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PREFACE 

In recent years researchers have spent much effort in developing 

efficient heuristic algorithms for solving the class of NP-complete 

problems which are widely believed to be inherently intractable 

from the computational point of view. Although algorithms have 

been designed and are notorious among researchers, computer 

programs are either not implemented on computers or very difficult 

to obtain. The purpose of this book is to provide a source of 

FORTRAN coded algorithms for a selected number of well-known 

combinatorial optimization problems. The book is intended to be 

used as a supplementary text in combinatorial algorithms, network 

optimization, operations research and management science. In 

addition, a short description on each algorithm will allow the book 

to be used as a convenient reference. 

This work would not have been possible without the excellent 

facilities of Bell-Northern Research, Canada. 

H. T. Lau 

lIe des Soeurs 
Quebec, Canada 

August 1986 
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INTRODUCTION 

Following the elegant theory of NP-comp1eteness, the idea of 
developing efficient heuristic algorithms has been gaining its 
popularity and significance. Combinatorial graph algorithms and 
network design problems are among the areas receiving the most 
attention. It would be very difficult to give a complete coverage 
of the combinatorial heuristic algorithms. The eight topics in 
this book are selected from the areas of integer programming and 
network design. While the choice of the problems and algorithms 
reflects the author's interest, they are all widely known. In 
particular, the problem in each chapter has been shown to be 
NP-complete. 

The same format has been used for each chapter which is largely 

independent and self-contained. Following the discussion of the 
problem and algorithm, a detail description of the parameters of 
the subroutine is given. Then a small test example will illustrate 
the usage of the subroutine. The program listings are printed 
directly from the computer to minimize the typing errors. All 
computer programs in this book are written in FORTRAN 77, and test 
runs were performed on the Amdahl 5870 using the IBM VS FORTRAN 
Compiler. 

For background material on graph theory, linear programming, 
network optimization and NP-complete theory, the reader is 
referred to standard works such as 

Graph Theory with Applications, J. A. Bondy, U.S.R. Murty, 
The Macmillan Press, 1976. 

Linear Programming, V. Chvata1, W.H. Freeman & Co., 1983. 

Combinatorial Optimization: Networks and Matroids, E. L. Lawler, 
Holt, Rinehart and Winston, 1976. 

Computers and Intractability: A GUide to the Theory of 

NP-completeness, M. R. Garey, D. S. Johnson, 
W. H. Freeman & Co., 1979. 



Chapter 1 

INTEGER LI NEAR PROG RAt·1M I NG 

A. Problem Description 

The integer linear programming problem has the form 

maximize 
n 
1: 

j = 1 

n 

c . x . 
J J 

subject to 1: aijx j 
j = 1 

;:, 0 

Xj is an integer 

(i=1,2, ... ,m) 

(j=1,2, ... ,n) 

(j=1,2, ... ,n) 

such that c j , a ij and b i are real numbers. 

The heuristic procedure to be described will find a vector x 
which is feasible and gives a reasonably good objective function 
value. In general, it is very hard even to decide whether a 
given integer linear programming problem has a feasible solution. 

Thus it is not surprising that the heuristic procedure sometimes 
fails to deliver a feasible solution even if there is one. 
This might happen when dealing with tightly constrained problems. 
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B. Algorithm 

Step 1. Use the simplex method to find an optimal solution 

of the integer linear programming problem with the 
integrality constraint removed. 

The simpl ex method wi 11 point out a set of nonbasic 
slack variables P and a set of nonslack basic 
variables Q, where 

More 

(a) 

(b) 

P ::: {l , 2, m} 

Q ::: {l , 2, n} 

precisely, P and Q are sets such that 

for every choice of numbers di(iEP), 
the system 

L aijx j " di 
jEQ 

(i E p) 

has a unique solution; 

the uni que solution of 

(i E p) 

a (j ~ Q) 

is an optimal solution of the integer linear 
programming problem with the integrality 
constraint removed. 

Step 2. Find the unique solution 

of the following system 

1/2 L la .. 1 (i E p) 
jEQ lJ 

a (j ~ Q). 
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Step 3. Move from the vector y (found in Step 2) to the 

vector z (found in Step 1) along the interpolated line 

segment between y and z. and round off every encountered 
point to its nearest integer point. This can be achieved 
by finding all the values of t for which there is a 
subscript j satisfying 

y. + t(z. - y.) = integer + 1/2 
J J J 

o < t < 1 . 

Suppose there are k such values of t. Sort these values 
into the order of 

and set to o and 

For each 0.1 •...• k. use a value s such that 

and round each 

to the nearest integer x j . 

Thus k+l integer points are obtained; among the 
feasible ones. choose that which maximizes the objective 

function 

Step 4. Starting from the feasible solution obtained in Step 3. 
search for better feasible solutions by a two part 
procedure. The first part consists of successively 
increasing or decreasing some variable by one as long as 
each resulting solution is better than the preceding one. 
The second part is to search for better solutions by 
changing two variables simultaneously. The two parts of 
the procedure are applied repeatedly until no better 

solution is found. 
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C. Subroutine INTLP Parameters 

In pu t 

M number of constraints. 

N number of variables. 

Ml equa 1 to M + 1. 

NM equal to N + M. 

A real matrix of dimension Ml by NM+l containing the 

coefficients of the constraints in the first M rows, 

the last row and the last M+l columns are used as 

working storages. 

B real vector of length M containing the right hand 

sides of the constraints. 

c real vector of length N containing the coefficients 

of the objective function. 

IADIM row dimension of matrix A exactly as specified in 

the dimension statement of the calling program. 

Ou t pu t 

X real vector of length max(Ml,N) containing the 

solution. 

INFS integer error indicator; 

INFS 0 indicates that a solution is found, 

IN F S c indicates that the program is infeasible. 

Working Storages: 

WKl real matrix of dimension N by N; 
WK1(i,j) is the ratio C(i)/C(j), used in controlling 

the pairwise variable interchange for better solution. 

WK2 real matrix of dimension Ml by Ml; 

the inverse of the optimal basis. 

WK3 real vector of 1 eng th N; 

permutation of coefficients in the 

WK4 rea 1 vector of 1 ength N; 

W K4 ( i ) indicates the change in the 

objective function. 

value of X ( i ) . 
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WK5 rea 1 vector of 1 ength N; 

WK5(i) is equal to 1 if C(i) is positive, and-l 
if C(i) is negative. 

WK6 real vector of length N; 
WK6(i) is a linear combination of two points WK7(i) 
and WK8(i). 

WK7 real vector of length N; 
solution of the linear programming problem without 
integer constraints. 

WK8 rea 1 vector of 1 ength N; 

solution refined from WK7. 

WK9 rea 1 vector of 1 ength M; 

W K 10 

a measure of the degree of infeasibility of an 
infeasible solution. 

rea 1 vector of 1 ength M; 
feasibility test slacks. 

WKll real vector of 1 ength M; 

W Kl 2 

W K 13 

W Kl 4 

feasibility test slacks, updated from WK10. 

real vector of 1 ength M; 
transformed right-hand side of the equations in which 
the variables can be rounded without violating the 
cons tra i nts . 

real vector of 1 ength Ml; 
primal prices, used in the simplex subroutine. 

real vector of 1 ength Ml; 
pivot column, used in the simplex subroutine. 

WK15 real vector of 1 ength Ml ; 
a copy of the solution before an improvement attempt. 

W K 16 real vector of 1 ength max(Ml ,N); 

the new value of WK9 when there is a change in X. 

WK17 boolean vector of length N; 

IWK18 

I W K 19 

WK17(i) indicates whether WK16(i) is less than WK9(i). 

integer vector of length N; 
permutation of integers from 1 to N. 

integer vector of 1 ength Ml ; 
IWK(J+l) is the Jth basic variable, used in the 
simplex subroutine. 
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I W K 2 0 integer vector of length NM; 

an initial feasible solution. 

D. Test Exampl e 

maximize - 2 xl x2 + 4x3 x4 -

subject to -3x l - x 2 + 2x 3 + 3x 4 -

x 2 - x3 - 4x4 -

3x 5 

3x 5 <; 

2x 5 <; - 1 

4 

o 



C 

C 

C 
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Main Program 

REAL A(4,9),B(3),C(5),X(5),WK1(5,5), 
+ WK2(4,4),WK3(5),WK4(5),WK5(5),WK6(5), 
+ WK7(5),WK8(5),WK9(3),WK10(3),WK11(3), 
+ WK12(3),WK13(4),WK14(4),WK15(4),WK16(5) 

LOGICAL WK17(5) 
INTEGER IWK18(5),IWK19(4),IWK20(8) 

READ(*,10) M,N 
10 FORMAT(2I5) 

DO 20 I = 1 , M 
20 READ(*,30) (A(I,J),J=l,N) 

READ ( * , 30 ) ( B ( I ) , I = 1 , M ) 
READ(*,30) (C(I),I=l,N) 

30 FORMAT(5F5.0) 

IADIM = 4 
M1 = M + 1 
NM=N+M 
CALL INTLP (M,N,M1,NM,A,B,C,IADIM,X,INFS, 

+ WK1,WK2,WK3,WK4,WK5,WK6,WK7,WK8,WK9,WK10,WK11, 
+ WK12,WK13,WK14,WK15,WK16,WK17,IWK18,IWK19,IWK20) 

IF (INFS .EQ. 1) THEN 
WRITE(*,40) 

40 FORMAT(/' THE PROBLEM IS INFEASIBLE 'I) 
ELSE 

WRITE(*,50) 
50 FORMAT(/' SOLUTION FOUND: II) 

WRITE(*,60) (X(I),I=l,N) 
60 FORMAT(lX,5F8.1) 

ENDIF 
STOP 
END 

Input Data 

3 5 
-3. -1. 2. 3. -3. 

-4. -2. 
3. O. 

O. 1. -1. 
1. O. 4. 
1. -1. 4. 

-2. 1. 4. -1. -3. 

Output Results 

SOLUTION FOUND : 

0.0 2.0 1.0 0.0 1.0 
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SUBROUTINE INTLP (M,N,M1,NM,A,B,C,IADIM,X,INFS, 
+ WK1,WK2,WK3,WK4,WK5,WK6,WK7,WK8,WK9, 
+ WK10,WK11,WK12,WK13,WK14,WK15,WK16, 
+ WK17, IWK18, IWK19, IWK20) 

C 
C Integer linear programming heuristic 
C 

C 

+ 
+ 

REAL 

LOGICAL 
INTEGER 
COMMON 
COMMON 

A(IADIM,1),B(M),C(N),X(1),WKl(N,N),WK2(Ml,Ml),WK3(N), 
WK4(N),WK5(N),WK6(N),WK7(N),WK8(N),WK9(M),WKlO(M), 
WKll(M),WK12(M),WK13(Ml),WK14(Ml),WK15(Ml),WK16(1) 
WK17(N) 
IWK18(N),IWK19(Ml),IWK20(NM) 
ICll J,K 
IC21 INIT 

C compute the machine epsilon 
C 

C 

EPS = 1.0 
10 EPS = EPS I 2.0 

TOL = 1.0 + EPS 
IF (TOL .GT. 1.0) GO TO 10 

EPS = SQRT(EPS) 

C compute the machine infinity 
C 

C 

BIG = 1. OE6 
20 BIG = BIG * BIG 

TOL = 1.0 + BIG 
IF (TOL .GT. BIG) GO TO 20 

BIG = BIG * BIG 

C normalize coefficients of the problem 
C 

C 

DO 50 I = 1, M 
SUM = 0.0 
DO 30 J = 1, N 

30 SUM = SUM + A(I,J) * A(I,J) 
SUM = SQRT(SUM) 
DO 40 J = 1, N 

40 A(I,J) = A(I,J) I SUM 
B(I) = B(I) I SUM 

50 CONTINUE 
Nl = N + 1 

C set up the data for the simplex subroutine 
C 

DO 70 I = 1, M 
Il=M-I+l 
12 = M - I + 2 
WK16(I+l) = B(I) 
DO 60 J = 1, N 

60 A(I2,J) = A(Il,J) 
70 CONTINUE 

WK16(1) = O. 
DO 80 J = 1, N 

80 A(l,J) = -C(J) 
DO 90 J = Nl, NM 

90 A(l,J) = O. 
DO 110 I = 2, Ml 

DO 100 J = Nl, NM 
A(I,J) = o. 

100 CONTINUE 
110 CONTINUE 
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120 
C 

DO 120 I = 2, M1 
J = N + I - 1 
A(I,J) = 1.0 

CONTINUE 

C 
C 

+ 
C 

C 

use the simplex method to find an optimal noninteger solution 

CALL SIMPLX(N,M,A,X,INFS,BIG,EPS, 
WK2,WK13,WK14,WK16,IWK19,IWK20) 

IF (INFS .NE. 0) RETURN 

C restore the matrix A to original form 
C 

DO 140 I = 1, M 
II = I + 1 
DO 130 .J = 1, N 

130 A(I,J) = A(I1,J) 

C 

140 CONTINUE 
DO 150 I = 1, Ml 

150 WK15(I) = XCI) 
DO 160 J = 1, N 

ISUB = IWK20(J) 
IF (ISUB .GT. 0) THEN 

WK7(J) X(ISUB) 
ELSE 

WK7(J) = O. 
ENDIF 

160 CONTINUE 
JJ = 1 
II = 0 
DO 180 J = 1, M1 

DO 170 I = 1, M1 
11=11+1 
IF (II .GT. M1) THEN 

II = 1 
JJ = JJ + 1 

ENDIF 
A(I,N+J) = WK2(II,JJ) 

170 CONTINUE 
180 CONTINUE 

DO 200 I = 1, M 
DO 190 J = 1, M 

190 WK2(I,J) = A(I+l,N+J+l) 
200 CONTINUE 

C select a second solution corresponding to the non integer 
C optimal solution by tightening the binding constraints 
C sufficiently so that a rounded solution still satisfies 
C the original constraints 
C 

DO 220 I = 1, M 
ISUB = IWK20(N+I) 
IF (ISUB .GT. 0) THEN 

IF (X(ISUB) .GT. 0.0) THEN 
WK12(I) = B(I) 
GOTO 220 

ENDIF 
ENDIF 
TEMP = 0.0 
DO 210 J = 1, N 

IF (IWK20(J) .GT. 0) TEMP TEMP + ABS(A(I,J)) 
210 CONTINUE 



220 
C 
C 
C 

230 

240 

2S0 
C 
C 
C 
C 

C 
C 
C 

+ 

10 

WK12(I) = B(I) - O.S * TEMP 
CONTINUE 

the second solution is stored in WK8 

DO 230 J = 1, N 
WK8(J) = o. 

DO 2S0 I = 1, M 
ISUB = IWK19(I+1) 
IF (ISUB .LE. N) THEN 

TEMP = O. 
DO 240 K = 1, M 

TEMP = TEMP + WK2(I,K) * WK12(K) 
WK8(ISUB) = TEMP 

ENDIF 
CONTINUE 

perform the linear search along the line joined by two points 
WK7 and WK8 found above 

CALL PARSE1(N,M, IADIM,A,B,X,BIC, 
WK4,WK6,WK7,WK8,WK9,WK16,WK17) 

search for better feasible solutions 

CALL PARSE2(N,M,IADIM,A,B,C,X,WK3,WKS,WKIO, IWK18) 
C 
C prepare for the interchange of two variables 
C 

C 
C 
C 
C 

C 

C 

260 

IF (INIT .CT. 1) CALL PARSE4(N,C,WK1,IWK18) 

increase or decrease one variable by one as long as the 
resulting better solution is feasible 

CALL PARSE3(N,M,IADIM,A,C,X,BIG,WK10) 

IF (INIT .LE. 1) RETURN 
DO 270 J = 1, N 

270 WK6(J) = X(J) 
J 1 
K = N 

C check whether the changed value of a variable is negative 
C 

280 CALL PARSES(M,IADIM,A,X,WKS,WK10,WK11,IWK18,MOVEON) 
C 

IF (MOVEON .NE. 1) THEN 
K = J + 1 
GOTO 320 

ENDIF 
290 ISUB = IWK18(K) 

LL1 = 0 
LL2 = 0 
DO 300 I = 1, M 

IF (WKll(I) .LT. 0.0) THEN 
IF (A(I,ISUB) .EQ. 0.0) GOTO 310 
IF (A ( I , I SUB) . LT. O. 0 ) THEN 

LL1 1 
ELSE 

LL2 2 
ENDIF 

ENDIF 
300 CONTINUE 
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LL3 = LL1 + LL2 
C 
C investigate the possibility of changing X(J) in one favorable 
C direction and seek for a change in another variable X(K) 
C 

C 
C 
C 

C 

IF (LL3 .EQ. 2) THEN 

try to decrease X(K) to get a better solution 

CALL PARSE6(N,M,IADIM,A,C,X,BIG, 
+ WK1,WK3,WKS,WKIO,WKl1, IWK18,MORE) 

IF (MORE .EQ. 1) GOTO 280 
ELSE 

IF (LL3 .LT. 2) THEN 

C try to increase X(K) to get a better solution 
C 

C 
C 
C 
C 
C 

CALL PARSE7(N,M,IADIM,A,C,X,BIG, 
+ WKl,WK3,WKS,WKlO,WK11, IWK18,MORE) 

IF (MORE .EQ. 1) GOTO 280 
ENDIF 

ENDIF 
310 IF (J .NE. (K-l» THEN 

K = K - 1 
GOTO 290 

ENDIF 

consider changing X(J) by one in the other direction and 
make a small integer change of X(K) 

320 
C 

CALL PARSE8(N,M,IADIM,A,X,WK1,WKS,WKIO,WKll,IWK18) 

Nl = N - 1 
IF (INIT .LT. Nl) Nl = INIT 

C 
C if one or more improved solution is found then 
C repeat the search 
C 

C 

IF (J .NE. Nl) THEN 
J = J + 1 
K = N 
GOTO 280 

ENDIF 
DO 330 I = 1, N 

IF (X(I) .NE. WK6(I» GOTO 260 
330 CONTINUE 

RETURN 
END 
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SUBROUTINE SIMPLX (NUMVAR,NUtv]CON,A,X, INFS,BIG,EPS, 
+ WK2, WK13, WK14, WK16, IWK19, IWK20) 

C 
C This subprogram is used by subroutine INTLP 
C 

REAL A(l),X(l),WK2(1),WK13(l),WK14(1),WK16(1) 
INTEGER IWK19(1),IWK20(l) 

C 
C simplex method for linear programming 
C 

C 

N = NUMVAR + NUMCON 
ICS = NUMCON + 1 
M = NUMCON + 1 
IC6 = 2 
IC7 = 1 
MAXITR 900 
INC1 = 0 
K = 0 
ITER = 0 
INC2 = 0 
IC1 = 0 
JCS = 0 
DELTA1 = EPS 
DELTA2 = EPS 
DELTA3 = -EPS * 2. 
JCl = 0 
DELTA4 O. 
M2 = M * M 
INFS = 1 
ISPEC = 7777 

C start phase one 
C 

10 

20 

30 
C 
C 
C 

40 

DO 10 I = 1, M 
IWK19(I) = 0 

IC9 = 0 
DO 30 J = 1, N 

IWK20(J) = 0 
ICB = IC9 + IC6 
LL = IC9 + M 
JC2 = a 
DO 20 L = ICB, LL 

IF (A(L) .NE. 0.0) THEN 
JC2 JC1 + 1 
JCl L 

ENDIF 
CONTINUE 
IF (JC2 .EQ. 1) THEN 

JC3 = JCl - IC9 
IF (IWK19(JC3) .EQ. 0) 

IF (A(JC1)*WK16(JC3) 
IWK19(JC3) = J 
IWK20(J) = JC3 
IC9 = IC9 + ICS 

ENDIF 
ENDIF 

ENDIF 
CONTINUE 

form the inverse from IWK20 

LOOP3 1 
LOOP2 1 

THEN 
.GE. 0.0) THEN 



IF ( JCS . LE . 0 ) I NC2 0 
DO 50 I = 1, M2 
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50 WK2 (I) = O. 
IC8 = 1 
DO 60 I = 1, M 

WK2 ( I C8) = 1. 0 
X( I) = WK16 (I ) 
IC8 = IC8 + M + 1 

60 CONTINUE 

70 

C 

DO 70 I = IC6, M 
IF (IWK19(I) .NE. 0) IWK19(I) 

CONTINUE 
INFS = 1 
IC1 = 1 

ISPEC 

C form inverse 
C 

80 IF (IWK20(IC1» 250,110,250 
C 

90 DELTAS = O. 
C 
C reset the artificia1s 
C 

C 

C 
C 
C 

DO 100 I = IC6, M 
IF (IWK19(I) .EQ. ISPEC) THEN 

IF (ABS(WK14(I» .CT. DELTAS) THEN 
IC3 = I 
DELTAS = ABS(WK14(I» 

ENDIF 
ENDIF 

100 CONTINUE 
IF (DELTAS .LT. DELTAl) THEN 

IWK20(IC1) 0 
ELSE 

IWK19 (IC3) ICI 
IWK20(IC1) IC3 
GOTO 3S0 

ENDIF 
llO IC1 = IC1 + 1 

IF (IC1 .LE. N) GOTO 80 
120 DO 130 I = 1, M 

IF (IWK19(I) .EQ. ISPEC) IWK19(I) 0 
130 CONTINUE 

140 

LOOP1 1 
LOOP2 = 2 
LOOP3 = 2 

perform one iteration 

INC3 = 0 
INC4 = 0 
DO ISO I = IC6, M 

IF (ABS(X(I» .LT. DELTA2) THEN 
X(I) = O. 

ELSE 
IF ( X ( I) . NE. O. 0 ) THEN 

IF (X(I) .GT. 0.0) THEN 
IF (IWK19( I) .EQ. 0) INC3 

ELSE 
INC4 1 
INC3 1 

ENDIF 

1 



ENDIF 
ENDIF 
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150 CONTINUE 
C 
C if infeasible then invert again 
C 

IF (INFS .LT. INC3) COTO 40 
IF (INFS .CT. INC3) THEN 

INFS = 0 
160 DELTA4 = O. 

ENDIF 
C 
C obtain prices 
C 

C 

ICB = IC7 
DO 170 J = 1, M 

WK13(J) WK2(ICB) 
ICB = ICB + M 

170 CONTINUE 

C pricing 
C 

C 

IF (INFS .NE. 0) THEN 
DO 1BO J = 1, M 

1BO WK13(J) = WK13(J) * OELTA4 
DO 210 I = IC6, M 

ICB = I 
IF (X(I) .LT. 0.0) THEN 

DO 190 J = 1, M 
WK13(J) = WK13(J) + WK2(ICB) 
ICB = ICB + M 

190 CONTINUE 
ELSE 

IF (IWK19(I) .EQ. 0) THEN 
DO 200 J = 1, M 

WK13(J) = WK13(J) - WK2(ICB) 
ICB = ICB + M 

200 CONTINUE 
ENDIF 

ENDIF 
210 CONTINUE 

ENDIF 

C select entering column 
C 

IC1 = 0 
DELTA7 = DELTA3 
IC2 = 1 

220 IF (IWK20(IC2» 240,460,240 
C 

230 IF (DELTA6 .LT. DELTA7) THEN 
DELTA7 = DELTA6 
IC1 = IC2 

ENDIF 
240 IC2 = IC2 + 1 

C 
C all costs are non-negative 
C 

IF (IC2 .LE. N) GOTO 220 
IF (IC1 .LE. 0) THEN 

K = 3 + INFS 
GOTO 340 
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ENDIF 
C 
C multiply the column into the basis inverse 
C 

C 

C 

250 DO 260 I = 1, M 
260 WKI4(I) = O. 

IC4 = ICI * IC5 - ICS 
LL = 0 
DO 2S0 I = 1, M 

IC4 = IC4 + 1 
IF (A(IC4) .NE. 0.0) THEN 

DO 270 J = 1, M 
LL = LL + 1 

270 WKI4(J) = WKI4(J) + A(IC4) * WK2(LL) 
ELSE 

LL = LL + M 
ENDIF 

2S0 CONTINUE 

COTO (90,290,4S0), LOOP2 

C get the maximum value from the pivot column 
C 

290 IC3 = 0 
DELTA8 = O. 
JC3 = 0 
DO 310 I = IC6, M 

IF (X (I) . EQ. O. 0 ) THEN 
BETA = ABS(WKI4(I)) 
IF (BETA .CT. DELTAl) THEN 

IF (IWKI9(I) .EQ. 0) COTO 300 
IF (JC3 .EQ. 0) THEN 

IF (WKI4(I) .CT. 0.0) THEN 
300 IF (JC3 .NE. 0) THEN 

IF (BETA .CT. DELTA8) THEN 
DELTA8 = BETA 
IC3 = I 

ENDIF 
ELSE 

JC3 = 1 
DELTAS = BETA 
IC3 = I 

ENDIF 
ENDIF 

ENDIF 
ENDIF 

ENDIF 
310 CONTINUE 

C 
C find the maximum pivot from the positive equations 
C 

IF (IC3 .EQ. 0) THEN 
DELTAS = BIC 
DO 320 IT = IC6, M 

IF (WKI4(IT) .CT. DELTAl) THEN 
IF (X(IT) .CT. 0.0) THEN 

DELTA9 = X(IT) / WKI4(IT) 
IF (DELTA9 .LT. DELTAS) THEN 

DELTAS = DELTA9 
IC3 = IT 

ELSE 
IF (DELTA9 .EQ. DELTA8) THEN 

IF (IWKI9(IT) .EQ. 0) THEN 



C 
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DELTA8 = DELTA9 
IC3 = IT 

ENDIF 
ENDIF 

ENDIF 
ENDIF 

ENDIF 
320 CONTINUE 

C find pivot among negative equations 
C 

C 

IF (INC4 .NE. 0) THEN 
DELTA7 = -DELTAl 
DO 330 I = IC6, M 

I F ( X ( I) . LT. O. 0 ) THEN 
IF (WK14(I) .LT. DELTA7) THEN 

IF (WK14(I)*DELTA8 .LE. X(I» THEN 
DELTA7 = WK14(I) 
IC3 = I 

ENDIF 
ENDIF 

ENDIF 
330 CONTINUE 

ENDIF 
ENDIF 

C test pivot 
C 

IF (IC3 .LE. 0) THEN 
K = 5 

340 IF (DELTA4) 160,400,160 
ENDIF 

C 
C terminate if too many iterations 
C 

C 

IF (ITER .LT. MAXITR) THEN 
350 BETA = -WK14(IC3) 

WK14( IC3) = -1. 
LL = 0 

C transform inverse 
C 

C 

DO 370 L = IC3, M2, M 
IF (WK2(L) .EQ. 0.0) THEN 

LL = LL + M 
ELSE 

DELTA9 = WK2(L) / BETA 
WK2 (L) = O. 
DO 360 I = 1, M 

LL = LL + 1 
360 WK2(LL) = WK2(LL) + DELTA9 * WK14(I) 

ENDIF 
370 CONTINUE 

C transform X 
C 

C 

DELTA9 = X(IC3) / BETA 
X( I C3) = O. 
DO 380 I = 1, M 

380 X(I) = X(I) + DELTA9 * WK14(I) 

C restore the pivot 
C 
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WK14(IC3) = -BETA 
C 

COTO (120,390), LOOP3 
C 

390 JC3 = IWK19(IC3) 

C 

C 
C 
C 

400 

410 

420 

IF (JC3 .CT. 0) IWK20(JC3) 0 
IWK20( IC1) = IC3 
IWK19(IC3) = IC1 
JC5 = 0 
ITER = ITER + 1 
INC2 = INC2 + 1 
IF (INC2 - INC1) 140,40,140 

ENDIF 

K = 6 

error checking 

LOOP1 = 2 
DO 410 I = 1, M 

WK14(I) = -WK16(I) 
DO 430 I = 1, M 

JC4 = I WK19 ( I ) 
IF (JC4 .NE. 0) THEN 

JC3 = IC5 * (JC4 - 1) 
DO 420 IT = 1, M 

JC3 = JC3 + 1 
IF (A(JC3) .NE. 0.0) WK14(IT} 

CONTINUE 
ENDIF 

430 
C 

CONTINUE 

C 
C 

C 

set error flags 

I = 1 
440 IC2 = IWK19(I} 

IF (IC2 .EQ. O) THEN 
450 I = I + 1 

IF (I .LE. M) COTO 440 
IF (JC5 .EQ. O) JC5 = 4 
IF (K .NE. 5) RETURN 
LOOP2 = 3 
COTO 250 

ENDIF 
460 DELTA6 = o. 

C price out a column 
C 

LL = (IC2 - 1) * IC5 
DO 470 IC8 = 1, M 

LL = LL + 1 

WK14(IT} + X(I}*A(JC3} 

IF (A(LL) .NE. O.O} DELTA6 
470 CONTINUE 

DELTA6 + WK13(IC8} * A(LL} 

C 

C 
COTO (230,450), LOOP1 

480 RETURN 
END 
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SUBROUTINE PARSE1(N,M,IADIM,A,B,X,BIG, 
+ WK4,WK6,WK7,WK8,WK9,WK16,WK17) 

C 
C This subprogram is used by subroutine INTLP 
C 

REAL A(IADIM,1),B(1),X(1),WK4(1),WK6(1),WK7(1), 
+ WK8(1),WK9(1),WK16(1) 

LOGICAL WK17(1) 
C 
C linear search 
C 

EPSILN = -BIG 
DELPS = 0.05 
DELTA '= O. 

10 TEMP 1.0 - DELTA 
C 
C form a linear combination of WK7 and ~'iK8 
C 

DO 20 J '= 1, N 
20 WK6(J) '= WK7(J) + DELTA * (WK8(J) - WK7(J» 

DO 30 J '= 1, N 
IF (WK6(J) .LE. 0.) THEN 

X(J) O. 
ELSE 

X(J) AINT(WK6(J) + 0.5) 
ENDIF 

30 CONTINUE 
C 
C compute WK9 the degree of infeasibility 
C 

C 

DO 50 I = 1, M 
ITl '= O. 
DO 40 J = 1, N 

40 ITl '= ITl + A(I,J) * XI,]) 
50 WK9(I) '= ITl - B(I) 

XWORK '= O. 
DO 60 I '= 1, M 

IF (WK9(I) .GT. 0.0) XWORK XWORK + WK9(I) 
60 CONTINUE 
70 IF (XWORK .LE. 0.0) RETURN 

LL = M 

C compute the change in solution X that improves the objective 
C value, this is indicated by WK4 
C 

80 INCR '= 0 
XXl '= EPSILN 
KK '= 0 
DO 150 J = 1, N 

ITl = O. 
IT2 '= O. 
DO 90 I '= 1, LL 

IF (WK9(I) .GT. 0.) ITl ITl + A(I,J) 
90 CONTINUE 

XX2 = ABS(IT1) 
IF (ITl .LT. 0.) THEN 

WK4( J) = 1.0 
GO TO 100 

ELSE 
IF (ITl .GT. 0.) THEN 

IF (X(J) .GT. 0.0) THEN 
WK4(J) = -1.0 
GOTO 120 



C 
C 
C 
C 

100 

110 

120 

130 
140 

150 

C 
C 
C 

ENDIF 
ENDIF 

ENDIF 
WK4(J) = o. 
WK17(J) = .FALSE. 
GOTO 150 
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compute WK16 the change in degree of infeasibility 
corresponding to the change in solution X 

DO 110 I = 1, LL 
YY1 = WK9(I) + A(I,J) 
IF (YY1 .GT. 0.0) YY2 YY2 + YY1 

CONTINUE 
GOTO 140 
DO 130 I = 1, LL 

YY1 = WK9(I) - A(I,J) 
IF (YY1 .GT. 0.0) YY2 YY2 + YY1 

CONTINUE 
WK16(J) = YY2 
IF (WK16(J) .LE. 0.0) THEN 

IF (XX2 .GT. XXI) THEN 
XXI = XX2 
KK = J 

ENDIF 
ELSE 

IF (YY2 .LT. XWORK) THEN 
WK17(J) = .TRUE. 
K = J 
INCR = INCR + 1 

ELSE 
WK17(J) = .FALSE. 

ENDIF 
ENDIF 

CONTINUE 
IF (KK .NE. 0) THEN 

X(KK) = X(KK) + WK4(KK) 
RETURN 

ENDIF 

compute the improvement of the objective function 

IF (INCR .GT. 0) THEN 
IF (INCR .GT. 1) THEN 

TEMP = EPSILN 
DO 160 J = 1, N 

IF (WK17(J» THEN 
IF «XWORK-WK16(J» .GT. TEMP) THEN 

JHIGH = J 
TEMP = XWORK - WK16(J) 

ENDIF 
ENDIF 

160 CONTINUE 

C 

K = JHIGH 
ENDIF 
X(K) = X(K) + WK4(K) 
YY1 = WK4(K) 
DO 170 I = 1, LL 

170 WK9(I) = WK9(I) + A(I,K) * YY1 
XWORK = WK16(K) 
GOTO 70 

ENDIF 
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C continue with the linear search 
C 

C 

DELTA = DELTA + DELPS 
IF (DELTA .LE. 1.0) GOTO 10 

RETURN 
E~ 
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SUBROUTINE PARSE2(N,M,IADIM,A,B,C,X,WK3,WK5,WKI0,IWKI8) 
C 
C This subprogram is used by subroutine INTLP 
C 

REAL A(IADIM,I),B(I),C(I),X(I),WK3(1),WK5(1),WKI0(1) 
INTEGER IWKI8(1) 
COMMON /C2/ INIT 

C 
C improve the feasible solution by changing some variable by one, 
C this is the initialization part 
C 

DO 10 J = 1, N 
IWKI8(J) = J 

10 WK3(J) = C(J) 
Nl = N - 1 
DO 30 I = 1, Nl 

TEMP = ABS(WK3(I» 
II = I + 1 
DO 20 J = Il, N 

IF (ABS(WK3(J» .GT. TEMP) THEN 
JJ = IWKI8(I) 
IWKI8(I) = IWKI8(J) 
IWKI8(J) = JJ 
TEMP = ABS(WK3(J» 
SWAP = WK3(I) 
WK3 (1) = WK3 ( J ) 
WK3(J)= SWAP 

ENDIF 
20 CONTINUE 
30 CONTINUE 

DO 40 J = 1, N 
IF (ABS(WK3(J» .GT. 0.0) INIT '" J 

40 CONTINUE 
C 
C set WK5 to indicate whether the objective coefficient 
C is positive 
C 

C 

DO 50 J = 1, INIT 
LL = IWKI8(J) 
IF (WK3(J) .NE. 0.0) THEN 

IF (WK3(J) .LT. 0.0) THEN 
WK5 ( LL) -1. 0 

ELSE 
WK5 ( LL ) = 1. 0 

ENDIF 
ENDIF 

50 CONTINUE 

C compute WKI0 the feasibility test slacks 
c 

C 

DO 70 I = 1, M 
TEMP = 0. 
DO 60 J 1, N 

60 TEMP TEMP + A(I,J) * X(J) 
70 WKI0(I) B(I) - TEMP 

RETURN 
END 
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SUBROUTINE PARSE3(N,M,IADIM,A,C,X,BIG,WK10) 
C 
C This subprogram is used by subroutine INTLP 
C 

REAL A(IADIM,1),C(1),X(1),WK10(1) 
COMMON IC11 J,K 

C 
C iteratively change the value of some variable by one to improve 
C the objective value 
C 

C 

10 K = 1 
XX1 = O. 

C the variable that gives a large incr"ease in the objective value 
e is chosen to be changed 
e 

DO 30 J = 1, N 
IF (C(J) .NE. 0.0) THEN 

IF «e(J) .GT. 0.0) .OR. (X(J) .GT. 0.0» THEN 
TEMP = BIG 
DO 20 I = 1, M 

IF (C(J)*A(I,J) .GT. 0.0) THEN 
XX2 = WKI0(I) I ABS(A(I,J» 
IF (XX2 .LT. 0.0) THEN 

IF (XX2 .NE. AINT(XX2» XX2 = AINT(XX2) - 1.0 
ELSE 

IF (XX2 .GT. 0.0) XX2 = AINT(XX2) 
ENDIF 
IF (XX2 .LT. TEMP) TEMP = XX2 

ENDIF 
20 CONTINUE 

IF (XXI .LE. ABS(C(J»*TEMP) THEN 
XXI ABS(C(J» * TEMP 
K = J 

ENDIF 
ENDIF 

ENDIF 
30 CONTINUE 

C 
C increase or decrease X(K) by one 
C 

C 

IF (XXI .EQ. 0.0) RETURN 
IF (C(K) .LE. 0.0) THEN 

X(K) = X(K) - 1.0 
DO 40 I = 1, M 

40 WKI0(I) = WKI0(I) + A(I,K) 
GOTO 10 

ENDIF 
X(K) = X(K) + 1.0 
DO 50 I = 1, M 

50 WKI0(I) = WKI0(I) - A(I,K) 
GOTO 10 

END 
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SUBROUTINE PARSE4(N,C,WK1,IWK18) 
C 
C This subprogram is used by subroutine INTLP 
C 

C 

REAL 
INTEGER 
COMMON 
COMMON 

C ( 1 ) , WK1 (N, N) 
IWK18 (1 ) 
IC11 J,K 
IC21 INIT 

C prepare for the interchange of two variables; 
C determine the bounds on the size of changes, the ratios of 
C the objective coefficients are computed and stored in WK1 
C 

C 

INITl INIT - 1 
DO 20 J = 1, INIT1 

J1 = J + 1 
J2 = IWK18(J) 
DO 10 K = J1, INIT 

J3 = IWK18(K) 
TEMP = ABS(C(J2) I C(J3» 
IF (TEMP .LE. 1.0) THEN 

WK1(J,K) = AINT(TEMP - 1.0) 
ELSE 

IF (AINT(TEMP) .EQ. TEMP) THEN 
WK1(J,K) AINT(TEMP - 1.0) 

ELSE 
WK1(J,K) = AINT(TEMP - 1.0) + 1.0 

ENDIF 
ENDIF 
IF (TEMP .GE. -1.0) THEN 

WK1(K,J) = AINT(TEMP + 1.0) 
ELSE 

IF (AINT(TEMP) .EQ. TEMP) THEN 
WK1(K,J) AINT(TEMP + 1.0) 

ELSE 
WK1(K,J) = AINT(TEMP + 1.0) - 1.0 

ENDIF 
ENDIF 

10 CONTINUE 
20 CONTINUE 

RETURN 
END 
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SUBROUTINE PARSE5(M,IADIM,A,X,WK5,WK10,WK11,IWK18,MOVEON) 
C 
C This subprogram is used by subroutine INTLP 
C 

REAL A(IADIM,1),X(1),WK5(1),WK10(1),WK11(1) 
INTEGER IWK18(1) 
COMMON jC1j J,K 

C 
C check if the changed value of X(J) is negative 
C 

C 

ISUB = IWK18(J) 
10 IF (X(ISUB) .LT. -WK5(ISUB)) THEN 

MOVE ON = 0 
RETURN 

ENDIF 

C if the change is negative then check whether this change is 
C feasible without changing another variable 
c 

c 

ICON = 0 
DO 20 I = 1, M 

WKll(I) = WKIO(I)- WK5(ISUB) * A(I,ISUB) 
IF (WKll(I) .LT. 0.0) ICON = 1 

20 CONTINUE 
IF (ICON .NE. 1) THEN 

X(ISUB) = X(ISUB) + WK5(ISUB) 
DO 30 I = 1, M 

30 WKIO(I) = WK11(I) 
GOTO 10 

ENDIF 
MOVEON = 1 

RETURN 
END 
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SUBROUTINE PARSE6(N,M,IADIM,A,C,X,BIG, 
+ WKl,WK3,WK5,WKlO,WKll,IWK18,MORE) 

C 
C This subprogram is used by subroutine INTLP 
C 

REAL A(IADIM,l),C(l),X(l), 
+ WKl(N,N),WK3(1),WK5(1),WKlO(1),WKll(1) 

INTEGER IWK18(1) 
COMMON ICII J,K 

C 
C check for the change of variables X(J) and X(K) 
C and identify a better solution 
C 

IF (WK3(K) .GT. 0.0) THEN 
ISUB IWK18(K) 
XWK2 -AMINl(X(ISUB),WKl(J,K» 

ELSE 
ISUB IWK18(K) 
XWK2 -X(ISUB) 

ENDIF 
XWK3 = BIG 
ISUB = IWK18(K) 
DO 10 I = 1, M 

IF (WKll(I) .LT. 0.0) THEN 
TEMP = WKll(I) I A(I,ISUB) 
IF (TEMP .NE. AINT(TEMP» TEMP = AINT(TEMP) - 1.0 
IF (TEMP .LT. XWK3) XWK3 = TEMP 

ENDIF 
10 CONTINUE 

C 
C check whether feasibility can be restored 
C 

IF (XWK2 .GT. XWK3) THEN 
MORE = 0 
RETURN 

ENDIF 
ISUB = IWK18(K) 
XWKI = -BIG 
DO 20 I = 1, M 

IF ( A ( I , I SUB) . LT. O. 0) THEN 
TEMP = WKll(I) I A(I,ISUB) 
IF (TEMP .LT. 0.0) THEN 

TEMP = AINT(TEMP) 
ELSE 

IF (TEMP .GT. 0.0) THEN 
IF (TEMP .NE. AINT(TEMP» TEMP AINT(TEMP)+l.O 

ENDIF 
ENDIF 
IF (TEMP .GT. XWKl) XWKI TEMP 

ENDIF 
20 CONTINUE 

C 
C check if an improved solution can be obtained 
C 

IF (XWKI .GT. XWK2) XWK2 = XWKI 
IF (XWK2 .GT. XWK3) THEN 

MORE = 0 
RETURN 

ENDIF 
ISUB = IWK18(K) 
IF (C(ISUB) .LE. 0.0) THEN 

JSUB = IWK18(J) 
X(JSUB) = X(JSUB) + WK5(JSUB) 



c 
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X(ISUB) = X(ISUB) + XWK2 
DO 30 I = 1, M 

30 WK10(I) = WK11(I) - XWK2 * A(I,ISUB) 
MORE = 1 
RETURN 

ENDIF 

C a better solution is obtained 
C 

C 

X(ISUB) = X(ISUB) + XWK3 
DO 40 I = 1, M 

40 WK10(I) = WK11(I) - XWK3 * A(I,ISUB) 
ISUB = IWK18(J) 
X(ISUB) = X(ISUB) + WK5(ISUB) 
MORE = 1 

RETURN 
END 



27 

SUBROUTINE PARSE7(N,M,IADIM,A,C,X,BIG, 
+ WKl, WK3, WKS, WKlO, WKIl, IWK18,.MORE) 

C 
C This subroutine is used by subroutine INTLP 
C 

C 
C 
C 

10 

20 
C 
C 
C 

REAL A(IADIM,l),C(l),X(l), 
+ WKl(N,N),WK3(1),WKS(1),WKlO(1),WKll(1) 

INTEGER IWK18(1) 
COMMON ICII J,K 

try to increase X(K) to get a better solution 

IF (WK3(K) .LT. 0.0) THEN 
XWKI WKl(J,K) 

ELSE 
XWKI = BIG 

ENDIF 
ISUB = IWK18(K) 
TEMP = -BIG 
DO 20 I = 1, M 

IF (WKll(I) .LT. 0.0) THEN 
XWORK = WKll(I) I A(I,ISUB) 
IF (AINT(XWORK) .NE. XWORK) XWORK 
IF (TEMP .LT. XWORK) TEMP = XWORK 

ENDIF 
CONTINUE 

check whether feasibility can be restored 

XWK2 = TEMP 
IF (XWK2 .GT. XWKl) THEN 

MORE = 0 
RETURN 

ENDIF 
ISUB = IWK18(K) 
TEMP = BIG 
DO 30 I = 1, M 

IF (A(I,ISUB) .GT. 0.0) THEN 
XWORK = WKll(I) I A(I,ISUB) 
IF (XWORK .GT. 0.0) THEN 

XWORK = AINT(XWORK) 
ELSE 

IF (XWORK .LT. 0.0) THEN 
IF (XWORK .NE. AINT(XWORK» 

+ XWORK = AINT(XWORK) - 1.0 
ENDIF 

ENDIF 
IF (TEMP .GT. XWORK) TEMP = XWORK 

ENDIF 

AINT(XWORK) + 1.0 

30 CONTINUE 
C 
C check if an improved solution can be obtained 
C 

IF (TEMP .LT. XWKl) XWKI = TEMP 
IF (XWK2 .GT. XWKl) THEN 

MORE = 0 
RETURN 

ENDIF 
ISUB = IWK18(K) 
IF (C(ISUB) .LE. 0.0) THEN 

JSUB = IWK18(J) 
X(JSUB) X(JSUB) + WK5(JSUB) 
X(ISUB) = X(ISUB) + XWK2 
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DO 40 I = 1, M 
40 WK10(I) WK11(I) - XWK2 * A(I, ISUB) 

MORE = 1 
RETURN 

ENDIF 
c 
C a better solution is found 
C 

c 

X(ISUB) = X(ISUB) + XWKl 
DO 50 I = 1, M 

50 WK10(I) = WKll(I) - XWKl * A(I,ISUB) 
ISUB = IWK18(J) 
X(ISUB) = X(ISUB) + WK5(ISUB) 
MORE = 1 

RETURN 
END 
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SUBROUTINE PARSE8(N,M,IADIM,A,X,WKI,WKS,WKIO,WKII,IWKI8) 
C 
C This subprogram is used by subroutine INTLP 
C 

+ 

C 

REAL 

INTEGER 
COMMON 
COMMON 

A(IADIM,I),X(I), 
WKI (N, N) , WKS ( I ) , WKI 0 ( 1 ) , WKll (1 ) 
IWKI8(l) 
jClj J,K 
jC2j INIT 

C consider changing X(J) and a small integer change of X(K) 
C 

C 

10 ISUB = IWK18(J) 
IF (X(ISUB) .LT. WKS(ISUB» RETURN 
DO 20 I = 1, M 

20 WK11(I) = WK10(I) + WKS(ISUB) * A(I,ISUB) 
30 IF (K .GT. INIT) RETURN 

C check whether the simultaneous change of X(J) and X(K) 
C is feasible 
C 

ISUB = IWK18(K) 
IF «X(ISUB)+WKS(ISUB)*WKl(K,J» .LT. 0.0) THEN 

K = K + I 
GOTO 30 

ENDIF 
ISUB = IWK18(K) 
DO 40 I = 1, M 

IF «WK11(I)-WKS(ISUB)*WK1(K,J)*A(I,ISUB» .LT. 0.0) THEN 
K = K + 1 
GOTO 30 

ENDIF 
40 CONTINUE 

C 
C make the simultaneous change of X(J) and X(K) 
C 

C 

ISUB = IWK18(J) 
X(ISUB) = X(ISUB) - WKS(ISUB) 
ISUB = IWK18(K) 
X(ISUB) = X(ISUB) + WKS(ISUB) * WKl(K,J) 
DO 50 I = 1, M 

50 WK10(I) = WKll(I) - WK5(ISUB) * WK1(K,J) * A(I,ISUB) 
GOTO 10 

END 



Chapter 2 

ZERO-ONE LINEAR PROGRAr~MING 

A. Problem Description 

Consider the zero-one linear programming problem 

n 
maximize Z L c . x . 

j '" 1 J J 

n 
subject to 1: aijx j s b i (i",1,2, ... ,m) 

j '" 1 

x. 0, 1 (j=1,2, ... ,n) 
J 

such that all the data a ij , b i , c j are nonnegative. 

This is also known as the multi-dimensional knapsack type 

zero-one programming problem. In general, there are n given 

items, and m restricted resources. The number c j represents 

the value of item j, b i represents the upper limit on resource 

i and represents the amount of resource i consumed by 

item j. The problem is to choose a set of valuable items while 

satisfying the limitations of restricted resources. The 

decision X. '" 
1 

means that the item i is accepted and 

Xi = 0 means that the item i is rejected. 

The heuristic procedure to be described provides a good 

approximate solution. It is particularly effective for solving 

large size problems. 

Let J set of all n item s , i . e . , J = {1,2, ... ,n} 

S set of accepted items, 

T set of items not in S, i . e . , T = J - S, 

R m-vector of the cumulative total resource vector 

required by the set of accepted item s . 
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B. Algorithm 

Step 1. Compute the ratios 

for i=1,2, ... ,m and j=1,2, ... ,n. 

Let OJ be the resource requirement vector for item j, 

i . e . , OJ = (d 1 j' d 2 j' ... , dm j ) ; and 

B be the normalized limit vector of resources, 

i . e . , 

Initialize 

S I!l , 
o 

B is an m-vector of a 11 ones. 

T = J, R = zero vector, 
for j=1,2, ... ,n, and z = o. 

Step 2. Let U be the set of all eligible items, i.e., 

U = {i E T and 0i'; B - R} . 

If U is empty then stop. 

Step 3. Compute the effective gradients gj for the elements 

in U as follows. 
If R is a zero vector then set 

for j E U, 

otherwise compute 

fi l: d .. 
jES 1 J 

m 
f~)1/2 

m 
gj c. ( l: / ( l: di / i) for j E 

J i = 1 1 i = 1 

in the case when then set 

U; 

Step 4. Among the effecti ve gradients, let gk be the largest. 

Set S S + {k }, T = T - { k}, R = R + Ok' 
Z Z + c k ' x k= 1 . 

Go to Step 2. 
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C. Subroutine MULKNP Parameters 

In pu t 

M number of constraints. 

N number of variables. 

A real matrix of dimension M by N containing the 

coefficients of the M constraints; 

on output, the matrix A is modified. 

B real vector of length M containing the right hand 

sides of the constraints. 

C real vector of length N containing the coefficients 

of the objective function. 

IADIM row dimension of matrix A exactly as specified in 

the dimension statement of the calling program. 

Output 

z value of the objective function. 

NUMSOL 

ISOL 

number of nonzero variables in the solution. 

integer vector of length N; 

the nonzero variables of the solution are stored in 

ISOL(i), i=l ,2, ... ,NUMSOL. 

Working Storages: 

WKl real vector of 1 ength M; 

total quantity of restricted resource i required by 

the set of accepted variables, i=1,2, ... ,M. 

WK2 real vector of 1 ength M; 

penalty vector. 

IWK3 integer vector of length N; 

set of candidate variables. 
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D. Test Example 

maximize 31 xl + 26x 2 + 27x 3 + 29x 4 + 32x 5 + :lax 6 + 28x 7 

subject to 4x 1 + 5x 2 + 3x 3 + 3x 4 + 7x 5 + 8x 6 + 8x 7 ~ 1 9 

3x 1 + 7x 2 + 4x 3 + 9x 4 + 8x 5 + 5x 6 + 6x 7 ~ 1 4 

3x 1 + x2 + 2x 3 + 5x 4 + 4x 5 + 4x 6 + 6x 7 ~ 1 7 

x. a or 1, j 1 , 2, ~ . . , 7. 
J 
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C 

C 
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Main Program 

INTEGER ISOL(7),IWK3(7) 
REAL A(3,7),B(3),C(7),WK1(3),WK2(3) 

READ(*,10) M,N 
10 FORMAT(2I5) 

DO 20 I = 1 , M 
20 READ(*,30) (A(I,J),J=l,N) 
30 FORMAT(7F8.0) 

READ ( * , 30) (B ( I ) , 1=1 , M) 
READ ( * , 30) (C ( I ) , 1=1, N) 
IADIM = 3 

CALL MULKNP(M,N,A,B,C,IADIM,Z,NUMSOL,ISOL,WKl,WK2,IWK3) 

WRITE(*,40) Z,(ISOL(J),J=l,NUMSOL) 
40 FORMAT (I' THE OBJECTIVE FUNCTION VALUE :' ,F8.1, 

+ II' THE NONZERO VARIABLES ARE :' ,713) 
STOP 
END 

Input Data 
----------

3 7 
4. 5. 3. 3. 7. 8. 8. 
3. 7. 4. 9. 8. 5. 6. 
3. l. 2. 5. 4. 4. 6. 

19. 14. 17. 
3l. 26. 27. 29. 32. 30. 28. 

Output Results 

THE OBJECTIVE FUNCTION VALUE 88.0 

THE NONZERO VARIABLES ARE 136 
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SUBROUTINE MULKNP (M,N,A,B,C,IADIM,Z,NUMSOL,ISOL,WK1,WK2,IWK3) 
C 
C Multi-dimensional zero-one knapsack heuristic 
C 

INTEGER ISOL(N),IWK3(N) 
REAL A(IADIM,1),B(M),C(N),Z,WK1(M),WK2(M) 
LOGICAL CHECK 

C 
C compute the machine epsilon 
C 

EPS = 1. 0 
10 EPS = EPS / 2.0 

TOL = 1.0 + EPS 
IF (TOL .GT. 1.0) GO TO 10 

EPS = SQRT(EPS) 
C 
C compute the machine infinity 
C 

C 
C 
C 

C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

BIG = 1. OE6 
20 BIG = BIG * BIG 

TOL = 1.0 + BIG 

30 

40 

50 

60 

70 

80 

IF (TOL .GT. BIG) GO TO 20 
BIG = BIG * BIG 
SMALL = 1.0 / BIG 

initialize 

DO 40 I = 1, M 
RECIPB = 1.0 / B(I) 
DO 30 J = 1, N 

A(I,J) = A(I,J) * RECIPB 
WK1(I) = 0.0 

CONTINUE 
Z = 0.0 
NUMSOL = 0 
DO 50 J = 1, N 

IWK3 (J) = J 

ROOTM 
NUMCAN 
NCAN 
NUMCAN 
GRDMAX 

SQRT(FLOAT(M) ) 
N 
NUMCAN 
o 
-BIG 

when the resource requirement vector is zero 

DO 90 J = 1, NCAN 

select variables 

JJ = IWK3(J) 
DO 70 I = 1, M 

IF ((WK1(I) + A(I,JJ) - 1.0) .GT. EPS) GO TO 90 
CONTINUE 
NUMCAN = NUMCAN + 1 
IWK3 (NUMCAN) = JJ 

compute the effective gradients 

SUM = 0.0 
DO 80 I = 1, M 

SUM = SUM + A(I,JJ) 
CONTINUE 



C 
C 
C 
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IF (SUM .LE. SMALL) THEN 
GRAD BIG 

ELSE 
GRAD = C(JJ) * ROOTM / SUM 

ENDIF 

find the variable whose effective gradient is the largest 

IF (GRAD .GT. GRDMAX) THEN 
GRDMAX = GRAD 
JGDMAX = JJ 
JGM = NUMCAN 

ENDIF 
90 CONTINUE 

C 
C accept the variable whose effective gradlent is the largest 
C 

C 

C 

C 

IF (NUMCAN .LE. 0) RETURN 
IF (NUMCAN .EQ. 1) THEN 

z = Z + C(JGDMAX) 
DO 100 I = 1, M 

WK1(I) = WK1(I) + A(I,JGDMAX) 
100 CONTINUE 

NUMSOL = NUMSOL + 1 
ISOL(NUMSOL) = JGDMAX 
RETURN 

ENDIF 

Z = Z + C(JGDMAX) 
NUMSOL = NUMSOL + 1 
ISOL(NUMSOL) = JGDMAX 
IWK3(JGM) = IWK3(NUMCAN) 
NUMCAN = NUMCAN - 1 
CHECK = .TRUE. 
DO 110 I = 1, M 

WK1(I) = WK1(I) + A(I,JGDMAX) 
IF (WK1(I) .CT. EPS) CHECK = .FALSE. 

110 CONTINUE 
IF (CHECK) GO TO 60 

120 CMAX = WK1(1) 
DO 130 I = 2, M 

IF (WK1(I) .GT. CMAX) CMAX WK1(I) 
130 CONTINUE 

ORIMOV = CMAX * CMAX 
SUMSQ = 0.0 
DO 140 I = 1, M 

WK2(I) = WK1(I) - ORIMOV 
IF (WK2 ( I) . LE. EPS) WK2 ( I) = O. a 
SUMSQ = SUMSQ + WK2(I) * WK2(I) 

140 CONTINUE 
SUMSQ = SQRT(SUMSQ) 
NCAN = NUMCAN 
NUMCAN = 0 
GRDMAX = -BIG 

C when the resource requirement vector is non-zero 
C 

C 
C 
C 

DO 170 J = 1, NCAN 

select variables 

JJ = IWK3(J) 
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DO 150 I = 1, M 
IF (WK1(I) + A(I,JJ) - 1.0 .GT. EPS) GO TO 170 

C 

150 CONTINUE 
NUMCAN = NUMCAN + 1 
IWK3(NUMCAN) = JJ 

C compute effective gradients 
C 

SUM = 0.0 
DO 160 I = 1, M 

SUM = SUM + A(I,JJ) * WK2(I) 
160 CONTINUE 

C 
C 
C 

IF (SUM .LE. SMALL) THEN 
GRAD BIG 

ELSE 
GRAD = C(JJ) * SUMSQ / SUM 

ENDIF 

find the variable whose effective 

IF (GRAD .GT. GRDMAX) THEN 
GRDMAX = GRAD 
JGDMAX = JJ 
JGM = NUMCAN 

ENDIF 
170 

C 
CONTINUE 

C 
C 

C 

accept the variable whose 

IF (NUMCAN .LE. 0) RETURN 
IF (NUMCAN .EQ. 1) THEN 

z = Z + C(JGDMAX) 
DO 180 I = 1, M 

effective 

WK1(I) = WK1(I) + A(I,JGDMAX) 
180 CONTINUE 

NUMSOL = NUMSOL + 1 
ISOL(NUMSOL) = JGDMAX 
RETURN 

ENDIF 
Z = Z + C(JGDMAX) 
NUMSOL = NUMSOL + 1 
ISOL(NUMSOL) = JGDMAX 
IWK3(JGM) = IWK3(NUMCAN) 
NUMCAN = NUMCAN - 1 
DO 190 I = 1, M 

WK1(I) = WK1(I) + A(I,JGDMAX) 
190 CONTINUE 

GO TO 120 

END 

gradient is the 

gradient is the 

largest 

largest 
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ZERO-ONE KNAPSACK PROBLEM 

A. Probl em Oescri pt ion 

The zero-one ~napBack probZem has the form 

n 
::: c .x j j = 1 J 

maximize 

n 
subject to L a .x j s b 

j 0 1 J 

x 
j 

0 or 1 (j=l ,2, ... ,n) 

such that a j , band c j are nonnegative numbers. 

Intuitively the ratio 

indicates the desirability of setting x. = 1 
J 

in an optimal 

solution. Naturally, a simple heuristic algorithm is to reorder 

the variables so that 

Then an approximate solution can be obtained by setting 

x. 
1 

i 1 
if a. t l: 

1 
j = 1 

o otherwise. 

a .X 
j 

<; b 
J 

This is the so-called greedy heuristic approach. 
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Let Zopt 

and 

be the optimal solution of the zero-one knapsack 

probl em, be the solution computed by the greedy 

heuristic procedure. The relation 

Zopt - max c j 

shows how close a greedy solution comes to an optimal one. 

In the next section, a more sophisticated heuristic algorithm 
will be described. Within polynomial time, the approximate 
algorithm finds a solution arbitrarily close to the optimum. 
More specifically, the algorithm receives an input positive 
number EPS, and delivers a solution Zh with 

requiring only 

O(n log n) + O(n / EPS2) 

arithmetical operations. 

B. Algorithm 

Step 1 . Reorder the variables so that 

c 1 / a 1 ~ c2/a 2 ~ ... ~ cn/an 

Let be the largest subscri pt such that 

a l + a 2 + ... + a i ,;; b 

Define 

r cl + c2 + ... + c i + 1 

p r(EPS / 3)2 

q r(EPS / 3) . 

Step 2. S P 1 it all variables into two groups S and T 

j E S i f and 

JET if 
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Step 3. Solve the sequence of problems 

minimize L: a .X . 
jES J J 

subject to L: Lc/ p J Xj d 
jES 

Xj 0, (j E S) 

with d varying over 0, 1 , Lr /p J 

Step 4. For each value of d such that the problem in Step 3 
has an optimal solution 

satisfying 

consider the knapsack problem 

maximize 

subject to 

0, 

The greedy solution 

of this problem combining with 

forms a candidate solution of the original zero-one 
knapsack problem. There are at most 

candidates. The best of them is returned as the final 
solution. 
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Remarks 

Note that in Step 3, it is necessary to solve efficiently a 
sequence of problems of the form 

minimize 

subject to d 

x. 
J 

0, 1 (j=1,2, ... ,v) 

with d varying over O,l, ... ,m, where a. and g. are nonnegative. 
J J 

This can be achieved by solving all problems 

k 
pp minimize L ajx j 

j = 1 

k 
subject to L gjXj d 

j = 1 

x. 0, 
J 

(j=1,2, ... ,k) 

with 1 ~ k ~ v and 0 ~ d ~ m. Let z(k,d) be the 

optimal value of the objective function in problem PP. The 
solutions to the problems i n PP ca n be found recursively : 

0 if d 0 

z(l,d) a l if d gl 

otherwise 

z(k,O) 0 for all k , 

{ z(k-l,d) 
min 

z(k-l,d-g k) + a k 
z ( k, d) 
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C. Subroutine KNAPP Parameters 

Input 

N number of variables. 

A real vector of length N containing the coefficients 

of the constraint. 

B right hand side of the constraint. 

C real vector of length N containing the coefficients 

of the objective function. 

EPS a positive real number prescribing the required 

degree of accuracy in the solution. 

M smallest integer greater than (3 / EPS)2. 

Output : 

OBJVAL value of the objective function. 

NUMSOL number of nonzero variables in the solution. 

ISOL integer vector of length N; the nonzero variables 

are stored in ISOL(i), i=l ,2, ... ,NUMSOL. 

Working Storages: 

WORKl 

WORK2 

WORK3 

WORK4 

WORK5 

real matrix of dimension 2 by M; 

stores the objective value of subproblems. 

real matrix of dimension 2 by M; 

stores the values of the original objective function 

for the corresponding subproblems. 

real vector of length N; 

vector of constraints for variables in group one. 

real vector of length N; 
objective coefficients for variables in group two. 

real vector of length N; 
vector of constraints for variables in group two. 

IWKl integer vector of length N; 

IWK2 

pointer to the original variable index. 

integer vector of length N; 
pointer to the original variable index for group 

one variables. 
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IWK3 integer vector of length N; 
pointer to the original variable index for group 
two variables. 

IWK4 integer vector of length N; 
objective coefficients for group one variables. 

IWK5 boolean vector of length M; 
IWK5(i) indicates whether subproblem 
investigated. 

IWK6 integer vector of length M; 
indices for subproblems. 

IWK7 integer matrix of dimension N by M; 
stores solutions of subproblems. 

has been 

Note that subroutine KNAPP calls on a sorting procedure SORTO 
which uses the heapsort method to sort a given array in 
nonincreasing order. The parameters of SORTO are described next. 

Subroutine SORTO Parameters 

Input 

Output 

N number of elements. 

A real vector of length N containing the elements to 
be sorted. 

A array containing the elements in nonincreasing order. 

IPOINT integer vector of length N pointing to the original 
locations of the sorted elements. 

Remarks : 

Note that the array A is used as both input and output. If the 
original locations of the input elements are not needed after the 
sorting. then the array IPOINT can be erased everywhere from the 
subroutine. 
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D. Test Example 

maximize 

subject to 41x l + 50x 2 + 49x 3 + 59x4 + 55x 5 + 57x6 + 68x 7 s 170 

x. 
J 

o or (j=1,2, ... ,7). 

The problem is to be solved with the degree of accuracy 

EPS = 0.8 . 



C 

C 
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Main Program 

INTEGER ISOL(7), IWK1(7), IWK2(7), IWK3(7), IWK4(7), 
+ IWK6(15),IWK7(7,15) 

REAL A(7),C(7),WORK1(2,15),WORK2(2,15), 
+ WORK3(7),WORK4(7),WORK5(7) 

LOGICAL IWK5(15) 

READ(*,10) N 
10 FORMAT(I4) 

READ(*,20) (A(I),I=l,N) 
READ(*,20) B 
READ(*,20) (C(I),I=l,N) 

20 FORMAT(7F5.0) 
EPS = 0.8 
M = 15 
CALL KNAPP (N,A,B,C,EPS,M,OBJVAL,NUMSOL,ISOL, 

+ WORK1,WORK2,WORK3,WORK4,WORK5, 
+ IWK1, IWK2, IWK3, IWK4, IWK5, IWK6, IWK7) 

WRITE(*,30) OBJVAL,(ISOL(I),I=l,NUMSOL) 
30 FORMAT(j' OBJECTIVE FUNCTION VALUE . , ,FlO.1/ 

+ /' NONZERO VARIABLES . , ,7 I 4) 
STOP 
END 

Input Data 

7 
41. 50. 49. 59. 55. 57. 68. 

170. 
442. 525. 511. 593. 546. 564. 617. 

Output Results 

OBJECTIVE FUNCTION VALUE 1652.0 

NONZERO VARIABLES 7 4 1 



46 

SUBROUTINE KNAPP (N,A,B,C,EPS,M,OBJVAL,NUMSOL,ISOL, 
+ WORKl,WORK2,WORK3,WORK4,WORK5, 
+ IWKl,IWK2,IWK3,IWK4,IWK5,IWK6,IWK7) 

C 
C zero-one knapsack heuristic 
C 

INTEGER ISOL(N),IWKl(N),IWK2(N),IWK3(N),IWK4(N), 
+ IWK6(M),IWK7(N,M) 

REAL A(N),C(N),WORKl(2,M),WORK2(2,M), 
+ WORK3(N),WORK4(N),WORK5(N) 

LOGICAL IWK5(M),SWITCH 
C 
C reorder the variables 
C 

BIG = 1. 0 
DO 10 I = 1, N 

WORK3(I) = C(I) / A(I) 
10 BIG = BIG + C(I) 

C 
CALL SORTD(N,WORK3,IWKl) 

C 
C calculate the initial parameters 
C 

C 

NUMSOL = 0 
OBJVAL = O. 
RHS = B 
J = 1 

20 INDEX = IWKl(J) 
IF (RHS .GE. A(INDEX» THEN 

RHS = RHS - A(INDEX) 
J = J + 1 
IF (J .LE. N) GOTO 20 

ENDIF 
IF (J .GT. N) THEN 

NUMSOL = N 
DO 30 I = 1, N 

OBJVAL = OBJVAL + C(J) 
30 ISOL(I) = I 

RETURN 
ENDIF 
EST = O. 
DO 40 I = 1, J 

INDEX = IWKl(I) 
40 EST = EST + C(INDEX) 

XTEMP EPS / 3.0 
PARM2 = XTEMP * EST 
PARMI = XTEMP * PARM2 

C split the variables into two groups 
C 

IGPI = 0 
IGP2 = 0 
DO 50 I = 1, N 

INDEX = IWKl(I) 
IF (C(INDEX) .GE. PARM2) THEN 

IGPl= IGPI + 1 
IWK4(IGPl) = C(INDEX) / PARMI 
WORK3(IGPl) = A(INDEX) 
IWK2(IGPl) = INDEX 

ELSE 
IGP2= IGP2 + 1 
WORK5(IGP2) A(INDEX) 
WORK4(IGP2) = C(INDEX) 
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INDEX 

50 
C 

IWK3 ( IGP2) 
ENDIF 

CONTINUE 

C 

IF ((IGP1 .EQ. 0) .OR. (M .LE. 1» THEN 
RHS = B 
J = 1 

60 INDEX = IWK1(J) 
IF (RHS .GE. A(INDEX» THEN 

NUMSOL = NUMSOL + 1 
ISOL(NUMSOL) = INDEX 
OBJVAL = OBJVAL + C(INDEX) 
RHS = RHS - A(INDEX) 

ENDIF 
J = J + 1 
IF (J .LE. N) GOTO 60 
RETURN 

ENDIF 

C solve the sequence of problems in group one 
C 

WORK1(1,1) O. 
WORK1(2,1) = O. 
WORK2 (1 , 1) = O. 
WORK2 ( 2 , 1) = O. 
DO 70 I = 2, M 

WORK1(1,I) = BIG 
70 WORK2(1,I) = O. 

I = IWK4(1) + 1 
WORK1(1,I) = WORK3(1) 
INDEX = IWK2(1) 
WORK2(1,I) = C(INDEX) 
SWITCH = .TRUE. 
ICOL2 = 1 
K = 2 

80 IF (K .LE. IGP1) THEN 
IF (SWITCH) THEN 

ICOL1 1 
ICOL2 2 

ELSE 
ICOL1 2 
ICOL2 1 

ENDIF 
SWITCH = .NOT. SWITCH 
DO 90 I = 2, M 

IROW = I - 1 - IWK4(K) 
IF (IROW .LT. 0) THEN 

XTEMP = BIG 
ELSE 

IROW = IROW + 1 
XTEMP = WORK1(ICOL1,IROW) 
IF (XTEMP .LT. BIG) XTEMP XTEMP + WORK3(K) 

ENDIF 
YTEMP = WORK1(ICOL1,I) 
IF (YTEMP .LE. XTEMP) THEN 

WORK1(ICOL2,I) YTEMP 
WORK2(ICOL2,I) = WORK2(ICOL1,I) 

ELSE 
WORK1(ICOL2,I) = XTEMP 
INDEX = IWK2(K) 
WORK2(ICOL2,I) WORK2(ICOL1,IROW) + C(INDEX) 

ENDIF 
90 CONTINUE 



C 

K = K + 1 
GOTO 80 

ENDIF 
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C find the maximum objective value 
C 

C 

DO no I = 1, M 
VALUE = WORKl(ICOL2,I) 
IF (VALUE .LE. B) THEN 

GVALUE = O. 
IF (IGP2 .GT. 0) THEN 

RHS = B - VALUE 
IF (RHS .LT. 0) THEN 

WORK2(ICOL2,I) = O. 
ELSE 

J = 1 
100 IF (RHS .GE. WORK5(J)) THEN 

GVALUE = GVALUE + WORK4(J) 
RHS = RHS - WORK5(J) 

ENDIF 
J = J + 1 
IF (J .LE. IGP2) GOTO 100 

ENDIF 
ENDIF 
GVALUE = GVALUE + WORK2(ICOL2,I) 
IF (GVALUE .GT. OBJVAL) THEN 

OBJVAL GVALUE 
ISUB = I 

ENDIF 
ENDIF 

no CONTINUE 

C obtain the best solution 
C 

C 

C 

IF (ISUB .EQ. 1) THEN 
IF (IGP2 .GT. 0) THEN 

RHS = B 
J = 1 

120 INDEX = IWK3(J) 
IF (RHS .GE. WORK5(J)) THEN 

NUMSOL = NUMSOL + 1 
ISOL(NUMSOL) = INDEX 
RHS = RHS - WORK5(J) 

ENDIF 
J = J + 1 

IF (J .LE. IGP2) GOTO 120 
ENDIF 
RETURN 

ENDIF 

DO 130 I = 1, M 
IWK5(I) .FALSE. 

130 IWK6(I) 0 
WORK1(1,1) O. 
WORK1(2,1) O. 
WORK2 (l , 1 ) 0 . 
DO 140 I = 2, ISUB 

140 WORK1(1,I) = BIG 
I = IWK4(l) + 1 
WORK1(1,I) = WORK3(1) 
IWK6 (1) = 1 
IWK7 (l, I) = 1 
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SWITCH = . TRUE. 
ICOL2 = 1 
K = 2 

150 IF (K .LE. IGPl) THEN 
IF (SWITCH) THEN 

ICOL1 1 

C 

C 

ICOL2 2 
ELSE 

ICOLI 2 
ICOL2 1 

ENDIF 
SWITCH = .NOT. SWITCH 
DO 160 I = 2, ISUB 

IROW = I _. 1 - IWK4(K) 
IF (IROW .LT. 0) THEN 

XTEMP = BIG 
ELSE 

!ROW = IROW + 1 
XTEMP = WORK1(ICOLl,IROW) 
IF (XTEMP .LT. BIG) THEN 

XTEMP = XTEMP + wORK3(K) 
ENDIF 

ENDIF 
YTEMP = WORKl(ICOL1,I) 
IF (YTEMP .LE. XTEMP) THEN 

WORK1(ICOL2,I) YTEMP 
ELSE 

WORK1(ICOL2,I) = XTEMP 
ENDIF 
IF (WORK1(ICOL1,I) .NE. WORKl(ICOL2,I) IWK5(I) 

160 CONTINUE 
DO 180 II = 2, ISUB 

I = ISUB - II + 2 
IF (IWK5(I» THEN 

IWK5(I) = .FALSE. 
IROW = I - IWK4(K) 
J = IWK6( IROW) 

170 IF (J .GT. 0) THEN 
IWK7(J,I) = IWK7(J,IROW~ 
J = J - 1 
GOTO 170 

ENDIF 
INDEX = IWK6(IROW) + 1 
IWK6(I) = INDEX 
IWK7(INDEX,I) = K 

ENDIF 
180 CONTINUE 

K = K + 1 
GOTO 150 

ENDIF 

J= IWK6(ISUB) 
190 IF (J .GT. 0) THEN 

NUMSOL = NUMSOL + 1 
INDEX = IWK7(J,ISUB) 
ISOL(NUMSOL) = IWK2(INDEX) 
J = J - 1 
GO TO 190 

ENDIF 

IF (IGP2 .GT. 0) THEN 
RHS B - WORK1(ICOL2,ISUB) 
J = 1 

. TRUE. 



c 
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200 IF (RHS .GE. WORK5(J» THEN 
NUMSOL = NUMSOL + 1 
ISOL(NUMSOL) = IWK3(J) 
RHS = RHS - WORK5(J) 

ENDIF 
J = J + 1 
IF (J .LE. IGP2) GOTO 200 

ENDIF 

RETURN 
END 



c 
c 
c 

c 

c 

51 

SUBROUTINE SORTD (N,A,IPOINT) 

Heapsort nonincreasing order sorting 

INTEGER IPOINT(N) 
REAL A(N) 

DO 10 I = 1, N 
10 IPOINT(I) 

Jl = N 
J2 = N / 2 
J3 = J2 
ATEMP = A(J2) 
JPONT = IPOINT(J2) 

20 J4 = J2 + J2 
IF (J4 .LE. Jl) THEN 

IF (J4 .LT. Jl) THEN 
IF (A(J4+1) .LT. A(J4)) J4 

ENDIF 
IF (ATEMP .GE. A(J4)) THEN 

A(J2) = A(J4) 
IPOINT(J2) = IPOINT(J4) 
J2 = J4 
GOTO 20 

ENDIF 
ENDIF 
A(J2) = ATEMP 
IPOINT(J2) = JPONT 
IF (J3 .GT. 1) THEN 

J3 = J3 - 1 
ATEMP = A(J3) 
JPONT = IPOINT(J3) 
J2 = J3 
GOTO 20 

ENDIF 
IF (Jl .GE. 2) THEN 

ATEMP = A(Jl) 
JPONT = IPOINT(Jl) 
A( Jl) = A(1) 
IPOINT(Jl) = IPOINT(l) 
Jl = Jl - 1 
J2 = J3 
GOTO 20 

ENDIF 

RETURN 
ElIoTI 

J4 + 1 



Chapter 4 

TRAVELING SALESMAN PROBLEM 

A. Problem Description 

Let G be a complete graph with an associated distance matrix 

(d ij ) on its edges. The travel salesman probZem is to start 

from a node in G, visit every other node exactly once and return 

back to the starting node in such a way that the total traveled 

distance is minimum. In graph terminology, the traveling salesman 

problem is to find the least cost Hamiltonian circuit in a given 

undirected graph. 

In general, it is very hard to develop efficient algorithms 

that yield good approximate solutions to the problem. However, 

in the particular case when the distance matrix is symmetric and 

the triangle inequality is satisfied, i.e., 

for all lsi,j,ksn, 

where n is the number of nodes in the graph, then solutions close 

to the optimum can be found in a relatively short computer time. 

In fact, the algorithm to be described next guarantees to find a 

circuit of length no worse than 3/2 of the optimum length in 

polynomial time. 
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B. Algorithm 

Step 1. Construct a minimum spanning tree T with distance matrix 

(d ij ) in G. 

Step 2. Let V be the set of nodes with odd degrees in the minimum 
spanning tree (there must be an even number of such 
nodes). Determine a minimum weight perfect matching P 
of the nodes in V. 
Let H be the mu1tigraph of T + P. 

Step 3. Construct an Euler circuit in H. 
Let the nodes in the Euler circuit be given by the 

expression 

Step 4. Convert this Euler circuit into a Hamiltonian circuit as 
follows. 

a. Scan the expression 

from left to right searching for the first node 
which appear for a second time. Call this node v f . 

b. If vf = v1 then stop. 

c. Delete the nodes 

where all nodes 

appear earlier in the expression and Vg+1 does not. 

This corresponds to replacing the path 

in the Euler circuit by a new branch vf_1' Vg+1' 

By the triangle inequality rule, the length of the 
path removed is greater than the length of the new 
branch. 
Return to Step 4a. 



Remarks 

Let L be the length of the optimum solution. The total length 

of the branches in H constructed in Step 2 is at most 1/2 of L. 

Thus the Euler circuit constructed in Step 3 is no longer than 

3/2 of L. The Hamiltonian circuit constructed in Step 4 is no 

longer than the Euler circuit. Therefore, the algOrithm always 

delivers a solution with length at most 3/2 of the optimum 

length. 

Subroutine TSP calls on three auxiliary procedures 

a. Subroutine MINTRE 

finds a minimum spanning tree in an undirected 

graph represented by a distance matrix. 

b. Subroutine PMATCH 

finds a minimum weight perfect matching in an 

undirected graph represented by a cost matrix. 

c. Subroutine EULER 

finds an Euler circuit in an undirected graph 

represented by a list of edges; the input graph 

is assumed to be Eulerian. 

Since these procedures are of interest by themselves, their 

parameters will be described in detail. 
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C. Subroutine TSP Parameters 

In pu t 

Output 

N number of nodes in the complete graph. 

NN 

NN2 

equal to 

equal to 

N+LN/2J 

(N(N - 1)) /2. 

01ST real symmetric matrix of dimension N by N 
containing the distance for each pair of nodes. 

101M row dimension of matrix 01ST exactly as specified 
in the dimension statement of the calling program. 

BIG a sufficiently large real number greater than 
n n 
l: l: 01ST(i.j). 

i=l j=l 

EPS a real number, machine accuracy. 

1SOL integer vector of length N containing the 
Hamiltonian circuit. 

Working Storages : 

WKl real vector of length NN2; 

WK2 

WK3 

WK4 

WK5 

IWK6 

the input cost matrix, used in the subroutine 
PMATCH. 

rea 1 vector of length N' , 
used in subroutines MINTRE and PMATCH. 

real vector of 1 ength N' , 
used in subroutine PMATCH. 

real vector of length N· , 
used in subroutine PMATCH. 

real vector of length N' , 
used i n subroutine PMATCH. 

integer vector of 1 ength NN; 
IWK6(i) i s one of the end nodes of edge i i n the 
minimum spanning tree, used in subroutines MINTRE 
and EULER. 
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IWK7 integer vector of length NN; 

IWK7( i) is one of the end nodes of edge i in the 

minimum spanning tree, used in subroutines MINTRE 

and EULER. 

IWK8 integer vector of length NN; 

used in subroutines EULER and PMATCH. 

IWK9 integer vector of length NN; 

I W K 10 

I W K 1 1 

I W K 1 2 

I W K 1 3 

IWK14 

I W K 15 

I W K 16 

IWK17 

I W K 18 

used in subroutines EULER and PMATCH. 

integer vector of length NN; 

used in subroutines EULER and PMATCH. 

integer vector of length N; 

set of odd degree nodes in the minimum spanning 

tree. 

integer vector of 1 eng th N; 

used in subrouti nes EULER and PMATCH. 

integer vector of 1 eng th N . , 
used i n subroutines EULER and PMATCH. 

integer vector of length N' , 
used i n subrouti nes EULER and PMATCH. 

integer vector of length N' , 
used in subroutines EULER, MINTRE and PMATCH. 

integer vector of 1 ength N . , 
used i n subroutines EULER, MINTRE and PMATCH. 

integer vector of length N . , 

used i n subroutine PMA TCH . 

integer vector of 1 ength N ; 

used i n subrouti ne PMATCH. 



57 

Subroutine MINTRE Parameters 

In pu t 

N number of nodes in the graph. 

01ST real symmetric matrix of dimension N by N 
containing the distance for each pair of nodes. 

101M row dimension of matrix OI5T exactly as specified. 

BIG a sufficiently large real number greater than 

Output : 

INOOE, 
JNOOE 

n n 
l: l: OIST(i,j). 

i=l j=l 

each is an integer vector of length N; 
the two end nodes of edge i in the minimum 
spanning tree are stored in 

1NOOE(i), JNOOE(i) for i=1,2, ... ,N-1. 

Working Storages: 

WORK 

I WORK 1 

IWORK2 

real vector of 1 ength N; 
WORK{i) is the shortest distance from node 
the partial tree being constructed. 

integer vector of length N; 

to 

IWORK(i) indicates whether node i has already been 
included in the minimum spanning tree. 

integer vector of length N; 
IWORK2(i) is the father of node 
spanning tree. 

in the minimum 
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Subroutine PMATCH Parameters 

In pu t 

N number of nodes in the complete graph; 

N is assumed to be even. 

NN2 equal to (N(N - 1)) 12. 

COST real vector of length NN2; 

the elements in the upper triangular part of the 

symmetric distance matrix (d ij ) of the complete 

graph are stored columnwise in COST, i.e., 

COST(l) COST(2) = d13 , COST(3) = d23 , 

COST(4) COST(NN2) = d N_l N' , 

BIG a sufficiently large real number greater than 
n n 

l: l: d 1,' J' 
i=l j=l 

EPS a real number, machine precision. 

Output: 

IPAI R integer vector of length N containing the minimum 

weight perfect matching, node i is connected to 

node IPAIR(i), for i=1,2, ... ,N. 

Working storages : 

WORK 1 real vector of length N. 

WORK2 real vector of 1 ength N. 

WORK3 real vector of 1 eng t h N. 

WORK4 real vector of length N. 

JW K 1 integer vector of 1 ength N. 

JW K2 integer vector of length N. 

JWK3 integer vector of 1 ength N. 

JW K4 integer vector of 1 eng th N. 

JW K5 integer vector of 1 ength N. 

JWK6 integer vector of 1 ength N. 

JW K 7 integer vector of 1 ength N. 

JW KB integer vector of 1 ength N. 

JW K 9 integer vector of 1 ength N. 
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Subroutine EULER Parameters 

In pu t 

N number of nodes in the graph. 

M number of edges in the graph. 

IN 0 DE, 

JNODE 

Output: 

each is an integer vector of length M; 

the two end nodes of edge i in the graph are 
stored in 

INODE(i), JNODE(i) for i=l,l', ... ,M; 

the node and edge numbers of the input graph can 
be numbered in any order. 

LOOP integer vector of length M containing the Euler 
circuit. 

Working Storages: 

IWORKl 

IWORK2 

IWORK3 

IWORK4 

IWORK5 

IWORK6 

integer vector of length M; 
keeps track of the next end node of the arc being 

traversed. 

integer vector of length M; 
IWORK2(i) indicates whether arc has been visited. 

integer vector of length N; 

IWORK3(i) is the number of times that node 
traversed in the Euler circuit. 

integer vector of length N; 

is 

the first node of each path to be added to the Euler 
circuit. 

integer vector of length N; 
the last node of each path to be added to the Euler 

circuit. 

integer vector of length N; 
stores the common nodes among cycles which make up 
the Euler circuit. 
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D. Test Example 

Apply the travel i ng salesman heuristic algorithm to the 
complete g ra ph of 15 nodes with the distance matrix given as 
follows 

o. 29. 82. 46. 68. 52. 72. 42. 5l. 55. 29. 74. 23. 72. 46. 

29. o. 55. 46. 42. 43. 43. 23. 23. 3l. 41. 5l. 11. 52. 2l. 

82. 55. o. 68. 46. 55. 23. 43. 4l. 29. 79. 2l. 64. 31 . 51 . 

46. 46. 68. o. 82. 15. 72. 3l. 62. 42. 2l. 5l. 5l. 43. 64. 

68. 42. 46. 82. o. 74. 23. 52. 2l. 46. 82. 58. 46. 65. 23. 

52. 43. 55. 15. 74. o. 6l. 23. 55. 3l. 33. 37. 51 . 29. 59. 

72. 43. 23. 72. 23. 6l. o. 42. 23. 3l. 77. 37. 5l. 46. 33. 

42. 23. 43. 3l. 52. 23. 42. o. 33. 15. 37. 33. 33. 3l. 37. 

5l. 23. 4l. 62. 21. 55. 23. 33. o. 29. 62. 46. 29. 5l. 11. 

55. 31 . 29. 42. 46. 3l. 3l. 15. 29. o. 5l. 2l. 4l. 23. 37. 

29. 4l. 79. 21 . 82. 33. 77. 37. 62. 5l. O. 65. 42. 59. 6l. 

74. 5l. 2l. 5l. 58. 37. 37. 33. 46. 2l. 65. O. 6l. 11. 55. 

23. 11. 64. 5l. 46. 5l. 5l. 33. 29. 4l. 42. 6l. O. 62. 23. 

72. 52. 3l. 43. 65. 29. 46. 31 . 5l. 23. 59. 11. 62. o. 59. 

46. 21. 5l. 64. 23. 59. 33. 37. 11. 37. 6l. 55. 23. 59. O. 
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Main Program 

REAL DIST(15,15),WKl(105),WK2(15),WK3(15),WK4(15),WK5(15) 
INTEGER ISOL(15),IWK5(22),IWK7(22),IWK8(22),IWK9(22), 

+ IWKI0 (22) , IWKll (15) , IWK12 (15) , IWK13 (15), IWK14(15) , 
+ IWK15(15),IWK15(15),IWK17(15),IWK18(15)· 

READ(*,10) N 
10 FORMAT(I3) 

DO 20 I = 1, N 
20 READ(*,30) (DIST(I,J),J=l,N) 
30 FORMAT(15F4.0) 

!DIM = 15 
BIG = 1. OElO 
EPS = 1.0E-5 
NN2 = (N * (N - 1» / 2 
NN = N + (N / 2) 
CALL TSP(N,NN,NN2,DIST,IDIM,BIG,EPS,ISOL, 

+ WKl,WK2,WK3,WK4,WK5,IWK6,IWK7,IWK8,IWK9,IWK10, 
+ IWKll,IWK12,IWK13,IWK14,IWK15,IWK15,IWK17,IWK18) 

WRITE(*,40) (ISOL(I),I=l,N) 
40 FORMAT(/' THE CIRCUIT FOUND: '//lX,15I4) 

STOP 
END 

Input Data 
-- ._- - - - - --

15 
O. 29. 82. 46. 58. 52. 72. 42. 51. 55. 29. 74. 

29. O. 55. 46. 42. 43. 43. 23. 23. 31. 41. 51. 
82. 55. O. 58. 46. 55. 23. 43. 41. 29. 79. 21. 
45. 45. 68. O. 82. 15. 72. 31. 52. 42. 21. 51. 
68. 42. 46. 82. O. 74. 23. 52. 21. 45. 82. 58. 
52. 43. 55. 15. 74. O. 51. 23. 55. 31. 33. 37. 
72. 43. 23. 72. 23. 5I. O. 42. 23. 31. 77 . 37. 
42. 23. 43. 3I. 52. 23. 42. O. 33. 15. 37. 33. 
5I. 23. 41. 62. 2I. 55. 23. 33. O. 29. 52. 45. 
55. 3I. 29. 42. 46. 31. 31. 15. 29. O. 51. 2I. 
29. 41. 79. 21. 82. 33. 77 . 37. 52. 51. O. 65. 
74. 51. 21. 51. 58. 37. 37. 33. 45. 2I. 55. O. 
23. 11. 54. 51. 46. 51. 51. 33. 29. 4I. 42. 61. 
72. 52. 31. 43. 65. 29. 45. 31. 5I. 23. 59. 11. 
46. 2I. 51. 64. 23. 59. 33. 37. II. 37. 5I. 55. 

Output Results 

THE CIRCUIT FOUND 

1 13 2 15 9 5 7 3 12 14 10 

23. 72. 45. 
11. 52. 21. 
54. 31. 51. 
5I. 43. 54. 
46. 55. 23. 
5I. 29. 59. 
51. 46. 33. 
33. 31. 37. 
29. 51. 11. 
4I. 23. 37. 
42. 59. 51. 
51. 11. 55. 

O. 52. 23. 
62. O. 59. 
23. 59. O. 

8 6 4 11 
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SUBROUTINE TSP (N,NN,NN2,DIST,IDIM,BIG,EPS, ISOL, 
+ WK1,WK2,WK3,WK4,WK5,IWK6,IWK7,IWK8,IWK9,IWK10, 
+ IWK11,IWK12,IWK13, IWK14, IWK15,IWK16, IWK17,IWK18) 

C 
C Heuristic for the traveling salesman problem 
C satisfying the triangle inequality 
C 

REAL DIST(IDIM,1),WK1(NN2),WK2(N),WK3(N),WK4(N),WK5(N) 
INTEGER ISOL(N),IWK6(NN),IWK7(NN),IWK8(NN),IWK9(NN), 

+ IWK10(NN),IWK11(N),IWK12(N),IWK13(N),IWK14(N), 
+ IWK15(N), IWK16(N), IWK17(N), IWK18(N) 

C 
C construct a minimum spanning tree 
C 

CALL MINTRE(N,DIST,IDIM,BIG,IWK6,IWK7,WK2,IWK15,IWK16) 
C 
C determine the set of nodes with odd degrees in the 
C minimum spanning tree 
C 

C 

DO 10 I = 1, N 
10 IWK10(I) = 0 

NM1 = N - 1 
DO 20 I = 1, NM1 

I I = IWK6 ( I ) 
JJ = IWK7(I) 
IWK10(II) IWK10(II) + 1 
IWK10(JJ) = IWK10(JJ) + 1 

20 CONTINUE 
ICT = 0 
DO 30 I = 1, N 

IF (MOD(IWK10(I) ,2) .NE. 0) THEN 
ICT = ICT + 1 
IWKll(ICT) = I 

ENDIF 
30 CONTINUE 

C determine a minimum weight perfect matching for 
C the set of odd-degree nodes 
C 

C 

C 

K = 0 
DO 50 I = 2, ICT 

Il=I-1 
DO 40 J = 1, II 

K = K + 1 
WK1(K) = DIST(IWK11(J),IWK11(I» 

40 CONTINUE 
50 CONTINUE 

CALL PMATCH(ICT,NN2,WK1,BIG,EPS,IWK18,WK2,WK3,WK4,WK5,IWK8, 
+ IWK9,IWK10,IWK12,IWK13,IWK14,IWK15,IWK16,IWK17) 

C store up the edges in the perfect matching 
C 

DO 60 I = 1, ICT 
60 IWK18(I) = IWK11(IWK18(I» 

DO 70 I = 1, N 
70 IWK10(I) = 0 

K = N - 1 
DO 80 I = 1, ICT 

IF (IWK10(IWKll(I) .EQ. 0) THEN 
IWK10(IWK11(I» 1 
IWK10(IWK18(I» = 1 
K = K + 1 



80 
C 
C 
C 

C 
C 
C 

+ 

IWK6(K) 
IWK7(K) 

ENDIF 
CONTINUE 

IWKll(I) 
IWK18(I) 

find an Euler circuit 

M = N - 1 + (ICT / 2) 
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CALL EULER(N,M,IWK6,IWK7,IWKlO,IWK8, 
IWK9,IWK12,IWK13,IWK14,IWK15) 

form the Hamiltonian circuit 

ISOL(l) IWKlO(l) 
J = 2 
ISOL(J) IWKlO(J) 
K = 2 

90 J = J + 1 

c 

IBASE IWKlO(J) 
Jl = J - 1 
DO 100 I = 1, Jl 

IF (IBASE .EQ. IWKlO(I)) GOTO 90 
100 CONTINUE 

K = K + 1 
ISOL(K) = IWKlO(J) 

IF (K .LT. N) GOTO 90 

RETURN 
END 
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SUBROUTINE MINTRE (N,DIST,IDIM,BIG,INODE,JNODE, 
+ WORK,IWORK1,IWORK2) 

C 
C Finding a minimum spanning tree 
C the input graph is represented by a distance matrix 
C 

C 

C 

INTEGER INODE(N),JNODE(N), IWORK1(N),IWORK2(N) 
REAL DIST(IDIM,l),WORK(N) 

DO 10 I = 1, N 
WORK ( I) = BIG 
IWORKl(I) 0 
IWORK2(I) = 0 

10 CONTINUE 

C find the first non-zero arc 
C 

C 
C 
C 
C 

C 

DO 20 IJ = 1, N 
DO 20 KJ = 1, N 

IF (DIST(IJ,KJ) .LT. BIG) THEN 
I = IJ 
GO TO 30 

ENDIF 
20 CONTINUE 
30 WORK(I) = 0 

IWORK1(I) 1 
XLEN = O. 
KK4 = N - 1 
DO 80 JJ = 1, KK4 

DO 40 K = 1, N 
40 WORK(K) = BIG 

DO 60 I = 1, N 

for each forward arc originating at node I calculate 
the length of the path to node I 

IF (IWORK1(I) .EQ. 1) THEN 
DO 50 J = 1, N 

IF (DIST(I,J).LT.BIG.AND.IWORKl(J).EQ.O) THEN 
D = XLEN + DIST(I,J) 
IF (D .LT. WORK(J» THEN 

WORK( J) = D 
IWORK2(J) = I 

ENDIF 
ENDIF 

50 CONTINUE 
ENDIF 

60 CONTINUE 

C find the minimum potential 
C 

C 

D = BIG 
lENT = 0 
DO 70 I = 1, N 

IF (IWORKl(I) .EQ. 0 .AND. WORK(I) .LT. D) THEN 
D = WORK ( I) 
lENT = I 
ITR = IWORK2 ( I ) 

ENDIF 
70 CONTINUE 

C include the node in the current path 
C 



C 

IF (D .LT. BIG) THEN 
IWORKI (lENT) 1 
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XLEN = XLEN + DIST(ITR,IENT) 
INODE(JJ) ITR 
JNODE(JJ) lENT 

ENDIF 
80 CONTINUE 

RETURN 
END 
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SUBROUTINE PMATCH (N,NN2,COST,BIG,EPS, IPAIR, 
+ WORK1,WORK2,WORK3,WORK4,JWK1,JWK2, 
+ JWK3,JWK4,JWK5,JWK6,JWK7,JWK8,JWK9) 

C 
C Finding a minimum weight perfect matching in a graph 
C 

INTEGER IPAIR(N),JWK1(N),JWK2(N),JWK3(N),JWK4(N),JWK5(N), 
+ JWK6(N),JWK7(N),JWK8(N),JWK9(N) 

REAL COST(NN2),WORK1(N) ,WORK2(N) ,WORK3(N),WORK4(N) 
C 
C initialization 
C 

JWK1(2) = 0 
DO 10 I = 3, N 

JWK1(I) = JWK1(I-1) + I - 2 
10 CONTINUE 

IHEAD = N + 2 
DO 20 I = 1, N 

JWK2(I) I 
JWK3 ( I ) I 
JWK4(I) 0 
JWK5 ( I) I 
JWK6 ( I ) IHEAD 
JWK7 (I) I HEAD 
JWK8 ( I ) !HEAD 
IPAIR(I) I HEAD 
WORK1(I) BIG 
WORK2( I) O. 
WORK3 (I) o. 
WORK4(I) BIG 

20 CONTINUE 
C 
C start procedure 
C 

DO 50 I = 1, N 
IF (IPAIR( I) . EQ. I HEAD ) THEN 

NN = 0 
CWK2 = BIG 
DO 40 J = 1, N 

MIN = I 
MAX = J 
IF (I .NE. J) THEN 

IF (I .GT. J) THEN 
MAX = I 
MIN = J 

ENDIF 
ISUB = JWK1(MAX) + MIN 
XCST = COST(ISUB) 
CSWK = COST(ISUB) - WORK2(J) 
IF (CSWK .LE. CWK2) THEN 

IF (CSWK .EQ. CWK2) THEN 
IF (NN .EQ. 0) GO TO 30 
GOTO 40 

ENDIF 
CWK2 = CSWK 
NN = 0 

30 IF (IPAIR(J) .EQ. IHEAD) NN J 
ENDIF 

ENDIF 
40 CONTINUE 

IF (NN .NE. 0) THEN 
WORK2(I) CWK2 
IPAIR( I) = NN 



IPAIR(NN) 
ENDIF 

ENDIF 
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50 CONTINUE 
C 
C initial labeling 
C 

C 

NN = 0 
DO 70 I = 1, N 

IF (IPAIR(I) .EQ. IHEAD) THEN 
NN = NN + 1 
JWK6( 1) = 0 
WORK4(I) = O. 
XWK2 = WORK2 ( I) 
DO 60 J = 1, N 

MIN = I 
MAX = J 
IF (I .NE. J) THEN 

IF (I .GT. J) THEN 
MAX = I 
MIN = J 

ENDIF 
ISUB = JWK1(MAX) + MIN 
XCST = COST(ISUB) 
CSWK = COST(ISUB) - XWK2 - WORK2(J) 
IF (CSWK .LT. WORK1(J» THEN 

WORK1(J) = CSWK 
JWK4(J) = I 

ENDIF 
ENDIF 

60 CONTINUE 
ENDIF 

70 CONTINUE 
IF (NN .LE. 1) GO TO 340 

C examine the labeling and prepare for the next step 
C 

80 CSTLOW = BIG 
DO 90 I = 1, N 

IF (JWK2 ( I) . EQ. I) THEN 
CST = WORK1(I) 
IF (JWK6(I) .LT. IHEAD) THEN 

CST = 0.5 * (CST + WORK4(I» 
IF (CST .LE. CSTLOW) THEN 

INDEX = I 
CSTLOW = CST 

ENDIF 
ELSE 

IF (JWK7(I) .LT. IHEAD) THEN 
IF (JWK3 ( I) . NE. I) THEN 

CST = CST + WORK2(I) 
IF (CST .LT. CSTLOW) THEN 

INDEX = I 
CSTLOW = CST 

ENDIF 
ENDIF 

ELSE 
IF (CST .LT. CSTLOW) THEN 

INDEX = I 
CSTLOW = CST 

ENDIF 
ENDIF 

ENDIF 



C 

ENDIF 
90 CONTINUE 
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IF (JWK7(INDEX) .LT. Il-IEAD) GO TO 190 
IF (JWK6(INDEX) .LT. IHEAD) THEN 

LL4 JWK4(INDEX) 
LL5 JWK5(INDEX) 
KK4 INDEX 
KKI KK4 
KK5 JWK2(LL4) 
KK2 KK5 

100 JWK7(KKl) = KK2 
MM5 = JWK6(KKl) 
IF (MM5 .NE. 0) THEN 

KK2 = JWK2(MM5) 
KKI = JWK7(KK2) 
KKI = JWK2(KKl) 
GO TO 100 

ENDIF 
LL2 = KKI 
KKI = KK5 
KK2 = KK4 

110 IF (JWK7(KKl) .GE. IHEAD) THEN 
JWK7(KKl) = KK2 
MM5 = JWK6(KKl) 
IF (MM5 .EQ. 0) GO TO 280 
KK2 = JWK2(MM5) 
KKI = JWK7(KK2) 
KKI = JWK2(KKl) 
GO TO llO 

ENDIF 
120 IF (KKI .EQ. LL2) GO TO 130 

ENDIF 

MM5 = JWK7(LL2) 
JWK7(LL2) = IHEAD 
LLI = IPAIR(MM5) 
LL2 = JWK2(LLl) 
GO TO 120 

C growing an alternating tree, add two edges 
C 

C 

JWK7(INDEX) = JWK4(INDEX) 
JWK8(INDEX) = JWK5(INDEX) 
LLI = IPAIR(INDEX) 
LL3 = JWK2(LLl) 
WORK4(LL3) = CSTLOW 
JWK6(LL3) = IPAIR(LL3) 
CALL SUBB(LL3,N,NN2,BIG,COST,JWKl,JWK2,JWK3,JWK4, 

+ JWK5,JWK7,JWK9,WORKl,WORK2,WORK3,WORK4) 
GO TO 80 

C shrink a blossom 
C 

130 XWORK = WORK2(LL2) + CSTLOW - WORK4(LL2) 
WORK2(LL2) = O. 
MMI = LL2 

140 WORK3(MMl) = WORK3(MMl) + XWORK 
MMI = JWK3(MMl) 

IF (MMI .NE. LL2) GO TO 140 
MM5 = JWK3{LL2) 

IF (LL2 .NE. KK5) GO TO 160 
150 KK5 = KK4 

KK2 = JWK7(LL2) 
160 JWK3(MMl) = KK2 



LL1 = IPAIR(KK2) 
JWK6(KK2) = LL1 
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XWK2 = WORK2(KK2) + WORK1(KK2) - CSTLOW 
MM1 = KK2 

170 MM2 = MM1 
WORK3(MM2) = WORK3(MM2) + XWK2 
JWK2(MM2) = LL2 
MM1 = JWK3 (MM2 ) 

IF (MM1 .NE. KK2) GO TO 170 
JWKS(KK2) = MM2 
WORK2(KK2) = XWK2 
KK1 = JWK2(LL1) 
JWK3(MM2) = KK1 
XWK2 = WORK2(KK1) t CSTLOW - WORK4(KK1) 
MM2 = KK1 

180 MM1 = MM2 

C 

WORK3(MM1) = WORK3(MM1) + XWK2 
JWK2(MM1) = LL2 
MM2 = JWK3 (MM1 ) 

IF (MM2 .NE. KK1) GO TO 180 
JWKS(KK1) = MM1 
WORK2(KK1) = XWK2 

IF (KKS .NE. KK1) THEN 
KK2 = JWK7(KK1) 
JWK7(KK1) JWK8(KK2) 
JWK8(KK1) = JWK7(KK2) 
GO TO 160 

ENDIF 
IF (KKS .NE. INDEX) THEN 

JWK7(KKS) = LLS 
JWK8(KKS) = LL4 
IF (LL2 .NE. INDEX) GO TO 150 

ELSE 
JWK7(INDEX) = LL4 
JWK8(INDEX) = LLS 

ENDIF 
JWK3 (MM1) = MMS 
KK4 = JWK3(LL2) 
JWK4(KK4) = MMS 
WORK4(KK4) = XWORK 
JWK7(LL2) = IHEAD 
WORK4(LL2) = CSTLOW 
CALL SUBB(LL2,N,NN2,BIG,COST,JWK1,JWK2,JWK3,JWK4, 

+ JWKS,JWK7,JWK9,WORK1,WORK2,WORK3,WORK4) 
GO TO 80 

C expand a t-1abe1ed blossom 
C 

190 KK4 JWK3(INDEX) 
KK3 KK4 
LL4 JWK4(KK4) 
MM2 KK4 

200 MM1 MM2 
LLS = JWKS(MMl) 
XWK2 = WORK2(MM1) 

210 JWK2(MM2) = MM1 
WORK3(MM2) = WORK3(MM2) - XWK2 
IF (MM2 .NE. LLS) THEN 

MM2 = JWK3 (MM2) 
GO TO 210 

ENDIF 
MM2 = JWK3(LLS) 
JWK3(LLS) = MM1 
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IF (MM2 .NE. LL4) GO TO 200 
XWK2 = WORK4(KK4) 
WORK2(INDEX) = XWK2 
JWK3(INDEX) = LL4 
MM2 = LL4 

220 WORK3(MM2) = WORK3(MM2) - XWK2 
IF (MM2 .NE. INDEX) THEN 

MM2 = JWK3(MM2) 
GO TO 220 

ENDIF 
MMI IPAIR(INDEX) 
KKI = JWK2(MMl) 
MM2 = JWK6(KKl) 
LL2 = JWK2(MM2) 
IF (LL2 .NE. INDEX) THEN 

KK2 = LL2 
230 MM5 = JWK7(KK2) 

KKI = JWK2(MM5) 
IF (KKI .NE. INDEX) THEN 

KK2 = JWK6(KKl) 
KK2 = JWK2(KK2) 
GO TO 230 

ENDIF 
JWK7(LL2) = JWK7(INDEX) 
JWK7(INDEX) = JWK8(KK2) 
JWK8(LL2) = JWK8(INDEX) 
JWK8(INDEX) = MM5 
MM3 = JWK6(LL2) 
KK3 = JWK2(MM3) 
MM4 = JWK6(KK3) 
JWK6(LL2) = IHEAD 
IPAIR(LL2) = MMI 
KKI = KK3 

240 MMI = JWK7(KKl) 

ENDIF 

MM2 = JWK8(KKl) 
JWK7(KKl) = MM4 
JWK8(KKl) = MM3 
JWK6(KKl) = MMI 
IPAIR(KKl) = MMI 
KK2 = JWK2(MMl) 
IPAIR(KK2) = MM2 
MM3 = JWK6(KK2) 
JWK6(KK2) = MM2 
IF (KK2 .NE. INDEX) THEN 

KKI = JWK2(MM3) 
MM4 = JWK6(KKl) 
JWK7(KK2) MM3 
JWK8(KK2) = MM4 
GO TO 240 

ENDIF 

MM2 = JWK8(LL2) 
KKI = JWK2(MM2) 
WORKl(KKl) = CSTLOW 
KK4 = 0 
IF (KKI .NE. LL2) THEN 

MMI = JWK7(KKl) 
KK3 = JWK2(MMl) 
JWK7(KKl) = JWK7(LL2) 
JWK8(KKl) = MM2 

250 MM5 = JWK6(KKl) 
JWK6(KKl) = IHEAD 
KK2 = JWK2(MMS) 



C 

C 

MM5 = JWK7(KK2) 
JWK7(KK2) = IHEAD 
KK5 = JWK8(KK2) 
JWK8(KK2) = KK4 
KK4 = KK2 
WORK4(KK2) = CSTLOW 
KKI = JWK2(MM5) 
WORKl(KKl) = CSTLOW 

71 

IF (KKI .NE. LL2) GO TO 250 
JWK7(LL2) = KK5 
JWK8(LL2) = MM5 
JWK6(LL2) = IHEAD 
IF (KK3 .EQ. LL2) GO TO 270 

ENDIF 
KKI = 0 
KK2 = KK3 

260 MM5 = JWK6(KK2) 
JWK6(KK2) = IHEAD 
JWK7(KK2) = IHEAD 
JWK8(KK2) = KKI 
KKI = JWK2(MM5) 
MM5 = JWK7(KKl) 
JWK6(KKl) = IHEAD 
JWK7(KKl) = IHEAD 
JWK8(KKl) = KK2 
KK2 = JWK2(MM5) 

IF (KK2 .NE. LL2) GO TO 260 
CALL SUBA(KKl,N,NN2,BIG,COST,JWKl,JWK2,JWK3,JWK4, 

+ JWK5,JWK6,JWK8,WORKl,WORK2,WORK3,WORK4) 

270 IF (KK4 .EQ. 0) GO TO 80 
LL2 = KK4 
CALL SUBB(LL2,N,NN2,BIG,COST,JWKl,JWK2,JWK3,JWK4, 

+ JWK5,JWK7,JWK9,WORKl,WORK2,WORK3,WORK4) 
KK4 = JWK8(LL2) 
JWK8(LL2) = IHEAD 
GO TO 270 

C augmentation of the matching 
C exchange the matching and non-matching edges along the 
C augmenting path 
C 

C 

280 LL2 = KK4 
MM5 = LL4 

290 KKI = LL2 
300 IPAIR(KKl) = MM5 

MMS = Jh'K6 (KKl) 
JWK7(KKl) = IHEAD 
IF (MM5 .NE. 0) THEN 

KK2 JWK2(MMS) 
MMI = JWK7(KK2) 
MMS = JWK8(KK2) 
KKI = JWK2(MMl) 
IPAIR(KK2) = MMI 
GO TO 300 

ENDIF 
IF (LL2 .EQ. KK4) THEN 

LL2 = KKS 
MM5 = LL5 
GO TO 290 

ENDIF 
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C remove all labels of non-exposed base nodes 
C 

DO 310 I = 1, N 
IF (JWK2 ( I) . EQ . I) THEN 

IF (JWK6 ( I) . LT. IHEAD) THEN 
CST = CSTLOW - WORK4(I) 
WORK2(I) = WORK2(I) + CST 
JWK6 ( I) '" IHEAD 
I F (I P A I R ( I) . NE. IHEAD ) THEN 

WORK4(I) = BIG 
ELSE 

JWK6 (I) = 0 
WORK4(I) = O. 

ENDIF 
ELSE 

IF (JWK7(I) .LT. IHEAD) THEN 
CST = WORK1(I) - CSTLOW 
WORK2(I) = WORK2(I) + CST 
JWK7(I) = IHEAD 
JWK8(I) = IHEAD 

ENDIF 
WORK4(I) = BIG 

ENDIF 
WORK1(I) = BIG 

ENDIF 
310 CONTINUE 

NN = NN - 2 
IF (NN .LE. 1) GO TO 340 

C 
C determine the new WORK1 values 
C 

C 

DO 330 I = 1, N 
KK1 = JWK2(I) 
IF (JWK6(KK1) .EQ. 0) THEN 

XWK2 = WORK2(KK1) 
XWK3 = WORK3(I) 
DO 320 J = 1, N 

KK2 = JWK2(J) 
IF (KK1 .NE. KK2) THEN 

MIN = I 
MAX = J 
IF (I .NE. J) THEN 

IF (I .GT. J) THEN 
MAX = I 
MIN = J 

ENDIF 
ISUB JWK1(MAX) + MIN 
XCST = COST(ISUB) 
CSWK = COST(ISUB) - XWK2 - XWK3 
CSWK = CSWK - WORK2(KK2) - WORK3(J) 
IF (CSWK .LT. WORK1(KK2» THEN 

JWK4(KK2) = I 
JWK5(KK2) = J 
WORK1(KK2) = CSWK 

ENDIF 
ENDIF 

ENDIF 
320 CONTINUE 

ENDIF 
330 CONTINUE 

GO TO 80 



c 
C 

340 

350 

360 

370 

380 

390 

400 
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generate the original graph by expanding all shrunken blossoms 

VALUE = O. 
DO 350 I = 1, N 

IF (JWK2( I) .EQ. I) THEN 
IF (JWK6 ( I) . GE. 0) THEN 

KK5 = IPAIR( I) 
KK2 = JWK2(KK5) 
KK4 = IPAIR(KK2) 
JWK6(I) = -1 
JWK6(KK2) = -1 
MIN = KK4 
MAX = KK5 
IF (KK4 .NE. KK5) THEN 

IF (KK4 .GT. KK5) THEN 
MAX = KK4 
MIN = KK5 

ENDIF 
ISUB = jWK1(MAX) + MIN 
XCST = COST(ISUB) 
VALUE = VALUE + XCST 

ENDIF 
ENDIF 

ENDIF 
CONTINUE 
DO 420 I = 1, N 

LL2 = JWK2(I) 
IF (LL2 .EQ. I) GO TO 420 
MM2 = JWK3(LL2) 
LL4 = JWK4(MM2) 
KK3 = MM2 
XWORK = WORK4(MM2) 
MM1 = MM2 

LL5 = JWK5(MM1) 
XWK2 = WORK2(MM1) 
JWK2(MM2) = MM1 
WORK3(MM2) = WORK3(MM2) - XWK2 
IF (MM2 .NE. LL5) THEN 

MM2 = JWK3(MM2) 
GO TO 380 

ENDIF 
MM2 = JWK3(LL5) 
JWK3(LL5) = MM1 

IF (MM2 .NE. LL4) GO TO 370 
WORK2(LL2) = XWORK 
JWK3(LL2) = LL4 
MM2 = LL4 
WORK3(MM2) = WORK3(MM2) - XWORK 
IF (MM2 .NE. LL2) THEN 

MM2 = JWK3(MM2) 
GO TO 390 

ENDIF 
MM5 IPAIR(LL2) 
MM1 = JWK2 (MM5 ) 
MMl = IPAIR(MM1) 
KKl = JWK2(MM1) 
IF (LL2 .NE. KK1) THEN 

IPAIR(KK1) = MM5 
KK3 = JWK7(KK1) 
KK3 = JWK2(KK3) 
MM3 = JWK6(KK1) 

KK2 JWK2(MM3) 
MM1 = JWK7(KK2) 



C 

MM2 = JWK8(KK2) 
KK1 = JWK2(MM1) 
IPAIR(KK1) MM2 
IPAIR(KK2) = MM1 
MIN = MM1 
MAX = MM2 
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IF (MM1 .EQ. MM2) GOTO 360 
IF (MM1 .GT. MM2) THEN 

MAX = MM1 
MIN = MM2 

ENDIF 
ISUB = JWK1(MAX) + MIN 
XCST = COST(ISUB) 
VALUE ~ VALUE + XCST 

IF (KK1 .NE. LL2) GO TO 400 
IF (KK3 .EQ. LL2) GO TO 360 

ENDIF 
410 KK5 = JWK6(KK3) 

KK2 JWK2(KK5) 
KK6 = JWK6(KK2) 
MIN = KK5 
MAX = KK6 
IF (KK5 .EQ. KK6) GOTO 360 
IF (KK5 .GT. KK6) THEN 

MAX = KK5 
MIN = KK6 

ENDIF 
ISUB = JWK1(MAX) + MIN 
XCST = COST(ISUB) 
VALUE = VALUE + XCST 
KK6 = JWK7(KK2) 
KK3 = JWK2(KK6) 
IF (KK3 .EQ. LL2) GO TO 360 

GO TO 410 
420 CONT INUE 

RETURN 
END 
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SUBROUTINE SUBA (KK,N,NN2,BIG,COST,JWKl,JWK2,JWK3,JWK4, 
+ JWK5,JWK6,JWK8,WORKl,WORK2,WORK3,WORK4) 

C 
C This subprogram is used by subroutine PMATCH 
C 

C 

INTEGER JWKl(N),JWK2(N),JWK3(N),JWK4(N),JWK5(N),JWK6(N), 
+ JWK8 (N) 

REAL COST(NN2),WORKl(N),WORK2(N),WORK3(N),WORK4(N) 

IHEAD N + 2 
10 JJI = KK 

KK = JWK8(JJl) 
JWK8(JJl) = IHEAD 
CSTWK = BIG 
JJ3 = 0 
JJ4 = 0 
J = JJI 
XWK2 = WORK2(JJl) 

20 XWK3 = WORK3(J) 
DO 30 I = 1, N 

JJ2 = JWK2(I) 
IF (JWK6(JJ2) .LT. IHEAD) THEN 

MIN = J 
MAX = I 
IF (J .NE. I) THEN 

IF (J .GT. I) THEN 
MAX = J 
MIN = I 

ENDIF 
ISUB JWKl(MAX) + MIN 
XCST COST(ISUB) 
CSWK = COST(ISUB) - XWK2 - XWK3 
CSWK = CSWK - WORK2(JJ2) - WORK3(I) 
CSWK = CSWK + WORK4(JJ2) 
IF (CSWK .LT. CSTWK) THEN 

JJ3 = I 
JJ4 = J 
CSTWK = CSWK 

ENDIF 
ENDIF 

ENDIF 
30 CONTINUE 

J = JWK3(J) 
IF (J .NE. JJl) GO TO 20 
JWK4(JJl) = JJ3 
JWK5(JJl) = JJ4 
WORKl(JJl) = CSTWK 
IF (KK .NE. 0) GO TO 10 

C 
RETURN 
END 
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SUBROUTINE SUBB (KK,N,NN2,BIG,COST,JWKl,JWK2,JWK3,JWK4, 
+ JWK5,JWK7,JWK9,WORKl,WORK2,WORK3,WORK4) 

C 
C This subprogram is used by subroutine PMATCH 
C 

C 

INTEGER JWKl(N),JWK2(N),JWK3(N),JWK4(N),JWK5(N), 
+ JWK7(N),JWK9(N) 

REAL COST(NN2) ,WORKl(N) ,WORK2(N) ,WORK3(N) ,WORK4(N) 

IHEAD N + 2 
XWKI = WORK4(KK) - WORK2(KK) 
WORKl(KK) = BIG 
XWK2 = XWKI - WORK3(KK) 
JWK7(KK) = 0 
II = 0 
DO 10 I = 1, N 

JJ3 = JWK2(I) 
IF (JWK7(JJ3) .GE. IHEAD) THEN 

II=II+l 
JWK9 (I I) = I 
MIN = KK 
MAX = I 
IF (KK .NE. I) THEN 

IF (KK .GT. I) THEN 
MAX = KK 
MIN = I 

ENDIF 
ISUB = JWKl(MAX) + MIN 
CSWK = COST(ISUB) + XWK2 
CSWK = CSWK - WORK2(JJ3) - WORK3(I) 
IF (CSWK .LT. WORKl(JJ3» THEN 

JWK4(JJ3) = KK 
JWK5(JJ3) = I 
WORKl(JJ3) = CSWK 

ENDIF 
ENDIF 

ENDIF 
10 CONTINUE 

JWK7(KK) = IHEAD 
JJI = KK 
JJI = JWK3(JJl) 
IF (JJI .EQ. KK) RETURN 

20 XWK2 = XWKI - WORK3(JJl) 
DO 30 I = 1, I I 

JJ2 JWK9(I) 
JJ3 = JWK2(JJ2) 
MIN = JJI 
MAX = JJ2 
IF (JJI .NE. JJ2) THEN 

IF (JJI .GT. JJ2) THEN 
MAX = JJI 
MIN = JJ2 

ENDIF 
ISUB JWKl(MAX) + MIN 
XCST = COST(ISUB) 
CSWK = COST(ISUB) + XWK2 
CSWK = CSWK - WORK2(JJ3) - WORK3(JJ2) 
IF (CSWK .LT. WORKl(JJ3» THEN 

JWK4(JJ3) = JJI 
JWK5(JJ3) = JJ2 
WORKl(JJ3) = CSWK 

ENDIF 
ENDIF 



C 

30 CONTINUE 
JJ1 = JWK3(JJ1) 
IF (JJ1 .NE. KK) GO TO 20 

RETURN 
END 

77 
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SUBROUTINE EULER (N,M,INODE,JNODE,LOOP, 
+ IWORK1,IWORK2,IWORK3,IWORK4,IWORKS,IWORK6) 

C 
C Finding an Euler circuit in an Eulerian graph 
C 

INTEGER INODE(M),JNODE(M),LOOP(M),IWORK1(M),IWORK2(M), 
+ IWORK3(N),IWORK4(N),IWORKS(N),IWORK6(N) 

LOGICAL FOUND,COPYON 
C 

DO 10 I = 1, N 
10 IWORK3(I) 0 

DO 20 I = 1, M 
LOOP( 1) = 0 
IWORK1(I) 0 

20 IWORK2(I) 0 

C 
C 
C 

30 

40 
C 
C 
C 

C 

NUMARC = 1 
IWORK2(1) = 1 
NNODE = 1 
I = INODE(l) 
IWORK1(NNODE) 
IWORK3 (1) = 1 
NNODE = NNODE + 1 
J = JNODE(l) 
IWORK1(NNODE) J 
IWORK3(J) = 1 
IBASE = J 
NBREAK = 0 

look for the next arc 

DO 40 I = 2, M 
IF (I WORK2 ( I) . EQ. 0) THEN 

FOUND = .FALSE. 
IF (lBASE .EQ. INODE(I» THEN 

FOUND = .TRUE. 
IBASE = JNODE(I) 

ELSE 
IF (IBASE .EQ. JNODE(I» THEN 

FOUND . TRUE. 
IBASE = INODE(I) 

ENDIF 
ENDIF 
IF (FOUND) THEN 

IWORK2(I) = 1 
NUMARC = NUMARC + 1 
NNODE = NNODE + 1 
IF (NNODE .LE. M) IWORK1(NNODE) 
IWORK3(IBASE) = 1 
GOTO 30 

ENDIF 
ENDIF 

CONTINUE 

a cycle has been found 

IF (NBREAK .GT. 0) THEN 
NNODE = NNODE - 1 
I WORKS (NBREAK) = NNODE 

ENDIF 
IF (NUMARC .LT. M) THEN 

C find a node in the current Euler circuit 
C 

IBASE 



C 
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DO 50 I = 2, M 
IF (IWORK2(I) .EQ. 0) THEN 

FOUND = .FALSE. 
IF (IWORK3(INODE(I» .NE. 0) THEN 

FOUND = .TRUE. 
J = INODE(I) 
K = JNODE( I) 

ELSE 
IF (IWORK3(JNODE(I» .NE. 0) THEN 

FOUND = .TRUE. 
J = JNODE( I) 
K = INODE( I) 

ENDIF 
ENDIF 

C identify a path which will be added to the circuit 
C 

IF (FOUND) THEN 
NBREAK = NBREAK + 1 
IWORK6(NBREAK) = J 
IBASE = K 
IWORK3(K) = 1 
NNODE = NNODE + 1 
IWORK4(NBREAK) = NNODE 
IWORK1(NNODE) = IBASE 
IWORK2(I) = 1 
NUMARC = NUMARC + 1 
GOTO 30 

ENDIF 
ENDIF 

50 CONTINUE 
ENDIF 

C 
C form the Euler circuit 
C 

IF (NBREAK .EQ. 0) THEN 
NNODE = NNODE - 1 
DO 60 I = 1, NNODE 

60 LOOP(I) = IWORK1(I) 

C 

RETURN 
ENDIF 
INSERT = 1 
IPIVOT = IWORK6(INSERT) 
IFORWD = 0 

70 NCOPY = 1 
IBASE = IWORK1(1) 
LOCBAS = 1 
LOOP (NCOPY) = IBASE 

C a path identified before is added to the circuit 
C 

C 

80 IF (IBASE .EQ. IPIVOT) THEN 
J = IWORK4(INSERT) + IFORWD 
K = IWORK5(INSERT) + IFORWD 
DO 90 L = J, K 

NCOPY = NCOPY + 1 
LOOP (NCOPY) = IWORK1(L) 
IWORK1(L) = 0 

90 CONTINUE 
NCOPY = NCOPY + 1 

C add the intersecting node to the circuit 
C 



C 

LOOP(NCOPY) = IBASE 
IFORWD = IFORWD + 1 

80 

IF (NCOPY .LT. NNODE) THEN 
100 IF (NCOPY .LT. M) THEN 

LOCBAS = LOCBAS + 1 
IF (LOCBAS .LT. M) THEN 

IBASE = IWORKl(LOCBAS) 
IF (IBASE .NE. 0) THEN 

NCOPY = NCOPY + 1 
LOOP(NCOPY) = IBASE 

ENDIF 
GOTO 100 

ENDIF 
ENDIF 

ENDIF 
ELSE 

NCOPY = NCOPY + 1 
IF (NCOPY .LE. NNODE) THEN 

LOCBAS = LOCBAS + 1 
IBASE = IWORKl(LOCBAS) 
LOOP(NCOPY) = lBASE 
GOTO 80 

ENDIF 
ENDIF 

C check if more paths are to be added to the circuit 
C 

COPYON = .FALSE. 
INSERT = INSERT + 1 
IF (INSERT .LE. NBREAK) THEN 

COPYON c= • TRUE. 
IPIVOT = IWORK6(INSERT) 

ENDIF 
IF (COPYON) THEN 

DO 110 I = 1, M 
C IF (LOOP(I) .NE. 0) IWORKl(I) 
C LOOP(I) = 0 

IWORKl(I) = LOOP(I) 

c 

110 CONTINUE 
GOTO 70 

ENDIF 

RETURN 
END 

LOOP(I) 



Chapter 5 

STEINER TREE PROBLEM 

A. Problem Description 

Consider an undirected graph G, each of its edges is labeled 

with a distance. Let S be a specified subset of nodes of G. The 
steiner tree probZem is to find a tree of G that spans S with 

mi nimal total di stance on its edges. The nodes in the set S are 
called Steiner points. 

Let n be the number of nodes in G, p be the number of Steiner 

points, and k be the number of leaves in the optimal Steiner tree. 
The heuristic algorithm to be described will find a solution with 
total distance no more than 

2(1-1/k 

times that of the optimal tree in time O(pn 2). 

B. Algorithm 

Step 1 . Construct the compl ete undirected graph H from G and S i n 
such a way that 

the set of nodes i n H i s equal to S; 
for every edge ( u , v ) in H, the 
distance of ( u ,v) i s set equal to 

the distance of the shortest path 

between node u and node v i n G. 

Step 2. Find a minimum spanning tree TH of H. 

Step 3. Replace each edge ( u ,v) i n TH by a shortest path 

between node u and node v in G; 

the resulting g ra ph R i s a subgraph of G. 

Step 4. Find a minimum spanning tree TR of R. 

Step 5. Delete edges i n TR, if necessary, so that all the 

1 ea yes in TR are el ements of S. The resulting tree i s 
returned as the solution. 
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Remarks 

To estimate how close the heuristic solution comes to an 
optimal one, let be the optimal Steiner tree, k be 

the tota 1 number of 1 eaves in Topt · Denote the total distance 

on the edges of Topt by Zopt' and the total distance on the 

edges of the Steiner tree computed by the above heuristic 

algorithm by Zh. If an edge is added in parallel to every edge 

i n then there is an Euler circuit c in Topt · The 

circuit C can be regarded as composed of k simple paths, each 

connecting a leaf to another leaf. By deleting from C the 

longest simple path, a walk W can be constructed such that 

the total distance of W is no more than 

(1 - 11k) * total distance of C 

which is equal to 

2 (1 - 11k) Zopt. 

On the other hand, the total distance of W is greater than the 

total distance on the edges of TH. Hence 

Note that subroutine STREE calls on two auxiliary procedures 

a. Subroutine SHORTP 
finds a shortest path between two nodes in an 
undirected graph represented by a list of edges. 

b. Subroutine MSPTRE 
finds a minimum spanning tree in an undirected 
graph represented by a list of edges. 

Since these procedures are of interest by themselves, their 

parameters will be described in detail. 
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C. Subroutine STREE Parameters 

In pu t 

N number of nodes in the graph. 

M number of edges in the graph. 

IN 0 DE , 
JNODE 

each is an integer vector of length M; 
the two end nodes of edge i in the graph are 
stored in 

INODE(i), JNODE(i) for i=1,2, ... ,M; 
the node and edge numbers of the input graph can 
be numbered in any order. 

ARCOST rea 1 vector of 1 ength M; 
the edge distance of edge i is stored in 

ARCOST(i), i=1,2, ... ,M. 

NS number of Steiner points. 

SPOINT boolean vector of length N; 

Output 

SPOINT(i) has the value TRUE if node i is a Steiner 
point, otherwise SPOINT(i) has the value FALSE. 

BIG a sufficiently large real number greater than 
M 
E ARCOST(i) . 

i = 1 

NSP number of edges in the Steiner tree found by the 
subroutine. 

ISTREE, 
JSTREE 

each is an integer vector of length N; 
the two end nodes of edge i in the Steiner tree are 
stored in 

ISTREE(i), JSTREE(i) for i=1,2, ... ,NSP. 
XLEN the total length of edges in the Steiner tree. 

Working Storages: 

IWKl integer vector of 1 ength N; 
IWK1(i) is the end node of arc i in the minimum 
spanning tree, used in subroutine MSPTRE. 

IWK2 integer vector of length N; 
IWK2(i) is the other end node of arc i in the minimum 
spanning tree, used in subroutine MSPTRE. 
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IWK3 boolean vector of length N; 

IWK3(i) indicates whether node i has already been 

included into the structure being constructed, 

used in subroutines MSPTRE and SHORTP. 

IWK4 integer vector of length N; 

I W KS 

stores the shortest path, used in subroutine SHORTP. 

integer vector of length N; 

IWK5 (i) is the index of node 

used in subroutine SHORTP. 
being considered, 

IWK6 integer vector of length N; 

pointer to the original arc list, used in subroutine 

MSPTRE. 

IWK7 integer vector of length N; 
IWK7(i) is the father of node i, used in subroutine 

MSPTRE. 

IWK8 integer vector of length M; 

IWK8(i) is the end node of arc 

used in subroutine MSPTRE. 

being considered, 

IWK9 integer vector of length M; 

IWK10 

I W K 11 

I W K 12 

WORK13 

WORK14 

IWK9(i) is the pointer to arc i, used in subroutine 

MS PTRE . 

integer vector of length M; 

IWK10(i) is the end node of arc 

integer vector of length M; 

being considered. 

IWKll (i) is the other end node of arc i. 

integer vector of length NS; 

IWK12(i) is the original node index of Steiner 

point i. 

real vector of length N; 

WORK13(i) is the shortest distance from node i to 

the structure being constructed, used in subroutines 

MSPTRE and SHORTP. 

rea 1 vector of 1 ength M; 

WORK14(i) is the cost of arc 

of Steiner points. 

in the complete graph 
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Subroutine SHORTP Parameters 

In pu t 

N number of nodes in the graph. 

M number of edges in the graph. 

INODE, 
JNODE 

ARCOST 

ISTART, 
LAST 

BIG 

Output: 

NUMP 

ISPATH 

XLEN 

NP 

each is an integer vector of length M; 
the two end nodes of edge i in the graph are 
stored in 

INODE(i), JNODE(i) for iool,2, ... ,M; 
the node and edge numbers of the input graph can 
be numbered in any order. 

real vector of 1 ength M; 
the edge distance of edge i is stored in 

ARCOST(i), iool,2, ... ,M. 

a shortest path between node ISTART and node LAST 
is to be found. 

a sufficiently large real number greater than 
M 
L: ARCOST(i). 

i = 1 

the number of nodes in the shortest path found 
between ISTART and LAST (including ISTART and LAST). 

integer vector of length N; 
the shortest path between ISTART and LAST is in 

ISPATH( i), ISPATH( 2), ... , ISPATH(NUMP). 

total length of the shortest path between ISTART 
and LAST. 

the integer NP has the value zero if a shortest path 
is found between ISTART and LAST, otherwise it has 
the value one. 

Working Storages: 

IWORKl boolean vector of length N; 
IWORKl (i) indicates whether node has been labeled. 



IWORK2 

IWORK3 

WK4 
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integer vector of length N; 
IWORK2 (i) is the index of node being considered. 

integer vector of length M; 
IWORK3(i) is the original arc index of arc 

considered. 

real vector of length N; 
WK4(i) is the shortest distance from node 

shortest path being constructed. 

being 

to the 

Subroutine MSPTRE Parameters 

In pu t 

N number of nodes in the graph. 

M number of edges in the graph. 

INODE, 
JNODE 

ARCOST 

each is an integer vector of length M; 
the two end nodes of edge i in the graph are 
stored in 

INODE( i), JNODE( i) for i=1,2, ... ,M; 

the node and edge numbers of the input graph can be 

numbered in any order. 

real vector of length M; 
the edge distance of edge i is stored in 

ARCOST(i), i=1,2, ... ,M. 

BIG a sufficiently large real number greater than 

Output: 

ITREE, 
JTREE 

XLEN 

M 
1: ARCOST(i). 

i = 1 

each is an integer vector of length N; 
edges of the minimum spanning tree are stored in 

ITREE(i), JTREE(i) for i=1,2, ... ,N-1. 

total length of the edges in the minimum spanning 

tree. 
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Working Storages: 

IWORKl 

IWORK2 

IWORK3 

IWORK4 

IWORK5 

W K6 

integer vector of length N; 
IWORKl (i) is the father of node 
spanning tree. 

in the minimum 

integer vector of length N; 
pointer vector of the original arc list. 

boolean vector of length N; 
IWORK3(i) indicates whether node i has already been 

included in the minimum spanning tree. 

integer vector of length M; 
IWORK4(i) is the end node of arc being considered. 

integer vector of length M; 
IWORK5(i) is the index of arc i. 

real vector of 1 ength N; 

WK6(i) is the shortest distance from node 
partial tree being constructed. 

to the 
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D. Test Example 

Consider an undirected graph of 10 nodes and 20 edges. The 
edge distances are given as follows 

edge number two end nodes edge distance 

2 6.0 

2 3 2 2.0 

3 8 3 6.0 

4 10 6 9.0 

5 4 2 3.0 

6 3 4 4.0 

7 7 3 5.0 

8 8 7 9.0 

9 9 8 3.0 

10 10 9 4.0 

11 4 1 3.0 

12 7 4 2.0 

1 3 9 7 3.0 

14 5 5.0 

1 5 10 5 8.0 

16 5 4 6.0 

17 7 5 7.0 

18 5 6 4.0 

19 7 6 4.0 

20 9 6 8.0 

The Steiner points are 1 , 3, 6, 9, 10. 



C 

C 

C 

C 

C 

C 

C 
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Main Program 

INTEGER INODE(20),JNODE(20),ISTREE(10),JSTREE(10), 
+ IWKl(10),IWK2(10),IWK4(10),IWK5(lO),IWK6(10), 
+ IWK7(10), IWK8(20), IWK9(20), IWKlO(20), 
+ IWKll(20),IWK12(5) 

REAL ARCOST(20),WORK13(10),WORK14(20) 
LOGICAL SPOINT(10),IWK3(10) 

READ(*,lO) N,M,NS 
10 FORMAT(3I3) 

DO 20 I = 1, M 
20 READ(*,30) INODE(I),JNODE(I),ARCOST(I) 
30 FORMAT(2I3,F6.0) 

DO 40 I = 1, N 
40 SPOINT(I) = .FALSE. 

DO 60 I = 1, NS 
READ(*,50) NSTEIN 

50 FORMAT(I3) 
60 SPOINT(NSTEIN) = .TRUE. 

BIG = 1.OElO 

CALL STREE(N,M,INODE,JNODE,ARCOST,NS,SPOINT,BIG,NSP, 
+ ISTREE,JSTREE,XLEN,IWKl,IWK2,IWK3,IWK4, 
+ IWK5, IWK6,IWK7,IWK8,IWK9, IWKlO,IWKll, 
+ IWK12,WORK13,WORK14) 

WRITE(*,70) 
70 FORMAT(/' THE STEINER TREE EDGES:'/) 

DO 80 I = 1, NSP 
80 WRITE(*,90) ISTREE(I),JSTREE(I) 
90 FORMAT(5X,'(',I2,',',I3,' )') 

WRITE(*,lOO) XLEN 
100 FORMAT(/' TOTAL LENGTH =' ,FlO.l) 

C 
STOP 
END 



Input Data 

10 20 5 
2 1 6.0 
3 2 2.0 
8 3 6.0 

10 6 9.0 
4 2 3.0 
3 4 4.0 
7 3 5.0 
8 7 9.0 
9 8 3.0 

10 9 4.0 
4 1 3.0 
7 4 2.0 
9 7 3.0 
5 1 5.0 

10 5 8.0 
5 4 6.0 
7 5 7.0 
5 6 4.0 
7 6 4.0 
9 6 8.0 
3 
1 

10 
6 
9 

Output Results 

THE STEINER TREE EDGES: 

3, 4 
4, 7 
4, 1 
7, 9 
7, 6 
9, 10 

TOTAL LENGTH 20.0 

90 
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SUBROUTINE STREE (N,M,INODE,JNODE,ARCOST,NS,SPOINT,BIG,NSP, 
+ ISTREE,JSTREE,XLEN,IWK1,IWK2,IWK3,IWK4, 
+ IWK5, IWK6, IWK7, IWK8, IWK9, IWK10, IWKll, 
+ IWK12,WORK13,WORK14) 

C 
C Minimal Steiner tree heuristic 
C 

INTEGER INODE(M),JNODE(M),ISTREE(N),JSTREE(N),IWK1(N), 
+ IWK2(N),IWK4(N),IWK5(N),IWK6(N),IWK7(N),IWK8(M), 
+ IWK9(M),IWK10(M),IWK11(M),IWK12(NS) 

REAL ARCOST(M),WORK13(N),WORK14(M) 
LOGICAL SPOINT(N),IWK3(N) 

C 
C identify the Steiner points 
C 

IT = 0 
DO 10 I = 1, N 

IF (SPOINT(I» THEN 
IT = IT + 1 
IWK12(IT) 

ENDIF 
10 CONTINUE 

C 
C construct the complete graph for the Steiner points 
C 

C 

IL = 0 
II = 2 
NNS1 = NS - 1 
DO 30 I = 1, NNS1 

DO 20 J = II, NS 
IF (I .NE. J) THEN 

IL = IL + 1 
IWK10(IL) = IWK12(I) 
IWK11(IL) = IWK12(J) 
CALL SHORTP(N,M,INODE,JNODE,ARCOST,IWK12(I), 

+ IWK12 (J), BIG, NUMP, IWK4, XLEN, NP, IWK3, 
+ IWK5,IWK9,WORK13) 

WORK14(IL) = XLEN 
ENDIF 

20 CONTINUE 
II=II+1 

30 CONTINUE 
LL = (NS * (NS - 1» / 2 
MX = 0 
DO 40 I = 1, IT 

IF (IWK12(I) .GT. MX) MX = IWK12(I) 
40 CONTINUE 

C find a minimum spanning tree of the complete graph 
C 

CALL MSPTRE(MX,LL,IWK10,IWK11,WORK14,BIG,IWK1,IWK2, 
+ XLEN,IWK7,IWK6,IWK3,IWK8,IWK9,WORK13) 

DO 50 I = 1, M 
50 IWK10(I) = 0 

C 
C construct the subgraph by replacing each edge of the 
C minimum spanning tree by its corresponding shortest path 
C 

DO 80 I = 1, NNS1 
II = IWK1(I) 
JJ = IWK2(I) 
CALL SHORTP(N,M,INODE,JNODE,ARCOST,II,JJ,BIG,NUMP, 

+ IWK4,XLEN,NP,IWK3,IWKS,IWK9,WORK13) 



C 

NUMP1 = NUMP - 1 
DO 70 IJ = 1, NUMP1 

IV1 = IWK4(IJ) 
IV2 = IWK4( IJ+1) 
DO 60 JK = 1, M 
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IF «INODE(JK).EQ.IV1 .AND. JNODE(JK).EQ.IV2) .OR. 
+ (INODE(JK).EQ.IV2 .AND. JNODE(JK).EQ.IV1» 
+ KK1 = JK 

60 CONTINUE 
IWK10(KK1) = -1 

70 CONTINUE 
80 CONTINUE 

DO 90 I = 1, M 
IF (I WK1 0 ( I) . EQ . 0) THEN 

INODE ( I ) 0 
JNODE(I) = 0 

ENDIF 
90 CONTINUE 

C find a minimum spanning tree of the subgraph 
C 

C 

CALL MSPTRE(N,M,INODE,JNODE,ARCOST,BIG,IWK1,IWK2, 
+ XLEN,IWK7,IWK6,IWK3,IWK8,IWK9,WORK13) 

IN = 0 
DO 100 I = 1, N 

IF (IWK1(I) .NE. 0) IN = IN + 1 
100 CONTINUE 

C construct a Steiner tree by deleting edges, if necessary, 
C such that all leaves are Steiner points 
C 

DO 160 J = 1, IN 
IFLAG = 0 
DO 150 I = 1, IN 

IF (IWK1(I) .NE. 0 . AND. IWK2(I) .NE. 0) THEN 
L = IWK2(I) 
IC1 = 0 
DO 110 K = 1, IN 

IF (IWK1(K) .EQ. L) THEN 
IC1 = ICl + 1 
IWK9 (IC1) = K 
IWK8(IC1) = IWK2(K) 

ENDIF 
IF (IWK2(K) .EQ. L) THEN 

IC1 = IC1 + 1 
IWK9(IC1) K 
IWK8(IC1) = IWK1(K) 

ENDIF 
110 CONTINUE 

L = IWK1(I) 
IC2 = 0 
DO 120 K = 1, IN 

IF (IWK1(K) .EQ. L) THEN 
IC2 = IC2 + 1 
IWK9(IC2) = K 
IWK8(IC2) = IWK2(K) 

ENDIF 
IF (IWK2(K) .EQ. L) THEN 

IC2 = IC2 + 1 
IWK9( IC2) K 
IWK8(IC2) = IWK1(K) 

ENDIF 
120 CONTINUE 



130 
140 

150 

+ 

+ 

93 

II = IWK1(I) 
JJ = IWK2(I) 
IF «(Ie1 .EQ. 1 .AND. (.NOT. SPOINT(JJ») 

(IC2 .EQ. 1 . AND. (.NOT. SPOINT(II»» 
DO 130 K = 1, M 

IF (INODE(K) .EQ. IWK1(I) .AND. 
JNODE(K) .EQ. IWK2(I» THEN 

KK = K 
GO TO 140 

ENDIF 
CONTINUE 
IWK1(I) = 0 
IWK2 (I) = 0 
IFLAG = 1 
XLEN = XL EN - ARCOST(KK) 

ENDIF 
ENDIF 

CONTINUE 

160 
C 

IF (IFLAG .EQ. 0) GO TO 170 
CONTINUE 

C 
C 

C 

store the solution 

170 I = 0 
DO 180 J = 1, IN 

IF (IWK1(J) .NE. 0 .AND. IWK2(J) .NE. 0) THEN 
I = I + 1 
ISTREE(I) IWK1(J) 
JSTREE(I) = IWK2(J) 

ENDIF 
180 CONTI NUE 

NSP = I 

RETURN 
END 

.OR. 
THEN 
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SUBROUTINE SHORTP (N,M,INODE,JNODE,ARCOST,ISTART,LAST,BIG,NUMP, 
+ ISPATH,XLEN,NP,IWORK1,IWORK2,IWORK3,WK4) 

C 
C Find a shortest path between two given nodes 
C 

C 

C 

INTEGER INODE(M),JNODE(M),ISPATH(N),IWORK2(N),IWORK3(M) 
REAL WK4(N),ARCOST(M) 
LOGICAL IWORK1(N),IFIN 

DO 10 I = 1, N 
WK4(I) = BIG 
IWORK1(I) = .TRUE. 
IWORK2(I) = 0 

10 CONTINUE 
WK4(ISTART) = O. 
I = ISTART 
IWORK1(ISTART) .FALSE. 
NP = 0 
XLEN = 0 

C for each forward arc originating at node I calculate 
C the length of the path to node I 
C 

C 

20 Ie = 0 
DO 30 K = 1, M 

IF (INODE(K) .EQ. I) THEN 
IC = IC + 1 
I WORK3 ( I C ) = K 
ISPATH(IC) = JNODE(K) 

ENDIF 
IF (JNODE(K) .EQ. I) THEN 

IC = IC + 1 
IWORK3 ( IC) K 
ISPATH(IC) = INODE(K) 

ENDIF 
30 CONTINUE 

IF (IC .GT. 0) THEN 
DO 40 L = 1, IC 

K = IWORK3(L) 
J = ISPATH(L) 
IF (IWORK1(J» THEN 

D = WK4(I) + ARCOST(K) 
IF (D .LT. WK4(J» THEN 

WK4(J) = D 
IWORK2(J) = K 

ENDIF 
ENDIF 

40 CONTINUE 
ENDIF 

C find the minimum potential 
C 

D = BIG 
lENT = 0 
IF IN = .FALSE. 
DO 50 I = 1, N 

IF (IWORK1(I» THEN 
IFIN = .TRUE. 
IF (WK4( I) .LT. D) THEN 

D = WK4( 1) 
IENT = I 

ENDIF 
ENDIF 
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50 CONTINUE 
C 
C include the node in the current path 
C 

C 

IF (D .LT. BIG) THEN 
IWORKl(IENT) = .FALSE. 
IF (lENT .NE. LAST) THEN 

I = lENT 
GO TO 20 

ENDIF 
ELSE 

IF (IFIN) THEN 
NP = 1 
RETURN 

ENDIF 
ENDIF 
IJ = LAST 
NUMP = 1 
ISPATH(l) = LAST 

60 K = IWORK2(IJ) 
IF (INODE (K) . EQ. I J) THEN 

IJ JNODE(K) 
ELSE 

IJ = INODE(K) 
ENDIF 
NUMP = NUMP + 1 
ISPATH(NUMP) = IJ 

IF (IJ .NE. I START) GO TO 60 
L = NUMP / 2 
J = NUMP 
DO 70 I = 1, L 

K = ISPATH( I) 
ISPATH(I) = ISPATH(J) 
ISPATH(J) = K 

70 J = J - 1 
XLEN = WK4(LAST) 

RETURN 
END 
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SUBROUTINE MSPTRE (N,M,INODE,JNODE,ARCOST,BIG,ITREE,JTREE,XLEN, 
+ IWORK1,IWORK2,IWORK3,IWORK4,IWORKS,WK6) 

C 
a Finding a minimum spanning tree 
C the input graph is represented by a list of edges 
C 
C 

C 

C 

INTEGER INODE(M),JNODE(M),ITREE(N),JTREE(N), 
+ IWORK1(N),IWORK2(N),IWORK4(M),IWORKS(M) 

REAL ARCOST(M),WK6(N) 
LOGICAL IWORK3(N) 

DO 10 I = 1, N 
WK6 ( I) = BIG 
IWORK3(I) = .TRUE. 
IWORK1(I) = 0 
IWORK2(I) = 0 
ITREE(I) 0 
JTREE(I) = 0 

10 CONTINUE 

C find the first non-zero arc 
C 

C 
C 
C 
C 

DO 20 IJ = 1, M 
IF (INODE(IJ) .NE. 0) THEN 

I = INODE ( I J ) 
GO TO 30 

ENDIF 
20 CONTINUE 
30 WK6 (1) = 0 

IWORK3(I) = .FALSE. 
XLEN = 0 
NNM1 = N - 1 
DO 90 JJ = 1, NNM1 

DO 40 K = 1, N 
40 WK6(K) = BIG 

50 

DO 70 I = 1, N 

for each forward arc originating at node 
calculate the length of the path to node 

IF (.NOT. IWORK3(I» THEN 
IC = 0 
DO 50 K = 1, [VI 

IF (INODE(K) .EQ. I) THEN 
IC = IC + 1 
I WORKS ( I C ) = K 
IWORK4(IC) = JNODE(K) 

ENDIF 
IF (JNODE(K) .EQ. I) THEN 

IC = IC + 1 
I WORKS ( I C) K 
IWORK4(IC) = INODE(K) 

ENDIF 
CONTINUE 
IF (IC .GT. 0) THEN 

DO 60 L = 1, IC 
K = IWORKS(L) 
J = IWORK4(L) 
IF (IWORK3(J» THEN 

D = XLEN + ARCOST(K) 
IF (D .LT. WK6(J» THEN 

WK6(J) = D 



60 

70 
C 
C 
C 
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IWORK1(J) 
IWORK2(J) 

ENDIF 
ENDIF 

CONTINUE 
ENDIF 

ENDIF 
CONTINUE 

find the minimum potential 

D = BIG 
lENT = 0 
DO 80 I = 1, N 

IF (IWORK3(I» THEN 
IF (WK6(I) .LT. D) THEN 

D = WK6(I) 
lENT = I 
ITR = IWORK1(I) 
KK = IWORK2(I) 

ENDIF 
ENDIF 

80 CONTINUE 
C 

I 
K 

C include the node in the current path 
C 

IF (D .LT. BIG) THEN 
IWORK3(IENT) = .FALSE. 
XLEN = XLEN + ARCOST(KK) 
I TREE ( J J ) I TR 
JTREE(JJ) = lENT 

ENDIF 
90 CONTINUE 

C 
RETURN 
END 



Chapter 6 

GRAPH PARTITIONING 

A. Problem Description 

Let V be the set of 2n nodes of a complete graph with an 
associated 2n by 2n symmetric cost matrix (c .. ) on its edges. 

1 J 

The graph partitioning problem is to partition the nodes into 

two parts P and Q = V - P, each with n nodes, such that 
the total cost of the edges cut 

is minimized. 

The heuristic procedure to be described starts with any 
initial partition of the graph and then proceeds to decrease the 
total cost by a series of exchanges between the two sets until 
no further improvement can be achieved, whereby a partition with 

near minimum total cost is obtained. Note that this process can 
be repeated for as many random initial partitions as desire, and 
the best solution can be chosen among the local optimum solutions. 
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B. Algorithm 

Step 1. Start with any initial partition P, Q of V. 

Step 2. For each p E P , q E Q, define 

F l: c pj l: c pj p jEQ jEP 

F l: c iq l: c i q q i E P iEQ 

Choose nodes s 1 E P, tl E Q su c h that 

gl = Fs + Ft - 2c 
1 1 s 1 t 1 

is maximal. Note that sl and tl correspond to the 
largest possible cost gain from a single exchange. 
For = 2 •...• n. choose sequentially 

such that 

g i 

is maximal; the F values are recalculated after each 
pair of si and ti is chosen. 

Step 3. If k 
l: gi s; 0 

i = 1 
for all k. 

then stop (a local optimum solution is found); 
otherwise choose k such that 

k 
l: gi 

j = 1 
is maximal. 

Exchange the set {sl" .. ,sk} with the set {t l •· .. ,t k}, 

i . e .• the sets P and Q are updated as follows 

p p {sl.··· .sk} + {tl'····t k} 

Q q {tl'····t k} + {s1···· .sk} 

Go to Step 2. 
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C. Subroutine PARTIT Parameters 

In pu t 

N2 total number of nodes in the complete graph, 

N2 is assumed to be even. 

N equal to N 2 I 2. 

COST real symmetric matrix of dimension N2 by N2 

containing the cost for each pair of nodes. 

ICD 1M row dimension of matrix COST exactly as specified 

in the dimension statement of the calling program. 

INIT a boolean variable; 

if INIT takes the value TRUE then as initial 

partition will be generated by PARTIT, 

if INIT takes the value FALSE then an initial 

partition must be supplied. 

IP, each is an integer vector of length N; 

IQ if INIT ~ TRUE then IP and IQ will be used only as 

working storages, 

if INIT ~ FALSE then the initial two sets of the 

partition are stored in IP and IQ, respectively. 

Output 

K P , 

KQ 

TCOST 

each is an integer vector of length N, containing 

the two sets of the partition in the final solution. 

total cost in the final solution. 

Working Storages: 

WKl real vector of 1 ength N; 

WKl (i) is the difference between external and internal 

cost of element i in the first partition. 

WK2 real vector of length N; 
WK2(i) is the difference between external and internal 

cost of element i in the second partition. 

WK3 rea 1 vector of 1 ength N; 

WK3(i) is the maximum gain of element i. 
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IWK4 boolean vector of length N; 

IWK4(i) indicates whether element 
partition has been investigated. 

IWK5 boolean vector of length N; 
IWK5(i) indicates whether element 

partition has been investigated. 

Test Exampl e 

in the first 

in the second 

Ap pl y the g ra ph partitioning heuristic algorithm to the 

complete g ra ph of 1 0 nodes with the cost matrix given as follows 

O. 2. 4. 7. 4. O. O. O. 5. 1 . 

2. O. 3. 6. 3. 1 . 1. O. 1 . 5. 
4. 3. O. 1 • 2. 1 • O. 1 . O. O. 

7. 6. 1 • O. O. 1 . O. 1 • O. 1 . 

4. 3. 2. O. O. O. 1 . 2. O. 4. 

O. 1 • 1 . 1 . O. O. O. 1 • O. 1 . 

O. 1 . O. O. 1 . O. O. O. 1 . 3. 

O. O. 1 . 1 . 2. 1 . O. O. 1. 1 . 

5. 1 . O. O. O. O. l. 1 • O. 1 . 

1 . 5. O. 1 • 4. 1 • 3. 1 . 1 . O. 
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Main Program 

INTEGER IP(5),1Q(5),KP(5),KQ(5) 
REAL COST(10,10),WK1(5),WK2(5),WK3(5) 
LOGICAL IWK4(5),IWK5(5),INIT 

READ(*,10) N2 
10 FORMAT(13) 

DO 20 I = 1, N2 
20 READ(*,30) (COST(I,J),J=1,N2) 
30 FORMAT(10F3.0) 

N = N2 / 2 
ICDIM = 10 
INIT = .TRUE. 
CALL PARTIT(N2,N,COST,ICDIM,1N1T,IP,IQ,KP,KQ,TCOST, 

+ WK1,WK2,WK3,IWK4,IWK5) 
WRITE(*,40) (KP(I),I=l,N) 

40 FORMAT(/' FIRST SET : ',513) 
WRITE(*,50) (KQ(I),I=l,N) 

50 FORMAT(/' SECOND SET: ',513) 
WRITE(*,60) TCOST 

60 FORMAT(/' TOTAL COST =' ,F10.1) 
STOP 
END 

Input Data 
----------

10 
O. 2. 4. 7. 4. O. O. O. 5. l. 
2. O. 3. 6. 3. I. I. O. l. 5. 
4. 3. O. I. 2. I. O. I. O. O. 
7. 6. I. O. O. I. O. I. O. I. 
4. 3. 2. O. O. O. I. 2. O. 4. 
O. I. I. I. O. O. O. I. O. I. 
O. I. O. O. I. O. O. O. I. 3. 
O. O. I. I. 2. I. O. O. I. I. 
5. l. O. O. o. O. I. I. O. I. 
I. 5. O. I. 4. I. 3. I. I. O. 

Output Results 

FIRST SET 9 3 1 4 2 

SECOND SET 5 10 7 6 8 

TOTAL COST 25.0 
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SUBROUTINE PARTIT (N2,N,COST,ICDIM,INIT,IP,IQ,KP,KQ,TCOST, 
+ WKl,WK2,WK3, IWK4, IWK5) 

C 
C Graph partitioning heuristic 
C 

INTEGER IP(N),IQ(N),KP(N),KQ(N) 
REAL COST(ICDIM,1),WKl(N),WK2(N),WK3(N) 
LOGICAL IWK4(N),IWK5(N),INIT 

C 
C initial partitioning 
C 

IF (INIT) THEN 
DO 10 I = 1, N 

IP(I) I 
IQ(I) = I + N 

10 CONTINUE 
ENDIF 

C 
C set the flags 
C 

20 DO 30 I = 1, N 
IWK4(I) .TRUE. 
IWK5(I) = . TRUE. 

30 CONTINUE 
TCOST = O. 
DO 40 I = 1, N 

DO 40 J = 1, N 
40 TCOST = TCOST + COST(IP(I),IQ(J» 

C 
C 
C 
C 

50 
C 

SMALL = - 2.0 * TCOST 

calculate the external cost of each element 
partition 

DO 70 I = 1, N 
TOTl = o. 
DO 50 J = 1, N 

TOTl = TOTl + COST(IP(I),IQ(J» 

in the first 

C calculate the internal cost of each element in the first 
C partition 
C 

TOT2 = O. 
DO 60 K = 1, N 

60 TOT2 = TOT2 + COST(IP(I),IP(K» 
C 
C calculate the difference between external and internal 
C cost 
C 

C 
C 
C 
C 

WKl(I) = TOTI - TOT2 
70 CONTINUE 

DO 100 I = 1, N 

calculate the external 
partition 

TOTl = o. 
DO 80 J = 1, N 

cost of each 

80 
C 

TOTl = TOTl + COST(IQ(I),IP(J» 

C calculate the internal cost of each 
C partition 
C 

TOT2 = O. 

element in the second 

element in the second 



C 
C 
C 
C 

C 
C 
C 
C 

C 

C 
C 
C 

C 
C 
C 

90 

100 

104 

DO 90 K = 1, N 
TOT2 = TOT2 + COST(IQ(I),IQ(K» 

calculate the difference between external and internal 
cost I 

WK2(I) = TOTI - TOT2 
CONTINUE 
DO 140 I = 1, N 

choose IA from the first partition and IB from the second 
partition such that the gain is maximum 

TMAX = SMALL 
DO 120 J = 1, N 

IF (IWK4(J» THEN 
DO 110 K = 1, N 

IF (IWK5(K» THEN 
GAIN = WK1(J) + WK2(K) - 2.0*COST(IP(J),IQ(K» 
IF (GAIN .GT. TMAX) THEN 

TMAX = GAIN 
IA = IP(J) 
IB = IQ(K) 
IND1 J 
IND2 = K 

ENDIF 
ENDIF 

110 CONTINUE 
ENDIF 

120 CONTINUE 

+ 

+ 
130 
140 

WK3(I) = TMAX 
KP( 1) = IA 
KQ( I) = IB 
IWK4(IND1) = .FALSE. 
IWK5(IND2) = .FALSE. 

recalculate the cost differences 

DO 130 J = 1, N 
IF (IWK4(J» 

WK1(J) = WK1(J)+2.0*COST(IP(J),IA)-2.0*COST(IP(J),IB) 
IF (I WK5 ( J) ) 

WK2(J) = WK2(J)+2.0*COST(IQ(J),IB)-2.0*COST(IQ(J),IA) 
CONTINUE 

CONTINUE 

choose K such that WK3(K) is maximal 

TMAX = SMALL 
DO 160 I = 1, N 

TOTl = O. 
DO 150 J = 1, I 

150 TOT1 = TOT1 + WK3(J) 
IF (TOTI .GT. TMAX) THEN 

TMAX = TOTl 
K = I 

ENDIF 
160 CONTINUE 

C 
C exchange the two elements found above, 
C iterate until no reduction in cost can be obtained 
C 



170 

180 

C 

IF (TMAX .GT. 
DO 170 I 

IP ( 1) 
IQ( 1) 

CONTINUE 
K1 = K + 1 
DO 180 I 

IP(I) 
IQ( 1) 

CONTINUE 
GO TO 20 

ENDIF 

RETURN 
END 

0) THEN 
1, K 
KQ(I) 
KP ( I ) 

K1, N 
KP ( I ) 
KQ ( I ) 
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Chapter 7 

K-MEDIAN LOCATION 

A. Problem Description 

Let C = (c ij ) be an m by n matrix, and k be an integer 

~ k < m. The k-median ~ocation problem is to find a subset S 
of k rows of C that maximizes 

n 
l: 

j = 1 
max 
i E S 

c .. 
1 J 

The heuristic procedure to be described finds a near-optimum 
solution in time proportional to mn. 

B. Al gori thm 

Step 1. Start with a random set of k rows of C. 

Without loss of generality, the initial rows are assumed 
to be the first k rows of C. 

Step 2. Augment the k initial rows by one row chosen from the 
m - k unused rows, to make a set of k + 1 rows. 

Remarks 

Compute which of these k + rows contributes the least 
to the cost of the set and remove it. 
Move to the next row in the unused ones and add it to the 
current k rows. The process terminates when all the 
m - k currently unused rows have been examined without 
finding a profitable replacement. 

Note that the local optimum solution found by the algorithm has 
the property that no replacement of any row in the solution by any 
other unused row can improve its cost. Obviously, the algorithm 
can be used to find more local optimum solutions from different 

initial solutions. 
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C. Subroutine KMEO Parameters 

In pu t 

M 

N 

C 

K 

ICOIM 

Output : 

number of rows of the cost matrix. 

number of columns of the cost matrix. 

real matrix of dimension M by N containing the cost. 

the number of maximizing rows. 

row dimension of matrix C exactly as specified in 
the dimension statement of the calling program. 

ISOL integer vector of length M; 
the row numbers of the maximizing set are contained 
in the first K elements of ISOL. 

Working Storages: 

WO R Kl 

WORK2 

WORK3 

WORK4 

I W K5 

IWK6 

real vector of 1 ength N; 

WORK1(i) is the first largest element of column 
among the candidate set of rows. 

real vector of length N; 
WORK2(i) is the second largest element of column 
among the candidate set of rows. 

real vector of 1 ength M; 
WORK3(i) is the decrease in value if row 
from the candidate set of rows. 

rea 1 vector of 1 ength M; 
WORK4(i) is the change in WORK3(i) if row 
from th e candidate set plus an extra row. 

integer vector of length N; 

IWK5(i) i s the row number corresponding to 

integer vector of length N; 

IWK6(i) is the row number corresponding to 

is removed 

is removed 

WORK1(i). 

WORK2(i). 
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D. Te~~mple 

With M = 1 0 and N 1 5 , the cost matrix ( c i j ) i s given 

as follows : 

2. 3. O. 6. 5. 2. 3. 2. 4. 9. 2. O. 8. 7 . 3. 

4. 8. 6. O. 8. 1 . 3. 3. 4. 1 . 1 . 9. 3. 8. 3. 

O. 8. 4. 6. 2. 3. 2. 6. 6. 6. 5. 7 . 9. 9. O. 

9. 7 . 2. 6. 4. 2. 1. 5. 9. O. 7 . 1 . 1. 4. 2. 

7. 4. 5. 3. 3. 4. 5. O. 3. 4. 3. 3. 8. 4. 9. 

6. 1. 1 . 7 . 7. 9. 7. 4. 6. 7 . 2. 2. 1 . 5. O. 

7 . 4. O. 7. 7 . 4. 3. 2. 4. 3. 9. 5. 1 . 8. 5. 

5. 1 . 5. 7. O. 8. 4. 6. 5. 6. 4. 3. 5. 2. 1 . 

1 . 2. 5. 2. 4. 7 . 4. 7. O. 9. 7 . 5. 2. 1 . 7 . 

7. 9. O. O. 6. 3. O. 8. 3. 9. 1 . 7 . 1 . 6. 5. 

Find a subset S of 4 rows of the matrix that maximizes 

1 5 
l: max c .. 

j = 1 i E S 1 J 
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Main Program 

REAL C(10,15),WORK1(15),WORK2(15),WORK3(10),WORK4(10) 
INTEGER ISOL(10),IWK5(15),IWK6(15) 

READ(*,10) M,N,K 
10 FORMAT(3I3) 

DO 20 I = 1, M 
20 READ(*,30) (C(I,J),J=l,N) 
30 FORMAT(15F3.0) 

ICDIM = 10 

CALL KMED(M,N,C,K,ICDIM,ISOL, 
+ WORK1,WORK2,WORK3,WORK4,IWK5,IWK6) 

40 

10 15 
2. 3. 
4. 8. 
O. 8. 
9. 7. 
7. 4. 
6. I. 
7. 4. 
5. I. 
I. 2. 
7. 9. 

WRITE(*,40) (ISOL(I),I=l,K) 
FORMAT(/' THE K ROWS FOUND 

STOP 
END 

4 
O. 
6. 
4. 
2. 
5. 
I. 
O. 
5. 
5. 
O. 

6. 5. 
O. 8. 
6. 2. 
6. 4. 
3. 3. 
7. 7. 
7. 7. 
7. O. 
2. 4. 
O. 6. 

Input Data 
----------

2. 3. 2. 4. 9. 2. 
I. 3. 3. 4. l. l. 
3. 2. 6. 6. 6. 5. 
2. l. 5. 9. O. 7. 
4. 5. O. 3. 4. 3. 
9. 7. 4. 6. 7. 2. 
4. 3. 2. 4. 3. 9. 
8. 4. 6. 5. 6. 4. 
7. 4. 7. O. 9. 7. 
3. O. 8. 3. 9. I. 

Output Results 

THE K ROWS FOUND 5 2 

, ,414) 

O. 8. 7. 3. 
9. 3. 8. 3. 
7. 9. 9. O. 
l. l. 4. 2. 
3. 8. 4. 9. 
2. l. 5. O. 
5. I. 8. 5. 
3. 5. 2. I. 
5. 2. I. 7. 
7. I. 6. 5. 

6 4 
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C 

C 

C 
C 
C 

C 
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SUBROUTINE KMED (M,N,C,K,ICDIM,ISOL, 
WORKl,WORK2,WORK3,WORK4,IWK5,IWK6) 

K-median heuristic 

REAL C(ICDIM,N),WORKl(N),WORK2(N),WORK3(M),WORK4(M) 
INTEGER IWK5(N),IWK6(N),ISOL(M) 

compute the machine epsilon 

EPS = 1.0 
EPS = EPS / 2.0 

TOL = 1.0 + EPS 
IF (TOL .GT. 1.0) GO TO 10 

EPS = SQRT(EPS) 

compute the machine infinity 

BIG = 1.0E6 
BIG = BIG * BIG 

TOL = 1.0 + BIG 
IF (TOL .GT. BIG) GO TO 20 

BIG = BIG * BIG 

DO 30 I = 1, M 
30 WORK3(I) = O. 

IF (K .EQ. 1) THEN 

obtain the optimal solution when K 

OPTVAL = -BIG 
DO 50 I = 1, M 

SUM = o. 
DO 40 J = 1, N 

40 SUM = SUM + C(I,J) 
IF (SUM .GT. OPTVAL) THEN 

OPTVAL = SUM 
INDEX = I 

ENDIF 
50 CONTINUE 

ISOL(l) = INDEX 
RETURN 

ENDIF 

1 

C find the largest and second-largest elements among the first 
C M elements of column J; store them in WORKl(J) and WORK2(J) 
C 

DO 80 I = 1, N 
WORKl(I) = -BIG 
DO 60 J = 1, K 

IF (C(J,I) .GT. WORK1(I» THEN 
WORKl(I) = C(J,I) 
IWK5(I) = J 

ENDIF 
60 CONTINUE 

WORK2(I) = -BIG 
DO 70 J = 1, K 

IF ( C ( J, I) . GT. WORK2 ( I) . AND. J . NE . I WK5 ( I ) ) THEN 
WORK2(I) = C(J,I) 
IWK6(I) = J 

ENDIF 
70 CONTINUE 
80 CONTINUE 
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C 

C 

C 

C 

DO 100 I = 1, K 
TOTI = O. 
DO 90 J = 1, N 
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I F (I WK5 (J) . EQ. I) TOTl 
90 CONTINUE 

WORK3 ( I) = TOTl 
100 CONTINUE 

DO llO I = 1, M 
110 ISOL(I) = I 

IFLAG = 0 
IR = K 
MMK = M - K 

120 IF «IR+l) .GT. M) IR K 
IR = IR + 1 

DO 130 I = 1, K 
130 WORK4(ISOL(I» = O. 

WORK4(ISOL(IR» = O. 

TOTI + WORKl(J) - WORK2(J) 

C find out which of the K+l rows will make the objective 
C value decrease the least if the row is removed 
C 

DO 140 J = 1, N 
2 = C(ISOL(IR),J) 
IF (2 .GT. WORK2(J) .AND. 2 .LE. WORKl(J» THEN 

WORK4(IWK5(J» = WORK4(IWK5(J» - 2 + WORK2(J) 
ELSE 

IF (2 .GT. WORKl(J» THEN 
WORK4(ISOL(IR» = WORK4(ISOL(IR» + 2 - WORKl(J) 
WORK4(IWK5(J» = WORK4(IWK5(J» - WORKl(J) + WORK2(J) 

ENDIF 
ENDIF 

140 CONTINUE 
C 
C determine which row to remove 
C 

C 

C 

TMIN = BIG 
DO 150 IJ = 1, K 

I = ISOL(IJ) 
TEMP = WORK3(I) + WORK4(I) 
IF (TEMP .LT. TMIN) THEN 

TMIN = TEMP 
L = IJ 

ENDIF 
150 CONTINUE 

I = ISOL(IR) 
TEMP = WORK3(I) + WORK4(I) 
IF «TEMP .LE. TMIN) .OR. (ABS(TEMP - TMIN) .LE. EPS» THEN 

IFLAG = IFLAG + 1 
IF (IFLAG .EQ. MMK) RETURN 
GO TO 120 

ENDIF 

IFLAG = 0 
TOTl = O. 
DO 160 I = 1, N 

IF (C(ISOL(IR), 1) .GT. WORKl(I» 
+ TOTI = TOTI + C(ISOL(IR),I) - WORKl(I) 

160 CONTINUE 
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WORK3(ISOL(IR» = TOT1 
C 
C update all arrays after exchanging two rows 
C 

C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

170 

+ 

180 

+ 

DO 190 J =c 1, N 
2 = C(ISOL(IR),J) 
IF (2 .LE. WORK2(J» THEN 

IF (ISOL(L) .EQ. IWK5(J» THEN 

replacing the largest element by something no better 
than the third largest 

WORK1(J) = WORK2(J) 
IWK5(J) = IWK6(J) 
W = -BIG 
DO 170 IJ = 1, K 

II = ISOL(IJ) 
IF (C(II,J) .GT. W .AND. II .NE. IWK5(J» THEN 

W = C(II,J) 
IW ~ I I 

ENDIF 
CONTINUE 
II = ISOL(IR) 
IF (C(II,J) .GT. W .AND. II .NE. IWK5(J» THEN 

W = C(II,.J) 
IW = I I 

ENDIF 
WORK3(IWK6(J» WORK3(IWK6(J» - W + WORK2(J) 
WORK2(J) = W 
IWK6(J) = IW 

ENDIF 
IF (ISOL(L) .EQ. IWK6(J» THEN 

replacing the second largest element by something no 
better than the third largest 

W = -BIG 
DO 180 IJ = 1, K 

I I = ISOL( I-T) 
IF (C(II,J) .GT. W .AND. II .NE. IWK5(J) 

W = C(II,J) 
IW = I I 

ENDIF 
CONTINUE 
I I = ISOL( IR) 

. AND. I I . NE. I WK6 ( J) ) THEN 

IF (C(II,J) .GT. W .AND. II .NE. IWK5(J) 

W = C(II,J) 
IW = I I 

ENDIF 

. AND . I I . NE. I WK6 ( J) ) THEN 

WORK3(IWK5(J» WORK3(IWK5(J» - W + WORK2(J) 
WORK2(J) = W 
IWK6(J) = IW 

ENDIF 
ELSE 

IF (2 .GT. WORK2(J) .AND. 2 .LE. WORK1(J» THEN 
IF (ISOL(L) .EQ. IWK5(J» THEN 

replacing the largest element by a new and smaller 
largest element 

WORK1(J) = Z 
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C 
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C 
C 

C 
C 
C 
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IWK5(J) = ISOL(IR) 
WORK4(ISOL(IR» = WORK4(ISOL(IR» + Z - WORK2(J) 

ELSE 

Z becomes the new second largest element 

WORK3(IWK5(J» = WORK3(IWK5(J» - 2 + WORK2(J) 
WORK2(J) = 2 
IWK6(J) = ISOL(IR) 

ENDIF 
ELSE 

IF (2 .GT. WORK1(J» THEN 
IF (ISOL(L) .EQ. IWK5(J» THEN 

replacing the largest element by a new largest 
element 

WORK4(ISOL(IR» = WORK4(ISOL(IR» + 
WORK1(J) - WORK2(J) 

IWK5(J) = ISOL(IR) 
WORKI (J) = 2 

ELSE 

Z becomes the largest element 

WORK3(IWK5(J» = WORK3(IWK5(J» -
+ WORK1(J) + WORK2(J) 

WORK2(J) = WORK1(J) 
WORK1(J) = 2 
IWK6(J) IWK5(J) 
IWK5(J) = ISOL(IR) 

ENDIF 
ENDIF 

ENDIF 
ENDIF 

190 CONTINUE 
C 
C iterate until no improvement by exchange can be found 
C 

c 

ITMP = ISOL(L) 
ISOL(L) = ISOL(IR) 
ISOL( IR) = ITMP 
WORK3(ISOL(L» = WORK4(ISOL(L» 
Kl = K + 1 
DO 200 I = K1, M 

200 WORK3(ISOL(I» = O. 
GO TO 120 

END 



Chapter 8 

K-CENTER LOCATION 

A. Problem Description 

Let V be the set of nodes of a complete undirected graph of 

n nodes with edge weights 2: 0 associated with edge ( i , j ) 

for all nodes i, j in V; and c ii = O. Given an integer k, 

1 s k s n, the k-center location problem is to find a subset S 

of V of size at most k such that 

z 

is minimized. 

max min c ij 
iEV jES 

In general, it is very hard to develop efficient algorithms 

that yield good approximate solutions to the problem. However, 

in the particular case when the triangle inequality is satisfied, 

i . e . , 

fo r a 11 si,j,ksn, 

then solutions close to the optimum can be found in a relatively 

short computer time. In fact, the approximate solution value Z 

computed by the algorithm to be described next is guaranteed to 

be at most two times the value of an optimal solution. 
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B. Algorithm 

Step 1. Let m be the total number of edges in the complete graph. 
Sort the edges in a sequence 

of nondecreasing edge weights. 

If k = n then set 

S = V 

and stop; otherwise set 

LOW = 1 and HIGH 

Step 2. Set 
MID 

P 

Q 

L(HIGH + LOW) / 2J ' 
empty set, 
V. 

Let H be the graph consisting of edges 

For every node x in Q, 
include x in the set P, and 

m. 

delete node x and all nodes adjacent 
to x in H from the set Q. 

Step 3. If the size of the set P is not greater than k, then set 

HIGH MID and 
S P; 

otherwise set 

LOW MID. 

Step 4. If HIGH LOW + 1 

then output the set S and stop; 
otherwise return to Step 2 to continue the binary search. 
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C. Subroutine KCENTR Parameters 

Input 

N number of nodes in the complete graph. 

M equal to N(N-l)/2. 

COST 

KMAX 

ICDIM 

real symmetric matrix of dimension N by N 

containing the cost for each pair of nodes. 

the maximum size of the subset of nodes to be found. 

row dimension of matrix COST exactly as specified 

in the dimension statement of the calling program. 

Output: 

KNUM the size of the subset of nodes found, KNUM s KMAX. 

KSET the nodes of the solution are stored in 

KSET(i), i=1,2, ... ,KNUM. 

Working Storages: 

IWKl integer matrix of dimension N by N; 

IWK2 

stores the edge number of the graph in the order of 

increasing edge weight. 

boolean vector of length N; 
IWK2(i) indicates whether node has been selected. 

IWK3 integer vector of length N; 

stores the current solution set. 

I W K4 

IWK5 

WORK6 

integer vector of length M; 
IWK4(i) is the pointer to the original arc 

the edges are sorted. 

integer vector of length M; 

after 

pointer array for keeping the order of the original 

edges. 

real vector of length M; 

stores the upper triangular COST matrix of the 
original graph in the order of rows. 
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D. Test Example 

The edge weights c .. 
1 J 

of a complete g ra ph G with 1 0 nodes i s 
given as follows 

o. 1 5 . 72. 51 . 50. 59. 53. 68. 11 . 33. 

1 5. O. 66. 44. 43. 45. 56. 65. 9. 35. 

72. 66. O. 104. 23. 77. 38. 11. 62. 44. 

51 . 44. 104. o. 82. 41 . 99. 106. 52. 79. 

50. 43. 23. 82. o. 59. 26. 25. 39. 28. 

59. 45. 77. 41 . 59. o. 82. 83. 52, 70. 

53. 56. 38. 99. 26. 82. o. 28. 47. 21 . 

68. 65. 11 . 106. 25. 83. 28. o. 59. 37 . 

1 1 . 9. 62. 52. 39. 52. 47. 59. o. 27 . 

33. 35. 44. 79. 28. 70. 21 . 37. 27. o. 

Find a subset S of nodes (or centers) of size at most 4 su c h that 

max min c i j 
iEG jES 

is minimized. 
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Main Program 

INTEGER KSET(10),IWKl(10,10),IWK2(10), 
+ IWK3(10),IWK4(45),IWK5(45) 

REAL COST(10,10),WORK6(45) 

READ(*,10) N,KMAX 
10 FORMAT(214) 

DO 20 I = 1, N 
20 READ(*,30) (COST(I,J),J=l,N) 
30 FORMAT(10F6.1) 

M = (N * (N - 1» j 2 
ICDIM = 10 
CALL KCENTR(N,M,COST,KMAX,ICDIM,KNUM,KSET, 

+ IWK1,IWK2, IWK3,IWK4,IWK5,WORK6) 
WRITE(*,40) (KSET(I),I=l,KNUM) 

40 FORMAT(j' THE CENTERS FOUND: ',414) 

10 
0.0 

15.0 
72.0 
51. 0 
50.0 
59.0 
53.0 
68.0 
11.0 
33.0 

STOP 
END 

4 
15.0 
0.0 

66.0 
44.0 
43.0 
45.0 
56.0 
65.0 
9.0 

35.0 

72.0 
66.0 
0.0 

104.0 
23.0 
77 .0 
38.0 
11.0 
62.0 
44.0 

THE CENTERS FOUND 

Input Data 
----------

51. 0 50.0 59.0 53.0 68.0 
44.0 43.0 45.0 56.0 65.0 

104.0 23.0 77.0 38.0 11.0 
0.0 82.0 41.0 99.0 106.0 

82.0 0.0 59.0 26.0 25.0 
41.0 59.0 0.0 82.0 83.0 
99.0 26.0 82.0 0.0 28.0 

106.0 25.0 83.0 28.0 0.0 
52.0 39.0 52.0 47.0 59.0 
79.0 28.0 70.0 21.0 37.0 

Output Results 

9 5 4 6 

11.0 33.0 
9.0 35.0 

62.0 44.0 
52.0 79.0 
39.0 28.0 
52.0 70.0 
47.0 21. 0 
59.0 37.0 
0.0 27.0 

27.0 0.0 
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SUBROUTINE KCENTR (N,M,COST,KMAX,ICDIM,KNUM,KSET, 
+ IWKl,IWK2,IWK3,IWK4,IWK5,WORK6) 

C 
C K-center heuristic 
C 

INTEGER KSET(N),IWKl(N,N),IWK2(N),IWK3(N),IWK4(M),IWK5(M) 

C 

C 

REAL COST(ICDIM,1),WORK6(M) 

Nl = N - 1 
GREAT = 1.0 
DO 20 I = 1, Nl 

Il=I+l 
DO 10 J = Il, N 

10 GREAT = GREAT + COST(I,J) 
20 CONTINUE 

C special case when KMAX = 1 
C 

C 

C 
C 
C 

C 

SMALL = GREAT 
DO 40 I = 1, N 

BIG = -GREAT 
DO 30 J = 1, N 

IF (J .NE. I) THEN 
IF (COST(I,J) .GT. BIG) THEN 

BIG = COST (I ,J) 
NUMK = I 

ENDIF 
ENDIF 

30 CONTINUE 
IF (BIG .LT. SMALL) THEN 

SMALL = BIG 
KNUM NUMK 

ENDIF 
40 CONTINUE 

IFIRST KNUM 

return the optimal solution if KMAX 

IF (KMAX .EQ. 1) THEN 
KNUM = 1 
KSET(l) = IFIRST 
RETURN 

ENDIF 

1 

C sort the edges in order of increasing cost 
C 

C 

K = 0 
DO 60 I = 1, Nl 

Il=I+l 
DO 50 J = II, N 

K = K + 1 
50 WORK6(K) = COST(I,J) 
60 CONTINUE 

CALL SORTI(M,WORK6,IWK4) 
DO 70 I = 1, M 

J = IWK4(I) 
70 IWK5(J) = I 

K = 0 
DO 90 I = 1, Nl 

Il=I+l 
DO 80 J = II, N 



80 
90 

C 
C 
C 

C 

K = K + 1 
IWK1(I,J) 
IWK1(J,I) 

CONTINUE 

binary search 

LOW = 1 
IHIGH M 

IWK5(K) 
IWK5(K) 

120 

100 IF (IHIGH .NE. (LOW + 1» THEN 
MID = (IHIGH + LOW) / 2 

C 
C 
C 
C 

110 
C 

120 
C 
C 
C 

C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

130 

140 
C 

restrict to the subgraph with the original N nodes 
but only having the first MID number of edges 

NUMK = 0 
NCHECK N 
DO 110 I 1, N 

IWK2(I) = 0 

INODE = IFIRST 
NUMK = NUMK + 1 

include node INODE into the solution set 

IWK3(NUMK) = INODE 

consider all nodes adjacent to node INODE 

DO 140 K = 1, N 
IF (K .NE. INODE) THEN 

IF (IWK1(K,INODE) .LE. MID) THEN 

node K is adjacent to node INODE; 
delete node K from the subgraph 

IF (IWK2(K) .EQ. 0) THEN 
NCHECK = NCHECK - 1 
IWK2 (K) = 2 

ENDIF 

delete all nodes adjacent to node K 
from the subgraph 

DO 130 L = 1, N 
IF (IWK2(L) .EQ. 0) THEN 

IF (L .NE. K) THEN 
IF (IWK1(K,L) .LE. MID) THEN 

node L is adjacent to node K; 
delete node L from the subgraph 

NCHECK = NCHECK - 1 
IWK2(L) = 2 

ENDIF 
ENDIF 

ENDIF 
CONTINUE 

ENDIF 
ENDIF 

CONTINUE 
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C mark node INODE as being already selected 
C 

C 

IF (IWK2(INODE) .EQ. 0) THEN 
NCHECK = NCHECK - 1 

ENDIF 
IWK2 ( I NODE ) = 1 

C continue the binary search if the subgraph is nonempty 
C 

C 
C 
C 

C 

C 

C 
C 
C 

C 

C 

IF (NCHECK .GT. 0) THEN 

pick the next center by the greedy heuristic 

IF (NCHECK .LE. 2) THEN 
DO 150 I = 1, N 

IF (I WK2 ( I) . EQ. 0) THEN 
INODE = I 
GOTO 120 

ENDIF 
ISO CONTINUE 

ENDIF 
SMALL = GREAT 
DO 170 I = 1, N 

IF (IWK2( I) .EQ. 0) THEN 
BIG = -GREAT 
DO 160 J = 1, N 

IF (IWK2(J) .EQ. 0) THEN 
IF (J .NE. I) THEN 

IF (COST(I,J) .GT. BIG) THEN 
BIG = COST( I ,. J) 
NUMI = I 

ENDIF 
ENDIF 

ENDIF 
160 CONTINUE 

IF (BIG .LT. SMALL) THEN 
SMALL = BIG 
NUM2 NUM1 

ENDIF 
ENDIF 

170 CONTINUE 

INODE = NUM2 
GOTO 120 

ENDIF 

IF (NUMK .LE. KMAX) THEN 

store up the temporary solution set 

IHIGH = MID 
KNUM = NUMK 
DO 180 I = 1, KNUM 

180 KSET(I) = IWK3(I) 
ELSE 

LOW = MID 
ENDIF 

GOTO 100 
ENDIF 

RETURN 
END 
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SUBROUTINE SORTI (N,A,IPOINT) 

Heapsort nondecreasing order sorting 

INTEGER IPOINT(N) 
REAL A(N) 

DO 10 I = 1, N 
10 IPOINT(I) 

C 
20 

c 

c 

c 

J1 N 
J2 = N / 2 
J3 = J2 
ATEMP A(J2) 
JPONT = IPOINT(J2) 

J4 = J2 + J2 
IF (J4 .LE. J1) THEN 

IF (J4 .LT. J1) THEN 
IF (A(J4+1) .GE. A(J4» J4 

ENDIF 
IF (ATEMP .LT. A(J4» THEN 

A(J2) = A(J4) 
IPOINT(J2) = IPOINT(J4) 
J2 = J4 
GOTO 20 

ENDIF 
ENDIF 

A(J2) = ATEMP 
IPOINT(J2) = JPONT 
IF (J3 .GT. 1) THEN 

J3 = J3 - 1 
ATEMP = A(J3) 
JPONT = IPOINT(J3) 
J2 = J3 
GOTO 20 

ENDIF 

IF (J1 .GE. 2) THEN 
ATEMP = A(J1) 
JPONT = IPOINT(J1) 
A(J1) = A(l) 
IPOINT(J1) = IPOINT(l) 
J1 = J1 - 1 
J2 = J3 
GOTO 20 

ENDIF 

RETURN 
END 

J4 + 1 
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finds an Euler circuit in an undirected 
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heuristic for the integer linear programming 
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heuristic for the k-median location problem. 

heuristic for the zero-one knapsack problem. 
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graph represented by a distance matrix. 

finds a minimum spanning tree in an undirected 
graph represented by a list of edges. 

heuristic for the multi-dimensional knapsack 
type zero-one programming problem. 

heuristic for the graph partitioning problem. 

finds a minimum weight perfect matching in an 
undirected graph represented by a cost matrix. 

finds a shortest path between two nodes in an 
undirected graph represented by a list of edges. 

sorts an array in nonincreasing order. 

heuristic for the Steiner tree problem. 

heuristic for the traveling salesman problem 
satisfying the triangle inequality. 
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