D for split t1aps 
p 

= + 0.40ACD for slotted flaps 
p 

Examples of the effect of flaps on airplane drag are shown in Figure 5.9 and 9.11. 

5.2.7 LANDING GEAR DRAG COEFFICIENT, CD 'W, 

(5.29) 

(5.30) 

Landing gears cause extra drag during takeoff and landing for airplanes with retractable gears 
and in all flight conditions for airplanes with fixed gears. The magnitude of the landing gear drag 
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coefficient is proportional to the Ii'ontal area of the gear (struts, shock absorbers and tires) as pres
ented to the oncoming flow. Because of this, gear drag can be a function of angle of attack. Methods 
for estimating gear drag are contained in Refs 5.1,5.2 and 5.16. 

It should be noted, that in some airplanes the gear drag increment can he a function of the nap 
deflection. The reason for this is the change in downwash at the gear caused by the flaps. An exam
ple of this is shown in Figure 5.27. 

0.02 
C D~"lr Based on 

• S 2,8R4 ft2 

O.oJ 

0 
0 10 20 30 40 50 

Flap deflection angle, I\f, deg ... 
Figure 5.27 Flight Measured Drag Due to Landing Gear for the Douglas DC-B 

5.2.8 CANOPYIWINDSHIELD DRAG COEFFICIENT, CD 
'" 

The drag coefficient due to canopy or windshield depends strongly on fbe cross-sectional shape. 
the stream-wise shape, the fineness ratio (i.e. length divided by height for canopies) and the Mach 
numher. References 5.1 and 5.3 contain data for estimating this drag increment. The multitude of 
shapes in use suggests that there is no unanimity on the "best" shape for these items. 

5.2.9 STORE DRAG COEFFICIENT, CD 
siorc 

The store drag coefficient depends on the size and number of stores carried externally by an air· 
plane. For an arbitrary number of stores fbis may be determined from: 

where: Kstore , 

Chapter 5 

(5.31) 

is the store interference factor. For semi-submerged stores, K=ll7 while for 

external stores. K=1.3. The reader should also consult Ref. 5.17. 
for geometric data on military stores as well as for suggestions how to integrate 
them into an airplane. 

is the store drag coefficient for an isolated store. This may be computed with the 

fuselage zero-lift drag coefficient method of Sub-section 5.2.2. 
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5.2.10 TRIM DRAG COEFFICIENT, CD . • 0. 

Trim drag is defined as that extra drag required to produce a condition of zero moments on the 
airplane. Normally, for an airplane under symmetrical power, trim drag is caused by loads on the 
tail and/or on the canard to assure zero pitching moment. These aerodynamic trim loads cause an 
increase in induced drag which is called the trim drag. For an airplane with one engine out, trim drag 
is also increased by the requirement to produce lift (i.e. side force) on the vertical tail and to dellect 
the lateral controls, to assure zero yawing and rolling moments. 

Figure 5.28 shows fourpossiblc layout cases. It is seen that for a conventional airplane, the trim 
load on the horizontal tail can be zero, up or down, depending on how the airplane is balanced (i.e. 
where the center of gravity is in relation to the tail-Dff aerodynamic center). For a canard airplane 
the load on the canard will always be up under the condition assumed in Figure 5.28. 

Conventional 
mid C.g. 

No load on 
hor.tail 

Conventional 
forward c.g. 

Down load 
on hor.tail 

Conventional 
aft c.g. 

w 

w 

Up load 
on hor.tail Up load 

on canard 
Lc 

Canard 

w 

w 

Notes: 1) Cm = 0 is assumed for all cases 
IIC"r 

2) Thrust cffects neglected 

Figure 5.28 Effect of Wing-Fuselage Aerodynamic Center Location and 
Air lane Center of Gravit Locatiou ou Trim Loads 

For the conventional case the trim drag for an up or down load on the horizontal tail would be deter
mined from: 

(CLh)2Qh Sh 
ltAheh q S 

For a canard configuration the trim drag may be computed in a similar manner. 
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Trim drag does depend also on: a) fuselage camber shape and b) thrust line location. 

In conventional, inherently stable airplanes, the camber shape of the fuselage can have a signifi
cant effect on the zero-lift pitching moment coefficient of an airplane. An extreme example of a 
fuselage shape which takes advantage of this effect is the Lockheed Constellation: see Figure 5.29. 

Note the large fuselage camber I 

_--~, II ?". ~--=_ 
, : 

Figure 5.29 Three-view of the Lockheed Constellation 

The location of the thrust-line relative to the center of gravity can have a large effect on the zero 
lift pitching moment coefficient (and thus on trim drag) of an airplane. How to estimate the effect 

of thrust-line location on Cm" is illustrated in Figure 5.30. Whether or not this effect increases Of 

decreases trim drag depends on whether the thrust line is located above or below the c.g., on the level 
of stability (or lack thereof) and on the airplane configuration. 

The additional zero-lift pitching moment 
coefficient due to thrust-line offset is: 

center-of-gravity ~ _____ --._ 

; dT T 
II 

thrust-line location 

Figure 5.30 Effect of Vertical Thrust-line Location on the 
Zero-lift Pitchin Moment Coefficient 

Typically, trim drag under symmetrical power can range from 0.5% to 5% of total airplane (un
trimmed) drag, depending on the location of the center of gravity. 
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5.2.11 INTERFERENCE DRAG COEFFICIENT,CD inkd'. 

Interference drag arises from changes in the flow pattern which accompanies the placing of two 
bodies (or surfaces) in close proximity. Ref. 5.3 (Chapter 8) presents many examples of mutual in
terference between various components of airplanes. 

Whenever two streamlined bodies are placed side-by-side, the average velocity near the surface 
of each body is always increased. The adverse pressure gradient which is associated with the de
crease in velocity over the aft portion of bodies is responsible for a considerable increase in the drag 
coefficient. 

If the streamlined bodies are placed in tandem, the drag of the rear body can be increased because 
it is immersed in the low energy wake from the front body. Thus, the total drag of two bodies placed 
close together will nearly always be higher than the sum of the individual drags of the isolated ho
dies. An example of these trends is shown in Figure 5.31 for two struts. 
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,/ " " I Source: Ref. 5.3 
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'--- I Drag coefficient based on strut area: cx (strut length) 

-0.2 
o 1 2 3 4 5 

.. x/c 

Fi re 5.31 Dra Coefficient of a Pair of Strut Sections in Tandem 

In many airplane applications, small bodies are attached to wings and fuselages. Examples are 
antennas, optical and/or radar sensors, missiles, bombs and other stores. The interference drag 
caused hy such attachments can be reduced by placing the body in a region of favorable pressure 
gradients of the main body (wing or fuselage). In many cases, missiles can be placed in so-called 
conformal manner with a significant reduction in the installed drag. Some examples may be found 
in Ref. 5.17. 

Finally, interference drag is also caused by the integration of wings with a fuselage as well as 
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the integration of nacelles ,vith a \ving or \\lith a fuselage. In these cases, .interference drag consi~ts 
of two types: 

* a parasitic type, corresponding to boundary layer and pressure losses 
and 

* an induced type, caused by changes in the lift distribution. 

The parasitic (viscous) intelierence drag of a wing attached to a fuselage is smallest with the 
wing nellr the nose of the fuselage, such as on the DH Mosquito bomber ofWWII. This interference 
drag reaches a maximum for wing loclllions farther aft on a fuselage, particularly if the wing is 
mounted behind the location for maximum width of a fuselage. The thlckness of the boundary layer 
which increases along the fuselage and produces reductions in local dynamic pressure, is responsihle 
for this result. 

The interference drag of tail surfaces tends to be smaller for tails installed at the rear end of a 
fuselage than for tails installed further forward. 

The parasitic (viscous) interference drag of engine nacelles can be explained in a similar manner. 
A rough, but simplc, rule at ncarly zcro lift is that wing-nacelle interference drag is approximately 
equal to the section drag of a wing area, twice as large as the wing portion covered hy the nacelle. 

The reader should note, that at the intersections of wings and fuselages as well as of wings and 
nacelles, the wetted area of the wing is in fact reduced. That factor should also be accounted for. 

The induced interfereuce drag of wing-fuselage and wing-nacelle combinations occurs mainly 
because of the change in span wise lift distribution. The final lift distribution with the fuselage or 
nacelle added to the wing tends to be less elliptical which increases the induced drag. 

To reduce total drag it is necessary for the designer to find the appropriate geometric layout of 
all airplane components such that the total interference drag is kept to a minimum. Also, properly 
designed transition sections (also known as fairings or fillets) can reduce interference drag in a sig
nificant Inanner. 

5.2.12 MISCELLANEOUS DRAG COEFFICIENT, CD . 
mIse 

The miscellaneous drag coefficient, CD. is used to account for those extra drag items which 
ITII.-;': 

cannot be conveniently accounted for in the eleven drag contributions discussed in Sub-sections 
5.2.1 through 5.2.11. Typical of such additional drag items are: 

* protuberances 
* inlet spillage drag 
* cooling air drag, 
* antenna drag 

'* struts not accounted for under interference drag 
* drag associated with cabin-heating air inlets 
* nozzle and/or exhaust system integration drag 
* gaps, surface roughness 

References 5.1 and 5.3 contain more information on these topics. 
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5.2.13 DRAG COMPONENT SUMMARY AND TYPICAL EXAMPLES 

Figure 5.32 shows two types of total cruise drag breakdowns for a business jel airplane: a) a com
ponent breakdown and b) a causal breakdown. Table 5.2 shows an actual drag breakdown for a busi
ness jet in cruise. 

Component Breakdown 

Wing 

Fuselage 

Tail 

Nacelles 

Misc. 

0% 50% 

Flat plate friction 

3~ffects 

Interference 

Protuberances 

Roughness 

Incremental Profile .'.1 

Tnduced 

Compressibility 

0% 

Causal Breakdown 

50% 

Figure 5.32 Typical Drag Build-up for Jet Transports in Cruise 

It is clear, that skin friction and induced drag are the largesl causal contribulors to cruise drag. 
The reader is reminded, thal friclion drag is dri ven by the wetted area. A large fuselage, providing 
excellent creature comfort, also causes large wetted area and thus large friction drag. The induced 
drag is driven by airplane weight, !light condition and wing planform design. 

From a pragmatic viewpoint, once the key design decisions have been made which "nail down" 
fuselage size and wing design, the designer can reduce drag only by paying attention to the other 
details. Doing so can pay significant dividends in drag reduction as illustrated by the examples in 
Figures 5.33a and 5.33b which are taken from Reference 5.18. 

References 5.3 and 5.18 are recommended for anyone interested in pursuing drag reductions on 
existing or new airplanes. 

A word of caution: More often than not, redncing drag items such as those mentioned in Fig
ure 5.33 results in an increase in manufacturing cost! Whether or not such an increase is warranted 
depends on trade-offs between manufacturing cost increases and operation cost decreases. The 
manufacturer must keep in mind that operators are willing to pay for drag decreases in higher ac
yuisition cost only if this results in higher profit potential. 
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Table 5.2 Cruise Drag Breakdown for the Learjet Model 25 (Ref. 5.8) 

M = 0.75 CL = 0.336 CD - 0.0338 

Source !!,. CD % of Total 

Causal Drag Breakdown: 

Profile drag (skin friction) 0.0180 53.25 

Profile drag variation with lift 0.0007 2.07 

Interference drag 0.0031 9.17 

Roughness and gap drag 0.0015 4.44 

Induced drag 0.0072 21.30 

Compressibility drag 0.0028 8.28 

Trim drag 0.0005 1.48 

Total drag 0.0338 100.00 

Profile Drag Breakdown: !!"C 
Dpn'lik: triclinn 

- O.01HO 

SouTce !!,. Co % of Total 
pJt1fJle frktlon 

Wing 0.0053 29.57 

Fuselage 0.0063 34.95 

Tip tanks 0.0021 11.83 

Tip tank fins 0.0001 0.54 

Necelles 0.0012 6.45 

Pylons 0.0003 1.61 

H orizomal tail 0.0016 9.14 

Vertical tail 0.0011 5.91 

Total profile drag (friction) 0.0180 100.00 

Courtesy: Bombardier Learjet 
cL:~ 

~ ••• r . --- -- ----::::::: ,-~--- < ~-
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Source: Ref. 5.18 

CD· O. 0010 or 8% COf 
air is ejected almost normal (Cooling to the airRtr~am) 

(Exhaust stacks protrude into the airstream) 

{-) 

1) 

Co = 0.0012 or 9% COf 
Short Length Fairing 

(Drag from retracted landing gears) 

CD' 0.0009 or 7"!0 CDr 
Fu II Length Fai ri ng, Not Sealed 

Figure 5.33a Exam les of Drag Reduction Attainable by Careful Attention to Details 
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... - - ... ~ ... 

(Cowling flap leakage drag) 

ACo' 0. 0007 or 5% CDr 

(Leakage through gaps on tail 

control surface) 

Source: Ref. 5.18 

/ 
/" 

"-

£::.co• O. (X110 0 r 8'fo CDI 

(Sanded walkway.) 

Collector Ring 

,~ 
I' 

Cowling-flap Gear 

Section at Original Cowling Inlet 

.6.Co ~ 0.0007 or 5% Co 
f 

Section at Smooth Cowling Outlet 

(to reduce cooling drag) 

Figure S.33b Examples of Drag Reduction Attainable by Careful Attention to Details 
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5.3 DETERMINATION OF DRAG IN THE WIND-TUNNEL 

Despite the increasing importance of computational aerodynamics, wind-tunnels remain indis
pensable and cost effective tools for predicting the full-scale aerodynamic characteristics of air
planes, particularly in (he case of drag. Wind-tunnels also provide a means to realistically evaluate 
the component drag build-up of an airplane. 

Figures 5.34 shows an example of the size of a typical windtunnel model for the SIAl-Marchetti 
S-21l (Northrop-Grumman JPATS)jettrainer. Figures 5.35 and 5.36 are included to give the reader 
some idea of how a windtunnel model is hroken down into various components. This allows (he 
testing of a gradual build-- up of a configuration to assess the drag contribution of the various compo
nents. Figure 5.37 shows the complete model installed in the Boeing Transonic Windtunnel. 

The type of installation in Figure 5.37 is referred to as a "sting-type" installation. Another fre
quently used installation is the so-called "strut-type" installation. Figure 5.38 shows an example. 

Tahle 5_3 summanzes several pros and cons of these two installations 

With each of these installations a mean, of measuring the three forces and three moments which 
act on a model must be provided. Figure 5.39 shows two examples of internal strain gauge balances 
which are typically used with "sting-type" installations. Figure 5.40 ,how, an example of an exter
nal strain gauge balance which is typically used with "strut-type" installations. 

References 5.19 and 5.20 contain detailed discussions of subsonic and supersonic windtunnel 
testing procedures and the corresponding data reduction methods. 

Primarily because of differences in Reynolds number and the associated effect on the boundary 
layer, it is necessary to analytically manipulate windtunnel data before full scale drag predictions 
can be made. Also, the effect of the weight of the windtunnel model (in all its components) must 
be accounted for. As a general rule, to predict full scale flight data from windtunnel model data, the 
following three steps must be taken: 

Step I) 

Step 2) 

Step 3) 
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Tare Corrections. Windtunnel data must be correcled for the weight of the model. 
These corrections are referred to as "tares". 

Flow-field Corrections. Windtunnel data must he corrected for differences between 
the flow --field in the tunnel and the flow-field in flight. These differences arise 
because of wall-to-model interference effects in the test section which change the 
effective angle of attack of a model. 

Reynolds Number and Boundary Layer Corrections. The windtunnel model data, 
as corrected under I) and 2) must be extrapolated [0 the full scale flight regime. 
This extrapolation usually consists of accounting for differences in Reynolds number 
and boundary layer characteristics. 
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Figure 5.34 Example of a Windtunnel Model of the S-211 Jet Trainer Airplane 
(Courtesy of SIAl-Marchetti, Sesto--Calende, Italy) 
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Figure 5.35 Example of a Wing, Wing Flap and Empennage Breakdown for a 
Windtunnel Model of the S-211 Jet Trainer Airplane 
(Courtesy of SIAl-Marchetti, Sesto-Calende, Italy) 
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Figure 5.36 Example of Component Breakdown for a Windtnnnel Model uf the 
S-211 Jet Trainer Airplane 
(Courtesy of SIAl-Marchetti, Sesto-Calende, Italy) 
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Figure 5.37 Example of the S-211 Windtunnel Model Installed in the 
Boeing Transonic Windtunnel 
(Courtesy of SIAl-Marchetti, Sesto-Calende, Italy) 
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Figure 5.38 

Table 5.3 Summary of Pros and Cons of Sting-Type and Strut-Type 
Wind-tunnel Model Installations 

Sting-Type Strut-Type 
(Figure 5.37) (Figure 5.38) 

PROS • No strut interference • No model dis tOltions 
are required 

This is particularly important 
for high speed and sideslip 
testing 

• Internal balance 

CONS • A fr end model distortions are • Limited to low speed testing 
usually required to accommodate 
the sting 

• Possible fouling between model • External balance required 
and sting at high angles of attack 
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Courtesy: SIAl Marchetti, Sesto Calende, Italy 

Figure 5.39 Examples of Internal Strain Gauge Balances 

Figure 5.40 Example of an External Strain Gauge Balance Installation 
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To make the necessary tare corrections (Step I), the weight of each windtunnel model compo
nent must be determined so that the actual model weight in all its configurations is known. Tare 
corrcctions arc discussed in detail in Ref. 5.19. 

To make the flow-field corrections (Stcp 2), three types of corrections are normally required: 

a) Tunnel wall corrections to account for the effect of the limited size of the tcst scction. This 
includes corrections due to flow blockage which comes about because the model cross section, verti
cal to the test section, may not be small compared to the cross sectional area of the test section. This' 
becomes a problem at high angles of attack. 

b) Corrections to account for the effects of the model suspension system. Examples of such 
effects are: aerodynamic interfcrcnce hctween the model and the suspension system and aeroelastic 
effects due to the model deforming the suspension system. 

c) Corrections to account [or imperfections in the tunnel flow. Examples of such imperfections 
could be: turbulence caused by roughness in the tunnel walls, by turning vanes and by non-uniform 
velocity distribution due to rotational flow. 

In these Step 2 corrections, the effect of turbulence produced in the tunnel by the tunnel propel
lers, tunnel guide vanes, screens etc. should be included. One way to indicate the degree of turbu
lence in a windtunnel is by the use of the so-{;allcd turhulence factor (T.F.). 

It is known that the critical Reynolds number of a sphere tested in free air is about 385,000. At 
this Reynolds number the laminar separation point and the boundary Jayer transition point coincide. 
The drag coefficient (based on maximum cross-sectional area) at this critical Reynolds number is 
0.30. If the sphere is now tested in the windtunnel, the critical Reynolds number at which the drag 

coefficient, CD is 0.30 (based on maximum cross sectional area) will be denoted by: RNc ' The tur

bulence factor of the tunnel is then defined as: 

T F = 385,000 
. . R 

Nc 
(5.33) 

The effective Reynolds number, R N, ' under any testing condition will be: 

(5.34) 

The Step 3 corrections are necessary because of the usual large differences in Reynolds number 
between that of the wind tunnel model (small scale) and that of the airplane in flight (full scale). The 
reader is reminded of Figures 2.17b and 5.11 which illustrate tbe e!fect of Reynolds number on the 
skin friction coefficient. 

The difference between small scale and full scale Reynolds number affects primarily the friction 
drag coefficient and the maximum lift coefficient. This is so because of the difference in boundary 
layer characteristics between small scale and full scale. While the boundary layer on a large airplane 
is usually fully turbulent, large regions ofJaminar flow may exist on the Illodel. Because it is essen
tial to simulate the full scale boundary layer development accurately for drag prediction, the stan-
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dard practice is to solve this problem by using so-called trip strips. These trip strips consist of a 
narrow band of carborandum grit. 

On lifting surfaces (such as wing, tail, canard) the trip strip is usually placed at about 5% to 10% 
of the local chord, On bodies (such as fuselage, nacelles and stores) the trip strip location is usually 
at about 5% of the length of the body. 

To be precise, the trip strip location should be such that: RNK ~ 600, where RNK is based on 

the roughness height, K, the velocity at the top of the roughness, UK, and the kinematic viscosity 

at the top of the roughness, vK (see Ref. 5.21). 

The method of artificially fixing transition on the tunnel model, even with the rough method of 
locating the trip strip as outlined above, has been found to produce good results in sub-critical flow. 

Below the critical Mach number, Merit' the full scale wing pressure distrihution is in good agreement 

with small scale pressure distributions measured on models equipped with trip strips. However, for 

supercritical flow, M > Menl , the problem of simulating high Reynolds number at small scale be

comes much more complicated. This is because the boundary layer thickness must be correctly sim
ulated at the location of the shock wave. If the trip strip is located too far forward, the boundary layer 
will be unrealistically thick at the shock. This places the shock in the wrong position or leads to 
premature shock-induced separation. Therefore, in supercritical flow, the trip strip must be located 
further aft than the normal position to simulate properly the shock characteristics. The correct trip 
strip location may be calculated by theoretical methods or can be determined empirically. The reader 
may wish to consult References 5.21 and 5.22. 

If access is available to a cryogenic test facility (such as the National Transonic Test Facility at 
NASA Langley) small scale tests at closer to full scale Reynolds number is possible. 

The upshot of all this is, that after obtaining the windtimnel data, corrections must be applied 
to account for these Reynolds number effects. One method of doing this is to adjust the measured 

small scale values of Co or Co . according to the following equation: 
() mm 

(
CD.) (Co_) c;- = c;-

windtunnel fullscale 

(5.35) 

Another way of applying the Reynolds number corrections is to calculate Co . as: 
min 

(CD. ) . = (CD ) - ~Co 
mm lullscale min wind tunnel min 

(5.36) 

where: ~Co. is the decrease in turbulent friction due to the difference in Reynolds numhcrs. Fig-m," 

ure S.1l can be used to find the appropriate values for Cf or ~Com." . Any additional adjustment 
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to the drag polar shape can be done empirically by comparing with known drag polar shapes of exist
ing similar airplanes. 

Eventually, any methods used to account for Reynolds number effects must be checked against 
flight test data. 

Detailed discussions of other corrections are beyond the scope of this text. However, these can 
be found in Reference 5.19. The accuracy of extrapolating windtunnel data to full scale results is 
discussed in Reference 5.23. 

Because of the great importance of the effects of the turbulence factor and Reynolds number on 
skin friction drag, the following example problem is presented. 

Example Problem: 

The drag of a wing model is measured at a test Reynolds number of 3x106 and a turbulence factor 
of 2.0. The measured drag coefficient, based on wing area, is 0.0082. Find the eqnivalent free-air 
drag coefficient if the full scale Reynolds number is 9xl06. Assume that the Mach number is close 
to zero. 

Solution: 

The effective Reynolds number is given by Eqn (5.34) as: RN = 2.0x3xl06 = 6x106 Using 

the ±lat-plate solution of Eqn (2.97) for turbulent flow, the drag coefficient correction can be ob
tained as: 

LiCD = 2.0{ 0.455 258 - 0.455 258} = - 0.0008 
(log lO 6xl06) "' (log 10 3xl06) . 

Comment 1: this correction is to account for the effect of the tunnel turbulence on the test 
Reynolds number. 

Comment 2: the factor 2.0 accounts for the fact that the wing has two sides which are exposed 
to friction drag 

Hence, the equivalent free-air drag coefficient of the model in the tunnel is: 

CD = 0.0082 - 0.0008 = 0.0074 
(RN = (j~106) 

Using Figure 5.11 to correct for the difference between the full scale Reynolds number and the 
effective test Reynolds number it is seen that: 

LiCD•
i
, = 0.00325a1RN = 6x10' - O.00305'tRN = 9xlO' = 0.0002 

The predicted full scale drag coefficient of the wing is therefore: 

CD = 0.0074 - 0.0002 = 0.0072 
full !;tale 
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5.4 SIMPLIFIED METHOD FOR PREDICTING DRAG POLARS OF 
CLEAN AIRPLANES 

The build-up methods for drag polar prediction of new designs as outlined in Sections 5.2 and 
5.3 will produce good results. When done by hand, a large expenditure of engineering man-hours 
is required. By using the software of Reference 5.24 significant savings in man-hours can be ob
tained. Uowever, even with the use of software the amount of time spent in predicting airplane drag 
is not insignificant. For that reason, in preliminary design, a faster method has been developed 
which has been found to yield adequate results. 

This faster method is based on the so--<:alled "equivalent-flat-plate" drag of airplanes. The 
method assumes that the drag polar is parabolic: 

C2 
CD = CD + _L_ 

{) nAe 

In this method the 7.ero lift drag coefficient. CD" ' may be determined from: 

f 
CD = 

Il S t' 
" 

where: [is the equivalent parasite area of the airplane. 

(5.37) 

(5.38) 

For clean airplanes (flaps up, gears up, cooling flaps closed, speed brakes retracted) the equiva
lent parasite area, f, may be determined from Figures 5.41, 5.42 and 5.43. 

As seen from Figures 5.41-5.43, to determine the equivalent parasite area, 'f', it is necessary 

to know the airplane wetted area, Swet and the equivalent skin friction coefficient, C f of the air

plane. How to do this is explained next. 

First, the airplane wetted area, Swot may be calculated from: 

(5.39) 

This equation may have to be adjusted for airplanes with different configurations. Values for 
the wetted area of any airplane component can be determined from any reasonable three-view. For 
fuselages, nacelles and stores the wetted area may be obtained from integration of a perimeter plot 
as shown in Figure 5.44. Corrections to the wetted area may have to be made to prevent accounting 
twice for the intersections of such items as \\.:ing on fuselage. 

Second, the equivalent skin friction coefficient, C f depends on the type and accuracy of fhe 

manufacturing technology (smoothness) used. Specific airplane points in Figures 5.41-5.43 were 
entered to provide the reader with a yardstick against which to judge any given new airplane design. 
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Note: This figure appears as a help file in the software of Reference 5.24 
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Figure 5.41 Parasite Area Versus Wetted Area for Jet Fighters. Jet Bombers 
and Jet Transports 
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Note: This figure appears as a help file in the software of Reference 5.24 
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Note: This figure appears as a help file in the software of Reference 5.24 
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Figure 5.43 Parasite Area Versus Wetted Area for Single-engine Propeller 
Driven Airplanes 
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The reader should not be too optimistic about the level of aerodynamic smoothnes; which can be 
obtained. If that were feasible. existing manufacturers would have done so. 

The value of Oswald's efficiency factor 'c' varies from airplane to airplane, depending on wing 

planfonn design, on wing-ftl",clagc and on \ving-naceUe integration. Example numbers fur C Du and 

'e' are given in Table 5.4. 

Reference 5.25 contains yet another cmpirical method for predicting airplane drag. The latter 
method was derived by analyzing flight test data of many military airplanes, mostly trainers and 
fighters. 
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Area A is the intersection 
area of wing and fuselage 
on one side 

PeriIlleter 

2 3 

4 

3 
2 

I 

~ Fuselage station 

Fuselage wetted area, includes intersection 
arcas, such as area A 

4 5 

Fuselage station ... 

Figure 5.44 "'lethod for Determining (h~ Wetted Area of Bodies 
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Table 5.4 Summary of Drag Data for Various Airplanes 

Type Wing Aspect 
SWC\ Drag Polar e (~~tx @ C .. Area. S Ratio S 

ft Z 
C2 

C +~ 
D" rcAe 

C-150 160 7.0 ? 0.0327 + 0.0592C[ 0.77 11.3 @ 0.74 

C-I72 174 7.5 3.7 0.0281 + 0.0552C[ 0.77 12.7 @ 0.71 

C-180 174 7.5 'J 0.0246 + 0.0572C~ 0.75 13.3 @ 0.66 

C-182 174 7.5 4.0 0.0293 + 0.0506C~ 0.84 13.0 @J 0.75 

C-185 174 7.5 ? 0.0207 + 0.0494C[ 0.86 15.6 @ 0.65 

C-310 175 7.3 4.6 0.0263 + 0.0596C[, 0.73 12.6 @ 0.66 

Skyrocket 183 6.7 ? 0.0163 + 0.0579C[ 0.82 16.3 @ 0.53 

Saab 340 450 11.0 ? 0.0285 + 0.0362Cf. 0.80 15.6 @ 0.89 

DC 9-30 1,001 6.8 6.5 0.0211 
, 

+ 0.0450q 0.81 16.7 @ 0.50 

B 707-320 3,050 7.1 5.0 0.0131 + 0.0650C[, 0.70 19.6 @ 0.45 

A-340 3,908 9.5 ? 0.0165 + 0.0435C1: 0.77 18.5 @ 0.60 

B 767 3,050 8.0 ? 0.0135 + 0.0592C[ 0.67 17.2@0.50 

C-17 3,800 7.2 ? 0.0175 + 0.05IOC[ 0.87 16.4 @ 0.55 

Learjet 232 S.D 5.6 0.0260 + 0.0078C[ 0.82 10.9 @ 0.58 
M25 

G-II 800 6.0 ? 0.0230 + 0.0057C[ 0.93 14.0 @ 0.63 

A 
EJoooc= 0 0 u~= ..___::alXi" EI ~ 

-T-~~ ----..., /- 0 

6 do 
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5.5 SUMMARY FOR CHAPTER 5 

In this chapter various physical sources for airplane total drag, examples of airplane drag break
down and drag prediction methods (theoretical, empirical and experimental) were presented. For 
quick drag prediction methods, the very user-friendly software of Ref. 5.24 as described in Appen
dix B is highly recommended. 

The importance of airplane drag in predicting the operating economy of airplanes cannot be 
overemphasi7.Cd. Airplanes t1ying today have mostly turbulent boundary layers. Exceptions are the 
Bellanca Skyrocket (not in production) and the Piaggio P-180 Avanti. In these airplanes significant 
laminar flow runs exiSt. primarily on the lifting surfaces. Figure 5.45 shows the very large drag re
duction potential which still exists. That potential will be reali7.ed only if economical ways can be 
found to maintain laminar flow at high sweep angles and at high Mach numbers. Whether or not 
this will come to pass will depend not only on the development of appropriate technology but alsu 
on the actual cost anne!. As always, airplane designers must carefully balance the cost or ownership 
versus the cost of operating an airplane. 

Definition: CD = C - ct. (s~J b",",\ "n S"'~t D toWI rrAe 
0.0200 V. 

CD I From: Reference 5.18 I / ~ b .. ,.-j on S wei I • 0.0160 \ 
• I 1\ \ T 'Pic Ii ~. !planes 

0.0120 
\ ••• 

1\ 
'\. tI 

0.0080 • V ~ f'.-
~ BI ack Buzzard • ./ 

Turbulen 

0.0040 ""'- -- • 
l Lmuinar 

o 0.10 
I 

1.0 10 100 
Reynolds Number x 106 ..-

Figure 5.45 State-of-the-art and Theoretically Possible Drag Levels 
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5.6 PROBLEMS FOR CHAPTER 5 

5.1 Prove that Eqn (5.2) is correct. 

5.2 Rederive Egns (5.23) through 5.25) for a three-surface airplane. 

5.3 Show that for Eqn (5.4) the following relations hold: 

2C 
Lmin.d.1'll1j: 

n;Ae 

2C 
_ L",.d., jn;AeCo . + C2 

1tAe mm Lmin.drag 

and 

= jrrAeC + C2 
. Dmin Lmm.drag 

5.4 Show that for two airplanes having the same wing parasite drag coefficient and the same span 
efficiency factor, the total wing drag of one airplane can be related to that of the other airplane 
(called the refercnce airplane) at the same lift as follows: 

5.5 

D - D S (D D J SrAr 
w - owrS

r 
+ wr - a S A 

where the subscript 'r' indicates the reference airplane. 

D Do 
Let: r = ~ and P = --'" 

Dwr Dwr 

1) Show that for rectangular wings the equation in Problem 5.4 can be written as: 

r = P bc + (1 _ P) b~ 
brcr b2 

2) Given are the following characteristics for a typical light airplane: 

W = 2,8001bs S - 174ft2 A = 7.4 Co = 0.0090 
Ow 

CD = 0.0170 e = 0.75 cruise altitude = 8, 000 ft ., 
Determine P for this airplane at the cruise altitude. 
Note: £Vh ; fuselage+vertical tail+ horizontal tail. 

3) If D total represents the total drag of the airplane, then: 

and 
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5.6 

Airplane Drag 

Assume that b = b" but c .. c, . Calculate and plot D,o,a/D'O'al, versus clc, for 

V=100 mph and for V=200 mph at 8,000 ft altitude for clc, ranging from 0.4 to 1.0. 

In Problem 5.4, now assume that c 

be a reduction in drag only if P > 

= Cr. Show that if the wing span is reduced there will 

2-
3' 

5.7 Assume that the pitching moment characteristics of a propeller driven airplane are as shown 
in Figure 5 .46. If the elevator deflection will generate an incremental pitching moment coef-

-4 

-.-

ficient given by: ~Cm = Cmo,Oe, calculate and plot the elevator angle, Oe , to trim versus 

the thrust coefficient for zero flaps and for flaps down. Assume that 

Cm = - 0.02 11deg and a = 6 degrees. 
" 

Without flap deflection With flap deflection 

Tc 

:::-t--::::--............. 

~ r------~ ~ r--.... 

, 
-.5 
-A 
-.3 

, 
~ ~ ..::: -:4 

tS:: I---- r-- -. 

~ ~ 
~ 0 I Propellers removed ~ 

J 

-.2 

-.1 

~ .1. 

'" 
-.1 

I PJOpellers removed~ 
1'\.° t I I 

° 4 8 12 16 20 -4 o 4 8 12 16 20 

Angle of attack (deg) _ 

Figure 5.46 Effect of a Propeller and Thrust Coefficient on Pitching Moment Coefficient 

5.8 Use the method of Section 504 to estimate the drag polar of the following airplanes: 
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a) Boeing 777 
d) Beech/Raytheon 1900 

b) Airbus A-330 
e) EMB Brasilia 

c) EMB-145 
f) ATR-42 

Hint: determine the wetted areas of these airplanes from Jane's All The World's Aircraft. 

Chapter 5 



Airplane Drag 

5.9 Windtunnel test results for a small jet trainer are shown in Figure 5.47. Determine the drag 

divergence Mach number (MDD ) as a function of lift coefficient, CL , for the Boeing and 

Douglas definitions respectively, 

Courtesy: SIAl-Marchetti, Sesto Calende, Italy 

" u , 
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---.-

I
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Figure 5.47 Drag Rise Data for a Small Jet Trainer 
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CHAPTER 6: AIRPLANE PROPULSION SYSTEMS 

The objective of this chapter is to provide the reader with fundamental insight into the most im
portant propulsion systems used in airplanes. The prevailing types of engines used in airplanes are: 
piston (reciprocating or rotary) engines. turbojets, turbofans and turboprops. Reasons for this are 
mostly: acquisition cost, operational cost, fuel availability, installed weight and drag of the inte
grated propulsion system. 

Broadly speaking, airplane propulsion systems can be classified into four categories: 

6. I Piston engines 
6.3 Rocket engines 

6.2 Jet engines 
6.4 Electric motors 

These four engine types are di scussed in the corresponding sections. Operating cycles, thermo
dynamic operating principles and typical engine arrangements are also presented only for piston en
gines and jet engines. A brief overview of the contents of each section is gi ven next. 

6.1 Piston engines 

Examples are: Piston engines with Ollo or Diesel cycles which normally drive propellers. 

The invention of the modern four-stroke piston gasoline engine is usually attributed to August 
Otto and Eugen Langen who huilt such an engine in 1876. Otto cycle engines require an electric 
spark to initiate combustion. In Diesel engines ignition is triggered by the high temperature 
associated with compression of a gas. The Diesel engine was developed by Rudolf Diesel in 1897. 
The first practical aeronautical application of the piston engine was in the Wright Flyer of 1903. 
Diesel engines were used extensively on German airplanes during WWll. Figure 6.1 shows six ex
ample applications of piston engines in airplanes. 

Several important characteristics of four-stroke and two-stroke piston engines are discussed in 
Sub-sections 6.1.1 and 6.1.2 respectively. Types of layouts used for these engines are summarized 
in Sub-section 6.1.3. Examples of how engine shaft horsepower and s.f.c. (specific fuel consump
tion) vary with altitude and engine r.p.m. (rotations per minute) are given in Sub-section 6.1.4. Vari
ous faclors which affect engine power are discussed in Suh-section 6.1.5. 

Performance charts (or power diagrams) and their use are reviewed in Suh-section 6.1.6. 

Some cooling and cooling drag considerations are given in Sub-section 6.1. 7. Finally, approxi
mate scaling laws involving the variation of engine size, and weight with required power output are 
provided in Sub-section 6.1.8. 
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6.2 Jet engines 

Examples are: turbojels, lurbofans, un-ducted fans, turboprops, pulse-jets and ram-,jets. 

The turbojet engine was first developed along separate lines in Germany (Hans Pabst von Ohain) 
and in England (Sir Frank Whittle) hefore and during WWII. The first operational jet fighters using 
turbojets were the Messerschmitt 162 and the Gloster Meteor. Figures 6.2a and 6.2b each show six 
example applications of jet engines in airplanes. 

The basic operation of turbojets is covered in Sub-section 6.2.1. Characteristics of By-pass en
gines, turbofans and turboprops are discussed in Sub-sections 6.2.2 and 6.2.3 respectively. Sub
section 6.2.4 shows typical mechanical arrangements used in turbine engines. 

Thrust, power and fuel consumption trends with altitude and speed for these engines are dis
cussed in Sub-section 6.2.5. 

Cooling and noise considerations are presented in Sub-sections 6.2.6 and 6.2.7 respectively. 
Example thrust reversers are shown in Sub-section 6.2.8. Approximate scaling laws involving the 
variation of engine size, and weight with required thrust output are provided in Sub-section 6.2.9. 
Pulse-jets and ram-jets are briefly dis~ussed in Subsections 6.2.10 and 6.2.11. 

6.3 Rocket engines 

Several early high speed airplanes such as the Bell X-I series and the Messerschmitt 163 used 
liquid rocket engines. Solid rocket engines (in airplane applications) have been limited to JATO (Jet 
Assisted Take-off) applications. The DeHavilland Comet used JATO rockets to assist in takeoff 
from very high altitude fields. Figure 6.3 shows four example applications of rocht engines. 

Because of the very high specific fuel consumption, rocket engines are unlikely to be applied 
to vehicles which must fly at Mach numbers of less than roughly 4. Above that, in hypersonic ap
plications certain forms of rocket engines will probably be used. For these reasons, rocket engines 
have not been given much emphasis in this text. 

6.4 Rlectric mOlors 

Although still a rarity, electric (engines) motors are being used to drive propellers in some ap
plications. Despite the energy storage problems associated with electrical systems, they are attrac
tive because of their quiet operation and small installation profile. Figure 6.4 shows two example 
applications of electric motors to airplanes. Because of the paucity of applications at the time of 
publication, these powerplants have also not been given much emphasis. 

The reader is encouraged to find the names corresponding to the airplanes in Figures 6.1 - 6.4. 

It is important to be aware of typical speed-altitude operating ranges of the various forms of air
craft propulSion. Figure 6.S shows typical areas of application for these propulsion systems in rela
tion to airplane flight envelopes. 
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Figure 6.1 Example Applications of Piston Engines in Airplanes 
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Figure 6.2a Example Applications of Jet En ines in Airplanes 
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Figure 6.2b Exam Ie A lications of Thrbo-Prop Engines in Airplanes 
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Figure 6.3 Example Applications of Rocket Engines in Airplanes 
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Aerovironment FQM-151A Pointer Aerovironment Pathfinder 

Fi ure 6.4 Example Applications of Electric Motors in Airplanes 
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Note: The flight envelopes are intended to show approximate envelopes only. 
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Figure 6.5 Aircraft Propulsion Systems in Relation to Flight Envelopes 
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6.1 PISTON ENGINES 

In piston engines, the combustion process is intermittent as opposed to continuous. Piston en
gines are normally configured as four-stroke, two stroke or rotary engines using either spark igni
tion or compression ignition. The latter are more commonly referred to as Diesel engines. Refer
ences 6.1-6.4 cover piston engines in some detail. 

Figure n.n shows a conceptual cross-section of a four-cylinder piston engine which drives a pro
peller directly from the crankshaft. This is referred to as direct drive as opposed to geared drive, 
where the crankshaft would drive the propeller via a gear box. 

Connecting rod 
Piston 

Prolleller 

Exhaust 
valve 

Crankshaft 

-.. 
~==+==+==:::;--;::===+======-. Exhaust 

..- ..-
• lr;~ ,=t=::t==.=!:W!:;-W-;::::,::::::::j:===0 ~ Inlet manifold 

IL ---' Carburetor 

,.-----:--~ Inll 
1 IrE9-0 

T 
Throttle;. / 

J ------(- -E,- +-t--I-
"">----<,,y ll.::::§'~ 1 
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CylindeL 
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Intake 
valve 

Inlet air 

./ 

II 
-..::=======~======== -.. Exhaust -. 

\.../ 
Note: nlodern engines tend to use fuel injec.tion rather than c.arburetors 

Figure 6.6 Typical Cross-section of a Four-cylinder Piston Engine 
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The four pistons arc connected to the crankshaft with a connecting rod. Each piston moves back 
and forth inside a cylinder with two valves: an inlet valve and an exhaust valve. The inlet valve opens 
and closes as dictated by a so--{;a1led cam-shaft (not shown) which is driven off the crankshaft. 
When the inlet valve opens it admits a fuel-air mixture which in turn comes from thc inlet manifold. 
The inlet manifold is fed by a carburetor which is controlled by a throttle. In modern engines thc 
fuel is injected directly into the cylinder without passing through a carburetor (fuel injection). 

Ncxt, the hasic operating principles offour-stroke versus two-stroke engines will be discussed. 

6.1.1 THE FOUR-STROKE PISTON ENGINE 

Figure 6.7 shows a schematic diagram of one cylinder of a four-stroke piston engine which is 
the most common type of piston engine for airplanes. Four different strokes are required in each 
cy linder for this engine to provide power to the crankshaft. 

Suction 

Pressure, p 

Note: Valves are camshaft driven: not shown. 

Compression 
4 

(I) 

Combustion 
and power 

(2*) 

(3) 

2 

Volume, V _ 

Exhaustl 

(4) 

Discharge 

Crankshaft 

Figure 6.7 Operating Cycle and Schematics for a Four-stroke Piston Engine 
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In a four-stroke engine, during the suction (or intake) stroke (1) the piston moves from the top 
of the cylinder toward the hottom. A fuel-air mixture is sucked into the cylinder through the intake 
valve which is in the open position. Note from the p-V diagram in Figure 6.3, that the pressure re
mains roughly constant but the volume increases in going from point I to point 2. During the com
pression stroke (2) the piston moves from the bottom to the top of the cylinder. Both val ves remain 
closed and as a result, the pressure greatly increases to that at point 3. Then, the fuel-air mixture 
is ignited and combustion takes place at roughly constant volume (2*). Therefore. the pressure in
creases to that at point 4. Next, the burning mixture expands (roughly) isentropically. As a conse
quence, the piston is forced to move downward during the combustion and power stroke (3) to the 
point labelled 5. At that point the exhaust valve opens and the pressure drops to that at point 6 which 
is roughly equivalent to that at point 2. Finally, during the discharge (exhaust) stroke (4), the piston 
moves upward and drives the combustion products out of the cylinder through the open exhaust 
valve. During this stroke, the volume decreases from point 6 to point 1 and the pressure stays roughly 
the same. 

Because or the proximity of points 6 and 2. the p-V cycle is often simplified to that of the shaded 
area in Figure 6.7. 

Observe that in a four-stroke engine the crankshaft turns twice over 360 degrees during the four 
strokes. Tn most engines. the crankshaft drives a so--<oalled camshaft (not shown in Figures 6.6 or 
6.7) which in turn actuates the valves. For a more detailed description of the four-stroke piston en
gine see References 6.1-6.4. 

6.1.2 THE TWO-STROKE PISTON ENGINE 

Figure 6.8 shows a schematic of a two-stroke piston engine. First, consider the compression 
event, item a). In this case, the piston is moving up and compresses a fuel-air mixture above the 
piston. At the same time a low pressure is created in the crankcase below the piston. Thi s low pres
sure opens the spring-loaded valve and admits a new fuel-air mixture. When the piston is at the 
top the valve closes and the fuel-air mixture on top ofthe piston is ignited. This results in what is 
called the ignition and power event which is considered next. During this event the piston is driven 
down. As the piston moves down, because of the relative location of the cylinder exhaust port, it 
is opened. This allows most of the burned mixture to escape through the exhaust in a process known 
as scavenging. As the piston continues down, the inlet port is opened next and the new fuel-air mix
ture is sucked into the cylinder. Together, these actions are called the exhaust and intake event, which 
is labelled c) in Figure 6X 

Both the four-stroke and two-stroke engines types discussed so-far use spark ignition to achieve 
combustion. Another method of achieving ignition is to use compression ignition. This is used in 
Diesel engines. In Diesel engines compression of the fuel-air mixture is large enough to cause a 
rise in temperature which automatically triggers ignition. Diesel engines were used on a number 
of German airplanes during WWII. A major advantage of such engines is their ability to burn many 
different types of fuel. including certain oils. Despite many advantages, Diesel engines have not 
found a significant niche in aviation. A good summary of potential Diesel engine applications is 
given in Reference 6.5. 
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Figure 6.8 Operating Cycle and Schematics for a Two-stroke Piston Engine 
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6.1.3 GEOMETRIC LAYOUT OF PISTON ENGINES 

Piston engines can be configured illlIlany different geometric layouts. Examples are: horizon
tally opposed cylinder, radial engines, in-line (upright and inverted), V and W, Figure 6.9 illustrates 
four of these forms with current example applications. 

Four cylinder, horizontally opposed 

Top view 

Example: Teledyne Continental IO-240 

Six cylinder, in line inverted 

Side view 

Example: LOM M337 

Nine cylinder, radial 

Front view 

Example: VOKBM M-14PF 

Eighteen cylinder, W 

Front vie\v 

Example: CRM 18D/SS 

Figure 6.9 Examples of Geometric Layouts for Airplane Pistou Engines 

The horizontally opposed cylinder form is the most widely used for light airplanes. In the past, 
radial engines and in-line engines were popular in larger and in high performance airplanes. Radial 
engines are still used in many agricultural airplane applications. In principle, any geometric layout 
can be used for either four-stroke, two-stroke, spark ignition or compression ignition. 

Piston engines are limited to relatively low performance airplanes: flight Mach numbers up to 

around 0.6. By turbo-charging they can be operated at considerable altitudes albeit al a significant 
penalty in weight and complexity. At low flight speeds a major advantage of the piston engine is 
its low specific fuel consumption. A disadvantage is the relatively low mean time between overhaul 
(YlTBO) which is typically of the order of several hundreds of hours. Turbine engines on the other 
hand have MTBO values of thousands of hours. 
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6.1.4 POWER OUTPUT AND FUEL EFI<'ICIENCY OF PISTON ENGINES 

In the following some important terminology used with piston engines is introduced. In addi
tion, formulas from which power available and fuel efficiency can be determined will be given. 

The compression ratio of a piston engine is defined as the ratio of the cylinder volume with the 
piston at the bottom to that with the piston at the top. Compression ratios range from around 6 in 
spark ignition engines to around 16 in compression ignition engines. 

The power delivered to the output shaft (crankshaft) is referred to as the brake-horse-power 

(BHP), also called the shaft-horse-power (SHP), P shp' If the output shaft drives a propeller which 

provides a thrust, T at a speed, V then the product TV is defined as the power available, Pav • The 

ratio of power available to shaft-horse-power is called the propeller efficiency, 'lp : 

(6.1) 

lYpical values for propeller efficiency range from 0.8 to 0.9 although lower and higher efficien
cies arc possible. How the efficiency of a propeller is determined by its design characteristics (diam
eter, blade geometry, number of hlades, blade angle and r.p.m.) is discussed in Chapter 7. 

The SHP of an engine depends on a number of factor, as illustrated in the following equation: 

_ Ipiston 
ISHP - MEP Spi"u" 12 RPM N. 

2x60x550 pmon 

where: ISHP is the so--called indicated shaft horsepower 
MEP is the mean effective pressure across a piston head in p.s.i. per cycle 

SpiS[On is the cross sectional area of the piston in in2 

1 piston is the stroke of the piston in inches 

RPM ,tands for the rotations per minute of the crankshaft 

Npis,un is the number of cylinders (pistons) in the engine 

(6.2) 

Because of various mechallicallosses, the actual shaft horsepower, SHP is less than the indicated 
shalt-horsepower, ISHP. It is customary to rewrite Eqn (6.2) as: 

SHP = 'lmechISHP 
'Y1 mech!viEP V cyl RPM Npi.~lo!l 

792,000 

where: 'lmech IS the mechamcal eftlciency in converting MEP work to crankshaft work 

V cyl = SpiSlonlpiston is the useful volume of each cylinder 

Chapter 6 
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The thermal input, T.r. (in BTU/hr) to the engine from the fuel flow can be obtained from: 

T.r. = wf H.V. 

where: wf 

H.Y. 

is the fuel flow in Ibslhour 

is the heating value of the fuel in BTUllbs 

(6.4) 

Noting that one BTU equals 778 ft-Ibs, the mechanical output, M.O. of the engine can be written 
as: 

M.O. = SHPx550x60x60 = 2 545(SHP) in BTU/hr 
778 ' 

The thermal efficiency of the engine can now be expressed as: 

2,545 (SHP) 
flth = . (HY) we .. 

2,545 2,545 
(s.f.c.)(H.Y.) 

where: s.f.e. -
wf 

(SHP) 
is the specific fuel consumption in Ibs of fuel 

per shaft-horse-power per hour 

The overall propulsion system efficiency is therefore: 

l1 0veralJ = fl'h flp 

(6.5) 

(6.6) 

(6.7) 

If the propeller efficiency is, say 87% and the thermal efficiency is, say 30%, the overall efficien
cy is about 26%. 

6_1.5 FACTORS AFFECTING THE POWER OUTPUT OF PISTON ENGINES 

Several factors influence the amount of power developed by piston engines. The most important 
factors are discussed in the following. 

1) Heat release per pound of air. 

When the heat release is high, the temperature and the pressure of the combustion products in 
each cylinder will be higher also. The magnitude of heat release depends on the fuel heating value 
(H.V.) and on the fuel-air ratio (F/A). IfFIAis high, thc mixture is said to be too rich and combustion 
may not be complete. If FIA is too low (lean) combustion may not take place. The effect of the 
fuel-air ratio on a typical p-V cycle is shown in Figure 6.10a. 

2) Charge per stroke 

The quantity of air (mass) introduced into the cylinder controls the quantity of heat released for 
a given amount of fuel. The quantity of air depends on the intake pressure also called the manifold 
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Optimum FI A ratio 

Lean or rich f'/ A ratio p 
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a) Effect of Fuel! Air Ratio 

I~ 
I \ 
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I \ 
I \ , , , Not su 

b) Effect of Supercharging 

Figure 6.10 Effect of Fuel-Air Ratio and Supercharging un a p-V Cycle 

V-' 

absolute pressure or MAP. The charge per stroke decreases with altitude because of the changes in 
the atmosphere. The charge per stroke can be increased at any altitude by supercharging. With su
percharging the air is compressed by an air-pump (compressor) before being admitted into thecylin
ders. The effect of supercharging on the p-V diagram is shown in Figure 6. lOb. 

3) Maximum permissible RPM 

As shown by Eyn (6,3), increasing the RPM will increase the power output. Every engine has 
an upper limit for the RPM because of inertial or structural limitations. Typical maximum RPM 
values for piston engines are 2,200 to 3,500, 

4) Effect of altitude 

Complete burning of the fuel in a given Ff A mixture requires a sufficient quantity of air. At high
er altitudes the density of air is less, Therefore, at any given throttle setting the power output de
creases with altitude, It should be noted that the throttle setting determines the power level via the 
fuel control system. If the throttle is gradually opened at higher altitudes such as to maintain man
ifold absolute pressure (MAP), more power can be obtained because the reduction in back pressure 
will tend to increase the airflow and thus the power. Figure 6.11 illustrates the effect of altitude on 
engine power, An empirical formula for relating power at altitude to power at sea-level is: 

where: Qh 

Chapter 6 

= {( 1.132)~ - O.132} 
I,lh~O 

Applies to non - supercharged engines only 

is the air density in slugs/ft3 at altitude, h 

(6,8) 
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SHP h 

SIlPh~o 

3.0 

• 2.0 

Take-off 

1.0 

constant man fold pre. ,.. 
~ '" 

"':..:A ....... 

~ 

• non supercharged 
at constant RPM 

o __ 0 

__ 1.0 

10,000 

0.74 

5) Effect of Air Temperature 

SHPh 
{ 0h } ~ 

= (1.132)-- - 0.132 
SHPh =1I Qh~O 

sure 

supercharg d at const nt RP 1 

N 
~ 

1'-, , ..... , ---- ' ..... --:::: 
20.000 

OSl 

30,000 

0.37 

... 
40,000 50,000 

0.25 0.15 

460 + T, 
460 + T 

Applics lu non - supercharged engines only 

where: SHPT is the shaft horsepower at the actual air temperature, T 

SHPT is the shaft horsepower at the standard air temperature, T, , 

(6.9) 

Evidently at higher air temperatures (hot day) the SHP output of the engine will decrease. 

fi) SuperCharging 

In supercharged engines a compressor (usually a centrifugal compressor) driven by either thc 
crankshaft or by a turbine (turbo-super-charger) will increase the MAP and therefore the power out
put as well. The power used to drive the supercharger directly from the crankshaft (via a gearing 
system) can amount to 6%-10% of the total power. At low allitudes, the power uutput may in fact 
be less than that with a non-supercharged engine. If the power used to drive the supercharger is 
ohtained via a turbine, driven by the exhaust gases, there is no power loss at low altitude. The engine 
is then said to be tlat-ratcd (i.c. con,tant SHP lip to ,orne altitllrle). 

The effect of supercharging on the p V diagram is shown in Figure 6. lOb. The effect of altitude 
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on the power output of a supercharged engine is also shown in Figure 6.11. In the example, the en
gine delivers sea-level power at 20,000 ft altitude! A schemalic example of a supercharged engine 
is given in Figure 6.12. High performance general aviation airplanes use supercharged engines. 

7) Compounding 

If the turbine which is driven by the exhaust gases is also connected to the engine crankshaft so 
that it provides power to the crankshaft, the arrangement is referred to as compounding. Compound 
engines were used on the Lockheed L-1049C and DC-7C transports of the early fifties. With the 
advent of the much simpler (and at high speeds more efficient) turbojets and turbofans, compound 
engines are no longer a viable alternative. 

Fuel control unit 

Inlet -. 

Tailpipe 

Inlet -. Fuel-air in 

Exhaust turbin 
Inlet -. 

I IInter-COoier Exhaust out , , , 
First Second Third 
stage stage stage 
supercharger supercharger supercharger 

Fuel-air in 

Fi ure 6.12 Schematic Arran ement of a Piston En ine with a Three Sta e Su erchar er 

6.1.6 PERFORMANCE CHARTS FOR PISTON ENGINES 

Piston engine performance is normally presented in lhe form of a so-called power diagram or 
performance chart. In these charts the brake-horse-power (BHP) delivered at the shaft is plolled 
versus engine RPM, altitude and MAP (Absolute Manifold Pressure in in. Hg.). The reader may 
assume that the notation SHP used so-far and the notation BHP are synonymous. 

The power output of piston engines is classified in terms of power ratings. Typically these rat
ings are as follows: 

1) Take-off power: the maximum power allowed during lake-off. 
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2) Military power: the maximum power allowed fur alimiled period of time. This rating is used 
in military applications only. 

3) Maximum continuous power (or normal rated power). This rating may be used for 
maximum climb performance and for maximum level speed. This power level is 
also referred to as METO: maximum except take-off. 

4) Cruise power. Typically there are two cruise power ratings: 

a) Performance cruise: 75% of take--off power at 90% of maximum RPM 

b) Econnmy cruise: 65% of take-off power. 

To determine the actual power available in a gIven flight condition, a numerical example will 
be given using the performance diagram for a 200 bhp piston engine as shown in Figure 6.13. The 
corresponding engine fuel flow data are given in Figure 6.14. 

Example: Find the BHP available and the fuel flow re4uired at 2,300 RPM ami 22 in. Hg MAP 
for a pressure altitude of 2,500 ft. ancl an air temperature of 20 degrees Fahrenheit above standard 
atmospheric temperature. Assume the mixture is set at that for best power. 

Solution: 

Step I: 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

Step 6: 

Step 7: 
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Locate point A on the full throttle RPM (2,300) and 22 in. Hg MAP line on the 
altitude performance ,;ide of the diagram in Figure 6.13. 

At sea-level for the given MAP and engine RPM, locate point B and transfer 
it to point C. 

Connect points C and A wlth a straight line. 

Find point D at the required pressure altitude of 2,500 ft 

Projecl point D on the verlical BHP scale and read the available BHP as 126 hp. 
This would be the BHP available if the air temperature were standard. 

Correct the available BlIP for the effect of temperature deviatron with Eqn (6.9). At 
2,500 ft the standard temperature is 50.2 deg. F. Under the prevailing conditrons the 
actual temperature is 50.2 + 20 = 70.2. The actual BHP is therefore: 

SHPT = 126 :~g: ~g:~ = 126 x 0.96 = 121.2 hp 

To find the fuel consumption in Ibs/hr read Ihe fuel flow chan in Figure 6.14 for 
121.2 bhp aI 2,300 RPM al the besl power selling for the mixlure. The resulting 
fuel flow is 59 Ibs/hI. 
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6.1.7 COOLING AND INSTALLATION OF PISTON E:'<GINES 

Because of the heat released in the combustion process all piston engines havc to he cooled to 
ensure acceptable engine life and maintenance costs. Two methods of cooling are being used: air 
cooling and liquid cooling. 

In air--<:ooled engines. ram air is dueted around the cylinder heads for cooling. After passing 
by the cylinder heads the air is ducted overboard. This air cooling process can create a significant 
amount of drag. The Townsend ring and NACA cowls of Figure 6.15 were developed to manage 
the flow of cooling air and reduce the cooling drag of earlier un--<:ow led, radial engine installations. 

Townsend Ring on Boeing P-12E NACA Cowl on Grumman F8F-IB 

" 

'I 
'I 

Figure 6.15 Example of a Townsend Ring and NACA Cowl 

References 6.6-6.8 providc dctailed data on cooling drag associated with air cODled installa
tions. The ducting of cDoling air through engine compartments with horizontally opposed engines 
fDr tractors and pushers is discussed in Ref 6.9. Figure 6.16 shows two example arrangements. 

Tractor Pusher 
OIIlf;CTIQN OF FUGHT 

OIRECTIO'l or F\..ICIIT 

~IAEYlAU.. 

Courtesy Df Tony Ref. 6.9 
Figure 6.16 Cooling of a Horizontally Opposed Piston Engine 
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To ensure that the cooling air flows all around the cy linder heads, extensive use is made of so
called baffle plates. Figure 6.17a shows an example of a bame plate arrangement for a two-row 
radial engine. 

al Baffle Plates 

Baffle plates 

incoming coollng air 

Cylinder head 

b) Cooling Liquid Jacket 

Cooling 
jacket 

Cooling .. --~L-1-~Jr--EZ 
liquid 

Figure 6.17 Example of Barne Plates and a Cooling Liquid Jacket 

Cooling 
liquid 

-.l 

In liquid cooled engines, a liquid is used to cool the critical engine components. An example 
of a liquid cooling arrangement for one cylinder is shown in Figure n. I7h. Thc cooling liquid is 
pumped around the hot engine parts and then sent to a radiator. Cooling air is ducted through the 
radiator to cool the cooling liquid. A good discussion with data of radiator installations is given in 
Chapter 9 of Reference 6.6. By properly designing such an installation very little drag penalties have 
to hc paid. In the P-51 example it is said that a net thrust was in fact produced. One must of course 
take account also of added weight and complexity. Added weight shows up in induced drag and 
added complexity in maintenance and repair cost. 

Methods for eSlimating cooling drag for air-cooled and liquid cooled engines are contained in 
Ref. 6.6. A Illore recent method for estimating cooling airflow requirements, duct sizes and cooling 
drag is given in Ref. 6.10. An example of specific engine cooling airflow requirements was given 
in Figure 6.14. 

6.1.8 SCALING LAWS FOR PISTON ENGINES 

The authors were unable to find quick scaling rules which can be used for the geometric siZIng 
of conventional, gasoline powered piston engines. Such rules would be helpful in estahlishing the 
required engine envelope during preliminary design, so that a preliminary installation diagram can 
be prepared. A study of potential, modern airplane Diesel engines may be found in Ref. 6.5. This 
reference also contains scaling rules for predicting Diesel engine size and performance parameters 
for applications different than those discussed in Ref. 6.5. Even though no certified aviation Diesel 
engines arc on the market at the time this book was published, they are very attractive powerplants 
due to their low sJ.e. and their ability to utilize a variety of low cost fuels. 

Some of the scaling rules found in Ref. 6.5 are presented in the following. 
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For engine weight: 

W wct = 15.17(SlIPl.oi·CIO (6.10) 

where: WWel is the weight in Ibs of the engine, including accessories and fluids in the lines 

SHPto. is the shaft horsepower required for take--{)ff 

For engine specific fuel consumption at sea-level and take-off: 

s.f.Cl.o. = 0.54I(SHPLo.l-O.062 

For engine specific fuel consumption at 15.000 ft and maximllm cruise power: 

s.f.e LO. = 0.454(SHPto) -ODSS 

For engine specific fuel consumption at 25,000 ft and maximuIIl cruise power: 

s.f.cLO = 0.525(SHPto) -0.079 

For engine geoflletric size: 

Consider Figure 6.IH for the dimensions used in the scaling rules for geometric size. 

(6.11 ) 

(6.123) 

(6.12b) 

L ___ N ate: All dimensions in ft 

t 
----- H 

-----

}'igure 6.18 Definition of Geometric Size Parameters for Diesel Engines 

For engine length, L, of 6 and 8 cylinder engines: 

L = 1.56(SHPLof 15 in ft (6.13) 

For engine width, W, of 6-cylinder engines: 

W = 1.5 + 0.00 134(SHPt 0) in ft (6.14) 

For engine width, W, of 8-cylinder engines: 

W = 1.9 + 0.OOO42(SHPto) in ft (6.15) 

For engine height, H, of 6-eylinder engines: 
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W = 1.7 + 0.00156(SHP,u) in ft (6.16) 

For engine height, H, of 8--cylinder engines: 

W = 1.8 + 0.00081 (SHPeD) in ft (6.17) 

A plot of engine weight versus SHP for conventional, gasoline powered piston engines is given 
in Figure 6.1 'l. This plot can be used for rapidly estimating dry weight of piston engines ranging 
from 40 - 1,000 hp. 

For a set of empirical formulas 10 eslimate reciprocating engine weight and required cylinder 
volume (which relales to the geometric engine size) may be found in Ref, 6.11 on pages 109 and llO. 

1,000 

SlIP 
r tv 
~ 

7 
Q'; 

L / 

100 19P 
r .r 

/ 
. ....,.,(u 
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10 100 
Dry Weight, Ibs ... 
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Figure 6,19 Shaft Horsepower Versus Dry Weight for Small Piston Engines 
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6.2 JET ENGINES 

Examples of jet engines are: turbojets, turbofans, un--<.lucted fans, turboprops, ram-jets and 
pulse-jets. Some basic operational characteristics of turbojets arc discussed in Sub-section 6.2.1. 
Examples of how engine thrust and s.f.c. vary with altitude and Mach number are given. The effect 
of afterburners is also discussed. In Sub-section 6.2.2 by-pass engines and turbofans are brie±1y 
discussed. Several aspects of turboprops are covered in Sub-section 6.2.3. 

Examples of mechanical arrangements (layouts) of turbojet, turbo-fan, turbo-prop and prop
ran engines are shown in Sub-section 6.2.4. Examples of thrust, power and fuel consumption of 
several actual engines are presented in Sub-section 6.2.5. Installation examples and cooling consid
erations are presented in Sub-section 6.2.6. Noise considerations associated with gas turbine en
gines are presented in Sub-section 6.2.7. TIuust reversal is a required operational feature for most 
jet engines. A brief discussion of thrust reversers is given in Sub-section 6.2.8. In Suh-section 
6.2.9, approximate scaling laws involving the variation of engine size, and weight with requIred 
thrust output are given. Pulse-jets and ram-jets are briefly discussed in Sub-sections 6.2.10 and 
6.2.11 respectively. 

6.2.1 BASIC OPERATION OF TL"RBOJETS 

The basic operation of a turbojet engine can be explained with Figure 6.20. 

poo 

Momentum drag -. 

m 

v ~ Inlet .. 

Momentum thrust 
~ 

Combustion 
chamber 

Turbine 

Compressor 

Pressure thrust 
~ 

Tailpipe and nozzle 

Figure 6.20 Thrust and Mass Flow of a Turbojet Engine 

l 
Pe 

T 

The air entering the inlet duct is slowed down and enters the compressor at a local Mach number 
of around 0.4 or less. Next, the air is compressed and due ted into the comhustion chamber where 
part ofthe air (approximately 25%) is used in acontinuous combustion process. The heated mixture 
of air and combustion products enters the turbine and imparts on it the energy needed to drive the 
compressor. The remaining, still high energy, air is expanded through a nozzle which increases its 
kinetic energy. In a p-V (pressnre-volume) diagram this cycle (referred to as the Brayton -cycle) 
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can be represented as in Figure 6.21. This cycle will be traced in the following . 

• p D E$=!!~ ____ G 
F 

L H 

K 
A B 

.. V 

I<'igure 6.21 p-V Diagram for a Thrhojet Engine 

The air is slowed in the inlet toward the compressor along BC. Then, the air is compressed by 
the compressor along CD and subsequently discharged into the combustion chamber along DE. As 
a result onosses the combustion chamber delivers the gas mixture to the turbine at a pressure corre
sponding to point F along FG. The heated mixture now expands through the turbine and drives the 
turbine along GH. The mixture then expands through the nozzle to form a high velocity jet along 

HK. In Figure 6.21 the pressure at point K is assumed to be p 00 • In reality this is not the case and 

it is normally higher: Po > P 00' This is because in subsonic flow the nozzle is normally choked 

as Ve is greater than sonic speed, The work developed by the turbine is represented by area AFGK 

while the work expended by the compressor is represented by area JeDE. The remaining area ABC] 
represents the compression work recovered fromlhe kinetic energy of the incoming air. It is referred 
to as ram. 

Using thc principle of conservation of linear momentum the net thrust, Fn , which is the propul

sive force actually imparted to the airplane, may be seen from Figure 6.20 to be: 

(6.18) 

The term: m V 00 is commonly referred to as the momentum drag, The term: m V e is referred 

to as the momentum thrust. The term: (Po - pro lAo is called the pressure thrust. 

The actual mass flow at the exit. me differs from that at the inlet, Iil by about 2% as a result of 
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fuel being added in the combustion chamber. In deriving Eqn (6.18) this has heen neglected. 

The propulsive efficiency of a jet engine can be expressed as: 

_ work done on the airplane 
l'JpropuIs;ve - energy imparted to the engine airflow (6.19) 

The work done on the airplane is the product of net thrust and airplane speed. The energy im
parted to the airflow is the work done plus the energy wasted in the exhaust. The latter can be written 

as: 0.5ril(Ve - V 00)2. Therefore, Eqn (6.19) can also be expressed as: 

Y1propulsive - Voo IrilCVe - V oo ) + (Pe - Poo)Ae) + 0.5ril(Ve - V oo )2 
(6.20) 

If it is assumed that the nozzle fully expands the exhaust gasses to atmospheric pressure, the pres
sure terms in Eqn (6.20) are negligible. Therefore: 

v 00 + Ve 
(6.21) 

It is seen from Eqn (6.21) that at low night speeds: V 00 "" V e , and the efficiency will be low. 

At high flight speeds, the efficiency of the gas turbine engine improves. 

As an example, consider ajet airplane flying at 350 mph with ajetexhaust velocity of 1,100 mph. 
The propulsive efficiency, according to Eqn (6.21) is: 2x350/(350 + 1100) = 0.48. 

Next, consider the same airplane flying at a speed of 550 mph and the samc jct exhaust velocity. 
Now the propulsive efficiency is: 2x550/(550 + 1100) = 0.67 which is considerably more. 

A typical example of how propulsive efficiency of a pure turbojet engine varies with speed at 
constant altitude is given in Figure 6.22a. A comparison with other types of gas turbine engines is 
also shown. Note that the pure jet engine, from an efficiency point of view, does nut compare well 
with a turboprop until rather high flight speeds. The reason for the high propulsive efficiency of 
a propeller at low speeds is explained in Chapter 7. 

From Eqn (6.18) it is seen that if the exit velocity remains constant (independent of airplane 
speed) the net thrust will decrease linearly with air-speed. However, due to the so-called 'ram ratio ' 
effect the actual thrust decrease with air-speed is much less severe. This ram ratio is defined as the 
ratio between the total air pressure at the compressor entry to the static air pressure at the inlet entry. 

As a result of the ram ratio, the mass flow rate of air delivered to the compressor actually in
creases with increasing air--speed. In addition, the jet exit velocity also tends to increase somewhat 
with increasing air-speed. For these reasons the thrust does not decrease quite so dramatic with 
speed. A typical trend is shown in Figure 6.23. 
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Taken from Reference 6.12 Courtesy of: Rolls-Royce pic 

(high by- pass ratio) 
(low~y~pass ratio) 

Figure 6.22a 
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Effect of Speed on Propulsive 
Efficiency for Thrbojet, Bypass 
Thrbojet and Thrboprop Engine 

l<'igure 6.22b Effect of Speed on Propulsive 
Efficiency for Prop-fan and 
Contra-Rotating Fan Engines 

Taken from Reference 6.12 Courtesy of: Rolls-Royce pic 
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As seen, when air-speed is increased, the mass flow into the engine increases. As a result of the 
increased mass flow, more fuel is required to sustain combustion and therefore the fuel consumption 
in terms of Ibslhr increases with increasing speed. To enable a consistent comparison of one gas 
turbine type versus another the idea of thrust specific fuel consumption has been introduced: 

t.s.f.c. 
fuel consumption in Ibs/hr - . 

thrust output in Ibs 
Ibs/hr 

Ibs 
(6.22) 

Because the fuel consumption increases with speed while the thrust decreases with speed, the 
thrust specific fuel consumption or t.s.f.c. will also increase with speed. Example trends are shown 
in Figure 6.24. The nonlinearity in the fuel consumption is caused by the fact that as speed increases 
the stresses on certain engine components increase to a point where the fuel flow must be artificially 
restricted. 

Taken from Reference 6. I 2 Courtesy of: Rolls-Royce pIc 

..::il'OOO~ 
SEA LEVEL 

19500 ~ I.S.A CONDITION 
z .... .............. '" ::> I'---. 

0.9 0 /1 i= 

/'" a: 
~ 8000 

--- ............... .... 
w 

Z 6500 

z 
g 6700 
"- f-.---" ::: .----~ 6600 
zc V 0", 
u,6 

"-
:::-=> III 0.8 

V VlO 
z" o£ / U· ..... :€ 0.7 

V we 
::>'" 

/ cc'" 
~:B 0.6 
~ 

U 
w 
"- 0.5 Vl 

a 100 200 300 400 500 
~-

~ 6500 I I I I I cc 

KNOTS 

0 100 200 300 400 500 600 
KNOTS 

Figure 6.24 Effect of Speed on Thrust, Fuel Consumption and Specific Fuel 
Consumption for a Turbojet Engine 
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The altitude at which an airplane flies affects the thrust in two unrelated ways. First, because 
air density decreases with increasing altitude, the mass flow rate (at constant speed) is reduced with 
increasing altitude. This causes the thrust to decrease with altitude. Second, as altitude increases, 
the air temperature decreases. This has the effect of increasing the air density. The net result is that 
thrust still decreases with altitude but at a slower rate. The reader is referred to Refs 6.13 and 6.14 
for the physics and the mathematics which are involved. 

A typical relation between thrust, fuel flow, s.f.c. and altitude is shown in Figure 6.25. 
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Taken from Reference 6.12 Courtesy of: Rolls-Royce pIc 
8000 

700 
f! a 
~ I"--- 500 IKNO)S I 

1;; 6000 
::J 
a: 
i= 5000 
t
w 
z 400 a 

3000 

7000 
z 
o 
Ii' 6000 
:2. 
::J" 
(/l :E500 z· 
of! 
u 
-' 400 
w 
::> 
u. 

300 

a 

a 

a 

" 

1 

o 

I'-- I.S.A. CONDITION-

...... 
~ 

............ 
"-. 

r--..... 

I'--~ 
I'--

" "-.... 
1 1 1 I 1 I I 

5 10 15 20 25 30 35 
ALTITUDE· in thousands of feet 

z 
o 
Ii' 
:2 
::>-

WOOf -':£ 0.85 
w"" ::J" u.<; 
u.ci 0.80 
u:- 0 
u 
w .. 
U) 

Figure 6.25 

1 1 1 1 1 11 
5 10 15 20 25 30 35 

ALTITUDE· in thousands of feet 

Effect of Altitude on Thrust, Fuel 
Consumption and Specific Fuel 
Consumption for a Turbojet 

To attain higher propulsive efficiencies than are possible with a straight turbojet the idea of by
pass was introduced. In that case, not all the air passes through the 'hot' part ofthe engine. Examples 
of layouts of by-pass engines are shown in Sub-section 6.2.4. 

Particularly in military applications, tUibojet engines and even by-pass turbojet engines (de
fined in Sub-section 6.2.2) require the addition of an afterburner to enhance thrust for limited peri
ods of time. An afterburner is basically a duct through which the exhaust gasses pass. Because only 
about 25 % of the air passing through a turbojet is used for combustion, the gas mixture which ema
nates from the last turbine stage still contains enough air to sustain combustion in the afterburner 
duct. Figure 6.26 shows an example of an afterburner arrangement. Depending on the engine, the 
installed thrust can be increased by about 50% through the use of an afterburner. A drawback is the 
increased fuel consumption: the s.f.c with afterburner on increases usually by at least a factor 2. 

Another drawback of an afterburner is the fact that the basic engine thrust with the afterburner 
not operating (but present) is less than the thrust produced by the engine without the afterburner 
installed. As can be expected, the weight of the engine + afterburner is much higher than that of the 
basic engine. 

An afterburner can be thought of as a ramjet engine added to the turbojet. Ramjets are briefly 
discussed in Sub-section 6.2.10. 
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Taken from Reference 6,12 Courtesy of: Rolls-Royce pic 

BY-PASS AIR FLOW COOLI NG FLOW 

FUEL 

AFTERBURNER JET PIPE 

NOZZLE OPERATING 

REBURNT 
GASES 

'-'. , 

VARIABLE 
PROPELLING NOZZLE 

Fignre 6.26 Example of an Aflerburner Installation on a By-pass Thrbojet Engine 

6.2.2 CHARACTERISTICS OF BY-PASS ENGINES AND TURBOK~NS 

Whenever not all of the air entering ajet engine passes through the hot core, the engine is referred 
to as a by-pass engine, The by-pass ratio of an engine has the following definition: 

b 
_ . - b _ mass flow rate through the fan 

y pass ratIO - ,p.r. - fl h h h b' mass ow rate t roug t e tur me 
(6.23) 

When the by-pass ratio is low, it is referred to as a by-pass turbojet When the by-pass ratio 
is high, such engines are generally referred to as turbo-fan engines, The boundary between by-pass 
turbojets and turbofans is not easily definable nor does this really matter, 

Trends of propulsive efficiency with speed for low and high by-pass ratio with speed were 
shown in Figure 6.22a. Early by-pass engines (PW JT8D used in the Boeing 727, 737 and DC-9) 
had low by-pass ratios which ranged from slightly above 1.0 to 2.0. Modem high by-pass engines, 
such as turbofans have by-pass ratios of around 4.0 for the Garrett TFE 731 (used in several Learjet, 
Cessna and other business jets) to 6,0 for the PW 2000 (used in the Boeing 757 and McDD C-17 A), 
Future arrangements such as the prop-fan and unducted fan shown in Sub-section 6.2.4 may have 
by-pass ratios as high as 15.0. 

A typical schematic layout of a turbo-fan engine is shown in Figure 6.27. In this example the 
engine is configured as a so-called two-spool arrangement 

By analogy ofEqn (6.21) the propulsive efficiency of a by-pass arrangement can be written as: 
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Figure 6.27 Thrust and Mass Flow of a Bypass Gas Turbine Engine 

11 propulsive 

As an exercise, consider the following case. not untypical for a modern low by-pass engine: 

v 00 = 583 mph fi[ = 15.3 slugs/sec 

Ve, 781 mph 

m2 = 3.1 slugs/sec 

Ve, = 812 mph 

Substitution of these numbers into Eqn (6.18) yields a propulsive efficiency of approximately 
85%. Therefore, by increasing the by-pass ratio. much higher efficiencies can be obtained by gas 
turbine engines. By using a so-called rear-mounted fan, hy-pass ratios of 15 can probably be 
achieved, further improving the propulsive efficiency. An example of a mechanical arrangement 
of such a powerplant is shown in Sub-section 6,2.4. 

A major advantage of. any by-pass engine is the fact that a mixing of external, cooler air with 
the internal, hotter air can be arranged which in turn reduces the noise of the engine. This aspect 
is discussed briefly in Sub-section 6.2.7. 

232 Chapter 6 

(6.24) 



Airplane Propulsion Systems 

6.2.3 OPERATIONAL CHARACTERISTICS OF TURBOPROPS 

A turboprop engine is basically a turbojet designed to drive a propeller. The propeller is driven 
hy a gearbox which receives its power directly from a shaft driven by the hot core. In modern turbo
props multiple spool arrangements are often used as shown in Sub-section 6.2.4. 

For purposes of this discussion the turboprop arrangement of Figure 6.28 will be used. 

Taken from Reference 6.12 Courtesy of: Rolls-Royce pic 

Propeller shaft 

Exhaust 

Fi ure 6.28 

The thrust output of a turboprop is derived mostly from the propeller even though up Lo 20% 
of the effective thrust may come from the jet exhaust. A major advantage of the turboprop is its high 
efficiency, particularly at moderate flight speeds. Because of the presence of a reduction gear box 
and a propeller, the propulsive efficiency of a turboprop is written as: 

llpropulsive = 11, llmech IIp 

where: llt is the turbine/compressor efficiency 

llrnech is the mechanical efficiency of the reduction gear box 

IIp is the propeller efficiency 
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The total thrust horsepower of a turboprop is given by: 

THP = l'J SHP + FnetV 00 

p 550 
(6.26) 

where: F net is the net, jet exhaust thrust 

SHP is the shaft-horsepower delivered to the propeller 

The total thrust horsepower, THP can be used to define the concept of equivalent shaft horsepow
er, ESHP, as: 

ESHP = SHP + FnetV ~ 
550 l'Jp 

(6.27) 

The specific fuel consumption of a turbo-prop is usually given in lbs offuel per ESHP. An exam
ple of how SHP, net thrust and fuel consumption vary with altitude for a typical turboprop engine 
is shown in Figure 6.29. 

Taken from Reference 6.12 Courtesy of: Rolls-Royce pic 
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Figure 6.29 Effect of Altitude on SHP, Net Thrust and Fuel Consumption for a Thrboprop 
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6.2.4 TYPICAL MECHANICAl, ARRANGEMENTS OF TURBOJETS. TURBOFANS 
AND TURBOPROPS 

Examples of the layout or the mechanical arrangement of several types of gas turbine engines 
are given in Figures 6.30 and 6.31. A discussion of some of these layouts foJJows. 

Figure 6.30a shows a straight turbojet engine with a double entry, centrifugal compressor and 
a single turbine driving it. Several early turbojet engines were of this type. 

Because of the poor efficiency of a jet engine at low speeds, using the jet engine to drive a propel
ler (turboprop) is an attractive alternative for airplanes in moderate speed regimes. Figure 6.30b 
shows an example of a turboprop layout with a single entry, two-stage, centrifugal compressordriv
en by three turbine wheels. Note that the layouts of Figure 6.30a and 6.30b both have a single spool. 
The shaft forward of the first compressor stage drives a gear box which in turn drives a propeJJer 
(not shown), 

An alternate way to arrange a straight turbojet is to use an axial compressor. Figure 6.30c shows 
an arrangement of a seventeen stage. axial compressor driven by a three stage turbine, all still on 
one spool. 

A more efficient way to design a gas turbine engine is to use two or more spooLs. Figure 6.30d 
shows an arrangement for a turbo-propeJlerengine with two spools. Gas turbines are very attractive 
in certain helicopter applications as weJl as in ground vehicle and stationary powerpJant applica
tions. In the latter cases these engines are referred to as turbo-shaft engines. In a helicopter, the 
output shaft of the turbo-shaft engine is used to drive the rotor. An example of such an engine, is 
given in Figure 6.30e. Note that this engine has three spools: a free turbine which drives the last 
centrifugal compressor stage. a second turbine which drives a four-stage axial flow cOlnpr,essor and 
a two-stage turbine which drives thc gcar hox which in turn dnves the rotor (not shown). 

It was already shown that by creating a bypass a gas turbine engine can be made more efficient. 
Figure 6.31a shows an example of an early bypass turbojet engine. This example has a twin-spool 
design. The first two-stage turbine drives a twelve stage axial flow compressor. The second two
stage turbine drives a four stage fan/compressor. Some of the air from this stage is by-passed around 
the core engine. 

Figure 6.3 111 shows an example of a modern high bypass ratio fan engine with a triple spool ar
rangement. A single stage turbine drives a six-stage axial flow compressor (low pressure). Another 
single stage turbine drives another six-stage axial flow compressor(high pressure). Finally, a threc 
stage turbine drives a large front fan. This fan can be thought of as a multi-bladed, ducted propeJler. 

It was mentioned in Sub-section 6.2.2 that very high propulsive efficiencies can be achieved 
with higher by-pass ratios. Examples of very high by-pass engine concepts are shown in Figures 
6.3 Ie and 6.3 I d. Figure 6.31 c shows a concept of an un-ducted, contra-rotating prop-fan engine. 
Figure 6.19d iJlustrates a concept of a very high hy-pass ratio contra-rotating, ducted fan. Whether 
or not such engines will materialize depends on trades between fuel cost, engine compleXIty, engine 
acquisition cost and engine maintenance cost. 
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Taken from Reference 6.12 
Courtesy of: Rolls-Royce pic 
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Figure 6.30 Examples of Mechanical Arrangement of Gas Turbine Engines 
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Taken from Reference 6.12 
Courtesy of: Rolls-Royce pic 
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Figure 6.31 Examples of Mechanical Arrangement of Gas Turbine Engines 
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6.2.5 THRUST, POWER AND FUEL CONSUMPTION OF GAS TURBINE ENGINES 

In this Sub-section. the basic parameters which determine the thrust of a jet engine will be inves
tigated. Three dimensionless parameters will be deri ved. These dimensionless parameters are used 
to reduce engine performance data from one set of atmospheric conditions to a standard set for pre
sentation in engine performance charts or plots. Finally, several actual examples will be given of 
the variation of thrust. fuel consumption and airflow with altitude. Tahulated data on enginc weight, 
thrust and s.f.c. are also included. 

It has been found that the net thrust output of a turbojet engine, Fo ' depends strongly on the fnl

lowing five variables: 

* air speed, V (in ftJ sec) * amhient air temperature, T in deg R 

* ambient air pressure, p (in lbsfsqft) * engine RPM, N (in r.p.m.) 

" engine diameter, 0 (in ft) 

Therefore, there are six physical parameters and three basic units: m in slugs, I in ft and t in sec. 
In accordance with the Buckingham It-Theorem of Chapter 3, there should be 6 -:I = 3 dimension-

less parameters which define the relationship between these physical parameters. Using Foet ,0 and 

N a, thc rcpeating variables, the first dimensionless parameter may be written as: 

IT = P O"KcV I net (6.28) 

In terms of the units this yields: 

(6.29) 

The following algebraic equations define the relationship between the powers a, band c: 

I : O-a+h+l b -

m: 0 = a a = 0 

t : o - - 2a - c - 1 c = 

As a result, the first dimensionless parameter is: 

~ _ V 
"I --

NO 

1 

1 

(6.30) 

(6.31) 

(6 . .12) 

(6.33) 

Observing that the temperature, according to the kinetic theory of gasses, is proportional to the 
square of velocity, the unit of T is considered to be the square of velocity. It is now left up to the 
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reader to show that the other two parameters are: 

lt2 - If 
NO (6.34) 

lt3 -
p02 

l' 
(6.35) 

The dimensionless parameters It I and lt2 can be combined to create another dimensionless pa

rameter. i.e. V I If. The relationship between 71 1, 712 and lt3 can now be written as: 

Fnel = f(.Y.... NO) 
pD2 If' If 
Three observations are in order: 

I) For any given engine, the diameter, 0, is fixed. 
2) It is conventional to refer engine data to standard sea-level conditions. 

3) V I ff can be replaced by the Mach number, M. 

As a result, the conventional format for Eqn (6.36) becomes: 

Fnet = f(M li) 
b ' /fJ 

(6.36) 

(6.37) 

In Eqn (6.37) the terms F netl band N I /fJ are referred to as the corrected thrust and the corrected 

RPM respectively. An example variation of Fnet/E> with N//fJ for a small turbo-fan engine is 

shown in Figure 6.32a. 

The air mass flow rate, rna (in slugs/sec), through a gas turbine engine is also corrected with these 

parameters: 

rn.1f = f(M li) 
i'\ ' fA ,8 

(6.38) 

To illustrate the use of these corrections the following example is offered, 

Example: An enginc is operating in air with p = 14.5 psi and T = 300 F. Under these conditions 
the following measurements are available: 

Chapter 6 

F"," = 6,100 Ibs , VIa = 107 Ibs/sec and N = 100% rpm 

Correct these observed data to standard sea-level conditions, 
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Solution: The pressure and temperature parameters are: 

6 = 14.5/14.7 = 0.986 , 8 = (460 + 30)/518.7 

Therefore: 

(F) - Fnet 
netstd - T -

w·1f net 

6,100 _ 
0.987 - 6, 180 lbs 

107 X 0.972 
0.986 

- 105.5 lbs/sec 

~ 

- 0.945 and;8 - 0.972 

It is of interest to see which components of an engine contribute to thrust or drag. Figure 6.32b 
shows an example thrust distribution for a single spool, axial flow turbojet. 

<: 19,0491b. ! 

COMPRESSOR 

Taken from Reference 6.12 
Courtesy of: Rolls-Royce pic 
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Figure 6.32b Typical Thrust Distribution for a Single Spool, Axial Flow Thrbojet 

Example variations of engine thrust and sJ.c. with altitude, Mach number and thrust rating are 
given in Figures 6.33 and 6.34 for a small and large turbo-fan respectively. 

For a turbo-propeller engine, example variations of S HP and fuel flow witb altitude and power 
rating are given in Figure 6.35. 

Finally, Tables 6.1,6.2 and 6.3 provide some data on sea-level and cruise altitude performance 
of a wide range of engines. The effect of engine thrust and SHP on engine dry weight is plotted 
logarithmically in Figure 6.36a and 6.36b respectively. 
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Table 6,1 Weight and Performance Data for Turbojet and Turbofan Engines 

Manuf.ffypel Weight Thrust at s.Le. at Massflow Alt.l Thrust at s.fe. at 
Config.1B .P.R. take-off take-off take-off M altitude/M altitudc/M 

s.1.s. s.1.s. s.1.s. 
(lbs) (lbs) (lbslhr/lbs) (Ibs/scc) (Ihs) (lbs/hrllbs) 

(1 )ICl'6-6DI 7,H96 40,000 0.346 1,303 35K/ 7,160 0.616 
TBF/5.72 0.8 (SO% max) 

(1)/CF6-321 7,140 36,500 0.357 1,104 35K/ 6,630 0.609 
TBF/4.90 O.S (80% max) 

(I )/CF6-501 8,731 51,000 0.390 1,450 35K/ 8,720 0.628 
TBF/4.26 0.8 (80% max) 

(l )/CF6-801 8,435 4S,000 0.344 1,433 3SK/ 8,260 0.592 
TBF/4.66 0.8 (80% max) 

(1)/CF34/ 1,580 8,650 0.362 332 40K/ 1,420 0.728 
TBF/6.30 0.8 (max) 

(1 )/CFM56-2/ 4,610 24,000 ??? 817 35K/ 5,188 0.661 
TBF/6.00 0.8 (max) 

(I )/CJ61O-51 402 2,950 0.980 44 36K/ 870 1.150 
TBJIl.OO 0.8 (max) 

(1)/CF7001 725 4,200 0.660 126 36K/ 1,060 0.980 
TBF/1.93 0.8 (max) 

(l )1J79-171 3,873 17,820 1.980 170 35K/ 2,600 0.980 
TBJ/O 0.9 (max) 

35K/ 18,600 2.070 
2.0 (max) 

( 1 )ffF34-4001 1,478 9,275 0.363 338 36K/ 1,896 0.682 
TBF/6.2 0.8 (intermediat, 

(I )1F404-4021 2,282 17,700 ??? 146 ??? ??? .",., 
TBF/O.27 
(2)/CFE738/ 1,325 5,725 0.372 210 40K/ 1,464 0.640 
TBF/5.3 0.8 (max) 

(3)/535E41 7,264 42,000 ??? 1,150 35K/ H,700 0.598 
TBF/4.3 0.8 (max) 

(3)/RB2111 9,814 60,600 'n? 1,604 35K/ 11,813 0.570 
TBF/4.3 0.85 (max) 

(3 )/Trent800/ 13,133 90,000 Tn '!'!'! 35KI 13.000 0.557 
TBFn?? 0.83 (max) 

Type: (1) = G.E. 
:v!anuf.ffype/ _ Manufacturer/Typel 

(2) = G.E.I Allied Signal Config.ll3 .P.R. Configuration/By-pass Ratio 

(3) = Rolls Royce 
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Table 6.2 Weight and Performance Data for Turbojet and Turbofan Engines 

Manuf.!Typc/ Weight Thrust at s.f.e. at Massflow All.! Thrust at s.f.c. at 
Config.IB.P.R. take-off take-off take-oll M altitude/M altitude/M 

s.!.s. s.!.s. s.!.s. 
(lbs) (lhs) (Ibs/hr/lbs) (Ibs/see) (lbs) (ibs/hl/lbs) 

(4 )ITFE73 1-21 743 3,500 ??? 113 40Kl 7S5 0.815 
TBF/2.66 0.8 (max) 

(4)ITFE731-51 890 4,600 ??? 143 40Kl 1,000 0.760 
Tnp/3.48 O.S (max) 

(4)1ALFS02L1 1,311 7,500 0.42~ 'I?? ??? ??? ??? 
TBFIS.O 

(S)/JTSD-219/ 4,612 21,000 ??? 488 35K1 5,2S0 0.737 
TB!'/!.77 0.8 (max) 

(5)IPW40001 9.400 56,000 ?1? 1,705 35K1 ??? 0.537 
TBF/4.85 0.8 

(5)/PW20001 7,300 38,250 ??? 1,340 35K1 ??? 0.563 
TBF/6.00 0.8 

(5)/PW3001 993 4,679 0.388 ??? 40Kl 1,155 0.681 
TBF/4.3 0.8 (max) 

(6 )/CFM56-2A2 4,820 24,000 orr' 817 35K1 5,188 0.661 TBF/6.0 0.8 (max) 

(7)/IAEV25001 5,224 30,000 ??? 848 35K1 5,752 0.575 
TBF/4.6 0.8 (max) 

(8)ILarzac 04/ 639 2,966 0.710 63 35K1 772 ??? 
TnI'll. 13 0.8 (max) 

(9)/FJ44/ 447 1,900 0.475 ??? 36K1 506 0.758 
TBF/3.28 0.7 (max. con!.) 

(!o)/Auour 8711 1,330 5,900 0.740 ?'!? 39K1 ??? 0.955 
Tilp/0.80 0.8 

Type: (4) = Allieu Signal Manur.lType/ Manufacturer/Typel 
, 

= 
(5) = Pratt & Whitney 

Config.lB.P.R. Configuration/By-pass Ratio 

(6) = CFM International (G.E.lSNECMA) 

(7) = International Aero Engines 

(8) = Turbomeca 

(9) = Williams/Rolls Royce 

(10) = Rolls RoycelTurbomeca 
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Table 6.3 Weight and Performance Data for TUrhoprop Engines 

Manufacturerl Weight ESHP/SHP/Prop s.f.e. at ESHP/SHP/Prop Massflow 
TYpe RPM at maximum take-off RPM at maXImum take-off 

take-off setting. s.l.s. cruise setting, s.l.s. 
s.l.s* s.l.s. * 

(lbs) (hp) (lhs/hr/eshp) (hp) (lbs/sec) 

(l )/PT6A-11 328 528/500/2,200 0.647 528/500/2,200 ??? 

( I )lPT6A-27 328 715/680/2,200 0.602 71S1680/2.200 6.g 

(l)IPT6A-34 331 7831750/2,200 0.595 7831750/2,200 ??? 

(I )/PTGA-65B 481 1,174/1,10011,700 0.536 1,17411,10011,700 9.5 

(I )/PW 11 8 861 1,89211,80011,300 0.498 1,.W3/l,5 13/ 1,300 n? 

(1)/PWI23B 992 2,62612,50011,200 0.463 2,136/2,030/1,200 ?"!? 
, 

(1)/PW115 841 1,58011,50011,300 0.544 1,580/1,50011,300 ??? 

(2)ITPE331-1 336 705/6651??? 0.605 690/650f??? 6.2 

(2 )ITPE3 31-10 380 ???II,OOOI??? 0.560 ??? ??? 

(3)/CT7-5 676 l,685I1,630!??? 0.466 1,46511,417 !??? ??? 

(3 )/CT64-820-< 1,145 3, J:l31:l,J:l:l1l.160 0.486 2.745/2,74511,015 ??? 

(4)/Dart RDa7 
Mk535-21TS 163 1,369 '1'1'1"12, U801'! ?"? 0.760 ????1I.83SI???? 23.5 
(5)/2S0-B 17C 195 420/4201???? 0.657 369/369!???? 3.45 

(5)1250-C30 240 650/650!???? 0.592 557/557/,1'1'1'1 5.6 

(5)1T56-A-IS 1,825 .4,910/4,59111,106 0.501 4,365/4,06111,106 32.4 

Type: (l) = Pratt & Whitney, Canada (3) = General Electric 

(2) = Allied Signal (4) = Rolls Royce 

(5) = Allison 

* In calculating ESHP from SHP it is usually assumed, that 2.5 
lbs of axial jet thrust is equivalent to I hp. 
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Figure 6.36a Take-off Thrust Versus Dry Weight for Jet Engines 
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6.2.6 COOLING CONSIDERATIONS FOR TURBINE ENGINE INSTALLATIONS 

Various components ofiet engines need to be cooled to ensure safe and efficient operation. This 
is particularly true for the combustor, for the turbine blades and for various accessories. Because 
of the direct relationship between turbine inlet temperature and engine operating efficiency, much 
development emphasis has been given to combustor and tUlbine blade materials and designs which 
can tolerate such high temperatures. In fact, many oftoday's turbine engines operate at turbine inlet 
temperatures which are above the melting point ofthe materials used in the turbine blades. Adequate 
cooling techniques are a must. Figure 6.37 shows an example of how the cooling ofturbine blades 
has changed from the 60's to today. 

III L.P, cooling air 

SINGLE PASS, 
INTERNAL COOLING 

11960'sl 

II H.P. cooling air 

. • 

Taken from Reference 6.12 
Courtesy of: Rolls-Royce pic 

I 
SINGLE PASS, QUINTUPLE PASS, 
MULTI· FEED MUl TI·FEED 

INTERNAL COOLING INTERNAL COOLING 
WITH FILM COOLING WITH EXTENSIVE 

11970'sl FILM COOUNG 

Figure 6.37 Development of Turbine Blade Cooling 

Several engine accessories, in particular the engine generator, must also be cooled. In flight, this 
is done by ducting outside air from special cooling air intakes toward the accessories. During ground 
operation this does not work and low pressure air is tapped from the compressor and due ted to the 
accessories. This would hurt the efficiency of the engine in flight and therefore a valving system 
is used to switch from external air to compressor air and vice-versa. A schematic of an arrangement 
for cooling the engine generator is shown in Figure 6.38. The effect of the cooling air requirements 
on drag and installed thrust must be accounted for: methods for doing this are given in Ref. 6.15. 
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PRESSURE 
CONTROL 

VALVE 

OUTLET DUCT 

EJECTOR 

Taken from Reference 6.12 
Courtesy of: Rolls-Royce pic 

Figure 6.38 Schematic of a Generator Cooling System 

The design ofthe nacelle which cowls the engine must take into consideration not only the engine 
envelope and its cooling and accessibility requirements, but also the envelope and location of the 
accessory drive system. Figure 6.39 shows some examples of accessory drive installations. 

Taken from Reference 6.12 
Courtesy of: Rolls-Royce pic 

LOW SPEED 
EXTERNAL GEARBOX 

INTE,RN,~L GEARBOX'~--I;1;J;~t,J:fn 

"":TI'RN~J~L;cg~r~N~'~Ei!MEDIJ~TE GEARBOX r i~~)~t~iiif~;~ 
... GEARBOX "-
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SINGLE DRIVE WITH 
INTERMEDIATE GEARBOX 

HIGH SPEED 
EXTERNAL GEARBOX 

TWO·SHAFT DRIVE 
WITH AUXILIARY GEAR80X 

AUXILIARY 
GEARBOX 

DRIVE 

Figure 6.39 Examples of Accessory Drive Installations 

AUXILIARY GEARBOX 
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It should be expected that if large power outputs are required for the accessory drive system, they 
will tend to require a significant amount of volume. This in turn will affect the size and shape of 
the nacelle which in turn affects the weight and drag of the airplane. 

Also, structural provisions must be made to mount the engine to the airframe. These structural 
provisions must take into account the weight and the thrust output of the engine. This also requires 
additional volume in the nacelle. Example engine installations are shown in Figure 6.40. 
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ENGINE 
FRONT MOUNT 

REAR 
ENGINE MOUNTING BRACKET 

REAR MOUNT 

AIRCRAFT PYLON 

Taken from Reference 6.12 
Courtesy of: Rolls-Royce pic 
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THRUST STRUT 
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FRONT 
MOUNTING BEAM 

Figure 6.40 Examples of Thrbine Engine Installations 
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6.2.7 NOISE CONSIDERATIONS FOR GAS TURBINE ENGINES 

As a result of serious public complaints, airplane noise has become an important design and de
velopment consideration since the late 1960's. Maximum allowable noise limits were set with the 
introduction of FAR 36, also in the late 60's. There have been three stages in the setting of noise 
certification standards for airplanes: Stages 1,2 and 3. The requirements under Stages I and 2 allow 
higher noise levels for old technology airplanes. Conditions under which these levels are still accept
able are outlined in FAR 36. The higher noise levels are allowed in view of the fact that operating 
economics dictate that many older (noisy) airplanes will operate well into the next century. 

Since 1975. all newly designed airplanes must meet the FAR 36, Stage 3 requirements. A graphi
cal representation of the allowable noise levels as they apply to turbojet driven transports is given 
in Figure 6.41. 
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Figure 6.41 Allowable Noise Levels According to FAR 36, Stage 3 
for Turbojet Driven Airplanes 
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It will be noted from Figure 6.41 thatthe allowable noise levels are stated in EPNdB (Equivalent 
Perceived Noise in dB) for turbojet driven airplanes. FAR 36 also specifies how noise must be mea
sured and analyzed during take-off, fly-over or approach to landing to arrive at numerical values 
for actual airplane EPNdB levels. The required noise measurements must be taken at precisely de
fined locations relative to the runway. Figure 6.42 shows what these locations are for turbojets .. 

Human perception of noise is complicated by the fact that noise level, tone and duration all play 
a role. A detailed discussion of noise, its perception and its contributory sources is considered to 
be beyond the scope of this text. The reader is referred to FAR 36. The latter contains a detailed 
specification of what constitutes noise, how it is to be measured for purposes of aircraft certification 
and how it is to be analyzed to obtain EPNdB and dB(A) data. 

Landing 
fIi

1
ht-path 

', .... 
........ --

Threshold 
ofrunwa 

Located along runway wherever 
noise level is highest for the air
plane being certified 

" 
Take-off 

.;'''-11'1 ... 
1,476 ft 

~~-~~====--~ ...... ...... ----_ .......... -----_ .... -... 
RunWa 

21,325 ft 

Noise measurement location 

Figure 6.42 Definition of Noise Measurement Locations for Thrbojets 

Sources of noise whieh contribute significantly to the perceived noise of an airplane during take
off, fly-over or approach to landing are: 

* Engine noise • Propeller noise * Airframe noise 

In the case of airplanes equipped with gas turbine engines, the engine noise constitutes the prima
ry source of noise. Chapter 7 contains some information on propeller noise as well as references 
on that subject. For more details on engine noise the reader may consult Refs 6.14, 6.16 and - 6.17. 
In this Sub-section only some very basic considerations of engine noise are included. 

The primary sources of engine noise are qualitatively depicted in Figure 6.43 for a turbojet and 
a turbo-fan respectively. Note that turbine noise, jet noise, compressor noise and fan noise all play 
individual roles. Many design details of these engine components contribute their own noise levels, 
and tones during the time it takes an airplane to pass over (or by) a person. , 
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.';, .... ~ 6.43 Noise Contours as Contributed 

rearward 
Turbine and 

The jet noise can be reduced by careful mixing of external air or fan air with the exhaust gases. 
In many engines this is still being achieved with noise suppressors. Combustor noise and machinery 
noise such as that produced by fans, compressors and turbines can be reduced by the application of 
various types oftiners. Reference 6.11 contains some examples of these techniques. All these meth
ods do increase weight and also tend to increase fuel consumption. 

It has been found that when the bypass ratio exceeds roughly 5.0 the internal machinery noise 
emanating from the engine (fan, compressor and turbine) dominates over the jet noise. Pigure 6.44 
shows the trends of noise reduction achieved with noise suppression techniques and high hypass ra
tio engines. Apparently, an engine noise floor is being approached. 
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Figure 6.44 Calendar Time and Noise Levels of Engine Types 
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6.2.8 THRUST REVERSAL FOR TURBINE ENGINES 

Reversing the thrust of an airplane during the ground part of the landing process has become an 
operational necessity. To reverse thrust in the case of a low by-pass ratio engine requires that the 
hot exhaust gases be reversed. This is usually accomplished with a set of clamshell doors or with 
bucket doors. Examples of both are shown in Figure 6.45. 

Taken from Reference 6.12 
Courtesy of: Rolls-Royce pIc 

CLAMSHELL DOORS IN FORWARD 
THRUST POSITION 

ACTUATOR EXTENDED AND SUCKET DOORS IN 
FORWARD THRUST POSITION 

CLAMSHELL DOORS IN REVERSE 
THRUST POSITION 

ACTUATOR AND BUCKET DOORS IN REVERSE 
THRUST POSITION 

Figure 6.45 Examples of Two Types of Hot Stream Thrust Reversers 

In the case of high bypass ratio engines the cold air-stream can be reversed. An example of how 
lbal can be done is sbown in Figure 6.46. 

Taken from Reference 6. 12 
Courtesy of: Rolls-Royce pic 
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Figure 6.46 Example of Cold Stream Tbrust Reverser 
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6.2.9 SCALING LAWS FOR TURBINE ENGINES 

When analyzing a new airplane design it is frequently not possihle to usc an already existing en
gine. In such instances so-called "rubberized" engine data are required which relate the most impor
tant size and the weight.charactcristics of the engine to the required thrust output fortbe new design. 
Assu me that Figurc 6.47 represents the installation drawing of an existing engine for which thrust 
and s.f.c. data are available. It is also assumed that the dry weight of that engine is known . 

D 

.. L 

T reqd 
Scale factor: S.F. = -

T datu 

Figure 6.47 Example Installation Drawing for a jet Thrbine Engine 

Assume, that in some flight condition. the required thrust for a new engine design is: T reqd ' Also 

assume, that the thrust available. for the same flight condition. of an actual engine for which data 

are available is: T do"" In such a case, the foJJowing scal ing rules (taken from Ref. 6.18) can be used 

to estimate the length , diameter and weight of the new engine: 

(6.39) 

(6.40) 

(6.41) 

where: S.F. is the scale factor defined in Figure 6.47. 

Observe the engine accessories box underneath the engine. For 1II0st engines that is where the 
accessory box is located. A reasonable assumption for the dimension E is: E = 0.250. 

It is also possible to estimate the s.f.c. at take-off, the s.fc. at cruise, the cruise thrust. length, 
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diameter and weight for a new engine whcn the design maximum takc--()[[ thrust is known. The 
following equations were also taken from Ref. 6.18. 

a) For non-after-burning engines: 

[ = (0 .67)e(- O.12 BPR) 
S .. l: tak e - off (6.42) 

s. f.ccru;,e = (0.88)e(-O,05 BPR) (0.41) 

T ' = (060) (T . ,)' 0.9 e(O.02 BPR) 
CrLlISe • ro (6.44) 

L = (2.22) (T TOl oA (M max) 02 (6.45) 

D _ (0.393) (T TOlD'S e (O.04 EPR) (6.46) 

We = (0 .084) (TTO)it e ( -0045 BPR) (6.47) 

b) For after-hurning engines: 

t' = ( 2.1)e( - O. 12 BPR) s .. c['lke.- off (648) 

(6.49) 

T ' = (I 60) (T ) 0.74 e (0.023 BPR) 
cruise . TO (650) 

L - (3,06) (T TO)O.4 (M max)O.2 (6.5 1) 

D (0.288) (T TO)OS e (004 BPR) (6.52) 

(6.53) 

where: e = 2.7183 

BPR is the engine by- pass rato 

T TO is the maximum take--()ff thrust 

M "'"' is the maximum level flight Mach number 

For methuds to size new engines and to predict their performance Ref. 6.13 is recommended. 
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6.2.10 PULSE-JETS 

Strictly speaking the pulse-jet is an intermittent combustion engine. However, because its pro
pulsive force comes directly from the momentum changes in a gas flow it is included as a jet engine. 
There are two types of pUlse-jets: valve-type and acoustic-type. Figure 6.48 shows a cross section 
of a pulse-jet with the shutter valves in two positions: open and closed. 

Fuel nozzle 
Shutter valves open 

Shutter valves --- - Exhaust -< -- -- ----------Inlet - - - ------------ - - .::....----.... -< -- Inlet, mix, sca"enge - - - -----------< ---- ----------- - ---
Fuel nozzle Shutter valves closed 

Exhaust - - - - - • - - Burn and eXltaust - - -Inlet 
• • • • • - - - - - - • - - - - -

Fuel nozzle 

Figure 6.48 Cross Section of a Pulse-jet with Shutter Valves 

With the valves open a new charge of air is admitted. The air mixes with the fuel. Next, an explosion 
takes place which shuts the valves and forces the combustion products out the exhaust. Therefore, 
a pulsating thrust of a given frequency is created. 

The val ves are simple leaf- spring type of shutters. Except for the.<c valves, the pulse-jet does not 
have any moving parts. Pulse-jets are therefore very simple and cheap to construct. Thei r fuel con
sumption is very high and thc accompanying noise is unacceptable by modern standards . This type 
of pulse-jet was employed on the German wwn V-I flying bombs built by Fieseler Aircraft. 

Figure 6.49 shows a cross section of an acoustic-type pulse-jet. In this type of pulse-jet the 
combustion process creates two shock wave fronts, one travell ing down the long upper tube, the oth
er down the short lower tube. By properly "tuning" of the system a stable, resonating combustion 
process can be achieved which yields a considerahle thrust. This type of pUlse-jet does not contain 
any moving parts at aiL Fuel consumption is very high. Again, the noise level is unacceptable by 
modern standards. Thc French engine manufacturer SNECMA developed these pulse-jets in the 
late fourties for use on drones. One application was the Dutch AT -21 target drone built by Aviolanda 
Aircraft from 1954-1958. 
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Exhaust - -- -- -- -- Fuel nozzle -- Inlet and exhaust - ---- Fuel nozzle 

Fi ure 6.49 Cross Section of an Acoustic Pulse-'et 

6.2.11 RAMJETS 

Figure 6.50 gives an example schematic of a ramjet engine. 

Inlet/Diffuser Fuel nozzles 

- - - -----.. -Combustion - --- - ---• . -_.-- • • -- - - - --- ---- -- - - -----.. 
Exhaust nozzle 

Fuel nozzles 

Fi ure 6.50 Cross Section of a Ram' et 

A ramjet operates as follows: as the air enters the inlet it is compressed adiabatically (approxi
mately) which causes its temperature to increase and its velocity to decrease. The air is furtber 
heated by the combustion. Also. as a result of the injected fuel, the mass of the mixture increase in 
the range of 5%-10%. The high temperature gases expand in the nozzle and leave at high velocity. 
The thrust of a ramjet is equal to the net rate of change of momentum of the gases passing through 
the engine minus the external drag of the engine. Ramjets also are very simple to build but they do 
have high fuel consumption. Ramjets do not deliver net thrust at low speeds. In other words, some 
minimum forward speed is required to obtain net thrust. Ramjets have been used in a variety of mis
siles. The Boeing Bomarc of the fifties is one example. Various high speed forms of ramjets. known 
as air-turbo ramjets and scram-jets are finding applications in very high supersonic and hypersonic 
applications. References 6.14 and 6.19 contain some speculative information about some of these 
applications. 
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6.3 ROCKET ENGINES 

At very high altitudes, where air-breathing engines are no longer practical, the rocket engine 
offers a viable alternative method of aircraft propulsion. FundamentaHy, there are two types of rock
ets: liquid fuel and solid fuel rockets. 

An example arrangement for a liquid fuel rocket engine is given in Figure 6.51 

Liquid fuel 

.~ . 

Taken from Reference 6.12 
Courtesy of: Rolls-Royce pIc 

Combustion chamber 

Fuel injectors Nozzle 

Figure 6.51 Example of a Liquid Fuel Rocket Engine 

Liquid oxygen and fuel are pumped via a system of lines and valves into a combustion chamber. 
Once ignited, combustion is continuous until either oxygen or fuel supply is shut off. In most 
instances the fuel is used to cool the nozzle before being pumped into the combustion chamber. The 
injectors must be designed so that the oxidizer and the fuel are properly mixed. The combustion 
process typically yields very high temperatures and pressures. Typical velocities in the exhaust 
nozzle range trom 8,000 to 13,000 ftlsee. The supersonic nature of the exhaust is usually visible 
in the form of diamond type shock patterns. 

Because there is only gas flow coming from the nozzle, the thrust of a rocket engine is given by: 

F _ . - Wfy 
nel - mo+fVe - g e (6. 54) 

where: rilo+ f is the mass flow rate offuel plus oxydizer (i.e. total mass flow rate through the nozzle, 

in slugs/sec 

Ye is the exit velocity at the nozzle 

W o+f is the flow rate of fuel plus oxydizer in Ibslsec 
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The efficiency of a rocket engine is often given in terms of the so-called specific impulse, I,p 

which is defined as: 

I - Fnot 
sp -

W o+ f 

Chemical rockets can achieve specific impulse values of around 400-500 sec. 

An example arrangement for a solid fuel rocket engine is given in Figure 6.52 

Casing 

Nozzle 
Igniter 

AA 
Grain 

AA Alternate AA 

Figure 6,52 Example of a Solid J<'uel Rocket Engine 

(6.55) 

Solid fuel rocket engines are basically very simple: they consist of a casing, a nozzle, the grain 
and an igniter. The grain is a mixture of fuel and oxydizer. The cross seclional shape of the grain 
is important. Burning tends to take place perpendicular to the inner grain sUlface. Therefore, to 

achieve high mass flow rates the burning surface area should be as large as possible. Two grain cross 
sections are shown in Figure 6.52 Other cross sections are also being used. 

6.4 ELECTRIC MOTORS 

A significant advantage of electric motors is their rather vibration-free and qlliet operation. A 
disadvantage has been their high weight per unit power output. With the advent of rare earth mag
nets, electric motors are now considerably li ghter than two decades ago. For that reason, they are 
a candidate for propulsion of certam classes of vehicles. An example is the solar-cellfelectric-mo
tor/propeller system used in the Aerovironment Pathfinder shown in Figure 6.4. A major problem 
with electric motor propulsion still is the weight associated with the energy storage (i.e. battery) and! 
or energy generation system. 
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6.5 SUMMARY FOR CHAPTER 6 

In this chapter the reader has been provided with some basic insights into the operation and per
forman~e dmracteristics of aircraft engines. Most of the emphasis is on piston engines and turbine 
engines because these types are used in the great majority of airplanes. The fundamental thermody
namic cycle characteristics of these engine types are hricfly discussed. 

Trends of the effect of altitude and speed on the thrust and power output of these engines are 
given. Example data for engine weight and fuel consumption are also presented. Rough scaling 
rules for determining engine weight, size and performance for a given required output in thrust or 
power are included. 

Cooling requirements are discussed for piston and turbine engines. for A hrief discussion of 
noise characteristics of jet engines is also provided with a summary of the history of regulatory noise 
limitations. 

For a more detailed study of aircraft propulsion systems References 6.1-6.4, 6.12 and 6.13 are 
recommended. Example installations of engines in airplanes can be found in Reference 6.20. 

6.6 PROBLEMS FOR CHAPTER 6 

6. 1 A 9--cylinder engine with a bore (i.e. diameter of the piston head) of 5 inches and a stroke 
of 6 inches nlOs at 2,200 RPM. The indicated mean effective pressure is 200 psi. If the brake 
horsepower i., 530 hp, calculate the mechanical efficiency. 

n.2 An aircraft engine develops 260 BHP at 2,300 RPM and burns 21 galluns of fuel per hour. 
Calculate the brake thermal efficiency if the fuel has a heating value of 20,000 BTU perlbs. 
The unit weight of the fuel (gasoline) may be taken as 6Ibs/gallon. 

6.3 If a 14--cylinder engine with a bore of 5.5 inches and a stroke of 6 inches develOps 1,100 hp 
at a takeoff RPM of 2,300, find the BMEP in hp. 

6.4 Forthe piston engine of Figures 6.13 and 6.14 determine the available horsepower and fuel 
flow at 2.500 RPM. aMAP of22 in. Hg. and 5.000 ft altitude with an atmospheric tempera
ture of 30 degrees F. above standard. Assume a mixture setling for best economy. What is 
the specific fuel consumption in Ibs/hr/shp in this ~ase? 

6.5 A turbojet engine is operated at standard 20,000 ft altitude conditions With an exit pressure 
of 9 psi and an exit area of 180 in2. If y = 1.33 and the Mach number at the exit is J.O, what 
is the gross thrust" What percentage of the gross thrust is due to the pressure thrust? 

6.6 A liquid fuel rocket consumes 300 Ibs/sec of propellants. The gas exit velocity is fuund to 
be 6.500 ftlsec. Calculate the specifIC impulse. 
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CHAPTER 7: PROPELLER THEORY AND APPLICATIONS 

The objective of tbis chapter is to provide the reader witb fundamental insight into the theory 
and operation of airplane propellers. Once the required thrust andlor power for a propeller driven 
airplane arc known the next step in the design process is to select or design an appropriate propeller. 

A propeller deli vers tbrust by imparting a relati vely small velocity increase to a relatively large 
air-mass. A turbojet does just the opposite: it imparts a relatively large velocity change to arelative
Iy small air-mass. Turbo-fans, prop-fans and dueted propellers are somewhere in between these 
two extremes. 

The simplest theory which describes the operation of a propeller is the so-callcd momentum 
theory. It is discussed in Section 7.1. A problem with momentum theory is that it lacks sufficient 
detail to allow for the geometric design of a propeller. 

One theory which can bc uscd to design propeller blades is the so-called blade-element theory. 
In this theory details of propeller airfoil gcometry and other aerodynamic characteristics can be ac
counted for. Fundamental aspects of this theory arc presented in Section 7.2. However, this theory 
does not account for the downwash produced by thrust gencrating propeller blades and the effect 
of this downwash all blade thrust. 

A more complete theory is the combined blade-element and momentum thcory, presented in 
Section 7.3. 

Various sources of propcller losses are analyzed and discussed in Section 7.4 and factors which 
affect propeller performance are outlined in Section 7.5. Propellers can affecl the drag polars of an 
airplane, to the point where a significant difference hetween power-on and power-off drag polars 
can exist. That effect is also discussed in Section 7.5. 

A discussion of free-propeller efficiency versus installed propeller efficicncy (also called pro
pulsive efficiency) is also given in Section 7.5. 

In Section 7.6 the usc of so-called propeller charts in predicting propeller performance is pres
ented. Step-by·-step procedures for cstimating propeller efficiency and propeller thrust (static and 
in-night) are described. Inverse applications which allow the geometry of a propeller to be estab
lished for given performance objectives are also presented. Because of their bulk, the charts them
selves are contained in Appendix C. 

Propeller noise and the potential of propeller applications for high subsonic flight spceds is dis
cussed in Section 7.7. 
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7.1 MOMENTUM THEORY 

Propellers are used for generating positive as well as negative thrust. In the latter case the propel
ler is said to operate in reverse. An incompressible theory for positive and negative thrust generation 
is discussed in Sub-sections 7.1.1 and 7.1.2 respectively. When generating thrust at higher subsonic 
speeds compressibility effects must be accounted [or. That is discussed in Sub-section 7.1.3 

7.1.1 INCOMPRESSIBLE THEORY FUR PuSITlVE PROPELLER THRUST 

Tn the following theory it will be assumed that the flow through the propeller disk is incompress
ible and irrotational. The physical propeller disk is replaced by a thin "actuator disk" which is 
thought to consist of an infinite number of blades. The actuator disk is assumed to be uniformly 
loaded. The inflow and outflow are also assumed to be uniform. Figure 7.1 illustrates this idealized 
situation. 

Streamtube 
Q 

p 

v 

Streamtube , 
Stations: (0) 

T 

Actuator disk , Streamtube Slipstream 

p' p' + Ll.p Q 

v + v 

Streamtuhc Slipstream 

(1) (2) (3) 

Figure 7.1 Stream-tube Through a Thin Propeller Disk: Positive Thrust 

Far in front of the disk the static pressure and speed conditions are given hy p and V respectively. 
Atthe disk, the velocity of the air is a"umed to he V + v. Thc velocity cannot change in a discontinu
ous fashion hecause to do so would require an infinite acceleration. The pressure in front of the disk 
is assumed to be p' while the pressure behind the disk is assumed to be p' + ""p. The pressure in
crease, Ll.p is caused by the propeller which adds energy to the flow. The incompressible Bernoulli 
equation will now be applied to the flow. However, because the Bernoulli equation applies only to 

constanl energy flow it has to be applied in two stages: first to the t10w ahead of the propeller and 
next to the flow behind the propeller. The result is: 

p + O.5QV2 = H = p' + O.5Q(V + V)2 ahead of the disk (7.1) 

and 
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p + O.5Q(V + V [)2 = HI = p' + Llp + O.5f!(V + V)2 behind the disk (7.2) 

where; H is the total pressure ahead of the disk 

HI is thc total pressure behind the disk 

v I is the induced velocity increase far downstream 

Solving for Llp by subtracting Eqns (7.1) and (7.2) from each other results in; 

If A represents the propeller disk area, then the thrust produced by the propeller is; 

(7.4) 

According to the linear momentum principle of fluid mechanics, see Eqn (2.84), the following rela
tionship must apply; 

where: LF is the total force acting on the tluid in a control volume bounded by stations 

(0) and (3) in Figure 7.1. 

(7.5) 

If T is the fluid force acting on the propeller then LF must act in the opposite direction to the 

mass flow. It therefore follows that Eqn (7.5) is reduced to: 

T = QVI ~ (V + v)Aj + Q(V + vl)I(V + v)Aj = QA(V + v)vI (7.6) 

When Equations (7.4) and (7.6) are equated it is seen that: 

VI = 2v (7.7) 

Therefore, the incompressible momentum theory indicates that the induced velocity far down
stream is twice that atthe disk. The reader may observe from Eqn (4.16) that this conclusion is simi
lar to that relative to downwash induced by a wing as discussed in Chapter 4, Section 4.2. 

To determine the propeller efficiency it is noted that the power output (i.e. the useful power) is 
given by TV, while the power input is equal to the thrust caused by air pressure on the propeller disk 
and multiplied hy the air velocity through the disk, or: T(V+v). Therefore, the propeller efficiency 
can be written as: 
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TV V 
Tip = T(V + V) - V + V 

(7.8) 

The efficiency of Eqn (7.8) is the ideal, free propeller efficiency. The actual efficiency will be 
lower because of energy losses due to slipstream rotation, blade profile drag, non-uniform flow, 
compressibility effecls and propeller blockage due to a fuselage and/or a nacelle. None of these 
losses have been accounted for in this simple theory. It is seen from Eqn (7.8) that it is desirable 
to keep the induced velocity, v, low if the propeller eftlciency is to be high. Combining bqns (7.4) 
and (7.7) produces: 

T = 2QA(V + v)v (7.9) 

For a given flight velocity, V, and thrust, T, Eqn (7.9) can be solved for the induced velocity: 

v _ V + 
2 

2 

(V) + T 
2 2Ao , 

(7.10) 

It follows from Eqn (7.10) that to keep the induced velocity small (in turn to keep the efficiency 
high) the quantity TI A must be kept low. The quantity T I A is referred to as the propeller disk loading. 
A low disk loading, for a given T, requires a large diameter propeller. Large diameter propellers are 
undesirahle for several reasons: 

1) Large diameters tend to cause high tip speeds which leads to compressibility effects 

2) Large diameters lend to cause ground clearance problems 

3) Large diameters tend to introduce structnral problems with the propeller blades (high stress) 

Under static conditions (V=O) the induced velocity as expressed by Eqn (7.10) can also be writ
ten as: 

v statlc = Vs = j 2!Q 

By introducing this Slatic induced velocity back into Eqn (7.10) it becomes: 

v 
v, + (l)2 + 1 

2vs 

(7.11) 

(7.12) 

Note that only positive values ofv lv, have any physical significance. From Eqn (7.12) a plot 

of v lv, versus V I Vs can be generated for positive v Iv s , see: Figure 7.2. 

It may be seen that, for a given amount of thrust, the induced velocity decreases as the flight 
speed is increased. This implies higher efficiency so long as compressibility effects (to be discussed 
in Sub-section 7.1.3) are not important. The part of Figure 7.2 which represents negative thrust will 
be discussed in Sub-section 7.1.2. 
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Figure 7.2 Induced Velocity as a Function of Flight Speed 

+ 
3.0 

"V/vs 

7.1.2 INCOMPRESSIBLE THEORY FOR NEGATIVE PROPELLER THRUST 

First, apply the continuity equation to stations (2) and (3) in Figure 7.1: 

A 3(V + 2v) = A(V + v) 

where: A3 is the cross-sectional area of the slip-stream at station (3) 

Eqn (7.13) can also be written as: 

R 'V V 
-..l = 1(1 + -) I (2 + -) 
R ' v v 

where: R is the propeller radius 

R3 is the radius of the slipstream at station (3) 

(7.13) 

(7.14) 

Figure 7.3 shows a plot ofEqn (7.14). It is of interest to study what happens as V Iv changes from 
positive to negative. 

Note, that under static conditions (V=O), R3/R = jl/2 = 0.707. It is also seen that as V/v 

hecomes negativc, R3/R decreases. 

When Viv approaches the value -I, R3/R approaches zero. In that case, the mass flow rate 
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Figure 7.3 Effect of Vlv on the Ratio of Far Slipstream Radins to Propeller Radins 

through the propeller, A(V + v), becomes zero. This indicates that the concept of simple momentum 
theory becomes meaningless. 

When -2.0 < V Iv < -1.0, R3/R is imaginary. Again. the present flow model is not applicable. 

When -1.0 < V/v < 0.0 the flow situation is as depicted in Figure 7.4. This situation is referred 
to as reversed, or negative thrust. 

By applying Eqn (7.5) to Figure 7.4 it is found that: 

- T = - QAI( - V + v)VI + QA( - V + v)1 - (- V + 2v)) = 2QA( - V + v)v 
(7.15) 

This cxprcssion could also have been obtained by replacing V by -v in Eqn (7.9). Solving for 
v yields: 

2 

(V) + T 
2 2AQ 

(7.16) 

Eqn (7.16) is plotted in Figure 7.2 as an extension ofEqn (7.12). 

When V Iv < -2.0 (left side curve in Figure 7.3) the flow situation is as shown in Figure 7.5. This 
case is applicable to negative thrust (i.e. drag) production in a high speed dive. 

270 Chapter 7 



Propeller Theory and Applications 
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Figure 7.4 Stream-tube Through a Thin Propeller Disk: Negative Thrust at Low Speeds 
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Figure 7.5 Stream-tube Through a Thin Propeller Disk: Negative Thrust at High Speeds 

The momentum equation, for the case of Figurc 7.5, (Vlv < -2.0) now yields: 

- T = - (lAI(V - v)V) + (lA(V - v)I(V - 2v») = 2QA(V - v)v 

From this it follows that: 

Chapter 7 

T 
ZAQ 

(7.17) 

(7.18) 
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Using the definition of static induced velocity (from Eqn 7.11) this can be written as: 

(7.19) 

Eqn (7.19) is also plotted in Figure 7.2, but negatively, to distinguish it frum the positive thrust 
case. Note that in deriving Eqn (7.19) appropriate signs for T, V and v have been used in Eqn (7.17). 

Therefore, only positive values of V lv, should be used in Eqn (7.19). The present situation is simi

lar to that of a helicopter in vertical descent. The expressions for induced velocity in the case of 
negative thrust will be used in Sub-section 7.6.6 which deals with thrust reversing. 

An example application will now be presented. 

Example 7.1: 

A propeller with a diameter of 10 ft produces a positive thrust of 1,000 Ibs at 100 mph under 
standard sea-level conditions. Determine: 

a) The maximum attainable efficiency using the incompressible momentum theory. 

b) The pressure difference between atmospheric pressure and the pressure immediately in [ront 
of the propeller. 

Solution: 

a) FromEqn (7.10) the induced velocity is given by: 

v = 100xl.467 + 
2 

(l00xI.467j2 4xl,OOO 
4 + 2xO.OO2377x3.14xI02 - 16.42 fps 

The maximum attainable efficiency follows from Eqn (7.8) as: 

1']p = IOOxl.467 - R9.9% 
1 OOx 1.467 + 16.42 

b) From Eqn (7.1) it is found that the pressure difference between atmospheric pressure and the 
pressure immediately in front of the propeller is: 

p - p' 0.OOi377 [(I OOx 1.467 + 16.42)2 - (lOOxI.467)2j - 6.05psf 

272 Chapter 7 



Propeller Theory and Applications 

7.1.3 COMPRESSIBLE THEORY FOR POSITIVE PROPELLER THRUST 

A compressible momentum theory is useful to predict the general trend of Ibc characteristics of 
high speed propellers. To develop such a theory the compressible continuity and Bernoulli equations 
must be used and solved numerically. Presentation ofthis theory, an example of which is given in 
Reference 7.1, is beyond the scope of this text. 

However, it is of interest to present some example results from this theory. Figure 7.6 shows 
these example results as obtained from Reference 7.1. Note that the subscripts refer to the same pro
peller flow stations as used in Figure 7.1. 

Observe that the pressure variation through the propeller disk is larger for compressible flow 
than for in-compressible flow. This implies that in compressible flow the pressure gradient on Ibe 
blade boundary layer is more adverse so that interference effects between the propeller and a nacelle, 
body or fuselage will also be increased. 

As the air passes through the propeller disk. its velocity is decreased by compressibility * . There
fore, the blade camber designed wilb incompressible theory may not be proper in compressible flow. 

Examining the Mach number variation in Figure 7.6, it is seen that the Mach number immediate
ly behind the propeller (M2l is always less than the free-stream Mach number. 

At the same time, the Mach number immediately ahead of the propeller (M,l is always larger. 
This implies that a body placed ahead of the propeller (i.e. a pusher configuration) will suffer greater 
compressibility effects than a tractor configuration, other things being equal. 

Courtesy: Cessna 

Cessna Conquest I 

*It is noted that similar effects are found in jet engine compressors. 
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7.2 SIMPLE BLADF~ELEMENT THEORY 

In this theory the local aerodynamic forces acting on a blade element at a distance r from the 
propeller spin axis will be considered. Figure 7.7 shows the blade element and the forces. 

- -Note: VR - Qr 

Qr - 2:rtnr 

Blade section at r R 

r 

Fignre 7.7 Geometry of a Propeller Blade Element 

Observe that the blade element at radius r is moving with a spin velocity 2:rtnr. where n is the 
propeller rotational velocity in c)'cles per second. In addition, the propeller has a forward (i.e. air
plane) velocity, V. 

The lift and drag forces acting on the element are dL and dD respectively. Note that dL acts per
pendicular to the vectorial sum of V and 2:rtnr, while dD acts along but opposite to that vector sum. 

The force dT is the actual propeller thrust of the blade element. The force perpendicular to dT 
is the force which produces the propeller torque, Q (in ft-Ibs). For that reason it is labeled dQ/r. 

The angle, ~, is called the geometric pitch angle of the blade element. 

The airplane speed, V, is also called the propeller advance velocity. 

The speed due to rotation, Qr, is much less at the hub of the propeller than at the tip. 
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The advance velocity is the same across the blade. Therefore, if the propeller blade were not 
twisted, the local angle of attack of a blade element near the hub is much less than that aL the tip and 
could even become negative. For lhal reasun it is necessary to increase the geOlnetric pitch angle, 
~, near the hub such as to maintain an efficient angle of attack. That is why propeller blades appear 
Lu be so severely twisted near the hub. 

Note lrom Figure 7.7 that the hlade clement thrust, dT, is composed of a lift and a drag compo
nent: 

dT dLcoscjJ - dDsincjJ = 0.5 (! Vi c dr (C I cos cjJ - Cd sin cjJ) (7.20) 

where: cjJ is Lhe so-called helix angle 

c is the blade chord at radius r 

Thc propeller torque is caused by the lift and drag components in the plane of rotation: 

dQ = (dLsincjJ + dDcostp)r = 0.5 (! Vi c r dr (clsincjJ + cdeoscjJ) 

If 11 is the blade-element efficiency, then: 

_ VdT _ V (cleoscjJ - cdsincjJ) 
T] - QdQ - Qr(clsincjJ + cdcoscjJ) 

(7.21) 

(7.22) 

Before Eqns (7.20) through (7.22) can be integrated over the blade itself and over the entire pro
peller (nnmber of blades), to determine the total thrust, T, and the tulallorque, Q, the sectional aero
dynamic characteristics of each blade element musl be known. However, these characteristics can 
be computed accurately only if the induced velocity due to lift production on each blade element 
is accounted for. This induced velocity alters the local blade angles of attack. 

The model of Figure 7.7 docs not account for the induced velocity distribution. One assumption 

which can be made is that actual c[ - Cd section data can be used \~.rithout accounting for the span

wise induced effects. Although such a method can give fairly good results, a better theory which 
combines blade-element and momentum theory, is available and will be discussed in Section 73. 

y +¥ * 
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7.3 COMBINED BLADE-ELEMENT THEORY AND 
MOMENTUM THEORY 

In this theory, the induced flow due the production of lift on a propeller hlade is accounted for. 
In momentum theory, thrust can be expressed in terms of induced velocity. Ifthc number of blades 
is B, the total elemental thrust from simple blade theory (neglecting the section drag term) is: 

BdT = BdLcos<po = B c j 0.5 Q V~o c dr cos <Po (7.23) 

where: <Po is dcfined in Figure 7.H 

V R" is also defined in Figure 7.8 

Note from Figure 7.H that the induced velocity component in the thrust direction is: V, cos <Po . 

Therefore, according to momentum theory, the total elemental thrust may also be written as: 

(7.24) 

-Note: V R Qr + V 

- -Note: VRo = VR + Vi 

Three vector points 
come together here! -. 

dL 

Qr 2Jtnr 

dr 

- 2mur 

Delail Tangential 
/":::::1i:-~ induced 

I velocity 
i compo~ent 
I 

Vi COS <Po = va Vi 
Axial induced velocity component 

Figure 7.8 Definition of Angles for a Propeller Blade Element 
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By equating Eqns (7.23) and (7.241 it can be found that: 

(7.25) 

To simplify Eqn (7.25) it will bc a"umcd that the induced angle, S of Figure 7.8, is small so that: 

sinq,o = sin(q, + A) = sinq, + Acosq, 

Furthermore, it is seen that: 

tanA = v.jVR = S 
1 " 

and: 

= _V_+~V.,-'-i c_o_s-,Q>,-,!o 
V R" 

where: ao is the section lift curve slope of the blade airfoil. 

(7.26) 

(7.27) 

(7.2R) 

Using Eqos (7.26) through (7.28) it is possible to rewrite Eqn (7.25) in terms of the angle, e, 
as follows: 

8 = B (_c_) aoCP - q, - S) (7.29) 
8 :n: r (SInq, + Scosq,) 

In a general case, the blade chord, c, will vary across the propeller blade radius, 1". For many 
propellers, a good approximation can be obtained by assuming a constant blade chord. 

The solidity ratio of a propeller, a, is defined as the ratio of the total hlade area to that of fhc disk. 
For a propeller of constant bladc chord, c, fhis yields: 

a - BcR 
:n: R2 

Bc 
:n:R 

The blade station, r, is non-dimensionalized as: 

x = L 
R 

x = fiR. With x and a it is possible to show that Eqn (7.29) can be written as: 

S cosQ> + S SlIlq, + _0 - -C[3 - q,) = 0 2 ( . oa ) aao 
8x 8x 

This equation has the following solution for the induced angle, 8: 
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(7.30) 

(7.31) 

(7.32) 
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8 = 1 {_ (sin<p + agoa) + 
2 cos <p X 

( sin <p + 
, 

aoa)" 
8x 

a a + 4cos<p_o_(~ - <p) 
8x 

(7.33) 

Eqn (7.33) can be used to compute thc induced velocity in the following manner. First, the fol
lowing assumptions are introduced: 

cos <p = 1.0 sin<p = V/V R = V/xV t (7.34) 

where: V t stands for the propeller tip speed 

Observe from Figure 7.8: 

and thus: Vi = AVR or: Vi = AxV t (7.35) 

Therefore, by introducing assumptions (7.35) into Egn (7.33), the induced velocity becomes: 

{ (
V aoa) V· = V t - - + - + 

1 2V[ 16 
(7.36) 

As a side comment, Equation (7.36) is often used to calculate the induced velocity on helicopter 
rotors in vertical climbing flight: see Ref. 7.2. In such flight conditions the rotor (i.e. propeller) 
thrust is very high. Fur conditions of relatively low thrust, Eqn (7.32) can be solved by neglecting 
the 82-tenn. This yields: 

From Figures (7.7) and (7.8) it is seen that: 

V R = V R cos8 = (2ltnr) cosA 
" cos <p 

Using Figure 7.8, the elemental thrust of a B-bladed propeller is seen to be: 

dT = B(dLcos<jlo - dDsincj>ol = BO.5Q(VRicdr(clcos<po - cdsin<po -

= BQ(2lt2n2r2 COs2 8)Cdr(C1cos<P - cdsin<po) 
cos2 <p 0 

Similarly, the elemental torque is found as: 

To simplify these equations, the following functions of q, and A are introduced: 
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(
cas

2o)(C casA, - c sin"') 
cos2 q, 1 '1'0 d 'YO 

(7.41) 

(
cos2S)CC sinq, + C cosq, ) 
cos2 q, 1 0 d 0 

(7.42) 

This, while also using: x ~ rlR, simplifies Eqns (7.39) and (7.40) to: 

(7.43) 

and: 

dQ = 2BQn2n2r3cdr~'Q = 2B[ln2n2x3R4cAQdx (7.44) 

The so-called propeller thrust and torque coefficients are respectively defined as follows: 

CT = T (7.45) 
Qn2D4 

CQ = Qn~5 (7.46) 

Setting D=2R, introducing Be 

(7.46) with respect to x yields: 

(JnR from Eqn (7.30), amI differentiating Eqns (7.45) and 

dCT -
dT/dx 

-
2Qn3n 2R4X 2(Jlvr - 3.88x2(J~ 

dx 16Qn2R4 16Qn2R4 
(7.47) 

and: 

dCQ dQ/dx 20n3n2R5x3olc 
c Q 3 - - - 1.94x (JAQ 

dx 32Qn2R5 32Qn2R5 
(7.48) 

To determine the magnitudes of CT and CQ for a given propeller design, the following step

by-step procedure is suggested: 

Step I: 

Step 2: 

Step 3: 

Step 4: 

2RO 

Determine the helix angle, q" from: tan q, - V 
2nnr 

Determine the propeller solidity ratio, (J from: 0 
Be 

- nR 

Select a blade station: x ~ r/R 

Determine the induced angle, e, fromEqn (7.37): S = -'-~--.,,---cq,---,-
1 + 8xsinq, 

oar) 

ao in rad 

Note: if the propeller airfoil is cambered, the angle e should be computed relative 
to the airfoil zero-lift line and not the airfoil chord-line! 
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Step 6: 

Step 7: 
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Determine the section angle of attack from: U o = ~ - cp - e 
Calculate the section lift coefficient from: c1 = aouo 

Determine the section drag coefficient, Cd from c1 versus Cd data for the airfoil 

being used at station x=rlR 

Step 8: Calculate the angle, <Po from: <Po = <P + e 
Step 9: Compute the coefficients: A..r and AQ from Eqns (7.41) and (7.42) 

Step 10: Determine the derivatives dCT/dx and dCQ/dx from Eqns (7.47) and (7.48) 

Observe, that if a cambered airfoil is used, the angle f3 must be measured 
from the zero-lift line of such an airfoil! 

Step 11: Repeat Steps 1-10 for a sufficient number of blade stations, x, and plot the 
results versus x. An example is shown in Figure 7.9. 

Step 12: Numerically integrate the results of Step 11 over the propellerto obtain CT and CQ 

It may be seen from Figure 7.9 that a major part ofthe propeller thrust and torque is derived from 
the outer parts of the propeller blades. That is one reason for keeping the blade radius close to the 
hub as small as practical from a structural viewpoint. 
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Figure 7.9 Examples of dCT/dx and dC /dx for a Propeller with f3 = 17° (Source: Ref. 7.3) 
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7.4 ANALYSIS OF PROPELLER POWER LOSSES 

When carrying out thrust or power calculations for propeller driven airplanes it is necessary to 
account for various power losses which occur. In doing so, a number of symbols related to propeller 
performance are used repeatedly. 

The reader is advised to commit the following definitions a) througb e) to memory: 

a) Propeller thrust coefficient (already defined in Eqn (7045): 

C - T 
T - Qn2D4 

b) Propeller torque coefficient (already defined in Eqn (7046): 

C = Q 
Q Qn2Ds 

c) Propeller power coefficient: 

C - P 
p - Qn3Ds 

where: P is the power delivered by the engine to the propeller. 

d) Propeller advance ratio: 

J = ~ 
nD 

e) Propeller efficiency: 

11 =TV =J CT 
P P Cp 

Observe, that power, P, can also be written as: 

P = 2nnQ 

For this reason, the power and torque coefficients, Cp and CQ ' are related by: 

(7.49) 

(7.50) 

(7.51) 

(7.52) 

(7.53) 

(7.54) 

(7.55) 

For a free propeller (without a nacelle behind it) there arc three types of propeller losses: axial 
momentum losses, rotational momentum losses and losses due to blade profile drag. 

To provide an insight into these three losses, an analysis based on Reference 7.3 will be presented 
in Sub-section 704.1 for axial and rotational momentum losses. A discussion of measured propeller 
losses, which include the losses due to blade profile drag, is presented in Sub-section 704.2. 
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7.4.1 AXIAL AND ROTATIONAL MOMENTUM LOSSES 

The energy lost as a result of the axial flow velocity, Yi cos<j>o - Va , may be expressed as: 

1 

Ea = f vadT - Qn204y fa dCT dx 
dx 

(7.56) 

o 
where: a = Va/V 

Call the average rotational velocity in the propeller slip-stream, w. The energy lost per unit time 
due to this rotational velocity, w, may be written as: 

E, = J wdQ = 

where: a' = w/2Jtn 

1 

J 
dC 

(2Jtn)Qn20 5 a' ~dx 
dx 

o 

(7.57) 

If both Eqns (7.56) and (7.57) are divided by the power input, P, the following non-dimensional 
forms are obtained: 

I 

Ea = ...L f a dCT dx 
P Cp dx 

(7.58) 

o 
and: I 

Er = 2Jt J a' dCQ dx 
P Cp dx 

(7.59) 

o 

Next, assume that the thrust and torque distributions over the blade are known from some experi
ment and also assume that the quantities a and a' can be determined. In that case Eqns (7.58) and 
(7.59) can be used to compute the axial and rotational momentum power losses. 

A method for estimating both a and a', for a two-bladed propeller, will next be presented. 

According to the momentum theory represented hy Eqn (7.24) the elemental thrust is: 

dT = Q(2mdr)(Y + va)2va (7.60) 

where the second [actor 2 accounts for the two blades. 

By using Eqns (7.52), (7.49) x=rlR and a = va/Y it can be shown that: 

(7.61) 
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The ratio of the axial component of induced velocity to the forward speed, a - va/V may be 

solved from Egn (7.61) as: 

- 1 + 
a = 

(
I + 4 deT/d') 

nj2x 

2 
(7.62) 

The minus sign in front of the square root in Egn (7.62) is left off for physical realism. 

The elemental torgue is obtained hy taking the axial mass flow through the ring 21tfdr and multi
plying it by the rotational velocity, wr times 2 to account for the two blades: 

dQ = Q(21tfdr)(V + v.)2(wr)r (7.63) 

By using Eqns (7.52), (7.50), x=r/R and a' - w/2rtn it can be shown that: 

From this it follows that: 

(7.65) 

It is left as an exercise for the reader to derive similar methods for propellers with more than two 
blades. See Problem 7.13. 

7,4.2 MEASURED LOSSES AND SOME INTERPRETATIONS 

By applying Egns (7.58) and (7.59) to experimental propeller data, the power losses can be com
puted. Typical results of doing this for a two-bladed propeller are shown in Figure 7.10, where the 

so-called power disk-loading coefficient, Pc is defined as: 

P = _P-
c qA V 

(7.66) 

A detailed analysis in Ref. 7.3 indicates that the dimensionless axial loss, Ea/P (Egn 7.51) is 

roughly proportional to Pc while Pr/P is roughly proportional to CQII. Therefore, if the engine 

power is doubled, the loss due to axial velocity is also doubled. 

The reduction in efficiency due to rotational velocity is seen to be small in Figure 7.10, amount
ing to only about 1 %. The reader must keep in mind, that the dala in Figure 7.10 apply only to a 
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two-bladed propeller with a relatively low solidity ratio. The rotational losses will increase for high 
blade angle settings and for higher solidity ratios. 

! According to Reference 7.3, the rotationfallosses Cd an be allmost completely recovered by using 
r contra-rotating propellers albelt at a price 0 mcrease comp CXlty. , 

The reader will note from Figure 7.9 that in the propeller hub area (x approaching 0) large losses 
can occur. Such losses can be lowered by using a properly designed spinner. 

The so-called "other" losses in Figure 7.10 are due to errors in the computation of the losses due 
to axial and rotational velocity and also due to losses caused by the profile drag of the propeller 
blades. 

In Section 7.S several factors which influence the performance of propellers are discussed. 
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Figure 7.10 Examples of Sources of Efficiency Losses for a Propeller (Source: Ref. 7.3) 
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7.5 FACTORS AFFECTING PROPELLER PERFORMANCE 

In this Section a discussion is presented of several factors which have heen found to influence 
propeller performance. These factors are: 

7.5. I Propeller Blade Angle 7.5.2 Propeller Blade Geometry 

7.5.3 Propeller Blade Loading 7.5.4 Propeller Shank Form 

7.5.5 Compressibility Effects 7.5.6 Blockage and Installation Effects 

A more detailed review of most of these factors is given in References 7.4 through 7.7. 

A discussion of free propeller efficiency versus installed propeller efficiency (also called propul
sive efficiency) is given in Sub-section 7.5.7. 

7.5.1 PROPELLER BLADE ANGLE 

Referring to Figures 7.7 or 7.8, the angle, [J, is called the geometric pitch angle of the propeller 
blade element. If this angle is fixed, the propeller is referred to as a fixed pitch propeller. If this 
angle is variable, the propeller is referred to as a variable pitch propeller. 

The geometric pitch angle of a propeller varies along the radius for reaSOns noted in Section 7.2. 
Par reference purposes and a given blade design, the geometric pitch angle of a propeller is typically 
defined at the 3/4 radius. The ideal. isolated propeller efficiency is strongly dependent on this blade 
pitch'angle. This can be seen from the constant efficiency lines in the propeller charts given in Ap
pendix C: efficiency variations from 40 % to 85% are not unusual. 

Fixed pitch propellers have the advantage of simplicity. However, their efficiency varies widely 
over the range of night conditions and engine r.p.m. When designing a fixed pitch propeller, two 
choices normally present themselves: design the pitch angle for best propeller performance (i.e. 
thrust output) at take-off, or design the pitch angle for best propeller performance (i.e. highest effi
ciency) in cruise_ 

If the pitch angle is selected for best take-off thrust, the cruise performance will suffer. By the 
same token, if the pitch angle is selected far best cruise thrust, the take-off performance will suffer. 
Some intermediate position can, of course, also be taken. There also arc ground-adjustable propel· 
lers. These are fixed-pitch propellers, the pitch angle of which can be altered to another fixed angle 
while on the ground. 

There are two types of variable pitch propellers: constant speed propellers and adjustable blade 
angle propellers. In a constant speed propeller a mechanism automatically adjusts the propeller pitch 
anglc to keep the propeller RPM constant. In an adjuslable blade propeller the selection of in-flight 
pitch angle is left to the pilot. 

At the time of publication, most airplanes use either fixed pitch or constant speed propellers. 

286 Chapter 7 



Propeller Theory and App1ications 

7.5.2 PROPELLER BLADE GEOMETRY 

The distribution of the propeller blade chord from the hub to the tip affects the ability of a propel
ler to absorb power. ff a propeller absorbs a torque, Q, in ft-lbs at a rotational velocity, n, in cycles 
per second, the absorbed power is equal to: 

l.OR l.OR 

P = 2nnQ = 2nn f dQ = 2nn f dQ (7.67) 

o O.ISR 

where: dQ may be found from Egn (7.40) or from (7.44). 
the lower integration limit is changed in recognition of the fact that the propeller hub 
region does nol contribute much to the torque. 

Using Eqn (7.44) this yields: 

l.OR 

P - 2nn f dQ -

Q,15R 

l.OR 

4BQn3n3 f x3R 4cAQdx 

O.15R 

(7.68) 

At this point a simplifIcation is introduced: the coefficient, AQ , defined by Eqn (7.42), may be 

thought of as an average propeller blade drag coefficient, Cd . Introduction of this average drag coef

ficient into Eqn (7.68) yields: 

LOR 

P = 4BQn3n3cd f x 3R 4cdx 

O.ISR 

(7.69) 

At this point the so--{Oalled blade activity factor, AF is introduced with the following definition: 

LUR I.OR 

AF = lOS f cr3dr = 105 f (.f.)x 3dx 
05 16 0 

(7.70) 

O.ISR O.15R 

It should be noted, that the factor 105 is used only for the purpose of giving the activity factor 
a convenient numerical value. Using this definition of AF yields for Eqn (7.69): 

5 

P = 4BQot3n3cd(~) AF (7.71) 

Typical propeller activity factors range from about 70 to about 200. As an example, the blade 
activity faclor fur the Lockheed C-130 is AF = 162. Table 7.1 shows additional examples of blade 
activity factors used in several airplanes. 

Experiments in Ref. 7.4 showed that with the same activity factor, AF, and advance ratio, J, be-
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Table 7.1 Examples of Propeller Blade Activity Factors, AF 

Airplane or Number of Blade Activity Integrated design 
propeller design blades, B Factor, AF lift coefficient, C 

L;Il1 

Cessna 310 2 90 RAF-6 

Hamilton Standard 6903A 
3 103 0.50 (NACA-16 

with WAC R-3350 compound engine series 

Hamilton Standard 6921 A 3 132 0.586 (NACA-16 
with WAC R-3350 compound engine serIes 

Hamilton Standard 4D15A3 3 200 0.427 
with turboprop engine 

Cessna 404 3 107 0.55 

Cessna 337 (front prop) 2 112 0.51 

Cessna 337 (rear prop) 0 105 0.57 ~ 

Cessna ISOK 2 100 0.50 

Cessna S 1 72E 2 104 0.53 

Cessna 150M 2 77 0.60 

Data obtained by courtesy of McCauley Accessory Division of Cessna Aircraft Company 

low the J value for maximum efficiency, tapered blades with broad roots and narrow tips can attain 
higher constant speed efficiencies than constant chord blades. These results were obtained for power 

coetficients, C: p , above o. I. For powcr cocfficicnts wcll below 0.1 constant chord blades were 

found to yield slightly higher efficiencies at all advance ratios. 

7.5.3 PROPELLER BLADE LOADING 

The blade loading of a propeller is defined as: 

P _ 4P 
hi - 1[802 

(7.72) 

Table 7.2 shows typical takc-off propcller blade loadings for several airplane types. Specific 
data for fiO airplancs may be found in Ref. (Design. Pt II). The blade loading can be used for the 
preliminary sizing of the diameter of the propeller for a given airplane. By selecting a represenlalive 
number for the blade loading. knowing the take-off horsepower am) also selecting the number of 
blades typical forthe application. Eqn (7.72) can be used to solve for the required propeller diameter. 

According to Ref. 7.5, high blade loadings tend to have an adverse effect on propcllcrcfficiency. 
palticularly at low advance ratios, i.e. J < 2.0. The experimental data in Ref. 7.5 indicate that im
provements in efficiencies may be obtained by increasing the solidity ratio of a propeller. This in 
turn can bc achieved by increasing the number of blades. It can be seen fromEqn (7.72) that increas-
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ing the number of blades will decrease the blade loading. Ref. 7.5 also indicates that increasing the 
number of blades does not result in significant efficiency penalties at larger advance ratios. Howev
cr. increasing the numher of blades will increase propeller complexity, cost ami weight. 

Tahle 7.2 Typical Propeller Blade Loadings for Various Airplane Types 

Airplane Type Propeller Number of Power Loading per 
Type Blades Blade in shp/ft2 

High Average Low 

Homebuilts Fixed pitch 2 3.2 2.4 1.0 

FAR 23 Single Constant speed, 2or3 3.9 3.2 2.0 
Engine TYQes some fixed pitch 

Agricultural Types Constant speed 2,3 or 4 5.9 3.8 2.2 

Military Trainers Constant speed 2 or .l 6.2 4.4 2.8 

FAR 23 Twin Constant speed 2or3 
En oine TVQes 

4.8 3.7 2.8 

Regional Turhoprops Constant speed 3 or4 5.2 4.6 3.4 

Data from Reference 7.6 

7.5.4 PROPELLER SHANK FORM 

The shape of a propeller blade changes significantly toward the root because of the need to attach 
the blade to a hub. The area of the blade close to the hub is referred to as the shank of the propeller 
blade. The shank area is indicated for two propellers in Figure 7.11. 

The blade and the huh can be one solid unit as shown in Figure 7.lIa for a typical fixed pitch, 
2-bladed McCauley propeller. 

In the case of constant speed propellers, the blade must be able to rotate relative to tbe hub. An 
example of a constant speed, 4-bladed Hartzell propeller is also shown in Figure 7.11 b. 

Experiments reported in Ref. 7.5 have shown that the following conclusions apply to the shank: 

1) for constant speed propellers faired shanks given better efficiencies thank round shanks. 

2) The design pitch angle at the shank should not exceed 90 degrees. 

3) The shank profile should have as large a maximum lift coefficient as possible. For that 
reason, thin shanks are not desirable. 
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b) Constant Speed 4-Bladed 
Hartzell Propeller 

Figure 7.11 Blade and Shank Forms for two Pro ellers 

7.5.5 COMPRESSIBILITY EFFECTS 

The combined effect of propeller tip speed and the forward speed of the airplane may subject 
the propeller tip region to compressibility effects. Neglecting the propeller induced velocity, it is 
seen from Figure 7.8 that the following relationship holds between forward speed, U, propeller rota-

tional velocity, n (in rps) and the tip speed, U'ip : 

Utip = j(1tDn)2 + U2 (7.73) 

In terms of the tip Mach number this becomes: 

M = j(1tDn)2 + M2 
up a (7.74) 
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Even though a propeller sutlers relatively small efficiency losses, even when the tip operates 
slightly above M = 1.0 (because most of the thrust is derived from mOTe inward blade sections) it 
will produce unacceptable noise. To reduce noise to acccptable levels, the tip speed should be kcpt 
below roughly SOD ftlsec which is well below the speed of sound in sea-level standard conditions 
( a = 1,116 ftlsec). This produces a tip Mach number of 0.72. 

The reader will observe that if a maximum tip Mach number is selected and the forward speed 
and the propeller RPM are known, the diameter of the propeller is frozen by Eqn. (7.74) and yields: 

o = (7.75) 

This method is also used as a way to select a propeller diameter during the early design stages 

of a new airplane. Observe, that at low takeoff speeds, M will be much smaller than M tip ' 

If noise is not a design consideration and tip-losses due to compressibility are to be avoided, thin 
blade sections and high solidity ratios have been found to be the favorable design solution. Anexam
pIe of the effect of compressibility on propeller efficiency for a propeller with an 8% thick section 
is given in Figure 7.12 ( from Ref. 7.7). 

A method to account for thc effect of compressibility on efficiency is given in Section 7.5.5. 

Data trom Ref. 7.7 
NACA 4-(3) (08)--03 propeller 

D=4 ft C 
Lint 

(J = 0.045 
- 0.30 at O.7R tic = 8% 
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Figure 7,12 Effect of Compressibility on Relative Maximum Efficiency for a Propeller 
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7.5.6 BLOCKAGE, SCRUBBING, COMPRESSIBILITY AND INSTALLATION 
EFFECTS ON PROPELLER EFFICIENCY 

The shape of the fuselage andlor nacelle and the type of air inlet installed on the nacelle behind 
or forward of a propeller does affect the installed efficiency of the propeller. These effects are re
ferred to as blockage effects and are discussed in Sub-sub-section 7.5.6.1. 

The slipstream created by a propeller can increase the drag of the airplane: it is referred to as 
scrubbing drag. This increased drag can also be interpreted as a reduction in the ins (ailed (hrust or 

the installed efficiency of a propeller. It is discussed in Sub-sub-section 7.5.6.2. 

As illustrated in Figure 7.12, (he propeller efficiency will decline appreciably when the tip Mach 
number exceeds about 0.90. This effect is referred to as the compressibility effect. It is also in
fluenced by blade camber, i.e. the design integrated lift coefficient. This effect is discussed in Sub
sub-section 7.5.6.3. 

The consequence of these three effects, together referred to as installation effects, is (0 lower (he 
installed propeller efficiency. relative to the efficiency of a free propeller. The following equation 
is suggested to account for these effects: 

(7.76) 

where: llPin>talled is (he installed efficiency of the propeller accounting for hlockage, 

installation and compressibility effects 

7.5.6.1 

Fblockage 

F scrubbing 

is a factor which accounts for the type of inlet on the nacelle: It is discussed 

in 7.5.6.1. 

is a factor which accounts for the scrubbing drag of those airplane compo

nents located in the slipstream. It is discussed in 7.5.6.2. 

F compressibility is a factor which accounts for blade tip compressibility effects. It is discussed 

in 7.5.6.3. 

'Y]P're<""',",,,,~ is the free propeller efficiency determined with an effective advance ratio, 

Jeffective as discussed also in 7.5.6.1 

Blockage Effects 

The effect of body nose shape (or nacelle shape) on the installed efficiency of a propeller (as 
opposed to a free propeller) may be thought of as consisting of two parts: 
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a) achange in the local velocity magnitude (usually a reduction) felt by that area of the propeller 
closest to the hub. This effect is strongly influenced by the ratio of body diameter to propeller 
diameter. 

b) a change in the propeller blade angle of attack caused by the change in flow angularity for 
those propeller sections closest to the hub. 

1\ method to account for effect a) is suggested by Torenbeek in Ref.7.S. The method suggests 
to use an effective advance ratio defined by·. 

Jeffectivc = (I - h)J (7.77) 

where: h accounts for the retardation of the airflow through the propeller disk, caused by the body 
behind it. An empirical relation to determine his: 

S 
h - 0.329 ;~y (7.n) 

where: Sbody is the cross sectional area of the body behind the propeUer disk 

D is the propeller diameter. 

The effective advance ratio is then to be used instead of the geometric advance ratio in the cal

culation of the free propeller efficiency, corrected for bluckage effect a): I]P'''''''''''"di'' . 

A me thud to account for effect b) is based on Ref. 7.9. The factor, Fblockage in Eqn (7.76) is 

determined from Figure 7.13. Observe, that the blockage factor depends on the type of inlet un the 
nacelle: annular or scoop. Figure 7.14 shows an example of cacho 

Both blockage effects can be reduced by streamlining ofthe body (or nacelle). Examples of good 
and had streamlining are given in Figure 7.15. 

Extending the shaft of a propeller can help in obtaining good streamlining. An example is shown 
in Figure 7.16. Bear in mind, that shaft extensions longer than about S inches result in vibrations 
which can only be reduced only with the installation of an additional bearing which adds weight. 

Propeller spinners have also been shown to increase the installed efficiency of a propeller. Ex
amples of spinners are shown in Figure 7.15 and 7.16. 

The effect of spinners on efficiency becomes negligible if a propeller is placed ahead of a large, 
blunt body (Ref. 7.10). Examples are the large diameterradial engines ofWWII. Most of the propel
lers installed forward of these engines did not have spinners: they would not have been effective. 
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Based on Ref. 7.9 

+ 1.04 

Fblockage 

1.03 

1.02 

Annular Inlet 

1.01 

1.00 
o 1.0 2.0 3.0 

J = V/nD ... 

Figure 7.13 Effect of Geometric Advance Ratio, J, and Inlet Type on Blockage 
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7.5.6.2 Scrubbing Drag Effects 

The part of the body, nacelle, wing or other airplane component which is directly located in the 
slipstream will experience a change in drag, callcd the scrubbing drag, This effect can be 'counted' 
as a change (increase) in airplane drag Dr as a change (decrease) in the installed thrust ofthe propeller. 

The scrubbing drag effect can be accounted for by a change in the propeller efficiency through 

the scrubbing factor, F mubbing. in Eqn (7.76). According to Ref. 7.8 (Torcnbeek), hasedon data from 

DeHavilland Propellers. this scrubbing factor may be estimated from: 

F,couhhing = 1 - L55S(J~~p) 

where: (J 

D 

is the atmospheric density ratio 

is the propeller diameter, in ft 

(7.79) 

is the parasite drag area of the those aircraft components which are immersed in the 

propeller slipstream. This parasite area may be estimated from: 

fslip = 0.0040(Swet slipstream) (7.80) 

where: 0.0040 is an average skin friction coefficient 

Swet slipstream is the wetted area of those aircraft components which are immersed in the 

propeller slipstream. in ft2 

7.5.6.3 Compressibility Effects 

The effects of compressibility on the efficiency of a propeller can be accounted for with a com

pressibility factor. F compressibtlity which may be determined as follows. 

First, the incremental Mach number, 6.Mbll1de camber is determined from Figure 7.17 at the ap-

propriate value of the design integrated lift coefficient, CL, . 

Second, the compressibility correction factor, F compressibility is read from Figure 7.18 at the geo

metric advance ratio. J = U/nD and at the effective Mach number: Metf = M + i'l.Mblade camber' 

where M is the free stream Mach number of the airplane. 

If needed, the blade tip Mach number may be estimated from Eqn (7.74). 
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Data from Ref. 7.9 
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Figure 7.17 Effect of Blade Camber on Effective Mach Number 
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Figure 7.18 Effect of Advance Ratio and Effective Mach Number on the . .. r., . 
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7.5.7 FREE PROPELLER EFFICIENCY AND INSTALLED PROPELLER EFFICIENCY 
FOR TRACTORS AND PUSHERS 

Because there exists a lot of confusion about the use and meaning of the terms installed propeller 
efficiency and propulsive efficiency. their relationship is summarized next. 

The installed efficiency of a propeller is also referred to as the propulsive efficieucy: 

_ T installed V 
llpropulsive - SHP. = llPin .... lled 

mstalled 
(7.81) 

Note, that the installed propeller efficiency, 'Y]Pi","",d ' is obtained from thc free propeller efficien

cy, 'Y]Pr=",j<rrwi" ,by means ofEqn (7.76). 

The installed shaft-horsepower. SHPimtalleJ' is obtained by subtracting power requirements to 

drive various systems: fuel pumps, hydraulic pumps, generators, etc. from the engine SHP listed 
by the manufacturer. 

The reader should carefully consult engine manufacturers data: in many cases the engine 
manufacturer in stating engine SHP has already subtracted the power required to drive systems es
sential for engine operation. These effects are referred to as engine installation effects. Ref. 7.11 
may be consulted for detailed methods to estimate engine installation losses. 

Propellers can be installed as a tractor or as a pusher. Figure 7.19 shows an example of each. 

Everything discussed so-far applies, strictly speaking, to tractor propeller installations. 

In a pusher configuration the scrubbing drag of the slipstream is basically non-existent. Howev
er, the propeller will be operating in the wake of the body abead of it: nacelle or fuselage. Depending 
on the shaping of the body abead of the propeller. the installed efficiency can be reduced. If care 
is taken in streamlining the body abeadofthe propeller (such as was done in the case of the example 
in Figure 7.18 it may be assumed that the installed efficiency of the rear propeller is the same as that 

of the front propeller. Therefore, the method used to calculate 'Y] Pi"",ll'" for a pusher propeller is identi

cal to that for the tractor. 

Figure 7.20 shows how the installed efficiency of a tractor compares with that of a pusher as a 
function of the ratio of body diameter to propeller diameter. Note, that if this ratio is about 0.5 or 
less the installed efficiencies of tractor and pusher propellers are the same. 

When a pusher propeller is installed immediately behind a lifting surface. vorticity shed offthe 
trailing edge can cause propeller blade excitation which may result in fatigue problems. In such 
cases it is recommended to locate the propeller plane well behind the trailing edge of the lifting sur
face: a distance of at least one half of the lifting surface chord should be adequate. 
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TRACTOR 

PUSHER 

Figure 7.19 Example of a Tractor and a Pusber Propeller Installation 
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Figure 7.20 Effect of tbe Ratio of Body Diameter to Propeller Diameter on the 
Efficiencv of a Tractor and a Pusber Proneller 
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7.6 PREDICTION OF PROPELLER PERFORMANCE 

In this Section, mcthods for predicting propeller performance are presented as follows: 

7.6.1 Prediction of Static Thrust 7.6.2 Prcdiction of In-flight Thrust and Power 

7.6.3 Prediction of Negative Thrust 

Section 7.6.4 contains a very brief discussion of prop-fails and dncted propellers 

In predicting the performance of propellers, use is made of so--{;alled propeller performance 
charts. References 7.13 and 7. 14 present propeller performance charts for the following cases: 

a) 3- and 4- bladed propellers for light to medium transports in Ref. 7.13 

b) 2-bladed propellers for light, general aviation airplanes in Ref. 7.14. 

Additional propeller performance charts are included in Ref. 7.15. During the 80's and 90's sev
eral computerized methods for estimating propeller performance have become available. One good 
example is given in Ref. 7.16. That method also includes a method from estimating propeller noise. 
A large family of propellcr performance charts and a method for computing propeller performance 
was generated by Hamilton-Standard in the 1950's: see Reference 7.9. Copies offhese charts are 
included in Appendix C as Charts C I through C40. The methods presented in this Section are based 
on Reference 7.9. 

7.6.1 PREDICTION OF STATIC THRUST 

Since propeller thrust is derived from the lift generated by the propeller blades, the average lift
ing capability of a propeller blade is important. For that reason the sQ--{;allcd integrated design lift 

coefficient, CL . is introduced. By definition: , 

1.0 

CL, - 4 f (c l)x3dx 

0.15 

where: cl
d 

is the section design lift coefficient of the blade 

(7.82) 

The blade airfoil is normally selected so that the section drag is lowest at the section design lift 
coefficient. This then determines the camber of the section. Typical numerical values for integrated 

design lift coefficients arc: CL = 0.35 - 0.60. As a general rule, lower valucs of CL lead to , , 

good cruise performance while higher values of CL lead to good low speed performance. , 

A step-by-step procedure for predicting the static thrust of propellers will now be presented. 
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The procedure is designed for 3- and 4-bladed propellers. For 2-bladed propellers and for pro
pellers with more than four hlades an extrapolation process is used, based on data for 3-hladed and 
4-hladed propellers. 

Step I: 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

Chapter 7 

Determine the following input information: 

a) Altitude b) Engine shaft horsepower actually 
delivered to the propeller, SHP 

c) Propeller rpm, Nand rps, n d) Blade activity factor, AF 

e) Integrated design lift coefficient, CL , f) Number of blades, B 

Calculate the propeller power coefficient: 

C = 550(SHP) 
P Qn3Ds 

(7.83) 

where: SHP is the shaft horsepower, actually delivered by the engine to the 
propeller 

Q is the atmospheric density at the selected altitude, in slugs/ft3 

n is the propeller rotational speed in revolutions per second, rps 
D is the propeller diameter, in ft 

For three-bladed and for four-bladed propellers, select one of the propeller Charts 
CI through C8 depending on the number of blades, activity factor and integrated 
design lift coefficient. 

For two-bladed propellers (B = 2) and for propellers with more than four blades 
(B > 4) proceed to Step 5. 

From the appropriate chart, determine the ratio CT/Cp . Proceed to Step 6. 

For propellers with B = 2 and/or B > 4 determine the appropriate CT/Cp values for 

three-bladed and for four-bladed propellers at the values of Cp , AF and C1 for 

the B-bladed propeller at hand. 

For a two-bladed propeller, calculate CT/Cp from: 

(7.84) 

For a B-bladed propeller with B > 4, calculate CT/Cp from: 
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(7.85) 

Step 6: Calculate the static propeller thrust from: 

_ (Cr ) (SHP) Tstatic - 33,000 C
p 

ND , where N is in rpm (7.86) 

This equation follows from Eqns (7.49) and (7.51). 

Two example applications will now be presented: Example 7.2 for a three-bladed propeller and 
Example 7.3 for a two-bladed propeller. 

Example 7.2: A three-bladed propeller has the following characteristics: 

N = 2,800 rpm D = 6.7 ft CL. = 0.50 , AF= 120 

The engine shaft horsepower delivered to the propeller is SHP = 400 hp. 

Calculate the static thrust at sea-level 

Solution: 

Step I: 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

Step 6: 
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The following input information is available; 

a) Altitude: sea-level 
e) N = 2,800 rpm 

e) CL =0.50 , 

b) SHP = 400 hp 
d) AF=120 

t) B = 3 

C - 550 x 400 0.0673 
p - 0.002377 x (2,800/60)3 x 6.7 5 -

Select Chart C2 from Appendix C. 

From Chart C2 and for CL = 0.50 it is seen that: CT/Cp = 2.32 , 

Not applicable, since B = 3 

From Eqn (7.85) find the static thrust as: 

T,tatic = 33,000 x 2.32 x ( 400 ) = 1,6321bs 
2,800x6.7 

This represents the static thrust delivered by a free propeller. The effect of nacelle 
blockage on static thrust is often negligible. Therefore, this answer is assumed to 
apply to the installed propeller. 
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Example 7.3: A two-bladed propeller has the following characteristics: 

N ~ 2,800 rpm D ~ 6.7 ft CL ~ 0.50 B ~ 2 , 
The engine shaft horsepower delivered to the propeller is SHP = 400 hp. 

Calculate the static thrust 

Solution: 

Step 1: The following input information is available: 

a) Altitude: sea-level b) SHP = 400 hp 

c) N ~ 2,800 rpm d) AF = 120 

e) CL = 0.50 , 1) B = 2 

g) D ~ 6.7 ft 

Step 2: 
550 x 400 

Cp = 0.002378 x (2,800/60)3 x 6.7 5 -
0.0673 

Steps 3: Not applicable to a two-bladed propeller. 

Steps 4: Not applicable to a two-bladed propeller. 

Step 5: Select charts C2 and C4 for 3-bladed and 4-bladed propellers with the same AF and 
integrated design lift coefficient. Read off the following values: 

From Chart C2: CT/Cp = 2.32 From Chart C4: CT/Cp = 2.42 

With Eqn (7.83): 

(~T) = 2.32 - (2.42 - 2.32) - 2.3 
p B~2 

Finally, with Eqn (7.85): 

( CT)(SHP) T static = 33,000 C
p 

ND 
400 

33, 000x2.3 2, 800x6.7 - 1,618 Ibs 
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7.6.2 PREDICTION OF IN-FLIGHT THRUST AND POWER 

A step-by-step procedure for predicting the in-flight thrust of propellers will be presented. The 
procedure is applies to 3- and 4-bladed propellers. For 2-bladed propellers and for propellers with 
more than four blades an extrapolation process is used, based on 3-bladed and 4-bladed propellers. 

Step 1: 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

Step 6: 

Step 7: 
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Determine the following input information: 

a) Altitude and speed, U b) Engine shaft horsepower actually 
delivered to the propeller, SHP 

e) Propeller rpm, Nand rps, n d) Blade activity factor, AF 

e) Integrated design lift coefficient, CL , f) Number of blades, B 

a) Calculate the propeller advance ratio, J, from Eqn (7.52): 

J = '.'L 
nD 

h) Calculate the effective propeller advanee ratio from Egn (7.76): 

J etfective = (I - h)J 

Calculate the propeller power coefficient, Cp from Egn (7.83): 

C - 550xSHP 
p - Qn 3D5 

(7.87) 

(7.88) 

(7.89) 

For three-bladed and for four-bladed propellers, select one of the propeller charts C9 
through C40 depending on the number of blades, activity factor and integrated design 
lift coefficient. 

For two-bladed propellers (B = 2) and for propellers with more than four blades 
(B > 4), proceed to Step 9. 

From the appropriate chart in Step 4 determine the free propeller efficiency for the power 
coefficient determined in Step 3 and for the effective advance ratio found in Step 2b: 

l]p,,~ ,,,' ',ffk,',,' Note from the propeller chart that the free propeller efficiency also implies 

a certain blade angle. 

Determine the installed propeller efficiency from Egn (7.76): 

11 PinH.lled = F blockageF scrubbingF compressibilityl'J Pt"",t,,, J
e

f'feL:live 
(7.90) 

Calculate the installed propeller thrust from Egn (7.81): 

T llPimta:lcd
SHP installed 

installed = (7.91) 
u 
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Step 8: Calculate the available thrust horsepower from: 

THP = T;n,'aliedU 
av 550 (7.92) 

Step 9: For propellers with B = 2 and/or B > 4 determine the appropriate I'] Prrn, values for 

three-bladed and for four-bladed propellers at the values of Cp ,AF and CL; for the 

B-bladed propeller at hand. This step yields: I']p. and I']p. . 
1I'I:"B_3 Ire"B_4 

Note: I']p should really he: I']p, , I if the effective J differs significantly from J. 
tre.. ree Clr efffeell~e 

Step 10: Fur a two-bladed propeller (B=2), calculate I']p from: 
I=B=2 

(7.93) 

For a propeller wifh more than 4 blades (B>4) calculate I']p,«,., from: 

I']P'rn'B_B = I']Pr=,_, + (I']p, •• - I']PB.,)(B - 4) (7.94) 

Step II: Complete Steps 6-9 for the B-bladcd propeller 

Step 12: To compute installed propeller thrust and installed propeller power for a range of speeds, 
repeat this procedure for as many speeds, U, as required. 

An example application will now he presented. 

Example 7.4: A three-bladed propeller has the following characteristics: 

N = 2,800 rpm D = 6.7 ft CL = 0.50 , AF= 120 

The engine shaft horsepower delivered to the propeller is SHP = 400 hp. The propeller is 
installed forward of a body such fhat the following installation characteristics prevail: 

h=0.20 and Fblockage = 0.85. The factors h and Fblockage are defined in Eqns (7.78) and 

(7.76) respectively. Assume that the following additional correction factors have been 

determined for this airplane: F scrubb;ng = 0.95 and F compress;bmty = 0.99. Calculate and 

plot the available thrust and available thrust horsepower versus speed at sea-level for: 
U=SO kts, U= 100 kts and U=2OO kts. 

Solution: 

Step 1: The following input information is available: 

a) Altitude: sea-level b) SHP = 400 hp 
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Step 2: 

Step 3: 

Step 4: 

Step 5: 

U, kts 

50 
100 
200 

Step 6: 
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c) N=2.8oorpm d) AF= 120 

e) eLi = 0.50 t) B=3 

g) D=6.7ft h) h= 0.20 

i) Fblockage = 0.85 j) Fscrubbing - 0.95 

k) F compressibility - 0.99 

Calculate the effective propeller advance ratio from Eqns (7.86) and (7.87): 

J effectiye = (1 - h) U 
nD 

For U=50 kts: Jeffective 

For U=100 kts: Jcffcctivc 

_ (1 0.20) 50x 1.688 _ 0.22 
- (2.800/60)x6.7 

(I - 0.20) 100xl.688 - 0.43 
(2,800/60)x6.7 

For U=2OO kts: J . = (I - 020) 200xl.688 = 0.86 
effeeove . (2.800/60)x6.7 

Calculate the propeller power coefficient. Cp from Eqn (7.88): 

C 550x400 = 0.067 
p = 0.002378(2.800/60)36.75 

The current propeller has an activity factor of AF=120. There are no charts for this 
activity factor. Charts CIS and CI9 apply to the current 3-bladed propeller except 
for their activity factors of 100 and 140 respectively. 

The following free propeller efficiencies are found: 

11 Pf= r<lr J"fff~l'ti"'" 
Chart CIS Chart CI9 Interpolation 

Jeffective Cp AF=100 AF=140 AF=120 

0.22 0.067 0.41 0.43 0.42 
0.43 0.067 0.67 0.67 0.67 
0.86 0.067 0.87 0.83 0.85 

The installed propeller efficiency is found from Eqn (7.89) as: 

U. kts YJ Pinstalle~ 

SO T) Pil\~[illled 0.8SxO.9SxO.99xO.42 - 0.34 

100 llPinStWL~ - 0.85xO.9SxO.99xO.67 - 0.S4 

200 T) P Lnstall~d - 0.8SxO.9SxO.99xO.8S - 0.68 
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Step 7: The installed thrust is found with Eqn (7,90) as: 

U, kts Tinsralled 

50 T installed - 0.34x400x550 - 886 Ibs 
50x1.688 

100 T installed - 0,54x4oox550 
- 704 Ibs 

100x1.688 

200 T installed - 0,68x4oox550 - 443 Ibs 
200xl.688 

Step 8: The available thrust horsepower is found with Eqn (7.91) as: 

U, kts THPav 

50 THP.v - 886x50x1.688 = 136 hp 
550 

100 THPav 
704x looxl ,688 216 hp - -

550 

200 THP.v 
443x2oox1.688 272 hp - -

550 

Figure 7,21 shows a plot of the results of Steps 7 and 8, 

Tav ,lbs THPav , hp 

2,000 • 500.l 

T av , lbs 

[\00 ------ THPav , hp 

1,000 

30O' 

\ ----~ 
'''''' -- r-

~ --' 200 K...... "," --'" -'" -r--/' --10O / 
,/ 

/ 
/ 

° 
/ 

o 100 200 Speed, U, kts ... 
Figure 7.21 
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Available Thrust and Thrust-Horsepower Versus Speed 
For an Installed Tractor Pro eUer 
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7.6.3 PREDICTION O}' NEGATIVE THRUST 

Propellers can producc ncgative thrust in the following situations: 

a) The blade angles are reversed and power is applied to produce negative or braking thrust. 
This also referred to as thrust reversing. 

b) An engine is inoperative and the propeller is stopped or wind-milling and as a result 
produces drag. This drag can be viewed as a negative thrust. 

These cases will be discussed in Sub-sub-sections 7.6.3.1 and 7.6.3.2 respectively. 

7.6.3.1 Prediction of Negative Thrust or Propeller Thrust Reversing 

When the propeller blades are set at a negative pitch angle and power is applied to thc cnginc, 
negative thrust will be produced. This negative thrust is used to help slow the airplane during the 
groundrun following touchdown. 

A method for estimating the 'braking' thrust of a propeller is presented in Reference 7.17. A 
simple, approximate method wi II be presented here. This approximate method is based on the as
sumption that the absolute magnitudc of lift generated by a propeller blade depends on the absolute 
magnitude of the blade angle of attack. This idea is worked out in the following. 

Propeller thrust can be regarded as proportional to the lift acting on the blades because the drag 
coeffIcient in Eqn (7.18) is usually much smaller that the lift coefflcient. According to Eqn (7.28) 
and Figure 7.17, which shows a blade section at a negative pitch angle, the blade section angle of 
attack can be written as: 

a = (- ~ + e - .p - ao) 

where: flO 

~ 
.p 
e, 

is the blade section angle of attack for zero lift. 

is called the geometric pitch angle of the blade element 
is the so-called helix angle 
is the induced angle 

The angles ~, .p and e were defined in Sections 7.2 and 7.3. 

The section lift coefficient now follows from: 

cJ = ao( - ~ + 8 - .p - ao) = - ao[~ - (8 - <1» + ao) 

It is seen from Figure 7.22 that: 
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(7.95) 

(7.96) 

(7.97) 
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- --Note: V R - Qr + Vi V 

2Jtllf 

B -

dL 
dT 

Fi ure 7.22 Definition of An les for a Pro eller Blade Element at Ne alive Pitch 

With Eqn (7.18) this now yields: 

(:l - <P = Vi - V = _1 {V + 
Qr Qr 2 

T 
2Ag 

where: Vc is the induced velocity for positive thrust, see also Eqn (7.10). 

Eqn (7.95) may now be written as: 

(7.98) 

(7.99) 

Eqn (7.99) suggests that negative thrust can be calculated approximately from propeller charts 

for positive thrust but using an equivalent pitch angle of: «(:l + 2ao)' Tfblade airfoil data for zero-

lift angle of attack are not available, this quantity may he approximated by: 

ao = - 7.3 c1 . in deg 
dC"'~11 

(7.100) 

At a given rated shaft horsepower, approved for braking operation, the magnitude of the negative 
pitch angle needed to absorb that power must be known for this method to be applicable. If it is not 
known, it may be assumed to be equal to the pitch angle needed for producing positive thrust at the 
same horsepower. 

An application of this approximate method is now presented. 
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Example 7.5: A 3-bladed. free propeller of 15.8 ft diameter and a blade activity factor of 100 i, 
sct at a negative pitch angle at a speed of 87 kts at sea-level. The propeller is driven by a 
piston engine, rated at 1,440 shp at 2,400 rpm. The propeller is geared to the engine crank
shaft with a gearbox with a gearing ratio of 0.40. If the design integrated lift coefficient is 
0.30 calculate the braking thrust. 

Solution: 

Step I: 

Step 2: 

Step 3: 

Step 4: 

Having no blade airfoil data available, the zero lift angle of attack of the blade is 

estimated with Eqn (7.100) as: a o = - 7.3 c l . = - 7.3xO.3 = - 2.2 deg. 
deSlgfi 

The propeller rps, n, is found as: n = 2,400 x 0.4 / 60 = 16 rps 

The power coefficient is found from Eqn (7.89) as: 

C 550xl,440 = 0,083 
p = 0.002378xI6 3x15.S 5 

The advance ratio, J, is found from Eqn (7.87) as: J = U/nO, or 
J = (87x 1.688)/(16x 15.8) = 0.58 

Chart C14 applies to this propeller. According to Chart C 14 with J=0.58 and C p = 0.083 

the equivalent positive pitch angle is 21 ,5 degrees. Therefore, the equivalent pitch angle 

for braking is: (~ + 2ao) = 21.5 - 2x2.2 = 17.1 degrees, or, actually, -l7, I degrees. 

To find the braking (reversing) thrust, the propeller efficiency is needed, 
From Chart C 14, with a pitch angle of 17.1 degrees and J = 0.58, the corresponding 

efficiency is: '1p,= =0,81. The reversing thrust now follows from Eqn (7,81) as: 

T = _ '1p550SHP 
brake u-

0.81x550xl,440 
87x1.688 

- - 4.368 lbs 

This example is the one given in Ref. 7.17 with as results: -IS degrees for the pitch angle and 
-4,730 Ibs for the thrust. The agreement is fairly good. 

Thc reader should remember that this approximate method applies only at relatively low speeds. 

At high speeds and low positive pitch angles, negative thrust (or drag) may occur because the 
angle <p in Eqn (7.28) may be larger than~. This situation may be associated with high speed diving 
or with inoperative engines. The possibility of using negative thrust to reduce the dive speed of an 
airplane will not be considered here. Interested readers should consult Ref. 7.18 as an example. 
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7.6.3.2 Prediction of Drag on Stopped Engines 

When an engine which drives a propeller becomes inoperative. one of two scenarios must be 
accounted for: 

Scenario 1: the propeller stops rotating 

If a fixed pitch propeller stops rotating there will he a significant amollnt of flow separation from 
the leading and trailing edges of the propeller blades which act like flat plates set almost normal to 
the Dow. This results in extra drag which can be estimated from the following incremental drag coef
ficient: 

dCD,tl>PPC<i Ii,"" pitch pmpdl..- = (0.10 + 
21' ) S blade planform 

cos °0.7 S (7.101) 

If a variable pitch propeller stops, the blades can be rotated (feathered) in such a way that the 
blades are more or less aligned with the flow. In that case, assuming no flow separation, thc cxtra 
drag is caused by friction. The incremental drag coefficient can now be estimated from: 

LlC = C 132SbladePIanform 
D.,t()ppcd v"riablc pilCh pmpdler r~I\)Pcllcr S (7.102) 

Scenario 2: the propeller is windmilling 

The wind milling rpm of the propeller depends on engine friction. If the torque due to engine 
friction is known from the engine manufacturer, the windmilling drag can be obtained from Refer
ences 7.18 and 7.19 for Clark Y and RAF 6 blades. The procedure for estimating this drag is as fol
lows: 

I) Determine the windmilling rpm by finding the engine speed at which the power input at the 
propeller is equal to that required to drive the engine against the known friction torque. 

2) With the known rpm, the power input and propeller pitch angle can be obtained. 

3) The negative thrust (equals drag) of the propeller can now be found with the method of 
Sub-sub-section 7.6.3.1. 

7.6.4 PROP-FANS AND DUCTED PROPELLERS 

7.6.4.1 Prop-fans 

The prop-fan, an advanced form of the turbo-prop, has been under consideration since 1976. 
The main purpose of the concept is to maintain a high propulsive etliciency at subsonic\1ach num
bers of around 0.8 while also retaining the good fuel efficiency of the turbo-prop A typical prop
fan configuration is shown in Figure 7.23. 

Chapter 7 111 



Propeller Theory and Applications 

Courtesy: NASA Lewis 

\ 

Figure 7.23 Example of a Prop-fan Configuration 

Tbe projected propulsive efficiency oftbe prop-fan is compared witb turbo-props and higb by
pass ratio turbofans in Figure 7.24. It is seen that at a Macb number of around 0.8 the prop-fan is 
about 15% more efficient than current high bypass ratio turbo-fans. At lower speeds the efficiency 
of the prop-fan is considerably better. 

The higher prupulsi ve efficiency of the prop-fan results in lower overall fuel consumption. Tbe 
better efficiency of the prop-fan is due to tbe sweeping of the blades and the area ruling of the spin
ner. Typical blade sweep angles used in prop-fans are 45 degrees near tbe tip. Tbe number of blades 
in a prop-fan is typically 8 to 10 (as opposed to 4-6 for a trubo-prop). Coupled with a smaller blade 
diameter tban a turbo-prop, the disk power loading in cruise is increased from around 10--15 
SHPID2 for typical turbo-props to around 38 SHPID2 for typical prop-fans. SHP stands for the 
absorbed horsepower and D for tbe blade tip diameter in feet. Lower disk power loadings cause a 
large increase in propeller weight and gearbox weight with only a modest increase in propulsive effi
ciency. The higb disk power loadings of the prop-fan produce lower overall fuel consumption. 

However, the superior propulsive effiCiency of tbe prop-fan has to be balanced against the great
er mechanical complexity (blade angles must be variable!), potentially higher vibration levels and 
tbe problem of blade separation. Noise levels of the prop-fan have been shown to be quite accept
able during takeoff and landing. Part reason for the acceptable noise is the very high blade sweep 
near the tip. Reference 7.20 contains a discussion of prop-fan characteristics. 
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Figure 7.24 Comparison of Propulsive Efficiencies of Thrbo-props, 
Thrbo-fans and Prop-fans 

Reasons why the prop-fan has not found its way into aircraft arc the a"ociated high cost, the 
relatively low price of fuel (compared with the fuel prices during the fuel crisis of the carly 70's 
which triggered the early prop-fan activity) and the fact that the efficiencies of conventional propel
lers and turbo-fans have also been improving. 

7.6.4.2 Ducted propellers 

A ducted propeller consists of a duct, inside of which a propeller rotates. 

Advantages of ducted propellers are: lower noise, uniform loading along the blade span and 
elimination of the propeller swirl (i.e. rotational) losses associated with a conventional, un-ducted 
propeller. 

Disadvantages of the dueted propeller are: larger installed weight and added wetted area drag 
due to the external flow aronnd the duct and the internal scrubbing drag. Figure 7.25 shows a sche
matic of a dueted propeller. The stator blades located behind the propeller (i.e. fan blades) serve two 
purposes: duct attachment and flow straightener to eliminate most of the rotational losses caused by 
the propeller blades. 

An example of a ducted propeller was flown by Dowty-Rotol of England in a PilatuslBrittenl 
Norman lslander airframe in the late 70's. It used a piston engine to drive the fan. Example perfor
mance characteristics of a typical Dowty-Rotol propulsor are given ill Table 7.3 
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Duct 

Stator blades 

Fan blades 

Figure 7.25 Schematic of a Dueted Propeller 

Table 7.3 Example Performance Particulars of a Small Dowty-Rotol Dueted Propeller 

Maximum diameter Hub tip ratio Rotor blades Stator blades 
3.0 ft 0.45: I 7 8 

Fan tip speed Space chord ratio Space chord ratio Fan pressure ratio 
at root at tip 

525 ftfsec 1.19: 1 3.18:1 1.026: 1 

Fan mass flow Sea-level thrust Horsepower Weight 
at 70 kts 

100 Ibs/sec 3731bs 165 (shaft) Not known 

Except in airplanes like the Edgley Optica and the Rhein Flugzeugbau Fan-trainer (of which 
only a few were built) the dueted propeller still awaits a successful production application. 

Courtesy: Brookland Aviation 
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7.7 PROPELLER NOISE 

Since 1975, all newly designed airplanes must meet the FAR 36, Stage 3 requirements of Refer
ence 7.21. A graphical representation of the allowable noise levels as they apply to small propeller 
driven airplanes is given in Figures 7.26. 

dB(A) 

I 00 
+/- 10 deg. cone 

9 0 

8 0 

7 0 

6 0 

~ 
1,000 ft 

~ 1973 level 

I 1975+ level 

/ 
i/ 

J 
/ Note: These data apply only 10 small 

/ propeller driven airplanes 
within the given weight limits 

10 3 10 4 

1,320 3,300 3,630 12,500 

Figure 7.26 Allowable Noise Levels According to FAR 36, Stage 3 
for Propeller Driven Airplanes 

Note from Figure 7.26 that the allowable noise levels are stated in terms of dB(A) (i.e. Average 
Decibels) for propeller driven airplanes. 

FAR 36 also specifies how noise must be measured and analyzed during rake-off, fly-ovcr or 
approach to landing to arrivc at numerical values for actual airplane dB(A) levels. The required 
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noise measurements must be taken at a defined locations relative to the ground. For small, propeller 
driven airplanes the measurement location is given in Figure 7. 18. The noise level in dB(AJ is that 
read through a so-called "A" filter. Characteristics for such a filter are described in Reference 7.21. 

Sources and characteristics of propeller noise are discussed in Sub-section 7.7.1. An empirical 
procedure for estimating the noise of a propeller driven airplane is described in Sub-section 7.7.2. 

7.7.1 SOURCES AND CHARACTERISTICS 01<' PROPELLER NOISE 

Noise generated by propeller driven airplanes arises from several sources: 

aJ engine: exhaust noise, turbine noise, compressor noise, crankshaft/valve noise, gearbox noise 

b) aerodynamic noise 

c) propeller noise 

In most propeller driven airplanes the propeller generated noise tends to dominate. For that rea
son, only propeller noise will be discussed. 

Propeller noise consists of two components: rotational and vortex noise. 

1) Rotational noise 

This describes all sound which has discrete frequencies occurring at harmonics of the blade pas· 
sage frequency which is defined as the product of the number ofblades, B and the rotational frequen· 
cy in rad/sec. This noise is generated because of the oscillatory pressure field acting on the air at 
a fixed point near the propeller disk. This noise is mainly associated with the production of thrust 
and torque. At high propeller speeds, blade thickness noise may also become important. The rota
tional noise level is maximum in the plane of rotation and increases with the power absorbed by the 
propeller, with increased propeller diameter, with fewer blades and with increased tip-speed. 

2) Vortex noise 

Vortex noise, or broadband noise, describes the sound produced by the unsteady pressure field 
associated with vortices shed from the trailing edge and tip of the blades as well as those associated 
with turbulence effects in the air stream itself. 

The vortex shedding is a function of flow velocity. For a rotating blade, the sectional velocity 
varies across the blade span, resulting in a broad band of shedding frequencies. Since the noise level 
is proportional to the sixth power of the section velocity, it follows that the frequencies associated 
with the tip section tend to be of the greatest amplitude. Therefore, to reduce vortex noise, the tip 
speed should be reduced. To make up for lost thrust, the blade area can be increased. Obviously, 
increasing the blade area will reduce the propeller efficiency. It also has an effect on the structural 
design and therefore on the weight of the propeller. 
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The perceived noise from a given propeller is attenuated through a number of factors: distance 
from the source and energy losses. 

Because sound pressure level is inversely proportional to the square of the distance from the 
noise source to the observer, it falls of roughly by 2010g2 = 6 dB for every doubling of that distance. 

Energy losses can be due to heat conduction and radiation, viscosity, diffusion, humidity, etc. 

Other factors which atfect noise attenuation are wind gradients and turbulence of the atmo
sphere. In fact, attenuation measured up-wind may exceed that measured down-wind by as much 
as 25 to 30 dB according to Ref. 7.22. 

7.7.2 PREDICTION PROCEDURE FOR PROPELLER NOISE 

Several computational methods for prediction of propeller noise are available: Ref 7.16 is one 
example. It is also feasible to design a propeller for minimum noise subject to certain imposed aero
dynamic constraints, as shown in Ref. 7.23. 

In the following, a step-by-step, empirical procedure developed by Hamilton Standard Division 
of U niled Technologies Corporation and based on available test data, will be presented. The proce
dure is based on Ref. 7.9, on Appendix B of Ref. 7.22 and on Ref 7.24. This procedure is judged 
to be adequate for conducting preliminary design studies. Since it is based on test data, engine noise 
is assumed to be included. 

The step-by-step procedure deals with the prediction of far-field noise and near-field noise in 
Sub-sub-sections 7.7.2.1 and 7.7.2.2 respectively. The propeller noise charts which are referred 
to in 7.7.2.1 and 7.7.2.2 are included in Appendix D as Charts DI through D13. 

7.7,2.1 Far-Field Noise 

Far-field noise is that noise at a distance greater than one propeller diameter away from the pro
peller tip. It can be estimated by using propeller noise charts D I through D8 in Appendix D of this 
text by following the step-by-step procedure outlined next. 

Step I: 

Step 2: 

Step 3: 

Chapter 7 

Calculate the rotational lip Mach number from: 

M - nnD 
rotation - V

a 

where: n is the propeller rotational velocity in rps (rotations per second) 

Va is the speed of sound in ftJsec 

(7.103) 

Based on the power input to the propeller and ils rotational tip speed, determine the 
far field, partial noise level, FLI, from Chart DI in Appendix D. 

Find the far field, partial noise level, FL2, based on blade count and propeller 
diameter from Chart D2 in Appendix D. 
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Step 4: 

Step 5: 

Step 6: 

Step 7: 

Step 8: 

Step 9: 
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To account for atmospheric absorptiun and spherical spreading, find the near field, 
partial noise level, FL3, from Chart D3 in Appendix D. 

Read the currection, Dr, for the directivity pattern from Chart D4 in Appendix D, 
where the azimuth angle, e = 0 degrees, is on the propeller axis in the forward direc
tion as shown in Chart D4. 

The following corrections, NC, apply depending un the number of propellers: 

For I propeller: 
For 2 propellers: 
For 4 propellers 

NC=OdB 
NC= 3 dB 
NC= 6dB 

For airplanes with 3 or more than 4 propellers it is suggested to interpolate or 
extrapolate as required. 

The overall sound pressure level, OSPL, may be estimated from: 

OSPL = FLl + FL2 + FL3 + Dl + NC in dB (7.104) 

The perceived noise level, PNL, may be obtained from: 

PNL = OSPL + L\PNL in dB (7.105) 

where: L\PNL may be fuund from Charts D5 through DR. It is noted that the 
helical tip Mach number is found from: 

To determine the dB(A) weighted sound, calculate: 

dBCA) = PNL - 14 in dB 

(7.106) 

(7.107) 

The dB(A) weighted sound should then be judged against Figure 7.26 to determine the FAR 3fl 
certifiability of the proposed propeller installation. 

If the noise level is required in EPNdB, proceed as follows: 

For take-off: 

EPNdB = PNL - 4 in dB (7.108) 

For approach: 

EPNdB = PNL - 2 in dB (7109) 

Next, this procedure is illustrated with an example. 
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Example 7.6: The following data apply to a large, propeller driven airplane: 

Propeller diameter:, 0 = l3.5 ft 
Number of blades: B =4 
Power input to the propeller: SHP = 3,260 hp 
RPM RPM = 1,020 rpm 
Number of propellers =4 
Airplane speed: U = 180 kts 
Ambient temperature T = 86 deg. F 

Determine the predicted noise level at a distance of 584 ft and an azimuth angle of 105 degrees. 

Solution: 

Step I: n = 1,020 rpm = 17 rps 

FromEqn (2.31): Va = jygRT = jI.4x32.2x53.35x546 - 1.146 ft/sec 

FromEqn (7.103): Mmt = 1tXi7al5 - 0.63 
, 

Step 2: From Chart 01: FLl = 96 dB 

Step 3: From Chart 02: FL2 = - 2 dB 

Step 4: From Chart 03: FL3 = - 1 dB 

Step 5: From Chart D4: Dr = +0.5 dB 

Step 6: For the case of four propellers: NC = +6 dB 

Step 7: From Eqn (7.104): OSPL = 96 - 2 -1 + 0.5 + 6 = 99.5 dB 

Step 8: J = Y - 180x1.688 = 1.32 
nD 17x13.5 

2 

1 + (1.~2) - 0.68 From Eqn (7.106): M"p - 180xl.688 
co - 1.146 

From Chart D7: CiPNL = + 1 dB 

Step 9: From Eqn (7.107): dB(A) = 110.5 - 14 = 86.5 dB 
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7.7.2.2 Near-Field Noise 

Near field noise is that noise at a distance of less than one propeller diameter of the propeller 
tip. Near-field noise data are required as an input for assessing acoustic fatigue potential of the struc
ture of an airplane. It is also a required input for assessing the cabin or cockpit interior noise. Near
field noise can be estimated by using propeller noise charts D9 through D 13 found in Appendix D 
of this text and by following the step-by-step procedure outlined next. 

Step I: 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

Step 6: 

Step 7: 

Step 8: 

Step 9: 

Determine the helical tip Mach number from Eqn (7.106) 

Determine the near field, partial noise level, NLI, based on power absorbed by the 
propeller and on its diameter from Chart D9 in Appendix D. 

Find the correction for the number of blades, BC from Table 7.3: 

Table 7.3 Blade Correction Term, Be, for Multi-bladed Propellers 

Number of blades, B = 
2 
3 
4 
6 
8 

Blade Correction Term. BC in dB 
+6 
+2.5 
o 
-3.5 
-6 

Find the near field, partial noise level, NL2, due to tIP speed and tip distance, 
from Chart DIO in Appendix D. Note that Y is the distance from the propeller 
tip to the fuselage skin, measured in the plane of the propeller disk. 

Find the near field, partial noise level correction, XC, due to the fore and aft distance 
of the propeller from the point on the fuselage skin where the noise is to be deter
minded from Chart 0 II in Appendix D. Note that X is counted positive forward of 
the propeller disk. 

Obtain the reflection correction, RC, from Chart DI2 in Appendix D. 

Calculate the overall, near-field sound pressure level, NFOSPL from: 

NFOSPL = NLl + Be + NL2 + XC + RC in dB (7110) 

To account forthe harmonic distribution of the sound pressure level over the various 
harmonics caused by a rotating propeller, a correction, t.NFPNL must be applied. 
This correction may be read from Chart D13 in Appendix D. The helical tip Mach 
number follows from Eqn (7.106). 

Calculate the perceived near-field noise level for each harmonic from: 

NFPNL = NFOSPL + t.NFPNL in dB (7.111) 

An example application will now be presented. 
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Example 7.7: The following data apply to a small, single engine, propeller driven airplane: 

Propeller diameter:. D =9ft 
Number of blades: B =3 
Power input to the propeller: SHP = 300 hp 
RPM RPM = 1.584 rpm 
Number of propellers = 1 
Airplane speed: U = 125 kts 
Ambient temperature T = 60 deg. F 

Determine the predicted noise level associated with the fundamental and first harmonics on the 
fuselage skin at Y = 1.25 ft and X = 0 ft. 

Solution: 

Step I: n = 1,584/60 = 26.4 rps 

FromEqn (2.31): Va = jygRT = jI.4x32.2x53.35x520 - I, lIS ft/sec 

From Eqn (7.103): Mrot = ltXi~ii':f'O = 0.67 

Step 2: From Chart D9: NLl = 130 dB 

Step 3: From Table 7.3: BC = 2.5 dB 

Step 4: With YID = 1.25/9 = 0.14, Chart DIO yields: NL2 = -0.5 dB 

Step 5: From Chart Dll: XC = 0 dB 

Step 6: Assume that the fuselage cross section is circular, Chart DI2 yields: RC = + 4 dB 

Step 7: From Eqn (7.110): NFOSPL = 130 + 2.5 - 0.5 + 0 + 4 = 136 dB 

Step R: M~ = 125x1.688/1.118 = 0.19 

J = V /nD = (125xI.688)/(26.4x9) - 0.89 

From Eqn (7.106): 

Mt;p = Moo jl + (~r 0.19 
2 

1 + (~:~~) = 0.70 

From Chart D13: fundamental harmonic: Ll.NFPNL = -2.2 dB 
second harmonic: Ll.NFPNL = -8.0 dB 

Step 9: From Eqn (7.111): fundamental harmonic: NFPNL = 136 - 2.2 = 133.8 dB 
second harmonic: NFPNL = 136 - 8.0 = 128.0 dB 
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7.S PROPELLER SELECTION 

7.8.1 INTRODUCTION TO PROPELLER SELECTION 

For any given airplane, a propeller is selected to satisfy the following five performance condi
tions: 

* Take-off performance * Climb performance 

* Cruise performance * Maximum speed capability 

• FAR 36 noise requirements 

Chapters 8 through l2 deal with the prediction of performance characteristics of propeller driven 
airplanes. Once the combination of airframe and engine type has been selected, the available shaft 
horsepower and the RPM of the propeller shaft are fixed. Within these constraints a propeller is then 
selected (or designed) as a compromise between these five conditions. 

Other propeller selection (or design) considerations are the following six factors: 

* weight * complexity * blade stress 

• vibrations * cost * propeller diameter. 

The very diameter of the propeller can be an important consideration: large diameter propellers 
tend to require long landing gears in low wing airplanes. 

The reader should be aware of the fact that propellers with different numbers of blades (2, 3, 4, 
5,6 and more) can all satisfy the five performance conditions listed before. Therefore, anyone of 
the last six factors could well influence the final selection. 

7.8.2 PROPELLER DESIGN VARIABLES TO BE SELECTED 

The following fundamental propeller design variables must be specitied when selecting or de
signing a propeller: 

1) Diameter, D 2) Activity factor, AF and number of blades, B 

3) Blade airfoil section and design lift coefficient 

Some airframers prefer to design their own propellers. Most will provide a propeller manufac
turer with the design specifications for items 1-3 and sufficient selection criteria so that a compro
mise between the eleven factors of Sub-sectiou 7.8.1 can be reached. 

The selection of the fundamental propeller design variables will be briefly discussed. 

322 Chapter 7 



Propeller Theory and Applications 

1) Propeller diameter, D 

Everything else being the same, the propeller diameter should be as large as possible for good 
propulsive efficiency. Limitations such as ground clearance, noise, compressibility and blade stress 
levels may dictate an upper bound. Noise, compressibility and blade stress levels are all related to 
the tip speed. A reasonable starting point is to specily the allowable magnitude of the propeller tip 
speed in terms of the tip Mach number. For low noise, a helical tip Mach number limit could be 0.72 
as discussed in Sub-section 7.5.4. According to Eqn (7.75) the propeller diameter then follows 
from: 

D = -- M - M a
2 (2 2) 

Jt2n2 tip 
(7.112) 

2) Activity factor, AI<' and number of blades, B 

The activity factor, AF and the number of blades, B are closely related La the amount of power 
which can be absorbed by a propeller. This may be seen from Eqns (7.70) and (7.71) which are re
peated here as Eqns (7.113) and (7.114): 

AF 

p = 

l.OR l.OR 

= 10
5 J cr3dr = 10

5 J (.f.)x
3
dx D5 16 D 

O.15R O.ISR 

5 

4BQJt
3n3cd ( ~) AF 

(7.113) 

(7.114) 

Typical propeller activity factors range from about 70 to about 200. For a given amount of pow
er, P, and for a given propeller diameter, D, the number of blades, B and the activity factor, AF cannot 
be arbitrarily selected. The reason is, as seen from Eqn (7.113), the activity factor depends on the 
blade churd, c. If a large blade chord is selected, the number of blades is restricted because the cir
cumference puts an upper limit on the number of blades. A recommended procedure is to plot the 
propeller efficiency versus the activity factor (staying within the normal range of activity factors of 
70-200) and determine the best activity factor. 

Other considerations arc: weight, complexity of the variable pilch mechanism and blade flutter. 

3) Blade airfoil section and design lift coefficient 

Blade airfoil section and design integrated lift coefficient are related as may be seen from Eqn 
(7.82) repeated here as Eqn (7.115): 

1.0 

CL ; - 4 J (c l)x3dx 

0.15 

where: c i is the section design lift coefficient of the blade , 

(7.115) 

The section design lift coefficient depends on the blade airfoil camber and thickness distribution. 
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Thick aitfoils tend to have lower critical Mach numbers, but higher lift coefficients at lower speeds. 
If take-off and landing performance are of the utmost performance, thick blade airfoils with high 
camber will be useful. For high speed applications, thin blade airfoils with low camber are more 
appropriate. Typical design integrated lift coefficients range from 0.35 to 0.60. To avoid compress
ibility penalties, the selected design integrated lift coefficient should not exceed the value derived 
from Figure 7.27. 

Allowable Design Integrated 
Lift Coefficient, C L + ' 

o 
0.2 

N = Propeller RPM 
D = Propeller diameter in ft 

fe = Ratio of speed of sound at S.L.S to that at 
the propeller operating condition 

NDxfc = 

0.4 0.6. 0.8 
Based on Ref. 7.9 Mach Number, M -. 

Figure 7.27 Approximate Allowable Design Integrated Lift Coefficient 
to Avoid Com ressibilit Penalties 

The most commonly used blade airfoil sections are the RAF-6, Clark Y and NACA-16 series 
of airfoils. These airfoils can be compared by considering Figures 7.28 and 7.29. As a general mle, 
the RAF-6 section has high camber and offers good take-off thrust. The Clark Y scction has moder
ate camber and low minimum drag. The NACA-16 sections are designed for high speed applica
tions and are not normally used with engines below about 700 shp. In several modern applications 
new blade aitfoils are specifically derived to suit a given purpose: better lift, better lift-to-<irag ratio 
and better blade stiffness can all be criteria used in the design of new propeller blade airfoils. 
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7.9 SUMMARY FOR CHAPTER 7 

In this chapter several fundamental aspects of propeller theory and its practical application to 
propeller performance prediction problems were covered. Momentum theory, blade element theory 
and a combined blade-element and momentum theory were presented. 

Methods for predicting the static thrust and the variation of thrust with forward flight speed of 
a free propeller were included. 

In the real world, propellers are installed such that various extra losses accrue. Methods for pre
dicting the efficiency of a propeller, including various installation losses, were also presented. Ex
tensive use has been made of the Hamilton Standard propeller charts of Appendix C. 

Fundamentals offar-field propeller noise analysis and prediction were covered in relation to the 
FAR 36 requirements. In addition, a method for predicting near-field propeller noise was given so 
that a preliminary estimate of propeller induced fatigue can be made. 

7.10 PROBLEMS FOR CHAPTER 7 

7.1 A propeller with a diameter of 15 ft produces a thrust of 8,000 lbs while moving at a speed 
of 400 kts at an altitude where the density is 0.0020 slugs/ft3. Using the momentum theory, 
determine: a) the induced flow velocity through the disk and b) the final wake velocity. 

7.2 Determine the diameter of the circular slipstream far behind a 10 ft diameter propeller which 
produces a thrust of 2,500 Ibs at a speed of 200 kt~ under standard sea-level conditions. 

7.3 For the propeller of Problem 7.1, calculate the minimum power which must be supplied to 
the propeller, according to the momentum theory. 

7.4 A propeller operates at a disk loading of 10 Ibs/ft2 at a flight speed of250 kts under standard 
sea-level conditions. Calculate the propeller efficiency according to momentum theory. 

7.5 An airplane has a wing area, S, and a drag coefficient, CD while flying at a speed, V, in an 

atmospheric density, Q. The airplane has a propeller with a disk area, A. Show, that in un-ac

celerated flight, the slipstream velocity in the propeller, V s , is given by: 

V s = V j 1 + ! CD , according to momentum theory. 

7.6 Determine the induced angle, e, under the following conditions: number of blades, B=4; 
propeller diameter, D=10 ft; blade station, r=4 ft from the centerline; forward airplane 

velocity, U=200 mph; blade angle, ~=25 deg.; section lift-curve slope, ao = 0.10 deg. -1; 

rotational speed of the propeller, N=2,000 rpm. 
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7,7 The thrust and torque at 4 ft radius of a 2-bladed propeller are 145 lbs/ft and 175 ft-lbs/ft, 
respectively, under static conditions at sea-level. Determine the slipstream rotation in 
radians per sec. immediately behind the propeller disk at a radius of 4 ft, 

7,8 A 4-bladed propeller is to drive an airplane at 275 mph at sea-level. The propeller RPM 
[s 

1,200 rpm, If the blade element at 4 ft radius has an absolute angle of attack of 6 degrees 
and the thrust grading is 190 lbs/ft per blade, find the blade chord at the 4 ft radius, Assume 

ao = 0.10 deg, - I , 

7,9 A propeller has the following blade chord distribution: 

xlR 0.2 0.3 0,4 0.5 0,6 0,7 0,8 0.9 1.0 

100c/D 10.0 9,3 8,6 7,9 7,3 6,6 5,9 5.2 o 

Calculate the activity factor, 

7.10 A propeller driven airplane has two engines, each developing a SHP= 780 hp at 10,000 ft alti
tude in the standard atmosphere. The three-bladed propeller has a diameter of 9,0 ft, an 
activity factor of 140 per blade, an integrated design lift coefficient of 0.5 and a rotational 
speed of 2, 100 rpm, Calculate and plot the thrust and efficiency in a speed range of 100 to 
300 mph. Neglect blockage and compressibility effects, 

7,11 A single engine airplane has the following characteristics: 

3-bladed propeller with AF = 140; CL, = 0,30 ; D = 6,7 ft; N = 2,800 rpm; SHP = 285 hp. 

Calculate and plot the take-off thrust versus speed in a range of 0 to 80 mph, 

7,12 Calculate the far-field noise level of the propeller of Problem 7.11 at a speed of 80 mph, at 
a distance of 1,000 ft from the propeller with an azimuth of 90 degrees. 

7,[3 Derive a method for determining a and a' for a 3-bladed propeller: see Sub-section 7.4, I 
for a method which applies to a 2-bladed propeller, 
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CHAPTER 8: FUNDAMENTALS OF FLIGHT PERFORMANCE 

In this chapter, the fundamentals needed for calculating in-flight performance characteristics of 
airplanes will be derived and discussed. Before doing this certain conventions for axes and angles 
must be introduced. That is accomplished in Section 8.1. 

Next, the fundamental aspects of in-flight airplane performance characteristics will be presented 
in the corresponding sections: 

8.2 Steady, un-powered flight 8.3 Steady, powered, flight 

8.4 Steady, powered, level flight 

The methods in this chapter are concerned primarily with the level flight performance of air
planes. Methods to calculate climb performance, fieldlength performance, cruise and endurance 
performance and maneuvering performance are presented in Chapters 9 through 12 respectively. 

8.1 DEFINITION OF ANGLES AND AXIS SYSTEMS 

Figure 8.1 shows how the most important angles and axis systems are defined. 

The reader should carefully note the meaning of several key words in the title of Figure 8.1: 

* The word steady implies that no accelerations act on the airplane. 
Exceptions to this will be noted in Chapter 12. 

* The word symmetrical implies that the flight takes place at zero sideslip. 

• The words straight line imply, thal only straight line flight paths are assumed. 
Exceptions to this will be noted in Chapter 12. 

The meaning of the symbols in Figure 8.1 should be clearly understood: 

U 1 is the steady speed of the airplane relative to the air 

Xb is the body fixed X-axis which points through the c.g. The selection of the orientation 

ofthis axis relative to the airframe is arbitrary. In transport airplane the X-axis is usually 
selected to be parallel to the cabin floor. 

Zb is the body fixed Z-axis which points through the c.g. and is perpendicular to Xb 
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• B is the pitch attitude angle 

• a is the angle of attack 

• y is the flight path angle 
V y - RC 

Horizon 

Note: the Y-axis is perpendicular 
to the XZ lane and is not shown 

Z, 
Figure 8.1 Definition of Angles, Axes and Velocities in Steady, 

Symmetrical, Straight Line Flight 

Xs is the stability X-axis which points through the c.g. and points along the steady state 

velocity vector, VI 

Zs is the stability z-axis which points through the c.g. and is perpendicular to Xs 

The following angles are of key importance to in-flight performance: 

a is the airplane angle of attack, defined as the angle between Xband V I 

8 is the airplane pitch attitude angle, defined as the angle between Xband the horizon 

y is the tlight path angle, defined as the angle between V I and the horizon 

A very important relationship, which is always satisfied and should be memorized is: 

B = a + y (8.l) 

It should be noted, that the angles a, y, and 8 as shown in Figure 8.1, are positive. 

The following velocity components are of key importance to in-tlight performance: 

Vv = RC is the vertical velocity component, also called the rate-of-dimb, RC. If the rate 

of climh is negative, it is called the rate-of-descent, RD. Note that if RC is 
negative, the tlight path angle, y, is also negative. 

is the horizontal velocity component. 

The following relationship between speed, VI' flight path angle, y, andratc-of-dimb, RC, must 

also be kept in mind: 

RC = VI siny (8.2) 
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A fundamental assumption which will be made in all performance discussions in this and subse
quent chapters is that the airplane is trimmed about all axes X, Y and Z in Figure 8. L This means 
that the total pitching moment, rolling moment and yawing moment which act on the airplane are 
assumed to be zero. The drag effect of this was discussed in Chapter 5, Sub-section 5.2.10. 

It will also be assumed that the airplane does not undergo any acceleration in the Y-axis direc
tion. The net result of all this is that only equations in the X and Z axis directions are needed to de
scribe the performance characteristics of an airplane. 

Finally, the airplane is assumed to have no angular rates, with exceptions noted in Chapter 12. 
From a Newtonian viewpoint, the airplane is therefore treated as a point-mass model on which only 
forccs (and no moments) can act. For a more general treatment of the equations of motion, the reader 
is referred to Chapter 1 of Reference 8.1. 

Figure 8.2 provides a definition of all forces which act on the airplane in steady, un-accelerated 

flight. Observe especially the thrust force at an inclination angle, ch. For most airplanes this angle 

is very small. Obviously, when thrust vectoring is used, it is not small. Note the body-fixed axis 
and the stability axis notations. Remember that stability axes are also body-fixed axes. 

T+.R 

Wcosy 
w 

Z, 

R R is the resultant 
aerodynamic force 

Wsin 

Horizon 

Figure 8.2 Definition of Forces in Steady, Symmetrical, Straight Line Flight 
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11 can be seen from Figure 8.2 that a condition for in-flight equilibrium is: 

- - -R+T+W=O (8.3) 

For analytical purposes Eqn (8.3) is normally split into its two component forms in the stability 
axis system: 

Tcos(a + <h) - D - Wsiny = 0 (8A) 

and 

Tsin(a + <h) + L - Wcosy = 0 (8.5) 

Substitution of the standard form for expressing lift, L and drag, D yields: 

Tcos(a + <h) - CDqS - Wsiny = 0 (8.6) 

and 

Tsin(a + <h) + CLqS - W cosy = 0 (8.7) 

Eqns (8.6) and (8.7) have seven variables which together completely define a steady state flight 
condition. These variables are: 

W, h (altitude through Q), <1, 'h, V, y, and T 

In nearly all real world situations, the variables W, 'h and h (altitude) will be pre-selected. That 

leaves four variables in Eqns (8.6) and (8.7). Of these four variables, two must be arbitrarily se
lected, before the other two can be solved for from Eqns (8.6) and (8.7). Example cases of practical 
interest are: 

* Level flight (y = 0) at agiven speed, V. The magnitudes of required thrust, T, and the angle 

of attack, a, follow from Eqns (8.6) and (8.7). 

* Flight at a given thrust, T, and any desired flight path angle, y,. The variables speed, V, and 
angle of alla<:k, a, follow from Egns (8.6) and (8.7). 

It is instructive to examine first the case of un-powered flight. As will be seen (and totally ex
pected), ill un-powered flight, maintaining altitude at constant speed is not possible. This yields the 
important glider design prohlem offinding that aerodynamic design which results in the lowest pos
sible rate-of-descent, RD. Un-powered flight is discussed in Section 8.2 while powered flight is 
discussed in Section 8.3. 
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8.2 STEADY, UN-POWERED FLIGHT 

8.2.1 EQUATIONS AND DEFINITIONS 

Figure 8.3 shows the forces which act on an airplane in un-powered flight. The angles shown 
in Figure 8.3 have been exaggerated for clarity. Since T=O in this case, Eqn (8.3) yields: 

- -R + W = 0 (8.8) 

Since R is the resultant of lift, L , and drag, i5 , it is possible to write: 

R 

Horizon 

y 
Wcosy 

RC = Vsinym:~ = ~ V$tiy 

Figure 8.3 Forces Acting on an Airplane in Un-powered Flight 

(8.9) 

where: CR is the resultant force coefficient. 

The vector relationship of Eqn (8.8) can be written in component form as: 

- D - W.iny = 0 (8.10) 

and 

L - Wcosy - 0 (8.11) 
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The reader should observe, that Eqns (8.10) and (8.11) can also be obtained from Eqns (8.6) and 
(8.7) by simply substituting: T=O. 

Because the flight path angle, y, is negative as shown in Figure 8.3, it is useful to introduce: 

y = - y (8.12) 

With this construct and upon introducing the usual drag and lift coefficients Eqns (B.l 0) and 
(8.11) can be re-written as: 

CDgS = Wsiny (8.13) 

and 

(8.14) 

Observe, that there are five variahles in these two equations: 

W, h (altitude through Q), a, V, and y 

Since (in the absence of thermals) equilibrium flight can only be maintained in descending flight, 
altitude will in fact vary. However, since the objective of any gliding flight is to descend as slowly 
as possible, altitude will not change rapidly. Therefore, selecting altitude, although mathematically 
speaking fictitious, is a reasonable approximation. By selecting weight and altitude, three variables 
remain, one of which must be selected. 

It is physically evident, that to stay aloft as long as possible in a glider, the numerical value of 
RD should be minimized. To cover the longest track (distance) along the ground, the numerical mag-

nitude of the flight path angle, y (glide angle), should be minimized. Both cases are important in 

the design of gliders and in the conduct of power-off flight in powered airplanes. 

The effect of aerodynamic design on the glide angle, y ,the rate-of-descent, RD, and air-speed, 

Y, are discussed in Sub-section 8.2.2. 

8.2.2 GLIDE ANGLE, RATE-OF-DESCENT AND SPEED 

An expression for the glide angle, y ,can be recovered fromEqn (8.13) and (8.14) by division: 

-----~ ,,-,' C " 

tan y = ---12 i 
___ ~LI 

(8.15) 

The speed in the glide, V, can be solved from Eqn (8.9) as: 

(8.16) 
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The reader is asked to show, by using Eqn (S,14) that this can be written as: 

v 2W -
gSC

L 
cosy (S.17) 

From Egn (8.15) it follows that the smallest glide angle (i,e. the longest track along the 

ground) is obtained when flying at the maximum possible Iift-to-drag ratio, Cd CD' If the 

drag polar is assumed to be parabolic {See Egn (5.1)} it is possible to show that the maximum lift

to-drag ratio, CLiCo is: 

(8.18) 

This maximum lift-to-drag ratio occurs at a lift coefficient given by: 

(S.19) 

Therefore, design features which are conducive to shallow glides are: high aspect ratio and low 
zero-lift drag coefficient. For a given weight and altitude, Eqn (8.17) can be used to determine the 
speed at which flight should be conducted to achieve the condition reflected by Eqn (S.18). The 

reader is asked to show that this speed (for small y ) is obtained from: 

2W v = 
gS jJtAeCon 

The rate-of-descent, RD, follows from: 

RD - Vsiny 
C 

V COcosy -
L 

As a general rule, the angle y will be sufficiently small * to use the approximation: 

cosy = 1.0 

(8.20) 

(S.21) 

(8.22) 

When this approximation is used in Eqn (8.17), the speed in a "shallow" glide can be written as: 

V - ~ (8.23) - V gSCL 

The corresponding rate-of-descent (Eqn S.21) can be written as: 

* The reader should observe that even if the relatively large value ofy - 18° is chosen, the error 

in cosy will be only 5%, while the error in cos 3/ 2y will be only 7%. 
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W2Q ---
S I?C3 

L 

(8.24) 

From Eqn (8.24) it follows that the minimum rate-of-descent (i.e. the longest time aloft) oc

curs when the flight is conducted at the maximum possible value of cU C~ . 

The maximum value of CUCb can be obtained by setting its derivative with respect to 

CL equal to zero. The reader should verify that for parabolic drag polars the results are: 

(C3/C2) _ 3:n;Ae j3nAe 
L D max l6 CDn 

and 

(8.25) 

= j3nAeCD II 
(8.26) 

Therefore, design features which are conducive to low descent rates are: high aspect ratio and 
low zero-lift drag coefficient. 

Clearly, the aerodynamic ratios CLiCD and CUC5 playa very important role in the perfor

mance of gliders. The same can be said about the glide performance of airplanes with power-off. 

Figure 8.4 shows a drag polar plot of a glider, with CLiCD and CUC5 superimposed as func

tions of the lift coefficient. 

For a given weight,W, wing area, S and altitude, h (this determines the density), by selecting a 

range of values for angle of attack, it is possible to compute: CLiCD , CUCb, V and RD. The corre

sponding performance data are shown in Table 8.1. 

The glider selected [or this example is arelatively poor une by mudern standards. Its lowest flight 
path angles are high compared to those achievable with modern gliders. Trimmed lift-to-drag ratios 
of 40.0 to 50.0 have already been achieved, yielding descent angles as low as 1.2 degrees! Despite 
this, the reader is asked to verify that the approximations of Eqns (8.22) - (8.24) are quite good! 

The performance results of Table 8.1 are plotted in Figure 8.5. The reader is asked to check out 
the significance of the points labeled A, Band C in Figures 8.4 and 8.5. These very important points 
are discussed nex!. 
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Fi re 8.4 Aerod amic Characteristics of a Glider 

Table 8.1 Calculation of Perfonnance Characteristics of a Glider 

(l CL CD CtiCD CVC~ tany y V V RD 

deg. deg. m/sec km/hr m/sec 

12 1.47 0.0950 15.5 352 0.0645 3.7 15.2 54.7 0.97 
11 1.46 0.0865 16.9 415 0.0592 3.4 15.3 55.0 0.90 
9 1.36 0.0675 20.2 553 0.0495 2.8 15.8 56.8 0.78 
7 1.23 0.0535 22.9 641 0.0437 2.5 16.7 60.0 0.73 
5 1.08 0.0440 24.5 644 0.0408 2.3 17.8 64.0 0.72 
3 0.90 0.0350 25.7 595 0.0389 2.2 19.4 69.7 0.76 
1 0.70 0.0275 25.4 453 0.0394 2.3 22.1 79.5 0.87 
-1 0.49 0.0220 22.0 225 0.0455 2.6 26.5 95.2 1.20 
-3 0.25 0.0180 13.9 48 0.0719 4.1 36.5 131.0 2.62 
-4 0.12 0.0160 7.5 6.8 0.1333 7.6 53.2 191.0 7.03 
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Figure 8.5 Glider Performance as a Function of Angle of Attack 

Point A: Minimum glide path angle 

Point A in Figure 8.4 represents the point of maximum lift~to-drag ratio, CLiCD . It may be 

seen from Eqn (8.15) that this corresponds to the lowest glide (or descent) angle. That this is indeed 
the case may also be seen from point A in Figure 8.5. Note that the descent angle minimum is a 
"weak" minimum. 

When flown at this lowest glide angle, the airplane will cover the longest distance along the 
ground (ground track), before contacting the ground. 

The minimum glide angle can be recovered from Egns (8.15) and (8.18) as: 

tanYmin = (c /~) = 2j~~~ 
L D max 

(8.27) 

The maximum distance covered in a steady glide is found from: 

R - h 
max~ljdc: - t 

an Y min 

h 
(8.28) 

2j~:~ 
where: h is the altitude at which the glide is commenced 
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The speed at which this maximum performance glide (from a range covered viewpoint) must 
be flown can be determined with the help of Eqns (8.23) and (8.19) as: 

V max glide range 
pS jrrAeCDa 

2W (8.29) 

The reader is asked to show, that the drag polar of Figure 8.4 can be approximated by a parabolic 

drag polar with A=15.6, e=0.82 and CDa = 0.0150. The speed for best glide performance, using 

sea-level density data can then be computed from Eqn (8.29) as 20.9 m/sec. This agrees closely with 
the data of Table 8.1 which use the actual drag polar. 

Modem gliders have maximum lift-to-drag ratios of around 45. When starting one mile high, 
they can cover a distance of 45 miles before contacting the ground. Note, that even single-engine 
propeller driven airplanes in a power-off condition, with a maximum lift-to-drag ratio of around 
10 will be able to cover a distance of 10 miles before contacting the ground if the engine fails at one 
mile high. 

Point B: Minimum rate-of-descent 

Point B in Figure 8.4 represents the point where CUC~ is a maximum. As seen from Eqn (8.24), 

the rate-of-descent, RD, is a minimum at this point. This may be verified by looking at Point B in 
Figure 8.5. As was the case with the descent angle, the rate-of-descent minimum is also a "weak" 
minimum. 

When flown at maximum CUCb, the airplane will stay aloft the longest time before contacting 

the ground. 

The minimum rate-of-descent can be recovered from Eqns (8.24) and (8.25) as: 

RDmin - (8.30) 
S P(C3jC2) 

L D max 

The maximum time aloft follows from: 

tmaximum aloft -
h h (8.31) 

RDmin 

For the glider data in Table 8.1, using 5,000 ft as the starting altitude, the estimated maximum 
time aloft is roughly 18 minutes. However, this estimate uses the density of 5,000 ft in Eqn (8.31). 
This is not a correct way of performing this calculation because density increases with decreasing 
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altitude. The actual maximum time aloft will therefore be somewhat less. The reader is asked in 
Problem 8.5 to determine a better estimate by accounting for the change in density with altitude. 

-- - - -'-.- '------
Point C: Minimum speedJir stall speed) 

Point C in Figure 8.4 is the point of maximum lift coefficient. This point corresponds to the mini
mum flight speed (i.e. stall speed) as may be verified by looking at Point C in Figure 8.5. Again, 
another "weak" minimum is encountered. 

The minimum flight speed may be recovered from Eqn (8.23) by setting the lift coefficient equal 
to the maximum lift coefficient: 

V min - Vs -
2W (8.32) 

It may be seen from Eqn (8.32) that to achieve a low stall speed, the wing loading, WIS, should 

be low and/or the maximum lift coefficient, eLm", should be high. Table 8.2 shows typical maximum 

lift cocfficicnts for a range of airplanes with the flaps up and with the flaps retracted. 

Some comments on the practical meaning of stall speed are in order. The stall speed according 
to Eqn (8.32) is also referred to as the 19-stall-speed. In flight testing, the measured minimum air
speed is always lower than this Ig-stall-speed. The regulations of FAR 23 and 25 require that the 

in-flight determination of V s be done with a deceleration of no more than 1 knot per second: 

dV /dt :5 1.0 knot/sec (8.33) 

Figure 8.6 shows the difference between the stall speed as obtained from a stalling maneuver 
and the l-g stall speed as obtained from Eqn (8.32). Note that the in-flight minimum speed occurs 
at a negative value of load-factor. 

In modem high performance airplanes it is possible, that the minimum speed is determined by 
control limitations. That can lead to minimum speeds which are higher than the 1-g stall speed, 
which corresponds to the maximum lift coefficient. This is an important issue because typical ap
proach and takeoff speeds are referred to the minimum speed by certain factors. Examples are the 
approach speed which is defined as 1.3 times the stall (or minimum) speed and the lake-off speed 
which is defined as 1.2 times the stall (or minimum) speed. For purposes of preliminary design it 
is customary to use the l-g stall speed as defined by Eqn (8.32) as the minimum speed, unless control 
problems can be expected. In such cases, the minimum control speed must be establ ished and used. 
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Table 8.2 Typical Values of Maximum Lift Coefficients for Airplanes 

Airplane type S A /\C/4 WTO (W!S)TQ C Lm~x 

ft2 deg. Ibs Ibs/ft2 flaps - up flaps - down 

Transports 

Boeing 727-200 1.100 6.9 32 185,000 109 0.95 2.5 
Boeing 737-200 980 8.8 25 116,000 118 ?? 3.2 
McOODC-IO 3,861 6.8 35 455,000 118 ?? 2.5 
Beech 19000 310 10.9 a 16,950 54.7 1.6 2.3 
Boeing 777 4,605 8.7 31.6 506,000 110 ?? 2.9 
SAAB 2000 450 11 0 29,000 64.4 1.7 2.5 

Trainers 

Cessna 152 157 6.7 0 1,670 10.6 1.3 1.7 
Piper Tomahawk 125 9.3 0 1,670 13.4 1.7 1.8 
Grumm.-Am. AA-l 101 6.0 0 1,600 15.8 1.6 1.7 
Pilatus PC-9 325 6.3 0 4,960 15.3 0.7 0.9 
SIAI-M S-211 136 5.6 15.5 n,a63 44.7 ?'? 2.4 
Gu1fstr.-Am. GA-7 184 7.4 0 3,800 20.7 1.2 1.5 

Business Airplanes 

Learjet M36A 253 5.7 13 18,000 71 17 2.1 
Oassault Falcon 20 440 6.4 30 28,700 65 ?? 2.7 
Cessna 525 323 8.4 0 14,100 44 ?? 1.7 
Piaggio P-180 172 12.3 0 11,550 67.2 1.7 2.3 
Pilatus BN2T 325 7.4 a 7,000 21.5 2.3 3.1 

Fighters 

Northrop F-5A 170 3.8 24 21,000 124 ?? 2.0 
Dassault Mirage III-E375 1.9 61 30,000 80 ?? 1.0 
Sukhoi27B 667 3.5 40 49,600 74.4 ?? 1.9 
FAMAIA 63 168 6.0 a 8,377 49.8 1.7 ?? 

Gliders (Egrett is powered) 

Schweizer SGS-I-35 104 23.3 0 930 8.9 3.4 No flaps 
Fournier RF-9 194 16.6 0 1,642 8.5 1.7 No flaps 
Caproni A-2IS 174 25.6 0 1,419 8.2 2.1 No flaps 
Groh Egrett TJ 427 27.5 0 10,362 24.3 1.6 2.0 
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Figure 8.6 Power-Off Stalling Maneuver for an F-27 Transport 

8.2.3 SPEED POLAR OR HODOGRAPH 

The true air-speed, V , of an airplane in a glide ha, a horizontal and a vertical component. The 

vertical component was called the rate-of-descent, RD. A graph which rclates the horizontal com
ponent of velocity to the rate-of-dcsccnt RD is referred to as a speed polar or hodograph. A con
ceptual hodograph is shown in Figure 8.7. 

lfthe night path angle, y is small (see footnote on page 337), the horizontal component ofveloc

ity, V h = V cosy may be replaced (i.e. approximated) by: V. 

It is clear from Eqns (8.15) through ( 8.32) that there exist explicit mathematical relationships 
between a hodograph and the drag polar of an airplane. 
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V h .. 

O~~---------'r-~~---------------------
V horizontal = V h - V cos "if 

Vv~ __ ~ ______ ~~ 
V 

V vertical = V v -

RD = Vsiny Fignre 8.7 Hodograph or Speed Polar 

Figure 8.8 shows six points on a hodograph and on a drag polar which each have particular signif
icance. The significance ofthese six points is summarized in Table 8.3. The reader is encouraged 
to study the relationship between the six points on the drag polar and the corresponding six points 
on the hodograph. The following cOlfunents are in order. 

Note that the minimum air-speed. V min' (point 1) occurs below the stall speed, Vs • (point 2)! 

The reason is that: CR. < C R as seen from Figure 8.8. 
m", ~lcLmax 

Observe that the sustained, vertical dive speed corresponds to point 6 in Figure 8.8. The flight 

path angle, y , is 90 degrees. The condition of equilibrium then is: D = W. The speed in this flight 

condition is referred to as a terminal dive. For the glider of Figure 8.4. with W=300 kg and 

CD" = 0.0170 , the dive speed at sea-level maybe determined as: V D = 509 km/hr. Themaxi

mum, aerodynamically attainable air-speed occurs at point 5. Here, with the drag polar of Figure 

8.4, it is found that CR. = 0.0167. This yields: V max = 514 km/hr. 
mm 

In reality, maximum allowable airspeeds are usually determined by structural integrity consider
ations. Examples are: maximum allowable load factor in a pull-up from a di ve, flutter or divergence. 

For the glider in this example, the maximum allowable speed, from a load factor point of view, 

turns out to be: V max = 200 km/hr. With the help of Figure 8.5 it may be seen that this speed 

corresponds to a flight path angle of only y = 8.3 degrees. Clearly, a sustained vertical dive in a 

glider is not an advisable maneuver! 
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Figure 8.8 Relationship Between Drag and Speed Polar 
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Table 8.3 Summary of Important Points on the Speed Polar (Hodograph) 
and on the Drag Polar 

Point Drag Polar Speed Polar Equation Number 

I Maximum resultant Minimum air-speed (8.16) 
force coefficient 

V rnin C Rmax 

2 Maximum lift coefficient I-g Stall speed (8.27) 
C V, Lmax 

3 (CUCb)max Minimum rate (8.24) 
of descent 

RDmin 

4 (CL/CD)max Minimum glide 
(8.21) 

path angle 

Ymin 

5 Minimum resultant Maximum dive (8.16) 
force coefficient speed 

C Rml~ 

6 Zero lift Vertical dive Solve V from Eqn (8.13) 
CL = 0 y = 90° Y = 90° CD = CD 

" 

8.2.4 EFFECT OF ALTITUDE, WEIGHT AND WIND 

Another interesting application of the speed polar of Figure 8.8 is that it lends itself readily to 
a discussion of the effect of altitude, weight and wind on airplane performance during a glide. These 
effects are discussed in R.2.4.1 through 8.2.4.4 respectively. 

8.2.4.1 Effect of Altitude 

As long as compressibility is not important, the drag polar does not change with flight speed 
(Mach number effects are negligible). For a glider at low speeds this condition is certainly satisfied. 

The glide path angle, y ,depends only on CLiCD as seen from Eqn (8.15). Since CdC!) itself 

depends on the angle of attack, the flight path angle depends only on angle of attack. A consequence 

of this, since 8 = a + y , is that the pitch attitude angle is also determined solely by the angle 

of attack. Altitude is therefore not a factor in any of these angles. However, the speed associated 
with a glide at a given altitude and angle of attack does depend on altitude as seen from Eqns (8.16) 
and (8.17). 
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The effect of altitude on the speed polar of the glider of Figure 8.4 is shown in Figure 8.9. Be
cause points on the speed polar with the same angle of attack must have the same flight path angle, 
all such points lie on a straight line through the origin. 

From Eqns (8.16) and (8.20) it follows that for two flight conditions at the same angle of attack, 

but at different altitudes h1 and h2 with densities Q1 and Q2 the following holds: 

V 2 = RD2 = M 
V 1 RD1 y01 (8.34) 

The reader is asked to show, that at constant wing loading, flight conditions for minimum air
speed (or minimum glide angle, or minimum descent rate) occur at the same equivalent air-speed 
at all altitudes. To a pilot this property is extremely useful: the air-speed indicator in the cockpit 
displays equivalent air-speed! 

8.2.4.2 Effect of Weight 

The dfect of airplane weight on the speed polar can be determined as follows. For identical angle 
of attack values it is seen from Eqn (8.17) that: 

(8.35) 

An interesting conclusion, also derivable from Eqn (8.15), is that the minimum glide path angle 
is independent of weight. However, the equivalent air-speed for a given value of angle of attack, 
does depend on weight. 
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8.2.4.3 Speed Polar in Generalized Coordinates and Application in Flight Testing 

The reader should observe from Eqn (8.17) and (8.18) that another way to write these is: 

and 

vIQ /W = f, Ca) (8.36) 

RDIQ = f2(a) (8.37) 
/W 

It may be seen that for any given value of angle of attack, a, the quantities V IQ / /W and 

RD IQ / /W are constant. By elimination of a from Eqns (8.36) and (8.37) it will be found that: 

RDIQ = f(V IQ) (8.38) 
/W /W 

It is possible to refer the quantities Q and W to reference values, such as Qo and W [)o the density 

at sea-level and any reference weight respectively. In that case Eqn (8.38) can be rewritten as: 

(8.39) 

In this form the speed polar is referred to as the generalized speed polar. An example of such 
a generalized speed polar is shown in Figure 8.10. It is very useful in reducing t1ight test data. In 
any t1ight test it is always difficult to run the test at the same conditions of atmospheric density and 
airplane weight. With the help of Eqn (8.39) it is possible to collapse all t1ight test data of speed 
and rate of descent into one form as evident from Figure 8.10. 

o 40 80 120 140 160 V ~ 
... jW/Wo 
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-~ II 
~ 
~ 
~ • 

~ . 
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RD jQ/Qo 
jW/Wo 
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• 
~ • 

~ • 

(m/sec) 6 Ref.8.2 

Figure 8.10 Speed Polar in Generalized Coordinates 
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8.2.4.4 Effect of Wind 

The effect of wind on airplane speed relative to the ground can be visualized with the help of 
Figure 8.11. The airplane in I'igure 8.11 should be thought of as flying inside a very large air mass 
(box A) while the air mass (box A with everything in it) is moving relative to the ground with a speed, 
called the wind speed, The airplane ground speed therefore is the vectorial sum of the air-speed of 
the airplane and the wind speed of the air mass relative to the ground. 

Airmass 
Box A Crab or drift angle 

-Wind speed V wind 

-V wind 
Ground Plane 

-Airspeed V 

Airspeed projected onto the ground 

Figure 8.11 Air Speed, Wind Speed and Ground Speed 

It is seen from the vector diagram in Figure 8,11 that: 
...... ....... __ --00 

Vground = Vg = V + V wind (8.40) 

The wind speed, V wind is assumed to be constant for the air mass inside box A, but oriented in 

an arbitrary direction. The reader may have observed that in Figure 8.11 all speed vectors are as
sumed to be in a horizontal plane. In reality this is not always the case. A more general situation 
is shown in Figure 8.12, 

~I ~-A. ___ ~--:~ V relative - to - the - ground 

I~~ 
I - Vwin 
I V 
1 

I 
I 
I-
I Vground -

Horizontal Plane V wind projected on the ground -
V projected on the ground 

Figure 8,12 Air Speed, Wind Speed and Ground Speed in a General Case 
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-In the following, the wind speed veclor, V wind is assumed to be parallel to the plane of symmetry 

. -
of the airplane. In that case V wind has a vertical component, V updrnft ' and a horizontal component, 

-V headwind' also in the plane of symmetry. 

The effect of these wind components on the speed polar of an airplane is shown in Figure 8.13. 

With wind 0' 

, , 
No wind 0 "=::--T'"+"T"----' ..... ,---.......... ------------

Vv = RD 

, -
"" Vrelativ -to-the-ground 

" , 
P 

I 
I 
I 

...... _~ wind J V down 

V rcJative- to - the - ground 

Figure 8.13 Effect of Wind on the Speed Polar 

The total velocity relative to the ground, V relative- 10 _ Ihe- ground' in Figure 8.13 is seen to be the 

-vector O'P if the airplane experiences a wind, V wind' The ground velocity, V g , also known as 

-ground-track velocity, is the horizontal component of V relative -to _ Ihe- ground' The wind case shown 

in Figure 8.13 is for a combined head-wind and down-draft. The origin of the speed polar, 0', with 
wind, is obtained from the old origin, 0, no wind, by: 

I. For head-wind only: Move 0 along the positive V h axis. 

2. For up draft only: Move 0 along the positive RD axis. 

3. For tail-wind only: Move 0 along the negative V h axis. 

4. For down draft only: Move 0 along the negative RD axis. 
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Thc angle, Y g , is called the actual glide path angle. Figure S.14 summarizes the effect of wind 

in accordance with items 1 through 4. 

RC 2 

• • Down uraft 

Head wind 
3 .. 

Tail wind .. 
t:p draft 

t 4 

t 
RD 

4 

~diCative of glide angle 

3 

Figure 8.14 Effect of Wind Components on the Speed Polar 

Clearly, the minimum glide path angle does depend strongly on the wind. It is seen that head 
winds will steepen the glide path angle, tail winds will make them more shallow. Similarly, up drafts 
will make glide angles more shallow (they can even make them positive. as shown!) while down 
drafts can make for very steep glide angles. Pilots must adjust for this when flying gliders or air
planes with the power off to attain the best possible glide performance. 

8.2.5 UN-POWERED GLIDE AT HIGH SPEED 

It may be seen from Eqn (S.17) that when the wing loading, W/S and the flight path angle, y , 

incrcasc in magnitude, the corresponding value of speed will also increase. As the speed increases, 
so does the Mach number. At some value of Mach number, compressibility effects can no longer 
be neglected. When that is the case, Eqn (S.15) must be changed from: 

tany - CD = f(a) (S.41) 
CL 

to 

tany CD = f(a,Ml (8.42) 
CL 

As a consequence. the flight condition (flight path angle) is no longer governed uniquely by the 
angle of attack, but also by the Mach number. A graphical solution for determining the night path 
angle in this case will now be presented .. The procedure to find this graphical solution is as follows: 

352 Chapter R 



Fundamental of Flight Performance 

Step 1: Select a wing loading, W IS 
Step 2: Select a flight Mach number and the corresponding drag polar 
Step 3: Select an altitude. This determines the magnitude of the pressure ratio, (5 

Step 4: Calculate CR from Eqn (8.43): 

C _ W/S 
R - 1481.3 (5 M2 

(8.43) 

Step 5: Draw the circle with radius, CR and find the intersect point with the drag polar at 

the given Maeh numher. 
Step 6: Determine the flight path angle as shown in Figure 8.15. 

Drag polar at a given Mach number 

W/S 
1481.3 (5 M2 

CD -
Figure 8.15 Solution to the Glide Path Angle at High Mach Numbers 

A special case would be a vertical, terminal dive. In that case the drag of the airplane equals the 
weight. This condition is reflected by Eqn (8.44): 

C _ W/S 
Do - 1481.3 15 M2 

(8.44) 

A graphical solution for the terminal Mach number at a given altitude is suggested in Figure 8.16. 
The flight path angle in this case is 90 degrees I 

\ 
C 

W/S 

• ~~ 
D" -

1481.3 Ii M2 vert.dive 

C Do 

C DO;urphU1e , -
I Mvcrt.dive I 

0 1.0 2.0 
Mach Number, M -Figure 8.16 Graphical Solution for a High Speed Vertical Dive 
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8.3 STEADY, POWERED FLIGHT 

In powered flight the engine(s) is (are) assumed to be operating. Depending on the amount of 
power (or thrust) used and depending on the flight condition the airplane Can be in a steady state or 
in an accelerating mght condition. In this chapter only steady state. straight line flight conditions 
will be considered. The case of accelerated flight is covered in Chapters 9 and 12. Also the power 
(or thrust) will he assumed to be symmetrical. 

For steady, symmetrical powered flight, the equations of motion of the airplane are copied from 
Eqns (S.4) and (S.6): 

Tcos(a + 'h) ~ D ~ Wsiny = 0 (8.45) 

and 

Tsin(a + 'h) + L ~ Wcosy = 0 (8.46) 

These equations are written in the stability axis system as pointed out in Figure S.2. 

In the case of conventional airplanes the angle (a + 'h) ,i.e. sum of angle of attack and thrust 

inclination angle, is sufficiently small so that sin (a + cPT) = 0 and cos (a + <PT) = 1.0 are 

reasonable approximations*' Therefore, Eqns (8.45) and (S.46) can be written as: 

T ~ D ~ Wsiny = 0 (S.47) 

and 

L ~ W cosy = 0 (S.4S) 

The equilibrium condition reflected by Eqns (8.47) and (S.4S) is depicted in Figure 8.17a for 

climbing flight and in Figure 8.l7b for level flight. Note, that for the level flight case: y = 0 and 

this reduces Eqns (S.47) and (S.4S) to: 

T ~ D = 0 (8.49) 

and 

L ~ W = 0 (8.50) 

It was shown in Chapter 6, that for jet driven airplanes the thrust is roughly constant with speed, 
but variable with altitude and throttle setting. For a given speed, altitude and throttle setting the 

available thrust is called: T available = Tay . 

For a jet airplane, Eqn (8.49) implies that in level flight: 

* For certain types of V ISTOL and vectored thrust airplanes this approximation is not acceptable. 
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Wcosy 
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Z, 

R is the resultant 
aerodynamic force 

Wsin 

Horizon 

Figure 8.178 Definition of Forces in Steady, Symmetrical, Straight line, Climbing Flight 

Note 1 . <PT - 0 L . 

a L7L Xb , 
~ 

T~ Horizon 

X, • --- . '--f j[ y 
U 1 

W 

Zb Zs 

Figure 8.17b Definition of Forces in Steady, Symmetrical, Straight Line, Level Flight 
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T = D or: D = T,eqd 

Since, according to Eqn (8.50), L = W, it follows by division that: 

Treqd = LWjD = W 
CdCn 

(8.52) 

(8.53) 

The lift-to-drag ratio, CLiCD follows from the drag polar, once the lift coefficient is determined 

from Eqn (8.50): CL = W jqS. 

For a jet airplane, Eqn (8.47) implies that for climbing flight: 

T = D + Wsiny or: (8.54) 

Clearly, the thrust required to maintain constant speed climb consists of the sum of the 
thrust required to maintain level flight and the thrust required to keep the flight path inclined. 

It wa, shown in Chapter 6, that for propeller driven airplanes the power available is roughly 
constant with speed. It has been found useful to express Eqns (8.47) and (8.49) in terms of power 

rather than in terms of thrust. This is done by multiplying these equations by the speed, U!. For 

Eqn (8.47) this yields: 

where: TU! = Power Available = Pav 

D U J = Power Required = P <eqd 

WU! sin y = Climb Power = P climb 

Note that, since: U! sin y = Rate of climb - RC it follows that: 

(8.55) 

Pciimb = WU! siny = W(RC) (8.56) 

Clearly, according to Eqn (8.55) the power available to maintain an airplane in a steady 
climb is equal to the sum of the power required to maintain level flight and the power required 
to climb at a given flight path angle. 

Because of the importance of level fI ight, this flight condition will be discussed in detail in Sec
tion 8.4. The SUbject of climbing flight, including the effect of forward acceleration, will be dis
cussed separatel y in Chapter 9. 
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8.4 STEADY, LEVEL, POWERED FLIGHT 

For steady, level flight, Eqns (8.49) and (8.50) apply, and may be rewritten as: 

T = 0 = CDqS (8.57) 

and 

(8.58) 

For a given weight, W a given altitude (which defines density) and a given airplane configura

tion, the variables in Eqns (8.57) and (8.58) are: a, V and T. One of these variables must he arbi

trarily selected before a solution can be found. For example, ifthe speed, V is selected, the equations 
uniquely determine the angle of attack and the thrust required in that flight condition. Two cases 
will be considered: 

8.4.1 Turbojet or Turbofan Driven Airplanes 

8.4.2 Propeller Driven Airplanes 

8.4.1 TURBOJET OR TURBOFAN DRIVEN AIRPLANES 

This case will be considered first, for a parabolic drag polar and a linear relationship between 

CL and a and second for a general drag polar and CL - a curve. 

1) Parabolic drag polar and linear CL vs a 

With a parabolic drag polar, Eqn (8.57) can be written as: 

T = 0 = CDlIS = (CD + CE )lIS = Do + o· () JtAe I 
(8.59) 

The symbols Do and OJ represent the zero-lift drag and the induced drag respectively. The 

reader is asked to show that with the usual definition of wing aspect ratio, A=b2/S, Eqn (8.59) can 
be rewritten as: 

T = (c -S + (WIW) 
reqd Doq 3tcq (8.60) 

By also introducing the defmition of equivalent parasite area, f, of Eqn (5.38) it follows that: 

T = (rq + (W Ib)2) 
reqd ]teg (8.61) 

This result has several important implications: 
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1) The thrust required for level flight consists of two terms: one proportional to dynamic pres
sure, the other proportional to the inverse of dynamic pressure. 

2) To minimize the first term (zero lift drag term) it is important to design the airplane with as 
small a parasite area as possible. A discussion of parasite area is given in Chapter 5. 

3) To minimize the second term (induced drag term) the .o-called span loading, W Ib, must be 
made as small as possible. 

Figure 8.18 shows a graphical interpretation of these results. 

T rcqd (lbs) 

Tav (lbs) 

Region where 
parabolic drag 

olar is invalid 

Level Flight 

Induced drag part of T reqd - Di .~:---l-" 

Vrnin V min. drag 

---- Tav 

Zero - lift drag part of T reqd - D 

Vrnax Speed, V (kls)" 

Figure 8.18 Thrust Available and Thrust Required as a Function of Speed 

Note that for a given level of available thrust, T av ,there are two solutions to the level flight 

speed: a lower one, called V min and a higher one, called V max. In Reference 8.1, Chapter 5, it is 

shown that an airplane exhibits speed stability at V ma' but is speed-unstable at V min' At the latter 

speed the airplane is said to be flying at "the back of the thrust required curve". In bqth cases, the 

angle of attack follows from the lift coefficient of Eqn (8.58) and the lift-curve, CL vs a. If the 

latter is linear it can be expressed as: 

CL = CL + CL a 
I) " 

(8.62) 

where: C L is the lift coefficient for zero angle of attack 
" 

CL is the airplane lift-curve slope 
u 
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Methods for computing CL, and CLo are found in Reference 8.3. 

Combining Eqns (8.62) and (8.58) yields the following solution for a: 

(8.63) 

where: q represents the dynamic pressure at any speed where the thrust available equals the 

thrust required. 

Note in Figure 8.18 that there is a speed for which the thrust required (or drag) is a minimum. 
The condition for minimum thrust required (or minimum drag) occurs with the airplane flying at 
its maximum lift-to-drag ratio, as may be seen from combining Eqns (8.57) and (8.58): 

This minimum drag condition can be investigated further by imposing the condition: 

aTreqd _ aD _ 
av - av - 0 

By combining this condition with Eqn (9.59) it is found that: 

V min. drag - V min.thrust reqd -
(~~) 

Substitution of this result into Eqn (8.59) shows that at the speed for minimum drag: 

(8.64) 

(8.65) 

(8.66) 

Do = Dj = W JC
Do 

(8.67) 
JtAe 

and therefore: 

Dmin = 2Do = 2W JCD
, = 2 W II 

JtAe b V Jte 
(8.68) 

The thrust available is normally controlled by the pilot (or by the auto-pilot) through the engine 
throttles. The amount of thrust that can be commanded depends on the engine ratings and on the 
flight condition. Typically, the situation depicted in Figure 8.19 prevails. By adjusting the throttle 
a pilot can adjust the level of available thrust within some range. Therefore, any level flight speed 

between V min and V max can be obtained. 
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Level Flight 

T reqd (Ibs) \ 

Tav (Ibs) 

V. 
rrnn Vmax 

..... Tavrna~ 

t 
Lower 
throttle 
settings 

Speed, V (kts) .. 

Figure 8.19 Level Flight Speeds Available Within a Range of Available Thrust~ 

For thrust settings below the line labelled, T I (= where thrust available is tangent to the thrust 

required line) level flight canuot be maintained and the airplane will start to drift down (i.e. glide 
with some thrust). The drift-down performance of airplanes is important in determining the altitude 
at which safe level tlight can be maintained with one or more engines failed. 

For ETOPS (Extended range Twin engine Operations) approval a detailed definition of the drift
down capabilitics of twin passenger jets is required. Drift-down performance is discussed in detail 
in Chapter 9. 

2) General drag polar and CL vs a curve 

Consider an early fighter airplane configuration with the general drag characteristics given in 
Figure 8.20. The insert in Figure 8.20 also gives the Mach number dependent lift coefficient versus 
angle of attack relationship. 

Assume that the question is to find the level flight speeds at sea-level for an airplane weight of 
W=18.302 Ibs, a wing-loading of W/S=50.2 Ibslft2 and an available thrust of 15,000 Ibs without 
afterburner and 22,000 Ibs with afterburner (in reality, thrust will vary with Mach number). 

One procedure for finding thc solution of this problem is to tabulate a range of speeds (Mach 
numbcrs) and use Eqn (8.58) to calculate the level flight lift coefficient. That information is used 
with Figure 8.20 to determine the drag coefficient and the angle of attack. Eqn (8.57) is then used 
to calculate the required thrust. Table 8.4 shows the results. 

By plotting the results as shown in Figure 8.21 it is seen that the solutions for equilibrium speeds 
and angle of attack are: 
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Figure 8.20 Drag and Lift Coefficient Data for a First Generation Supersonic Fighter 

Chapter 8 361 



Fundamentals of Flight Performance 

Table 8.4 Calculation of Required Thrust and Angle of Attack 
for the Fighter of Figure 8.20 

M V q CL U CD D = T reqd 

ft/sec Ibs/ft2 deg Ibs 

0.22 245.6 71.7 0.70 15.5 0.216 5,647 

0.3 335.0 133.4 0.376 7.0 0.0595 2,894 

0.4 446.6 237.1 0.212 3.5 0.0203 1,755 

0.6 669.9 533.6 0.094 1.5 0.0103 2,004 

0.8 893.2 948.6 0.0529 0 0.0088 3,044 

0.9 1,004.9 1,200.7 0.0418 -0.3 0.0086 3,765 

1.0 1,116.5 1,482.2 0.0339 -0.5 0.0172 9,295 

1.1 1,228.2 1,793.6 0.0280 -0.7 0.0300 19,618 

1.2 1,339.8 2,134.3 0.0235 -0.9 0.0280 21,789 

1.4 1,563.1 2,905.1 0.0173 -1.1 0.0255 27,010 

1.6 1,786.4 3,794.4 0.0132 -1.3 0.0240 33,203 

1.8 2,009.7 4,802.2 0.0104 -1.5 0.0220 38,519 

S = 364.6 ft2 Sea-level W = 18,302 Ibs 

40,000 

T,lbs I Sea-level W = 18,302 Ibs I P = T ""Ici 

• ./ 
30,000 

V 
~ T available WithNB 

20,000 

-f T available Dry 

10,000 

/ ~ 
0 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1. 
Mach Number, M ... 

Figure 8.21 Determination of Maximum Level Mach Number for a Fighter 
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At Point A, M = 1.06 At Point B, M = 1.18 

The reader will observe that the thrust required curve is strongly influenced by the behavior of 
the drag polars as a function of Mach number. Note also, that for this particular airplane, because 
of the steep drag-rise, the afterburner does not significantly increase the maximum level speed at
tainable. 

8.4.2 PROPELLER DRIVEN AIRPLANES 

This case will be considered first. for a parabolic drag polar and a linear relationship between 

CL and a and second for a general drag polar and CL - a curvc. 

1) Parabolic drag polar and linear CL vs U 

Using a parabolic drag polar the power required for level speed can be written as: 

P reqd = DV = - ( q) CDqSV = CD + -A qSV = 
() Jt e = P rcqd" + P ""ld; 

(8.69) 

where: P reqd is the power required to overcome the zero-lift drag 
" 

P reqd; is the power required to overcome the induced drag 

By using CD = 1: and A = b2/S it is possible to rewrite Eqn (8.69) as: 
" S 

P f I V3' 2(W /b)2 P P 
reqd = -2 Q + = d + d neQ V req " req ; 

(8.70) 

This result has several important implications: 

I) The power required for level flight consists of two terms: one proportional to the third power 
of air-speed, the other proportional to the inverse of air-speed. 

2) To minimize the first term (zero lift drag term) it is important to design the airplane with as 
small a parasite area as possible. A discussion of parasite area, f, is given in Chapter 5. 

3) To minimize the second term (induced power term) the span loading, W Ib, must be made 
as small as possible. 

Figure 8.22 shows a graphical interpretation of these results. 

Note that for a given level of available power, Pa, , there are two solutions to the level flight 
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speed: a lower one, called V min' and a higher one, called V ma<' The angle of attack at each level 

flight speed follows from the lift coefficient ofEqn (8.58) and the lift---<:urve, CL vs a. Iflhe latter 

is linear the solution for angle of attack is as given by Eqn (8.63). 

P reqd (lbs) 

Pay (lbs) 

Region where 
parabolic drag 

alar is invalid 

V best climb rate 

Level Flight 

'-_______ V_m_in __ --". V min. power reqd 

P reqd 

- Pav 

Zero - lift drag part of P reqd 

• Induced drag part of P reqd 

Vmax. Speed, V (kts)-. 

Figure 8.22 Power Available and Power Required as a Function of Speed 

The power required for level flight, following Eqn (8.55) may also be written as: 

P rcqd = DV = WV = W 
CLiCD 

(8.71) 

The minimum power required to fly at level speed therefore occurs when CUC~ is a maximum. 

This minimum required power condition can be investigated further by imposing the condition: 

aP reqd _ 

av - 0 (8.72) 

With a parabolic drag polar it can be shown that the speed at which this minimum occurs is: 

V min. power reqd :::::;: 
W 2 1 

S Q J3Cn"JtAe 
(8.73) 

By substituting this result back into Eqn (8.71) it is found that: 

P reqd minimum = ~ W 
3eD " (8.74) 
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By using Co 
f 

and A = b2/S it is possible to rewrite Eqn (8.74) as: -
" S 

P reqd minimum 
.'!:. 

(Wf\/i£ 
(8.74) -

3 b Q (:n:e)J 

This equation again illustrates the importance of low span loading and low equivalent parasite 
area in minimizing power required for level flight. 

It is of interest to compare the speeds for minimum drag, Eqn (8.66), with that for minimum 
power, Eqn (8.73). The result is: 

V min. thrust reqd 

V min. power reqd 
= 31/ 4 = 1.32 (8.75) 

It is also of interest to compare the minimum power required for level flight with the power re
quired for minimum drag (thlUstrequired). The powerrequired for minimum drag is found by com
bining Eqn (8.66) with Eqn (8.68). The result is: 

P reqd minimum drag = 2W (8.76) 

The ratio of the two powers required is found by dividing Eqn (8.76) by Eqn (8.74) to yield: 

Preqd.min.drag = (1)271/4 = 1.14 
P min. reqd 2 

(8.77) 

Thc following conclusions are presented for airplanes with parabolic drag polars: 

I) The speed for minimum thrust required (or speed for minimum drag) is 32% greater than 
the speed for minimum power required for level flight. 

2) The power required for minimum drag is 14% greater than the minimum power required for 
level flight. 

2) General drag polar and CL vs a curve 

Consider an early turbo-propeller driven airplane configuration with the general drag character
istics given in Figure 8.23. The lower graph in Figure 8.23 also gives the lift coetficient versus angle 
of attack relationship. 

Assume that the question is to find the maximum and minimum level flight speeds at sea-level 
for an airplane weight ofW = 36,000 Ibs, a wing-loading ofW/S = 44.61bs/ft2 and a total available 
thrust-horsepower of 2, I 00 hp in the speed range of 200-300 ftlsec. Table 8.5 shows the calculation 
resulls in lerms of lhe drag (i.e. tbIUst required) and power required. 
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Figure 8.23 Drag and Lift Coefficient Versus Angle of Attack Data for a 
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Table 8.5 Calculation of Drag and Power Required for the Transport of Figure 8.23 
W = 36.000lbs W IS = 44.6 Ibs/ft2 Sealevel 

Y, ft/sec Y, kts CL CD Fig. 8.23 
CdCni a, deg 

D,lbs P reqd' hp 
Fig. 8.23 

161 95.3 1.45 0.125 11.6 11.5 3,103 908 
170 100.7 1.30 0.085 15.3 7.5 2,353 727 

180 106.6 1.16 0.070 16.6 6.5 2,169 710 

200 118.5 0.94 0.053 17.7 5.1 2,034 740 

250 148.1 0.60 0.036 16.7 2.4 2,156 980 

300 177.7 0.42 0.032 13.1 1.2 2,748 1,499 

350 207.3 0.31 0.027 11.5 0.1 3,130 1,992 
400 237.0 0.23 0.025 9.2 -0.7 3,913 2,846 

The results of Table 8.5 are plotted in Figure 8.24. Note that at the stall (minimum air-speed), 
the airplane still has adequate horsepower to climb! The maximum speed which can be achieved 
at sea-level is 355 ft/sec, or 210 kts. 

It is of interest to study points A,B and e on the drag characteristics plots in Figure 8.23 in com
parison to the similarly labeled points in Figure 8.24. 

First, consider Points A. B and C in Figure 8.23: 

Point A represents the maximum lift coefficient, CLmu • 

Point B is the point where eUC6 is maximum. 

At Point e, edcn has a maximum. 

Next, consider Points A, Band e in Figure 8.24: 

Point A represents the minimum speed, V minimum' which can be achieved. Note that the 

amount of power required to fly level at the minimum speed is less than what is 
available at the maximum lift coefficient. This is definitely not always the case. 

Point B is the point where the power required for level flight is a minimum. Evidently this 

occurs when eUc~ is at its maximum. 

Point e is the point where the thrust required to maintain level flight (or the drag) is a 

minimum. Evidently this occurs when CdCD has a maximum. Observe, that the tangent 

from the origin to the power required curve has a minimum also at point C. 
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8.5 SUMMARY FOR CHAPTER 8 

In this chapter the fundamentals required to determine the steady, level flight performance char
acteristics of airplanes have been developed for airplanes with parabolic drag polars as well as for 
the more general case of arbitrary drag polars. Theory and applications were presented separately 
for jet powered and for propeller driven airplanes. 

Most of the fundamental issues raised in this chapter will be seen to re-occur in the discussion 
of airplane performance characteristics in other flight situations, particularly those covered in Chap
ters 9 and 10. 

8.6 PROBLEMS FOR CHAPTER 8 

8.1 Verify step-by-step that Equations (8.25) and ( 8.26) are correct. 

8.2 Verify step-by-step that Equations (8.29), (8.30) and (8.31) are correct. 

8.3 The drag poJar characteristics of a high altitude reconnaissance airplane and a jet trainer are 
given in Figure 8.25. Calculate and plot their glide charac,eristics in a manner similar to 
what was done in Table 8.1 for Figures 8.4 and 8.5. Compare the: 

i) Minimum glide path angie, the speed for minimum glide path angle, the rate of descent 
and the horizontal distance covered in a steady glide 

2) The speed for minimum rate of descent, the glide path angle, the rate of descent and the 
duration during the steady glide 

Assume that the altitude is a constant 5,000 ft in the standard atmosphere. The wing loading 
of airplane a) is 2S.7lbs/ft2 and that of airplane b) is 59.1 Jbs/ft2. 

8.4 Repeat problem 8.3 for the case where the starting altitude is 10,000 ft instead of 5,000 ft 
and still keep the altitude constant. 

8.5 Repeat problem 8.4 for the case where the effect of varying altitude must be accounted for. 

8.6 The drag polar of a light twin airplane in its clean configuration is: 

CD = 0.0358 + 0.0405 C[ 

The weight of the airplane is 4,200 Ibs and its wing area is 155 ft2. Using analytical 
procedures, calculate the following under standard sea-level conditions: 

I) the maximum Iift-to-drag ratio 
3) the minimum power required 

Chapter 8 

2) the speed for minimum drag 
4) the speed for minimum power required 
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Airplane a): W IS - 25,7 ft2 Airplane b) : W IS - 59, I ft2 
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Figure 8.25 Low Speed Drag Polars for a High Altitude Reconnaissance 
Air lane and a et Trainer 

8,7 A glider weighs 800 lbs and has a wing loading of 12lbs/ft2, Its drag polar is: 

CD = 0.0100 + 0,0220 Ct 
Assume that the glider is launched at 1,500 ft in still air and over level ground, Assume 
standard atmospheric conditions. Calculate the following: 

a) the greatest distance it can cover along the ground 

b) the speed for the greatest distance it can cover along the ground 

c) the longest duration it can stay airborne 

d) the speed for the longest duration it can stay airborne 

Assume that the effect of changing density can be neglected, 

8.8) Verify that Eqns (8.66) and (8.73) are correct. 

8.9) The maximum, trimmed lift coefficient of the airplane in problem 8.6 with the flaps down 
is found to be 3,0. When approaching to land with power off, the airplane is nown at 15% 

above the stall speed, Calculate the increment in zero lift drag coefficient, (C D ), which must 
" 

be provided by a combination of flaps and speed brakes if a glide path angle of 20 degrees 
is desired, What is the rate of descent? Assume standard, sea-level conditions, 
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8.10 For airplane a) in problem 8.3, assume that its zero lift drag coefficient, (CD)' is increased 

by 0.0500 by extending speed brakes when flying at 100 kts at 1,000 ft altitude. 

Calculate the glide path angle and the rate of descent. Use standard atmospheric conditions. 

8.11 The lift-drag characteristics of a Cessna Cardinal type airplane are given in Figure 8.26. 

f-A 7.4 S 175 ft2 • - -

1.5 / CL 

V 
./ 

./ V./ 
",. 

,,- Vli flap = 30 
1.0 

Otlap - OU V ./ 
./ ./' 

/' ./ I' 

/' / 
0.5 / / 

/ / 
I I 

/ 

0 
0 0.04 0.08 0.12 0.16 0.20 

CD .. 
Figure 8.26 Lo", Speed Drag Polars for a Cessna Cardinal Type of Airplane 

Assume that at the maximum level speed the available thrust horsepower is 150 hp. Calcu
late and pl<Jt the thrust and the power required curveS. Find the following; 

a) the minimum night speed b) the speed for minimum drag 

c) the speed for minimum power required d) the maximum level night speed 

Assume a weightof2,500 lbs and standard sea-level conditions. Work this problem for zero 
degrees flap deflection and for 30 degrees flap deflection. 
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8.12 Ajet powered airplane, with a weight of 10,000 lbs, has the following drag polar: 

CD = 0.0200 + 0.045 Cr. 

The wing area is S = 200 ft2. The available thrust is 3,500 lbs at 5,000 ft in a standard 
atmosphere. 

a) Using analytical procedures only, find the maximum level speed. 
b) Find the maximum level speed using a plot of thrust available and 

thrust required versus speed. Check the answer with a). 
c) What is the lift-to-drag ratio of the airplane at its maximum speed? 

8.13 Assume that the airplane of problem 8.12 is equipped with a rocket engine capable of deliver
ing a maximum thrust of 6,000 Ibs at 60,000 ft. The incremental drag coefficient due to compress
ibility may be assumed to be 0.0020. Calculate the maximum speed in level flight. What is the corre
sponding Mach number? What is the lift-to-drag ratio? 

8.14 An airplane with a weight of W lbs and a wing area of S ft2 has a drag polar given by: 

CD = CD, + CjJrr.Ae 

The maximum available thrust is T which may be considered independent of speed at a given 
altitude. Derive an expression for the maximum level flight speed at that given altitude. 
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CHAPTER 9: CLIMB AND DRIFT-DOWN PERFORMANCE 

In this chapter methods for determining the climb and drift-down performance of airplanes are 
presented. Climb and drift-down performance is of great importance in assuring: 

1) Rapid climb to cruise or combat altitudes for civil and military airplanes respectively 
2) Rapid cIimb--outs away from obstacles for agricultural and patrol airplanes 
3) Capability to climb with one engine out during takc-off and landing flight phases 
4) Drift-down performance following an engine shut-down at cruise altitude and the 

ability to clear mountain ranges in such conditions 
5) Climb rcserves at the operational ceiling of commercial airplanes and at the combat 

ceiling of military airplanes 

The equations of motion for a general climb situation are developed in Section 9.1. The general 
climb performance characteristics of jet and propeller driven airplancs are presented in Sections 9.2 
and 9.3 respectively for shallow flight path angles. 

Most climbs are indccd conducted at relatively shallow flight path angles: 15 degrees or less. 
At shallow flight path angles certain simplifications in the equations of motion are acceptable. That 
is no longer the case for flight path angles above (roughly) 15 dcgrees. Sections 9.2 and 9.3 also 
deal with the general case of steep flight path angles. 

Once methods for determining the climb and drift-down performance are available, times to 
climb to altitude, operational ceilings and drift-down times can be evaluated. Methods for doing 

that are presented in Section 9.4. 

In certain types of military airplanes the effect of forward and vertical accelerations can no long
er he neglected. Acceleration effects on climb performance are discussed in Section 9.5. 

Landing gears, flaps, speed brakes, stoppcd cngincs, trim requirements, etc., all affect the climb 
capabilities of an airplane. Also, the weight and altitude of the airplane (wing-loading) affect climb 

performance. These factors are highlighted in Section 9.6. 

The climb performance of airplanes is subjected to airworthiness requirements which stipulate 
minimum required climb rales and/or climb gradients (angles). These requirements establish ade
quate levels of safety with all engines operating (AEO) as well as with one engine inoperative (OEI). 
The climb performance requirements of airplanes (regulations) are summarized in Section 9.7. 

Chapter 9 373 



Climb and Drift--down Performance 

9.1 EQUATIONS OF MOTION 

It will be assumed that the airplane center of gravity moves in a plane, vertical to the surface of 
the earth. It is also assumed that the airplane is in complete moment trim: no net rolling, pitching 
or yawing moments exist. Furthermore, no initial angular rates exist. The only acceleration, al
lowed for are those along the flight path and perpendicular to the flight path. For a detailed treatment 
of the airplane equations of motion, see Chapter I of Reference 9.1. 

Figure 9.1 shows the forces which act on the airplane in an accelerated climb condition. 

L 

Wsin 

Horizon 

WdV 
g 

Wcos 
W 

Zs 

Figure 9.1 Definition of Forces in an Accelerated Climb 

The equations of motion along the tlight path and perpendicular to the flight path arc: 

Tcos(a + cPT) - D - Wsiny 

Tsin(a + cPT) + L - Wcosy 

374 

WdV - g dt 

W y ' - C.F. = - Y 
g 

(9.1) 

(9.2) 
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The general case of accelerated flight performance will be taken up in Chapter 12. Most climbs 
are conducted with a straight line flight path. In that case the centrifugal acceleration is not present 
and the equations reduce to: 

Tcos(a + <h) - D - Wsiny (9.3) 

and 

Tsin(a + 'h) + L - W cosy - 0 (9.4) 

At this point the additional assumption of small angles is made: the thrust inclination angle,<h 

, the angle of attack, a and the flight path angle, y, are all assumed to be sufficiently small so that: 

and 

sin(a + <h) = 0 cos(a + <Pr) = 1.0 siny = y cosy = 0 

With these additional assumptions, Eqn (9.3) and (9.4) become: 

T - D - WdV = Wsiny 
g dt 

L = W 

The rate-of-climb, R.C. of the airplane is defined as: 

R,C. = ~~ = Vsiny = Vy 

With the help of Eqn (9,6) the R,C. can be written as: 

RC = (T - D)V _ VdVdh 
. . W g dh dt 

Solving for the rate-of-climb: 

(T - D)V 

R. C. - --W.!.1V"""-'dV" 
1 +-g dh 

_ IT - DIV _ VdV RC W g dh .. 

(9.5) 

(9.6) 

(9,7) 

(9.8) 

(9.9) 

(9.10) 

The term (V/g)(dV/dh) is called the acceleration factor. The effect of this acceleration factor 
on climb performance will be discussed in Section 9.5. As long as the climb takes place at a constant 
true air-speed, V, the following will hold: dV/dh ; O. In that case: 
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(T - DlV . (T av T reqdlV : 
R. C. - -'-"--.=!.':'" = '--=:-=-

W W (9·lll 

The reader should compare this result with Eqn (8.54l. Equation (9.11) applies directly to jet 
airplanes where the engine output is considered in terms of thrust. Tn the case of propeller driven 
airplanes the engine output is considered in terms of power. Therefore, for propeller driven airplanes 
Eqn (9.11) is written as: 

R.C. ~ (T - DlV 
W 

(Pav 

The reader should compare this result with Eqn (8.55). 

(9.12) 

The climb performance of airplanes can also be defined in terms of the so--{;aUed climb gradient, 
C.G.R. Expressed as a corollary to Eqn (9.11) it is defined for jet airplanes as: 

C.G.R. - siny - R.C. 
V 

(T - 0) (Tav 
- -'---::::,:,---"- = : 

W 
(9.lla) 

Expressed as a corollary to Eqn (9.12) it is defined for propeller driven airplanes as: 

_ sl'ny = R.C. = (T - D)V = (P.v - P,eqdJ C.G.R, 
V WV WV 

(9.12a) 

The airworthiness requirements of FAR 23/25 (Ref. 9.2) and the military requirements ofRefer
ences 9.3 and 9.4 use R.C. and C.G.R. specifications, depending on the type of airplane and the flight 
condition. Section 9.7 contains a,summary of these requirements. 

Applications of Eqns (9.1l) and (9.12) to jet airplanes and propeller driven airplanes are dis
cussed in Sections 9.2 and 9.3 respectively. 

Eqns (9.1l) and (9,12) represent the case of an airplane in a straight line, constant speed climb. 
The forces which act on the airplane are shown in Figure 9.2. The reader should observe that the 
only difference between Figures 9.1 and 9.2 is the absence of the acceleration forces. The angles 

<l>T' a and yare assumed to be sufficiently small so that condition (9.5) still applies. 

When an airplane is in its design cruise flight condition and one engine becomes inoperative 
(OEI) the airplane will have to descend to a lower altitude where level flight on the remaining en
gine(s) again is possible. In the transition between AEO high altitude cruise and OEllower altitude 
cruise the airplane is said to be in a drift-down, Or power-on glide flight condition. Figure 9.3 shows 
the forces which act on the airplane in such a case. The equations of motion in a steady drift-down 
case are: 
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L 

Wsin 

Horizon 

WeDSY 
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Zs 
Figure 9.2 Definition of Forces in a Straight Line, Un-accelerated Climb 

Note: Y - Y 

e - e 

TOE! 

Horizon 

Wsin 
v 

w Zs 

Figure 9.3 Definition of Forces in a Straight Line, Un-accelerated (Drift-down) Descent 
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Tcos(a + (PT) - D + Wsiny - 0 

Tsin(a + <PT) + L + Wcosy = 0 

For small angles, these equations may be re-written as: 

T-D+W'Y=O 

L - W 

The rate of descent, R.D., as seen from Figure 9.3, is: 

R.D. = - ~~ = - Vsiny= -Vy 

With the help ofEqn (9.15) the R.D. can be written as: 

(D - T)V 
R.D. = 

W 

For jet driven airplanes this yields: 

R.D. 
(DOE1 - T OEl)V 

W 

(T reqd
OEJ 

- T av OEl) V 

W 

For propeller driven airplanes this yields: 

R.D. - (DOEI - T OEIlV 

W 

(p - p ) reqdOE1 aVOEI - ---'-="----==-
W 

(9.13) 

(9.14) 

(9.15) 

(9.16) 

(9.17) 

(9.18) 

(9.19) 

(9.20) 

Applications of Eqns (9.19) and (9.20) to jet airplanes and propeller driven airplanes are dis

cussed in Sections 9.2 and 9.3 respectively. 
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9.2 CLIMB AND DRIFT-DOWN PERFORMANCE OF JET AIRPLANES 

For a given altitude, speed and engine power setting, a given jet engine will deliver a certain 

amount of installed thrust, T .v. Methods for determining the installed thrust from engine manufac

turers un-installed thrust data are given in Ref. 9.5. 

9.2.1 CLIMB PERFORMANCE FOR JET AIRPLANES 

9.2.1.1 The General Case 

The rate of climb, R.C. of ajet airplane follows from Eqn (9.11): 

R.C. = (T - D)V _ 
W 

(9.21) 

For a given amount of available thrust, the rate of climb clearly depends on the thrust required 
for level flight. The latter depends on weight, altitude and drag characteristics. For these reasons 

it is instructive to examine how the required thrust varics with these three parameters. The funda

mental equation for thrust required for level flight was derived as Eqn (8.64): 

T -D- W _ W 
reqd - - LID - CdCn (9.22) 

The minimum thrust required for level flight occurs when the airplane is flown at the maximum 
value ofUD. A useful way to investigate the effect of both weight and altitude on the thrust required 

for level flight of jet airplanes is to write Eqn (9.22) as: 

(9.23) 

This can be rewritten as: 

(9.24) 

For L = W thc following, similar relation can be written: 

(9.25) 

An example application will now be discussed. This example deals with a large turbo-fan jet 
transport with the drag characteristics shown in Figure 9.4. 
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The required thrust, divided by the atmospheric pressure ratio, I), T reqd/ I) ,for level flight is now 

calculated versus the weight divided by I), W /1) ,with the help of a table such as Table 9.1. For the 

example at hand the calculation results are shown in Table 9.2 and the graphical resuIts are shown 
in Figure 9.5. Also shown in Figure 9.5 is the available (installed) thrust, divided by the atmospheric 

pressure ratio, I), T ay//) . The available thrust is shown for two thrust settings: maximum and 80% 

of maximum continuous thrust. The blank cells in Table 9.2 represent flight conditions for which 
the lift coefficient was outside the range of drag data in Figure 9.5. 

Points 1, 2 and 3 show the effect of increasing weight at constant altitude on the maximum speed 
(Mach number) attainable at a given thrust setting. Points 3, 4, 5 and 6 show the effect of altitude 
eat constant weight) on the maximum speed (Mach number) attainable at a given thrust setting. Ob
serve, that with a weight of 637,000 Ibs at 36,000 ft altitude, level flight is no longer possible: the 

available thrust is not sufficient. 

All data required to compute the climb performance of the example jet transport are now at hand. 

Eqn (9.21) will be slightly modified to fit the T reqd//) and T ay//) data format. To that end, the speed 

of the airplane, U is rewritten as: 
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k~ 
Table 9.1 Calculation of Thrusl Required for Level Fligbt 

0.2 0.4 0.6 0,8 _etc . 

• 
(W//j) 1 C L = 

W/b 
(l,481.3M2)S -

obtain CD from drag polar -

Creqd) 2 -/j- = Co(1,481.3M )S_ 

(W/bl j , 
etc. 

Table 9.2 Example Calculatious of Thrust Required in Level Flight for a Jet Transport 

W/b M_ 
0.40 0.50 0.60 0.70 0.80 0.90 All. , Ibs 

Sea 637,000 CL 0.49 0,31 0.22 0,16 0,12 0.10 

Co 0,0260 0.0185 0.0170 0.0160 0.0175 0,0230 

T reqdlb 33,892 37,681 49,861 63,874 91,248 151,781 

10K 926,141 CL 0.71 0.45 0.32 0,23 0.17 0.15 

CD 0.0450 0.0235 0.0190 0.0175 0.0180 0.0230 

T,eqdlb 58,659 47,865 55,727 69,862 93,855 151,781 

20K 1,385,084 CL 0.67 0.48 0.35 0.26 0.22 

CD 0.0420 0.025 0.0195 0.0185 0.0235 

T ""Id/b 85,545 73,324 77,846 96,462 155,081 

30K 2,141,177 CL 0.73 0.54 0.41 0.33 

CD 0.0475 0.0290 0.0235 0,0265 

T,eqd/b 139,316 115,771 122,533 174,879 

36K 2,831,lll CL 0.71 0.54 0.43 

CD 0.0450 0.0320 0.0340 

T read/b 179,645 166,854 224,373 
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Figure 9.5 Performance Diagram for a Jet Transport 
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v = MVa M.{eV", 

where: V a., is the speed of sound at sea-level 

e is the temperature ratio at altitude 

(9.26) 

Upon division of the numerator and denominator ofEqn (9.21) by the atmospheric pressure ra
tio, 0, it is found that: 

R.c. = V 'eM av reqd 
[
T/O-T /0] 

a.,v u VV/o (9.27) 

It follows that the maximum climb rate for a jet airplane occurs when the product of the flight 

Mach number, M, and the excess thrust is a maximum. 

For the example jettransport the climb rates in ft/min. are determined with the help ofEqn (9.27) 

and Figure 9.5. The results are tabulated in Table 9.3 and plotted in Figure 9.6. The climb ratcs 
shown are typical for transport airplanes. 

It is of interest to observe from Figure 9.6 that the Mach number for best climb rate increases 

with increasing altitude. Thus, if an airplane is to climb at the best climb rate from sea-level 

to high altilnde it must continually accelerate along Its flight path! To properly account for this 
requires a correction to the rate-of-c1imb. This correction will be discussed in Section 9.5. 

9.2.1.2 The Case Of Parabolic Drag and Constant Thrust 

For airplanes with straight turbojets or turbofans with moderate bypass ratios the thrust at a 
constant altitude is essentially independent of speed". As shown in Figure 9.4, even high bypass 

ratio turbofans, at high altitude and high Mach number behave approximately like constant thrust 

machines. For these reasons it makes sense 10 study the case of a jet airplane with a parabolic drag 
polar and constant (speed independent) thrust. Using Eqn (9.21) with the condition L = VV yields: 

(9.28) 

• The reason why high bypass ratio turbofans behave differently is because they are more like pro

pellers (ducted propellers to be specific) and propeller thrust does decrease with speed for a given 

shaft horsepower input. See Chapters 6 and 7. 
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The maximum rate of climb occurs at a lift coefficient which can be recovered from the condi

tion: aR.c.1 aCL = 0 . The reader is asked to show that after differentiation and simplification 

this optimum condition is: 

C2 T 
---"- + --"Y CL 3C 0 ltAe W - Do= (9.29) 

Therefore, the lift coefficient for best rate of climb is found from: 

C = _ (Tav)ltAe + 
4-t~tBofclimb W 2 {(

Tav) ltAe} 
2 

W -2- + 3CDoltAe (9.30) 

For Ihe jet transport drag polar of Figure 9.4 at Mach numbers around 0.7 it is found that: 

CD = 0.0150 + 0.048CE so that: CDo = 0.0150 and 1/nAe = 0.048 (9.31) 

Assume, using Figure 9.5, that at 30,000 ft the available thrust-to-weight ratio is a constant 
0.064 over a Mach number range from 0.6 to 0.8. The lift coefficient for best rate of climb as found 
from Eqn (9.30) is: 0.51. The corresponding flight Mach number is: M = 0.70. Figure 9.6 suggests 
that the actual best rate-of-c1imb speed occurs around M = 0.72. It is seen that the parabolic approxi
mation is rather good in Ihis case. 

The flight path angle, y, follows from: 

T - D Y = RC/V = ~av~~ 
W 

(9.32) 

Clearly, for constant thrust, the best climb angle occurs at the best lift-to-drag ratio. For the case 
of a parabolic drag polar it was seen in Chapter,S, Eqns (5.2) and (5.3) that this happens when: 

(9.33) 

From this it follows that, for constant thrust and a parabolic drag polar: 

C = jc ltAe 4e111 climb 4 Do 
(9.34) 

For the airplane represented by the data in Figures 9.4 and 9.5 it is found that: 
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Table 9.3 Example Calculations of Climb Rate Versus Mach Number for a Jet Transport 

W/& M T ,,/& - T r"ld/& 
T .v/& - T reqd/O aoMftl Re, ftlmin 

All. 1h< t W/o ftlsec 

Sea 637,000 0,35 76.000 0,119 390,6 2,789 

0.40 74,000 0. 116 446.4 3, 107 

0.50 56,000 0.088 558.0 2,940 

0.60 36,000 0.565 669.6 2,270 

0.70 16,000 0.0251 781.2 1,176 

0.74 0 0 825.8 0 

10K 926,141 0.40 73,000 0.0788 430.8 2,037 

0.50 75,000 0.0810 538.5 2,617 

0.60 56,000 0.0605 646.2 2,342 

0.70 34,000 0.0367 753.9 1,660 

0.72 0 0 775.4 0 

20K 1,385,084 0.50 54,000 0.0390 518.3 1,213 

0.60 56,000 0.0404 621.9 1,507 

0.70 46,000 0.0332 725.6 1,445 

0.80 19,000 0 ,0137 829.2 682 

!OK 0.83 a 0 860.3 a 
30K 2,141.177 0.60 6,000 0.0028 5967 100 

0.70 24,000 0.0112 696.1 468 

0.80 6,000 0.0028 795.6 134 

0.82 0 0 815.5 0 

36K 2,83 1,1l1 0.70 -26,000 -D.0092 677.8 - 374 

0,78 - 11,000 -0.0039 755.3 -177 

0.80 -1 5,000 -D.0053 774.7 -246 

0.90 -70,000 -D,2470 871.5 -1,292 

, 

/lI 
~-€J-- [}-~ g ~ 

"""-""~ 
=----;:J 

y 

0 0000 
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Figure 9.6 Rate-<>f-Climb for a Jet Transport 
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j l·Ol60 C. . = CD Me = 0 050 = 0.57 
~lcl1mt)4 0 • 

At sea-level this corresponds to a Mach number of 0.37. The corresponding climb angle is found 

from Figure 9.5 as: 

y = RC/Y = T av - D 
W 

_ 112,000 - 33,000 = 0124 d = 71 d 637 000 . ra . ego , 

9.2.2 CUMB PERFORMANCE FOR JET AIRPLANES AT STEEP ANGLES 

Equations (9.6) and (9.7) were derived for climbing flight at small flight path angles. For large 

flight path angles these equations become: 

and 

T - D = Wsiny 

L = Wcosy 

By dividing drag into lift it is seen that: 

L CL Wcosy 

D - CD - T - Wsiny 

Replacing cosy by jt - sin2y and solving for sin y it follows that: 

siny -
C2T 

L 

W(C[ + C~) { 
CZT }2 

W(q L+ q) 

(9.35) 

(9.36) 

(9.37) 

(9.38) 

It is seen from this equation that the climb angle is a function of CJCD and T/W. Evidently, 

whenever the thrust-to-weight ratio is large, the climb angle will be large. 

In the general case of a non-parabolic drag polar and an available thrust which varies with speed, 

Eqns (9.35) and (9.36) can be solved iteratively. Such an iteration might proceed as follows: 

1) Assume that the weight, W, the altitude, h, the flight speed, Y and the 

thrust-to-weight ratio, T/w are given. 

2) Assume first, that the flight path angle is zero. Eqn (9.36) is then used to 

calculate the lift coefficient, CL . 

Chapter 9 387 



CI imb and Drift~own Performance 

3) From the drag polar (non-parabolic), read Co for the computed CL . 

4) Compute the flight path angle, y from Eqn (9.35). 

5) Substitute y back into Egn (9.36) and repeat the process nntil the flight path angle 
has converged. A convergence accuracy of 0.1 degrees should be adequate. 

9.2.3 DRIFT -DOWN PERFORMANCE FOR JET AIRPLANES 

Whenever a multi-engine airplane is operated at its normal cruise altitude with all engines oper
ating (ABO) it will still be able to climb when the throttles are advanced to their most forward posi
tion. However, if one engine becomes inoperative (OEI) the airplane may no longer be able to climb 

or maintain the AEO cruise altitude: the thrust required (iucluding the drag due to the inoperative 
engine and the drag caused by re-trimming the airplane) may be greater than the thrust available 
with OEI. In that case the airplane is said to be in a drift-down mode. The airplane must then be 
flown to the OEI cruise altitude. 

The thrust required to fly level with OET will be called: Treqd . Because of the increased drag 
OEI 

with OEI it should be expected that: T ,.,," > T ceqd . The thrust available with OET will be 
'-"1 OEI AEO 

called: T av OEI' It should be expected that: T reqd
oEI 

< T av AIlO' Modification of Eqn (9.11) yields for 

the rate-of-descent, RD: 

RD- (9.39) 

Using notation similar to that employed in Eqn (9.27) this rate-of-descent can be rewritten as: 

RD = V 16 M reqdoo, av OEI 

(
T Ib - T Ib) 

aI>' Wlb 
(9.40) 

Of concern are the altitude at which OEI level flight is possible, the time required to drift down 
to that altitude and the steepness of the flight path during the drift-down process. 

The OEI cruise altitude is defmed as that altitude for which the rate-of-climb (RC) with OEI 
is at least 500 ftlmin. A more detailed discussion of drift-down performance is given in Section 9.4. 
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9.3 CLIMB AND DRIFT-DOWN PERFORMANCE OF PROPELLER 
DRIVEN AIRPLANES 

For a given altitude, speed and engine power setting, a given engine (piston or turbo-prop) will 

deliver a certain amount of shaft horsepower to the propeller shaft, SHP av. The propeller, when free 

of the airplane (free propeller) would covert this shaft horsepower into available thrust horsepower, 

called, THPavf=, with a free propeller efficiency of1']p,= : 

(9.41) 

The free propeller suffers three types of losses as pointed out in Chapter 7: rotational slipstream 
losses, tangential slipstream losses and blade profile drag losses. Together, these losses are ac-

counted for through the free propeller efficieucy of1]p<= . However, most propellers operate in front 

of or behind a body, fuselage or nacelle. This results in additional installation losses (blockage ef

fects and slipstream effects) which cause the actual propeller efficiency (also called propulsive effi-

ciency), 1']p to be less than that of the free propeller. In Chapter 7 these effects were lumped in to 

the installation efficiency, 1']p. . As a result, the actual available thrust horsepower is: 
InswJcd 

THP av = fJPrree11P'nStaiJed SHP av = l1propulsiveSHP av (9.42) 

It will be assumed in this chapter that the actual available thrust horsepower, THP", is known. 

For methods to compute the various propeller efficiencies the reader is referred to Chapter 7. 

9.3.1 CLIMB PERFORMANCE OF PROPELLER DRIVEN AIRPLANES 

9.3.1.1 The General Case 

The rate of climb, R.c. of a propeller driven airplane follows from Eqn (9.12): 

R.C. = (Tav - D)V _ 
W 

(THP av - THP req.v 

W 
(9.43) 

The available power depends on the available shaft horsepower and on the propulsive efficiency 

as shown in Eqn (9.42). The reader is referred to Chapter 7 for methods to predict the free and 
installed propeller efficiencies which together define the propulsive efficiency. 

As seen from Eqn (9.43), for a given amount of available power, the rate of climb clearly depends 

on the power required for level flight. For a given power setting, the power available depends on 

altitude (after accounting for installation and power extraction losses). Figure 9.7 shows an example 

of available shaft horsepower for different altitudes for two types of engine: a normally aspirated 
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Figure 9.7 Examples of the Effect of Altitude on Power Available From 
a Normall As irated Piston En ine and a Thrbo- ro En ine 

piston engine and a turbo-prop engine. Observe that the available shaft horsepower is essentially 
speed independent over a wide speed range. The available power, as can be expected from the very 
definition of power, becomes zero at zero air-speed. 

The fundamental equations for thrust and power required for level flight were derived before 
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Treqd = D = LID 

Preqd - DV 
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w 

W 
550 

W2C~ 
S (lC 3 

L 

(9.44) 

(9.45) 

The power required, as seen from Eqn (9.45), depends on altitude, weight, drag characteristics 

and wing area. It is instructive to examine how the required power varies with these four parameters. 

This is done in the following. 

Effect of Altitude and Weight on Power Required 

The speed for level flight at sea-level at a given weight and lift coefficient is: 

(9.46) 

The thrust required for level flight at sea-level at a given weight and lift coefficient is: 

T reqd,.1. - (9.47) 

where: CLiCD is taken at the lift coefficient of Eqn (9.46). 

The thrust horsepower required for level flight at sea-level at a given weight and lift coefficient 

is: 

THP - I (j2W3re
,) CD 

reqd, L - 550 (loS C~2 
(9.48) 

where: CJ)/C~2 is taken at the lift coefficient ofEqn (9.46). 

For flight at the same lift coefficient, the effect of weight and altitude on the speed follows from 

Eqn (9.46): 

V = V --/B1 
s.L W a 

ref 

(9.49) 

For flight at the same lift coefficient, the effect of weight on the thrust required follows from 

Egn (9.47): 
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(9.50) 

For flight at the same lift coefficient, the effect of weight and altitude on the power required fol

lows from Eqn (9.48): 

THP re<Jd = THP ceqd." (9.51) 

The effect of altitude on the power required of an example turbo-propeller airplane is shown in 

Figure 9.8. Two observations are in order: 

W ; 34,000 lbs For drag polar, see Fig. 8.17 

800 

o 
o 50 100 150 200 250 300 3SC 

Speed, V, kts ... 

Figure 9.8 Effect of Altitude on the Power Required for a Turbo-prop Airplane 

Observation 1: at higher altitude and at higher speeds, the power required is less than that re

quired at sea-level. A physical explanation can be given as follows. At higher altitude the lift coeffi
cient required for level flight will increase. This causes the induced drag to increase. However, in 

the higher speed regimes the lift coefficients will still be relatively small. Because the 

CL - CD curve is relatively flat in the range oflow lift coefficients, , the drag does not increase very 

rapidly with altitude. On the other hand, the power required is also proportional to atmospheric den

sity. The latter decreases rapidly with increasing altitude. The overall effect is for the power re-
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quired for level flight to decrease with increasing altitude: see Figure 9.8. 

Observation 2: the speed for maximum rate-of-climb increases with altitude. This requires 
the airplane to accelerate along its flight path during a climb. In turn, this need to accelerate requires 

that a correction to the rate-of-climb must be made. Section 9.5 contains a discussion of this correc

tion. 

The effect of weight on the power required of an example turbo-propeller airplane is shown in 

Figure 9.9. 

THP reqd' hp and THP aVo hp For drag polar, sec Fig. 8.17 

• 3,200 r;:::=:::r::==;--I--r:;;;~;-t::-:---uT.~--:=:-:n 
Sea-level THP.v, hp If r/ 1 THP,eqd' hp for:1 

1~1L.~-jW~~40~0~00~lb~SU I 
2,400 ", CL = 0.80 

.---J---~/u,~--,-~ 
1.45--

U. IW 34,OOOlbsl 

I W 28,000 lbs I 

o 
o 50 100 150 200 250 300 35( 

Speed, V, kts .. 

Figure 9.9 Effect of Weight on the Power Required for a Turbo-prop Airplane 

Effect of Wing Area on Power Required 

The wing loading of an airplane can be varied in two different ways: 

a) For a given wing area, the weight can be varied. That case was discussed in the foregoing. 

The drag polar of the airplane does not change in this case. 

b) Far a given weight, the wing area can be changed. This is an exercise frequently considered 

during the preliminary design stages of an airplane when it is not yet certain how much wing area 
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should be used. If the wing area for a given airplane design is changed, the drag polar changes. This 
effect will be illustrated for the case of a parabolic drag polar: 

(9.52) 

This drag polar is now written explicitly in terms of the wing contribution to zero-lift drag and 
the contribution to zero-lift drag of the rest of the airplane: 

n 

I CD,Sn 

CD + _1'--=-_1 
Owing S 

C2 + _L_ 

:n:Ae 
(9.53) 

where: CD 
Owing 

is the wing zero ift drag coefficient 

n 

I CD, Sn is the equivalent flat plate area of the rest of the airplane 
1 

By now varying S it is possible to account for the effect of changing wing area on the drag polar 
of an airplane. Figure 9.10 illustrates this effect for a twin turbo-propeller transport airplane. 

THP reqd' hp W = 34,000 lbs h = 20,000 ft For drag polar, see Fig. 8.y 
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Figure 9.10 Effect of Wing Area on the Power Required for a Turbo-prop Airplane 
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Observe that at low speeds the power required for level flight increases for decreasing wing area 
(i.e. increasing wing loading, W/S). This is because of the induced drag increase associated with 
the high lift coefficients required for flight at lower speeds. 

At higher speeds, the power required for level flight decreases with decreasing wing area (i.e. 
increasing wing loading). This is because the zero lift drag is less for smaller wing areas. Also ob
serve a rather wide 'in-between' range of aiTspeeds, where the tTends aTe variable. 

Effect of Drag Characteristics on Power Required 

It is seen from Eqns (9.47) and (9.48) that thrust and power required both depend on the relation
ship between drag coefficient and lift coefficient, in otheT words on the dTag polaT. The drag polaT 

for a given airplane can vary significantly with the configuration of the airplane and with the operat
ing state of the engines. 

Flaps up or down, landing gear up or down and AEO or OEI can have a significant effect on the 
drag characteristics of an airplane as shown in Figure 9.11 for an example turbo-propeller airplane. 
Note that at the same lift coefficient the drag increases significantly as a result of flap deployment, 
landing gear deployment or OEI. 

Observe from Figure 9.11 that the zero lift drag of the example turbo-propeller airplane in
creases by a factor oftive from clean, AEO to flaps full down, gear down and OEI. This will affect 
not only the power required for level flight, but, for a given amount of power available, the rate-of
climb capability of the airplane. This effect will be further discussed in Section 9.4. 

To illustrate the application of the methods discussed, a numerical example will now be given. 

Example 9.1: A twin engine, propeller driven airplane has the following characteristics: 

W = 4,6001bs S = 175 ft2 CL".u = 1.31 

CD = 0.0293 + 0.0557Ctsee Fig.9.12 

The task is to compute the power required versus speed and the rate-of -climb versus speed for 
three altitudes: sea-level, 7,500 ft and 15,000 ft. The power available data are given in Figure 9.13. 

Solution: Sea-level: The relationship between speed and lift coefficient is found from Eqn (9.15): 

W 4,600 
0.5xO.002377xl.6882y2S 
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_ 7,759 with Y in knots 
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The lift coefficient should not be greater than 1.31. the stated maximum lift coefficient. This 
puts a lower limit on the speed, V, Table 9.4 shows the results of calculating the power required with 
Eqns (9.44) and (9.45) at sea-level. Table 9.5 shows the results of calculating the power required 
at 7,500 ft and 15,000 ft by using Eqns (9.49) and (9.51). Results of these calculations are also 
plotted in Figure 9.13. 
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Figure 9.11 Effect of Airplane Configuration and Engine State on the Drag Polar 
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S - 175 ft2 clean airplane 

CL,na" 1.31 
t 
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Figure 9.12 Drag Polar for the Example Twin of Problem 9.1 

Table 9.4 Calculation of Power Required for Level Flight at Sea-level 
for the Twin with Drag Characteristics of Figure 9.12. 

CL CD C T . V 
Trcqd = W ---.!J (Ibs) THPreqd TO,]" 1 688 - 550 x . CL From Fig. 9.12 

1.21 0.1108 421 103 

0.96 0.0806 386 107 

0.77 0.0623 372 114 

0.54 0.0455 388 143 

0.40 0.0382 439 189 

0.30 0.0343 526 258 

0.24 0.0325 623 344 

0.19 0.0313 758 465 

LCL 
2W 7,759 with V in kts -

0.OO2377xV2x 1.6882x 175 
-

V2 
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Table 9.5 Calculation of Power Required for Level Flight at 7,500 ft and at 
at 15,000 ft for the Twin with Drag Characteristics of Figure 9.12. 

Sea-level 7,500 n, cr = 0.7981 15,000 n, cr = 0.6292 

Vs.I.' kts THPreqd" V, kts THP reqd V, kts THP reqd 

80 103 90 115 101 130 

90 107 101 120 113 135 

100 114 112 128 126 144 

120 143 134 160 151 180 

140 189 157 211 177 238 

160 258 17Y 28Y 202 325 

180 344 201 385 227 434 

200 465 224 520 252 586 

V Vs.l.j: ~ t L 
= THP d j(~)\ - W THPreqd 

ref - 1.0 req <.L W ref 0 
W rer 

.600 

THP .. 

THPa 

Iqd 
I 
v 

400 

200 

/ 
I/~ 

1/,.-
f/"-!i'''-o 

o 

W - 4,600 Ibs 

I 

I Sea level I :J:7 500 fd 
THP 

/ ~ 15 000 fti ISea level 
I / / 

// 
V 

..A 1/ '/ 
--

7500ft¥ 
I-"" h ~ 

/' /-- // 

l/ 115000ft~""" ~ 
'/' 

THP,..qdl 
,,/ ---./ ..-"-

..-,,-/ 

50 100 ISO 200 250 

V, kts ... 

Figure 9.13 Available THP and Required THP for the Example 
of Problem 9.1 
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9.3.1.2 The Case Of Parabolic Drag and Constant Power 

It is seen from Figure 9.13 that in the "normal" speed range the power available is roughly 

constant with speed. If the drag polar is assumed to be parabolic certain simplifications can be made. 

From Eqns (9.43) and (9.45) it can be concluded that the best rate of climb occurs when the ratio 

CD/c~2 is a maximum. With a parabolic drag polar this condition is satisfied when: 

( q)2 
Co" + iiAe 

- 0 

or when: 

lC1/ 2(C + q) 
2 L 0" rtAe 

This implies that: 

C2 
C - L - IC 

0" - 3n:Ae -"3 0; 

C3/22CL _ 0 
L rtAe 

The lift coefficient for the best rate of climb occurs at: 

(9.54) 

(9.55) 

(9.56) 

(9.S7) 

The following procedure can be used to estimate the maximum rate of climb for a propeller driv

en airplane when the drag polar is parabolic and the power available is constant with speed: 

Step I: Use Eqn (9.S7) to estimate CL bcM climb rule 

Step 2: Find the speed for best rate of climb from: V -
2W 

Step 3: Calculatc the drag coefficient from: CD - CD" + CL ... ,d;m.rn. 
2
/nAe 

Step 4: Calculate the drag from: W C CD 
Lbestdimb r.ll~ 
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Step 5: Calculate the power required from: THPreqd = D V 

Step 6: Determine the maximum climb rate from: R.c'max = (THPav - THPreqd)!W 

It is not quite as easy to find an analytical expression for the maximum climb angle. For that 

reason a graphical procedure is normally used. In Problem 9.4 the reader is asked to develop an ana
lytical method. 

An example application of the Step 1-6 procedure for finding the maximum climb rate of a tur
bo-prop airplane will now be presented. 

Example 9.2: A twin engine, turbo-propeller driven airplane has the following characteristics: 

W = 36,000 lbs S = 450 ftz CL - 1.4 ... 
CD = 0.0200 + 0.05Ci. 

The task is to equip this airplane with two turbo-propeller engines with sufficient available 
thrust-horse-power so that the maximum speed is 400 kts at sea-level. At this speed, the compress

ibility drag increment is assumed to be 0.0015. The maximum available THP established on this 
basis may be assumed to be constant with speed. Calculate the maximum rate-of-climb, the speed 

at which this occurs and also determine the corresponding climb angle. 

Solution: At the maximum speed of 400 kts at sea-level the lift coefficient is found as: 

_ W _ 
qs 

36,000 
0.5xO.002377x4002Xl.6882x450 

- 0.148 

The drag coefficient then is: CD = 0.0200 + 0.05xO.14S2 + 0.0015 = 0.0226 

The drag is equal to: D = 0.0226xO.5xO.002377x4002x1.6882x450 = 5,513 lbs 

The required thrust horsepower is: THP reqd = 5, 513x:~gx1.688 = 6,768 hp 

The latter now is the available thrust horse power for the maximum climb rate since the power 
available was assumed to be constant with speed. At the maximum climb rate, with Eqn (9.57): 

C. . = j3CD itAe = j3x(0.0200)/0.05 = 1.095 
~Ichmbrakl 0 

The speed for maximum rate of climb now follows from: 
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v - 2x36,000 
- 248fps - 147kts 

0.OO2377x 1.095x450 

At this speed, the drag coefficient is found from: CD = 0.0200 + 0.05xl.095 2 = 0.0800 

Note that the compressibility drag increment is now left out because the flight speed is low. 

The corresponding drag is: D = W~~ - 1.0~~i~g800 = 36,000/13.7 = 2,628 Ibs 

The corresponding required horsepower is: THP ""ld = 2,628x248/550 - 1,185 hp 

The maximum rate-of--climb now follows from Step 6 as: 

RC = (THP - THP )/W = (6,768 - 1,185)x550 _ 85.3 ft/sec _ 
max av ""ld 36 000 5, 116 ft/ min , 

The corresponding climb angle follows from: y = 85.3/248 = 0.34 rad = 19.5 deg. 

The reader will observe that this is no longer a small climb angle: it is larger than 15 degrees! 
Therefore, the small angle equations on which the solution to this problem is based may be question
able. Sub-section 9.3.2 deals with this question. 

9.3.2 CLIMB PERFORMANCE FOR PROPELLER DRIVEN AIRPLANES 
AT STEEP ANGLES 

For climbing flight at large flight path angles Eqns (9.35) and (9.36) were used for jet airplanes. 
They will be used here for a propeller driven airplane. 

and 

T - D = Wsiny 

L = Wcosy 

Eqn (9.58) is modified in terms of power: 

TV - DV = WVsiny or: DV = TV - WVsiny 

Dividing Eqn (9.59) by Eqn (9.60) yields: 

....1.... _ Wcosy 
DV TV - WVsiny 

Wcosy 
- =------''----

THP av - WV siny 

This can be rewritten as: 
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(9.60) 

(9.61) 
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(9.62) 

By rearrangement this results in the following quadratic equation for the flight path angle: 

(9.63) 

The flight path angle then follows from: 

siny = (
THPav) Ct + 

WV Cl + q, 

( 

C2 )2 L THPav 
{ q (THPav)2} + 

C2 + C2 WV 
L D 

C2 + C2 
L D 

(9.64) 

Note that the minus sign is required (and not the plus sign) in front of the square root. 

The procedure for finding the flight path angle in a practicat case is an iterative one: 

Step 1: Determine the available thrust-horse-power, THPav and assume that it is constant 

with speed, V. 

Step 2: Select a specific value of speed, U 

Step 3: Solve Eqn (9.59) for the lift coefficient, CL while assuming that y = o. 

Step 4: Find the lift-to-drag ratio, CdCD . 

Step 5: Use Eqn (9.64) to solve for y. 

Step 6: Solve Eqn (9.59) for the lift coefficient, CL while assuming that y = y. 

Step 7: Find the new lift-to--drag ratio, CdCD . 

Step 8: Use Eqn (9.64) to solve fory. 

Repeat this iteration until the night path angle is within 0.1 degrees. 
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For the case of Example 9.2 it is seen that Eqn (9.64) yields: 

sin - ( 6,768 )( 1.0952 
) + 

y - 36,00Ox248/550 1.0952 + 0.08002 

1.0952 6,768 1.0952 6,768 + 0.08002 2( )2 ( )2 
(1.0952 + 0.08002) 36,000x248/550 - 1.0952 + 0.08002 36,000x248/550 1.095 + 0.08002 

or: siny = 0.9947x0.4169 - JO.99472x0.41692 - 0.9947x0.41692 + 0.0053 = 0.35 

This yields: y = 20.4 deg. This is not very different from what was found with the small angle 

theory in Suh-section 9.3.2. The reason is that this angle is still not very steep. 

9.3.3 DRIFf -DOWN PERFORMANCE FOR PROPELLER DRIVEN AIRPLANES 

Whenever a multi-engine airplane is operated at its normal cruise altitude with all engines oper
ating (ABO) it will still be able to climb when the throttles are advanced to their most forward posi
tion. However, if one engine becomes inoperative (OEI) the airplane may no longer be able to climb 
or maintain the ABO cruise altitude: the power required (including the drag due to the inoperative 
engine and the drag caused by re-trimming the airplane) may be greater than the power available 
with OEI. In that case the airplane is said to be in a drift-down mode. The airplane must then be 
flown to the OEI cruise altitude. For small propeller driven twins with normally aspirating piston 
engines the single engine ceiling may be considerably less than the terrain height over which the 
flight is being conducted. Pilots had better be aware of this. 

The power required to fly level with OEI will be called: THP reqd • Because of the increased 
OEO 

drag with DEI it should be expected that: THP reqd > THP reqd . The power available with OEI 
0" AID 

will be called: THP aVOEl' It should be expected that: THP avOEI < THP reqd
oEl 

• The rate-of-descent, 

RD, is found by a modification of Eqn (9.11): 

RD 
= (DOE! - T.vo,,)V 

W 
= (THP reqdoEl 

W 
(9.65) 

Of concern are the altitude at which OEI level flight is possible, the time required to drift down 

to that altitude and the steepness of the flight path during the drift-down process. 

The OEI cruise altitude is defined as that altitude for which the rate-of-climb (RC) with OEI 
is at least 500 ft/min. A more detailed discussion of drift-down performance is given in Section 9.4. 

Chapter 9 403 



Climb and Drift-down Performance 

9.4 METHODS FOR PREDICTING TIME-TO-CLIMB, TIME-TO
-DRIFT -DOWN, AEO CEILINGS AND OEI CEILINGS 

In this Section the following performance aspects will be presented: 

9.4.1 Method for Predicting Time-to-Climb Performance 
9.4.2 Method for Predicting Time-to-Drift-down Performance 
9.4.3 Method for Predicting AEO and OEI Ceilings 

9.4.1 METHOD FOR PREDICTING TIME-TO-CLIMB PERFORMANCE 

The rate-of-climb, R.C. of an airplane was defined in Eqn (9.8) as: 

R.c. ~ dh 
dt 

(9.66) 

The time required to climb from one altitude to another can therefore be evaluated from: 

The horizontal distance covered during the climb may be estimated from: 

h, 

ds ~ J Vcosydt = V.ve(tz - t1) ~ RCL 

h, 

The weight of the fuel consumed during the climb may be estimated from: 

tz h2 

W ~ J W dt ~ J WPCLdh 
FCL FCL R.C. 

Il h[ 

(9.67) 

(9.68) 

(9.69) 

The integrals in Eqns (9.67) through (9.69) are normally evaluated numerically. There are sever
al reasons for this: 

a) The rate-of-climb, R.C. depends on airplane configuration, weight, altitude and thrust or 
power setting, all of which may vary during the climb 

b) The speed during the climb is in general not a constant. 
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c) The fuel flow rate, W f ' depends on airplane configuration, weight, altitude, and thrust or 

power setting, all of which may vary during the climb. 

The functional relationships needed to perform the integrations explicitly are normally so com

plicated that explicit integration becomes impractical. Numerical integration can be accomplished 

in the following four steps: 

• 

Step 1: 

Step 2: 

Step 3: 

Determine the maximum rate-of-climb for a range of altitudes and for a range of 

weights, all at a given thrust or power setting. Which thrust or power setting should 
be used depends on the type of engine and on any installation limitations' which are 

associated with that engine. These calculations may be done: 

at maximum continuous thrust or power 

at maximum climb thrust or power 

at any other thrust or power required 

These calculations are normally done for standard atmospheric conditions with 

increments of +/- 5 degrees C. 

The maximum rate-of-climb may be determined with the method implied by 

Eqn (9.27) for jets and Eqn (9.43) for propeller driven airplanes. 

Plot the maximum rate-of-climb versus altitude and weight for a given thrust or 

power setting at a given atmospheric temperature. 

An example graph is given in Figure 9.14. Note the three ceiling definitions. 

Eqns (9.67) through (9.69) can be evaluated numerically with a table or spreadsheet. 

An example tabulation is given in Table 9.6. 

Notes with Step 3: The calculation starts by dividing the expected airplane ceiling 
into incremental ranges of altitude. The following incremental ranges are recom

mended: 

for fighters: 

for jet transports: 
for propeller driven transports: 

2,000 ft 

4,000 ft 
5,000 ft 

Typical installation limitations may involve the use of air-conditioning packs, anti- or de-icing 
systems and other systems which consume a significant amount of power. 
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• 
Turbo-prop transport for a range of weights, given power setting, given temperature 

Altitude, [\bsol te ce ing 
feet 30K 

"" "" 
I Service ceiling for piston airplanes I 

I I 

20K 
~ '" 

Service ceiling for jet airplanes I 
......... "'-

r--. "'" l>< V Increasing 

......... Weight 

$' ~ "'" "'" ~ I'-.. 

"" "- "-
r'I'-.. I'-.. ~ 

10K 

"- "- " '" ~ ~ 
° o 100 500 1,000 2,000 

Maximum Rate-of-climb, R.l'.max, ftlmin ... 

Figure 9.14 Example of Maximum Rate-of-c1imb Versus Altitude aud Weigbt 

Table 9.6 Numerical Integration for Time-to-climb, Distance Covered 
and Fuel Used 

Range of Average Increment in Increment in Average Average Time Total 
Press. All. Press. All. Press. All. True Alt. Weight R.c. Increment time 

(1) (2) (3) (4) (5) (6) (7) (8) 

Select Compute 11hp = ilh true = Assume R.C. ave 11t = ~11t 

hI to h2 hi + h2 11h x Abs. T 11htrue " " h - h2 p p 
I" P Wave See 2 " Abs.Std, T 

Fig. 9.15 R.C· ave 

(9) (10) ( 11) (12) (13) (14) 

Average Incremental horizontal Horizontal Average fuel Incremental Total fuel 
flight distance covered distance flow rate fuel used used in 
speed covered 

W f 
climb 

V3ve 11S = Vave X 11t ~11S 11Wf = ~11Wf 
From climb From engine 
performance data data W f x ill 
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Valid for a given power setting and a given temperature • Altitude, 
feet 

I I I . f-... Increasing 
See application of 

V Weicrht 

~ t'-:, Egn (9,74) on p, 409 
!/ 

30K 

~ ~ ~"'-.. 1'-., / 
V 

/ "-1'-..' ~ ~ 
Wave - 33,720 Ibs 

k' 

20K 

l" ~ "'" "-I"-

'" 'i~ "-
J"... N ~ 

10K 

." " " '" "- ",-" o 
1,000 R,C. ave 2,000 o 

Maximum Rate-of-climb, R.c. m"", ftlnUn ... 

Figure 9.15 Example of Maximum Rate-of-climb Versus Altitude and Weight 

The calculations should be done for a range of airplane weights at the beginning of 
the climb. The selected range of weights depends on the airplane type. For a B-747, the weight 
difference between take-off and landmg on a maximum payload-range mission is about 40%. In 
such a case weight increments of 5% should be accounted for in climb calculations. 

The R.C. calculated for each step is the average R.C. for the average weight of the 

airplane in climbing from hi to h2 . 

After the fuel weight used in climbing from one altitude to another has been deter
mined, the average weight assumed for the climb calculations may have to be iteraled. 

Step 4: Plot the varialions of distance, fuel used and time-to-cl imb for the range of altitudes 
and airplane weights. An un-scaled example of such plots is shown in Figure 9.16. 

A numerical example of the calculation of the time to climb to altitude is now presented for the 
case of the turbo-prop airplane at a constant weight of 33,720 Ibs. The maximum rate-of-climh 
data are those of Figure 9.15. The example is given in Table 9.7. 

Table 9.7 shows that the time required lo climb to 30,000 ft (which is approximately the service 
ceiling for this airplane) is just under 44 minutes. 
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Pressure Pressure Pressure 
altitude, altitude, Initial altitude, 
ft • Initial 

climb 
weight 

ft • 
Increasing 
weight at 
start of climb 

Horizontal distance 
covered, ft or nm 

ft • 

Increasing 
weight at 
start of climb 

Fuel used, Ibs ... 

Initial 

Increasing 
weight at 
start of climb 

Time spent, t, 
min. or hrs 

Figure 9.16 Example Plot of Distance Covered, Fuel Used and Time Spent in a Steady Climb 

Table 9.7 Numerical Determination of the Time-to-Climb to 30,000 ft 

Altitude, Maximum Rate- Average Rate- Time Total time 
ft of -climb, ftlmin of-dimb, ftlmin increment, min. spent, min. 

R.C. max R.c. ave At; t = ~M 
I 

0 1,700 0 
1,600 3.13 

5,000 1,500 3.13 
1,390 3.60 

10,000 1,280 6.73 
1,155 4.33 

15,000 1,030 11.06 
885 5.65 

20,000 740 16.71 
585 8.55 

25,000 430 25.26 
275 18.18 

30,000 120 43.44 , t 
From Fig. 9.15 Time to climb to 30,000 ft 
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It is seen from Figure 9.14 that the maximum rate-of-dimb, when plotted against altitude can 
be represented by sequential straight line segments, or in some cases, by one straight line. For a given 

altitude interval the R.C. at any altitude, h, may he written as: 

(9.70) 

where the slope, k, may be determined from: 

(9.71 ) 

In such a case, the time-to-climb can evaluated directly from Eqn (9.67) as; 

(9.72) 

In the following it is assumed that the entire plot of maximum R.C. versus altitude can be repre
sented by a straight line, as shown in Figure 9.17. 

Altitude. 
h in ft 

h 

~ Absolute ceiling 
..... 

R.C' h Maximum Rate-of-climb, 
R.e., in fpm ... 

Typical values for absolute ceilings are: 
Type Absolute Ceiling, ft 
Piston-propeller 

Normally aspirated 
Supercharged 

Turbo-jets and -fans 
Commercial 
Military 
Fighters 
Trainers 

10K -- 18K 
15K -25K 

35K-50K 
40K-55K 
55K-75K 
35K-45K 

Figure 9.17 Linearized Maximum R.c. with Altitude and Example Absolute Ceilings 

In this case, the climb performance can be modelled as: 

(9.73) 

The time-to-climb to a given altitude, h, for a given absolute ceiling, habsolut. ' and for a given 

sea-level maximum rate-of-climb, R.e.o, may be determined from: 
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t. = h.bsolute In( 1 ) 
chmb R.c.o 1 - h/habsolute 

(9.74) 

In preliminary design, Eqn (9.74) can be used to determine the required, maximum sea-level 

rate-of-climb, R.c.o required to satisfy a given time-to-climb to altitude requirement. 

Eqn (9.74) can be applied to the case of the turbo-prop transport of Figure 9.15. The straight 
line approximation, drawn in Fig. 9.15 suggests: 

R.c.o = 1,850 ft/min and habsolute = 32,000 ft 

Eqn (9.74) yields for the time-to-climb to 30,000 ftc 48 minutes. This is not too far from the 
numerically determined time of 44 minutes. 

Another useful graphical representation of the ability of an airplane to reach a given altitude for 
a given weight, is to plot: 

a) the thrust-limited altitude as a function of weight for various thrust settings 
b) the buffet-limited altitude for various thrust settings 

Figure 9.18, based on the Fall 1996 issue of Boeing Airliner magazine shows an example. 

The maximum certified altitude (MCA) of the 747-400 is 45,100 ft. The MCA depends on the 

ability of the fuselage structure to withstand the pressure differential between the cabin pressure and 
the prevailing outside air pressure. As seen in Figure 9.18, the 747-400 with PW4000 engines can 
reach that altitude only at very low weights. 

The thrust-limited altitude is plotted for the following two cases: 

1) with a 100 ft/min residual climb capability 
2) with a 300 ft/min residual climb capability 

The buffet-limited altitude is plotted for the following two cases: 

1) with a 0.2g margin to initial buffet (this allows 34 degrees of bank in a level turn) 

2) with a O.3g margin to initial buffet (this allows 40 degrees of bank in a level turn) 

Initial buffet is defined as a condition of a peak-to-peak 0.1g accelerometer reading at the pilot's 
seat track. It is normally caused by a shock induced flow separation somewhere on the wing (high 

speed buffet) or a stall induced flow separation somewhere on the wing (low speed buffet). 
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Data from: Ref. 9.6 

Maximum ( ~rtified Altitu 
Buffet limited altitude: 

e 0.2g margin to initial buffet 
-.......; ~ .......... ...... Buffet limited altitude: ... 0.3g margin to initial buffet 

~ 
Thrust limited altitude: ~-~ 
300 ft/min residual climb rate :-.;: 
at maximum climb thrust, ISA r~~ 

Thrust limited altitude: 
100 ft/min residual climb rate 
at maximum climb thrust, ISA 

I 
400 500 600 700 800 

Weight in 1,000 Ibs ..-

Figure 9.18 Achievable Altitudes as a Function of Weight 
for the Boein 747-400 with P&W4000 en ines 

900 

9.4.2 METIIOD FOR PREDICTING TIME-TO-DRlFr-DOWN PERFORMANCE 

When one engine becomes inoperative (OEI) the performance of an airplane is affected in two 
ways: 

a) The amount of available thrust (or power) is reduced 

b) The drag of the airplane is increased because of the extra drag on the stopped engines 
and the trim drag required to keep the airplane on a straight line flight path 

As a result, when an airplane is operating at its maximum cruise altitude, it will have to descend 
(i.e. drift down) to a lower altitude. Particularly for transoceanic twins, operating under ETOPS 
(Extended Range Twin Engine Operations) rules, the time to drift-down, the distance covered and 
the remaining range capability of the airplane on one engine and with a higher drag level all at the 

OEI cruise ceiling can become important issues. 

The rate-of-descent (R.D.) of an airplane with OEI may be determined with Eqns (9.40) and 

(9.65) for jet and for propeller driven airplanes respectively. 
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The rate-of-descent, R.D. of an airplane was defined in Eqn (9.17) as: 

R.D. = _ dh 
dt 

(9.75) 

The time required to drift-down (descend) from one altitude to another follows from: 

h, 

J -dh 
t2 - t1 = --

R.D. 
(9.76) 

hI 

The horizontal distance covered during the drift-down maneuver may be estimated from: 

h, 

ds = J V cosydt = V.ve(t2 - t1) 

hI 

(9.77) 

The weight of the fuel consumed during the descent may be estimated from: 

(9.78) 

The integrals in Eqns (9.75) through (9. 78) are normally evaluated numerically. There are sever
al reasons for this: 

a) The rate-of-descent, R.D. depends on airplane configuration, weight, altitude thrust or 
power setting, and added drag, all of which may vary during the climb 

b) The speed during the climb is in general not a constant. 

c) The fuel flow rate, VI f ' depends on airplane configuration, weight, altitude thrust or 

power setting, and added drag, all of which may vary during the climb. 

The functional relationships needed to perform the integrations explicitly are normally so com
plicated that explicit integration becomes impractical. Numerical integration can be accomplished 
in the following four steps: 

Step 1: 

412 

Determine the minimum rate-of-descent for a range of altitudes and weights, at a 
given thrust or power setting for the OEI condition. The thrust or power setting to 
be used depends on the type of engine and on any installation limitations (See foot
note on p. 405.) which are associated with that engine. The calculations may be done: 

at maximum continuous thrust or power 
at maximum climb thrust or power 
at any other thrust or power required 
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Step 2: 

Step 3: 
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These calculations are normally done for standard atmospheric conditions with 
increments of +/- 5 degrees C. The minimum rate-of--descent may be determined 
with the method implied by Eqn (9.40) forjets and Eqn (9.65) for propeller airplanes. 

Plot the minimum rate-of-descent versus altitude and weight for a given thrust or 
power setting at a given atmospheric temperature. 

Figure 9.19 shows the thrust available and thrust required data for a range of altitudes 
for a twin engined business jet with a weight of 16,000 Ibs. Observe that the thrust 
available with one engine inoperative is roughly halfthat with all engines operating. 

Also observe that the thrust required with one engine inoperative is somewhat higher 

than that required for all engines operating. The reason is item b) on page 411. 

For the case of Figure 9.19 it is seen that the airplane must descend for altitudes high
er than 20,000 ft. Table 9.8 contains the minimum descent rate calculations based 
on the data on the right side of Figure 9.19. The data are plotted in Figure 9.20. 

The descent calculations arc continued until the airplane reaches its so-called om 
cruise altitude. The OEI cruise altitude is defined as that altitude for which (at the 
given weight) the airplane can climb at R.C. = 100 ftlmin. 

For the airplane of Figure 9.19 at a weight of 16,000 Ibs that altitude is established 
by interpolation in Figure 9.20: the OEI ceiling is 25,200 ft. 

Eqns (9.76) through (9.78) can he evaluated numerically with a tahle or spreadsheet. 
An example tabulation is also given in Table 9.8. The calculation starts by dividing 
the expected airplane ceiling into incremental ranges of altitude. The following in
crementa! ranges are recommended: 

for fighters: 
for jet transports: 
for propeller driven transports: 

2,000 ft 
4,000 ft 
5,000 ft 

It is seen in Figure 9.20 that the R.D. versns altitude is essentially a straight line. With 
Eqn (9.76), this would theoretically result in an infinite time to descend. In practice 
the airplane will be flown with a rate of descent not less than about 100 ftlmin. The 
descent time from 40,000 ft to the OEI ceiling may be evaluated by numerical in
tegration. The results are also shown in Table 9.S. The descent time to the OEI ceil
ing (also called the drift--down time) is estimated to be 45.9 min. 
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Table 9.8 Numerical Determiuation of the Time-to-Descend to OEI Cruise Altitude 

Altitude. T -T M V Minimum Rate 
reqdOl;] av OEI 

-of--descent, W = 16,000 Ibs tl Ibs ftlsec fUmin Standard atmosphere 

40,000 500 0.70 678 1,271 

35,000 333 0.63 613 765 These data are plotted 
> 

30,000 167 057 567 355 
in Figure 9.20 

25,000 -67 0.51 518 -130 -

Altitude, Altitude Average Rate- Time Total time 
ft Increment, of --descent, increment, min. spent, nun. 

ft R.D.ave £tlmin ll.t, t = ~ll.ti 
40,000 

36,000 
4,000 1,100 3.6 3.6 

4,000 700 5.7 9.3 
32,000 

27,600 
4,400 350 12.6 21.9 

2,400 100 24.0 45.9 
25,200 , , 

I. From Fig. 9.20 Time to drift--down to GEl ceiling 

Minimum Rate
of -<Ie scent, ftlmin 

W = 16,000 lbs, Standard Atmosphere 

• 1,500 ,-----,,-----,,-----,,-----.,-----.---.-r---.---.---.---, 

1,000 i7S-77i.9"""":::I---+--t---1I---tt---t---t---+---j 

500 

+100 

-100 

100 

_500L-_~_~_~ _ _L_~ __ U-_~L_J-_ _L __ ~ 

40,000 30,000 GEl Ceiling 

Altitude .. 
20,000 

Figure 9.20 OEI Minimum Descent Rate Versus Altitnde for the Airplane of Figure 9.19 
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Climb D.nd Dri fL-down Performance 

The horizontal dis tance covered depends on the average speed which, according to 
Table 9.8, is roughly 598 ftlsec . The horizontal distance covered is given by: 
45.9 x 60 x 598/6,076 = 271 n.m. 

Notes with Step 3: The ctistance covered durin g the OEI drift--{\own is an important 
parameter in flight track planning for over- waler flights, wltere so-<:alled "wet foot
prints" must be avoided. A wet foot-print (meaning landing in the water, following 
flame-out oftlte remaining engine due to fuel starvation) occurs if an airplane, when 
suffering an engine out conctition during a prolonged over-waler flight, cannot reach 
a suitable diversion airport. The operational importance of the wet foot · print idea 
is discussed in detail in Reference 9.8. 

Note that there is a problem with these calculations. The minimum rate of descent occurs at a 
lower Mach number as t.he airplane descends. This requires the pilot to slow the airplane down. 
Low speed buffet considerations may inhibit this. Also, to ea~e pilot workload in such a descent, 
it wou ld be preferred to fly at a constant Mach nu mber. Modern fl ight management systems (FMC) 
can be programmed to fly a drift--{\own pattern automatically. 
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9.4.3 METHOD FOR PREDICTING AEO AND OEI CEILINGS 

Several previous discussions have already mentioned various definitions of airplane ceilings. 
It is useful to review these definitions in one place. 

Absolute Ceiling 

The absolute ceiling of an airplane is that altitude at which the rate-of-climb, R.C. = o. 

For a given weight, the rate of climb depends on the air-speed and on the thrust (or power) level 
selected by the pilot. In the case of the absolute ceiling at a given weight, the thrust level is assumed 
to be the maximum continuous thrust (or power) allowable in civil operations and the maximum 
military thrust (or power) in military operations. The speed is that at which the thrust required (or 
power required) becomes tangent to the thrust available (or power available) curves. 

Figure 9.21 shows a graphical example illustrating how the absolute ceiling comes about. 

Tav 
Given weight, 

P reqd 

Given weight, 
altitude and altitude and 

T reqd 
temperature 

Pay 
temperature P reqd 

• • 

Speed, V Speed, V 

Figure 9.21 Method for Determining the Absolute Ceiling of an Airplane 

A more direct graphical method for determining the absolute ceiling is to plot the maximum 
available climb rate versus altitude as shown in Figure 9.17. Extending Figure 9.17 to negative 
climb rates (i.e. rates of descent) results in a combination of Figures 9.17 and 9.20 and is shown in 
Figure 9.22. 

This definition of absolute ceiling applies to AEO and OEI operations. Obviously with OEI the 
available thrust (or power) will be less than that for AEO. Also, with OEI the drag of the airplane 

will be higher than that with AEO. Figure 9.19 provides an illustration of the difference between 

AEO and OEI characteristics. 
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Altitude. h 

Minimum Rate-of-Dcseent 
R.D. 

+ 

o 

Given weight, thrust (or power) 
setting and temperature 

Absolute Ceiling 

Maximum Rate-of-Climb 
R.C. 

Figure 9.22 Direct Method for Determinin the Absolute Ceiling of an Airplane 

Service Ceiling 

The service ceiling of an airplane is that altitude at which the rate-of-dimb, takes on the follow
ing values: 

at maximum continuous thrust or power: 
for commercial piston-propeller airplanes R.C. = 100 [tlmin. 
for commercial jet airplanes R.C. = 500 ftlmin. 

at maximum military thrust or power: 
for military airplanes R.C. = 100 ftlmin. 

The graphical method of Figure 9.23 may be used to determine the service ceiling. 

Altitude, h Given weight and temperature 

+ - Civil: maximum continuous 
thrust or power 

Service Ceiling 
_______ Military: maximum military 

'------~ 
thrust or power 

R.C. = 100 ftlmin. or 500 ftlmin. I 
........... 

0 Maximum Rate-of-Climb 
R.C. ... 

Figure 9.23 Direct Method for Determining the Service Ceiling of an Airplane 
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This definition of service ceiling applies to ABO and OEI operations. Obviously with OEI the 
available thrust (or power) will be less than that for ABO. Also, with OEI the drag of the airplane 
will be higher than that with ABO. Figure 9.19 provides an illustration of the difference between 
ABO and OEI characteristics. 

Cruise and Combat Ceiling for Military Airplanes 

The cruise and combat ceiling of a military airplane is that altitude at which the rate-of-climb, 
takes on the following values: 

Cruise ceiling at maximum continuous thrust or power for M<I.0: 300 ft/min. 

Combat cciling at maximum thrust or power 

for M>l.O 1,000 ft/min. 

for M<l.O 
for M>l.O 

500 ftlmin. 
1,000 ft/min. 

The method used to determine these ceilings is similar to that suggested in Figure 9.23. 

Table 9.9 shows examples of various airplane ceilings published in Jane's All the World's Air
craft of 1995-1996 (Ref. 9.7). Note the significant differences between ABO and OEI ceilings. 

Table 9.9 Examples of Airplane Ceilings (Data from: Ref.9.7) 

N.A.; Not applicable Weight, Maximum R.C. Service Ceiling 

Type in Ibs at sea-level in feet 
in ft/min. ABO OEI 

SukhoiSu-22M-4 42,770 45,275 49,865 N.A. 

Lockheed-Martin F -16C 27,185 N.A. 50,000 Not app!. 

McDonnell-Douglas F/A-18C 36,710 N.A. 50,000 (Combat) N.A. 

Northrop-Grumman B-2A 336,500 N.A. 50,000 (Combat) N.A. 

Fairchild Metro 23 16,500 2,700 25,000 11,600 

Boeing 767-200 300,000 N.A. N.A. 21,400 

Cessna Citation VI 22,000 3,700 51,000 23,500 

Cessna Citationjet 10,400 3,311 41,000 26,200 

Beechcraft 1900D 16,950 2,625 33,000 17,000 

Piper Malibu Mirage 4,300 1,218 25,000 Not app!. 
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9.5 EFFECT OF FORWARD AND VERTICAL ACCELERATIONS 
ON CLIMB PERFORMANCE 

The effects of forward and vertical acceleration as expressed by the right hand side terms in 

Equations (9.1) and (9.2) have been neglected in the previous sections. Therefore, only steady state 
climb cases could be considered. In this section, the effect of forward accelerations will be consid

ered in Sub-section 9.5.1. A brief discussion of the effect of vertical accelerations will be given in 
Sub-section 9.5.2. 

9.5.1 EFFECT OF FORWARD ACCELERATION 

If the effect of vertical acceleration in Eqn (9.2) is neglected and small flight path angles are as

sumed (L = W) the resulting flight situation is referred to as quasi-steady flight. The rate-of-climb, 
according to Eqn (9.10) can then be expressed as: 

(T - D)V 

R.C. __ ~W~" 
I + VdV 

g dh 

This equation can be re-arranged to yield: 

R.C.(1 + VdV) = (T - D)V = Pay - Preqd 
gdb W W 

(9.79) 

(9.80) 

In this form, the right hand side is referred to as the specific excess power of the airplane. 

The term (V/g)(dV/dh) is called the acceleration factor. The effect of this acceleration factor 

on climb performance will now be discussed. 

To determine the numerical value of the acceleration factor, the speed-versus-altitude schedule 

of the airplane must be known. It has been shown that the Mach number associated with the maxi

mum rate of climb of an airplane increases with altitude. Therefore, an airplane must accelerate 

along its flight path to keep flying at the maximum R.C. This would result in a fairly complicated 
speed-altitude schedule during a climb. In turn, this would be a difficult task for a pilot. As it turns 

out, for most airplanes, a constant calibrated air-speed can be identified which corresponds roughly 
to the speed-altitude schedule for maximum rate-{)f-climb. 

Therefore. in practice, pilots and performance programs written [or flight management systems, 

assume that airplanes are climbed at a constant calibrated air-speed (equivalent air-speed corrected 

for compressibility) until the cruise Mach number is reached. Following that, climb is continued 

to the initial cruisc altitude at constant Mach number. 
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During climbs in the troposphere (below 36,089 ft) a constant calibrated air-speed schedule is 

followed which implies that the correction factor, YdY/gdh can be taken at constant calibrated air-

speed, Yc ,which is plotted in Figure 9.24. At altitudes above 36,089 (stratosphere) most jets are 

climbed at constant Mach number so that dYjdh = O. 

For the reasons given before, two cases are of special interest in the troposphere: 

a) Climb at constant equivalent air-speed 

and 

b) Climb at constant Mach number. 

The correction factors which apply to these cases are derived in Sub-sub-sections 9.5.1.1 and 
9.5.12 respectively. 

9.5.1.1 Climb at Constant Equivalent Air-speed 

At constant equivalent air-speed, the true air-speed will increase with increasing altitude in ac
cordance with: 

Y -

The dV/dh term in Eqn (9.80) can now be written as: 

dV 
db 

dyda 
~-

da dh 

(9.81) 

(9.82) 

The derivative da I dh depends on the altitude, h, itself. Because flight at constant equivalent 

air-speed is typically conducted in the troposphere (i.e. well below 36,089 ft in the standard atmo
sphere) it follows from Eqns (1.17) and (1.15) that: 

a = E... = (1 - aht where: a = 6.875x10- 6 ft- l and b - 4.2561 
po 

Therefore, for climbs in the troposphere the R.C. correction factor is:: 

V a- 1/2 
- -ab Ve -

2g 8 

Chapter 9 

y2 ab 

2gVilY~ 

2 
_ abYa, M2 _ 

2g 
O.567M2 

(9.83) 

(9.84) 
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Figure 9.24 Effect of Altitude and Calibrated Air-speed on the Acceleration 
Correction Factor (Based on Ref. 9.9) 
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9.5.1.2 Climb at Constant Mach Number 

In an accelerated climb profile, the cruise Mach number is normally reached well before the limit 
of the troposphere is reached. For flight in the troposphere the flight speed, V, can be expressed as: 

v = M Va = M(ygRT)I/2 = M(ygR)1/2(1 _ ah)1/~1/2 
o 

To arrive at Equation (9.85), use has been made of Eqns (2.31) and (1.15) 

After differentiation: 

-1/2 
dV = M(ygR)I/2TI/21( _ a) (.I.) 
dh 0 2 To 

From this it follows that the R.C. correction factor can be written as: 

The effect of this acceleration correction factor to R.C. is illustrated in Example 9.3. 

(9.85) 

(9.86) 

(9.87) 

Example 9.3: Calculate the correction factor to the rate-of-climb, R.C. for the following 
two cases: 

Solution: 

a) A typical propeller transport which climbs at a constant calibrated air-speed 

ofVc =120kts 

b) A typical jet transport which climbs at a constant calibrated air-speed of 
280 kts (note: strictly speaking, below 10,000 ft a speed of 250 kts may 
not be exceeded). 

The calculatious for cases a) and b) are presented in Table 9.10. 

The results in Table 9.10 indicate the following: 

(1) To climb at a constant calibrated air-speed, the true air-speed must increase as the 
altitude is increased. 

(2) For the propeller driven transport, if the acceleration factor is ignored, the predicted 
rate-of-climb will be too high by 2% at sea-level and by 10% at 40,000 ft. 
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(3) For the jet transport, if the acceleration factor is ignored, the predicted rate-of -climb 
will be too high by 9% at sea-level and by 21 % at 40,000 ft. 

The results obtained for the propeller transport are consistent with results obtained in Ref. 9.10. 

Table 9.10 Calculation of Climb Rate Correction Factor for Two Transports 

a) Propeller Transport at 120 keas 

Density V 
Vc - tJ.Vc VdV 1 

Altitude, t;, V c, kts -
Fa + VdV ratio, a g dh 1 h, ft 

(Appendix A) (Fig. 2.9) kts (Fig. 9.24) g dh 

0 1.0 0.0 120.0 0.D18 0.982 

10,000 0.73848 0.3 139.3 0.D25 0.976 

20,000 0.53281 0.6 163.6 0.038 0.963 

30,000 0.374l3 1.2 194.2 0.060 0.943 

40,000 0.24617 2.0 237.8 0.115 0.897 

b) Jet Transport at 280 keas 

Density V 
Vc - /1Vc VdV 1 

Altitude, ratio, a tJ. V c, kts -
Fa + VdV g dh 1 h, ft 

(Appendix A) (Fig. 2.9) kts (Fig. 9.24) g dh 

0 1.0 0.0 280.0 0.096 0.912 

10,000 0.73848 2.8 322.6 0.135 0.881 

20,000 0.53281 6.6 374.6 0.188 0.842 

30,000 0.37413 12.5 437.3 0.265 0.791 

40,000 0.24617 21.0 522.0 0 1 

Note: at 40,000 ft the jet is assumed to fly at constant Mach number 

9.5.2 EFFECT OF VERTICAL ACCELERATION 

For reasons of comfort, passenger airplanes must be flown along approximately straight lines: 
even small, constant vertical accelerations (perpendicular to the flight path) are not acceptable. This 
is the condition assumed in quasi-steady flight: only acceleration along the flight path is accepted. 

If a climb is conducted while also 'pulling up' perpendicular to the flight path, Eqn (9.2) shows 
that the airplane lift coefficient will have to be larger than in quasi-steady flight. This will affect 
the drag and therefore the thrust required. A brief discussion of vertical acceleration effects may 
be found in Chapter 12. 
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9.6 EFFECT OF LANDING GEAR, FLAPS, STOPPED ENGINES, TRIM 
REQUIREMENTS, WEIGHT AND ALTITUDE ON CLIMB 
PERFORMANCE 

Landing gear, flaps, stopped engines, trim requirements, etc., all affect the climb capabilities of 
an airplane. The reason is that the drag-lift characteristics of the airplane are affected. Also, the 
weight of the airplane (wing-loading) and the altitude, affect climb performance. These effects are 
discussed as follows: 

9.6.1 Effect of Landing Gear and Flaps on Climb Performance 
9.6.2 Effect of Stopped Engines and Trim on Climb Performance 
9.6.3 Effect of Weight and Altitude on Climb Performance 

9.6.1 EFFECT OF LANDING GEAR AND FLAPS ON CLIMB PERFORMANCE 

The effects of flaps and landing gear on the drag-lift characteristics of an airplane were already 
illustrated by the example of Figure 9.11. The rate-of-climb as well as the climb gradient decrease 
for increasing drag. This can be seen by inspection of Eqns (9.11), (9.12), (911a) and (9.12a). 

Figure 9.25 shows the effect of the landing gear on the climb rate of a turboprop transport. Note 
the very large effect on climb rate at the gear down speed limit! Figure 9.26 shows the effect offlaps 
on the climb rate. In Figure 9.26 the landing gear is in the UP position! 

9.6.2 EFFECT OF STOPPED ENGINES AND TRIM ON CLIMB PERFORMANCE 

Figures 9.25 and 9.26 also show the effect of one stopped engine on the climb performance. With 
one engine inoperative (OEI) it is seen in Figure 9.25 that the best climb rate is down to less than 
250 ft/min with the flaps up. This does not leave a pilot much margin for error. With the gear up 
and the flaps full down, Figure 9.26 shows that the climb rate available is very close to zero. Observe 

that with 40 degrees of flaps and the gear down, climb is no longer possible. 

With OEI there are two effects on the drag polar of an airplane: 

a) the drag on the stopped engine 
b) the trim drag to overcome drag caused by control surface deflections 

needed to trim the airplane with DEI 

These effects are illustrated in Figure 9.27 for ajet transport. For a detailed discussion of control 
issues during engine inoperative flight, see Ref. 9.1. 
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Figure 9.25 Effect of Landing Gear on Climb Performance 

AEO 

OEI W - 34,000 Ibs -_ .......... Sea-level 

-........ Gear up 
.r:. "'" OEI with prop feathered 1,500 

rJ .... 

'" • 1.2Vs • '" / ~ "\. I I 
17 ......... I'!;" _ <0"1 ' 

LI I\f - 15\ 

'" J I\f 0° I 

'" 
-

rl "'f = 15°1 "\. 500 . ... !\ Of = 0° '\ I"'" = 40°1 • 
• '. . 

'" ~. - . 
"'f 

-.. . 
"\. . . . . 

I·H~ 
• . . • • • • • • " • • r\. . 

• • .100 ISO 200 250 

Airspeed, V kts .. 
Vs Vs Vs 

Figure 9.26 Effect of Flaps on Climb Performance 
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Note: the airplane banks five degrees 
into the operating engines Side force due to rudder 

causes additional (trim) drag 

Side force due to rudder 
causes additional (trim) drag 

Drag due to stopped engine 

Figure 9.27 Effect of One Engine Inoperative (OEI) on Drag 

9.6.3 EFFECT OF WEIGHT AND ALTITUDE ON CLIMB PERFORMANCE 

The effect of altitude on the climb performance of ajet airplane is illustrated in Figure 9.19 for 
a business j et. The effect of weight on achievable altitude arc shown in Figure 9.18 for a large trans
port airplane. In both cases it is seen that the climb performance deteriorates with increasing weight 
and altitude. The effect of altitude on the climb performance of a turboprop airplane can be deter
mined from Figure 9.8 by adding power available data. For speeds above 200 kts, the powers avail
able for this example airplane are: 2,800 hp at sea-level, 2,140 hp at 10,000 ft, and 
1,472 hp at 20,000 ft. The reader is asked to add these data to Figure 9.8 and plot the resulting maxi
mum climb rates versus altitude. 

The effect of weight on the climb capabilities of a turbo-prop airplane can be determined from 
Figure 9.9. Again, the reader is asked to compute the maximum climb rate and plot it versus weight. 

Chapler 9 427 



C1imb and Drift-down Performance 

9.7 CLIMB PERFORMANCE REGULATIONS 

The climb performance of airplanes is subjected to a number of airworthiness regulations, all 
aimed at establishing adequate levels of safety with all engines operating (AEO) as well as with one 
engine inoperative (OEI). The climb performance requirements of airplanes (regulations) for civil
ian airplanes are contained in Ref. 9.2. those for military airplanes in References 9.3 and 9.4. The 
purpose of this Section is to summarize the most inlportant clirnb perfoflllance requirements con

tained in these references. 

For civilian airplanes, the climb performance requirements of Reference 9.2 are summarized in 
Tables 9.11 - 9.13 as follows: 

Table 9.11 deals with Transport Category Airplanes certified according to FAR 25. 

Table 9.12 deals with Normal, Utility and Acrobatic Category Airplanes certified according to 
FAR 23. Note that in these categories airplanes may not weigh more than 12,500 Ibs 

nor may the number of passengers exceed 9. 

Table 9.13 deals with Commuter Category Airplanes certified according to FAR 23. Note that 
in this category the weight may not be greater than 19,000 Ibs and the number of pas
sengers may not exceed 19 

Ref. 9.2 allows a manufacturer to apply for Normal Category certification under FAR 23 rules 
fur commuter airplanes which seat 10 or more passengers provided additional airworthiness require
ments are met. These additional requirements do not affect the minimum climb requirements. The 
weight of such airplanes is still limited to 12,500Ibs. 

The U SAP and USN requirements of References 9.3 and 9.4 contain the following requirements 

for OEI climb: 

a) a minimum gradient of 0.5 % in the take-off configuration (gear down and flaps at take-off 
setting) with the remaining engine(s) at maximum take-off thrust or power and out of ground effect. 

b) a minimum gradient of 2.5% in the take--{)ff configuration (gear up and flaps at take--{)ff 
seWn g) with the remaining engines at maximum takc--{)fftbrust or power and out of ground effect. 

In addition, the USN has certain carrier suitability requirements which specify the minimum al
lowable sink following a catapult launch and the minimum acceptable vertical flight path correction 
during a final approach to the carrier. Detailed discussion of these requirements is beyond the scope 
of this text. 
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Transport Category Table 9.11 Summary of FAR 25 Climb Performance Requirements 

Flight PhaselWeight Flight and Airplane Configuration Minimum Climb Gradient. Minimum Steady Rate-
FA R Paragraph C.G.R. in % for n engincs of- Climb in ft/mi n. 

Take-off I W TOm" 
Number Thrust or Flaps Landing Speed n=2 n=3 n=4 
of Power on gear 
engmes Operating 
stopped Engines 

First segment Lift-off 
Climb 1 Take- off Take- off Down VLOF 

>0 0.3 0.5 No Requirement 
FAR 25.121 a) 

Second segment Over 35 ft 
Climb I Take-off Take- off Up Obstacle 2.4 2.7 3.0 No Requirement 
FAR 25.121 h) V2 
Third segment Maximum 
Cl imb I Up ;;,: 1.25(V ,) . 1.2 1.5 1.7 No Requirement 
FAR 25.121 c) 

Continuous 

Landing I W LmM 

Go-around in 
Approach 

1 Take-off Approac Up "' 1.5(V s)' 2.1 2.4 2.7 No Requ irement Configuration 
FAR 25.121 d) 

Go- around in 8 sec. aftcr 

Landing 0 
moving 

Landing Down "' 1.3(V,), 3.2 3.2 3.2 No Requirement 
Configuration throttles 

FAR 25.119 full fro111 
flight idle 

Note 1: * means that the stall speed is that which is pertinent to Note 2: for reciprocating powered transports, use 80% and 
the configuration for the flight phase being used vapor pressure s defined in 25.101 

Note 3: for turbine powered transports, use 80% humidity at or below standard temperatures 
use 34% humidity at temperatures of 50 degrees F above standard 
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Table 9.12 Summary of FAR 23 Climb Performance Requirements for Normal, Utility and Acrobatic Categories . 

Flight PhaselWeight Flight and Airplane Configuration Minimum Climb Gradient, Minimum Steady Rate-

FAR Paragraph c.G.R. in % for n engines of-Climb in ftlmin. 

Number Thrust or Flaps Landing Speed n=2 n=3 n=4 
W TOm" :5 12,500 lb. of Power on gear 

:5 9 pax 
engines Operating 
stopped En~ines 

Reciprocating Powered 
FAR 23.67 bl) 

I Maximum Most Up ;,: 1.2(Vs/ 1.5** 1.5** 1.5** No Requirement W > 6,000 lbs Continuous favorabl( TORla~ 

V, > 61 kts 

FAR 23.67 b2) 
Maximum Most W < 6,000 lbs I Up > 1.25(Vs)' > 0*' > 0*' >0** No Requirement TOIllIU Continuous favorabl( 

V" :5 61 kts 

FAR 23.65 a) 0 Maximum Take-off Up T land-based 0.0833 0.0833 0.0833 ;,: 300 ftl min. 
Continuous amphibians 0.0667 0.0667 0.0667 

Turbine Powered 
Maximum 1.5** 1.5" 1.5*-Most ;,: 1.2(Vs,)' FAR 23.67 c) I 
Continuous favorabl Up No Requirement 

0.75*** 0.75*** 0.75*" 

FAR 23.65 a) 0 Maximum 
Take-off Up Tland-based 0.0833 0.0833 0.0833 ;,: 300 rtl min. 

Continuous amphibians 0.0667 0.0667 0.0667 

FAR 23.65 c) 0 Maximum Take-off Up TSpeed for 4.0**' 4.0**' 4.0**' No Requirement 
Continuous best climb 

FAR 23.77**** 0 Take-off Landing Down VA 3.3*** 3.3*'* 3.3*** No Requirement 

Note: • means that the stall speed is that which is pertinent to Note: *** These C.G.R values must be met at 5,000 ft and 81 
the confIguration for the flight phase being used degrees F. standard atmosphere 

Note: ** These C.G.R values must be met at 5,000 ft and 41 Note: **** This requirement also applies to reciprocating 
degrees F. standard atmosphere powered airplanes 
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Table 9.13 Summary of FAR 23 Climb Performance Requirements for tbe Commuter Category 

Flight PhaselWeight Flight and Airplane Configuration Minimum Climb Gradient, Minimum Steady Rate-

FAR Paragraph C.G.R. in % for n engines of-Climb in ftlmin. 

WTOm~ ::; 19,0001bs 
Number Thrust or Flaps Landing Speed n=2 n=3 n=4 
of Power on gear 

No. of pax ::; 19 engines Operating 
stopped Engines 

Reciprocating and Speed for 
Thrbine Powered best climb 

FAR 23.65 a) 0 Maximum Take-off Up land-based 0.0833 0.0833 0.0833 ~ 300 ft/min. 
Continuous amphibians 0.0667 0.0667 0.0667 

Between 
Take-off Climb VLOF 

I Maximum 
FAR 23.67 e-I-i) Take-off Take-off Down and speed at >0 0.3 0.5 No Requirement 

which gear 
is retracted 

Take-off Climb Maximum V2 2.0 2.3 2.6 No Requirement 
FAR 23.67 e-I-ii) I Take-off Take-off Up (h = 400 ft) 

Approach Climb I Maximum Up Up ::; 1.5Vs, 2.1 2.4 2.7 No Requirement 
FAR 23.67 e-3) Take-off 

Thrbine Powered Maximum Most Up ~ I.2(Vs)' 1.5** 1.5** 1.5** 
FAR 23.67 c) I Continuous favorabl( No Requirement 0.75*** 0.75*** 0.75**~ 

FAR 23.77**** 0 Take-off Landing Down VA 3.3*** 3.3*** 3.3*** No Requirement 

Note: * means that the stall speed is that which is pertinent to Note: *** These C.G.R values must be met at 5,0{){) ft and 81 
the configuration for the flight phase being used degrees F. standard atmosphere 

Note: ** These C.G.R values must be met at 5,000 ft and 41 Note: **** This requirement also applies to reciprocating 
degrees F. standard atmosphere powered airplanes 
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Climb and Drift-down Performance 

9.8 SUMMARY FOR CHAPTER 9 

In this chapter methods for determining the climb and drift~down performance of airplanes were 
presented. First, the equations of motion for a general climh situation were derived. The general 
climb performance characteristics ofjel and propeller driven airplanes were presented for shallow 
flight path angles as well as for large flight path angles. 

The effect of one engine inoperative on climb and drift~down characteristics of airplanes was 
discussed in some dctail with numerical examples for jets and propeller driven airplanes. 

Methods for determining times to climb to altitude, operational ceilings and drift~down times 
were also given. 

In many typcs of airplanes thc cffect of forward accelerations during the climb cannot be ne
glected. Acceleration effects on climb performance were also discussed. 

Landing gears, flaps, speed brakes, stopped engines, trim requirements, elc., all affect the climb 
capabilities of an airplane. Also, the weight and altitude of the airplane (wing~loading) affect climb 
performance. Where appropriate numerical examples of these effects were given. 

The climh performance of airplanes is suhjected to airworthiness requirements which stipulate 
minimum required climb rates and/or climb gradients (angles). These requirements establish ade
quate levels of safety with all engines operating (AEO) as well as with one engine inoperative (OEI). 
The climb performance requirements of airplanes (regulations) were also summarized. 

9.9 PROBLEMS FOR CHAPTER 9 

9.1 The drag characteristics of a light, twin engined propeller driven airplane are given by: 

CD = 0.0350 + 0.05ICf" + 0.0013RCL342 

Weight and wing area are: W = 4,200 lbs and S = 155 ft2 respectively. If the power 

available at sea~level is 310 hp, determine the maximum speed at sea~level. 

9.2 For the airplane of problem 9.1 determine the following quantities: 
a) the best rate~of ... climb 

c) the best climb gradient (C.G.R.) 
b) the speed for the best rate-of-climb 
d) the speed for the best climb gradient 

9.3 The drag characteristics of ajet driven airplane are given by: 

CD = 0.0150 + 0.020C~ 
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Weight and wing area are: W = 10,000 Ibs and S = 200 ft 2 respectively. Assume 

that the engine delivers 3,000 Ibs of thrust at sea-level, independent of speed. Determine 
the maximum and minimum speeds by an analytical method. If the maximum, trimmed lift 
coefficient of the airplane is 1.5, is the answer still valid? Hint: assume L=W and T=D, set 
up a quadratic equation for dynamics pressure and solve for speed. 

9.4 A twin jet airplane has the following Mach independent drag characteristics: 

CD = 0.0180 + 0.022Cr with ABO CD - 0.0190 + 0.023C[ with OEI 

Weight and wing area are: W = 16,000 Ibs and S - 200 ft2 respectively. Assume 

that each engine delivers 2,400 Ibs of thrust at sea-level and 800 Ibs of thrust at 40,000 ft 
in the standard atmosphere. 

a) Use an analytical method to determine the maximum rate-of-climb at sea-level and at 
40,000 ft. 

b) Use an analytical method to calculate the time-to climb to 40,000 ft 
c) Use an analytical method to calculate the time-to-drift-down to the OEI ceiling if the 

ABO cruise altitude is 40,000 ft. 

9.5 The drag polars (flaps up and down) for a Cessna Cardinal are given in Figure 8.26. The 

available shaft horsepower at 2,500 ft is given by: SHPav = 2.463Y - O.021Y2 with 

Yin kts. At 7,500 ft the available shaft horsepower is 78% of that at 2,500 ft. Extrapolate 
this power to sea-level, to 5,000 ft and to 10,000 ft. 

Calculate and plot the maximum rate-of -climb at both altitudes, with and without flaps for 
altitudes ranging from sea-level to 10,000 ft in increments of 2,500 ft.. 

9.6 For the twin business jet of Figure 9.19, determine and plot the rate-of-climb as a function 
of Mach number and altitude for the case of ABO and OEI. 

9.7 Ajet airplane is equipped with an engine, the thrust of which is independent of speed. If 
the airplane drag polar has the standard parabolic form, show that the dynamic pressure for 
the maximum rate-of-climb is: 

q - T + 
6CDoS 

9.8 How much power is required for the airplane of Figure 9.11 to meet the C.G.R. requirement 
of FAR 25.121 d) of Table 9.11 (OEI)? Use Eqn. (9.12a) and assume thatthe lift coefficient 

is equal to 1.1. The weight of the airplane is 34,000 Ibs. 
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CHAPTER 10: TAKE-OFF AND LANDING 

In this chapter the equations for calculating the take-off and landing distances of airplanes are 

developed. The corresponding civil and military airworthiness rules are discussed. Applications 

to various airplane types are given. 

The take-off process and its relation to airworthiness standards is discussed in Section 10.1. The 

equations of motion during the take-off process are developed in Section 10.2. Various types of 
solutions to these equations which can be used in the prediction of take-off distances are presented 

in Section 10.3. 

The landing process and its relation to airworthiness standards is discussed in Section 10.4. The 

equations of motion during the landing process are developed in Section 10.5. Various types of solu

tions to these equations (which can be used in the prediction of landing distances) are presented in 

Section 10.6. 

Examples of how take-off and landing distance information is presented in airplane flight manu

als are also given. 

10.1 THE TAKEOFF PROCESS 

The takeoff process is normally divided into three phases: 

* ground roll * air distance * climb-out 

Figure 10.1 shows a schematic which depicts these phases in relation to the overall takeoff path 
and to several important speeds. There is no scale implied in this figure: the relative magnitudes 

of the distances covered in the take-off ground roll, the rotation and the transition vary from one 

airplane to another airplane. 

In Figure 10.1 the airplane is assumed to accelerate until the rotation speed, V R ' has been 

reached. At the rotation speed the airplane is rotated to some pitch attitude angle so that the airplane 

will lift off at the lift-off speed, V LOF . 

Once lift-off has occurred the flight path angle varies gradually from zero (at lift-off) to a 
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Take-off path 

Take-off distance Take-off 

Take-off roll Take-off air distance 

on the Transition Climb--out 

Obstacle 
VLOF hscreen 

Fignre 10.1 The Take-off Process Divided Into Phases 

constant value at the obstacle (screen height, hscrccn). This obstacle height varies with the type of 

regulation used in the certification of the airplane. For FAR 25 it is 35 ft while for FAR 23 (except 

commuter category) and for military airplanes it is 50 ft. The reader should consult Reference 10.1 

for FAR 23 and for FAR 25. For the military regulations, see Refs 10.2 and 10.3. 

Sub-sections 10.1.1 and 10.1.2 contain summaries of the civil and military rules respectively. 

10.1.1 COMMERCIAL TAKE-OFF RULES 

During the take-off process the configuration of the airplane (in terms of thrust or power, flap 

position. cooling flap position and landing gear) is kept constant. The landing gear is normally re
tracted soon after the airplane has lifted off. Once the airplane exceeds the obstacle (or screen) height 

the airplane follows the takeoff flight path until a 'safe' height of 1,500 fl above the terrain is reached. 

At that point the so-called climb to cruise altitude is begun. 

Because of safety considerations the take-off process in a multi engine transport airplane is more 

complicated than that suggested in Figure 10.1. The airplane must pass through a sequence of speeds 

before the decision to continue the take-off may be made. This sequence is established under the 
assumption that an engine failure in a multi-engine airplane can occur at any time during the take-
off process. Wherever such failure occurs the safety of the crew and passengers must not be compro

mised. Figure 10.2 illustrates the sequence of speeds through which an airplane must pass to ensure 

safety in a multi-engine transport airplane certified under FAR 25. 

Starting from brake release at zero forward speed, V=O, the airplane is accelerated. The first 

reference speed is V s ' also called the calibrated stall speed or the minimum steady flight speed at 
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Take-off distance 

Take-off roll Take-off air distance 

=0 

Take-off flight path· 

h screen 

Climb-out .... ........ ........ 

Obstacle 

I<"igure 10.2 The Take-otT Reference Speeds for Multi Engine Airplanes (FAR 25) 

which the airplane is controllable (See FAR 25.103 for details). Definitions and determination of 
this stall speed are discussed in detail in Chapter 8 and in Chapter 12. 

The next speed is VMCG ' the minimum control speed on the ground (see FAR 25.149). 

The engine-failure speed, V EF must be larger than V MCG . 

Next is the minimum control speed in the air, V\lC (see FAR 25.149). This is the calibrated 

speed at which, when the critical engine is made inoperative, it is possible to maintain control of the 
airplane in a straight line flight with no more than 5 degrees of bank. The minimum control speed, 

V Me may not exceed 1.2V s . 

The next speed is the takeoff decision speed, V I' When the airplane has accelerated beyond this 

speed the take-off must be continued even if the critical engine fails. If engine failure occurs below 

V 1 the take-off must be aborted. The speed V 1 must be selected by the manufacturer. However, 

V 1 may not be less than V EF ' the calibrated air-speed at which the critical engine is assumed to 

fail plus that speed increment gained during the interval required by the pilot to take appropriate 

action in terms of applying the retardation means during accelerate-stop tests. The speed, V EF itself 

may not be less than V MeG' the minimum control speed on the ground (see FAR 25.149). 

The rotation speed, V R ' is that speed at which the pilot initiates rotation. The rotation speed, 
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V H may not be less than V I ' nor less lhan 1.05 times V MC' nor less than that speed which allows 

reaching V 2 before reaching the 35 ft obstacle height. 

The minimum unstick speed, V MU' is that speed at and above which the airplane can safely lift 

off the ground and continue the takeoff, The minimum unstick speed, V Me may not be less than 

V 2m;n nor less than V R plus the speed increment attained before reaching the 35 ft obstacle height. 

The liftoff speed, V LOF ' is the calihrated speed at which the airplane becomes airborne, By 

inspection of the requirements summarized in Table 10.1, V LOF > V R is required. 

The minimum safety speed, V 2
m

,. may not be less than 1.2V s for twin engined and three-en

gined propeller driven airplanes or forturbojet airplanes without provision for reducing the stalling 

speed with the most critical engine inoperative. V 2. may not be less than 1.15V s for four-en-
"'.In 

gined propeller driven airplanes or for turbojets with provision for reducing the stalling speed with 
the critical enginc inoperative. 

Finally, the speed, V 2 ' must be selected by the manufacturer to provide the climb gradient re-

quired by FAR 25.121 but may not beless than V R plus the speed increment attained before reaching 

the 35 ft obstacle height. 

The actual sequence of speeds is even more complicated than described in the foregoing. For 

details the reader should consult FAR 23.53 and FAR 25.107 in Ref. 10.1. A summary of the defini

tions for take-off speeds used in both FAR 23 and FAR 25 is given in Table 10.1. 

The take-off distance of a FAR 25 certified transport airplane is defined by a balance between 

the accelerate-stop and the accelerate-go distances. This is referred to as the balanced fieldlength 

reyuirement. This requirement is the synthesis of the accelerate-stop reqnirement of FAR 25.109, 
the take-off path requirement of FAR 25.111 and the take-off distance and take-off run requirement 

of FAR 25 .113. To calculate the stopping distance ofthe airplane, only brakes may be used. A graph
ical interpretation of the accelerate-stop requirement is given in Figure 10.3. 

The accelerate-go requirement is included in FAR 25.113, called take--<lff distance and take--<lff 

run. A graphical interpretation of the accelerate-go requirement is given in Figure 10.4. 

Operationally, the runway length must be such that the airplane can be safely operated nnder ei

ther of the scenarios depicted in Fignres 10.3 and lOA. This results in the definition of balanced 
fieldlength as depicted in Figure 10.5. 
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Table 10.1 Summary of Take-off Speeds 

FAR 23 FAR 25 

Stalling speed or minimum V s Stalling speed or minimum 
steady speed with gear and steady speed with gear and 
flaps down, throttles closed. 1-___ ....!fl!!:a=D,s.!:d~o~w:.!;n~thr~o:!!ttl~e::2s"'c~lo~s~e~d'_. ------1 
Stalling speed or minimum V I Take-off decision speed 
steady speed with throttles V I 2: V EF + L'1 V recplusaCl 
closed and airplane in Lhe 
condition existing in the V EF Critical engine failure speed 

test for which V S I is used. V Ef 2: V VlCG 

For nonnal, utility and acrobatic V MCG Minimum control speed on the 
airplanes: ground with critical engine failed. 

V R Rotation speed V 2mi, Minimum take-off safety speed 

V R
2:V

MC 
V2 2:1.2Vs 

lllm 

V so Speed at the 50 ft obstacle For prop. driven twins and lri-s 

For mUlti-engine airplanes: 
Vso 2: l.IVMC 

and V 50 2: 1.2V SI 

For single-engine airplanes: 
V 50 2: 1.2V SI 

For commuter category airplanes: 

V I Take-off decision speed 
VI 2: I.IVSI 

and V! 2: 1.I V MC 

and V! 2: V EF + L'1 V rccplusac! 

V 2 Take-off safety speed at 35 ft 
V 2 2:V I 

and V 2 2: 1.2V 51 

V 2 Must allow 23.67 climb gradient 
to be met 

V EF Critical engine failure speed 

VEF 2: VMC 

and 
for jets without provision for 
reducing the stalling speed with OEI. 
V 2 . 2: 1.l5V5 mm 

For prop. driven quads 
and 
for jets with provision for reducing 
the stalling speed with OEI. 

and VI 2: l.lVMC 

V 2 Take-off safety speed at 35 ft 
V 2 2:V2 . 

mm 

and 

V 2 2: V R + L'1 V 35ft 

Minimum un-stick speed 

Rotation speed 
V R 2:V I 

V R 2: 1.05V MC 

and V R 2: V which allows V 2 to be 
reached at 35 ft 

and V R 2:V 

V R Rotation speed 
V R > VI 

and V R 2: V which allows V 2 to be 
reached at 35 ft 

which allows for a lift-off speed, 
V LOF , of not less than 1.1 OV MU 
with AEO and a lift-off speed 

FAR 23 
aod 
FAR 25 

Chapter 10 

One rotation speed must be 
uelennineu which applies to 
AEO and OEI take-<>ffs 

I 
I ~ V recplusact 

! 

of not less than l.05V MU 
with OEI 

Speed increment gained with OEI from the 
time of engine failure to the time the pilots 
recognizes the failure and acts to slow the 
aimlane down during accelerate-stop tests 
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Critical engine 
fails: OEI 

Start with V EF 
2 sec. 

AEO Accelerate t. Accelerate 
----~.~ . Accelerate Decelerate Stopped 

. --- ----- ----l.~ .J ---------
.. Accelerate-stop distance with OEI 

2 sec. 
Start with 
AEO Accelerate Accelerate 

AEO 

Deceleratc Stopped 

.. 
~ .J -----------

Accelerate--stQP distance with AEO 

FAR 25.109: Accelerate-stop distance is the greater of these two 

Fi ure 10.3 Summary of Accelerate~"to Distance Re uirements 

Start with 
AEO 

Critical engine 
fails: OEI 

Accelerate 
VEl' 

Accelerate 

V LOp 
Accelerate 

~ , 
.1 •• -'--

............ 35 

.. 
Accelerate-Gu with OEI 

FAR 25.113 is thc greater of Accelerate-Go with OEI and 1.15 Accelerate-Go with AEO 

Start with 
AEO 

.. 
Accelerate .. 

V 
V LO!' Accelerate 

Accelerate-Go with AEO 

Figure 10.4 Summary of Takeoff Distance (Accelerate-Go Distance) Requirements 
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Take-off 
Distance 

Balanced Fieldlength 

Takeoff and Landing 

Critical V EF Accelerate-Stop Distance 

Accelerate-Go Distance 

V EF .. 

n 

To determine the take-off distances of airplanes a set of equations is needed, which describe the 
Illotion of the airplane on the ground (ground distance), the transition to a climbing flight and the 

climb to the obstacle height. These equations are developed in Section 10.2. 

10.1.2 MILITARY TAKE-OFF RULES 

According to Ref. 10.2, Par. 3.4.5.2 and Ref. 10.3, Par. 3.5.5.2 the take-off distance is defined 

as the sum of the ground distance and the air distance needed to arrive at a 50 ft obstacle. This is 

similar to the distance illustrated in Figure 10.1 for h,c,een = 50 ft. 

In addition, Refs 10.2 and 10.3 define a critical fieldlength. Critical fieldlength is the sum of 

the distance required to accelerate with AEO to critical cngine failure speed plus the distance to ac

celerate with OEI to take-off speed or to decelerate to a stop from critical engine failure speed in 
the same distance. This is conceptually the same as the FAR 25 balanccd fleldlength concept illus

trated in Figure 10.5 with the following differences: 

1) at engine failure speed the airplane must bc allowed to accelerate with OEI for 3 seconds 

while maintaining maximum take-off thrust on the remaining engine(s). 

2) at the end ofthe 3 second acceleration period, all remaining engines are reduced to idle thrust, 
brakes are applied and any deceleration devices are deployed. The time required to achieve maxi

mum deceleration shall be included in the calculations. 

Note that in the commercial rules only brakes may be used in the calculation of balanced 

fieldlength! Under the military rules other means of stopping the airplane may be included in the 

calculations. However, these means must be shown to be reliable. 
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10.2 EQUATIONS OF MOTION DURING TAKE-OFF 

From the discussion in Section 10.1 it follows that the take-off process consists of a take-off 
ground-roll and a take-off air distance. The latter in turn consists of a transition distance and a 
climb-to-the-obstacle distance. Figure 10.6 shows these distances. 

Take-off 

on the 

Evidently: 

Take-off 

roll, air distance, S 

Transition 

VLOP 

Climb-out 
to the 

Figure 10.6 Geometry of 'f'..ke-off Distances 

Climb-out 

-' ----
Obstacle 

hscreen 

STO = SG + SA = SNGR + SR + STR + SCL (10.1) 

Different equations of motion apply to each of these distances. These equations are presented 
in Sub-sections 10.2.1 through 10.2.3 respectively: 

10.2.1 Equations of motion during the takc-off ground roll 

10.2.2 Equations of motion during the take-off transition 

10.2.3 Equations of motion during the climb-out to the obstacle 

10.2.1 EQUATIONS OF MOTION DURING THE TAKE-OFF GROUND ROLL 

Figure 10.7 shows the forces which acton an airplane during the ground roll with the nose-gear 

on the ground. Two cases are shown: level runway and runway with a constant gradient. The only 
difference between the two cases is the inclined force of gravity. The runway gradient is normally 

sufficiently small so that: Wcos<l> = W, and Wsin<l> = W<I>. 
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Level Runway 

Takeoff and Landing 

T 
-c 

Runway with Constant Gradient (Exaggerated) 

T 

" 

g 

~W 

g dt 

w 

WdV 

w 

Figure 10.7 Forces Acting on an Airplane During the Take-ofT Ground Roll 

It is assumed that the airplane is in momentequilihrium and that the landing gear and tire dynam

ic effects are negligible. Note in Figure 10.7, that the aerodynamic forces (Lift and Drag) have been 

given a subscript' g' for' ground'. This means that during the ground roll the aerodynamic forces 
must be computed including the etlect of ground proximity. Reference lOA contains methods for 

doing this. An explanation of how these ground effect corrections arise and how they can be pre
dicted is also given later in this Sub-section. 

The equations of motion. for the case of a runway with a gradient, q, are as follows: 

Lg + Nn + Nm - Wcosq, = W 

and 
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g lit 

Wq, + WdV 
g dt 
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(10.3) 
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where: Lg 

Nn 

Takeoff and Landing 

is the airplane lift in ground effect, in lbs 

is the nose-gear reaction force, in lbs 

is the main-gear reaction force, in lbs 

is the runway inclination angle (gradient) in radians: positive when unfavorable 

W is the airplane weight, in lbs 

T is the total installed thrust, in lbs. Note: thrust inclination is assumed to be zero. 

is the airplane drag in ground effect, in lbs. 

is the rolling ground friction coefficient. Table 10.lb shows typical values. 

v is the airplane speed relative to the ground, in ftlsec. 

Table to.tb Typical Values for the Rolling Ground Friction Coefficient 

Surface Type lAg 

Concrete and Macadam 0.Q2 - 0.03 ( 0.025 is typically used) 

Hard Turf 0.05 

Short Grass 0.05 

Long Grass 0.10 

Soft Ground 0.10-0.30 

By combining Eqns (10.2) and (10.3) it can be shown that the acceleration along the runway can 

be expressed as: 

dV g . ) - = W(T - Dg - f.lgW + IAgLg - W<jl 
dt 

It is usually convenient to rewrite this as: 

dV = {(.I. _ ) _ (CD, - IAgCL,)'! 
dt g W lAg W /S 

where: Cn, is the airplane drag coefficient in ground effect 

CL is rhe airplane lift coefficient in ground effect , 
ag is rhe acceleration along the ground 

( lOA) 

(10.5) 
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To develop a formula for the ground roll distance, consider the general case where the airplane 

is taking off with a wind speed of +/ - V w , where' +' means a tail-wind and' -' means a head-wind. 

If V is the air-speed, the ground speed will be V ± V w. It is noted that at zero ground speed, 

V = 'f V w . Therefure: 

dSG = V V ± w 
dt 

(10.6) 

If the acceleration along the ground is called: dV/dt = ag , then it is possible to write: 

dSG = V ± Vw dV (10.7) 
ag 

The ground distance can then be obtained by combining Eqns (10.5) and (10.7): 

v w , V LOF 

SG J 
V ± Vw dV 

J 
V ± Vw - -ag 

=fV", 
H. g{(~ - ~g) (CD, - ~,C ... )q 

W/S 

(10.8) 

The upper sign in Eqn (10.8) is for a down-wind take-off. The lift-off speed, VLOF ,vanes 

with the certification category. However, V LOF > V R must be satisfied by inspection of the take

off speed requirements summary in Table 10.1. 

Assuming: a) a runway with a constant gradient, 
b) constant weight during the take-off run, 
c) that the airplane attitude on its landing gear is constant so that 

CD and CL are constant, , , 
d) ground friction, ~g is also constant, 

e) variation of thrust with speed is known, 

it is possible to carry out the integration implied by Eqn (l0.8). 

Several practical solutions for Eqn (10.8) will be presented in Section 10.3. 

It is of interest to understand the typical variation of the various contributions to acceleration 
along the runway in Eqn (10.5). Figure 10.8 shows the general trend of these accelerations. 

Once the rotation speed is reached the nose-gear will leave the ground. Eqn (10.8) is still valid, 
but the nose-gear load should be set equal to zero and the lift and drag coefficients will increase due 
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Acceleration in g' s 

0.5 - R unway gra d' lent )-

V LOF 

- TIW 

-

-
Net acceleration_1 

Dg/W-
[lg(W L)/W~ 

-

---o 
o Speed 

Figure 10.8 Typical Variation of Acceleration Terms with Speed During the Ground-run 

to the increasing pitch attitude of the airplane relative to the runway. These effects can be included 
by assuming an average angular acceleration [rom the time of initiation of the rotation to the time 

of main gear lift-off. At that point the transition begins. 

A brief discussion of: the effect of wind on take-off 

the effect of speed on take-off thrust 

the effect of the ground on lift and drag 

the effect of thrust detlection on take-off 

is given in Sub-sub-sections 1O.2.1.I through 10.2. 1.4 respectively. 

10.2.1.1 Effect of Wind on Take-off 

The effect of wind, altitude and temperature on take-off performance must be accounted for by 
manufacturers and by pilots. The manufacturer must publish the numerical effect of wind on the 
take-off distance in the flight manual of a certified airplane. The pilot must account for these factors 
by obtaining airfield advisories on wind, altitude and temperature and consulting the flight manual 
before each flight, to ensure that the take-off can be conducted safely. 

It must be kept in mind, that winds reported for airfields arc typically measured at 50 ft above 
the surface. Because of shear effects in the boundary layer o[ air moving over the runway the follow
ing correction must be applied: 
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W· d (. )1/7 In height I = height 1 
wind height 2 height 2 

(10.9) 

This correction factor is based on experimentally obtained values of wind-shear. 

On the other hand, the FAA requires that pilots include a factor of conservatism to any take-{)ff 

(and landing) distance calculations. Only 50% ofthe wind component measured at 50 ft may be used 
if the wing is favorable (i.e. head-wind). On the contrary, 150% of the wind measured at 50 ft must 

be accounted for if the wind is unfavorable (i.e. tail-wind). In other words: 

use only half of the wind which improves perfonnance and: 

use one-and-one-half times the wind which hinders perfonnance! 

10.2.1.2 Effect of Speed on Take-off Thrust 

Figure 10.9 shows actual thrust variations during take-{)ff for a business jet and for a propeller 

driven twin. Note that in both cases the variation of thrust with speed is approximately linear. 

Take-{)ff thrust, T, Ibs Sea-level Learjet Model 26 

• 5,000 /~I 
~rlii •• c. ~J-.~ ,,' I "I , • .:.~ 

6 .... ' 

4.000 

3,000 Cessna Model 310 (Data from Ref. 10.5) 
. 

4-....-: ........... ~ - ". 
~'-. } .. ...J.~."""',, 

2,000 

1,000 

VWF 
VLOF 

0 0 40 80 120 
Speed, V, kts .. 

Fimre 10.9 Variation of Take-off Thrust with Sneed for Two Airolanes 
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10.2.1.3 Effect of the Ground on Lift and Drag 

The lift and drag coefficients in Eqn (10.7) must be evaluated in ground effect. An easy way 
to visualize and estimate the effecl of the ground on lift and drag is to use the image vortex system 
sketched in Figure 10. to. 

__ ~1-______ ~~~~~==~~:-____________ ~t-~ __ ~~ __ ~A~c~tu~a~lvortex 
h 

Groun 

h 

__ '-i-________ c;~=:;t~;f~~------------~f=~--~==~--]=m==ag~evortex 
Figure 10.10 Use of Image Vortex System tu Predict Ground Effect on Lift and Drag 

The image vortex system takes the place of the ground in the mathematical modelling of the flow 
around the wing. This image vOltex system has the same circulation magnitude as that of the wing 

but is of opposite sign. It is seen that the result of the image vortex is to increase the up-wash on 
lhe wing so that lift is increased and induced drag is decreased. 

The increase in lift coefficient, CL , ' at any gi ven angle of attack, a, can be viewed as being 

caused by an effective increase in the litt---{;urve-slope, CL ' due to an increase in the effective as-
", 

peet ratio, Ae . The effective aspect ratio in ground effect can be determined from Figure 10.11. 

Based on Ref. 10.6 
1.0 

"...... f-"" 

,/" 

0.5 

/' 
C c .. I--

V -.......... I--
I -

/ h b = span of I--
/ ground wing -, I--

~, ~,~~""" I---

o 
a 1.0 2hfb ... 2.0 

Fi urc 10.11 Effect of Win Hei ht Above Ground un Effective As eet Ratio 
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The effective lift--{;urve-slope can then be calculated using Eqn (4.33). However, to calculate 

the lift coefficient in ground effect, the angle of attack for zero lift, a o,' must also be known. As 

a general rule, the angle of attack for zero lift is also reduced by ground effect (Ref. 10.7). According 

to the theory of Ref. 10.8, ~ao, is proponional to the airfoil thickness ratio, tic. Using the least 

square method to curve-fit the data of Ref. 10.7 the following approximate equation for ~ao, is 

found: 

6ao = (1)" {- 0.1177 ) 2 + 3.5655-/' } in deg. 
'c (h c) eh cJ 

where: tic is the thickness to chord ratio of the airfoil 
hie is defined in Figure 1O.11 

(10.10) 

By applying these ground effect corrections to the airfoil at the wing mean geometric chord, the 

following approximate equation may he used for calculating airplane lilt in ground effect: 

CL = CL (a - ao - ~ao) = 
1; Itg g 

(10.11) 

With large flap deflections, the ground effect on lift can be adverse (i.e. the lift in ground effect 
will be reduced) as shown in Ref. 10.9. A handbook method for determining airplane lift coef1icient 
versus angle of attack curves in and out of ground effect is given in Ref. 10.4. 

Ground effect on drag is primarily a change in induced drag. According to Refs 10.10 and 10.11 
the decrease in induced drag due to ground effect may be expressed as: 

,q 
-a

nA 
Note : e = I in this theory 

where: CL is the lift coefficient in the appropriate configuration out of ground effect 

(10.12) 

a is the induced drag ground influence coefficient which may be estimated from: 

, 
a -

1 - 1.32(h/h) 
1.05 + 7.4(h/b) 

for 0.033 < (h/b) < 0.25 

Figure 10.12 shows how a' varies with (hIb). Typical values for (bib) are: 

(hIb) is approximately equal to 0.1 for low wing airplanes 

(hlb) is approximately equal to 0.2 for high wing configurations. 
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Based on Ref. 10.10 

'" '" 
c ~ 

( -...... 
I, 

I, h b = span of 
!""'--. Ig.ound wmg 

---
0' is the ratio of induced drag in 

ground effect to that out of 
ground effect 

o 0.1 0.2 0.3 
(h/b) -

Figure 10.12 Effect of Wing Height Above Gronnd on Induced Drag 

The reader is cautioned not to use Figure 10.12 for large flap deflections. As a preliminary 
suggestion: 40 degrees or more would constitute a large flap deflection. 

An example application of these ground effect corrections will now be given. 

Example 10.1: The wing characteristics of the Douglas F5D-l airplane (see Figure 10.13 for a 
three-view) are as follows: 

A= 2.20 

S = 557 ft2 

hie = 0.33 

b = 33.5 ft 

2h /b = 0.36 tI c = 0.05 

/\c/2 = 35° Estimate the ground 

effect on airplane lift-eoefficient-versus-angle-Qf-attack and on induced drag. 

Courtesy: McDonnell-Douglas 

I , / 

i / :> 
.~ 

~ - .... ~ 
~ ---~--~::=- .~ 
~ ---=-

i 
! 

~<t~ .. ~ ~ 

Fi re 10.13 Three-view of the Douglas F5D-l Skylancer 

450 Chapter 10 



Solution: 

CL 
0.5 

CL • 

• 
1I 

CL~~ L / 

/'A 0 

Takeoff and Landing 

From Figure 10.11 it follows that: A/ Aeff = 0.67. Therefore it follows that: 

Aeff = 2.02/0.67 = 3.01 . The lift-<:urve-slopes out of and in ground effect 

follow with Eqn. (4.32) as: 

CL 
2n:x2.02 2.45 rad- I 

/2.022(1 
-

" 2 + + tan2 350) + 4 and 

CL 
2n:x3.0l 3.06 rad- I - -", 2 + /3.0J2(1 + tan2 350) + 4 

The change in the zero-Iift-angle-of-attack follows from Eqn (10.10) as: 

Il.a = 0 05( - 0.1177 + 3.5655) = 05 deg 
0, . 0.3292 0.329 . . 

The relationship between the lift coefficients out of and in ground effect is found 
from Eqn (10.11) as: 

CL, = CL~:~g - 3.06x I~OxO.5 = 1.25CL - 0.03 

From Figure 10.12 orfrom Eqn (10.13) it is found that the ratio of induced drag 

in ground effect to that out of ground effect is: o' = 0.32. The basic airplane 

zero-lift drag coefficient has been estimated to be: CD = 0.0083 , while 
" 

Oswald's efficiency factor, e, is: e = 1.0 in this theory. 
Figure 10.14 shows a comparison of lift and drag characteristics in and out of 
ground effect for the clean F5D-1 airplane. 

C
L

_ CL S - 557 ft2 
g 

/ 
l/ CL 
1/ • 

~ 
V • C -/ D, 1,.-/ 

/ -
~ ,..' 

V V 
" 

,.. 

v~ ~CD 
I 

5 10 0 0.01 0.02 0.D3 0.04 
a, deg. - - Co' CD • 

Figure 10.14 Lift and Drag of the Douglas F5D-I Skylancer 
in and out of Ground Effect 
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10.2.1.4 Effect of Thrust Deflection on Thke-off 

In the case of a deflected propeller slipstream, the situation depicted in Figure 10.15 prevails. 

bslipstream 

RF 

t.D 

~~----------------------- RF = Reaction Force 

Note: t.L = Tsinl)'lip'tream t.D = Additive drag 

t.D = T(l - cos a'lipstreanJ 

Fi re 10.15 U1ustration of the Effect of Pro eller Th eflection 

With the flaps deflected in the take-off position, the propeller slipstream will be turned over an 

angle, I)'lip'tream ' which may be somewhat less than the flap deflection angle, llf . 

The slipstream deflection implies a change in the momentum of the flow. This will cause a reac· 
tion force, RF, which produces both lift ( desirable) and drag (undesirable, but inevitable). As a gen· 
eral rule, the reaction force will also cause a pitching moment which has to be trimmed out. As a 
first order approximation, the magnitude of the reaction force and the corresponding extra drag and 

lift can be estimated from the vector diagram shown in Figure 10.15. These extra forces must be 
accounted for to obtain accurate take-off predictions. FAR 23.457 also requires the reaction force 
to be accounted for in the design of the flap structure. 

In the case of a deflected jet, when the thrust is deflected (such as in a thrust-vectored configura
tion), the thrust available for longitudinal acceleration along the runway in Eqn (10.8) will not be 
T, but: Tcos( deflection angle). From a momentum viewpoint, the same situation prevails as the one 
shown in Figure 10.15. 

10.2.2 EQUATIONS OF MOTION DURING THE TAKE-OFF TRANSITION 

Figure 10.16 shows a typical transition flight path followed by the climb-out to the obstacle. 
The transition starts at lift-off and continues until a straight line flight path toward the obstacle is 
established. During the transition the accelerations along and perpendicular to the flight path cannot 
be neglected. Equations (9.1) and (9.2) can be used to model the transition. These equations, modi
fied to include ground effect, are repeated here as Eqns (10.14) and (10.15): 
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Take-off air distance, SA 

Transition 

STR 

Flight path 
is curved 

.... 

Climb-out 
to the obstacle 

SCL 

Flight path is a 
straight line """ 

,," ,," " .... ... "-

Climb-{)ut 

hscreen 

Obstacle 

Figure 10.16 Geometry of Take-off Transition and Climb-out to the Obstacle 

Tcos(a + cPT) - Dg - W siny _ WdV 
g dt 

Tsin(a + cPT) + Lg - Weosy = C.F. = W Vy 
g 

(10.14) 

(10.15) 

The drag and the lift coefficients in Eqns (10.14) and (10.15) must be computed in ground effect. 
Methods to account for ground effect were given in Sub-section 10.2.1. 

10.2.3 EQUATIONS OF MOTION DURING THE CLIMB-OUT TO THE OBSTACLE 

Figure 10.16 also shows the flight path during climb-out to the obstacle. During this part of the 
take-{)ff the acceleration perpendicular to the flight path is zero. However, the acceleration along 

the flight path is not zero because the airplane must accelerate to the obstacle speed, V 2' The cqua· 

tions of motion are derived from Eqns (10.14) and (10.15): 

Tcos(a + ch) - Dg - Wsiny = WddV 
g t 

Tsin(a + <l>r) + Lg - W cosy = 0 

(10.16) 

(10.17) 

Depending on the size and the configuration of the airplane, ground effect mayor may not be 
negligible. This needs to be verified for each type of airplane. 
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10.3 PREDICTION OF THE TAKE-OFF DISTANCE 

Four methods for the calculation of the take-off distance will be presented: 

10.3.1 Accurate method 
10.3.3 Approximate, analytical method 

10.3.2 Statistical method 
10.3.4 Balanced fieldlength 

Methods for presentation of take-off performance data are given in Sub-section 10.3.5. 

10.3.1 ACCURATE METHOD FOR PREDICTING THE TAKE-OFF DISTANCE 

10.3.1.1 Ground-distance (Accurate method) 

Figure 10.6 shows the geometry of the ground-roll. Assume thatthe variation ofthe acceleration 
along the runway, as expressed hy Eqn (10.5), is known as a function of airplane speed. The integra-

tion to find the ground-roll part of the take-off distance, SG' according to Eqn (10.8). can now be 

carried out with great precision. To account for wind (assumed to be constant) during the take--Q[[ 

run, it is convenient to plot a curve of IV ± V w)/ag versus V is plotted. An example, [or the case 

of head-wind, is shown in Figure 10.17. Simpson's Rule (shown in Figure 10.17) or any other con

venient numerical integration scheme can then be used to find the take-off ground distance, SG' 

{(
.I. _ ) _ (CD, - /lgCL,)iI _ "'} 

ag = g W ilg W IS 't' 

(V - V 
ag 

J f(V)dV = ~~3V(fi + 4fi+1 + fi+2) = SNGR + SR 

where: f = (V - V w) Simpson's Rule I 

Note: this example is 
for head-wind only 

ag 

V - Vw Vi Vi+2 V - VR V - VLOP ... V 

454 

Vi + 1 

Figure 10,17 Illustration ofIntegration Implied by Eqn (10.8) 
to Predict the Ground l'dke--Qff Distance 

Chapter 10 



Takeoff and Landing 

10.3.1.2 Transition Distance (Accurate method) 

Figure 10.16 shows the geometry of the take-off transition. To calculate the transition distance, 

STR ' the shape of the flight path and the variation of speed along the flight path must be known. 

The equations of motion during transition are (10.14) and (10.15). These equations can be integrated 

numerically between the lift-off speed, V LOF ' and the initial climb-out speed, V INCL' The integra

tion process should account for the fact that the airplane (at constant thrust or power) must reach the 

obstacle at a speed of V 2 in accordance with the speed requirements of Table 10.1. This implies some 

schedule of y vcrsus t . The transition distance, STR ' follows from: 

- L (VicosYi x At) ,., L(V;At) 
1 i 

(10.18) 

where the angles, Y i ' are considered to be small. 

10.3.1.3 Climb Distance (Accnrate method) 

Figure 10.16 shows the geometry of the climb-out path to the obstacle. 

The climb distance to the obstacle (35 ft for FAR 25 and commuter category FAR 23, 50 ft for 

other airplanes in FAR 23) can be determined from knowledge of: 

• the flight path angle at the height at the end of the transition, hlNCL ' which can be assumed 

to be the same at the flight path angle at the obstacle height, hscreen = 35 ft or 50 ft 

• the initial climb-out speed at the end of the transition, V INCL 

• the required speed at the obstacle, V 2 

Although a numerical integration of the equations of motion (10.16) and (LO.17) gives the most 
accurate result, an adequate estimate can be obtained from: 

(10.19) 
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10.3.2 STATISTICAL METHOD FOR PREDICTING THE TAKE-OFF DISTANCE 

The following statistical method for predicting the take-off distance is taken from Ref. 10.12 
but is based on a method described by Loftin in Ref. 10. 13. The method applies to: 

* Propeller driven, FAR 23 airplanes as presented in Sub-sub-section 10.3.2.1 

* Jet driven FAR 25 airplanes as presented in Sub-sub-section 10.3.2.2 

10.3.2.1 Statistical Method for Predicting the Take-off Distance of Propeller Driven, 
FAR 23 Airplanes 

The method predicts the total ground distance, SG, and the total air distance, SA' The FAR 23 

take-off distance from hard-surface runways may be computed from: 

STQ = 1.66 SG 

with: 

SG = 4.9 (TOP23) + 0.009 (TOP23)2 

(TOP 23) is the so-called FAR-23 take-off parameter which is defined as follows: 

(W / Sha (W / Pha 

oCL,,_ 

where: (WI Sha is the wing-loading at take-off, in Ibs/ft2 

(WI Pha is the power-loading at takeoff, in lbs!hp 

o is the ambient density ratio at take-off 

CL is the trimmed maximum lift coefficient at take-off 
"""'ro 

Combining Eqns (10.20) and (10.21) yields: 

(10.20) 

(10.21) 

(10.22) 

(10.23) 

Figure 10.18 shows a plot ofEqns (10.21) and (10.23) versus the parameter, (TOP23) . The data 

points represent actual data from Ref. 10.13. The scatter comes about largely because of differences 
in pilot technique. An example application is given in Figure 10.19. 
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STO and Sa ' ft 
Data from Ref. 10.13 
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Figure 10.18 Effect of the FAR 23 Take-off Parameter on Take-off Distance 
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Figure 10.19 Effect of Take-off Wing Loading and Take-off Maximum Lift Coefficient 
on Take-off Power Loading 
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This statistical method is very useful in the early stages of preliminary design. By specifying 

the required take-off distance, STO, the field altitude and the temperature (this defines the density 

ratio, 0) and the maximum lift coefficient at take-off, CL , a relation between 0N / Sho and 
muTO 

(W / Pha is established. 

Figure 10.19 shows the effect of various values of C, on this relation. It is clear that in-
.... =m 

creasing C, will reduce the amount of take-off power required. The reader should observe that .... u m 

the vertical axis in Figure 10.19 is weight over power (and not power over weight). 

10.3.2.2 Statistical Method for Predicting the Thke-off Distance of Jet Driven, 
FAR 2S Airplanes 

The method predicts the total FAR 25 field-length distance, STOFL' from: 

STOFL = 37.5 TOP25 (10.24) 

where: (TOP 25) is the so-called FAR-25 take-off parameter which is defined as follows: 

(TOPzs) __ ~0N~/~S::..::)~TO,,--_ 
(1 CL","'TO (T / W)TO 

where: (T / Who is the thrust-to-weight ratio at take-off, which is dimensionless 

(10.25) 

Figure 10.20 shows a plot ofEqn (10.24) versus the parameter, (TOP 25) . The data points repre

sents actual data from Ref. 10.11. The scatter comes about largely because of differences in pilot 
technique. 

This statistical method is very useful in the early stages of preliminary design. Figure 10.21 

presents a numerical example. By specifying the required take-off field-length distance, STOFL ' 

the field altitude and temperature (this defines the density ratio, 0) and the maximum lift coefficient 

at take-off, CL","'TO ' a relation between (W / Sho and (T I W)TO is established. 

The example in Figure 10.21 shows the powerful effect of Cr.".. on the required thrust-to
TO 

weight ratio at take-off, (T I Who ,for a given wing loading at take-off, (WI Sha . 
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Figure 10.20 Effect of the FAR 2S Take-off Parameter on Take-off Fieldlength 
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Figure 10.21 Effect of Take-off Wing Loading and Take-off Maximum Lift Coefficient 
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10.3.3 APPROXIMATE, ANALYTICAL METHOD FOR PREDICTING THE 
TAKE-OFF DISTANCE AND THE TIME TO TAKE-OFF 

In this approximate, analytical method, the total take-off distance, STO is divided into the four 

components shown in Figure 10.6 and expressed in Eqn (10.1). Methods for determiningSNGR , 

SR ,STR and SCL are presented in Sub-sub-sections 10.3.3.1 through 10.3.3.4 respectively. 

An alternate method for calculating the total ground distance, SG = SNGR + SR' is given in 

Snb-sub-section 10.3.3.5. A method for predicting the time required to take-off is presented in 
Sub-sub-section 10.3.3.6. 

10.3.3.1 Approximate Method for Calculating the Ground Distance Component, SNGR 

During this part of the ground run the airplane accelerates from V = 0 to V = V R' Referring to 

Eqn (10.5) it is seen that both drag and lift depend on the square of velocity, V2. Both drag, D, and 
lift, L, can thus be thought of as linear functions ofV2. It is also reasonable to approximate the low 

speed variation of jet engine thrust and propeller thrust with speed as a quadratic function. In such 

a case, the acceleration on the ground, ag , can be written as; 

(10.26) 

(
TV ~ 0 "') where; agv _ o - g W - ~g - 't' (10.27) 

(10.28) 

Both accelerations, ag and ag are known constants for a given airplane at take-off. The v .. n Y=Y
R 

lift-off speed, V LOF must be selected so that: V LOF > V R is satisfied in accordance with the re

quirements summary in Table 10.1. 

For preliminary analysis purposes, VLOP "" 1.15Vs and VR "" 1.1OVs , may be assumed. 

Eqn (10.7) will now be used to find the ground distance component, SNGR for two cases; 
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Case 1: Zero Wind and Case 2: Non-zero Wind. 

Case 1: Zero Wind 

For zero wind, Eqn (10.7) may be written as: 

V~ 

- t f ___ ;--"d,-,-V_2 -----,---
u (agV _ O - a2V _ v JV2 

agv .. o - Vl 
R 

(10.29) 

where: ag". may be regarded as the average acceleration during the ground roll, with: 

1 -

- k agv ="' with: k - (10.30) 

The constant 'k' may be determined numerically from Eqn (10.30) or from Figure 10.22, once 
the accelerations at zero speed and at rotation speed have been calculated. 

Case 2: Non-zero Wind 

For the case of non-zero wind, Eqn (10.7) can be written as: 

VR t=tR 

SNGR J 
VdV ± Vw f dt (10.31) -

(a - a )V' 
=FVwa 

gv.o 8voevR t=O 
gv= 0 V' R 

There are two integrals in Eqn (10.31). The first integral can be evaluated exactly. To obtain 

the second integral, an estimate for the time to lift-off, tR , is required. 

The reader is asked to show that the first integral follows from: 
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(10.32) 

where: 

(10.33) 

The constant, kw ,may be evaluated from Eqn (10.33) or from Figure 10.22. 

For the ground distance component, SNGR , it therefore follows that: 

SNGR = - R W 
1 (V2 - V2) 
2 ag..ve wilb wind 

(10.34) 

The time elapsed during this part of the ground run, tR , may be estimated from: 

(10.35) 

Finally, by combining Eqns (10.34) and (10.35), the ground roll distance component, SNGR ,fol

lows from: 

(VR ± vi 
2 ag•vc with wind 

(10.36) 

The elapsed time, tR , plays a role in determining the fuel used during take-off. Methods to de

termine the fuel used for a given airplane mission profile are discussed in Chapter 11. 

10.3.3.2 Approximate Method for Calculating the Ground Distance Component, SR 

The process of rotating an airplane to eventually lift off typically takes 1-3 seconds. Pilot tech
nique does have a significant effect on this time element. The following numerical values are sug-

gested for the time to rotate to lift-off, trotate: 
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For light airplanes: trotatc ;;::: I sec. 

For fighters: trotate ;;;;; 2 sec. 

For transports airplanes: trotate ~ 3 sec. 

It is assumed that the speed during the rotation process is the average between V R and V LOF 

The ground distance component, SR ' including the effect of wind, then follows from: 

( 10.37) 

10,3.3,3 Approximate Method for Calculating the Air Distance Component, STR 

Pilot technique has a significant effect on the typc of flight path and the distance covered before 

a straight line flight path to climb out to the obstacle height is established. For preliminary analysis 

purposes it has been found acceptable to assume a circular flight path for this transition. 

Figure 10.23 shows the geometry of the transition. It is assumed that the speed during the transi

tion remains constant at V ~ V LOF . The lift coefficient during the transition may be written as: 

hscrccn 

V LOF 

Figure 10,23 Geometry of the Transition and Climb-out Flight Paths 
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The resulting lift must be equal to the sum of the weight and the centrifugal force: 

w + WV[OF 
g RTR 

Therefore: 

The transition radius, RTR , follows from: 

( 10.38) 

(10.39) 

(10.40) 

(10.41) 

Based on data from Ref. 10.12 and assuming a "normal effort" transition, the following equation 

is suggested for LlCL : 

LlCL = 1 {(V mcan) 
2 

I}[C.\ {( V s)2 0.53} + 0.38] 2 V S mUTO V mean 
(10.42) 

where: V mean is the mean speed measured in the transition path during various flight tests. For prac-

tical purposes this mean speed is assumed to be equal to the lift-off speed: V mean = V LOP' 

As an example, for a jet transport with a maximum lift coefticient at take-off of 2.0 and a 

lift-off speed of: VLOP = 1.2VsTQ it is found that: LlCL = 0.15. 

To calculate the transition distance, STR ' both the transition radius, RTR and the climb angle, 

6eL , are required. From Figure 10.23, the rate of climb is seen to be: 

. V LOP (T - D) 
R.C. = V LOpS1ll6CL = --=""--'----.:.. 

W 
(10.43) 

The climb angle therefore is: 
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S _ {CT - D) } 
CL -

W V=V
LOF 

( 10.44) 

The transition distance, STR now may be computed from: 

C 10.45) 

10.3.3.4 Approximate Method for Calculating the Air Distance Component, SCL 

From Figure 10.23 it is seen that the climb distance component of the air distance, SCL may he 

determined from: 

The reader must take care to note that: 

a) if hTR > h,"reen. then: SCL - 0 

b) if hTR < h screen • then SCL follows from Eqn (10.46). 

= _S-,-,TR":-S-"C,,,L 
2 

(10.46) 

( 10.47) 

The reader must also check with Table 10.1 to determine the applicable certification basis. This 

determines whether the screen height is 35 ft or 50 ft. 

It should also be noted, that for military airplanes the screen height is always 50 ft. 

10.3.3.5 Alternate Method for Calculating the Total Ground Distance, SG 

In this alternate method. the total ground distance, So = SNGR + SR. is calculated on the as-

sumption that the acceleration on the ground varies linearly with V2 all the way to V LOF . 

In that case the average value of the ground acceleration may be computed at V2 = (VEar) /2 . 

or at: V = V LOF/ ,fi. Egn (10.8) then yields: 
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± Vw dV - 1 [lV2 ± 
a r 2 g~v~ ~f \' =" LOFJ,.1 

(10.48) 

(10.48 Cont'd) 

10.3.3.6 Method for Calculating the Time Required to Take-off, tTO 

The total time required for take-off, tTO . may be determined from: 

( 10.49) 

Because ag = dV /dt, it is possible to find the time required to reach the rotation speed, V R ' 

by integration from: 

y • 

. J.,,((w 
dV 

(10.50) 

If the acceleration-versus-speed relation is known. Eqn (10.49) can be integrated numerically. 

To integrate Eqn (10.50) approximately, the assumption is made that the average acceleration 

maybe computed at V = V R/ Ii in a manner similar 10 the method of Sub-sub-section 10.3.3.6. 

This yields: 

(10.51) 

As before, the upper sign is for a tail-wind take-off. 
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The time to rotate, tR , is usually taken to be 1- 3 seconds. This was discussed before in Sub

sub-section 10.3.3.2, see page 463. 

The transition time, tTR , may be approximated from: 

STR 
tTR = V

LOP 

where: STR is found from Eqn (10.45). 

The time-to-climb to the screen height may be approximated from: 

2S CL 2SCL 
tCL = V

LOP 
+ V

2 
OR: tCL = V

LOP 
+ V

so 

where: V 2 and V 50 are defined in Table 10.1 depending on the certification basis. 

(10.52) 

(10.53) 

An application of the approximate, analytical method for calculating the take-off distance and 
the take-off time will be given in Example 10.2. 

Example 10.2: The example concerns a propeller driven airplane with the thrust characteristics 
of Figure 10.9. Calculate the take-off distance and time for no wind and for zero 
runway gradient. Assume sea-level standard conditions. The following data are 
available for this airplane: 

Solution: 

W = 4,600 lbs 

Of = 15° 

Ilg = 0.03 

(t) = 0.14 
Cave 

S = 175 ft 2 

C. = 1.69 ....... 

Vw = 0 

b = 35 ft 

e = 0.80 in free air 

The solution is given in Table 10.2, pages 469 and 470. 

¢ = 0 

A = 7 

Table 10.2 shows that the total take-off distance is predicted to be 1,754 ft (bottom of page 470). 
The take-off time is predicted to be: 22.2 seconds (bottom of Page 471). 

It is of interest to compare this with the result of the statistical method of Sub-section 10.3.2. 
The airplane used in this example has two 260 shp engines. Assuming a 10% loss, the take-off shp 
available is 0.9x2x260=468 hp. The FAR 23 take-off parameter of Eqn (10.22) then is: 

TOP23 = (4600/175)(4600/468)/1.69 = 1531bs2/ft2hp 

This statistical method, with Eqn (10.23) then predicts a take-off distance of 1,593 ft. This result 
differs by 10% from that of the more detailed method. 
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Table 10.2 Calculation of Take-off Distance and Time for a Propeller Airplane 

Step Description of step 

Step 1 Determine the lift coefficient 
at lift-off: C 

C L"'aJl 
LLOF - y2 /y2 

LOF S 

Step 2a Determine the lift coefficient 
during the groundnm out of 
ground effect 

Step 2b Determine the lift coefficient 
during the groundrun in 
ground effect 

Step 3 Determine the drag coefficient 
during the groundrun out of 
ground effect. Drag polar with 
flaps at take-off is: C2 

CD = 0.0620 + AL 
It e 

Step 4 Determine the height of the 
m.g.c. above the ground, 
see Figure 10.12 

Step 5 Calculate h I h 

Step 6 

Step 7 

Step 8 

Step 9 

Step 10 

Calculate the ground effect 
factor from Figure 10.12 

Calculate the induced drag 
increment due to ground 
effect from Eqn (10.12) 2 

~C _ ,(CL)OGE 
D., - 0 -Jt=-A7"'-"1 

Determine the drag coefficient 
in ground effect: 

CD, - Step 4 + Step 7 

Determine: 

Determine the stall speed out 
of ground effect: 

Vs = I 2W . V gCL .. ,S 

Step II Determine the lift--{)ff speed 

Chapter 10 

Symbol Yalue 

CL("u;"j'~Itl'Jndcn"c.<;ll 0.83 

C 0.1012 
D ~("Ul of gnmnd ef:f"~I) 

h 3.6 ft 

h/h 0.103 

o 0.4H 

- 0.0150 

0.0862 

0.0595 

114.4 ftlsec 

67.8 kts 

Comments 

Assume this as 
a given 

Follow example 
10.1 for this 
airplane 

Note: this is 
out of ground 
effect 

From a 
three-view 

YLOF 131.6ftlsec YLOF = 1.15Ys 

77.9 kts 
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Table 10.2 (Cont'd) Calculation of Take-offDistance and Time for a Propeller Airplane 

Step Description of step Symbol Value Comments 

Step 12 Determine the dynamic qLOF 20.6 psf 
pressure at lift-off 

Step 13 Determine the rotation speed VR 125.8 ftlsec VR - 1.1OV s 

74.5 kts 

Step 14 Determine the dynamic qR 18.8 psf 
pressure at rotation 

Step 15 Determine the take-off thrust Tv ~ 0 2,0001bs Figure 10.9 
at zero speed 

Step 16 Determine the take-{)ff thrust 
Tv ~ v

R 
1,2001bs Figure 10.9 

at rotation speed 

Step 17 Determine the take-off 
acceleration at zero speed: agv ~(I 12.9 ft/sec2 Eqn (10.27) 

Step 18 Determine the take-off a 6.1 ftlsec2 Eqo (10.28) 
acceleration at rotation speed: 

gv = V
R 

Step 19 Determine k from Eqn (10.30): k 0.7 

Determine ag". from Eqn( 10.30) : ag~,'e 9.1 ftlsec2 

Step 20 Determine SNGR from Eqn( 10.29) : S'IGR 870 ft 

Step 21 Determine SR from Eqn(10.37) : SR 129 ft Use: 
trotatc = LOsee. 

Step 22 Determine t.CL from Eqn(l0.42) t.CL 0.12 Use: 
Vme<Jfl = VLOF 

Step 23 Determine RTR from Eqn(1 0.41) : RTR 5.721 ft Transition 
radius 

Step 24 Determine T - D at V = V LOp: (T - D) V=V LOF 
591 lbs 1,150-559 

Step 25 Determine eCL from Eqn( 10.44) : eCL 0.128 rad 

Step 26 Determine Sri{ from Eqn(l0.45) : STR 732 ft 

Step 27 Determine hTR from Eqn( 10.47) : hTR 47 ft Note: 
hTR < hscreen 

Step 28 Determine SCL from Eqn(IO.46): SCL 23 ft 

Step 29 Determine S1'O from Eqn( 10.1) : STO 870 + 129 +732 + Sum steps 20,21 
+ 23 = 1,754 ft 26 and 28 
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Table 10.2 (Cont'd) Calculation of Take-off Distaoce and Time for a Propeller Airplane 

Step Description of step Symbol Value Comments 

Step 30 Determine the time to reach tNGR 15.4 sec Eqn (10.51) 
rotation speed 

tNGR = 
(VR) 

g{(~ - ) _ (CD, - ~gCLs)1[ } 
ftg w/s 

atY~YR/fi 

Determine the dynamic 
cry - 89fps 9.4 psf 

pressure at V = V R/,fi = 89 fps 

Determine the take-off thrust 
at V = VR/,fi = 89 fps Ty ~ 89fps 1,400 lbs Figure 10.9 

Step 31 Determine the time to rotate tR 1 sec From p. 463 

Step 32 Determine the transition time tTR 5.6 sec Eqn (10.52) 

STR = 732 ft from Step 26 

VLOP = 131.6 fps from Step 11 

Step 33 Determine the time to climb 
tTCL 0.2 sec Eqn (10.53) 

to the screen height 

SCL = 23 ft from Step 28 

V LOP = 131.6 fps from Step 11 

V50 = 1.2Vs , = 1.2x114.4 fps - 137.3 fps from Step 10 

Step 34 Determine the time to tTO 22.2 sec Sum steps 30.31. 
take-off 32 and 33 

Eqn (10.49) 

~ 

I <xoo.;:;.-t1<:.! a ~I ~a 

Chapter 10 471 



Takeoff and Landing 

10.3.4 APPROXIMATE, ANALYTICAL METHOD FOR PREDICTING THE 
BALANCED FIELDLENGTH 

The idea of balanced fieldlength was introduced on page 438 and a graphical interpretation was 
given in Figure 10.5. A schematic which shows how the various speeds and distances fit together 
in the balanced ficldlength philosophy is shown in Figure 10.24. 

Speed, kts 
v [ 2 V EP + ~ V recplusact • 

V LOF 

I" 

VI F' ... / 

/' .""" 
./ l Ground distance before initial braking r 

I AEO groundrun to EF r-
I AEO groundrun 

/ 
AEO groulldrull to EF 
plus OEI groundrun 
to lift-off 

A 

~I: 
B 

........--:::: 
,," 

"'-" 
\ 

----

f- AEO take-off 
distance to 35 ft 

1\\ 

\, 
Balanced 
fieldlength 

~ 
. 

Distanc 
... along 

ground, 
ft 

Figure 10.24 Balanced Fieldlength Schematic 

e 

The balanced fieldlcngth is defined in such a manner that: B + C = D + E, where the distances 

are as defined in Figure 10.24. If an engine fails below the take-off decision speed, V I' the pilot 

should stop the airplane. If an engine fails above V I the pilot should continue the take-offwith that 

engine failed. The calculation of segments Band C can be accomplished with the methods presented 
in SUb-section 10.33. However, the following modifications must be made: 

I) The thrust must be reduced by that of the stopped engine 
2) The drag due to the inoperative engine (including the trim drag due to the rudder) must be 

added to the airplane drag 
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To calculate segment D it is necessary to account for several human and systems factors: 

a) the recognition time between engine failure and brake application 

b) pilot reaction time 

c) the time between brake application and power reduction on the remaining engincs 
a), b) and c) are human factors 

d) the time required for the brakes to act 

e) the time required for the engine thrust or power to reduce to idle 
d) and e) are system delay factors 

The time elapsed because of a) through e) is called: t'npl""~l . During this time the speed of the 

airplane will in fact increase slightly by an amount called: LI. V recplusac! . The latter quantity is noted 

at the bottom of Table 10.1. The 2-second time interval shown in Figure 10.3 is the minimum FAR 
required intcrval to account for these factors: 

trecplu,ac! = 2 sec. per FAR 25 (and FAR 23 for commuters) (l0.54) 

The authors suggest to use 3 seconds for conservatism. This is consistcnt with the military speci

fications of Ref. 10.2. 

The ground distance for segmcnt 0 can then be estimated from: 

SD = (VaveD ± Vw)trecplusact ( 10.55) 

where: VaveD is the average speed during segment D. For prelinainary analysis purposes it is 

suggested to use: VaveD = VI + 2.5 kts ( 10.56) 

The calculation of segment E can be performed with the method of Sub-sub-sections 10.6.1.4 

or 10.6.3.3 located in Section 10.6 for calculating landing distanccs. 

An analytical expression for the balanced fieldlength was derived by Torcnbcck in Ref. 10.14 

and is presented here without proof: 

BFL _ ( 0.863 ) (Wro/S 

I + 2.3L1.Y2 QgCL, ) ( 
I ) Ll.STQ + hscreen / _' + 2.7 +-----c-

T W TO !l ,0 
(10.57) 

with: Y2 is the second segment climb gradient. In turn, Y2' may be computed from 

Eqn (9.11 a) and (9.12a) may be used to compute this climb gradient at the 

appropriate speed, weight, thrust andlor power 
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The following regulatory climb gradients should be observed: 

Y2""" - 0.024 for Nc - 2 

Y - 0.027 for Ne - 3 
2m", 

Y 0.030 for Ne - 4 2mm 

W TO is the take---off weight in lbs 

S is the wing area in ft2 

eLZ is the lift coefficient at V 2' Since V 2 = 1.2 V s or 1.2 V S I it follows that in 

most case: CL = 0.694CL . can be assumed. 
2 n.axTO 

hsereen is 35 ft under either FAR 25 rules or FAR 23 commuter category rules. 

T is the mean thrust during the take-off run in lbs. 

For jet airplanes it is suggested to use: 

T = 075(5 + 'A)T . 4+'A TO 

where: 'A is the engine by-pass ratio 

T TO is the static take-off thrust in lbs 

For propeller driven airplanes it is suggested to use: 

( )

1/3 
_ aNeD~ 
T = kpP·ro P

TO 

where: kp = 5.75 slugs 1/3 /ftsec2 (conversion constant) 

PTO is the take-off horsepower in hp 

a = ~o is the density ratio of the atmosphere 

N e is the number of engines 

Dp is the propeller diameter in ft 

for flaps in the take-off position. For a zero flaps this quantity is zero. 

~STO is a take-off distance increment equal to 655 ft 

(10.58) 

(10.59) 

(10.60) 

it is noted that Eqn (10.57) applies to jet airplanes as well as to propeller driven airplanes when 
certified under either FAR 25 rules or FAR 23 commuter category rules. 
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10,3.5 PRESENTATION OF TAKE-OFF PERFORMANCE DATA 

The requirements of FAR 23 and FAR 25 stipulate several take- off distance data which must he 
detennined and published in the flight manual of an airplane. There are many different ways to pres
ent take-off performance data. In the following, two types of data presentation will be included: 

a) Manufacturers BFL data as correlated with take-<Jff thrust-to-weight ratio 
b) Fieldlength data which include the effect of payload 
c) Manufacturers BFL data as presented in typical flight manuals 

a) Manufacturers data as correlated with take-off thrust-to-weight ratio 

Figure 10.25 shows the relationship between balanced fieldlength (BFL) and take-off thrust-to
weight ratio as obtained from manufacturer's data in the 1996-1997 issue of Ref. 10. I 5. The data 
are for standard sea-level conditions. It is seen that for jet transports (including some large business 
jets) the take--off thrust-to-weight ratio ranges from a low of around 0.25 (for 4-engine jets) to a 
high of around 0.39 for 2-engine jets. It is also seen that the BFL of jet transport ranges from around 
5,000 ft to around 11 ,000 ft. It is noted that this data presentation does not account for the amount 
of payload whieh can be carried out of a given field and over a given range. 

Data from Jane's All The World's Aircraft 1996-1997: Ref. 10.15 

T 

0.3 

~ 
Ir 

~""IIT Ne 
T • T 

, T T 2 -• .1 • 3 

• 4 
0.2 

0.1 

o 
o 2 4 6 8 10 12 

Balanced Fieldlength in 1000's feet -.. 

Figure 10.25 Balanced Fieldlength (BFL) Data for Jet Transports 
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b) Fieldlength data which include the effect of payload 

The type of data provided by Figure 10.25 is very useful to a designer. It is not very useful to 

an operator who must decide whether a given airplane can meet certain payload-range requirements 
when operating from a given field. For example, consider an operator who needs to fly a large pay-

load, W PL ' out of a relatively short field at high altitude and with high prevailing temperatures. 

In such a situation the data presentation of Figure 10.26 is preferred. 

BFL, ft 
WTQ, Ibs Valid for BMA (Best Mach number and Altitude) 

5,000 ft WpL, lbs SLS and 20 deg. C • 3,000, 
4,500 5,500 - 20,000 

2,000 t 
4,125 5,000 - 19,000 -1,000 , 

3,750 4,500 - 18,000 -
0, 

3,375 4,000 - -17,000 

3,000 3,500 - 16,000 
2,OOC 0 1,000 Range,nm .. 

Figure 10.26 Effect of Available Fieldlength on Payload Versus Range 

c) Manufacturers BFL data as presented in typical flight manuals 

Figure 10.27 shows manufacturer's BFL data including the effect of: flap setting, wind, runway 
gradient, pressure altitude and outside air temperature (OAT). Flight manuals typically include this 

type of information. In addition, reference speeds such as: V I' V R and V 2 are also provided in 

flight manuals. Flight manuals also inelude data related to engine operation: EPR and NI (Engine 
Pressure Ratio and Critical Turbine RPM) for various OAT and pressure altitude values. 

In Figure 10.27 the following example can be traced through the figure: find the allowable maxi
mum take-off weight when the available fieldlength is 10,750 ft, the head-wind is 5 kts, the runway 
gradient is-1.6% (favorable), thc flap setting is 15 degrees, the OAT is 30 degrees C and the pressure 
altitude is 3,000 ft. The solution is: 720,000 lbs. 

In modern transports, the allowable take-off weight for a given fieldlength, or the required 
fieldlength fur a given take-off weight are automatically displayed in the cockpit at the request of 
the pilot. It is noted that this data presentation does not account for the amount of payload which 
can be carried out of a given field and over a given range. 
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___ Pressure ~ 
t--- Altitude, r---I--+---+~.:;/+--t---:;:;,....:::.j 800 

-==~r::~ ft . /V VV 
--== I- -r:- ".~ /' L ! ......... ..........-V 

r-- I -- '" 2,000t---+_--i7"'L~t--?"9-/_-+-~ fiOO 
-............ ~ 4,000 /V ./V 
~ 6,000 /' / 

f-----+--+-t+--""l 8,OOO I---+----l:,.,-::./~V----::>"4-............... -+-V----:l 

-50 o 50 
OAT in degrees C ... 

Reference line 

Maximum take-off thrust 

Flap 
pos ition, 
degrees 

Head 

Four bleed air systems on V w , kts 

Three NC packs on 

Nacelle anti- ice off 

NOTE: 

W TO is the fieldlength 
limited take-off 
weight in lbs 

t 
Tail 

Runway 
gradient 
in % 

1--+--+"----t---7I~-+_-_i 400 

/V "'rro • 
I---+--+"''---+----+---+In;----:cl-:: ,,()( ,:Jr's Ibs 

o 5 0 15 
Balanced Fieldlcngth in I, ~ fee 

:: ======:~-r/--'~/~~~/Ir:A:~:/-'-/:::7"-'-,,/--' 

o 5 10 15 

Balanced Fieldlength Available in 1,000 feet ... 

Figure 10.27 Example of Flight Manual Data for Balanced Fieldlength 
for a Lar~e Jet Transport 
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10.4 THE LANDING PROCESS 

The landing proccss is nonnally divided into three phases: 

* approach * air distance * ground roll 

Figure 10.28 shows a schematic which depicts these phases in relation to the overall landing path 
and to several important speeds. There is no scale implied in this figure: the relative magnitudes 
of the distances covered in the approach, the air distance (transition) and the ground roll vary from 
one airplane to another airplane. 

.. Landing path 

T ".~ distance A , flight path 

Landing arnnn" roll T"n,j;~Q air distance 

Nose wheel on the crrnnnrl I R, Transition 
Approach V A ........ .... 

VA ::.. .... ~ 
Obstacle 

V TD .-' hscreen 

Figure 10.28 The Landing Process Divided Into Phases 

In Figure 10.28 the airplane, during the approach, is tlown along a straight line tlight path at the 

approach speed, V A ' which must satisfy: V A ~ 1.3V S"'"~h until the airplane reaches the screen (or 

obstacle) height. The screen height is 50 ft for both FAR 23 and FAR 25 regulations (see Ref. 10.1). 
For military regulations, see Refs 10.2 and 10.3. Sub-sections \0.4.1 and 10.4.2 contain summaries 
of these regulations. 

When thc airplane has descended to the screen height, a transition is started until the main gear 

touches down at the touchdown speed, V TD . At that point the nose is lowered until the nose-wheel 

contacts the runway. Braking may be started as soon as the wheels touch the ground. From a land· 
ing distance certification point of view, only braking may be used. Opcrationally. thrust revers
ers and/or other retardation devices may be used as appropriate for a given airplane. 
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10.4.1 COMMERCIAL LANDING RULES 

During the final approach the airplane must be coufigured to the landing configuration. This 
usually means gear down and flaps in the landing position. In determining the landing distances the 
effect of gear and flaps on lift and drag must be accounted for. FAR 23.75, SFAR 23 as well as FAR 
25.125 require that the landing distance from the 50 ft obstacle, while stabilized at a speed of 

VA = 1.3V s ,be determined. The FAR's also specify conditions on braking, brake wear, ver-
Ipproacll 

tical acceleration and piloting skills which must be met. All landing distance data must include 
correction factors for the effect of wind: 50% of the favorable effect due to head-wind but 150% 
of the unfavorable effect due to tail-wind must be accounted for. 

The touchdown speed, V ill is not specified in the FAR's. In most instances it is assumed that 

the touchdown speed is approximated by: V ill = 1.15V s . The wheels-to-ground friction .. ".,... 

coefficient while braking must be determined so that consistent braking performance during normal 
operations can be expected. 

Balked landings initiated at the 50 ft obstacle must be possible. The required climb performance 
for balked landings (go-around) is given in Chapter 9 as Tables 9.11, 9.12 and 9.13. 

10.4.2 MILITARY LANDING RULES 

During the final approach the airplane must be configured to the landing configuration. This 
usually means gear down and flaps in the landing position. In determining the landing distances the 
effect of gear and flaps on lift and drag must be accounted for. 

For USAF airplanes (Ref. 10.2), the landing distance from the 50 ft obstacle, while stabilized 

at a speed of V A = 1.2V s ,must be determined. This assumes that the airplane is controllable 
approach 

at that speed and that it can develop a climb gradient of at least 0.025 in the landing configuration 
when dry take-off power is applied. The touchdown speed is assumed to be at le""t 

VTD = 1.1Vs . 
IIl'proadl 

For USNavy airplanes, (Ref. 10.3), the landing distance from the 50 ft obstacle, while stabilized 

at a speed of VA = 1.1 V s , must be determined, where: V s = 1.15V s . In addition, condi-
f'A PA L 

tions to ensure controllability as well as flight path correction capability must be met. 

The wheels-to-ground friction coefficient while braking must be assumed to be 0.30. Without 
braking the wheels-to-ground friction coefficient must be assumed to be 0.025. The touchdown 

speed must be assumed to be alleast V ill = 1.1 V s . . """"" 
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10.5 EQUATIONS OF MOTION DURING LANDING 

It was seen in Section lOA that the landing process consists of an air distanc~ and a gruund lUll 

(distance). These distances are typically suh-divided as shown in Figure 10.29. 

distance, 

Landing ground 

on the Transition 

Descent 
from the 
obstacle 

Figure 10.29 Geometry of Landing Diqtances 

Evidently: 

SL = SLG + SLA = SLNGR + SLR + SLTR + SLOES 

Start of the flare 

Approach 

Obstacle 

(10.61) 

Different equations of motion apply to these distances. These equations are presented in Sub
sections 10.5.1 through 10.5.3 respectively: 

10.5.1 Equatious of motion during the landing approach and the descent from the obstacle 

10.5.2 Equations of motion during the landing transition 
10.5.3 Equations of motion during the landing ground roll 

10.5.1 EQUATIONS OF MOTION DURING THE LANDING APPROACH AND THE 
DESCENT FROM THE OBSTACLE 

Figure 10.29 also shows the flight path during the descent toward the obstacle and from the ob
stacle. During this part of the landing approach the acceleration perpendicular to the flight path is 
assumed to be zero. Ideally, if the approach is stabilized, the approach speed will be constant at 

V A = 1.3V s . Therefore, the deceleration along the flight path is also zero. The airplane is 
~ppm""" 

in a constant speed, straight line descent. The corresponding equations of motion a' derived from 
Eqns (9.1) and (9.2) are: 
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Tcos(a + Q>T) - Dg + Wsin y = 0 

Tsin(a + 'h) + Lg - Wcosy = 0 

( 10.62) 

( 10.63) 

Depending on the size and the configuration of the airplane, groond etfect on lift and drag may 
or may not be negligible. This needs to be verified for eacb type of airplane. The approach flight 

. path angle, y , is the opposite of the climb flight path angle: y : y = - y . Typical commercial 

transport approach flight path angles are 2.5 to 3 degrees . 

10.5.2 EQUATIONS 01<' MOTION DURING THE LANDING TRANSITION 

Figure 10.30 shows the fligbt path during the transition . The transition starts at the so-called 

flare height, hFL ' and continues until touchdown. Touchdown normally occurs with the main gear 

touching the ground before the nose- gear. During tbe transition the decelerations along and perpen
dicular to the flight path cannot be neglected. Equations (9. 1) and (9 .2) can be used to model the 
transition. These equations, modified to include ground effect, are repeated here as Eqns ( 10.64) 

and (10.65): 

_ _ ____ =I----,,,L-

Landing air distance, SLA 

Transition 

Flight path 
is curved 

Descent from 
the obstacle 

Flight path is a 
straight line ~<;::;;;.~'L ;,> ........ 

VA ..".,,., 

Approach 

<;: <I. ........ 

h screen 

Obstacle 

Figure 10,30 Geometry of the Landing Descent from the Obstacle and 
the Landing Transition 

Tcos(a + (h) - Dg + Wsiny 

Tsin(a + (PT) + Lg - Wcos y 

WdV 
- g dt 

_ c.F. = Wvy 
g 

( 10.64) 

(10.65 ) 

The drag and the lift coefficients in Eqns (l0.64) and (10.65) must be computed in ground effect. 
Methods to account for ground effect were given in Sub-section 10.2,1. 
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10.5.3 EQUATIONS OF MOTION DURING THE LANDING GROUND ROLL 

Figure 10.31 shows the forces which act on the airplane during different parts of the ground roll 

depending on whether the nose-gear is touching the ground. 

Level Runway: Nose-gear otT the ground L 
g 

T 

Level Runway: Nose-gear on the ground 

Nn 

w 

Runway with Constant Gradient (Exaggerated) 

Nn 

T 

T 
g 

g dt 

w 

g 

w 

Figure 10.31 Forces Acting on an Air lane Dnring the Landing Ground Roll 

The main gear is assumed to be on the ground during the entire ground roll, the nose-gear will 

be on the ground only after the landing rotation (S LR in Figure 10.29) has been completed. Lift and 

drag forces must be evaluated in ground effect. Since many airplanes employ lift dumpers (spoilers) 

during the ground roll, the effect of these devices on lift and drag must be included. The thrust (or 
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power) is that which exists with the throttles retarded to the idle position. In actual operations the 
thrust may be reversed during part of the ground operation. However, for certification purposes, 
only braking may be assumed. Observe in Figure 10.31 that only braking on the main gear is as
sumed. This is typical of nearly all airplanes. 

It is also assumed that the airplane is in moment equilibrium and that the landing gear and tire 
dynamic effects on the equations of motion are negligible. 

Observe in Figure 10.31, that the aerodynamic forces (Lift and Drag) have been given a subscript 
'g' for 'ground'. This means that during the ground roll the aerodynamic forces must be computed 
including the effect of ground proximity. Reference 10.4 contains methods for doing this. How 
these ground effect corrections arise is explained in Sub-section 10.2.1. 

and 

The equations of motion, for the case of a runway with a gradient, cjl are as follows: 

Lg + Nn + Nm - Wcoscjl = W 

_ Wsincjl + W dV = 
g dt 

Wcjl + WdV 
g dt 

(10.66) 

(10.67) 

where: Lg is the airplane I if! in ground effect, in lbs. The effect of spoilers, if deployed, 

must be accounted for. 

N n is the nose-gear reaction force, in Ibs 

N m is the main-gear reaction force, in lhs 

cjl is the runway inclination angle (gradient) in radians: positive when unfavorable 

W is the airplane weight, in lbs 

T is the total idle thrust, in lbs. Note: thrust inclination is assumed 10 be zero. 

Reversed thrust may be used to calculate its effect on the landing ground-roll. 
However: for certification purposes, only braking may be assumed. 

Dg is the airplane drag in ground effect, in lbs. The eITeet of extra drag due to 

lift dumpers (spoilers), if deployed, must be accounted for. 

flg
bok

, is the ground braking friction coefficient. Table 10.3 shows typical values. 

V is the airplane speed relative to the ground, in ft/sec. 

dV / dt is the acceleration along the runway: it will he negative during the ground-roll. 
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Table 10.3 Typical Values for the Ground Braking Friction Coefficient 

Surface Type J1gbrnke 

Dry Concrete and Macadam 0.65 - 0.80 (varies inversely with speed) 

Wet Concrete and Macadam 0.25 - 0.75 (varies inversely with speed) 

Slush on Concrete or Macadam 0.15 - .40 (varies inversely with speed) 

Dry ice or packed snow on 
0.05 concrete or macadam 

It is of interest to examine the behavior of the braking friction coefficient in some detail. To that 
end, consider Figure 10.32. 

1.0 1.0 
W-L I I 

~gbrakcm • 0.8 I dry surface ~ 
Qbrake --t \ !!gbril~ J.!gbr.lkemax '\ ~ 

. 'If,. 
v '\. • "-

0.6 
"'-I wet surface 

~ol--.~ ~g"'~kc I---... ~ 0.4 
I ~g'kidl "'- ............ 1 slush ~ ~g,,,,,,N 0.2 

I I dry ice I --~g --...... 
N 0 0 

0 0.5 1.0 0 50 100 
Slip ratio, s .. V, kts .. 

Figure 10.32 Effect of Slip and Velocity on the Braking Friction Coefficient 

As soon as a braking torque, Qbrake ,is applied to the wheel it is reacted by a counter-torque due 

to the increased ground friction of the braking wheel. The wheel must slow its rotational velocity. 

ol, so that its tangential velocity, Olr, is lowered relative to the speed, V. The following equation of 

motion applies to the braking wheel: 

I dOl N Q 
wheel dt = ~g .... "," r - brake (10.68) 

where: lbrake is the moment of inertia of the wheel about its spin axis. 

For braking at a steady rotational velocity, Eqn (10.68) yields: 

(10.69) 
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The braking friction coefficient, /lgb"" ,varies with thc so--{Oalled slip ratio, s, of the wheel. This 

slip ratio is defined as: 

s = V - wr (1070) 
V 

Note that the slip ratio varies from 0, at w = Vir, to 1.0, at w = O. Ohserve from Figure 10.31 

that at zero slip ratio: s = 0 (where the wheel is freely rolling) fhe braking friction coefficient is equal 

to ~g (0.025 on dry concrete or macadam). When the wheel is completely locked: s= 1.0 (and there-

fore skidding) the braking friction coefficient equals ~g",". Note also, that the maximum braking 

friction coefficient occurs at a relatively low slip ratio. Typical braking friction coefticient values 

were given in Table 10.3 and are also shown in Figure 10.32 as a function of airplane speed and run

way condition. 

By combining Eqns (10.66) and (10.67) it can be shown that the acceleration along the runway 

can be expressed as: 

dV = .!L(T - D W + L + N ( ) W.+.) dt W g - ~gbm'. /-1gb,,,., g n /-1gb •• ,. - /-Ig - 'I' (10.71) 

It is usually convenient to rewrite this as: 

where: CD , 

ag 
( LO.72) 

is the airplane drag coefficient in ground cffect 

is fhe airplane lift coefficient in ground effect 

is the acceleration along the ground, negative during the landing gruund-roll 

is the ratio of nose-gear ground reaction to weight. This quantity depends on the 

landing gear arrangement and the center of gravity location of the airplane. For 

preliminary analysis purposes N n = 0.08 may be used during the second part 
W 

of the ground roll. During the first part of the landing roll fhe nose gear is not on 

the ground and therefore its normal force is zero: N" = 0 . After the nose gear 
W 

is on the ground, its friction coefficient is: "g and not "g . r r brake 

To develop a formula for the ground roll distance, consider the general case where the airplane 
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is landing with a wind speed of +/- V w , where' +' means a tail-wind and '-' means a head-wind. 

If V is the air speed, the ground speed will be V ± V w. It is noted that at zero ground speed, 

V = 'f V w. Therefore: 

dS LG 

dt 
- V ± Vw 

If the acceleration along the ground is called: dV/dt = ag , then it is possible to write: 

(10.73) 

dS
LG 

= V ± Vw dV (10.74) 
ag 

The reader is reminded that dV as well as ag will be negative during the landing run. The ground 

distance can now be obtained by combining Egns (10.72) and (10.74): 

'FV. 

I V ± Vw dV -
ag 

VTD 

(10.75) 

V ± Vw 

The upper sign in Egn (10.75) is for a down-wind landing. The touch-<lown speed, V TO ' varies 

with pilot technique. Typically, V TO = 1.1 V s ' may be used for purposes of predicting the 
.ppmach 

landing ground-roll. To simplify the problem a number of assumptions are introdnced: 

Assumptions: a) a runway with a constant gradient, 
b) constant weight during the ground run, 
e) that the airplane attitude on its landing gear is constant so that 

CD and CL are constant, , , 
d) ground braking friction coefficient, I-\g" .. , is also constant, 

e) variation of thrust with speed is known. 

With these assumptions it is possible to carry out the integration implied by Egn (10.75). 

Various types of solutions to Egn (10.75) will be discussed in Section 10.6. 
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10.6 PREDICTION OF THE LANDING DISTANCE 

Three methods for the calculation of the landing distance will be presented: 

10.6.1 Accurate method 10.6.2 Statistical method 

10.6.3 Approximate. analytical method 

Methods for presentation of landing performance data are given in Sub-section 10.6.4, 

10.6.1 ACCURATE METHOD FOR PREDICTING THE LANDING DISTANCE 

10.6.1.1 Air Distance Covered During Descent from the Obstacle (Accurate method) 

Figure 10.30 shows the geometry of the airborne flight path during the landing. It is seen. that 

the landing distance, measured along the ground. SLA • is split into two components. In accordance 

with Eqn (10,61): SLA = SLOES + SLTR . 

During the landing descent from the obstacle. the speed changes from V A to V FL . It is usually 

assumed that V FL = O. 95V A' The flight path is a straight line. The landing distance along the 

ground, SLDES • is determined from: 

(hscreen - h flare) 

tanYA 

where: hscreen • the screen height, is 50 ft for FAR 23, for FAR 25 and for military aircraft 

(10.76) 

hllare ' the flare height. varies primarily with the size of an airplane. The flare height 

may be estimated by assuming an instantaneous circular transition path as shown 

in Figure 10.33, A method for determining the flare height. hllare ' is given in 

Sub-sub-section 10.6.1.2. 

Y A = - Y A' the approach flight path angle. For a typical instrument approach this flight 

path angle is 2.5 to 3.0 degrees, 

A geometric interpretation of these quantities is given in Figure 10.33. Next. a method for eva

luating the approach flight path angle. Y A' will be presented. 
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R.D. hscrccn 

Note: Y Ais negative 
as shown 

Figure 10.33 Geometry of the Approach and Flare Paths During Landing 

The equations of motion during the approach flight path are obtained by introducing appropriate 

adjustments to Eqns (10.64) and (10.65): 

Tcos(a + 'h) - D + Wsiny = a (10.77) 

Tsin(a + 'i>T) + L - W cosy = W Vy (10.78) 
g 

For the straight line component of the landing approach ('I - 0) • and for sufficiently small val-

ues of angle of attack and thrust inclination angle, (a + 'h) = 0, these equations become: 

T - D + WYA = a 

L - W = 0 

By combining Eqns (10.79) and (10.80) it is seen that: 

y =_.L+D 
AWL 

(10.79) 

(l0.80) 

(10.81 ) 

If the engines are at flight idle, T = O. However, most approaches are carried out as powered 

approachcs so that the thrust is not zero. Since the approach speed is known (V A 

required lift coefficient can be computed from Eqn (10.80): 

C - 2W 
LA - gSVi 

- I.3Vs ), the 
L 

( 10.82) 

This in turn allows the determination of the drag coefficient, from the drag polar in the approach 

flight condition. Therefore. DfL in Eqn (10.81) is now known. Thc thrust-to-wcight ratio, TIW 

is selecled to match the required glide slope angle. As indicated before, the glide slope angle is typi

cally 2.5 to 3 degrees although larger angles are possible. 
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10.6.1.2 Air Distance Covered During the Transition or Flare (Accurate method) 

During the landing transition (also called flare), the speed changes from V FL to V TD . The flare 

speed, VFL ' is assumed to be: VFL = 0.95V A' This is shown in Figure 10.33. The flight path is 

a curved line, normally assumed to be circular. For the case of a circular flare, the transition landing 

distance along the ground, SLTR ' is determined from: 

(10.83) 

The flare height, hfiare ' may be computed from: 

h - R (1 - ,- ) - R (J AJ2 - IS -
fiare - flare cos Y A - flare -- - - LDES Y A 

2 2 
(10.84) 

The flare radius. Rflarc ' may be determined in a manner quite analogous to the one used during 

the take-off transition in Equations (10.38) through (10.41). First, the lift coefficient during the 

landing transition may be written as: 

C - CL + L\.CL _ W 
Lt1~re - FL FL 1 V2 S 

ZQ FL 

= CL [V2t] + L\.CL maxA V FL 
FL 

(10.85) 

This assumes an instantaneous change in the lift coefficient as shown in Figure 10.34. The result

ing lift must be equal to the sum of the weight and the centrifugal force: 

Therefore: 

WV~L _ 
g Rflare 

The flare radius, R flare , follows from: 

(10.86) 

(10.87) 

(10.88) 

The load factor in the flare, nFL ,depends on pilot technique and is usually about 1.04 to 1.08. 
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VA VFL VTD Nose-gear off the , , , I!round 

~ 
b.C L \ Nose-gear on the 

L"c around 

• I\;LR CL CL CL"c , 
A A 

C 
~round 

..I.. .. I. • 1 • ..I • • 
Approach Descent from the screen Landing transition Landing ground run 

height to the flare height or flare 

Figure 10.34 Variation of Lift Coefficient During the Landing Flare 

By combining Eqns (10.83) and (10.88), the transition landing distance along the ground,SLTR ' 

(10.89) 

To determine the touchdown speed, V TD , the following energy balance equation may be used: 

W (V}L - Vfu) + Whtlar• = (D - T)TDSLTR 
2g 

where: (D T)TD is the average retarding force during the flare. 

Eqn (10.90) may be solved for the touchdown speed: 

(D 

(10.90) 

(10.91) 

The average retarding force during the flare, (D - Tho, is assumed to be the average of the 

retarding force at V FL and at V TD . This average may be computed as follows: 

At the start of the flare, the flight path angle is still equal to: Y A . For that reason, the retarding 
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force may be found by modifying Eqn (10.81) as follows: 

(D - Thn = + Wy A (10.92) 

At the end of the flare, that is at the touchdown speed, the retarding force may be found from: 

The average retarding force in the flare, (D 

(10.93) as: 

(D 

(10.93) 

Thn is found by averaging Eqns (10.92) and 

(10.94) 

Typically, the touchdown speed, V 1D ' is found to be about 1.15V A • 

10.6.1.3 Ground Distance Covered with the Nose-gear Off the Ground (Accurate method) 

Figure 10.29 shows the geometry of the ground-roll. Assume that the variation of the accelera

tion along the runway, as expressed by Eqn (10.75), is known as a function of airplane speed. The 

integration to find the ground-roll part of the landing distance, Sw ' according to Eqn (10.75), can 

now be carried out with great precision. 

It is convenient to split the ground roll part of the landing distance into two parts, in accordance 

withEqn (10.61): Sw = SLNGR + SLR' During the rotation part, SLR, the speed decreases from 

VTD to V LR' During the "all-wheels-on-the-ground' part, SLNGR ' the speed decreases from 

V LR to zero. To estimate the ground distance during the rotation, SLR ' it is necessary to know the 

time needed to get the nose-wheel on the ground. This typically takes 1-3 seconds, depending on 

airplane type and pilot technique. If the average deceleration during this time is called, agLR ' the 

speed, V LR ' may be estimated from: 

(10.95) 

The reader should again realize that agLR < 0 in Eqn (10.95). The distance covered during this 

rotation period, S LR , now follows from: 
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(10.96) 

where: agLR is found from Eqn (10.72) by setting the nose-gear load, Nn equal to zero: 

(10.97) 

ToobtainSLR,Eqn(1O.75)cannowbeintegratedfrom(VTD 'f Vw)to(VLR 'f Vw): 

v ± Vw dV _ 
a

gLNOR 

(10.98) 

To account for wind (assumed to be constant) during the landing ground roll, it is convenient 

to plot a curve of (V ± V wl/ag versus V as shown in Figure 10.35. 

- V. 
ag 

ff(V)dV = ~b.3V(fi + 4fi+ 1 + fid -.--~"'-_""",,,'--_--, 
(V - V wi Note: this example is 

Simpson's Rule I head-wind where: f-

Note: Nn ., 0 SLNGR -"'SLR 

Note: N n - 0 

V = Vw Vi Vi +2 V = VLR V = VTD ... V 
Vi + 1 

Figure 10.35 Illustration of Integration Implied by Eqn (10.79) to Predict the 
Ground Roll Landing Distance Components, SLNGR and SLR 
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In evaluating Eqn (10.98), two scenarios must be considered: 

a) The thrust is set at flight idle (f/W close to zero, but normally slightly positive). For 
determining certified landing ground rolls, idle thrust should be used. 

b) The thrust is reversed. In this case, T/W < O. Note: reversed thrust may not be used to 
determine ground rolls for certification purposes. However, reverse thrust may be used 
operationally and its effect on the ground roll is then published in the flight manual. 

c) With the nose-gear off the ground, thrust reversing is normally not used. 

Simpson's Rule may be used in determining SLR . 

10.6.1.4 Ground Distance Covered with the Nose-gear On the Ground (Accurate method) 

The part of the ground roll during which the nose-wheel is on the ground, SLNGR ,may be esti-

mated by integrating Eqn (10.75) from (VLR 'f Vw) to ('f Vw): 

'Fv. 

J (10.99) 

VLR=fVw 

V ± Vw 

To account for wind (assumed to be constant) during the landing ground roll, it is convenient 

to plot a curve of IV ± Vw)/ag versus V as shown in Figure 10.35. Again, two scenarios must be 

considered: 

a) The thrust is set at flight idle (f/W close to zero, but normally slightly positive). For deter
mining certified landing ground rolls, idle thrust should be used. 

b) The thrust is reversed. In this case, T/W < O. Note: reversed thrust may not be used to 
determine ground rolls for certification purposes. However, reverse thrust may be used 
operationally and its effect on the ground roll is then published in the flight manual. 

Simpson's Rule (shown in Figure 10.35) or any other convenient numerical integration scheme 

can then be used to find the landing ground roll component, SLNGR . 
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10.6.2 STATISTICAL METHOD FOR PREDICTING THE LANDING DISTANCE 

The following statistical method for predicting the landing distance is takenJrom Ref. 10.10 but 
is based on a method described by Loftin in Ref.lO.H. The method applies to: 

• Propeller driven, FAR 23 airplanes • Jet driven FAR 25 airplanes 

10.6.2.1 Statistical Method for Predicting the Landing Distance of Propeller Driven, 
FAR 23 Airplanes 

The method predicts the landing ground distance, SLG ' and the total landing distance, SL' as 

defined in Figure 10.29. The FAR 23 landing distance from hard-surface runways may be computed 
from: 

SLG ~ 0.265 (V s.,.,...l in ft 

where: V s is the stall speed of the airplane in the approach configuration in kts . .. .-. 
The total landing distance, SL (from a 50 ft obstacle), may be determined from: 

SL = 1.938 Sw 

The stall speed in the approach (or landing) configuration follows from: 

2(WdS) 

pCL mUappmacll 

(10.100) 

(10.101) 

(10.102) 

Equation (10.100) is based on the statistical data shown in Figure 10.36. Equation (10.101) is 
based on the statistical data shown in Figure 10.37. Both figures apply to FAR 23 airplanes only. 
The scatter in the data occurs because of variations in pilot technique. 

Equations (10.100) through (10.102) suggest that the landing ground roll distance depends on 
the following parameters: 

a) Wing loading, WdS, in the landing configuration 

b) Altitude and temperature (both of which define the air density, Q) 

c) Maximum lift coefficient, CLm ' in the approach (=landing) configuration 
lliapproa:h 

10.6.2.2 Statistical Method for Predicting the Landing Distance of Jet Driven, 
FAR 25 Airplanes 

In FAR 25, the total landing distance, SL (from a 50 ft obstacle), is divided by a factor of safety, 
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0.60, to produce the FAR 25 field-length, SFL : 

(10.103) 

The FAR 25 landing field-length, SPL , is statistically related to the square of the approach 

speed, Vi ' in kts2. The statistical data were taken from Ref. 10.13 and are shown in Figure 10.38. 

10,000 

FAR 25 Landing 
Field-length, ft 

5,000 

o 

Data from Ref. 10.13 
for FAR 25 airplanes 

• 2 engines 

• 3 engines 

T 4 

~ 
4 ~/ V -

V 
./' 

V 

o 10,000 

/ 

,/' 
V'" 

~ 
/-1 

SFL - 0.3 (V tJ2 
SpL 

SL -
0.60 

20,000 
V2 kts2 

A' 

Figure 10.38 Effect of the Square of the Approach Speed on the FAR 25 Field-length 

The scalier in the data occurs because of variations in pilot technique. 

The approach speed, V A' is related to the maximum lift coefficient in the landing configuration: 

(10.104) 

If the field-length is known, VA follows from Figure 10.38. The required maximum lift coeffi

cient in the landing (approach) configuration can then be determined from Eqn (10.103), once the 

wing loading in the landing configuration is known. 
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10.6.3 APPROXIMATE, ANALYTICAL METHOD FOR PREDICTING THE 
LANDING DISTANCE AND THE TIME TO LAND 

In this approximate, analytical method, the total landing distance, SL is divided into three com-

ponents shown in Figure 10.29 aod expressed in Eqn (10.61). Methods for detenniningS A ' SLTR 

andSWES are presented in Sub-sub-sections 10.6.3.1 through 10.6.3.3 respectively. A method for 

predicting the time required to take-off is presented in Sub-sub-section 10.6.3.4. 

The reader should be aware of the fact that the laoding field-length, SL , for FAR 25 is 
fiddknglh 

defined as: 

S - SL 
Lfieldlenilb - 0 . 6 (10.105) 

10.6.3.1 Approximate Method for Calculating the Air Distance Component, SLA 

Figure 10.39 (a modified version of Figure 10.33) depicts the geometry of the laoding path. 

hscreen 

'I!"~f~\¥'''~~$'' ""'1'" ' ............. . 
SLA 

Figure 10.39 Geometry of the Approach and Flare Paths During Landing 

From Figure 10.39 it is observed that: 

S LA "" hscreen + R Y A flare2 (10.106) 
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The approach flight path angle, Y A ' may be determined from Egn (10.81) or a constant (2.5, 

3 or more degrees) may be assumed, However, if a constant angle is assumed, the reader is cautioned 
Lo make sure that Eqn (10.81) is satisfied in terms of appropriate values for LID and TIW in the ap

proach flight condition. 

The flare radius, Rnare, follows from Eqn (10,88): 

I) 
(10.107) 

The load factor in the flare, nFL • depends on pilot technique and is usually about 1,04 to 1.08. 

The flare velocity may be assumed to be: 

V FL = 0.95 V A (10,108) 

10.6.3.2 Approximate Method for Calculating the Ground Distance Component, SLR 

After touchdown, during the rotation part, SLR (see Figure 10.28), the speed decreases from 

V TO to V LR ' while the nose-gear is lowered to the ground. 

The time taken in this maneuver may be assumed to be: 

tLR = I to 3 seconds (10.109) 

For light airplanes it is suggested to use I second, for transports, use 3 seconds. The problem 

is in the determination of V LR . It is conservative to assume IhaLlhe airplane is free-rolling on the 

main gear while the nose-gear is being lowered to the ground during this transition maneuver. If 

it is assumed that the deceleration is negligible, so that: V LR = V TD ' the ground distance compo-

nent, SLR • may be estimated from: 

(10.110) 

10.6.3.3 Approximate Method for Calculating the Ground Distance Component, SLNGR 

During the ground distance component, SLt;GR ' the speed decreases from V LR to O. A modifi

cation of Equation (10.75) can be used to find an approximate, closed form solution for the ground 

distance component, SLNGR . 
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To simplify the problem, the following additional assumptions are made: 

2) Automatic braking 3) Runway inclination: ct> = 0 

4) No wind: Vw = 0 5) Constant angle of attack: Cn and CL are independent of speed . , 

With these assumptions, Eqn (10.75) yields: 

o 

f VdV 
SLNGR = ~------------------~~----------------~ 

{ 
(c C )- } vrog (WT _ ) D, - fI,."" L,q + N,( _ "g) flgb"", - W / S . W flg bmko r 

This can be written as: 

Vro 

-f A + By2 
.lln(1 + By2 ) 
B A TO 

o 

where: A - 2g{(flgbrn., - ~) - ~(flgb"" - flg)} 

B = gQ(C n, - Ilg b, .. ,CL,) 

W/S 

(10.111) 

(10.112) 

(10.113) 

(10.114) 

Note: A will normally be positive. However, B can be negative. When that happens, the 
In term will also be negative. This yields: 

2 
(YTO) Q(Cn, - flg.".""CL,) 

I + ------~~~~--~~~----~ 
2 W / S {( flg b, .. , - J) - ~ (flgb, .. , - fl g)} 

(10.115) 

The reader must decide what numerical value to use for the braking friction coefficient, flg 
brake 

For numerical guidance, Table 10.3 may be used. 
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For a transport, the drag coefficient on the ground, CD ,will be extra high due to the effect of , 
ground spoilers. Similarly, the lift coefficient on the ground, CL, ' will be Jaw due to the same effect. 

Typical values for the ratio of nose-gear load to weight ratio during a landing, N nj W, may 

range from 0.08 to 0.2. The value of Trw can be positive or negative, depending on whether idle 
thrust or reverse thrust is used. 

10.6.3.4 Method for Calculating the Time Required to Land, tL 

The total time required for landing, tL, may be important for purposes of calculating the fuel used 

during the landing part of a mission. Methods to calculate this amount of fuel are presented in Chap

ter 11. The total time required for landing, tL, may be determined from: 

(10.116) 

During the descent from the obstacle, the speed was assumed to be constant at V A . The approach 

speed, V A' may be determined from Eqn (10.82). The time, tLA , follows from: 

SLA 

VA 

where: SLA follows from Eqn (10.106). 

For the landing ground rotation time, tLR , it was suggested in Eqn (10.109) to lise: 

tLR = 1 to 3 seconds: 1 sec for small airplanes and 3 sec for transports 

(10.117) 

(10.118) 

The time spent during the landing groundrun, tLNGR ' can be computed by remembering that 111 

general, dt = dSIV, and then suitably modifying Eqn (10.111): 

0 

tLNGR -

L[(J; 
dV 

(CD, C )-
- Ilg)} - ~ )- !lgblake Lg q + N"( 

, gbr.ke WjS W ~ghral:;~ 

(10.119) 

This can be written as: 
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YTD 

tLNGR = I dV = 

g{ (!'gb'''' 

(C C ) v, 
- !,g) } 

..L) + D" - "'!bru:e La Q Ne( 0 
W 2W/S W ~gbl'ak~ 

V'rrJ 

= J c 
dV 

= (!co) arctan ( V TO ~) + DV2 (10.120) 

0 

where: C - g((lig"", - ~) Nn( - W !'gbm, - lis)} (10.121 ) 

D = {gQ(CO, - !,g."",CL,J } 
2W/S 

( 10.122) 

This yields: 

x arctan (V TO) ( 10.1 23) 

Note: C wi ll normally be positive. However, D can be negative. In that case the solution 
indicated by Eqn (10.124) must be u~ed. 

tLNGR = ( 1 ) arctanh(V lU j - D) 
' J -CD C 

(10. 124) 

An example application of these approximate methods for predicting the landing distance and 
landing time will be presented in Example 10.3. 

Example 10.3 

Chapter 10 

The example concerns a propeller driven airplane with tbe Ihrust characteristics 
of Figure 10.9. Calculate the landing distance for no wind and for zero runway 
gradient. Also calculate the time to land . Assume sea-level standard conditions. 
The following data are available for this airplane: 

WL = 4, 600 Ibs (1) = 0.14 Vw = 0 
Cave 

cjl = 0 
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flg = 0.03 
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S = 175 ft 2 b = 35 ft 

e = 0.80 in free air 

T = 260 Ibs in the landing flare 

Landing drag polar (flaps and gear down): Co = 0.1000 + 
A 

The solution is given in Table lOA. First the landing distance. 

A - 7 

It is seen at the end of Table 10.3 that the landing distance is predicted to be: 

S L = 1,539 ft. This is the actual predicted landing distance. 

The corresponding landing fieldlength is given by Eqn (10.103) as: 

SFL = 1,539/0.6 = 2,565 ft. 

Next is the time to land. This is also given in Table lOA. It is seen that the 
total time required to land is 21 seconds. 

It is of interest to compare the reSult for SL with that which is predicted with the (much simpler) 

stalislical melhod of Sub-section 10.6.2. 

The square of the stall speed is: (102.111.689)2 = 3,654 kts2. With Eqn (10.100) this yields: 

SLG = O.265x3,654 = 968 ft. With Eqn (10.101) this results in: 

SL = 1.938x968 = 1,876 ft. The difference is 22%. 
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Table 10.4 Calculation of Landing Distance and Time for a Propeller Airplane 

Step Description of step Symbul Value Comments 

Step 1 Determine the stall speed in 
Vs 102.1 fps 

the landing configuration

jfW 

/S 
V - L 

SL - QC 
Lm"~l 

Step 2 Determine the approach VA 132.7 fps Eqn (10.104) 
speed: VA = I.3Vs L 

Step 3 Determine the flight path angle 
YA 4.6 deg Eqn (10.81) during the descent from the 

screen height: 

T/W = 260/4,600 = 0.0565 
CL = 2.12/1.69 = 1.25 

A 

CD, = 0.1000 + (CLY 
nAe 

= 0.1889 

YA - - (0.0565 - 0.1889/1.25) - 0.0946 rad = 5.4 dC9 

Step 4 Determine the flare radius: Rflare 6,173 ft Eqn (10.107) 

VFL = 0.95 V A = 126.1 fps Egn (10.108) 

II nFL = 1.08 assumed high because of steep flight path angle I 
Step 5 Determine fhe landing air 

SLA ~21 ft Egn (10.106) 
distance: 

assume hscreen = 50 ft 

Step 6 Determine fhe landing ground 
SLR Eqn (10.110) distance component: 117ft 

V TO = I. 15V SL = 117.4 fps 

Assume: tLR = 1 sec 

Step 7 Determine the landing ground 
SLNGR 601 ft Egn (10.115) distance component: 

Assume: CI., = 0.40 with t1aps 45° on the ground 

Assume: CD, = 0.3000 with t1aps 45° on the ground 

Assume: T / W = 0.0565 on the ground 

Assume: N n/ W = 0.08 

Then: A = 20.22 and B = 0.0004078 with Egns (10.113) and (10.114) 

Step 8 Determine the total landing distance SL 1,539 ft Egn (10.61) 

SL = SLA + SLR + SLNGH Modified 
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Table 10.4 (Cont'd) Calculation of Landing Distance and Time for a Propeller Airplane 

Step Description of step Symbol Value Comments 

Step 9 Determine the time required 
tLA 6 sec Eqn (10.117) 

for the air distance: 8211132.7 

Step 10 Determine the time required 
tl.R 3 sec Eqn (10.118) 

between touchdown and nose-
gear on the ground: 

Step II Detennine the time required to tLNGR 12 sec Eqn (10.123) 
stop with the nose-gear on the 
ground: 

Assume: CL = 0.40 with flaps 45° on the ground , 
Assume: CD = 0.3000 with flaps 45° on the ground , 
Assume: T / W = 0.0565 on the ground 

Assume: Nfl / W = 0.08 

Then: C - 10.11 and D = 0.0002039 with Eqns (10.121) and (10.122) 

Step 12 Determine the total time 
tL 21 sec Egn (10.116) 

required to land: 

I 
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10.6.4 PRESENTATION OF LANDING DISTANCE DATA 

Tn the following, a typical method fur presenting landing distance data in airplane flight manuals 
are given. In determining the landing distance performance of an airplane the following factors 
should be accounted for: 

* Outside air temperature * Effect of head-wind or tail-wind 

* Pressure altitude * Anti-icing system on or off 

• Condition of tbe runway surface * Obstacle (screen) height 

* Condition of the brakes and tires * Manual or automatic spoilers 

* Anti-skid system operative or not * Ice accumulation on airplane 

Figure I OAO shows an example of the type of landing distance data which may be found in vari
ous airplane flight manuals. The dark line indicates how the data can be used. 

Chapter 10 

Pressure Altitude 
in 1,000's feel 

800 

700 

6UU 

500 

400 • 

W fieldlength limit 
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~--__ --cr---__ --~--__ --,,~ __ ~~~~ __ --~-------, Two Inop . 

• Brakes 

t 
Normal 

5 6 7 8 9 lU 11 

Field Length Available in 1,000's Feet .. 

Fignre 10.40 Typical Presentation of Landing Distance Data 
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10.7 SUMMARY FOR CHAPTER 10 

In this chapter several methods for calculating the take-off and landing distances of airplanes 
are developed. A detailed discussion of the take-off and landing processes, in terms of important 
reference speeds, is provided first. The corresponding civil and military airworthiness rules are also 

discussed. Next, the equations of motion are developed. 

Based on the equations of motion, an accurate method for their integration is presented. Then, 
a rapid, statistical method for predicting take-off and landing distances is given. Finally, an approxi

mate numerical method for calculating take-off and landing distances is provided. Applications to 
various airplane types are givcn. 

Examples of how take-{)ff and landing distance data are presented in flight manuals are given. 

10.8 PROBLEMS FOR CHAPTER 10 

10.1 A jet airplane has the following characteristics: 

WTO = 56,000 Ibs S = 900 ft 2 4> - 0 

The take-off drag polar, in ground effect is: CD - 0.0160 + 0.04 Cl 
!-Ig = 0.02 CL = 1.00 , 

It is desired to operate this airplane out of a field with a ground-run distance of 3,000 ft. 

Assume that the lift-off speed is: V LOF = 1.2V s . Assuming a constant takc-off thrust 
TO 

with speed, determine the required engine thrust. Work this problem by using the method 
of Sub-section 10.3.3. Assume standard sea-level conditions. 

10.2 Use the statistical method of Sub-sub-section 10.3.2.2 to determine the thrust required of 
the airplane of Problem 10.1 assuming that the required balanced fieldlength is 5,000 ft at 

sea-level standard and at sea-level with a temperature of 95 degrees F. 

10.3 A jet fighter for carrier operation has the following characteristics: 

506 

W L = 18,0001bs S = 320 ft2 CL = 1.80 , 

The landing drag polar, in ground effect is: Co = 0.4 + 0.05 C~. Assume that the 

friction coefficient while braking is: flg
b
,"" = 0.40. The touchdown speed, as related to the 

stall speed in the landing configuration, is given by: V TD = 1.15 V SL' The flight deck 

length available for the landing ground roll is 700 ft. How fast must the carrier be steaming 
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for the landing to be completed successfully? 

Assume no surface wind: V w = 0 and standard sea-level conditions. Also assume that 

there is no effective thrust during the landing ground roll. 

lOA Assume that during a take-off ground run the angle of attack of an airplane stays constant. 

Also assume that the airplane thrust is independent of angle of attack. Show, that to obtain the maxi

mum net force of forward acceleration (and hence the minimum ground run distance), the airplane 

lift coefficient on the ground must be equal to: CL , = 0,5 (JtAeftg). 

10.5 A company is considering the design of a new regional jet transport, Preliminary design 
studies have evolved the following basic aircraft characteristics: 

WTO = 77,000 Ibs hlb = 0.12 T TO = 19,000 Ibs 

VLOF = 1.2 V STO 

The take-off drag polar, out of ground effect is: CD = 0.0342 + 0.0424 CC. Also 

assume that the following conditions apply: 

Vw = 0 cj> = 0 ftg = 0.02 SG = 2,500 ft 

If the take-offthrust can be assumed to be constant with speed during the take-off process, 

determine the required wing area. 

10.6 For the airplane of example 10.2 (see Section 10.3) calculate the ground lift coefficient in 

ground effect if the free air lift coefficient at the same (ground) angle of attack is 0.83. 

10.7 For example 10.3 perform a trade study which shows the effect of the following parameters 
on the landing distance: 

a) ground lift and drag coefficient 
h) friction coefficient due to braking 

c) thrust to weight ratio (include effect of reverse thrust) 
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Characteristic and Performance, Piloted Aircraft (Fixed Wing); June, 1977. 
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CHAPTER 11: RANGE, ENDURANCE AND PAYLOAD-RANGE 

In this chapter various methods for determining the range (cruise) and endurance (loiter) charac
teristics of airplanes are presented. Basic range and endurance equations for propeller driven air
planes and for jet airplanes are discussed in Sections 11.1 and 11.2 respectively. The problem of 
wing sizing for best range and for best endurance is also addresscd in these sections. 

The payload which can be carried while flying a given range andlor endurance is of prime inter
est to commercial and to military operators. The so-<:alled payload-range diagram is discussed in 
Section 11.3. Various methods for presenting the useful range characteristics of an airplane, ac
counting for the ability to take-otf from given field-lengths are also discussed in Section 11.3. 

When flying a given route, airplancs must be operated so that there are adequate fuel reserves 
on board to cope with various contingencies. Typical of these are: 

Destination airport is closed and landing at an alternate airport is required 
Head-winds are stronger than expected 

* 
* 
* An engine fails during cruise and the flight continues with increased drag and increased fuel 

consumption 

The FAR's (Parts 135, 121) have several rules for establishing the required fuel reserves. An 
overview is given in Section 11.4. 

Sizing an airplane to meet certain range and/or endurance requircments (while accounting for 
fuel used during take-off, climb, descent and landing) is one of several tasks designers must perform 
during early design of a new airplane. A simple weight sizing method is discussed in Section 11.5. 

11.1 PROPELLER DRIVEN AIRPLANES 

As an airplane progresses through its mission it burns fuel and, as a result, looses weight. The 
amount of fuel used during a given part of an airplane mission depends on two factors: the power 

required, SHP,eqd (measured in horsepower), and the specific fuel consumption, cp (measured in 

Ibs of fuel per shaft-horsepower per hour). The following expression reflects this: 

(11.1) 

where: WF is the fuel flow in Ibs per hour. 

is the specific fuel consumption, in Ibs/shp/hr 
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is the installed propeller efficiency 

is the power required for level flight, in hp, and given by: 

Preqd - 6,076 0 V = 0 V in hp 
550x60x60 326 

(11.2) 

where: 0 is the drag in level flight, measured in Ibs 

V is the level flight speed, measured in knots (nautical miles per hour) 

The weight change of the airplane, resulting from this fuel flow is defined as: 

. -Preqdcdt dW = - WFdt = p (11.3) 

" PinslBill>d 

To determine airplane endurance, a relationship between weight and time is needed. Such a rela
tionship is obtained by re-arranging Eqn (11.3): 

dt 
dW - in hrs/lbs (This is known as the endurance factor) (11.4) 

To determine airplane range, a relationship between weight and range is needed. Since V = ds/dt 
and therefore, dt = dsN, it is possible to cast Eqn (11.3) in the following format: 

~ = - V TjP'M""" in nm/lbs (This is known as the range factor) 
dW Preqd cp 

(11.5) 

With these fundamental relationships established endurance and range equations can be derived 
by integration of Eqns (11.4) and (11.5). In Sub-sections 11.1.1 -11.1.4 this is done in in anapprox
imatc manner. This leads to the so-called Breguet equations. The French airplane designer, Louis 
Breguet, was the first to derive closed form range and endurance equations for an airplane. In gener
al, closed form solutions to Eqns (11.4) and (11.5) cannot be obtained and numerical integration is 
normally used for accurate calculations. This is discussed in Sub-section 11.1.5. 

11.1.1 BREGUET EQUATIONS FOR RANGE AND ENDURANCE 

By combining Eqns (11.2) and (11.5) it may be shown that: 

ds = 326x( - Tjp",."",) = - 326xTjp, .. "", (L)(..L) 
dW OCp cp 0 W 

The following definitions are now introduced: 

510 

the weight of the airplane at the start of cruise is: Wbegin 

the weight of the airplane at the end of cruise is: Wend 

(11.6) 
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Next, it will be assumed, that the factors cP' I1Pi •. "oIkd and un are approximately constant during 

the cruising flight·. The range of the airplane may be found by integration of Eqn (11.6) between 
these weight limits: 

= 32611Pi""""~Lln(~egin) in n.m. (11.7) 
c p D end 

In reality, particularly for very long ranges (say, longer than 1,000 n.m.), the factors cpo I1p",,,,,,,, 

and un will vary during the flight. Therefore. it is prudent to carry out the integration implied by 

Eqn (11.7) over a number of range segments. The factors cpo I1Pi .. mJ", and LID must then be re--eva

luated for each new range segment. 

This procedure is illustrated in Figure 11.1 for the case of three segments. It is a matter of judg
ment to decide how many segments are adequate. 

For each range segment, best range occurs when the combined parameter (l1pi"",u./cp)(CdCD) 

is maximized. 

Range Segment 3 

Etcetera .. 

Total Range 

90~ Range Segment 2 ~~ Range Segment 1 

Etcetera .. 
i 

Wend, Wbeginl 

W bcgin2 = Wend I 

To find (CdCD)] calculatc CL , from: 

Next. 

(Wbeginl + wenctJ 

2q1 S 

find CD from cruise drag polar , 
Sea-level (s.l.) 

Figure 11.1 CaIculatin Range in Increments 

* The reader is asked to show that the constant LID assumption implies a climbing cruise. 
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The endurance of the airplane may be found by integrating Eqn (11.4) to produce: 

Wend W.ol Wend 

E J dt _ 550 lJp",.,lod 

J 
dW - - -

cp DV 
Wbegin Wbegin 

- 550 lJPl~"I" J (L) dW = 
cp D (W ['jfjL) 

Wbeiin Y pc;:s 

= 778 lJPl~.n'" L IPS 1 - 1 in hours C
3

/
2 

[ ] 

cp CD jWend jw begin 
(11.8) 

The integration was carried out by also assuming constant altitude. In reality, particularly for 

very long endurances (say, longer than 3 hours), the factors Q, cp , lJPl ... Il., and CL3/2/CD will vary 

during the flight. For that reason it is prudent to carry out the integration implied by Eqn (11.8) over 

a number of endurance segments. The factors cp, lJPIMollod and CL
3

/
2/CD must then be re-evaluated 

for each new endurance segment. The procedure is shown in Figure 11.2 for the case of two seg
ments. It is a matter of judgment to decide how many segments are adequate. 

W endz 
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Endurance Segment 2 

Etcetera .. 

Total Endurance 

Endurance Segment 1 

Wendt 

Wbegin2 - Wendt 

Wbegint 

To find (CL
3/2/CDh calculate CLI from: 

C _ (Wbeginl + WendJ 
Ll - 2(hS 

Next, find CDI from cruise drag polar 

Sea-level (s.1.) 
Figure 11.2 Calculating Endurance in Increments 
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For each endurance segment, best endurance occurs when the combined parameter 

(T]P;ru,"",./Cp)(CL3/2/CD) is maximized, when flying at a given altitude. Note that the atmospheric 

density, Q, occurs in the term: IPS in the endurance equation. The reader should not conclude from 

this, that best endurance occurs at sea-level. 

It should be understood that in both Equations (11.7) and (11.8) the amount of fuel consumed 
during the range or endurance segments of the mission is: 

(11.9) 

To determine the total amount of fuel needed to complete a given mission (including fuel re
quired to start, taxi, take-off, climb, cruise, loiter, descend, landing and shutdown) the reader is re
ferred to Sub-sub-section 11.1.5.1. 

11.1.2. MAXIMUM RANGE AND ENDURANCE FOR PARABOLIC DRAG POLARS 

11.1.2.1 Maximum Range for Parabolic Drag Polars 

It is noted from the range equation (11.7) that, for given values of cp and T]P,ruol'" maximum range 

occurs when flying at the maximum value of the lift-to-drag ratio, LID. In Chapter 8, maximum 
LID and the lift and drag coefficients at which it occurs were shown to take on the following expres
sions for an airplane with a parabolic drag polar: 

(11.10) 

C - jrrAeCDo ~/Dmall -
Co = 2Co L/Dmax 0 

(11.11) 

It is of great interest to design an airplane so that it cruises at or close to the best possible lift-to
drag ratio. Flying at best LID implies flying at constant angle of attack. If a cruising flight is started 
at the angle of attack for best LID, to maintain this (in view of the decreasing weight due to fuel con
sumption) requires a climbing cruise. In the real world of Air Traffic Control, airplanes are not al
lowed to climb at will. Instead, airplanes are typical1y relegated to constant altitude cruising flight. 
If traffic conditions permit, pilots may get permission to change altitude to allow a more favorable 
LID to be reached. During a typical trans-oceanic flight this may occur several times. 

The latter is one of many reasons why sizing the wing and engines of an airplane to achieve best 
LID can be a very difficult task. Figures 11.3a-c illustrate three cruise scenarios. In Figure 11.38, 
Point A represents the condition for best LID. This can be achieved only, if the corresponding lift 

coefficient, Cr . = W cruise/q S . In other words, weight, altitude, speed and wing area must be _., 
just right, to produce CD. = 2Co . If there is a mis-match in weight, altitude, speed andlor wing =_ 0 
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B 
~------~------------~~ 

W cruis A 

t::t~===::rC=IJ~~~ (CdCo)max 
Co -. 

qS 

CdCo -. 
Figure 11.3a Ideal Cruise Matching Scenario 

C _ Wbegin 
L""", - q S 

CLbcgin~-------'~-----~ 

CL". ~-----t'---------+---"'I. 

--I------D 
(CdCO)begin (CL!CO)end 

CL!CO -. 
Figure 1l.3b Varying (Low) LID Cruise Matching Scenario 

C L begin 

Wbegin 
- qS 

Wend 
- q S B r (CL!Co)max 

~~ __ -L __________ (C_L_!C_O_)_~~gm-3W-~~~___ 'C 
- 0 -. 

(CdCo)end 
CdCo -. 

Figure 1l.3c Varying (High) LID Cruise Matchin Scenario 
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area, point A shifts to either point B or point C. Either way, the LID is lower than the best LID and 
the range will be correspondingly less. 

In Figure 11.3b two scenarios are depicted: 

I) the cruise lift coefficient, which decreases with weight if altitude and speed are maintained, 
is ahove the lift coefficient for best LID. This is the case for A to B. 

2) the cruise lift coefficient, which decreases with weight if altitude and speed are maintained, 
is below the lift coefficient for best LID. This is the case for C to D. 

Scenario C-D is typical for fighter aircraft in the ground attack mode. Because of the very high 
dynamic pressures, the lift coefficient during a high speed, low altitude operation is typically much 
below that for best LID. Scenario C-D is also fairly typical for low altitude general aviation air
planes: they also tend to operate at relatively low lift coefficients. 

Scenario A-B is typical for very high altitude airplanes, where the lift coefficient at the begin
ning of cruise tends to be high due to the high weight. 

Figure 11.3c depicts the ideal scenario for a long range cruise airplane which is more or less com
mitted to cruise at constant altitude. By sizing the wing so that the airplane "rounds" the LID corner 
during some part of the cruising flight, a good average LID can be maintained. 

These results bring up the important problem of how to size the wing to attain the best possible 
lift-to-drag ratio. For the case of an airplane with a parabolic drag polar this issue is discussed in 
Sub-sub-section 11.1.2.2. 

11.1.2.2 Sizing the Wing for Maximum Range (Maximum erien> 

Tn this discussion it will be assumed that an airplane with a given weight, W, is designed to cruise 
at a given altitude and Mach number and that it should have a given value of maximum lift-to-drag 

ratio, (L!D)max. Therefore W , <reruise and (L!D)max are known. Using Eqn (11.11) it is seen that: 

CL = /nAeC = W 
LJDm~x ,Do S 

qcruise 

The product nAe, with the help of Eqn (11.10) may be written as: 

;tAe = 4CD (L)2 
II D max 

A problem is, that the zero-lift drag coefficient, CD ' itself is a function of wing area. 
" 
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(11.12) 

(11.13) 
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This is easily demonstrated by considering the total airplane equivalent parasite area, fA ' to con-

sist of two components: the wing, fw, and the rest of the airplane, fA- w: 

(11.14) 

The equivalent parasite area, fA' can be related to the zero-lift drag coefficient to produce: 

(11.15) 

From this it follows: 

(11.16) 

Substitution of Eqn (11.16) into Eqn (11.12) and solving for the required wing arca yields: 

w _ 2(.!.) f 
-q D max A-W S = -""ru""~"-.",..,,----___ _ 

2(L) C D max Dow 

(11.17) 

Take as an example the Lockheed P-3C Orion. The following data are available forthis airplane: 

W = 135,000 lbs 

(LjD)max = 13.8 

S = 1,300 ft2 

M cruise = 0.54 h = 25,000 ft 

Substitution of these data into Eqn (11.17) produces for the following wing area for best range 
S = I, 103 ft2, which is below the actual wing area of the airplane. The reason is that the wing of 
this airplane is sized for best endurance: it is a long endurance patrol airplane. 

The reader is reminded of the fact that the wing size may very well be determined from other 
design considerations, such as take-{)tJ and landing fieldlength, fuel volume, maneuverability at al
titude and various other considerations. 

11.1.2.3 Effect of Wind on Maximum Range 

For airplanes with a parabolic drag polar, Hale and Steiger (Ref. 11.1) derived an analytical range 
equation which includes the effect of wind. They showed that with a tail-wind equal to 112 of the 
best range speed without wind, the range can be improved by 2% if the airspeed is reduced by about 
10% from the best range speed without wind. 
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11.1.2.4 Maximum Endurance for Parabolic Drag Polars 

It is noted from the endurance equation (11.8) that, for given values of cp and TJp,uw,oI maximum 

range occurs when flying at the maximum value of the parameter ( Ci!2/CD). The maximum of this 

parameter occurs when its square, (cVC~) , is a maximum. In Chapter 8, maximum (cV~) and 

the lift and drag coefficients at which it occurs were shown to take on the following expressions for 
an airplane with a parabolic drag polar: 

= ..l.ltAe j3ltAe 
16 CDo 

(11.18) 

CD = 4CD 
(c'/c') 0 

L D max 

(11.19) 

The wings of conventional transport airplanes are normally sized for best range operation. For 
fighters and for general aviation airplanes, different wing sizing criteria may apply. However, air
planes with a high altitude, on-station type mission may very well require that the wing be sized for 

best endurance. Sizing wing area and engines of an airplane to achieve best (cVC~) can be a very 

difficult task. Figure 11.4 shows a typical composite plot of CD' CJCD and CVC~ versus the 

lift coefficient, CL . 

. . 
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In Figure 11.4, Point A represents the condition for best un. 

Point B in Figure 11.4 represents the condition for best (cUC~) . The latter can be achieved 

only, if the corresponding lift coefficient, CL = Wendurance!lI S = CL e~d."",,,,, ci/cbmax 

In other words, weight, altitude, speed and wing area must be just right, to produce 

CD = 4Cn . Ifthere is a mis-match in weight, altitude, speed and/or wing area, point B shifts 
eJKIu~1lU: tl 

to either point C or point E. This results in two endurance scenarios: C-D and E-F. Either way, the 

(cUC;;) is lower than the best (cUc;;) and the endurance will be correspondingly less. 

These results raise the important question of wing sizing to attain the best possible value of 

(cUc;;) . The issue is addressed for the case of a parabolic drag polar in Sub-sub-section ILl.2.5. 

11.1.2.5 Sizing the Wing for Maximum Endurance (Maximum CUC~) 

In this discussion it will be assumed that an airplane with a given weight, W, is designed to cruise 
at a given altitude and Mach number and that it should have a given maximum value of the parameter 

(cUC;;) . Therefore W , lIcruise and (CUC;;)maxare known. Using Eqn (11.19) it is seen that: 

The product nAe, with the help of Eqn (11.18) may be written as: 

[ 
2 ]1/3 

nAe = 256 C (Ct) 
27 D" C2 

n max 

(11.20) 

(11.21) 

It was recognized before, that the zero-lift drag coefficient, CD • itself is a function of wing area 
" as seen from Eqn (11.16). By combining Eqns (1 Ll6). (11.20) and (11.21) the following polyno-

mial equation in the wing area, S, is obtained: 

3 
(W!lIcruise) - 0 ( 11.22) 
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For a given airplane design, W , qcruisc and (CUCt)max as well as fA _ wand CD will be 
Ow 

known, The wing area, S, required for best endurance can then he solved from Egn (11.22). 

As an example, consider a high altitude antenna platform, For this airplane, the following data 
are assumed: 

W = 10, 000 lbs 

M loiter = 0.25 

fA- w = 5 ft 2 

h = 35,000 ft 

(cUCtL" = 400 

CD = 0.0040 
"w 

Substitution into Eqn (11.22) yields the following result: 

S3 + 2,500S2 + 1,2502 S - 944x106 = 0 

The solution for wing area for best endurance is: S = 363 ft2. 

(11.23) 

It is of interest to study a numerical example of a plot of CD , CdCD and CUCt versus the lift 

coefficient, CL ' This is done for a business turbo-prop in Sub-sub-section 11.1.2.6. 

11,1.2.6 Numerical Example ofa Composite Plot of CD' CdCDand CUC~ versus CL 

Figure 11.5 shows a composite plot of CD ' CdCD and CUCt versus the lift coefficient, CL ' 

for an advanced, corporate turbo-prop airplane in cruise. Note the numerical value of the lift coeffi

cient for maximum cricn : 0.94. 

The airplane is assumed to cruise at an altitude of 39,000 ft and at a long range Mach number 
of 0.60. A typical begin weight is 11,300 Ibs and a typical end weight is 9,300 Ibs. The correspond
ing cruise lift coefficients are 0.62 and 0.51 respectively. Points A and B represent these cruise lift 
coefficients. It is seen in Figure 11.5 that this airplane is of the type represented by scenario C-D 
in Figure l1.3b. 

It is also observed from Figure 11.5, that for best endurance at 39,000 ft. the airplane would have 
to t1y at a lift coefficient of around 1.62. This would correspond to a Mach number of around 0.37. 
The maximum, trimmable lift coefficient for this airplane is around 1.8. A lift coefficient of 1.62 
still leaves some room for maneuvering so that it would be possible tu do this. 
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11.1.3. APPLICATION OF THE RANGE AND ENDURANCE EQUATIONS TO A 
PROPELLER DruVEN AIRPLANE WITH A PARABOLIC DRAG POLAR 

Example 11.1: A propeller driven cargo airplane has the following characteristics: 

Solution: 

Chapter 11 

W begin = 30,000 lbs 

Co = 0.0200 + 0.05 C[ 

S = 300 ft2 

cp = 0.45 lbs/shp/hr 

l1Pin~liIlled = 0,87 

h = 2S,OOO fl 

The airplane is supposed to carry 3,000 lbs of supplies, airdrop these supplies at 
a distance of 1,500 nautical miles from base and return to base without re-fuel
ling. Determine: 

1) The total amount of cruise fuel consumed 
2) the total flying time 

The calculation will be performed in two parts: 

a) Outbound mission b) Return mission 

a) Outbound mission 

The range Eqn (11.7) can be re-written as: 

(
Wbeg;n) R cp I In W = where: R is in nautical 

end 326 'lP;o.w,," CL/Co 
miles 

For best range, CdCD must be at its maximum. From the drag polar it is 

seen that: CD = 0.0200 and 1tAe = 1/0.05 = 20.0. Therefore, according 
n 

toEqn (11.10): (CdC D) max = 0.5}20.0/0.02oo = 15.S. 

Substitution of the required data in the range equation yields: 

In(Wbegin) = 1,500x0.45 I . = 0.1506 
Wend 326xO.S7 15.8 

Therefore: W begin/W end = 1.1626 which yields: 

Wend = 30,000/1.1626 = 25,80S1bs 

Amount of fuel used during the outbound mission: 30,000 - 25,S05 ~ 4, 195 Ibs. 
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Flying at maximum CL/Cn , Eqn (11.11) yields: 

CL = j20.0xO.0200 = 0.632 

The initial flight speed for the outbound mission is: 

Vbegin = 
2x30,OOO 

0.0009567xO.632x300 = 575 fps = 341 kts 

The flying time is estimated to be: 1500/341 = 4.4 hrs. 

The reader is asked to verify this by using the endurance equation (11.8). 

Hint: compute CUC5 at the lift coefficient for best CdCn ! 

b) Return mission 

Forthereturnmission:Wbegin = 25.805 - 3,000 = 22.80Slbs 

Assuming the return mission is also conducted at best CdCn : 

W begin/Wend = 1.1626 still applies. so that: 

Wend = 22.805/1.1626 = 19.616 lbs 

Amount of fuel used during the return mission: 22,805 - 19,616 = 3,189Ibs. 

The initial flight speed for the return mission is: 

Vbegin = 
2x22.805 

0.0009567xO.632x300 = SOl fps = 297 kts 

The flying time is estimated to be: 1500/297 = 5.1 hrs. 

The reader is asked to verify this by using the endurance equation (11.8). 

Hint: compute CUCb at the lift coefficient for best CdCn! 

The total fuel used in the mission is: 4.195 + 3.189 = 7.3841bs 

The total flying time for the mission is: 4.4 + 5.1 = 9.5 hrs. 

Chapter II 



Range, Endurance and Payload-Range 

11.1.4. MAXIMUM RANGE AND ENDURANCE FOR AIRPLANES WITH NON
PARABOLIC DRAG POLARS INCLUDING THE EFFECT OF WIND 

For airplanes with non-parabolic drag polars a numerical solution is required. The drag polar 
can still be converted to the form illustrated in Figure 11.5. 

Consider an airplane with the drag polar of Figure 11.6. Table 11.1 shows how this drag polar 

can be converted into lines of (CdCn) and (cUC~) , also plotted versus lift coefficient. Points 

for best (CL/CD) and best (cUC~) are now determined graphically as shown in Figure 11.6. 

By computing the power required and power available data for an airplane with a given, general 
drag polar it is possible to determine the conditions for best range and for best endurance graphically. 

From Eqns (9.13) and (9.14) it can be seen that: 

Preqd = 
Y 

(11.24) 

According to Eqn (11.7), maximum range occurs at the best value of (CLlCD). Egn (11.24) 

shows that maximum range therefore occurs at the best value of P reqd/Y. This is convenient, be

cause the best value ofP reqd/V then occurs at the tangent of a line drawn through the origin to a plot 

of power required. P reqd' versus speed. V. This is shown graphically in Figure 11.7. 

Point A represents the speed for best range if there is no wind. To determine the effect of tail 

wind (Point B) and head wind (Point C) the origin of the P reqd ' versus speed, curve is simply shifted 

as shown in Figure 11.7. 

From Eqn (9.45) it is seen that: 

( 11.25) 

With Eqns (11.8) and (11.25) it is clear that best endurance occurs at the speed for minimum 
power required. That speed is indicated as Point D in Figure 11.7. Observe, that the speed for best 
endurance does not change with wind speed, while the speed for best range does! 

Once the flight speed for best range has been determined from a graph such as Figurc 11.7 the 
maximum range can be calculated from: 
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o and 0 are points computed from the drag polar 
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J<'igure 11.6 Example of a Non-Parabolic Drag Polar 
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CD .. 

CdCD " 

CUC'b .. 

Table 11.1 Calculation of CdCD and CUC~ From a Non-Parabolic Drag Polar 

CL CD CdCD C3 jC2 ........ _-------- L D 

Read From Figure 11.6 0 in Figure 11.6 0 in Figure 11.6 

0 0.028 0 0 

0.2 0.025 8.0 12.8 

0.4 0.026 15.4 94.7 

0.6 0.033 18.2 198.3 

0.8 0.046 17.4 242.0 

1.0 0.065 15.4 236.7 

1.2 0.088 13.6 223.1 

1.4 0.122 11.5 184.0 
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Figure 11.7 Determination of Speeds for Best Range and for Best Endurance 

Rmax with wind ±778V~:P[C~3/2)jpS[1 _ 1 )innm 
D jWend jw begin 

where: + is for tail wind and - is for head wind, while V w , is in knots. 

(1126) 

The reader must ensure that the numerical values for (CdCD) and for (C~2/CD) which are 

used in Eqn (11.26) are those corresponding to the proper speed for best range from Figure 11.7. 

It is clear from the material presented safar that, for a given propeller efficiency, 1]p. , and 
mslalled 

specific fuel consumption, cp, maximum range or maximum endurance is obtained by flying at a 

constant angle of attack. Only by doing that, can fhe parameters (CdCD) and for (C~2/CD) be 

kept at their maximum values. 

It is useful to considerthe implications offhis in view of the fact thatL = W must also be satisfied 
at each point in the cruise or loiter part of the mission: 

(11.27) 

By examining Eqns (11.6) and (11.27) side-by-side it is seen that flight for maximum range can 
be achieved only under the following scenarios: 
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1) Constant speed or Mach number: this requires the cruise altitude of the airplane to be 
steadily increased as fuel is consumed which leads to a decrease in weight, W. This is the 
so-<alled cruise-climb flight. 

2) Constant altitude: this requires the speed (or Mach number) of the air-
plane to be steadily reduced as fuel is consumed which leads to a decrease iu weight, W. 
This is the so-<allcd constant-altitude flight. 

3) Adjust dynamic pressure: this requires the dynamic pressure to be adjusted 
inversely proportional to the weight which decreases due to fuel consumption. 

It should be emphasized that, because of the fact that the endurance Eqn (11.8) was derived by 
integration at constant altitude. This endurance equation is therefore valid only for loiter at constant 
altitude. This requires the speed (or Mach number) of the airplane to be steadily reduced as fuel is 
consumed which leads to a decrease in weight, W. Unless a flight management system is available 
to accomplish this automatically, loitering, while continually adjusting the speed, may not be a rea
sonable procedure, This does point out a limitation of the Breguet equations as derived here. 

Finally, it is clear from Eqn (11.7) that to optimize range, if propeller efficiency, 'lP'",I<d ' and 

specific fuel consumption, cP' are adjustable during cruise (they are in most airplanes) it is the com

bined factor ('lp,,,,,,,jcp)(CdCD) which must be optimized. This was already pointed out in the 

discussion of range segments on page 372. 

Tn the case of high speed, propeller driven airplanes, the reader should also realize that the Iift
to--drag ratio itself becomes a function of Mach number as a result of compressibility etfects. 

11.1.5. ACCURATE DETERMINATION OF RANGE AND ENDURANCE BY NUMERI
CAL INTEGRATION OF SPECIFIC RANGE AND ENDURANCE 

The specific range, S.R., of an airplane is defined as the number of nautical miles which can be 
flown per pound of fuel. This quantity is also known as the range factor. Remembering that dW 
is negative (due to fuel usage) it follows from Eqn (11.6) that: 

S.R. -

where: V 

Vip 

- ds 
dW 

VllPin,tlllell 

Preqdep 

is the speed in nmlhr 

is the fuel flow in Ibs/hr 

in nm/lbs (11.28) 

The S.R. can be calculated for a range of airplane weights, speeds and altitudes. From these cal
culations it is possible to determine optimum range flight paths. The range can be determined accu
rately hy integration: 
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R = f S.R. dW ( 11.29) 

WCRbe/lin 

The specific endurance, S.E., of an airplane is defined as the number of hours which can be flown 
per lbs of fuel. This quantity is also known as the endurance factor. Remembering that dW is nega
tive (due to fuel usage) it follows from Eqn (11.3) that: 

= - dt = I S.E. in hrs/lbs ( 11.30) 
dW WF 

The S.E. can be calculated for a range of airplane weights, speeds and altitudes. From these cal
culations it is possible to determine optimum endurance flight paths. The endurance can be deter
mined accurately by integration: 

WLTRend 

E = f S.E. dW (11.31) 

WLTRl>esin 

In principle, Eqns (11.28) and (J 1.30) can be used to determine range and endurance of airplanes. 
However, in reality, doing this for an arbitnuy airplane mission is a fairly complicated process. For 
that reason, step-by-step procedures for determining range and endurance are given in Sub-sub
sections 11.1.5.1 and 11. 1.5.2 respectively .. 

11.1.5.1 Step-by-step Procedure for Determining Range 

Step I: Define a mission profile for the airplane. Figure ll.8 shows two example mission 
profiles: one for a commercial transport airplane and the other for an attack airplane. 
The procedure outlined here is for a commercial transport. 

Step 2: 

Step 3: 

Step 4: 

Chapter II 

Note the definition of the mission range, Rm;,,;on . 

Determine the operating empty weight of the airplane, W OWE' The operating empty 

weight of an airplane is the sum of the empty weight, WE, and the trapped fuel and 

oil weight, W tfD • Note: the weight of the cabin and cockpit crew is included in the 

payload weight. 

(11.32) 

Specify the sum of the payload and crew weight to be carried over the mission range, 

W PL + W crew. This weight would include such items as: passengers and their lug

gage, cockpit and cabin crew and their luggage; cargo, revenue mail etc. 

Specify the amount of mission fuel to be carried by the airplane, W F . 
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Commercial Transport 
Rmission - 2, 500 nm 

5 

.. 
t-____ ...///"""---./----~1 WeRe., or Wend 

Step-wise climbs 

4 W CR",," or Wbegin as allowed by ATC 

1 2 3 

1) Engine start and warm-up 
2) Taxi 
3) Takeoff 
4) Climb to 45,000 ft 

Attack Bomber 

6 

7 

5) Cruise 
6) Descent 
7) Landing, taxi, shutdown 
Note: no reserve mission shown 

360 degree turn 360 degree turn 

\ 
5 

4,000 ft ---i 
4 

l 2 3 - . Wrallip WTO 

I) Engine start and warm-up 
2) Taxi 
3) Takeoff and accelerate to 350 kts 

4) Dash 200 nm at 350 kts 
5) 360 degree, sustained, 3g turn at 350 kt, 

including a 4,000 ft altitude gain 

9 

6 8 
10 

6) Release 2 bombs and fire 50% ammo 

7) 360 degree, sustained, 3g turn at 
350 kts,at sea-level including a 
4,000 ft altitude gain 

8) Release 2 bombs and fire 50% ammo 

9) Dash 200 nm at 350 kts 
10) Landing, taxi, shutdown (no reserves) 

Figure 11.8 Typical Airplane Mission Profiles 

• 

-
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Step 5: 

Step 6: 

Step 7: 

Step 8: 

Step 9 
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Calculate the ramp weight of the airplane, Wr•mp : 

W,.mp = W OWE + W PL + Wcrew + Wp (11.33) 

This ramp weight must satisfy the following condition: 

W ramp ~ W ramp",," (11.34) 

where: WramPmu is the maximum allowable ramp weight of the airplane. 

Determine the amount of fuel required to start the engines and warm-up, W p"" ,plus 

the amount offuel required to taxi to the take-off position, W p~, ' and then calculate 

the take-off weight, W TO from: 

WTO = W ramp - Wp - Wp . 
""''''. IllXJ 

(11.35) 

This take-off weight must satisfy the following condition: 

where: W TO is the maximum allowable take-off weight of the airplane. 
~" .. 

Determine the amount of fuel required for take-off, W F . This may be done 
TO 

with the following equation: 

(1L37) 

where: Wp 
TO 

is the fuel flow during the take-off in lbs/hr 

is the time required for take-off according to Eqn (10.49) 

Determine the amount of fuel required to climb and accelerate to the initial cruise 
altitude and speed. Also, determine the range covered during the climb. Methods 
for determining these quantities are discussed in Chapter 9. 

Eqn (9.69) can be used for the calculation of the climb fuel weight, WFCL . 

Eqo (9.68) can be used for the calculation of the horizontal distance covered during 

the climb (climb range), RCL ' 

It is advisable to calculate the fuel required to climb for a range of take-off weights 
and to a range of cruise altitudes and cruise speeds. The engine throttle and/or pro
peller settings used may represent additional variables to be considered. 

Determine the weight of the airplane at the start of initial cruise: 
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WCR = Wb . = WTO - W F ","gin egm TU 

where: WTOfoliows from Step 6 

W Fro follows from Step 7 

W F follows from Step 8. 
eL 

(11.38) 

It is advisable to define a range of starting weights and cruise flight conditions. 

Step 10: Determine the propeller efficiency as a function of altitude and speed. Depending 
on the engine type used. the propeller efficiency will also be a function of the throt
tle setting employed. For that reason. the propeller efficiency data are often plotted 
against speed for a range of throttle settings. For a generic example. see Figure 11.9. 

Propeller 
Efficiency 

'lp 

Throttle 
setting , 
60% 

Speed. V 

No scale 
intended 

Figure 11.9 Example Results of Propeller Efficiency Versus Throttle Setting 
and Seed for Use in Ran e Calculations 

Step 11: Determine the power required (P reqd ) for level, un-accelerated flight for a range of 

weights, altitudes and speeds. Chapter 8 provides methods for doing this. Eqn (8.71) 
may be used in these calculations. 

Step 12: Determine the shaft-horsepower required from: 
P 

SHP = reqd (11.39) 
reqd 'lP 

This must he done for the same range of weights, altitudes and speeds as in Step 12. 

Step 13: Determine the fuel flow from installed engine data at the level of required SHP for 

each engine. This defines the fuel flow. W F , in Ibs/hr. 

Step 14: Calculate the specific range, S.R. from Egn (11.28) for the assumed range of cruise 
speeds, weights and altitudes. The results are often plotted in the manner shown in 
Figure 11.10. 

Step 15: The specific range for a selected cruise condition can now be plotted as a function 
of weight as shown in Figure 11.11. 

530 Chapter II 



Range. Endurance and Payload- Range 

Specific 
Range, S.R. 

\ Maximum range cruise 
No scale 
intended 

\ 

\ 
Valid for one 
altitude only 

\ 
\ 

Constant speed cruise 

Speed, V .. 

Figure 11.10 Example Results of Specific Range Calculations for Use in 
Range Calculations 

The rangc can he numerically evaluated with Eqn ( 11.29) by using numerical 

integration between the limits W CR . and W CR : 
begin en ~ 

R = ~(S .R.)ave !:J. W (11.40) 

This can be done in tabular form or with a spreadsheet. 

Specific 

'~ Taken at constant No scale Range. S.R. 
speed or at maximum intended 

+ range from Figure 11.10 

''0., 
~l. 

S.R·ave ....... 
.- !:J.W ~ 

W CRbcl in 
WI W2 W CRc mJ Weight, W .. 

. 'igure 11.11 Example of a Specific Range Plot Calculations for Use in 
Numerical Integration of the Range Equation (11.29) 

The problem now is that although W CR . is known , W CR is not. A certain amount of fuel 
btr l~ ~n d 

must be set aside for the descent, for landing, and for shut-down. In addition, the required fuel re
serves cannot be used for revenue range. For these reasons, the foll owing addi tional steps are needed 

to determine the lower allowable limit, W CR"," : see Steps 16 - 20. 

Step 16: Determine the amount offuelused in descent, W F
D

, • For a descent from one altitude 

to another this can be done with Eqn (9.78). 
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Step 17: Determine the amount of fuel required to land, W FL : 

Step 18: 

Step 19: 

Step 20: 

(11041) 

where: VI F is the fuel flow during the landing. This can be taken to be the fuel 
DE 

flow with the throttles at idle unless reverse thrust is used. In the latter case 
the fraction of the landing time during which reverse thrust is used must be 
estimated. 

tL is the time it takes to land. SeeEqn(1O.116). 

Determine the amount of fuel required to taxi and shut--down, W F . 
UI"iJ~h~1 

Determine the amount of fuel reserves required: W F . 
= 

Sometimes, fuel reserves are defined as a fraction of the mission fuel required. More 
frequently, fuel reserve requirements are set by the customer or by the operational 
requirements of FAR Parts 135.97 and 121.641 or 643 (non-turbine and turbo-pro
peller-powered), whichever is the more severe. Section 1104 contains an overview 
of these rules. 

In most cases the required fuel reserves are defined by a so-called alternate mission 
which must be negotiated without running out of fuel. Figure 11.12 shows a typical 
alternate mission. The fuel needed to fly this alternate mission can be determined 
by retracing steps 8, 9,11,12,13,14,15 and 16 but now for the alternate mission. 

Determine the weight at the end of cruise, WCR : 
,eO 

( 11.42) 

where: W CR. is found from Step 9 
"'-

W FOE is found from Step 16 

W FL is found from Step 17 

W F,,,,r,"" is found from Step 18 

Step 21: Determine the total amount of fuel used during the mission, excluding the reserves: 

W . 
F~ •• d • 

The amount of fuel actually used during a mission, Wp , is important from a cost 
,.«<1 

viewpoint. 
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Rmission 

W CR or W . 
begin begm Alternate Mission 

5 10 

6 
Basic Mission 

1 2 3 12 13 

1) Engine start and warm-up 7) Hold for a given amount of time (loiter) 
2) Taxi 8) Climb to alternate cruise altitude 
3) Takeoff 9) Cruise to alternate airport 
4) Climb to 45,000 ft 10) Hold for a given amount of time (loiter) 
5) Cruise to destination 11) Descend to alternate airport 
6) Descend to destination airport 12) Landing 

13) Taxi and shutdown 

Figure 11.12 Example of an Alternate Mission for Determining Fuel Reserves 

Step 22: Calculate the total amount of mission fuel required, W F : 

W = W + W F Fused Fres (11.44) 

This amount of fuel should equal the amount specified in Step 4. 

Step 23: Verify that total mission fuel requirement, W F ,satisfies the following relationship: 

W :5 W 
F Fvtllumetric 

( 11.45) 

11.1.5.2 Step-by-step Procedure for Determining Endurance (or Loiter) 

In some airplanes there is a requirement for a certain amount of loiter time as part of the mission 
profile. One example was shown in the alternate mission of Figure 11.12. In certain airplanes there 
can be a requirement for flying to a specified altitude and then holding that position in a shallow turn 
for a long period of time. In both cases there is said to be a requirement for endurance. 

A requirement for endurance (or loiter) is normally an integral part of a mission which also con
tains the mission flight phases illustrated in the mission profiles of Figures 11.8 and 11.12. A step
by-step procedure for evaluating endurance is not meaningful except as part of a more general mis
sion. The reader should modify the previous procedure for calculating range to suit his purpose. 
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Critical steps in evaluating endurance are those steps which define the weight at the beginning 

and at the end of the endurance: W LTR . and W LTR • 
begin end 

Once these limits are known, Eqn (11.31) can be used to numerically determine the endurance. 
This is typically done by retracing Steps II through 15 but now for endurance (loiter). Figure 11.13 
shows a generic plot of specific endurance, S.E. from Eqn (11.30) for an assumed range of loiter 
speeds, weights and altitudes. 

Specific 
Endurance, 
S.E. 

Increasing 
Weight, W 

\ Best endurance (loiter) speeds 
No scale 
intended 

\ 

\ 

\ 
\ 

Constant speed endurance (loiter) 

Valid for one 
altitude ollly 

Speed, V _ 

Figure 11.13 Example Results of Specific Endurance Calculations for Use in 
Endurance (Loiter) CalculatIons 

The specific endurance for a selected loiter condition can now be plotted as a function of weight 
as shown in Figure 11.14. The endurance time (or loiter time) can be obtained by numerically eva
luating Eqn (11.31): 

E = ~(S .E.)aY< !;. W (11.46) 

Specific 

'~ 
- No scale Range, S.E. Taken at constant loiter 

speetl or at best loiter intended 

• speed from Figure 11 .13 

'l~ 
'--i~ 

S·E. ave r-.. /,;w f4-

W LTRbc¥in WI W2 W LTR", Weight, W -Figure 11.14 Example of a Specific Endurance Plot Calculations for Use in 
Numerical Integration of the Endurance Equation (11.31) 
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11.2 JET AIRPLANES 

As an airplane progresses through its mission it bums fuel and, as a resuit, loses weight. The 
amount of fuel used during a given part of the mission of a iet airplane depends on two factors: the 

thrust required, T,cqd ' (in lbs) and the specific fuel consumption, Cj ' (in lbs/hr/lbs). The following 

expression reflects tbis: 

(11.47) 

where: VoIF is the fuel flow in lbs per hour 

is the thrust required for level flight, in lbs 

is the specific fuel consumption, in Ibslhrllbs 

The weight change of the airplane, resulting from this fuel flow is defined as: 

dW = - Vol F dt = - T reqd Cj dt (11.48) 

To determine airplane endurance, a relationship between weight and time is needed. Such a rela
tionship is obtained by re-arranging Eqn (11.48): 

d~ = T - 1 . in hrs/lbs (This is known as the endurance factor) 
reqd cJ 

(11.49) 

To determine airplane range, a relationship between weight and range is needed. Since V ; ds/dt 
and therefore, dt ; dsN, it is possible to cast Eqn (11.48) in the following format: 

ds = 
dW 

T - V in nm/lbs (This is known as the range factor) 
reqd cj 

(11.50) 

With these fundamental relationships established, endurance and range equations can be derived 
by integration ofEqns (11.49) and (11.50). In Sub-sections 11.2.1-11.2.3 this is done in anapprox
im.te manner. This leads to the so-called Breguet equations. The French airplane designer, Louis 
Breguet, was the first to derive closed form r.nge and endurance equations for an airplane. 

In the general case, closed form solutions to Eqns (11.49) and (11.50) cannot be obtained and 
numerical integration is normally used for accurate calculations. One approach to this, using specif
ic range and endurance, is discussed in Sub-section 11.2.4. 

Chapter 11 535 



Range, Endurance and Pay load-Range 

11.2.1 BREGUET EQUATIONS FOR RANGE AND ENDURANCE 

Two cases will be considered: 

11.2.1.1 Constant Altitude Cruise and Endurance, and: 

11.2.2.2 Constant Speed Cruise and Endurance 

11.2.1.1 Constant Altitude Cruise and Endurance 

It is observed, that the thrust required for level flight, T reqd' can be written as: 

T d = D = (D) W = W Co 
rcq L C 

L 

By combining Eqns (ll.5I) and (11.50) it may be shown that: 

ds 
dW 

The flight speed, V, can be written as: 

in ft/scc or: V = _1_ ~ 
1.689 V Q S CL 

Substitution ofEqn (11.53) into Eqn (11.52) yields: 

ds - 1 !I [.JCL] dW in nm/lbs 
dW = 1.689 cj V Q S CD ,fW 

in knots 

(11.51) 

(11.52) 

(11.53) 

(11.54) 

This result shows, that for a given weight and altitude, the range is maximum when the factor 

jCL I CD is a maximum. 

The following definitions are now introduced: 

the weight of the airplane at the start of cruise is: W begin 

the weight of the airplane at the end of cruise is: Wend 

Next, it will be assumed thatthe factors Cj ,jcL I CD and the air density, Q, are constant during 

the flight. Integration ofEqn (11.54) under these assumptions yields: 
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WeR begin 
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III nm (11.55) 

In reality, particularly for very long ranges (say, longer than 1,000 n.m.), the factors cj , 

jCL / CD and the air density, g, will vary during the flight. Therefore, it is prudent to carry out 

the integration implied by Eqn (11.55) over a number of range segments. The factors cj , 

jCL / Co and the air density, g, must then be re-evaluated for each new range segment. 

This procedure is illustrated in Figure ILlS for the case of three segments. It is a matter ofjudg
ment to decide how many segments are adequate. 

For each range segment at constant altitude*, best range occurs when the combined parameter 

(jcL/cj CD) is maximized. 

Wend, 

Total Range 

Range Segment 3 9~ Range Segment 2 9~ Range Segment I 
c:;;j;.=9 

Etcetera .. 

Wend, 

W begin, = Wend, 

Etcetera .. 

Wend, 

Wbegin, = Wend, 

To find C/CL ICo) 1 calculate CL, from: 

(Wbegin, + Wend,) 

2q 1S 

Next, find CD from cruise drag polar , 
Sea-level (s.l.) 

Figure 11.15 Calculating Range in Increments 

* The reader is asked to show that the constant LID assumption implies a climbing cruise. 
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The endurance equation (11.49) can be integrated in a similar manner. Combining Eqns (11.49) 
and (11.51 ) yields: 

.J!L _ 
dW 

(l1.56) 

The latter equation can be integrated to yield: 

(11.57) 

The integration was carried out by also assuming constant altitude. In reality, particularly for 

very long endurances (say, longer than 3 hours), the factors cj and CL/CD will vary during the flight. 

For that reason it is prudent to carry out the integration implied by Eqn (11.57) over a number of 

endurance segments. The factors Cj and CL/C D must then be re-evfated for each new endurance 

segment. The procedure is shown in Figure 11.16 for the case of two segments. It is a matter of 
judgment to decide how many segments are adequate. 

Endurance Segment 2 

Etcetera -

Total Endurance 

Endurance Segment I 

Wendl 

- W end , 
Wbegin. 

To find (CLiCD») calculate CL, from: 

_ (Wbegin, + Wend,) 
CL , - 2([)S 

Next, find CD, from cruise drag polar 

Sea-level (s. 1.) 

re 11,16 Calculating Endurance in Increments 

For each endurance segment, best endurance occurs when the combined parameter (CLicj CD) 

is maximized, when flying at a given altitude. 
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It should be understood that in both Equations (11 .55) and (11.57) the amount of fuel consumed 
during the range or endurance segments of the mission is: 

(I 1.58) 

To determine the total amount of fuel needed to complete a given mission (including fuel re
quired to start, taxi, take-<Jff, climb, cruise, loiter, descend, landing, shutdown and reserves) the 
reader is referred to Sub-sub-section 11.2.4.1 

11.2.1-2 Constant Speed Cruise and Endurance 

If the true airspeed, V, is kept constant, Eqn (11.52) sUli applies: 

ds 
dW - (11.59) 

Next, it will be assumed that the factorscj '~L I Co and the true airspeed, V, areconstant during 

the flight. Integration of Eqn (11.54) under those assumptions yields: 

In nm (11 .60) 

It is seen that, to maximize range, the factor VCL/Co must be maximized. However, because 

of Eqn (11.53) this means that again the factor jCL I Co must be maximized. 

At high flight speeds, V. compressibility can have significant effects on the drag polar and there

fore on the lift-to-<trag ratio, CL I Co. For that reason it has been found convenient to re-write 

Eqn (11.60) in terms of the night Macb number, M. Consider Eqn (9.26): 

V = MV, = M/ilVa" (11.61) 

where: V, 

e 
is tbe speed of sound at a given altitude 

is the temperature ratio at a given altitude 

is the speed of sound at sea-level in kts. 

Substitution of Eqn (11.61) into Eqn (11.60) yields: 

R - in nm 

Chapter II 
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It is seen that to maximize range, the factor M(CdCD) must be maximized. 

Next, consider Figure 11.17 which shows the generic effect of Mach number on the drag polar. 

By drawing the tangents, maximum values forCL / Co can be obtained. The product M(CdCo) is 

next plotted versus Mach number: see also Figure 11.17. The value of the flight Mach number wbich 

maximizes M(CdCD) is readily obtained from this graph. 

~ 
M(l.,ID) 

, 
I 

! 

(ML/D)max 

CD .. Ml M2 M3 M4 M .. 

Figure 11.17 Effect of Mach Number of Dr a Polan; and on M(IJD) 

Because both Mach number and CL / CD are maintained constant, tbe altitude bas to increase 

as fuel is burned off. Air Traffic Control requirements may not allow this in a practical situation. 

In reality, particularly for very long ranges (say, longer tban 1,000 n.m.), tbe factors Cj' 

jCL / CD and the air density, g, will vary during tbe flight. Therefore, it is prudent to carry out 

the integration implied by Eqn (11.60) over a number of range segments. The factors Cj' 

jCL / CD and the air density, g, must then be re-evaluated for each new range segment. 

This procedure is illustrated in Figure 11.18a for the case of three segments. It is a matter of 
judgment to decide bow many segments are adequate. For each range segment at constant altitude, 

best range occurs when the combined parameter (jCdCj CD) is maximized. 

For constant speed endurance, Eqns (11.49) and (11.51), when combined, can be integrated to 
yield: 

E - (11.63) (
1 CL) I WLTRbo•• . h -- n 10 rs 
cJ' CD WLTR ,,' 
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Wend , 
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Total Range 

Range Segment 3 ~~ Range Segment 2 Range Segment 1 

Wend2 

v..' begin) = W end2 

Etcetera ... Etcetera ... 

Wendt 

Whegin:z = Wem.! 1 

Wbeginl 

To find (jcL/CO)1 calculate CL, from: 

(Wbegin] + W endl ) 

2Q l S 

Next, find CO, from cruise drag polar 

Sea-level (s.1.) 

_-' Figure 11.18a Calculating Range in Increments 

In reality. particularly for very long endurances (say, longer than 3 hours), the factors Cj and 

edco will vary during the flight. For that reason it is prudent to carry out the integration implied 

by Eqn (11.63) over a number of endurance segments. The factors Cj and CL/CO must then be re

evaluated for each new endurance segment. 

The procedure is shown in Figure 11.18b for the case of two segments. It is a matter of judgment 
to decide how many segments are adequate. 

For each endurance segment, best endurance occurs when the combined parameter 

(CJci Co) is maximized, when flying at a given speed and altitude. 

It should be understood that in both Equations (11.55) and (11.57) the amount of fuel consumed 
during the range or endurance segments of the mission is: 

(11.64) 

To determine the total amount of fuel needed to complete a given mission (including fuel re
quired to start, taxi, take-off, climb, cruise, loiter, descend, landing, shutdown and reserves) the 
reader is referred to Sub-sub-sections 11.1.5. 1 and 11.2.4.1. 

Chapter 11 54 1 



Range, Endurance and Payload-Range 

Total Endurance 

Endurance Segment 2 Endurance Segment I 

Wendl Wbeginl 

W begin2 = Wend I 

Etcetera ... c _ (Wbeginl + wendJ 

L, - 2q)S 

Next, find CD from cruise drag polar , 
Sea-level (s.1.) 

Figure 1l.lSb Calculating Endurance iu Increments 

11.2.2. MAXIMUM RANGE AND ENDURANCE ]<'OR PARABOLIC DRAG POLARS 

11.2.2.1 Maximum Range for Parabolic Drag Polars (Constant Altitude) 

Observe that in the range equation (11.55) the air density, g, appears in the denominator. This 
is one of the fundamental reasons why jet airplanes must be operated at high altitude to achieve good 
range. For a given altitude, maximum range is obtained by flying at an angle of attack which corre· 

sponds to the maximum value of the parameter jCL I Co . 

It is noted from the range equation (11.55) that, for given values of cj and altitude, maximum 

range occnrs when flying at the maximnm valne of the parameter jCL I CD . The reader is asked 

to show through a process of differentiation that maximum jCL I CD and the lift and drag coeffi

cients at which it ocenrs take on the following expressions for an airplane with a parabolic drag polar: 

(11.65) 

(11.66) 
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To fly an airplane atthe maximum value of jCL ! CD (or at maximum CL ! Ce,) required that 

the airplane be flown at the maximum value of drag divided by speed, DN. This can be seen by 
considering the fact that: 

v = j~ ~ dL and: (11.67) 

Figure 11.19 shows how the conditions for maximum JCL ! Co (best range) and maximum 

CJCo (best endurance) compare with each other. Note that the speed for best range is higher than 

the speed for best endurance. 

• D 

(D!V)max 

V best range 

V best endurdnce 

V-' 

Figure 11.19 Comparison of Conditions for Best Range and Best Endurance 
for a Jet Air lane 

11.2.2.2 Maximum Range for Parabolic Drag Polars (Constant Mach Number) 

Cruise at constant Mach number with fhe altitude varying as ATC conditions permit, is the usual 
way in which jet transports are operated. It is seen from the range equation for constant Mach num-

ber (Eqn 11.62) that maximum range occurs when the parameter M(CLiCoJ is at its maximum. For 

a given Mach number that means the lift-to-drag ratio, (CLiCD) ,must be maximized. The condi

tions for which fhis occurs were discussed in Sub-sub-section 11.1.2.1: Eqns (11.10) and (11.11) 
and Figures 11.3a-<:. 
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11.2.2.3 Sizing the Wing for Maximum Range (Maximum CJCP) 

The method of Sub-sub-section 11.1.2.2 will be used to see how large a typical jet transport 
wing should be for maximum cruise range. 

Take as an example the Boeing 707-320B. The following data are available for this airplane: 

W = 320.000 Ibs 

(L/D)max = 17 

s = 2,892 ft 2 

Mcruise = 0.8 

fA = 42 ft2 

h = 35,000 ft 

Using Eqn (11.17) it is found that: S = 2.912 ft2. This is remarkably close to the actual wing 
area of this airplane. 

11.2.2.4 Effed of Wind on Maximum Range 

For airplanes with a paraholic drag polar, Hale and Steiger (Ref. 11.1 ) derived an analytical range 
equation which includes the effect of wind. They showed that with a tail- wind equal to 1/2 of the 
best range speed without wind, the range can be improved by 2% ifthe airspeed is reduced by about 
10% from the best range speed without wind. However, in the case of jet transports hccause of the 
large fluctuation of wind with altitude it may sometimes be better to also change altitude. This is 
discussed in more detail in 11.2.4.3. 

11.2.2.5 Maximum Endurance for Parabolic Drag Polars (Constant Mach Number) 

It can be seen from the endurance equation (11.63) that best endurance occurs at best (CdC D) . 

The conditions for which this occurs were discussed in Sub-sub-section 11.1.2.1: Egns (11 10) and 
(11.11) and Figures Il.3a-;;. 

11.2.2.6 SizinJ; the Wing for Maximum Endurance (Maximnm CLiCP) 

Because best endurance at constant Mach number also occurs at the best (CLiCD) the discussion 

in Sub-sub-section 11.2.2.3 applies here as well. 

11.2.2.7 Numerical Example of a Composite Plot of CD' CLiCDand JCL/cD versus CL 

Figure 11.20 shows a composite plot of CD' CL/CD and JCL/cD versus the lift coefficient, 

CL ,for an advanced, regional jet transport in cruise. Note the numerical value of the lift coefficient 

for maximum CJCD: 0.73. The lift coefficient for maximum JCL/cD is 0.40. The latter is quile 

compatible with the operating environment for such a transpon. 
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11.2.3. APPLICATION OF THE RANGE AND ENDURANCE EQUATIONS TO A 
JET TRANSPORT AIRPLANE WITH A PARABOLIC DRAG POLAR 

In Example 11.2 range and endurance are determined for a jet transport cruising at constant Mach 
number. In Example 11.3 the maximum range and endurance are deter.mined for the same transport 
under similar conditions. 

Example 11.2: A small jet transport airplane has the following characteristics: 

Solntion: 

546 

WTO = 50,000 lb. 

CD = 0.0190 + 0.055 ct 
W OWE = 28,000 lbs 

h = 35,000 ft A = 8 

S = 500 ft2 Cj = 0.65Ibs/hr/lbs at M = 0.75 and h = 35,000 ft 

Assume that the begin weight in the cruise phase is: W C" . = 49,000 lbs . 
"''helm 

Assume that the end weight in the cruise phase is; W CR = 39,000 lbs . 
00' 

Determine the cruise range and the cruise endurance at constant Mach number 

The calculation will be performed by using Eqns (11.62) and (11.63). 
For range, the following input data are available for Eqn (11.62): 

V'o = 661.5 kts .{e = 0.8714 at 35,000 ft 

In the cruise phase at M=0.75 at 35,000 ft, where: q/M2 = 348.6 psf , the 

dynamic pressure may be found from: q = (0.75)2348.6 = 196.1 psf . 

Since LID will vary during the mission, an average will be used. The following 
lift coefficients are found for the beginning and end of cruise: 

C = 49,000/196.lx555 = 0.50 
LcRbcgin 

CL = 39,000/196.1x555 = 0.40 
CRl><-giJl 

With the cruise drag polar, this yields the following values for LID: 

(CdCDhegin = 0.50/0.0328 = 15.2 

(CdCD)end = 0.40/0.0278 = 14.4 

The average LID value of the airplane in cruise is 14.8. The range now follows 
from Eqn (11.62) as: 

R = (661.5XO.8714XO.75XI4.8) In 49,000 = 2,247 nm 
0.65 39,000 

The endurance in this cruise condition follows from Eqn (11.63) as: 
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E = (14.8) In 49,000 = 5.2 hrs 
0.65 39,000 

This finding should be checked with the flight speed ofV=O. 75x576.4=432.3 kts. 
Diving this into 2,247 yields for the flight time: 5.2 hrs! 

It is noted withEqns (11.10) and (11.11): L/Dmax = 15.5 at CL = 0.59 . The 

wing ofthe airplane is therefore closely matched to this cruise condition although 
the airplane corresponds to scenario C-D in Figure 11.3b. 

Example 11.3: For the same jet transport airplane of Example 11 .2, determine the maximum 
range for constant altitude and for constant Mach number. Discuss the results. 

Solution: The calculation will be performed by using Eqn (11 .62). 

Chapter 11 

Eqn (11.55) will be used for the calculation of maximum range at constant 

altitude. The density of air at 35,000 ft is: p = 0.0007369 slugs/ft3 . 

From Eqn (11.66) the lift and drag coefficients for maximum jCL / CD are 

respectively: 

j1tAeCD 
CL _ . = 0 = 0.34 

(JcJ cDI... 3 

The maximum value of jCL / CD now is: jO.34 /0.0253 - 23.0 . This 

yields for the best range at constant altitude: 

R = 1.675 x23.0x(J49,000 - j39,000) = 2,331 nm 
0.65x jO.0007369x500 

By using L/Dmax = 15.5 at CL = 0.59 in Eqn (11.62) it follows that: 

R = 2,353 nm. 

Discussion: this shows that flying at constant Mach number is marginally 
better than flying at constant altitude. It is of interest to check the speed for the 
constant altitude case. Eqn (11.67) yields for the speed at the start of cruise; 

V = jW 2 1 = /49,000 2 _1_ = 884.5 ft/sec = 524 kts 
S P CL 500 0.0007369 0.34 

This speed represents a Mach number of 0.91 which is way too high for such a 
transport. The reason for this absurd result is that the drag polar was kept constant 
with Mach number. For an airplane designed for a low cruise Mach number 
(M=O.75), the drag rise would be considerable. 
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11,2,4, ACCURATE DETERMINATION OF RANGE AND ENDURANCE FOR JET 
AIRPLANES WITH NON-PARABOLIC DRAG POLARS BY USE OF SPECIFIC 
RANGE AND ENDURANCE 

The specific range, S.R., of an airplane is defined as the number of nautical miles which can be 
tlown per pound of fuel. This quantity is also known as the range factor. Remembering that dW 
is negative (due to fuel usage) it follows from Eqn (11.50) that: 

S.R. = - ds = V _ l in nm/lbs (11.68) 
dW Treqdcj W

F 

where: V is the speed in nmJhr (kts) 

W F is the fuel flow in Ibslhr 

The S.R. can be calculated for a range of airplane weights, speeds and altitudes. From these cal
culations it is possible to determine optimum range !light paths. The range can be determined accu
rately by integration: 

WCRcml 

R - f S.R. dW ( 11.69) 

WCNbedl 

The specific endurance, S.E., of an airplane is defined as the number of hours which can be flown 
per Ibs of fuel. This quantity is also known as the endurance factor. Remembering that dW is nega
tive (due to fuel usage) it follows from Eqn (11.49) that: 

S.E. = - dt = I __ 1_ in hrs/lbs 
dW T"'ld Cj ¥IF 

( 11.70) 

The S .E. can be calculated for a range of airplane weights, speeds and altitudes. From these cal
culations it is possible to determine optimum endurance flight paths. The endurance can be deter
mined accurately by integration: 

WLTR£nd 

E - f S.E. dW 

W 
LTR""'!in 

(11.71) 

In principle, Eqns (1 1 .69) and (1 1.71) can be used to determine range and endurance of airplanes. 
However, in reality, doing this for an arbitrary airplane mission is a fairly complicated process. For 
that reason, step-by-step procedures for determining range and endurance are given in Sub-sub
sections 11.2.4.1 and 11 .2.4.2 respectively. These procedures partially duplicate those given for pro
peUer driven airplanes in Sub-sub-sections I l.l.5. I and 11.1.5.2. 

Because of the large range of altitudes. Mach number and operationally encountered winds and 
temperatures, numerical procedures which account for these effects are recommended. One ap
proach is discussed in Sub-sub-section 11 .2.4.3. 
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11.2.4.1 Step-by-step Procedure for Determining Range 

Step I through Step 9: See Sub-sub-section 11.1.5.1. 

Step 10: Determine the thrust required (T,e'ld) for level, un-accelerated flight for a range of 

weights, altitudes and speeds. Chapter 8 provides methods fordoing this. Eqn (8.64) 
may be used in these calculations. 

Step II: Determine the fuel flow from installed engine data at the level of required thrust for 

each cngine. This defines the fuel flow, W F , in Ibs/hr. 

Step 12: Calculate the specific range, S.R. from Eqn (11.68) for the assumed range of cruise 
speeds, weights and altitudes. The results are often plotted in the manner shown in 
Figure 11.21. 

Step 13: The specific range for a selected cruise condition can now bc plotted as a function 
of weight as shown in Figure 11.22. 

Specific 
Range, S.R. 

Increasing 
Weight, W 

\ Maximum range cruise 

\ 

No scale 
intended 

\ 
Valid for one 
altitude only 

Constant Mach cruise 

Mach Number, M .. 

Figure 11.21 Example Results of Specific Range Calculations for Use in 
Range Calculations 

The range can be numerically evaluated with Eqn (11.69) by using numerical 

integration between the limits W CR . and W CR : 
be,1n end 

R = ~(S.R.)ave I!1W ( 11.72) 

This can be done in tabular form or with a spreadsheet. 

The problem now is that although W CR . is known, W CR is not. A certain amount of fuel 
rezm c~J 

must be set aside for the descent, for landing, and for shut-down. In addition, the required fuel re
serves cannot be used for revenue range. For these reasons, the following additional steps are needcd 

to determine the lower allowable limit, W CR : see Steps 14 - 17. 
'"' 
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Specific 
Range, S.R. Taken at constant Mach 

number or at maximum 
range from Figure 11.21 

No scale 
intended 

S·R.ave 

W 
CRl>e;in 

W CR,"" Weight, W .. 

Figure 11.22 Example of a Specific Range Plot Calculations for Use in 
Numerical Integration of the Range Equation (11.72) 

Step 14: 

Step 15: 

Step 16: 

Step 17: 

550 

Determine the amount offuel used in descent, W F . For a descent from one altitude 
DE 

to another this can be done with Eqn (9.78). 

Determine the amount of fuel required to land, W F ,. 

(11.73) 

where: Vol F is the fuel flow during the landing. This can be taken to be the fuel 
DE 

flow with the throttles at idle unless reverse thrust is used. In tbe latter case 
the fraction of the landing time during which reverse thrust is used must be 
estimated. 

tL is the time it takes to land. See Eqn (10.116). 

Determine the amount of fuel required to taxi and shut-down. W F. . 
I.x","~ul 

Determine the amount of fuel reserves required: W F . 
"' 

Sometimes, fuel reserves are defined as a fraction of the mission fuel required. More 
frequently, fuel reserve requirements are set by the customer or by the operational 
requirements of FAR Parts 135.197 and 121.645 (turbine powered airplanes), 
whichever is the more severe. Section 11.4 contains an overview of these rules. 

In most cases the required fuel reserves are defined by a so-called alternate mission 
which must be negotiated without running out of fuel. Figure 11.12 shows a typical 
alternate mission. The fuel needed to fly this alternate mission can be determined 
by retracing steps 8 through 16 but now for the alternate mission. 
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Determine the weight at the end of cruise, W CR : 
"d 

W -W -W -W -W -W CRend - CR bcsin F~. FDE FL Ftaxi/shUI 

where:WcR . 
begm 

WF oo;ijshu( 

is found from Step 9 

is found from Step 14 

is found from Step 15 

is found from Step 16 

(11.74) 

Step 19: Determine the total amount of fuel used during the mission, excluding the reserves: 

W . 
FUlled· 

(11.75) 

The amount of fuel actually used during a mission, W F ' is important from a cost 
""d 

viewpoint. 

Step 20: Calculate the total amount of mission fuel required, W F : 

(11.76) 

This amount of fuel should equal the amount specified in Step 4. 

Step 21: Verify that total mission fuel requirement, W F ' satisfies the following relationship: 

W < W 
F Fvolumeme 

(11.77) 

11.2.4.2 Step-by-step Procedure for Determining Endurance (Loiter) 

In some airplanes there is a requiremenl for a certain amount of loiter time as part of the mission 
profile. One example was shown in the alternate mission of Figure 11.12. In certain airplanes there 
can be a requirement for flying to a specified altitude and then holding that position in a shallow tum 
for a long period of time. In both cases there is said to be a requirement for endurance. 

A requirement for endurance (or loiter) is normally an integral part of a mission which also con
tains the mission flight phases illustrated in the mission profiles of Figures 11.8 and 11.12. A step
by-step procedure for evaluating endurance is not meaningful except as part of a more general mis
sion. The reader should modify the previous procedure for calculating range to suit his purpose. 
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Critical steps in evaluating endurance are those steps which define the weight at the beginning 

and at the end of the endurance: W LTR . and WLTR . 
bc~", c'I<1 

Once these limits are known, Eqn (11.31) can be used to numerically determine the endurance. 
This is typically done by retracing Steps 11 through 15 but now for endurance (Joiter). Figure 11.23a 
shows a generic plot of specific endurance, S.E. from Eqn (11.30) for an assumed range of loiter 
speeds, weights and altitudes. 

Specific 
Endurance, 
S.E. 

Increasing 
Weight, W 

\ Best endurance (loiter) Mach numbers 
No scale 

\ 

\ 

\ 
\ 

Constant Mach number endurance (loiter) 

intended 

Valid for one 
altitude only 

Mach Number, M -. 

Figure 11.23a Example Results of Specific Endurance Calculations for Use in 
Endurance (Loiter) Calculations 

The specific endurance for a selected loiter condition can now be plotted as a function of weight 
as shown in Figure 11.23b. The endurance time (or loiter time) can be obtained by numerically eva
luating Eqn (11.31): 

E = L(S.E.)avc /';. W ( 11.78) 

Specific 

'~ Range, S.E. l Taken at constant loiter No scale 
speed or at best loiter Mach intended 

• number from Figure 11.23 

~ 
........ 

S.E.ave 
~ "-.. /';.W ~ 

W 
LTRbc!;ill 

Wj W 2 W LTR,," Weight. W -. 
Figure 1l.23b Example of a Specific Endurance Plot Calculations for Use in 

Numerical Integration of the Endurance Equation (11.31) 
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11.2.4.3 Suggested Procedure to Account for the Effect of Altitude, Temperature and Wind 

on Range and Endurance 

Because of the large raoge of altitudes, Mach number aod operationally encountered winds and 
temperatures, numerical procedures which account for these effects are recommended. One ap
proach is discussed in this Sub-sub-section. 

First, the expression for specific raoge. S.R., in Eqn (11.68) cao be written as: 

S.R. = T V 
reqd cj 

in nm/lbs (11.79) 

Second, a table such as Table 1I.2a is constructed to determine the S.R. for as many weights, 
Mach numbers and altitudes as are required. 

Table 11.2a Suggested Procedure for Determining Specific Range, S.R. 

Altitude: ft 

M W W/'6 D/'6 = Treqd/'6 T/'6 c//8 W f S.R. 

(Ibs) (Ibs) (lbs) (lbs) (Ibslhr/lbs (Ibslhr) (nm/lbs) 

CD G) (1) G G) @ (j) CD 

l L I L From in1stalled Computed 

Selected l engine data 

.. Selected Via Eqn (8.64) 

l Computed: 
T/'6 - T reqd/Ne 

. 

j Computed: 

W f - (6) x T/'6 x/8 x '6 x Ne 

Computed: I Note: Ne is the number of engines I S.R. - Va" x M x /8 x (7)· 

Third. the S.R. data are plotted as shown generically in Figure 11.24 for a given altitude. Plots 
like Figure 11.24 are then generated for a range of altitudes. 
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Range, 
SR. 

nmllbs 

No scale 
intended 

Temp., T 

- t 
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Best range Long range cruise 
\ L.R.C. 

\ , Valid for one 
altitude only 

Holding speed \ 

\ \ 

Increasing 
Weight, W 

TAS, kts .. 

Maximum cruise 
thrust (hot day) , 

I Maximum cruise 
I thrust (standard day) 

/ 

onstant Mach 
number cruise 

Mach Number, M ... 

Hot day 
~~--~~--~----

Standard day 

..::....--- t.. V kts 

Figure 11.24 Example Results of Specific Range Calculations for Use in 
Range Calculations of Jet Transports 

Also shown in Figure 11.24 are the following characteristics: 

a) The effect of increasing temperature on the maximum available thrust 

b) The effect of constant Mach number cruise 

cJ The holding speed is defined as the speed at minimum allowable fuel flow (flarne-{)ut). 
In some cases the holding speed is below the minimum drag speed. In that case, for 
reasons of speed stability, the minimum drag speed is used as the holding speed. 

d) Long range cruise (L.R.C.) is defined as the condition for which the S.R. is at 99% of 
the maximum specific range. 

Table 11.2b contains a summary of typical cruise options available. Once the specific range has 
been determined for whatever cruise option has been selected, Figure 11.22 and Eqn (1 I. 72) can be 
used to compute the corresponding cruise range. 
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Table 1l.2b Summary of Cruise Options 

Cruise Option Cruise Condition for Weight Decrease 

CD Constant M and constant W/& Increasing altitude 

G) Constant altitude for maximum range Decreasing M and decreasing 
or for L.R.c. (Long Range Cruise) thrust 

0) Constant M and constant altitude Decreasing thrust 

Q Rated thrust a) Increasing altitude at 
constant M 

b) Increasing M at 
constant altitude 

The reader must keep in mind that, to carry out the integration implied by Eqn (11.72), it is still 
necessary to trace through the Step-by-step procedure of Suh-suh-section 11.2.4.1 to determine 

the lower and upper limits of cruise weight: W CR . and W CR 
bq:lfi end 

When an airplane is flying at a constant value of W /&, then its weight and altitude are fixed. 

However, assume that weather reports predict a strong tail-wind to exist at some other altitude than 

the one corresponding to Wand W /b. In that case, it might be advantageous to fly at the new alti

tude, despite the fact that the new altitude is not optimum from a specific range viewpoint at the cur

rent value of W / & . 

The effect of wind at a given altitude is to change the ground-speed of the airplane. Therefore, 
the time to fly through the air is given by: 

t = SAD (11.80) 
VCR 

where: SAD is the stilI air distance 

VCR is the cruise speed 

However, to negotiate a given ground distance the time required is: 

t GD (11.81) 
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where: GD is the ground distance 

V w is the wind velocity 

For a given period of time Eqns (11.80) and (11.81) can be equated to yield: 

SAD = GD VCR 
VCR ± Vw 

(11.82) 

Eqn (11.82) can be used to construct a chart which shows the effect of wind on ground distance. 
This chart can be constructed by selecting a range of values for head-wind and tail-wind for assumed 
values of cruise speed and then substituting into Eqn (11.82). This establishes the relative values 
of ground distance and still air distance. Figure 11.25 shows a generic example of such a chart. 

Based on Ref 11.2 
Head-wind Ground distance, nm .. 

-50 kts I--====---~ 

--
v w - kt 1--1---

o 

+50 kts I-""",~--~ 

t No scale intended 

Tail-wind 
VCR - kts 

1,000 
Still air distance, nm .. 

Figure 11.25 Illustration of the Effect of Wind on Range 

The study of Ref 11.1 also includes analytical expressions for best range (ground distance) with 
wind effect for jet airplanes. This study assumed parabolic drag polars. It was found that range im· 

provement in the presence of head-wind is possible by increasing the cruise speed, VCR' The study 

showed that with a head-wind equal to 0.4 times the best range speed in still air, a 6.4% increase 
in range can be attained by increasing the still air best range speed by 22%. 
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For high speed jet airplanes this finding is not practical because it would mean a cruise speed 
well into the dragrise. Again. the effect of Mach number on the cruise drag pOlar was not accounted 
for in this study. 

In a general situation the following procedure is recommended to determine the spccific range, 
S.R. with wind effect. Replace Eqn (11.79) by: 

S.R. = Vg 

T reqd c j 
in nm/lbs (11.83) 

where: V g = VCR ± V w , the ground speed in kts 

Next, for a given altitude, carry out the following step-by-step procedure: 

Step I: Select a range of values for V or M 

Step 2: Calculate the ground speed: V g = VCR ± V w 

Step 3: Calculate CL/Co with C L = W /qS and account for the effect of M on Co . 

Step 4: Obtain the thrust required from: T reqd = D = WCO/CL • 

Step 5: Obtain Cj from engine data at the appropriate valnes of M, altitude and thrust 

Step 6: Find S.R. with Eqn (11.83) 

The problem of determining the best endurance performance is similar to that for ohtaining the 
best range. Best endurance occurs when the specific endurance, S.E. is maximized. It can be ob
tained by superimposing fuel flow data on thrust required data as shown generically in Figure 11.26. 

Lines of constant Wr/b!6 are seen to increase in the direction of lines for higher T reqd/Il. 

Therefore, a minimum fuel flow at a given value ofW /6 will occur at the point of tangency between 

the two sets of curves. At the point of tangency for a given W /b, the valueofW f/O!6 will assume 

a minimum. Since S.E. is inversely proportional to W f ' it will be maximized at the same point. 

In most practical situations it is found that at the speed for minimum fuelllow the controllability 
of a jct airplane may hecome a problem. Therefore, with very little sacrifice in fuel maximum endur
ance missions are typically flown at speeds slightly above that for minimum fuel flow. This is also 
indicated in Figure 11.26. 
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Increasing 

Wf/bje 

Minimum 
Wr/b!8 I 

I 

1/ 
I 

I 
I 

1ftf __ "7""'-__ --1Minimum drag 

Based on Ref. 11.2 

Maximum 
cruise thrust 

T,cqd/b for 

Increasing 
W/b 

M-

Figure 11.26 Procedure for Determining Endurance of Jet Airplanes 

Holding at constant altitude is another aspect of best endurance which is of great practical inter~ 
est. The technique used in obtaining the best endurance at constant altitude is similar to that ex~ 
plained previously. The speed schedule is determined from a thrust versus velocity or Mach number 
plot at minimum drag. for a series of selected, constant altitudes. Using this speed schedule, the fuel 
flow for the corresponding weight values and for the selected altitudes is determined. The results 
can be plotted as shown generically in Figure 11.27. It is seen, that for a given weight, the best endur
ance for a constant altitude operation would occur at a very specific altitude . 

• lAS. 

Fuel 
Flow 

W f -

Ibslhr 

5,SR 

Increasing W 

Minimumfu 
flo~ 

\ 

\ 

Maximum 

Based on Ref. 11.2 

I 

Maximum 
cruise thrust 

I Max approved alt. 

Pressure Altitude, ft -

Figure 11.27 Graphical Procedure for Determining Endurance 
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11.3 THE PAYLOAD-RANGE DIAGRAM AND METHODS FOR 
PRESENTING USEFUL PAYLOAD-RANGE DATA 

The payload which can be carried while flying a given range is of prime interest to commercial 
and military operators. Before actual payload range data can be presented in any form it is necessary 
to determine the amount of fuel used during all parts of an airplane mission, not just for range and 
endurance segments. Methods for determining the total amount of fuel used during a given mission 
were presented in Sections 11.1 and 11.2. An explanation of the so-called payload-range diagram 
is given in Sub-section 11.3.1. 

A method for presenting the range characteristics of an airplane, accounting for the ability to 
take-off from given field-lengths is also given in Sub-section 11.3.2. 

11.3,1 THE PAYLOAD-RANGE DIAGRAM 

Figure 11.28 shows how a payload-range diagram is constructed. Starting at the bottom, the 
useful load of an airplane is defined as the difference between the maximum allowable take~ff 
weight and the operating weight empty: 

W . =W -W useful TOrnax OWE (11.84) 

Tbe useful load consists of the fuel weight and the payload weight: 

(11.85) 

Although of no practical interest, if the useful load is equal to the payload weight, the allowable 
fuel weight is zero and therefore the negotiable range will be zero. This situation is represented by 
point A in Figure 11.28. Transport airplanes are typically designed to carry a design payload weight, 

W PL . ,over a given design range, Rdesign' The corresponding amount of fuel needed to negotiate 
dc,,)!n 

that range is the fuel weight for the design payload, W F . . In Figure 11.28 this case is repre-
desL~~ p"yload 

sen ted by point B. The design range corresponding to point B is also called the harmonic range. 

If it is desired to fly a longer range, more fuel will be required. Because tbe useful weight defined 
by Eqn (11.85) cannot be exceeded, it is necessary to reduce payload while substituting fuel. This 
can continue until the volumetric limit of the airplane fuel tanks is reached. That case is reflected 

by PoinL C in Figure 11.28. The corresponding range is the maximum fuel volume range, Rmax fuel' 

The only way La achieve a longer range beyond point C is to eliminate payload weight. This can 
continue until there is no payload left. That situation is depicted by Point D in Figure 11.28. The 

corresponding range is called the ferry range: Rferry . 

It is conventional to plot payload versus range as shown in the upper part of Figure 11.28. This 
Lype of plot is referred to as the payload-range diagram. The shaded area is referred to as the profit 
potential of the airplane. 
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-~~=:::::~~::---~~--~---------lr--

Profit potential 

I W useful 
I 
I 
I 
I 

[~;;~~~~ ____________ ~I~~ ____ ~L-~~D~~R~ange,nm ~ W OWE + Wp 
Rdesign Rmax fuel R feny 

o 

I I I 
I I I 

W,lbs i I I 
• I I I 

I I I 
WTOmu~_~_--------------'------r------~1 I ----------- ----

W 
F je~il!n payload 

--_ WF _ _ rna' volumetric W useful ------------- ---- -----

WOwE~~------------------L-------~--------~--II-------~

WE W tfo + Wcrew 

Range, nrn ~ 

Definitions: Rdesign 

Empty weight Payload weight 

W Operating empty weight W F Fuel weight for maximum volume 
OWE max v"lumetri~ 

Wtfo Trapped fuel and oil weight W PL",,;,. Design payload weight 

W TOm .. Maximum take-off weight W F,.",,,.,,,,,,, Fuel weight with design payload 

W F Fuel weight W crew Cockpit and cabin crew weight 

Fignre 11.28 Constrnction of the Payload-Range Diagram 
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11.3.2 METHOD FOR PRESENTING PAYLOAD-RANGE DATA TO ACCOUNT FOR 
FffiLDLENGTH CAPABILITY 

The payload range diagram is useful for designers and for operators in comparing pay load-range 
capabilities of various airplanes. However, it must not be forgotten that airplanes also have take-off 
fieldlength limitations. This was discussed in Chapter 10. It is quite possible that one airplane can 
carry a given payload out of a given field and negotiate some desired range, while another airplane 
cannot! Therefore, in comparing airplane capabilities this important feature must be considered. 
One way to represent the ability of an airplane to carry a given payload out of a given field, while 
negotiating some desired range was shown in Figure 10.26. 

11.4 REGULATIONS FOR RANGE AND ENDURANCE FUEL RESERVES 

When flying a given route, airplanes must be operated so that there are adequate fuel reserves 
on board to cope with various contingencies. Typical of these are: 

* Destination airport is closed and landing at an alternate airport is required 

* Head-winds are stronger than expected 

• An engine fails while in cruise and the airplane must either return to the airport of origin, 
continue to its destination or deviate to an alternate airport. 

The amount offuel reserves which must be carried on a commercial airplane is regulated by FAR 
Parts 121 and 135 of Reference Il.3. For military airplanes the rules of Refs 11.4 and 11.5 apply. 
However, the military services reserve the right to redefine fuel reserves for any airplane depending 
on in-flight refuelling capabilities and other mission oriented needs. 

A summary of the fuel reserve requirements of FAR Parts 121 and 135 is presented in Sub-sec
tion 11.4.1. An summary of the military requirements is given in Sub-section 11.4.2. 

11.4.1 SUMMARY OF FAR PARTS 121 AND 135 REQUIREMENTS };'OR FUEL 
RESERVES 

The fuel reserves which must be carried on board civil airplanes are defined in FAR Parts 
121.641, 121.643 and 121.645. A summary ofthesefuel reserve requirements is given in Table 11.3. 

In addition, FAR 121.647 stipulates that in determining the fuel reserves required for any mission. 
the following factors must be considered: 

a) Wind and other weather conditions forecast 
b) Anticipated traffic delays 
c) One instrument approach and possible missed approach at destination 
d) Any other conditions that may delay landing of the airplane 
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Table 11.3 Summary of Fuel Reserve Requirements According to 
FAR Parts 121 and 135 (Ref. 11.3) 

Fuel reserves are in addition to the fuel required to fly to and land at the airport of destination 

Part 121.641: Non-turbine and turbo-propeller-powered airplanes: tlag air carriers 

For domestic as well as for international operations: 

a) Fuel needed to tly to and land at the most distant alternate airport 
specified in the dispatch release. 

b) Fuel needed to tly for 30 minutes plus 15% of the IOtal time required 
to tly at normal cruise fuel consumption to the airport of destination 
or the airport of a) OR: 
to tly for 90 minutes at normal cruise fuel consumption, 
whichever is Ie". 

The reserve requirements a) and b) are additive. 

c) Fuel needed to tly for three hours at normal cruise fuel consumption 
after reaching the airport of destination 

Required fuel reserves are those defined by (a) + b) J or by c), whichever is greater. 

Part 121.643: Non-turbine and turbo-propeller-powered airplanes: supplemental air carriers 
and commercial operators 

For domestic operations: 

aJ Fuel needed to tly to and land at the most distant alternate airport 
specified in the dispatch release. 

b) Fuel needed to tly for 45 minutes at normal cruise fuel consumption 
after reaching the airport of destination 

For international operations: 

cJ Fuel needed to tly for 30 minutes plus 15% of the total time required 
to tly at normal cruise fuel consumption to the airport of destination 
or the airport of a) OR: 
to fly for 90 minutes at normal cruise fuel consumption, 
whichever is less. 

For domestic as well as for international operations: 

d) Fuel needed to tly for three hours at normal cruise fuel consumption 
after reaching the airport of destination 

Required fuel reserves are those defined by (a) + b)} or by c) or by d) whichever is greater. 
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Tahle 11.3 (Cont'd) Summary of ~Fuel Reserve Requirements According to 
FAR Parts 121 and 135 (Ref. 11.3) 

Fuel reserves are in addition to the fuel re<juired to fly to and land at the airport of destination 

Part 121.645: Turbine-engine powered airplanes, other than turbo-propeller powered 
airplane~: flag and supplemental air carriers and cOlnmercial operators 

For domestic and for international operations of flag air carriers and for international 
operations of supplemental air carriers and commercial operators: 

a) Pue! needed to tly to and land at the must distant alternate airport 
specified in the dispatch release~ 

b) Fuel needed to fly for 10% of the total time required to fly at normal 
cruise fuel consumption to the airport of destination. 

c) Fuel needed to fly for 30 minutes at holding speed at 1,500 ft above 
the alternate airport (or at the destination airport if no alternate is 
required) under standard temperature conditions .. 

The reserve requirements a), b) and c) are additive. 

d) Fuel needed to fly for two hours at normal cruise fuel consumption 
after reaching the airport of destination jf no alternate airport has 
been specified. 

Required fuel reserves are those defined by (a) + b) + c)} or by d), whichever is greater. 

For domestic operations of supplemental air carriers or commercial operators: 

The re<juirements of Part 121.643 apply. 

Part 135.97: Air taxi operators and commercial operators of small airplanes. 

Chapter II 

See Part 135.1 for applicability to airplane types and operations. 

a) 

b) 

c) 

Day time (VFR): fuel needed to fly for 30 minutes at normal cruise fuel 
consumption to the airport of destination. 

Night time (VFR): fuel needed to fly for 60 minutes at normal cruise 
fuel consumption to the airport of destination. 

(IFR): fuel needed to fly to and land at a suitable alternate airport. 
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11.4.2 SUMMARY OF MILITARY REQUIREMENTS FOR FUEL RESERVES 

Military rules for fuel reserves are given in Refs 11.4 and 11.5. A summary of these rules is given 
in Table 11.4. However, the military services reserve the right to redefine fuel reserves for any air
plane depending on in-flight refuelling capabilities and other mission oriented needs. 

Table 11.4 Summary of Military Fuel Reserve Requirements According to 
Refs. 11.4 and 11.5. 

Ref. 11A: MIL-C-OOSOllB (USAF) 

Fuel reserves are in addition to the fuel required to fly to and land at the airfield of destination 
and may be specified by one of the following requirements at the option of the procuring 
activity. Examples of fuel reserve specifications are: 

a) Fuel needed to fly a ground controlled approach; a wave-off, go-around 
and a second successful landing. 

b) Fuel as a percentage of the tuel required for the mission. 

c) Fuel consumed during a specified time of operation at a specified power and 
at a specified altitude 

d) The greater of the fuel required for 10% of the mission time or 20 minutes 
at maximum endurance speed at 10,000 ft. 

e) Fuel required to fly to an alternate field (specify distance) plus a specified time 
at a specified speed at a specified altitude and account for landing. 

Ref. 11.5: AS-S263 (US NAvy) 

Fuel reserves are in addition to the fuel required to fly to and land at the airfield of destination 
and may be specified by one of the following requirements at the option of the procuring 
activity. Examples of fuel reserve specifications are the same as those of Ref. 11.4. 

For carrier operations the required fuel reserves are the greater of: 

a) 

b) 
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Fuel equal to 10% of the mission fuel required, including one approach to 
the carrier, a wave-off, a go-around, a second approach and a trap. 

Fuel equal to 20 minutes of loiter ( 30 minutes for cargo and transport 
airplanes) at sea-level at speeds for maximum endurance with all engines 
operating plus 5% of required mission fuel (internal plus external). 

Chapter 11 



Range, Endurance and Payload-Range 

11.5 SIZING OF WEIGHT OF AIRPLANES TO GIVEN MISSION 
PAYLOAD, RANGE AND ENDURANCE REQUIREMENTS 

Sizing an airplane to meet certain range andlor endurance requirements is one of several tasks 
designers must perform during early design of a new airplane. An airplane is said to have been sized 

for a given mission, if its take--off weight, W TO • empty weight, WE' and required mission fuel 

weight.W l' • have been established. A simple sizing method is discussed in this section. The method 

is based on that of Ref. 11.6. Software to conduct the sizing of an arbitrary airplane to an arbitrary 
mission requirement (civil or military) is described in Appendix B. 

It is assumed that a mission specification and a mission profile are available for the airplane. 
An example mission specification is shown in Table 11.5. 

It is shown in Ref. 11.6 that the take-off weight for an arbitrary airplane, sized to an arbitrary 
mission specification, can be solved Irom the following logarithmic equation: 

( 11.86) 

where: A is a regression coefficient of known magnitude for a given airplane type 

B is a regression coefficient of known magnitude for a given airplane type 

A and B are coefficients which relate the airplane take--otlweight to an allowable (state-of
the-art) airplane empty weight through the following equation: 

(11.87) 

Examples of numerical values for A and B and how they are determined are given in 
Sub-section 11.5.1. 

C is defined as follows: 

(11.88) 

where: Mrf is defined as the mission, used fuel fraction. It is expressed as a fraction of 

the take--o[f weight, W TO : 

M - 1 II i+1 ( W ) i~" (W ) II - -- ---
W TO i~1 Wi 

(11.89) 
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where: Wi is defined as the airplane weight at the end of mission phase i. 

Table 11.5 shows a mission profile with 7 mission phases. Military 
missions can have many more mission phases. A method for deter-

mining the various weight fractions, Wi + I!Wi ,will be presented 

in Sub-section 11.5.2. 

Mre, is defined as the reserve fuel fraction. It can be specified as a fraction of the 

mission fuel used, W F ' required: 
u.,ed 

(11.90) 

If the fuel reserves are defined in terms of an alternate mission (reserve fuel 
mission) the reserve fuel will be included in the mission, used fuel fraction, 

Mff • In that case, and only in that casco Mre, = 0 . 

Mlro is defined as the trapped fuel and oil fraction. It is expressed as a fraction 

of the take-<Jff weight: 

(11.91) 

The trapped fuel and oil fraction is typically less than 0.5% of WTQ. 

D is defined as follows: 

D = W pL + W crew (11.92) 

where: W PL is the payload weight in Ibs. This follows from the mission specification. 

Wcrew is the weight of the cockpit and cabin crew (with their luggage) needed to 

operate the airplane, in Ibs. 

Because Eqn (11.86) is logarithmic, a closed form solution cannot be given. However, iterative 
solutions are easily found. Whether or not solutions exist depends on the coefficients A, B, C and 
D. A discussion of three solution scenarios is given in Sub-section 11.5.3. 

Once the coefficients A, B, C and D are determined and a solution [or the take-<Jff weight is 
found, the empty weight and the fuel weight are found from: 

and: 
{

(log W - Al} _ invlog lD' 10 ~o (11.93) 

(11.94) 

An example application is presented in Sub-section 11.5.4. 
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Table 11.5 Mission Specification for a 50 Passenger Jet Trgnsport 

.R!!k;. Trans--<:ontinental air transportation is currently done with airplanes such as the B-737, 
MD--80/82 and B-757. There arc many markets wbere passenger demand does not justify utiliz
ing these relatively large airplanes. For such 'long, thin' markets a small passenger airplane with 
very long range capability might be ideal. 

Payload: 50 Passengers, 175 Ibs each plus 30 Ibs of baggage 
4 first class seats, 46 coach class seats 

Crew: Cockpit, 2; Cabin, 2, 175 lbs each plus 30 Ibs of baggage 

Performance: Range: Still air range of 2,500 urn with reserves equal to 15 
percent of mission fuel 

Speed: 
Fieldlength: 
Climb: 

Mach 0.82 at 45,000 ft (470 kts) 
5,000 ft at sea-level, 90 deg. F. day 
Service ceiling of 50,000 ft is desired 
Direct climb to 45,000 ft in 25 minutes is desired 

Powernlapts: Two turbo-fans 

Pressurization: 8,000 ft cabin at 45,000 ft Certification: FAR 25 

I) Engine start and warm-up 5) Cruise 
2) Taxi 6) Descent 
3) Takeoff 7) Landing, taxi, shutdown 
4) Climb to 45,000 ft 

2,500 nm 

5 
Ws 

4 6 

w, 

1 2 3 7 

Wto W2 
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11.5.1 DETERMINATION OF THE REGRESSION COEFFICIENTS A AND B WITH 
NUMERICAL EXAl\tIPLES 

For a given airplane type, the regression coefficients A and B are obtained by first constructing 
a logarithmic plot of actual airplane data for take-off weight versus empty weight. An example is 
shown in Figure 11.29. Second, a straight line is determined such that the mean square error relative 
to the empty weight prediction for a given take-off weight is minimized. The resulting straight line 
is represented by Eqn (11.87). The coefficient A can be thought of as the intercept coefficient. The 
coefficient B should be interpreted as the slope of the line. 

Data for the construction of a plot like Figure. 11.29 can be obtained from manufacturers, from 
Ref. 11.7 (Jane's All the World's Aircraft) andlor from various aeronautical magazines. 
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104 4 
10 

Figure 11.29 Logarithmic Plot of Take-off Weight Versus Empty Weight for 
Jet Transports 
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Numerical values for the regression coefficients A and B were determined for 12 types of air
planes, The result is given in Table 11.6, For any new project the reader is encouraged to determine 
his own regression coefficients from the most recent airplane weight data which may be available, 
The software described in Appendix B can be used to rapIdly determine these coefficients and also 
to generate a plot such as Figure 11.29, 

Table 11.6 Numerical Examples for the Regression Coefficients A and B in 
Eqn (11.87) for twelve Types of Airplanes 

Airplane Type A B Airplane Type A B 

I. Homebuilts, Pers, 0.3411 0,9519 8. Military trainers 
Fun and Transp. Jets 0,6632 0,8640 

Scaled fighters 0,5542 0,8654 Turbo-props 0,1677 0,9978 

Composites 0,8222 0.8050 Piston-props 0,5627 0.8761 

2. Single engine 9. Fighters 

propeller driven 
-0,1440 1.1162 Jets with external load 0,5091 0.9505 

3. Twin engine Jets wlo external load 0.1362 1.0116 
0.0966 1.0298 

propeller driven Turbo-props with 
Composites 0,1130 1.0403 external load 0.2705 0.9830 

4, Agricultural -0.4398 1.1946 10, Mil. Patrol. Bomb 
and transports 

5, Business jets 0.2678 0.9979 Jets -0,2009 1.1037 

Turbo-props -0.4179 1.1446 
6. Regional turbo-props 0.3774 0,9647 

11. Flying boats, amphih. 

7, Transport jets 0,0833 1.0383 and float airplanes 0.1703 1.0083 

12. Supersonic cruise 0.4221 0.9876 

11.5,2 METHODS FOR DETERMINING THE WEIGHT FRACTIONS IN EQN (11.88) 

In this Sub-section, methods will be presented for the numerical evaluation of each weight frac

tion in Eqn (11,88), Before doing this, recall the definition of the weight Wi : it is is the airplane 

weight at the end of mission phase i, 

Each mission profile consists of mission phases which are numbered sequentially, Table 11,5 
shows an example of a transport mission profile with 7 mission phases. Military airplane missions 
can have many more mission phases, 

The fuel fraction of a mission phase is defined as the ratio of airplane weight at the end of that 
phase to the airplane weight at the beginning of that phase, Therefore, the weight fraction, 

Wi + dWi ,represents the fuel fraction for phase (i+ 1). 
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All mission flight phases are split into two categories: 

1.) Pue! un-intensive flight phases. These are flight phases during which a relatively small 
amount of fue! is used. Examples are: engine start and warm-up, taxi, take-off, short 
climbs, short descents, landing, taxi and shut-down. 

2.) Fuel intensive flight phases. These are flight phases during which a relatively large amount 
of fuel is used. Examples are: prolonged climbs, cruise, loiter and prolonged descents. 

During the initial weight sizing of an airplane it is acceptable to use statistically obtained data 
for the fuel tractions of fuel un-intensive flight phases. However, for the fuel intensive flight phases 
more accurate estimates must be made. The latter is done with the help of the Breguet equations 
for range and for endurance which were developed in Sections 11.1 and 11.2. 

Fuel fractions for fuel un-intensive flight phases may be obtained from Table 11.7. 

To obtain the fuel fractions for fuel intensive flight phases the Breguet equations for range and 
endurance are used. These equations are taken from Eqns (11.7) and 01.8) for propeller driven air
planes, and from Eqns (11.60) and (11.63) foriet airplanes. These equations are: 

For propeller driven airplanes: 

m n.m. (11.95) 

in hours with V LTR in kts ( 1196) 

For jet airplanes: 

W 
I 

CR 
n ' 

W CRi + 1 

mom with VCR in kts ( !l.97) 

E = (1 CL) In WLTR; 
c C W LTR J D ,+1 

in hrs (11.98) 

For each particular cruise phase, loiter phase or prOlonged climb phase, the range, R, or the en
durance (Iuiter time), E, will be knuwn from the mission specification. The Breguet equations 
(11.95) through (11.98) are then solved for the inverses of the begin to end weight ratios tu produce 

the corresponding fuel fractions: Wi+1!Wi . 

Values for the various efficiency parameters, I]p;.""",,, ' cp , CdCn and Cj are obtained either 

from actual data or from "state-of-the-art" ranges as given in Table 11.8. 
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Table 11.7 Suggested Fuel Fractions for Fuel Un-intensive Mission Phases 

Mission Phase Start & Warm-ul Taxi Take-off Brief descent Brief Climb Landing, 
Taxi & 

Airplane Type Shutdown 
1. Homebuilts 0.998 0.998 0.998 0.995 0.995 0.995 

2. Single Engine 0.995 0.997 0.998 0.992 0.993 0.993 

3. Twin Engine 0.992 0.996 0.996 0.990 0.992 0.992 

4. Agricultural 0.996 0.995 0.996 0.998 0.999 0.998 

5. Business Jets 0.990 0.995 0.995 0.980 0.990 0.992 

6. Regional TBP's 0.990 0.995 0.995 0.985 0.985 0.995 

7. Transport Jets 0.990 0.990 0.995 0.980 0.990 0.992 

8. Mil. Trainers 0.990 0.990 0.990 0.980 0.990 0.995 

9. Fighters 0.990 0.990 0.990 0.960-0.900 0.990 0.995 

10. Mil. Patrol, 0.990 0.990 0.995 0.980 0.990 0.992 
Bmb & Trspt 

II. Flying Boats, 0.992 0.990 0.996 0.985 0.990 0.990 
Amph. & Floats 

12. Supersonic 0.990 0.995 0.995 0.920-0.870 0.985 0.992 
Cruise 

Table 11.8 Suggested Values for the Efficiency Parameters in,Eqns (11.95 -11.98) 

Mission Phase Crui~e Loiter or Prolonged Climb or Descent 

Airplane Type CLiCD cj cp 1) Pin.falled CLiCD cj cp TJ P inSlalied 

1. Homebuilts 8 -10 0.6-0.8 0.70 10 - 12 0.5 -0.7 0.65 

2. Single Engine 8 -10 0.5 -0.7 0.80 10- 12 0.5 - 0.7 0.70 

3. Twin Engine 8 - 10 0.5 -0.7 0.82 9 - 11 0.5 -0.7 0.72 

4. Agricultural 5-7 0.5 -0.7 0.82 8-10 0.5 - 0.7 0.72 

5. Business Jets 10- 13 0.5 - 0.8 12 - 14 0.4 - 0.6 

6. Regional TBP's 11 - 13 0.4 -0.6 0.85 14 - 16 0.4 - 0.6 0.77 

7. Transport Jets 13 - 16 0.5 -0.8 14 - 17 0.4 -0.6 

8. Mil. Trainers 8 - 10 0.5 - 1.0 0.4-0.6 0.82 10- 14 0.4 -0.6 0.5 - 0.7 0.77 

9. Fighters 5-7 0.5 - 1.2 0.5 -0.7 0.82 6-9 0.6 -0.8 0.5 -0.7 0.77 

10. Mil. Patrol. 13 - 16 0.5 -0.8 0.4 -0.7 0.82 14- 17 0.4 -0.6 0.5 - 0.7 0.77 
Bmb & Trspt 

II. Flying Boats, 10 - 12 0.5 - 0.8 0.5 - 0.7 0.82 I3 -16 0.4 -0.6 0.5 - 0.7 0.77 
Amph. & Floats 

12. Supersonic 5-9 0.7 -1.2 6-9 0.6 -0.8 
Cruise 
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11.5.3 THREE SOLUTION SCENARIOS FOR EQN (11.86) 

As indicated before, solutions for airplane take-off weight, WTO ,from Eqn (11.86) depend On 

the numerical values of the coefficients A, B, C and D. Solutions to Eqn (11.86) can be visualized 

by plotting the left hand side, log 10 W TO ' and the right hand side, [A + B log 1O( C W TO - D)), 

as a function of log 10 WTO ' A generic example is shown in Figure 11.30. 

(A + B 10glO(C WTO - D)) 

• log 10 W TO 

Solution 

Fi ure 11.30 Generic Solution for the Take-off Weight Based on Eqn (11.86) 

Depending on the aggressiveness of the mission requirement (extremely long range with high 
payload would be an example of an aggressive mission requirement), which determines the coeffi· 
cients C and D, and depending on the airplane state-of-the-art, which determines the coefficients 
A and B, three solution scenarios are possible. 

These three solution scenarios are shown in Figure 11.31. 

Whenever one solution is indicated, all is well. 

Whenever two solutions are indicated, the lowest weight solution should normally be used. 

Whenever no solution exists, either the mission requirement is too aggressive or inappropriate 

values were used for the efficiency parameters TJp",,,u,,, ' cp , CLiCD and Cj in defining the fuel 

fractions for the various mission phases. An example application is presented in Sub-section 11.5.4. 
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fA + B 10g",(C Wro - Dl} fA + B log ",(C Wm - Dli {A + B log ",(C Wro - D) i 

• • 
log 111 Wm 

Solution ... log III W TO 

Scenario 1: B > 1 

• 

Solution 2 

Solution I .... log HI W TO 

Scenario 2: B < 1 
Two Solutions 

No Solution 

Scenario 3: B < 1 
No Solutions 

Figure 11.31 Three Solution Scenarios to Eqn (11.86) 

11.5.4 EXAMPLE APPJ~ICATION OF AIRPLANE WEIGHT SIZING 

In this example the airplane with the mission speciiication of Table 11.5 will be used. The mis
sion profile is seen to consist of seven phases. 

A step-by-step procedure will be used to determine the following weights for this ailplane: 

Take--off weight, W TO Empty weight, W E Mission fuel weight, W F 

Step I: 

Step 2: 

Step 3: 

Chapter II 

Decide which mission phases are fuel intensive and which are not. 

For tltis airplane it will be assumed that Phases I, 2, 3 and 7 are fuel un-intensive. 
That means Table 11.7 will be used for estimating the corresponding fuel fractions. 

Phases 4,5 and 6 will be assumed to be fuel intensive. Breguet equations (11.97) and 
(11.98) will be used to determine the corresponding fuel fractions. Also, the data in 

Table 11.8 will be used to estimate the efficiencies: CLiCo and Cj . 

Determine the fuel fraction for Phase I : W I/W TO ' From Table 11.7 it is seen that: 

WdWTO = 0.990. 

Determine the fuel fraction for Phase 2: W z/W,. From Table 11.7 it is seen that: 

W 2/W, = 0.990 . 
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Step 4: 

Step 5: 

Step 6: 

Step 7: 

574 

Range, Endurance and Payload-Range 

Determine the fuel fraction for Phase 3: W3/W2. From Table 11.7 it is seen that: 

W3/W2 = 0.995. 

Determine the fuel fraction for Phase 4: W 4/W 3' Since this phase is considered to 

be fuel intensive. Breguet equation (11.98) will be used. The climb phase will be 
treated as an endurance phase. Table 11.5 calls for a direct climb to 45.000 ft in 
25 minutes. Therefore, the endurance for this phase is: E = 25/60 = 0.42 hrs. 

The corresponding climb s.f.c. is estimated with Table 11.8 at: Cj = 0.6 Ibs/hr/lbs. 

The corresponding climb LID is estimated with Table 11.8 at: CdCo = 15.0. 

Substitution into Egn (11.98) yields: 

0.42 = (_1_ x 15.0) In W 3 or: 
0.60 W 4 

Assuming an average climb speed of 325 kts, the rangc covered during the climb is: 

RCL = 0.42x325 = 137 n.m. 

Determine the fuel fraction for Phase 5: W s/W 4' Since this phase is considered to 

be fuel intensive, Breguet equation (11.97) will be used. Table 11.5 calls for a cruise 

speed of V CR = 470 kts . Table 11.5 also calls for a total range of2,500 n.m. The 

climb range can be subtracted to yield a design cruise range of: 

RCR = 2.500 - 137 = 2.363 n.m. 

The corresponding cruise sJ.c. is estimated with Table 11.8 at: 

cj = 0.57 Ibs/hr/lbs. 

The corresponding climb LID is estimated with Table 11.8 at: CdCD - 16.0. 

Substitution into Eqn (11.97) yields: 

2 363 = (470XI6.0) In W 4 or: 
, 0.57 Ws 

Determine the fuel fraction for Phase 6: W dW s' Since this phase is considered to 

be fuel intensive. Breguet equation (11.98) will be used. The descent phase will be 
treated as an endurance phase. 

Assuming an average rate-of-descent of 2,000 ftlmin, the descent time is 
45.000/2,000 = 22.5 min. = 0.38 hrs. 
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Step 9: 
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The corresponding descent sJ.c. is estimated with Table 11.8 at: 

Cj = 0.4 Ibs/hr/lbs. 

The corresponding climb LID is estimated with Table 11.8 at: CL/CD - 15.0. 

Substitution into Eqn (11.98) yields: 

0.38 = (_1_ x 15.0) In W 5 or: 
0.40 W6 

Important note: 

The average forward speed during the descent is assumed to be 350 kts. This would 
yield a descent range of 133 n.m. However, the mission profile of Table 11.5 suggests 
not to take credit for the descent range (note the vertical line for Phase 6. The design 
range of Step 6 therefore stands at 2,363 n.m. 

Determine the fuel fraction for Phase 7: W 7/W 6' From Table 11.7 it is seen that: 

Determine the overall mission fuel fraction with Eqn (11 .89): 

Mrr = 0.990xO.lJ90xO.995xO.983xO.836xO.990xO.992 = 0.7874 

Step 10: Determine the coefficients A, B, C and D for Eqn (11.86). 

Chapter II 

A and B are determined by plotting empty weight versus take-off weight data for 20 
transports. The data are taken from Ref. 11.7 and are shown in Table 11.9. These 
data are plotted in Figure 11.29. The resulting regression coefficients which describe 
the line drawn in Figure 11.29 are: A = 0.0676 and B = 1.0398. 

The coefficient C is determined from Eqn (I 1.88). 

The reserve fuel requirements are given in Table 1I.5. This results in a reserve fuel 

fraction of: Mrcs = 0.15. Assuming that the trapped fuel and oil fraction is: 

Mtfo = 0.005, the following is found for C, with Eqn (11.88) : 

C = /1 - (1 + 0.15)(1 - 0.7874; - 0.005 = J = 0.7505 

The coefficient D is determined from Eqn (11.92) and Table 11.5: 

D = WpL + Wcrew = 54x205 = 11,070 Ibs 
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Step 11: Calculate the take-off weight from Eqn (11.86). 

The result is: W TO = 59,744 lbs . 

Step 12: Calculate the empty weight from Eqn (11.93). 

The result is: WE = 33,771 lbs . 

Step 13: Calculate the required fuel reserves from Eqn (11.90): 
The results is: 

WFre• = 0.15 (1 - 0.7874) 59,744 = 1,905 lbs 

Step 14: Calculate the mission fuel weight, WF , from Eqn (11.94): 

The results is: 

WF = (1 - 0.7874)59,744 + 1,905 = 14,607 

It is of interest to determine and compare the amounts of fuel used during the various mission 
phases. This can be done most readily with the software described in Appendix B. 

The result is shown in Figure 11.32. It is clear that climb and cruise are the most fuel intensive 
mission phases in this case. 

When comparing the weight data obtained in Steps 11, 12, 13 and 14 with the software generated 
data in Figure 11.32 some differences occur. These differences are due to round-offs. 

11.6 SUMMARY FOR CHAPTER 11 

In this chapter methods for determining range and endurance of propeller driven and iet airplanes 
were developed and discussed. In addition to the classical Breguet equations, numerical procedures 
for the accurate determination of range and endurance were presented. 

Methods to account for the fuel used during the entire mission, including the fuel reserves, were 
also discussed. The civil and military regulations for determining fuel reserves were summarized 
in tabular form. 

An explanation was given of how a payload-range diagram can be constructed. How much pay
load weight can be carried over a given range while taking off from a given airfield is important to 
operators. An example diagram which allows an operator to determine this was presented. 

Finally, a method for sizing an airplane to an arbitrary mission was presented. 
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Input Parameter 

I Number 
1
20 

1 

IA 10.0676 1 

Table 11.9 

I 
Output Parameters 
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11.7 PROBLEMS FOR CHAPTER 11 

11.1 Determine the maximum range, maximum endurance as well as the speeds for maximum 
range and endurance for an airplane with the following characteristics: 

s - 200 ft2 

h 10,000 ft std atm 

W TO = 10,000 Ibs 

cp = 0.52 lbs/hr/hp 

The airplane has the following power characteristics: 

v - kts P,eqd - hp V - kts 

109 240 174 

113 220 217 

122 205 261 

130 200 304 

152 215 350 

W = 4,000 lbs Pm~ 

Preqd - hp 

250 

400 

600 

925 

1,350 

11.2 Determine the maximum range for the airplane of Problem 11.1 with a tail-wind of 30 kts. 

11.3 A jet airplane has the following characteristics: 

S - 400 ft2 WTO = 18,000 lbs 

h - 30,000 ft std atm Cj = 0.85 lbs/hr/lbs 

WPm .. = 6,000 lbs 

CD = 0.0200 + 0.06 ct 
What is the maximum range and endurance of this airplane? 

Assume that the drag divergence Mach numher is 0.85 and that the drag polar is not affected 
by Mach number below M = 0.85. 

11.4 A business airplane has the following characteristics: 

s - 232 ft2 WTO = 14,000 lbs Wp = 6,000 lbs 
mu 

h - 31,000 ft std atm Cj = 0.96 lbs/hr/lbs CD = 0.0230 + 0.0936 C[ 

Determine the maximum range in nm and the altitude at the end of cruise, assuming the s.f.c. 
remains constant during the mission. Assume that the drag divergence Mach number is 0.84 
and that the drag polar is not affected by Mach number below M = 0.84. 

11.5 Assume that the airplane of problem 11.4 drops a payload of 1,500 Ibs at .ome destination 
and then flies back at a different altitude. The weight at the destination, where the payload 
was dropped, is 9,000 lbs after release of this payload. Determine: 
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a) The distance flown when the payload was released 
b) The fuel required to return to its base. 
c) Whether or not therc is enough fuel to return to its base. 

11.6 For a propeller driven airplane in cruise flight, show that the best range (br) speed with wind 
effect is given by: 

whcrc: m = V!Vmu 

V md is the minimum drag speed 

Assume that the drag polar is parabolic. The reader should consult Ref. 11.1. 

11.7 Perform a trade study showing the effect of engine s.f.c. and cruise Iift-to--drag ratio on the 
weights estimated iu Sub-section 11.5.4. Plot the results. 

11.8 Usc the method of Section 11.5 to determine the estimated weights for the Boeing 777. 
Compare your estimatcs with the data in Ref. 11.7. 

11.9 Use the method of Section 11.5 to determine the estimated weights for the Cessna 208 
Caravan. Compare your estimates with the data in Ref. 11.7. 

11.8 REFERENCES FOR CHAPTER 11 
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Aircraft, Volume 16, June 1979, pp, 382 - 387, 
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Company, Seattle, WA, 1967. 

11.3 Anon.; Code of Federal Regulations (CFR), Title 14, Parts I to 59, January I, 1996; U.S. 
Government Printing Office, Superintendent of Documents, Mail Stop SSOP, Washing
ton, D.C. Note: FAR 23 and FAR 25 are components of this CFR. 

11.4 Anon.; MIL-C-005011B (USAF), Military Specification. Charts: Standard Aircraft 
Characteristic and Performance, Piloted Aircraft (Fixed Wing); June, 1977. 

11.S Anon.; AS-5263 (US Navy), Guidelines for the Preparation of Standard Aircraft Char
acteristic Charts and Performance Data, Piloted Aircraft (Fixed Wing); October, 1986. 

11.6 Roskam, J.; Airplane Design, Part I; Preliminary Sizing of Airplanes; DAR Corporation, 
120 East Ninth Street, Suite 2, Lawrence, KS 66046, 1997. 

11.7 Jackson, P.; Jane's All the World's Aircraft; Jane's Information Group Ltd, 163 Brighton 
Road, Coulsdon, Surrey CRS 2NH, U.K., 1996-1997 
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CHAPTER 12: MANEUVERING AND THE FLIGHT ENVELOPE 

In this chapter the performance of the airplane during maneuvers will be discussed. Airplane 
maneuverability is limited by several constraints. Examples of such constraints are: 

• stall speed and minimum controllable speed 
• engine temperature limitations 
• low speed buffet 
• structural limitations 

* engine inlet distortion limitations 
• engine thrust limits 
* high speed buffet 

When put together, these constraints form the flight envelope of an airplane. Maneuverability 
at the edges of the flight envelope must be determined for any airplane. The material in this chapter 
is organized as follows: 

12.1 Stall speeds and minimum speeds 
12.2 Buffet limits 
12.3 Level flight maximum speeds and ceilings 
12.4 The V-n diagram 
12.5 PUll-Up: instantaneous and sustained 
12.6 Steady, level and coordinated tum: instantaneous and sustained 
12.7 Spin 
12.8 Accelerated flight performance 

12.1 STALL SPEEDS AND MINIMUM SPEEDS 

As shown in Chapters 8 through II the take-off, landing, approach and climb performance of 
airplanes is greatly affected by the stall speed and (or) the minimum controllable speed. These 
speeds are defined as follows: 

Definition 1: 

The s(}-Called I-g stall speed of an airplane is defined by: 

2W (12.1) 

where: CL . is the maximum trimmed lift coefficient ofthe airplane. This lift coefficient may 
ma~trim 

be taken as the 'top' of the CL versus u curve if the airplane is controllable at the stall angle 
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of attack. If the airplane is not controllable at the stall angle of attack, CL must be deter-
maXaim 

mined from that angle of attack, below the stall, where the airplane is controllable. 

Note that the notation: V s is used in FAR 25. In FAR 23 the notations V so and V 81 are used 

with the same meanings. See Ref. 12.1 for FAR 23 and FAR 25. The reader may wish to 
consult Tables 9.11- 9.13 (in Chapter 9) for more information. 

Definitiun 2: 

The minimum speed at which an airplane is controllable is defined by: 

2W (12.2) 
QCLma~(ctln!rollahJeJS 

where: C1 is the maximum trimmed lift coefficient at which the airplane is controllable. 
'm""(~lIl1tmllablc) 

As seen from Eqns (12.1) and (12.2), the stall speed of an airplane increases with increasing alti
tude. For a given true airspeed, the Mach number will increase with increasing altitude (because 
the speed of sound decreases with increasing altitude). Tbis results in compressibility effects which 

will tend to decrease CL . The net result is a further increase in the stall speed with increasing 
m~~trim 

altitude. 

When the stall is approached, increased airflow separation results in a phenomenon called: buf
feting. There are two types ofbuffe!: low-speed and bigh-speed buffet. Low-speed buttet is caused 
by the turbulence of the separated flow shaking part of the airplane, usually the wing or the tail. 
High-speed buffet is usually caused by shock induced flow separation. High speed buffet usually 
starts somewhere on the wing. Both types of buffet can usually be felt and heard in the cockpit. 

The stall speed of an airplane is also affected by flaps. When the flaps are deflected a higher value 

of eL•. is produced, usually at a lower angle of attack. Therefore, the corresponding stall speed 
axtrim 

is reduced. A discussion of typical flap performance which can be obtained with mechanical flaps 
is given in Chapter 4. 

The load factor encountered by an airplane in flight is defined by: 

L 
n =-

W 
.02.3) 

Clearly, in level flight, n = 1. A l-g flight condition is hard to achieve in flight test at speeds 
close to the stall speed. This is because various dynamic effects which accompany flight close to 
stall. Most flight tests close to the stall encounter a load factor of about n = 0.9. Therefore, an effec
ti ve stall lift coefficient may be computed from: 
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C (n - 1) 
Lou - 'th ,WI n

n 
0.9 (12.4) 

The numerical magnitude of CL",.,.(n = 1) can be determined from windtunnel tests, corrected 

for Reynolds number effects. Using this effective maximum lift coefficient, the airplane stall speeds 
with the flaps up or down may be obtained. Eqn (12.4) implies that the airplane stall speed is approx
imately 94% of its I-g stall speed. 

FAR 23.49, FAR 25 .103 (and SFAR 23) define the stalling speed as the flight speed in knots cali
brated airspeed (KCAS) at the most unfavorable c.g. location. The manufacturer must identify that 
e.g. location. For a conventional (tail-aft) airplane this will normally be the most forward c.g.loca
tion. The stall speed must be obtained from flight test data. During the flight test the airplane must 
be trimmed at a speed slightly above the expected stall speed (FAR 23 and SFAR 23) or between 

1.2V s and 1.4 V s (FAR 25). Elevator control is then applied in such a manner that the speed reduc

tion of the airplane does not exceed one knot-per-second. Therefore, the variation of airspeed with 
time must be recorded during the flight test and plotted as in Figure 12.1. 

V, KCAS 

• 
1 

.... .,.e .. ---
V --+--------.:.= ;;:a, .... ~---.. min I'lt 

V -t slope approximation 

Time, t, sec. ... 

The entry rate into the stall-speed demonstration maneuver may be computed from: 

dV = V rnin - l.1Vmin (12.5) 
dt Ll.t 

At the minimum speed, V min' the corresponding lift coefficient, CL",u
mm 

' may be determined 

from Eqn (12.1). However, this lift coefficient must be corrected for the most critical c.g.location'. 
To do this, consider Figure 12.2. 

, The manufacturer must identify what constitutes the most critical c.g. location. This location 
depends on the configuration of the airplane and on the way it is trimmed. For a conventional config
uration the most critical c.g. location is typically the most forward c.g. location. 
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.. Direction of Flight 

Wing 

c.g. crit) c.g. (test) 

xeg(en.) 

xcg(teSI) 

W w 

Figure 12.2 Geometry for Finding the Effect of Center of Gravity 
on the Trimmed Maximum Lift Coefficient 

Tail 

As the c.g. is moved forward, the tail load to trim the airplane is decreased. The tail load to trim 

is shown in Figure 12.2 as an up-load. Since the coefficient, Cm , is normally negative (particu· 
~wf 

larly with the flaps down), the tail load to trim will normally also be negative (i.e. down). Therefore, 
the tail load to trim will increase in the negative direction as the c.g. is moved forward. 

When the airplane is trimmed, the airplane lift coefficient is the sum of the wing/fuselage lift 

coefficient and the tail lift coefficient (the latter corrected for Sh/Sandqh/q). Therefore: 

At the test c.g.: (12.6) 

(12.7) 

The corresponding moment (i.e. trim) equilibrium conditions are: 

Test c.g.: Cm~w;c - CL~(wf)(Xacwf - x e.g.(lestY = Cr.."",,(x'eb (12.8) 

Most critical c.g.: Cm ... C - CL (xac - X ( .. \ = CL (X,r. - x (.) (12.9) 
-wf max(wf) wf c.g. cnty b(c::ril) -n c.g. cnt 

By defining that: (x.e, - Xe.g.(cril) = lh, it can be shown that: 

C
L 

= C
L 

1 + c.g.(ent) c.g.(.esl) 
(

X, - x ) 
miilJlc,g.(crit) mUC.g.(leIl) I h 

(12.10) 
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It is seen that the more forward the critical c.g. is. the lower the trimmed maximum lift coefficient 
is. It should be recognized that this derivation also assumes that the horizontal tail itself is not stalled. 
The effect of tail stall on trimmability is discussed in References 12.2 and 12.3. 

The reader is asked in problems 12.4 and 12.5 to re-derive Eqn (12.10) for a canard and for a 
three-surface configuration. Reference 12.2 is recommended for detail discussions of airplane trim. 

The maximum lin coefficient. C[ ,is determined for each individual flap setting by plotting 
~ma"i;.g. 

the flight test measured values of CL as a function of the entry rate produced during the test. 
m""c.g 

Figure 12.3 shows how the numerical value of CL may be determined. 
mue.g. 

Use -CL this! m",.,. ~--------?"'"r"'-

-D.5 -1 -1.5 
_ Stall Entry Rate, dV!dt, kts!sec 

Figure 12.3 Maximum Lift Coefficient as a Function of Stall Entry Rate 

If the stall flight tests are not conducted at zero thrust, corrections for thrust must be applied to 
the data. The tests are repeated for those flap settings for which the airplane is to be certified. The 
results of these flight tests are normally presented in the form of a plot such as shown in Figure 12.4. 

Vs ' kcas 

Up 

10 deg 

20 deg 

30 deg 

- Weight. W, Ibs 

Figure 12.4 Effect of Flaps and Weight on Stall Speeds 
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12.2 BUFFET LIMITS 

Buffeting is defined as the structural response of an airframe in response to aerodynamic excita
tion which in turn is produced when the flow separates. Examples of buffeting are: 

a) wing flow separation exciting the wing structure 
b) separated wing flow hitting another airplane component (such as the horizontal tail) 
c) separated flow from spoilers hitting the horizontal tail (this happens in many jet transports 

when a pilot deploys the spoilers to slow the airplane down from cruise flight) 
d) air intake flow breakdown (also called inlet buzz) 
e) flow interference between external stores 

Buffeting can be very annoying to pilots and passengers. In military aircraft certain magnitudes 
of buffet can interfere with the pilot's ability to control the airplane. For that reason, Ref. 10.3 con
tains another definition for minimum speed: that at which buffet becomes intolerable. whenever that 
speed is higherthan that according to Defmitions 1 or 2 (See Section 10.1) the minimum speed based 
on some buffeting criterion must be used in setting the airplane reference speeds. 

Flow separation from the wing is the most frequently occurring cause ofbuffe!. Wing flow sepa
ration may be characterized by several types, four of which are given in Figure 12.5. 

Low Mach 
Low sweep 

Conventional trailing 

High Mach 
Low sweep 

Shock waves and 
se aration bubbles 

High Mach 
High sweep 

Any Mach <1 
Very high sweep 

Sharp leading 
edge 

Vortices 

Shock waves, 
bubbles and vortices 

Figure 12.5 Examples of Wing Flow Separation 

Wings with low sweep angles are characterized by leading--edge or trailing--edge separations. 
These separations form bubbles on the wing which usually excite strong buffeting. At transonic 
speeds (which for an unswept wing can occur at relatively low Mach numbers), strong shock waves 
can induce flow separation. For swept wings, buffeting may also be induced by separated vortices. 

Tail buffeting is normally caused by separated flow from the wing. However, it can also be 
caused by separated flow on the tail itself. 
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A wide variety of methods is used to predict the onset of buffet. Fifteen of these are summarized 
in Figure 12.6. The most widely used method employs the measurement of the wing root bending 
moment: method I in Figure 12.6. With method I, the onset of buffet is defined as occurring at that 
lift coefficient for which the root mean square (r.m.s.) of the root bending moment exceeds some 
numerical value. 

In method 2 the divergence in pressure at the trailing edge of the wing is measured. This mea
surement should be taken at roughly 80% of the wing span to give reliable results at high subsonic 
and transonic speeds. 

In the case of method 3 it is assumed that buffet onset coincides with flow separation from the 
wing which results in departure of the lift-coefficient-versus-angle--<>f-attack curve from linearity. 

Tn some airplanes the change in lift--eoefficient-versus-angle--<>f-attack triggers an unstable 
pitch break. In that case the angle of attack where the pitch break occurs can be thought of as coincid
ing with buffet onset. That is the thought behind method 4. 

Sudden changes in the width of the wake emanating from the wing trailing edge can also be 
associated with flow separation and therefore buffet. That is reflected by method 5. 

Whenever shocks trigger flow separation, the position of the shock in terms of the wing chord 
can be used as an indicator of buffet onset. Method 6 is an example of this. 

In method 7 the nature of a shock wave is examined. Shocks are often characterized by a sharp 
change in pressure. Whenever the Mach number downstream of a shock itself is sonic, separation 
is triggered and again buffet begins. The angle of attack where this happens is that associated with 
buffet onset. 

Since buffet is often detectable by sudden, sharp fluctuations in airframe load-factor or local 
accelerations, the reading of a properly placed accelerometer can be used to determine when buffet 
begins. In method 8 accelerometer readings are used to predict buffet onset. 

A sudden deviation in axial force (See method 9) with angle of attack can be used to predict the 
onset of buffet. This method is quite reliable. 

If the flow separation of a wing occurs on one wing before the other, buffet onset can be corre
lated to a sudden change in rolling moment behavior. This is used in method 10. 

Various other experimental methods (ll-IS) are also listed in Figure 12.6. Ultimately, pilot 
opinion on what constitutes intolerable buffet must be used to help set the limits in angle of attack 
and Mach number where buffet becomes unacceptable. It should be noted that the boundary between 
acceptable and unacceptable buffet is not rigorously defined. The upper limit is a function of air
plane type and mission. In a transport airplane, buffet limits may be imposed because of structural 
fatigue and passenger comfort considerations. In a fighter, the ability of the pilot to fly the airplane 
(handling qualities) in the presence of turbulence may be more important. 
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a) Acoustic Means 

V - b) Rapid Response Pressure Transducers 

0 14) Pressure Fluctuation Measurements 
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6) Shock Wave Position 15) Pilot Opinion on Tolerable Buffet 

Note: <!- V Open Arrows Mark Point of Buffet Onset 

Figure 12.6 Methods for Buffet and Flow Separation Detection (Based on Ref. 12.4) 
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A typical curve Rhowing the buffetlimit on lift coefficient i .. hown in Figure 12.7. For a given 
Mach number, the lift coefficient corresponding to buffet onset can be found, Note the large decrease 
in maximum lift coefficient witb increasing Mach number. The trend shown in Figure 12.7 is typical 
for transport type airplanes. 

C L buffct 
Clean Configuration 

1.2 

• 1.0 • 
I Low speed buffet I '" I Hi h speed buffet I 

0.8 

0.6 

~ 

'\ 
0.4 

0.2 

o 
o 0.2 0.4 0.6 0,8 1.0 

Mach Number .. 

Figure 12,7 Example of Buffet Limits for a Transport Airplane 

For any given weight, the altitude where, at that value oflift coefficient, buffet would begin, can 
be calculated from: 

o = ___ W-,-,-::-__ 

1,481.3M2CL S 
buffel 

(12.11 ) 

The results can be represented graphically as shown in Figure 12.8. The information presented 
in Figures 12.7 and 12.8 can be combined as in Figure 12.9 so that the instantaneous maneuver load 
factor capability of an airplane can be determined. By arranging the data in the form of Figure 12.10 
it is pORSible to determine the instantaneous maneuver load factor capability of an airplane more con
veniently. The data presentation of Figure 12.10 is used in flight manuals of transport airplanes. 

In the example of Figure 12.10, at a weight of 104,000 lbs, a Mach number 0[0.72 and a pressure 
altitude of 31 ,000 ft, a load factor of 1.68 g's (corresponding to a bank angle of 53 degrees in a level 
turn), is possible before buffet occurs. The l-g stall speed at that altitude is seen to occur at a Mach 
number of 0.49. 

Other applications of the material presented here are discussed in Sections 12.5 and 12.6. 
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Figure 12.8 Effect of Weight, Mach Number and Altitude on Initial 
Buffet Occurrence for a Jet Transport 
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Figure 12.9 Effect of Buffet Limits and W/b on the Instantaneous Maneuvering 
Capability of a Transport Airplane 
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12.3 LEVEL FLIGHT MAXIMUM SPEEDS AND CEILINGS 

12.3.1 LEVEL FLIGHT MAXIMUM SPEEDS 

A very important flight limit is that which occurs at maximum thrust at any altitude. Since maxi
mum thrust varies with altitude, the maximum attainable speed will vary with both weight and alti
tude. The maximum Mach number (or speed) at which an airplane can fly at a given altitude and 
at maximum available thrust can be determined from the condition T =D. For a parabolic drag polar 
this implies that thc speed can be solved from: 

T max(I'>, M) 
W 

CD,,(M) 1,481.3 II M~ax S W 
- --~----~-------- + --------~-------

W 1,481.3 I'> M~ax SitAe 
( 12.12) 

The notation: T max(I'>, M) and CD" (M) implies that maximum thrust is a function of altitude (and 

possibly of Mach number) and that the zero-lift drag coefficient is a function of Mach number. In 
many practical cases. Eqn (12.12) is written as: 

(T max(I'>, M)/II) 

(W/o) 
CD,,(M) 1,481.3 M~ax S - -=~---------==-- + 

(W/o) 
(W /1'» 

(12.13) 
1,481.3 M~ax SitAe 

For a given altitude, at a given Mach number and at maximum thrust, Eqn (12.13) can be used 

to solve iteratively for Mmax as a function of (W /1'» . An example plot is shown in Fignre 12.11. 

• Will 

592 

35,000 ft 

sea-level 

• • • 

Locus of ceilings 

Absolute ceiling 

for 

W - (W II'» x 1'>35.000 ft 

Note: All data at 
maximum cruise thrust 

Mrnax: -level 

at 
W = (W II'» x 1'>]5.000 ft 

Mach Number, M ~ 

Figure 12.11 Effect of Altitude on Maximum Level Mach Number and 
Effect of Wei ht on the Absolute Ceilin 
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If the maximum thrust and the zero-lift drag coefficient are independent of Mach number it is 
possible to solve for the maximum attainable Mach number as shown in Equation (12.14): 

Mmax = T max + 
2 CD" S (1,481.3 5) 

2 
Tmax 

2 

4{CD" S (1,481.3 5)) 
(W/S)2 

CD 1t Ac (1,481.3 5)2 
" 

( 12.14) 

For a detailed discussion of methods for determining the maximum speed of jet-driven and pro
peller-driven airplanes the reader is referred to Chapter 8. 

12.3,2 LEVEL FLIGHT CEILINGS 

Methods to determine the ceiling capability of airplanes were also discussed in Chapter 9. As
suming that there is sufficient thrust available to fly level at a given altitude, the altitude at which 
n= I flight is possible althe stall or buffet limit, is called the absolute ceiling. Figure 12.8 shows how 
absolute ceilings can be represented graphically. Another way of showing this type of information 
is given in Figure 12.11. 

12.4 THE V-n DIAGRAM 

The purpose of this section is to familiarize the reader with the construction and use of V -0 dia
grams. These diagrams are used primarily in the determination of combinations of t1ight conditions 
and load factors to which the airplane structure must be designed. However, V -n diagrams are also 
useful in determining the maneuvering capahility of an airplane. 

The particular V-n diagram to which an airplane must be designed depends on the certification 
basis selected by the manufacturer and/or the customer. V-n diagrams for FAR 23, FAR 25 and Mili
tary aircraft are discussed in Sub-sections 12.4.1 through 12.4.3 respectively. 

12,4,1 FAR-23 

The basic V-n diagram for FAR 23 certified airplanes is defined in FAR 23, Part 23.335 of Refer
ence 12.1. A graphical presentation is given in Figure 12.12. 

There are four important speeds used in the V -n diagram: V s ' the 1-g stall speed; V A ' the de

sign maneuvering speed; V c ' the design cruise speed, and V D ' the design diving speed. 

Rules for determining these speeds are presented in Sub-sub-sections 12.4,1.1 through 12.4.1.4. 

Rules for determining the various envelope lines are discussed in Sub-sub-sections 12.4.1.5 
through 12.4.1.7, 
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• Load factor, n 
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Figure 12.12 V-n Diagram According to FAR 23 

12.4.1.1 The 1-g Stall Speed, V s 

For purposes of constructing a V -n diagram, the 1-g stall speed, V s may be computed from: 

(12.15) 

where: W FDGW is the flight design gross weight. For most civil airplanes: W FDGW equals the 

maximum design take-off weight. 

Observe that the maximum normal force coefficient is used instead of the maximum lift coeffi
cient such as in Egn (12.2). The difference between these two coefficients is usually not very large. 
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The maximum normal force coefficient follows from: 

C -
N ma~(mmroll~bleJ -

(12.16) 

Note: C N is the same as CR in Chapter R. 

For preliminary analysis purposes it is acceptable to use: 

C = l.IC 
N m:tx(L-untrollablt.) L mi .. (mnTrollabl~) 

(12.17) 

The parabolic line O-A (in Figure 12.12) follows from: 

(Ie N In~X(CDntrollable)S 
(12.18) 

12.4.1.2 The Design Maneuvering Speed, V A 

The design maneuvering speed, V A ' must be selected by the designer, but must satisfy Ihe fol

lowing relationship: 

(12.19) 

where: nHm is the positive design limit load factor as defined in Sub-sub-section 12.4.1.6 
V"~ 

However, V A need not exceed V c as defined next. 

12.4.1.3 The Design Cruising Speed, V c 

The design cruising speed, V c (in keas), must be selected by the designer, but must satisfy the 

following relationship: 

(12.20) 

where: kc = 33 for normal and utility category airplanes with wing loadings up to 

W FDGW IS = 20 psf. 
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kc varies linearly from 33 to 28.6 as the wing loading varies from 20 to 100 psf, 

for normal and utility category airplanes 

kc = 36 for acrobatic category airplanes 

However, V c need not exceed 0.9V H ' where V H is the maximum level speed obtained with 

maximum thlust or power. 

12.4.1.4 The Design Diving Speed, V D 

The design diving speed, V D ' must satisfy the following relationship: 

V D (or M D) 2 1.25V c (or 1.25Mc) (12.21) 

where: V c follows from Eqn (12.20). 

12.4.1.5 The Negative 1-g Stall Speed, V SO"' 

For purposes of constructing a V-n diagram, the negative l-g stall speed. V s may be com-
"" 

puted from: 

V -
s"c~ -

2WFDGW (12.22) 

The maximum negative normal force coefficient follows from: 

CN -
m"x(""nlrollubl·)"c~ 

(12.23) 

For preliminary analysis purposes it is acceptable to use: 

(12.24) 

The parabolic line O-G (in Figure 12.12) follows from: 

2n W FDGW 
neg ec S 

N milll(c\,n1wllablclneg 

(12.25) Vs -
n=nneg 
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12.4.1.6 The Design Limit Load Factors, nlim and nlim ,.... ... 
The positive design limit load factor, nJim ,must be selected by the designer, but must meet ,." 

the following condition: 
24,000 

(12.26) 
WFDOW + 10,000 

However, nlim need not be greater than 3.8 
P'" 

nJim = 4.4 for utility category airplanes 
P'" 

nlim = 6.0 for acrobatic category airplanes ,.... 

The negative design limit load factor, nlim must be selected by the designer, but must meet 
'" 

the following condition: 

nlim 2: O.4nJim for normal and for utility category airplanes 
neg pu. 

(12.27) 

nr 2: O.5nll·m for acrobatic category airplanes 
1mfiee: po~ 

(12.28) 

12.4.1.7 The Gust Load Factor Lines in Figure 12.12 

The two positive gust load factor lines in Figure 12.12 are defined by the following equation: 
KgVde V CL 

nlim = 1 ± 498(W FDOW!;) (12.29) 

where: Kg is the gust alleviation factor, defined by: 

Kg = 

and 

Kg = 

with: 

Itg = 

0.88 Itg 

5.3 + Itg 

1t~03 

2(WFDGW/S) 
pcgCL 

" 

for subsonic airplanes 

for supersonic airplanes 

CL is the airplane lift-curve-slope in I/rad 
• 

V de is the derived gust velocity, which is defined as follows: 

For V c gust lines: 

Chapter 12 

(12.30) 

(12.31) 
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U de - 50 fps for altitudes from sea-level to 20,000 ft (12.32) 

U de - 66.67 - 0.000833 h for altitudes from 20,000 ft to 50,000 ft (12.33) 

For V D gust lines: 

U de - 25 fps for altitudes from sea-level to 20,000 ft (12.34) 

U de - 33.34 - 0.000417 h for altitudes from 20,000 ft to 50,000 ft (12.35) 

If the slope of the V c gust line is such that point C is above line AD in Figure 12.12, the design 

limit load factor at the speed, V c ' is given hy the projection of point C onto the load-factor axis. 

A similar situation can arise with regard to pointD': if point D' is above point D in Figure 12.12, 

then the design limit load factor at the speed, V D' is given by the projection of point D' onto the 

load-factor axis. If anyone of these conditions is satisfied the airplane is said to be gust-critical. 

Clearly, the slope of both gust lines is related to the lift-curve slope and the wing loading ofthe 
airplane. Observe that airplanes with a low wing loading and a high lift-curve slope may become 
gust critical. 

Whenever the V -n diagram indicates a higher design limit load factor to be required, the struc
tural weight of the airplane (and thus the empty weight) tends to be higher. 

The two negative gust load factor lines in Figure 12.12 are defined also by Eqn (12.29) except 
that their slopes arc negative. 

12.4.2 FAR-25 

There are two types of V -n diagram for FAR 25 certified airplanes: 1) the V -n maneuver dia
gram and 2) the V -n gust diagram. Both types are defined in FAR 25. Part 25.335 of Reference 12.1. 

Graphical presentations for both diagrams are given in Figures 12.13 and 12.14. 

12.4.2.1 The l-g Stall Speed, V S, 

For purposes of constructing a V-n diagram, the I-g stall speed, V S, may be computed from: 

(12.36) 

The normal force coefficient may be determined with Eqn (12.16) or (12.17). 

598 Chapter 12 



Maneuvering and the Flight Envelnpe 

• Load factor, n 

A D 
nl"'ffi -----------.... --------,-------..... pus 

1.0 

o 

-1.0 

I Vc 
I 
I 
I 

---------~------------~ 
H F 

Figure 12,13 V-n Maneuver Diagram According to FAR 25 
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12.4.2.2 The Design Maneuvering Speed, V A 

The design maneuvering speed, V A' must he selected by the designer, but must satisfy the fol

lowing relationship: 

V A ~ V s, j( nhm",) (12.37) 

where: nlim", is the positive design limit load factor as defined in Sub-sub-section 12.4,2,7 

However, VA need not exceed V c as defined in Sub-sub-section 12.4,2.5 

12.4.2.3 The Design Speed for Maximum Gust Intensity, VB 

The design speed for maximum gust intensity, VB (see Figure 12.14), need not be greater than 

the cruise speed, V c ' 

However, it may also not bc less than the speed determined from the intersection of the 

e Nm"", line and the gust line marked, VB ' 

12.4.2.4 The Design Cruising Speed, V c 

The design cruising speed, V c (in keas), must be selected by the designer, but must satisfy the 

following relationship: 

Vc;;- VB + 43 keas (12.38) 

12.4.2.5 The Design Diving Speed, V D 

The design diving speed, V D' must satisfy the following relationship: 

(12.39) 

where: V c follows from Eqn (12.38). 

12.4.2.6 The Negative I-g Stall Speed, V s 
I"" 

For purposes of constructing a V-n diagram, the negative I-g stall speed, V s may be com-
I~, 

puted with the method from Sub-sub-section 12.4,1.5, 

12.4.2.7 The Design Limit Load Factors, n lim". and n um"", 

The positive design limit load factor, n lim must be selected by the designer, but must meet the 
"" following condition: 
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24,000 
(12.40) 

WpDGW + 10,000 

may not be less than 2.5 

need not be greater than 3.8 at W = W PDGW 

The negative design limit load factor, nlim must be selected by the designer, but must meet 
~. 

the following condition:. 

n1im.". 2: - 1.0 for speeds :5 V c (12.41) 

nhm", varies linearly between V c and V D (12.42) 

12.4.2.8 The Gust Load Factor Lines in Figure 12.14 

The three positive gust load factor lines in Figure 12.14 are defined by Equations (12.29) through 

(12.31). The gust line marked, VB' is defined as follows: 

For V B gust lines: 

U de - 66 fps for altitudes from sea-level to 20,000 ft (12.43) 

U de = 84.67 - 0.000933 h for altitudes from 20,000 ft to 50,000 ft (12.44) 

The V c and V D gust lines are as defined by Eqns (12.32) through (12.35). 

12.4.3 MILITARY AIRPLANES 

There are two types of V -n diagram for military airplanes: 1) the V -n maneuver diagram and 
2) the V -n gust diagram. 

The military gust diagrams are the same as those of FAR 25. The maneuver diagram is depicted 
in Figure 12.15. The design maximum load factors are given in Table 12.1. The various military 
procurement authorities reserve the right to modify design load factors as required by the mission 
of any new airplane. 

The speeds V H and V L are defined as follows: 

V H is the maximum level flight speed which can be attained at a particular combination of weight 

and altitude. This speed may be determined with the methods of Sub-section 12.3.1. 

V L is the maximum design dive speed. Typically: V L = 1.25V H • 
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• Load factor, n 

n l· Imro" 
__ See_Table..!2'~_--9 _______ --r ______ .. D 

1.0 

o 
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Figure 12.15 V -n Maneuver Diagram for Military Airplanes 

l'dble 12.1 Design Limit Load Factors for Military Airplanes (MIL-A 8861 (MIG)) 

Airplane Type Design Limit Load Factor at 
Flight Design Gross Weight: 

WFDGW 

USAF USN "1' Iffip<>I 
n l· Imne, 

Fighter 8.67 - 3.00 

Attack Fighter, Attack, Trainer 7.33 - 3.00 

Observation 6.00 - 3.00 

Trainer 5.67 - 2.33 

Utility Utility 4.00 - 2.00 

Small Bomber 3.67 -l.ti7 

Medium Bomber, Patrol , Weather, 3.00 1.00 Assault Transport Anti-submarine Rec;onnaissance 

Medium Transport 2.50 - 1.00 

Heavy Bomber, 2.00 -1.00 
Heavv Transoort 
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12.5 SYMMETRICAL PULL-UP: INSTANTANEOUS AND SUSTAINED 

12.5.1 INSTANTANEOUS PULL-UP 

Consider an airplane diving along a path in a vertical plane (vertical to the horizon). Figure 12.16 
depicts a typical situation when the airplane is being recovered back to level flight. The flight path 

is assumed to be a circle with radius, R1oop ' This maneuver is referred to as a steady symmetrical 

pull-up. A push-over maneuver would be just the opposite. 

Rloop 

L = nW = W + C.F. 

2 C.F. = mQ J R100p 
W 

Figure 12.16 Airplane in a Steady, Symmetrical Pull-up 

To pull n ' g ' - s in such a pull-up requires the lift to equal: L = nW. The maximum load factor 
which can he developed from an aerodynamic viewpoint is given by: 

n - Lmax 
max - W (= L) -

O.5gy2CLmuS 

O.5g Y~CL.ll S 

y2 
- y2 

S 

(12.45) 

The reader should note that this result is consistent with that depicted in Figure 12.9. Observe, 
that at a specd equal to twice the stall speed . a n=4 load factor can be pulled. The problem is that 
this applies only in a steady state. If tbe airplane is pitched up rapidly, the build-up of the normal 
force coefficient with angle of attack becomes a function of the rate of build-up of angle of attack 
with time. Figure 12.17 shows the results of test data on an airfoil which indicate the dependence 
on the rate of change of angle of attack with time. Note that the maximum available normal force 
coefficient is substantially greater than it is according to static test data. This is referred to as a dy
namic stall. 

In a push-over maneuver the load factor will he negative. The magnitude of the maximum nega
tive normal force coefficient tends to be less than that of the maximum positive normal force coeffi
cient. The reason is that most wings are built with positive cambered airfoils. 
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Taken from Ref. 12.6 for a NACA 0012 airfoil 

C N 2.0 
Low Pitch Rate V ~ High Pitch Rate I ) t? 

V Static D ta ):f--- --- I-

~ 
1.0 

~ ) 
~ 

;' ~ 

1.0 

1/ 1/<.. V 

o 0 
o 10 20 o 10 20 
Angle of Attack, n, deg. ... Angle of Attack, n, deg .... 

Fi re 12.17 Effect of Pltcb Rate on Aerod namic Lift 

12.S.2 SUSTAINED PULL-UP 

In the discussion of the instantaneous pull-up, only the lift equilibrium was considered. It is 
quite possible that the thrust is insufficient to overcome the extra drag due to the higher required lift 
coefficient. If speed can be maintained, the maneuver is called: sustained. This implies sufficient 
power or thrust is available to overcome the extra induced drag associated with the higher lift in the 
pull-up. In the following analysis it is assumed that the pitch rate is sufficiently small, so that static 
data can be used. 

For jet-propelled airplanes, the thrust required to sustain speed in an n-g pull-up can be written 
with Eqn (8.59) as: 

( 
(n CJ

2
) Treqd = Dn - g = Co"CIS = Co + lIS n-, 0 l'tAe 

(12.46) 

where: CL is the lift coefficient in level flight at the same speed. 

For propeller driven airplanes, the power required to sustain speed in an n-g pull-up can be writ
ten with En (8.69) as: 

Preqd = Dn-gV = CoqSV = (Co + (nCJ
2)qsv 

·-1 0 nAe 
(12.47) 

Figure 12.18 illustrates the dramatic difference between instantaneous and sustained load-factor 
capability of the F-16 fighter throughout its flight envelope. 

604 Chapter 12 



Maneuvering and [he Flight Envelope 

Altitude in 1,000 ft 

• 80 
I I 

60 

Instantaneous /'-V '-...... :-... e- load factor, n / "" ~ / 
/ b-.. 

I 
./ '" / 3 V 

/ IA V '\ 
/ 

40 

/ / / V Y 
~ V 

./ 

I 1// V/ V ~ l( 
/" I Limit speed I 

/ II / / 

20 

o 
0.4 0,8 1.2 I. fi 2.0 

Mach Number ... 

40 

:-/ 
/ '\ Sustained V~ 

- load factor, n 

V 
/ 

IV -- )/ / / 

/ V Y' 
~ ---- I) A 

II / / LJ- /' V I Limit speed I 

----

20 

o / / / ~ / Y 
o 0.4 0.8 1.2 1.6 2.0 

Mach Number ... 

Figure 12.18 Instantaneous and Sustained Maneuverability of an F- 16 Fighter 
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12.6 STEADY, LEVEL AND COORDINATED TURNS: INSTANTANEOUS 
AND SUSTAINED 

Consider an airplane in a steady,level, coordinated turn. A coordinated turn is one in which [be 
net acceleration in the airplane Y-axis direction is zero (ball in center). Figure 12.19 depicts [he 
geometry and the forces in such a turn. 

y Lcos<l> Turn - rate 1jJ 

L sin <I> Horizon 

Radius. R, 

w 

z 

Horizon v 
V//T//////T//T/T///////T////?//T/T/7//T//T/7/T/T/?/T/7/T///l 

Figure 12.19 Geometry of the Steady, Level Thrn 

Evidently: 

L cos<l> = W 

L sin <I> = C.F. - W V 2 

g Rt 

From the definition of load factor it is also seen that: 

n = ~ _ _ 1_ 
W cos <I> 

(12.48) 

(12.49) 

(12.50} 

Upon dividing Eqn (12.49) by Eqn (12.48) it can be shown that the turn radius, R t ,becomes: 

V 2 V 2 

R, = g lanq, - g /n2 _ I (12.51) 
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Tbe tum radius is an important performance pllIameter for any airplane which must turn to avoid 
terrain (such as might happen when flying up a box canyon) or which must turn inside a potential 
adversary. The latter is particularly of military significance. In that case, the turn rate is also impor-

tant. The corresponding tum rate. 1/1 , follows from: 

. V 
1/1=

R, 
(12.52) 

The situation depicted in Figure 12.19 applies to a sustained tum since the speed V is supposed 
to be constant in a steady, level turn. The geometry and the forces can however be applied to the 
instantaneous turn, with the understanding that in reality the speed and/or the altitude will bleed off. 
Sub-section 12.6.1 deals with the instantaneous case while 12.6.2 deals with the sustained case. 

12.6.1 INSTANTANEOUS TURN 

An interesting observation from Eqn (12.51) is that the minimum turn radius at any given speed 
depends only on the maximum load factor which the airplane can develop. This maximum load fac
tor may be determined on an instantaneous basis from Eqn (12.45) or from the insert in Figure 12.9: 

C - C 
_ I + • - 1 + L~Qtrct ~ LIM J_ , 

ninstantaJlC(lus - ufijnstantaneous - C 
L .. 1_ & 

(12.53) 

This load factor can be used to estimate the instantaneous turn radius and the corresponding 
instantaneous turn rate. 

It is important to recognize the fact that in a turn the stall speed becomes a function of the load 
factor and thus ufthe bank angle. Tbe reader is asked to show that the following holds for the instan
taneous stall speed at load factors larger than unity; 

Vs = Vs j n tu m I _, Instantaneous (12.54) 

Tllis is also called the stall speed in turning flight. 

12.6.2 SUSTAINED TURN 

To sustain a turn requires that sufficient thrust (or power) is available to over come the extra in· 
duced drag generated in a coordinated turn. If the turn is not coordinated, the drag can even be higher 
because of the non-zero sideslip. Since in n turn the lift is n times that in Icvel flight, the induced 
drag will be n2 times larger! Therefore. in a 2- g turn (corresponding to a 60 degrees bank angle), 
the induced drag is 4 times larger than in level flight ! 

Equations (12.46) and (12.47) can be used to estimate the thrust (or power) required in a maxi
mum effort, sustained, turn. 

Figure 12.20 shows the relationship between speed. turn radius and turn rate in a steady (= sus
tained) level tum, Note the logarithmic nature of the graph. 
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As a general rule, the turning performance of an airplane may be limited by four factors: 

1) Aerodynamic: 
2) Structural: 
3) Thrust or power: 
4) Inlet: 

stall and/or buffet 
positive or negative design limit load factor 
maximum available thrust or power. engine temperature limit 
inlet distortions at high angles of attack in high load-factor turns 

The absolute minimum turn radius which can be achieved in a turn. occurs at the stall speed in 
the turn. By combining Eqns (12.51) and (12.54) it is found that: 

V 2 S, V~ n 

g J n 2 - I (12.55) 

As the load factor. n. increases. the factor: n I /n 2 - I will decrease and approach unity. 

when n - 00. The absolute minimum tum radius is given by: 

V2 
R =~ 

labS()\UU: min. g (12.56) 

The reader should keep in mind the fact that V s is a constant for a given airplane, at a given 

weight and altitude. A smaller radius of tum than that given by Eqn (12.56) cannot be achieved 
in a sustained (steady) level tum. 

Observe also from Eqn (12.55) that when n = 1 (steady level flight) the tum radius is infinite. 

These properties are illustrated in Figure 12.21a). 

Increasing the speed above the turning stall speed will eventually produce a load factor which 
is equal to or exceeds the design limit load factor from a structural viewpoint. Increasing speed be
yond this point (assuming there is sufficient thrust or power to do this) will make the airplane exceed 
its structural limit. Design limit load factors were discussed in Section 12.5. 

When the bank angle and the load factor are held constant to satisfy a given structural limit. the 
turn radius varies with V2. The intersection of the aerodynamic limit and the structural limit is re-

ferred to as the maneuver speed. V A ' as shown in Figure 12.21. This is also the maneuver speed 

used in the V -n diagrams of Figures 12.13. 12.14 and 12. 16. 

Therefore. the maneuver speed. V A • is the minimum speed necessary to develop aerodynamical

ly the design limit load factor, nlim ' and it produces the minimum tum radius at the aerodynamic 
p'" 

and structural limits simultaneously. 
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In these considerations, the maximum lift coefficient was assumed to be independent of the flight 
speed (or Mach number). In reality this is not the case as the reader may see from Figure 12.7. Be
cause of the drop-off in maximum lift coefficient at high Mach numbers, the tum radius at high 
Mach numbers tends to be thrust limited, rather than structures limited. 

At the maximum achievable levd night speed, where maximum thrust equals the drag, the turn 
radius becomes infinite. 

As the speed is rcduced below that for maximum level speed, the parasite drag is reduced while 
the induced drag is increased. Minimum tum radius turns can now be achieved as limited by thrust 
or power available. The reader is cautioned again about the fact that the maximum lift coefficient 
may decrease Significantly with Mach number as shown in Figure 12.7. In such a case an iterative 
solution is indicated. 

These properties are illustrated in Figure 12.21b). Most generally, aerodynamic and structural 
limit pre-dominate at low altitude while aerodynamic and thrust(or power) limits pre-<iominate at 
high altitudes. An example application will now be discussed. 

Example 12.1: An airplane is flying straight and level at sea-level and a speed of 300 ftlsee. The 
pilot puts the airplane in a level, coordinated tum with a radius of 2,850 ft, while 
maintaining the same angle of attack as the one the airplane had in the straight 
and level flight condition. The pilot adjusts the engine thrust as required to main
tain the speed at 300 ftfsec (sustained turn). Without changing the angle of attack 
or the engine thrust, the pilot next brings the airplane out of the turn, to a wings 
level climb condition. Estimate the rate of climb, if the lift-to-drag ratio is 9.0. 
Assume no acceleration along Or perpendicular to the t1ight path in the climb. 

Solution: 

Chapter 12 

In straight and level flight: Llevel = W (I) 

In level, coordinated turning t1ight: L lUrn cos cp = W = Llevel (2) 

As long as the angle of attack remains the same, the lift-to-drag ratio 

will remain the same. Therefore: (L/D) ",rn = (LID) level (3) 

Because of (2): (4) 

In a steady level turn, according to Eqn (12.51) and using (2): 

V?um y2 
tan <j> - - level (5) 

gRt gR, cos <j> 

y2 
3002 

Therefore: sin <j> level = 0.9807 (6) - gRt 

-
32.2x2,850 

The ratio of the thrust required to overcome the drag in the tum to that in level 
t1ight is found from: 
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T1um 

Tlevel 

_1 __ 
COSq, 

1 = 5.12 (7) 
h - 0.98072 

Once the airplane is out of the turn and in the un-accelerated climb condition, 
the following equations of motion apply: 

Wcosy = 0 (8) 

T climb Wsin y - D Climb = 0 (9) 

Elimination of W yields: 

T climb = Lclimb tan y + D climb 

Division by : Tlevel = Dlevel yields: 

= Dclimb(Lclimbtany + 1) 
D level D climb 

However, the following is also correct, using (3) and (8): 

(10) 

(11) 

DcHrnb 

Dlevel 

D climb Lclimb 
LcHmb Llevel 

Dclimb Wcosy 

Ld1mb o level 
cosy (12) 

Therefore, using (11): 

Tclimb = Ttum = COSy(LClimbtany 
Tlevel Tlevel D climb 

+ 1) = LClimbsiny + cosy 
D climb 

(13) 

Next, using (7) and the fact that the lift-to-drag ratio is 9.0 due to the constant 
angle of attack, it follows that: 

5.12 = cosy + 9siny (14) 

By quadrature it may be shown that this can be re-written as: 

82cos2 y - 1O.23cosy - 54.79 = 0 

From this it follows that: cos y ~ 0.881 and sin y ~ 0.474 
From (8) it follows that: 

(15) 

0.5PV~limvCL" ... S - o.5pV~eveICL,.."Scosy = 0 (16) 

Because the angle of attack is presumed to be constant from level flight to turn
ing flight and then to climbing flight, the lift coefficients are identical. 

Thus: CLd._. = C L = CL . . Therefore, (16) yields: 
.... twlJl ~llIlIb 

Vdimb = vleveljcosy = 300 jO.881 - 282ft/sec (17) 

The rate-of-climb, R.C. is thus given by: 
R.C. = V sin Y ~ 282 x 0.474 = 134 ft/sec = 8,040 fIImin. 
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12.7 SPIN 

Spin entry is usually caused by the stalling of the wing of an airplane. For that reason, the stall 
characteristics and the associated stability behavior of the airplane at high angles of attack (i.e. high 
lift coefficients) are important in defining the initial tendencies of an airplane following wing stall. 

During spins the balance between aerodynamic forces and moments on the one hand and the in
ertial properties of the airplane on the other hand dominate the picture. Because airplanes have large 
differences in external aerodynamic configuration and internal mass distribution it has not been pos
sible to arrive at a spin theory which covers all airplanes and which can be used during early design 
to produce an airplane with "good" spin characteristics. Reference 12.7 conlains detailed discus
sions of the spin behavior of various types of airplanes. 

To understand how an airplane may enter a spin, after a wing has stalled and after disturbances 
in yaw and roll have occurred, consider Figure 12.22 and focus on a wing section on the right wing. 

The yaw rate disturbance, r, is seen by that section as a local increase in forward velocity, uyaw • 

The roll rate disturbance, p, is seen as a change in vertical velocity, w roll . If the reference angle of 

attack of the airplane is: a, the combined cffect of the two disturbances is to increase the local sec

tion angle of attack from a to aright = a + L'l.aright . The reader should refer to the vector diagram 

in the upper left comer of Figure 12.22. 

A similar vector diagram on the right of Figure 12.22 shows that for a wing section on the left 
wing the combined effect of the disturbances is to decrease the local section angle of attack from 

a to aleft = a - L'l.aleft. 

Next,refertotheCL - CD - a plot (Figure 12.22a) for a conventional, low performance air

plane. Such airplanes typically have unswept, moderate aspect ratio wings. Note, that the right (or 
down-going) wing section experiences a decrease in lift and an increase in drag relative to the refer
ence angle of attack. The left wing section is seen to experience an increase in lift and a decrease 
in drag relative to the reference angle of attack. Togethcr thesc forces create moments which will 
enforce the rolling and yawing (Le. spinning) of the airplane. The airplane is said to auto-rotate. 

In conventional, low performance airplane the spinning motion is dominated by rolling with 
only moderate yawing. This is because the lift changes are stronger than the drag changes. 

Next, refer to the CL - CD - a plot (Figure 12.22b) for a highly swept, high performance 

airplane. The maximum lift coefficient is not very well defined because of the shallow (flat) nature 
of the lift--<:urve at high angles of attack. The difference in lift between the right wing and the left 
wing is very small so that the rolling motion is weak. On the other hand, the drag changes are very 
large which tends to produce a strong yawing motion. 

In highly swept, high performance airplane the spinning motion is dominated by yawing with 
only moderate rolling. This is because the lift changes are weaker than the drag changes. 
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After the spin is entered, different spin phases may be identified: 

(1) The incipient phase: this is the non-steady state portion of the spin. It is also referred to as 
"post-stall gyration". 

(2) The developed phase: this is the phase involving a balance between aerodynamic and inertial 
moments and forces. The situation depicted in Figure 12.22 deals with this phase. 

(3) The recovery phase: this is another non-steady phase during which the controls are moved 
to break the steady state, auto-rotation phase. 

Whether or not the controls are effective in bringing about a recovery from the spin depends on 
the ability of these controls to generate moments which are sufficient to halt the auto-rotation. Prac
tical experience has shown that the use of the rudder to oppose the spin rotation is often effective 
in arresting a spin. However, whether or not this works is very strongly dependent on details of the 
airplane configuration. For more detailed discussions of the effect of configuration on spin behavior 
the reader is referred to References 12.8, 12.9 and 12.10. 

In all instances, if the airplane angle of attack can be reduced below that of wing stall, the spin 
can be arrested. This requires the stick to be moved forward. However, the longitudinal controls 
are not always sufficiently effective to do this. 

In the previous discussion, the words 'inertial moments' were used several times. It is useful 
to examine the general airplane equations of motion of Ref. 12.2, Chapter 1. It is seen that several 
inertial terms appear in the rolling and yawing moment equations (1.52a) and (1.52c) of Ref. 12.2. 

In the yawing moment equation (1.52c) of Ref.12.2, the term (Clxx - Iyy)/Izz)pq is of great 

interest. For high performance airplanes it is generally true that Iyy ;!> Ixx. By exciting the airplane 

in pitch and roll (to generate positive p and q) a significant inertial yawing acceleration can be gener
ated which can help in arresting the spin. This requires that the stick be moved back. 

In the rolling moment equation (1.52a) of Ref. 12.2, the term ((Izz - Iyy)/Ixx)rq is not usually 

very significant, because in many airplanes Izz = Iyy . 

In the pitching moment equation (1.52b) of Ref.12.2, the term (Ixx - Izz}/Iyy)pr can also be 

of great interest. For higb performance airplanes it is generally true thallzz ;!> Ixx . By exciting the 

airplane in roll and yaw (p and r) a significant inertial pitching acceleration can be generated which 
can help in arresting the spin. Whenever the rudder is not very effective in exciting yaw rate, a pump
ing motion of the stick may be tried to induce pitching oscillations, which, once large enough can 
be used to reduce the angle of attack. 

References 12.9 and 12.10 should be consulted for further information on spin behavior and re
covery. Aerodynamic design for spin prevention was the focus of research reported in Ref. 12.11. 
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12.8 ACCELERATED FLIGHT PERFORMANCE 

In the discussions of this chapter, the accelerations along tbc flight path have been neglected, 
and only accelerations perpendicular to the flight path were considered. For low performance air
planes this is acceptable. For high performance airplanes and in particular for supersonic airplanes 
this is not acceptable. The airplane equations of motion in this case are gi ven by Eq ns (9.1) and (9 .2) 
which are re-numbered here: 

Tcos(a + 'h) - D - Wsiny 

Tsin(a + 'h) + L - W cosy 

_ WdV 
- gdt 
= C.F. = W Vy 

g 

( 12.57) 

(12 .58) 

The forces and angles in these equations were defined in Figure 9.1. For the convenience of the 
reader, this figure is repeated here as Figure 12.23. 

L 

Wsin' 

x, 

WdV 
g 

~+-J.CF W· •• = g-Y 

Wcosy 
W 

Z, 

Figure 12.23 Definition of Forces and Angles in an Accelerated Climb 

These equations must be augmented by the following additional equations: 

R.C. = h = Vsiny 

x = Ycosy 

W = -WI 

616 

Horizon 

(12.59) 

(12.60) 

(12.61) 
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The variables in these equations were already identified in Chapter 9. Additional variables 
introduced by equations (12.59) through (12.61) are: altitude, h, horizontal distance, x and fuel flow 

rate, Vol f ' Observe, that the following functional relations exist: 

L ~ LeV, h, u ), D ~ D(V, h, a ), T = TCV, h) and W [ = WC<V , h) 

(12.62) 

In general, the only practical way to solve these five. equations for V, Y, h, x and W is through 
numerical inte~ration. For quick estimation it has been found that the s<>-called "energy-state 
approximation" can be used. References 12. 12 through 12.14 contain examples. 

In Sub-section 9.4.1 an application of the energy-state approximation to accelerated flight per
formance will be prescnted. 

12.8.1 APPLICATION OF ENERGY -STATE APPROXIMATION TO ACCELERATED 
FLIGHT PERFORMANCE 

Equation (12.57) can be re-written as: 

IdV . Tcoseu + 'h) - D -- + smy ~ 
g dt W 

Multiplying both sides by V and replacing (Vsin y) by dhldt yields: 

.!!.(V2) + dh = ITcos(u + <Pr) - DIV 
dt 2g· dt W 

( 12.63) 

(12.64) 

The left hand side of Eqn (12.64) represents the time rate of change of the total energy (kinetic 
plus potential) per unit weight. It is referred to as the specific energy and defined as: 

he ~ V2 + h 
2g 

It therefore follows that: 

dh. = .!!.(V2) + dh 
dr dt 2g dt 

= \T cos(a + 'h) - DIV 

W 

( 12.65) 

( 12.66) 

The time derivative of specific energy, dh./dt , is referred to as the "specific excess power" of 

tbe airplane (S.E.P.). Egn (I 2.66) can be interpreted to say that, if the S.E.P of an airplane is known, 
its rate of climb, R.C.=dhldt and its acceleration, dU/dt can be determined. 

As an example, consider the F- I04G flying at M=0.8 and 20,000 ftaltitude (V = 829 ft/sec) with 
a weight of W = 18,000 Ibs. Assume thatthe maximum thrust available in that condition is T= I 0,000 

Ibs while the drag in level (n=l) flight is 0=2,086 Ibs. It can be assumed that (u + <PT) = O. 
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The specific excess power in this case is: 

dh. = (10,000 - 2, 086) 829 = 365 ft/sec 
dt 18,000 

( 12.67) 

Because dhe/ dt > 0 at the maximum thrust, it implies that the F-I040 will accelerate and/or 

climb, depending on what the pi lot wants to do. 

If the true airspeed is held constant (dV/dt = 0) the e1imh rate in this flight condition is given by: 

R.C. = ddh = dh. = 365 ft /sec = 21,900 ft/min 
t dt 

(12.68) 

If, on the other hand, the flight path is held level so that the R.C. is zero, the airplane will acceler
ate as follows: 

dV = g dhe = 32.2,365 = 14.2 ft/sec2 
dt Udt 829 

(12.69) 

If the pilot wants to fly at a constant speed (say 829 ftlsec) he must either reduce thrust or perform 
a level turn to pull g's and thereby increase the drag at the same thrust. 

A useful way in which to indicate the performance potential of an airplane is to plot constant 
specific energy curves and constant specific excess power (S.E.P.) curves on a plot of altitude versus 
Mach number. This is done in Figure 12.24 for the F- I 040. An interpretation of the variolls points 
and lines in Figure 12.24 is given next. 

(1) At any point, A. on the dhe/dt = 0 line, the airpl ane is in a steady state,level night condition. 

It cannot climb at the speed it is flying at any point A. At any pointB or C, where dhe/dt = 200 ftlsec, 

the airplane will climb, accelerate or both. It should be noted that the actual thrust and drag levels 
at points A, Band C are different. 

Point D represents the maximum energy level that can be reached by this airplane. Point E is 

above the dhe/dt = 0 line. The airplane can reach point E only by zooming up there with an energy 

level of 9.5x!04 ft. The airplane is not capable of staying at point E because dhe/dl < o. 

(2) The R.C. of an airplane can he determined from the specific energy plot if the climb schedule 
of the airplane (desired Mach number versus altitude) is known . This may be seen from Eqn (9.9) 
by re-writing it in the following form: 

dh 
dt 
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By frrst plotting the desired climb schedule or trajectory on the h-V diagram (Figure 12.24) the 
R.C. can be obtained by taking the slope dV/dh at each point on the h-V diagram. 

(3) Determination of a minimum time-to-climb schedule. The time required to climb from one 
energy level to another is given by: 

h" 

t; f dh;/dt dh. (12.71) 

h'l 

where: dh'; dt must be regarded as a function of he and Mach number, M or speed, V. The condition 

for minimizing the integral in Eqn (12.71) can be obtained from the Calculus of Variations (See for 
example, Ref. 12.14) as: 

(12.72) 

However, because dh.! dt ;o! 0, this condition can be written as: 

(12.73) 

In the conventional method for determining the best climb performance of airplanes the condi
tion which corresponds to Eqn (12.73) is: 

(12.74) 

Eqn (12.74) implies that the speed schedule for minimum time-to-climb is chosen such that at 

a given altitude the specific excess power, dh.!dt is a maximum. 

On the other hand, Eqn (12.73) implies thatthe corresponding speed schedule should be selected 

where the contours of dh'; dt = constant are tangent to contours of constant specific energy, he . 

The difference between the conventional and the energy method is illustrated in Figure 12.25 
for a subsonic fighter airplane. It is observed, that the difference is very small. Having said this, 
it must be also observed, that the conventional method is useless for a supersonic airplane because 
of the large speed change involved if in fact the speed at the equivalent point E is to be supersonic. 
The results of applying Eqn (12.73) to a supersonic fighter are shown in Figure 12.26 for the 
F-I04G. The discontinuity in the region afM = 1.0 can be determined by assuming a subsonic climb 
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unlil intersecting a line of constant he which is tangent to two equal valued dh. / dt lines, one subson

ic, the other supersonic. 

Returning to Figure 12.24, for the F-104G, to climb from 3,500 ft altitude at M = 0.5 to 51,000 
ft altitude at M = 2.2 in a minimum amount of time, the following trajectory has to be followed. 

First, accelerate from M ~ 0.5 to about M = 0.9 at 3,500 ft altitude. Then, climb at constant Mach 
number (0.9) to an altitude of 32,000 ft. Next, dive at constant energy to an altitude of 19,000 ft and 
a Mach number of 1.3. This is followed by an accelerating climb, at constant calibrated airspeed, 

to 38,000 ft and a Mach number of 2.15. Then, zoom-climb to 47,000 ft at constant he , allowing 

the Mach number to decrease to about 2.02. Finally, an accelemting climb to 50,000 ft and M = 2.2. 

Figure 12.26 shows the reasonableness of this procedure by comparing the energy climb path 
with the exact solution obtained by numerical optimization. The energy-climb path is much easier 
to follow (control) by a pilot. The exact solution flight path can be flown with the help of a flight 
management computer (Ref. 12.17). 

To estimate the total time in the climb, Eqn (12.71) is approximated by the following summation: 

(12.75) 

A problem with this approximation is that in a zoom or dive along a curve of constant specific 

energy, he , Llhe = 0 would have to be satisfied. That would mean that the motion takes place in 

zero time, according to Eqn (12.75). This is a deficiency of the energy-state approximation. As 
a consequence, this method must be supplemented with other methods, such as exact integration, 
to determine the total time. Another possible procedure is to use the quasi-steady method discussed 

in Chapter 9 incrementally, to find the flight path angle, y. This is done by setting y and V equal 

to zero and solving Eqns (12.63) and (12.64) for the flight path angle, y. With the flight path angle 
known, the time to climb to a new altitude can be computed incrementally. 

(4) Determination of a minimum fuel climb schedule. 

The amount of fuel required to climb from altitude hI to altitude h2 can be computed from: 

where: 

d~eF = (d!c)(d~J = 

622 

dhe/dt 
dWp/dt 

= 

(12.76) 

dh./dt 
(12.77) 
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where: cj is the engine specific fuel consumption in Ibslhr/lbs. 

Observe that, in accordance with Eqn (12.66): 

dh. _ 
dt 

[Tcos(a + ~I>T) - DIY 

W 
(12.78) 

By combining Eqn (12.77) with Eqn (12.78) it is seen thal: 

dh. dh./dt [Tcos(a + cPT) - oj V 

WTc· 
(12.79) 

dWF - TCj 
J 

The idca used in minimum tirne-to-climb trajectories was to use curves for constant dhe/dt . 

In this case, these curves are replaced by curves for constant dhe/dW f in the same h-V diagram. 

There are many more performance optimization problems which can be solved with the energy
state approximation. Examples are: 

a) find the maximum range at fixed throttle for a given amount of fuel 

b) find the maximum range negotiable in a given amount of time 

c) etc. The reader may wish to consult Refs 12.13 through 12.16. 

EXlimple 12.2: Construct a specific energy plot for a supersonic fighter with S = 530 ft2 and 
W = 42,()()() Ibs. The drag and thrust characteristics for this airplane are given 
in Figures 12.27 and 12.28 respectively. Assume that the thrust inclination angle, 

Solution: 

Chapter 12 

<PT = 0 ,and that the load factor n = 1.0. This example airplane is the same one 

considered in Ref. 12.13. 

Curves for constant he can be constructed by plotting equation (12.33) on h - V 

or h - M diagrams. In the following solution. only curves for constant dhe/dt 

will be discussed. Their determination is most easily accomplished with a table 
as shown in Table 12.2. 

The results ofthe calculations in Table 12.2 are plotted in Figure 12.29. By 
constructing a family of Curves over a wide range of altitudes, these curves are 

re-ploUed for constant values of dhe!dt similar to tho"" shown in Figure 12.24. 

To save space in the boole, the calculations in Table 12.2 are perfonned only for 
sea-level and for 20,000 ft. The remaining calculations are left as an exercise 
for the reader. 
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Table 12.2 Example Calculation of Lines for Constant dh./dt 

M V. ft/sec CL Co CL/CO D = Co<iS, Ib, T, Ibs dhe/ dt. fI /sec 
Eqn (12.66) 

I h = 0 ft [) = 1.0 CL = W /qs, Ibs q = 1,481.3 6 M Z Ibs/flz I 
0.3 334.9 0.594 0.0680 8.74 4,805 28,200 186.6 

0.4 446.6 0.334 0.0310 10.77 3,894 28,300 259.5 

0.6 669.8 0.149 0.0160 9.31 4.522 30,800 419.1 

0.7 781.5 0.109 0.0149 7.32 5,732 32,600 499.9 

0.8 893. 1 0.084 0.0140 6.00 7,034 34,500 584.0 

0.9 1,004.8 0.066 0.0149 4.43 9,475 36,200 639.3 

1.0 1,116.4 0.053 0.0310 1.71 24.338 37,900 360.5 

1.2 1.339.7 0.037 0.0410 0.90 46,352 36,100 -327.0 

I h = 20,000 ft [) = 0.4595 CL - W /lIS, Ibs 

0.4 414.7 0.728 0.0960 7.58 5.541 15,900 102.3 

0.6 622.1 0.323 0.0290 11.l4 3,766 17,300 200.5 

0.8 829.4 0.182 0.0180 10.11 4.156 19,800 308.9 

0.9 933. 1 0.144 0.0183 7.87 5.347 21,600 361.1 

1.0 1,036.8 0.116 0.0330 3.52 11,905 23,300 281.3 

1.2 1.244.2 0.081 0.0420 1.93 21,818 27,300 162.4 

1.4 1,451.5 0.059 0.0400 1.48 28.283 31,600 114.6 

1.6 1.658.9 0.045 0.0370 1.22 34,170 35,700 60.4 

Courtesy: Lockheed-Martin 
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Figure 12.29 Variation of dhe/d1with M and h for the Fighter of Example 12.2 

12.8.2 ENERGY MANEUVERABILITY 

The V-n diagram discussed in Section 12.4 can be used to indicate whether one airplane has a 
turn advantage over the other. However, the maneuvering capability which can be deduced from 
the V-n diagram is "instantaneous" and not sustained. To investigate the difference between the 
sustained maneuverability of two airplanes, plots of constant specific energy can be used. 

A fighter will have an advantage over an adversary if: 

I) an engagement can be entered at a higher energy level than that of the adversary 
2) if the higber energy level can be maintained 
3) if an engagement can be entered at a lower energy level, but, due to superior acccleration 

potential a higher energy level can be reached very quickly. 

To determinc whether one fighter has an advantage over another, its specific energy curves can 
be superimposed on a similar plot for the adversary. An example is shown in Figure 12.30. From 
this figure it is seen that airplane B is superior only at high subsonic speeds, above 10,000 ft. In all 
other areas of the flight envelope. airplane A would be superior. It should be observed, that to 
construct specific energy curves for load factors other than 1.0, Example 12.2 can ~ti ll be used. with 

one difference: the level flight lift coefficient, CL ' should be replaced by: ne L . 

To indicate whether advantage 3) exists, the optimum energy path of Sub-section 12.8.1 may 
be used to find whether one airplane can reach a certain flight condition sooner than the other. 
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Figure 12,30 Coutours of dh./ dtto Compare the Maneuverability 
at High 'g" for Two Fighter Airplanes 

12,9 SUMMARY FOR CHAPTER 12 

In tltis chapter vW'ious effects of the flight envelope on the maneuverability of airplanes were 
discussed. In addition to stall speeds, airplane buffet limits, level flight maximum speeds, instanta
neous and sustained maneuvering caJlllbilities were analyzed. Specifically, pull-ups and turns were 
discussed in some detail. 

Because airplane maneuverability may also be limited by structural considerations thc construc
tion of V -n diagrams was also illustrated. 

Spin entry and spin recovery were analyzed from an aerodynamic viewpoint . An explanation 
of what constitutes a spin was given. 

Accelerated flight performance was analyzed from a viewpoint of the energy state approxima
tion. The concepts of energy contours and energy maneuverability were introduced and applied to 
fighter type airplanes. 
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12.10 PROBLEMS FOR CHAYrER 12 

12.1 A iet trainer has the following characteristics: 

W = 5,000 lbs S = 86.1 ft2 CL",.. = 1.75 

The lift-drag relationship is defined in Figures 5.2 and 5.3. The airplane is powered by a 
single iet engine with a maximum thrust of 2,000 lbs at sea-level. 
Determine Ihe following characteristics: 

a) The minimum time required to turn through 180 degrees at sea-level at constant speed 

b) The corresponding load factor 

c) The airplane lift (in lbs) in such a turn 

Hint: Assume a range of level flight speeds, Vo ' and use the following equations: 

n = T/To t = 1tf1jJ 

12.2 An airplane, which weighs 2,000 lbs, is flying at an equivalent airspeed of8O kts at an altitude 
of 10,000 ft. It makes a 90 degree turn in 15 seconds while maintaining a constant altitude 
and a constant angle of attack. The wing loading of the airplane is 20 psf. At the given 
airspeed, the Iift-to-drag ratio is 10.0. 

Calculate the radius of the turn, Ihe load factor in the tum and the thrust horsepower required. 

12.3 Complete the calculation of Example 12.2 over the range of altitudes shown in Figure 12.27 
and construct the corresponding specific energy plOt. Next, sketch in this plot the mini
mum-time climb path from M,,0.85 at sea-level to M-1.8 at 37,000 ft. 

12.4 Re-derive Eqn (12.10) for a canard configuration. 

12.5 Re-derive Eqn (12.10) for a three-surface configuration. 
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APPENDIX A: PROPERTIES OF THE U.S. STANDARD AT-

MOSPHERE AND CONVERSION FACTORS 

In this appendix the propenies oflhe 1962 U.S. Standard Atmosphere are tabulated in accordance 
with Eqns (1.15), (1.16), (1.17), (1.21) and (1.22) of Chapter I. Two tables are given: Table Al in 
English units and Table A2 in Metric units . Conversion factors are given in Table A3. 

TABLE Al U.S. STANDARD ATMOSPHERE IN ENGLISH UNITS 

All. Temp. Temp. Press. Press. Density Density Coeff. of Speed 
Ratio Ratio Ratio Viscosity of 

Sound 

h T e p Q a f.L Va 
(ft) (OR) (psi) (slugs/ft3) (lhs - sec/ft2) (ft/sec) 

Geopotential (xlO- 3) (xlO- 7) 

0 518.7 1.0000 14.70 1.0000 2.377 1.0000 3.737 1.116.4 
1,000 515.1 0.9932 14.17 0.9644 2.3081 0.97106 3.717 1,112.6 
2,000 511.5 0.9863 13.66 0.9298 2.2409 0.94277 3.697 1,108.7 
3,000 508.0 0.9794 13.17 0.8962 2.1751 0.91512 3.677 1,104.9 
4,000 504.4 0.9725 12.69 0.8637 2.1109 0.88809 3.657 1,101.0 
5,000 500.8 0.9657 12.23 08320 2.0481 086167 3.636 1097.1 

6,000 497.3 0.9588 11 .78 0.8014 1.9868 0.835R6 3.616 1,093.2 
7,000 493.7 0.9519 11.34 0.7716 1.9268 0.81064 3.596 1,089.2 
8,000 490.1 0.9450 10.92 0.7428 1.8683 0.78602 3.575 1,085.3 
9,000 486.6 0.9382 10.50 0.7148 1.8111 0.76196 3.555 1,081.4 
!O 000 4830 09313 10.11 0.6877 1.7553 073848 3.534 1.077.4 

11 ,000 479.4 0.9244 9.720 0.6614 1.7008 0.71555 3.513 1,073.4 
12,000 475.9 0.9175 9.346 0.6360 1.6476 0.69317 3.493 1,069.4 
13,000 472.3 0.9107 8.984 0.6113 1.5957 0.67133 3.472 1,065.4 
14,000 468.7 0.9038 8.633 0.5857 1.545 1 0.65003 3.451 1,061.4 
15 000 465.2 08969 8.294 05643 14956 062924 3.430 1,057.3 

16,000 461.6 0.8900 7.965 0.5420 1.4474 0.60896 3.409 1,053.2 
17,000 458.0 0.8831 7.647 0.5203 1.4004 0.58919 3.388 1,049.2 
18,000 454.5 0.8763 7.339 0.4994 1.3546 0.56991 3.36() 1,045.1 
19,000 450.9 0.8694 7.041 0.4791 1.3100 0.5511 2 3.345 1,041.0 
20,000 447.3 08625 6.754 04595 1.2664 053281 3.324 I 036.8 
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TABLE Al (CONT'D) U.S. STANDARD ATMOSPHERE IN ENGLISH UNITS 

All. Temp. Temp. Press. Press. Density Density Coeff. of Speed 
Ratio Ratio Ratio Viscosity of 

Sound 

h T e p Q 0 fl Va 
(ft) (OR) (psi) (slugs/ft3) (lbs - sec/ft2) (ft/sec) 

Geopotenlial (xlO- 3) (xlO - 7) 

21,000 443.8 0.8556 6.475 0.4406 l.2240 0.51497 3.302 1,032.7 
22,000 440.2 0.8488 6.207 0.4223 1.1827 0.49758 3.281 1,028.5 
23,000 436.6 0.8419 5.947 0.4046 1.1425 0.48065 3.259 1,024.4 
24,000 433 .1 0.8350 5.696 0.3876 1.1033 0.46417 3.238 1,020.2 
2S 000 429.S o 82Bl 5.454 03711 1.0651 0.44812 3.216 1.016.0 

26,000 426.0 0.8213 5.220 0.3552 1.0280 0.43250 3.1 94 1,011.7 
27,000 422.4 0.8144 4.994 0.3398 0.9919 0.41730 3.172 1,007.5 
28,000 418.8 0.8075 4.777 0.3250 0.9567 0040251 3. 150 1,003.2 
29,000 415.3 0.8006 4.567 0.3107 0 .9225 0.38812 3.128 999.0 
30.000 411.7 0.7938 4,364 0.2970 0.8893 0.37413 3,106 9947 

31,000 408.1 0.7869 4.169 0.2837 0.8569 0.36053 3.084 990.3 
32,000 404.6 0.7800 3.981 0.2709 0.8255 0.34731 3.061 986.0 
33,000 401.0 0.7731 3.800 0.2586 0.7950 0.33447 3.039 98l.6 
34,000 39704 0.7663 3.626 0.2467 0.7653 0.32199 3.0 16 977.3 
35 000 3939 07594 3.458 02353 0.7365 0.30987 2.994 972.9 

36,000 390.3 0.7525 3.297 0.2243 0.7086 0.29811 2.971 968.5 
36,089 390.0 0.7519 3.282 0.2234 0.7062 0.29710 2.969 968.1 
37,000 390.0 0.7519 3.142 0.2 138 0.6759 0.28435 2.969 968.1 
38,000 390.0 0.7519 2.994 0.2038 0.6442 0.27101 2.969 968.1 
39,000 390.0 0.7519 2.854 0.1942 0.6139 0.25829 2.969 968. 1 
40000 390 0 0.7519 2.720 01851 0.585 1 024617 2.969 968.1 

41,000 390.0 0.7519 2.592 0.1764 0.5577 0 .23462 2.969 968.1 
42,000 390.0 0.7519 2.471 0.1681 0.5315 0.22361 2.969 968.1 
43,000 390.0 0.7519 2.355 0. 1602 0.5065 0.21311 2.969 968.1 
44,000 390.0 0.7519 2.244 0.1527 0.4828 0 .20311 2.969 968.1 
45000 390.0 07519 2.139 0.1455 0.4601 0.19358 2.969 968.1 

46,000 390.0 0.7519 2.039 0.1 387 0.4385 0 .18450 2.969 968. 1 
47,000 390.0 0.7519 1.943 0.1 322 0.41 80 0 .17584 2.969 968.1 
48,000 390.0 0.7519 1.852 0.1260 0.3983 0.16759 2.969 968.1 
49,000 390.0 0.7519 1.765 0.1 201 0.3796 0.15972 2.969 968.1 
50,000 3900 0.7519 1.682 0.1145 0.3618 0 ,15223 2,969 968.1 
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TABLE Al (CONT'D) U.s. STANDARD ATMOSPHERE IN ENGLISH UNITS 

All. Temp. Temp. Press. Press. DenSity Density Cocff. of Speed 
Ratio Ratio Ratio Viscosity of 

Sound 

h T A P II (J 11 Va 
(ft) (OR) (psi) (slugs/ft 3) (Ibs - sec/f(2) (ft/ sec) 

Geopotential (xlO- 3) (xlO - 7) 

51,000 390.0 0.75 19 1.603 0 .1091 0.3449 0.14509 2.969 968. 1 
52,000 390.0 0.7519 1.528 0. 1040 0.3287 0. 13828 2.969 968.1 
53,000 390.0 0.75 19 1.456 0.09909 0.3 133 0. 13 179 2.969 968.1 
54,000 390.0 0.75 19 1.388 0.09444 0.2985 0.12560 2.969 968.1 
55 ()()() 390 0 075 19 1.323 0.09001 0. 2845 0 11 97 1 2.969 968.1 

56,000 390.0 0.7519 1.261 0.08578 0.271 2 0.11409 2.969 968. 1 
57 ,000 390.0 0.7519 1.201 0 .08176 0.2585 0.10874 2.969 968.1 
58,000 390.0 0.7519 1.145 0.07792 0.2463 0.10364 2.969 968. 1 
59,000 390.0 0.7519 1.091 0 .07426 0.2348 0.09&772 2.969 968.1 
60.000 390.0 0 7519 1040 0.07078 0.2238 00941 37 2.969 968.1 

61,000 390.0 0.75 19 0.9913 0.06746 0. 2133 0.089720 2.969 968.1 
62,000 390.0 0.7519 0.9448 0.06429 0.2032 0.085509 2.969 968.1 
63 ,000 390.0 0.7519 0.9005 0.06127 0.1937 0.081497 2.969 968.1 
64,000 390.0 0.7519 0.8582 0.05840 0.1846 0.077672 2.969 96!:U 
65 ,000 32Q Q Q,751 2 0.8 112 0.05.:166 0.1760 Q.Q]4027 2262 968· 1 
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TABLE A2 U.S. STANDARD ATMOSPHERIC IN METRIC UNITS 

All. Temp. Temp. Press . Press. Density Density Coeff. of Speed 
Ratio Ratio Ratio Viscosity of 

Sound 

h T e p Q cr !.l V, 
(m) (oK) (N/m2) (Kg/m3) (N - sec/m2

) (m/sec) 

Geopotentia! (x lO - 5) 

0 288.2 1.0000 101,325 1.0000 1.2250 1.0000 1.7119 340.3 
500 284.9 0.9888 95,460 0.9421 1.1673 0.9529 1.774 338.4 
1,000 281.7 0.9775 89,874 0.8870 1.1116 0.9075 1.7511 336.4 
1,500 278.4 0.9662 84555 0.8345 1.0581 0.8637 1.742 334.5 
2.000 275.2 0.9549 79495 0.7846 1.0065 0.8216 1.726 3325 

2.500 271.9 0.9436 74682 0.7371 0.95686 0.78 11 1.710 330.6 
3,000 268.7 0.9324 70108 0.691 9 0.90912 0.7421 1.694 328.6 
3,500 265.4 0.9211 65764 0.6490 0.116323 0.7047 1.678 326.6 
4,000 262.2 0.9098 61640 0.6083 0.81913 0.6687 1.661 324.6 
4,500 258.9 0.8985 57728 0.5697 077677 06341 1.645 3326 

5,000 255.7 0.8872 5401 9 0.5331 0.73612 0.6009 1.628 320.5 
5,500 252.4 0.8760 50506 0.4985 0.69711 0.5691 1.612 318.5 
6,000 249.2 0.8047 471 8 1 0.4656 0.65970 0.5385 1.595 316.4 
6,500 245.9 0.8534 44034 0.4346 0.62384 0.5093 1.578 314.4 
7,000 242.7 0.&421 41060 0.4052 058950 04812 1 56[ 312.4 

7,500 239.4 0.8309 3825 [ 0.3775 0.55662 0.4544 1.544 310.2 
8,000 236.2 0.8196 35599 0.3513 0.52517 0.4287 1.527 308.1 
8,500 232.9 0.8083 33099 0.3267 0.49509 0.4042 1.510 305.9 
9,000 229.7 0.7970 30742 0.3034 0.46635 0.3807 1.492 303.8 
9500 226.4 0.7857 28523 0.2815 0.43890 0.3583 1.475 301 6 

10,000 223.2 0.7745 26436 0.2609 0.41271 0.3369 1.457 299.5 
10,500 219.9 0.7632 24474 0.2415 038773 0.3 [65 1.439 297.3 
11,000 216.7 0.7519 22632 0.2234 0.36392 0.2971 1.422 295 .1 
11,500 2[6.7 0.75[ 9 20916 0.2064 0.33633 0.2746 1.422 295.1 
[2000 216.7 Q.7519 12330 Q.[908 Q.31083 Q.2537 I 01:22 295.1 
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TABLE A2 (CONT'D) U.S. STANDARD ATMOSPHERIC IN METRIC UNITS 

Alt. Temp. Temp. Press. Press. Density 
Ratio Ratio 

h T P Q 
(m) (OK) (N/m2

) (Kg/m3) 

Geopotential 

12.500 216.7 0.7519 17864 0.1763 0.28726 
13.000 216.7 0.7519 16510 0.1629 0.26548 
13.500 216.7 0.7519 15258 0.1506 0.24536 
14,000 216.7 0.7519 14101 0.1392 0.22675 
14.500 216.7 0.7519 13032 0.1286 0.20956 

15,000 216.7 0.7519 12044 0.1189 0.19367 
15,500 216.7 0.7519 11131 0.1099 0.17899 
16,000 216,7 0.7519 10287 0.1015 0.16542 
16,500 216,7 0.7519 9507 0.09383 0.15288 
17.000 216.7 0.7519 8787 0.08672 0.14129 

17,500 216.7 0.7519 8121 0.08014 0.13058 
18,000 216.7 0.7519 7505 0.07407 0.12068 
18,500 216.7 0.7519 6936 0.06845 0.11153 
19,000 216.7 0.7519 6410 0.06326 0.10307 
19,500 216.7 0.7519 5924 0.05847 0.095257 
20.000 216.7 Q.7519 5475 0.05403 0.088035 

TABLE A3 CONVERSION FACTORS 

Multiply 

feel (ft) 
meters (m) 

statute miles (s.m.) 

nautical miles (n.m.) 

Appendix A 

by 

0.3048 
3.281 

5,280 
1.609 
0.8690 

6,076 
1.852 
1.1508 

Density Coeff. of Speed 
Ratio Viscosity of 

Sound 

a iJ Va 
(N - sec/m2

) (m/sec) 

(x 10 -s) 

0.2345 1.422 295.1 
0.2167 1.422 295.1 
0.2003 1.422 295.1 
0.1851 1.422 295.1 
0.1711 1.422 295.1 

0.1581 1.422 295.1 
0.1461 1.422 295.1 
0.1350 1.422 295.1 
0.1248 1.422 295.1 
0.1153 1.422 295.1 

0.1066 1.411 295.1 
0.09851 1.422 295.1 
0.09104 1.422 295.1 
0.08414 1.422 295.1 
0.07776 1.422 295.1 
0.07187 ).122 225.1 

To obtain 

meters (m) 
feet (ft) 

feet 
kilometers 
nautical miles (n.m.) 

feet 
kilometers (km) 
statute miles (s.m.) 
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TABLE A3 (CONT'D) CONVERSION FACTORS 

Multiply 

feet/sec 

n.m.1hr or knots (kts) 

s.m.lhr (mph) 

rad/sec 

revolutions/min (rpm) 

slug 
kilogram 

pound (Ibs) 

pounds per square feet (psf) 

pounds per square inch (psi) 

British Thermal Unit 

foot-pound (ft-lbs) 

horsepower 

-- c 

636 

by 

0.5921 
0.6818 
1.097 

1.689 
1.151 
1.852 

1.467 
1.609 
0 .8684 

0.1592 
9.549 
57.296 

0.10472 

14.59 
0.06854 

4.448 

47.88 

6.895 

0.0003927 

1.356 

550 

o o 

To obtain 

n.m.1hr (kts) 
s.m.lhr 
kmlhr 

ft/.ec 
s.m.lhr 
kmIhr 

ft/sec 
kmIhr 
kts 

revolutions/sec 
revolutions/min (rpm) 
deglsec 

rad/sec 

kilograms 
slugs 

newtons 

newtons per square meter 

newtons per square meter 

horsepower-hours 

newton-meters 

foot-Ibs/sec 

n;5A 
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APPENDlXB: 
ADVANCED AIRCRAFf DESIGN AND ANALYSIS SOFTWARE 

In this appendix brief descriptions are given of advanced aircraft design and analysis software 
packages which are available from DARcorporation. publisher of this textbook. These descriptions 
include the following: 

Bl AAA: ADVANCED AIRCRAFf ANALYSIS 

BZ G.A.-CAD: GENERAL AVIATION COMPUTER AIDED DESIGN 

B3. OTHER SOFTWARE PACKAGES 

B4 REFERENCES 

Bl AAA: ADVANCED AIRCRAFT ANALYSIS 

This program is available on UNIX platforms (SUN. IBM. SGI and HP) and on IBM Compatible 
PC (Windows 3.1. 95 and NT). 

BI.I GENERAL CAPABILITIES OF THE AAA PROGRAM 

The Advanced Aircraft Analysis (AAA) program described in this appendix was developed to re
duce the time and cost required to design and analyze new and existing. fixed wing airplane configura
tions. In the process of designing a new airplane or analyzing an already existing airplane, engineers 
must determine the following characteristics of that airplane: 

• drag * installed thrust (or power) * performance 

• weight * weight breakdown *' inertias 

• stability * control (open and closed loop) * cost 

The AAA program was developed to allow engineers to do this very rapidly and in a truly user
friendly manner. Tbe AAA program is arranged in a modular fashion. Each module addresses a spe
cific phase of design and/or analysis of the preliminary design decision making process. The various 
modules of the program are briefly described in Sub-section B 1.2. 

The AAA program is based on material presented in References B 1. B2 and B3. 
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The AAA Program is available on a variety of platforms under several licensing options. The 
AAA program as well as References Bl-B3 are marketed by: 

Design. Analysis and Research Corporation 

120 East Ninth Street. Suite 2 

Lawrence. Kansas 66044, USA 

Tel. 785-S32-0434 Fax: 785-832-0524 

e-mail: info@darcorp.com http://www.darcorp.com 

B1.2 BRIEF DESCRIPTION OF AAA PROGRAM MODULES 

The AAA program consists of 15 independent modules. Each module is designed to perform tasks 
which need to be completed in the evaluation of a given airplane at each stage of its preliminary design 
development. New capabilities are constantly added to the program. The description given here ap
plies to Version 1.7 which was released in January of 1996. 

The program applies to eivil as well as to military fixed-wing airplanes. Conventional, pnre ca
nard and three-surface airplanes with jet, turboprop or piston-prop propulsive installations can be 
handled by the program. At any stage of the design process. a report quality screen-nump and/or pa
rameter print-<>ut can be commanded. 

The user can, at any time. ask for a definition of a particular design parameter. Where needed. 
a graphical or tabular definition is also available. In many instances the program suggests ranges of 
values for certain parameters. 

Bl.2.1 Weight Sizing Module 

This module allows determination of mission segment fuel fractions as well as estimates of take
off weight. empty weight and fuel weight for an arbitrary mission specification. For military air
planes. the effect of droppiug weapons or stores can be accounted for. 

Sensitivity of take-<>ff weight with respect to various mission. aerodynamic and propulsion pa
rameters can be determined. 

B1.2.2 Performance Sizing Module 

With this module. the user can determine the relation between take-<>ff thrust-to-weight ratio (or 
weight-to-power ratio) and take-off wing-loading for any airplane. based on mission and airworthi
ness performance requirements. All pertinent civil and military airworthiness regulations of FAR 23, 
FAR 25, MIL-C-005011B (USAF) and AS-5263 (USNAVY) can be considered. Plots 

of (W /Sho versus (T /Who lor versus (W /P)TO) can be generated on any scale. 
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B1.2.3 Geometry Module 

In this module, the planform geometry of a straight tapered and cranked lifting surface can be de
termined. All estimated geometry parameters (such as area, mean geometric chord, aspect ratio, taper 
ratio and sweep angle) can be displayed as 2-D drawings. This module can be used for wings, canards, 
horizontal tails, vertical tails and fuselages. 

B 1.2.4 High Lift Module 

This module allows the user to calculate the maximum lift coefficients of wings with and without 
trailing edge flaps. The effect of airfoil typc and Reynolds number are accounted for. The program 
will calculatc and display the flap size needed to achieve a given maximum lift coefficient. 

B 1.2,5 Drag Polar Module 

Two methods for estimating airplane drag polars are available in this module: a simplified (Class 
I) method and a detailed (Class II) method. In the Class I method, the program can calculate drag 
polars based on statistical relations between airplane type, take-off weight and wetted area. 

Plots of: CL versus CD' 

CL versus CL/CD ' 

CL versus (CL)3/(CD)2 and 

CL vcrsus jCL IC D can be generated on any scale desired by the user. In 

the Class II method, the program determines the drag polar of all individual components of an air
plane, Plots of component drag polar contributions and total drag polar can be generated. Corrections 
for laminar flow can be included at the option of the user. Drag can also be plotted as a function of 
Mach number and flap angle. The Class II method applies to subsonic, transonic and supersonic flight. 

B1.2.6 Stability and Control Module 

This module can be used for sizing of horizontal and vertical tail surfaces to given stability or vol
ume coefficient requirements. Longitudinal trim diagrams, which account for the effect of control 
surface stall, can be generated. The effect of stick, wheel and/or rudder pedal forces on longitudinal 
and lateral-directional trim can be determined. The program also calculates all required gradients, 

such as: ai,,', ~~, etc. Neutral points, stick-free and stick-fixed can be detennined. EtIects 

of bob-weight and down-spring can be included at the option of the user. 

B1.2.7 Weight and Balance Module 

Two methods for estimating airplane weight breakdown are availahle in this module: a simplified 
(Class I) method and a detailed (Class II) method. In the Class I method, the program can calculate 
the component weight breakdown of an airplane as well as its inertias, based on statistical data. In 
the Class II method, the program estimates the weight of airplanes with the help of various fonnulas 
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which relace component weight to significant design parameters. Plots of center of gravity versus 
weight can be generated for arbitrary load and un-load scenarios. V- n diagrams for FAR 23, FAR 
25 and MlL-A--ll861(ASG) specifications can be determined. 

B 1.2.8 Installed Thrust Module 

With chis module the installed thrust (or powcr) as well as specific fuel consumption can be esti· 
mated from given engine manufacturers data for piston, turboprop, prop-fan and turbojel/fanengines. 
Installed data can be plotted versus altitude and Mach number for a range of engi ne ratings. Propeller 
characteristics can be estimated [rum manufacturer's daca. The user can also estimate effects of power 
extractions (mechanical, electrical and hydraulic). Inlets and nozzles can be sized. 

B1.2.9 Performance Analysis Module 

In this module the field length, stall, climh, range, endurance, dive, glide and maneuvering charac
teristics of an airplane can be evaluated. Payload-weight diagrams can be generated. This module 
uses more sophisticated methods than the Performance Sizing Module of B 1.2.2. 

81.2.10 Stability and Control Derivatives Module 

In this module the subsonic stability and control derivatives of conventional, canard and three
surface configurations can be analyzed . In addition, elevator control surface hinge-moment deriva
tives for various nosc shapes and horn configurations can be estimated. 

B1.2.11 Dynamics Module 

With this module the open-loop airplane transfer functions can bedeterntined, including the stan
dard flying quality parameters of the short period, phugoid, roll, spiral and dutch- roll modes. The 
sensitivity of airplane undamped natural frequency, damping ratio and time-constant to arbitrary 
changes in stability derivatives and inertial characteristics can be plotted to any scale desired by the 
user. The program can determine whether the airplane meets the Level I, II or III flying quality re
quirements of MTL-F-R785C. Roll cou pling stability diagrams can be generated . The open-loop 
airplane transfer functions arc automatically transferred to the Control Module. 

Bl.2.12 Control Module 

In tllis module, Root-Loc us pluts and Bode plots can be generated for open-loop and closed-loop 
control systems. The transfer functions of sensors , actuators and other loop components can be en
t.ered at the option of the tl ser. The effect of tilt angles Oll yaw damper and roll damper performance 
can be evaluated. 

81.2.13 Cost Analysis Module 

Estimates [or airplane RDTE (Research, Development, Technology and Evaluation), manufactur
ing, prototype, direct and indirect operating cost and life cycle cost can be made for military as weIJ 
as for civil airplanes. Quick estimates of airplane and engine prices can be made. 
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B1.2.14 Database Module 

This module manages the data for all AAA modules. Design information can be stored or re
trieved and parameters in the data-base can he viewed, edited or printed. This module also allows 
the user to determine atmospheric characteristics for standard and off-standard conditions. 

Bl.2.IS Help/Setup Module 

This module displays help in using the AAA prognun. Setup a!lows the user to select between 
S.I. and British units. Project and company information can be entered here. 

The AAA program has been found to be very useful in an instructional en vironment: students can 
rapidly discover which design parameters have thc greatest effect on items Bl.2.1 - B 1.2.13. Students 
can a!so be given rea! world homework assignments. AAA takes away the need for hours of tedious 
preparation of input data. 

The program provides on-line written and graphical definitions for input parameters. This is done 
by selecting INFO or HELP on the calculator pad. The calculator pad pops onto the screen any time 
an input variable or output variable is selected by the user. Selection is done with a mouse/cursor com
bination. By selecting THEORY the program also identifies the theoretical models and assumptions 
made in various modules. This helps the user understand the underlying theories and equations. 

B2 G.A.-CAD: GENERAL AVIATION COMPUTER AIDED DESIGN 

This is a software package for the preliminary design of general aviation airplanes. The CAD 
component of the software allows for a complete 3D definition of an airplane and all of its compo
nents. The package contains a very extensive airfoil data base which can be used in the design of 
wings, tails, fins and pylons. The geometric data resulting from drawing an airplane in CAD are auto
matically read into the analysis part of the program. In the analysis part, drag, stability and control, 
loads and structural analyses can be performed. Most of the modules of the AAA software deserihed 
in B. I are also part of G.A. -CAD. 

G.A.-CAD is available on IBM Compatible PC (Windows 3.1, 95 and NT). 

B3. OTHER SOFTWARE PACKAGES 

Depending on the individual needs of a customer, DARcorporation can package down-scaled, 
more economical versions of its software. 
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B4 REFERENCES 

B I Roskam, J,; Airplane Flight Dynamics and Automatic Flight Controls, Parts I and II; 
1994 and 1995 respectively, 
(Part I contains approximately 576 pages and Part II contains approximately 383 pages) 

B2 Lan, C. E. and Roskam, J.; Airplane Aerodynamics and Performance; 1997. 
(This text contains 700 pages) 

B3 Roskam, J.; Airplane Design, Parts I - VIII; 1989. 
(This eight-volume text contains 202,310,454,416,209,550,351 and 368 pages 
respectively) 

Sales and Marketing for References 81-83 and all software packages described here: 
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Design, Analysis and Research Corporation, 120 East Ninth Street, Suite 2, 
Lawrence, Kansas, 66044, USA. 
Tel. 785-832-0434 Fax: 785-832-0524 

This is a typical help file in the AAA and G.A.-CAD software 
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APPENDIX C: PROPELLER PERFORMANCE CHARTS 

In this appendix. propeller performance charts arc presented for the following cases: 

1) Three-bladed propellers 

a) Ratio of thrust coefficient to power coefficient, CT/Cp , versus the power coefficient. 

Cp , for a range of integrated design lift coefficient. CL , in Charts Cl through C4 . 
• 

b) Free propeller efficiency,l')p,,~ , as a function of the power coefficient, C p • and the 

advance ratio, J, in Charts C9 through C24. 

2) Four-bladed propellers 

a) Ratio of thrust coefficient to power coefficient, CT/Cp , versus the power coefficient, 

Cp • for a range of integrated design lift coefficient, CL in Charts C5 through C8. , 

b) Free propeller etliciency, '1 p,= ' as a function of the power coefficient, Cp , and the 

advance ratio, J, in Charts C25 through C40. 

Note well: For propellers with 2 blades or with more than 4 blades, an extrapolation proce
dure is described in Section 7.6 of Chapter 7 in this text. 

The data in this appendix are presented through the courtesy of Hamilton-Standard. 
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Chart C2 Propeller Thrust and Power Coefficients for Static Thrust 
with B=3 and AF=120 
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Chart C5 
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Propeller Thrust and Power Coefficients for Static Thrust 
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Propeller Thrust and Power Coefficients for Static Thrust 
with B=4 and AF=120 
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Chart C7 
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Propeller Perfonnan<.:e Charts 

Propeller Thrust and Power Coefficients for Static Thrust 
with B=4 and AF=160 
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Propeller Thrust and Power Coefficients for Static Thrust 
with B=4 and AF=200 
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Free Propeller Efficiency with B=3, AF=80 and Integrated 
Design Lift Coefficient of CL = 0.15 , 
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Chart CIO Free Propeller Efficiency with B=3, AF=80 and Integrated 
Design Lift Coefficient of CL = 0.30 , 
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Chart C31 Free Propeller Efficiency with B=4, AF=100 and Integrated 
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Chart C37 Free Propeller Efficiency with B=4, AF=180 and Integrated 
Design Lift Coefficient of CL. = 0.15 
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APPENDIX D: PROPELLER NOISE CHARTS 

In this appendix, propeller noise charts are presented as follows: 

Chart D 1 Far Field Partial Noise Level Based on Power and Tip Speed 

Chart D2 Far Field Partial Noise Level Based on Blade Count and Propeller Diameter 

Chart D3 Atmospheric Absorption and Spherical Spreading of Sound 

Chart D4 Directivity Index 

Chart D5 Perceived Noise Level Adjustment - 2 Bladed Propellers 

Chart D6 Perceived Noise Level Adjustment - 3 Bladed Propellers 

Chart D7 Perceived Noise Level Adjustment - 4 Bladed Propellers 

Chart D8 Perceived Noise Level Adjustment - 6 and 8 Bladed Propellers 

Chart D9 Near Field Partial Noise Level Based on Power and Propeller Diameter 

Chart D 10 Near Field Partial Noise Level Based on Tip Speed and Tip Clearance 

Chart D 11 Variation of Overall, Free-Space Propeller Noise Levels with Axial 
Position, xlD Fore and Aft of the Propeller Plane 

Chart D 12 Effect of Reflecting Surfaces in the Pressure Field 

Chart D13 Near Field Harmonic Noise Level Distribution 

The data in this appendix are presented through the courtesy of Hamilton-Standard. 
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Absolute temperature 
Accelerated flight performance 
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Accelerate-stop distance 
Acceleration effect on climb performance 
Acceleration factor 
Acceleration of gravity 
Activity factor 
Adiabatic compressible flow 
Aerodynamic center 
Aerodynamic principles 
Aerodynamics 
Afterburner 
Air density 
Air distance (landing) 
Air distance (take-off) 
Airfoil applications 
Airfoil design 
Airfoil designations 
Airfoil geometry 
Airfoil maximum lift 
A irfoil pressure distribution 
Airfoil stall 
Airfoil theory 
Airfoil thickness location parameter 
Airspeed corrections 
Airspeed indicator 
Airspeed measurement 
Airworthiness regulations 
AlI--engines-operating (AEO) ceilings 
Altimeters 
Altitude effect on glide performance 
Altitude effect on power 
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Atmospheric fundamentals 
Atmospheric pressure 
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Breguet equations 
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Calculus of variations 
Calibrated airspeed 
Calibrated stall speed 
Camber 
Canard configuration 
Canard drag 
Canopy/windshield effect on drag 
Center of pressure 

7[)O 

Index 

3 
3 

88 
376,354 
376,307 

235 
331 

222 
472,441,438 

9,8 
160 

33,13 
266,46 

513 
511 

35,34 
25 
32 

275 
141,65 

13 
122,87 

44,43 
97 

213 
483 
484 
225 

536,535,510 
214 

238,53 
581,410,142 
586,581,142 

231 

620 
421,26,22 

436 
110,79,77,52 

131 
161 
169 
108 

Index 



Centrifugal flow compressor 
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Circulation 
Clean airplane drag polar 
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Climb at constant Mach number 
Climb distance (take-off) 
Climb gradient 
Climb-out (take-off) 
Climb performance 
Climb performance regulations 
Combat ceiling 
Combustion 
Combustion chamber 
Compounding 
Compressibility 
Compressibility correction 
Compressibility effects 
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Compressible continuity equation 
Compressible propeller theory 
Compression ratio 
Conservation of mass 
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Constant speed endurance 
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Continuity equation 
Conventional configuration 
Conversion factors 
Cooling of piston engines 
Cooling of turbine engines 
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Critical pressure coefficient 
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Dalton's Law 
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Design limit load factor 
Design maneuvering speed 
Design speed for maximum gust intensity 
Diameter (propeller) 
Diesel 
Diesel engines 
Dive brakes 
Double slotted flaps 
Douglas definition for drag divergence 
Downwash 
Drag 
Drag breakdown 
Drag build-up 
Drag coefficient 
Drag contributions 
Drag determination in the wind-tunnel 
Drag divergence 
Drag divergence Mach number 
Drag due to lift 
Drag on stopped engines 
Drag polar 
Drag reduction 
Drift-down performance 
Ducted propellers 
Dynamic pressure 
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Indicated airspeed 
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Induced drag 
Induced drag coefficient 
Induced velocity (propeller) 
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Installation of turbine engines 
Installed propeller efficiency 
Instantaneous pull-up 
Instantaneous tum 
Instrument error 
Instrument indicated airspeed 
Integrated design lift coeffIcient 
Integration drag 
Interference 
Interference drag 
International standard atmosphere 

Index 

International Civil Aviation Organization (rCAO) 
Internal energy 
Ionosphere 
Isentropic equation of state 

let engines 

Karman-Tsien 
Kinematic viscosity 
Kinetic energy 
Krueger flap 
Kutta-loukowski theorem 

Laminar boundary layer 
Laminar skin friction 
Landing distance 
Landing obstacle 
Landing performance 
Landing performance data 
Landing process 
Landing gear effect on climb performance 
Landing gear effect on drag 
Leading edge devices 
Leading edge radius 

704 

26 
213 

146,100,98,97, I 
137 
267 
221 

251,249 
298 
603 

607,606 
27,26 

26 
323 
163 
148 
172 

4 
4 

17 
5 

22,19,17,13 

225,202,201 

65,64 
38 
16 
87 

47,34,32,13 

39,38 
39 

497,494,487 
478 

435,1 
505 
478 
425 

168,145 
116,86 

78,77,52 

Index 



Leading edge shape 
Leading edge vortex 
Level flight ceiling 
Lift 
Lift coefficicnt 
Lift curve slope 
Lifting line method 
Lifting surface correction factor 
Lifting surface method 
Lifting surfaces 
Lift-{)ff speed 
Lift-to-drag ratio 
Linear momentum principle 
Location of maximum thickness 
Lowry 

Mach number 
Mach indicator 
Maneuvering 
Manifold absolute pres,urc 
Mass flow rate 
Maximum lift 
Maximum endurance 
Maximum range 
Maximum speed 
Mean (camber) line 

Index 

Mechanical arrangements of turbojets, turbofans and turboprops 
Mechanical efficiency 
Mechanical output 
Metric units 
Minimum control speed 
Minimum control speed on the ground 
Minimum safety speed 
Minimum speed 
Minimum time-to-dimb 
Minimum unstick speed 
Momentum losses 
Momentum method 
Most critical center of gravity (c.g.) 

NACA (National Advisory Committee on Aeronautic,) 
NASA (National Aeronautics and Space Administration) 
Nacelle-pylon drag 
Near-field noise 

Index 

78 
121 
593 

I 
97 
56 

100 
151 
126 

1 
435 

337,57 
47,36,13 

79,77 
123,104 

40,22 
30 

581,1 
215 

226, 14 
343,127,80 

548,542,523,517,513 
548,542,523,513,511 

592 
52 

235 
213 
214 

4 
582,581,437 

437 
438 

581,342 
620 
438 
283 

266,98 
584 

70,51 
88,70,51 

162 
320 
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Negative-1-g-stall speed 
Negative propeller thrust 
Net thrust 
Noise considerations for propellers 
Noise considerations for turbine engines 
Northern hemisphere 

One-engine-inoperative (DEI) ceilings 
One-g-stall speed 
Oswald's etllciency factor 
Otto, Otto cycle 
Overall propulsion efficiency 

Pacer airplane 
Parabolic drag polar 
Parasite drag 
Partial span flaps 
Payload-range 
Payload -range data 
Payload-range diagram 
Peak press ure 
Perfect gas law 
Performance 
Piston engine performance charts 
Piston engines 
Pitch attitude angle 
Pitching moment coefficient 
Pitching moment curve 
Pitch break 
Pitch-up 
Pitot-slatic tube 
Plain flaps 
Polhamus 
Position error 
Positive propeller thrust 
Power available 
Power required 
Power disk loading coefficient 
PrandU-Glauert transformation 
Prandtllifting line theory 
Prandtl-Schlichting skin friction formula 
Pressure altitude 
Pressure gauge 
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Index 

600,596 
308,269 

234 
315 
252 

4 

417,404 
598,594,593 

137,100 
201 
214 

27 
137,104 

146 
122 

559,509,1 
561 
559 

61 
19,4,3 

331, I 
217 

208,201 
332 

109,97 
59 

113 
112 
21 
80 

123,104 
27,26 

304,300,273,266 
376,213 

509,376,307 
284 

104,65,64,63 
100 
40 

8 
21 

Index 



Pressure gradient 
Pressure variation with altitude 
Pressure wave 
Profile drag 
Propeller advance velocity 
Propeller advance ratio 
Propeller blade angle 
Propeller hlade geometry 
Propeller blade loading 
Propeller blockage 
Propeller design variables 
Propeller disk 
Propeller efficiency 
Propeller in-flight thrust 
Propeller installation effects 
Propeller noise 
Propeller noise charts 
Propeller performance 
Propeller performance charts 
Propeller power coefficient 
Propeller power losses 
Propeller selection 
Propeller shaft extension 
Propeller shank 
Propeller static thrust 
Propeller theory 
Propeller thrust coefficient 
Propeller thrust reversing 
Propeller torque 
Propeller torque coefficient 
Prop-fan 
Propulsion 
Propulsion systems 
Propulsive efficiency 
Pull-up 
Pulse-jets 
Pusher 

Radar altimeters 
Ram-,jets 
Range 
Range equation 
Range factor 
Range-payload 
Rate-of-climb 

Index 

Index 

42 
6 

19 
150 
275 

293,288,282 
286 
287 
288 
292 
322 
266 

298,292,282,268,267,265,213 
304 
292 

316,315,1 
685 

300,1 
643 
282 
282 
322 
295 

289,286 
300 

273,269,265,1 
282,280 

308 
276 

282,280 
311,235 

1 
201 

233,227 
603, 1 

258,225 
299,221 

9,8 
259,230,225 

527,526,509,1 
510 
510 

I 
404,375,332 
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Rate-of-descent 
Reciprocating engines 
Reynolds number 
Reynolds number effects 
Rocket engines 
Rotation spced 
Regulations: climb performance 
Regulations: fuel reserves 
Regulations: landing performance 
Regulations: take-off performance 
Regulations: V-n diagram 
Required thrust 
Rolling ground friction coefficient 
Rotary engines 
Roughness grit 
Runway gradient 

Scalar 
Scaling laws for piston engines 
Scaling laws for turbine engines 
Scavenging 
Schlichting's formula 
Screen height 
Scrubbing effects 
Sectional drag coefficient 
Sectional lift coefficient 
Sectional pitching moment coefficient 
Service ceiling 
Shaft-horse-power 
Shape factor 
Sizing of weight of airplanes 
Shock wave 
Skin friction drag 
Slats 
Slip ratio 
Slots 
Slotted t1aps 
Specific excess power 
Speciflc fuel consumption (s.fc.) 
Specific heat 
Specific endurance 
Specific excess power 
Specific range 
Speed 
Speed brakes 
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Index 

378,341,338,336,332 
1 

178, 107,40,38 
186,80.68 

260.201 
435 
428 
561 
479 
436 
593 

356.334 
444 

202, 1 
68 

443 

37 
222 
256 
210 

68,40 
478,436 
296.292 

55 
55 
55 

418 
234,213 

61; 
565 

20.19 
39 

116.87,86 
485 

116,87,86 
82,80 

I 
509.225 

18 
525 
617 
526 

1 
l4:i, 132, 121, 1 

Index 



Speed of sound 
Speed polar 
Span efficiency factor 
Spin 
Split flaps 
Splitter 
Spoilers 
Stagnation pressure 
Stall characteristics 
Stall control devices 
Stall fences 
Stall snags 
Stall speed 
Stall strips 
Static port 
Steady, powered flight 
Steady, un-powered flight 
Steep angle climb performance 
Sting type model installation 
Stopped engine effect on climb performance 
Store drag 
Strain gauge balance 
Streanlline 
Streamtube 
Stratosphere 
Strut type model installation 
Subsonic 
Supercharging 
Supercritical airfoil 
Supersonic 
Supersonic aerodynamics 
Sustained pull-up 
Sustained turn 
Sweep angle 

Take-off climb--{)ut to the obstacle 
Take--{)ff distance 
Take--{)[f obstacle 
Take--{)ff performance 
Take-off performance data 
Take--{)ff process 
Take--{)ff time 
Take--{)ff transition 
Tandem configuration 
Taper ralio 

Index 

Index 

19,13 
349,344 
104,100 
613,581 

82,80 
43 

132,121,1 
21 

109,1 
liS 
116 
116 

585,581,436,342 
117 

28,27 
357,354,331 

335,331 
401,387 

178 
425 
169 

184,178 
13 
15 

7,6,5 
178 
22 

216 
73,71 

22 
4 

604 
607,606 

165,112,110,96 

453 
460,456,454 

436 
435, I 

475 
435 

467,460 
452 
165 

110,96 
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Tare corrections 
Temperature altitude 
Temperature effect on range and endurance 
Temperature variation with altitude 
Thermal efficiency 
Thickness 
Thickness ratio 
Thrust availahle 
Thrust required 
Thrust reversal for propellers 
Thrust reversal for turbine engines 
Thrust specific fuel consumption (I.s.f.c.) 
Time-to-<:Iimb 
Time-to-drift-down 
Time-to-Iand 
Tip Mach number 
Total pressure 
Tractor 
Trailing edge flaps 
Transition distance (take-oft) 
Transition distance (landing) 
Transition point 
Transition Reynol~s number 
Trim 
Trim drag 
Trip strip 
Tripping wire 
Tropopause 
Troposphere 
Turbine engines 
Turbofans 
Turbojets 
Turbo-props 
Turbulence factor 
Turbulent boundary layer 
Turbulent skin friction 
Turn 
Twist 
Two-stroke piston engine 

Un-powered glide 
U.S. Standard Atmosphere 
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Index 

178 
8 

553 
5 

214 
52 

78.77 
376.354 

354 
308 
255 
229 

410.404 
411,404 
500,497 

291 
21 

299,221 
80 

455 
481 

38 
38 

127 
170 

IR6,68 
43 

5 
6, 5 

1 
231,225 

225 
233,225 

185 
40,39,38 

152,150,40 
606,1 

165,115,114,110 
210 

Index 

352 
4 



Variable pitch propeller 
Vertical acceleration effect on climb 
Vertical tai I drag 
Viscosity 
Viscous effects 
V-n diagram 
Vortex 
Vortex generator 

Wash--out 
Water vapor 
Weight effect on glide performance 
Weight sizing 
Wet footprint 
Wetted area 
Whitcomb 
Wind effect on glide performance 
Wind effect on range 
Windmilling 
Wind tunnel 
Wing area 
Wing aspect ratio 
Wing drag 
Winglers 
Wing mean geometric chord 
Wing planform effect on drag 
Wing properties 
Wing sizing for maximum endurance 
Wing sizing for maximum range 
Wing stall 
Wing sweep angle 
Wing taper ratio 
Wing theory 

Zero lift drag coefficient 

Index 

lndex 

286 
424 
161 
10 

47,37,13 
593 

32 
117 

115 
3 

348 
I 

416 
150 
71 

350,347 
516 
311 

15, I 
95 
96 

148 
166 
96 

163 
95 

518 
515 
110 
96 
96 

95,1 

148,137,100 
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