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MATHEMATICAL TABLES

NUMBERS, FRACTIONS, AND DECIMALS

Mathematical Signs and Commonly Used Abbreviations
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Plus (sign of addition)
Positive
Minus (sign of subtraction)

Negative

Plus or minus (minus or plus)

Multiplied by (multiplication sign)
Multiplied by (multiplication sign)
Divided by (division sign)
Divided by (division sign)

Is to (in proportion)

Equals

Is not equal to

Is identical to

Equals (in proportion)

Approximately equals

Greater than

Less than

Greater than or equal to
Less than or equal to
Approaches as a limit
Varies directly as
Therefore

Square root
Cube root
4th root

nth root,

asquared (2nd power aj
acubed (3rd power af)
4th power ofa

nth power ofa

1=an

Reciprocal value of

Logarithm
Natural or Napierian logarithm

Base of natural logarithms (2.71828)
Limit value (of an expression)

Infinity

Alpha

Beta

Gamma

Theta

Phi

Mu (coefficient of friction)

commonly used to
denote angles

e
z
®
9

i(orj)
sin
cos
tan
cot
sec
csc
vers
covers
simta
arcsina
(sina)®
sin x
sink
cosk

TP —owa o b
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Pi (3.1416)
Sigma (sign of summation)
Omega (angles measured in radians)
Acceleration due to gravity (32.16 ft. p
sec. per sec.)
Imaginary quantity( /—1)
Sine
Cosine
Tangent
Cotangent
Secant
Cosecant
Versed sine
Coversed sine

Arc the sine of which i

Reciprocal of sira (1+ sina)

nth power of sinx

Hyperbolic sine ok

Hyperbolic cosine ok

Delta (increment of)

Delta (variation of)

Differential (in calculus)

Partial differentiation (in calculus)
Integral (in calculus)

Integral between the linatandb
5! = Ix 2x 3x 4 x 5 (Factorial)
Angle

Right angle

Perpendicular to

Triangle

Circle

Parallelogram

Degree (circular arc or temperature)

Minutes or feet

Seconds or inches
aprime

adouble prime
asub one

asub two

asubn
Parentheses
Brackets

Braces

bl




FACTORS AND PRIME NUMBERS 3

Prime Numbers and Factors of Numbers

Thefactorsof a given number are those numbers which when multiplied together give a
product equal to that number; thus, 2 and 3 are factors of 6; and 5 and 7 are factors of 35.

A prime numbeis one which has no factors exceptitself and 1. Thus, 3, 5, 7, 11, etc., are
prime numbers. A factor which is a prime number is calledhae factor

The accompanying “Prime Number and Factor Tables” give the smallest prime factor of
all odd numbers from 1 to 9600, and can be used for finding all the factors for numbers up
to this limit. For example, find the factors of 931. In the column headed “900” and in the
line indicated by “31” in the left-hand column, the smallest prime factor is found to be 7. As
this leaves another factor 133 (since 331= 133), find the smallest prime factor of this
number. In the column headed “100” and in the line “33", this is found to be 7, leaving a
factor 19. This latter is a prime number; hence, the factors of 93xate I9. Where no
factor is given for a number in the factor table, it indicates that the number is a prime num-
ber.

The last page of the tables lists all prime numbers from 9551 through 18691; and can be
used to identify quickly all unfactorable numbers in that range.

For factoring, the following general rules will be found useful:

2 is a factor of any number the right-hand figure of which is an even number or 0. Thus,
28 =2x14,and 210 = 2 105.

3is a factor of any number the sum of the figures of which is evenly divisible by 3. Thus,
3is afactor of 1869, because &+ 6+ 9 =24+ 3 =8.

4 is a factor of any number the two right-hand figures of which, considered as one num-
ber, are evenly divisible by 4. Thus, 1844 has a factor 4, becatise441.

5 is a factor of any number the right-hand figure of which is 0 or 5. Thus, 858.%;50
=5x14.

Tables of prime numbers and factors of numbers are particularly useful for calculations
involving change-gear ratios for compound gearing, dividing heads, gear-generating
machines, and mechanical designs having gear trains.

Example 1A set of four gears is required in a mechanical design to provide an overall
gear ratio of 4104 1200. Furthermore, no gear in the set is to have more than 120 teeth or
less than 24 teeth. Determine the tooth numbers.

First, as explained previously, the factors of 4104 are determined texBe< 2x 3x 3
x 57 = 4104. Next, the factors of 1200 are determined2& 2x 2x 5x 5x 3 = 1200.
4104 _ 2x2x2x3x3x57 _ 72x57

ThereforeF00 = 5Xox2x3xExEx3  24xE0 If the factors had been com-

bined differently, say, to giv%gi—% , then the 16-tooth gear in the denominator would
not satisfy the requirement of no less than 24 teeth.

Example 2Factor the number 25078 into two numbers neither of which is larger than
200.

The first factor of 25078 is obviously 2, leaving 25678= 12539 to be factored further.
However, from the last tablBrime Numbers from 9551 to 186%lis seen that 12539 is a
prime number; therefore, no solution exists.



FACTORS AND PRIME NUMBERS

Prime Number and Factor Table for 1 to 1199

1100
1200

11

19

11

17

31

13
19

11

29

11

1000
1100

17

19

13

17

11

29

13
23

900
1000

17

11

13

23

13

31

11

23

800
900

11

19

29

23

11
13

19

29

700
800

19

23

17

11

13

19
11

13

17

600
700

13

17

11

23

11

13

17

500
600

11

17
23

13

19

13

11

19

400
500

13

11

19

11

11

13

17

300
400

11

17

11

19

13

17

200
300

11

13

13

11

17

13

100
200

11

11

13

11

0
100

From
To

11
13
15
17
19
21
23
25
27
29
31

33
35
37
39
41

43

45

47

49

51

53

55

57
59

61
63
65
67
69
71
73
75
7
79
81

83
85
87
89
91
93
95
97

99




FACTORS AND PRIME NUMBERS

Prime Number and Factor Table for 1201 to 2399
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FACTORS AND PRIME NUMBERS

Prime Number and Factor Table for 2401 to 3599
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FACTORS AND PRIME NUMBERS

Prime Number and Factor Table for 3601 to 4799

3700
3800

4700
4800

17

53

29

11

a7

67

11

19
13

17

4600
4700

43

17
11

31

11
41

59

13

31

43

13

37

4500
4600

13

23

13

19

29

47

17

23

19

13

4400
4500

11

19
43

11

23

61

41

17

11

67

11

4300
4400

11
13

59

31

19

29

61

43

19

11
17

29
13

41

23

53

4200
4300

11

41

19

31

17

11

4100
4200

11

23

13

41

11

23

11
43

37

a7

53

59

13

4000
4100

19

29

37

11

13

31

17

13

61

17

3900
4000

47

31

11

59

37
17

11
29

41

23

13

3800
3900

13
37

11

43

11
23

17

53

11

13

17

11

47

61

37

19

23
11

13

53

19

17

29

3600
3700

13

23

19

11

41

13

19

13

29

From
To

11
13
15
17
19
21

23

25
27

29

31

33

35
37

39

41

43

45
47

49

51

53

55
57

59

61

63

65
67

69

71

73

75
7

79

81

83

85
87

89

91

93

95
97

99




FACTORS AND PRIME NUMBERS

Prime Number and Factor Table for 4801 to 5999
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FACTORS AND PRIME NUMBERS

Prime Number and Factor Table for 6001 to 7199
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FACTORS AND PRIME NUMBERS

10

Prime Number and Factor Table for 7201 to 8399

7300
7400

8300
8400

19

53

11

13

31

19

17

61

13

11

17
83

37

8200
8300

59
13

29

43

19

73

37

23

11

17

43

8100
8200

11

23

11
47

79

17

29

31

41

11

13

19

8000
8100

53

13
71

23

29

11

13

83

11

41

59

7900
8000

11

41

89

17

13

73

19

31

13

79
23

61

11
19

7800
7900

29

37

73

13

41

17

11

47

29

17

13

53

7700
7800

13
11

59

11

71

61

23

17

19

31

43

13

11

7600
7700

11

23

19

29

13
17

13

a7

79

11

43

7500
7600

13

11

73

17

19

67

11

71

7400
7500

11

31

41

13

17

43

11

29

17

31

59

67

71

13

17

11

41

17
37

53

73

47

11

83

19

13

7200
7300

19

31

13

11

53

13

11

19
29

37

23

From
To

11
13
15
17
19
21

23

25
27

29

31

33

35
37

39

41

43

45
47

49

51

53

55
57

59

61

63

65
67

69

71

73

75
7

79

81

83

85
87

89

91

93

95
97

99
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FACTORS AND PRIME NUMBERS

Prime Number and Factor Table for 8401 to 9599
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PRIME NUMBERS

Prime Numbers from 9551 to 18691

9551
9587
9601
9613
9619
9623
9629
9631
9643
9649
9661
9677
9679
9689
9697
9719
9721
9733
9739
9743
9749
9767
9769
9781
9787
9791
9803
9811
9817
9829
9833
9839
9851
9857
9859
9871
9883
9887
9901
9907
9923
9929
9931
9941
9949
9967
9973
10007
10009
10037
10039
10061
10067
10069
10079
10091
10093
10099
10103
10111
10133
10139
10141
10151
10159
10163
10169
10177

10181
10193
10211
10223]
10243
10247|
10253
10259
10267|
10271
10273]
10289,
10301
10303
10313
10321
10331
10333
10337,
10343
10357|
10369
10391
10399
10427|
10429
10433
10453|
10457|
10459
10463
10477|
10487|
10499
10501
10513
10529
10531
10559
10567|
10589
10597|
10601
10607|
10613
10627|
10631
10639
10651
10657|
10663|
10667|
10687|
10691
10709
10711
10723
10729
10733
10739
10753
10771
10781
10789
10799
10831
10837|
10847|

1149
1150
1151
1152
1154
1155
1157
1158
1159
1159
1161
1162
1163
1165
1167
1168
1168
1169
1170
1171
1171
1173
1174
1177
1177
1178
1178
1180
1180
1181
1182
1182
1183
1183
1183
1186
1186
1188
1189
1190
1190
1192
1192
1193
1193
1194
1195
1195
1196
1197]
1198
1198
1200]
1201
1203
1204
1204
1204
1207
1207
1209
1210
1210
1210
1211
1211
1214
1214

o~ O

T U NSO NN

e e o —a - ate s

1219
1214
1214
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p361
p373
p377
383
p391
p401
p413
pa27
p439
p443
p451
p461
p467
p473
p493
497
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p541
p551
p559
p569
p581
p583
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p641
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p661
p667
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p737
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6791
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17291
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17471
17477
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17497
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17551
17569
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17581
17597
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17609
17623
17627
17657
17659
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17681
17683
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17737
17747
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17783
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17791
17807
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17837
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17851
17863
17881
17891
17903
17909
17911
17921
17923
17929
17939
17957
17959
17971
17977
17981
17987
17989
18013
18041
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18047
18049
18059
18061
18077
18089
18097
18119
18121
18127
18131
18133
18143
18149
18169
18181
18191
18199
18211
18217
18223
18229
18233
18251
18253
18257
18269
18287
18289
18301
18307
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18313
18329
18341
18353
18367
18371
18379
18397
18401
18413
18427
18433
18439
18443
18451
18457
18461
18481
18493
18503
18517
18521
18523
18539
18541
18553
18583
18587
18593
18617
18637
18661
18671
18679
18691
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Continued and Conjugate Fractions

Continued Fractions.—In dealing with a cumbersome fraction, or one which does not
have satisfactory factors, it may be possible to substitute some other, approximately equal
fraction which is simpler or which can be factored satisfactorily. Continued fractions pro-
vide a means of computing a series of fractions each of which is a closer approximation to
the original fraction than the one preceding it in the series.

A continued fraction is a proper fraction (one whose numerator is smaller than its denom-
inator) expressed in the form

L1
Dyt -

Itis convenient to write the above expression as

D D;*D,*D3*D,*+""

The continued fraction is produced from a proper fradti@nby dividing the numerator
N both into itself and into the denominafdr Dividing the numerator into itself gives a
result of 1; dividing the numerator into the denominator gives a whole nibipdus a
remainder fractio,. The process is then repeated on the remainder fratiorobtain
D, andR,; thenD, R;, etc., until a remainder of zero results. As an example, déDg
21539277,

2153 _ 2153+ 2153_ 1 _ _ 1
9277~ 9277+ 2153 , 665 ~D;+R;
2153
665 1 1
R = /50 = —=— = ——— efc
172153 5,158 D,+R,
665

from which it may be seen thdt = 4,R, = 6652153;D, = 3,R, = 158665; and, continu-
ing as was explained previously, it would be found Bat 4,R; = 33158; ...;Dg=2,R,
=0. The complete set of continued fraction elements representingd2¥33nay then be
written as

2153_111111111

By following a simple procedure, together with a table organized similar to the one below
for the fraction 2158277, the denominato3,, D,, ... of the elements of a continued
fraction may be used to calculate a series of fractions, each of which is a successively
closer approximation, calleccanvergentto the original fractiol/D.

1) The first row of the table contains column numbers numbered from 1 through 2 plus
the number of elements#® = 11 in this example.

2) The second row contains the denominators of the continued fraction elements in
sequence but beginning in column 3 instead of column 1 because columns 1 and 2 must b
blank in this procedure.

3) The third row contains the convergents to the original fraction as they are calculated
and entered. Note that the fractior® &nd @1 have been inserted into columns 1 and 2.
These are two arbitrary convergents, the first equal to infinity, the second to zero, which
are used to facilitate the calculations.
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4) The convergent in column 3 is now calculated. To find the numerator, multiply the
denominator in column 3 by the numerator of the convergent in column 2 and add the
numerator of the convergentin column 1. ThusP4 1 =1.

5) The denominator of the convergentin column 3is found by multiplying the denomina-
tor in column 3 by the denominator of the convergent in column 2 and adding the denomi-
nator of the convergent in column 1. Thus, %+ 0 = 4, and the convergent in column 3 is
then¥, as shown in the table.

6) Finding the remaining successive convergents can be reduced to using the simple
equation
(D) (NUM, _;) +NUM_ _,

(D,)(DEN, _;) +DEN,_,

in whichn = column number in the tablB;, = denominator in column; NUM,_; and
NUM,,_, are numerators and DEN and DEN,_, are denominators of the convergents in
the columns indicated by their subscripts; and CONVERGHNThe convergent in col-
umnn.

CONVERGENT, =

Convergents of the Continued Fraction for 2158277

Column
Number,n 1 2 3 4 5 6 ! 8 ° lo "
Denotr;wmator, _ 4 3 4 4 1 3 1 2 2
n
10|13 | 13| 55 | 68 | 259 | 327 | 913 | 2153
Convergent | 5 | 7 | 2 | 13 | 56 | 237 | 298 | 1116 | 1409 | 3984 | 9277

Notes:The decimal values of the successive convergents in the table are alternately larger and
smaller than the value of the original fraction 2B237. If the last convergent in the table has the

same value as the original fraction 248377, therall of the other calculated convergents are cor-

rect.

Conjugate Fractions.—In addition to finding approximate ratios by the use of continued
fractions and logarithms of ratios, conjugate fractions may be used for the same purpose
independently, or in combination with the other methods.

Two fractionsa/b andc/d are said to be conjugateifi—bc=+ 1. Examples of such pairs
are: 01 and 71; /2 and 11; and 910 and 39. Also,every successive pair of the conver-
gents of a continued fraction are conjuga@®njugate fractions have certain properties
that are useful for solving ratio problems:

1) No fraction between two conjugate fracti@fs andc/d can have a denominator
smaller than eithdy ord.

2) A new fractiong/f, conjugate to both fractions of a given pair of conjugate fractions,
a/b andc/d, and lying between them, may be created by adding respective numerators,
¢, and denominatorb,+ d, so thae/f = (a+c)/(b+d).

3) The denominatdr=b+ d of the new fractioe/f is the smallest of any possible fraction
lying betweere/b andc/d. Thus, 1719 is conjugate to botr8and 910 and no fraction
with denominator smaller than 19 lies between them. This property is important if it is
desired to minimize the size of the factors of the ratio to be found.

The following example shows the steps to approximate a ratio for a set of gears to any
desired degree of accuracy within the limits established for the allowable size of the factors
in the ratio.

ExampleFind a set of four change geaabicd, to approximate the ratio 2.105399 accu-
rate to withint 0.0001; no gear is to have more than 120 teeth.

Step 1. Convert the given rafRto a number between 0 and 1 by taking its reciprocal:
1/R=12.105399 = 0.4749693r=

Step 2. Select a pair of conjugate fractiaftsandc/d that bracket. The pair/b = 0’1
andc/d = /1, for example, will bracket 0.4749693.
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Step 3. Add the respective numerators and denominators of the conjytyaed 01 to
create a new conjugagé between 0 and ®f = (a+c)/(b+d) = (0+1)/(1+ 1) = ¥2.

Step 4. Since 0.4749693 lies betweéhdnd 22, e/f must also be betweeril0and 12:
ef=(0+1)/(1+2)=¥3.

Step 5. Since 0.4749693 now lies betwe@nahd 12, e/f must also be betweerilland
V2:elf=(1+1)/(3+2)=25.

Step 6. Continuing as above to obtain successively closer approximatieffisoof
0.4749693, and using a handheld calculator and a scratch pad to facilitate the process, tt

fractions below, each of which has factors less than 120, were determined:

Fraction Numerator Factors Denominator Factors| Error
1940 19 2x2x2x5 +.000031
2859 2x2x7 59 -.00039
4799 47 3x3x11 -.00022
104219 3x41 %37 -.000066
142299 2x 71 13x 23 -.000053
161339 7% 23 3x113 -.000043
218459 2x 109 3x3x3x17 -.000024
256539 2X2X2X2X2X2%X 2% 2 7x7x11 -.000016
370779 2x5x 37 19x 41 -.0000014
7591598 3x11x23 2x 17x 47 -.00000059

Factors for the numerators and denominators of the fractions shown above were founc
with the aid of the Prime Numbers and Factors tables beginning oA figee in Step 1
the desired ratio of 2.105399 was converted to its reciprocal 0.4749693, all of the above
fractions should be inverted. Note also that the last fraction1398, when inverted to
become 159459, is in error from the desired value by approximately one-half the amount
obtained by trial and error using earlier methods.

Using Continued Fraction Convergents as Conjugates.-Since successive conver-
gents of a continued fraction are also conjugate, they may be used to find a series of addi
tional fractions in between themselves. As an example, the successive converggits 55
and 63293 from the table of convergents for 24%377 on pagé&4will be used to demon-

strate the process for finding the first few in-between ratios.

Desired FractionN/D = 21539277 = 0.2320793

alb af c/d
1) 55237 = .2320679 2123530 = .2320755 error =.0000039 68/293 = .2320814
) 123530 = .2320755 19823 =.2320778 error =.0000016 68293 = .2320819
(38)  19¥823=.2320779 2591116 =.2320789 error=0000005 | 68293 =.2320819
(4) 2591116 =.2320789 321409 = .2320795 error +.0000002 6893 = 2320819
(5) 2591116 =.2320789  58@525 = .2320792 error=.0000001 | 3271409 = .2320795
(6) 5862525 =.2320797 9¥3934 = .2320793 error=.0000000 | 3271409 = .2320795

a0nly these ratios had suitable factors below 120.

Step 1. Check the convergents for conjugateness293-237x 68 = 16115 16116 =
-1 proving the pair to be conjugate.

Step 2. Set up a table as shown on the next page. The leftmost column of line (1) contain:
the convergent of lowest valu#b; the rightmost the higher valugd; and the center col-
umn the derived valugf found by adding the respective numerators and denominators of
a/bandc/d. The error or difference betweeffand the desired vali¥D, error =N/D - eff,
is also shown.

Step 3. Online (2), the process used on line (1) is repeated wihuthkie from line (1)
becoming the new value afo while thec/d value remains unchanged. Had the erreffin
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been+ instead of-, thene/f would have been the newid value anda/b would be
unchanged.

Step 4. The process is continued until, as seen on line (4), the error changesfsan to
the previous-. When this occurs, theff value becomes th&d value on the next line
instead of/b as previously and theb value remains unchanged.

Positive and Negative Numbers

The degrees on a thermometer scale extending upward from the zero point may be calle
positiveand may be preceded by a plus sign; ttudegrees means 5 degrees above zero.
The degrees below zero may be cafiedativeand may be preceded by a minus sign; thus
- 5 degrees means 5 degrees below zero. In the same way, the ordinary numbers 1, 2,
etc., which are larger than 0, are called positive numbers; but numbers can be conceived c
as extending in the other direction from 0, numbers that, in fact, are less than 0, and thes
are called negative. As these numbers must be expressed by the same figures as the positi
numbers they are designated by a minus sign placed before thems-#)u#: ifegative
number should always be enclosed within parentheses whenever it is written in line with
other numbers; for example: ¥{-13)-3x (-0.76).

Negative numbers are most commonly met with in the use of logarithms and natural trig-
onometric functions. The following rules govern calculations with negative numbers.

A negative number can be added to a positive number by subtracting its numerical value
from the positive number.

Exampled+(-3)=4-3=1.

A negative number can be subtracted from a positive number by adding its numerical
value to the positive number.

Example4—(-3)=4+3=7.

A negative number can be added to a negative number by adding the numerical value:
and making the sum negative.

Example(-4) + (-3) =-7.

A negative number can be subtracted from a larger negative number by subtracting the
numerical values and making the difference negative.

Example(-4)- (-3) =-1.

A negative number can be subtracted from a smaller negative number by subtracting the
numerical values and making the difference positive.

Example(-3)-(-4) = 1.

If in a subtraction the number to be subtracted is larger than the number from which it is
to be subtracted, the calculation can be carried out by subtracting the smaller number fron
the larger, and indicating that the remainder is negative.

Example3-5 =-(5-3) =-2.

When a positive number is to be multiplied or divided by a negative numbers, multiply or
divide the numerical values as usual; the product or quotient, respectively,is negative. The
same rule is true if a negative number is multiplied or divided by a positive number.

Examples: 4% (=3) = =12 (-4 x3=-12

15+(-3) = -5 (-15+3=-5

When two negative numbers are to be multiplied by each other, the product is positive.
When a negative number is divided by a negative number, the quotient is positive.

Examples(-4) x (-3) = 12; ¢4)+ (-3) = 1.333.

The two last rules are often expressed for memorizing as follows: “Equal signs make
plus, unequal signs make minus.”



POWERS, ROOTS, AND RECIPROCALS 17

Powers, Roots, and Reciprocals

Thesquareof a number (or quantity) is the product of that number multiplied by itself.
Thus, the square of 9 is® = 81. The square of a number is indicated bgxpenent?),
thus: $=9x9=81.

Thecubeorthird powerof a number is the product obtained by using that number as a
factor three times. Thus, the cube of 4 is44x 4 = 64, and is written34

If a number is used as a factor four or five times, respectively, the product is the fourth or
fifth power. Thus, 8=3x3x 3x3 =81, and2=2x 2x 2x 2x 2 = 32. A number can be
raised to any power by using it as a factor the required number of times.

Thesquare roobf a given number is that number which, when multiplied by itself, will

give a product equal to the given number. The square root of 16 (wyit&n ) equals 4,
because 44 = 16.

Thecube roobf a given number is that number which, when used as a factor three times,

will give a product equal to the given number. Thus, the cube root of 64 (WkiBidn )
equals 4, becausex#i x 4 = 64.

The fourth, fifth, etc., roots of a given number are those numbers which when used as fac:

tors four, five, etc., times, will give as a product the given number. THLe,= 2 ,
because 2 2x2x2=16.

In some formulas, there may be such expressiomd)adanda¥2. The first of thesea)3,
means that the numbeis first to be squared?, and the result then cubed to gieThus,
(a?)3is equivalent t@f which is obtained bgnultiplyingthe exponents 2 and 3. Similarly,

a¥2 may be interpreted as the cube of the square rm)t(o/fé)3 , or @2)3, so that, for
example, 1632 = (,/16)° = 64 .

The multiplications required for raising numbers to powers and the extracting of roots are
greatly facilitated by the use of logarithms. Extracting the square root and cube root by the
regular arithmetical methods is a slow and cumbersome operation, and any roots can b
more rapidly found by using logarithms.

When the power to which a number is to be raised is not an integer, say 1.62, the use o
either logarithms or a scientific calculator becomes the only practical means of solution.

Thereciprocal Rof a numbeN is obtained by dividing 1 by the numbBrs 1N. Recip-
rocals are useful in some calculations because they avoid the use of negative characteri:
tics as in calculations with logarithms and in trigonometry. In trigonometry, the values
cosecant, secanpandcotangentare often used for convenience and are the reciprocals of
thesine, cosingandtangenf respectively (see pa@a). The reciprocal of a fraction, for
instance, is the fraction inverted, since-%, = 1x %=1,

Powers of Ten Notation

Powers of ten notation is used to simplify calculations and ensure accuracy, particularly
with respect to the position of decimal points, and also simplifies the expression of num-
bers which are so large or so small as to be unwieldy. For example, the metric (SI) pressur
unit pascal is equivalent to 0.00000986923 atmosphere or 0.0001450377 poéniYinch
powers of ten notation, these figures are 9.86923° atmosphere and 1.4503%¥204
pound/inch. The notation also facilitates adaptation of numbers for electronic data pro-
cessing and computer readout.
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Expressing Numbers in Powers of Ten Notation.-n this system of notation, every
number is expressed by two factors, one of which is some integer from 1 to 9 followed by a
decimal and the other is some power of 10.

Thus, 10,000 is expressed as 1.0000* and 10,463 as 1.0463L0*. The number 43 is
expressed as 43810 and 568 is expressed. as 5687

In the case of decimals, the number 0.0001, which as afracﬂg&ﬂés expressed as 1
x 104 and 0.0001463 is expressed as 1466. The decimal 0.498 is expressed as 4.98
x 101and 0.03146 is expressed as 3.44672.

Rules for Converting Any Number to Powers of Ten Notation.—Any number can be
converted to the powers of ten notation by means of one of two rules.

Rule 1: If the number is a whole number or a whole number and a decimal so that it has
digits to the left of the decimal point, the decimal point is moved a sufficient number of
places to théeft to bring it to the immediate right of the first digit. With the decimal point
shifted to this position, the number so written compriseé$istefactor when written in
powers of ten notation.

The number of places that the decimal point is moved to the left to bring itimmediately to
the right of the first digit is theositiveindex or power of 10 that comprises feeondac-
tor when written in powers of ten notation.

Thus, to write 4639 in this notation, the decimal point is moved three places to the left
giving the two factors: 4.6391C. Similarly,

431.412= 431412 B
986388= 9.86388 10

Rule 2: If the number is a decimal, i.e., it has digits entirely to the right of the decimal
point, then the decimal point is moved a sufficient number of placesttgttiéo bring it
immediately to the right of the first digit. With the decimal point shifted to this position, the
number so written comprises thist factor when written in powers of ten notation.

The number of places that the decimal point is moved taghteto bring itimmediately
to the right of the first digit is theegativeindex or power of 10 that follows the number
when written in powers of ten notation.

Thus, to bring the decimal point in 0.005721 to the immediate right of the first digit,
which is 5, it must be movetireeplaces to the right, giving the two factors: 5. %2103,
Similarly,

0.469 = 4.6% 16!
0.0000516= 5.1& I

Multiplying Numbers Written in Powers of Ten Notation.—When multiplying two
numbers written in the powers of ten notation together, the procedure is as follows:

1) Multiply the first factor of one number by the first factor of the other to obtain the first
factor of the product.

2) Add the index of the second factor (which is some power of 10) of one number to the
index of the second factor of the other number to obtain the index of the second factor
(which is some power of 10) in the product. Thus:

(4.31x 102) x (9.0125x 10 =
(4.31x 9.0125x 10-2+1 = 38.844x 101
(5.986x 10@) x (4.375x 16) =
(5.986x 4.375x 104+3

26.189x 10
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In the preceding calculations, neither of the results shown are in the conventional powers
of ten form since the first factor in each has two digits. In the conventional powers of ten
notation, the results would be

38.844x 1071 = 3.884x 1(° = 3.884
since 10=1, and
26.189x 107 = 2.619x 1(#

in each case rounding off the first factor to three decimal places.

When multiplying several numbers written in this notation together, the procedure is the
same. All of the first factors are multiplied together to get the first factor of the product and
all of the indices of the respective powers of ten are added together, taking into account
their respective signs, to get the index of the second factor of the product. Thus, (4.02
1073) x (3.987x 10) x (4.863x 10°) = (4.02x 3.987x 4.863)x (1073+1*5) = 77.94x 1(° =
7.79x 10* rounding off the first factor to two decimal places.

Dividing Numbers Written in Powers of Ten Notation.—When dividing one number
by another when both are written in this notation, the procedure is as follows:

1) Divide the first factor of the dividend by the first factor of the divisor to get the first
factor of the quotient.

2) Subtract the index of the second factor of the divisor from the index of the second fac-
tor of the dividend, taking into account their respective signs, to get the index of the second
factor of the quotient. Thus:

(4.31x 102) +(9.0125x 10 =
(4.31+ 9.0125x (10-2-1) = 0.4782x 103 = 4.782x 104

It can be seen that this system of notation is helpful where several numbers of different
magnitudes are to be multiplied and divided.

. ) 50x 4698x 0.00039
£
ExampleFind the quotient Gh3678>< 0.00% 0.0147

Solution: Changing all these numbers to powers of ten notation and performing the oper-
ations indicated:

(2.5% 10) x (4.698x 16) x (3.9x 104)
(4.3678x 10) x (2 x 103) x (1L.47x 102)
_ (25x4.698x3.9)(102+3-4) _ 45.8055x 10
(4.3678x 2x 1.47(10%-3-2) ~ 12.8413x 161
= 3.5670x 16-(1
= 3.5670x 16
= 356.70

Preferred Numbers

American National Standard for Preferred Numbers.—This ANSI Standard 217.1-
1973 covers basic series of preferred numbers which are independent of any measureme
system and therefore can be used with metric or customary units.

The numbers are rounded values of the following five geometric series of numbers:
10V5, 10V10, 10V/20, 10V40, and 10¥80, whereN is an integer in the series 0, 1, 2, 3, etc. The
designations used for the five series are respectively R5, R10, R20, R40, and R80.

The R5 series gives 5 numbers approximately 60 per cent apart, the R10 series gives 1
numbers approximately 25 per cent apart, the R20 series gives 20 numbers approximatel
12 per cent apart, the R40 series gives 40 numbers approximately 6 per cent apart, and tt
R80 series gives 80 numbers approximately 3 per cent apart.
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ALGEBRA AND EQUATIONS

Rearrangement and Transposition of Terms in Formulas

Aformulais arule for a calculation expressed by using letters and signs instead of writing
out the rule in words; by this means, it is possible to condense, in a very small space, the
essentials of long and cumbersome rules. The letters used in formulas simply stand in plac
of the figures that are to be substituted when solving a specific problem.

As an example, the formula for the horsepower transmitted by belting may be written

_ Svw
33,000
whereP = horsepower transmitte®;=working stress of belt per inch of width in
pounds¥ = velocity of belt in feet per minute; and, = width of belt in inches.

If the working stress, the velocity, and the widttw are known, the horsepower can be
found directly from this formula by inserting the given values. AssBs&3;V = 600; and
W=5.Then
_ 33x600x5 _

P= 33,000 8

Assume that the horsepowRrthe stress, and the velocity are known, and that the
width of belt,w, is to be found. The formula must then be rearranged so that the $ymbol
will be on one side of the equals sign and all the known quantities on the other. The rear-
ranged formula is as follows:

P x 33,000 _
SV

The quantities§andV) that were in the numerator on the right side of the equals sign are
moved to the denominator on the left side, and “33,000,” which was in the denominator on
the right side of the equals sign, is moved to the numerator on the other side. Symbols tha
are not part of a fraction, liké® in the formula first given, are to be considered as being
numerators (having the denominator 1).

Thus, any formula of the ford=B/C can be rearranged as follows:

= =B
AxC=B and C= A
Suppose a formula to be of the form
_BxC
A=75
_BxC AxD _ AxD _
Then D = yy c - B 5 - C

The method given is only directly applicable when all the quantities in the numerator or
denominator are standing independently ofactors of a productf connected by or—
signs, the entire numerator or denominator must be moved as a unit, thus,

Given: Brc_D:E to solve forF
ven: A [= 0 solve 10
t F_D+E
en A B+C

+
and F:A—(D E)

B+C
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A quantity preceded by-aor - sign can be transposed to the opposite side of the equals
sign by changing its sign; if the signtischange it te- on the other side; if it is, change it
to+. This process is callethnspositiorof terms.

Example: B+C=A-D then A=B+C+D
B =A-D-C
C=A-D-B

Sequence of Performing Arithmetic Operations

When several numbers or quantities in a formula are connected by signs indicating tha
additions, subtractions, multiplications, and divisions are to be made, the multiplications
and divisions should be carried out first, in the sequence in which they appear, before the
additions or subtractions are performed.

Example: 10+ 26x7-2 = 10+ 182- 2= 190

18+ 6+15x3 = 3+45 = 48
12+ 14+ 2-4 = 12+ 7-4= 15

When itis required that certain additions and subtractions should precede multiplications
and divisions, use is made of parentheses () and brackets [ ]. These signs indicate that tf
calculation inside the parentheses or brackets should be carried out completely by itsel
before the remaining calculations are commenced. If one bracket is placed inside another
the one inside is first calculated.

Example: (6-2)x5+8 = 4x5+8=20+8 =28

6x(4+7)+22=6x11+22=66+22=3
2+[10x 68+ 9—4] x2 = 2+[10x 6x10-4 x2
= 2+[600- 4 x2=2+596%x 2=2+1192=1194

The parentheses are considered as a sign of multiplication; for exampl)&(8x (8
+2).

The line or bar between the numerator and denominator in a fractional expression is to be
considered as a division sign. For example,

%2: (12+ 16+ 23+ 10 = 50+ 10 = 5

In formulas, the multiplication sigrx) is often left out between symbols or letters, the
values of which are to be multiplied. Thus,

AB = Ax B and 'S—EB)E:(AxBxCﬁD

Ratio and Proportion
Theratio between two quantities is the quotient obtained by dividing the first quantity by
the second. For example, the ratio between 3 and/4 aiwd the ratio between 12 and 3 is
4. Ratio is generally indicated by the sign (:); thus, 12 : 3 indicates the ratio of 12 to 3.

A reciprocal orinverseratio, is the opposite of the original ratio. Thus, the inverse ratio
of5:7is7:5.

In acompoundatio, each term is the product of the corresponding terms in two or more
simple ratios. Thus, when

8:2=14 9:3=3 10:5= 2
then the compound ratio is
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8x9x10:2x 3x5 = 4x3x2
720:30 24
Proportion is the equality of ratios. Thus,
6:3 = 10:5 or 6:3::10:5
The first and last terms in a proportion are callecettieemesthe second and third, the
meansThe product of the extremes is equal to the product of the means. Thus,
25:2 = 100:8 and 25x 8= 2x100

If three terms in a proportion are known, the remaining term may be found by the follow-
ing rules:

The first term is equal to the product of the second and third terms, divided by the fourth.

The second term is equal to the product of the first and fourth terms, divided by the third.

The third term is equal to the product of the first and fourth terms, divided by the second.

The fourth term is equal to the product of the second and third terms, divided by the first.

ExampleLetx be the term to be found, then,

12= 35 - _12x35_42 _

x:12= 35:21 X = 51 - o1 2
Yx42 _ 1 3

TX = . =47 - = ==

Y ix =14 : 42 x=AE = 2x3 =3

5:9=x:63 X = 5 ) 35

V1% =4:x X:M:izzm
4 %

If the second and third terms are the same, that numbenietreproportionabetween
the other two. Thus, 8:4 =4: 2, and 4 is the mean proportional between 8 and 2. The mea
proportional between two numbers may be found by multiplying the numbers together and
extracting the square root of the product. Thus, the mean proportional between 3 and 12 i
found as follows:
3x12=36 and ./36= 6
which is the mean proportional.
Practical Examples Involving Simple Proportion.—f it takes 18 days to assemble 4
lathes, how long would it take to assemble 14 lathes?
Let the number of days to be foundb@&hen write out the proportion as follows:
4:18 = 14x
(lathes : days= lathes : dgys
Now find the fourth term by the rule given:
_18x 14 _
XT3

= 63 days

Thirty-four linear feet of bar stock are required for the blanks for 100 clamping bolts.
How many feet of stock would be required for 912 bolts?
Letx = total length of stock required for 912 bolts.

34:100 = x:912
(feet : bolts= feet : boljs
Then, the third term = (34x 912)/100 = 310 feet, approximately.



PERCENTAGE 23

Inverse Proportion.—In an inverse proportion, as one of the items involnetcases
the corresponding item in the proportidecreasesor vice versa. For example, a factory
employing 270 men completes a given number of typewriters weekly, the number of work-
ing hours being 44 per week. How many men would be required for the same production if
the working hours were reduced to 40 per week?

The time per week is in an inverse proportion to the number of men employed; the shorter
the time, the more men. The inverse proportion is written:

270:x = 40:44
(men, 44-hour basis: men, 40-hour basis = time, 40-hour basis: time, 44-hour basis)
Thus
270 _ 40 _ 270x% 44 _

~ - i and X = 20 = 297 men

Problems Involving Both Simple and Inverse Proportions.— two groups of data are
related both by direct (simple) and inverse proportions among the various quantities, then
a simple mathematical relation that may be used in solving problems is as follows:
Product of all directly proportional items in first group
Product of all inversely proportional items in first group

_ _Product of all directly proportional items in second group
Product of all inversely proportional items in second group

Exampleif a man capable of turning 65 studs in a day of 10 hours is paid $6.50 per hour,
how much per hour ought a man be paid who turns 72 studs in a 9-hour day, if compensate
in the same proportion?

The first group of data in this problem consists of the number of hours worked by the first
man, his hourly wage, and the number of studs which he produces per day; the secon
group contains similar data for the second man except for his unknown hourly wage, which
may be indicated by.

The labor cost per stud, as may be seen, is directly proportional to the number of hours
worked and the hourly wage. These quantities, therefore, are used in the numerators of th
fractions in the formula. The labor cost per stud is inversely proportional to the number of
studs produced per day. (The greater the number of studs produced in a given time the les
the cost per stud.) The numbers of studs per day, therefore, are placed in the denominato
of the fractions in the formula. Thus,

10x 6.50 _ 9xx

65 72

_ 10x 6.50x72 _
X= =—xo - $8.00 per hour

Percentage

If out of 100 pieces made, 12 do not pass inspection, it is said that 12 per cent (12 of the
hundred) are rejected. If a quantity of steel is bought for $100 and sold for $140, the profit
is 28.6 per cent of the selling price.

The per cent of gain or loss is found by dividing the amount of gain or lossdrygimal
number of which the percentage is wanted, and multiplying the quotient by 100.

ExampleOut of a total output of 280 castings a day, 30 castings are, on an average,
rejected. What is the percentage of bad castings?
30

ﬁ)x 100 = 10.7 per cent
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If by a new process 100 pieces can be made in the same time as 60 could formerly b
made, what is the gain in output of the new process over the old, expressed in per cent?

Original number, 60; gain 16060 = 40. Hence,

40

— x 100 = 66.7 per cen

5 00 = 66.7 per cent

Care should be taken always to use the original number, or the number of which the per-

centage is wanted, as the divisor in all percentage calculations. In the example just given, i
is the percentage of gain over the old output 60 that is wanted and not the percentage wit
relation to the new output too. Mistakes are often made by overlooking this important
point.

Interest

Interest is money paid for the use of money lent for a certain Smpleinterest is the
interest paid on the principal (money lent) only. When simple interest that is due is not
paid, and its amount is added to the interest-bearing principal, the interest calculated or
this new principal is calledompoundnterest. The compounding of the interest into the
principal may take place yearly or more often, according to circumstances.

Interest Formulas.—The symbols used in the formulas to calculate various types of
interest are:

P =principal or amount of money lent

I = nominal annual interest rate stated as a percentage, i.e., 10 per cent per annun

I, = effective annual interest rate when interest is compounded more often than
once a year (sédominal vs. Effective Interest Rates

i=nominal annual interest rate per cent expressed as a decimall kel 2iper
cent, then=12100=0.12

n=number of annual interest periods
m=number of interest compounding periods in one year

S=a sum of money at the endmfnterest periods from the present date that is
equivalent td® with added interest

R =the payment at the end of each period in a uniform series of payments continu-
ing forn periods, the entire series equivaler® @t interest rate

Note: The exact amount of interest for one day/®65 of the interest for one year.
Banks, however, customarily take the year as composed of 12 months of 30 days, making
a total of 360 days to a year. This method is also used for home-mortgage-type payments
so that the interest rate per month 6380 = ¥12 of the annual interest rate. For example,
if | is a 12 per cent per annum nominal interest rate, then for a 30-day period, the interes
rate is (12 1/12) = 1.0 per cent per month. The decimal rate per month is th@00
0.01.

Simple Interest.—The formulas for simple interest are:
Interest forn years = Pin
Total amount aften years,S = P+ Pin

ExampleFor $250 that has been lent for three years at 6 per cent simple ifter250;
| =6;i=1/100=0.06n=3.

S = 250+ (250x 0.06¢<3) = 250+ 45= $295

Compound Interest.—The following formulas apply when compound interest is to be
computed and assuming that the interest is compounded annually.
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S= P1+i)n
P=s/(1+i)
i =(¥PpY"-1

n = (logS—IlogP)/log(1+i)

ExampleAt 10 per cent interest compounded annually for 10 years, a principal amount

P of $1000 becomes a siBof
S = 1000 1+ 10'100)10 = $2,593.74

If a sumS=$2593.74 is to be accumulated, beginning with a prinBip$1,000 over a
periodn = 10 years, the interest ratéo accomplish this would have to be
(2593.741000)/10- 1 = 0.09999, which rounds to 0.1, or 10 per cent.

For a principaP = $500 to becom8= $1,000 at 6 per cent interest compounded annu-
ally, the number of yearswould have to be

n = (log1000-1log500)/log(1 + 0.06)
= (3-2.69897/0.025306= 11.9 years

To triple the principalP = $500 to becom®=$1,500, the number of years would have to

be

n = (log1500-1log500)/log(1 + 0.06)
= (3.17609- 2.6989)7 0.025306= 18.85 years

Interest Compounded More Often Than Annually.—f interest is payablen times a
year, it will be computethtimes during each year, mmtimes duringh years. The rate for
each compounding period will benif i is the nominal annual decimal interest rate. There-
fore, at the end afyears, the amou@will be: S=P(1 +i/m)"™

As an example, iP = $1,000nis 5 years, the interest payable quarterly, and the annual
rate is 6 per cent, therr 5;m=4;i =0.06;/m=0.064 = 0.015; andm=5x 4 = 20, so that

S = 1000( 1+ 0.015%° = $1,346.86

Nominal vs. Effective Interest Rates.—Beposits in savings banks, automobile loans,
interest on bonds, and many other transactions of this type involve computation of interest
due and payable more often than once a year. For such instances, there is a differenc
between th@ominalannual interest rate stated to be the cost of borrowed money and the
effectiverate that is actually charged.

For example, a loan with interest charged at 1 per cent per month is described as havint
an interest rate of 12 per cent per annum. To be precise, this rate should be stated as being
nominal12 per cent per annum compounded monthly; the actufentiverate for
monthly paymentsis 12.7 per cent. For quarterly compounding, the effective rate would be
12.6 per cent:

le = (1+1/m)m-1
In this formula |, is the effective annual rateis the nominal annual rate, ands the
number of times per year the money is compounded.

ExampleFor a nominal per annum rate of 12 per cent, with monthly compounding, the
effective per annum rate is

le = (1+0.12 1212-1 = 0.1268= 12.7 per cent effective per annum rate
ExampleSame as before but with quarterly compounding:
le = (1+0.12 4%—1 = 0.1255= 12.6 per cent effective per annum rate
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ExampleSame as before but with annual compounding.
le = (1+0.12 91-1 = 0.12= 12 per cent effective per annum rate
This last example shows that for once-a-year-compounding, the nominal and effective
per annum rates are identical.

Finding Unknown Interest Rates.—f a single payment d® dollars is to produce a sum
of Sdollars aftem annual compounding periods, the per annum decimal interest rate is

found using:

Present Value and Discount.—Fhe present value or present wdpthf a given amours
is the amounP that, when placed at interédor a given timen, will produce the given
amountS

At simple interestP = S/(1 + ni)
At compound interes® = S/(1+i)"
Thetrue discounD is the difference betwe&andP: D =S-P.

These formulas are for an annual interest rate. If interest is payable other than annually
modify the formulas as indicated in the formulas in the sebttenest Compounded More
Often Than Annually

ExampleRequired the present value and discount of $500 due in six months at 6 per cent
simple interest. Her&§=500;n= 612 = 0.5 year; = 0.06. ThenP = 500/(1+ 0.5% 0.06)
=$485.44.

Required the sum that, placed at 5 per cent compound interest, will in three years produc:
$5,000. HereS=5000; = 0.05;n=3. Then,

P = 5000/ ( 1+ 0.03% = $4,319.19
Annuities.—An annuity is a fixed sum paid at regular intervals. In the formulas that fol-
low, yearly payments are assumed. It is customary to calculate annuities on the basis o
compound interest. If an annuiyis to be paid out farconsecutive years, the interest rate
beingi, then the present val&of the annuity is
= pLri-1
i(L+i)n

Examplelf an annuity of $200 is to be paid for 10 years, what is the present amount of

money that needs to be deposited if the interest is 5 per centAl=#e260;i = 0.05;n = 10:

10 _
p =200t 00971 _ g 50435
0.05( 1+ 0.0310

The annuity a principa& drawing interest at the raitevill give for a period ofiyears is

i(L+i)"
(1+i)"-1

ExampleA sum of $10,000 is placed at 4 per cent. What is the amount of the annuity pay-
able for 20 years out of this sum: HePes 10000j = 0.04;n = 20:

20
A = 10,0002:28(1* 0037 _ o735 o
(1+0.0920-1
If at thebeginningof each year a sufis set aside at an interest riate total valu&of
the sum set aside, with interest, at the entyefars, will be

P

A=P
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1 1\yn_—
S = (1+ |)[(1i+|) 1]

If at theendof each year a sufis set aside at an interest ratihen the total valugof
the principal, with interest, at the endufears will be

a0
S= A(_lill)__l

If a principalP is increased or decreased by a $uaithe end of each year, then the value
of the principal aften years will be

1yn_
S= PL+i)n+ A—(1+Ii) !
If the sumA by which the principd® is decreased each year is greater than the total yearly
interest on the principal, then the principal, with the accumulated interest, will be entirely
used up imyears:

_ logA—log(A—iP)

log(1+1)
Sinking Funds.—Amortization is “the extinction of debt, usually by means of a sinking
fund.” The sinking fund is created by a fixed investnteptaced each year at compound
interest for a term of yeansand is therefore an annuity of sufficient size to produce at the

end of the term of years the amo@mtecessary for the repayment of the principal of the
debt, or to provide a definite sum for other purposes. Then,

1+i)-1
i

n

S= and R =

Sl
(1+i)"-1
Examplelf $2,000 is invested annually for 10 years at 4 per cent compound interest, as a
sinking fund, what would be the total amount of the fund at the expiration of the term?
Here,R=2000,n=10;i = 0.04:
(1+0.0910-1

= e = .
S = 200 0.04 $24,012.21

Evaluating Investments in Industrial Assets

Investment in industrial assets such as machine tools, processing equipment, and othe
means of production may not be attractive unless the cost of such investment can be reco\
ered with interest. The interest,rate of return should be equal to, or greater than, some
specified minimum rate for each of such investments. Three methods used in analyzing
prospective investments are

1) Annual cosbf the investment at a specified minimum acceptable rate of return used as
the interest rate.

2) Present worthusing as an interest rate a specified minimum acceptable rate of return.

3) Prospective rate of returoompared to a specified minimum acceptable rate.

Annual Cost Method.—In the annual cost method, comparisons are made among alter-
native investment plans. If the annual costs in any investment plan form a non-uniform
series of disbursements from year to year, a much used method for rexlucorgpari-

sons to an equivalent basis is as follows: Take each of the annual disbursements and use t
present worttmethod developed in the next section to bring all annual costs down to a
common present worth date, usually called “year 0.” When this has been done, eact
present worth is converted to an equivalent uniform annual series of disbursements using
the applicable formulas froffable 1
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Table 1. Summary of Useful Interest Formulas

The meanings of the symbd®sR, S L, i, n, andF are as follows:
P =Principal sum of money at the present time. Also the present worth of a future payment in a
series of equal payments
R =Single payment in a seriesmequal payments made at the end of each interest period
S =A sum, aftem interest period, equal to the compound amount of a principalBwnthe sum|
of the compound amounts of the paymeRisat interest rate
i=Nominal annual interest rate expressed as a decimal
n=Number of interest periods, usually annual
L = Salvage value of an asset at the end of its projected useful life
F=(1 +i)" for which values are tabulatedTable 2
To Find Given Formula
Simple interest, Sum P, find S S = P(1+ni) 1)
Single payment, Compound-amount P, findS S= PF 2)
Single payment, Present-worth S find P P = ; 3)
Equal-payment series, Compound-amoupt R, find S s=RE |_ ) 4)
Equal-payment series, Sinking-fund S findR R = S(':Tl) 5)
. X _ o(F=1)
Equal-payment series, Present-worth R, find P P = R——iF-— (6)
Equal-payment series, Capital-recovery P, findR R = P(F_IET) )
Equal-payment series with salvage value| ) - (p_ iF :
Capital-recovery P andL, find R R= (P L)(F—l) +Li  (8)

Example 1 (Annual Cost Calculationa) investment of $15,000 is being considered to
reduce labor and labor-associated costs in a materials handling operation from $8,200
year to $3,300. This operation is expected to be used for 10 years before being changed ¢
discontinued entirely. In addition to the initial investment of $15,000 and the annual cost of
$3,300 for labor, there are additional annual costs for power, maintenance, insurance, an
property taxes of $1,800 associated with the revised operation. Based on comparisons ¢
annual costs, should the $15,000 investment be made or the present operation continued

The present annual cost of the operation is $8,200 for labor and labor-associated cost:
The proposed operation has an annual cost of $3,300 for labor and labor extras plus $1,80
for additional power, maintenance, insurance, and taxes, plus the annual cost of recoverin
the initial investment of $15,000 at some interest rate (minimum acceptable rate of return).

Assuming that 10 per cent would be an acceptable rate of return on this investment over :
period of 10 years, the annual amount to be recovered on the initial investment would be
$15,000 multiplied by the capital recovery factor calculated u=imgnula (7)in Table 1
FromTable 2 the factoiF for 10 per cent and 10 years is seen to be 2.594.

Putting this value inteormula (7)gives:

_ 5 iF _ 0.1x 2.594 _
R = P———F - = 15,000m = $2,442
Adding this amount to the $5,100 annual cost associated with the investment{$3,300
$1,800 = $5,100) gives a total annual cost of $7,542, which is less than the present annue
cost of $8,200. Thus, the investment is justified unless there are other considerations suc
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as the effects of income taxes, salvage values, expected life, uncertainty about the require
rate of return, changes in the cost of borrowed funds, and others.

A tabulation of annual costs of alternative plans A, B, C, etc., is a good way to compare
costs item by item. FdExample 1

Item Plan A PlanB
1 Labor and labor extras $8,200.0p $3,300.p0
2 Annual cost of $15,000 investment uskgmula (7) Table 2 2,442.00
3 Power 400.00
4 Maintenance 1,100.04
5 Property taxes and insurance 300.00
Total annual cost $8,200.0( $7,542.90

Example 2 (Annual Cost Considering Salvage Valtig):Example lthe salvage value
of the equipment installed was $5,000 at the end of 10 years, what effect does this have o
the annual cost of the proposed investment of $15,000?

The only item in the annual costiExample Ihat will be affected is the capital recovery
amount of $2,442. The following formula gives the amount of annual capital recovery
when salvage value is considered:

(F'fl) +Li = (15,000-5,000 52253 5.000x 0.1 = $2,127

Adding this amount to the $5,100 annual cost determined previously gives a total annual
cost of $7,227, which is $315 less than the previous annual cost of $7,542 for the propose
investment.

Present Worth Method.—A present worth calculation may be described as the discount-
ing of a future payment, or a series of payments, to a cash value on the present date bas
on a selected interest rate. The present date is referred to as “day 0,” or “year 0.” Initial
costs are already at zero date (present worth date), so no factors need be applied to initi
or “up-front,” costs. On the other hand, if salvage values are to be considered, these mus
be reduced to present worth asubtractedfrom the present worth of the initial invest-
ment.

The present worths of each of the alternative investments are then compared to find the
lowest cost alternative. The present worth of the lowest cost alternative may then be con-
verted to a uniform series of annual costs and these annual costs compared with an existine
in-place, annual cost. Present worth calculations are often referredisc@asnted cash
flowbecause this term describes both the data required and the method of cal@adation.
flow refers to the requirement that data must be supplied in the form of amounts and date:
of receipts and payouts, adiscountedefers to the calculation of the present worth of
each of one or more future payments. The rate of return used in such calculations should b
the minimum attractive interest rate before taxes.

Example 3 (Present Worth CalculatioRyesent worths are calculated as of the zero date
of the payments being compared. Up-front (zero-day) disbursements are already at theil
present worth and no interest factors should be applied to them; the present worths of sal
vage values arsubtractedo get the present worth of the net disbursements because the
present worth of a salvage value, in effect, reduces the amount of required initial disburse-
ments.

A) Find the present value of a salvage value of $1000 from the sale of equipment after 10
years if the expected rate of return (interest rate) is 10 per cent?Rdsmgla (3)from
Table land the value df = 2.594 fom = 10 years and= 0.1 fromTable 2 the present
worthP =10002.594 = $385.51.

B) In Example 1the annual cost of an investment of $15,000 at 10 per cent over 10 years
was $2,442. Convert this annual outlay back to its present worth.

R=(P-L
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Using Formula (6)and the value 2.594 froffable 2 P = 2,442x (2.594~ 1)/(0.1x
2.594) = $15,005, which rounds to $15,000.

Table 2. Values of = (1+i)" for Selected Rates of Interest,
and Number of Annual Interest Periodsn

Annual Interest Raté, Expressed as a Decimal

(l)\lf'#n;gresrv 0,050| 0.060| 0.074 0.084) 0,09|o 0.14)0 0.1P0 0.120 0,|130 0|14o (1.150 160
n FactorF = (1+i)"
1 | 1.050] 1.060] 1.07d 1.08p 1.090 1.1p0 1410 1J20 1130 1140 ].150 [1.160
2 | 1103| 1124] 1145 1166 1148 1200 1332 1254 1p77 1300 1.323 [1.346
3 | 1158| 1101 1229 1260 1295 131 1.368 1405 1[443 10482 1521 [L561
4 | 1216| 1.262] 1311 136 14f2 14pa 1418 1574 1630 1689 1.749 [1.811
5 | 1276| 1.338] 1403 1.46p 1539 1601 1685 162 1842 1925 2011 P.100
6 | 1.340| 1.410| 1501 158y 1617 172 170 1974 2082 2195 2313 P.436
7 | 1407| 1504] 160§ 1714 1.848 1949 2476 2211 2353 2502 2660 [.826
8 | 1.477| 1504 1719 1851 1993 2144 2305 2476 2[s58 2853 $.059 P.278
o | 1551| 1680 1.83§ 1.99p 21712 23h8 2558 2773 30004 3252 $.518 [3.803
10 | 1629| 1701 1967 2150 2.3¢7 2.5p4 2.439 306 3|395 3707 4.046 4411
11 | 1710| 1.808] 2104 233 2580 2.853 3.452 3479 3836 4226 4.652 [5.117
12 | 1.796| 2012 2257 2518 2813 3.1B8 3498 3.596 4335 4818 $.350 [5.936
13 | 1.886| 2133 2414 2720 3066 3452 3.483 4563 4/898 5492 $.153 [6.886
14 | 1.980| 2261 2579 2937 3.3d2 3.7p7 4310 4.p87 5/535 €261 7.076 [7.988
15 | 2079| 2.397] 2759 3.17R 3.642 4.1F7 4785 5474 6[254 7138 $.137 [0.266
16 | 2183| 2540 2957 3426 3.970 4.5p5 5311 630 7/067 137 9.358 10.748
17 | 2202| 2693 3159 3.700 4.328 5064 5895 6466 7/986 276 10.761 12.468
18 | 2.407| 2.854) 3389 3.996 4.7]7 5550 6444 7.690 9[024 10575 1p.375 14.463
19 | 2527| 3.026] 3611 4316 5142 6.106 7.463 8.p13 10197 17.056 14.232 16.777
20 | 2.653| 3.207| 3.879 4661 5604 6.7p7 8462 9.46 11/523 13.743 15.367 19.461
21 | 2786| 3.400] 4141 503 6.109 7.4p0 8449 1004 13)021 15.668 18.822 P2.574
22 | 2925 3604 4430 5437 6659 8180 9434 120100 14|714 17.861 21.645 6.186
23 | 3072| 38200 4741 5871 7.288 8.9b4 11.026 13552 16627 20.362 24.891 B0.376
24 | 3225| 4049 5077 6341 7.991 9.850 12.339 15179 18788 2$.212 28.625 B5.236
25 | 3.386| 4292 5.427 6.848 8633 10.885 13585 17/000 21231 26.462 32.919 40.874
26 | 3556| 4549 5807 7.395 9.399 11.918 15.080 190040 23991 30.167 37.857 47.414
27 | 3733| 4822 6214 7.988 10245 13.110 16.739 21[325 27109 3#.390 43535 [5.000
28 | 3920| 5112 6649 8267 11167 14.421 18.580 23[884 30.633 3p.204 §0.066 p3.800
29 | 4116| 5.418) 7114 9317 12172 15863 20.624 26[750 34616 4h.693 §7.575 [4.009
30 | 4322| 5743 7.617 10.063 13.268 17.449 22.892 29|960 39.116 5p.950 €6.212 B5.850

Prospective Rate of Return Method (Discounted Cash Flow).Fhis method of calcu-
lating the prospective return on an investment has variously been caldiddbented
cash flow method, the Investor's Methtite Profitability Index and thenterest rate of
return, butdiscounted cash flois the most common terminology in industry.

The term “discounted cash flow” is most descriptive of the process because “cash flow”
describes the amounts and dates of the receipts and disbursements and “discounted” refe
to the calculation of present worth. Calculating the present worth of future payments is
often described as discounting the payments to the present “zero” date.
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The process is best illustrated by an example. The d@tbie 3are a tabulation of the
cash flows by amount and year for two different plans of investment, the fourth column
showing the differences in cash flows for each year and the differences in the totals. This
type of information could equally well represent a comparison involving a choice between
two different machine tools, investments in rental properties, or any other situation where
the difference between two or more alternative investments are to be evaluated.

The differences in cash flows in the fourth colummalfle 3consist of a disbursement of
$15,000 at date zero and receipts of $3,000 per year for 10 years. The rate ofrttarn
net cash flovean be calculated from these data using the principahiheate of return is
that interest rate at which the present worth of the net cash flow is zero

In this example, the present worth of tiegcash flow will be 0 if the present worth of the
$15,000 disbursements is numerically equal to the present worth of the uniform annual
series of receipts of $3,000. For the disbursement of $15,000, the present worth is alread
$15,000, because it was made on date 0. The uniform annual series of receipts of $3,000
year for 10 years must be converted to present worth Esimgula (6)rom Table 1 The
interest rate needed to calculate the faEtor Formula (6)to get the necessary present
worth conversion factor is not known, so that a series of trial-and-error substitutions of
assumed interest rates must be made to find the correct present value factor. As a firs
guess, assume an interest rate of 15 per cent. ThenT&bla 2 for 15 per cent and 10
yearsF = 4.046, and substituting Formula (6)of Table 1,

_ 4.046—- 1 _
P = 3000m6— 15,056near|y

so that the present worth of the net cash flow at 15 per cent inteb&5{¢00+ $15,056 =

$56) is slightly more than 0. If a 16 per cent interest rate is Riisdialculated as $14,499,
which is too small by $501 and is about 10 times larger than the previous difference of $56.
By interpolation, the interest rate should be approximately 15.1 per cent (0.1 per cent
above 15 per cent, or 0.9 per cent less than 16 per cent)FEnhgin+ 0.151¥° = 4.0809,

andP = 3,000F - 1)/(0.151x 4.0809) = 3,000(4.0809 1)/(0.151x 4.0809) = 14,999,
nearly. Thus, the present worth of the net cash flow at 15.1 per-c&i#,000+ $14,999 =

—-$1) is only slightly less than 0, and the prospective rate of return may be taken as 15.1 pe
cent.

Table 3. Comparison of Cash Flows for Two Competing Plans

Annual Costs Annual Costs Net Cash Flow
Year Plan A Plan B B—A
0 -$15,000 -$15,000
1 -$8,000 -5,000 +3,000
2 -8,000 -5,000 +3,000
3 -8,000 -5,000 +3,000
4 -8,000 -5,000 +3,000
5 -8,000 -5,000 +3,000
6 -8,000 -5,000 +3,000
7 -8,000 -5,000 +3,000
8 -8,000 -5,000 +3,000
9 -8,000 -5,000 +3,000
10 -8,000 -5.000 +3,000
Totals -$80,000 -$65,000 +$15,000
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Principal Algebraic Expressions and Formulas

axa=aa= & a _m@f
axaxa=aaa= & b3 [b
axb=ab 1=Eﬁ{]3=a_3
a2b? = (ab)? S

(a2)3 = a2%3 = (33)2 = ab
aS+b3 = (a+b)(a?—ab+b?)
aS—b3 = (a—-b)(a2+ab+ b?)
(a+b)3 = a3+3a2b+3ab? +b3
(a—Db)3 = a3-3a?b+ 3ab?—b3

a2ad = a2+3 = ab
ad-a3 = ad-3 = g
a’=1

a?—b2 = (a+b)(a-b)
(a+b)2 = a2+2ab+ 1?2
(a—b)2 = a2-2ab+b?

Jax.ja=a 3/ab = 3fax3/o
3fax3fax3fa=a %/ézi@

Gfa) = a b 3p
a2 = (3fa)” = 213 it L =as
Ja+. /b= Ja+b+2./ab

When axb=x then loga+logb = logx

a+b=x then loga—logb = logx
a = x then Joga = logx

3/a = x then I_c%gg = logx

Equations

An equation is a statement of equality between two expressions,sa$@. The
unknown quantity in an equation is generally designated by thexetfehere is more
than one unknown quantity, the others are designated by letters also selected at the end
the alphabet, as z, u, t, etc.

An equation of the first degree is one which contains the unknown quantity only in the
first power, as 8= 9. A quadratic equation is one which contains the unknown quantity in
the second, but no higher, powerxas 3x = 10.

Solving Equations of the First Degree with One Unknown.—Franspose all the terms
containing the unknowxto one side of the equals sign, and all the other terms to the other
side. Combine and simplify the expressions as far as possible, and divide both sides by th
coefficient of the unknowr. (See the rules given for transposition of formulas.)

Example: 22x—11 = 15x+ 10
22x—15x = 10+ 11
7x = 21

X =3
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Solution of Equations of the First Degree with Two Unknowns.—Fhe form of the sim-
plified equations is

ax+by=c
ax+by=c,
Then, _ cby—c;b _ac-—ac
X~ @b, —a,b Y= ab,—ab
Example: 3x+4y = 17
5x-2y = 11
oo L7x(=29-11x4 _ -34-44 78 _,
3x(-2)-5x4 -6-20 -26

The value of can now be most easily found by inserting the valuxérobne of the equa-
tions:

5x3-2y =11 2y =15-11=4 y=2
Solution of Quadratic Equations with One Unknown.—if the form of the equation is

ax2+bx+c=0, then
X = —b+./b2-4ac
2a

ExampleGiven the equationx®+ 6x+5 =0, them=1,b=6, anct =5.
_—6+462-4%x1x5_(=6)+4 _ (6)-4_
= 1 = 5 =-1 or 5 =-5
If the form of the equation &+ bx=c, then
_ —b*Jb%+4ac
2a

ExampleA right-angle triangle has a hypotenuse 5 inches long and one side which is one
inch longer than the other; find the lengths of the two sides.

Letx=one side ankl+ 1 = other side; thex? + (x+ 12 = 2 orx2+x2+ 2x+ 1 = 25; or 2
+2x=24; orx2+x=12. Now referring to the basic formuta? + bx=c, we find thaa =1,
b=1,anct=12; hence,

_ -1+ J1+4x1x12 _ (1) +7 _ _(-1)-7 _
= %1 = 5 =3 or x= = —4

Since the positive value (3) would apply in this case, the lengths of the two siles3are
inches and+ 1 =4 inches.

Cubic Equations.—If the given equation has the forri:+ ax+b =0 then

3 1/3 3 1/3
~ob, 2,077 nb_[ad, by

X = == = I,

U2 27 40 U2 27 40
The equation®+px2 + gx+r = 0, may be reduced to the ford + ax, +b =0 by substi-

X

X

tuting x; —g forxin the given equation.

Series.—Some hand calculations, as well as computer programs of certain types of math-
ematical problems, may be facilitated by the use of an appropriate series. For example, ir
some gear problems, the angle corresponding to a given or calculated involute function is
found by using a series together with an iterative procedure such as the Newton-Raphsol
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method described on pag6. The following are those series most commonly used for
such purposes. In the series for trigonometric functions, the anghesin radians (1
radian = 180t degrees). The expression exg) means that the basef the natural log-
arithm system is raised to thg? power;e=2.7182818.

(1) sinx=x—x3/3! + X35! =xX7[7! + - for all values ok.
(2) cosx=1-x22!+x*/4) —x8/6! + .- for all values ok.
(3) tanx=x+x33+2x3/15+ 17x"/315+ 62x%/2835+ --- for [x| <172.

(4) arcsik=x+x3/6+1-3x%(2-4-5) for [x|< 1.

+1-3-5x/(2-4-6-7§ -
5) arccox=Ty2-arcsinx

(

(6) arctark=x-x33+x3/5-X[7+--- for [x|< 1.

(7) & =1+x+x32!1+x3/3! + .- for all values ok.
(8) expExd)=1-x2+x421-x8/3!+ - for all values ok.
(9) a*=1+xlog,a+ (xlog,a)?/2! + (xlog,a)¥3! +--- for all values ok.
(10) L(A+X)=1-X+X2—x3+x4—-.. for [x| < 1.

(11) A-X)=1+x+x2+x3+x4+ - for x| <1.

(12) L/(1+x)2=1-2x+3x2 -3 +5x4—--- for x| <1.

(13) L/(1-X)2=1+2X+ 32+ H3+55+ - for x| < 1.

(14) JT+X) =1+X2-X/(2 - 4+ 1-35(2 - 4-6) forpd <1.

-1-3-5x4(2-4-6-8)-

(15) 1/(J1+x) =1-X2+1-3x%(2-4)-1-3-5x(2-4-6) o M <1
+ ..
(16) @+x)"=a"+na"1x+n(n-1)a2x%2! for x2 < a2
+n(n—-1)(n—2)a"3x3/3! + -
Derivatives of Functions.—The following are formulas for obtaining the derivatives of
basic mathematical functions. In these formulas, the kettenotes a constant; the letter
denotes a variable; and the letteesdv denote functions of the varialdeThe expression
d/dx means the derivative with respeckt@and as such applies to whatever expression in

parentheses follows it. Thus, @f@x) means the derivative with respecktaf the product
(ax) of the constard and the variablg, as given by formula (3).

To simplify the form of the formulas, the symbol D is used to represent¥ds, D is
equivalent to d/dand other forms as follows:
d(ax d
D(ax) = (dx ) = C3((ax)
1)D@=0 2)DK =1 3)D@x=a-DK =a-1=a
4) D(u+Vv) =D(u) + D(v) Example:D(x*+ 2x?) = 43 + 4x
5)D(uv) =v- D) +u- D) ExampleD(x?-axd) =ax® - X+x? - 3ax? = Bax*

6)D(u/v) = \w Example:D(ax%/sinx) = (2ax- sirk—ax2 - cox)/sinex
v

7) DX =n-x"1 Example:D(5x") = 35¢
8) D(e) =€
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9) D@) =a*- log,a ExampleD(11) - 11*- log.11

10) DY) =v-u*- D) +uw - log,u - D{)

11) D(log. X) = 1k

12) D(log, x) = 1k - log,a = log, &/x

13) D(sinx) = cosx Example:D(a - sinx) =a - cosx

14) D(cosx) =sinx  15) D(tanx) = seéx
Solving Numerical Equations Having One Unknown.—Fhe Newton-Raphson method
is a procedure for solving various kinds of numerical algebraic and transcendental equa-
tions in one unknown. The steps in the procedure are simple and can be used with either
handheld calculator or as a subroutine in a computer program.

Examples of types of equations that can be solved to any desired degree of accuracy b
this method are

f(x) = x2-101 =0, f(x) = x3-2x2-5=10
and f(x) = 2.9x—cosx—1 =0
The procedure begins with an estimateof the root satisfying the given equation. This

estimate is obtained by judgment, inspection, or plotting a rough graph of the equation anc
observing the valug where the curve crosses thaxis. This value is then used to calcu-

late values,, r4, ... ,r, progressively closer to the exact value.

Before continuing, itis necessary to calculate the first derivéti®, of the function. In
the above examplef(x) is, respectively, 2 3x2 - 4x, and 2.9+ sinx. These values were
found by the methods describedarivatives of Functionsn page 34.

In the steps that follow,
r, is the first estimate of the value of the rodi(®f = 0;

f(ry) is the value of(x) forx=r;
f'(x) is the first derivative di(x);
f'(ry is the value of'(x) forx =r;.
The second approximation of the roof(@j = 0,r, is calculated from
ry = ry=[f(ry)/f(ryl
and, to continue further approximations,
Ty = ooy = f(ra_)/F(r_ 1
ExampleFind the square root of 101 using Newton-Raphson methods. This problem can
be restated as an equation to be solvedf{.,= x2—101 = 0
Step 1. By inspection, it is evident that 10 may be taken as the first approximation of
the root of this equation. Thef(r,) = f(10) = 102-101 = -1
Step 2. The first derivativé'(x), of x2— 101 is X as stated previously, so that
f'(10) = 2(10) = 20.
Then,
r,=r,—f(r)f’(ry) = 10— (=1)/20 = 10+ 0.05 = 10.05.
Check:10.0% = 101.0025; error = 0.0025
Step 3. The next, better approximation is
ry = ry—[f(ry)/f'(ry)] = 10.05-[f(10.05/f'(10.09]

= 10.05-[( 10.08-101)/2(10.09] = 10.049875
Check10.049873 = 100.9999875 error 0.0000125
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Coordinate Systems

Rectangular, Cartesian Coordinates.— a Cartesian coordinate system the coordinate
axes are perpendicular to one another, and the same unit of length is chosen on the tw
axes. This rectangular coordinate system is used in the majority of cases.

The general form of an equation of a line in a Cartesian coordinate systemis+ b,
where &, y) is a point on the linenis the slope (the rate at which the line is increasing or
decreasing), artlis they coordinate, thg-intercept, of the point (®) on they-axis where
the line intersects the axisxat 0.

Another form of the equation of a line is the point-slope formy;) = m(x - x,). The
slopem, is defined as a ratio of the change injtheordinatesy, - y,, to the change in the
x coordinatesy, — x,,

Example 1Find the general equation of a line passing through the points (3, 2) and (5, 6),
and it's intersection point with theaxis.

First, find the slope using the equation above

Theline has a general formyof 2x +b, and the value of the constérdan be determined
by substituting the coordinates of a point on the line into the general form. Using point
(3,2), 2 =2x 3 +b and rearrangindy = 2— 6 =—4. As a check, using another point on the
line, (5,6), yields equivalent resuliss 6 = 2x 5 +b andb = 6—- 10 =—4.

The equation of the line, thereforeyis 2x — 4, indicating that ling = 2x — 4 intersects
they-axis at point (6;4), they-intercept.

Example 2Using the point-slope form find the equation of a line passing through the
point (3,2) and having a slope of 2.

(y=2) = 2(x-3)
y =2Xx-6+2
y = 2x-4

Because the slope, 2, is positive the line is increasing and the line passes thrgugh the
axis at they-intercept at a value e#.

Polar Coordinates.— Another coordinate system is determined by a fixed point O, the
origin or pole, and a zero direction or axis through it, on which positive lengths can be laid
off and measured, as a number line. A point P can be fixed to the zero direction line at a
distancer away and then rotated in a positive sense at an angtee angley, in polar
coordinates can take on values frohtd360. A point in polar coordinates takes the form

of (u,r).

Changing Coordinate Systems.—or simplicity it may be assumed that the origin on a
Cartesian coordinate system coincides with the pole on a polar coordinate system, and it
axis with the x-axis. Then, if point P has polar coordinates,®j énd Cartesian coordi-
nates ofX, y), by trigonometrx =r x cos(i) andy =r x sin(u). By the Pythagorean theo-

rem and trigonometry
r = A/x2+y2 0= atang
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Example 1Convert the Cartesian coordinate (3, 2) into polar coordinates.
r=43%+2°= 0+4=/13=36 0= atan% = 3378

Therefore the point (3.6, 33.78) is the polar form of the Cartesian point (3, 2).
Graphically, the polar and Cartesian coordinates are related in the following figure

3.2

0 1 2 3

Example 2Convert the polar form (5, 608) to Cartesian coordinates. By trigonometry,
=r xcosfi) andy =r x sin(u). Thenx =5 cos 608 = 2.5 aryd= 5 sin 608 = 4.33. Therefore,
the Cartesian point equivalentis (2.5, 4.33).

Spherical Coordinates.—t is convenient in certain problems, for example, those con-
cerned with spherical surfaces, to introduce non-parallel coordinates. An arbitra point
in space can be expressed in terms of the distdmetveen poinP and the origirO, the
angleg thatOP' makes with the—y plane, and the anglethat the projectio®P (of the
segmenOP onto thex-y plane) makes with the positixeaxis.

The rectangular coordinates of a point in space can therefore be calculated by the follow-
ing formulas

Relationship Between Spherical and Rectangular Coordinates

Spherical to Rectangular Rectangular to Spherical
X=COSPCOSA r= ey a7
z
=r cos@sinA ¢ = atal for x2+y2#0
y S /xz . yz ( y?#0)
z=rsin@ A= atarg (forx>0,y>0)
A=+ atar¥x (forx<0)
A= 2m+ atang (forx>0,y<0)
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ExampleWhat are the spherical coordinates of the @8t 4,-12)?

r = J3%+(—4)’+(-12)° = 13

@ = ata -12 = atan22 = —67.38

32+ (—4)°
A = 360°+ atan—g = 360° —53.1F = 306.87

The spherical coordinatesPfare therefore=13,¢p=267.388, andl = 306.878.
Cylindrical Coordinates.—For problems on the surface of a cylinder it is convenient to
use cylindrical coordinates. The cylindrical coordinat@sz, of P coincide with the polar
coordinates of the point id the x-y plane and the rectanguaordinate oP. This gives
the conversion formula. Those ®hold only ifx2 + y2# 0; 8 is undetermined ¥ =y = 0.

Cylindrical to Rectanguldr Rectangular to Cylindrical
0 r= /—1
X=r cosl -
><2+y2 4
coh = == \g/
X+ r
y=rsin@ y
sin@ = Y
I +y?
x P y

ExampleGiven the cylindrical coordinates of a poiytr = 3,0 =-30°, z= 51, find the
rectangular coordinates. Using the above formxta8cos £30°) = 3cos (30) = 2.598y
= 3sin (30°) = -3 sin(30) =-1.5; andz = 51. Therefore, the rectangular coordinates of
pointP arex=2.598y =-1.5, andz=51.

Imaginary and Complex Numbers

Complex or Imaginary Numbers.—Complex or imaginary numbers represent a class of
mathematical objects that are used to simplify certain problems, such as the solution of
polynomial equations. The basis of the complex number system is the unitimaginary num-
beri that satisfies the following relations:

i=()Y=1 i=/4 -i=-/1

In electrical engineering and other fields, the unitimaginary number is often represented
by j rather tham. However, the meaning of the two terms is identical.

Rectangular or Trigonometric FornEvery complex numbe#, can be written as the
sum of a real number and an imaginary number. When expressed aZasaifmbi, the
complex number is said to be in rectangular or trigonometric form. The real part of the
number is, and the imaginary portionlisbecause it has the imaginary unit assigned to it.

Polar Form:A complex numbeZ = a + bi can also be expressed in polar form, also
known as phasor form. In polar form, the complex nurgligrepresented by a magnitude
r and an angl8 as follows:

Z =r0e
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where 06 = adirection, the angle whose tangeihtisa, thu® = atang and;= a

magnitude =/a2 + b2

A complex number can be plotted on a real-imaginary coordinate system known as the
complex plane. The figure below illustrates the relationship between the rectangular coor-
dinatesa andb, and the polar coordinateando.

b a+bi

imaginary
axis

real axis a

Complex Number in the Complex Plane
The rectangular form can be determined frand®6 as follows:

a = rcosh b = rsin@ a+bi =rcosB+irsin® = r(cosb +isinb)
The rectangular form can also be written using Euler’s Formula:
“i6 o ' i0_ 0 dOy o
e = coB*isinb sind = > cosB = —

Complex ConjugateComplex numbers commonly arise in finding the solution of poly-
nomials. A polynomial ofit" degree hassolutions, an even number of which are complex
and the rest are real. The complex solutions always appear as complex conjugate pairs i
the forma + bi anda - bi. The product of these two conjugatest bi) x (a— bi) =a2+b?,
is the square of the magnituddlustrated in the previous figure.

Operations on Complex Numbers

Example 3, AdditioWhen adding two complex numbers, the real parts and imaginary
parts are added separately, the real parts added to real parts and the imaginary to imagina
parts. Thus,

(a, +iby) + (ay +iby) = (a, +a,) +i(b, +b,)
(a, +iby) —(ay+ib,) = (a,—a,) +i(b; —by)
(3+4i)+(2+i) = (3+2)+(4+1)i = 5+5i

Example 4, MultiplicationMultiplication of two complex numbers requires the use of
the imaginary unitiz2=-1 and the algebraic distributive law.

(a; +iby)(a, +iby) = aja, +ia b, +ia,b, + izblb2

a,a, +ia b, +iasb, —b,b,
(7+2i)x(5=3i) = (7)(5) —(7)(3i) + (2i)(5) —(2i)(3i)
35— 21 + 10i - 6i°
35- 21 + 10i —(6)(-1)
= 41-11
Multiplication of two complex numberg, = r,(co$; +isinB,) andZ, =r,(co®, +

ising,), results in the following:
Zy x Z, =ry(coP, +isind,) xr,(coB, +isinb,) =r,r,[cos@; +6,) +isin(®, +6,)]
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Example 5, DivisiorDivide the following two complex numbers, 2 #&hd 4~ 5i.
Dividing complex numbers makes use of the complex conjugate.

2+3i _ (2+3)(4+5) _ 8+12 +10i +15i° o1+ 22 g, 22
4-5i  (4-5i)(4+5) 154+ 20_20i_252 16+25 4l

th1

Example 6Convert the complex number 8+#6to phasor form.
First find the magnitude of the phasor vector and then the direction.

magnitude =«/82+62 = /100 = 10 direction atang = atan0.75= 36.87

phasor =100 36.87

Break-Even Analysis

Break-Even Analysis.—Break-even analysis is a method of comparing two or more
alternatives to determine which works best. Frequently, cost is the basis of the comparison
with the least expensive alternative being the most desirable. Break-even analysis can b
applied in situations such as: to determine if it is more efficient and cost effective to use
HSS, carbide, or ceramic tooling; to compare coated versus uncoated carbide tooling; tc
decide which of several machines should be used to produce a part; or to decide whether t
buy a new machine for a particular job or to continue to use an older machine. The tech-
niques used to solve any of these problems are the same; however, the details will be differ
ent, depending on the type of comparison being made. The remainder of this section deal
with break-even analysis based on comparing the costs of manufacturing a product using
different machines.

Choosing a Manufacturing Method’he object of this analysis is to decide which of
several machines can produce parts at the lowest cost. In order to compare the cost of prc
ducing a part, all the costs involved in making that part must be considered. The cost of
manufacturing any number of parts can be expressed as th€sa@: + nx C,, where
C;is the total cost of manufacturing one p&gis the sum of the fixed costs of making the
partsnis the number of parts made, aids the total variable costs per piece made.

Fixed costs are manufacturing costs that have to be paid whatever the number of parts i
produced and usually before any parts can be produced. They include the cost of draftin
and CNC part programs, the cost of special tools and equipment required to make the part
and the cost of setting up the machine for the job. Fixed costs are generally one-time
charges that occur at the beginning of a job or are recurrent charges that do not depend c
the number of pieces made, such as those that might occur each time a job is run again.

Variable costs depend on the number of parts produced and are expressed as the cost |
part made. The variable costs include the cost of materials, the cost of machine time, the
cost of the labor directly involved in making the part, and the portion of the overhead that
is attributable to production of the part. Variable costs can be expresSgd-asaterial
cost+ machine cost labor cost overhead cost. When comparing alternatives, if the same
costisincurred by each alternative, then that cost can be eliminated from the analysis with-
out affecting the result. For example, the cost of material is frequently omitted from a man-
ufacturing analysis if each machine is going to make parts from the same stock and if there
is not going to be a significant difference in the amount of scrap produced by each method
The time to produce one part is needed to determine the machine, labor, and overhea
costs. The total time expressed in hours per pgrtis; + t;, wheret; equals the floor-to-
floor production time for one part anghe setup time per part. The setup titgds the
time spent setting up the machine and periodically reconditioning tooling, divided by the
number of parts made per setup.

Material costequals the cost of the materials divided by the number of parts made.



BREAK-EVEN ANALYSIS 41

Machine cosis the portion of a machine's total cost that is charged toward the production
of each part. It is found by multiplying the machine rate (cost of the machine per hour) by
the machine time per patt, The machine hourly rate is calculated by dividing the lifetime
costs (including purchase price, insurance, maintenance, etc.) by the estimated lifetime
hours of operation of the machine. The total operating hours may be difficult to determine
but a reasonable number can be based on experience and dealer information.

Labor costsre the wages paid to people who are directly involved in the manufacture of
the part. The labor cost per part is the labor rate per hour multiplied by the time needed tc
manufacture each patt, Indirect labor, which supports but is not directly involved in the
manufacture of the part, is charged as overhead.

Overhead cods the cost of producing an item that is not directly related to the cost of
manufacture. Overhead includes the cost of management and other support personne
building costs, heating and cooling, and similar expenses. Often, overhead is estimated a
a percentage of the largest component cost of producing a part. For example, if direct labo
is the largest expense in producing a part, the overhead can be estimated as a percentage
the direct labor costs. On the other hand, if equipment costs are higher, the overhead woul
be based on a percentage of the machine cost. Depending on the company, typical ove
head charges range from about 150 to 800 per cent of the highest variable cost.

Most of the time, the decision to use one machine or another for making parts depends ol
how many pieces are needed. For example, given three maghihesdC, if only a few
parts need to be produced, then, in terms of cost, maginmght be the best; if hundreds
of parts are needed, then macHimaight be best; and, if thousands of components are to
be manufactured, then machiBenay resultin the lowest cost per part. Break-even analy-
sis reveals how many components need to be produced before a particular machine
becomes more cost effective than another.

To use break-even analysis, the cost of operating each machine needs to be establishe
The costs are plotted on a graph as a function of the number of components to be manufac
tured to learn which machine can make the required parts for the least cost. The following
graph is a plot of the fixed and variable costs of producing a quantity of parts on two differ-
ent machinedylachine landMachine 2 Fixed costs for each machine are plotted on the
verticalcostaxis. Variable costs for each machine are plotted as a line that intersects the
cost axis at the fixed cost for each respective machine. The variable cost line is constructe
with a slope that is equal to the cost per part, that is, for each part made, the line rises by a
amount equal to the cost per part. If the calculations necessary to produce the graph ar
done carefully, the total cost of producing any quantity of parts can be found from the data
plotted on the graph.
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As an example, the graph shown is a comparison of the cost of manufacturing a quantity
of a small part on a manually operated milling macHifiedhine 3 and on a CNC machin-
ing center Machine 3. The fixed costs (fixed costs = lead timéad time rate- setup
time x setup rate) for the manual machine are $190 and the fixed costs for the CNC
machine are higher at $600. The fixed cost for each machine is the starting point of the line
representing the cost of manufacturing a quantity of parts with that machine. The variable
costs plotted are: $18 per piece for the manual machine and $5 per piece for the CNC mill.

The variable costs are calculated using the machine, labor, and overhead costs. The co
of materials is not included because it is assumed that materials cost will be the same fo
parts made on either machine and there will be no appreciable difference in the amount o
scrap generated. The original cosMafchine 1(the manual milling machine) is $19,000
with an estimated operating life of 16,000 hours, so the hourly operating cost is 19,000/
16,000 = $1.20 per hour. The labor rate is $17 per hour and the overhead is estimated as 1
times the labor rate, or $%71.6 = $27.20 per hour. The tinig needed to complete each
part onMachine 1is estimated as 24 minutes (0.4 hour). Therefore, by ifine 1
the variable cost per part excluding material is (3.20.00+ 27.20) $/hx 0.4 h/part = $18
per part. FoMachine 2(the CNC machining center), the machine cost is calculated at $3
per hour, which is based on a $60,000 initial cost (including installation, maintenance,
insurance, etc.) and 20,000 hours of estimated lifetime. The cost of labor is $15 per hour fol
Machine 2and the overhead is again calculated at 1.6 times the labor rate, or $24 per hour
Each part is estimated to take 7.2 minutes (0.12 h) to make, so the variable cost per pal
made orMachine 2s (3+ 15+ 24) $/hx 0.12 h/part = $5 per part.

The lines representing the variable cost of operating each machine intersect at only one
point on the graph. The intersection point corresponds to a quantity of parts that can be
made by either the CNC or manual machine for the same cost, which is the break-ever
point. In the figure, the break-even point is 31.5 parts and the cost of those parts is $757, 0
about $24 apiece, excluding materials. The graph shows that if fewer than 32 parts need t
be made, the total cost will be lowest if the manual machine is used because the line repre
sentingMachine lis lower (representing lower cost) than the line represektidnine 2
On the other hand, if more than 31 parts are going to be made, the CNC machine will pro-
duce them for a lower cost. It is easy to see that the per piece cost of manufacturing is lowe
on the CNC machine because the lineMlachine Zrises at a slower rate than the line for
Machine 1 For producing only a few parts, the manual machine will make them less
expensively than the CNC because the fixed costs are lower, but once the CNC part pro
gram has been written, the CNC can also run small batches efficiently because very little
setup work is required.

The quantity of parts corresponding to the break-even point is known as the break-ever
quantityQ,. The break-even quantity can be found without the use of the graph by using
the following break-even equatio@;, = (Cz;, — Crp)/(Cy, — Cyy). In this equation, th€g,
andC, are the fixed costs fddachine landMachine 2 respectivelyC,,; andC,, are the
variable costs foMachine landMachine 2 respectively.

Break-even analysis techniques are also useful for comparing performance of more thar
two machines. Plot the manufacturing costs for each machine on a graph as before and the
compare the costs of the machines in pairs using the techniques described. For example,
an automatic machine such as a rotary transfer machine is includedtzise 3n the pre-
ceding analysis, then three lines representing the costs of operating each machine would b
plotted on the graph. The equation to find the break-even quantities is applied three times
in succession, fdvlachines Jand2, forMachines Jand3, and again foMachines 2ands3.

The result of this analysis will show the region (range of quantities) within which each
machine is most profitable.
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GEOMETRY

Arithmetical Progression

An arithmetical progression is a series of numbers in which each consecutive term differs
from the preceding one by a fixed amount calleatttiiemon difference. Thus, 1, 3, 5, 7,
etc., is an arithmetical progression where the differdie2. The difference hereasided
to the preceding term, and the progression is called increasing. In the series 13, 10, 7, 4
etc., the difference is<3), and the progression is called decreasing. In any arithmetical
progression (or part of progression), let

a=first term considered
| = last term considered
n=number of terms
d=common difference
S=sum ofnterms

Then the general formulas &re a + (n—1)d and S= % xn

In these formulagl is positive in an increasing and negative in a decreasing progression.
When any three of the preceding live quantities are given, the other two can be found by the
formulas in the accompanying table of arithmetical progression.

Exampleln an arithmetical progression, the first term equals 5, and the last term 40. The
difference is 7. Find the sum of the progression.

_a+l _5+40 o -
S= 2d(I+d—a)——2x7(40+7 5 =135

Geometrical Progression

A geometrical progression or a geometrical series is a series in which each term is
derived by multiplying the preceding term by a constant multiplier calle@tioe When
the ratio is greater than 1, the progression is increasing; when less than 1, it is decreasing
Thus, 2, 6, 18, 54, etc., is an increasing geometrical progression with a ratio of 3, and 24
12, 6, etc., is a decreasing progression with a raticof 1

In any geometrical progression (or part of progression), let
a=firstterm
| = last (omth) term
n=number of terms
r = ratio of the progression
S=sum ofnterms

Then the general formulas dre arn-1 and S= Lrl—__—i

When any three of the preceding five quantities are given, the other two can be found by
the formulas in the accompanying table. For instance, geometrical progressions are use
for finding the successive speeds in machine tool drives, and in interest calculations.

ExampleThe lowest speed of a lathe is 20 rpm. The highest speed is 225 rpm. There are
18 speeds. Find the ratio between successive speeds.

n-1 17
Ratior = Jg = 22%5 = 17/11.25 = 1.153
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Formulas for Arithmetical Progression

To Find Given Use Equation
| n a=Il-(n-1)d
a
=41 2_
I S la= ZizA/(2|+d) 8ds
_2S
n S |a= = -1
_l-a
| n(ds= "1
_ 2S-2an
n s|d= n(n—1)
d
d= 12_a2
s T 25-1-a
_ 2nl-2S
n s |d= n(n—1)
d n|l=a+(n-1)d
=41 Bast (2a—q)2
| d S|l= 2i2 8dS+ (2a—-d)
n S | = Z_S_a
n
_S,n-1
n S|I= n+ > xd
_ l-a
d I | n=1+ a
_d-2a 1 Y
) d S|n= >d iZd 8dS+(2a—d)
_ 28
! S M= a7
_2l+d ljiz_
| S |n= >d i2d (21 +d)#-8dS
d n|s= g[2a+(n—1)d]
_a+l 12-a2 _a+l
d | S_T+_?d__—2_d_(l+d_a)
S
I n|s= g(a+|)
n
| n|S= E[ZI—(n—l)d]
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Formulas for Geometrical Progression
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To Find Given Use Equation
_ |
n a= rn-1
; a=(=1S
rm-1
a
r a=Ir—(r-1)S
n a(S-gn-1 = I(s-1n-1
n | =arn-1
' | = 3a+(r-1)g
|
n I(S-N)"-1 = a(S-gn-1
; | = S(r—1)rn-1
rm-1
| n = |og|—|oga+l
logr
; n= log[a+ (r—1)S —loga
logr
n logl —loga
! N = fog(S—g—log(5—1) ' *
; n= logl —log[lr —(r —1)§ 1
logr
n-1 I
| r= J:
a
Sr,a-S
n
; n ' a+ a
| ro= S-a
=1
sm-1 |
n = -
n H Sy
a(rn—1)
n S P
_lIr-a
l ST
° | = Hin-niar
n—lﬁ_n—%
- _lr"-1)
n (r=21yrn-1
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Geometrical Propositions

The sum of the three angles in a triangle always equals 180

degrees. Hence, if two angles are known, the third angle can glways

be found.
A+B+ C= 180
B = 180°—(A+C)

A =180°—(B+C)
C = 180°—(A+B)

If one side and two angles in one triangle are equal to one gide

and similarly located angles in another triangle, then the remajning

two sides and angle also are equal.

If a=a;, A=A, andB = B,, then the two other sides and the
remaining angle also are equal.

If two sides and the angle between them in one triangle are pqual
hen

to two sides and a similarly located angle in another triangle,
the remaining side and angles also are equal.

If a=a,, b=h;, andA = A,, then the remaining side and anglgs
also are equal.

178!

If the three sides in one triangle are equal to the three sideg of

another triangle, then the angles in the two triangles also are pqual.

If a=4a,, b=b,, andc = c,, then the angles between the respé¢c-
tive sides also are equal.

If the three sides of one triangle are proportional to corresp
ing sides in another triangle, then the triangles are csitheitar,
and the angles in the one are equal to the angles in the other.

If a:b:c=d:e:f, thenA=D,B=E, andC =F.

If the angles in one triangle are equal to the angles in another tri-

angle, then the triangles are similar and their corresponding sides
are proportional.

If A=D,B=E, andC=F, thena:b:c=d:e:f.

[e——a———

If the three sides in a triangle are equal—that is, if the triangle is
equilaterat—then the three angles also are equal.

Each of the three equal angles in an equilateral triangle is 60
degrees.

If the three angles in a triangle are equal, then the three sidgs also

are equal.
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Geometrical Propositions
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4l D
te1/2 a—>t+1/2 2>

A line in an equilateral triangle that bisects or divides any of|
angles into two equal parts also bisects the side opposite the
and is at right angles to it.

If line AB divides angleCAD into two equal parts, it also dividg
line CD into two equal parts and is at right angles to it.

the
angle

2]

If two sides in a triangle are equal—that is, if the triangle is
isoscelegriangle—then the angles opposite these sides also g
equal.

If sidea equals sidé, then angleA equals angl8.

If two angles in a triangle are equal, the sides opposite thes|
angles also are equal.

If anglesA andB are equal, then sideequals sidé.

N

f—1/2 h—>t<—1/2b—>
fe————b———

an
re

e

In an isosceles triangle, if a straight line is drawn from the ppint

where the two equal sides meet, so that it bisects the third sid
base of the triangle, then it also bisects the angle between the|
sides and is perpendicular to the base.

In every triangle, that angle is greater that is opposite a long
side. In every triangle, that side is greater which is opposite a
greater angle.

If aiis longer tham, then anglé\ is greater thaB. If angleA is
greater tharB, then sidea is longer tharb.

-
/\’xg

In every triangle, the sum of the lengths of two sides is alwa|
greater than the length of the third.

Sidea + sideb is always greater than side

AN

a

NS

e——b—

!
I

In a right-angle triangle, the square of the hypotenuse or thg
opposite the right angle is equal to the sum of the squares on|
two sides that form the right angle.

a? = b2+c?

e or
equal

o
4

"

side
the
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Geometrical Propositions

AN If one side of a triangle is produced, then the exterior angle |is
equal to the sum of the two interior opposite angles.
A D Angle D = angle A+angle B
D If two lines intersect, then the opposite angles formed by thg
intersecting lines are equal.
A B Angle A= angleB
c AngleC = angleD

If a line intersects two parallel lines, then the corresponding
angles formed by the intersecting line and the parallel lines are
equal.

Linesabandcd are parallel. Then all the angles design#tede
equal, and all those designatedre equal.

In any figure having four sides, the sum of the interior angles
equals 360 degrees.

A+ B+ C+ D = 360 degrees

The sides that are opposite each other in a parallelogram are
equal; the angles that are opposite each other are equal; the fiago-
nal divides it into two equal parts. If two diagonals are drawn, they
bisect each other.

The areas of two parallelograms that have equal base and gqual
height are equal.

If a=a, andh =h,, then
AreaA = areaA;

The areas of triangles having equal base and equal height are
equal.

If a=4a, andh =h,, then
AreaA = areaA;

If a diameter of a circle is at right angles to a chord, then it
bisects or divides the chord into two equal parts.

12
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Geometrical Propositions

joV)

If a line is tangent to a circle, then it is also at right angles tq
line drawn from the center of the circle to the point of tangency—
that is, to a radial line through the point of tangency.

\

Point of Tangency

If two circles are tangent to each other, then the straight ling that
passes through the centers of the two circles must also pass thhrough
the point of tangency.

V If from a point outside a circle, tangents are drawn to a circlg, the
two tangents are equal and make equal angles with the chord join-
a ing the points of tangency.

d
The angle between a tangent and a chord drawn from the pgint of
A tangency equals one-half the angle at the center subtended by the
4 chord.
P’ Angle B = % angleA

The angle between a tangent and a chord drawn from the paint of
tangency equals the angle at the periphery subtended by the chord.

Angle B, between tangertb and chorctd, equals anglé sub-
tended at the periphery by chardl

o

All angles having their vertex at the periphery of a circle and{sub-
tended by the same chord are equal.

AnglesA, B, andC, all subtended by choxtl, are equal.

If an angle at the circumference of a circle, between two chords,
is subtended by the same arc as the angle at the center, betwgen two
radii, then the angle at the circumference is equal to one-half ¢f the

A angle at the center.
N——"

Angle A = % angleB
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Geometrical Propositions

B = More
than 90

A= Less
than 90

B

An angle subtended by a chord in a circular segment larger
one-half the circle is an acute angle—an angle less than 90 d¢
An angle subtended by a chord in a circular segment less tha|
half the circle is an obtuse angle—an angle greater than 90 dg¢

QD

If two chords intersect each other in a circle, then the rectan
the segments of the one equals the rectangle of the segmentg
other.

axb=cxd

wa A

If from a point outside a circle two lines are drawn, one of w
intersects the circle and the other is tangent to it, then the rec
contained by the total length of the intersecting line, and that
of it that is between the outside point and the periphery, equa|
square of the tangent.

aZ2=bxc

If a triangle is inscribed in a semicircle, the angle opposite the

diameter is a right (90-degree) angle.

All angles at the periphery of a circle, subtended by the dian
are right (90-degree) angles.

0

The lengths of circular arcs of the same circle are proportior
the corresponding angles at the center.

A:B=a:b

&
A
0,/

than
grees.

n one-

grees.

le of
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angle
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The lengths of circular arcs having the same center angle afe pro-

portional to the lengths of the radii.

If A=B, thena:b=r:R

{Circumf. =c {Circumt =C
rea=a =

®>
@
O
P
@
O
>

The circumferences of two circles are proportional to their r

dii.

The areas of two circles are proportional to the squares of their

radii.
c:C=r:R

a:A = 2R
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Geometrical Constructions

To divide a lineAB into two equal parts:

With the end#\ andB as centers and a radius greater than ol
half the line, draw circular arcs. Through the intersect®aadD,
draw lineCD. This line dividesAB into two equal parts and is al
perpendicular té\B.

To draw a perpendicular to a straight line from a pAioh that
line:

With A as a center and with any radius, draw circular arcs in
secting the given line &andC. Then, withB andC as centers an
a radius longer thaAB, draw circular arcs intersecting@t Line
DA is perpendicular tBC atA.

(@]

w

To draw a perpendicular line from a pofat the end of a line
AB:

With any pointD, outside of the lin@B, as a center, and wikD
as a radius, draw a circular arc intersecigat E. Draw a line
throughE andD intersecting the arc &; then joinAC. This line is
the required perpendicular.

To draw a perpendicular to a lid& from a pointC at a distance
from it:

With C as a center, draw a circular arc intersecting the given
atE andF. With E andF as centers, draw circular arcs with a
radius longer than one-half the distance betweandF. These
arcs intersect d. Line CD is the required perpendicular.

51

ter-
d

ne

To divide a straight lindB into a number of equal parts:

Let it be required to dividaB into five equal parts. Draw lineC
at an angle witlAB. Set off onAC five equal parts of any conve-
nient length. DravB-5 and then draw lines parallel wih5
through the other division points &C. The points where these
lines intersecAB are the required division points.
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Geometrical Constructions

m

N

To draw a straight line parallel to a given liAB, at a given dis-
tance from it:

With any pointsC andD onAB as centers, draw circular arcs
with the given distance as radius. LEE, drawn to touch the cir-
cular arcs, is the required parallel line.

>
o—”l w

To bisect or divide an angBAC into two equal parts:

With A as a center and any radius, drawliec With D andE as
centers and a radius greater than onef@|fdraw circular arcs
intersecting aF. Line AF divides the angle into two equal parts

To draw an angle upon a likeB, equal to a given angfeGH:

With pointG as a center and with any radius, drawkdrc With
A as a center and with the same radius, draidBrdViake ardDE
equal toKL and drawAC throughE. Angle BACthen equals angl
FGH.

To lay out a 60-degree angle:

With A as a center and any radius, draw arB&cWith pointB
as a center anliB as a radius, draw an arc intersecting #te arc
just drawn EABis a 60-degree angle.

A 30-degree angle may be obtained either by dividing a 60-
degree angle into two equal parts or by drawing aBiBgerpen-
dicular toAB. Angle AEGis then 30 degrees.

To draw a 45-degree angle:

From pointA on lineAB, set off a distancAC. Draw the perper
dicularDC and set off a distanc®E equal toAC. DrawAE. Angle
EACis a 45-degree angle.

>

@

To draw an equilateral triangle, the length of the sides of wh
equalsAB:

With A andB as centers andB as radius, draw circular arcs
intersecting a€C. DrawAC andBC. ThenABCis an equilateral tri
angle.

ich
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Geometrical Constructions
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To draw a circular arc with a given radius through two given
pointsA andB:

With A andB as centers, and the given radius as radius, dra
cular arcs intersecting @t With C as a center, and the same rad
draw a circular arc through andB.

cir-
us,

To find the center of a circle or of an arc of a circle:

Select three points on the periphery of the circlé, & andC.

With each of these points as a center and the same radius, d¢scribe

arcs intersecting each other. Through the points of intersectiol
draw linesDE andFG. PointH, where these lines intersect, is tl
center of the circle.

n,
e

To draw a tangent to a circle from a given point on the circumfer-

ence:

Through the point of tangenéy draw a radial lin@C. At point
A, draw a lineEF at right angles t8C. This line is the required
tangent.

To divide a circular ar@B into two equal parts:

With A andB as centers, and a radius larger than half the disf
betweerA andB, draw circular arcs intersecting@tandD. Line
CD divides arcAB into two equal parts &.

ance

To describe a circle about a triangle:

Divide the side#\B andAC into two equal parts, and from the
division pointsE andF, draw lines at right angles to the sides.
These lines intersect @& With G as a center an@A as a radius,
draw circleABC.

To inscribe a circle in a triangle:

Bisect two of the angle#, andB, by lines intersecting &.
FromD, draw a lineDE perpendicular to one of the sides, and
DE as a radius, draw circleFG.

ith
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Geometrical Constructions

B A To describe a circle about a square and to inscribe a circle ih a
square:
F The centers of both the circumscribed and inscribed circles fare
E located at the poir, where the two diagonals of the square infer-
sect. The radius of the circumscribed circl&E and of the
c D inscribed circleEF.
D E
To inscribe a hexagon in a circle:
Draw a diameteAB. With A andB as centers and with the radipis
A B |of the circle as radius, describe circular arcs intersecting the given
circle atD, E, F, andG. Draw linesAD, DE, etc., forming the
required hexagon.
F G

To describe a hexagon about a circle:

Draw a diameteAB, and withA as a center and the radius of the
circle as radius, cut the circumference of the given cirde dbin
AD and bisect it with radiu§E. ThroughE, drawFG parallel to
AD and intersecting lin@B atF. With C as a center ar@dF as
radius, draw a circle. Within this circle, inscribe the hexagon ds
the preceding problem.

in

To describe an ellipse with the given ardsandCD:

Describe circles witlD as a center an&B andCD as diameters,
From a number of pointg, F, G, etc., on the outer circle, draw
radii intersecting the inner circle atf, andg. FromE, F, andG,
draw lines perpendicular #B, and frome, f, andg, draw lines
parallel toAB. The intersections of these perpendicular and parallel
lines are points on the curve of the ellipse.

To construct an approximate ellipse by circular arcs:

Let AC be the major axis arl8iN the minor. Draw half circle
ADC with O as a center. DividBD into three equal parts and set
off BE equal to one of these parts. WittandC as centers anOE
as radius, describe circular attsM andFGH; with G andL as
centers, and the same radius, describef€t$andKAM.
ThroughF andG, drawn lineFP, and withP as a center, draw the
arcFBK. Arc HNM is drawn in the same manner.
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Geometrical Constructions

Trrowboo

To construct a parabola:

Divide line AB into a number of equal parts and divi8ig into
the same number of parts. From the division point8@rdraw
horizontal lines. From the division points B, draw lines to
pointA. The points of intersection between lines drawn from pg
numbered alike are points on the parabola.

To construct a hyperbola:

From focusF, lay off a distanc&D equal to the transverse axis.

or the distanc@B between the two branches of the curve. With
as a center and any distarite greater thaB as a radius,
describe a circular arc. Then wih as a center arldE as a radius
describe arcs intersecting@iandG the arc just describe@.and

5

ints

G are points on the hyperbola. Any number of points can be fpund

in a similar manner.

To construct an involute:

Divide the circumference of the base cil&BCinto a number o
equal parts. Through the division points 1, 2, 3, etc., draw tan
to the circle and make the lenglhsl,E-2,F-3, etc., of these tal
gents equal to the actual length of the @e$, A-2,A-3, etc.

{12 Lead>}

\n

\w

OoORrNWAOIOD

To construct a helix:

Divide half the circumference of the cylinder, on the surface
which the helix is to be described, into a number of equal par
Divide half the lead of the helix into the same number of equq
parts. From the division points on the circle representing the ¢
der, draw vertical lines, and from the division points on the leg
draw horizontal lines as shown. The intersections between lin|
numbered alike are points on the helix.

gents
h-

|
ylin-

es
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Areas and Volumes

The Prismoidal Formula.—The prismoidal formula is a general formula by which the
volume of any prism, pyramid or frustum of a pyramid may be found.

A =area at one end of the body

A, = area at the other end

A, =area of middle section between the two end surfaces
h=height of body

Then, volumeY of the body isv = g(A1 +4A,+A))

Pappus or Guldinus Rules.—By means of these rules the area of any surface of revolu-
tion and the volume of any solid of revolution may be found. The area of the surface swept
out by the revolution of a lineBC(see illustration) about the aXxiXe equals the length of

the line multiplied by the length of the path of its center of gramitif,the line is of such a
shape that it is difficult to determine its center of gravity, then the line may be divided into
anumber of short sections, each of which may be considered as a straight line, and the are:
swept out by these different sections, as computed by the rule given, may be added to finc
the total area. The line must lie wholly on one side of the axis of revolution and must be in
the same plane.

The volume of a solid body formed by the revolution of a suiffégidJ about axidL
equals the area of the surface multiplied by the length of the path of its center of gravity.
The surface must lie wholly on one side of the axis of revolution and in the same plane.

ExampleBy means of these rules, the area and volume of a cylindrical ring or torus may
be found. The torus is formed by a cirélB being rotated about ax@D. The center of
gravity of the circle is at its center. Hence, with the dimensions given in the illustration, the
length of the path of the center of gravity of the circle is 3.:1®B= 31.416 inches. Mul-
tiplying by the length of the circumference of the circle, which is 3.2426= 9.4248

inches, gives81.416x 9.4248= 296.089 square incheswhich is the area of the torus.

The volume equals the area of the circle, which is 0.7%8%4 7.0686 square inches,
multiplied by the path of the center of gravity, which is 31.416, as before; hence,

Volume = 7.0686x 31.416= 222.067 cubic inches
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Approximate Method for Finding the Area of a Surface of Revolution.—The accom-
panying illustration is shown in order to give an example of the approximate method based
on Guldinus' rule, that can be used for finding the area of a symmetrical body. In the illus-
tration, the dimensions in common fractions are the known dimensions; those in decimals
are found by actual measurements on a figure drawn to scale.

The method for finding the area it
as follows: First, separate suc
areas as are cylindrical, conical, ¢
spherical, as these can be found I
exact formulas. In the illustration
ABCDis a cylinder, the area of the
surface of which can be easil
found. The top areBF is simply a
circular area, and can thus be con
puted separately. The remainder
the surface generated by rotatin
line AF about the axi&H is found
by the approximate methoc
explained in the previous sectior
From pointA, set off equal dis-
tances on liné\F. In the illustra- L J
tion, each division indicated i H
inch long. From the central or mid-
dle point of each of these parts draw a line at right angles to the axis of rGhiomea-
sure the length of these lines or diameters (the length of each is given in decimals), add al
these lengths together and multiply the sum by the length of one division set offAlR line
(in this caselginch), and multiply this product byto find the approximate area of the sur-
face of revolution.

In setting off divisiongginch long along liné\F, the last division does not reach exactly
to pointF, but only to a point 0.03 inch below it. The part 0.03 inch high at the top of the cup
can be considered as a cylindef/ihch diameter and 0.03 inch height, the area of the
cylindrical surface of which is easily computed. By adding the various surfaces together,
the total surface of the cup is found as follows:

Cylinder, 1%inch diameter, 0.41 inch high 2.093 square inches
Circle,%inch diameter 0.196 square inch
Cylinder,%inch diameter, 0.03 inch high 0.047 square inch
Irregular surface _3.868quare inches
Total 6.204 square inches

Area of Plane Surfaces of Irregular Outline.—One of the most useful and accurate
methods for determining the approximate area of a plane figure or irregular outline is
known asSimpson's Rulén applying Simpson's Rule to find an area the work is done in
four steps:
1) Divide the area into a@vennumberN, of parallel strips of equal widtl, for exam-
ple, in the accompanying diagram, the area has been divided into 8 strips of equal width.
2) Label the sides of the striflg, V,, Vs, etc., up to/y.
3) Measure the height§, V,, V,, ...,V of the sides of the strips.
4) Substitute the heightg, V,, etc., in the following formula to find the ardaf the fig-
ure:
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A = D(Vo+ Vi) + A0Vy + Vgt o+ V) + 20V Vb +Vy

ExampleThe area of the accompanying figure was divided into 8 strips on a full-size
drawing and the following data obtained. Calculate the area using Simpson's Rule.

w=y'
Vo=0"
vi= %
V,=1%"
V;=1%"
V,=1%'
V=24
Ve=2'
V, =13
Vo= %

Substituting the given data in the Simpson formula,

A= %[(0+}/2)+4(§;+1}’2+2}g+1§;)+2(1n+1?8+23’2)]

= %l(%) +4(6%) +2(5%)] = %[36%)]
6.04 square inches

In applying Simpson's Rule, it should be noted that the larger the number of strips into
which the area is divided the more accurate the results obtained.

Areas Enclosed by Cycloidal Curves.—Fhe area between a cycloid and the straight line
upon which the generating circle rolls, equals three times the area of the generating circle
(see diagram, padi8). The areas between epicycloidal and hypocycloidal curves and the
“fixed circle” upon which the generating circle is rolled, may be determined by the follow-
ing formulas, in whicla = radius of the fixed circle upon which the generating circle rolls;

b =radius of the generating circkes the area for the epicycloidal curve; akd- the area

for the hypocycloidal curve.

_3141@%3a+2b)  , _ 3.1416%3a-2b)
a 1 a

A

Find the Contents of Cylindrical Tanks at Different Levels.—n conjunction with the
tableSegments of Circles for Radius presented on pag88and 81, the following rela-

tions can give a close approximation of the liquid contents, at any level, in a cylindrical
tank.

Measuring stick | L t

LESS THAN MORE THAN
HALF-FILLED HALF-FILLED

A long measuring rule calibrated in length units or simply a plain stick can be used for
measuring contents at a particular level. In turn, the rule or stick can be graduated to servi
as avolume gauge for the tank in question. The only requirements are that the cross-sectio
of the tank is circular; the tank's dimensions are known; the gauge rod is inserted vertically
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through the top center of the tank so that it rests on the exact bottom of the tank; and tha
consistent Englishr metric units are used throughout the calculations.

K =Cr2L = Tank Constant (remains the same for any given tank) 1)
V; =K, for a tank that is completely full 2)
V,=KA 3)

V =V when tank is less than half full 4)

V=V —V,=V;—KA, when tank is more than half full (5)

where C=liquid volume conversion factor, the exact value of which depends on the
length and liquid volume units being used during measurement: 0.00433 U.S.
gallin3; 7.48 U.S. gal/fy 0.00360 U.K. gal/ify 6.23 U.K. gal/f§; 0.001
liter/cm3; or 1000 liters/ra

V; =total volume of liquid tank can hold
V;=volume formed by segment of circle having depthir given tank (see dia-
gram)
V =volume of liquid at particular level in tank
d=diameter of tanki. = length of tankr = radius of tank ( % diameter)
A=segment area of a corresponding unit circle taken from [38ges31
y =actual depth of contents in tank as shown on a gauge rod or stick

x =depth of the segment of a circle to be considered in given tank. As can be seen
in above diagranxis the actual depth of conterg¥\When the tank is less than
half full, and is the depth of the void{ y) above the contents when the tank is
more than half full. From pag&8 and 81it can also be seen thHatthe height
of a segment of a corresponding unit circlefiis

ExampleA tank is 20 feet long and 6 feet in diameter. Convert a long inch-stick into a
gauge that is graduated at 1000 and 3000 U.S. gallons.

L = 20x 12 = 240in. r=9%x12 = 36in.
FromFormula (1)K = 0.00433(36)(240) = 1347
FromFormula (2) V; = 3.142x 1347 = 4232 US gal.
The 72-inch mark from the bottom on the inch-stick can be graduated for the rounded full

volume “4230"; and the halfway point 36or 42302 or “2115.” It can be seen that the
1000-gal mark would be below the halfway mark. FFrsrmulas (3and(4):
Aiooo = %23 = 0.7424from page81, h can be interpolated as 0.5724; and

x =y = 36 x 0.5724 = 20.61. If the desired level of accuracy permits, interpolation
can be omitted by choosimgirectly from the table on pad@ for the value ofA nearest
that calculated above.

Therefore, the 1000-gal mark is graduate®’28om bottom of rod.

It can be seen that the 3000 mark would be above the halfway mark. Therefore, the circu:
lar segment considered is the cross-section of the void space at the top of the tank. Fror
Formulas (3pand(5):

Azo00 = %(% 0.9131 h= 0.6648 x = 36x 0.6648= 23.93'

Therefore, the 3000-gal mark is 72:0@3.93 = 48.07, or at the 4g' mark from the
bottom.
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Areas and Dimensions of Plane Figures

In the following tables are given formulas for the areas of plane figures, together with
other formulas relating to their dimensions and properties; the surfaces of solids; and the
volumes of solids. The notation used in the formulas is, as far as possible, given in the illus-
tration accompanying them; where this has not been possible, it is given at the beginning of
each set of formulas.

Examples are given with each entry, some in English and some in metric units, showing
the use of the preceding formula.

Square:
T Area = A = & = ¥d?
& i s=0707d = JA
L d = 1.414s = 1.414/A
P —

Example:Assume that the sidmf a square is 15 inches. Find the area and the length of the diagonal.
Area = A = & = 152 = 225 square inches
Diagonal = d = 1.414s = 1.414x 15= 21.21 inches
ExampleThe area of a square is 625 square inches. Find the length of tharsitthe diagonal
s = /A= ,/625 = 25 inches
d = 1.414/A = 1.414x 25= 35.35 inches

Rectangle:
T Area= A = ab = f-a? = b -b?
) a d=.Ja2+b?
L a=Jd-b?=A+b
—b— a=Jd?-a2=A+a

ExampleThe sidea of a rectangle is 12 centimeters, and the area 70.5 square centimeters. Hind the
length of the sidb, and the diagonal
b = A+ a= 705+ 12= 5.875 centimeters
d= Ja2+b? = J122+587% = ,/178.516= 13.361 centimeters
ExampleThe sides of a rectangle are 30.5 and 11 centimeters long. Find the area.
Area= A = ax b = 30.5x 11 = 335.5 square centimeters

Parallelogram:

T Area= A = ab

a a=A+b
b=A+a
f——— h——] Note: The dimensiomis measured at right angles to Ime

ExampleThe basé of a parallelogram is 16 feet. The heiglig 5.5 feet. Find the area.
Area= A = ax b = 55x 16 = 88 square feet
ExampleThe area of a parallelogram is 12 square inches. The height is 1.5 inches. Find the length of
the base b.
b= A+a=12+15= 8 inches
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Right-Angled Triangle:
T /\ Area= A = 925
b 2. a= . JoP+c?
I \ e
[ — c = Ja?-b?

ExampleThe side® andc in a right-angled triangle are 6 and 8 inches. Findasatel the area

a= Jb2+c2 = /62+82 = ./36+ 64 = /100 = 10 inches

Example:lf a= 10 and = 6 had been known, but mgthe latter would have been found as folloy

¢ = Ja2-b2 = J1?-62 = /100- 36= /64 = 8 inches

Acute-Angled Triangle:

f _._bh_bl2 m@2+b2-ci?
¢ /\\G Area—A—?—z a—D—2b @]
/ \/ If S=%(a+b+0c), then

b ‘ A= JYS- 3(S-B(S-9

Exampleilf a=10,b=9, anct = 8 centimeters, what is the area of the triangle?

_b o @2r2-cAf _ 9 (10P+92-83F _ iy
A‘zJ 250 -3 o 0 = 45/10055n

= 45.,/100- 42.25 4.5/57.75= 4.5% 7.66 34.20 square centimeters

Obtuse-Angled Triangle:

/ —a=Dbh_bl, EEZ*aZ*bD2
e Z Area—A—Z—za—D 55 0
S h
/ If S = Y%(a+b+0), then
A A= /S5 a(5-D(5-9
[Dam——

ExampleThe sidea =5, sideb = 4, and side = 8 inches. Find the area.
S=Y%(a+b+c) = %(5+4+8) =%x17 =85
A= JYS- &S-b(S-0 = /8.5(8.5- 5(8.5—4)(8.5-9
= ./8.5x 3.5x4.5% 0.5= ,/66.937= 8.18 square inches

Trapezoid:

[~ Area = A = @
T Note:In Britain, this figure is called@apeziumand the one
I below it is known as iapezoid the terms being reversed.
Example:Sidea = 23 meters, side= 32 meters, and height=
L 12 meters. Find the area.

e — A= @_’:29'3 = (_%§+_23_2)_1_2 = §£’22i2 =330 square meters
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Trapezium:

AREAS AND VOLUMES

| b le—g— e

Regular Hexagon:

Area= A = (H+h)a+bh+ cH
2

A trapezium can also be divided into two triangles as indicg
by the dashed line. The area of each of these triangles is com

and the results added to find the area of the trapezium.

A= (H+h)a+bh+cH _ (12+ 810+ 2x 8+ 3x 12
- 2 - 2

ExampleilLeta=10,b=2,c=3,h=8, ancH = 12 inches. Fing
the area.

ted
puted,

A = 25982 = 2.598x 4@ = 2.598x 1600= 4156.8 square millimeters
r = 0.866s = 0.866x 40= 34.64 millimeters

A=2.598 = 2.598% = 3.4642

R = s=radius of circumscribed circle = 1.X55

r=radius of inscribed circle = 0.866 0.866R
s=R=1.155%

ExampleThe sidesof a regular hexagon is 40 millimeters. Fi

the area and the radiusf the inscribed circle.

ExampleWhat is the length of the side of a hexagon that is drawn around a circle of 50 millin
radius? — Here=50. Hences = 1.155 = 1.155x 50= 57.75 millimeters

Regular Octagon:

A=area=4.828 =2.82&R2=3.3 142

R =radius of circumscribed circle = 1.3071.082

r=radius of inscribed circle = 1.267 0.92R

$=0.763R=10.828

Example:Find the area and the length of the side of an octg
that is inscribed in a circle of 12 inches diameter.

Diameter of circumscribed circle = 12 inches; heRcef
inches.
A = 2.828R? = 2.828x & = 2.828x 36= 101.81 squre inche
s = 0.7658R = 0.765x 6= 4.590 inches

=08 e &
A= R-2

ExampleFind the area of a polygon having 12 sides, inscribed in a circle of 8 centimeters rad
length of the sideis 4.141 centimeters.

24.846x 7.727 191.98 square centimeters

A = area

n = number of sides
a = 360°+n

B = 180° —a

Znsr_nsie, &
A= 2R 7

2
2 2
R = r2+sz r= RZ—SZ s = 2J/R2-r?

2
12125-'&1 82—‘# = 24.846/59.713

ind

neters

lgon

us. The
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Area = A = Tr2 = 3.14162 = 0.785412
Circumference= C = 2mr = 6.832 = 3.1414&
r = C+6.2832= J/A+3.1416 = 0.564/A
d = C+3.1416= ./JA+0.7854 = 1.128/A
Length of arc for center angle df4 0.00872@
Length of arc for center angleff= 0.00872#d

ExampleFind the area and circumferencé of a circle with a diameter of2nches.

A = 0.785402 = 0.7854x 2.78 = 0.7854x 2.75¢2.75 = 5.9396 square inches
C = 3.1416l = 3.1416x 2.75= 8.6394 inches

ExampleThe area of a circle is 16.8 square inches. Find its diameter.

d = 1.128/A = 1.128/16.8= 1.128 4.09% 4.624 inches

Circular Sector:

L rXax3.1416 _2A
= 180 = 0.01745a = ;
Area = A = ¥%rl = 0.00872%r2

57.296! _ 2A _ 57.296]

Angle, in degreess a = T r T o

Length of arc=

ExampleThe radius of a circle is 35 millimeters, and ang# a sector of the circle is 60 degree|
Find the area of the sector and the length off arc
A = 0.008727%r2 = 0.008727x 60« 352 = 641.41mn¥ = 6.41cn?

| = 0.017450a = 0.01745x 35¢<60 = 36.645 millimeters

Circular Segment:

A = area | = length of arc o = angle, in degrees
¢ = 2./h(2r-h) A = Ylrl—c(r-h)]

r= @ g:hz | = 0.01745

h = r—J’ZJAJZ——(:Z =r[l-coqa/2)] a = §7_%9ﬂ

ExampleThe radius is 60 inches and the heighis 8 inches. Find the length of the chord
c = 2./h(2r—h) = 2/8x(2x 60— § = 2./896 = 2x 29.93= 59.86 inches
Example:lf c= 16, andh = 6 inches, what is the radius of the circle of which the segmentis ag

_c2+4h? _ 162+4x 6 _ 256 +144_ 400 _ o, -
T8 " T 8xe 48~ as  Ohinches

Cycloid:

art?

Area = A = 31?2 = 9.42482 = 2.356212
= 3x area of generating circle

i Length of cycloid= | = 8r = 4d

R -~ R . . .
C 6}\ Example:The diameter of the generating circle of a cycloid
»,’ inches. Find the lengttof the cycloidal curve, and the area
= -5 enclosed between the curve and the base line.

| = 4d = 4x6 = 24 inches

A = 2.356202 = 2.3562x & = 84.82 square inches
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Circular Ring:

Area = A = T(R2—r2) = 3.141R2—-r2)
= 3.141qR+ )(R-1)
= 0.784§D2—d?) = 0.7854D + d)(D —d)

ExampleLet the outside diametBr= 12 centimeters and the inside diamdteB centimeters. Fin
the area of the ring.

A = 0.7854D2-d?) = 0.7854 12-82) = 0.7854 144 6) = 0.7854x 80
= 62.83 square centimeters
By the alternative formula:
A = 0.7854D +d)(D—d) = 0.7854 12+ §(12—8) = 0.7854x 20x 4
= 62.83 square centimeters

Circular Ring Sector:

area o = angle, in degrees

= O P22y = 2 _ 2
A = ge(RP=1?) = 0.0087%1(R2-1?)

am 2_42) = 2_ 42
T 350D?— ) = 0.002181(D? - ?)

ExampleFind the area, if the outside radRis 5 inches, the inside radius 2 inches, and =72
degrees.
A = 0.008731(R2—r2) = 0.00873x 72 8-22)
0.6284 25~ 4 = 0.6286x 21= 13.2 square inches

Spandrel or Fillet:

| :
r ¢ Area= A = rL’% = 0.2152 = 0.1075%2

ExampleFind the area of a spandrel, the radius of which is 0.7 inch.
A = 0.2152 = 0.215x 0.7 = 0.105 square inch
Exampleif chordc were given as 2.2 inches, what would be the area?
A = 0.107%2 = 0.1075x 2.2 = 0.520 square inch

Parabola:

Area = A = %Xy
(The area is equal to two-thirds of a rectangle whickxfasits
base ang for its height.)
ExampleLetxin the illustration be 15 centimeters, 3né cen
timeters. Find the area of the shaded portion of the parabola
A= %xxy = %x15x9 = 10x 9 = 90 square centimeters
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Parabola:

_ = B[ 20 4 20 5/23 2]
| = length of arc= 2[ pgu pD+In p+ 1+ B0

Whenxis small in proportion tg, the following is a close
approximation:

2
= y[1+§$ —é%“}orl = yZ+gx2

Example:lf x=2 andy = 24 feet, what is the approximate lenigtifithe parabolic curve?
- 207 _20x - 2027 _ 202
| = y[1+3®D 5@5] = 24[1+

3041 50241
2.1 2. 1 7. _
24[1+ S*Tmmi " 2‘(77’3‘6} = 24x 1.0046= 24.11 feet

Segment of Parabola:

Area BFC = A = % area of parallelogram BCDE

If FG is the height of the segment, measured at right angle:
BC, then:

Area of segment BFC= %BC x FG

Example:The length of the chofBiC=19.5 inches. The distance between IB€andDE, mea-
sured at right angles BC, is 2.25 inches. This is the height of the segment. Find the area.
Area = A = %BCx FG = %x 19.5x 2.25 = 29.25 square inches

Hyperbola:

- A= Xy_abomx o
AreaBCD= A = > 2|nfh+tD

ExampleThe half-axes andb are 3 and 2 inches, respectivg
Find the area shown shaded in the illustratiox foB andy = 5.
Inserting the known values in the formula:
8x5_3x2, 8 51 _ 50
3 > ><|nEB+ZD 20- 3x1In 5.167

= 20— 3x 1.6423= 20— 4.927= 15.073 square inches

A=

Area = A = mab = 3.141@&b
An approximate formula for the perimeter is

Perimeter= P = 3.1416/ Za2+ b?)

—b)2
A closer approximation i® = 3.1416 | Za2+ b2) — (—32—292-

Example:The larger or major axis is 200 millimeters. The smaller or minor axis is 150 millime
Find the area and the approximate circumference. HereahelQ0, and = 75.
A = 3.1416ab = 3.1416x 100x 75 = 23,562 square millimeters ~ 235.62 square centimeters|
P = 3.1416/ a2+ b?) = 3.1416/ Z 108+ 752) = 3.1416/2x 15,625

= 3.1416/31,256- 3.1418 176.78555.37 millimeters= (55.537 centimetejs

ly.

ters.
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Volumes of Solids

Cube:
Diagonal of cube face d = s,/2
o 2
2 Diagonal of cube= D = [3& = s./3 = 1.73%
2
D5 |5
7/_’5_* Volume = V = &

s=3/V

Example:The side of a cube equals 9.5 centimeters. Find its volume.
Volume = V = §% = 9.58 = 9.5x 9.5x9.5 = 857.375 cubic centimeters
ExampleThe volume of a cube is 231 cubic centimeters. What is the length of the side?

s = 3/V = 3/231 = 6.136 centimeters

Square Prism:

Volume = V = abc

\ _V
£ c= —
ac a

b v
{ ‘ a—B—C b=

o

%
le—— g ——I¥

Example:ln a square prisna,= 6,b =5,c = 4. Find the volume.
V = ax bxc = 6x5x4 = 120 cubic inches

ExampleHow high should a box be made to contain 25 cubic feet, if it is 4 feet lonédeetide?
Here,a=4,c=2.5,and/=25. Then,

Prism:

V =volume
A=area of end surface
V=hxA

of plane figures on the preceding pages. Heightist be mea-
sured perpendicular to the end surface.

ExampleA prism, having for its base a regular hexagon with asidi&.5 centimeters, is 25 cen
meters high. Find the volume.

Area of hexagor= A = 2.5982 = 2.598x 56.25= 146.14 square centimeters
Volume of prism= hx A = 25x 146.14= 3653.5 cubic centimeters

Pyramid:

Volume = V = %h x area of base
If the base is a regular polygon witlsides, and = length of

Example:A pyramid, having a height of 9 feet, has a base formed by a rectangle, the sides o
are 2 and 3 feet, respectively. Find the volume.

Area of base= % 3= 6 square feeth = 9 feet
Volume = V = %h x area of base= % x9x 6 = 18 cubic feet

h side,r =radius of inscribed circle, aftk radius of circumscribefl
circle, then:
nsrh _ nsh s?
v = 3 50 jpe 3
BASE AREA 6 6 4

The ared of the end surface is found by the formulas for arpas

which
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Frustum of Pyramid:

AREA OF TOP. A |

.

h
Volume = V = é(A1+A2+ AL X A)

AREA OF BASE. A,

Example:The pyramid in the previous example is cut éffféet from the base, the upper part bejng

removed. The sides of the rectangle forming the top surface of the frustum are, ther feantbag,
respectively. Find the volume of the frustum.
Areaoftop= A; = 1x 1% = 1% sq. ft. Area of base= A, = 2x 3 = 6 sq. ft.

V= %5(1.5+ 6+./15x § = 1.5(7.5+./9 = 1.5x 10.5= 15.75 cubic feet

Volume = V = (—2a+6c)bh
Example:Leta= 4 inchesb= 3 inches, and=5inches. The
heighth = 4.5 inches. Find the volume.
v = (2a+obh _ (2x4+5x3x45_ (8+5)x135
= 5 = = =

6
= %5'5: 29.25 cubic inches
Cylinder:
Volume = V = 3.14162h = 0.785412h
Area of cylindrical surface= S = 6.2832h = 3.1416lh
Total area of cylindrical surface and end surfaces:
le——h—— d A = 6.2832(r +h) = 3.1416i(%d + h)

ExampleThe diameter of a cylinder is 2.5 inches. The length or height is 20 inches. Find the
and the area of the cylindrical surf&e
V = 0.785412h = 0.7854x 2.83x20 = 0.7854x 6.25¢ 20 = 98.17 cubic inches
S = 3.1416lh = 3.1416x 2.5¢ 20 = 157.08 square inches

Portion of Cylinder:

e — Volume = V = 1.57082(h, + h,)
= 0.39212(h; + h,)

Cylindrical surface area& S = 3.1416(h, + h,)

hy~ d = 1.57081(h, + h,)

ExampleA cylinder 125 millimeters in diameter is cut off at an angle, as shown in the illustra]
Dimensiorh, = 150, andh, = 100 mm. Find the volume and the aBed the cylindrical surface.

V = 0.3921%(h; + h,) = 0.3927x 128 x (150+ 109

= 0.3927x 15 625 250= 1,533,984 cubic millimeters 1534 cn?
S = 1.5708l(h; + hy) = 1.5708x 125< 250

= 49,087.5 square millimeters 490.9 square centimeters

olume

ion.
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Portion of Cylinder:

Volume = V = (%4altb xarea ABQ%

Cylindrical surface are& S = (ad+ bx length of arc ABO%

re—h-—=i

one-half the base circle.

2inches.
In this casea=2.5;b = 0; aredABC=0.5x 0.7854x 52 =9.82yr = 2.5.
— 2 _2 _ .
V= ng 253+0x 9.8%5376 =3% 15.625x 0.8 = 8.33 cubic inches

Hollow Cylinder:

Volume = V = 3.1416(R2-r2) = 0.7854(D2-d?2)
d = 3.1416t(2R-t) = 3.1416t(D—t)
—————————— Rb = 3.1416ht(2r +t) = 3.1416ht(d+ 1)
________ @ = 3.1416t(R+ r) = 1.570&t(D + d)
ExampleA cylindrical shell, 28 centimeters high, is 36 cent

e D meters in outside diameter, and 4 centimeters thick. Find its
ume.

V = 3.1416t(D—t) = 3.1416x 28<4(36— 4 = 3.1416x 28x4x 32
= 11,259.5 cubic centimeters

Cone:

2
= 3_&?]’._6'_}_1 = 1.04722h = 0.2618%h

Volume = V
5
Conical surface area A = 3.1416 Jr2+h2 = 3.1416's
= 1.5708ls
h d s=Jr2+h? = dzz+hz

Example:Find the volume and area of the conical surface of a cone, the base of which is a ci
inches diameter, and the height of which is 4 inches.
V = 0.261812h = 0.2618x & x4 = 0.2618x 36x 4 = 37.7 cubic inches
A = 31416 /r2+h2 = 3.1416x 3x J32+42 = 9.4248x /25
= 47.124 square inches

Frustum of Cone:

V = volume A = area of conical surface
V = 1.047h(R2+Rr+r2) = 0.261&(D2+ Dd + d?)
A = 3.1416(R+ 1 = 1.570&(D+ d)

(‘ a=R-r s= Ja&+h? = J(R-r)2+h?

v Example:Find the volume of a frustum of a cone of the follo|
ing dimensionsD = 8 centimetersj = 4 centimeterd) = 5 centi-
meters.

V = 0.2618x § §+8x 4+ #) = 0.2618x § 64+ 32 1p
= 0.2618x 5x 112= 146.61 cubic centimeters

Use+when base area is larger, anahen base area is less tHan

Example:Find the volume of a cylinder so cut off that I#€ passes through the center of the bgse
circle —that is, the base area is a half-circle. The diameter of the cylinder = 5 inches, and the=Height

cle of 6
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Sphere:

3 3
Volume = V = 4% = ’% = 4.18883 = 0.5236#3

Surface area= A = 41r2 = md? = 12.56642 = 3.141612

=53V =
r= #;I 0.6028/V

Example:Find the volume and the surface of a sphere 6.5 centimeters diameter.
V = 0.52361% = 0.5236x 6.5 = 0.5236x 6.5¢<6.5x 6.5 = 143.79 cm

A = 3.141612 = 3.1416x 6.3 = 3.1416x 6.5¢6.5 = 132.73 cm
Example:The volume of a sphere is 64 cubic centimeters. Find its radius.
r = 0.62048/64= 0.6204x 4= 2.4816 centimeters

Spherical Sector:

2]
e %‘ = 2.09442h = Volume
/ \
[ r— A = 3.1416 (2h + %c)
\ / = total area of conical and spherical surface

\
~ 7 ¢ = 2J/h(2r—h)

ExampleFind the volume of a sector of a sphere 6 inches in diameter, thetheigié sector being
1.5inch. Also find the length of chocdHerer =3 anch=1.5.
V = 2.09442h = 2,0944x 3 x 1.5 = 2.0944x 9x 1.5 = 28.27 cubic inches

¢ = 2/h(2r—h) = 2/152x 3-15) = 2./6.75 = 2x 2.598= 5.196 inches

Spherical Segment:

V = volume A = area of spherical surface
2
N v =31aaeh -1 = 31mef %ZE
‘/'_',c_ﬂ\
2
L ;\’\7 A = 2rrh = 6.2832h = 3.141¢f + hd]
N
AN 4 2 2
~~F c=2/hr=hy; r=¢ ;:h

Example:A segment of a sphere has the following dimensiors0 millimetersg = 125 millime-
ters. Find the volum¥ and the radius of the sphere of which the segment is a part.

_ 28 | 508 _ 15,625, 25007 _ _
V = 3.1416x 50¢ (22 + 22 = 157.08x (2= S = 372,247 mifl = 372 enf

P = 1282 +4x 507 _ 15,625+ 10,000 _ 25,625 _ 64 millimeters
8x 50 400 400
Ellipsoid:
Volume = v = 4lfabc = 4.188@bc
In an ellipsoid of revolution, or spheroid, whereb:
V = 4.188&b?
Example:Find the volume of a spheroid in whigk 5, ancb =

c=1.5inches.
V = 4.1888x 5x 1.52 = 47.124 cubic inches
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Spherical Zone:

a-—- c? 3c3
™ Volume = V = 0.523615%1+72+h%
h
[—e ) I A = 2mrh = 6.2832h = area of spherical surface
2T,
\ 7 A N iy
N s 2°0 8 O
-

Examplein a spherical zone, lef = 3;c, = 4; anch = 1.5 inch. Find the volume.

_ BxP 3x4 _ 27,48 _ )
V= 05286x Lo« [Fo= 420+ 1.5 = 0.5236x 1.5 BT 228 = 16.493 irf

Spherical Wedge:

V = volume A = area of spherical surface

//\ a = center angle in degrees
- 3
! = LA - b o168

—_— X

| T 360 3
/
h . A= %)Mmz = 0.034ar2

~— 3

ExampleFind the area of the spherical surface and the volume of a wedge of a sphere. The
of the sphere is 100 millimeters, and the center anglé5 degrees.
V = 0.0116x 45¢< 503 = 0.0116x 45« 125,000 = 65,250 mn? = 65.25 cn?

A = 0.0349x 45< 502 = 3926.25 square millimeters  39.26 m

diameter

Hollow Sphere:

V = volume of material used
to make a hollow sphere
d D V= 4—3T—I(R3—r3) = 4.1888R3-r?)

g(D3—d3) = 0.523q D3 - d3)

ExampleFind the volume of a hollow sphere, 8 inches in outside diameter, with a thickness
rial of 1.5 inch.
HereR=4,r=4-15=25.
V = 4.1884 4#-2.5%) = 4.188§ 64- 15.62b = 4.1888x 48.375= 202.63 cubic inches

f mate-

Paraboloid:

}—[ Volume = V = ¥%mr2h = 0.392%2h
J

SN s e

J Area—A—sp[ D4+pD p}
. ) _d?

|nwh|chp—%

Example:Find the volume of a paraboloid in whiek 300 millimeters and = 125 millimeters.
V = 0.392%2h = 0.3927x 128 x 300 = 1,840, 781mm® = 1,840.8cm?




AREAS AND VOLUMES 71

Paraboloidal Segment:

Volume = V = gh(RZHZ) = 1.570(R2 +r2)
= gh(Dz +d2) = 0.392M(D2 + d?)
ExampleFind the volume of a segment of a paraboloid in whi
D =5inchesd = 3 inches, anti= 6 inches.
V = 0.3927(D? +d?) = 0.3927x 6x (52 + 3?)
= 0.3927x 6x 34 = 80.11 cubic inches
Torus:
Volume = V = 2mRr2 = 19.73Rr?
nz
v = —Dd2 = 2.467Dd?
7 0% :
Area of surface= A = 412Rr = 39.47&Rr
= m@Dd = 9.8696Dd
Example:Find the volume and area of surface of a torus in which.5 and =5 inches.
V = 2.4674x 5x 1.52 = 2.4674x 5x2.25 = 27.76 cubic inches
A = 9.8696x 5x 1.5 = 74.022 square inches
Barrel:
V = approximate volume.
- T If the sides are bent to the arc of a circle:
_1 2442) = 24 g2
d V = Smih(2D2+d?) = 0.262(2D? + d?)
—L If the sides are bent to the arc of a parabola:
V = 0.20%h(2D2 + Dd + %,d?)
ExampleFind the approximate contents of a barrel, the inside dimensions of whizk&@&centi
metersd = 50 centimeters) = 120 centimeters.
V = 0.262h(2D2+d2) = 0.262x 120x (2 x 602 + 502)
= 0.262x 120x (7200+ 2500 = 0.262x 120x 9700
= 304,968 cubic centimeters 0.305 cubic meter
Ratio of Volumes:
If d = base diameter and height of a cone, a paraboloid and
d inder, and the diameter of a sphere, then the volumes of theg
ies are to each other as follows:
Cone:paraboloid:sphere:cylinder %:%:%:1
f——a—

Example:Assume, as an example, that the diameter of the base of a cone, paraboloid, and ¢
2inches, that the height is 2 inches, and that the diameter of a sphere is 2 inches. Then the vd
written in formula form, are as follows:

Cone Paraboloid Sphere Cylinder
3.1416x 2x2 3.1416x ( D)2x2.3.1416x B 3.1416x 2x2 _ Vv
™ : 3 et =4 %%l

acyl-
e bod-

linderis
lumes,
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Packing Circles in Circles and Rectangles

Diameter of Circle Enclosing a Given Number of Smaller Circles.-Four of many
possible compact arrangements of circles within a circle are shown at A, B, C, &id.D in

1. To determine the diameter of the smallest enclosing circle for a particular number of
enclosed circles all of the same size, three factors that influence the size of the enclosin
circle should be considered. These are discussed in the paragraphs that follow, which ar
based on the article “How Many Wires Can Be Packed into a Circular Conduit,” by
Jacques Dutkdlachinery October 1956.

1) Arrangement of Center or Core CircléEhe four most common arrangements of cen-
ter or core circles are shown cross-sectionddgnl It may seem, offhand, that the “A”
pattern would require the smallest enclosing circle for a given number of enclosed circles
but this is not always the case since the most compact arrangement will, in part, depend o
the number of circles to be enclosed.

000
A/ /5 ﬁA
(X

Fig. 1. Arrangements of Circles within a Circle

2) Diameter of Enclosing Circle When Outer Layer of Circles Is CompBetecessive,
complete “layers” of circles may be placed around each of the centralfeigreispf 1, 2,
3, or 4 circles as the case may be. The number of circles contained in arrangements of con
plete “layers” around a central core of circles, as well as the diameter of the enclosing cir-
cle, may be obtained using the dat@iable 1 Thus, for example, the “A” patternfig. 1
shows, by actual count, a total of 19 circles arranged in two complete “layers” around a
central core consisting of one circle; this agrees with the data shown in the leffladlfeof
1forn=2.

To determine the diameter of the enclosing circle, the data in the right falblef 1is
used. Thus, fon = 2 and an “A” pattern, the diamef@ris 5 times the diameterof the
enclosed circles.

3) Diameter of Enclosing Circle When Outer Layer of Circles Is Not Compfeteost
cases, it is possible to reduce the size of the enclosing circle from that required if the outel
layer were complete. Thus, for example, the “B” patterRign 1shows that the central
core consisting of 2 circles is surrounded by 1 complete layer of 8 circles and 1 partial,
outer layer of 4 circles, so that the total number of circles enclosed is 14. If the outer layer
were complete, then (froffable J the total number of enclosed circles would be 24 and
the diameter of the enclosing circle would loe lfowever, since the outer layer is com-
posed of only 4 circles out of a possible 14 for a complete second layer, a smaller diamete
of enclosing circle may be useBable 2shows that for a total of 14 enclosed circles
arranged in a “B” pattern with the outer layer of circles incomplete, the diameter for the
enclosing circle is 4.6@b

Table 2can be used to determine the smallest enclosing circle for a given number of cir-
cles to be enclosed by direct comparison of the “A,” “B,” and “C” columns. For data out-
side the range dfable 2 use the formulas in Dr. Dutka's article.
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Table 1. Number of Circles Contained in Complete Layers of Circles and Diameter of

Enclosing Circle (English or metric units)

Number of Circles in Center Pattern
1 [ 2 [ 8 [ 4 [ ] 2 ] 3 [ 4
Arrangement of Circles in Center Pattern (Bie 1)
No. Com- A" “B" “cr “D” A" “B” “c" “D”
plete Layer: | | | | | |
Over Coren Number of CirclesN, Enclosed DiameteB), of Enclosing Circle
0 1 2 3 4 d 2d 2.1551 2414
1 7 10 12 14 d 4ad 4.055 4.3861
2 19 24 27 30 <] 6d 6.0331 6.379
3 37 44 48 52 a 8d 8.024 8.375
4 61 70 75 80 <] 10d 10.0181 10.3731
5 91 102 108 114 d 1d 12.0158 12.372
n b b b b b b b b

aDiameteD is given in terms ad, the diameter of the enclosed circles.

bForn complete layers over core, the number of enclosed chdiesthe “A” center pattern isr8
+3n+1; for “B,” 3n? + 5n + 2; for “C,” 3n?+ 6n + 3; for “D,” 3n? + 7n + 4; while the diametdD of the
enclosing circle for “A” center pattern is 2+ 1)d; for “B,” (2n + 2)d; for “C,”

(1+2Jn2+n+%)d and for "D," ( & ./ #2+5.644n+2)d .

Table 2. Factors for Determining DiameterD, of Smallest Enclosing Circle for Var-
ious Numbers,N, of Enclosed Circle{English or metric units)

Center Circle Pattern Center Circle Pattern Center Circle Pattern
o[ m 1% [T |l " [ |w|F BT
N Diameter FactoK N Diameter FactoK N Diameter FactoK
2 3 2 . 34| 7.001 7.083 7.111 6 9.7 9.545 9.327
3 3 2.733 2.155 3p| 7.001 7.249 7.111 7 9.718 9.545 9.327
4 3 2.733 3.310 3 7.001 7.249 7.11) 8 9.718 9.545 9.327
5 3 3.646 3.310 3y 7.001 7.249 7.43 9 9718 9.6p1 9.327
6 3 3.646 3.310 3B 7.929 7.249 7.43 fo 9.718 9.6p1 10.919
7 3 3.646 4.056 3 7.929 7.554 7.43 f1 9.718 9.889 10.919
8 4.465 3.646 4.056 4q 7.929 7.55¢ 7.430 [72 9718 9.489  10.019
9 4.465 4 4.056 41| 7.929 7.559 7.43 f3 9.718 9.889 10.919
10 4.465 4 4.056 4 7.929 7.55§ 7.43D r4 10.166 9.889  10.019
11 4.465 4.606 4.056 7.929 8.001 8.024 7S 10.1p6 10 10.019
12 4.465 4.606 4.056 8.214 8.001 8.024 76 10.1p6 10 10.238
13 4.465 4.606 5.164] 8.214 8.001 8.024 77 10.1p6 10.40 10238
14 5 4.606 5.164 4 8.212 8.001 8.02¢ r8 10.166 10.540 10.238
15 5 5.359 5.164 4 8.212 8.001 8.02¢ r9 10.166 10.540 10.452
16 5 5.359 5.164 4 8.212 8.001 8.02¢ 80 10.166 10.540 10.452
17 5 5.359 5.164 45 8.212 8.55 8.57p 81 10.166 10.540 10.452
18 5 5.359 5.164 50 8.212 8.55() 8.57p 82 10.166 10.540 10.452
19 5 5.583 5.619 5[  8.212 8.55() 8.57p 83 10.166 10.540 10.452
20 6.292 5.583 5.619 g3 8.214 8.55I 8.572 84 10.1p6 10.40 10452
21 6.292 5.583 5.619 g 8.219 8.811 8.572 B85 10.1p6 10.644 10866
22 6.292 5.583 6.034 g4 8.214 8.811 8.572 86 11 10.644 10.866
23 6.292 6.001 6.034 g9 8.214 8.811 9.083 87 11 10.644 10.866
24 6.292 6.001 6.034] g 9.001 8.811 9.043 88 11 10.644 10.866
25 6.292 6.197 6.034] q1 9.001 8.93: 9.043 89 11 10.849 10.866
26 6.292 6.197 6.034] g 9.001 8.93: 9.043 90 11 10.849 10.866
27| 6.292 6.568 6.034| § 9.00% 8.93 9.043 91 11 10.849  11.067
28 6.292 6.568 6.774 q 9.001 8.93: 9.043 92 11.3p3 10.849 11.p67
29 6.292 6.568 6.774 q 9.001 9.18f 9.043 93 11.3p3 11.149 11,067
30 6.292 6.568 6.774 [c¥ 9.719 9.18l 9.043 94 11.3p3 11.149 11067
31 6.292 7.083 7.111] q 9.719 9.18l 9.043 95 11.3p3 11.149 11067
32 7.001 7.083 7.111] [¢% 9.719 9.18l 9.3%7 96 11.3p3 11.149 1167
33 7.001 7.083 7.111 ¢ 9.714 9.54! 9.3%7 97 11.3p3 11.441 11p64
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Table 2.(Continued)factors for Determining Diameter,D, of Smallest Enclosing Cir-
cle for Various Numbers,N, of Enclosed CirclegEnglish or metric units)

Center Circle Pattern Center Circle Pattern Center Circle Pattern

v [ F 1 [T nl[® 7 [ n|F_B T

N Diameter FactoK N Diameter FactoK N Diameter FactoK

98| 11.584 | 11.441| 11.264 1%3 14115 14 14.013 08 16.100 16 163144

99| 11.584 | 11.441| 11.264 1%# 14115 14 14.013 09 16.100 16.133  16{144
100 | 11.584 | 11.441| 11.264 15p 14.11p  14.017 14.013 |p10 16.100  16(133  16.144
101 11584 | 11536 11.264 1 14115 14.097 14.013 |p11 16.100  16({133  16.144
102 | 11.584 11.536 11.264 1! 14.11p 14.017 14.317 |R12 16.521 16(133 16.144
103 | 11.584 11.536 12.01 1 14.11p 14.017 14.3E7 R13 16.p21 16(395 16.144
104 | 11.584 | 11.536 12.014 1 14.11p  14.229 14317 |pR14 16.p21 16(395  16.276
105( 11.584 | 11.817| 12014 1 14.11p 14229 14317 |p15 16.p21  16(395  16.276
106 11.584 | 11.817| 12,014 1 14115 14229 14317 |p16 16.p21  16(395  16.276
107 11.584 | 11.817| 12.014 1 14.11p 14229 14317 |p17 16.p21  16(525  16.276
108 | 11.584 11.817 12.01¢ 1 14.11p 14.434 14.317 |R18 16.521 16|525 164.276
109 | 11.584 12 12.016| 14 14.85 14.454 14.317 P19 16.621 16625 16276
110 12.136 | 12 12.016| 14 14.85 14.454 14317 |220 16.¢21 16525 16535
111 12.136 | 12.270f 12.014 16p 14.85f 14.454 14317 |p21 16.p21  16(589  16.535
112 12.136 | 12.270[ 12.014 16f 14.85f 14.528 14.317 |p22 16.p21  16(589  16.535
113 | 12.136 | 12.270[ 12.014 16B 14.85f 14.528 14.317 |p23 16.p21  16(716  16.535
114| 12.136 12.270 12.01¢ 16p 14.85f 14.528 l4.614 |R24 16.875 16|716 14.535
115| 12.136 12.358 12.373 1yp 15 14.528 14.614 P25 16.875 16[716 16,535
116 12.136 | 12.358 12.373 1jp 15 14748  14.614 |226 16.875 16[716 17042
117 12.136 | 12.358| 12.373 1yp 15 14.748  14.614 |27 16.875 16[716 17042
118 12.136 | 12.358| 12.373 1y 15 14748  14.614 |228 16.875 16[716 17042
119 12.136 | 12533 12374 1yp 15 14748  14.614 |229 16.875 16[716 17042
120 12.136 12.533 12.373 1fp 15 14.898 15.048 P30 16.875 16/716 17,042
121 12.136 12.533 12.54§ 1fp 15 14.898 15.048 P31 16.875 17.094 17,042
122 13 12.533| 12.548 17 15 14.89; 15.048 432 16.875 17.094  17]166
123 13 12.533| 12.548 17 15 14.89: 15.048 433 16.875 17.094  17]166
124 13 12.533| 12.719 17 15 15.10 15.048 434 16.875 17.094  17]166
125 13 12.533| 12.719 15 15.10 15.048 435 16.875 17.094  17]166
126 13 12.533 12.719 15 15.10 15190 [436 17 17.994 17.166
127| 13 12.790 12.719] 15 15.10 15190 (437 17 17.994 17.166
128 13.166 [ 12.790( 12.719 15 15.17} 15.190 [238 17 17.094  17{166
129 13.166 | 12.790( 12.714 15 15.17 15.190 [239 17 17.463  17{166
130 13.166  12.790[ 13.054 15 15.17 15.190 |240 17 17.463  17{166
131 13.166 | 13.125[ 13.054 15 15.17 15.190 |p41 17 17.463  17{290
132| 13.166 13.125 13.054 15 15.52) 15.469 P42 17.371 17,463 17,290

i
o
»
o2}
©

R43 17.871  17|523  171.290
B71 17)523  171.290

133| 13.166 | 13.125| 13.05f
134| 13.166 | 13.125| 13.054

-
o
IS
o
©
N
=
IS
P
~

4

1 4

1 4

1 4

1 B

1 B

1 B

1 B

1 6

1 B 6

1 B 6
135| 13.166 | 13.125( 13.054 1 15428 15526  15.4p9 (p45 17.871  17(523  17.290
136| 13.166 | 13.125( 13.221 1 15428 15731  15.4p9 (R46 17.871  17(523  17.290
137| 13.166 | 13.289 13.221 1 15428 15731  15.4p9 (R47 17.871  17|523  17.654
138| 13.166 | 13.289 13.221 1 15428 15731 15743 (p48 17.871  17|523  17.654
139| 13.166 | 13.289 13.221 1 15428 15731 15743 (R49 17.871  17(523  17.654
140| 13.490| 13.289 13.221 19p 15428 15731 15743 |R50 17.871 17523  17.654
141| 13.490| 13.530( 13.221 1 15428 15731 15743 (R51 17.871 17|644  17.654
142| 13.490| 13.530( 13.704 19fF 15423 15731 15743 |R52 17.871 17|644  17.654
143| 13.490| 13.530( 13.704 19B 15423 15731 15743 |R53 17.871 17|644  11.773
144| 13.490| 13.530( 13.703 19p 15423 15799 16.002 |p54 18.p89  17|644  11.773
145| 13.490| 13.768( 13.859 2 16.10p  15.799  16.042 (RS55 18.p89  17(704  17.773
146| 13.490 | 13.768| 13.859 ZE 16.10p  15.799  16.042 (PR56 18.p89  17(704  17.773
147| 13.490| 13.768( 13.859 2 16.10p 15.799  16.042 (R57 18.p89  17(704  17.773
148| 13.490| 13.768| 13.859 2 16.10p 15.934 16.012 (Pp58 18.p89  17(704  17.773
149| 13.490| 14 13.859| 2 16.10 15934  16.012 P59 18.089 17823 18010
150| 13.490| 14 13.859] 2 16.10 15934  16.012 P60 18.089 17823 18010
151| 13.490| 14 14.013 2 16.10 15934  16.012 P61 18.089 17.823 18010
152| 14.115| 14 14.013) 2 16.10( 16 16.012 (462 18.089 17.823  18/010
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The diameteb of the enclosing circle is equal to the diameter fattomultiplied byd, the diam-
eter of the enclosed circles,D=K x d. For example, if the number of circles to be enclosets
12, and the center circle arrangement is “C,” thed fot¥ inches, D = 4.056 1%,= 6.084 inches. If
d =50 millimeters, the® = 4.056x 50 = 202.9 millimeters.

Approximate Formula When Number of Enclosed Circles Is Lavgleen a large num-
ber of circles are to be enclosed, the arrangement of the center circles has little effect on th
diameter of the enclosing circle. For numbers of circles greater than 10,000, the diamete
of the enclosing circle may be calculated within 2 per cent from the formula

D = d(1+./N=+0.907) . In this formulaP = diameter of the enclosing circts diam-
eter of the enclosed circles; adds the number of enclosed circles.

An alternative approach relates the area of each of the same-sized circles to be enclose
to the area of the enclosing circle (or container), as sholigsnithrough 27. The table
shows efficient ways for packing various numbers of cifdlésom 2 up to 97.

In the tableD = the diameter of each circle to be enclodedthe diameter of the enclos-
ing circle or container, anti = ND%/d? = ratio of the area of tHé circles to the area of the
enclosing circle or container, which is the packing efficiency. Cross-hatching in the dia-
grams indicates loose circles that may need packing constraints.

Data for Numbers of Circles in Circles

N dD D Fig. N dD D Fig.
2 2.0000 0.500 1 17 4.7920 0.740 15
3 2.1547 0.646 2 18 4.8637 0.761 16
4 2.4142 0.686 3 19 4.8637 0.803 16
5 2.7013 0.685 4 20 5.1223 0.762 17
6 3.0000 0.667 5 21 5.2523 0.761 18
7 3.0000 0.778 5 22 5.4397 0.743 19
8 3.3048 0.733 6 23 5.5452 9.748 20
9 3.6131 0.689 7 24 5.6517 0.751 21
10 3.8130 0.688 8 25 5.7608 0.753 22
11 3.9238 0.714 9 31 6.2915 0.783 23
12 4.0296 0.739 10 37 6.7588 0.810 24
13 4.2361 0.724 11 55 8.2111 0.816 25
14 4.3284 0.747 12 61 8.6613 0.813 26
15 4.5214 0.734 13 97 11.1587 0.779 27
16 4.6154 0.751 14

Packing of large numbers of circles, such as the $ign27, may be approached by
drawing a triangular pattern of circles, as showfign 28 which represents three circles
near the center of the array. The point of a compass is then pléc8datC, or anywhere
within triangleABC, and the radius of the compass is gradually enlarged until it encom-
passes the number of circles to be enclosed. As a first approximation of the diameter

1.14D./N may be tried.

0 @D BE

Fig. 1.N=2 Fig.2N=3 Fig. 3N=4 Fig.4N=5
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Fig.5.N=7 Fig. 8N =10
Fig. 9.N=11 Fig. 10N =12 Fig. 11N =13 Fig. 12N =14
Fig. 13N =15 Fig. 14N = 16 Fig. 15N =17

Fig. 19N = 22

Fig. 22N =25

Fig. 23N =31

Fig. 25.N =55 Fig. 26N =61
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Circles within Rectangles.—or small numberbl of circles, packing (for instance, of
cans) is less vital than for larger numbers and the number will usually govern the decision
whether to use a rectangular or a triangular pattern, examples of which areFSgerda

and 30.

Fig. 30. Triangular Pattern € 3,c=7)

Fig. 29. Rectangular Pattemn~4,c = 5)

If D is the can diameter ahtlits height, the arrangementhig. 29will hold 20 circles or
cans in a volume of3x 4D x H = 20D? H. The arrangement Ffig. 30will pack the same
20 cans into a volume oD7x 2.73D x H = 19.124€2H, a reduction of 4.4 per cent. When
the ratio ofH/D is less than 1.196 : 1, the rectangular pattern requires less surface area
(therefore less material) for the six sides of the box, but for greater ratios, the triangular pat-
ternis better. Some numbers, such as 19, can be accommodated only in a triangular patter

The following table shows possible patterns for 3 to 25 cans, Wremumber of cir-
cles,P = pattern R rectangular of triangular), and andc = numbers of rows and col-
umns, respectively. The final table column shows the most economical application, where
V = best volumeS= best surface area (sometimes followed by a conditiétiDh For the
rectangular pattern, dimensions of the containearecD, and for the triangular pattern,

the dimensions are< [1 + (r + 70(—1))/3/2] ,0b?1 +0.866¢ —1)].

Numbers of Circles in Rectangular Arrangements

N[fP|r|c Application N|P|Tr|c Application
R|[3] 5 (S H/D >0.038)
3(T|2(2 V,S 15
T|2]| 8 V, (S H/D < 0.038)
4(R[(2]2 V,S 16| R[4 ]| 4 V,S
5|T|3|2 V,S 17| T| 3| 6 V,S
6|R|2|3 V,S 18 T|5]| 4 V,S
71T|2]|4 V,S 19(T|2]10 V,S
s R[{4]|2 V, (S H/ID <0.732) 20 R|4]5 (S H/D >1.196)
T{3|3 (S H/D>0.732) T|3]7 V, (S H/D < 1.196)
9(R|[3(3 V,S R|3 (S 0.165 <H/D < 0.479)
10 R[5 2 V, (S H/D > 1.976) 21| T| 6| 4 (S H/ID >0.479)
T(4]|3 (S H/ID > 1.976) T|2]|11 V, (S H/D < 0.165)
11| T3 | 4 V,S 2| T| 4] 6 V,S
12| R|( 3| 4 V,S 3 T| 5|5 (S H/D > 0.366)
13 T{5|3 (S H/D >0.236) T|3]|8 V, (S H/D < 0.366)
T(2|7 V, (S H/D < 0.236) 24 R| 4| 6 V,S
T|4]|4 (S H/D > 5.464) R| 5|5 (S H/D > 1.10)
14 T|(3|5 V, (S H/D < 5.464) 25| T | 7| 4 (S, 0.113 H/D < 1.10)
T|2]13 V, (S H/D < 0.133)
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Formulas and Table for Regular Polygons.—Fhe following formulas and table can be
used to calculate the area, length of side, and radii of the inscribed and circumscribed cir-
cles of regular polygons (equal sided).

A = NScota + 4 = NR2sina cosn = Nr2tana
r = Rcoso = (Scota) +2 = ./J(Ax cota) +N
R = S+ (2sina) = r + cosa = /A~ (Nsinacosa)
S = 2Rsina = 2rtana = 2/(Ax tana) + N
whereN = number of sidesS =length of sideR = radius of circumscribed circle;=

radius of inscribed circleéy = area of polygon; and, = 180°+ N = one-half center angle
of one side (seRegular Polygomn page 62) .

Area, Length of Side, and Inscribed and Circumscribed Radii of Regular Polygons

Nl A A A R R S S r r

Sides R2 r2 S r R r R S

3 0.4330| 12990 5.196f 057y4 2.00p0 1.7321 34641 0.5000 0.2887
4 1.0000 | 2.0000 4.000p 0.70p1 1.414#2 14142 24000 0.071  ¢.5000
5 1.7205| 2.3776 3.632] 0.8507 1.23p1 11756 14531 0.8090 (.6882
6 25981 | 25981 3.4641 1.00p0 1.1547 10000 1.1547 0.8660  (.8660
7 3.6339 | 2.7364 3.371 1.15p4 1.10p9 0.8678 0.9631 0.p010  1.0383
8 48284 | 28284 3.313] 1.30p6 1.0824 0.7654 0.8284 0.4239 1.2071
9 6.1818 | 2.8925 3.275] 14619 1.0642 06840 0.7279 00397 1.3737
10 7.6942| 29389 3.2492 161B0 1.0515 0.6180 0.4498 09511 1.5388
12 | 11196 | 3.0000 32154 1.9319 10353 05176 05359 0.0659 1.8660
16 20.109 3.061§ 3.182p 2.56R9 1.0196 0.3902 0.3978 0.p808  2.5137
20 | 31569 | 3.0907 3167 3.1962 1015 0.3129 03168 0.8877  3.1569
24 45575 3.1054 3.159F 3.83p6 1.0086 0.2611 0.3633 0.p914  3.7979
32 | 81225 | 31214 3.51f 51011 1.0048 0.1960 0.1970 0.9952  5.0766
48 | 18308 | 3.1326 3.146] 7.6449 1.0021 0.1808 0.4311 0.9979 71.6285
64 |32569 | 3.1369 3.1441 10190 10012 0.0981 0.4983 0.p988 10.178

Example 1A regular hexagon is inscribed in a circle of 6 inches diameter. Find the area
and the radius of an inscribed circle. HRre3. From the table, ardes 2.598 R2=2.5981
x 9 = 23.3829 square inches. Radius of inscribed circte).866r = 0.866x 3 = 2.598
inches.

Example 2An octagon is inscribed in a circle of 100 millimeters diameter. Rwi1S0.
Find the area and radius of an inscribed cikske 2.8284R2 = 2.8284x 2500 = 7071 mi
=70.7 cm. Radius of inscribed circle= 0.923®R = 09239% 50 = 46.195 mm.

Example 3Thirty-two bolts are to be equally spaced on the periphery of a bolt-circle, 16
inches in diameter. Find the chordal distance between the bolts. Chordal distance equal
the sideSof a polygon with 32 sideR = 8. HenceS=0.196r = 0.196x 8 = 1.568 inch.

Example 4Sixteen bolts are to be equally spaced on the periphery of a bolt-circle, 250
millimeters diameter. Find the chordal distance between the bolts. Chordal distance equal
the sideSof a polygon with 16 sideR=125. ThusS=0.390R = 0.3902x 125 = 48.775
millimeters.
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The table below will be found useful for determining the diameter|of a
circle of an area equal to that of a square, the side of which is known, or
for determining the side of a square which has an area equal to thdt of a
circle, the area or diameter of which is known. For example, if the diam-
eter of a circle is Bginches, it is found from the table that the side of a
S square of the same area is 15.51 inches.
Diam. of Side of | Area of Circle| [ Diam. of Side of | Area of Circle| | Diam. of Side of | Area of Circle
Circle,D | Squares or Square Circle,D | SquareS or Square Circle,D | SquareS or Square
% 0.44 0.196 20¥, 18.17 330.06 40%, 35.89 1288.25
1 0.89 0.785 21 18.61 346.36 41 36.34| 1320.24
1% 1.33 1.767 21, 19.05 363.05 41%, 36.78 1352.65
2 1.77 3.142 22 19.50 380.13 42 37.22 1385.44
2% 2.22 4.909 2%, 19.94 397.61 42, 37.66 1418.63
3 2.66 7.069 23 20.38 415.48 43 38.11 1452.29
3% 3.10 9.621 23 20.83 433.74 43Y, 38.55 1486.17
4 3.54 12.566 24 21.27 452.39 44 38.99 1520.59
4%, 3.99 15.904 24y, 21.71 471.44 449, 39.44 1555.28
5 4.43 19.635 25 22.16 490.87 45 39.89 1590.43
5% 4.87 23.758 25% 22.60 510.71 45, 40.32 1625.97
6 5.32 28.274 26 23.04 530.93 46 40.77 1661.9!
6%, 5.76 33.183 26% 23.49 551.55 46%, 41.21 1698.23
7 6.20 38.485 27 23.93 572.56 47 41.64 1734.94
KA 6.65 44.179 27, 24.37 593.96 47, 42.10 1772.05
8 7.09 50.265 28 2481 615.75 48 42.54 1809.5
8, 7.53 56.745 28%, 25.26 637.94 a8y, 42.98 1847.45
9 7.98 63.617 29 25.70 660.52 49 43.43 1885.74
9%, 8.42 70.882 29%, 26.14 683.49 49, 43.87 1924.42
10 8.86 78.540 30 26.59 706.86 50 44.31 1963.5
10%, 9.31 86.590 30% 27.03 730.62 50%, 44.75 2002.96
11 9.75 95.033 31 27.47 754.77 51 45.2q 2042.83
11% 10.19 103.87 31, 27.92 779.31 51, 45.64 2083.07
12 10.63 113.10 32 28.36 804.25 52 46.0§ 2123.7
12% 11.08 122.72 32 28.80 829.58 52% 46.53 2164.75
13 11.52 132.73 33 29.25 855.30 53 46.91 2206.1
13% 11.96 143.14 33 29.69 881.41 53%, 47.41 2248.01
14 12.41 153.94 34 30.13 907.92 54 47.84 2290.2.
14, 12.85 165.13 34, 30.57 934.82 54%, 48.30 2332.83
15 13.29 176.71 35 31.02 962.11 55 48.74 2375.8
15¥, 13.74 188.69 35% 31.46 989.80 55%, 49.19 2419.22
16 14.18 201.06 36 31.90 1017.88 56 49.6! 2463.0
16% 14.62 213.82 36 32.35 1046.35 56%, 50.07 2507.19
17 15.07 226.98 37 32.79 1075.21 57 50.5. 2551.7
17, 15.51 240.53 37, 33.23 1104.47 57% 50.96 2596.72
18 15.95 254.47 38 33.68 1134.11 58 51.4¢ 2642.0
18% 16.40 268.80 38), 34.12 1164.16 58% 51.84 2687.83
19 16.84 283.53 39 34.56 1194.59 59 52.2 2733.9
19, 17.28 298.65 39%, 35.01 1225.42 5%, 52.73 2780.51
20 17.72 314.16 40 35.45 1256.64 60 53.1 2827.4
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SEGMENTS OF CIRCLES

Segments of Circles for Radius = 1 (English or metric units)

Formulas for segments of circles are given on f&&y&Vhen the central
anglea and radius are known, the tables on these pages can be used f}
the length of ar¢, height of segmerit, chord lengtfe, and segment arga
When anglex and radiug are not known, but segment heigjrand chord
lengthc are known or can be measured, the faficcan be used to enter tl
table and findy, |, andA by linear interpolation. Radiuss found by the for
mula on pagé3. The value of is then multiplied by the radiusand the are:
Abyr?, the square of the radius.

Anglea can be found thus with an accuracy of about 0.001 degree;

e «a ~ < lengthl with an error of about 0.02 per cent; and ae@th an error ranging
from about 0.02 per cent for the highest entry valugato about 1 per ceny
for values oh/c of about 0.050. For lower valuestu€, and where greater|
accuracy is required, aréashould be found by the formula on paige

6,
Deg 6,
. | h c Area A tic Deg. | h c thc
1 | 0.01745| 0.00004/ 0.0174 0.00g0 0.00418 p1  0.71$58 0.0333 0.7 .0298 0
2 | 0.03491( 0.00015 0.0349 0.0090  0.00436 n2 0.7304  0.0§642  0.7| .0320 O
3 | 0.05236| 0.00034 0.0523! 0.0000 0.00%5 p#3  0.75p49  0.04958 0.7} .0342 0
4 | 0.06981| 0.00061f 0.0698 0.00Q0 0.004713 p4  0.76f94 0.09282 0.7} .0366 O
5 | 0.08727( 0.00095 0.0872: 0.0091  0.01Q91 5  0.78p40 0.079612 0.7 .0391 O
6 | 0.10472( 0.00137| 0.1046 0.0001 0.01399 p6 0.80p85 0.09950 0.7} .0418 0
7 | 0.12217( 0.00187 0.1221f 0.00¢02 0.01428 nu7 0.82p30 0.04294 0.7} .0445 0,
8 | 0.13963( 0.00244 0.1395: 0.0092 0.01746 n8 0.83f76  0.0§645 0.8 .0473 0.
9 | 0.15708 | 0.00308  0.1569:; 0.00¢03 0.0195 p#9 0.85521 0.09004 0. .0503 0
10 | 0.17453| 0.00381 0.1743L 0.0004 0.0213 BO 0.87R66  0.09369 0. .0533 0
11 | 0.19199| 0.00460 0.1916 0.0006  0.02402 b1 0.89p12 0.09741 0. .0565 0
12 | 0.20944| 0.00548 0.2090 0.0008 0.02620 B2 0.90f57 0.1¢121 0. .0598 0|
13 | 0.22689| 0.00643 0.22641L 0.00]10 0.02439 B3 0.92502 0.10507 O. .0632 0|
14 | 0.24435| 0.00745 0.24374 0.0012 0.03Q%8 b4  0.94p48  0.10899 0. .0667 0
15 | 0.26180| 0.00856 0.2610 0.0015 0.03277 pB5 0.95p93 0.11299 0. .0704 0|
16 | 0.27925| 0.00973 0.2783 0.0018 0.03496 p6 09738 0.11705 0. .0742 0|
17 | 0.29671| 0.01098 0.2956p 0.0022 0.03716 b7 0.99184 0.12118 0. .0781 0
18 | 0.31416| 0.01231 0.3128f 0.0026 0.03935 B8 1.01p29 0.12538 0. .0821 0|
19 | 0.33161| 0.01371f 0.3301 0.0030 0.041%5 B9 1.02p74 0.12964 0. .0863 0|
20 | 0.34907( 0.01519 0.3473 0.0035 0.04374 60 1.04f20 0.13397 1. .0906 0
21 | 0.36652| 0.01675 0.3644f 0.0041 0.04394 pB1 1.06465 0.13837 1. .0950 0|
22 | 0.38397| 0.01837] 0.3816 0.0047 0.04814 B2 1.08R10 0.14283 1. .0996 0|
23 | 0.40143| 0.02008 0.3987# 0.00%3 0.05035 63 1.09p56  0.14736 1. .1043 0
24 | 0.41888| 0.02185 0.4158P 0.0061 0.052%5 B4 1.11y01 0.1%195 1. 11091 0|
25 | 0.43633| 0.02370  0.4328: 0.0069 0.05476 5 1.134#46  0.1%661 1. 11141 0|
26 | 0.45379( 0.02563 0.4499 0.0077  0.0597 66 1.15092  0.1¢133 1. 11192 0
27 | 0.47124| 0.02763 0.4668 0.0036 0.05918 7 1.16p37 0.14611 1. .1244 0|
28 | 0.48869| 0.02970 0.4838#f 0.0096 0.06139 B8 1.18682 0.17096 1. 11298 0|
29 | 0.50615( 0.03185 0.5007 0.0107 0.0636¢1 69 1.20428 0.17587 1. 11353 0
30 | 0.52360| 0.03407] 0.5176# 0.0118 0.0633 [0 1.22073 0.13085 1. .1410 0|
31 | 0.54105| 0.03637 0.5344 0.0130 0.06805 [71  1.23p18 0.13588 1. .1468 0|
32 | 0.55851| 0.03874 0.5512f 0.0143 0.07027 [72 1.25p64  0.19098 1. .1528 0
33 | 0.57596| 0.04118 0.5680: 0.01%7 0.072%0 [73  1.27409 0.19614 1. .1589 0|
34 | 0.59341| 0.043700 0.5847# 0.0171 0.07413 [74 1.29154  0.2¢136 1. .1651 0|
35 | 0.61087| 0.04628 0.6014L 0.016 0.0796 [75 1.30p00  0.2¢665 1. 11715 0
36 | 0.62832| 0.04894  0.6180: 0.0203 0.07919 [76 1.32p45 0.21199 1. .1781 0|
37 | 0.64577| 0.05168 0.6346]1 0.0220 0.08143 [77 1.34B90 0.21739 1. .1848 0|
38 | 0.66323| 0.05448 0.6511# 0.0238 0.083¢7 [78 1.36136  0.22285 1. 11916 0
39 | 0.68068| 0.0573¢ 0.66761 0.02%7 0.08392 [79 1.37881 0.22838 1. .1986 0|
40 | 0.69813| 0.06031 0.6840#t 0.0277 0.08416 B0  1.39p26 0.23396 1. .2057 0|

p find

09041
09267
09493
09719
09946
10173
10400
10628
10856
11085
11314
11543
11773
12004
12235
12466
12698
12931
13164
13397
13632
13866
14101
14337
14574
14811
15048
15287
15525
15765
16005
16246
16488
16730
16973
17216
17461
17706
17952
18199
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Segments of Circles for Radius = 1 (English or metric units)
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D%g. | h C AreaA e D%g. h AreaA e

81 | 1.41372| 023959 1.2989p 0.213p  0.18446 053531 1.d1992 0[7658 0|
82 | 143117| 024529 13121 02205 0.18494 059326 1.42709 0[7803 0|
83 | 1.44862| 025104 1.3252% 0.228D 0.18943 0.60125 1.43412 0[7950 0|
84 | 146608 0.25686 1.33826 0.2358  0.19193 0.60927 1.44101 0[8097 0|
85 | 148353| 0.26272 1.35118 0.243f  0.19444 0.6]732 1.84776 0[8245 0|
86 | 1.50008| 0.26865 1.3640p 0.251F  0.19496 0.62539 1.85437 0[8395 0|
87 | 1.51844| 027463 13767 02599  0.19948 0.63350 1.46084 0[g546 0|
88 | 153589| 0.28068 1.3893p 0.268p  0.20201 0.64163 1.46716 0[8697 0|
89 | 155334| 0.28675 1.4018p 0.276f  0.204%6 0.64979 1.47334 o0[gss0 0
90 | 157080 0.29289 1.4142] 0.2854  0.20111 0.65798 1.47939  0[9003 0|
91 | 158825 0.29909 1.4265p 0.294p  0.20947 0.66619 1.48528 0[9158 0|
92 | 160570| 0.30534 1.43868 0.303p 0.21324 0.61443 1.49104 0[9314 0|
93 | 1.62316| 031165 1.4507F 0.3128 0.21482 0.63270 1.49665 0[9470 0|
94 | 164061| 031800 1.4627L 03215 0.21141 0.69098 1.90211 0[9627 0|
95 | 165806| 0.32441 1.47455 0.330p  0.22901 0.69929 1.90743 0[9786 0|
96 | 167552| 0.33087] 1.4862p 0.340p  0.223¢1 0.70763 1.91261 0[9945 0|
97 | 1.69297| 0.3373d 1.4979] 0.350p  0.22423 0.7]598 191764  1[0105 0|
98 | 171042| 034394 1.5094p 0.360L 0.22186 0.72436 1.92252  1[0266 0|
99 | 1.72788| 0.35058 1.5208L 0.370L  0.2330 0.73276 192726  1[0428 0
100 | 1.74533| 0.35721 1.53200 0.380B  0.233]5 074118 193185 1[0590 0|
101 | 1.76278| 0.36394 1.54325 0.390p  0.23§82 0.74962 193630 1(0753 0|
102 | 1.78024| 0.37069 1.5542p 0.401p  0.23§49 0.7$808 1.94059  1[0917 0|
103 | 1.79769| 0.37749 1.5652p 0.411f  0.24}]7 0.76655 1.94474  1[1082 0|
104 | 181514 0.38434 1.5760p 0.422%  0.243§7 0.71505 1.94874  1[1247 0|
105 | 1.83260| 0.39124 1.5867L 0.4338  0.24457 0.78356 1.95259  1[1413 0|
106 | 1.85005| 0.39819 1.5972f 0.444p  0.24929 0.79209 195630  1[1580 0|
107 | 1.86750| 0.40519 1.6077] 0.455p  0.25202 0.80063 1.95985 1[1747 0|
108 | 1.88496| 0.41221 1.61808 0.466p  0.25416 0.80919 1.96325 1[1915 0|
109 | 1.90241| 041930 1.62828 0.478%  0.257%2 0.8]776 196651 1[2084 0|
110 | 1.91086| 0.42647 1.6383p 0.490L  0.26028 0.82635 196962 1[2253 0|
111 | 1.93732| 043359 1.64825 0.501p  0.26306 0.83495 197257 1[2422 0
112 | 1.95477| 0.44081] 1.65808 0.5138  0.26§85 0.84357 147538 12592 O
113 | 1.97222| 0.44804 1.6677f 0.525p  0.26846 085219 197803 1[2763 0
114 | 1.98068| 0.4553¢ 1.6773%# 0.538L 0.27148 0.86083 1.98054  1[2934 0|
115 | 2.00713| 0.46270f 1.68678 0.5508  0.27431 0.8§947 1.98289  1[3105 0|
116 | 2.02458| 0.47009 1.69610 0.562p 0.27715 0.81813 198509 1[3277 0|
117 | 2.04204| 0.47750 1.70528 05755  0.28¢01 083680 1.98714 1[3449 0|
118 | 2.05049| 0.4849¢ 1.71433 0.5888  0.28289 0.89547 198904 1[3621 0|
119 | 207694 0.4924¢ 1.72326 0.601p  0.28§7 090415 1.99079  1[3794 0|
120 | 2.09440| 0.50000f 1.73206 0.614p  0.28§68 0.9]284 199239 1[3967 0|
121 | 2.11185| 050759 1.7407L 0.627B  0.29159 0.92154 199383  1[4140 0|
122 | 212030 051519 1.7492% 0.640p  0.294%2 0.93024 199513 1[4314 0|
123 | 2.14675| 052284 1.75768 0.654p  0.29747 0.93895 1.99627  1[4488 0|
124 | 216421| 053053 1.76590 0.667p  0.30043 0.94766 199726  1[4662 0|
125 | 218166 0.5382§ 1.7740p 0.681B8  0.30341 0.9$638 1.99810 1(4836 0
126 | 219011 0.54601 1.7820Q 0.695p  0.30§40 0.9¢510 1.99878  1[5010 0|
127 | 2.21657| 0.55380] 1.7898f  0.709D  0.30941 091382 199931 1[5184 0|
128 | 223402 056163 1.79759 0.723p  0.31243 0.98255 1.99970 1[5359 0|
129 | 225147 056949 1.8051f 0.737p  0.31§48 099127 199992 1[5533 0|
130 | 2.26893| 0.57739 1.8126f 0.751%  0.31§%4 1.00000 2.dooo0  1[5708  0f

32161
32470
32781
33094
33409
33725
34044
34364
34686
35010
35337
35665
35995
36327
36662
36998
37337
37678
38021
38366
38714
39064
39417
39772
40129
40489
40852
41217
41585
41955
42328
42704
43083
43464
43849
44236
44627
45020
45417
45817
46220
46626
47035
47448
47865
48284
48708
49135
49566
50000
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SQUARES AND HEXAGONS

Distance Across Corners of Squares and Hexagons
(English and metric units)

A desired value not given directly in the table can be obtained by the s

mple

addition of two or more values taken directly from the table. Further valjes

can be obtained by shifting the decimal point.

Example 1Find D whend = 2%ginches. From the table, 2 = 2.3094, 3
=0.3608. Therefore, D = 2.30940.3608 = 2.6702 inches.

Example 2Find E whend = 20.25 millimeters. From the table, 20 =

D = 1.154708 28.2843; 0.2 = 0.2828; and 0.05 = 0.0707 (obtained by shifting the decimal
point one place to the left dt= 0.5). ThusE = 28.2843+ 0.2828+ 0.0707 =

E = 1.414214 28.6378 millimeters.
d D E d D E d D E d D E
Yoo 0.0361 0.0442| 0.9 1.0392 1.272 32 36.9504 45.25418 67 77.3650 94.7523
Y6 0.0722 0.0884( [ 2, 1.0464 1.2816 33| 38.1051 46.66! 48 78.5197 96.1666
£ 0.1083 0.1326( [ %, 1.0825 1.3258 34 39.2594 48.08: g9 79.6744 97.5808
0.1 0.1155 0.1414 | 3%, 1.1186 1.3700 35| 40.4149 49.497% 10 80.8291 98.9950
% 0.1443 0.1768 1.0 1.1547 1.414 36 41.5692 50.9117 71 81.9838 10Q.409
Yoo 0.1804 0.2210| 2.0 2.3094 2.82841 37 42.7239 52.3259 72 83.1385 101.823
i 0.2165 0.2652 3.0 3.4641 4.242 38 43.8736 53.74p1 73 84.2932 103.238
0.2 0.2309 0.2829 4.0 4.6188| 5.656p 9 45.0383 55.1643 74 85.4479 104.652
T 0.2526 0.3094 5.0 5.7735 7.071 40 46.1880 56.5686 75 86.6026 104.066
A 0.2887 0.3536 6.0 6.9282 8.485: a1 47.3427 57.98p8 76 87.7673 107.480
Y 0.3248 0.3977 7.0 8.0829 9.899: 42 48.4974 59.39y0 7 88.9120 109.894
0.3 0.3464 0.4243 8.0| 9.2376 11.31. 3 49.65p1 60.81f12 78 90.9667 110.309
%6 0.3608 0.4419| 9.0 10.3923 12.721 44 50.8068 62.2Pp4 79 91.7214 111.723
1, | 0.3969 0.4861 10 11.547q 14.144 45 51.9615 63.68P6 80 92.3761 113.137
% 0.4330 0.5303 11 12.7017 15.5564 46 53.11$2 65.05B8 81 93.4308 114.551
0.4 0.4619 0.5657 12 13.856. 16.97 7 54.27p9 66.4881 82 94.6855 11%.966
B, | 0.4691 0.5745| 13 15.0111 18.384 48 55.4256 67.88P3 83 95.8402 117.380
T 0.5052 0.6187| 14 16.1659 19.79 49 56.58(3 69.2PB5 84 96.9949 1184.794
B, | 0.5413 0.6629| 15 17.3209 21.219 g0 57.7351 70.71p7 85 98.11496 120.208
0.5 0.5774 0.7071 16 18.475 22.6214 1 58.88P8 72.1249 86 99.3043 121.622
7, | 0.6134 0.7513| 17 19.6299 24.041 g2 60.04415 87 100}459 123.037
Y6 0.6495 0.7955| 18 20.7844 25.454 g3 61.1992 88 1011614 124.451
9, | 0.6856 0.8397| 19 21.9393 26.87! 84 62.3589 89 102{768 129.865
0.6 0.6928 0.8484 20 23.094 28.28 5 63.5086 90 103]923 127.279
% 0.7217 0.8839 21 24.2487 29.694 g6 64.6683 91 105{078 128.693
2, | 0.7578 0.9281 22 25.4034 31.117 g7 65.8180 92 106232 130.108
Y 0.7939 0.9723 23 26.5581 32.524 g8 66.97p7 93 107387 131.522
0.7 0.8083 0.9899 24 27.712 33.94. 9 68.124 94 108{542 132.936
%, | 0.8299 1.0165] 25 28.8679 35.3544 0 69.28p1 95 109(697 134.350
% 0.8660 1.0607 26 30.0223 36.76 1 70.4368 96 110{851 138.765
%, | 0.9021 1.1049| 27 31.1769 38.189 42 71.5915 97 112/006 131.179
0.8 0.9238 1.1314 28 32.331 39.59 3 72.7462 98 1131161 138.593
B | 0.9382 1.1490| 29 33.4863 41.017 4 73.9009 99 1141315 140.007
/% 0.9743 1.1932 30 34.641 42.42¢4 45 75.0556 100 115{470 141.421
% 1.0104 1.2374] 31 35.7957 43.841 6 76.2103
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SOLUTION OF TRIANGLES

Any figure bounded by three straight lines is called a triangle. Any one of the three lines
may be called the base, and the line drawn from the angle opposite the base at right angle
toitis called the height or altitude of the triangle.

If all three sides of a triangle are of equal length, the triangle is egjlelhteral Each of
the three angles in an equilateral triangle equals 60 degrees. If two sides are of equal lengtt
the triangle is aisoscelesriangle. If one angle is a right or 90-degree angle, the triangle is
aright orright-angledtriangle. The side opposite the right angle is calletiypetenuse

If all the angles are less than 90 degrees, the triangle is cakedi@or acute-angled
triangle. If one of the angles is larger than 90 degrees, the triangle is catibtliae-
angledtriangle. Both acute and obtuse-angled triangles are known under the common
name ofoblique-angledriangles. The sum of the three angles in every triangle is 180
degrees.

The sides and angles of any triangle that are not known can be found when: 1) all the
three sides; 2) two sides and one angle; and 3) one side and two angles are given.

In other words, if a triangle is considered as consisting of six parts, three angles and thre
sides, the unknown parts can be determined when any three parts are given, provided :
least one of the given parts is a side.

Functions of Angles

For every right triangle, a set of six ratios is defined; each is the length of one side of the
triangle divided by the length of another side. The six ratios are the trigonometric (trig)
functions sine, cosine, tangent, cosecant, secant, and cotangent (abbreviated sin, cos, tz
csc, sec, and cot). Trig functions are usually expressed in terms of an angle in degree ©
radian measure, as in cos’600.5. “Arc” in front of a trig function name, as in arcsin or
arccos, means find the angle whose function value is given. For example, arcsin®0.5 = 30
means that 30s the angle whose sin is equal to 0.5. Electronic calculators frequently use
sin1, cos?, and tan! to represent the arc functions.

Exampletan 53.2 = 1.332; arctan 1.332 = ta1.332=53.1=53 6'

Thesineof an angle equals the opposite side divided by the hypotenuse. HeBcebsin
+c,andsilA=a+c.

The cosineof an angle equals the adjacent side
divided by the hypotenuse. Hence, Bosa + ¢, and
cosA=b-+c.

Thetangentof an angle equals the opposite side
divided by the adjacent side. Hence,Barb +a, and
tanA=a+b.

Thecotangenibf an angle equals the adjacent side
divided by the opposite side. Hence,Beta+b, and

!
|

cotA=b+a.

Thesecanbf an angle equals the hypotenuse divided by the adjacent side. Herfice, sec
=c+a,andsed=c+b.

Thecosecanbf an angle equals the hypotenuse divided by the opposite side. Hence, csc
B=c+b,andcs@&=c+a.

It should be noted that the functions of the angles can be found in this manner only when
the triangle is right-angled.

Ifin a right-angled triangle (see preceding illustration), the lengths of the three sides are
represented bg, b, andc, and the angles opposite each of these sid&sByandC, then
the sidec opposite the right angle is the hypotenuse; Bidecalled theside adjacento
angleA and is also theide oppositéo angleB; sidea s the side adjacent to an@eand the
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side opposite to angke The meanings of the various functions of angles can be explained
with the aid of a right-angled triangle. Note that the cosecant, secant, and cotangent are th
reciprocals of, respectively, the sine, cosine, and tangent.

The following relation exists between the angular functions of the two acute angles in a
right-angled triangle: The sine of an@equals the cosine of andiethe tangent of angle
B equals the cotangent of angleandvice versaThe sum of the two acute angles in a
right-angled triangle always equals 90 degrees; hence, when one angle is known, the othe
can easily be found. When any two angles together make 90 degrees, one is cailed the
plementof the other, and the sine of the one angle equals the cosine of the other, and the
tangent of the one equals the cotangent of the other.

The Law of Sines.—n any triangle, any side is to the sine of the angle opposite that side
as any other side is to the sine of the angle opposite that side.dhdc are the sides, and
A, B, andC their opposite angles, respectively, then:

a _ b _ ¢ .

SnA _ sinB _ sinc’ °° that
a= bsinA or a= csinA
sinB sinC
asinB csinB

b = = or b = =

SinA sinC
asinC bsinC
= —= or c= —=
SinA sinB

The Law of Cosines.— any triangle, the square of any side is equal to the sum of the
squares of the other two sides minus twice their product times the cosine of the included
angle; or ifa, b andc are the sides ard] B, andC are the opposite angles, respectively,
then:

b2 + c2-2bccosA
b2 = a2+ c¢2—-2accosB
c2 = a2+ b2—-2abcosC

These two laws, together with the proposition that the sum of the three angles equals 18
degrees, are the basis of all formulas relating to the solution of triangles.

Formulas for the solution of right-angled and oblique-angled triangles, arranged in tabu-
lar form, are given on the following pages.

Signs of Trigonometric Functions.—The diagramSigns of Trigonometric Functions,
Fractions ofr;, and Degree—Radian Conversion page 92, shows the proper sigo -

) for the trigonometric functions of angles in each of the four quadrants, 0 to 90, 90 to 180,
180 to 270, and 270 to 360 degrees. Thus, the cosine of an angle between 90 and 18
degrees is negative; the sine of the same angle is positive.

Trigonometric Identities.— Trigonometric identities are formulas that show the relation-
ship between different trigonometric functions. They may be used to change the form of
some trigonometric expressions to simplify calculations. For example, if a formula has a
term, 2si\cosA, the equivalent but simpler term sikghay be substituted. The identities
that follow may themselves be combined or rearranged in various ways to form new iden-
tities.

a2

Basic

SinA 1
— T = secA:i cscA:.i

tanA =
COsA  cotA COsA SinA
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Negative Angle
sin(-A) = —sinA  cog(—-A) = cosA tan(-A) = —tanA
Pythagorean
SIPA+ cogA = 1 1+tarPA = se@A 1+ cofA = csEA

Sum and Difference of Angles

tanA + tanB tanA — tanB

+ = — _ = —_—
@nA+B) = T rAme A8 T T araaE
_ CotAcotB-1 _ cotAcotB+ 1

Col(A+B) = cotB + cotA Col(A—B) = cotB — CotA

sin(A+ B) = sinAcosB + cosAsinB sin(A—B) = sinAcosB — cosAsinB
co(A+ B) = cosAcosB - sinAsinB co(A - B) = cosAcosB - sinAsinB
Double-Angle

CO2A = cofA—SiPA = 2co0fA—-1 = 1- 2sirPA
2tanA _ 2
1—tareA  COtA—tanA

Sin2A = 2sinAcosA  tan2A =

Half-Angle

sin%,A = J/%(1- cosA) coshA = J¥%(1+ cosA)

A = oA T TSAL © T3 cosk
Product-to-Sum

sinAcosB = %[ sin(A + B) + sin(A- B)]
cosAcosB = %[ cos(A+ B) + cos(A— B)]
sinAsinB = %[ cos(A—B) — cos(A + B)]

tanA + tanB
COtA + cotB

tanAtanB =

Sum and Difference of Functions

sinA + sinB = 2[sin%(A + B) cos¥%(A - B)]
sinA—sinB = 2[sin¥%(A - B) cosk%(A + B)]
cosA + cosB = 2[cosl,(A + B) cosl,(A—B)]
cosA— cosB = —2[ cosl,(A + B) cosl,(A— B)]

_ sin(A+B) _ _ sin(A-B)
tanA + tanB CosAcoB tanA — tanB “0%Aco®m
COtA + cotB = EI_n_(_B:A) COtA—cotB = §1D(_B___A_)

sinAsinB sinAsinB
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Solution of Right-Angled Triangles

As shown in the illustration, the sides of the right-
angled triangle are designatedndb and the hypote-
nusec. The angles opposite each of these sides are|
ignatedA andB, respectively.

Angle C, opposite the hypotenuses the right angle,
and is therefore always one of the known quantities.

Sides and Angles Known

Formulas for Sides and Angles to be Found

. ) a
Sidea; sideb c=.Ja2+p2 tanA = b B=90C -A
idea: inA = & - 90 -
Sidea; hypotenuse b= ./2-a2 SinA c B=90 -A
- ing = B =90 -
Sideb; hypotenuse a=.c2-bh? sinB = c A=90 -B
Hypotenuse; angleB b=cxsinB a=cx cosB A=90 -B
Hypotenuses; angleA b=cx cosA a=cxsinA B=9C-A
Sideb; angleB c= 2 =bxcotB | A=90-B

ideb; anglel SnB a=hxco =
Sideb; angleA c= 2 =bxtanA B=90-A
ideb; angle oA a= a =
i . = —a = = -
Sidea; angleB c ] b=axtanB A=90-B
o _a _ _ _
Sidea; angleA c= SnA b=ax cotA B=9C -A

des-
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Examples of the Solution of Right-Angled Triangles (English and metric units)

c=22inchesB =41 36.

a = cx cosB = 22x cos4l 368 = 22x 0.74780
= 16.4516 inches

b = cxsinB = 22x sin41 36 = 22x 0.66393
= 14.6065 inches

A=90-B = 90 -41°36' = 4824

=1

lﬁ——c:25——l

Hypotenuse and one side knor

¢ = 25 centimetersy = 20 centimeters.
b = Jc2—a? = J252-202 = /625400

= .,/225= 15 centimeters

B = 90°-A = 90°-53°8" = 36°52'

l~b= lS——1

Two sides known

a =36 inchesb = 15 inches.

c = Ja2+b? = /362 + 152 = /1296+ 225

=./1521 = 39 inches

Hence, A = 6723
B=90-A=90-6723 = 2237

a=12

o
o \\/

= 6> /o
ATy @

—p—

One side and one angle know

a =12 metersA = 65’.

c = m = ﬁ = m]-: 13.2405 meters

b = ax cotA = 12x cot65 = 12x 0.46631
= 5.5957 meters
B=90-A=90-65 =25
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Solution of Oblique-Angled Triangles

(KNOWN)
One side and one angle know

Call the known side, the angle opposite &, and the other
known angleB. Then:

C =180 - (A + B); or if anglesB andC are given, but nod,
thenA =180 - (B +C).

C = 180 - (A+B)

_ axsinB _ axsinC
SinA sinA
Area = &% b x sinC

2

C
®kNowN) B \
AR S
foo——a——]
(KNOWN)

Two sides and the angle
between them known

Call the known sidea andb, and the known angle between
themC. Then:

_ axsinC
tanA = b—(ax cosC)
= y _ axsinC
B = 180 —(A+C) c= S

Sidec may also be found directly as below:

c = Ja?+b2—(2abx cosC)
ax bx sinC

Area = >

a
(KNOWN)

Two sides and the angle oppos
one of the sides known

Call the known angl@, the side opposite &, and the other
known sideb. Then:

sinBzLjM C=180°—(A+B
_axsinC _ axbxsinC
~ sinA Area = 2

If, in the above, anglB > angleA but <90, then a second
solutionB ,, C ,, ¢, exists for whichB , = 180 - B; C , = 180
- (A+B,);c,=(@axsinC, +sinA area=§xbxsinC,) +

. If a= b, then the first solution only exists.df< b x sinA,

en no solution exists.

_
%
&Y - 2
/ \:
Z
fe———a
{KNOWN)

All three sides known

Call the sides, b, andc, and the angles opposite theiB,
andC. Then:

24 02_22 i

COSA=b+c a SinB=b><smA
2bc a

C = 180°—(A+ B) Are:ﬂ:&;sIr
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Examples of the Solution of Oblique-Angled Triangles (English and metric units)

a=>5 centimetersA = 80°; B= 62
C = 180°—(80° +62°) = 180° —142° = 38°

_axsinB _ 5xsin62° _ 5x0.88295 _
b= TGhA T Tsinsoc  oosasl 4483
centimeters
s _axsinC _ 5xsin38° _ 5x0.61566 _ 3.126
e = - SinA sing80° 0.98481 ‘
Side and angles known: .
centimeters
a=9inchesp = 8 inchesC = 35.
_ axsinC _ 9 x sin35°
@M = @x cos) ~ 8- (9% cos35)
_ 9x0.57358 _ 5.16222 _
T 8-(9%x0.81915 ~ 0.62765 8.2248
Hence, A = 83°4'
B = 180°—-(A+C) = 180°-118°4' = 61°

Sides and angle known:

_ ax sinC _ 9% 057358

SinA 059269 2 inches

a = 20 centimeterd) = 17 centimetersA = 61°.
_ bxsinA _ 17x sin61°
T a T 20
_ 17x0.87462_
=5 -

Hence, B = 48°1'

sinB

0.74343

C = 180°-(A+B) = 180° -109°1" = 70°59
Sides and angle known: c = % sinC _ 20x sin70°59' _ 20x 0.94542
SinA sin61° 0.87462
= 21.62 centimeters
a = 8inchesp = 9 inchesg = 10 inches.
COSA = b2+c2—a? _ 92+102-82
f \ T 2bc T 2x9x10
,, _ 81+ 100- 64_ 117 _
,;‘ N 180 180 0.65000
< 4 o "
j \ Hence, A = 49°27
— SinB = b X:nA _9x 0.875984= 0.85482
Sides and angle known: Hence, B = 58°44'

C = 180°-(A+B) = 180° -108°11" = 71°49
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Conversion Tables of Angular Measure.—F¥he accompanying tables of degrees, min-
utes, and seconds into radians; radians into degrees, minutes, and seconds; radians in
degrees and decimals of a degree; and minutes and seconds into decimals of a degree a
vice versa facilitate the conversion of measurements.

ExampleThe Degrees, Minutes, and Seconds into Radians table is used to find the num-
ber of radians in 324 degrees, 25 minutes, 13 seconds as follows:

300 degrees = 5.235988 radians
20 degrees = 0.349066 radian
4 degrees = 0.069813 radian
25 minutes = 0.007272 radian
13 seconds= 0.000063 radian
3242513" = 5.662202 radians

ExampleThe Radians into Degrees and Decimals of a Degree, and Radians into
Degrees, Minutes and Seconds tables are used to find the number of decimal degrees «
degrees, minutes and seconds in 0.734 radian as follows:

0.7 radian = 40.1070 degrees 0.7 radian = 65"
0.03 radian = 1.7189degrees 0.03 radian 243B"
0.004radian = 0.2292legree  0.00dadian = 01345"
0.734radian = 42.0551 degrees 0.734 radian %6218 or 42318’

Degrees, Minutes, and Seconds into Radians (Based on 180 degreesaglians)

Degrees into Radians

Deg. Rad. Deg. Rad. Deg. Rad. Deg. Rad.| Deg. Rad. Deg. Rad.

1000  17.453293 100 1.74532 10 0.174833 1 0.017453 0.1 0.003745 0.01 0.040175
2000 34.906585 200 3.49065 20 0.349066 2 0.034907 0.2 0.003491 0.02 0.0q0349
3000 52.359878 300 5.23598: 30 0523399 3 0.052360 0.3 0.009236 0.03 0.040524
4000  69.813170 400 6.981317 40 0.698132 4 0.069813 0.4 0.006981 0.04 0.040698
5000  87.266463 500 8.726644 50 0.87265 5 0.087266 0.5 0.009727 0.05 0.040873
6000 104.719755 600 10.47197 60 1.047198 6 0.1047420 0.6 0.010472 0.06 0.001047
7000 122.173048 700 12.21730: 70 1221130 7 0.122173 0.7 0.014217 0.07 0.001222
8000 139.626340 800 13.96263: 80 1.396263 8 0.139¢26 0.8 0.013963 0.08 0.001396
9000 157.079633 900 15.70796 90 1570196 9 0.157Q80 0.9 0.014708 0.09 0.001571
10000 174.532925| 1000 17.45329; 100 1.745829 10 0.174533 1.0 0.01y453 0.10 0.0p1745

Minutes into Radians
Min. Rad. Min. Rad. Min. Rad. Min. Rad. Min. Rad. Min. Rad.
1 0.000291 11 0.00320Q 21 0.006709 31 0.0090118 41 0.011926 51 0.014835
2 0.000582 12 0.003491) 22 0.006400 32 0.009308 42 0.012R17 52 0.015126
3 0.000873 13 0.003782 23 0.006690 33 0.009599 43 0.012508 53 0.01p417
4 0.001164 14 0.004072 24 0.006981 34 0.009890 44 0.012[799 54 0.015708
5 0.001454 15 0.004363 25 0.0072372 35 0.010181 45 0.013090 55 0.015999
6
7
8
9

0.001745 16 0.004654 26 0.007963 36 0.010472 46 0.013381 56 0.016290
0.002036 17 0.004944 27 0.007854 37 0.010763 47 0.013672 57 0.016581
0.002327 18 0.005234 28 0.008145 38 0.011054 48 0.013963 58 0.016872
0.002618 19 0.005527 29 0.008436 39 0.011345 49 0.014p54 59 0.01j7162

10 0.002909 20 0.005814 30 0.008427 40 0.011636 50 0.014544 60 0.01j7453
Seconds into Radians
Sec. Rad. Sec. Rad. Sec. Rad Sec. Raiﬁ Sec. R4d. Sec. Rad.
0.000005 11 0.000053 21 0.000702 31 0.000150 41 0.0001199 51 0.000247

1

2 0.000010 12 0.00005§ 22 0.000307 32 0.000155 42 0.000R04 52 0.00p252
3 0.000015 13 0.000063 23 0.000312 33 0.000160 43 0.000R08 53 0.00p257
4 0.000019 14 0.000069 24 0.000116 34 0.000165 44 0.000R13 54 0.00p262
5 0.000024 15 0.000073 25 0.000121 35 0.0001j70 45 0.000R18 55 0.000p267
6 0.000029 16 0.000074 26 0.000126 36 0.0001/75 46 0.000223 56 0.00p271
7 0.000034 17 0.000082 27 0.000331 37 0.0001j79 47 0.000p228 57 0.00p276
8 0.000039 18 0.000087 28 0.000136 38 0.0001)84 48 0.000R33 58 0.00p281
9 0.000044 19 0.000092 29 0.000141 39 0.0001)89 49 0.000238 59 0.00p286
10 0.000048 20 0.000097 30 0.000145 40 0.0001194 50 0.000242 60 0.000291
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Radians into Degrees and Decimals of a Degree
(Based ormtradians = 180 degrees)

Rad. Deg. Rad. Deg. Rad.  Deg Rad. Dfh. Rad. DBp.  Rad. eg.
10 572.9578 1 57.2958 0.1 5.72 0.01 0.5[30 0.001 0.0%}3 0.0001 00057
20 1145.9156 2 114.5914 0.2 11.45E 0.02 1.1459 0.002 0.1146 0.0002 (.0115
30 1718.8734 3 171.88783 0.3 17.18: 0.03 1.7189 0.003 0.1fp9 0.0003 ¢.0172
40 2291.8312 4 229.18: 0.4 22.918] 0.04 22918 0.004 0.2Pp2 0.0004 (.0229
50 2864.7890 5 286.47 0.5 28.64f] 0.05 2.4648 0.005 0.2865 0.0005 (.0286
60 3437.7468 6 343.77. 0.6  34.37 0.06 3.4377 0.006 0.3438 0.0006 0.0344
70 4010.7046 7 401.07! 0.7 40.10F} 0.07 4.4g107 0.007 0.4pp1 0.0007 ¢.0401
80 4583.6624 8 458.36! 0.8 45.83 0.08 4.5837 0.008 0.4pB4 0.0008 (.0458
90 5156.6202 9 515.66:. 0.9 51.56 0.09 5.1366 0.009 0.51p7 0.0009 (.0516
100 5729.5780 10 572.95 q 1.0 57.29] 0.10 5.7296 0.010 0.5[30 0.0010 (.0573

Radians into Degrees, Minutes, and Seconds
(Based onmradians = 180 degrees)

Rad. Angle Rad. Angle Rad. Angle Rad. Anglg Rad. Angle Rad. Angle

10 5725728" 571745 0.1 54346 0.01 (3423 (|0.001 0326 0.0001 0021
20 11485456" 11#3530"|| 0.2 1r2733' || 0.02 845" 0.002 06'53" 0.0002 0041
30 17185224" 1715314"(| 0.3 171119" || 0.03 1438" 0.003 01019" |[0.0003 012"
40 22974952 2291059'|| 0.4  22556" 0.04 21731" [|0.004 01345 [|0.0004 0123
50 28644720 2862844"'|| 0.5 283852' [| 0.05 25153 []|0.005 01711" [|0.0005 01'43"
60 34374448" 3434629'|| 0.6 342239 [| 0.06 32616 [|0.006 02038 [|0.0006 02 4"
70 40104216" 40r414 0.7 40625 0.07 £039 0.007 0244" 0.0007 0224
80 45833944" 4582158'|| 0.8 455012 [| 0.08 #351" 0.008 02730" |[0.0008 0245
90 51563713" 5153943'|| 0.9 53358 [| 0.09 5924 0.009 03056" |[0.0009 036"
100 57293441" | 10 5725728'|| 1.0  571745' || 0.10 54346' [|0.010 03423 [|0.0010 0326'

©®NO U A WN R

Minutes and Seconds into Decimal of a Degree and Vice Versa
(Based on 1 second = 0.00027778 degree)

Minutes into Decimals of a Degree Seconds into Decimals of a Degree
Min. Deg. Min. Deg. Min. Deg. Sec. Deg. Sec. Deg| Sec. Deg.
1 0.0167 21 0.3500 41 0.683: 1 0.00 21 0.00p8 41 0.0114
2 0.0333 22 0.3667 42 0.700!( 2 0.00¢ 22 0.00p1 42 0.0117
3 0.0500 23 0.3833 43 0.7167 3 0.004 23 0.00p¢ 43 0.0119
4 0.0667 24 0.4000 44 0.733: 4 0.001 24 0.00p7 44 0.02122
5 0.0833 25 0.4167 45 0.750 5 0.001 25 0.00p9 45 0.0125
6 0.1000 26 0.4333 46 0.7667 6 0.001 26 0.00f72 46 0.01128
7 0.1167 27 0.4500 47 0.783: 7 0.001 27 0.00f6 47 0.02131
8 0.1333 28 0.4667 48 0.800! 8 0.007 28 0.00f78 48 0.02133
9 0.1500 29 0.4833 49 0.8167 9 0.002% 29 0.00B1 49 0.0136
10 0.1667 30 0.5000 50 0.8338 10 0.00 30 0.0083 50 0.0139
11 0.1833 31 0.5167 51 0.850p 11 0.0031 31 0.0086 51 0.0142
12 0.2000 32 0.5333 52 0.866f 12 0.00 32 0.0089 52 0.0144
13 0.2167 33 0.5500 53 0.8838 13 0.00: 33 0.0092 53 0.0147
14 0.2333 34 0.5667 54 0.900 14 0.0039 34 0.0094 54 0.0150
15 0.2500 35 0.5833 55 0.916f 15 0.0042 35 0.0097 55 0.0153
16 0.2667 36 0.6000 56 0.9338 16 0.0044 36 0.0100 56 0.0156
17 0.2833 37 0.6167 57 0.950 17 0.004Y 37 0.0103 57 0.0158
18 0.3000 38 0.6333 58 0.966f 18 0.00 38 0.0106 58 0.0161
19 0.3167 39 0.6500 59 0.9838 19 0.00 39 0.0108 59 0.0164
20 0.3333 40 0.6667 60 1.000p 20 0.00 40 0.02111 60 0.0167

Example 1Convert 1137" to decimals of a degree. From the left tablé=1011833 degree. From
the right table, 37=0.0103 degree. Adding, 'BI" = 0.1833+ 0.0103 = 0.1936 degree.

Example 2Convert 0.1234 degree to minutes and seconds. From the left table, 0.1167 degree =7
Subtracting 0.1167 from 0.1234 gives 0.0067. From the right table, 0.0067so ##at 0.1234 =
724",
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Signs of Trigonometric Functions, Fractiongmpénd Degree—Radian Conversion

Graphic lllustrations of the Functions of Angles.—n graphically illustrating the func-

tions of angles, it is assumed that all distances measured in the horizontal direction to the
right of lineABare positive. Those measured horizontally to the |&Bafre negative. All
distances measured vertically, are positive abov&limand negative below it. It can then

be readily seen that the sine is positive for all angles less than 180 degrees. For angle
larger than 180 degrees, the sine would be measuredGE&lcamd is negative. The cosine

is positive up to 90 degrees, but for angles larger than 90 but less than 270 degrees, th
cosine is measured to the left of liIlBand is negative.

The tableUseful Relationships Among Angtesat follows is arranged to show directly
whether the function of any given angle is positive or negative. It also gives the limits
between which the numerical values of the function vary. For example, it will be seen from
the table that the cosine of an angle between 90 and 180 degrees is negative, and that |
value will be somewhere between 0 antl. In the same way, the cotangent of an angle
between 180 and 270 degrees is positive and has a value between infinity and 0; in othe
words, the cotangent for 180 degrees is infinitely large and then the cotangent gradually
decreases for increasing angles, so that the cotangent for 270 degrees equals 0.

The sine is positive for all angles up to 180 degrees. The cosine, tangent and cotangent fc
angles between 90 and 180 degrees, while they have the same numerical values as f
angles from 0 to 90 degrees, are negative. These should be preceded by a minus sign; thi
tan 123 degrees 20 minutesE5204.
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Tables of Trigonometric Functions.—The trigonometric (trig) tables on the following
pages give numerical values for sine, cosine, tangent, and cotangent functions of angle
from 0 to 90 degrees. Function values for all other angles can be obtained from the table:
by applying the rules for signs of trigonometric functions and the useful relationships
among angles given in the following. Secant and cosecant functions can be found from se
A= 1/cosAand cs@ = 1/sinA.

The trig tables are divided in half by a double line. The body of each half table consists of
four labeled columns of data between columns listing angles. The angles listed to the left of
the data increase, moving down the table, and angles listed to the right of the data increas
moving up the table. Labels above the data identify the trig functions corresponding to
angles listed in the left column of each half table. Labels below the data correspond to
angles listed in the right column of each half table. To find the value of a function for a par-
ticular angle, first locate the angle in the table, then find the appropriate function label
across the top or bottom row of the table, and find the function value at the intersection of
the angle row and label column. Angles opposite each other are complementary angle:
(i.e., their sum equals 90and are related. For example, sifi2@os 80 and cos 10=sin
80°.

All the trig functions of angles betweehdhd 90 have positive values. For other angles,
consult the chart below to find the sign of the function in the quadrant where the angle is
located. To determine trig functions of angles greater thasuract 90, 180, 270, or 360
from the angle to get an angle less thah&@ uselable 1to find the equivalent first-
guadrant function and angle to look up in the trig tables.

Table 1. Useful Relationships Among Angles

Angle Function [¢] -0 90° + 8 180°+ 6 270 +0 360°+06
sin sin@ -sin® +cos6 ¥sin® —cos® sin®
cos cosH +cos@ +sin@ —-cos@ +sin@ +cos@
tan tan® -tan® Fcot® tan@ Fcot® tan@
cot cot® —cot® Ftan® +cot Ftan® +cot®
sec se® +secO Fcsch -secl +cscO +secO
csc csd —csch +sech +csch -sech +csch

Examplescos (270 - 0) = -sin6; tan (90 + 8) = —cot 6.

ExampleFind the cosine of 3380. The diagram ifsigns of Trigonometric Functions,
Fractions ofr;, and Degree—Radian Conversishows that the cosine of every angle in
Quadrant IV (270to 360) is positive. To find the angle and trig function to use when
entering the trig table, subtract 270 from 336 to get co%836 cos (270 + 66°40) and
then find the intersection of the cos row and the28@olumn inTable 1 Because cos
(2704 0) in the fourth quadrant is equaltsin® in the first quadrant, find sin 680 in the
trig table. Therefore, cos 338) = sin 6640 = 0.918216.
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Trigonometric Functions of Angles from O to 15° and 75 to 90°

Angle sin cos tan cot Anglg sin cos tan cot
0° 0'| 0.000000/ 1.00000p 0.000000 — | 90°0| 7°300.130526( 0.991445 0.1316%2 7.59571582° 30
10 0.002909] 0.999996 0.002909 343.7737 50 40| 0.133410/ 0.99106]. 0.134613 7.4287106 20
20| 0.005818 0.99998B 0.005818 171.8454 40 50| 0.136292 0.99066p 0.137576 7.2687125 10
30| 0.008727| 0.999962 0.008727 114.5487 30 8 0]0.139173 0.990268 0.140541 7.11537082° 0
40| 0.011635 0.99993p 0.011636 85.93979 20 10( 0.142053 0.98985p 0.143508 6.968434 50
50| 0.014544) 0.99989#f 0.014545 68.75009 10 20| 0.144932 0.98944P 0.146478 6.826944 40
1°0 [ 0.017452] 0.999848 0.0174%5 57.2899689° O 30| 0.147809 0.98901f 0.1494%1 6.691156 30
10 0.020361] 0.999798 0.0203¢5 49.10388 50 40| 0.150686| 0.98858p 0.152426 6.560954 20
20| 0.023269 0.99972p 0.023275 42.96408 40 50( 0.153561 0.98813p 0.155404 6.4348443 10
30| 0.026177| 0.99965f 0.0261$6 38.18446 30 9 0'[0.156434 0.987688 0.158384 6.313715281° 0
40(0.029085( 0.99957f 0.029097 34.36177 20 10| 0.159307| 0.98722p 0.1613¢8 6.197(28 50
50| 0.031992 0.999488 0.032009 31.24158 10 20| 0.162178 0.98676p 0.1643%4 6.084438 40
2°0]0.034899 0.999391 0.034921 28.63¢2588° 0 30| 0.165048 0.986286 0.167343 5.975164 30
10 0.037806] 0.999285 0.037834 26.43160 50 40| 0.167916| 0.98580[ 0.170334 5.870404 20
20| 0.040713 0.99917] 0.040747 24.54176 40 50| 0.170783 0.98530p 0.173329 5.769369 10
30| 0.043619 0.999048 0.043661 22.90377 30| 100 |0.173648 0.984808 0.176327 5.67148280° 0
40| 0.046525( 0.99891] 0.046516 21.47¢40 20 10(0.176512] 0.984298 0.179328 5.576379 50
50| 0.049431 0.998778 0.049491 20.20355 10 20| 0.179375 0.98378]L 0.182332 5.484405 40
3°0]0.052336( 0.99863p 0.0524(08 19.0811487° 0 30| 0.182236 0.98325p 0.185339 5.395417 30
10| 0.055241] 0.998478 0.055325 18.07498 50 40| 0.185095 0.98272]L 0.188349 5.309479 20
20| 0.058145 0.998308 0.058243 17.16934 40 50| 0.187953 0.982178 0.191363 5.225665 10
30| 0.061049 0.99813p 0.061163 16.34986 30| 110 [0.190809 0.98162f 0.194330 5.14485479° 0
40| 0.063952) 0.997958 0.064083 15.60478 20 10(0.193664) 0.981068 0.197401 5.065§435 50
50| 0.066854] 0.99776B 0.067004 14.92442 10 20| 0.196517| 0.98050p 0.200425 4.989403 40
4°0]0.069756( 0.99756¢ 0.069927 14.3006786° 0' 30| 0.199368 0.97992b 0.2034%2 4.915157 30
10| 0.072658 0.99735f 0.0728%1 13.72474 50 40( 0.202218 0.97934]L 0.20648$3 4.843005 20
20| 0.075559 0.997141 0.075775 13.19488 40 50| 0.205065 0.978748 0.209518 4.772457 10
30| 0.078459 0.99691f 0.078702 12.70§21 30| 120 |0.207912] 0.978148 0.2125%7 4.7043078° 0
40] 0.081359 0.99668p 0.081629 12.25¢51 20 10( 0.210756| 0.97753p 0.215599 4.638346 50
50| 0.084258 0.99644#t 0.0845%8 11.82417 10 20| 0.213599 0.97692] 0.218645 4.573¢29 40
5°0]0.087156( 0.99619p 0.087489 11.43¢0585° 0 30| 0.216440 0.97629p 0.221695 4.510709 30
10 0.090053] 0.99593f 0.090421 11.05943 50 40| 0.219279 0.97566p 0.224748 4.449418 20
20| 0.092950/ 0.99567] 0.0933%4 10.71191 40 50( 0.222116| 0.97502p 0.2278(06 4.389694 10
30| 0.095846] 0.995396 0.096289 10.38940 30| 13 0 [0.224951] 0.97437p 0.2308¢8 4.33147677° 0
40| 0.098741f 0.995118 0.099226 10.07403 20 10(0.227784 0.97371p 0.233934 4.274707 50
50| 0.101635 0.99482P 0.102164 9.788173 10 20| 0.230616| 0.97304p 0.237004 4.219332 40
6°0]0.104528 0.99452P 0.105104 9.51436484° 0 30| 0.233445 0.97237p 0.240079 4.165300 30
10| 0.107421] 0.99421# 0.108046 9.255304 50 40( 0.236273 0.97168f 0.2431%7 4.112%61 20
20| 0.110313 0.99389f 0.110990 9.009426 40 50| 0.239098 0.97099p 0.246241 4.061470 10
30| 0.113203 0.99357p 0.113936 8.776§87 30| 14 0|0.241922) 0.97029p 0.2493%28 4.010718176° 0
40] 0.116093| 0.993238 0.1168%3 8.555447 20 10( 0.244743 0.969588 0.252420 3.961652 50
50|0.118982 0.992896 0.119833 8.344956 10 20| 0.247563 0.96887p 0.255516 3.913¢42 40
7°0]0.121869 0.99254b 0.122785 8.14434683° 0 30| 0.250380 0.968148 0.258618 3.866113 30
10 0.124756/ 0.99218f 0.125738 7.953022 50 40| 0.253195 0.96741p 0.261723 3.820428 20
20| 0.127642 0.99182p 0.128694 7.770351 40 50| 0.256008 0.96667p 0.264834 3.775952 10
7°300.130526( 0.991445 0.1316%2 7.5954542°30| 15 0'|0.258819 0.965926 0.267949 3.732(5175° 0
cos sin cot tan Angle| cos sin cot tan Angle

Forangles ®to 15 0 (angles found in a column to the left of the data), use the column labels at the
top of the table; for angles 78 90 0' (angles found in a column to the right of the data), use the
column labels at the bottom of the table.
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Trigonometric Functions of Angles from 15 to 30° and 60 to 75

Angle sin cos tan cot Anglg sin cos tan cot
15° 0| 0.258819| 0.96592f6 0.267949 3.732(Q5175°0'| 22° 30 | 0.382683 0.92388p 0.414214 2.41441467° 30
10| 0.261628 0.965169 0.271069 3.689093 50 40| 0.385369 0.92276P 0.417626 2.394489 20
20| 0.264434 0.96440ft 0.274194 3.647047 40 50| 0.388052 0.92163B 0.421046 2.375(37 10
30| 0.267238 0.96363p 0.277325 3.605§84 30| 23 0 |0.390731 0.92050p 0.424475 2.355845267° 0
40| 0.270040| 0.962849 0.280460 3.565475 20 10( 0.393407| 0.91936# 0.427912 2.336929 50
50| 0.272840, 0.96205p 0.283600 3.526(094 10 20| 0.396080| 0.91821f 0.4313%8 2.318461 40
16° 0| 0.275637| 0.96126p 0.286745 3.48741474° 0 30| 0.398749 0.91706p 0.434812 2.299443 30
10(0.278432] 0.960456 0.289896 3.449912 50 40| 0.401415 0.915896 0.438276 2.281469 20
20| 0.281225 0.95964p 0.2930%2 3.412363 40 50( 0.404078 0.914725 0.441748 2.263736 10
30| 0.284015 0.95882p 0.296213 3.375943 30| 24 0 [0.406737| 0.913545 0.445229 2.246(3766° 0'
40| 0.286803 0.95799p 0.299330 3.340433 20 10| 0.409392] 0.912358 0.448719 2.228568 50
50| 0.289589 0.95715] 0.3025%3 3.305409 10 20| 0.412045/ 0.91116§ 0.452218 2.211323 40
17° 0 0.292372| 0.956305 0.305731 3.270§5373° 0 30| 0.414693 0.90996[ 0.455726 2.194300 30
10| 0.295152 0.95545p 0.308914 3.237144 50 40| 0.417338 0.90875 0.459244 2.177492 20
20| 0.297930] 0.954588 0.312104 3.204064 40 50| 0.419980| 0.90753B 0.462771 2.160496 10
30| 0.300706| 0.95371f 0.315299 3.171595 30| 250 |0.422618 0.906308 0.4663(08 2.14450765° 0
40| 0.303479 0.952838 0.3185Q0 3.139719 20 10( 0.425253 0.905075 0.4698%4 2.128321 50
50| 0.306249 0.951951 0.321707 3.108421 10 20| 0.427884 0.90383ft 0.473410 2.112335 40
18° 0| 0.309017| 0.95105f 0.324920 3.077¢8472° 0 30| 0.430511 0.90258p 0.476976 2.096444 30
10(0.311782] 0.95015¢ 0.328139 3.047492 50 40| 0.433135 0.90132p 0.4805%1 2.080944 20
20| 0.314545 0.949248 0.3313¢4 3.017430 40 50| 0.435755| 0.900065 0.484137 2.065332 10
30| 0.317305 0.94832#f 0.334595 2.988485 30| 26 0 [0.438371] 0.89879# 0.487733 2.05030464° 0
40| 0.320062) 0.94739f 0.337833 2.960¢42 20 10( 0.440984) 0.89751p 0.491339 2.035456 50
50| 0.322816] 0.94646P 0.341077 2.931488 10 20| 0.443593 0.89622p 0.4949%5 2.020386 40
19° 0| 0.325568 0.94551p 0.344328 2.90441171° 0 30| 0.446198 0.89493ft 0.498582 2.005690 30
10| 0.328317| 0.944568 0.347585 2.876997 50 40| 0.448799 0.89363B 0.502219 1.991164 20
20| 0.331063 0.94360p 0.350848 2.850435 40 50| 0.451397| 0.89232B 0.5058¢7 1.976405 10
30| 0.333807| 0.942641 0.354119 2.823913 30| 270 [0.453990 0.89100f 0.509525 1.962§1163° 0'
40| 0.336547| 0.94166p 0.357396 2.798¢20 20 10( 0.456580 0.88968p 0.513195 1.948977 50
50| 0.339285 0.94068ft 0.360679 2.772345 10 20| 0.459166| 0.88835p 0.516875 1.934702 40
20° 0'| 0.342020| 0.939698 0.363970 2.74747770° O 30| 0.461749 0.88701] 0.52056¢7 1.920982 30
10| 0.344752| 0.93869# 0.367268 2.722§08 50 40| 0.464327| 0.88566ff 0.524270 1.907415 20
20| 0.347481 0.93768f 0.370573 2.698425 40 50| 0.466901] 0.88430p 0.527984 1.893997 10
30| 0.350207| 0.93667p 0.373885 2.674421 30| 28 0 [0.469472] 0.882948 0.5317(09 1.88072662° 0
40| 0.352931f 0.93565p 0.377204 2.651487 20 10(0.472038 0.881578 0.535446 1.867600 50
50| 0.355651] 0.93461p 0.380530 2.627912 10 20| 0.474600/ 0.88020]. 0.539195 1.854416 40
21° 0| 0.358368 0.93358p 0.383864 2.605(89%9% 0 30| 0.477159 0.87881f 0.5429%6 1.841171 30
10| 0.361082 0.93253f#t 0.387205 2.582609 50 40| 0.479713 0.87742p 0.546728 1.829(63 20
20| 0.363793 0.93148p 0.3905%4 2.560465 40 50| 0.482263 0.87602p 0.550513 1.816489 10
30| 0.366501 0.930418 0.393910 2.538448 30| 29 0 [0.484810 0.87462p 0.554309 1.80404861° '
40| 0.369206( 0.929348 0.397275 2.517151 20 10( 0.487352] 0.87320f 0.558118 1.791736 50
50| 0.371908 0.92827p 0.400646 2.495966 10 20| 0.489890| 0.87178f 0.561939 1.779452 40
22° 0| 0.374607| 0.927184 0.404026 2.475(8768° 0 30| 0.492424 0.870356 0.565773 1.767494 30
10(0.377302] 0.92609p 0.407414 2.454506 50 40| 0.494953 0.86892p 0.569619 1.755459 20
20| 0.379994] 0.92498Y 0.4108]0 2.434417 40 50( 0.497479| 0.86747f 0.573478 1.743745 10
22°30( 0.382683] 0.92388p 0.414214 2.4147147° 30| 30 0'|0.500000( 0.86602p5 0.5773%0 1.732(45160° 0'
cos sin cot tan Angle| cos sin cot tan Angle

For angles 15to 30 0' (angles found in a column to the left of the data), use the column labels at
the top of the table; for angles®@0 75 0’ (angles found in a column to the right of the data), use the
column labels at the bottom of the table.
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Trigonometric Functions of Angles from 30 to 60°

Angle sin cos tan cot Anglg sin cos tan cot
30° 0| 0.500000| 0.866025 0.5773%0 1.73205160°0'| 37° 30 | 0.608761| 0.793358 0.767327 1.3034252° 30
10| 0.502517| 0.86456f 0.581235 1.720474 50 40| 0.611067| 0.79157p 0.7719%9 1.295406 20
20| 0.505030, 0.86310p 0.585134 1.709012 40 50| 0.613367| 0.789798 0.776612 1.287¢45 10
30| 0.507538 0.86162p 0.589045 1.697§63 30| 38 0 |0.615661] 0.78801] 0.781286 1.27994252° 0
40| 0.510043 0.860149p 0.592970 1.686426 20 10(0.617951) 0.78621f 0.7859%1 1.272496 50
50| 0.512543 0.85866p 0.596908 1.675499 10 20| 0.620235 0.78441p 0.790697 1.264706 40
31° 0| 0.515038 0.85716] 0.600861 1.66447959° 0 30| 0.622515 0.782608 0.795436 1.257172 30
10(0.517529] 0.855665 0.604827 1.653366 50 40| 0.624789 0.78079 0.800196 1.249493 20
20| 0.520016| 0.854156 0.6088(7 1.642958 40 50( 0.627057| 0.778978 0.804979 1.242368 10
30| 0.522499 0.85264p 0.612801 1.631452 30| 39 0 [0.629320 0.77714f 0.809784 1.234§9751° 0
40| 0.524977| 0.85111f 0.616809 1.621447 20 10| 0.631578 0.77531p 0.814612 1.22779 50
50| 0.527450 0.84958p 0.620832 1.610742 10 20| 0.633831] 0.77347p 0.8194¢3 1.220312 40
32° 0| 0.529919 0.848048 0.624869 1.60033558° 0 30| 0.636078 0.77162p 0.824336 1.213097 30
10| 0.532384] 0.84650B 0.628921 1.590(024 50 40| 0.638320| 0.76977]L. 0.829234 1.205933 20
20| 0.534844] 0.84495] 0.632988 1.579408 40 50| 0.640557| 0.76791] 0.8341%5 1.198418 10
30| 0.537300, 0.84339] 0.637070 1.56986 30| 40 0 |0.642788 0.76604#f 0.839100 1.19175450° 0
40| 0.539751f 0.84182p 0.641167 1.559¢55 20 10( 0.645013 0.76417] 0.844069 1.184738 50
50| 0.542197| 0.84025] 0.645280 1.5497115 10 20| 0.647233 0.76229p 0.849062 1.177170 40
33° 0| 0.544639 0.83867] 0.6494(08 1.539§6557° 0 30| 0.649448 0.76040p 0.854081 1.170450 30
10| 0.547076] 0.837088 0.6535%1 1.530102 50 40| 0.651657| 0.75851ff 0.859124 1.163976 20
20| 0.549509 0.835488 0.6577]0 1.520426 40 50( 0.653861 0.756615 0.864193 1.157149 10
30| 0.551937 0.83388p 0.6618$6 1.510435 30| 410 [0.656059 0.75471p 0.869287 1.15036849° 0
40| 0.554360| 0.83227f 0.666077 1.501328 20 10(0.658252] 0.752798 0.874407 1.143633 50
50| 0.556779 0.83066] 0.670284 1.491904 10 20| 0.660439 0.75088p 0.8795%3 1.136941 40
34° 0| 0.559193 0.829038 0.6745(09 1.48256156° 0' 30| 0.662620| 0.74895p 0.884725 1.130494 30
10| 0.561602| 0.82740f 0.678749 1.473498 50 40( 0.664796| 0.747025 0.889924 1.123491 20
20| 0.564007| 0.82577p 0.683007 1.464115 40 50| 0.666966 0.745088 0.8951%1 1.117130 10
30| 0.566406| 0.824126 0.687281 1.455Q09 30| 420 |0.669131 0.74314p 0.900404 1.110§1348° 0
40| 0.568801f 0.82247p 0.691572 1.445980 20 10(0.671289 0.741195 0.9056%5 1.104137 50
50| 0.571191) 0.82081f 0.695881 1.437(027 10 20| 0.673443 0.73923p 0.910994 1.097702 40
35° 0| 0.573576( 0.81915p 0.7002(08 1.42814855° O 30| 0.675590 0.73727f 0.916331 1.091309 30
10| 0.575957| 0.81748p 0.7045%1 1.419343 50 40| 0.677732 0.73530p 0.921697 1.084955 20
20| 0.578332 0.815801 0.708913 1.410410 40 50| 0.679868 0.73333f 0.927091 1.078g442 10
30| 0.580703 0.81411p 0.713293 1.401948 30| 43 0 [0.681998 0.73135¢ 0.9325]5 1.07236947° 0
40| 0.583069 0.812428 0.717691 1.393357 20 10(0.684123 0.72936f 0.937968 1.066134 50
50| 0.585429 0.81072B 0.722108 1.384435 10 20| 0.686242 0.72737f 0.9434%1 1.059938 40
36° 0| 0.587785 0.80901f 0.726543 1.37638254° 0 30| 0.688355 0.72537#f 0.9489¢5 1.053180 30
10| 0.590136 0.80730ft 0.730996 1.367996 50 40| 0.690462 0.72336p 0.954508 1.047660 20
20| 0.592482 0.80558ft 0.735469 1.359476 40 50| 0.692563 0.72135f 0.96008$3 1.041477 10
30| 0.594823 0.80385f 0.7399¢1 1.351422 30| 44 0 [0.694658 0.71934p 0.965689 1.03553046° 0'
40| 0.597159| 0.80212B 0.744472 1.343433 20 10(0.696748 0.71731f 0.971326 1.029920 50
50| 0.599489 0.80038B 0.749003 1.335]08 10 20| 0.698832 0.715286 0.976996 1.023346 40
37° 0| 0.601815( 0.79863p 0.7535%4 1.327(4553° 0 30| 0.700909 0.71325p 0.982697 1.017607 30
10| 0.604136/ 0.796882 0.758125 1.319044 50 40| 0.702981] 0.71120p 0.988432 1.011104 20
20| 0.606451 0.79512f 0.762716 1.311105 40 50| 0.705047| 0.70916 0.994199 1.005435 10
37° 30| 0.608761) 0.793358 0.767327 1.30342%2° 30| 450 (0.707107| 0.70710f 1.000000 1.00040045° O'
cos sin cot tan Angle| cos sin cot tan Angle

For angles 30to 45 O (angles found in a column to the left of the data), use the column labels at
the top of the table; for angles®4b 6 0’ (angles found in a column to the right of the data), use the
column labels at the bottom of the table.
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Using a Calculator to Find Trig Functions.—A scientific calculator is quicker and
more accurate than tables for finding trig functions and angles corresponding to trig func-
tions. On scientific calculators, the keys labelexicos andtan are used to find the com-

mon trig functions. The other functions can be found by using the same keys ahd the
key, noting that cs& = 1/sinA, secA = 1/cosA, and coA = 1/tanA. The specific keystrokes

used will vary slightly from one calculator to another. To find the angle corresponding to a
given trig function use the keys labekd ™1, cos?, andtan-1. On some other calculators,
thesin, cos andtan are used in combination with ti¢V, or inverse, key to find the num-

ber corresponding to a given trig function.

If a scientific calculator or computer is not available, tables are the easiest way to find trig
values. However, trig function values can be calculated very accurately without a scientific
calculator by using the following formulas:

A= A A3 AS AT A2 A% AS
SinA = A— 3 5| ﬁi COsA = 1- 57 4| 6'
. 1 _A3 1 _3_AS5 A5 A7
1p = A oxSx Ay 1 _ [N S
SimtA 2><3+2><4><5+ tamtA = A 3 5 71

where the angl@ is expressed in radians (convert degrees to radians by multiplying
degrees byr180 = 0.0174533). The three dots at the ends of the formulas indicate that the
expression continues with more terms following the sequence established by the first few
terms. Generally, calculating just three or four terms of the expression is sufficient for
accuracy. In these formulas, a number followed by the syhibaalled a factorial (for
example, 3! is three factorial). Except for 0!, which is defined as 1, a factorial is found by
multiplying together all the integers greater than zero and less than or equal to the factoria
number wanted. For example: 3! x2x3=6; 4! =1x2x3x4=24; 71 = 1x2x3x4x

5x 6x 7 =5040; etc.

Versed Sine and Versed Cosine.-Fhese functions are sometimes used in formulas for
segments of a circle and may be obtained using the relationships:

versedsin® = 1-cosd ; verseccosd = 1-—sind.

Sevolute Functions.—Sevolute functions are used in calculating the form diameter of
involute splines. They are computed by subtracting the involute function of an angle from
the secant of the angle (1/cosine = secant). Thus, sevolute of 20 degrees = secant of 2
degrees- involute function of 20 degrees = 1.064178.014904 = 1.049274.

Involute Functions.—Involute functions are used in certain formulas relating to the
design and measurement of gear teeth as well as measurement of threads over wires. Se
for example, pageE367through 187Q 208Q and 2147

The tables on the following pages provide values of involute functions for angles from 14
to 51 degrees in increments of 1 minute. These involute functions were calculated from the
following formulas: Involute 08 = tanB — 6, for 8 in radians, and involute 6f=tan8 — 1t
x 0/180, for@ in degrees.

ExampleFor an angle of 14 degrees and 10 minutes, the involute function is found as fol-
lows: 10 minutes = ¥80 = 0.166666 degrees, $4.166666 = 14.166666 degree, so that
the involute of 14.166666 degrees = tan 14.166666< 14.166666180 = 0.252426-
0.247255 = 0.005165. This value is the same as that in thdrtablate Functions for
Angles from 14 to 23 Degreés 14 degrees and 10 minutes. The same result would be
obtained from using the conversion tables beginning on@@igeconvert 14 degrees and
10 minutes to radians and then applying the first of the formulas given above.



98

INVOLUTE FUNCTIONS

Involute Functions for Angles from 14 to 23 Degrees

Degrees
14 15 | 16 [ 17 [ 18 [ 19 [ 20 ] 21 | 22
Minutes Involute Functions
0 0.004982| 0.006150  0.0074 0.0090p5 0.010Y60 0.014715 0.014904 0.007345 0.
1 0.005000| 0.006171 0.0075 0.009052 0.010Y91 0.014750 0.014943 0.01.7388 O.
2 0.005018| 0.006194 0.0075 0.0090f9 0.010$22 0.014784 0.014982 0.01.7431 O.
3 0.005036| 0.006213 0.0075 0.0091p7 0.010$53 0.014819 0.015020 0.01.7474 0.
4 0.005055| 0.006234 0.0075 0.009184 0.010$84 0.014854 0.015059 0.017517 O.
5 0.005073| 0.006254 0.0076 0.0091p1  0.010915 0.014883 0.015098 0.00L.7560 0.
6 0.005091| 0.00627 0.0076: 0.009189 0.010946 0.014923 0.015137 0.0L.7603 0.
7 0.005110| 0.006297 0.0076 0.0092)16 0.010977 0.014958 0.015176 0.0.7647 0.
8 0.005128( 0.006314 0.0076: 0.0092#4  0.011008 0.014993 0.015215 0.007690 O.
9 0.005146| 0.00634( 0.0077. 0.0092F2 0.011039 0.013028 0.015254 0.007734 O.
10 0.005165| 0.00636! 0.007735 0.0092p9 0.011071 0.013063 0.015293 0.0[L7777 0.
11 0.005184| 0.006383 0.0077§9 0.0093p7 0.011102 0.013098 0.015333 0.0{L7821  O.
12 0.005202| 0.006404 0.0077 0.009355 0.011133 0.013134 0.015372 0.0L7865 O.
13 0.005221| 0.00642% 0.007808 0.0093B3 0.011165 0.013169 0.0]5411 0.0{L7908 O.
14 0.005239| 0.006447 0.007833 0.009411 0.011196 0.013204 0.015451 0.0[L7952 O.
15 0.005258| 0.00646 0.007857  0.0094B9 0.011228 0.013240 0.015490 0.0{L7996 O.!
16 0.005277| 0.00649 0.0078§2  0.0094p7 0.011260 0.013275 0.015530 0.0{L8040  O.
17 0.005296| 0.006513 0.007907 0.0094p5 0.011291 0.013311 0.015570 0.0{L8084  O.
18 0.005315| 0.006534 0.007932 0.0095p3 0.011323 0.013346 0.015609 0.0{8129 O
19 0.005334| 0.006554 0.007957 0.0095p2 0.011355 0.013382 0.015649 0.0{8173 0.
20 0.005353| 0.0065771 0.007982 0.0095B0 0.011387 0.013418 0.015689 0.0{8217 0.
21 0.005372| 0.00659¢ 0.008007 0.0096p8  0.011419 0.013454 0.015729 0.0{18262 0.
22 0.005391| 0.00662 0.008032 0.0096B7 0.011451 0.013490 0.015769 0.0{L8306 O.!
23 0.005410( 0.00664: 0.008057 0.0096p5 0.011483 0.013526 0.015809 0.0{18351  O.
24 0.005429| 0.00666% 0.0080§2 0.0096pP4 0.011%15 0.013562 0.015850 0.0{18395  O.
25 0.005448| 0.006687 0.0081Q7 0.0097p2  0.011%47 0.013598 0.015890 0.0{L8440  O.
26 0.005467| 0.00670: 0.008133 0.0097b1 0.011$80 0.013634 0.015930 0.0[18485 0.
27 0.005487| 0.006733 0.008158 0.0097B0 0.011612 0.013670 0.015971  0.0{L8530 O
28 0.005506| 0.006754 0.0081§3 0.0098p8 0.011644 0.013707 0.0]6011 0.0{L8575 O.
29 0.005525| 0.00677 0.008209  0.0098B7  0.011$77 0.013743 0.016052 0.0[L8620  O.!
30 0.005545| 0.00679 0.008234  0.0098p6 0.011709 0.013779 0.016092 0.0{L8665 O.!
31 0.005564| 0.00682 0.008260 0.0098p5 0.011y42 0.013816 0.016133 0.0{8710 0.
32 0.005584| 0.00684: 0.008285 0.0099p4 0.011y75 0.013852 0.016174 0.0{L8755 0.
33 0.005603| 0.006864 0.008311  0.0099p3 0.011307 0.013889 0.016215 0.0{L8800 O.
34 0.005623| 0.00688 0.008337 0.0099B2 0.011$40 0.013926 0.016255 0.0{18846 O.!
35 0.005643| 0.00691 0.00832 0.010011 0.011$73 0.013963 0.016296 0.0{18891  O.!
36 0.005662| 0.006934 0.0083§8 0.0100p1 0.011906 0.013999 0.016337 0.0{L8937  O.
37 0.005682| 0.00695 0.008414  0.01000 0.011939 0.014036 0.016379 0.0{L8983  O.!
38 0.005702| 0.00697 0.008440 0.0100p9 0.011972 0.014073 0.016420 0.0{L9028 0.
39 0.005722| 0.007003 0.008446 0.0101p9 0.012005 0.014110 0.0]6461 0.0[L9074  O.
40 0.005742| 0.00702% 0.008492 0.0101p8 0.012038 0.014148 0.016502 0.0{9120 O
41 0.005762| 0.00704 0.008518 0.0101B8 0.012071 0.014185 0.016544 0.0[L9166 O.!
42 0.005782| 0.00707 0.008544 0.010217 0.012105 0.014222 0.016585 0.0{19212 O.
43 0.005802| 0.007094 0.008571  0.010247 0.012138 0.014259 0.016627 0.0[19258 0.
44 0.005822| 0.007117 0.008597 0.0102f7 0.012172 0.014297 0.016669 0.0[9304 0.
45 0.005842| 0.00714( 0.008623 0.0103p7 0.012205 0.014334 0.016710 0.0[19350 0.
46 0.005862| 0.00716 0.008650 0.0103B6 0.012239 0.014372 0.016752 0.0{19397 O.
a7 0.005882| 0.00718¢ 0.008676 0.0103p6 0.012272 0.014409 0.016794 0.0[9443 O.
48 0.005903| 0.00720 0.008702 0.0103p6  0.012306  0.014447 0.016836  0.0[19490 O.
49 0.005923| 0.00723 0.008729 0.0104p6  0.012340 0.014485 0.016878 0.0[19536  O.!
50 0.005943| 0.00725 0.008786 0.0104p6 0.012373  0.014523 0.016920 0.0{19583  O.!
51 0.005964| 0.00728 0.0087§2 0.0104B6  0.012407 0.014560 0.016962 0.0[L9630  O.!
52 0.005984| 0.00730: 0.008809 0.010517 0.012441 0.014598 0.017004 0.0[L9676 O.!
53 0.006005| 0.007327 0.008836 0.010547 0.012475 0.014636 0.07047 0.019723 0.
54 0.006025| 0.00735 0.008863 0.0105f7 0.012%09 0.014674 0.07089  0.019770  O.
55 0.006046| 0.007374 0.008889 0.0106p8  0.012%43 0.014713 0.037132 0.0(19817 0.
56 0.006067| 0.007397 0.008916 0.0106B8 0.012%78 0.014751 0.017174 0.0[19864 0.
57 0.006087| 0.00742 0.008943 0.0106p9 0.012612 0.014789 0.017217 0.0[19912 0.
58 0.006108| 0.00744% 0.008970 0.0106p9 0.012646 0.014827 0.07259 0.0{19959 O.
59 0.006129| 0.00746 0.008998 0.0107B0  0.012681 0.014866 0.0]7302 0.0R0006  O.!
60 0.006150| 0.00749 0.009025 0.0107p0  0.012f15 0.014904 0.017345 0.0p0054 O.

.020054

20101
20149
20197
20244
20292
20340
20388
20436
20484
20533
20581
20629
20678
20726
20775
20824
20873

D20921

20970
21019
21069
21118
21167
21217
21266
21316
21365
21415
21465
21514
21564
21614
21665
21715
21765
21815
21866
21916
21967

022018
D22068
D22119

22170
22221
22272
22324
22375
22426
22478
22529
22581

022633

22684
22736
22788
22840
22892
22944
22997
23049
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Involute Functions for Angles from 23 to 32 Degrees
Degrees
23 24 | 25 [ 26 [ 271 [ 28 | 29 ] 30 | 31
Minutes Involute Functions
0 0.023049] 0.02635¢ 0029976 0.0339#7 0038387 0.043017 0048164 0053752  0.)59809
1 0023102| 0.0264071 0030030 0034016 0038362 0.043100 0048253 0053849  0.059914
2 0023154| 0026464 0030100 0.034086 0038438 0.043182 0.048343 0.053946  0.060019
3 0023207| 0026523 0030166 0034155 0038314 0043264 0048432 0054043  0.060124
4 0023259| 0.02658] 0030220 0.0342p5 0.038§90 0.043347 0.048522 0.054140  0.060230
5 0023312| 0.02663§ 0030298 0.0342p4 0.038§66 0.043430 0.048612 0.054238  0.060335
6 0023365| 0.026697 0030357 0.0343p4 0.038[42 0.043513 0.048702 0.0p4336  0.060441
7 0023418| 0.02675¢ 0030420 0.0344B4 0.038%18 0.043506 0.048792 0.054433  0.060547
8 0.023471| 0.026814 0.030484 0.0345p4 0.038$94 0.043679 0.048883 0.0p4531  0.060653
9 0.023524| 0.026874 0.030549 0.0345f4 0.038971 0.043762 0.048973 0.0p4629  0.060759
10 0.023577| 0.02693 0.030613  0.0346p4  0.039047 0.043845 0.049064 0.0p4728  0.060866
11 0023631 0026989 0030677 0034704 0039124 0043929 0049154 0054826 0.060972
12 0023684| 0027044 0030741 0034785 0039901 0044012 0049245 0.0B4924  0.061079
13 0023738| 0027101 0030806 0.034855 0.039P78 0.044096 0.049336 0.0B5023  0.061186
14 0023791| 0027164 0030870 0.0349p6 0.039B55 0.044180 0.049427 0.0B5122  0.061292
15 0023845| 0027224 0030935 0034907 0.039432 0044264 0.049518 0.0B5221  0.061400
16 0023899| 0027284 0031000 0.035067 0.039509 0.044348  0.049609 0.055320  0.061507
17 0023952 0027343 0031085 0.035188 0.039586 0.044432 0.049701 0.0F5419  0.061614
18 0.024006| 0.027407 0031130 0.0352D9 0.039§64 0.044516 0.049792 0.0F5518  0.061721
19 0.024060| 0.027463 0.031195 0.0352B0 0.039f41 0.044601 0.049884 0.0p5617  0.061829
20 0.024114| 0.02752 0.031260 0.0353p2 0.039819 0.044685 0.049976 0.0p5717  0.061937
21 0.024169| 0.02758 0.031325 0.0354p3 0.039897 0.044770 0.040068 0.0p5817  0.062045
22 0024223| 0027649 0031390 0.0354p4 0.039974 0.044855 0.050160 0.0B5916  0.062153
23 0024277| 0.02770Q 0031456 0.035566 0.040p52 0.044940 0.050252 0.0B6016  0.062261
24 0024332 0027760 0031521 0.0356B7 0.040}31 0.04§024 0050344 0.0B6116  0.062369
25 0024386| 0027829 0031547 0.0357p9 0.040P09 0.04§110 0.050437 0.0B6217  0.062478
26 0024441| 0027880 0031653 0.0357B1 0.040P87 0.04§195 0.050529 0.0B6317  0.062586
27 0024495| 0027949 0031718 0.035853 0.040866 0.043280 0.050622 0.0B6417  0.062695
28 0.024550| 0.028009 0.031784 0.0359p5 0.040444 0.04§366 0.050715 0.056518  0.062804
29 0024605 0.028060 0.0318%0 0.035997 0.040523 0.043451 0.050808 0.056619  0.062913
30 0.024660| 0.028121 0031917 0.036089 0.040§02 0.04§537 0.050901 0.056720  0.063022
31 0.024715| 0.02818 0.031983 0.0361¢2 0.040680 0.044623 0.040994 0.0p6821  0.063131
32 0.024770| 0.028243 0.032049 0.0362[14 0.040f59 0.044709 0.041087 0.0p6922  0.063241
33 0.024825| 0.028303 0.032116 0.0362B7 0.040839 0.044795 0.041181 0.0p7023  0.063350
34 0024881| 0028363 0032192 0036359 0040918 0.04§881 0.0H1274 0057124  0.063460
35 0024936| 0028424 0032249 0036432 0040997 0.04§967 0.091368 0.057226  0.063570
36 0024992| 0028484 0032315 0.0365D5 0041077 0044054 0.0H1462 0.057328  0.063680
37 0025047| 0028544 003232 0.036578 0.041]56 0.04§140 0.041556 0.057429  0.063790
38 0025103| 0.028601 0032449 0036651 0.041P36 0.044227 0.091650 0.057531  0.063901
39 0025159| 0028664 0032516 0.0367p4 0.041$16 0.044313 0.0H1744 0.057633 0.064011
40 0025214| 0028729 0032593 0.0367p8 0.041395 0.044400 0.091838 0.057736  0.064122
41 0025270| 0.028791 0032651 0036871 0.041475 0044487 0.051933 0.057838 0.064232
42 0025326| 0028852 0032718 0.036945 0.041356 0.044575 0.052027 0.057940  0.064343
43 0.025382| 0.028914 0.032785 0.0370[L18 0.041$36 0.044662 0.092122 0.0p8043  0.064454
44 0.025439| 0.02897¢ 0.032853 0.0370p2 0.041116 0.044749 0.092217 0.0p8146 0.064565
45 0.025495| 0.029037 0.032920 0.0371p6  0.041197 0.044837 0.092312 0.0p8249  0.064677
46 0025551| 0.029099 0032988 0.037210 0041477 0.04§924 0.052407 0.0B8352  0.064788
47 0025608| 0.02916] 0033056 0.037314 0041958 0047012 0.052502 0.058455  0.064900
48 0025664| 0029223 0033124 0037388 0042039 0047100 0.052597 0058558  0.065012
49 0025721| 0029284 003319 0037462 0.042]20 0047188 0.052693 0.058662 0.065123
50 0025778| 0029344 0033260 0.037587 0.042P01 0.047276 0.052788 0.058765  0.065236
51 0025834 0029410 0033328 0037611 0.042P82 0.047364 0.052884 0.058869  0.065348
52 0025891| 0029473 0033397 0.037686 0.042B63 0047452 0.052980  .048973  0.065460
53 0025948| 0029534 0033465 0.0377p1 0.042444 0047541 0.053076 0.059077  0.065573
54 0026005 0029594 0033534 0.037885 0.042526 0.047630 0.053172 0.059181  0.065685
55 0.026062| 0.02966 0.033602 0.0379[L0  0.042608 0.041718 0.043268 0.059285 0.065798
56 0.026120| 0.02972 0.033671  0.0379B5 0.042689  0.041807 0.043365 0.0p9390 0.065911
57 0.026177| 0.02978¢ 0.033740 0.0380p0  0.042f71 0.041896 0.093461 0.0p9494 0.066024
58 0026235 0029849 0033809 0.0381B6 0.042$53 0.047985 0.053558 0.059599  0.066137
59 0026292 0029913 0033878 0038211 0042935 0.04§074 0.093655 0.059704  0.066251
60 0.026350| 0.020974 0033947 0.0382B7 0.043p17 0.04§164 0.053752 0.059809  0.066364
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Involute Functions for Angles from 32 to 41 Degrees

Degrees
32 33 | 3 [ 3 [ 3 | 3 | 38 | 39 40
Minutes Involute Functions
0 0.066364| 0.073449 0.081097 0.08932 0.098224 0.104782 0.118061 0.1p9106  0.140968
1 0.066478| 0.073574 0.081229 0.089485 0.098378 0.107948 0.118238 0.1p9297  0.141173
2 0.066591| 0.07369§ 0.08136R2 0.0896P8 0.098%32 0.104113 0.118416 0.1p9488  0.141378
3 0.066705| 0.07381§ 0.081494 0.0897f1 0.098¢86 0.10§279 0.118594 0.1P9679  0.141584
4 0.066820| 0.073941 0.081627 0.089914 0.098%40 0.10§445 0.118773 0.1p9870  0.141789
5 0.066934| 0.074064 0.081760 0.090058 0.098994 0.104611 0.11)8951 0.1B0062  0.141995
6 0.067048| 0.074184 0.081894 0.0902p1 0.099149 0.104777 0.119130 0.1B0254  0.142201
7 0.067163| 0.074314 0.082027 0.0903#5 0.099303 0.104943 0.119309 0.1B0446  0.142408
8 0.067277| 0.07443§ 0.08216{1L 0.0904B9 0.099458 0.109110 0.119488 0.1B0639 0.142614
9 0.067392| 0.074559 0.082294  0.0906B3 0.099¢14 0.109277 0.119667 0.180832  0.142821
10 0.067507| 0.074684 0.082428 0.0907f7 0.099769 0.109444 0.119847 0.1B1025 0.143028
11 0.067622( 0.07480:¢ 0.082562  0.0909p2  0.099924 0.109611 0.120027 0.1B1218 0.]143236
12 0.067738| 0.074932 0.082697 0.0910p7 0.100080 0.109779 0.120207 0.1B1411  0.]43443
13 0.067853| 0.075057 0.082831 0.0912f11 0.100236 0.109947 0.120387 0.1B1605 0.]43651
14 0.067969( 0.075183 0.082966 0.0913p6 0.100392 0.11Q114 0.140567 0.1B1799  0.]43859
15 0.068084| 0.075307 0.083101 0.0915p2  0.100$49 0.11¢283 0.140748 0.181993  0.]44068
16 0.068200( 0.075433 0.083235 0.091647 0.100f05 0.110451 0.140929 0.1B2187  0.]44276
17 0.068316( 0.075557 0.083371 0.0917p3 0.100862 0.11¢619 0.121110 0.182381 0.]44485
18 0.068432( 0.07568 0.0835(0/6  0.0919B8  0.101019 0.114788 0.121291 0.1B2576 0.]144694
19 0.068549| 0.07580: 0.083641 0.0920B4 0.101176 0.119957 0.121473 0.1B2771  0.144903
20 0.068665| 0.075934 0.083777 0.0922B0 0.101333 0.111126 0.121655 0.1B2966 0.145113
21 0.068782| 0.07606! 0.083913  0.0923¢7 0.101490 0.111295 0.121837 0.1B3162  0.]45323
22 0.068899( 0.07618¢ 0.084049 0.0925p3 0.101648 0.113465 0.122019 0.183358  0.]45533
23 0.069016( 0.076312 0.084185 0.0926F0 0.101806 0.113635 0.122201 0.1B3553 0.]45743
24 0.069133( 0.07643 0.084321  0.0928l6  0.101964 0.111805 0.122384 0.183750 0.]145954
25 0.069250( 0.07656% 0.084458 0.092963 0.102§22 0.111975 0.122567 0.183946  0.]46165
26 0.069367( 0.076693  0.0845! 0.093111  0.102%80 0.112145 0.122750 0.1B4143 0.146376
27 0.069485( 0.07681 0.0847 0.093258 0.102439  0.112316 0.122933 0.1B4339  0.146587
28 0.069602( 0.07694¢ 0.0848 0.0934D6  0.102%98 0.112486 0.123117 0.1B4537 0.146799
29 0.069720( 0.07707 0.0850! 0.093553  0.102f57 0.112657 0.123300 0.1B4734 0.147010
30 0.069838( 0.07720 0.0851 0.0937p1  0.102916 0.112829 0.123484 0.1B4931 0.147222
31 0.069956( 0.07732: 0.0852 0.093849 0.103075 0.113000 0.123668 0.1B5129  0.147435
32 0.070075| 0.07745§ 0.0854. 0.0939p8 0.103235 0.113172 0.123853 0.1B5327 0.147647
33 0.070193| 0.07758: 0.0855! 0.094146 0.103B95 0.113343 0.124037 0.1B5525 0.147860
34 0.070312( 0.07771 0.0856 0.0942p5  0.103%55 0.113515 0.124222 0.1B5724  0.148073
35 0.070430( 0.07783 0.0858 0.094443  0.103715 0.113688 0.124407 0.1B5923  0.148286
36 0.070549( 0.07796 0.0859 0.0945p3  0.103875 0.113860 0.124592 0.1B6122  0.148500
37 0.070668( 0.07809 0.0861 0.094742  0.104036 0.114033 0.124778 0.1B6321 0.148714
38 0.070788( 0.07822%  0.0862: 0.0948P1  0.104196 0.114205 0.124964 0.1B6520 0.148928
39 0.070907( 0.078354  0.0863; 0.0950p1  0.104357 0.114378 0.125150 0.1B6720  0.149142
40 0.071026( 0.07848 0.0865: 0.0951p0  0.104%518 0.114552 0.125336 0.1B6920  0.149357
41 0.071146( 0.078613  0.0866! 0.095390  0.104¢80 0.114725 0.125522 0.1B7120 0.149572
42 0.071266( 0.07874: 0.0868 0.0954p0  0.104841 0.114899 0.125709 0.1B7320 0.149787
43 0.071386( 0.07887 0.0869 0.095641 0.105003 0.114073 0.125896 0.1B7521  0.150002
44 0.071506( 0.07900¢ 0.0870: 0.0957p1 0.105]65 0.114247 0.126083 0.1B7722 0.150218
45 0.071626( 0.07913f 0.0872 0.095942  0.105827 0.114421 0.126270 0.1B7923 0.150434
46 0.071747( 0.07926 0.0873 0.0960p3  0.105489 0.11§595 0.126457 0.1B8124  0.150650
47 0.071867( 0.07939 0.0875 0.0962¢4  0.105652 0.11§770 0.126645 0.1B8326  0.150866
48 0.071988( 0.07952 0.0876 0.0963p5 0.105814 0.113945 0.126833 0.1B8528 0.151083
49 0.072109( 0.07965 0.0877 0.0965¢6  0.105977 0.11120 0.127021 0.1B8730 0.151299
50 0.072230( 0.07978 0.087925 0.0966P8  0.106140 0.114296 0.127209 0.188932  0.}151517
51 0.072351| 0.079912 0.088066 0.096850 0.106304 0.11471 0.147398 0.1B9134 0.]51734
52 0.072473( 0.08004: 0.0882(7  0.0970p2  0.106467 0.114647 0.127587 0.1B9337  0.151952
53 0.072594| 0.080174 0.088348 0.0971p4 0.106$31 0.11¢823 0.147776 0.189540 0.]152169
54 0.072716( 0.08030 0.088490  0.0973D6  0.106795 0.114999 0.127965 0.1B9743  0.]152388
55 0.072838| 0.080437 0.088631 0.0974p9 0.106959 0.117175 0.128155 0.1B9947 0.152606
56 0.072960| 0.08056¢ 0.088773 0.0976[11 0.107123 0.117352 0.128344 0.140151 0.152825
57 0.073082| 0.08070¢ 0.088915 0.0977p4 0.107%88 0.117529 0.128534 0.140355 0.153044
58 0.073204 0.080832 0.089057 0.097917 0.107452 0.117706 0.128725 0.140559  0.]53263
59 0.073326( 0.080964 0.089200 0.0980F1 0.107617 0.117883 0.128915 0.140763 0.]153482
60 0.073449( 0.081097 0.089342 0.0982p4 0.107f82 0.11§061 0.129106 0.140968 0.]153702
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Degrees
41 42 [ 43 | 4 [ a5 ]
Minutes Involute Functions
0 0.153702| 0.167364 0.182024 0.1977¢#4  0.214602 0
1 0.153922| 0.167604 0.18227]7 0.198015 0.214893 0..
2 0.154142| 0.167834 0.182530 0.1982B7 0.215184 0..
3 0.154362| 0.168074 0.182784 0.1985p9  0.215476 0..
4 0.154583| 0.168311 0.183038 0.1988B2 0.215768 0..
5 0.154804| 0.168544 0.183292 0.1991p4  0.216061 0..
6 0.155025| 0.16878 0.183547  0.1993f7  0.216353 0..
7 0.155247| 0.169024 0.18380L 0.1996p1 0.216646 0..
8 0.155469| 0.16926] 0.184057 0.1999P4  0.216940 0.
9 0.155691| 0.16950¢ 0.184312  0.2001p8  0.217234 0.
10 0.155913| 0.16973: 0.184568 0.2004f3  0.217%28 0.
11 0.156135| 0.169977 0.184824 0.200747  0.217822 0.
12 0.156358| 0.17021¢ 0.185080 0.2010p2  0.218117 0.
13 0.156581| 0.17045% 0.185337 0.2012p7  0.218412 0.
14 0.156805| 0.17069% 0.1855944  0.2015F3 0.218}08 0.
15 0.157028| 0.17093% 0.185851 0.2018#9  0.219004 0.
16 0.157252| 0.17117% 0.1861Q9 0.2021p5 0.219300 0.
17 0.157476| 0.17141% 0.1863§7 0.2024p1  0.219%96 0.
18 0.157701| 0.17165 0.186625 0.2026[8  0.219893 0.
19 0.157925| 0.1718971 0.186843  0.2029p6  0.220190 0.
20 0.158150( 0.17213: 0.187142  0.2032B3  0.220488 0.
21 0.158375| 0.17238! 0.187401  0.2035[11  0.220186 0.
22 0.158601| 0.17262 0.187641  0.2037B9  0.221084 0.
23 0.158826| 0.172864 0.187920 0.2040p7  0.221383 0.
24 0.159052| 0.17310¢ 0.1881§0 0.2043§6 0.221$82 0.
25 0.159279| 0.17334! 0.188440  0.2046p5  0.221981 0.
26 0.159505| 0.173592 0.1887(1 0.2049p5  0.222281 0.
27 0.159732| 0.17383% 0.188962 0.2051B5 0.222%81 0.
28 0.159959| 0.17407 0.189223  0.2054p5  0.222381 0.
29 0.160186| 0.174323 0.189485 0.2057§5 0.223182 0.
30 0.160414| 0.17456 0.189746  0.2060p6  0.2234183 0.
31 0.160642| 0.17481 0.190009 0.2063p7  0.223784 0.
32 0.160870| 0.17505§ 0.190271  0.2065B8  0.224(086 0.
33 0.161098| 0.17530¢ 0.190534  0.2068f0  0.224388 0.
34 0.161327| 0.17554¢ 0.190797 0.2071p2  0.224$90 0.
35 0.161555| 0.17579 0.191060 0.2074B4  0.224993 0.
36 0.161785| 0.176037 0.191324 0.2077[L7  0.225296 0.
37 0.162014| 0.17628 0.191588  0.2080p0  0.225600 0.
38 0.162244| 0.17652 0.191852 0.2082B4  0.225904 0.
39 0.162474| 0.17677 0.192116  0.2085p7  0.226208 0.
40 0.162704| 0.17702 0.192381  0.2088p1  0.226512 0.
41 0.162934| 0.17727 0.192646 0.2091B6  0.226817 0.
42 0.163165| 0.17751 0.192912  0.2094p0  0.227123 0.
43 0.163396| 0.177764 0.193178  0.2097p5  0.227428 0.
44 0.163628| 0.178014 0.193444  0.2099p1  0.227134 0.
45 0.163859| 0.178263 0.193710  0.21026  0.228041 0.
46 0.164091| 0.17851 0.193977  0.2105p2  0.228347 0.
a7 0.164323| 0.17876 0.194244  0.210849  0.228654 0.
48 0.164556| 0.17900! 0.194511  0.2111B6  0.228962 0.
49 0.164788| 0.17925 0.194779  0.2114p3  0.229270 0.
50 0.165021| 0.17950! 0.195047  0.2117l0  0.229%78 0.
51 0.165254| 0.17975 0.195315 0.2119p8  0.229886 0.
52 0.165488| 0.18000 0.195584  0.2122B6  0.230195 0.
53 0.165722| 0.18026 0.195853  0.2125F4  0.230504 0.
54 0.165956| 0.18051 0.196122 0.2128p3  0.230814 0.
55 0.166190( 0.18076: 0.196392 0.2131p2 0.231]124 0.
56 0.166425| 0.181014 0.196661 0.2134p1 0.231434 0.
57 0.166660| 0.181264 0.196932 0.2137B1  0.231745 0.
58 0.166895| 0.18151 0.197202  0.2140R1  0.232056 0.
59 0.167130| 0.18177 0.197473  0.2143[11  0.232867 0.
60 0.167366| 0.182024 0.197744 0.2146Pp2  0.232679 0.

.295157

95542
95928
96314
96701
97088
97475
97863
98251
98640
99029
99419
99809
00200
00591

800983

01375
01767

802160

02553
02947
03342
03736
04132
04527
04924

805320

05718
06115
06513
06912
07311
07710
08110
08511
08911
09313
09715
10117
10520

10923

11327
11731
12136
12541
12947
13353
13759
14166
14574
14982
15391

15800
816209

16619
17029
17440
17852
18264
18676
19089
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Logarithms are used to facilitate and shorten calculations involving multiplication, divi-
sion, the extraction of roots, and obtaining powers of numbers. The following properties of
logarithms are useful in solving problems of this type:

logc =1 log.cP = p log.l =0
log,(ax b) = log.a+log.b log(a+b) = log.a-loghb

log.(aP) = plog.a loge(R/a) = 1/plog.a

The logarithm of a number is defined as the exponent of a base number raised to a powe
For example, log, 3.162277 = 0.500 means the logarithm of 3.162277 is equal to 0.500.

Another way of expressing the same relationshipi8%®e 3.162277, where 10 is the base
number and the exponent 0.500 is the logarithm of 3.162277. A common example of a log-
arithmic expression 6= 100 means that the base 10 logarithm of 100 is 2, that j§, log
100 = 2.00. There are two standard systems of logarithms in use: the “common” system
(base 10) and the so-called “natural” system (bas2.71828). Logarithms to baseare
frequently written using “In” instead of “IQysuch as In 6.1 = 1.808289. Logarithms of a
number can be converted between the natural- and common-based systems as follows: I
A =2.3026x log,, A and log, A = 0.43430% In, A. Additional information on the use of
“natural logarithms” is given at the end of this section.

A logarithm consists of two parts, a whole number and a decimal. The whole number,
which may be positive, negative, or zero, is called the characteristic; the decimal is called
the mantissa. As a rule, only the decimal or mantissa is given in tables of common loga-
rithms; tables of natural logarithms give both the characteristic and mantissa. The tables
given in this section are abbreviated, but very accurate results can be obtained by using th
method of interpolation describedlimerpolation from the Tablethat follows. These
tables are especially useful for finding logarithms and calculating powers and roots of
numbers on calculators without these functions built in.

Evaluating Logarithms

Common Logarithms.—For common logarithms, the characteristic is prefixed to the
mantissa according to the following rules: For numbers greater than or equal to 1, the char
acteristic is one less than the number of places to the left of the decimal point. For example
the characteristic of the logarithm of 237 is 2, and of 2536.5 is 3. For numbers smaller than
1 and greater than 0, the characteristic is negative and its numerical value is one more tha
the number of zeros immediately to the right of the decimal point. For example, the charac-
teristic of the logarithm of 0.036 12, and the characteristic of the logarithm of 0.0006 is

—4. The minus sign is usually written over the figure, astai@dicate that the minus sign
refers only to the characteristic and not to the mantissa, which is never negative. The loga
rithm of 0 does not exist.

The table of common logarithms in this section gives the mantissas of the logarithms of
numbers from 1 to 10 and from 1.00 to 1.01. When finding the mantissa, the decimal point
in a number is disregarded. The mantissa of the logarithms of 2716, 271.6, 27.16, 2.716, 0
0.02716, for example, is the same. The tables give directly the mantissas of logarithms of
numbers with three figures or less; the logarithms for numbers with four or more figures
can be found by interpolation, as describedierpolation from the Tableand illustrated
in the examples. All the mantissas in the common logarithmic tables are decimals and the
decimal point has been omitted in the table. However, a decimal point should always be put
before the mantissa as soon as it is taken from the table. Logarithmic tables are sufficien
for many purposes, but electronic calculators and computers are faster, simpler, and mor
accurate than tables.
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To find the common logarithm of a number from the tables, find the left-hand column of
the table and follow down to locate the first two figures of the number. Then look at the top
row of the table, on the same page, and follow across it to find the third figure of the num-
ber. Follow down the column containing this last figure until opposite the row on which the
first two figures were found. The number at the intersection of the row and column is the
mantissa of the logarithm. If the logarithm of a number with less than three figures is being
obtained, add extra zeros to the right of the number so as to obtain three figures. For exam
ple, if the mantissa of the logarithm of 6 is required, find the mantissa of 600.

Interpolation from the Tables.—If the logarithm of a number with more than three fig-
ures is needed, linear interpolation is a method of using two values from the table to esti-
mate the value of the logarithm desired. To find the logarithm of a number not listed in the
tables, find the mantissa corresponding to the first three digits of the given number (disre-
garding the decimal point and leading zeros) and find the mantissa of the first three digits
of the given number plus one. For example, to find the logarithm of 601.2, 60.12, or
0.006012, find the mantissa of 601 and find the mantissa of 602 from the tables. Then sub
tract the mantissa of the smaller number from the mantissa of the larger number and multi-
ply the result by a decimal number made from the remaining (additional greater than 3)
figures of the original number. Add the result to the mantissa of the smaller number. Find
the characteristic as described previously.

ExampleFind the logarithm of 4032. The characteristic portion of the logarithm found

in the manner described before is 3. Find the mantissa by locating 40 in the left-hand col-
umn of the logarithmic tables and then follow across the top row of the table to the column
headed 3. Follow down the 3 column to the intersection with the 40 row and read the man-
tissa. The mantissa of the logarithm of 4030 is 0.605305. Because 4032 is between 403
and 4040, the logarithm of 4032 is the logarithm of 4030 plus two tenths of the difference
in the logarithms of 4030 and 4040. Find the mantissa of 4040 and then subtract from it the
mantissa of 4030. Multiply the difference obtained by 0.2 and add the result to the mantisse
of the logarithm of 4030. Finally, add the characteristic portion of the logarithm. The result
is l0g,;4032 = 3+ 0.605305+ 0.2x (0.60638% 0.605305) = 3.60552.

Finding a Number Whose Logarithm Is Given.—When a logarithm is given and it is
required to find the corresponding number, find the number in the body of the table equal
to the value of the mantissa. This value may appear in any column 0 to 9. Follow the row on
which the mantissa is found across to the left to read the first two digits of the number
sought. Read the third digit of the number from the top row of the table by following up the
column on which the mantissa is found to the top. If the characteristic of the logarithm is
positive, the number of figures to the left of the decimal in the number is one greater than
the value of the characteristic. For example, if the figures corresponding to a given man-
tissa are 376 and the characteristic is 5, then the number sought has six figures to the left
the decimal point and is 376,000. If the characteristic had heberBthe number sought
would have been 0.00376. If the mantissa is not exactly obtainable in the tables, find the
mantissa in the table that is nearest to the one given and determine the corresponding nun
ber. This procedure usually gives sufficiently accurate results. If more accuracy is
required, find the two mantissas in the tables nearest to the mantissa given, one smaller ar
the other larger. For each of the two mantissas, read the three corresponding digits from th
left column and top row to obtain the first three figures of the number as described before.
The exact number sought lies between the two numbers found in this manner.

Next: 1) subtract the smaller mantissa from the given mantissa and; and 2) subtract the
smaller mantissa from the larger mantissa.

Divide the result of (1) by the result of (2) and add the quotient to the number correspond-
ing to the smaller mantissa.

ExampleFind the number whose logarithm is 2.70053. First, find the number closest to
the mantissa 70053 in the body of the tables. The closest mantissa listed in the tables i
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700704, so read across the table to the left to find the first two digits of the number sought
(50) and up the column to find the third digit of the number (2). The characteristic of the
logarithm given is 2, so the number sought has three digits to the left of the decimal point.
Therefore, the number sought is slightly less than 502 and greater than 501. If greater accL
racy is required, find the two mantissas in the table closest to the given mantissa (69983¢
and 700704). Subtract the smaller mantissa from the mantissa of the given logarithm anc
divide the result by the smaller mantissa subtracted from the larger mantissa. Add the resul
to the number corresponding to the smaller mantissa. The resulting answertis 501
(700530~ 699838)- (700704~ 699838) = 50% 0.79 = 501.79.

Avoiding the Use of Negative Characteristics.-As previously explained, the loga-
rithm of any number less than 1 has a negative characteristic and a positive mantissa. |
many computations, the use of logarithms having negative characteristics is troublesome
and frequently a source of error. A simple way to avoid this difficulty is to convert each
logarithm having a negative characteristic into an equivalent logarithm having a positive
characteristic. This is done according to the following method, which is based on the prin-
ciple that any number can be simultaneously added to and subtracted from the characteris
tic of a logarithm without changing its value. Thus: log 1 =0.000000 = 10.06000)0og
0.3=147712=9.47712 10; log 0.000478 =.67943 = 6.67943 10. Usually, 10 to 20

are added to and subtracted from the characteristic, but any convenient number may be s
used.

Natural Logarithms.— In certain formulas and in some branches of mathematical analy-
sis, use is made of logarithms (formerly also called Napierian or hyperbolic logarithms).
As previously mentioned, the base of this sysem?2.7182818284 is the limit of cer-

tain mathematical series. The logarithm of a numiterthe base is usually written log
AorInA. Tables of natural logarithms for numbers ranging from 1 to 10 and 1.00 to 1.01
are given in this Handbook after the table of common logarithms. To obtain natural logs of
numbers less than 1 or greater than 10, proceed as in the following exampl@238g-

log, 2.39-10g, 10; log,0.0239 = log2.39- 2 log, 10; log, 239 = log 2.39+ 2 log, 10; log,

2390 =1log 2.39+ 3 log, 10, etc.

Using Calculators to Find Logarithms.—Usually, using a scientific calculator is the
quickest and most accurate method of finding logarithms and numbers corresponding to
given logarithms. On most scientific calculators, the key ladebpid used to find com-

mon logarithms (base 10) and the key labéheid used for finding natural logarithms
(basee). The keystrokes to find a logarithm will vary slightly from one calculator to
another, so specific instructions are not given. To find the number corresponding to a given
logarithm: use the key label@@" if a common logarithm is given or use the key labeted

if a natural logarithm is given; calculators without th& @0ex keys may have a key
labeledxY that can be used by substituting 1@ (2.718281 ...), as required, foand sub-
stituting the logarithm whose corresponding number is sought@m some other calcu-
lators, thdog andin keys are used to find common and natural logarithms, and the same
keys in combination with thié&lV , or inverse, key are used to find the number correspond-
ing to a given logarithm.

Multiplication by Logarithms.— If two or more numbers are to be multiplied together,
find the logarithms of the numbers to be multiplied, and add these logarithms. The sum is
the logarithm of the product, and the number corresponding to this logarithm, as found
from the logarithmic tables, is the required product.

Example 1Find the product of 28342.692x 29.69x 19.4
log 2831 = 3.4517860.1x (0.453318-0.451786) = 3.451939
log 2.692 = 0.429752 0.2 (0.431364-0.429752) = 0.430074
log 29.69 = 1.471292 0.9 (0.472756-0.471292) = 1.472610
log 19.4 = 1.287802
6.642425
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The closest number in the table corresponding to the mantissa is 439. The characteristi
indicates the number has seven digits to the left of the decimal point; therefore, the produc
is slightly less than 4,390,000. If a more accurate result is required, interpolate from the
table as follows: 438 (0.642425- 0.641474)- (0.642465- 0.641474) = 438.95963.
Therefore, the product sought is 4,389,596.

In multiplication problems involving numbers less than 1, the method of avoiding the use
of negative characteristics simplifies the addition and tends to reduce the possibility of
error.

ExampleFind the product of 0.002656155.1x 0.5833x 7.968
log 0.002656 = $24228 = 7.424228 10

log 155.1 = 2.190611 = 2.190611
log 0.5853 = 1767379 = 9.76737910
log 7.968 = 0.901349 = 0.901349

20.283567% 20 = 0.283567

Therefore, the product is 1.92. Interpolate for additional accuracy if required.

Division by Logarithms.—When dividing one number by another, subtract the logarithm
of the divisor from the logarithm of the dividend; the remainder is the logarithm of the quo-
tient.

ExampleFind the quotient of 7658935.3

log 7658. = 3.884115
-log 935.3 =-2.970951
0.913164

From the tables, 818 (0.913164- 0.912753)- (0.913284- 0.912753) = 818.8. The
answer has one digit to the left of the decimal; hence, 7638.3 = 8.188.

Instead of dividing 7658 by 935.3, the same answer would be obtained if 7658 were mul-
tiplied by the reciprocal of 935.3, o-B35.3. To do this by logarithms, the log of 7658 and
the log of the reciprocal of 935.3 would be added together.

To find the logarithm of the reciprocal of a number, subtract the log of the number from
the log of 1. To do this conveniently, some number, such as 10, is first added to and ther
subtracted from the characteristic of the log of 1.

ExampleFind the log of the reciprocal of 935.3

log 1 = 0.000000= 10.000008 10
-log935.3  =-2.970951=-2.970951
log (1+ 935.3) = 7.029049 - 10
log (1+ 935.3) = 73029049
1+935.3 = 0.001069

The quotient of 7658 935.3 can be found by adding the log of 7658 and the log of the
reciprocal of 935.3.
log 7658 = 3.884115 = 3.884115
log (1+935.3) ="3029049 = 7.0299049- 10
= 10.913164- 10 = 0.91317
Hence, 7658 935.3 = 8.188.
As is readily seen, this method is more cumbersome than the direct method where ther:
is only one factor each in the dividend and divisor. However, it greatly facilitates the solu-
tion of problems in division involving several factors in the dividend and the divisor. In

such a problem, the logarithm of each factor of the dividend is added to the logarithm of the
reciprocal of each factor of the divisor.
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ExampleFind the quotient of
0.0272x 27.1x12.6

2.371x 0.007
l0g0.0272  ="243457 = 8.434569- 10
log 27.1 = 1.432969= 1.432969
log12.6 = 1.100371= 1.100371
log (1+2.371) = 0.625069- 10
log (1+0.007) = 2.154902

22.74788 - 20 = 2.74788

The quotient is 559 (0.74788- 0.747412) (0.748188- 0.747412) = 559.6.

In division problems where the divisor is larger than the dividend, the subtraction of log-
arithms is facilitated if some number is added to and subtracted from the log of the divi-
dend. (The is the same method used to convert a logarithm with a negative characteristic tt
an equivalent logarithm with a positive characteristic except that it serves to convert a log-
arithm with a positive characteristic to one with a larger positive characteristic, but having
the same value.)

ExampleFind the quotient of 43.2971.4
log 432 = 1.63584 = 11.635484 10
—log 971.4 =-2.987397 =-2.987397
8.648087- 10 = 2648087

Hence, the quotient of 43;2971.4 is 0.044472.

Obtaining the Powers of Numbers.—A number may be raised to any power by simply
multiplying the logarithm of the number by the exponent of the number. The product gives
the logarithm of the value of the power.

Example 1Find the value of 6.51
log6.51 = 0.81358
3x0.81358= 2.44074
The logarithm 2.44074 is the logarithm of 63dence, 6.53equals the number corre-
sponding to this logarithm, as found from the tables, 0P6:275.9.
Example 2Find the value of 1920
logl2 = 1.07918
1.29x 1.07918= 1.39214

Hence, 1229=24.67.

Raising a decimal to a decimal power presents a somewhat more difficult problem
because of the negative characteristic of the logarithm and the fact that the logarithm mus
be multiplied by a decimal exponent. The method previously outlined for avoiding the use
of negative characteristics is helpful here.
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Example 3Find the value of 0.08236
10g0.0813 = 2.91009= 8.91009 10
l0g0.081%-46 = 0.46x ( 8.91009 1D= 4.09864- 4.6

Subtract and add 0.6 to make the characteristic a whole number:
4.09864- 4.6

-0.6 + 0.6
log0.081846 = 3.49864- 4 =149864
Hence, 0.081%%=0.3152.
Extracting Roots by Logarithms.—Roots of numbers, for exampl&/37 , can be

extracted easily by means of logarithms. The srfjtk ¢he radical (/) of the root sign is
called the index of the root. Any root of a number may be found by dividing its logarithm
by the index of the root; the quotient is the logarithm of the root.

Example 1Find 3/276
log 276 = 2.44091

2.44091+ 3 = 0.81364

Hence,log3/276 = 0.81364  and 3/276= 6.511
Example 2Find 3/0.67

log0.67 = 1.82607

Here it is not possible to divide directly, because there is a negative characteristic and &
positive mantissa, another instance where the method of avoiding the use of negative chai
acteristics, previously outlined, is helpful. The preferred procedure is to add and subtract
some number to the characteristic that is evenly divisible by the index of the root. The root
index is 3, so 9 can be added to and subtracted from the characteristic, and the resulting loc

arithm divided by 3.
log 0.67 ="182607 = 8.82607- 9

log3/0.67 = %9: 2.94202- 3
log3/0.67 = 2.94202- 3= 1.94202
Hence,3/0.67 = 0.875
Example 3Find 1.7/02

log 0.2 =7130103 = 16.30103- 17

log7/0.2 = %7: 9.58884- 10= 1.58884

Hence,

17/0.2 = 0.388
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Table of Logarithms

Table of Common Logarithms

0 1 2 3 4 5 6
10( 000000 004321 008600 012837 017033 021189 025306 029384 033424 0.
11| 041393 045323 049218 053078 056905 060698 064458 068186 071882 0
12| 079181 082785 086360 089905 093422 096910 100371 103804 107210 1
13( 113943 117271 120574 123852 127105 130334 133539 136721 139879 1/
14| 146128 149219 152288 155336 158362 161368 164353 167317 170262 1
15| 176091 178977 181844 184691 187521 190332 193125 195900 198657 20
16 204120 206826 209515 212188 214844 217484 220108 222716 225309 2.
17| 230449 232996 235528 238046 240549 243038 245513 247973 250420 2!
18| 255273 257679 260071 262451 264818 267172 269513 271842 274158 2
19( 278754 281033 283301 285557 287802 290035 292256 294466 296665 2
20 ( 301030 303196 305351 307496 309630 311754 313867 315970 318063 3.
21| 322219 324282 326336 328380 330414 332438 334454 336460 338456 34
22/ 342423 344392 346353 348305 350248 352183 354108 356026 357935 3!
23 361728 363612 365488 367356 369216 371068 372912 374748 376577 3
24( 380211 382017 383815 385606 387390 389166 390935 392697 394452 3
25( 397940 399674 401401 403121 404834 406540 408240 409933 411620 4
26 414973 416641 418301 419956 421604 423246 424882 426511 428135 4.
27| 431364 432969 434569 436163 437781 439333 440909 442480 444045 44
28 447158 448706 450249 451786 453318 454845 456366 457882 459392 4
29 462398 463893 465383 466868 468347 469822 471292 472756 474216 4
30| 477121 478566 480007 481443 482814 484300 485721 487138 488551 4
31 491362 492760 494155 495544 496930 498311 499687 501059 502427 5
32 505150 506505 507856 509203 510545 511883 513218 514548 515874 5.
33| 518514 519828 521138 522444 523746 525045 526339 527630 528917 5
34| 531479 532754 534026 535294 536598 537819 539076 540329 541579 54
35( 544068 545307 546543 547775 549003 550228 551450 552668 553883 5!
36| 556303 557507 558709 559907 561101 562293 563481 564666 565848 5
37| 568202 569374 570543 571709 572872 574031 575188 576341 577492 5
38| 579784 580925 582063 583199 584331 585461 586587 587711 588832 5
39| 591065 592177 593286 594393 595496 596597 597695 598791 599883 6
40| 602060 603144 604226 605305 606381 607455 608526 609594 610660 6.
41| 612784 613842 614897 615950 617000 618048 619093 620136 621176 6!
42| 623249 624282 625312 626340 627366 628389 629410 630428 631444 [
43| 633468 634477 635484 636488 637490 638489 639486 640481 641474 64
44| 643453 644439 645422 646404 647383 648360 649335 650308 651278 6!
45( 653213 654177 655138 656098 657036 658011 658965 659916 660865 6
46| 662758 663701 664642 665581 666518 667453 668386 669317 670246 6
47| 672098 673021 673942 674861 675718 676694 677607 678518 679428 6
48| 681241 682145 683047 683947 684845 685742 686636 687529 688420 6
49| 690196 691081 691965 692847 693727 694605 695482 696356 697229 6!
50 ( 698970 699838 700704 701568 702431 703291 704151 705008 705864 7
51| 707570 708421 709270 710117 710963 711807 712650 713491 714330 7
52 716003 716838 717671 718502 719331 720159 720986 721811 722634 7
53 724276 725095 725912 726727 727541 728354 729165 729974 730782 7
54| 732394 733197 733999 734800 735599 736397 737193 737987 738781 7
55( 740363 741152 741939 742725 743510 744293 745075 745855 746634 74
56 [ 748188 748963 749736 750508 751219 752048 752816 753583 754348 7
57| 755875 756636 757396 758155 758912 759668 760422 761176 761928 7
58 763428 764176 764923 765669 766413 767156 767898 768638 769377 7
59 770852 771587 772322 773055 773786 774517 775246 775974 776701 7

7426
5547
0590
3015
3186
1397
7887
2853
6462
8853
0146
0444
9835
8398
6199
3300
9752
5604
0898
5671
9958
3791
7196
0200
2825
5094
7026
8639
9950
0973
1723
2214
2457
2465
2246
1813
1173
0336
9309
8101
6718
5167
3456
1589
9572
7412
5112
2679
0115
7427
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Table of Common Logarithms
0 1 2 3 4 5 6 9
60| 778151 778874 779596 780317 781037 781755 782473 783189 783904 784617
61| 785330 786041 786751 787460 788168 788875 789581 790285 790988 791691
62 792392 793092 793790 794488 795185 795880 796574 797268 797960 798651
63| 799341 800029 800717 801404 802089 802774 803457 804139 804821 805501
64 806180 806858 807535 808211 808846 809560 810233 810904 811575 812245
65( 812913 813581 814248 814913 815518 816241 816904 817565 818226 818885
66| 819544 820201 820858 821514 822148 822822 823474 824126 824776 825426
67| 826075 826723 827369 828015 828660 829304 829947 830589 831230 831870
68| 832509 833147 833784 834421 835046 835691 836324 836957 837588 838219
69 838849 839478 840106 840733 841349 841985 842609 843233 843855 844477
70( 845098 845718 846337 846955 847513 848189 848805 849419 850033 840646
71| 851258 851870 852480 853090 853698 854306 854913 855519 856124 846729
72| 857332 857935 858537 859138 859739 860338 860937 861534 862131 862728
73| 863323 863917 864511 865104 865696 866287 866878 867467 868056 848644
74| 869232 869818 870404 870989 871513 872156 872739 873321 873902 814482
75| 875061 875640 876218 876795 877371 877947 878522 879096 879669 880242
76| 880814 881385 881955 882525 883093 883661 884229 884795 885361 845926
77| 886491 887054 887617 888179 888741 889302 889862 890421 890980 891537
78| 892095 892651 893207 893762 894316 894870 895423 895975 896526 897077
79| 897627 898176 898725 899273 899821 900367 900913 901458 902003 902547
80( 903090 903633 904174 904716 905246 905796 906335 906874 907411 947949
81 908485 909021 909556 910091 910624 911158 911690 912222 912753 913284
82 913814 914343 914872 915400 915927 916454 916980 917506 918030 918555
83 919078 919601 920123 920645 921146 921686 922206 922725 923244 923762
84| 924279 924796 925312 925828 926342 926857 927370 927883 928396 928908
85| 929419 929930 930440 930949 931448 931966 932474 932981 933487 933993
86| 934498 935003 935507 936011 936514 937016 937518 938019 938520 939020
87 939519 940018 940516 941014 941511 942008 942504 943000 943495 943989
88| 944483 944976 945469 945961 946442 946943 947434 947924 948413 948902
89 949390 949878 950365 950851 951338 951823 952308 952792 953276 943760
90| 954243 954725 955207 955688 956168 956649 957128 957607 958086 958564
91| 959041 959518 959995 960471 960946 961421 961895 962369 962843 963316
92| 963788 964260 964731 965202 965612 966142 966611 967080 967548 968016
93| 968483 968950 969416 969882 970347 970812 971276 971740 972203 972666
94 973128 973590 974051 974512 974972 975432 975891 976350 976808 917266
95( 977724 978181 978637 979093 979548 980003 980458 980912 981366 941819
96| 982271 982723 983175 983626 984077 984527 984977 985426 985875 986324
97| 986772 987219 987666 988113 9885%9 989005 989450 989895 990339 990783
98 991226 991669 992111 992554 992995 993436 993877 994317 994757 995196
99 995635 996074 996512 996949 997386 997823 998259 998695 999131 999565
100 000000 000434 000868 001301 001734 002166 002598 003029 003461 003891
101| 004321 004751 005181 005609 006038 006466 006894 007321 007748 008174
102| 008600 009026 009451 009876 010300 010724 011147 011570 011993 012415
103| 012837 013259 013680 014100 014521 014940 015360 015779 016197 016616
104| 017033 017451 017868 018284 018700 019116 019532 019947 020361 020775
105 021189 021603 022016 022428 022841 023252 023664 024075 024486 024896
106| 025306 025715 026125 026533 026942 027350 027757 028164 028571 028978
107| 029384 029789 030195 030600 031004 031408 031812 032216 032619 033021
108| 033424 033826 034227 034628 035029 035430 035830 036230 036629 037028
109| 037426 037825 038223 038620 039017 039414 039811 040207 040602 040998
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Table of Natural Logarithms

0 1 2 3 4 5 6 8 9
1.0 0.00000 0.009950 0.019803 0.029559 0.039p21 0.048790 0.058269 0.067659 0.076961 Q.
1.1| 0.09531 0.104360 0.113329 0.122218 0.131p28 0.139762 0.148420 0.157004 0.165514 Q.
1.2| 0.18232 0.190620 0.198851 0.207014 0.215{11 0.223144 0.231112 0.239017 0.246860 Q.
1.3| 0.26236 0.270027 0.277632 0.285179 0.292570 0.300105 0.307485 0.314811 0.322083 Q.
1.4| 0.33647 0.343590 0.350657 0.357674 0.364p43 0.371564 0.378436 0.385262 0.392042 Q.
15| 0.40546 0.412110 0.418710 0.425268 0.431F82 0.438255 0.444686 0.451076 0.457425 Q.
1.6| 0.47000 0.476234 0.482426 0.488580 0.494p96 0.500775 0.506818 0.512824 0.518794 Q.
1.7| 0.53062 0.536493 0.542324 0.548121 0.553B85 0.559616 0.565314 0.570980 0.576613 Q.
1.8| 0.58778 0.593327 0.598837 0.604316 0.609f66 0.615186 0.620576 0.625938 0.631272 Q.
19| 0.64185 0.647103 0.652325 0.657520 0.662588 0.667829 0.672944 0.678034 0.683097 Q.
2.0| 0.69314 0.698135 0.703098 0.708036 0.712p50 0.717840 0.722706 0.727549 0.732368 (|
2.1| 0.74193 0.746688 0.751416 0.756122 0.760B06 0.765468 0.770108 0.774727 0.779325 (.
22| 0.78845 0.792993 0.797507 0.802002 0.806(76 0.810930 0.815365 0.819780 0.824175 (.
23| 0.83290 0.837248 0.841567 0.845868 0.850l51 0.854415 0.858662 0.862890 0.867100 (.
24| 0.87546 0.879627 0.883768 0.887891 0.891p98 0.896088 0.900161 0.904218 0.908259 (.
25| 091629 0.920283 0.924259 0.928219 0.9321l64 0.936093 0.940007 0.943906 0.947789 (.
2.6| 0.95551 0.959350 0.963174 0.966984 0.970f79 0.974560 0.978326 0.982078 0.985817 (.
27| 0.99325 0.996949 1.000632 1.004302 1.007P58 1.011601 1.015231 1.018847 1.022451 1f
28| 1.02961 1.033184 1.036737 1.040277 1.043804 1.047319 1.050822 1.054312 1.057790 1f.
29| 1.06471 1.068153 1.071584 1.075002 1.078¢10 1.081805 1.085189 1.088562 1.091923 1f.
3.0| 1.09861 1.101940 1.105257 1.108563 1.111858 1.115142 1.118415 1.121678 1.124930 1.
3.1| 113140 1134623 1.137833 1.141033 1.144p23 1.147402 1.150572 1.153732 1.156881 1.
32| 116315 1166271 1.169381 1.172482 1.175p73 1.178655 1.181727 1.184790 1.187843 1.
3.3| 1.19392 1196948 1.199965 1.202972 1.205p71 1.208960 1.211941 1.214913 1.217876 1.
3.4| 122377 1.226712 1.229641 1.232560 1.235¢71 1.238374 1.241269 1.244155 1.247032 1.
35| 1.25276 1.255616 1.258461 1.261298 1.264[127 1.266948 1.269761 1.272566 1.275363 1.
3.6| 1.28093 1.283708 1.286474 1.289233 1.291p84 1.294727 1.297463 1.300192 1.302913 1.
3.7| 1.30833 1.311032 1.313724 1.316408 1.319D86 1.321756 1.324419 1.327075 1.329724 1.
3.8| 1.33500 1.337629 1.340250 1.342865 1.345¢72 1.348073 1.350667 1.353255 1.355835 1L
39| 1.36097 1.363537 1.366092 1.368639 1.371f181 1.373716 1.376244 1.378766 1.381282 1[.
4.0| 1.38629 1.388791 1.391282 1.393766 1.396p45 1.398717 1.401183 1.403643 1.406097 1.
41| 1.41098 1.413423 1.415853 1.418277 1.420p96 1.423108 1.425515 1.427916 1.430311 1.
4.2 143508 1.437463 1.439835 1.442202 1.444p63 1.446919 1.449269 1451614 1.453953 1.
43| 145861 1.460938 1.463255 1.465568 1.467874 1.470176 1.472472 1.474763 1.477049 1.
44| 148160 1.483875 1.486140 1.488400 1.490p54 1.492904 1.495149 1497388 1.499623 1.
45| 150407 1.506297 1.508512 1.510722 1.512P27 1.515127 1.517323 1519513 1.521699 1.
4.6| 152605 1528228 1530395 1532557 1.534F14 1.536867 1.539015 1.541159 1.543298 1.
47| 154756 1.549688 1.551809 1.553925 1.556P37 1.558145 1.560248 1.562346 1.564441 1.
48| 156861 1.570697 1572774 1574846 1.576P15 1578979 1581038 1583094 1.585145 1.
4.9 158923 1591274 1593309 1.595339 1.597B65 1.599388 1.601406 1.603420 1.605430 1.
50| 1.60943 1611436 1.613430 1.615420 1.617p06 1.619388 1.621366 1.623341 1.625311 1L
51| 1.62924 1.631199 1.633154 1.635106 1.637D53 1.638997 1.640937 1.642873 1.644805 1L
5.2| 164865 1.650580 1.652497 1.654411 1.656B21 1.658228 1.660131 1.662030 1.663926 1f.
53| 166770 1.669592 1.671473 1.673351 1.675P26 1.677097 1.678964 1.680828 1.682688 1.
54| 168639 1.688249 1.690096 1.691939 1.693f79 1.695616 1.697449 1.699279 1.701105 1
55| 170474 1706565 1.708378 1.710188 1.711p95 1.713798 1.715598 1.717395 1.719189 1
5.6| 1.722767 1.724551 1.726332 1.728109 1.729884 1.731656 1.733424 1.735189 1.736951 1.
57| 1.74046 1742219 1.743969 1.745716 1.747059 1.749200 1.750937 1.752672 1.754404 1
58| 1.75785 1.759581 1.761300 1.763017 1.764f31 1.766442 1.768150 1.769855 1.771557 1f
59| 177495 1.776646 1.778336 1.780024 1.781f09 1.783391 1.785070 1.786747 1.788421 1f

086178
173953
254642
329304
398776
463734
524729
582216
636577
688135
737164
783902
828552
871293
912283
951658
989541
026042
061257
095273
128171
160021
190888
220830
249902
278152
305626
332366
358409
383791
408545
432701
456287
479329
501853
523880
545433
566530
587192
607436
627278
646734
665818
684545
702928
720979
738710
756132
773256
790091



LOGARITHMS

Table of Natural Logarithms
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6.2
6.3
6.4
6.5
6.6
6.7
6.8
6.9
7.0
71
7.2
7.3
7.4
75
76
77
7.8
7.9
8.0
8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9
9.0
9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9
1.00|
1.0
1.02
1.03]
1.04
1.05|
1.06|
1.07,
1.08]
1.09

1.791759
1.808289
1.824549
1.840550
1.856298
1.871802
1.887070
1.902108
1.916923
1.931521
1.945910
1.960095
1.974081
1.987874
2.001480
2.014903
2.028148
2.041220
2.054124
2.066863
2.079442
2.091864
2.104134
2.116256
2.128232
2.140066
2.151762
2.163323
2.174752
2.186051
2197225
2.208274
2.219203
2.230014
2.240710
2.251292
2.261763
2272126
2.282382
2.292535
0.000000
0.009950
0.019803
0.029559
0.039221
0.048790
0.058269
0.067659
0.076961
0.086178

1.793425
1.809927
1.826161
1.842136
1.857859
1.873339
1.888584
1.903599
1.918392
1.932970
1.947338
1.961502
1.975469
1.989243
2.002830
2.016235
2.029463
2.042518
2.055405
2.068128
2.080691
2.093098
2.105353
2.117460
2.129421
2.141242
2.152924
2.164472
2.175887
2.187174
2.198335
2.209373
2.220290
2.231089
2.241773
2.252344
2.262804
2.273156
2.283402
2.293544
0.001000
0.010940
0.020783
0.030529
0.040182
0.049742
0.059212
0.068593
0.077887
0.087095

1.795087
1.811562
1.827770
1.843719
1.859418
1.874874
1.890095
1.905088
1.919859
1.934416
1.948763
1.962908
1.976855
1.990610
2.004179
2.017566
2.030776
2.043814
2.056685
2.069391
2.081938
2.094330
2.106570
2.118662
2.130610
2.142416
2.154085
2.165619
2.177022
2.188296
2.199444
2.210470
2.221375
2.232163
2.242835
2.253395
2.263844
2.274186
2.284421
2.294553
0.001998
0.011929
0.021761
0.031499
0.041142
0.050693
0.060154
0.069526
0.078811
0.088011

1.796747
1.813195
1.829376
1.845300
1.860975
1.876407
1.891605
1.906575
1.921325
1.935860
1.950187
1.964311
1.978239
1.991976
2.005526
2.018895
2.032088
2.045109
2.057963
2.070653
2.083185
2.095561
2.107786
2.119863
2.131797
2.143589
2.155245
2.166765
2.178155
2.189416
2.200552
2.211566
2.222459
2.233235
2.243896
2.254445
2.264883
2275214
2.285439
2.295560
0.002996
0.012916
0.022739
0.032467
0.042101
0.051643
0.061095
0.070458
0.079735
0.088926

1.798404
1.814p25
1.830p80
1.846B79
1.862p29
1.877p37
1.893[112
1.908p60
1.922[788
1.937B02
1.951p08
1.965[713
1.979p21
1.993B39
2.006B71
2.020p22
2.033B98
2.046p02
2.059p39
2.071p13
2.084129
2.096[790
2.109p00

2.121f
2.132]
2.144]
2.156
2.167|
2.179]
2.190]
2.201
2.212]
2.223]
2.234]
2.244]
2.255|
2.265|
2.276|
2.286|
2.296|

pe3
82
fe1
(o3
p10
p87
p36
p59
p60
p42
B06
P56
93
21
R4l
56
p67

0.003p92
0.013P03
0.023717
0.033435
0.043p59
0.052592
0.062p35
0.071890
0.080p58
0.089B41

1.800058
1.816452
1.832581
1.848455
1.864080
1.879465
1.894617
1.909543
1.924249
1.938742
1.953028
1.967112
1.981001
1.994700
2.008214
2.021548
2.034706
2.047693
2.060514
2.073172
2.085672
2.098018
2.110213
2.122262
2.134166
2.145931
2.157559
2.169054
2.180417
2.191654
2.202765
2.213754
2.224624
2.235376
2.246015
2.256541
2.266958
2.277267
2.287471
2297573
0.004988
0.014889
0.024693
0.034401
0.044017
0.053541
0.062975
0.072321
0.081580
0.090754

1.801710
1.818077
1.834180
1.850028
1.865629
1.880991
1.896119
1.911023
1.925707
1.940179
1.954445
1.968510
1.982380
1.996060
2.009555
2.022871
2.036012
2.048982
2.061787
2.074429
2.086914
2.099244
2.111425
2.123458
2.135349
2.147100
2.158715
2.170196
2.181547
2.192770
2.203869
2.214846
2.225704
2.236445
2.247072
2.257588
2.267994
2.278292
2.288486
2.298577
0.005982
0.015873
0.025668
0.035367
0.044973
0.054488
0.063913
0.073250
0.082501
0.091667

1.803359
1.819699
1.835776
1.851599
1.867176
1.882514
1.897620
1.912501
1.927164
1.941615
1.955860
1.969906
1.983756
1.997418
2.010895
2.024193
2.037317
2.050270
2.063058
2.075684
2.088153
2.100469
2.112635
2.124654
2.136531
2.148268
2.159869
2.171337
2.182675
2.193886
2.204972
2.215937
2.226783
2.237513
2.248129
2.258633
2.269028
2.279316
2.289500
2.299581
0.006976
0.016857
0.026642
0.036332
0.045929
0.055435
0.064851
0.074179
0.083422
0.092579

1.805005
1.821318
1.837370
1.853168
1.868721
1.884035
1.899118
1.913977
1.928619
1.943049
1.957274
1.971299
1.985131
1.998774
2.012233
2.025513
2.038620
2.051556
2.064328
2.076938
2.089392
2.101692
2.113843
2.125848
2.137710
2.149434
2.161022
2.172476
2.183802
2.195000
2.206074
2.217027
2.227862
2.238580
2.249184
2.259678
2.270062
2.280339
2.290513
2.300583
0.007968
0.017840
0.027615
0.037296
0.046884
0.056380
0.065788
0.075107
0.084341
0.093490

806648
822935
838961
854734
870263
885553
900614
915451
930071
944481
958685
972691
986504
000128
013569
026832
039921
052841
065596
078191
090629
102914
115050
127041
138889
150599
162173
173615
184927
196113
207175
218116
228939
239645
250239
260721
271094
281361
291524
301585
008960

.018822
.028587
.038259
.047837

057325

.066724
.076035
.085260
.094401
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