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To
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Good reasons must, of force, give place to better.

Shakespeare
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PREFACE

Studies of coupled antennas in arrays may be separated into two
groups: those which postulate a single convenient distribution of
current along all structurally identical elements regardless of their
relative locations in the array and those which seek to determine the
actual currents in the several elements. Virtually all of the early
and most of the more recent analyses are in the first group in which
both field patterns and impedances have been obtained for elements
with assumed currents. Pioneer work in the determination of field
patterns of arrays of elements with sinusoidally distributed currents
was carried out for uniform arrays by Bontsch-Bruewitsch [1] in
1926, by Southworth [2] in 1930, by Sterba [3] and by Car ters al. [4]
in 1931. Early studies of non-uniform arrays are by Schelkunoff [5]
in 1943, by Dolph [6] in 1946, and by Taylor and Whinnery [7] in
1951. The self- and mutual impedances of arrays of elements with
sinusoidally distributed currents were studied especially by Carter
[8] in 1932, by Brown [9] in 1937, by Walkinshaw [10] in 1946, by
Cox [11] in 1947, by Barzilai [12] in 1948, and by Starnecki and
Fitch [13] in 1948. A thorough presentation of the basic theory of
antennas with sinusoidal currents was given by Briickmann [14]
in 1939. Actually, the current in any cylindrical antenna of length
2h and finite radius a is accurately sinusoidal only when it is driven
by a continuous distribution of electromotive forces of proper
amplitude and phase along its entire length. It is approximately
sinusoidal in an isolated very thin antenna (a <^ h) driven by
a single lumped generator primarily when the antenna is near
resonance. When antennas are coupled in an array with each
driven by a single generator or excited parasitically, it is generally
assumed that (1) the phase of the current along each element is the
same as at the driving point and (2) the amplitude is distributed
sinusoidally. Both of these assumptions are reasonably well satisfied
only for very thin antennas (a <̂  X) that are not too long (h < k/4).
Nevertheless, a very extensive theory of arrays has been developed
based implicitly on one or both of these assumptions. Evidently it
is correspondingly restricted in its generality.
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The analysis of coupled antennas from the point of view of
determining the actual distributions of current was studied for
two antennas by Tai [15] in 1948 and extended to the N-element
circular array by King [16] in 1950. A general analysis of arrays
of coupled antennas has been given by King [17]. Unfortunately,
the rigorous solution of the simultaneous integral equations for the
distributions of current in the elements of an array of parallel
elements is very complicated and no simple and practically useful
set of formulas was obtained. As a consequence, the extensive study
of the electromagnetic fields of antennas and arrays in this earlier
work (chapters 5 and 6 in King [17]) was limited to arrays with
currents in the elements that satisfied the assumptions of constant
phase angle and sinusoidal amplitude. Similar restrictions are
implicit in the fields calculated, for example, by Aharoni [18],
Stratton [19], Hansen [20] and many others.

A practical method for obtaining solutions of the simultaneous
integral equation for the distributions of current in the elements of
a parallel array in a form that combines simplicity with quantitative
accuracy was proposed by King [21] in 1959. In this analysis an
approximate procedure was developed which provided simple,
two-term trigonometric formulas for the currents in all of the
arbitrarily driven or parasitic elements in a circular array of N
elements in a manner that took full account of the effects of mutual
interactions on the distributions of current. These formulas applied
to elements up to one and one-quarter wavelengths long. The
application of this new procedure to actual arrays and the experi-
mental verification of the results were carried out in an extensive
series of investigations by Mack [22]. The generalization of the
method to curtain arrays was developed by King and Sandier
[23, 24] in 1962. The extension of the method to parasitic elements
in arrays of the Yagi type was verified experimentally by Mailloux
[25] in 1964. A modification of the theory and its application to the
optimization of Yagi arrays by the use of a high-speed computer
were devised by Morris [26] in 1964. In 1967 Cheong [27] extended
the theory to unequal and unequally spaced elements. (The several
researches were supported in part by Joint Services Contract
Nonr 1866(32), Air Force Contract AF19(604)-4118 and National
Science Foundation Grants NSF-GP-851 and GK-273.)

A further improvement in the simplified trigonometric representa-
tion of the current in an isolated antenna was introduced by King
and Wu [28] in 1964 and extended to arrays in the present work.



PREFACE Xlll

This book begins with an introductory chapter that reviews the
foundations and limitations of conventional antenna theory. It then
proceeds to derive the new two- and three-term formulas for the
isolated antenna in chapter 2 and for two coupled antennas in
chapter 3. Chapter 4 provides the complete formulation of the new
theory for the N-element circular array; chapter 5 for the Af-element
curtain array of identical elements. The more difficult problem of
treating elements of different lengths—notably in the Yagi array
and the log-periodic antenna—is treated in chapter 6. Chapter 7 is
devoted to planar and three-dimensional arrays that include
staggered and collinear elements. Chapter 8 is concerned with the
broad problems of measurement—currents, impedances, field
patterns and the correlation of theory with experiment. In the
appendices summaries of programmes are given for the computa-
tional analysis of circular, curtain, and Yagi arrays.

In the preparation of the manuscript, S. S. Sandier was res-
ponsible for chapters 1 and 5, R. B. Mack for chapters 4 and 8, and
R. W. P. King for chapters 2, 3, 6, and 7 and for the co-ordination of
the several parts.

The authors are happy to acknowledge the important contri-
butions of Drs Robert J. Mailloux, I. Larry Morris, and W.-M.
Cheong whose researches form the basis of chapter 6; and of
V. W. H. Chang whose work underlies chapter 7. They are grateful
to Professor Tai Tsun Wu for many valuable suggestions and to
Mrs Dilla G. Tingley for continuing painstaking assistance with
the preparation of the manuscript, the graphical representation,
the computations, and the programmes. Mrs Barbara Sandier,
Mrs Evelyn Mack, and Mr Chang also assisted with the pro-
grammes, Mrs S. R. Seshadri with the preparation of the manu-
script. Miss Margaret Owens contributed greatly to the accuracy
of the presentation with her meticulous reading of the proofs.
She also had a major share in the preparation of the index.

R.W.P.K.
R.B.M.

Cambridge, Mass. S.S.S.
January 1967





CHAPTER 1

INTRODUCTION

1.1 Fundamentals—field vectors and potential functions

Radio communication depends upon the interaction of oscillat-
ing electric currents in specially designed, often widely separated
configurations of conductors known as antennas. Those considered
in this book consist of thin metal wires, rods or tubes arranged in
parallel arrays of circular or planar form. Electric charges in the
conductors of a transmitting array are maintained in systematic
accelerated motion by suitable generators that are connected to
one or more of the elements by transmission lines. These oscillat-
ing charges exert forces on other charges located in the distant
conductors of a receiving array of elements of which at least one
is connected by a transmission line to a receiver. Fundamental
quantities upon which such an interaction depends are the electro-
magnetic field and the driving-point admittance. But these are
completely determined by the distribution of current in the elements
of an array. In this first chapter the basic electromagnetic equations
are formulated and applied to simple antennas and arrays in the
conventional manner which is based on assumed rather than
actual currents. The limitations of this approach are pointed out
as an introduction to the more accurate formulation of the theory
of antennas and arrays that is presented in subsequent chapters.

Consider first the very simple, physically realizable transmitting
antenna shown in Fig. 1.1. It consists of a thin conductor extend-
ing from z=—h to z = h that is centre driven by a generator
which maintains a periodically varying potential difference across
its terminals at z = +?b. The transmission line consists of two
wires that are separated by a distance b that is small compared to
the wavelength X so that b <^ L Its output end is connected to the
adjacent terminals of the antenna. Owing to the complications
involved in a small region comparable in extent with the line
spacing b, where antenna and line are coupled, it is convenient
in an introductory and elementary analysis of the field properties of
linear antennas to replace the actual generator-transmission-line
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S(Z) = (1.1a)

(1.1b)

with an idealized so-called delta-function generator. This maintains
the electric field Ez = — V05(z) on the surface of the antenna. The
properties of the delta function are:

z ^ O
., z = 0

and V(z)S(z)dz=V(0).
J - h

Linear antenna
of length lh

Driving point

terminals of antenna

Fig. 1.1. Practical antenna system.

The problem of relating the impedance obtained for an idealized
delta-function source to that actually measured with a trans-
mission line is discussed later. A simplified linear antenna is shown
in Fig. 1.2. For this introductory study the conventional approach
is followed and a sinusoidally distributed current is assumed
along the antenna. Measurements of the current along very thin
cylindrical antennas indicate that the current is distributed
approximately sinusoidally especially when h ^ A/4. Since the
general shape of the field pattern of an isolated linear antenna does
not depend critically on the distribution of current along the
antenna, this approximation involves less error in the calculation
of the major lobe of the far field pattern than in the evaluation of
the minor lobe structure or the driving-point impedance. The
assumption of a sinusoidal current implies that the distribution of
current (but not its amplitude) is independent of the radius a of
the antenna. Measurements show that the assumed sinusoidal
current is a fairly good approximation near the first one or two
resonant lengths (h ~ wA/4, n = 1,3,...) of very thin antennas; it
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is not satisfactory near anti-resonant lengths (h ~ n//4, n = 2,4,...).
The sinusoidal assumption is critically involved in the accuracy of
the calculation of the driving-point impedance of an isolated
antenna. When coupled antennas are considered, an assumed
sinusoidal distribution of current proves to be a major source of
inaccuracy in the calculations of both the driving-point impedance
and the radiation pattern.

^ z = h

z = 0

2a

S z= -h

Fig. 1.2. Linear antenna with cylindrical cross-section.

The interaction of charges and currents on conductors in space
is governed by the well-known Maxwell-Lorentz equations which
define the electromagnetic field. With an assumed time dependence
ejO)\ they are

V x B = ii0{J + jcoe0E)9 V . B = 0 (1.2a)

V x E = - y c o B , V.E = /?/eo = 0 (1.2b)

where the electric vector E is in volts per meter, the magnetic vector
B in webers per square meter. Rationalized MKS units are used
throughout this book. The volume density of current J in amperes
per square meter is the charge crossing unit area per second. In a
perfect conductor J = 0. The volume density of charge p in
coulombs per cubic meter is zero in the interior of all conductors.
The universal electric and magnetic constants are, respectively,
£0 and fi0. They have the numerical values s0 = 8-854 x 10~12

farads per meter and ^O = 47rxl0~7 henrys per meter. The
relevant boundary conditions at an interface between a conductor
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(subscript 1) and air (subscript 2) are expressed in terms of the
tangential and normal components of the electric and magnetic
fields. Thus

n1xE1-hn2xE2 - 0 (1.3a)

n 1 xB 1 +n 2 xB 2 = -/x0Ki (1.3b)

and ft1.E1+ft2.E2=^i (1.3c)

n 1 . B 1 + n 2 . B 2 = 0 (1.3d)

where n is the unit outward normal to the region indicated by the
subscript, Ki is the density of surface current in amperes per meter
and ril is the density of surface charge in coulombs per square
meter on the conductor. If medium 1 is a perfect conductor in
which Et = Bt = 0 and medium 2 is air, then (1.3) simplifies to

n 2 x E 2 = 0 (1.4a)

n 2 x B 2 = -»OKX (1.4b)

A 2 . E 2 = ^ l l ( L 4 c )

n 2 . B 2 - 0 . (

Equation (1.4a) states that the component of the electric field in
air tangent to the surface of a perfect conductor must be zero.
Equation (1.4b) states that at the surface of a perfect conductor
the tangential magnetic field in air is proportional to the surface
density of current in the conductor.

A convenient method of solving the vector partial differential
equations (1.2) is with the use of scalar and vector potentials, (/>,
A. The defining relationships between the potentials and the electro-
magnetic field vectors are obtained with the aid of Maxwell's
equations. With the vector identity V. (V x C) = 0 (where C is
any vector) and the Maxwell equation V. B = 0, the magnetic
field may be expressed in the form

B = VxA. (1.5a)

If (1.5a) is substituted in (1.2b) it follows that

Wx(E+jcoA) = 0. (1.5b)

The identity V x (V^) = 0, where ^ is a scalar function, then permits
the definition of (/> in the form

-V(/> = E+yYoA. (1.5c)
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The substitution of (1.5a) and (1.5c) into the remaining Maxwell
equations leads to mixed vector equations for A and (/>. The vari-
ables can be separated if the following condition relating A and
<fi is imposed:

V.A=-^4>. (1.6)
CO

This is known as the Lorentz condition. The resulting vector
Helmholtz equations for A and <\> in air are

and (V2 + j5o)</> = ~P/£o = 0. (1.7b)
The antenna theory developed in this book is concerned exclu-

sively with thin cylindrical conductors all aligned in the z-direction
in air so that it suffices to use only the axial component of the
vector potential. With A = zAz the vector Laplacian in (1.7a) is
reduced to a scalar as in (1.7b). The simplified form of (1.7a) is

(V2 + /?oMz = -VoJz- (l-7c)
Particular integrals of (1.7b) and (1.7c) are directly derivable with
the use of the free-space Green's function. The integrals for Az and
<j) for a thin cylindrical conductor of length 2h and radius a with its
centre at z = 0 are

ii Ch p-JPoR

and * = 4 i k L *'> 1 7 r ' ' z ' (L8b)

where, with I = na2 the area of cross-section, the total axial cur-
rent is

(z) = fIz(z) = f JzdZ + 2naKz (1.8c)

and the charge per unit length is

q(z) = 2nar}. (1.8d)

The wave number is /?0 = 2n/A0, where Ao is the free-space wave-
length ; R = JXz — z')2 -f a2. For a perfect conductor Jz = 0. The
one-dimensional Lorentz condition is

^ = ^ 0 . (1.9)
CZ CD
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The continuity equation expresses the condition of conservation
of charge. For a thin cylindrical antenna it has the form

^ = -jojq(z). (1.10)

The E and B fields for a finite cylindrical conductor are obtained
from (1.5a) and (1.5c) with (1.8a) and (1.9). In the cylindrical co-
ordinates p, <D, z, they are B = OJS^ and E = pEp + zEz where

^ (1.11a)
dp

— ja> d2A7

(1.11c)

In the spherical coordinates r, 0 , d> with origin at the centre of the
antenna, the field is given by

Er = £ z c o s 0 + £ p s in© (1.12a)

£ 0 = - £ z s i n 0 + £ p cos®. (1.12b)

At sufficiently great distances from the antenna (r2 §> h2 and
(Por)2 ^ 1), the field reduces to a simple form known as the radiation
or far field. It is given by

Bi = Er
e/c (1.13a)

where c is the velocity of light and

>-h K

The distance R from an arbitrary point on the antenna to the field
point is given in terms of r and z by the cosine law, viz., (Fig. 1.3)

R2 = r 2 - f (z ' ) 2 -2rz / cos0 . (1.14a)

In the radiation zone r2 §> (z')2. If the binomial expansion is applied
to (1.14a) and only the linear term in z is retained, the following
approximate form is obtained for R:

R = r-z' cos©, (P0r)2 > 1- (1.14b)
The phase variation of exp (—jf30R)/R is replaced with the linear
phase variation given by (1.14b), i.e. by exp (—7j80r+/j80z'cos 0).
The amplitude l/R of exp (—j/30R)/R is a slowly varying function
of z and is replaced by 1/r, where r is the distance to the centre of
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the antenna. Since r is independent of z', all functions of r may be
removed from the integral in (1.13b) and the final form for Er is

£ r

where Co = e0 = 12071 ohms and

„ „ Bn sin 0 '*

(1.15a)

(1.15b)

P(r, 0,<t>)

Fig. 1.3. Coordinate system for calculations in the far zone.

The term F0(Q, poh) contains all the directional properties of a
linear radiator of length 2h. It is called the field characteristic or
field factor and will be computed for some commonly used current
distributions. The magnetic field Br in the far zone is at right angles
to Er and also perpendicular to the direction of propagation r. It
is given by (1.13a). Thus

Br = (1.15c)

Note that the field in the far zone depends on Fo(&, poh) which is a
function of the particular distribution of current in the antenna.

It is instructive to consider the instantaneous value of the field in
(1.15a), which is obtained by multiplication with ej(Ot and selection
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of the real part. If the phase of the field is referred to that of the
current

ETB(r,t) = ReE9{T)e"ot~-
r r

(1.16a)

Note that the field at the point r at the instant t is computed from
the current at r = 0 at the earlier time (t — r/c). This is a consequence
of the finite velocity of propagation c.

The equiphase and equipotential surfaces of E and B are spherical
shells on which r is equal to a constant. There are an infinite number
of such shells that have the same phase (differ by an integral
multiple of 2n) but only one that has both the same amplitude and
the same phase. The velocity of propagation is the outward radial
velocity of the surfaces of constant phase where the phase is repre-
sented by the argument of the sine term in (1.16a), that is,

phase = *F = cot-por. (1.16b)

For a constant phase

- ^ = 0 = o > - ^ p . (1.16c)

It follows that

^ = -^- = c = 3xlO8 m/sec. (1.16d)
at p0

Since the phase repeats itself every 2n radians, a wavelength is the
distance between two adjacent equiphase surfaces. For example,
if one surface is defined by r = rx and the other by r — r2 then

cot-p0rl = 2n and cot-por2 = An (1.17a)

o r r2~ri=^ = X0 (1.17b)
Po

where k0 is the wavelength in air. The physical picture of the fields
in the far zone is quite simple. The electric and magnetic vectors
are mutually orthogonal and tangent to an outward travelling
spherical shell. Thus, both components of the field are transverse
to the radius vector r; they have the same phase velocity c = 3 x 108

m/sec, the velocity of light.
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1.2 Power and the Poynting vector

In the conventional approach to antenna theory, the power
radiated is usually determined by an application of the Poynting-
vector theorem. An equation for the time-average power associated
with a radiating antenna or array is readily derived from

ijfReijf J*.Edi + [ K*.EJlj (1.18)

where Re indicates the real part, T is the volume occupied by the
currents J when imperfect conductors are considered; X is the
surface of perfect conductors on which are the currents K. The
asterisk denotes the complex conjugate. It is, of course, clear that
since J vanishes in air, the volume of integration may be enlarged to
any desired size so long as the only contributions come from the
antennas under study. When attention is directed to a single
antenna isolated in space, T may be extended to infinity.

The next step in the derivation of the desired power equation is
the elimination of J* and K* from (1.18) by substitution from (1.2a)
and (1.4b). Note first that with the vector identity

V. (E x B*) = B* . (V x E) - E. (V x B*) (1.19a)

and the complex conjugate of (1.2b), the following equation can be
obtained:

E. (V x B*) = V . (E x B*)+jcoB. B*. (1.19b)

With (1.19b) and (1.2a),
J * . E = iioXE .{V xB*)+j(oe0E .E*

^/io^V.fExB*)+yco(e0E. E* + /*o *B. B*). (1.20a)

From (1.4b),

K*.E = - / i o H n x B ^ . E = /io"1(i.(ExB*). (1.20b)

Since E . E* = E2 is real, it follows that

f V.Sdr + J

(1.21)

where S = (Ex B*)/2/i0

is the complex Poynting vector. In (1.21) T is any region sufficiently
large to contain the currents J and K. Let the enclosing surface
for T be IT . Note that £ represents surfaces across which B is
discontinuous.
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If the divergence theorem

f V.Sdz = f A.SdL (1.22)

where n is the external normal to Zt, is applied to the first integral
in (1.21), all surfaces of discontinuity I in S must be excluded by an
enclosing boundary since (1.22) is valid only for continuous func-
tions. If this is done, the integrals over these surfaces of discontinuity
Z exactly cancel the last integral in (1.21). The result is

Reijf J*.E</T + J K*.Edz|= Ref A.SdL. (1.23)

The left side in (1.23) is now readily specialized to thin, current-
carrying antennas. For simplicity, let these be perfect conductors
in the interior of which J and E vanish. With rotational symmetry,
the complex conjugate of the total axial current is

If(z) = 2naK*{z). (1.24)
In a tabular conductor there are no radial currents; if the ends are
capped, the small radial currents on these may be neglected. It
follows that (1.23) reduces to

Reif I*{z)Ez(z) dz =± Re f ft . S dL. (1.25)
J - h J z T

For an antenna driven by a delta-function generator at z = 0, the
boundary condition at p = a is Ez(z) = - Vod(z) so that the left
side of (1.25) gives simply

P = Rei/z*(0)Fo = Re f n. S dS (1.26)

where P is the time-average power supplied to the antenna at its
terminals by the generator. Since there is no dissipation in the
perfectly conducting antenna or the surrounding air, the integral on
the right is the total radiated power. It is independent of the shape
or size of the surface ZT so long as this completely encloses the entire
transmitting system consisting of antenna and generator and any
connecting transmission line. It is important to note that the
Poynting-vector theorem cannot be used logically to determine a
path for the hypothetical flow of energy from a generator to a distant
receiver. For example, let the surface ZT in (1.26) be the surface of a
pill box of infinitesimal thickness and radius a that encloses the
entire delta-function generator at z = 0 but otherwise none of the
centre-driven perfectly conducting antenna, that extends from
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z = —htoz = h. The same total radiated power is still transferred
across ZT and, since E = 0 in the interior of the conductor, the
entire contribution to the integral comes from the ring bounding the
delta function at z = 0 and p = a. This might be interpreted naively
to mean that energy is transferred directly from the generator to the
rest of the universe. However, since it is the currents in the antenna
that maintain the electromagnetic field that exerts forces on charges
in a distant receiving antenna and so do work, they cannot logically
be excluded from the radiation process.

It is readily shown with reference to the simple transmitting
system in Fig. 1.1 that, when ST encloses only the transmitter oscil-
lator, the total radiated power is obtained. On the other hand, if £T

is a closed surface around the antenna—of course crossed by the
transmission line—the integral and, hence, the total power trans-
ferred outward is zero. Again, this might be interpreted naively as
an indication that the generator radiates power and the antenna
has nothing to do with it.

The real part of the integral of the normal component of the
complex Poynting vector over any surface that completely encloses
a complete transmitting system—antennas, transmission line (if
there is one), and generator—correctly gives the total power
transferred from the region inside the surface to the region outside.
The conclusion that therefore the Poynting vector itself specifies
the rate of flow of energy across each unit of area is without founda-
tion. Nevertheless, it is a common assumption.

1.3 The field of the electrically short antenna; directivity

Consider first the radiation field of an electrically short linear
antenna, where (P0h)2 <̂  1, with a triangular current distribution
which vanishes at z = ±h. Actually, this is a special case of a sinu-
soidal distribution which is discussed later. A diagram of the
triangular distribution is shown in Fig. 1.4, where the magnitude
of the current is plotted along an axis perpendicular to the antenna.
Since {Poz')2 ^ (Poh)2 ̂  1, the exponent in Fo{®, poh) may be
expanded through the linear term. Thus,

p0 sin o , i « n x .n „, _ _ ^ , ^ An, /j 27a)0 p- J 1 h

(p0h)2 < 1. (1.27b)
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= h

z = 0

= Ml -7T

Fig. 1.4. Linear antenna with triangular distribution of current.

Equation (1.27b) shows that the radiation field of a short linear
antenna is proportional to sin 0 . Polar and rectangular graphs of
the field are shown in Figs. 1.5a and 1.5b, normalized with respect
to the maximum at 0 = 90°.

The field quite near an electrically short antenna is readily evalu-
ated from (1.8a) with I(z) = 7(0)(1 - \z\/h) and R = r. This gives

. fi0hl(0)
(1.28)

The components of the field can be evaluated in the spherical co-
ordinates r, 0 , <J> from (1.5a) and (1.5c) with (1.9). The results are

. VohliO) jro , * | ^-jPor^fa (129a)
An

te>W(0)
An

ft
72~

JUhl(0)(p0 j 1
An \r r2 por

3

(1.29b)

(1.29c)

These expressions are valid subject to the conditions

(pohf < 1, {h/rf « 1, (a/h)2 « 1. (1.29d)

They may be expressed in terms of the dipole moment p, = I{0)h/jco
if desired. The electromagnetic power transferred across a closed
surface is given by the integral of the normal component of the
complex Poynting vector S = ^UQ l E x B * over the surface. (The
asterisk denotes the complex conjugate.) For an electrically small
antenna (A. S) ~ sin2 0 . An angular graph of S is called a power
pattern. Polar and rectangular graphs of the power pattern are
shown in Figs. 1.5c and l.5d. Note that because of symmetry both
the field and power patterns are independent of the coordinate O.
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(b)

0 = 0

Fig. 1.5.

0

{a) Field pattern, polar plot, (b) Field pattern, rectangular plot, (c) Power pattern,
polar plot, (d) Power pattern, rectangular plot.

The half-power beamwidth 0 h p is defined as the angular distance
between half-power points on the radiation pattern referred to the
principal lobe. The value of 0 h p for the short linear antenna is 90°
since the field is down by a factor of -y/2/2 at 0 = +45°. Another
parameter useful in defining the directive properties of an antenna
is the absolute directivity D. This parameter is a measure of the
total time-average power transferred across a closed surface in the
direction of the principal lobe. The time-average power transferred
across a closed surface Z is the integral of the normal component of
S. Thus

- j ; n .SJS (1.30)

where A is the unit external normal to the surface. The directivity D
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is the ratio of P with S set at its maximum value Sm to the actual
value of P. For a short dipole with \S\ ~ sin2 0, the value of D is

f

J

2. f . = i (1.31)
sin2 0 sin 0 d@f

o J o
where the integration has been carried out over the surface of a
great sphere. A nearly omnidirectional pattern requires a large
value of 0h p and a nearly unity value of D. A more directional
pattern requires a smaller value of 0h p and a larger value of D.

1.4 The field of antennas with sinusoidally distributed currents;
radiation resistance

Conventional antenna theory applies specifically to antennas
along which a sinusoidally distributed current is maintained. That
is

W-'-mlffi~l"'-'.'h<W-l'»- (1.32)
For this current the field characteristic Fo(0, fioh) is given by (1.15b)
with (1.32),

n n » M cos(iSo/icos0)-cosjgo/;
F»<®'A>*) = sin ^ s i n © •

An alternative field characteristic Fm(0, poh) is referred to the
maximum value of the sinusoid, viz., Im = 7z(0)/sin poh which
occurs at h — 20/4 when poh ^ n/2.

The function Fw(0, Poh) is shown graphically in Fig. 1.6 for several
values of h. It is seen that the pattern corresponding to poh = n/2
(h = Xo/4) is only slightly narrower than the pattern for (P0h)2 < 1
which is shown in Fig. 1.5. Note that as poh is increased beyond n,
minor lobes appear which successively become the major lobe and
point in directions other than 0 = n/2.

For an antenna with the simple sinusoidal distribution of current,
the complete electromagnetic field can be evaluated in cylindrical
coordinates for points near the antenna. This is accomplished with
the substitution of the current (1.32) in the general integral for the
vector potential (1.8a) and the subsequent use of this expression in
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- l

- 2 "
h = In

Fig. 1.6. Field factor of linear antenna.
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(1.1 la)—(1.1 lc). The indicated differentiations can be carried out
directly without evaluating the integral. The results are:

jl^ (1.34a)

(1.34b)

(1.34c)

where Ro = Jz2 + p2,Rlh = j(z-h)2 + p2, R2h = j
are, respectively, the distances from the point where the field is
evaluated to the centre and the two ends of the antenna. Their
interpretation in terms of spheroidal waves is available elsewhere.!

It is often useful to relate the total power radiated by an antenna
to the current at an arbitrary reference point. For a sinusoidally
distributed current, the maximum value at z = 0 when h < A/4
and at z = h — 2/4 when h ^ 2/4 is convenient. Since the total
power radiated is given by (1.30), the desired relation is

\\Im\2Re
m = P (1.35)

where the coefficient Re
m is the so-called radiation resistance referred

to Im. When poh = TT/2, Re
m = 73-1 ohms. The value of Re

m deter-
mined from (1.35) is not, in general, the driving-point resistance
Ro of a centre-driven antenna, although when poh = n/2 so that
Im = 1(0), Re

m does approximate Ro when the antenna is sufficiently
thin (a/1 < 10"5 for an error of 5% or less). For very thin dipoles
of resonant length the numerical values of Re

0 determined from
(1.35) resemble the experimental results. As defined in (1.35) and
with (1.30) evaluated over the surface of a great sphere, the radiation
resistance strictly is a characteristic of the far field and only approx-
imately and under special circumstances a circuit property of the
antenna at its terminals. This is considered in greater detail in
section 1.7.

1.5 The field of a two-element array
Variations in the directional pattern of a single antenna obtained

by changes in its length are of very limited practical value. Much

t See [1] chapter V and [2] pp. 178-181.
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more useful directional properties are made available when
additional antennas are arranged physically displaced and parallel
to the original element in a configuration called an array. The two-
element array of Fig. 1.7a is an elementary example which illustrates
important properties common to all arrays. The number of elements
is denoted by N = 2, the distance between the elements is b, and
the relative phases and magnitudes of the driving-point currents
J^O) and 72(0) can be adjusted. It is tacitly assumed in this ele-
mentary theory that the interaction of the currents in the coupled
antennas does not affect the distributions of current along the
elements. These are taken to be identical for all elements in the array.
(A more correct theory must, of course, consider the actual distri-
butions of current, which are not alike except in special cases. Note
that in general it is not possible to specify completely the current
along an element in an array by assigning the current at the driving
point.)

0 = j (H-plane)

Fig. 1.7. (a) Two-element linear array, (b) Two-element array in //-plane.

It is required to find the total electric field for the array of Fig. 1.7
by superposition of the individual contributions from the elements.
The formula for the field is simplest in the plane 0 = TT/2, called the
equatorial or H-plane. The field characteristic F0(n/2, fioh) is a
constant in this plane and the total field is given by (1.15a). For
two geometrically identical elements the result is

7-jPoR2~

where Rx and R2 are shown in Fig. 1.76. The length b of the array
is assumed small in comparison to the radial distance Ro to the
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field point. The application of the law of cosines and the binomial
expansion to the expressions for R1 and R2 yields the following
simplified expressions:

for b2 < R* (1.37a)

#1,2 = ^o±2 C O S < t ) - (1.37b)

In the exponents (phases) in (1.36) use is made of (1.37b); in the
amplitudes let Rx = R2 = Ro- The result is

(1.38)
jC 71 \p~JPoRo

where C = ~F0 —,/J0/n . (1-39)
2n 2 I Ro

The term in brackets in (1.38) is the array factor /4(0, <1>). It is
instructive to examine some special cases of (1.38) which correspond
to different driving conditions and spacings.

When the elements have identical driving-point currents
70 = 7t(0) = /2(0), the total electric field is

Er
% = (1.40)

Since the electric field of an isolated antenna that is not too long
(j60/? < n) always has a rotationally symmetrical single maximum
in the equatorial plane, 0 = rc/2, the two-element array with equal
driving-point currents will have principal maxima in this plane in
the directions at right angles or broadside to the array. For this
reason it is called a broadside array. Some representative patterns
for such arrays are shown in Fig. 1.8. Due to symmetry in the
77-plane the radiation pattern is always bilateral.

Now consider a two-element array in which the driving-point
currents differ in phase by 3. That is, let

/i(0) = /oi e'Jd/\ /2(0) = I02 ejdl2. (1.41)

When the magnitudes of the driving-point currents are equal,
'oi = ^02 = Jo> the electric field is

Er
@ = 2CI0 cos \ (Pob cos 0) - S). (1.42)

The main lobe may now be located at a desired angle <DM by an
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adjustment in the phase difference 8 to make the argument of the
cosine in (1.42) an integral multiple of n. That is, let

cos Q>n — 8) = or d = 2nn — cos

(1.43)

Fig. 1.8. Representative broadside array factors (N = 2).

The higher multiplicities of n indicate that an array with widely
separated elements may have many maxima and, alternatively,
an array with closely spaced elements can have only one maximum.
An interesting example of an array with a specified phase difference
between the driving-point currents is the endfire array, for which
the major lobe in the field pattern is located at O = 0. An important
endfire array is the unilateral couplet for which pob — n/2 and
3 = n/2. The //-plane field pattern shown in Fig. 1.9 is the familiar
cardioid.

1.6 Fields of arrays of TV elements; array factor

The directional properties of a two-element array are inadequate
for many applications. Although the directivity of an array is
roughly proportional to its overall length, it is not sufficient merely
to increase the distance between elements in order to increase the
directivity. A greater separation of the elements also assures more
lobes in the field pattern. A greater directivity is best achieved by
increasing the number of elements in the array. An array of 2N + 1
elements is shown in Fig. 1.10. The electric field at a point /?, 0 , <J>
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1 2

Fig. 1.9. Field pattern of endfire couplet with n = 1/4.

in the far zone is a superposition of the contributions by all of the
individual elements. Thus, if the total field is Er

@ and the contribution
due to the ith element is Er

Si9 and it is assumed that the distributions
of current along all elements are identical, i.e. Izi(z) = Iz0{z%

N N

i= 1 i'= 1

47T

_ i
K J (

°-4 4 )
where S, = ib sin 0 cos <I> and b is the distance between adjacent
elements. This can be expressed in the simple form

(1.45)
2TT R V ~ "

where Fo(®, floh) is the vertical field function of an isolated element
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P(R, 0, <D)

3' 2' 1' 0 1 2 3 4

Fig. 1.10. Geometry for curtain array.

and A(®, <t>) is the array factor. The conventional study of linear
arrays is concerned primarily with the nature of the array factor
,4(0, O) since Fo(&, fioh) is a simple known function of 0 .

A so-called uniform array with equally spaced elements and with
|/2/(0)| = |/20(0)| for all f s has the array factor

_ _, sin Nx
0 , O) = —

sin x
(1.46)

where x = n(n sin 0 cos O —1\ n is the distance between elements
in fractions of a wavelength and t is the time delay from element to
element in fractions of a cycle. The normalized array factor A(x)/N
is shown as a function of x for different values of N in Fig. 1.11.
The curves for each value of N consist of major and minor maxima
and minima. The major extreme values occur at x = qn,
q = 0, 1,2,3,... and the minor ones at x = (p + l/2)n/N9

p = 1, 2, 3,.. . . Between each pair of extremes is a sharp null which
indicates a perfect cancellation of the electric field in a definite
direction. The mathematically simple result in (1.45) is seldom
obtained in actual practice. The differences between the ideal
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array factor and an experimentally observed field are usually
ascribed to 'mutual coupling effects' without further clarification.

Note that the array factor in (1.46) has a periodicity of n in the
variable x. The half-power beam width of an array with this array
factor decreases with increasing N but the level of the first side lobe
is limited to a minimum of about 21% of the main beam. The
extension of (1.45) to more than one dimension is straightforward.
For example, a two-dimensional array of parallel curtain arrays
has an array factor which is the product of two array factors.

Fig. 1.11. Normalized array factor (N = 2, 5,12).

The conventional approach to the circuit properties of arrays
follows by analogy with a low-frequency-circuit theory. Thus, an
antenna is viewed as a circuit in which a driving voltage is impressed
across a pair of terminals by a generator or transmission line and
induced voltages are maintained at the same terminals due to
coupling with other antennas. Self- and mutual impedances are
required to relate the various driving and induced voltages and
currents in the array. These impedances are usually computed from
an energy-transfer formulation similar to (1.35).

1.7 Impedance of antenna; EMF method
The power radiated by an antenna is expressed in (1.30) in

terms of the integral of the normal component of the complex
Poynting vector over any surface S that completely encloses a
transmitting system. In the evaluation of the radiation resistance
R^ a great sphere was used since the formulas for the components
of the radiation field are much simpler than those of the near field.
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However, if the medium in which the antenna is immersed is non-
dissipative, any other surface that encloses the transmitting
system must yield the same result.

It is customary in determining the circuit properties of linear
antennas to choose the cylindrical surface of the antenna as the
surface of integration. Thus, if the small ends are neglected, (1.30)
gives

P = 2na f Sp dz = -— f EM dz (1.47)
J -h HoJ -h

where Ez and B% are the values on the cylindrical surface of the
antenna. Since

B% = ~^— (1.48)
li2na

- -*f
J -h

it follows that P = - i £z/* dz. (1.49)

The power supplied to the antenna by a delta-function generator
at its centre is

P = iK0/$= - i f EzI?dz. (1.50)

In this form the Poynting vector theorem is known as the EMF
method for determining the radiated power from the electro-
magnetic field and for defining the impedance of the antenna.
Thus, since Vo = / 0 Z 0 , it follows that

EzI*dz. (1.51)f tI
Ol J -h

When this formula is applied to a perfectly conducting cylinder
which is centre-driven by a delta-function generator, the electric
field is given by

Ez= -V0S(z) (1.52)

where 8{z) = 0 except at z = 0. With (1.52) and the properties (1.1a,
b) of the delta function, (1.51) becomes

Zo = TTi* f V0I*8{z)dz = revolt = Zo. (1.53)
I'ol J -h l̂ ol

Thus, (1.51) is simply an identity and not a means for determining

Zo-
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In the usual application of (1.51) the boundary condition (1.52) for
the tangential electric field is ignored and a sinusoidally distributed
current is assumed. Ez due to the sinusoidally distributed currentcurrent is assumed. Ez due to
(1.32) is given byt (1.34c). It is

An

?-JPoRo
— i - ^ w o p o » — (1-54)

where, for a point on the surface of the antenna, Ro = -Jz'2 + a2,
/?.. = . /(h-7'\2±a2

9 R2h = J(h + z')2 + a2. If (1.54) and (1.32) areRik = y/(h-zT + a\ R2h = ^(h + z'y + a*. If (
used in (1.51), with Jo = Im sin f}oh, the result is

:r 1 f (•* fe-JPoRiH e

- 2 o i {sin Poh cos poz
f — h -

;in2j30/U J-h L Rih

- \dz- cos poh sinj80|z'| -
J J -h L

47C sin

— 2cos^ 0 /z
-JPoRih

Cl/i

— 2 cos )80/z- (1.55)

The integrals

= cos /30z
f-

J -h
-dz'

-I"'
sa(/j, 2) = |

R\ +
0-JPOR2 "i

— Uz' (1.56a)

1^—dz '

+
-JPoRi~\]

^TJ
have been tabulated with z = h and 0. In (1.56a, b),

Rx = J{z-z')2 + a2, R2 = J{z + z')2 + a2.

With the tabulated integrals

X o l ^{sin poh[Ca(h, h)-cos 0ohCa(h9 0)]

(1.56b)

2TT sin2

-cos

In
— cos poh[Sa(h, h) — co

particular, when fioh = rc/2,

h,h)-cospQhSo{h,0)]}.

t See, for example, [1] p. 528

Z ° ~ ~2n~L°
2. X
4 ' 4

(1.57)

(1.58)
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The functions Ca(h9 h), Ca(h, 0), Sa(K h) and Sa(K 0) may be expressed
in terms of the generalized sine and cosine integral functions. When
the radius a of the antenna is small (a -* 0),

Zo = -^[Cin 2n +jSi2n] = 73-1 +/42-5 ohms. (1.59)

The real part, Ro = 73-1 ohms, is the value of R^ given in section 1.3.
When f}oh = n,Z0 = oo. Cinx = j^u'1^ —cos u)du.

It is now necessary to inquire more deeply into the mechanism by
which a sinusoidally distributed current can be maintained along
an antenna. Since it is associated with a non-vanishing tangential
electric field Ez along the surface of the antenna, it cannot be
maintained solely by a single generator at z = 0 along a perfectly
conducting cylinder. The boundary condition Ez = 0 applies to
the total electric field and must be satisfied on the surface of a
perfect conductor. Since Ez due to the currents in the conductor is
not zero on the surface, it cannot be the total field. There must be
an externally maintained field Ee

z of such magnitude and phase that

Ez totai = Ez + Ee
z = 0, Ee

z = -Ez. (1.60)

In other words, the existence of a sinusoidally distributed current
along a perfectly conducting cylinder implies the simultaneous
existence of a continuous distribution of generators or their equiva-
lent along the antenna. These maintain an impressed field that
exactly cancels the field maintained by the currents and charges in
the antenna.

If there is a continuous distribution of generators along the
antenna, there can be no single pair of terminals at its centre through
which all the power is supplied and across which a driving-point
impedance can be defined. It follows that the impedance Zo given
by (1.57) or (1.58) is not the impedance of a centre-driven antenna
but simply the total complex power radiated by an antenna (in
which a continuous distribution of generators maintains a sinus-
oidal current), divided by the square of the magnitude of the current
at the centre of the antenna.

A centre-driven antenna with Ez on its surface given by (1.52)
and an antenna with its distribution of current given by (1.32)
and, therefore, with Ez on its surface given by (1.54), are two quite
different models with different currents, different fields and different
power-supplying devices. It is a common mistake to assume that
some of the properties of each can be combined as though the two
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were, in fact, the same. Nevertheless, under special circumstances
certain characteristics of the two models are comparable and no
serious error is made if they are used interchangeably. But this is
not true in general or of all significant quantities as is easily shown.

In Figs. 1.12 and 1.13 are shown the measured amplitude and
phase of the current in a thin highly conducting base-driven mono-
pole over a large metal ground screen together with the sinus-
oidally distributed current, respectively, for fioh = n/2 and it. When
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Fig. 1.12. Distribution of amplitude and phase of current in half-wave dipole.
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Fig. 1.13. Distribution of amplitude and phase of current in full-wave dipole.
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fioh = TC/2 both the measured and sinusoidal values are reasonably
alike so that quantities that depend directly on / z , viz. / 0 (and
hence Yo and Zo) and the magnetic field B<j>, must also be com-
parable. Since the electric field at great distances is linearly related
to the magnetic field, it follows that the entire far field of the actual
and the sinusoidal currents should be generally alike. On the
other hand, when poh = n the measured distribution and the
sinusoidal distribution differ greatly in both amplitude and phase
near the centre of the antenna. It is clear that / 0 (and hence Z o and
Yo) have nothing in common—the one is quite large, the other is
zero. Moreover, since the measured phase reverses at some distance
from the centre, whereas all currents remain exactly in phase with
the sinusoidal distribution, even the radiation field must differ
significantly. The measured current in the centre-driven antenna
must have a small minor lobe, whereas the sinusoidal current has
none. Thus, when (loh = n, the only properties of the antenna with
a sinusoidal current and the centre-driven antenna that are roughly
comparable are the general nature of the major lobe in the far field.

Even though the currents, the near-zone magnetic fields, and the
distant electric and magnetic fields are reasonably alike for the two
differently driven antennas when (loh = rc/2, this does not mean that
all significant quantities are. That the associated distributions of
charges differ significantly is shown in Fig. 1.14 where both

z/k
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Fig. 1.14. Normalized distribution of charge in amplitude and phase for a half-wave
dipole.



28 INTRODUCTION [1.7

measured and cosinusoidally distributed charges per unit length
are shown. It is seen that the charges near the centre and the ends
have quite different magnitudes and that the phase reverses at
some distance from z = 0 when the antenna is centre-driven but
exactly at z = 0 when it has a sinusoidal current. Since the radial
electric field Ep near the antenna is proportional to the charge per
unit length, it must be quite different for the two models. Finally,
it can be shown that Ez near the antenna depends not only on Iz but
on dq/dz, i.e. on the slope of the charge curve. Since the values of
dq/dz are entirely different for the centre-driven antenna and the
antenna with a distribution of generators that maintains a sinus-
oidal current, no correspondence in Ez for the two models can
obtain. This explains how it is possible that for the centre-driven
antenna Ez = 0 at p = a except at z = 0, whereas for the antenna
with sinusoidal currents Ez has a maximum at p = a along its
entire length.

These and other studies lead to the conclusion that the hypo-
thetical antenna with a sinusoidally distributed current (and the
implied continuous distribution of generators along its length)
may be substituted for a centre-driven antenna in determining
roughly corresponding values of Iz for all z including 0, the magnetic
field at all points, and the radiation electric field provided the
antenna is sufficiently thin (a/h < 10~5) and its length is near
resonance, i.e. /30h ~ n/2. However, no such correspondence
exists for the charge distribution or the electric field near the
antenna.

Within these limitations, Zo as given by (1.57), (1.58) and (1.59)
may be used to obtain approximate values of the impedance of a
centre-driven antenna. Specifically, when h/a ~ 11,000, the error
in Ro is of the order of 5 %, when h/a ~ 27 the error is about 34 %.

The correlation of linear antenna theory with experiment
involves some important theoretical approximations and a know-
ledge of the particular driving conditions. Due to the difficulty in
solving a single equation which includes both the transmission line
and the antenna, the determination of the actual antenna current
is based on the simplified model of Fig. 1.2. The effect of the
inhomogeneous properties of the transmission line and the coupling
of the transmission line to the antenna is taken into account by a
lumped constant corrective network. Since the spacing between
driving terminals of the antenna is finite, a correction must also be



1.7] IMPEDANCE OF ANTENNA 29

made for the missing section of conductor. This is discussed in
chapter 7.

1.8 Coupled antennas; self- and mutual impedances

When an antenna is an element in an array, the Poynting-vector
integration over the surface of the antenna in the form (1.47)
includes contributions to Ez from other members in the array. By
arranging the power terms in a certain sequence, the resulting
expressions for the integrals resemble the standard equations for
coupled circuits so that self- and mutual impedances can be defined
in a manner analogous to that used in coupled-circuit equations.

Neglecting the ohmic loss in each antenna of Fig. 1.10, the total
time-average power transferred across Zk, the surface of the kth

antenna, is

Pk= f n .S^X k (1.61)

where Sk = £ S W . (1.62)
i

In (1.62) Skl- is the contribution of the ith element to the total Poynt-
ing vector at the surface of the /cth element with the feth element as
reference. The time-average Poynting vector for dipoles aligned
in the z-direction is

^ w x Bfi) = ^-(pEzkiBU (L63)

since on the cylindrical surface of antenna k

Eki = zEzki (1.64)

and B* = ti>B*ki. (1.65)

Skl- on the small ends is neglected.
At the surface of the /cth element the only magnetic field encircling

that element is due to the current in the element itself. Therefore,

Blk = I*J2naiiQ. (1.66)

The Poynting vector equations (1.61) may be expanded with
(1.62H1.65):

-h J -h J -h

i EzkNIfkdz, k= 1,2,3,..., N (1.67)
J -h
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where dLk has been replaced by {2nd) dz and N is the total number
of elements. Equation (1.67) is used to define the complex driving-
point impedance Z o l and the self- and mutual impedances Zw.
Thus,

*k = 2*0^0 = 2^ l^k^lk^"2^2^k^2k~^'" ~^2^k^kk + ••• ~^~l^N^k^Nk J

k= 1,2,3,...,JV (1.68)

where Zlk = - - ^ r f EzkiI*kdz. (1.69)

This is a generalization of (1.51) to include mutual impedances.
If the elements in an array are centre-driven (base-driven over a

ground screen) the electric field along any element k is the super-
position of the fields Ezki with i = 1,2,... /c,... N. The fields Ezki

must be computed from the actual currents in the N elements and
the resultant field must satisfy the boundary condition

tE** = -Vokd(z). (1.70)
i = l

Since these currents are unknown, this procedure for defining self-
and mutual impedances is not directly useful.

On the other hand, if it is stipulated that the distribution of
current along each element is sinusoidal irrespective of its location
in the array, the impedances defined in (1.69) are readily evaluated.
However, each antenna must then be driven by a distribution of
generators with EMF's so disposed in amplitudes and phases that
the postulated currents actually obtain. The impedances evaluated
from (1.69) under these conditions are radiation impedances
referred to a particular set of currents, those at z = 0. However,
these are not driving-point currents, since the generators are not
localized at z — 0.

As in the case of the isolated antenna, it is to be expected that
there are certain circumstances under which some of the quantities
that characterize an array are quantitatively similar for the two
quite different sets of boundary and driving conditions: (1) Each
element is centre-driven by a single generator, and (2) Each element
is driven by a distribution of generators that maintains a sinusoidal
current. Since it has been shown that the current maintained in a
sufficiently thin antenna near resonance (/?0/z ~ n/2) by a single
generator at z = 0 does not differ greatly in amplitude and phase
from the cosinusoidal current, and since it is well known that the
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current induced in a parasitic antenna by an incident plane wave
is approximately cosinusoidal when poh = ;c/2,t it is reasonable to
expect the resultant current in any very thin element in an array of
parallel elements to be approximately cosinusoidal. The actual
impedances for such arrays should then be approximated by those
defined in (1.69) and the far fields should be comparable in an
approximate quantitative sense. When the elements are electrically
short, the current has a maximum at z = 0 and vanishes at z = h.
It is to be expected that the far field and the impedances are not
sensitive to the precise distributions of current in the short lengths
of the elements.

As a simple example, the mutual impedance between two short
Hertzian dipoles with a large separation will be computed. A
triangular current is assumed. The current distribution and the
relevant term of the electric field are

\z\^h<pol (1.71)

^zki ~ A ..3 ( r —z)e J °r, {fiob) ^ 1- (1-72)

where r = yjb2 + z2 = fc, b = bki. (1-73)

When (1.71) and (1.72) are substituted in (1.69) the result is

Zik ^J^.^L-e~jPob, (j80b)2 > 1- (1.74)

As another example of the computation of mutual impedance,
consider the case of half-wavelength elements (Poh = n/2) with an
assumed sinusoidal current given by

Iz(z) = J o cos poz9 \poz\ ^ n/2. (1.75)

The electric field Ez due to this a s sumed cur ren t is given by (1.54)
with poh = n/2 a n d Im = / 0 . It is

(1.76)
4TT

where

Rlh = V(/i-z)2 + a2, R2h = V(/r+z)2 + a2. (1.77)

t [1] p. 475.
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When (1.75) and (1.76) are substituted in (1.69), the result for the
mutual impedance is

=J^\ cosp0z
r

V2/i
dz'. (1.78)

The integral in (1.78) is one of the integral trigonometric functions
tabulated by Mack and Mackf. It is Ca(/z, z) defined in (1.56a).
When a is sufficiently small,

C,
X X
4 '4

X X
4 '4

so that Zkk = Zo = 73*1 +7*42*5 ohms as given in (1.59).
The mutual-impedance formula given by (1.78) with (1.56a)

reduces to (1.58) for the self-impedance when the radius a is set
equal to the radius of the cylindrical antenna. The final formula for

where
b = bik is the distance between the /th and kih elements

bH = a is the radius of each antenna. (1.80)

The mutual impedance between two half-wavelength elements
in parallel is shown in Fig. 1.15. The calculations are based on
(1.79). A comparison of the asymptotic formula (1.74) with assumed
triangular current with the results of Fig. 1.15 shows that for large
separation the mutual impedance is approximately independent
of the current distribution.

1.9 Radiation-pattern synthesis
The far-field pattern represents the distribution of the electric

field in space. Some applications, particularly point to point com-
munication, require a large field directed within a small angular
region. A rearrangement of the spatial distribution of the field is
called shaping. The shaping of the radiation pattern of an antenna
or array is accomplished by changes in the geometry and the
relative currents in the antennas. A discussion of this problem lends
insight into the effects of the actually unequal distributions of
current in real arrays.

Consider first a single linear element aligned in the z-direction.

t [3] in chapter 5.
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dz'

.15. Mutual impedance between two half-wavelength dipoles with sinusoidal
current (EMF method).

Three different distributions of current will be used to calculate
the far field. They are

(1.81)
I TT

-^cos 3/?oz

(1) /zl(z) = cos,
(2) /z2(z) = coSj

(3) Iz3(z) =
h = - . (1.82)

(1.83)

The distributions are shown in Fig. 1.16a. The conventional
distribution is Iz(z) = cos /?oz with a maximum at z = 0 and a
monotonic decrease in magnitude to z = ±h. The second and
third distributions (1.82) and (1.83) have, respectively, a greater
concentration of current near z = 0 and a maximum which is
moved toward z = h. These distributions could be achieved with
suitable generators placed along the element. The corresponding
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electric fields in the far zone by (1.15a) with (1.80)—(1.83) are
n

(1) E'B = K,
cos COS ©

(2) Er
@ = Kt

(3) EB = K,

It

sin ©

3 sin ©
sin® 9-cos2©

cos I — cos 0
COS -cos 0

cos I - cos 0

sin 0
3 sin 0 In _

y-pr COS - COS 0
9-cos2© \2

(1.84)

(1.85)

. (1.86)

n N

2

(a)

'^^ -^

Distance along antenna (f}oz) in radians

0° 20° 40° 60° 80° 100° 120° 140° 160° 180°
90°

(b) 0 in degrees

Fig. 1.16. (a) Assumed current distributions on half-wave dipole. (1) Iz(z) = cos poz.
(2) lz(z) = cos0oz + icos30oz- (3) lz{z) = cos fioz + i cos 3f10z. (b) Radiation patterns for
half-wave dipole with different current distributions.
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The radiation patterns (1.84)—(1.86) are shown in Fig. 1.166. The
radiation pattern (1.85) has a half-power beamwidth that is in-
creased when compared with the normal pattern for (1.81). Thus,
when the current in an element is increased at the centre the beam-
width is increased. The opposite behaviour is shown by the radia-
tion pattern for (1.86), which corresponds to (1.80). An increase in
the magnitude of the current toward the ends of the element de-
creases the beamwidth of the radiation pattern. Although a single
generator could not produce the currents shown in Fig. 1.16a, such
distributions of current could be produced by coupling with other
elements.

Consider again the half-wavelength element with a sinusoidally
distributed current. This time let the current change linearly in
phase along the element. That is, let

Iz(z) = cos poze-J3z. (1.87)

The radiation field that corresponds to the current (1.87) is

cos
= K

- cos 0 - (5/4

sin 0
(1.88)

The maximum value of £©(0) now appears at a value of © given by

(1.89)0 = cos 1—.
271

It may be concluded that both the phase and the magnitude of the
current in an element affect the radiation pattern.

A single half-wave element can be approximated by a number of
collinear infinitesimal dipoles. Each infinitesimal dipole has a
prescribed current equal to that in the original full-length dipole at
this location. Fig. 1.17 shows such an arrangement for a half-wave

2

2n 7i

0

>

n
6

2'
In
~6

= / ; • )

Fig. 1.17. Replacement of continuous current distribution with discrete sources.
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dipole with a sinusoidally distributed current. The field factor
Fo(0, poh) is given by a sum instead of by an integral as in (1.15b):

T/o + 2 £ Ii5{z-Fo(®,poh) = s in©| / 0 + 2 £ Iid(z-di)e
jPo4iGOBe \/I0 (1.90)

= sin

(1.91)
2

Fo(0, poh) = sin 0 £ 1 + J, cos (j80^ cos 0) (1.92)
i= 1

where for the currents of Fig. 1.17

h = /ON/3/2 and 72 = /0/2. (1.93)

The field factor computed with (1.92) and (1.93) is compared to that
for a continuous line source in Fig. 1.18. The agreement indicates
that a sufficient number of discrete sources can approximate the
radiation pattern of a continuous line source.

/

/
l/ 1 1

10

•0-75

-0-50

•0-25

y Discrete sources

^ ^ /Continuous source

\

\

i i \

0° 30° 60° 90° 120° 150° 180°

0 in degrees

Fig. 1.18. Comparison of radiation patterns of half-wave dipole from continuous and
discrete sources.

If the infinitesimal dipoles of Fig. 1.17 are each rotated 90°
clockwise, the result is a crude picture of a curtain array similar to
that shown in Fig. 1.10. The problem of synthesis is to determine
how the currents in the array must be adjusted to generate a
desired radiation pattern. The current distributions on all elements
are assumed to be identical. Actually, the distributions of current
are not the same and their differences affect the radiation pattern
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of the array. Differences in the amplitudes and phases of the
currents along the elements in an array affect its field pattern in
much the same way in which they affect the pattern of a single
element.

Under the assumption of identical distributions of current on all
elements, the far-zone electric field for the symmetrical array of
Fig. 1.10 is

£<s>(0) = ~^y-—Fo(®, Poh) X 1 + 2 M?vicos ^ ° ^ s*n ® c o s ^

(1.94)

where it is assumed that tl9 the time delay between elements, is
zero.

In the H-plane (0 = n/2) the field factor Fo(0, poh) is a constant
and (1.94) reduces to

Er
B{®) = Eo X I l + 2 y ^ r c o s (HI) (1.95)

where w = 27r^cosO (1.96)
A

and (1.97)
ATI

The synthesis problem for this array may be phrased as follows:
Given a prescribed radiation pattern Er

@p(u\ what are the values of
the parameters of an array which will best produce this pattern?
Usually all but one of the parameters are fixed, and a single para-
meter is adjusted. For example, the number of elements N and the
spacing b/X might be fixed. The driving currents J^Oy/ofO) are then
to be determined so as to produce the best approximation of the
field. If this is defined in terms of the least mean-square error
between Er

@p(u) and £©(w), the following integral must be minimized:

min {[Er
@p(u)]-[EUu)]}2 du (1.98)

U l

where Er
e(&) is given by (1.95). The integral (1.98) is minimized with

respect to the coefficients 71(0)//0(0). Note that, since trigonometric
functions are involved, the optimum range of u is \u\ < n. Note also
that the integral is written in terms of the variable u and not cos O.
This serves to reduce the complexity of the results. With the interval
in (1.98) equal to the range — n ^ u ^ TC, the coefficients for the
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current may be related to the Fourier trigonometric coefficients for
the representation of Er

Bp(u), given by

= T + £ a» cos m
2 n= 1

where
2 f *

a n = — £ e P ( M ) c o s WM "M-
t j o

(1.99)

(1.100)

When (1.95) and (1.99) are equated term by term, the following
values of the coefficients for the current are obtained:

2/0(0)£0 =

2IJL0)
/o(0)

Eo = an, n = 1,2,3,....

(1.101)

(1.102)

With the driving-point current on element No. 1 normalized to
unity, the relative currents on the elements are given by (1.101) and
(1.102). It follows that

(1.103)

Thus, the relative driving-point currents are proportional to the
ratio of the Fourier coefficients for the prescribed radiation pattern.

Consider the particular field pattern shown in Fig. 1.19. It is
desired to build a three-element array to produce this prescribed
pattern. The inter-element spacing must also be specified. A value
of n — b/X = 1/2 is chosen for this example. Note that the synthesis

0, - < |u| < n

n
2

0

M = 2TT

7T

2

T COS $ ,

Fig. 1.19. Prescribed field pattern in //-plane.
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is limited to the range —n^u^n. This means that for certain
values of the inter-element spacing n, the range — n ^ u ̂  n does
not correspond to the visable range of the angle O. For example,
with bjX = 1, the pattern may only be synthesized for the range
|O| ^ cos"1 \ — 60°. The mathematical formulation of the desired
pattern is given below:

1--M, | n | < £ (1.104)

0, j < |u| n. (1.105)

The coefficients for the current are found from (1.104) and (1.101) to
be

2 M , I i i

du = i %a0 = t
(1.106)

1

2u cos nw du =

n= 1,2,3,....

The ratios of the driving-point currents are given by (1.103):

/„ 32 , nn (1.107)

The realizable radiation pattern for the three-element array is com-
pared to the prescribed pattern in Fig. 1.20. A better agreement

(3 element array)

element array)

u = 2n - cos <I>

Fig. 1.20. Prescribed and actual field patterns.
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between the desired and actual pattern may be achieved by in-
creasing the number of elements. This is analogous to increasing
the number of terms used in approximating a function by a Fourier
series. The pattern realized with N = 5 is also shown in Fig. 1.20
and is a very close approximation of the triangular distribution of
Fig. 1.19. Note that these patterns have been obtained for the
//-plane; in other planes the field factor must be taken into account.

The synthesis of the radiation pattern is not always successful if
the number of elements is limited. Consider the pattern of Fig. 1.21
for which the coefficients for the current are

Jn(0) 8 f n nn 1 nn
cos-^- — n ^ 0. (1.108)

Ŵ
0, - < |u| < n

71

2

u = In - cos O
A

Fig. 1.21. Prescribed field pattern in H-plane.

The array pattern realized for N = 3 is compared to the prescribed
pattern in Fig. 1.22. Here the agreement is very crude and many
more terms are required.

1.10 The circular array

The locations of the elements in an array are arbitrary. Certain
configurations of antennas lend themselves better to mathematical
analysis and construction than others. An example of an analytically
convenient simple array is the circular array generated by wrapping
a curtain array around the surface of a right cylinder. To simplify
the analysis, only circular arrays with elements that are located at
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u = In - cos <&
A

Fig. 1.22. Prescribed and actual field patterns.

the vertices of a polygon which is inscribed in a circle are con-
sidered. The case N = 2 is the two-element array discussed in
section 1.5; the case N = 3 consists of three parallel elements
located at the vertices of an equilateral triangle. The centres of the
elements are located on a circle of radius a in the x-y plane as
shown in Figs. 1.23a and 1.23b. The far-zone electric field is related
to the z-component of the vector potential by

Er
% = jco sin ®AZ

sin 0 I(z )-
An J_h

Rt

dz\

(1.109)

(1.110)

The distance Rx to the centre of the element located at (a, rc/2, (/>,) is
given by

Kg. = z
2 + r? = z2 + r2+a2-2arcos(<D-(/>f) (1.111)

but

thus

and r = Ro sin 0 (1.112)

(1.113)

When higher-order terms in {a/R0) are neglected, an application
of the binomial expansion for (1.113) yields

ROi = Ro — a sin 0 cos (£> — </>,). (1.114)
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• P{R, 0 , <D)

Circle of radius a
in the x-y plane

- Element parallel
to the z-axis

(a)

(b)

Fig. 1.23. (a) Geometry for the circular array, {b) Single-element geometry in a circular array.

Since it is the distance Rt which appears in (1.110), it follows from
Fig. 1.23b and (1.114) that

Rt == ROi — zcos 0 (phase)

Rt = ROi = Ro (amplitude).
(1.115)
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If the array has N elements of equal length and the current distribu-
tions are identical, the total field is

where St = a sin © cos (<3> - (/>,) - SOi.

5 is the phase delay between elements in fractions of a wave-
length. The driving-point currents IOi9 i = 1,2, 3,..., N9 and relative
phases SOi are arbitrary. The positions of the elements are fixed by
their number. Thus

^ = ^ ( i - l ) , , '= 1,2, 3 JV. (1.117)

Two special cases provide examples of the far-field patterns of
typical circular arrays.

Consider an electrically small array with equal driving-point
currents and all phase differences 8Oi set equal to zero. Thus

Ioi = Io, Sot = 0 and (0oa)2 < 1. (1.118)

The far-zone electric field reduces to

r p-jfioRo
Er

&(®) ±jfL—ii—Fo(®9poh)NIo. (1.119)
In Ko

The field of (1.119) is identical to that of a single element. In this case
the array factor is omnidirectional. Another case of interest is
when N is large. Here the finite sum may be approximated by an
integral. The Euler-Maclaurin sum formula provides the necessary
representation:

£ E@i = I Ewdi+iEei+iEBN + O\T^\. (1.120)

Since ES1 and £0Ar are of the order N~x
9 equation (1.120) may be

applied to (1.116) to give the following simplified form:

2n Ro \2nj

and higher (1.121)terms of Ol

where u = — i and SOi = 0. (1.122)

The integral appearing in (1.121) is the Bessel function of the first
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kind and order zero. Hence,

Er
% = JVFo(0, poh)Jo(Poa sin 0 ) . (1.123)

Since Jo{Poa s^n ®) has a maximum at 0 = 0, it represents an
endfire array. However, since the array factor is multiplied by the
field factor Fo(0, fioh) which has a null at 0 = 0, the resultant
maximum of the total field is shifted. The field representations
(1.120) and (1.123) show that a wide range of array factors are
obtainable from a circular array.

1.11 Limitations of conventional array theory

The validity of the conventional analysis of arrays, which is
outlined in this chapter beginning with section 1.5, depends on
the substitution of the simple approximation

Er
& = J^°2° ~^—Fo(&, Poh)A(@, <P) (1.124)

for the rigorous expression

^ S ^ ' c o s ® s i n @ d z , ( U 2 5 )

J-

where St = Rl — Ri and Rt is the distance from the centre of
element / to the point of calculation. The first step in the derivation
of (1.124) from (1.125) is the normalization of the currents in the
form

) = /2l(0)/cu e-»»flz') (1.126)

where /cu and Sli are the normalized real amplitude and relative
phase angle of the current at the centre of element / as referred to
the current at the centre of the reference element 1. The next step
is the definition of the field factor for element 1,

Fl(Q,poh)= f / ^ z V * * ' 0 0 8 0 sin ®podz' (1.127)
J-h

and the array factor
J N

, 4 ( 0 , 0 ) = J^ kue
j(poSi~3u). (1.128)

i = I

With (1.126H1-128), (1.124) can be expressed as follows;

M W £ _ _

(1.129)
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where

1 = 2 h (1.130)

Conventional array theory always neglects Dx(0, 0;/?o/z) as
defined in (1.130). This is usually justified by statements such as
'Because of the identical configuration and orientation of all the
elements, this contribution (viz. F t (0 , fioh)) is the same for all other
elements. These latter differences are accounted for by the array
factor (1.128)'. Unfortunately, when applied to arrays of centre-
driven antennas, this statement is correct only for circular arrays
of identical, equally spaced, non-staggered elements driven by
equal voltages with constant and progressive phase differences
from element to element around the circle. For such an array the
geometrical and electrical environments of all elements are indeed
the same, so that ft(z) = fx{z\ F,(0, poh) = Fx(&, poh) for
/ = 1, 2,..., N and 1^(0,0>; poh) = 0. In all other arrays, ft(z) is a
complex function of z that differs both in its magnitude and phase
from /x(z) for all \z\ > 0. It cannot be assumed without explicit
verification that Dx(0, <S>; fioh) is negligible.

A major purpose of this book is to develop a theory of arrays
that does not neglect ^ ^ 0 , 0 ; poh) in (1.129).



CHAPTER 2

AN APPROXIMATE ANALYSIS OF THE
CYLINDRICAL ANTENNA

2.1 The sinusoidal current
The distribution of current along a thin centre-driven antenna of

length 2/z (or along a base-driven antenna of length h over an ideal
ground plane) is assumed to have the sinusoidal form

throughout chapter 1. Actually, this is the correct distribution
along a section of lossless coaxial line of length h that is short-
circuited at z = 0 and terminated at z = h in an infinite impedance.
This is illustrated in Fig. 2.1a where the infinite impedance is
obtained by means of an additional short-circuited quarter-wave
section of coaxial line. In this case the current is entirely reactive,
the electromagnetic field is completely confined within the coaxial
shield in the form of axial standing waves and there is no radiation.
When the ideal 'open' end at z = h is replaced by an actual one as
shown in Fig. 2.16, the distribution of current and charges are
changed in a manner that resembles a crowding of the entire
pattern toward the open end. In addition to a large reactive com-
ponent, the current now also includes a very small resistive part.
The associated electromagnetic field is still primarily a standing
wave within the coaxial sleeve, but it does extend outside especially
near the open end and there is some radiation. From the point of
view of the transmission line the differences between currents and
fields for Figs. 2.1a and 2.1b are interpreted as end-effects. If the
outside shield is removed as in Fig. 2.1c these 'end-effects' extend
all the way to the generator and the distributions of current and
charges are significantly changed over the entire length. The
resistive component is now comparable in magnitude to the
reactive part and the associated electromagnetic field includes a
large radiation field that extends to infinity in the form of outward
travelling waves. It is, of course, not at all surprising that the distri-
butions of current along the conductors of radius a and length h are
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not the same in the three quite different situations represented in
Figs. 2.1a, b, c. The boundary conditions are not alike except at
r = a, 0 ^ z < /z, where the tangential electric field vanishes.

, - * + - _

= 0-

i Ideal
2a

' <5-generator s ^-generator
?Ve

06(z)
^-generator

(a) (b)

Perfect conductor

(c)

Fig. 2.1. (a) Coaxial line terminated in Zx at z = h. (b) Coaxial line terminated in open end.
(c) Base-driven monopole over perfectly conducting ground screen.

2.2 The equation for the current

Instead of simply assuming a convenient current along the
antenna in Fig. 2.1c, a more scientific and more difficult procedure
is actually to determine the distribution of current by setting up and
solving the appropriate integral equation. This is readily obtained
from the boundary condition Ez(z) = 0 on the surface p = a of the
perfectly conducting antenna. With (1.5c) and (1.6) the vector
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potential is seen to satisfy the equation

j-i + Pl Az{z) = 0 (2.2)

which has the general solution

Az(z) = — ( C t cos poz + C2 sin )80|z|) (2.3)

if the symmetry conditions, Iz( — z) = Iz(z), Az( — z) = Az(z) are
imposed. Cx and C2 are arbitrary constants of integration. With
(1.8a) the integral equation for the current is

A.jr /•" p~ JPoR 7*4 7T

— Az(z) = Iz(z)—-—dz = —y—[Ct cos i?oz + i ^o s i n Po\z\]
Vo J -h

 K Co ^2.4)

o is the EMF of the delta-function generator,

Co = V^o7^o = 1207rohms, and R = ^/(z — zf)2 + a2. The value
C2 = iY% is obtained from (2.3) with (1.9) in the form

4>(z) = j(co/p2
0)(dAJdz) = -p0Cx sin P0z + p0C2 cos poz.

By definition the driving voltage of the delta-function generator is
lim [(f)(z) — </>( — z)] = Ve

0. The second constant Cx must be evaluated
z->0

from the condition Jz( + h) = 0.
Although it is not difficult to derive the integral equation (2.4),

the problem of solving it for the current is very complicated.
It has been carried out approximately in a variety of ways,t but the
solutions so obtained are a very cumbersome series of terms that
have proved invaluable in the accurate determination of the self-
impedance but are not very useful for calculating electromagnetic
fields or for determining the mutual interaction of the currents in
coupled antennas. What is needed is an approximate solution that
is both sufficiently simple to be useful in the evaluation of the
electromagnetic field and sufficiently accurate to provide quantita-
tively acceptable values not only of the details of the field but of the
driving-point impedance. (In anticipation, it is well to note that a
generalization of the method in order to make it useful in the
solution of the simultaneous integral equations that occur in the
analysis of arrays is also going to be required.)

The procedure to be followed in obtaining a useful approximate
solution of (2.4) is straightforward and simple. It involves the

t Many of these are described or referred to in [1], chapter 2.
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replacement of the integral equation (2.4) by an approximately
equivalent algebraic equation. In order to accomplish this a careful
study must be made of the integral in (2.4).

2.3 Properties of integrals

The integrand in (2.4) consists of two parts: (1) the current Iz(z)
which is to be determined and about which nothing is known except
that it vanishes at the ends z = ± h, is continuous through the
generator at z = 0, and satisfies the symmetry condition
Iz(-z) = 7z(z); (2) the kernel

pJPo .

K(z, z) = — £ - , R = J{z-z')2 + a2 (2.5)

which may be separated into its real and imaginary parts,

K i7 7) K { 7 7 \
&R\Z>Z) — n ' &l\Z,Z) = ™ •

The dimensionless quantities KR(z, z')//?0 and K7(z, z')//?0 are
shown graphically in Fig. 2.2 as functions of j80|z — z'\. A comparison
in the lower figure shows that their behaviours are quite different.
KR(z, z')//?0 has a sharp high peak precisely at z = z; its magnitude
l//?ofl is very large compared with 1 since it has been postulated
that [}oa <^ 1. On the other hand, X7(z, z')//?0 varies only slowly
with P0\z — z'\ and never exceeds the value 1. It is seen in the upper
part of Fig. 2.2 that sin /3oR/poR is very well approximated by
cos(j80/?/2) in the range 0 ^ /?0|z — z'\ ^ n. Moreover, the value of
cos (P0R/2) is hardly affected if the small quantity koa is neglected
and POR is approximated by P0\z — z\.

These facts suggest the following approximations for the two
parts of the integral in (2.4):

jR(h9 z) = f lz{z')^iMdz' = ̂ x(z)/(z) = HfJiz) (2.7)
J -h K

j / ( / l , z)= -C / , ( z ' ) ^ | ^ dz' = - po f Iz(z) cos yo(z - z') dz*.
J -h K J -h

(2.8)
The reasoning behind the approximation in (2.7) is simple. Since
the kernel is quite small except at and very near z' = z, where it
rises to a very large value, it is clear that the current near z — z is
primarily significant in determining the value of the integral at z.
In other words, the integral is approximately proportional to /(z).
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Fig. 2.2. The functions inft,* cosM . /W*
, — , and c o s — - .

p0R p0R 2

Iz(z) isThe proportionality constant XV1 is best determined where
a maximum.

The integral in (2.8) may be transformed as follows:

Jj(K z) = - p0 f I2(z') cos ifio(z - z') dz'
J -h

ch

= - 00 /z(z') [cos i)80(z - z') + cos ^ 0 ( z + z')] rfz'

= - 2jS0 cos ^poz I2(z') cos ijSoz' dz'.
J 0

It follows that for antennas that do not greatly exceed fioh = n in
electrical half-length, specifically, /J0/i < 57i/4,J7(/z, z) = Jj(K 0) cos ii?o^; Ji(K 0) = - 2)8O f /2(z') cos i /

J ° (2.9)
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A further refinement in the approximation (2.7) is suggested by the
fact that, while the integral on the left becomes quite small at the
ends of the antenna where z = ±h, the right-hand side vanishes
identically at these points since Iz(±h) = 0. Evidently a better
approximation than (2.7) is the following:

47c/i0-
l [Az(z) - Az(h)] = f Iz{z) [KR(z9 z) - KR(K z')] dz = V2Iz(z)

J~h (2.10)

where the left side is simply the vector potential difference between
the point (a, z) and the end (a, h) of the antenna; *F2 is a new constant

2.4 Rearranged equation for the current

In order to make use of (2.10), the integral equation (2.4) may be
modified by subtracting 4nfiQ1Az(h) from both sides. The result is

' [Az(z) - Az(h)] = f I2(z')Kd(z, z') dz
J -h

where

and the difference

U =

kernel

- —v—\C\ c o s Po
to

J ° I (7'\K(h
An ) _ h

l ^ z ^ ^

is

z) dz

o sin P0\z\+ U]
(2.11)

(2.12)

:'). (2.13)

The constant Cx can now be expressed in terms of U and Ve
0 by

setting z = h. Since the left side of (2.11) then vanishes, the right side
can be solved for Cx to give

= _2Ve
0smp0h+U^

cos poh

If this value of C t is substituted into (2.11) the following equation is
obtained:

Iz(z')Kd(z,z')dz'
-h

sin po(h — \z\) + U{cos fioz — cos Poh)].
on <2 15)

The integral equation (2.15) with (2.12) is a rearrangement of the
original equation (2.4). No approximations are involved.
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2.5 Reduction of integral equation to algebraic equation

The next and most important step is to make use of the informa-
tion contained in (2.9) and (2.10) in order to reduce (2.15) to an
approximately equivalent algebraic equation. The procedure is
simple and straightforward. With (2.9) and (2.10) it is clear that the
integral in (2.15) may be approximated as follows:

Iz(z)Kd(z, z) dz = lz{zfV2 +jJI(h, 0)(cos ±poz - cos ±poh).

(2.16)

If this is substituted in (2.15), the resulting equation can be solved
explicitly for Iz(z). It is seen to have the following zero-order form:

Iz(z) = [Iz(z)]0 = Iv[sin po(h-\z\)+ Tv(cosp0z-cos poh)

+ TD(cosij30z-cos^0/z)] (2.17)
where / F , Tv and TD are complex coefficients.

This is a very significant result. It shows that an approximation
of the current consists of three terms of which each represents a
different distribution. One of the terms is the simple sinusoid.
As for the completely shielded transmission line, the sinusoidal
component of the current is maintained directly by the generator;
it does not include the components that are induced by coupling
between different parts of the antenna. The currents induced by the
interaction between charges moving in the more or less widely
separated sections of the antenna appear in two parts. One of these,
the shifted cosine, is maintained by that part of the interaction that
is equivalent to a constant field acting in phase at all points along
the .antenna. The other part, the shifted cosine with half-angle
arguments, is the correction that takes account of the phase lag
introduced by the retarded instead of instantaneous interaction.

Thus, the new three-term approximation augments the con-
ventionally assumed sinusoidal distribution with components
represented by a shifted cosine and a shifted cosine with half-
angle arguments, each with a complex coefficient.

It is quite possible to evaluate the coefficients ^2 * Ji(h 0) and U
that are involved in / F , Tv, and TD—obtained when (2.16) is sub-
stituted in (2.15). However, it is preferable to use the arguments and
approximations introduced up to this point merely to determine
the form of the distribution of current. The three new coefficients,
Iv, Tv and TD, may be evaluated directly if (2.17) is substituted in
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the integral equation (2.15) and the principles involved in (2.9) and
(2.10) are invoked.

The substitution of (2.17) in the integral in (2.15) involves the
following parts obtained from the real part KdR{z, z) of the dif-
ference kernel Kd(z, z) defined in (2.13):

[ sin po{h-\z'\)KdR{z,z')dz' = VdR sin po{h-\z\) (2.18a)
J - h

I [cos fioz' - cos poh]KdR{z, z) dz = ^ ^ ( c o s poz - cos poh)

~h (2h (2.18b)

[cos |jSoz - cos \poh]KdR{z, z') dz = ^ ^ ( c o s ^ o z - cos %poh).
J-h

(2.18c)

These expressions follow from (2.10). In order to enhance the
accuracy, each part of the current is separately treated and supplied
with its own coefficient. The evaluation of these coefficients is
considered below.

The integrals obtained with the imaginary part KdI(z, z) of the
difference kernel are easily appproximated by the application of
(2.9). Thus,

f sin po{h-\z\)KdI{z,z')dz' = VdI(cos±poz-cos±poh) (2.19a)

I (cos poz - cos poh)KdI(z, z) dz' = ^ ^ / ( c o s ^poz - cos ^poh)

~h (2.19b)

(cos \fioz - cos ^poh)KdI(z, z') dz' = ^ / ( c o s \^z - cos $poh).

~h (2.19c)

The three constants *Fd/,
 xVdVI and ^ d I ) / are evaluated later. Finally,

if the distribution (2.17) is substituted in (2.12), the result is

U — J i » y r>p (h) + T*¥ ( / i ) + T T (/i)l (2.20)

where TF(/j) = f sin j80(/i-|z'|)X(fc,z')dz' (2.21a)
J -h

Vv(h) = f (cos /?oz' - c o s poh)K(h, z) dz' (2.21b)

TD(/z)=J (cos^ 0z ' -cos^?oWnz'Mz' . (2.21c)
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With (2.18a-c) and (2.19a-c) the integral on the left is reduced
to a mere sum of terms with suitable coefficients. And the integral
equation as a whole has been replaced by an algebraic equation
that involves the three distributions sin po(h — |z|), cos (loz — cos /?0/z,
and cos |/?oz — cos j/30h. It is

vTdR smpo(h-\z\)

j4nU
(cos poz — cos poh)

Co cos poh

ui Tv +
 lFdDTD)(cos $poz - cos tfoh) = 0 (2.22)

where lF<fl) = ^<I

2.6 Evaluation of coefficients

The algebraic equation (2.22) is satisfied for all values of z when
the coefficient of each of the three distributions vanishes. This step
yields three equations for the determination of the coefficients JF,
Tv and TD in (2.17). They are:

j2nVe
0v ~~ r~w r n o p u (2.23a)

UVduR cos fioh - * # ) ] - TDVD(h) = Hfy{h) (2.23b)

T^dvi-JTj^dD^ - ^ / - (2.23c)

The last two equations are easily solved for Tv and TD. The results
are

Tv = Q ~l [VvihWiD -J^DWVdi] (2.24a)
TD= -JQ-l{xi/di[yifdURCOspoh-^u(h)]^^v(h)WdUI} (2.24b)

Q = ^ D [ ^ ^ COS fioh - Vv(h)] +jVD(h)VdUI. (2.25)

The several *¥ functions in (2.24)-(2.25) are defined with (2.18a-c)
and (2.19a-c) at the value of z that gives the maximum of the current
distribution function. Since, in the range of interest, koh < 3TT/2,

the maximum of sin po(h — \z\) is at z = 0 when poh ^ n/2
but at z = h — A/4 when poh ^ n/2, whereas the maxima of
(cos poz — cos poh) and (cos JPOZ — cos ?poh) are at z = 0, the
following definitions are appropriate:
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VdR(z) = cscpQ(h-\z\) f sin po(h-\z'\)[KR(z,z')-KR(h,z')]dz'

*di/K = (1 - cos poh) -l (cosp0z'-

h

(2.27)

*
( p 0 ' cos

z')]Jz' (2.28)

= (1 - cos i/?0/i)"l f (cos \^z' - cos
h

l f (cos \^z' -
•> -h

x[K(O,z')-K(h,z')]dz' (2.29)

Td/ = (1-cos^o/i)-1 f sinj50(*-|z'l)
J -h

xlKj&z^-KjiKz'Kdz' (2.30)

Vdui = (l-cos^o/z)"1 (cospoz'-cospoh)
J -h

x[KA0,z')-KAh9z')]dz'. (2.31)
These integrals may be evaluated directly by high-speed computer
or reduced to the tabulated generalized sine and cosine integral
functions given by (1.56a, b) and the exponential integral

-(132)

2.7 The approximate current and admittance

The final approximate expression for the current in an isolated
cylindrical antenna for which poh < 3n/2 and poa ̂  1 is

s i n Po(h-\z\)+Tv(cos poz-cos poh)

0h)]. (2.33)

The associated driving-point admittance is

^1 ~ c o s P ° h ) + T D ( 1 - COS $Poh)l
(2.34)

When poh = TT/2, these formulas become indeterminate so that
alternative expressions are needed. They are readily obtained from
(2.33) and (2.34) by a simple rearrangement. The following new
forms are useful near or at /?0/z = n/2 where both numerators and
denominators in (2.33) and (2.34) are very small or zero:
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e°[(smpo\z\-sm poh)+ T'^cosp0z-cos$oh)

^z-cos tfoh)] (2.35)

y0 = J [sin Poh-T'uil-cos fioh) + T'D(l-cos jpoh)]

(2.36)

where r 0 = - ^ ± ? £ M , T D = ^ - . (2.37)

T'u and T'D are both finite when poh = n/2.
When the antenna is electrically short, so that fioh < 1, the

trigonometric functions can be expanded in series and the leading
terms retained. The current is then given by

)] (238)

This distribution includes triangular and parabolic components.
The admittance is

Yo = 7^-lPoh + tt2oh2T] (2.39)

where T = Tv + TD/4.

2.8 Numerical examples; comparison with experiment

Numerical computations have been made for typical antennas
for which extensive measurements are available. For these antennas
a/1 = 7022 x 10~3. The parameters for the two critical lengths,
Poh = n/2 with Q = 2 In 2h/a = 8-54 and fioh = n with Q = 9-92
are listed below:

hh = \ , *VdR = 6-218, Tv = 3-085+/3-581,

T'D= 1-061+/)-025 (2.40a)

Poh = 7T, *¥dR = 5-737, Tv = -0-117+/0-114,

TD = -0-106+70-108. (2.40b)

The corresponding currents in amperes per volt, admittances in
mhos and impedances in ohms are as follows:
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For poh = TT/2,

^ = {9-597 cos poz - 0-067 cos |)Soz + 0-047

-/[2-680(sin po\z\ - 1) +8-269 cos fioz-2-843 c o s ^

+ 2-010]} x l O ~ 3 (2.41a)

Yo = (9-577-/4-756)x 10" 3 , Z o = 83-76 +y41-60. (2.41b)

For poh = n,

-y[2-905 sin po\z\ -0-340(cos poz + 1)

-0-308 cos|/?0z]} x 10"3 (2.42a)

Yo = (0-976+y0-988) x 10"3, Zo = 506-0-y512-2. (2.42b)

Note that when a sinusoidal distribution of current is assumed the
corresponding impedances are for poh = n/2, Zo = 73-1+7*42-5
(see eq. 1.59); and for (30h = n, Z o = oo.

Graphs of Iz(z)/Veo = m(z)+jI'z(z)]/Veo are in Figs. 2.3 and 2.4
for f}oh = n/2 and n together with measured values. The approxi-
mate theoretical curves are seen to agree very well with measured
values not only for /?0/z = n/2, but also for /30h = n.

As can be seen from Figs. 2.3 and 2.4, and especially from the
latter, the theoretical currents at the driving point and, hence, the
admittances differ somewhat from the measured values. In order
to achieve a more accurate admittance, higher-order terms are
required in the expressions for the current. Simple trigonometric
functions cannot take adequate account of the rapid change in the
current near the driving point when the antenna is not near reson-
ance. Since higher-order terms are necessarily complicated, their
introduction would defeat the primary purpose of this formulation,
namely, to maintain a reasonably simple representation. Fortun-
ately, there is a useful alternative. Since the only large error in the
current occurs in the quadrature component of the current very
near the driving point, it is possible to introduce a lumped suscep-
tance Bc across the terminals which will correct the driving-point
current and the susceptance while leaving the otherwise well-
approximated current unchanged. Actually, since the use of a
lumped corrective network is required in any case to take account
of the local geometry of the junction between the feeding line and
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the antenna if quantitative accuracy is desired, the addition of Bc

to the susceptance BT of the terminal-zone network is no significant
complication. In practice, it may be convenient to measure the
apparent driving-point susceptance at f}oh = n and use the differ-
ence between this and the approximate theoretical value as the
total lumped susceptance BT + Bc to be used with all theoretical
values based on the approximate theory for any given ratio of

Three-term
theory

Measured (Mack)

-^-j- milliamperes per volt

Fig. 2.3. Current in upper half of half-wave dipole.

2.9 The radiation field

The electric field in the radiation zone of an antenna with a
distribution of current Iz(z) is given by the integral

p-JPoRo fh

(2.43)



2.9] THE RADIATION FIELD

rO5

59

_ Three-term
theory

JLjfcj Measured (Mack)

Q = 2 In — = 9-92
a

- = 7-022 x 10"3

oh = n

-2-5 - 2 -1-5 - 1 -0-5 0-5 1-5

lz{z)/V% milliamperes per volt

Fig. 2.4. Current in upper half of full-wave dipole.

The far field maintained by the distribution (2.33) is obtained when

/ z ( z ) = r J ^ncd JsinPo(h-\z\)+Tv(cosj80z-cospoh)

+ TD(cos $poz - cos i/Joft)] (2.44)
is substituted in (2.43). The result may be expressed as follows:

(2.45a)

where

, poh) = [FJ@, poh)+TvGm(e, poh)+TDDm(Q, 0oh)] sec poh.

(2.45b)
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The several field functions are

Fm(0, poh) =^\ sin po(h -\z'\]
2 J -h

cos(P0h cos 0 ) — cos poh

sin 0 dz'

sin 0
(2.46)

Gw(0, poh) = ^[ (cos poz' - cos poh) eJPoz'cos & sin 0 dz'
2 J _h

sin )80/i cos (Poh cos 0 ) cos 0 - c o s poh sin (/?0/z cos '

= ̂ J\(cos f - cos

sin 0 cos 0

oz'cos @ sin 0 dzr

(2.47)

2 cos (/?0/z cos 0 ) sin ipoh — 4 sin (Poh cos 0 ) cos jPoh cos 0
1-4 cos2©

sin (Poh cos
cos 0

For the alternative current

Iz(z) =

^-^— sin 0 .
J

(2.48)

| — sin poh) + T^cos poz —

- T^cos ^poz - cos ^Poh)] (2.49)

which is useful when poh is at and near n/2, the far field is

]oh) (2.50a)

where

= flm(0, y
The new field function is

Hm
( s i n ^oki - s i n

Pozcos&

). (2.50b)

sin 0 dz'
h

_ [1 — cos poh cos (Poh cos 0)] cos 0 — sin poh sin (Poh cos 0 )
sin 0 cos 0

(2.51)

Gw(0, poh) and Dm(0, ^0^) are as in (2.47) and (2.48).
For the specific cases considered above, the coefficients are:
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cos 0 — sin 0

COS

sin 0 cos 0

-cos 0

sin 0

2 cos -cos 0 — 4 sin

(2.52a)

(2.52b)

TTCOS 0 COS 0

sin -cos 0

cos 0

1-4 cos2©

sin 0.

For poh = 7i,
v x COS (71 COS 0 ) + 1
), n) = —

Gm(0, n) =

DJ®, n) =

sin 0

sin (7c cos 0)
sin 0 cos 0

2 cos (7i cos 0) sin 0

(2.52c)

(2.53a)

(2.53b)

(2.53c)
1-4 cos2©

In the formulas (2.45a) and (2.50a), the field is referred to the
driving voltage V%. It can be referred to the current Jz(0) at the
driving point with the simple substitution of Iz(0)/Yo for Ve

o where
70 is the admittance given by (2.34) or (2.36). The field in (2.45a)
is then expressed as follows:

where

' P o ; si

2n

, poh)+TvGm{

-/,(©, j80fc) (2.54a)

*>P°% (2.54b)
sin poh + Tv(l - c o s poh)+ TD{\ - c o s ±

The alternative form (2.50a) becomes

(2.55a)
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where
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h ) = H»i@>
o } sinfi

[2.9

sinfioh -cos poh)+T'dil-cos $poh)
(2.55b)

As a numerical illustration, the three functions Fm(&, n\ Gm(0, it)
and Dm(®, it) are shown graphically in Fig. 2.5 for a full-wave
antenna. They all have nulls at 0 = 0 and maxima at 0 = 90°.
However, Gm(0, n) and Dm(0, n) have relatively much greater
values at small values of 0 than Fm(©9 it).

If use is made of the numerical values of Tv and TD given in
(2.40b) for a cylindrical antenna with a/A = 7-022 x 10 ~3 (for
which the distribution of current is given in (2.42a) and the admit-
tance and impedance in (2.42b)) the field factor

/(©, 7i) = / r (0 , n) +$(©, 71) (2.56)

may be evaluated. The real and imaginary parts / r (0 , it) and
/j(0, n) are shown in Fig. 2.5 together with the magnitude | / ( 0 , TT)|.
This last is seen to resemble Fm(©9 n) quite closely except for
0 < 30° where it is significantly greater. However, since the field
is quite small when 0 < 30°, no serious error is made in calculating
the far field if the following approximations are used when fioh ^ n\

FJL@,Poh)
Gm

Fm

2 '

2' °
/ sin poh — f}oh cos f}oh

1 —cos poh
(2.57a)

2 sin jpoh — Poh cos jfioh

H,
Hm(@,poh) =

2"

— cos/?0/i

-Fm(®,poh)

Fm(G,poh) (2.57b)



2.9] THE RADIATION FIELD 63

1 — cos [loh — poh sin po

1 — cos poh

These approximations are equivalent to the use of the far-field
distribution associated with a sinusoidal current, but normalizing
this to the value at 0 = n/2 obtained from the three-term form of
the current.

Fig. 2.5. The functions Fm(0, n\ Gm(0, TT), Dm(0, n) and the field components
/ ( 0 , n) = / r(0 , n)+jfte>n) when a/X = 7-022 x 10"3.

2.10 An approximate two-term theory

When interest is entirely in the far-field and in the driving-point
impedances, the difference between the distribution functions
FOz = cos poz — cos /30h and HOz = cos ^/Joz — cos i/J0/z is small
and the formulation may be simplified further by consolidating the
two terms. If FOz is substituted everywhere for HOz, the current is
well approximated as follows when [Soh < 5n/4:

IJLz) = dR cos poh

or, in the form useful near poh = n/2,

[sin po(h - \z\) + T(cos poz - cos poh)] (2.58)

Iz(z) =
SO *

e°[sm po\z\ - s i n p0h+T(cos P0z-cos poh)] (259)
dR

where T and T are obtained by forming Tv+ TD and Tv- TD but
with the substitution ¥ d D = *¥du, *¥^h) = M?̂ (/i). The function T
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is simply
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T = cos
cos Poh-

[2.10

(2.60)

7" is given by
T +sin poh

r = —cos poh

sin sec sin poh -
V v(h)-VdU cos poh

\ sin poh-jVdI-Sa(h,h)
Ca(h, h) - [VdV + Ea(h, h)] cos poh

(2.61a)

(2.61b)

Since ¥„(
simply to

= ^yQr) = Ca(h, h) when poh — n/2, this reduces

(2.62)T' —i —

ca

X
4

4'

1
' 4 4'

4

4

(2.63)

( 2 6 4 )

when /30h = n/2.
For the numerical cases considered in section 2.8 for

a/A = 7-022 x 10~3, the results for the two-term theory are:

Poh = n/2, VdR = 6-218, T = 2-65 +fl-19;

y0 = (10-17-74-43) x 10"3mhos

Poh = TT, ^ = 5-737, T = -0-172 +7*0-175 ; j

70 = (1-021+yi-000) x 10~3mhos. J
These are seen to be in good agreement with the values obtained
with the more accurate three-term theory. A more extensive list of
numerical values of vFd/?, T, T and Yo = G0+jB0 is in Table 1 of
appendix 1.

As with the three-term theory, the quadrature component of the
current near the driving point is not adequately represented by
simple trigonometric functions so that the same expedient pre-
viously described must be used in order to obtain quantitative
agreement with measured values of the susceptance. The lumped
value of Bc to be used with the two-term theory differs only slightly
from that for the three-term theory. For a/I = 7-022 x 10"3, it is
Bc = 0-72 millimhos. This value must be added to the two-term
susceptance Bo + BT (where BT is the terminal-zone correction for
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a particular transmission-line-antenna junction) in order to obtain
the measurable apparent susceptance Bsa = B0 + 0-72 + BT. It is
seen in Fig. 2.6 that Bo + 0-72 is in good agreement with the King-
Middleton second-order values of Bo and the apparent measured
values corrected for the terminal-zone effects, Bsa — BT.

15

10

K-M second order

Measured (Mack)

Two-term theory

Fig. 2.6. King-Middleton second-order admittance Y=G+jB. Two-term zero-order
admittance Yo = G0 + jB0, and measured.

2.11 The receiving antenna
The general method of analysis introduced in this chapter as a

means of analyzing the centre-driven cylindrical antenna can be
extended readily to the centre-loaded receiving antenna in an
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incident plane-wave field. For the purposes of this bookf—which
includes the properties of receiving arrays—it is sufficient to treat
only the simple case of normal incidence with the electric vector
parallel to the z-axis which is the axis of the antenna. The antenna
is, therefore, in the plane wave front of the incident wave which
may be assumed to travel in the positive x direction. That is
Ez

nc(x) = Ez
nce~jpox where Efc is the constant amplitude. The

boundary condition that requires the total tangential electric field
to vanish on the surface of the antenna gives

^ j + jffg Az(z) = - J^Ez
nc = -,82

0Az
nc (2.65)

instead of (2.2). In (2.65), Az(z) is the vector potential due to the
currents in the receiving antenna itself. Az

nc is the constant ampli-
tude of the vector potential maintained on the surface of the
antenna by the distant transmitter. Note that E{

z
nc = —jcoAx

z
nQ.

Since the axis of the antenna lies in the wave front, even symmetry
obtains with respect to z for both the current and the associated
vector potential so that Az( — z) = Az(z\ Iz( — z) = 7z(z). It follows
that, on an unloaded receiving or scattering antenna, the vector
potential on the surface of the antenna due to the currents in the
antenna satisfies the equations

olAz{z) = l{z)——dz' = -f^lC, cos £oz + Uinc] (2.66)
J - h K 4o

where Ct is an arbitrary constant to be evaluated from the condition
Iz(h) = 0 and

i n c

jjxnc = ^__ = _ ^ m * _ . (2.67)

This integral equation is like (2.4) with an added constant term on
the right and with Ve

0 = 0. If the same rearrangement is carried out
as for (2.11), the result is

(z)-Az(h)] = J Iz(z')KJLz,z')dz'

\ cos poz+U + Uinc] (2.68)
Co

where (7, as defined in (2.12), is proportional to the vector potential

f A more detailed analysis of the receiving antenna is in [1], chapter 4.
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at z = /z, p = a due to the currents in the antenna; t/inc, as defined
in (2.67), is proportional to the vector potential maintained on the
surface of the antenna by the distant transmitter. The sum U + Uinc

is proportional to the total vector potential on the surface of the
antenna.

Since the integral equation (2.68) is just like (2.11) with Ve
0 = 0,

it follows that the rearranged equation corresponding to (2.15) is
h i4n(U + Uinc)

Iz(z')Kd(z,z')dz' =J
r\Zn u (cos poz - cos Boh). (2.69)

-h s
I

The approximate solution of this equation is like (2.33) with Ve
0 = 0.

It is

z-cos

poz - cos tfoh)] (2.70)
where Q is defined in (2.25), ¥ d D in (2.29) and *¥dUI in (2.31). This
solution for the unloaded receiving antenna corresponds to the
three-term form (2.33) for the driven antenna. Corresponding to
the simpler two-term approximation (2.58) for the driven antenna,
is the expression

Iz(z) J^^g^^icosPoZ-cos^h) = U^u(z) (2.71)

for the unloaded receiving antenna. Note, in particular, that the
shifted cosine distribution (cos Poz — cos poh) is characteristic of
the unloaded receiving antenna when its axis is parallel to the
electric vector in an incident plane-wave field. When the axis of
the antenna is oriented at an arbitrary angle with respect to the
incident £-vector, the distribution of current is much more compli-
cated. In particular, if the antenna does not lie in the plane wave
front (surface of constant phase) of the incident field, the current
and the vector potential have components with both even and odd
symmetries with respect to z.

If the antenna is cut at z = 0 and a load ZL is connected in series
with the halves of the antenna, the current in the antenna is readily
obtained. Note first that, if a generator with voltage Ve

0 is connected
across the terminals at z = 0 instead of the load, the resulting
current in the antenna is

Iz(z)= Ve
ov(z)+Uincu(z) (2.72)
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where v(z) is Iz(z)/Ve
0 as obtained from (2.44) and u(z) is Iz(z)/Uinc as

obtained from (2.71). If now Ve
0 is replaced by the negative of the

voltage drop across a load ZL that is connected across the terminals
of the antenna, that is,

V% = -/ z (0)ZL, (2.73)

Ve
0 is readily eliminated between (2.73) and (2.72). With Z o , the

driving-point impedance of the same antenna when driven, the
result can be expressed as follows:

Iz(z) = U'mc \u(z) - v(z)u(0)^Lf° 1. (2.74)

This is the current at any point z in the centre-loaded receiving
antenna. The current in the load at z = 0 is simply

/z(0) = £ / i n c u ( 0 ) - ^ — (2.75)

since v(0) = 1/ZO. When ZL = 0, this gives /z(0) = Uincu(0). The
voltage drop across the load is

/z(0)ZL = Uincu(Q)^±r. (2.76)

When ZL -• oo, this is the open-circuit voltage across the terminals
at z = 0. That is

V(ZL -> oo) = lim IZ(O)ZL = Uincu(0)Z0 = [/z(0)Z0]Zi = 0 . (2.77)

It is now clear that with (2.67) and (2.75) the current in the load is
given by

/z(0) - z0+zL - po(zo+zLy (Z78)

This is the current in a simple series circuit that consists of a
generator with EMF equal to the open-circuit voltage across the
terminals of the receiving antenna in series with the impedance of
the antenna and the impedance of the load. The same conclusion
is readily obtained by the application of Thevenin's theorem.

The quantity

u(0)Zo/po = 2ht (2.79)

which occurs in (2.78) and is dimensionally a length, is known as
the complex effective length of the receiving antenna with actual
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length 2/t. With (2.79), the current in the load is

IM = (2.80)

Note that (2.78), (2.79) and (2.80) apply only when the axis of the
receiving antenna is parallel to the incident electric vector and,
therefore, also perpendicular to the direction of propagation of the
incident wave. Similar but more general expressions that involve
the orientation of the antenna relative to the incident wave and the
direction of the electric vector in the plane wave front are available
in the literature.!

t See, for example, [1], chapter 4, section 4.



CHAPTER 3

THE TWO-ELEMENT ARRAY

3.1 The method of symmetrical components
An array is a configuration of two or more antennas so arranged

that the superposition of the electromagnetic fields maintained at
distant points by the currents in the individual elements yields a
resultant field that fulfils certain desirable directional properties.
Since the individual elements in an array are quite close together—
the distance between adjacent elements is usually a half-wavelength
or less—the currents in them necessarily interact. It follows that
the distributions of both the amplitude and the phase of the current
along each element depend not only on the length, radius, and
driving voltage of that element, but also on the distributions in
amplitude and phase of the currents along all elements in the array.
Since these currents are the primary unknowns from which the
radiation field is computed, a highly complicated situation arises
if they are to be determined analytically, and not arbitrarily assumed
known, as in conventional array theory.

In order to introduce the properties of arrays in a simple and
direct manner, it is advantageous to study first the two-element
array in some detail. The integral equation (2.11) for the current in
a single isolated antenna is readily generalized to apply to the two
identical parallel and non-staggered elements shown in Fig. 3.1.
It is merely necessary to add to the vector potential on the surface
of each element the contributions by the current in the other
element. Thus, for element 1, the vector potential difference is

[Iiz(z')Klld(z, zr) + l2z(z)Ki2d(z, z')] dz
J -h

=

c,o cos pon

Similarly, for element 2:

s i n 0o(fc-M)+ l/i(cos j80*-cos Poh)l (3.1)
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f Uaz')K2 u(z, z) + I2z(z')K22d(z, z')] dz

j4n

Co cos poh
tiV20sinp0(h-\z\)+U2(cosp0z-cosp0h)l (3.2)

©

h-

0-

Fig. 3.1. Two identical parallel antennas.

In these expressions
p-jPoRn — jpoRnh

Klld(z,z') = s 5 = K^z'J-

K12d(z,z') =
R, R,

with

^u =y/(z-z')2

z') (3.3a)

i,z') (3.3b)

(3.4a)

. (3.4b)
X22d(z, z') and X21d(z, zr) are obtained from the above formulas
when 1 is substituted for 2 and 2 for 1 in the subscripts.
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The two simultaneous integral equations (3.1) and (3.2) can be
reduced to a single equation in two special cases. These are (a) the
so-called zero-phase sequence when the two driving voltages are
identical so that the two currents are the same and (b) the first-
phase sequence when the two driving voltages and the resulting two
currents are equal in magnitude but 180° out of phase. Specifically,
for the zero-phase sequence,

^io = V20 = F<°», / lz(z) = /2z(z) = /<°>(z), (3.5)

so that the equations (3.1) and (3.2) both become

r.
= , j4U

R MVwsmp0(h-\z\)+Uw(cosp0z-cosp0h)] (3.6)
C,Q COS P o ^

where t/(0) = - ^ Iz{z')Ki0)(k z') dz (3.7)
47T J _^

and X(0)(z, z') = - — — +
" ' (3.8)

Similarly, for the first phase sequence,

Vl0 = -V20= V^\ Ilz(z) = -I2z(z) = l?\z) (3.9)

so that the two equations again become alike and equal to

- / i

ld.7T

ofc)] (3.10)Co COS / V

where [/»)-= ^ » | / z(z')K
iU(h, z) dz (3.11)

a n d (3.12)

Note that the two phase sequences differ only in the sign in K(0)(z, z)
and K(1)(z,z').

If (3.6) can be solved for the zero-phase-sequence current I{
z
0)(z)

and (3.10) for the first-phase-sequence current Iz
l)(z), the currents

7lz(z) and llz{z) maintained by the arbitrary voltages Vl0 and V20

can be obtained simply by superposition. This follows directly
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if K(0) and K(1) are so chosen that

Vi0) = &Vl0 + V2Ol V<» = i [ F 1 0 - K20]. (3.13)

In this case,
Vl0 = F (0) + K(1), V20 = K ( 0 )- F (1) (3.14)

so that

/lz(z) = l^(z) + l[l\z\ I2z(z) = /<°>(z)-/^(z). (3.15)

3.2 Properties of the integrals
The two integral equations (3.6) and (3.10) for the phase-sequence

currents are formally exactly like the equation (2.15) for the isolated
antenna. They differ only in the kernels of the integrals on the left
and in the definitions (3.7) and (3.11) of the functions U. Each of
these is now the algebraic sum of two terms that are identical except
that the radius a appears in the first term, the distance b between
the elements in the second term. In order to determine the effect
of this difference on the current it is convenient to consider first
the two extreme cases when the elements are very close together
and when they are very far apart.

The two elements may be considered close together when pob < 1
and b < h. In this case, since b satisfies substantially the same con-
ditions as a, the behaviour of the integrals that contain b corres-
ponds closely to that of the integrals that contain a. These are
discussed in the preceding chapter. When the antennas are so far
apart (Pob > \,b > h) that {fiojb

2 + h2 -pob) << 1, the contribu-
tion to the difference kernels Kd°\z, z) and Kd

l)(z,z') by the term
K12jz,z') = (e~j(ioRl2/R!2)-(e~jPoRi2h/Rl2h) is very small since R{2

and Rl2h differ only slightly. In this case, the principal part of the
interaction between the currents in the two antennas is included
in the function U(0) or C/(1) and the integrals on the left in (3.6) and
(3.10) are only slightly different from the corresponding integral
for the single antenna. The interaction between the currents in the
two antennas is approximately as if each maintained along the other
a vector potential that is uniform in amplitude and phase. Accord-
ingly, the current induced in each element by the other is distributed
in a first approximation as a shifted cosine. This conclusion follows
directly from the fact that the component of current associated
with the constant part of the vector potential along the surface of
the isolated antenna is distributed in this manner.
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When the separation of the two elements is such that fiob > 1 but
not so great that fiO\/b2 + h2 differs negligibly from /Job, the
vector potentials maintained by the currents on the one antenna at
points along the surface of the other differ significantly from one
another in phase due to retarded action. The induced currents
should then have two components, the one distributed approx-
imately as the shifted cosine with half-angle arguments, the other
as the shifted cosine.

In order to verify the correctness of these conclusions the
difference integral

Sb(h, z) - Sb(h, h) = sin po\ z'\ Kd(z, z') dz' (3.16)
J -h

has been evaluated for (30h = n over a range of values of fiob
extending from 0-04 to 4-5. The real and imaginary parts are shown
in Fig. 3.2 together with the three trigonometric functions, sin /?oz,
(cos/?0z + l) and cos^/?0z, to which the sine, shifted cosine and
shifted cosine with half-angle arguments reduce when poh = n.
For convenience in the graphical comparison, — (cos/J0z + l) and
— cos^poz are shown. It is evident from Fig. 3.2 that the real part
of the difference integral approximates sin /?oz when (30b < 1,
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Fig. 3.2. The functions Sb(h,z) — Sb{h,h) compared with three trigonometric functions.



3.2] PROPERTIES OF THE INTEGRALS 75

1 +cos poz when fiob ^ 1. On the other hand, the imaginary part
resembles the shifted cosine with half-angle arguments, in this
case cos JPOZ, for all values of ftob.

As a consequence of these observations, the following approxi-
mate representation of the integrals in (3.6) and (3.10) is indicated:

For pob<l,

'h T ,,. cosP0R12 c o s j ^

-h R 12 R I2h
dz' = T12(z)/Z(z) =

(3.17a)

where XV12 is a constant.

For pob ^ 1,

cos 0OR12 cos/]0R12h

R 12

For all values of fiob

* ri^ sinpoR
12

i?i

sin

cos fioz — cos fioh. (3.17b)

L12/i

R 12
(3.17c)

3.3 Reduction of integral equations for phase sequences to algebraic
equations

The relations (3.17a, b, c), combined with the results of chapter 2,
indicate that the current in each of the two coupled elements in both
phase sequences must have leading terms that are well approxi-
mated by the following zero-order, three-term formula:

+ Tgftcos \Poz - cos ±poh)] (3.18)

where m = 0 or 1 and Ity\ T^ and T^] are complex coefficients
that must be determined.

The substitution of (3.18) into the integral in (3.6) and (3.10)
involves the following parts obtained from the real part K(J^(z, z')
of the difference kernel K{

d
m){z,zf) defined in (3.8) and (3.12) for

m = 0 and 1:

Pob < 1,
J

sin po(h-\z'\)K®(z9z')dz' =
-h

(3.19a)
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hb > 1, \ sin po(h -\z'\)Kd"$(z, z') dz' = VdR sin po(h-\z\)
J -h

+ T^^cos poz - cos poh). (3.19b)

For all values of fSob,^

\ (cos poz' - cos poh)K%(z, z') dz' = ¥<#R(cos poz - cos jS0/i)

(3.20a)

(cos ijSoz' - cos ^oh)K^(z, z') dz' = - cos ±

(3.20b)

The corresponding integrals obtained with the imaginary part,
KfiXz, z') of the difference kernel K(

d
m\z, z'), are valid for all values

of fiob. They are:

f sin po(h - \z'\)K%>(z, z')dz' = ^<7»(cos ^ o z - cos \$oh)
J -h

(3.21)

f (cos poz' - cos poh)K%\z, z') dz' =
J -h

z - cos ij

(3.22)

f (cos ij80z' - cos tfoh)Kd?(z, z')dz' = 1*&(cos i/?oz - cos ij80/i).

(3.23)

The several *F functions introduced in the above expressions are
defined as follows:

(zm = h-X/4, poh > n/2

<5>(z) = csc y90(^ - M ) f sin j80(A - |z'|)X<^(z, z') dz'
J -h

(3.24b)

t Strictly according to (3.17b) the integral in (3.20b) should be treated separately with
different behaviours when pob < 1 and pob ^ 1. However, since the distributions
cos y50z — cos poh and cos ((3oz/2) —cos {f30h/2) are quite similar when poh < 57r/4, and
since considerable complication is avoided by not making this separation, the relation (3.20b)
is used for both real and imaginary parts of the kernel and for all spacings.
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pob ^ 1

REDUCTION OF SEQUENCE EQUATIONS

TdR is defined in (2.27) and (2.28)

sinpo(h-\z'\)

77

(3.25a)

R 12h

The following apply for all values of /30b:

s i n ^ - l z ' D X ^ a z ' ) ^ ' (3.26)

= (1 - cos / y O " ' f (cos j80z' - cos poh)K(
d

mM z') dz' (3.27a)
J -h

= (1 - cos \poh)~l f (cos ^oz' - cos Poh)KW(0, z') dz' (3.27b)

S> = (1 - cos i^o (cos | JV' - cos tfo 0, z') dz'.

(3.28)

For each pair of real and imaginary parts, the notation
yd = 4 V + 4V will be used.

When (3.18) is substituted in U(m) as defined in (3.7) and (3.11),
the notation of (2.20)-(2.21c) applies in the form

^)X¥^\h)] (3.29)
4n

Ch

where ^ ( / i ) = sin po(h - \z'\)Kim)(h, z') dz' (3.30)
J -h

rh

*¥<t»\h) = (cos poz
f-cos poh)Kim){h, z') dz' (3.31)

J -h
*¥$\h) = f (cos ^ o z ' - cos $poh)Kim)(h, z') dz' (3.32)

J -/,

with m = 0, 1.
If the approximate formulas for the several parts of the integrals

when pob < 1 are substituted in (3.6) and (3.11), an algebraic
equation is obtained that is just like (2.22) for the single antenna
but with superscripts m on /, T, VF, Fand U. It follows that (2.23a),
(2.24), (2.25) and (2.26) give the solutions for /(F

w), T<,m) and Tg0 if
superscripts m are affixed to Vo and to all V s .

When fiob ^ 1, the equation corresponding to (2.22) has the
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following slightly different form:

j2nVim)

1V *dR y
C,o COS poh!

j(m)\rj(m) , r(m)j-(m
lV * dl.R ' 1V l U

x (cos P0z — cos

j4nU{ jn)

Co COS fioh

= 0. (3.33)

If the coefficients of the trigonometric functions are individually
equated to zero and (3.29) is substituted for Uim\ three relations
corresponding to (2.23a-c) are obtained. They are readily solved
to give

'^T / ( W ) - (3.34)

(h) — T ^ cos poh

'•^OSR cos poh-*¥%
wr/n i v (") T JVD COS

(3.35)

(3.36)

(3.37)

As throughout this chapter, m = 0, 1.

3.4 The phase-sequence currents and admittances

With the three coefficients IfiK T^ and T^ determined, the
phase-sequence currents and the admittances may be written
down directly. When [iob < 1, they are

j2n
1 cos poh

L

'(1 —cos -•

with

(m) poh

poh - V

(3.38)

(3.39)

(3.40)

(3.42)
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The functions T(w) are defined in (3.24), (3.26)-(3.28) and (3.30)-
(3.32). For the zero-phase sequence, m = 0; for the first-phase
sequence, m = 1.

As for the single antenna, these formulas for I{™\z) and Y(
o
w)

become indeterminate when fioh = n/2. Convenient alternative
forms when /?0/i is at or near n/2 are

Vim)

-[(sm p"0|z| - s in floh)+ T ^ c o s poz-cos poh)

- nm)(cos \^z - cos i/VO] (3.43)

[sin Poh-nm)(\ -cos poh)+ nm\\ -cos tfoh)]

(3.44)

where, as in (2.37),

_ ( }

T(
[/
m) and T(

D
m) are in (3.40) and (3.41).

When pob ^ 1, the general form of the expressions for the phase-
sequence current and admittance are similar to those for fiob < 1.
They are

^ ) ( z ) = - I " R Asm po(h-\z\)+rv
m\cospoz-cospoh)

to Tdfl C O S Po"
+ T<,m)(cos i/?02 - cos i/?0/t)] (3.46)

} / ? 0 / i ) ] (3.47)
with T|;m) and Tg" given by (3.35) and (3.36) with (3.37). Similarly,
when poh is near n/2 and pob ^ 1,

ll
z
m\z) = ~f2^°m>[(sin /fo |z|-sin p0h) + T}r\cos poz-cos /i0^)

- TD
(m)(cos i/?oz - cos $poh)] (3.48)

^<m) = ^ 4 ^ [sin Poh ~ T^m\ 1 - cos fioh)+ nm\ 1 - cos \PM-

(3.49)

The parameters T'{,m) and T^m) are denned as in (3.45); T^ and
TgI) are given by (3.35) and (3.36).
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Note that the currents and admittances when fiob ^ 1 differ
from those when flob < 1 not only in the T (or T) parameters but
also in the appearance of ^ ^ for the isolated antenna instead of
¥<# for the coupled pair.

3.5 Currents for arbitrarily driven antennas; self- and mutual
admittances and impedances

With the phase-sequence currents Iz°\z) and Iz
l)(z) determined,

it is straightforward to obtain the expressions for the currents
/lz(z) and I2z(z) in the two antennas when they are driven by the
arbitrary voltages Vl0 and V20. If

V$) = UV10 + V20\ VP = %Vl0-V20) (3.50)

it follows that, when /?ob ^ 1,

Ilz(z) = /<0)(z) + /^ (z ) = Vlov(z)+ V2Ow(z) (3.51a)

I2z(z) = Ii°\z)-I[l\z) = Vlow(z)+ V2Ov(z) (3.51b)

where

v{z) = r w J 2 L R J s i n ^ / i - l z D + ^ T ^ ^

ffoz - cos $poh)] (3.52a)

dR

+ $(T$)-1l1))(costf0z-costf0h)]. (3.52b)
Alternat ively, when fiQh is near rc/2.

r(z) = - ^ - [ ( s i n j S o W ^ o ^ T i ^ ^ ^ ^

- K T ^ ' + T ^ ^ c o s ^ o Z - c o s ^ o / i ) ] (3.52c)

w(z) = . ^ [ ^ T ^ - T i ^ H c o s / J o z - c o s / y O

- | ( r ^ 0 ) - T$l))(cos ±poz - cos ij80ft)]. (3.52d)

The corresponding expressions when [Sob < 1 are easily obtained
from (3.38). The driving-point currents may be expressed in the
form

/ l z (0)= Kloysl + K2OY12 (3.53a)

hM= V10Y21 + V2oYS2 (3.53b)

where Ysl and Ys2 are the self-admittances, Y12 and Y2l are the
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mutual admittances. They are given by

Ysl = Ys2 =v(0) = i ( y ( 0 ) + y ( 1 ) ) (3.54)

Y2l = y12 = w(0) - i ( y ( 0 ) - y(1)). (3.55)

Specifically,

Ysl = Ys2 = v(O)= Jn
[2s

to TdRCOS/)0«

jyj)] (3.56)

Y12 = Y2l = w(0) =

+ (T},0>-r{)
1>)(l-cos^0/i)]. (3.57)

When j80/i = n/2, the self- and mutual admittances are

Ys2 = Ysx =^^[2sinpoh-(T'P + ni))(l-cosp0h)

+ (T'j>0)+T'kl))(l-cos tfoh)] (3.58)

Y2l = Yl2 = ^ L ^ , u )

_ ( T 'W)_ r u ) ) ( 1 _ c o s ^ Q / I ) ] (3.59)

The associated self- and mutual impedances are the coefficients
of the currents in the equations

K10 = / l z(0)Z s l+/2 z(0)Z1 2 (3.60a)

V20 = / l z(0)Z21 + /2z(0)Zs2. (3.60b)

It is readily shown that

Zsl = Ys2/D = i(Z<0) + Z(1>); Zs2 = YJD = i(Z (0 ) + Z(1)) (3.6la)

Z1 2 = - Y21/D = i (Z ( 0 ) -Z ( 1 ) ) ; Z 2 1 = - Yl2/D = i (Z ( 0 )-Z ( 1 ))

(3.6lb)

where D = YslYs2-Yl2Y2l = (ZslZs2-Zl2Z21)~ K If lumped im-
pedances Zj and Z2 are connected in series with Vl0 and K20,
Z s l and Zs2 in (3.53a, b) are replaced by Z n = Z s l + Z t and

This completes the general formulation for the currents and
admittances of two parallel antennas driven by the arbitrary
voltages Vl0 and V20.
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3.6 Currents for one driven, one parasitic antenna

If antenna 2 is parasitic instead of driven and is centre-loaded by
an arbitrary impedance Z 2 , the driving voltage V20 may be replaced
by the negative of the voltage drop across the load. Thus,

^20 = -J2z(0)Z2 = -/2z(0)/Y2. (3.62)

If (3.62) is substituted in (3.53b), the result is
V 7
1 1 1 T r JU *) 1= v10 'Zs2(Zsl + Z2

(3.63)

so that

v20= - v 1 0
' 2 1

Y2 + Ys2

It follows from (3.51a, b) that

10 W(Z)\
Js2

' 2 1 viz) •

v(z)-

w(z)-

The driving-point admittance and impedance are

Ylin = "I? = Ysi~~

' 2 1

-. (3.64)
i

(3.65a)

(3.65b)

(3.66a)

-i.» - v 7 M7 • (3.66b)
rlin ^s2^~^2

Note that when Z2 = 0 or Y2 = oo,

YUn= 7 s l ; Il2(z) = Vlov(z); I2z(z) = Vlow(z). (3.67a)

Alternatively, when Z2 = oo or Y2 = 0,
y ^w(z) | ;

(3.67b)

Y2lYl2

'io Y2+Ys2

Zsl(Zs2 + 2

I2z(z)= Vl0 w(z)-^

The parasitic element is tuned to resonance when Y2 = jB2 and
B2 = -Bs2 m Ys2 = Gs2+jBs2. With this choice, Y21/(Y2+Ys2) is
maximized so that

Y" - 1 (3.68a)10

G
s2

(3.68b)
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Since the coefficient Y2i/Gs2 is of the order of magnitude of one, the
coefficients of v(z) and w(z) are comparable. It follows that the
distributions of/ lz(z) and I2z(z) are roughly similar, whereas when
Z2 = 0 as in (3.67a), they are quite different unless fioh is near n/2.

3.7 The couplet

Perhaps the most interesting two-element array is the couplet
in which the distance between the elements is A/4 and the currents
at the driving points are equal in amplitude but differ in phase by
a quarter period. That is

12z(0)= JIM (3-69)

It follows from (3.60a, b) that with Z 1 2 = Z2 1 and Zs2 = Z s l ,

F10 = / l z(0)[Z s l+yZ1 2] (3.70a)

V20 = / 2 z (0)[Z s l - ;Z 1 2 ] = IJ0)[Zl2+jZsl]. (3.70b)

Hence, ZUn = Zsl +jZi2, Z2in = Zsl-jZl2. (3.70c)

The distributions of current are obtained from (3.51a, b). Thus

\ (3.71a)
12 J

^v(z)\ (3.71b)
12 J

Instead of specifying the driving-point currents / lz(0) and /2z(0)
as in (3.69), the driving voltages may be assigned so that

V2o=JVlo- (3-72)

It then follows from (3.53a, b) that

Iiz(0)=Vio(Ysl+jYl2) (3.73a)

/2,(0) = V20(Ysl -jYi2) = F10(y i 2+;T s l). (3.73b)

The driving-point admittances are

YUn = Ysl +jYl2, Y2in = Ysl -jYl2. (3.74)

The currents are obtained from (3.51a, b) with (3.61a, b). Thus,

= vJv(z)-
L

Zl2 j^w(z)\ (3.75a)
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11
\ (3.75b)

The currents are not the same when / lz(0) and /2z(0) are specified
as when V10 and V20 are assigned. Note that

[/ l z(z)]z-[/ l z(z)]F = 2K10Z12w(z) (3.76a)

U2z(z)]i-U2z(z)]v = 2V10Z12v(z). (3.76b)
If the currents differ significantly, the field patterns cannot be the
same.

3.8 Field patterns

The radiation field of an array of two parallel elements is
the vector sum of the fields maintained by the currents in the
individual elements. In terms of the spherical coordinates R, 0 , $,
that have their origin midway between the centres of the two
elements, the individual electric fields are readily expressed in
the form (2.45a, b) for the currents (3.51a, b). Thus

£ 0 2 = -^-—g — [Vlog(®,P0h)+V2of(®,p0h)] (3.77b)

where #1 = K + ^cosOsin 0 (3.78a)

R2 = R--cos <D sin 0 (3.78b)

F»)Dm(®, PM sec /Joh (3.79)

&, poh)] sec p^. (3.80)

The field functions Fm(@,poh), Gm(@,poh) and Dm(@, poh) are
defined in (2.46), (2.47) and (2.48). Alternatively, when poh is near
7r/2, the fields for the currents (3.52c,d) are:

1 p
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2Of'(@9poh)] (3.81b)

f'(®,poh) = HJ®9 o)

+ T^Dje.Poh) (3.82)

-n»)Dm(®<poh). (3.83)

The function HJG, poh) is defined in (2.51).
The resultant radiation field of the arbitrarily driven two-ele-

ment array is

, Poh)+V2Of(®, Poh)]

When poh is near rc/2, - / ' ( © , Poh) and —g'{®,poh) may be sub-
stituted, respectively, for / (©, poh) and g(0, poh).

3.9 The two-term approximation

As pointed out in section 10 of the preceding chapter, the dif-
ference between the distribution functions FOz = cos Poz — cos poh
and H0z = cosjP0z — cosj/30h is relatively unimportant in the
determination of the far-field and the driving-point admittance of an
isolated antenna when fioh ^ 5n/4. This is also true of the far-field
and driving-point admittances of two coupled antennas provided
the interaction between them is not sensitive to small changes in
the current distributions. When both elements are driven by
comparable voltages and when the distance between them is
sufficiently great so that pob ^ 1, it may be assumed that the
substitution of cos poz — cos (30h for cos i/?o

z ~ cos j/Joh can produce
no important change in the admittances or the far-field. When one
element is parasitic and unloaded, the three-term approximation
is automatically reduced to two terms since the distribution
sin po(h — \z\) is excited only by a generator or an equivalent voltage
drop across a load. Correspondingly, the two-term approximation
is reduced to a single term. However, this is quite adequate for
many purposes. In anticipation, it may be added at this point that
when an array consists of one driven antenna and many parasitic
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elements, at least two terms are desirable in the representation of
the current distributions. This is considered in a later chapter.

As for the single antenna, the two-term approximations are
quickly obtained from the three-term formulas by the simple
substitution of cos /?oz — cos fioh for cos |/?oz — cos \ Poh and the
representation of the resulting coefficient (TV + TD) by T. It is
implicit that *FdD -> ^ d l / , *FD(/z) -» ^(/z). Thus, the phase-sequence
currents and admittances (3.46) and (3.47) become, for /?ofc ^ 1,

po
z-cos

cos

(3.85)

(3.86)

where

T(m, _ T ( m , , T (» , _ ^ ' ( ^
1 ~ l v +1D ~ *¥$>(h)-VWcosfioh

Similarly, when fioh is near n/2, (3.48) and (3.49) reduce to

— i2n F(m*
7<m)(z) = J ° [(sin | - s i n

y(») =

where

[ s i n 0o j , _
c o s

T'(m)(cos p0z-cosp0h)]

(3.88)

^ ( 3 8 9 )

dR

cos floh

h -

pQh -
poh

» - Sa(/i, h) -
(3.90)

Note that when poh = n/2,

As an example, the phase-sequence currents have been evaluated
specifically for two antennas for which Q = 2\n(2h/a) = 10,
Poh = n and pob = 1-5. For these

¥d R = 5-834, ¥£}, = -0-245, 1 ^ = 0-245 (3.91a)

= -0-633-0-524 = -1-157; 1

= -0-633 + 0-524 = -0-1090 )
( 3 9 1 f e
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= 7-352-70-661. (3.91c)= 7-848 -7"3-939,

The amplitude functions are

= -0-216 + J0-274, ^j = -0-177 + J0-066.

With these values the two-term zero-phase-sequence and first-
phase-sequence currents (in amperes when Vo is in volts) in the
two antennas are

x 10"3 (3.92a)-712-805 sin jS0|z|-0-617(cos/?0z +

-7(
2V(z) = I[\\z) = F(1){0-189(cos)8oz + l)

-712-805 sin j30M-O506(cos y50z + l)]} x 10"3. (3.92b)
These currents are shown graphically in Fig. 3.3 in the form
Iz = l"2+jl'z, where l"z is in phase, l'z in phase quadrature with Vo.
The corresponding driving-point admittances and impedances
are

7 (0 ) = (1 -566 + 71 -234) millimhos,

y(1) = (0-378 + 71 012) millimhos,

Z(0) = 394-7310 ohms, Z(1) = 324-J867 ohms. (3.93b)

(3.93a)

- 2 - 1 0 1 2

milliamperes per volt

Fig. 3.3. Zero- and first-phase-sequence currents on two-element array, li = 10, pob = 1.5.
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The two-term approximation of the general formulas (3.51a, b)
are

Il2(z)=Vlov(z)+V2ow(z) (3.94a)

hz(z)= Vlow(z)+V2Ov{z) (3.94b)

where now

c o s pQZ _ c o s pohfl (3 95a)

R AT(0)-T^)(cosp0z-cosli0h). (3.95b)
PO"

When poh is near 7r/2,

P p0z-cos poh)]

(3.95c)

0z-cos poh). (3.95d)

The self- and mutual admittances (3.55) and (3.56) become

(3.96)

721 = Yl2 = r y ^ o s / ? ^ 7 ' 0 ' " 7 ' 1 ^ 1 " 0 0 5 ^ ^ ( 1 9 7 )

^o^di? C O S P o n

Similarly, when /30h is near TT/2, (3.57) and (3.58) reduce to
^ ( 0 > ( 1 > 8 0 l i ) ] (3.98)

7 ^ (3.99)

The two-term self- and mutual admittances for the special case
ajX = 7-022 x 10" 3, fioh = n are shown in Fig. 3.4 as a function of
b/L The self-susceptance is expressed in the corrected form
Bl{ +0-72. Agreement with measured values is seen to be very good.
Numerical values of *¥dR, Tim\ V(m\ Y{m\ Ysi = Yxx and Y12 are
in Tables 2-4 of appendix I for three values of fioh and a range of
b/k = d/k.
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20

1-5

10

0-5

N = 2

Two-term zero-order theory
except Bn = [BM]0+0-72

Measured points (Mack)

- 0 - 5
0 0 1 0-2 0-3 0-4 0-5 0-6 0-7 0-8 0-9 1 0

b/X

Fig. 3.4. Self- and mutual admittances of two-element array; b is the distance between
elements; poh = n.

For the special case Q = 10, poh = TT, fiob = 1-5, the two-term
self- and mutual impedances defined in (3.61) with the two-term
expressions (3.96) and (3.97) are

Zs2 = Zal = i(Z(0) + Z(1)) = 359-7*588 ohms (3.100a)
Z2i = Zl2 = i (Z( 0 ) -Z ( 1 ) ) = 35 + 7*278 ohms. (3.100b)

If antenna 1 is driven and antenna 2 is an unloaded parasitic
element, (3.67a) applies. The two-term formulas for the currents
may be obtained directly from (3.94a, b) with V20 = 0. Then, in the
special case Q = 10, poh = n, pob = 1-5,

Ilz(z) = J/10{0-486(COSJ80Z + 1)

-7[2-805 sin po\z\ -0-566(cos j80^ +1)]}

-287 + 70-055)(coSi80z+l)x 10"3

10"3

(3.101a)

(3.101b)
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The corresponding driving-point admittance and impedance are

YUn = (0-972 +yi-33) millimhos, ZUn = 436-y508 ohms. (3.102)

The currents in the driven and parasitic antennas are shown in
Fig. 3.5a. They differ from each other greatly in both distribution
and amplitude. Indeed, contributions to the far-field by the currents
in the parasitic element are insignificant and the horizontal field
pattern is almost circular. Note that this behaviour is entirely
different from what it would be if the two elements were half-wave
instead of full-wave dipoles. In the former, the current in the para-
sitic element is comparable and essentially similar in distribution
to that in the driven element. The reason for this difference is that
the half-wave elements are near resonance, the full-wave elements
near anti-resonance. This condition can be changed by inserting
a lumped susceptance B2 (or an equivalent transmission-line) in
series with the full-wave parasitic element at its centre and tuning
this susceptance to make the entire circuit resonant. When this is
done the distribution functions v(z) and w(z) given by (3.95a, b)
give

/[2-805 sin /?0|z| -0494(cos j80z +1)]} x 10~3 (3.103a)

+j[l712sm po\z\-0-343(cospoz + l)]} xlO~3. (3.103b)

These currents are shown in Fig. 3.5b. They are very nearly alike in
both distribution and amplitude, so that the horizontal field pattern
of the tuned full-wave parasitic array must correspond closely to
that of the half-wave array with an unloaded parasitic element.

The two-term formulas for the currents in the couplet are given
by (3.71a, b) with v(z) and w(z) as in (3.95a, b). For the special case
Q = 10, 0oh = n, Pob = 1-5, (3.70a, b) give

(3.104)

With this value, the explicit formulas for the current in an array
are

/ l 2 = F10{0-129(cos£0z + l)

-y[2-805sin j80M-0-884(cos j30z + l)]} x 1 0 ~ 3 (3-1O5a)
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Antenna 1
(driven)

— = -[2-805 sin po\z\

-0-566(cos/?oz+0]

®

-2-805 sin 0o|z|

- i i = 0-486(COSJS0Z+1)

0-566 (cos 0 o z+ l )

,/j = 71

Antenna 2
(parasitic)

- 3 - 2

(a)

- 1 0

milliamperes per volt

- p - = 0-287 (cos ft>z+l)

, - ^ = 0055 (cos poz+\)

X2BS1 = 1

- 3 - 2 - 1 0

-^=-[2-805s in /? 0 | z j

-0-494 (cos poz

— = 0-064(cos poz+ 1)-0-320 sin ^ o N ^ S l I ^ \ " 771 = 0-369 (cos/?oz+l)

(b)

Fig. 3.5. Currents on full-wave antenna with (a) a/k = 7022 x 10 3 untuned parasite,
Q = 10; (b) tuned parasite, Q = 10.
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Iiz = K2O{0-400(cosjB0z+l)
-y[2-805 sin jffo|z| -0-397(cos j80z+ 1)]} x 10~3. (3.105b)

In order to obtain expressions for the current that are comparable
from the point of view of maintaining an electromagnetic field,
it is necessary to use the same reference for amplitude and phase.
If I2z is referred to Vl0 instead of F20, the following formula is
obtained in place of (3.105b):

l)]}xlO~3. (3.105c)

The corresponding driving-point admittances and impedances are

y10 = (0-258 +./1 -768) millimhos, Y20 = (0-801 f ;0-784)millimhos

(3.106a)

Z 1 0 = 80-8-;554 ohms, Z 2 0 = 638-y624 ohms. (3.106b)
The ratio of the power supplied to antenna 1 to that supplied to
antenna 2 is \V20\

2G20/\V10\
2G10 = 7-9. The currents represented

by (3.105a) and (3.105b) are shown in the upper diagram in Fig. 3.6
in the form Iiz/Vl0 and I2z/V20. The distribution of I2z/V10 is
shown in the bottom diagram in Fig. 3.6. It differs greatly from
Ilz/V10 (shown in the upper graph) even though the input currents
at z = 0 satisfy the assigned relation, I20 = jlio.

The radiation field of the full-wave couplet may be expressed
as follows:

Er
% = Er

m+Er
@2 = K[AX eMob/2)cos* + A2 e-j(p0b/2)c^ (3.107)

where

0,7r)] (3.108a)

(3.108b)

and where K is a constant. Note that in the equatorial plane,
0 = 7r/2, and Gm(n/2, n) = n, Fm(n/2, n) = 2. The field pattern cal-
culated from the magnitude of (3.107) with (3.108a, b) for the couplet
of full-wave elements is shown in Fig. 3.7 together with the corres-
ponding pattern for the ideal couplet with identical distributions
of current in the two elements. (This latter is quite closely approxi-
mated by the pattern of a couplet of half-wave elements.) Both
patterns are normalized to unity at <P = 0. It is seen that the deep
minimum at $ = 180° in the ideal pattern (this would be a null if
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— = [-2-805 sin po\z\
10 +0-884 (cos 0oz+1)] -2-l = 0-400 (cos poz + 1)

v

— = 0-129 (cos Poz+\)
\ K l °

0-884 (cos poz + 1)

-2-805 sin po\

•= [-2-805 sin f o | z | / \

+ 0-397 (cos PQZ

I \
'\ V 0-397 (cos/Joz+D

- 1 0

milliamperes per volt

= [3-554 sin£0|z| -0-884 (cos poz +1)]

0 1 2

milliamperes per volt

Fig. 3.6. Currents in full-wave couplet; I20 = jlio; Pob = Inb/X = 1-5; Q = 10.

pob = n/2 had been used instead of pob = 1-5) is replaced by a
minor maximum with an amplitude that is about one-half that of
the principal maximum at 0) = 0. Thus, the characteristic property
of the ideal couplet of providing a null in one direction does not
exist in actual couplets when /30h = n or, in fact, for any other
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120° 90° 60°

150°

180°

\ \ \ T T

\

[3.9

\

30°

F i g . 3.7. H o r i z o n t a l p a t t e r n o f f u l l - w a v e c o u p l e t w i t h I20 = jlio; Q. = 2\n(2h/a) = 10,
Poh = n,pob= 1-5.

value of poh that is not near n/2 or that is not an odd multiple
thereof. Significantly, this makes the cardioid pattern of the half-
wave couplet a relatively narrow-band property!



CHAPTER 4

THE CIRCULAR ARRAY

The two-element array, which is investigated in the preceding
chapter, may be regarded as the special case N = 2 of an array of
N elements arranged either at the vertices of a regular polygon
inscribed in a circle, or along a straight line to form a curtain.
Owing to its greater geometrical symmetry, the circular array is
advantageously treated next. Indeed, the basic assumptions which
underlie the subsequent study of the curtain array (chapter 5)
depend for their justification on the prior analysis of the circular
array.

The real difficulty in analysing an array of N arbitrarily located
elements is that the solution of N simultaneous integral equations
for N unknown distributions of current is involved. Although the
same set of equations applies to the circular array, they may be
replaced by an equivalent set of N independent integral equations
in the manner illustrated in chapter 3 for the two-element array.
Since the N elements are geometrically indistinguishable, it is only
necessary to make them electrically identical as well. One way is to
drive them all with generators that maintain voltages that are
equal in amplitude and in phase. When this is done all N currents
must also be equal in amplitude and in phase at corresponding
points. But this is only one of N possibilities. If the N voltages are
all equal in magnitude but made to increase equally and pro-
gressively in phase from element 1 to element N, a condition may
be achieved such that each element is in exactly the same environ-
ment as every other element. There are N such possibilities since
the phase sequence closes around the circle when the phase shift
from element to element is an integral multiple of 2n/N. Any
increment in phase given by 2nm/N with m = 0,1, 2,... N — 1 may be
used. Specifically, when N = 2, the two possibilities are 0 and n.
This means that the two driving voltages and the two currents may
be equal in magnitude and in phase (0,0) or equal in magnitude and
180° out of phase (0, 180°). Similarly, when N = 3, there are three
possibilities, 0, 27i/3 and 4n/3. The voltages and currents around
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the circle may now be equal in magnitude with phases, (0, 0, 0),
(0, 120°, 240°) or (0, 240°, 480°).

The analysis of the circular array involves the solution of N
simultaneous equations similar in form to (2.15). The case N = 2is
solved in chapter 3 by rearranging the two simultaneous equations
for the currents /lz(z) and I2z(

z) ^° two independent equations.
These were derived by adding and subtracting the two original
equations. When the elements were driven by voltages which were
equal in magnitude and either in phase or 180° out of phase, the
resulting currents were independent and named, respectively, the
zero and first-phase-sequence currents. The solution for the phase-
sequence currents was then carried out and, after a simple algebraic
transformation, the actual currents in the elements were derived.
The solution for arbitrary driving conditions could also be obtained
from the two phase-sequence solutions. A generalization of this
procedure is followed in the analysis of the circular array.

The arrays considered here consist of N identical, parallel,
non-staggered, centre-driven elements that are equally spaced about
the circumference of a circle. This means that the elements are at
the vertices of an iV-sided regular polygon. Arrays of this type are
frequently called single-ring arrays in the literature. Their analysis
formally parallels step-by-step the analysis of the two-element
array in chapter 3. However, contributions to the vector potential
on the surface of each antenna by the currents in all of the elements
must be included and this leads to a set of N coupled integral
equations for the N currents in the elements. The complete geo-
metrical symmetry of the array permits the use of the method of
symmetrical components to reduce the coupled set of integral
equations to a single integral equation for each of N possible phase-
sequence currents. All other quantities that are required to design
and describe the array can be calculated from the solution of
essentially one equation with N somewhat different kernels.

The coordinate system and parameters that are used to specify
an array are shown in Fig. 4.1 for five elements. The diameter of
each element is 2a, its length is 2/z, the distance between the kth and
the fth elements is bki, the distance between adjacent elements—
the length of the side of a regular polygon with the elements at its
vertices—is d, and the radius of the circle is p.

As indicated in sections 3.9 and 2.10, the two-term approxima-
tion is generally adequate when h < 5A/8 and b ^ k/2n. Since it is
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much simpler and has been used to compute the theoretical results
discussed in this chapter, the currents, admittances, and fields in
the following sections are determined in the two-term form. Later
when matrix notation is introduced, both the two- and the three-
term forms of the theory are presented in compact form. This serves
both as a summary of the theory of circular arrays and as an
introduction to the analysis of more general arrays in chapters 5
and 6.

to point in
far-zone

•2a

Fig. 4.1. Coordinate system for circular arrays.

4.1 Integral equations for the sequence currents

The vector potential difference at the surface of each element in a
circular array of N elements is easily obtained as a generalization
of (3.1). Since all elements are thin and parallel to the z-axis, only
z-components of the current and the associated vector potential at
the surface of each element are significant. Thus, the vector potential
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difference on the surface of element 1 is

[Ilz(z')Klld(z, z') + I2z(z')Ki2d(z, z') + ...+INz{z')KlNd{z, *')] dz'
J -h

J4U sin po(h-\z\)+U x(cos p0z-cos poh)]. (4.1a)
Co COS Po

where

*l An J_ ,
+ INz(z')KlN(h,z')]dz'. (4.1b)

Similarly, the vector potential difference on the surface of element
2 is

Antio
1[A2z(z)-A2z(h)]

= I [/ lz{z')K2 ld(z, z') + I2z(z')K22d(z, z) +... + INz(z')K2Nt£z, z')] dz'

= , U
o ,[jV20sinpo(h-\z\)+ U2(cosp0z-cospoh)] (4.1c)

Co COS P o «

where

[Ilz(z')K21(h, z') + I2z(z')K22(h, /) + ...

+ INz(z')K2N(h,z')]dz'. (4.1

The vector potential difference on the kih element is

)-Akz(h)]= f Zliz(z')Kaz,z')dz'
J - h i = 1

( sin po(h — |z\) + Uk(cos fioz — cos poh)] (4.1= r R A
go cos pon

k= 1,2,..., N

where Uk = ^ f ^ Iiz(z')Kki(h, z') dz'.
H - 7 T J - h i = l

(4.1f)
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In these expressions the kernels are

Kkid(z,z) = Kki(z,z')-Kki(Kz') = -

w i t h Rki = J{zk-z\)2+b2
ki

Rktk = J{h-z\)2+b2
ki, bkk = a. (4.1i)

Vk0 is the applied driving voltage at the centre of element k (or the
voltage of an equivalent generator if the element is parasitic with
an impedance connected across its terminals), and Uk is the
effective driving function characteristic of that part of all the
currents that maintains a vector potential of constant amplitude
equal to that at z = h along the entire length of the antenna. To
reduce the set of N simultaneous equations in (4.1e) to N indepen-
dent equations, the symmetry conditions characteristic of a circular
array must be imposed and the phase-sequence voltages and
currents introduced.

Assume that all of the driving voltages are equal in magnitude
and have a uniformly progressive phase such that the total phase
change around the circle is an integral multiple of 2TL Each multiple
of 2TT is one of the N phase sequences designated by a superscript
(m); these range from zero to N — 1. In the zero phase sequence, all
driving voltages are the same; in the first phase sequence, the
driving voltages of adjacent elements differ by exp (j2n/N); in the
mth phase sequence, the driving voltages of adjacent elements differ
by exp (j7nm/N), and the voltages of the /cth and the ith elements are
related by

Vt = vke
j2nii-k)m/N. (4.2a)

Because of the symmetry of a circular array, the sequence currents
in the elements must be related in the same manner as are the
sequence driving voltages. That is,

/I-(z') = Ik{z')ej2nii-k)m/N. (4.2b)

Note that with these driving voltages both the geometric and the
electrical environments of each element in the array are identical.
Therefore, when (4.2a) and (4.2b) are substituted into the set of
coupled integral equations, /,(z') can be removed from the sum-
mation, the remaining kernel is the same regardless of the element
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to which it is referred, and each equation in the set reduces to

Iim)(z')K{
d
mXz, zf) dz'

-h

j4U ti{) < \ 0 h ) ] (4.3)
f

Co cos pon

where m = 0, 1,... N— 1 and

= J^ Hm\z')Kim\h9 z)dz (4.3a)
471 J _fc

N p-JPoRiih

Kim)(kz')= Yje
j2n{i-l)mlN—-r (4.3b)

i = 1 ^ 1 ih

Kf\z, z') = X e>2«<'~1)m/w e—= "— . (4.3c)
i=i L ^<ii ^ i i / i J

For later use, it is convenient to separate this difference kernel into
two parts that depend, respectively, on the real and imaginary
parts of the exponential functions. That is

K?Kz9 z') = K&\z, z) +jK%\z, z') (4.3d)
N fp-JPoRu p-JPoRiih~]

where KjJ)(z,z/)= X ej2n{i~l)mlN R e p — ^— (4.3e)
i=i L ^n- Run J

e-jfioRuh]

Kff(z, z') = X eJ2^~ 1™N Im — . (4.3f)

The method of solution for (4.3) parallels that of (3.6) and (3.10);
the discussion of section 3.2 and the steps of section 3.3 are ap-
plicable if note is taken of section 3.9 which relates the two-term to
the three-term theory. In fact, the solution is formally given by
(3.85) and (3.86) with m = 0, 1, 2,..., N-1. This is discussed in
somewhat greater detail in a later section (section 4.6) rather than at
this point in order to avoid complications in these initial stages of
the analysis. Thus, the mth phase-sequence current in the two-term
form is given by

-[sin P0(h-\z\)+ 7*">(cos ^ z - c o s poh)]9

Poh / J (4-4a)
n

-sin jS0|z| - r("> cos 5 ] 0h

(4.4b)
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The *F and T functions which occur in (4.4a, b) are defined as
follows when /?od ^ 1:

T,m, _ n ^
cos poh —

X X
4 '4

S y
4 '4

X X
4 ' 4

(4.5b)

= Re sin PohCd)

- c o s pohSdZl

= Re[CdI1(/i, 0) -cot p0hSdT1(h, 0)], h <

= sin pohC^\h, h)-cos PohS^(h, h)

= Cl™\h, h) — cos P0hE(™Xh, h)

= (1 — cos Bnhy^si

(4.6a)

(4.6b)

(4.7)

(4.8)

h, 0) - cos PohS&UK 0)] (4.9)

Vdf = Im{(l - c o s poh)~ '[sin pohCfe\(h, 0) -cos P0hSd™\{h, 0)]}
(4.10)

y <# = (l - cos poh)"l [Cdf(h, 0) - cos pohEdf(h, 0)] (4.11)

CdlXK z) = C^Xh, z) - CpXK h), S%Xh, z) = S^m)(/i, z) - S^XK h)

EdlXK z) = EpKh, z) - E™(h, h) (4.12)

i=\

1 = 1

, C W = cos p
J - h

, Sbi=\ Sinpo

J -h

»h p-JPo

Ebi=\ —
J-h Kbi

=
Kb

-dz'

Kbi

(4.13a)

-dz'

-JPoRbi

Rbi = = a for i = 1.

(4.13b)

(4.13c)

(4.14)

The subscript dZl indicates that only element number 1 (i = 1)
is to be included and effects of all other elements are ignored; the
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subscript dZ2 indicates that only the effects of elements other than
element number 1 are to be included (i = 1,..., N).

In order to evaluate (4.4a, b) it is convenient to lump the various
coefficients into new parameters defined as follows:

~7^> rriQ R W -si (4.

5 = ^
SO * dR

so that (4.4a, b) become

= s(m) sin p0(h-\z\) + <*"\cos p0z-cos poh), poh * |

(4.16a)

= s'(m)(l-sini50|z|)-c'(m)cos)?oz, Poh = \ (4-16b)

The sequence admittances are given by the normalized sequence
currents in amperes per volt evaluated at z = 0. Thus,

LW = s(m) s i n poh + c^\\ -cos poh\ poh * - (4.17a)y = L- = s s i n p o h + c\\ cos poh\ poh *

= s'(m)-c'(m), poh = ^. (4.17b)

For a circular array of N elements there are N sequences but only
(JV+ l)/2 are different if N is odd or (AT/2) + 1 if N is even. This is
the same as the number of different self- and mutual admittances.

The sequence currents form a set of functions that are character-
istic of the geometrical and electrical properties of the array. Thus,
*¥dR and the T(m) or T(w) function depend upon the number of
elements in the array, their spacing, and the length and thickness
of the elements. Once these parameters have been specified, the set
of sequence currents can be calculated. Distributions of current in
the elements, their driving-point admittances, and the far-zone
fields of the arrays with arbitrary driving conditions can be deter-
mined from the set of sequence currents with the relations given in
section 4.2. Short tables of ¥di? and T(m) or T'(m) are given in
appendix I; additional values are available [1]. It may be noted
parenthetically that in the notation of [1], the terms 'quasi-zeroth-
order' and 'zeroth-order admittances' refer identically to what is
called the 'two-term approximation! in this book.
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4.2 Sequence functions and array properties

Imagine the array to be excited simultaneously with currents in
all of the N possible phase sequences. Then the driving voltage
and current for the kth element are

N- 1

Vk= £ v(m)ej2nik-1)mlN (4.18a)
m = 0

Ik(Z)= £ jOn^^jlnik-Dm/N ( 4 1 8 b )

m = 0

where V(m) is the mth phase-sequence voltage and /(m)(z) is the
corresponding phase-sequence current. Similarly, from (4.18b)
and (4.17), the self- and mutual admittances are

i N-l
Y = __ V yim) eJ2n(k-\)mlN (4 19)

Ifc AT Ld ' \ ' /
iy m = 0

If the elements of the array are driven by arbitrary voltages Vt

which produce corresponding currents It(z) along the elements,
the sequence voltages and currents are readily obtained from the
relations

1 N

y(m) = _ V ye-J2n(i-l)m/N (4.20a)
N i=l

/<»>(z) = i - f lfe)e-J2nii-l)m/N. (4.20b)

With (4.18b) and (4.16) the normalized current distribution along
the kth element can conveniently be expressed as follows:

IjjT = sk sin /*0(/i-|z|) + cfc(cos j»0z-cos poh), Poh # | (4.21a)

= sf
k[l - s in j80|z|] - 4 cos po2, poh = | (4.21b)

where the complex amplitude functions sk and ck are
N - l y(m)

0 M

1 T/(m)

m = 0 M

The corresponding expressions for s'k and 4 are similar. The
radiation-zone electric field for each element is given by (2.43);
the total field is a superposition of the fields maintained by each
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element. When the currents in the form (4.4a, b) are substituted in
(2.43), the resulting expressions for the field are

= F{®9poh) f Sl.^
CO8(*'-O)

KKXV

• G(0, poh) £ Ci e^CO8<*'-*>, Poh * | (4.23a)

N

= H

+ F

with

Z c' _j>cos(0,-<I))

®>i)Yt
c'teJP ~*\ Poh = ^ (4.23b)

i = 1

F(0, j80fc), G(0, j80^) and if (0, n/2) are given by (2.46), (2.47), and
(2.52a), respectively. These are the so-called element factors and
there is one for each type of current distribution. The sums in
(4.23a, b) are the array factors. The complex amplitude coefficients
are not simply related to one another and the array factors
generally cannot be summed in a closed form to yield something
equivalent to the familiar sin Nx/ sin x patterns. In (4.23) the
driving voltage Vx appears since the other driving voltages have
been referred to the voltage of element 1. Any other element
could have been used for this normalization.

The steps required to make use of this theory in the analysis
of a particular array can now be summarized. If the driving voltages
are specified, sequence voltages are computed from (4.20a), sk and ck

from (4.22a, b), the current distributions from (4.21a), and far-
zone fields from (4.23a, b). Driving-point admittances are found
either from the current evaluated at z = 0, viz.,

_ 7,(0) _ 7k(0) Vx
kin~~Vk~~^yk

 ( }

or from the coupled circuit equations and the self- and mutual
admittances

Ykin= l^Yki. (4.24b)
; = i vk

If the driving-point currents are specified, sequence currents can
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be found from (4.20b), (4.16a) or (4.16b) solved for V{m\ and the
remaining steps carried out as when the driving voltages are
specified. Numerical results for a particular array can be obtained
from the tables of appendix I or [1], or from the program outlined
in appendix II.

4.3 Self- and mutual admittances

For a circular array with uniformly-spaced elements, self- and
mutual admittances are defined in terms of the sequence admit-
tances by (4.19). The more general definition (discussed in chapter
8) of self- and mutual admittances as the coefficients of the driving-
point voltages in the coupled circuit equations also applies. For
the pih element, N

Ip(0)= X ViYPi (4.25)
i= 1

from which it follows that the self-admittance Ypp of the pth element
is the driving-point admittance of that element when all other
elements are present and short-circuited at their driving points.
The mutual admittance Ypk(p # k) between element p and element k
is the driving-point current of element p per unit driving voltage
of element k with all other elements present and short-circuited
at their driving points. Thus, the mutual admittances characterize
the degree in which power that is fed to one element of the array
is transferred to the remaining elements.

Among the properties of circular arrays that are revealed by a
study of their self- and mutual admittances are resonant spacings
at which all of the elements interact vigorously and, in larger
arrays, spacings at which at least some of the mutual admittances
are very small compared with the self-admittance. In arrays con-
taining only a few elements, the resonant spacings are most im-
portant for elements with lengths near h = 1/4; in larger arrays
they are most important for elements with somewhat greater
lengths. When the elements in an array are at the resonant spacings,
their currents are essentially all in phase and their properties are
very sensitive to small changes in frequency. Although calculations
of the driving-point admittances generally must include all of the
mutual admittances when the array consists of only a few elements,
there are ranges of spacings in larger arrays over which at least
some of the mutual admittances are much smaller than the self-
admittance. In larger arrays there is also a range of spacings over
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which many of the mutual admittances are nearly the same in
magnitude and phase. These properties are illustrated in Figs.
4.2-4.7, which show graphically examples of self- and mutual
admittances in millimhos for a range of values of djk, the distance
between adjacent elements.

180-

160-

-20 -

Fig. 4.2a. Measured and theoretical self- and mutual conductances for circular array:
N = 4,/i// = 1/4, a/A = 0007022.

Except for the self-susceptance shown in Fig. 4.3ft, the theoretical
results are all evaluated from the two-term theory and were com-
puted from (4.19), (4.17b), and the functions in (4.5H4.14) with the
program outlined in appendix II. The theoretical self-susceptance



4.3] SELF- AND MUTUAL ADMITTANCES 107
100 h

-100 -

-120-

Fig. 4.2b. Like Fig. 4.2a but for susceptances.

in Fig. 4.3b is shown in the corrected form B n +yM6 with Bxl

calculated from the two-term theory. The correcting susceptance
116 includes the term 072 needed to correct the two-term suscep-
tance and an additional susceptance that takes account of the
particular end-effects of the coaxial measuring line. The measured
results in Figs. 4.2,4.3 and 4.4 were obtained from load admittances
apparently terminating the coaxial line. They were measured by the
distribution-curve method discussed in chapter 8. The experimental
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apparatus consisted of combined slotted measuring lines and
monopoles driven over a ground-screen as shown in Fig. 8.27.
The actual measured results have been divided by two and an
approximate terminal-zone correction of YT = y'O286 millimhos
as obtained from Fig. 8.3fe has been combined with Bx t so that the
final results apply to an ideal centre-driven dipole with all contri-
butions to the admittance by an associated driving mechanism
eliminated.

d/X

Fig. 4.3#. Measured and theoretical self- and mutual conductances for circular array
N = 4, h/A = 3/8, a/A = 0-007022.



4.3] SELF- AND MUTUAL ADMITTANCES

1-Or

109

/ • -

- 1 0

Fig. 43b. Like Fig. 4.3a but for the susceptances.

An array of four elements of length h = A/4 (Fig. 4.2) has a
resonant spacing near d/k = 0*54. At this spacing all conductances
have sharp positive maxima while the susceptances are all essen-
tially zero. If the length of the elements is increased to h = 3A/8, a
similar resonance occurs in the range between d/k = 037 and
0-40, but the maxima are not as sharp. With eight elements (Fig. 4.5)
there are several resonances but only the first two, which occur
near d/k = 0-35 and 0-50, are sharply defined. Also, from Fig. 4.5
it is seen that the conductances all have the same sign at the first
resonance but not at the second. For twenty elements with length
h = k/4 it is seen from Fig. 4.6 that a number of resonances occur,
but that they no longer have large amplitudes. On the other hand,
when the length of the elements is near h = 3/1/8, the resonances
are sharply defined and a small change in spacing (or frequency)
produces large changes in the admittances as shown in Fig. 4.7.

Note also that, whereas the four- and eight-element arrays have
only one spacing each at which some of the mutual conductances
or susceptances are small compared to the self-conductance or
susceptance, there is a considerable range of spacings for a twenty-
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element array over which only Yl2 is important and all other
mutual admittances are small compared to Yll. For close spacings,
many of the mutual admittances have essentially the same value
in Figs. 4.5 and 4.6. Also, at small spacings the self-susceptance
and the mutual susceptance between adjacent elements become
very large compared to either the remaining susceptances or the

20
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-

0 0-1. 0-2 03 0-4 05 06 07 0-8 09 10

d/X

Fig. 4.4. Measured and theoretical self- and mutual admittances, 5-element circular array,
h = A/2.
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conductances. This indicates that it is these quantities which cause
difficulties in matching arrays of closely-spaced elements. These
susceptances can be controlled at least partially by an adjustment
of the lengths of the elements. Additional, more extensive graphs
and tables of self- and mutual admittances are in the literature [2].
All of the results discussed here are for elements with the radius
a/k = 0007, but since the parameters of an array change quite
slowly with the thickness of the elements, the qualitative behaviour
should be the same for thicknesses that do not violate the require-
ment of 'thin', i.e. (}oa ^0.10. Note, however, that the self-
impedances of the individual elements change significantly with
their radius—especially when h is not near A/4.

Figs. 4.2 and 4.3 indicate that, except near the sharp resonances,
the results from the two-term theory are in good agreement with
the measured values for all conductances and mutual susceptances.
Part of the differences between measured and computed con-
ductances at the sharp resonant maxima for h = A/4 may be due
to the difficulty encountered in obtaining accurate measurements
over this region. The self-susceptance and its correction has been
discussed in chapter 2. In Fig. 4.2, no correction has been applied
to Bx t ; the use of the correction 072 millimhos that was indicated
in chapter 2 would yield better agreement for d/k < 0-40. In Fig. 4.3,
the correction applied to Blx is 1-16millimhos. As previously
discussed, this includes both the term 0*72 and an additional
empirically determined susceptance that takes account of the end-
correction for the coaxial measuring line actually used. It was
determined from a comparison of theoretical and measured results
for a single element (Fig. 2.6). Since the correction to Bxx is a
constant, it is evident that the correct variation of Blx with d/k is
given by the theory. In a practical application, the characteristics
of a given array are determined from the theory, a single model of
the elements of the array is constructed, and its driving-point
admittance measured. The difference between theoretical and
measured driving-point susceptances for the single element may
be used as a correction for the computed driving-point admittances
in the array.

It is sometimes convenient to characterize element intercoupling
by self- and mutual impedances instead of admittances. For a
general array, the conversion from an admittance basis to an im-
pedance basis requires an inversion of the admittance matrix.
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For a circular array, the sequence admittances and impedances
are reciprocals, that is,

Z(m) =

N- 1
— _ V eJ2n(i-l)m/N^( m) (4.27)

so that the reciprocal of only one complex number is required for
each sequence.

- 8 0 -

Fig. 4.5a. Theoretical self- and mutual conductances for circular array; N = 8, h = A/4,
a/X = 0-007022.

4.4 Currents and fields; arrays with one driven element
One of the simplest examples of the application of the two-term

theory is provided by ring arrays with one element driven and the
remaining elements short-circuited at their driving points. In the
following examples, the radius of the elements is taken to be
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ajk = 0007 and the radiation patterns are all measured or com-
puted in the equatorial plane, © = n/2. The relative radiation
patterns are computed from

£r
e(0,<D). ££"(©, <D)

PdB= 101og10 £r
00m

(4.28)

when £0 m is the maximum value of the field in the plane 0 = n/2.
An asterisk indicates the complex conjugate, £@(0,0) is given by
(4.23), and PdB is the relative magnitude of the Poynting vector in
decibels.

Fig. 4.56. Like Fig. 4.5a but for the susceptances.

Fig. 4.8a contains two examples of the radiation patterns of
five-element arrays. One pattern is for d = A/4 and h = / /4 and has a
back-to-front ratio of about — 14 db with half-power beam widths
of about 100°. The second pattern is also for d = k/A but h = 3/1/8;
it has a very smooth angular variation with a back-to-front ratio
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of about — 20 db and beam widths of about 140°. Agreement
between the theoretical and measured results is well within 1 db
except near the deeper minimum in the backward direction near
0 = 180°. Similar patterns for h/X = 0-5 and two values of d/l are
in Fig. 4.8 b.

100

80

60

4-0

o
1 2-0

-20

G i i

- 2 0
0 01 0-5

Fig. 4.6a. Theoretical self- and mutual conductances for circular array; N = 20, h = A/4,
a/k = 0007022.
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100
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Fig. 4.6b. Like Fig. 4.6a but for the susceptances.
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01 0-2 0-3 04 0-5 0-1 0-2 0-3 0-4 0-5

Fig. 4.7a. Theoretical self- and mutual conductances for circular array; N = 20, h = 3/1/8
all = 0007022.

Corresponding currents in the elements of the two arrays with
the patterns given in Fig. 4.8a are shown in Figs. 4.9 and 4.10. As a
consequence of the symmetry, only three of the currents are
different for each five-element array. The radiation patterns depend
only on the relative distributions of current. If the currents in
Figs. 4.9 and 4.10 were simply normalized to their maximum values,
it is evident that agreement between theoretical and measured
results would be very good and, therefore, measured patterns well
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Fig. 4.76. Like Fig. 4.7a but for the susceptances.

represented by the theory. In order to permit detailed comparison
of the experimental and theoretical models, the relative amplitude
and phase of the current along each element were measured and
normalized to the measured self- and mutual admittances. Thus,
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L[cosVk(z)+ysinTfc(z)] =
Relk{z)+jlmlk(z) (4.29)

where the real and imaginary parts are, respectively, in phase
and in phase quadrature with the driving voltage. The relatively
small amplitude of the current |/3(z)|/Vi in Fig. 4.9 prevented an
accurate measurement of phase in this case.

-o

-2

- 4

-6

-8

db

-10

-12

-14

-16

-18

-20

h/X = 0-3750

h/X = 0-2500

0 20 40 60 80 100 120 140 160 180

fl> (degrees)
Fig. 4.8a. Radiation patterns for 5-element arrays with one driven element; h/X = 0-25

and 0-375.

The experimental model that was used for the measurement
of both field patterns and currents consisted of five monopoles
over a ground plane combined with a measuring line for each.
Use was made of the image-plane technique described in section
8.9. The equipment and procedures for measuring amplitude and
phase are discussed in chapter 8. The sk and ck coefficients for use
in (4.21) and (4.23) can be computed from the ^ ^ ' s and T's in the
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tables of appendix 1 with the use of (4.15a, b) and (4.22a, b).
Numerical data for the two five-element arrays under discussion are

s\ = /2-6824; s'2 = s'3 = s'4 = s'5 = 0 ;

c\ = -4-2084+y-9-2159; c'2 = c's = -0-8072-/4-6906;

c'3 = ci. = 0-6835-/0-3656;

Af = 5, d = X/4, /i = 3A/8:

S! = — /3-6571; s2 = s3 = s4 = s5 = 0;

c, = 0-7504+/1-1391; c2 = c5 = 0-4492+/0-4419;

c3 = c4 = 0-1890+./0-1678.

0

_2

- 4

(4.30)

(4.31)

— Two-term theory

o • Measured points (Mack)

60 120 180 240

O in degrees

300 360

Fig. 4.86. Horizontal pattern of parasitic arrays of 2 and 5 elements in a circle; h/k = 0-50;
d is the distance between adjacent elements.

Note that the currents in the parasitic elements are represented
by shifted cosine components only.

The radiation patterns in Fig. 4.8a suggest that spacings can be
found at which the pattern is a smooth function of O and has a
deep minimum near O = 180°. Examples of such patterns are
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0-20

2-5 5 " 7 0 80 90 "0 2-5
milliamps/volt degrees milliamps/volt

Fig. 4.9. Element currents; N = 5, h = A/4, d = A/4.

shown in Fig. 4.11 for N = 4, 5, 10 and 20 and h = 3A/8. As N
increases, such patterns occur when the circumference of the
circle containing the array approaches 2X. For them, the phase of
the electric field is also a smooth slowly changing function of the
azimuth angle <f> as shown in Fig. 4.11. The phase was computed
from (4.23a) in the form

(4.32a)



4.4] CURRENTS AND FIELDS 121

(4.32b)

-2-4 - 2 0 - 1 - 6 - 1 - 2 - 0 - 8 - 0 - 4 0 0-4 0 8 1-2 0 0 5 0 0 5 1 0

milliamps/volt milliamps/volt milliamps/volt

Fig. 4.10. Element currents; N = 5,h = 3/1/8, d = /1/4.

4.5 Matrix notation and the method of symmetrical components
In the preceding sections the N simultaneous integral equations

for the N currents in a circular array were replaced by N indepen-
dent integral equations by a procedure known as the method of
symmetrical components. This procedure was introduced as a
generalization of the corresponding treatment of the two coupled
equations analysed in chapter 3. It is now appropriate to systematize
the general formulation with the compact notation of matrices.

The general method of symmetrical components became well
known in its application to problems in multi-phase electric
circuits. Loads on three-phase power systems, for example, must
generally be balanced to give equal currents in all three branches.
Under some conditions unequal loads are placed across the supply
lines. The calculation of the resulting branch currents is usually
made in terms of three phase-sequence components. The zero
phase-sequence currents are all in phase. The first sequence con-
tains three equal phasors which have 120° progressive phase
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shifts. These phasors rotate in the counter-clockwise direction
in the complex plane as time increases. The angular velocity is co.
The second phase sequence has three phasors with equal magnitude
and a progressive -120° phase shift. Since the currents generated
by the three sets of phase-sequence voltages do not interact with
one another, they may be calculated separately and later combined
to give the actual currents. A similar procedure applies to an
N-phase system.

o

- 4 0

-80

-120

-160 ~

- - 2 0 0

81-240 a

-280

-320

0 20 40 60 80 100 120 140 160 180

<D (degrees)

Fig. 4.11. Power pattern of circular arrays with one driven element; h = 3/1/8,
a/X = 0007022.

The equations which relate the currents and voltages in N
coupled circuits have the following matrix form:

(4.33)

(-
d

b
)

D

a?

R
el

at
iv

0

4

8

12

16

20

24

28

32

A/==20-^

N = 4

Phase ^ ^

Spacings
N
N
N
N

= 4,d/X =
= 5td/X =
= \0,d/X
= 20, d IX

\
0-3000
0-2800

= 01900
= 01000

Relative magnitudes

NX ^V^,

where

h yN )

(4.34)



4.5] METHOD OF SYMMETRICAL COMPONENTS

" J V l ...ZNN

123

(4.35)

The usual reciprocity of off-diagonal impedances is assumed, i.e.,
Zu = ZJt.

In order to illustrate the application of the method of sym-
metrical components, this set of equations will not be solved in
the usual manner by setting {/} = [Z]"1!^}. Instead, the phase-
sequence voltages and impedances will be calculated first by means
of the following transformation matrices:

> (4.36)

1
1

1

1 1
p"2 ...

P"4 "

1

P

P

j -<N-1) p - 2

where p = ej2nlN, or {F(m)} =

Similarly, for the impedances

where

Z(0)

(4.37)

(4.38)

(4.39)

{Z}=

z
z
z

z

11

12

13

1 J V .

(4.40)
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1 1 1 ... 1

1 P

1 P2

p

p2

n(JV-l)(JV-l)

[4.5

(4.41)

The phase-sequence currents are given by the algebraic equations

Jim) = K(myZ(m)? m = 0, 1, ... (JV - 1). (4.42)

The original currents Jf, i = 1, 2, 3,... N are given by

{/} = [P]{/(m)} (4.43)

where (4.44)

As a trivial example of the method, consider two coupled
circuits with the same self-impedances. The matrix equation is

12
With p = ej2nlN = eJn = - 1 , the matrix P~l defined by (4.36) is

[ P ] - 1 = i j * . (4.46)

The phase-sequence voltages and impedances as obtained from
(4.37) and (4.38) are

-i\\v vl-v2
(4.47)

> r i i \\\z f - i z - z f (448)

The resulting phase-sequence currents Iim\ m = 1,2, are given by
j(0) _ Uy _|_ y \I(Z -\-Z ) (4 49)

and /(1) = \{Vx-V2)l{Zxl-Zl2). (4.50)
The desired currents /,, / = 1,2 (which are generated by the actual
driving voltages Vx and V2) are given by (4.43) with (4.49) and
(4.50). They are

1 - 1
. (4.51)
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These equations are, of course, the same as those obtained directly
from (4.45). Note that in the method of symmetrical components
the matrix inversion is performed in a number of straightforward
steps. In the analysis of circular arrays it allows a large matrix to be
inverted for each phase sequence by obtaining the reciprocal of
one complex number.

4.6 General formulation and solution
In section 4.1 the solutions for the N independent integral

equations for the phase-sequence currents in a circular array of
identical elements were obtained by a logical generalization of the
parallel analysis for the two-element array in chapter 3. A more
complete formulation and solution with special reference to the
complications of the N-element array is now in order.

With the matrix notation introduced in section 4.5, the integral
equations (4.3) for the N phase-sequence currents may be ex-
pressed as follows

!_„ z d

= - J UR utiV'm)sinj}0{h-\z\)+U{mXcospoz-cosPM (4.52)
(,0 cos pon

where {/<,m)} = [P]~l{Iz} (4.53a)
{Vim>} = [P]~1{V} (4.53b)

,z')} (4.54)

and L/(m) = ^f± f lf\z')K{m\K z') dzl (4.55)
47T J _h

In order to reduce the integral equation (4.52) to an approxi-
mately equivalent algebraic equation in the manner described in
chapter 3, it is necessary to introduce approximate expressions for
the several parts of the integral. The procedure and the reasoning
behind it is in principle the same as described in sections 3.2 and 3.3
for two elements. However, for N elements in a circle the kernel
consists of a sum of N instead of two terms. In the interest of
simplicity, the introductory discussion in section 4.1 assumed that
all elements are separated by distances sufficiently great so that
Po^kt ^ 1 f°r a ^ values of k and /. Although this condition is
satisfied in most circular arrays, there are exceptions. One is the
cage antenna in which the N parallel elements are distributed
around an electrically small circle so that the condition fiobki < 1
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is satisfied for all k and i. An intermediate case arises when the
circle is electrically large, but the elements are quite closely spaced
so that one or more on each side of every element satisfies the
inequality pobki < 1, but all of the others are far enough away
so that pobki ^ 1. Since the behaviour of the parts of the inte-
grals that relate closely spaced elements is different from the parts
that represent widely spaced ones, it is necessary to treat them
separately. Since for each phase sequence all elements are in
identical environments, element no. 1 is conveniently selected for
reference. Let it be assumed that n elements on each side of element
1 are sufficiently near so that for them pobli < 1, 1 ̂  / ^ n,
N — n+ I ^ i ^ N and that for all other elements, pobu ^ 1,
n +1 < i < N — n+1. Let the sum over all the 2n + 1 elements for
which f}obu < 1 be denoted by El, the sum over all other elements
in the circle by E2. Similarly, let Kjg\(z, z) be the part of the sum in
(4.3c) which includes the 2H + 1 elements for which Poblt < 1,
K j ^ z , z) the rest of the sum. It now follows by analogy with
(3.19a, b) that

I
sin po(h-\z'\)K%\R(z,z')dz' = VjSUsinjMfi-M) (4-56a)

-h

h

cin R (h \'?'\\K(m} iv f7f\/1r7f — VU(m) (mQ R T nr\Q R h\ (A i*\£\\\\
bill PQ\II — \Z \f 1^(12,2RV^I ^ ) ^ ^ — ^dZ2/?v^^^ HO — ^Vo Poil) vH". JUUj

-h

where K{j&\R(z9z') and K{J^2R(z, z) are the appropriate parts of
K{J$(z, z) as defined in (4.3e). On the other hand, all remaining
parts of the integral are independent of (lobliy so that they are the
same as in (3.20a)-(3.23) but with Xj$(z, z) and K{^\z, z) as given
in (4.3e) and (4.3f).

The H^-functions introduced in (4.56a, b) are defined as follows:
n) = xp(m) _ xjj(m) ^ .̂ ) Zm = 0 Po^ < ^/2 I (45-7^

-h

VWR = V^IR = (l-cos^/z)-^ sm/io(h-\zf\)K^2R(0,z)dz.

(4.58)
These are generalizations of (3.24a, b) and (3.25a, b). The other
^-functions, specifically ¥§# = *S&!R+y^2&/J ^dS = ^dDR+f^dDi
and VP 7̂) are the same as defined in (3.26H3.28) but with the N-

= cscjffo(/»-|*|) f sinpo(h-\z'\)K%\R(z,z')dz' (4.57b)
J -h
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term kernel given in (4.3d). Note that when all elements are suffi-
ciently far apart to satisfy the inequality Pobli > 1,1 < / ^ JV, only
i = 1, with btl = a contributes to ¥<$ which is then equal to ^ ^
for the isolated element.

With the notation introduced in (4.57a) and (4.58), the equation
(3.33) applies directly to the JV-element array. The same equation
with 4 ^ substituted for H-^ is correct when some elements are
sufficiently close together so that Pobu < 1, * > 1. It follows that
the entire formal solution in sections 3.3 and 3.4 is valid for the phase
sequences of the N-element array. The N independent phase-
sequence currents /(m)(z), m = 0,1,... N9 may be expressed as the
solution of a column matrix equation.

A summary of the relevant equations is given below.

Phase sequence currents

//<*)(ztt - J'2n

T™HOz}] (4.59)
where MO z = sin P0(h — |z|), FOz = cos j80z — cos poh, and

V
(4.60a)

if J

^ I 21 ^ ]

^(m)-|- 1 j s ̂ g r e c i p r o c a l Qf [^(m)]e

Oi?,1, = *¥{Jj)R cos Bnh —

The phase-sequence admittance is given by setting z = 0 in (4.59),
thus:

>T = %(Sr. (4.62)

The phase-sequence impedance is the reciprocal of the phase-
sequence admittance,

Z(m) = y U (4-63)
The mutual impedances may be calculated from the phase-sequence
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admittances by multiplying by the inverse (4.36) of the phase-
sequence matrix P. Thus,

Z u = [PYlZ{m\ 1 <i^N. (4.64)

When the identical elements of a circular array are equally spaced
around a circle, symmetry reduces the number of different admit-
tances or impedances to (N+1)/2 if N is odd and (N/2)+ 1 if N is
even. For example,

Z\2 ~ ^Iiv5 ^13 = Zl(N-l)> ^14 = ^l(N-2)e^c- (4.65)

When the expression for the phase-sequence currents becomes
indeterminate for /J0/z = n/2 and for a range near this value, the
alternative form given in (3.43H3.45) is useful. It is

rr(m)/_\\ _ J^n fi/(m)o
\ z \") y — <* IT/ I 0 Oz

^O*dR

- K(
o

m )r^m )/ /O z}, poh - ^ (4.66)

where SOz = sin po\z\ - sin fioh

= sin po\z\ -1 when /?0/z = | (4.67)

and (Tr(rm)) =

The two-term approximation used earlier in this chapter is
quickly obtained from the three-term formulas. As stated in section
3.9, the procedure involves the substitution of FOz for HOz and
T(m) f o r T(m)+ Jim) j ^ i m p l i e s t h a t 4 / ^ _^ ̂ ^ IJ/^) ^ ip^/j)

The two-term forms for the phase-sequence currents and admit-
tances (cf. (3.85H3.87)) are

fiL h{
vom)MOz + V™T^FOz} (4.69)

n

and m={If§} (4.70)

{r<>} =where {r<™>} = f n ) W - ( ^ + y T < 7 ' ) cos

When j30h is at or near K/2 the alternative formulas (3.88)-(3.9O)
are applicable. They are

i ^ + V™T^FOz} (4.72)
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)M~£ (4-74)

Note that (4.69) and (4.72) are the same as (4.4a) and (4.4b).



CHAPTER 5

THE CIRCUIT AND RADIATING
PROPERTIES OF CURTAIN ARRAYS

In chapter 1 the conventional approach to antenna theory is
reviewed and the radiation and circuit properties of the single
antenna and airay of antennas are presented under the conven-
tional assumptions. Possible sources of error are also pointed out.
In chapters 2 and 3 a new and more accurate theory is presented for
a single antenna and for a two-element array. The present chapter
is concerned with the analysis and synthesis of the general N-
element curtain array. This is a linear array with the centres of all
elements along a straight line but with their axes all perpendicular
to and in a plane containing the line.

5.1 General comparison of conventional and new theories

The analysis of arrays is conventionally formulated under the
implicit assumption that distributions of current along all elements
are identical. It follows that self- and mutual impedances depend
only on the geometry of the elements. Circuit equations can then
be written to relate the driving-point voltages and currents through
an impedance matrix. Thus,

(5.1)

where IV} =

' oi

l0N

(5.2)

and

'-Nl -JV2

(5.3)

The bracket terms are N x N matrices; the terms in braces are
column matrices. The usual reciprocity of off-diagonal impedances
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in (5.3) holds (i.e. Z12 = Z21 etc.). Equation (5.1) relates the
quantities that can be assigned at the driving point of the antenna,
namely the voltages and currents. The simple matrix relation
between F's and /'s shows that it is immaterial whether the voltages
or the currents are specified, since the ratio between each voltage
and current is unchanged. The phase and magnitude of the currents
in the individual elements are normally specified so as to produce
a particular radiation pattern. The assumption of identical distri-
butions of current on all elements involves the tacit assumption
that the phase and amplitude of the current at all points in each
element are completely determined by their values at the driving
point.

The preceding remarks may, at first glance, seem like a repetition
of well-known facts. However, the assumptions implied in the
conventional formulation are not satisfactory approximations for
actual arrays except when the elements are very thin and have
lengths near 2/2. Even for this special case difficulties arise when
the elements are very closely spaced. Fortunately, a more realistic
theory can be developed that is generally applicable to arrays
with elements that are less than 3 A/4 in half-length. The new theory
is somewhat more complicated than the conventional approach.
However, for engineering purposes it is more important that a
theory agree with experiment than that it be mathematically
simple. As with most new approaches, much of the complexity
disappears with continued use and understanding. At the outset
the fundamental processes will be explained without reference to
the details of the theory.

An example of the notation of a three-element array is shown in
Fig. 5.1. The conventional assumption is that regardless of the
driving conditions each element has the same distribution of
current. For example,

Equation (5.4) shows that once the currents are assigned at any
point, e.g. at z = 0, the entire current is completely specified. The
new theory does not require the individual currents to have the
same distributions. They may have the following much more
general trigonometric representation:

/,(z) = jAt sin po(h - \Zi\) + B,.(cos pozt - cos poh) (5.5)
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2h

dz

dz1 dz'

— 2a

1 2 3

Fig. 5.1. Three-element array.

h

dz' z'

0

where i = 1,2, 3, and At is real and Bt is complex. In (5.5) the A
coefficients are directly proportional to the respective driving
voltages. That is,

A t = CVOi9 i = l , 2 , 3 (5.6)

where C is a constant. On the other hand, the complex B coefficients
depend on contributions not only from the individual element
but also from all of the remaining elements. For example, there are
contributions to B t from V0l and also from V02 and Vo3.

Consider now the simplest circuit problem for an array of N
elements. Given the N driving-point currents, what must be the
driving voltages? In addition, the individual and generally different
distributions of the N currents along the elements are required.
By the methods of the conventional theory the specified problem
is solved directly from (5.1). If the /Ol's are given, the corresponding
VOiS are obtained from the solution of (5.1). For the inverse
problem, the /Ol's that correspond to specifying the KOt's are given
by the solution of the matrix equation

' (5.7)
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where [Y] = [Z]" 1 is the inverse of Z. The solution of (5.1) or
(5.7) gives the relative values of the complex driving-point currents,
hence also the entire current from (5.4). Clearly, the solution of
this problem is more complicated in the new theory since the
three quantities, Ai9 and the real and imaginary parts of Bt must be
determined for each element from the assigned real and imaginary
parts of the driving-point currents /Ol = It(0) £nd expressed in
terms of the complex voltages VOi.

5.2 New theory of curtain arrays

The theoretical solution of the general problem of the curtain
array will now be examined in detail. The essential basis for this
theory was given in chapter 2. Since the two-term theory described
in section 2.10 yields results of sufficient accuracy, it will be used
for the curtain array to reduce the complexity of the formulation.
However, the more accurate three-term representation involves
only added algebraic complications.

The integral equation (2.4) may be written as follows for the
kth antenna of an N-element array:

47^0 lAzk(z) = f J Izi(z')Kki(z, z') dz
J - h i = 1

+ ^Voksinp0\z\) (5.8)

e

where Kki(z, z') = - — , (5.9a)

Rki = y/(zk-z'i)2 + h2
ki, bkk = a9 Co = 120TT ohms. (5.9b)

The notation is illustrated in Fig. 5.1 for a three-element array.
If the array has N elements, it is necessary to solve N simultaneous
integral equations of the form (5.8), where k = 1,2, 3 , . . . N. Follow-
ing the procedure used in (2.3)-(2.6), an approximate zero-order
solution will be obtained for the general linear array. That is, given
the N driving voltages, a solution will be obtained for the currents
in the N elements. Alternatively, given the N driving-point currents,
the N driving voltages will be determined.

As a first step in the solution, the constant part of the vector
potential is removed from the right-hand side of (5.8) by the
introduction of the vector potential difference

Wzk(z) = Azk(z)-Azk(h).
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The result is

olWzk(z)=\" £ IJz')Kkid(z,z')dz' (5.10)
J - h i = l

- _/^rC cosj?z + lF sinfilzll

£ I2i(z')Kki(h,z')dz' (5.11)-r- fi i = 1

where KWd(z, z) = ^ - ^ R . (5.12)

The constants of integration Ck are expressed in terms of quantities
Uk that are proportional to the Azk(h) by means of the relation
Wzk(h) = 0. The final form of the integral (5.8) is [cf. (2.15)]

(5.13)

where FOz = F0(z) - F0(h) = cos j90z - c o s J30/J (5.14)

MOz = F0(z)G0(h)-G0(z)F0(h) = sin j30(/t-|z|) (5.15)

/* = £ Uu = -& f £ I2i(z')Kki(h,z')dz'. (5.16)

The difference kernel (5.12) may be separated into its real and
imaginary parts as follows [cf. (2.5) et seq.]:

KkidR(z, z')+jKkidI(z, z') = Kkid(z, z') (5.17)

where KkidR = KkiR(z, z')-KkiR(h, z'))

Kkidl = KkiI(z,z')-Kkil(h,z')

For the single element, the integrals corresponding to those in
(5.13) were separated into two groups depending on the manner
in which their leading terms varied as functions of z. The same
principle of separation may be applied to the integrals for the
curtain array. As before, one group varies approximately as MOz,
the other as FOz. The following functional forms for the integrals
in (5.13) are important general criteria for the separation:

h

Izi{z')KkiR{z,z')dz' - Izi(z) when pobki < 1 (5.19)
-h

h

hiiz'WkiiAzi z') dz' ~ FOz when fiobki ^ 1 (5.20)
-h
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| Izi(z')KkiI(z, z') dz' ~ FOz for any I(z') and all pobki. (5.21)

The current in each element can now be expressed in two parts
in the form

;,(z) (5.22)

where, by definition, the leading terms behave approximately as
follows:

1vi\z) m0z-> 1ui\z) r0z- \J.Z.J)

Some appreciation of the importance of the general functional
forms in (5.23) may be obtained from an investigation of the integral
equation (5.13). If attention is directed to the right-hand side of
(5.13), it is seen that the equation contains two apparent sources,
the coefficients of FOz and MOz. The function Uk has a constant
amplitude over the entire length of the kth element and is generated
primarily by the distributed currents on each element in the array.
The other source function is the potential difference Fok, as in a
transmission line or in an isolated antenna; it is localized at z = 0.
The form of the integral equation (5.13) suggests that the current
on each element can be separated into two parts, the one apparently
generated by the Uk9 the other by the VOk. The part of the current
due to Uk is closely related to the current in an unloaded receiving
antenna that is located in the wave front of an incident plane-wave
field that has the same amplitude and phase over the entire length
of the element. For this the leading term varies as FOz. Except when
the elements are very closely spaced (as in an open-wire line),
the sinusoidal parts of the currents (i.e. MOz) are maintained
primarily by the individual driving potentials VOk. Thus, the current
due to each of the VOk is essentially the same as in an isolated
antenna.

When (5.22) is substituted in (5.13), groups of integrals occur
that may be expressed as follows for all k and / in the ranges 1
to JV:

f
f
J -

Jui(z')Kkid(z,z')dz' = (|i

Ivi{z')Kkid{z,z')dz

(5.24)

(5-25)
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IJz')KkidR(z,z')dz'

Ivi(z')KkidI(z,z')dz'
-h

(5.26)

Pobiu < I- (5.27)

It is assumed that the functions H^ are defined so that the difference
terms Dki{z) are small enough to be negligible in a solution of zero
order. The coefficient (jAJB^ in (5.27) is the ratio of the amplitude
of Ivi(z) to that of Iuk{z). When (5.24)-(5.27) are substituted in
(5.13) and only the leading terms are retained, the following
separation into two groups of equations may be carried out:

k+m

I
i = k~m

271
VokMOz (5.28)

i = k - m Bkl
(5.29)

The index m in the sums is defined by

pobkm<i / M w i ^ i (5-3°)
where bkm is the distance between the centres of the elements m
and k. In most curtain arrays the spacing of the elements is
sufficiently great so that all elements with m # k satisfy the right-
hand inequality in (5.30) and only pobkk — fioa < 1. When this i s
true, (5.28) and (5.29) reduce to

-MOz (5.31)

and
N

••?i [\Bk
iff* Mi

Bk h) °z

(5.32)

where
0,

1, = k.
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The notation 4 ^ = ^ ^ ^ is used, since with identical elements
all the ^kkdR are identical and equal to *Fda for the isolated antenna.

It follows directly from (5.31) that the leading term in Ivk(z)
is always MOz for each value of k. Similarly from (5.32) the leading
term in Iuk{z) is of the form FOz. Hence, it is possible to set

Ivi(z) = jAtMOz, IJz) = BtFOz (5.33)

or Izi(z)=jAiMOz + BiFOz. (5.34)

Since *Fdu is real, it is clear from (5.31) that At is real when VOk is
real and from (5.32) that Bt is in general complex, or

Bt = BiR+jBu. (5.35)

Note that the constant {jAJBk\ introduced in (5.25) and (5.27), is
the ratio of the coefficients of the two terms in (5.34).

With the zero-order current formally determined, the constant
Uk may be obtained from the substitution of (5.34) in (5.16). It is
given by

(5.36)

where Vkiv(h) = f MOz,Kki(h, z') dz' (5.37)
J - h

FOz,Kki(h,z')dz'. (5.38)
-h

If (5.36), (5.33), and (5.34) are substituted in (5.31) and (5.32) the
result is

Ak = LVMh)Vok {539)

i= 1

= J £ AtiVuJW-WMJLl-StJ+jVuMFoih)} (5.40)
i= 1

where k = 1,2, 3 , . . . N. The physical significance of the zero-order
solution is evident from (5.39) and (5.40). The coefficients of the
'transmitting part' of the current are given by (5.39). The iV driving
voltages generate the expected sinusoidal distribution of current
on each element. The coefficients of the 'receiving part' of the current
are given by (5.40). The N currents act as distributed sources to
generate distributions of the receiving type which are present in all
the elements of the array. Equation (5.40) permits the prediction
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in each driven element of the shifted-cosine component of the
current that is due to coupling between currents distributed along
the element itself and along all other elements in the array. Con-
ventional array theory is concerned only with (5.39), since all
currents are assumed to have the same sinusoidal distribution.
In the special case of an array with thin half-wave elements, the
real and imaginary parts of the current in each element do have
approximately the same distribution. It follows that conventional
array theory should work quite well for an array of very thin
half-wave elements. On the other hand, in the more general case,
the real and imaginary parts of the current in each element have
different distributions so that (5.40) is needed along with (5.39) to
determine the actual currents.

An important case to which conventional theory has no applica-
tion is the array of full-wave elements in which the currents are
near anti-resonance, and their real and imaginary parts have quite
different distributions. Before some particular parallel arrays are
analysed, (5.40) is best expressed in matrix form. A general expres-
sion will be given for the *Fw(z) functions, and rigorous expressions
will be derived for the radiation field.

Equation (5.40) is a set of linear algebraic equations with N
unknowns that may be solved for the Bt in terms of the At. The N
values of the A{ are expressed in terms of the N driving voltages
K)* by (5.39). In order to express (5.40) in matrix form, let the
following quantities be defined:

12u INu

Also let
22u . o2Nu

(5.42)

(5.43)

^Nlu <DN2u

[ < *> „ ]= (5.44)

^Nlv <DN2v ^NNv
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BN

(5.45)

The bracket terms are N x N matrices; the terms in braces are
column matrices. From the substitution of (5.41)—(5.45) in (5.40),
it follows that

(5.46)

and from (5.39) •Kn*. (5.47)

The solutions of two important problems in linear array theory
are readily obtained from (5.46) and (5.47). Case I is concerned with
specifying the driving-pointt currents and determining the N
potentials Vok required to maintain these currents. In case II the
N potentials Vok are specified and the corresponding driving-point
currents are determined.

In the zero-order current distribution (5.34), the coefficients Bt

are the amplitudes of the shifted cosine currents due to the
distributed interaction of all elements of current in the array. The
A{ coefficients are determined completely by the voltages of the
individual generators. The distribution of the current in the *th

element (5.34) may be separated into its real and imaginary parts
as follows:

Izfc) = J{At sin po(h - \z\) + Bu(cos poz - cos poh)}

+ BiR(cos poz - cos poh) (5.48)

= IMz)+JUz). (5.49)
At z = 0, the real and imaginary parts of the driving-point current
are

1^(0) = BiR(l-cos poh) (5.50a)

/;,.(0) = At sin Poh + B^l - c o s poh). (5.50b)

The driving-point impedance and admittance under the two
driving conditions can be computed from the following general
formulas obtained by combining (5.46)-(5.50). (Note: A special
form is convenient when poh is at or near n/2.)

t The term 'base current' is also used for driving-point current.
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Case I Input currents specified

where c x = jln/g^ dR cos poh);

[OJ = [<&„ + <&« sin p0h/(l-cos poh)]. (5.52)

/ / Driving voltages specified
1 (5.53)

The matrix components in (5.51) and (5.53) as well as numerical
values of the driving-point impedances and admittances under
different driving conditions are given in tables in the appendix.
These tables were extracted from a more complete table [1]. The
forms of the current for specified driving-point voltages and currents
are not generally the same since the At and B{ coefficients differ for
the two cases.

The symmetry properties of the impedance matrix in (5.1) and
its counterpart in (5.51) are not identical. The assumption of
identical current distributions implies that the mutual impedance
between any two elements in an array is only a function of the
size and spacing of the elements. Thus, with identical elements
in an array, elements with the same centre-to-centre spacing have
the same value of mutual impedance. For example, in an array
with elements equally spaced, Z12 = Z2 3 = Z 3 4 andZ 1 3 = Z2 4 =
Z4 6. The mutual impedance for elements near the centre of the
array is then the same as for corresponding elements near the ends
of the array. The new theory correctly shows that the coupling
properties of an element in the array depend on the distribution
of current and the location of every element in the array. Elements
near the edges of an array are coupled differently from elements
near the centre.

It is important to emphasize the significance of the results in
(5.51) for Case I, and in (5.53) for Case II. Here, for the first time in
the theory of linear arrays it is possible to solve for the actual
driving potentials in a parallel array without requiring the currents
in the elements to have identical distributions. Moreover, the
interaction between the currents in all of the elements has been
included in a zero-order approximation. Similarly, (5.53) makes
it possible for the first time to specify the N driving potentials and
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determine the N zero-order currents in a manner that includes the
effect of their mutual interactions on their distributions.

The general *P(z) functions, obtained from the defining integrals
(5.24)-(5.27), are

- c o s fioh[Eb(h, z)-Eb(h, h)]} (5.54)

• R ) , , Re{[Cb(/i, z)-Cb(h, h)] sin poh
sm po{h-\z\)

-[Sb(h, z)-Sh(h,h)] cos poh} (5.55)

* i , z)-Cb(h, h)] sin
cos poz —cos po«

- [Sfc(/i, z) - Sb(h, h)] cos ^0/i} (5.56)

oA} (5-57)

VujLh) = Ck(/j, /i) sin poh - Sb(h, h) cos poh (5.58)

*««(*) = Ch(h, h) - Eh(h, h) cos p^ (5.59)

where in subscripts b = bkh and

Sb(K z) = I sin poz'\e 1° \ e J° 2 dz' (5.60)
J 0 L K l ^2 J

z' (5.61)

( 5 - 6 2 )

R! = V (* - *T + fe«, ^2 = V (z + z')2 + ft2
f (5.63)

The functions Sb, Cfc and £fc are found in Kingt and are tabulated
for a wide range of values of /z, z and b by Mack [3]. In order to
obtain satisfactory overall agreement, the *F functions are evaluated
at the point of maximum current. This ensures a good approxima-
tion for the determination of both the far field and the input power.
However, the input susceptance may be somewhat in error. This
does not present any practical difficulty since appropriate correc-
tions may be applied at the driving point (cf. section 2.8).

t [2] p. 94.
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From the results of chapter 1, the far-zone electric field depends
upon the location of each element and its current distribution.
Thus, for the geometry of Fig. 5.2,

£ 0 (0 , (D) = y ^ o sm 0 ^ e _ i ^ f j ^ eJPoZ' cos© dz, ( 5 6 4 )
471 I = 1 Kt J _h

-A«

> Antenna i
in an array

Fig. 5.2. Coordinate system locating one element with respect to the centre 0 of a
parallel array.

For the conventional sinusoidal distribution of current, the electric
field is given by

(5.65)

where Fm(QJoh) =

n ^ Rt

cos {fioh cos ©) —cos fioh
sin 0

(5.66)

In contrast, the new theory yields a far-zone electric field given by

£ e (0 ,4» = j ^ £ "-^ [jAtFm(®, Poh) + BtGm(®, poh)] (5.67)
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where

r (fa R h\ - s*n Pph CQS (Pph CQS ®) CQs © - cos poh sin (poh cos 0 )
U»W,W) - sin ©cos© '

(5.68)
A comparison of (5.65) with (5.67) shows the difference between the
far-field pattern for the conventional and for the new theory. It is
now of interest to study the differences between the radiation
patterns determined by the two theories under different driving
conditions.

5.3 Examples

Consider a three-element array with elements that are a full
wavelength long (2/z = X) and separated by a quarter wavelength
{bu+l = k/A). The conventional approach to this problem is
doomed to failure when f}oh = n, since an assumed sinusoidal
current (i.e. Iz(z) ~ sin P0\z\) is zero at the driving point. This gives
rise to a zero admittance or an infinite impedance for each element
in the array. This difficulty does not exist in the new theory. When
Poh = n, (5.5) gives the following form for the current:

/, = jAt sin po\Zi\ + Bt(cos pozt + 1). (5.69)

At z = 0, the current is finite and is given by the coefficient Bt for
each element in the array. In order to demonstrate the difference
between the two antenna theories, the conventional approach
will be used for poh = 3-157 and compared to the results of the
new theory for fioh = n.

Consider now the three-element array shown in Fig. 5.1. Either
the driving-point voltages or the driving-point currents may be
specified. Conventionally the phases of the equal driving-point
currents are specified to produce a radiation pattern. The electric
field E@ in the far zone is given by (1.45) with (1.46). Thus,

where x = n sin 0 cosO-f . (5.71)

For the array of Fig. 5.1, the number of elements is N = 3. The
distance between the elements in fractions of a wavelength, n, is
chosen to be £. Now let attention be directed to the horizontal
pattern in the equatorial or//-plane defined by 0 = n/2. The three
driving-point currents are equal in magnitude but the phase delay t
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between elements in fractions of a period may be varied to produce
a particular pattern. For example, a value of t = | will produce an
endfire radiation pattern with the maximum value of the directivity
D toward the right in Fig. 5.1.

The actual radiation pattern of the three-element endfire array
with specified base currents differs from the ideal pattern shown on
the left of Fig. 5.3. The several components of current on the ele-
ments which are discussed later in this section, are equivalent to
separate sources producing different radiation patterns. The addi-
tional patterns in the middle and right of Fig. 5.3 fill in the deep
nulls and reduce the back-to-front ratio of the ideal pattern.
Specifically, it can be shown that the actual pattern for the 3-element
array is proportional to the sum

£ 0 ~ ap(7r/2,0; 3, i i) + ( - 0-53 +jO-57)ap(*/2, <D; 2, i 0)

Fig. 5.3. Array factors which comprise actual three-element array factor.

The ideal radiation pattern as determined from (5.70) depends
on the vertical field factor Fo(&, (}oh) of an isolated element. This
is contained in C in (5.70). Consider now an array with full-wave
elements (j80/i = n). The particular value of Fo(0, poh) is given by
(5.66). Thus,

cos (TT cos 0 ) + l
, 7 T ) =

2 "

sin 0

= 2.

(5.72a)

(5.72b)

If the driving-point impedance for /?0/z is computed from the
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EMF method, the numerical value is infinity. This follows because
the sinusoidal current is zero at the driving point. As an illustrative
comparison of the results of the present theory with other methods,
an examination of the driving-point impedances for the three-
element array with poh = n/2 and /30h = n is given. The self- and
mutual impedances for fioh = n/2 by the EMF method and an
assumed sinusoidal current are:

Z n = 71-13+742-54 ohms 1

Z1 2 = 41-79-728-35 ohms, pob = n/2> (5.73a)

Z 1 3 = -12-53-7*29-94 ohms, pob = n )

Z — y y — y y — y y — y — y1 2 — 2 1 ' ^^ 2 3 — 3 2 9 ^ 1 3 — ^-^ 3 1 9 ^ 1 1 — 2 2 — ^^ 3 3 *

(5.73b)

The driving-point currents are specified in the following way to
produce an endfire pattern:

01

' 0 2

Ic

1

= /01 \ -J
- 1

(5.74)

[ 0 3

The substitution of (5.74) and (5.73a) into (5.1) yields the following
driving-point impedances for the three elements:

Z 0 1 = Z n - 7 Z 1 2 - Z 1 3 = 55-31+7*30-69 ohms = F01//011

Z0 2 = Z u = 71-13+742-54 ohms = V02/I02 (5.75)

Z03 = Zlx+jZl2-Zl3 = 112-0+7114-3 ohms - V03/I03)

The same results are, of course, obtained when the driving voltages
are assigned instead of the currents by the substitution of V for /
in (5.74), since no changes are possible in the assumed distributions
of current and, hence, in the mutual coupling.

An apparently obvious method for improving the accuracy of
the conventional theory for the three-element endfire array is
to make use of the accurate second-order iterated results for two
coupled cylindrical antennast by the simple expedient of applying
them to the three elements treated as quasi-independent pairs.
To be sure, this procedure implies that the distributions of current
along elements 1 and 2 are the same when element 3 is present as
when it is absent in the evaluation of Z 1 2 , and that the currents
along elements 1 and 3 are unaffected by the presence of element 2.

t [2], chapter 2.
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Moreover, since Z n is not the same for the two distances bX2

bl3, it is assumed that the value for the closer spacing is to be used.
It is interesting to evaluate the driving-point impedances under
these conditions. By interpolation from Fig. 8.13 on page 306 of
King, Theory of Linear Antennas, the following values are obtained :

Zt x = 81-7 +7*39-3 ohms, Pob = j , Q = 2 In — = 10

Z1 2 = 42-6+7*42-7 ohms, pob = |

(5.76a)

Z n = 86-1+7*42-6 ohms, pob = n9 Q = 2 In— = 10

Z l 3 = -15-7-7*29-0 ohms, pob = n

(5.76b)

Note that the two values of ZXi for fiob = n/2 and n are not very
different when fioh = n/2. The corresponding driving-point im-
pedances, when Z n for fiob = n/2 is used, are

Z 0 1 = 54-7 +7*25-7 ohms, Q = 2 In— = 10

(5.76c)
Z0 2 = 81-7+7*39-3 ohms

Z o 3 = 141-0+71110 ohms

These values do not differ from those obtained from the conven-
tional theory by more than about 25 %. This is a consequence of
the fact that the actual distributions of current on half-wave
dipoles do not vary greatly from the sinusoidal so long as they are
moderately thin.

It is now in order to examine the results obtained by the new
two-term theory which takes full account of the changes in the
distributions of current due to the presence of any number of
coupled elements. The driving-point impedances for the three
elements are readily computed.! They are

Z 0 1 = 67-51 +7*24-14 ohms, Q = 2 In — = 10

Z 0 2 = 78-47+7*31-23 ohms

Z o 3 = 145-61+7*96-91 ohms

t[l],p.84.
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These values are comparable with those in both (5.73a) and (5.75)
(with differences not exceeding about 30%) simply because the
current in half-wave dipoles is predominantly sinusoidal with only
relatively small changes due to finite radius and mutual coupling.

The situation is quite different when the elements are not near
resonance. This is well illustrated with the same three-element
array but now with /?0/z near n instead of n/2.

The conventional application of the EMF method with assumed
sinusoidal currents on all elements yields meaningless results. Since
the currents at all three driving points are identically zero all
driving-point impedances are infinite—which is, of course, absurd.

If an attempt is made to use the second-order theory for coupled
pairs, the following values are obtained from pages 297 and 298
of King, Theory of Linear Antennas, with jioh = 3-157:

Z u = 199-7351 ohms, Pob = ^ Q = 2 1 n — = 1 0
22 a (5.78a)

Z1 2 = 116+;187ohms

, = 288-^441 ohms, fiob = n, Q = 2 In — = 10 ,
" . (!). /oD)

i

Z 1 3 = 122—7*15 ohms
Note that the difference in the self-impedances Zx x when the spacing
is changed from fiob = n/2 to pob = n is very much greater when
Poh = 3-157 than when fioh = n/2. If it is again assumed in this
rough approximation that the value for the closer elements
{pob = n/2) is to be used, the three driving-point impedances
become

Z 0 1 = 264-7*452 ohms, Q = 2 In — = 10
a

Z0 2 = 199-7351 ohms (5.79)

Zo 3 = -110 - /220 ohms

The negative input resistance for element 3 indicates that its
generator supplies no power to the array but acts as a load to
absorb power received by coupling from the other two elements.

Once again it is in order to introduce the results from the new
two-term theory which actually determines the distributions of the
currents on all three elements and the associated driving-point
impedances. The following values are readily calculated! for the

t [1], p. 203.
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driving-point currents specified in (5.74):

Z 0 1 = 612-J591 ohms Y01 = (0-845+7*0-817) x 10~3 mhos]

Z 0 2 = 160-J590 ohms Y02 = (0-429-h/1-578) x 10"3 mhos | .

Z 0 3 = 61-5-7435 ohms Y03 = (0-318+7*2-252) x 10"3 mhosj

(5.80)

A comparison of these values with those in (5.79) shows no agree-
ment. Clearly, the notion that coupled antennas in an array of
more than two elements may be treated as independent pairs in
determining mutual impedance is unreliable. The previously shown
rough agreement for half-wave dipoles is a special case that must
not be assumed to have any general significance for other lengths.
The coupling between any two elements depends on their relative
positions in an array and only the results in (5.77) and (5.80)
include this correctly.

The voltages required to maintain the currents specified in (5.74)
when fioh = n and fiob = TT/2, i.e. I02 = -jloi9 J03 = -Ioi, are
V0l = 612-7591, V02 = -590-7*160, V03 = -61-5+7*435. The
power supplied each element k by its generator is

Pk = ÎOfcl Ôfc = 1*0*1 Gofc-
The ratios of the powers supplied to the three-element array are

PJP3 = 9-82, P2/P3 = 2-51. (5.81)

Evidently element 1 receives almost ten times the power that is
supplied to the terminals of element 3.

The new theory gives the following values! of ZOi and YOi,
i = 1,2,3 when the driving-point voltages are specified
(V02 = —7*019 *03 = — *oi) instead of the currents:
Z 0 1 - 675-/484 ohms Y01 = (0-979+7*0-701) x 10"3 mhos
Z 0 2 = 359-7*479 ohms Y02 = (1-003+7*1-336) x 10"3 mhos •.
Z o 3 = 170-7*426 ohms Yo3 = (0-808+7*2-024) x 10"3 mhos.

(5.82)
Clearly, the results for Cases I and II are not the same as seen from
a comparison of (5.80) and (5.82). This difference is due to the
unequal distributions of the currents in the elements which cause
non-uniform coupling. This effect will become clearer when the
currents in the individual elements are examined.

The conventional currents in the three-element endfire array
t[l], p. 221.
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with poh = 3-157 are

Ix(z) = I2(z) = I3(z) = /Oisin(3-157-^o|z|)

driving-point currents specified (5.83)

/,.(*)= K-y;sin(3-157-y80|z|), i = 1,2,3

driving voltages specified. (5.84)

The form of the currents in (5.83) and (5.84) is identical for each
element. Both the real and imaginary parts have the same distribu-
tion. The currents in the new theory are given by (5.69) with (5.46)
and (5.47). They are shown in Figs. 5.4 and 5.5 for the two different
driving conditions. When the currents at z = 0 are specified, the
distributions differ widely in form from element to element. Note
that the currents are shown both with respect to the individual
driving voltages and with respect to F02. In the computation of
radiation patterns the currents must all be normalized with respect
to a single driving voltage. The large differences in the real and

(a)

- 3 - 2 - 1 0 1 - 3 - 2 - 1 0 1 - 3 - 2 - 1 0 1 2mA/V
mA/V mA/V

- 3 - 2 - 1 0 1 2 mA/V

Fig. 5.4 Three-element endfire array; driving-point currents specified. Drawn with respect
to (a) individual driving voltages, (b) V02, {X/4 spacing, f$oh — n, Q, = 10).
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imaginary parts of the currents in Fig. 5.4 practically disappear
when the driving voltages are specified in Fig. 5.5.

- 3 - 2 - 1 0 l m A / V - 3 - 2 - 1 0 l m A / V - 3 - 2 - 1 0 1 2mA/V

- 3 - 2 - 1 0 l m A / V - 3 - 2 - 1 0 l m A / V - 3 - 2 - 1 1 2 mA/V
Fig. 5.5. Three-element endfire array; driving voltages specified. Drawn with respect

to (a) individual driving voltages, (b) V02, (A/4 spacing, poh = n, Q = 10).

5.4 Electronically scanned arrays

Previous sections of this book have demonstrated the general
invalidity of the assumption of equal current distributions in the
elements of an array. A most significant result of the new theory
is that the expected conventional radiation pattern is not achieved
since the contributions by the individual elements to the radiation
pattern are different. The results of the new theory for the broad-
side and endfire arrays show an appreciable difference not only
between the driving-point impedances for the broadside and end-
fire arrays, but between the conventional and new theories. The
experimental determination of the individual driving-point im-
pedances is a complicated problem and a theoretical prediction
of the individual circuit properties would certainly be an aid in the
efficient operation of an array.
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A comparison of the corresponding expressions for the far fields
based on the conventional method and the new, more accurate
approach, helps to illustrate some of the problems in the theory of
scanned arrays. Consider an array in which the currents at the
driving points of the elements are specified in both amplitude and
phase. For the present, let the amplitudes be equal and the phases
required to change linearly from element to element across the
array. For example, the base current might increase in phase by
30° toward one end of the array. Expressed in general terms

It = Ioe'^ = Ioe'JMt (5.85)

where t is the time delay between elements in fractions of a period.
With the currents at z = 0 specified in (5.85) and under the

assumption of identical distributions of current, the far-zone
electric field from (1.44) has the form

?
(5.86)

The second term in braces in (5.86) is the familiar array factor
given by (5.70). If the distance between the elements is small
enough, the radiation pattern has only one principal maximum
in the visual ranges of© and O. The first maximum of (5.70) occurs
when x = 0. Thus, to direct the main beam in a specific direction
(0m,Om) in space, the time delay between the currents in the
elements must be set equal to a particular value tm such that

nsin©mcos<Dm-rm = 0,

or fm = H s i n 0 m c o s 0 m . (5.87)

For example, in an array with half-wave spacing (n = j) for
which the main beam is to point in the direction 0 m = n/2 (//-plane)
and <Dm = 60°, the required phase shift given by (5.87) is tm = n/4
radians. In a single curtain array it is not possible with ordinary
elements to have any control over the beam pointing in the 0
direction. The control of the main beam in the 0 direction could
be achieved by a planar array formed by an array of collinear
elements.

Now let the conventional requirement, that the distributions of
current be equal, be removed in (1.44). Let the currents at z = 0
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again be specified so that, on the basis of the conventional theory,
the main beam will point in a desired direction. However, and this
obvious fact is often overlooked, the specification of the currents
at each driving point usually does not determine the entire current
along each element. A variety of distributions of current may be
associated with any given value at z = 0. In general, the radiation
pattern can be considered the superposition of two parts. One
part is the pattern of an array of elements with equal distributions
of current; the other the pattern of the same array with dissimilar
distributions of current. Conventional theories assume that the
first part is the entire pattern.

The beam-pointing properties of a scanning array are affected
by the interaction between the currents in the elements. The simple
array factor in (5.70) characterizes an ideal array in which the
exact phase and amplitude of the current are specified for each
element. This specification applies not only at z = 0 but all along
each element. The phase of the current is of primary importance in
the determination of the direction of the main beam. In an actual
array the variation in phase along the length of each individual
element differs from element to element. In practice, this variation
is responsible for a beam-pointing error of non-negligible value.
Furthermore, with this phase variation perfect phase cancellation
and addition is impossible. Perfect nulls in the radiation pattern
will disappear and side-lobe levels will be modified significantly.
The side-lobe level and the angular width of the main beam are
also affected by changes in the magnitudes of the currents from
element to element across the array.

As a specific example, consider the three-element array with full-
wave elements (poh = n) and half-wave spacing (/30b = n/2). The
driving-point currents are specified to produce a maximum field in
the direction indicated by the conventional theory. The driving-
point impedance is to be calculated for each element as a function
of the scanning angle. The actual position of the maximum, as given
by the new theory, is to be compared with the corresponding
angular position predicted by the conventional theory. The
difference is the beam-pointing error A.

The general matrix relation (5.51) between the driving-point
voltages and currents may be reduced to the following symbolic
form:

{F0} = [Or]{/0} (5.88)
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where

K01

K02

v0N

' 0 1

f 0 2

l0N

(5.89)

and [<DT] =

[cf. (5.52)] where

and

<Dru (DT12

(DT21 <PT22 <t>T2N

®TNN

(5.90)

c, =

The elements of 4>r may be derived from the machine-tabulated
values of G>u and <&v in the tables [appendix III]. From the tabulated
values for the two different sets of driving conditions [appendix IV]
and a knowledge of the symmetry properties of the <S>U and $„
values, the <t>T values may also be calculated. In the present example
calculations similar to those given in appendix IV yield the follow-
ing information for the case fioh = n, flob = n/2:

When

then

Also when

1

- 1
612-7591 ]

-590-7160 .
-61-5+J435 J

(5.91)

(5.92)

(5.93)

435-7346 ]
then {Vo}= { 309-737-9 1. (5.94)

435-/346 J
The specifications in (5.91) and (5.93) are the conventional ones
for the endfire and broadside arrays. For fioh = n, fiob = n/2, the
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time delay between elements as given by (5.87) is
tm = n cos Om = i cos 0>m. (5.95)

The driving-point currents in the N elements are expressed in
terms of the angle O0 by the substitution of (5.95) in (5.85). The
result with /0 = 1 is

The following table is useful for the computation of the driving-
point impedances for different values of the angle Om.

Table 5.1
4>m 0 30° 60° 75° 90°
11 1 1+yO 1+yO 1+yO 1

h/Ii ~j 0-209-70-978 0-707-/>707 0-919-/0395 1
I3/I{ - 1 -0-913-/0409 - 0-707 -/0-707 0687-/0-726 1

Before the driving-point impedances can be computed the
elements of the matrix O r must be found. They can be computed
directly from the basic matrix equations in terms of Ou and Q>v,
or they may be computed from the tables of driving-point im-
pedances for different driving conditions. For example, from the
two sets of information contained in (5.92) and (5.94), the symbolic
matrix multiplication (5.88) yields

O r i l + O r i 2 + O r i 3 = 435-/346
2<Dr21+0>T22 = 309-737-9

^ni-^ri2-*ri3 =612-7591 \ (5.97)
-jQ>T22 = -590-7*160

- O T 1 1 - j O r i 2 + O r i 3 = -61-5+7435J
<DT11 O712 (Dri3

where [Or] = (p
T21

(5.98)
O r l 3 <DT12 cDT11J

The symmetry properties of the elements of (5.98) were deduced
from those of the component matrices involved in (5.88). The
elements of (5.98) may be compared to the impedance matrix
whose elements are the self- and mutual impedances computed
under the conventional assumptions. For example, $T 1 1 could be
compared to Z n , the self-impedance of the first antenna. The result
shown symbolically in (5.98) indicates that the off-diagonal terms
are not necessarily equal (e.g. ®T12 ¥" 0>T2\)

 a nd that the diagonal
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$722)- The numerical values of the

(5.99)

terms may differ (e.g. O r i l

matrix elements of 0 7 are

<DTU = 347-J567

O7 2 2 = 160-7590

O r i 2 = 77-9+7275

O r 2 1 = 74-3+7'276

O r l 3 - 104-/53-7.

Consider the specific case Om = 75° where the driving-point
currents are given in Table 5.1 and the elements of the <&T matrix
are given by (5.99). Thus,

V02 ^ 7 2 1 <D
r 2 1

0-919-jO-395 J . / , . (5.100)

0-687-;0-726

To compute, for example, Z0 2 = (V02/I2\ the quantity (V02/Ii)
is computed from (5.100) or (V02IIx) = OT21(1 +i/0) + Or22(0-919-
70-395)+ <Dr21 (0-687 -7*0-726) = 240-7*193. The driving-point im-
pedance Z 0 2 is found from the substitution of the relation
I2 = (0-919 —7*0*395)/! in this expression with the result, Z0 2 =
297 — 7*82-8. The variation of the driving-point resistance and
reactance with the beam-pointing angle 3>w is shown in Fig. 5.6.

Calculated points
0 Rot

D

©_©_©
"90 80 70 60 50 40 30

Ideal scanning angle <I>m

20 10

Fig. 5.6. Variation of driving-point resistance and reactance with beam-pointing angle
0>m for 3-element array (A/4 spacing, poh = n, Q = 1Q).
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It is seen that even if the beam-pointing angle is restricted to
moderate departures from a normal position, significant changes
in the impedance function occur. These will be apparent in the
mismatch between the generator and the antenna. Note also that
from symmetry, the continuation of Jf?01 and X0 1 in the range
90° ^ <I>W ^ 180° is the mirror image of R03 and X03 about
<DW = 90°.

The driving-point currents have been specified according to the
criteria of the conventional theory. This specification does not
control the distribution of either the phase or the amplitude of
the current away from the driving point. As a result, the location
of the maximum of the main beam may differ from that predicted
by the ideal angle in (5.87). This difference is the beam-pointing
error A and represents the difference between the ideal scanning
angle <t)m and the actual angle <S>a.

The far-zone electric field is given by (5.67). The computation
of this field requires all currents to be normalized with respect to a
single driving voltage. Thus, with the kih element as a reference,
(5.67) may be rearranged to give

E's(@) = ^- Sin© X

where Ct = itl^^/mi®, 0o*) + f <U0, j0ofc)l (5.102)

and it = VOi/VOk. (5.103)

The conventional theory equates the C coefficient in (5.101) to the
driving-point currents [cf. (5.65)]. These, in turn, are chosen to
produce a given radiation pattern. The new theory has shown that
the currents in the elements as well as the radiation pattern cannot
be specified merely by adjusting the currents at the driving point.
Moreover, the direction of the main beam may differ considerably
from the value predicted by the conventional theory.

The true location of the principal lobe is found from the location
of the major maximum of |£©(0)| or of |£@(0)|2. For the special
case 0 = 7t/2, /30b = n/2, N = 3, and poh = n/29 the electric field
in the far zone is

Er
s(®) = K(Cl e-ju + C2 + C3 eju) (5.104)

where v — A°
2K R(
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U = Pob COS

157

= -r COS <I>

0 = | (H-plane).

The square of the absolute value of £©(©) is formed from (5.104)
with the result

= KK*C2C*2[C*2C32 ej

Cl2C*2 + C32C*32)

where = -pr- and
c 2

(5.105)

(5.106)

With the substitution x = eju, (5.105) is seen to be an algebraic
equation of fourth degree. Thus,

\Er
@(x)\2 = Cflx

4 + Cfcx
3 + Ccx

2 + Cdx+ Ce. (5.107)

The true location of the principal lobe is determined from the
equation obtained when (5.107) is differentiated with respect to x
and equated to zero. The computed beam-pointing error for the

90 degrees

<D = 0

Fig. 5.7. Variation of beam-pointing error with beam-pointing angle for 3-element array
(A/4 spacing, fioh = n, Q = 10).
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three-element array as determined from the conventional theory
is shown in Fig. 5.7. This graph shows an appreciable plus and
minus variation over most of the visible range of O.

The expression for the square of the absolute value of the far-
field for the JV-element array is

\Er
&(x)\2 = KK* X Z CA^( l"n ) . (5.108)

The location of the extremes of (5.108) is given by

-f\Er
&(x)\2 =

CX
x = xo,xux2.

(5.109)

5.5 Examples of the general theory for large arrays

Thus far the simple array with N = 3 and /30b = n/2 has been
examined for a variety of driving-point conditions. Calculations
have also been made for arrays with a larger number of elements.
For these the lengths 2h of the elements were varied from a quarter
to a full wavelength. The driving-point voltages or currents were
specified according to conventional array theory to produce a
broadside or endfire radiation pattern.

The driving-point currents required for an ideal broadside array
are

/zi(0) = Iz2(0) = /r3(0), etc.

or, in matrix form,

(5.110)

(5.111)

Alternatively, the driving voltages may be assigned as follows:

1

(5.112)

The relatively large sinusoidal parts of the currents on the antennas
are determined directly from (5.47) by the specification of the
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voltages. However, the relations (5.50a) and (5.50b) between the
coefficients A, BR, Bj and the currents at z = 0 do not in general
suffice to determine the distributions of current along the elements.

The driving-point impedances for broadside arrays are shown in
Figs. 5.8 to 5.10. Driving-point currents and voltages are specified
for arrays of up to 25 elements (N ^ 25) for quarter and half-
wavelength spacings (/?oft = TT/2 and fiob = n). In Figs. 5.Sa-d are
shown graphs of the resistances and reactances of the individual
elements of a broadside array when the driving-point currents are
specified. In Figs. 5.8a and 5.8b the distance between the adjacent
antennas is one-quarter wavelength; the lengths of the elements
are, respectively, a quarter and a half wavelength. In Figs. 5.8c
and 5.8d the spacing of the elements has been increased to a half
wavelength.

Since the main beam of a broadside array is at right angles to
the curtain of antennas, it is to be expected that the effect of mutual
coupling will be much less than for an endfire array. However,
when the elements are separated by only a quarter wavelength,
differences in the interactions between the currents in differently
situated elements are sufficient to produce small but significant
changes in the resistances even when the elements are as short as a
quarter wavelength (Fig. 5.8a). In this case there is only a very small
variation in the reactance. When the length of the elements is
increased to a half wavelength with the same quarter wavelength
spacing, both resistance and reactance vary greatly from element
to element (Fig. 5.86). Note that the change in the reactance from the
central element in the array to one at the extremities may be as
large as from near 100 ohms to near zero.

As is to be expected, an increase in the spacing of the elements to a
half wavelength substantially reduces the changes in resistance and
reactance due to differences in mutual interaction. When 2/z = A/4
both resistance and reactance are substantially constant across
the array (Fig. 5.8c). When 2/z = A/2 significant differences in both
resistance and reactance exist, but they are much smaller than for
the more closely spaced array (Fig. 5.8b). In all cases, the obviously
different environment of elements at the extremities of the array
is responsible for the largest differences in the impedances. For the
two lengths, 2/z = A/4 and 2/z = A/2, there is little difference be-
tween the results obtained with specified voltages and with specified
driving-point currents.
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Graphs of the resistances of the individual antennas in a broad-
side array of three-quarter and full wavelength elements are shown
in Figs. 5.9a-d when the driving-point currents are specified.
Similar curves for the same array with the voltages specified are in
Figs. 5A0a-d. Especially noteworthy when 2h = 32/4 are the large
differences between the resistances and reactances of the elements
when the driving-point voltages are specified instead of the driving-
point currents (Figs. 5.9a, c and 5.10a, c). When 2h = I the react-
ance and to a lesser extent the resistance of the elements at the
extremities of the array differ greatly from the others (Figs. 5.9b, d
and 5.10b, d). As an example of typical digital results prepared for
this study, a table of impedances is given in appendix IV.

The radiation patterns in the equatorial or if-plane are shown in
Fig. 5.11 for a broadside array of 15 elements. The ideal patterns
are fairly well approximated when the amplitude and phase of the
current along each antenna are specified near the point of maximum
amplitude. For the array of half-wave dipoles this occurs essentially

Ideal pattern
Actual pattern, base
currents specified
Actual pattern, base
voltages specified

N = 15

Ideal pattern

Actual pattern, base
currents specified
Actual pattern, base
voltages specified

10° 20° 30° 40° 50° 60° 70° 80° 90° " 10° 20° 30° 40° 50° 60° 70° 80° 90°

Fig. 5.11. Field patterns in the //-plane for a 15-element broadside array.
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when the driving-point currents are specified, for the full-wave
dipoles when the voltages are specified. On the other hand, when
the current is not specified at the maximum, the actual pattern
differs considerably from the ideal especially in the region of the
minima (nulls). This is true when the driving-point currents are
specified for the full-wave elements and when the voltages are
specified for the half-wave elements.

In endfire arrays the currents are adjusted to produce the main
beam of the radiation pattern along the line of the elements. For
the unilateral endfire array there is a single major lobe in the
direction d> = 0; for the bilateral endfire array there are two major
lobes, one in the direction O = 0, the other in the opposite direction,
O = 180°. Whereas in the broadside array the interaction between
all but the next adjacent elements is quite small owing to extensive
cancellation of the fields of the several elements in both directions
along the line of the array; exactly the opposite is true for the end-
fire array. In the unilateral endfire array there is a cumulative re-
enforcement of the fields due to the several elements in one direction
from one end of the array to the other, a more or less complete
cancellation in the opposite direction. In the bilateral array the
cumulative re-enforcement is in both directions. It is to be expected,
therefore, that mutual coupling between neighbouring and even
quite widely separated elements must play a major role in deter-
mining the amplitude, phase, and distribution of each current.

In an ideal endfire array the currents must all be equal in
amplitude and vary progressively in phase by an amount equal to
the electrical distance between the elements. The specifications for
an unilateral endfire array are

1

-J
\ . (5.113)

For the bilateral array,

Pob = 71. (5.114)
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Alternatively, the voltages may be specified in the same manner.
Thus, for the unilateral array

{V} =

For the bilateral array,

{V} = Vx

1

-j

- 1 n
2"

(5.115)

, Pob = n. (5.116)

The resistances and reactances of the individual elements in a
unilateral endfire array are shown in Figs. 5.12a and 5.12b, re-
spectively with 2h = A/4 and 2h = Xj2. The driving-point currents
were specified according to (5.113). Corresponding values for the
bilateral array are in Figs. 5.12c and 5.12d. Note that these are
symmetrical with respect to the centre of the array. For the shorter
elements (2h = 2/4), the reactances of all elements are reasonably
alike; the resistances also vary little except for the two elements
at the ends of the unilateral array. When the elements are a half-
wavelength long, the resistances and reactances both vary greatly
along the unilateral array (Fig. 5.126), moderately along the
bilateral array (Fig. 5A2d). It is interesting to note that in the
unilateral array the impedance of the forward element (in the
direction of the beam) is greatest, that of the rear element smallest.
Since the amplitudes of the driving-point currents are all the same,
the power supplied to each element is proportional to its resistance.
It follows from Fig. 5.12fr that the power supplied to and radiated
from the forward element is approximately five times that supplied
to and radiated from the rear element. Note that the resistance
and the reactance of all but the last two elements in each array are
significantly greater than for an isolated antenna. In effect, each
element after the forward one acts partly as a driven element,
partly as a parasitic reflector for the element in front of it.
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The resistances of the antennas in a unilateral endfire array with
elements of length 2/z = 3 A/4 (Fig. 5.13a) decrease continually
from the forward element to that in the rear in a manner resembling
that for the half-wave elements (Fig. 5.126). However, the range of
magnitudes is much greater. The corresponding values for the
same array but constructed of full-wave elements (2/z = X) are in
Fig. 5.136. They are startlingly different. The resistances of all
elements are now reasonably alike except for that of the rear
element which is much greater. Evidently, the rear element is
supplied and radiates the most power—approximately four to six
times as much as any other element. This suggests that all but the
rear element act in part as driven radiators and in part as parasitic
directors for the elements behind them, especially the rear one.
Note that for the bilateral array of full-wave elements (Fig. 5.13d)
the resistances of the elements increase from the centre outward,
whereas for the corresponding array of half-wave elements (Fig.
5.12d) the resistances decrease from the centre outward. If the
voltages are specified according to (5.115) and (5.116) instead of the

Ideal pattern

Actual pattern, base
currents specified

Actual pattern, base
voltages specified

10
Fig. 5.15.

20° 30° 40° 50° 60° 70° 80° 90° 100° 110° 120° 130° 140° 150° 160° 170° 180°
Field patterns in the H-plane for a 15-element unilateral endfire array.
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driving-point currents, the graphs of Figs. 5A3a-d are replaced by
those of Figs. 5A4a-d. The two sets are seen to differ considerably.

The radiation patterns in the equatorial or //-plane are shown in
Figs. 5.15 and 5.16 respectively for the unilateral and bilateral
endfire arrays. The ideal pattern is fairly well approximated when
the current along each antenna is specified near its point of
maximum according to the criteria for an ideal array. For the
half-wave dipoles this is true essentially when the driving-point
currents 1(0) are specified, for the full-wave dipoles when the
voltages are assigned. On the other hand, when the current is not
specified at its maximum value, the actual pattern differs con-
siderably from the ideal, especially in its minor lobe structure and
the region of the minima (nulls). This is true when the driving-point
currents are specified for the full-wave dipoles, when the voltages
are specified for the half-wave dipoles. In general, the departure
from the ideal patterns is greater for the unilateral endfire array
(Fig. 5.15) than for the broadside array (Fig. 5.11a, b) since the
effect of mutual interaction is greater.

ob = n

Ideal pattern
— Actual pattern, base

currents specified
Actual pattern, base
voltages specified

10° 20° 30° 40° 50° 60° 70° 80° 90o100p110o120o130°140o150o160o170°180o

Fig. 5.16. Radiation patterns in the H-plane for a 15-element bilateral endfire array.
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5.6 The special case when /J0/z = n/2

The general functional form for the currents in the elements
given by (5.34) with (5.46) and (5.47) presents some difficulties when
j80/i = n/2. For both circular and curtain arrays the expression
for the currents becomes indeterminate in the form 0/0 when
Poh = n/2. This behaviour is illustrated for the curtain array in
the following matrix equation for the currents:

{/z(z)} = J2U {Vo} sin jBo(fc-M)
Co^dR COS /joh

R

From the form of the *F functions at /J0/z = n/2 it follows that

lim [a>tt]-1[0)J= -[S] (5.118)
Poh-+n/2

where [J>] is the identity matrix. The indeterminate form for the
currents in the elements follows directly when (5.118) is used in
(5.117). It is

U (z)} - j2n CQS P°z <V } i2n COS PZ ° U

(5.119)
Two alternatives are available for avoiding this difficulty: (a) The
formula for the currents may be rearranged as in section 2.7 or (b) a
special formulation for poh = n/2 may be used. The former method
has the advantage that it is applicable over a range near (loh = n/2,
whereas the latter method is valid only at poh = n/2. Both methods
are presented here, although the numerical results were calculated
based on the special form for /30h = n/2. Numerical calculations
have shown the results of the two approximate forms useful when
(}oh = n/2 to be approximately the same.

The expression for the currents when (}oh is near n/2 follows
directly from the results of section 2.7. In matrix form

(5.120a)

where the elements of the matrices are

(5.120b)
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«;,„ = *„„ + <&„,, sin j80Ji. (5.120c)
When poh = n/2,

{/z(z)} = f^-{{ Vo) (sin 0o|z| - 1 ) + [Vu] ~
l[<D;] {Vo) cos poz).

SO *dK

(5.121)

For poh = n/2, the elements of the <S)'U and Q>'v matrices are

%iu = VkM (5.122a)

and Vkiv = %idu- %idv(l Sik)-j%idJSik. (5.122b)

The alternative approach begins with the special form for the
integral equation valid at fioh = n/2. It was this latter method
which was used for the original curtain-array calculations. The
final form is similar to (5.120b) with slightly different values for the
constant 4 ^ and the Q>'u and O^ matrices. In this method the *F
functions are computed with the following cosine and shifted-sine
currents:

Izi(z)= - d M i S o , + fllFOx, (5.123)

where SOz = sin f}0\z\ — sin fioh and FOz = cos jSoz —cos /?0/i

The final expression for the current with floh = n/2 is

(5.124)

where <•„ = n j l -W+A^-^0 ) (5-125a)

* « * = -Vkuu + VuM (5.125b)

and T ^ = - Re{[Sb(h, 0) - £fc(/j, 0)] - [Sb(h, h) - Eb(h, /.)]}
(5.126a)

(5.126b)

^ , - d , = [Sb(h, 0) - £„(/», 0)] - [Sb(h, h) - Eb(h, h)] (5.126c)

Vu du = Cb(h, 0) - Cfc(/i, /J) (5.126d)

*/ A, (0) = Sfc(/j, 0) - £fc(/i, 0) (5.126e)

^ t J O ) = Cfc(/i, 0) (5.126f)
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poh = n/2, b = bki, bkk = a.

Numerical calculations show that the results obtained with (5.124)
are comparable with those obtained with (5.120b).

5.7 Design of curtain arrays

The antenna designer is generally confronted with both a
geometrical and an electrical problem. First, the proper overall
length and spacing must be chosen for a prescribed beamwidth
and electrical scanning range. The currents or voltages at the
driving point must then be selected for a prescribed radiation
pattern. A knowledge of the driving-point impedance for each
element is also necessary for properly matching the antennas to the
transmission lines. If the array is operated over a large frequency
range, the radiation pattern and driving-point impedances must
be computed for representative points. Furthermore, these calcula-
tions must be repeated if the driving conditions are changed. With
appropriate theoretical calculations available, the designer is
better able to select the necessary auxiliary equipment and interpret
any measurements made on the array.

The design procedure is illustrated in terms of the following
somewhat simplified problem: An array is to be constructed to
operate over a two-to-one frequency range. At the lowest frequency
the spacing is a quarter wavelengths and the elements are each a
half wavelength long. The array is to have fifteen elements. Both
broadside and endfire radiation patterns are desired. The problem
is to find the actual impedances and radiation patterns with the
currents specified at the driving point. The problem may be
summarized as follows:

1. Geometry of Array
(Number of elements, N = 15) (Q = 2 In 2h/a = 10)
(a) at lowest frequency, spacing pob = n/2

element half length /30h = n/2
(b) at highest frequency, spacing /30b = n

element half length poh = n
2. Electronic Scanning Range (in //-plane only)

(a) at lowest frequency, O0 = 0 and O0 = 90°
(b) at highest frequency, O0 = 0 and O0 = 90°

3. Specification of Base Currents
(a) at lowest frequency (ftoh = n/2, pob = n/2)
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1

[5.7

{/z(0)} = 7,(0) <D0 = n/2 (broadside) (5.127)

n
-j

- 1 <D0 = 0 (endfire) (5.128)

(b) at highest frequency (j30/i = n, fiQb = n)

1

= /t(0) <D0 = n/2 (5.129)

{/z(0)} = 1,(0) <Dn = 0. (5.130)

Calculations at lowest frequency

The driving-point impedances are calculated from (5.124) with
(5.125a, b) and (5.127) with the relevant values of the <D functions.
Tables of the Q> functions along with values of *FdJl are given in
appendix III based on an improved Romberg integration method.
Since most of the calculations in this chapter are based on the
tables of Mack [3], the calculations which follow are also based on
the Mack tables.
poh = 1-5708 pob = 1-5708

<bkiu = <frum w i t h \k — i\ = m

<DMl = 0-6880 -j 1-2187

0>H4 = 0-1105+./0-3750

0>M7 = -0 -2051 +y0-0315

<DH10 = - 00144-y0-1393

In n
= 6-9087 HJ-,-

m\2 2
= - 0 -5708

2'2
= 10000

0)M2 = - 0-4725 - /0-6798

0>u5 = 0-2957-700669

0>u8 = 00234+70-1773

<DMll = -0-1257+70-0117

<Dul4 = - 0 0 0 7 0 - 7 0 - 0 9 7 2

0)u3 = -0-4988+70-2089

0>M6 = -00444-70-2426

<Du9 = 01561-700181

0>Ml2 = 00097+701146

0>Ml5 = -00904+700060

(5.131)
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OklV = Orwi with \k — i\ = m.

<&vl = 7-0756-70-2036 <bv2 = - 0-2864 -yO-3970 0)^ = - 0-2925 +y0-1186

0>r4 = 00609 +T0-2 176 0>,5 = 0-1706 -700363 ®vf> = - 0-0239 -/0-1395

0,7 = -01177+700169 <J>v8 = 00125 + /0-1016 (D^ = 00894-700097

0no = -0-0077-700797 <DPll = -00719+700062 0>rl2 = 00052+700655

0)^3 = 00601-700044 <&vl4 = -00037-700556 cD.,5 = -00516+7*00032

(5.132)

The driving-point currents for <J>0 = 0 are given by (5.128).

Driving-Point Currents

/z(0)

7^0) = IOO+7O /2(0) = IOO+7O 73(0) = 1-00+70 /4(0) = IOO+7O

75(0) = IOO+7O 76(0) = IOO+7O 77(0) = IOO+7O 78(0) = 1-00+70

79(0) = IOO+7O 710(0) = IOO+7O 7n(0) = IOO+7O 712(0) = IOO+7O

713(0) = IOO+7O 714(0) = IOO+7O 715(0) = 100+/0

(5.133)

The driving-point impedances are computed from (5.124) with
(5.131M5.133). The results are:

Driving-Point Impedances

zk = v,Jik(0)
Zl = 90-816-721-298 Z2 = 129-267-7'52-450 Z3 = 99-602-7?5-308

Z4= 73-401-767-853 Z5 = 93-734-/54-840 Z 6 = 114-393-755-375

Z7 = 96-241-763-012 Z8 = 77-829-y66-659 Z9 = 96-241-763012

Z1 0 = 114-393-755-375 Z u = 93-734-y54-840 Z1 2 = 73-401-/67-853

Z 1 3 = 99-602-775-308 Z 1 4 = 129-267-7*52-450 Z 1 5 = 90-816-721-298

(5.134)

The driving-point admittances are obtained by inverting Zkk in
(5.134).

Driving-Point Admittances

Yk

Yx = 0010437+70-002448 Y2 = 0006642+70002695 Y3 = 0-006388+/>004830

r4 = 0007346+70006791 Y5 = 0007948+70004650 Y6 = 0007082+70003428

y7 = 0007273+70-004762 Y8 = 0007412+70-006348 Y9 = 0-007273+/>004762

Yl0 = 0-007082+70-003428 Yl{ = 0007948+70004650 Yl2 = 0007346+70006791

yl3 = 0006388+7-0004830 YlA = 0-006642+70002695 715 = 0-010437+70002448

(5.135)
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The electric field may be computed from (5.67) which is given in
the following form for ease of computation:

\r
C.eJPob[(N-2i+l)/2]sinQcos<t> (5.136)£®(®, I)

4n Ro i l

where

C< = UJAtFJp, Poh) + (Yt -JAt sin poh)Gm{®, poh)} poh * n/2
(5.137)

0 , (5.138)

(5.139)

For fioh = n/2, pob = n/2, 0 = n/2 and O0 = 0°, the constants
Ct are:

Field-Pattern Constants

C, = 0-01147+/>0014123 C 2 = 0-01173+y00006786 C3 = 0-01114+/>0006191

C 4 = 001086 +y'OOOO9353 C5 = 001123+y00009407 C 6 = 001151 +/0-0007627

C 7 = 001120+700008109 C 8 = 001092+y00009146 C 9 = 001120+y00008109

C1 0 = 001151 +y'0-0O07627 C n = 0-01123+/>0009407 C1 2 = 0-01086 +/>OOO9353

C13 = 001114+y00006191 C1 4 = 0-01173+70-0006786 C1 5 = 001147+70-0001412

(5.140)

The field patterns computed from (5.136) with (5.138)-(5.140) are
shown in Fig. 5.15.

The driving-point admittances for the endfire case (d>0 = n/2)
are computed with (5.124) and (5.128). Thus, with /^O) = 1, the
driving-point currents are specified to be

Driving-Point Currents
/,(0)

lx = 1-000+/) I2 = O-7IOOO h= -1-000+/) / 4 = 0+71-000

/5 = 1-000+/) / 6 = O-7IOOO I-, = -1-000+/) / 8 = 0+71-000

l9 = l-OOO+7'O 710 = O-7IOOO / n = -1-000+/) 712 = O+7IOOO

713 = 1-000+/) 714 = O-7IOOO 715 = -1-000+/)

(5.141)

The corresponding driving-point impedances and constants C{ for
computing the field pattern are:
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Driving-Point Impedances

Zx = 59-432+/ 15-260

Z 4 = 127-775+y 94-113

Z7 = 164-970 +7 154-466

Z 1 0 = 172-518+yi 73-925

Z 1 3 = 206-483+y223-550

Z2 = 91-243+y 43-280

Z5 = 146-811+yl23-305

Z8 = 162-206+7153-871

Z u = 192-236+7202-053

Z 1 4 = 178-456+7199-409

Z 3 = 119-668+7 81021

Z6 = 148-136+7128-287

Z 9 = 179-341+7179-810

Z 1 2 = 179-290+7189-402

Z 1 5 = 235-531+7246-418

(5.142)

Field-Pattern Constants

Cx = 0-01682-70-00509 C2 =

C 4 = 000553+70-01927 C5 =

C7 = -0-02096+70-00557 C8 =

C10 = -0-00548+70-02145 C n =

C 1 3 = 002289-7000558 C14 =

0-00540-/0-01778

002010-70-00557

000552+70-02092

0-02227+70-00555

0-00530-70-02205

C3 = -001890+7000553

C6 = -000554-70-02022

C9 = 002166-7000555

C12 = 0-00544+70-02185

C15 = -0-02371+7000590

(5.143)

The endfire field pattern determined by (5.143) is shown in Fig.
5.11. The impedances for the endfire and broadside arrays at
the lowest frequency are shown in Figs. 5.8 and 5.12.

Calculations at the highest frequency (Poh = n, Pob = n)
The relevant <J> functions from appendix III are:

Poh = 31416 jS0*> = 31416

®kiu = ^um
 W^h I fc ~ 'I = m

OMl = -6-6898+72-8959

0>u4 = 0-5810-701765

0>u7 = -0-3206+70-0518

(Du l 0= 0-2183-70-0238 <

(DMl3 = -01650+700135 <

= 5-8340 FJn, n) = 2000 Gm(n, n) = 31416

= 11030-70-6635

= -0-4602+701086

; = 0-2776-70-0386

= -01971+700194

= 01525-70-0116

0)u3 = -0-7700+70-3211

0)u6 = 0-3786-70-0727

d>u9 = -0-2445+700299

0)ul2 = 01797-700159

0>ul5 = -01418+7OOIOO

(5.144)

& k i v = <&vm w i t h \k — i\ — m

0),! = 0-6721-71-6605

a\,4 = -0-3470+70-1287

(D^ = 01999 -700405

O^o = -01377 +70-0100

0)^3 = 01045-7OOIO8

-0-6296+70-4070 0>,3 =

0-2810-70-0822 Op6 =

-01740+700304 O ^ =

01245-700154 Oy l 2 =

-00967+700093 OBl5 =

0-4441-70-2174

-0-2342+700561

01538-70-0237

-01136+70-0128

00899-7OOO8O

(5.145)
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The specifications of the driving-point currents for the broadside
array are:

Driving-Point Currents

1,(0) = 1-000+/0 72(0) = 1-000+/0 73(0) = 1-000+/0 74(0) = 1-000+/0

75(0) = 1-000+/0 76(0) = 1-000+/0 77(0) = 1-000+/0 78(0) = 1-000+/0

79(0) = 1-000+/0 710(0) = 1-000+/0 7n(0) = 1-000+/0 712(0) = 1-000+/0

713(0) = 1-000+/0 714(0) = 1-000+/0 715(0) = 1-000+/0

(5.146)

The driving-point impedances from (5.51) are:

Driving-Point Impedances

zk

Z, = 702-588-/350-682 Z2 = 915-158-/239-232 Z3 = 828-211-/245-278

Z4 = 872-733-/246-841 Z5 = 843-055-/244-341 Z6 = 866-245-/246-898

Z7 = 846-108-7244-293 Z8 = 864-939-/246-801 Z9 = 846-108-/244-293

Z10 = 866-245-/246-898 Z n = 843-055-/244-341 Z12 = 872-733-/246-841

Z13 = 828-211-y245-278 Z1 4 = 915-159-/239-232 Z15 = 702-589-/350-682

(5.147)

The constants C{ computed from (5.136) with (5.137) are:

Field-Pattern Constants
c,

Cx = 000179-/0-00482 C2 = 0-00321 -/0-00584 C3 = 0-00288-/0-00530

C4 = 000302-/000559 C5 = 0-00294-/0-00539 C6 = O-OO3OO-/O-OO555

C7 = 0-00295-/0-00541 C8 = 0-00299-/0-00554 C9 = 0-00295-/0-00541

C10 = 0-00300-/0-00555 CM = 0-00294-/0-00539 C12 = 0-00302-/O00559

C13 = 0-00288-/0-00530 C14 = 000321 -/0-00584 C15 = 0-00179-/0-00482
0 = n/2.

(5.148)
The field pattern determined by (5.148) is shown in Fig. 5.15. Finally,
the driving-point currents, impedances, and field-pattern constants
are given below for the endfire case, O0 = n/2:

Driving-Point Currents
7 z ( 0 )

lx = 1-000+/0 12 = - 1-000+/0 73 = 1-000+/0 74 = - 1 0 0 0 + / 0

75 = 1-000+/0 76 = - 1-000+/0 77 = 1000+/0 78 = -1-000+/0

79 = 1-000+/0 7 l 0 = - 1-000+/0 7 n = 1-000+/0 712 = - 1-000+/0

713 = 1-000+/0 714 = -1-000+/0 715 = 1-000+/0

(5.149)
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Driving-Point Impedances
z

Zx = 196-512 -/454-406 Z2 = 119-475-y446-232 Z 3 - 97-429-7431-258

Z 4 = 87-725-y423-369 Z5 = 82-423-/418-986 Z6 = 79-400 -j416-431

Z7 = 77-782-7415-071 Z8 = 77-300-7414-663 Z9 = 77-782-/415-071

Z 1 0 = 79-400-7'416-431 Z u = 82-423 -j418-987 Z 1 2 = 87-725 ~/423-369

Z 1 3 = 97-429-7431-258 Z 1 4 = 119-475-y446-232 Z 1 5 = 196-512 -/454-406

(5.150)

Field-Pattern Constants

Cl = 0-001259-70-002801 C2 = -0-000481+7'0-002362

C3 = 0-000316-/0-002102 C4 - -0-000249+70001974

C5 = 0-000213-/0-001904 C6 = -0-000193+/0001863

C7 = 0-000182-70-001841 C8 = -0-000179+/0-001834

C9= 0-000182-70-001841 C10 = -0-000193 +7OOO1863

CM = 0-000213-70-001904 C12 = - 0-000249+y0-001974

C13 = 0-000316-70-002102 C14 = -0-000481+y0-002362

C15 = 0-001259-70-002801

(5.151)

5.8 Summary

In this chapter a complete theory of curtain arrays of practical
antennas has been presented. Mutual coupling among all elements
is included in a manner that takes account of changes in the
amplitudes and the phases of the currents along all elements as
determined by their locations in an array. The theory is quantita-
tively useful for cylindrical elements with electrical half-lengths
in the range poh < 5n/4 and electrical radii with values fioa < 0*02.
This includes lengths over the full range in which the principal
lobe in the vertical field pattern is in the equatorial plane; it
provides a 5 to 1 frequency band for electrical half-lengths included
in the range n/4 ^ fioh ^ 5TT/4.

In this chapter no measurements have been cited to verify the
quantitative correctness of the new theory in determining distribu-
tions of current, driving-point impedances or admittances, and
field patterns of typical curtain arrays. This is due in part to the
relative difficulty in carrying out accurate measurements of the
self- and mutual impedances for curtain arrays owing to the lack
of the symmetry which underlies the corresponding measurements
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with the circular array. It is due primarily to the adequacy of the
experimental verification of all phases of the theory as applied to
the two-element array—the simplest curtain array (chapter 3),
general circular arrays (chapter 4) and to curtain arrays of parasitic
elements (chapter 6). As in the case of the circular array, the most
sensitive and, at the same time, the most convenient experimental
verification of the theory is in its application to an array in which
only one element is driven while all others are parasitic. The first
section in the next chapter is concerned specifically with the applica-
tion of the theory developed in this chapter to a curtain array of
twenty elements of which only one is driven and a comparison
of theoretically and experimentally determined currents, admit-
tances, and field patterns.



CHAPTER 6

ARRAYS WITH UNEQUAL ELEMENTS;
PARASITIC AND LOG-PERIODIC

ANTENNAS

The general theory of curtain arrays which is developed in the
preceding chapter requires all N elements to be identical geometric-
ally, but allows them to be driven by arbitrary voltages or loaded
by arbitrary reactors at their centres. If some of these voltages are
zero, the corresponding elements are parasitic and their currents
are maintained entirely by mutual interaction. In arrays of the
well-known Yagi-Uda type, only one element is driven so that the
importance of an accurate analytical treatment of the inter-element
coupling is increased. In a long array the possible cumulative
effect of a small error in the interaction between the currents in
adjacent elements must not be overlooked. As an added complica-
tion, the tuning of the individual parasitic elements is accomplished
by adjustments in their lengths and spacings. This introduces the
important problem of arrays with elements that are different in
length and that are separated by different distances. In the Yagi-
Uda array the range of these differences is relatively small. On the
other hand, in frequency-independent arrays of the log-periodic
type the range of lengths and distances between adjacent elements is
very great.

In this chapter the analytical treatment of arrays with elements
that are different in length and unequally spaced is carried out
successively for parasitic arrays of the conventional Yagi-Uda
type and for driven log-periodic arrays. However, the formulation
is sufficiently general to permit its extension to arrays of other
types, both parasitic and driven, that involve geometrically differ-
ent elements.

6.1 Application of the two-term theory to a simple parasitic array

The simplest parasitic array consists of JV geometrically identical
antennas each of length 2h and radius a arranged in a curtain of
parallel non-staggered elements with spacing b. Element 1 is
driven, all others are parasitic. Such an array is illustrated in Fig.
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6.1. The directional properties of the electromagnetic field main-
tained by the array depend on the relative amplitudes and phases of
the currents in all of the elements. The currents in the parasitic
elements are all induced by their mutual interaction. The current
in the driven antenna is determined in part by the driving generator,
in part by the mutual interaction with the currents in the other
elements. The coupling between the currents in any pair of elements
of given length depends primarily on the distance between them.

' radius a

N

Fig. 6.1. Parasitic array of identical elements.

The general theory of curtain arrays formulated in the preceding
chapter may be applied directly by setting VOi = 0, 1 < f < N.
The currents in the N elements are given by (5.34). They are

Izi(z) = Bt(cos poz - cos poh), i = 2, 3,... N (6.2)

2TT
where from (5.47) At = —— W~h^01 ^'^

and the Bt are obtained from (5.46). With V01 specified the currents
at the centres of the elements are obtained from (5.53). The driving-
point admittance of element 1 is

Yoi =/i ,(0)/Ko l . (6.4)
The field pattern of the array is obtained from (5.67) with the

appropriate values of A{ and Bt. Since only At differs from zero the
applicable formula is

.con s i n© f. A e'jpoRl

4n

(6.5)
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where Fm(0, poh) and Gm(0, poh) are defined in (5.66) and (5.68).
In (6.5) the field is evaluated in the far zone of each element so that
the distances Rt are measured to the centres of the elements. The
far field of the array implies in addition that Rt = R1 in amplitudes
and Ri = Rt — (i— \)b sin 0 cos <P in phase angles.

Numerical computations have been made by Mailloux [1] for an
array of 20 elements with a/k = 0-00635 and b/k = 0-20. Several

O20

016 (a)

z/k

012

008

004

000

0-20

016

1 2 3 4 5 6 7 8 9 10

(b)

Exp. points

z/k

012 -

008 -

0-04 -

000

0-204

9 10 11 12 13

Fig. 6.2. Components of current on driven dipole in 20-element parasitic array (Mailloux),
{a) in phase with driving voltage (mA), (b) in phase quadrature with driving voltage (mA).
b/X = 0-20, a/k = 000635.
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values of h/k were chosen in the range for endfire operation be-
tween 016 and 0-204.

The calculated distributions of current along the driven element
are shown in Fig. 6.2 together with measured values. The agreement
is excellent for h/k = 016 and 0-18. The agreement when h/k = 0-20
is not so close. However, the theoretical curves for antennas with
h/k increased by only 0004—a distance of less than a/k = 000635
—are in excellent agreement with the experimental data for
h/k = 0-20. Evidently, as resonance is approached the current
amplitude becomes increasingly sensitive to small changes in
length. The theoretical and experimental driving-point admit-
tances are shown in Fig. 6.3. As for the current distribution in
general, the agreement is very good for h/k = 016 and 018, but
the theoretical value at h/k = 0*204 is in better agreement with the
measured value for h/k = 0-20 than is the theoretical value for
h/k = 0-20.

16

14

12

10

8

6

4

2

0

Admittance Y = \Y\\9_

Computed from King-Sandier theory

1-6

1-4

1-2

10 i
a

0-8 -5
2

0-6 S'

0-4

0-2

016 017 018 019 0-20
hlk

0-21

Fig. 6.3. Driving-point admittance of 20-element parasitic array (Mailloux). b/X = 0-20,
a/X = 000635.

The normalized theoretical distributions of current along all
parasitic dipoles are the same. The experimental values were also
found to be remarkably alike. Theoretical and experimental distri-
butions of the magnitude of the current along a typical parasitic
element are shown in Fig. 6.4. It is seen that the theoretical currents
differ somewhat from the measured values. Measured changes in
the phase of the current along the parasitic elements were very
small.
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\ h/k = 0-204

185

0-20

016

z/k

012

008

004

000

0-200
- Shifted cosine

0-20 = h/k

Experimental
distributions

0 0-2 0-4 0-6 0-8 10

Current amplitude distribution (normalized)

Fig. 6.4. Normalized current amplitudes on a typical parasitic element in a 20-element
array (Mailloux). b/k = 0-20, a/k = 000635.

The amplitudes of the currents at z = 0 along each of the twenty
elements are shown in Fig. 6.5. The agreement with measured
values is again excellent for h/k = 0-16 and 0-18. As before, the
theoretical curve for h/k = 0-204 is in much better agreement

h/k =
0-204 (K-S)
0-200 (Exp.)

0-200 (K-S)
H

0180 (Exp.)

.0-180 (K-S)

0160 (Exp.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 & K-S)

Dipole number

Fig. 6.5. Amplitudes of currents at centres of the elements in a 20-element array with
element No. 1 driven; comparison of King-Sandler theory with experiment (Mailloux).
b/k = 0-20, a/k = 000635, frequency 600 Me.
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with the measured curve for h/k = 0-20 than is the theoretical
curve for h/k = O20. The corresponding phases are shown in
Fig. 6.6.

O204
0-200
0-180
0160

Experimental points
hi A = 0-20 A

018 x
016 o

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Dipole number

Fig. 6.6. Same as Fig. 6.5 but for phases of currents (Mailloux).

It is interesting to note that when h/k = 016 and 018 the
amplitudes of the currents in all of the parasitic elements except
those nearest the driven antenna are quite small and substantially
equal and the phase shift from element to element is linear. On the
other hand, as h/k approaches resonance the amplitudes of the
currents increase greatly and they oscillate in magnitude from
element to element. The small constant amplitude and linear
phase shift that is characteristic of the shorter elements suggests a
travelling wave along the array; the large oscillating amplitudes
near resonance are characteristic of a standing wave.

The theoretical and experimental field patterns are shown in
Fig. 6.7 for the three values of h/k. Although the measurements
were made in the far zone of each element (E far zone), the length
L of the 20-element array was such that the true far-zone approxi-
mations Rt = Rx in amplitudes and Rt = Rx —(i— \)b sin © cos Q>
in phases were not sufficiently well satisfied. Accordingly, the field
was evaluated from (6.5) with the actual distances to the elements
for comparison with the measured values. The true far-field was
also computed for comparison. The former is designated '£ far
zone' in the figures, the latter is labelled 'far zone'. The agreement
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E far zone

180°

(a) H/A = 016

180°

(b) h/X = 018

180°

(c) h/k = 0-20

E far zone
= 0-200)

Fig. 6.7. Field patterns of 20-element parasitic array; comparison of King-Sandier theory
with measurements (Mailloux). (Far zone is far zone referred to length of array, E far zone
is far zone referred to length of the elements.)
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between theory and experiment is seen to be quite good even in the
details of the minor lobe structure.

It may be concluded that the two-term theory of curtain arrays
developed in chapter 5 provides remarkably accurate results even
for parasitic arrays for which one of the terms vanishes for each of
the N — 1 parasitic elements. This is somewhat surprising since the
single term provides no flexibility in the representation of the distri-
bution of the currents in the parasitic elements. They are all assumed
to be the same and given by I(z) ~ cos /?oz — cos fioh. Moreover,
the phase of the current I(z) along each element is assumed to be the
same as that of the current 1(0) at the centre. This means that the
current distribution function f(z) in I(z) = J(0)/(z) is assumed
to be real for all parasitic elements.

It is unreasonable to suppose that these implied assumptions
are generally valid when longer elements are involved. After all,
the investigation in this section has been limited to relatively short
elements with h/X < 02. It would appear that a more accurate
representation of the currents in the parasitic elements is required—
this is suggested in Fig. 6.4 where the actual distributions of current
even on the relatively short elements were not very accurately
represented by the single shifted cosine term.

6.2 The problem of arrays with parasitic elements of unequal
lengths

In order to provide a more accurate representation of the current
in the parasitic elements of an array, use may be made of the three-
term approximation given in (3.18). This is known to be an improve-
ment over the two-term theory used in chapter 5 and, when applied
to parasitic elements, it provides two terms with complex coeffi-
cients instead of only a single term. Specifically let

Izkkk) = AkMOzk + BkFOzk + DkHOzk (6.6)

where MOzk = sin po(hk-\zk\) (6.7a)

FOzk = cos pozk - cos pohk (6.7b)

HOzk = cos ipozk - cos \pohk. (6.7c)

In parasitic elements the coefficient Ak is zero, but the two terms
BkFOzk + DkHOzk remain.

It is anticipated that the distribution (6.6) provides sufficient
flexibility to represent the currents in elements of different lengths
when each element is allowed to have its own length 2hk.
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When the several antennas in an array are not all equal in length
so that the ht differ, the problem of solving the N simultaneous
integral equations

f f" IJzdK
(6.8)

with k = 1, 2,... iV, is more complicated. The kernel has the form

Kkid(zk, z\) = Kki(zk, z\) - Kki(hk, z\) = — (6.9)
Kki Kkih

where

R = J(z - z')
2 + bih Rkih = x/(/zfc - z':)2 + &?.-. (6.10)

Note that bkk = a. The function Uk is

^ = - ^ £Jk u«fc^i)^;. (6.H)
In a parasitic antenna / the driving voltage V0l = 0, so that

X /z/(z;.)K,I.d(z/, z\) dz\ = , y l/,FOz/. (6.12)

In order to obtain approximate solutions of the N simultaneous
integral equations (6.8) by the procedure developed in the earlier
chapters, use may be made of the properties of the real and imagin-
ary parts of the kernel. As shown in chapter 2,

r {zk,z'k)dz'k - GOzk (6.13)
~hk

where GOz,k stands for MO z k, FOz,k or HOzk and KkkdR(zk, zk) is the
real part of the kernel. On the other hand,

r (zk,z'k)dz'k ~ HOzk (6.14)
-hk

for any distribution GOzk. It follows that

WkkV(zk) = I MQz,kKkkd{zk, z'k) dzk =

(6.15)

(6.16)
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f "= f " HOz,kKkkd{zk,z'k)dz'k =

(6.17)

where the ^ ' s are complex coefficients yet to be determined.
Actually, (6.13) with G = H and (6.14) suggest that the term
^kkdoHozk should be an adequate approximation. The term
^kkdDpozk is added in order to provide greater flexibility and
symmetry.

When/ / /c and/Job ^ 1, it has been shown by direct comparison
in chapter 3 that

GostKu^zddz't-Fo* (6.18)
-hirr oz'iKu^zddz'i-Ho* (6.19)
-hi

where GOzl- stands for MOz,t, FOz>t or HOzi. It follows that with
i # fe,

-Ill

(6.20)

-hi

(6.21)
phi

*vkiD\Zk) = I HQZ>iKkid(zk, Zi) aZj =ytf
kic

J - A ,

(6.22)

where the *F's are complex coefficients yet to be determined.
In the formulation developed in the earlier chapters for driven

elements of equal lengths, the coefficients *F were defined individ-
ually in terms of the two integrals obtained from the real and
imaginary parts of the kernel. In order to take account of the more
varied distributions that may be obtained when the elements are
neither all driven nor all equal in length, the separation into two
parts is not made. Instead the entire integral is represented by a
linear combination of the two distributions that best represent the
parts of the integral. The complex coefficients of these distributions
are to be determined by matching the integral and its approximation
at two points along the antenna, instead of at only one such point.
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It is anticipated that by fitting the trigonometric approximations to
the integrals at z = 0, hk/2, and hk (where both must vanish) a
good representation may be achieved in reasonably simple form
of all of the different distributions which may occur along antennas
of unequal lengths. It is, of course, assumed that poht < 5TT/4 for
all ht.

6.3 Application to the Yagi-Uda array
In order to clarify the description of the procedure used to solve

the N simultaneous integral equations for a parasitic array, it will
be carried out in detail for the specific and practically useful
Yagi-Uda array. In general, this consists of a curtain of N antennas
of which No. 1 is parasitic and adjusted in length to function as a
reflector, No. 2 is driven by a voltage V02 and Nos. 3 to N are also
parasitic and adjusted to act as directors. Such an array is shown
in Fig. 6.8 for the special case (treated later) with 2hx = 0-51/1;
2h2 = 0-50i; 2ht = 2/z, i > 2; b2l = 0-252; bu+1 = bj > 2. The
details of these adjustments are examined later.

0-25,1

0-51 A 0-50/1 V02 2h 2h

JL_U ax =a2 = ... = 0-00337/1

1 2 3 4 • • •

Fig. 6.8. A Yagi array with directors of constant length, radius and spacing.

On the basis of the three-term approximation, the current in the
single driven element has the form

Iz2(z2) = A2M0z2 + B2FOz2 + D2H0z2. (6.23)

The currents in the parasitic elements are

Izi(Zi) = BiFozi + Dfio^ i = 1, 3, 4,... N (6.24)
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where the constants A2, Bt and D( must be evaluated ultimately
in terms of V02. The integral equation for the driven element is

A2 M0z,2K22d(z2,z
f
2)dz'2 + X BiF0z,iK2id(z2,z'i)dz\

J -h2 i = l

i= 1

IATT

Mo,2 + U2F0z2l (6.25)Co cos ftoh2

The remaining JV — 1 integral equations are
f*2

, z'2) dz'2 4-

= t CLR h U*F°"<> k=\,3,4,...N. (6.26)
SO C O S Ponk

With (6.15H6.17) and (6.20)-(6.22) these may be expressed in terms
of the parameters *F. Thus, for (6.25)

/ = 1

Co
For (6.26), the N — 1 equations are

/ = i

j 4 " • [kV02M0z2 + U2FOz2]. (6.27)

i= 1
N

' 2 J U'iLrkidDrO:
i= 1

UkFOzk, k=\,3,4,...N. (6.28)
Co cos Pohk

These equations will be satisfied if the coefficient of each of the
three distribution functions is individually required to vanish.
That is, in (6.27):

^ 2 n V . (6.29)
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£ 0h2 - ^ U2 = 0 (6.30a)
1=1 ^0

^2^22-v + t [BFmv + DMUD] = 0. (6.30b)
1= 1

Similarly in (6.28) with k = 1, 3,... N

i^iiav^ £ [BMuu +D?¥{m] } cos Pohk-
J-p- Uk = 0 (6.30c)

^ 2 ^ K + I [ S ^ U +DfVjMD] = 0. (6.30d)
i= 1

Actually, the single equations in (6.30a) and (6.30b) may be com-
bined with the N — \ equations in (6.30c) and (6.30d) with the aid
of the Kronecker 5 defined by

The 2N equations are

L j r ^ l / , = 0
1=1 J to

(6.31a)

_ JIUD] = 0 (6.31b)
i= 1

with k = 1, 2,... N. These equations, together with (6.29), determine
the 2N + 1 constants A2, Bt and Dt, i = 1, 2,... N.

Before these two sets of equations can be solved, it is necessary
to evaluate the functions Uk. This is readily done in terms of the
following integrals:

vp (h ) = f ' Mo^Kuih^zDdz'i (6.32)
i -hi

Chi

^kiu(hk) = \ FwlKkihk9z\)dz\ (6.33)

VUhk) = J HOz.tK^hk,z't) dz\ (6.34)

where

-z'i)2 + bik. (6.35)
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It follows from the definition in (6.11) that

Since only antenna 2 is driven, At = 0, i ^ 2 so that

[6.3

l (6.36a)

- (6.36b)

The substitution of (6.36b) in (6.31a) gives for these equations

A2[Vk2V(hk)-(l-Sk2M2dV cos /?A]+ Y BiVVUK)

-VU cosp0hk]+ X D1.[^iD(/lk)-T{W
i — 1

(6.37)

with /c = 1,2,... N. These equations can be simplified formally by
the introduction of the notation

(6.38)

(6.39a)

(6.39b)

v cos p

- T{idD cos flohk.

With this notation, (6.37) together with (6.31b) gives the following
set of 2N equations for determining the 2N coefficients J5, and Dt

in terms of A2 :

£ [ ^ , ^ , + ^ D ^ ] = - ^ 2 ^ 2 ; k = 1,2,... AT (6.40)

=\,2,...N. (6.41)
i = 1

These equations may be expressed in matrix form after the
introduction of the following notation:

(6.42a)

^NNUJ

'\2D

ON 1 D ... ®NNDj

(6.42b)
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jh
UdU

jh
!2dU

Jh
INdU

VI/ XLf

[fh XLJh
[ IdD * 12dD "• *

XLjh
i 1 INdD

\jfjh
NldD

XLJh
* NNdD.

(6.43a)

(6.43b)

\2V

fXLfh \ _

XLfh

XLfh

l2dV

22dV

ujh

(6.44)

B1

B2 D2

(6.45)

The matrix forms of (6.40) and (6.41) are

= — {<S>2V}A2 (6.46)

= -{Vh2dv}A2. (6.47)

The N coefficients Bt and the N coefficients Dt must be determined
from these equations for substitution in the equations (6.23) and
(6.24) for the currents in the N elements. The coefficient A2, which
is a common factor, is obtained from (6.29) in terms of the single
driving voltage V02.

It remains to evaluate the parameters ¥ that occur in the O's in
(6.46) and explicitly in (6.47).

6.4 Evaluation of coefficients for the Yagi-Uda array

The equations (6.46) and (6.47) involve the elements of the N x N
matrices [O^], [<DD], [^i/l and [ ^ J . These, in turn, depend on the
parameters ¥ introduced in (6.15)—(6.17) and (6.20)-(6.22) and the
parameters ^(h) defined in (6.32}-(6.34). Since each integral is
approximated by a linear combination of two terms with arbitrary
coefficients, these can be evaluated by equating both sides in
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(6.15H6.17) and (6.20H6.22) at two values of z. The values chosen
are z = 0, and z = hk/2 in addition to z = hk where both sides must
vanish.

Specific formulas for the two values of each of the integrals W
defined in (6.15)-(6.17) and (6.20)-(6.22) are as follows:

WkiV(0) = A;1 f' IVi{z[)Kkid{^ z't) dz\ = f' MOz,{Kkid{Q, z\) dz\
J -hi J -hi

(6.48a)

vkiV

-*,- 2 "

hi

- f t , J -hi

whikiU

(6.48b)

(6.49a)

(6.49b)

[hi [hi
= Dr M IDi(z[)Kkid(0, z\) dz\ = HOz,tKkid{0, z\) dz\

J - ^ J -^

(6.50a)

W I k

WkiD I ~2

(6.50b)

In all of the above, k = 1, 2, 3,... N. These are a set of complex
numbers which give the values of the integrals (6.20H6.22) at
the two points z = 0 and z = hk/2. They are readily evaluated
numerically by high-speed computer, or they may be expressed
in terms of the tabulated generalized sine and cosine integral func-
tions. Once the W's in (6.48a)-(6.50b) have been obtained for all
values of i and /c, the coefficients *F may be determined from the
equations (6.15)—(6.17) and (6.20)-(6.22). At z = 0 these become:

V S sin Pohk + VhivV - c o s (j80V2)] = WkkV(0) (6.51a)
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V{idV(\ - c o s /?<A) + ¥*«K[1 - C O S (0<A/2)] = WkiV(0) i ± k

(6.51b)

vj//. n cos B h ) •+- ^P*. [1 cos (B h /2)1 = W (0) (6 51c)

yJkidD(l—cos PohJ + V^Dll—cos(P0hk/2)] = WkiD(0). (6.51d)
At z = hk/2, they are

2

(6.52a)

(0o V 2 ) - cos 0o/ij + 4*{MK[cos (0o V 4 ) - cos (0O V2)]

(6.52b)

(0oV2)-cos0o/it] + «I'Ju

H l / 2i
(6.52c)

fciD

The solutions of these equations for the
They are

(6.52d)

are obtained directly.

cos \ 4 / — cos

- WkiV(hJ2)[\ - c o s (j90V2)]}

(6.53)

in (0OV2) }(6.54)

(6.55)

- WkiV(0) [cos (Pohk/2) - cos 0o/it]} i j=.k (6.56)

(6.57)

(0oV2)-cos(0ofc»)]} (6.58)

cos (00^^/4) — cos (flohk/2)]

- C O S ( J W 2 ) ] } (6.59)

- cos (/?0
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- WkiD(0) [cos (pohj2) - cos pohk]} (6.60)

where At = sin (}0hk[cos (p0hk/4)-cos((l0hk/2)]

- s in (j80V2)[l - c o s (PohJ2)] (6.61)

and A2 = [1 - cos pQhk] [cos (j50 V4) - cos (jS0 V2)]

-[cos (p0hk/2)-cos pohk][l -cos()8oV2)]. (6.62)

All of the *F's have been determined. The ^(/z) coefficients are given
in (6.32)-(6.34). The elements of the O matrices are obtained from
(6.38)-(6.39b). This completes the solution for all of the currents in
the elements of the Yagi-Uda array.

6.5 Arrays with half-wave elements

When an array includes half-wave parasitic elements the formu-
lation in sections 6.3 and 6.4 is directly applicable. Specifically,
when poht = n/2 and element i is parasitic, the current (6.24) has
the form

Izi(zt) = Bt cos pozt + Dt[cos (PozJ2) - ^2j2\ (6.63)

If the length of the driven element 2 is such that poh2 is near or
exactly n/2 (as in Fig. 6.8), the alternative form for the current given
in (2.35) for the isolated antenna is more convenient since it does
not yield an indeterminate form at P0h2 = n/2. That is, in the
notation of (6.23),

Iz2(z2) = A'2S0z2 + B'2FQz2 + D2H0z2 (6.64)

where S0z2 = sin j80|z2| - sin p0h2 (6.65)

and A'2 = -A2cosp0h2 = -j(2nVO2/i;oH"22dV) (6.66a)

B2 = B2 + A2 sin p0h2 = B2 - A'2 tan p0h2. (6.66b)

Note that A'2 and B'2 are finite when fioh = n/2. In this case

Soz2 = sinj80 |z2 |-l , B'i = B2 + A2. (6.67)

Since (6.64) is not actually a different distribution from the
original in (6.23) but merely a rearrangement that is more con-
venient when (50h2 is at or near n/2, it is not necessary to repeat
the formulation in the preceding sections with S0z2 substituted
for M0 z 2 . A simple rearrangement of the 2JV equations in (6.40)
and (6.41) is all that is required. This is accomplished by the substi-
tutions (6.66a) and (6.66b) for A2 and B2. Specifically, let

A2= - A'2 sec poh2, B2 = B'2 + A2 tan p0h2 (6.68)



ARRAYS WITH HALF-WAVE ELEMENTS

%iv = [®k2v ~ ®kiv sin fi0h2] sec fioh2

l in Poh2} sec 0oh2.
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(6.69)

(6.70)

Also let B\ stand for B l 9 B'2, B3,... BN. With this notation, the
equations (6.40) and (6.41) become:

N

k = 1,2,...JV (6.71)
i= 1

N

; = I

luu B\ + Vh
kidD DJ = /c = 1,2,... N. (6.72)

In matrix form these are

= {V'2dV}A'2

(6.73)

(6.74)

where the four square matrices and the column matrix [D] are
defined in (6.42a, b), (6.43a, b) and (6.45). The other column matrices
are

B'2

BN J

J2>2V

^N2V

2dVj

(6.75)

These equations are to be solved for the 2N coefficients B\ and D(

in terms of A'2 = — j(2nVO2/^o
x¥^2dv)' The P̂ functions that occur

in these equations are defined in the same manner as in sections 6.3
and 6.4. This is illustrated below for Poh = n/2.

When Poh = n/2, F0z2 = MOz2 = cos /30z. It follows from (6.48a)
and (6.49) that W22V(0) = W22U(0\W22V(h2/2) = W22U(h2/2). Hence,
from (6.53) and (6.57), (6.54) and (6.58), it follows *¥k2V(zk) = *¥k2M
and Al = A2. This means that ^[^y = xV{2dV and V^dK = ^lidu
when ^ 2 and ^ 2 d F = ^F{2du, ^ 2 2 d F = Vh

22dV when fe = 2.
As a consequence, O'fc2F becomes indeterminate in the form 0/0
when k ^ 2. However, the limiting value as P0h2 -• n/2 is finite.
Thus, (6.69) may be expanded as follows. When k = 2,

Vnv = - Sfl(/i2, /i2) + £fl(/i2, h2) + Vf
22dU; (6.76a)
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when /c 7̂  2,

{[cos tfohk - cos #0/iJ [ - EbJh2,0)

, K) + SbJh2,0) - SbJh2, hj]

J 'T
where A2 is defined in (6.62). Similarly, when k = 2,

(6.76b)

+4-U-S. h 2

+ E,. ,^ -Ea(h2,h2)

(6.76c)

w h e n k •• 2,
1

-EbJh2,hk)

+ [cos tfohk - cos pohk] [SbJh2,0) - SbJh2, hk)

(6.76d)

The coefficients B\ and D, obtained for )80/i2 = n/2 from (6.73) and
(6.74) with (6.76) are to be used in the current distributions

7z2(z2) = A'2SOz + B'2FOz + D2H0z (6.77)

IJz,) = B'{FOz + D{H02, i = 1, 3,... N. (6.78)
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In the original analysis of arrays with half-wave elements [2]
and in its application to arrays of the Yagi type [3], a somewhat
different procedure was used. In effect, this treated the alternative
form (6.64) of the distribution of current along a driven half-wave
clement as an independent representation. The entire procedure
carried through in sections 6.3 and 6.4 was repeated with the
distribution function M0z2 replaced by SOz2. This also involved
a simple rearrangement of the integral equations (6.8) so that when
k = 2, the right-hand member is (j4n/£o)[jVO2SOz2 + C2FOz2].

The alternative procedure is basically equivalent to that outlined
in section 6.5 but the two are not identical and involve small quan-
titative differences when applied to a particular array. In particular,
the values of W22V(0) and W22V(h2/2) from (6.45a, b) are necessarily
somewhat different when, with fioh = n/29 S0z2 = sin j5OiZ21 — 1 is
substituted for M0z2 = cos /J0z2 in the integrals. It follows that
the two values of W^dv as defined in (6.53) are also not quite the
same when S0z2 is used instead of MOz2. These differences are small
and either procedure should give satisfactory results, although in
the interest of simplicity and consistency the generalization in
section 6.3 is to be preferred.

Reference is here made to the alternative procedure primarily
because it was used by Morris in an extensive quantitative study
of the Yagi-Uda array. The results of his work, described later in
this chapter, differ negligibly from those actually given.

6.6 The far field of the Yagi-Uda array; gain
The electric field maintained at distant points by the currents in

the N elements of the Yagi-Uda array is readily determined. For
the currents

hiiti) = A2s\n p0(h2-\z2\) + B2(cos p0z2-cos p0h2)

. + D2(cos |j30z2 - cos ±poh2) (6.79a)

I2i(zt) = J3<(cos pozt - cos poht) + Df(cos jpoz( - cos ?Poht), i / 2

(6.79b)
the electromagnetic field is

N p-jfioRi }

Z —^-[Bfim(Q9 Poht) + DtDm(&9 poht)] (6.80)
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where Fw(0, poh\ Gm(0, poh) and Dw(0, poh) are defined in (2.46)-
(2.48) and Rt is the distance from the point of calculation to the
centre of element /. This may be rearranged as follows:

y e-jp0R2

£0iV(i?2,0,(D) = --S£—^—fVN(Q9<i>). (6.81a)

Since no ambiguity can arise the symbol ¥ without subscripts and
superscripts is used for x¥™2dv a s defined in (6.53). The field factor
in (6.81a) for the N-element array is given by

= jVm(0,/?o/22) +

TDiDm(G,p0hi)]\secp0h2. (6.81b)

In obtaining (6.81a, b) the far-field approximation, R; = R2, in
amplitudes has been made. In the spherical coordinates R2, 0 , <!>,
(Fig. 6.9), and 6,,, ± 1 = b,

Rt-R2= -(i-2)b sin® cos®. (6.81c)

The following set of parameters has been introduced:

Tm = BJA2, TDi = Di/A2 (6.82)

Fig. 6.9. Coordinates for 4-element array referred to origin at centre of element 2.
b2x = b23 = b34 = b.
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where A2 = 7271 K02/£0*F cos Poh. The quantity £0(0,O)/KO2 is the
far field per unit voltage driving element 2.

An alternative expression for the field per unit input current to
the driven antenna 2, i.e. E0(0, O)//z2(0), is readily obtained with
the substitution of Vo2 = /Z2(0)/ Y2N where, from (6.23), the input
admittance of antenna 2 when driving the N-element array is

Y2N =

The result is

where

- c o s

TD2(1 - cos

, 0 ,0) = iS

(6.83)

(6.84a)

\Fm(GJoh2)+

I sin/?0/72+T[/2(l-cos/?0/i2)+TD2(l-cosi/?0/i2) J

(6.84b)

If the driven element is near a half wavelength long, the more
convenient alternative form of the current is

+ D2(cos ̂ 0z2 - cos tfoh2) (6.85)

where A'2 = — j2nVO2/Co
xi/' The currents in the parasitic elements

are given by (6.79b). With the notation

Tm = B'i/A29 B\ = B l 9 B ' 2 9 B 3 9 . . . B N (6.86)

the formula for the distant field is

£0(/?2,0,O>) = ^ (6.87a)

where

/'KJV(0,<D) = | R j^ \ _|_ \ ^ p JPo(Ri R-2)

i = 1

x[TmGm(®,poh,)+TDID, ,-)]. (6.87b)

Hm(&,poh) is defined in (2.51) and, specifically for poh = TT/2,
in (2.52a). As before, Gm(0, fioh) and £>m(0, jS0/i) are given in (2.47)
and (2.48). Special values for Poh = n/2 are in (2.52b, c). If desired
£ 0 (0 , <D) as given in (6.87a, b) may be referred to the current /z2(0)
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instead of the voltage F02. In this case

v _-J2* [(1 - sin p0h2) + T'U2(1 - cos p0h2) + TD2(\ - cos $p0h2)]

so that E@N(R2, 0 , $) =

where

j(0Iz2(0) e
2n R-

(6.88)

(6.89a)

,poh,)+TDiDm(@,/?„*,)

' (1 -sin^0/i2)+r^2(l-cos/?0/i2)+TD2(l -cos

(6.89b)

The graphical representations of the normalized field factors
| /N(0, O)|/|/W(JT/2,0)| or | / ; ( 0 , n/\f'NW2,0)| in appropriate planes
are the field patterns. The field pattern in the equatorial (horizontal)
plane is given by \fN{n/2, Q>)\/\fN(n/2,0)| as a function of O. Important
field patterns in planes perpendicular to the equatorial plane are
with 0> = 0 and n. In this case \fN(&, {°})\/\fN(n/2, 0)| is shown
graphically as a function of 0 . The ratio of the field in the forward
direction (i.e. toward the directors, O = 0) to the field in the back-
ward direction (i.e. toward the reflector, O = n) in the equatorial
plane 0 = n/2 is known as the front-to-back ratio. It is given by

(6.90a)

The front-to-back ratio in decibels is

71 ,
rFB = 20 log1 0 If

JN rn (6.90b)

Note that in all of the ratios involving fN(®, $>) either fVN(&, O)
or / / i v (0, O) may be used.

Since the total power radiated by an array is given by the integral
over a great sphere of the normal component of the Poynting vector

\SR(R, 0 , O)| = \EB(R, 0 , <D)|2/2C0 (6.91)

the distribution as a function of 0 and O of \SR{R, 0 , Q>)\ is of
interest. The total power supplied to the N-element array is

(6.92)2N
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where R2N and G2N are, respectively, the driving-point resistance
and conductance of the element 2 when driving the N-element
parasitic array. With (6.84a) and (6.92)

\SR(R2, 0 , (D)| = (6.93a)

A graphical representation of \fN(®,<b)/fN(n/2,0)\2 is known as a
power pattern. (Note that R2 is a distance, R2N a resistance.)

If ohmic losses in the conductors of the antennas and in the
surrounding dielectric medium (air) are neglected, the total power
radiated by an array outside a great sphere of radius R2 is the same
as the total power supplied at the terminals of the driven element 2.
That is

/*2n r*n

\SR{R2,®,Q>)\R2
2 sin @d@d<&. (6.94)

Jo Jo
With (6.93) and (6.94), formulas are obtained for R2N and G2N in
terms of the far field. They are

[ U f I//*(©> *)l2 sin 0 d@ JO (6.95a)
J o J47T J o J 0

G2N = A f * f" \fVN(®, O)|2 sin 0 d® JO
4TT J 0 J 0

Actually, both R2N and G2N are already known from

(6.95b)

when the medium in which the array is immersed is lossless.
The absolute directivity of the N-element Yagi array is defined

in terms of the power radiated by a fictitious omnidirectional
antenna that maintains the same field in all directions as the Yagi
array does in the one direction of its maximum, viz., 0 = n/2,
O = 0. This power is

= 47lR2
2

2N

(6.96)
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The ratio PNomni/P2N is the absolute directivity. Thus

[6.6

(6.97)

This formula is often written with R2N expressed explicitly as given
in (6.95a). The quantity

n
V

0
p
1 Nomni

P2N

Co
nR2N

flN

\
n \2'°)

2 Co
nG2N

JVN
n
2 '

2 ' = ioiogloru-,o (6.98)

is the absolute gain in decibels.
The absolute directivity of the driven element 2 when isolated is

D,f.O Co
21 nR21

in 2 '
Co

nG21
/ lVI 2'

. (6.99)

The relative directivity at constant power of the array referred to
the isolated driven element is

R21 / «

III

V ' 2 1

G,

IVN

(6.100)

The corresponding relative gain in decibels is

GM = n
2 ' '

(6.101)

The relative directivity (6.100) is readily expressed in terms of the
electric field in (6.84a). Thus

DM =
E@N

0 1

R2,

R
2'

n
V
n

2

0

0

2

2
21

2N
(6.102)

The relative directivity at constant power, P21 = P2N, is
„ .12

Dr(0) = 2 * (6.103)

This is equivalent to (6.100).
The relative directivity (6.100) or (6.103) is also the relative

forward directivity in the direction 0 = TT/2, O = 0. The relative
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directivity at constant power P2i = P2N i° t n e backward direction
0 = re/2, <5 = n is defined by

Dr(n) =
71

2

2
_«2i

f,,N

f n

rn

n
21

7FA?I 2 ' n

f \U n

(6.104)
The relative backward gain is

Gr(n)= 101ogl0/)r(7r). (6.105)

Since for a single element rotational symmetry with respect to
<D gives/N(7r/2, 0) = fN(n/2, n), it follows that

Dr(0)

JN 2>n

(6.106)

and rFB = Gr(0) - Gr(;r) (6.107)

in decibels. Note that R2 is a distance, i?2i a n d R2N resistances.

6.7 Simple applications of the modified theory; comparison with
experiment

The theory of arrays developed in the preceding sections is like
that formulated in the earlier chapters in that the complicated
simultaneous integral equations for the currents in the elements are
replaced by a set of algebraic equations. This is accomplished by
approximating the integrals with an appropriate combination of
trigonometric functions. In dealing with arrays of driven elements of
equal length it was convenient to use different trigonometric
functions for different parts of the integrals and to match these to
the integrals at the point of maximum current, z = zm, and at the
ends, z — ± h. For use with parasitic elements of unequal length
this procedure is modified. Each integral is approximated by a sum
of trigonometric terms with coefficients matched to the integral
at z = 0, ± h/2 and ± h. In order to illustrate the application of the
modified theory and at the same time verify its accuracy it is
convenient to consider the simplest cases, the isolated antenna and
the two-element parasitic array. Since conventional (sinusoidal)
theory fails completely when full-wave elements are involved, the
examples are selected deliberately to include such elements.
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In Fig. 6.10 are the distributions of current along a full-wave
isolated antenna as computed from the modified theory, and as
measured. They may be compared with the three-term approxi-
mation in Fig. 2.4 where the same experimental data are also shown.

o f Exp. (Mack)

Theory

- 2 - 5 - 2 - 0 - 1 - 5 - 1 0 - 0 5 0 0-5 10 1-5

milliamperes per volt

Fig. 6.10. Distribution of current on full-wave antenna; /(z) = /"(z) +;7'(z); a//. = 0007022,
h/X = 0-5.

The two theoretical representations, while not identical, are
nevertheless both very good approximations of the current. The
modified theory does not provide quite as good an overall fit, but
is somewhat better in specifying the susceptance—as would be
expected since all integrals are matched at z = 0 and not only at the
maximum of current. The admittance in the modified theory is
Yo = (0-926+7I-350) x 10"3 mhos; the value obtained previously is
y0 = (0-976+;0-988)x 10"3 mhos. The measured value after cor-
rection for end effects is (1025+;T676) x 10" 3 mhos. As indicated
in conjunction with Fig. 2.6 a lumped susceptance J50 = 0'72 x 10" 3

mhos must be added to the three-term admittance to give
y0 = (0-976+7I-708) x 10~3 mhos. A similar lumped correction is
also required with the modified theory, but it is smaller, viz.
Bo = 0-35 mhos. It is clear that when suitably corrected to give
the right susceptance either theory provides a very acceptable
approximation of the current in a dipole.

The distributions of current in an array of two full-wave elements
in which element 1 is centre driven and element 2 is parasitic are
shown in Fig. 6.11 for four values of b, the distance between the
parallel antennas. The corresponding field patterns in the equatorial
plane are in Fig. 6.12. The distributions of current in Fig. 6.11 may



6.7] APPLICATION OF THE MODIFIED THEORY 209



210 ARRAYS WITH UNEQUAL ELEMENTS [6.7
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Fig. 6.12. Horizontal field patterns of full-wave two-element parasitic array. h/X = 0-5,
a/X = 0007022.

be compared with measured values in Fig. 6.13. The agreement is
seen to be very good. Equally good agreement has been observed
for the field patterns.

As an illustration of the computations for the currents in a two-
element array with elements differing greatly in length, the graphs
in Fig. 6.14 are provided. The associated horizontal field patterns
are in Fig. 6.15. In the case considered, the driven element is a wave-
length long, the parasitic element has successively the three lengths
h2 = 0-22, O4A, and O65A. Large changes in the distributions of
current are seen to occur in the parasitic element as its length is
changed while fixed at the specified distance b = 02/1 from the
driven element. Note that except for the shortest length, the currents
in the parasitic element differ significantly from the sinusoidal.
The current in the driven antenna is only slightly affected by the
changes in length of the coupled parasitic antenna, the largest
changes occur near the driving point so that the admittance is
noticeably modified. Specifically, for the values h2jX = 0-2, 04,065
the admittances are (O916+7*l-041)x 10"3, (0-790 +jl-480)x 10~3,
and (O805 + 7l-510)xl0~3 mhos.

A typical computer printout for a two-element parasitic array
is in Table 6.1. The coefficients of the trigonometric components
of the current, the admittance, the impedance, the current distri-
butions, the horizontal and vertical field patterns, the forward gain,
the backward gain and the front-to-back ratio are all given.



b/k
O — 0-125
• x — 0-250

1-5 2-0 2-5
milliamperes per volt

-90° -60° -30° 0 30°
Phase in degrees

60°

0-5

0-4

0-3

0-2

01

0 0-5 1
milliamperes per volt

Fig. 6.13. Measured currents in full-wave array of two elements (Mack). h/X = 0-5, a/k = 0007022.
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Table 6.1

No. of elements = 2
Half-length of driving antenna = 0-5000000E 00

Half-length of parasitic antenna = O-65OOOOOE 00
Radius = 0-7022000E-O2

Element spacing = 0-2000000E-00

Coefficients for current distributions

AR
-0-249034E-04

BI
0-441346E-03

BI
- 0-493231E-03

Element No. 1
AI

-0-318019E-02
DR

0-439517E-03

Element No. 2

DR
0-221251E-03

BR
0-182919E-O3

DI
0-627672E-03

BR
0-707925E-04

DI
0-456011E-03

Current distributions and input admittances

Element No. 1

Input

Input

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Z/H
0-
01
0-2
0-3
0.4
0-5
0-6
0-7
0-8
0-9

Real
admittance =

O-8O5356E-O3
impedance =

0-274884E 03

Real
0-805356E-03
0-783297E-03
0-734272E-O3
0-661902E-03
0-571337E-O3
0-468802E-03
O-361O52E-O3
0-254792E-O3
O156115E-O3
0-700128E-04

Real
0-434100E-03
0-423681 E-03
0-393571 E-03
0-347053E-03
0-289068E-03
0-225521 E-03
0162456E-03
0105249E-03
0-579298E-04
0-227404E-04

Horizontal field pattern

F gairi = 0-4079 DB

Vertical field pattern

Imaginary

O151O36E-O2

-0-515518E 03

Imaginary
O151O36E-O2
0-498302E-03

-0-473916E-03
-0131281E-02
-0193902 E-02
- 0-229502 E-02
-0-235064E-02
-0-210594E-02
-0159102E-02
-0-862943 E-03

Element No. 2

Imaginary
-0120109E-03
- 0-890176E-04
-0-202264E-05

0123I20E-03
0-260242E-03
O-379298E-O3
0-451620E-03
0-455010E-03
0-377819E-03
0-221326E-03

Phi E
0- 1-000000

1000 0-999009
20-00 0-997528
3000 0-999831
4000
5000
6000
7000
8000
9000

10000
11000
12000
13000
14000
150-00
16000
17000
18000

•012188
•041196
•091405
•163272
•252706
•352388
•453907
•549639
•633938
•703568
•757561
•796660
•822565
•837157
•841848

Bgain = 5-7130 DB

Theta E
1000 0068390
2000 0151670
3000 0-245067
4000 0-345650
5000 0-460228
6000 0-606571
70-00 0-782575
80-00 0-937397

Magnitude

0-171167E-02

0-584226E 03

Magnitude
0-171167E-02
O-928363E-O3
0-873929E-O3
0147023E-02
0-202144E-02
0-234241 E-02
0-237821 E-02
O-21213OE-O2
O159866E-O2
0-865779E-03

Magnitude
0-450410E-03
0-432931 E-03
O-393577E-03
0-368245E-03
O-388955E-O3
0-441278 E-03
0-479950E-03
0-467024E-03
0-382234E-03
0-222491 E-03

E DB
- 0 -
-00086
-00215
-00015

01052
0-3507
0-7597
1-3136
1-9570
2-6220
3-2507
3-8046
4-2647
4-6272
4-8982
50893
5-2137
5-2829
5-3051

FTBR = -5-3051

E DB
-23-3002
-16-3820
-12-2143

-9-2273
-6-7405
-4-3424
-21295
-0-5615

Argument

61-8473

-61-8473

Argument
61-8473
32-4182

-32-7939
- 6 3 1562
-73-4809
-78-3470
-811558
-82-9870
-84-2797
-85-2440

Argument
-15-4447
-11-8492

-0-2940
19-5057
41-9382
591837
701187
76-8698
811709
84-0178

DB
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- 3
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/li/i = 0-5,fi2/x = 0-4

0 150 18060 90 120

<& in degrees

Fig. 6.15. Horizontal field patterns of arrays of two elements of different lengths, b/k = 0-2,
a/X = 0-007022, N = 2.

6.8 The three-element Yagi-Uda arrayf

The computed distributions of current and the field pattern for a
three-element array consisting of a reflector of length 2hx = 0-51 A,
a driven element of length 2h2 = O5(U and a single director of
length 2/i3 = 045/1 are shown in Figs. 6.16 and 6.17. For this array
the radius of all elements was taken as a = 0-003369/.. The driving-
point impedance of element 2 is Z2 = 27-4 +71-27 ohms. The
computed values of the phase angle of the current along the
reflector are nearly constant; it decreases from 74°-5 at z/hx = 0
to 72°-7 at z/h{ = 0-9. The phase angle of the current along the
driven element decreases from -2°-66 at z/h2 = 0 to -8°-47 at
z/h2 = 0-9. The phase angle of the current along the director is
almost exactly constant, changing only from —154°-3 at z/h3 = 0
to - 154°-0 at z/h3 = 0-9. It is clear from Fig. 6.16 that the current
in the reflector is so small that it actually contributes negligibly to
the field.

f This section is based on the work of Dr I. L. Morris [3].
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Fig. 6.16. Currents in three-element Yagi-Uda array.

In order to determine whether the particular length h3 and
spacing fc23 is the best value to maintain the largest forward gain
G(0) or the maximum front-to-back ratio, the quantities hz/X and
&23M c a n be varied over a suitable range and the associated for-
ward gain or front-to-back ratio computed. A computer printout
for the front-to-back ratio is shown in Fig. 6.18. The ordinates are
2/z3/2 = 2H/L, in a range from 0-50 to 036 in steps of 0 0 1 ; the
abscissae are b2zl^ = B/L in the range from 002 to 030 in steps of
002. The contours are drawn along estimated lines of constant
front-to-back ratio ranging from 1 to 19. It is seen that the
maximum value of front-to-back ratio is close to b23/X = 012 with

- 1 0 -

U4

- 2 0 -

2 5 " " 60 90 120

O in degrees

Fig. 6.17. Field pattern of three-element Yagi-Uda array with element No. 2 driven.



1-Director Yagi antenna with constant director length and spacing
front-to-back ratio in dB

Reflector-feeder spacing = 0-250000
Radius of each element = 0003369

2h/k
0-500000

0-490000

0-480000

0-470000

0-460000

0-450000

0-440000

0-430000

0-420000

0-410000

0-400000

0-390000

0-380000

O-37OOOO

0-360000

b/k

0-52 0-33 0-22 Oi l 0-02 - 0 0 7 - 0 1 6

Reflector length = 0-510000
Feeder length = 0-500000

-0-21 - 0 1 8 - O i l 0-01 017 0-39

011 10-74\ 11-48 12-33 \ ^3 -26 1419^14-97 15-40 15-32J4-76 13-90 12-93

10jO2 10-55 \ l - 1 7 11-86 12-60^ 13 33 13-95 14-33 14-37 1406 13-47 12-74 11-96 l l-20\ 10-51

7 l \ l l - 1 9 ll-i

9-94 10-40 10-91 11-49 1209 12768^ 1317 13-50 13-58 13-41 1300^12-45 11-82 11-19/ 10-58

9-88 10-27 10-71 \ l l - 1 9 11-69 1216 12-57
1 1 1 1 1 1 r

•85^ 12-95 ^1285 12-56 1214 11-64 11-10 10-58
| i 1 1 —1 1 f '

0020000 0060000 0100000 0140000 0180000 0-220000 0-260000 0-300000
0040000 0080000 0120000 0160000 0-200000 0-240000 0-280000

Fig. 6.18. Typical printout for three-element Yagi-Uda array.
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2h3/l = 0-44. Thus, the distributions of current and the field
pattern in Figs. 6.16 and 6.17 do not quite correspond to those for
maximum front-to-back ratio. A small readjustment in the length
of the director from 2h3 = 0-45/1 to 2/?3 = 044/1 and an increase in
its spacing b23 from 0-08A to 0121 produces an increase in front-
to-back ratio from 24-14 to 30-70. If the parameters 2h3/l and b23/l
were varied in steps smaller than 001 and 002, respectively,
an even higher ratio might be obtained within the narrow ranges
2/z3 = 0-44 + 0-01, b23 = 012 + 0-02. A more extended set of con-
tours of the front-to-back ratios is shown in Fig. 6.19 in which the
computed numbers have been deleted and only the contours of
constant rFB are shown. It is clear that a number of successive
maxima in front-to-back ratio are obtained as the distance b23

between the director and the driven element is increased. These
occur substantially at intervals of 1/2 with 2h3 between 0.441 and
0-46/1. Similar computer printouts for forward gain, driving-point
resistance and reactance are also shown in Fig. 6.19.

6.9 The four, eight and ten director Yagi-Uda arrays!

The theory developed and illustrated with simple examples in
the preceding sections can be applied to analyse the properties of
longer Yagi-Uda arrays. For such arrays the quantities of principal
interest include the distributions of current along all elements (since
these determine the field), the admittance or impedance of the single
driven element, the far-field pattern, the forward gain and the front-
to-back ratio. For many purposes the determination of conditions
that yield a maximum in the forward gain or in the front-to-back
ratio is important. The parameters that may be varied are the length
2hi and radius ax of each element /, the distances btj between the
elements i and j and their number N. Thus, there are a total of 3N
parameters.

Because of the large number of possible combinations, an
exhaustive study of the Yagi array would be very costly in both
time and money even when a high-speed digital computer is avail-
able. An investigation of reasonable proportions must be restricted
to a choice and range of parameters that is appropriate to a parti-
cular purpose.

In general, the purpose of the Yagi-Uda array is to obtain a
highly directive field pattern with large values of the forward gain

t This section is based on the work of Dr I. L. Morris [3].
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Fig. 6.19. Contour diagrams constructed with computer printouts for a 1-director Yagi
array, {a) forward gain, {b) front-to-back ratio, (c) input resistance, {d) input reactance.

and front-to-back ratio. It has been shown implicitly that these
desired properties can be achieved with the array pictured in Fig. 6.8.
It consists of the following components: (1) A single driven element
No. 2 that is a typical half-wave dipole of length 2h2 = 0-5A but
with a finite radius a2 and a distribution of current that is not
assumed in advance to be sinusoidal, but remains to be deter-
mined. (2) A single reflecting element No. 1 that is slightly longer
(2/zt = 051/i) than the driven antenna is placed at a distance
bi2 = 0*25/1 from it. The field maintained by the currents induced
in a parasitic element of this length and relative location tends to
reinforce the field maintained by the currents in the driven element
in the forward direction (from 1 to 2) and to reduce or cancel it in
the opposite or backward direction (from 2 to 1). (3) The balance
of the array consists of N — 2 directors that all have the same half-
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length ht = h and that are separated by the same distance
ftj-i,,- = b with 3 < j < JV. In order to function as directors, the
length h of the N — 2 parasitic elements must satisfy the inequality,
h( < h2 = 0 5k if the field maintained by the currents in them is to
reinforce in the forward direction the field maintained by the
currents in the driven element and in the reflector. If it is required
that all antennas have the same radius, at = a, the 3N parameters
have been reduced to three; h, b and N.

Contour diagrams constructed from computer printouts of the
forward gain, the front-to-back ratio, the input resistance and the
input reactance are shown in Figs. 6.20 and 6.21 for an array with
four identical directors. The parameters are 2h/k and b/k where
h = h3 = h4 = h5 = h6 and b = b 2 3 = b34 = b45 = b56. From
these, combinations of h and b may be selected for which the
forward gain or the front-to-back ratio is a maximum. For example,
the following pairs of values are obtained from Fig. 6.20 to give a
maximum front-to-back ratio: 2h/k = 0-413, 0-420, 0-426, 0-424;
b/k = 0033, 0-139,0-248, 0-360. These four sets all give a maximum
front-to-back ratio, but the field patterns are quite different. These
are shown in Fig. 6.22 together with corresponding patterns for
similarly optimized one- and two-director arrays. From these it is
seen that the field patterns for the most closely spaced condition for
maximum front-to-back ratio are practically identical regardless
of the number of directors. This is due to the fact that the directors
are all so close to the driven element that no minor lobes are
possible. As the distance between directors is increased, but limited
to values that yield maxima in the front-to-back ratio, minor lobes
appear and the beam width is reduced. The currents at the centres
of the elements for the arrays that maintain the field patterns in
Fig. 6.22 are represented in the form of phasor diagrams in Figs.
6.23a, b. The magnitude and angle of /2(0) in each element is
shown. Note that for the very closely spaced 4-director array with
b/k = 0033, the currents in the directors are almost equal and in
phase and much smaller than the current in the driven element.
On the other hand, for the largest spacing shown b/k = 0-36, the
currents in the directors are comparable in magnitude with the
current in the driven element and their phase diflferences are close
to the progressive phase difference 360°b/k = 130° of a wave
travelling with the velocity of light from element to element.
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Fig. 6.20. Forward gain (a) and front-to-back ratio (b) for a 4-director Yagi array.
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Fig. 6.21. Input resistance (a) and reactance (b) for a 4-director Yagi array.
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Fig. 6.22. Horizontal field patterns for Yagi arrays with maxima in front-to-back ratio.

Composite diagrams showing the forward gain, the front-to-back
ratio, the input resistance and the input reactance as functions of
b/X for 1, 2, 4 and 8 director arrays with h/X = 0-43, a/X = 000337
are shown in Figs. 6.24a, b and 6.25a, b. From these the major
quantities of interest are readily obtained.

A computer printout of a 10-director Yagi-Uda arrayt with
2h/X = 0-4 and b/X = 03 is given in the accompanying Table 6.2.

t The numerical evaluation for the 10-director Yagi array was done by V. W. H. Chang.
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4-28
24-47
23-08

8-12°

5-28°

Element

1
2
3
4

1/(0)1

4-35
27-34
12-55
16-68

109-01°

1-94°

2h/A = 0-436
2/I/ZL = 0-255
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Element

1
2
3
4

|/(0)|

4-55
13-32
14-17
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Fig. 6.23a. Phasor diagrams for Yagi arrays with maxima in front-to-back ratio; 1 and 2
directors.
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6
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1
2
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Fig. 6.23b. Like Fig. 6.23a but for 4 directors.
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Table 6.2. Computer printout for 8-director Yagi-Uda array

No. of elements = 10
Half-length of driving antenna = O2500000E-00

Half-length of parasitic antenna = 0-2000000E-00
Half-length of reflector antenna = O2550000E-00

Radius = O3369000E-02
Spacing between reflector and driving antennas = 0-2500000E-00

Spacing between parasitic antennas = 0-3000000E-00

Coefficients for current distributions

Element No.
1
2
3
4
5
6
7
8
9

10

Element No.
1
2
3
4
5
6
7
8
9

10

AR
0

0-260791E-04
0
0
0
0
0
0
0
0

BI
0-443744E-03
0-204197E-01

-0-956042E-O3
-0-290843E-02

0-282252E-02
0-397791E-03

-0-284188E-02
0176994E-02
0139167E-02

-0-278379E-02

AI
0

-0128598E-02
0
0
0
0
0
0
0
0

DR
0-626141E-02
0-200499E-01

-0-339069E-01
0-207297E-01
0-102848E-01

-0-256008E-01
0-109612E-01
0149901E-01

-0-223427E-01
0.390606E-02

BR
-0-2611O8E-O3

0-603188E-O3
0-373823E-O2

-0-247170E-O2
-0117657E-O2

0-302159E-02
-0130879E-02
-0176549E-02

0-264461E-02
- 0-391583E-O3

DI
0121838E-01

-0-917549E-01
0-757068E-02
0-252446E-O1

-0-238580E-O1
-0-357119E-02

0-241588E-O1
-0149562E-01
-0119466E-01

0-234452E-O1
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Table 6.2. Computer printout for 8-director Yagi-Uda array—cont.

Current distributions and input admittances

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Real
0-163470E-02
0-161797E-O2
0156780E-02
0-148433E-02
0136779E-02
0121849E-02
0103685E-02
0-823442E-03
0-578922E-03
0-304115E-O3

Real
0-644960E-02
0-638444E-02
0-618129E-02
0-584171E-02
0-536841E-02
0-476516E-02
0-403674E-02
0-318893E-02
0-222841E-02
0116268E-02

Real
-0-389258E-02
-0-385515E-02
-0-374266E-02
-0-355451E-02
-0-328973E-02
-0-294700E-02
-0-252470E-02
-0-202096E-02
-0-143372E-02
-0-760799E-03

Element No. 1

Imaginary
0-416262E-02
0-411786E-02
0-398398E-02
0-376216E-02
0-345436E-02
0-306328E-02
0-259232E-02
0-204556E-02
0-142768E-02
0-743922E-03

Element No. 2

Imaginary
-0-516874E-02
-0-533846E-02
-0-543588E-02
-0-544297E-02
-0-533362E-02
-0-507442E-02
-0-462572E-02
-0-394290E-02
-O-297779E-O2
-0168029E-02

Element No. 3

Imaginary
0-785263E-03
0-777863E-O3
0-755602E-03
O-7183O2E-O3
0-665672E-03
0-597315E-03
0-512741E-O3
0-411377E-03
0-292589E-03
0155698E-03

Magnitude
0-447210E-02
0-442432E-02
0-428136E-02
0-404439E-02
0-371530E-02
0-329672E-02
0-279199E-02
0-220508E-02
0154059E-02
0-803683E-O3

Magnitude
0-826517E-02
0-832227E-02
0-823147E-02
0-798446E-O2
0-756752E-02
0-696107E-02
0-613943E-02
0-507107E-O2
0-371928E-02
0-204333E-02

Magnitude
0-397100E-02
0-393285E-O2
0-381817E-02
0-362636E-O2
0-335640E-O2
0-300693E-02
0-257624E-02
0-206240E-02
0146327E-02
0-776567E-03

Argument
68-4651
68-4550
68-4247
68-3743
68-3042
68-2146
681060
67-9789
67-8340
67-6719

Argument
-38-6555
-39-8463
-41-2718
-42.9171
-44-7520
-46.7358
-48-8223
-50-9645
-53-1176
-55-2423

Argument
168-6103
168-6082
168-6018
168-5912
168-5765
168-5580
168-5358
168-5102
168-4815
168-4500
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Table 6.2. Computer printout for 8-director Yagi-Uda array—cont.

Z/H
0-
01
02
0-3
0-4
0-5
0-6
0-7
08
09

Z/H
0
01
02
03
04
05
06
07
08
09

Z/H
0
01
02
0 3
04
05
06
07
08
09

Real
0225112E-02
O222970E-02
O216531E-02
O205751E-02
O190559E-02
O170859E-02
O146531E-02
O117439E-02
0-834289E-03
0-443383E-03

Real
O115124E-02
O114022E-02
O110710E-02
O105169E-02
0-973653E-03
O872566E-03
O747887E-03
0-598995E-03
0-425205E-O3
0-225787E-03

Real
-O280144E-02
-0-277475E-02
-0-269450E-02
- 0256017E-02
-O237090E-02
-O212552E-02
-O182261E-02
-O146050E-02
-O103734E-02
-O551178E-03

Element No. 4

Imaginary
O281162E-02
0-278474E-02
0-270393E^02
0256871E-02
0-237827E-O2
O213152E-02
O182713E-02
O146354E-02
O103904E-O2
O551817E-03

Element No. 5

Imaginary
-O260615E-02
-O258133E-02
-0-250670E-02
-O238177E-02
-0-220574E-02
-O197751E-02
-O169575E-02
-O135890E-02
-O965221E-03
-O512883E-03

Element No. 6

Imaginary
- 0-40717OE-O3
-O403259E-03
-O391507E-03
-O371848E-03
-O344178E-03
-0-308354E-03
-0-264202E-03
-O-211518E-O3
-0150081E-03
-O796550E-04

Magnitude
O360177E-02
O356740E-02
0-346408E-02
0329114E-02
O304753E-02
0-273178E-02
O234212E-02
O187647E-02
O133254E-02
O707878E-03

Magnitude
O284910E-02
0-282195E-O2
0-274030E-02
O260363E-02
O241108E-02
O216147E-02
O185335E-02
O148506E-02
O105473E-02
O560383E-O3

Magnitude
O283087E-02
0-280390E-02
0-272279E-02
O258703E-02
O239575E-O2
O214777E-02
O184166E-02
O147573E-02
O104814E-O2
O556904E-03

Argument
51-2469
51-2456
51-2416
51-2350
51-2259
51-2144
51-2006
51-1848
511671
511476

Argument
-660760
-66-0770
-660799
-660847
-660913
-660997
-661096
-661212
-661340
-661481

Argument
-171-7418
-171.7424
-171.7442
-171-7473
-171-7516
-171-7569
-171-7633
-171-7707
-171-7790
-171-7880
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Table 6.2. Computer printout for 8-director Yagi-Uda array—cont.

Element No. 7

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Z/H
0-
01
0-2
0-3
0-4
0-5
0-6
0-7
0-8
0-9

Real
0-118905E-02
0-117774E-O2
0114373E-02
0108680E-02
0-100657E-02
0-902524E-03
0-774037E-03
O-62O375E-O3
0-440727E-03
0-234232E-03

Real
0-164294E-02
0162728E-02
0158020E-02
0150140E-02
0139038E-02
0124645E-02
0106878E-02
O-8564O8E-O3
0-608252E-03
0-323173E-O3

Real
-0-243969E-02
-0-241646E-02
-0-234660E-02
-0-222965E-02
-0-206487E-02
-0185124E-02
-0-158748E-02
-0-127214E-02
-0-903608E-03
- 0-480150E-03

Real
0-475414E-03
0-470794E-03
0-456916E-03
0-433725E^03
0-401134E-03
0-359024E-O3
0-307248E-03
0-245641E-O3
0174023E-03
0-922045E-04

Imaginary
0-265022E-02
0-262496E-02
0-254901E-02
0-242187E-02
0-224275E-O2
0-201056E-02
0172395E-02
O138136E-O2
0-981069E-03
0-521244E-03

Element No. 8

Imaginary
-O-163338E-O2
-0161782E-02
-0157105E-02
-0149275E-02
-0-138243E-02
-0123940E-02
-0106281E-02
-0-851691E-03
-0-604957E-03
-0-321454E-03

Element No. 9

Imaginary
-0-131999E-02
-0130739E-02
-0-126951E-O2
-0120611E-02
-0111680E-02
-0100106E-02
-0-858237E-03
-0-687575E-O3
-0-488242E-O3
-0-259353E-03

Element No. 10

Imaginary
0-255409E-02
0-252977E-02
0-245667E-02
0-233429E-02
0-216185E-02
0-193825E-02
0-166218E-O2
0133207E-02
0-946231E-03
O-5O2831E-O3

Magnitude
0-290474E-02
0-287706E-02
0-279384E-02
0-265454E-02
0-245827E-02
0-220384E-02
0188974E-02
0-151427E-02
0-107552E-02
0-571454E-03

Magnitude
0-231672E-02
0-229464E-02
0-222828E-O2
0-211720E-02
0196068E-02
O-175777E-O2
0-150727E-02
0-120781E-02
0-857871E-03
0-455822E-03

Magnitude
0-277389E-O2
0-274746E-02
0-266799E-02
0-253497E-02
0-234754E-02
0-210457E-02
0180462E-02
0144607E-02
0-102708E-02
0-545718E-03

Magnitude
0-259796E-O2
0-257321E-02
0-249880E-O2
0-237425E-02
0-219875E-02
0-197122E-O2
0169033E-02
0135453E-02
0-962100E-O3
0-511215E-03

Argument
65-7455
65-7450
65-7437
65-7414
65-7383
65-7344
65-7297
65-7243
65-7182
65-7116

Argument
-44-7710
-44-7712
-44-7718
-44-7727
-44-7741
-44-7757
-44-7777
-44-7800
-44-7826
-44-7854

Argument
-151-6237
-151-6242
-151-6258
-151-6285
-151-6321
-151-6367
-151-6422
-151-6486
-151-6557
-151-6634

Argument
79-3463
79-3483
79-3545
79-3647
79-3787
79-3965
79-4177
79-4421
79-4695
79-4994
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Table 6.2. Computer printout for 8-director Yagi-Uda array—cont.

Real
Input admittance =

Imaginary

0-644960E-02 - 0-516874E-02
Input impedance =

0944123E 02

Horizontal field pattern

Phi
0-
500
1000
1500
2000
2500
3000
3500
4000
4500
5000
5500
6000
6500
7000
75-00
8000
8500
9000
9500
10000
10500
11000
11500
12000
12500
13000
13500
14000
14500
15000
15500
16000
16500
17000
17500
18000

0-756624E 02

E
1000000
0-986511
0-944099
0-867684
0-751469
0-593565
0-404522
0-232860
0-225985
0-344538
0-415399
0-390921
0-298334
0-247244
0-299673
0-334813
0-292586
0-225493
0-229328
0-260556
0-241345
0-183770
0156452
0176931
0-187247
0166602
0130073
0107503
0118454
0146355
0-171587
0187308
0193479
0192924
0189266
0185684
0184254

Magnituc

0-826517E

0120990E

EDB
-0-
-01180
-0-4996
-1-2328
-2-4818
-4-5306
-7-8611

-12-6581
-12-9184
-9-2553
-7-6307
-8-1582
-10-5060
-12-1375
-10-4671
-9-5039

-10-6749
-12-9373
-12-7909
-11-6820
-12-3473
-14-7145
-161124
-150439
-14-5517
-15-5664
-17-7163
-19-3716
-18-5290
-16-6919
-15-3103
-14-5489
-14-2673
-14-2923
-14-4586
-14-6245
-14-6917

Argument

-38-6555

38-6555

Fgain = 11-5646 DB Bgain = -3-1270 DB FTBR = 146917DB
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Fig. 6.24. Forward gain (a), and front-to-back ratio (6), for a Yagi array with directors of
constant length, radius and spacing (0-43/, OOO337A and b< respectively).

The impedance of the driven element when isolated is Zo = 88-94
+/39-11 ohms. Graphs of the currents in all of the elements are
shown in Fig. 6.26. The phase angle along each parasitic element is
essentially constant. It is represented in Fig. 6.27 as a function of
the distance of the element from the driven antenna No. 2. The
curve drawn through the points has no physical significance; it
serves merely to interrelate the discrete points and thus reveal how
nearly constant the phase change from director to director actually
is. The electrical separation of adjacent directors is 108°, the
average phase difference of the currents is 115°-6. The horizontal
field pattern maintained by the currents in the ten-element array
is shown in Fig. 6.28.
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Fig. 6.25. Input resistance (a), and reactance {b), for a Yagi array with directors of constant
length, radius and spacing (0-43A, 0003372 and b, respectively).

6.10 Receiving arrays

The study of arrays of cylindrical antennas in all of the earlier
sections of the book has been directed specifically to the problem
of transmission, which involves the determination of distributions
of current, driving-point admittances and field patterns. Arrays of
antennas are also used to secure desired directional properties for
receivers.

In a transmitting array a single element may be driven, as in
parasitic arrays of the Yagi-Uda type, or all the elements may be
active as in the broadside or endfire arrays. In these latter the
driving voltage is usually supplied from a single power oscillator by
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Fig. 6.27. Phases of currents in elements referred to V02.

way of a suitable network of transmission lines, transformers and
phase shifters. The design of such a feeding system of transmission
lines is beyond the scope of this book. However, most transmitting
arrays with their associated networks have a single pair of terminals
across which the driving voltage is maintained. Since this pair of
terminals is directly obvious in the parasitic arrays which have only
a single driven element, attention in the following discussion is
focused specifically on arrays of this type. Note that all references
to the terminals of the driven element in a parasitic array apply
equally to the single pair of input terminals of the transmission-line
network that drives any other array.

Consider a receiving array of antennas in the incident plane-wave
field of a distant transmitter. For convenience let the array be that
shown in Fig. 6.8 with a load impedance ZL instead of the generator
connected across the terminals of antenna 2. In order to determine
all of the properties of this system including, for example, the
distributions of current in the elements and the reradiated or scat-
tered field, it is necessary to formulate the coupled integral equa-
tions from the boundary condition that requires the tangential
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Fig. 6.28. Field of 10-element Yagi array.

component of the total electric field to vanish on the perfectly
conducting surface of each element. Fortunately, if interest is
restricted to the transmission of information from a distant trans-
mitter to the load ZL, this elaborate analysis is unnecessary since
the current in the load between the given terminals can be deter-
mined by the application of the reciprocal theorem! to the identical
array when driven by the voltage VQ across the same terminals.

The reciprocal theorem applies to two arbitrarily located pairs
of terminals, the one, for example, in an array A, the other in a simple
dipole D. First, let the array be used for transmission, the dipole
for reception. A generator with EMF Ve

0 and internal impedance Zg

is connected across the terminals of the array; a load ZL is connected
across the terminals of the dipole. The centre of the driven element
2 in the array is located at the origin of the spherical coordinates
r, 0,3>; the receiving dipole is used to measure the field pattern
of the array. For this purpose it is moved along the surface of a
great sphere so that its axis is always tangent to the electric field
maintained by the transmitter. The current /D(@, O) in ZL at the
centre of the dipole varies as the dipole is moved. From (2.78) with

t See, for example, [4], p. 690 and [5], p. 216.
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(2.79), it is given by

ID(e, <D) = * ' = ^ — (6.108)

where 2he(n/2) is the eflFective length of the dipole when its axis is
parallel to the incident electric field and perpendicular to the
direction of propagation. Note that when the axis of the receiving
dipole is tangent to the surface of the great sphere parallel to £inc,
the positive direction of the spherical coordinate 0 is opposite to
the positive direction z along the antenna.

The far-zone electric field maintained by the iV-element Yagi
array driven by a generator at the centre of element No. 2 is given
by (6.84a). It is

£0(K2, 0, <D) = 7 - ^ p £ _ _ / / N ( 0 , <D) (6.109)

where R2 is measured from the centre of element No. 2 and the field
factor of the array, fIN(®, ®) is given by (6.84b). If the driving-point
impedance of the array at the terminals of element No. 2 is Z 0 2 and
the internal impedance of the generator is Zg, it follows that

Vi (6.H0)
z,02

With (6.109) and (6.110), (6.108) becomes

Oh ll

Now let the generator with its emf VI and internal impedance Zg

be interchanged with the load ZL so that the dipole is the transmitter,
the array the receiver. The dipole is again moved over the surface
of the same great sphere; the array remains fixed at the origin of
coordinates. The current /^(0, $>) in the load ZL in the array varies
as the location of the transmitter is changed.

The reciprocal theorem states that if the same voltage VQ is
applied successively to both antennas and provided Zg = ZL, then

/D(0,O) = 74(0,0) (6.112)

for all values of © and Q>. It follows by a rearrangement of (6.111)
and with (6.112) that the current in the load ZL of the Yagi array
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when used for reception is given by

(6.113)

provided ZL = Z . Since it has been provedt in general that

n (6.114)

where/7(7r/2, f$oh) is the field factor of the dipole given in (2.54b) and
evaluted at 0 = TT/2, it follows that (6.113) can be expressed as
follows:

where ( 6 n 6 )

is the field maintained by the dipole at the centre of element No. 2
of the array and where

2^N(0,O)=/ / N(0,O)/j8o (6.117)
is by definition the effective length of the Yagi array. It follows that
the directional properties of the Yagi (or any other array) are the
same for reception as for transmission.

The preceding discussion has been concerned with reciprocity
with constant applied voltage. If reciprocity is to be preserved with
constant power somewhat different conditions must be fulfilled.
This problem is considered elsewhere. J

6.11 Driven arrays of elements that differ greatly in length

The procedure outlined in section 6.2 for approximating the
integrals in the simultaneous integral equations (6.8) for the
currents in a parasitic array of unequal elements is quite adequate
when the elements do not differ greatly in length. In the Yagi-Uda
array the lengths 2ht of the individual elements i = 1,... N always
lie in a range that extends from slightly greater than k/2 to approxi-
mately A/3. Unfortunately, when elements have lengths that
encompass the full range permitted by the present theory, viz.,
0 ^ poh( ^ 5TT/4, the representations (6.20)-(6.22) for the several
integrals are not adequate under certain conditions. In particular

t [4], pp. 568-570.
t [4], p. 694.
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the two-term approximations on the right in (6.20)-(6.22) do not
adequately represent the integrals Wki(zk) on the left whenever
element k is quite long (Pohk ~ n) but element i is short (fioht ~ nl^\
Extensive computations and measurements by W. M. Cheong [6]
have shown that the two-term approximations in (6.20)-(6.22)
with the two-point fitting used in (6.53)-(6.60) are especially un-
satisfactory for points on the longer element in the range \z\ > h/2.

A better representation of all of the integrals (6.15)—(6.17) and
(6.20)-(6.22) is obtained when full advantage is taken of the three-
term distribution of current given in (6.6) to approximate the
integrals. Specifically, let

sj"
-hi

n n o * (6.118)

kW(zk) = Foz'iKkid(zk, A) dz'i
J -hi-hi

A/I 4-VI// 17 -\-*Vh R (6 110^
1V1 Ozk ~ L kidU1 Ozk ' 1kidUI1Ozk lU i l l 7 i

- f O z i k i d k i i

-hi

LFo.k + VLDHO* (6-120)

The inclusion of the distribution MOz in the approximate represen-
tation of the integrals WkiU(zk) and WkiD(zk) is a new departure. In
all previous discussions it has been pointed out that the part of the
integral that depends on the real part of the kernel is approximately
proportional to the distribution in the integrand when the distance
Pobki < 1 (which usually occurs only when i = k and bkk = a) and
that otherwise the entire integral is proportional to combinations
ofF0z = cos/J0z — cos /30h and HOz = cos (/Joz/2) — cos (poh/2). This
means that the distribution MOz = sin P0(h — \z\) can appear on the
right only when MOz, appears in the integrand. These statements
are still correct. However, the investigations of Cheong [6] have
shown that the current induced in the relatively long antenna
(h ~ k/2) by a very short one (h < 1/4) is not well represented by
combinations of FOz and HOz alone. These distributions are excellent
when the amplitude and phase of the inducing field are approxi-
mately constant along the entire length of an antenna. Clearly, this
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is not at all true of the field maintained, for example, along a full-
wave antenna by the current in an adjacent quite short element.
By including the term in MOz, Cheong has obtained an improved
over-all representation of the amplitudes of the currents, especially
at points at some distance from the centres of the longer elements.
On the other hand, since MOz has a discontinuous slope at z = 0
(except when /?0/z = (2n+l)n/2) which the actual induced current
cannot have, the slope of an approximate representation that makes
use of MOz is necessarily somewhat in error near z = 0 even though
the amplitude is quite well described. The slope of the current is,
of course, proportional to the charge per unit length. Fortunately,
an incorrect slope with a discontinuity at z = 0 does not signi-
ficantly affect the admittance or the far field. These are determined
by the magnitude and phase of the current alone.

Since combinations of FOz and HOz are excellent approximations
of the two integrals in (6.119) and (6.120) except in the special
situations just described, it is to be anticipated that the coefficients
y"kidu a n d ^ZdD wiU be small except under those conditions. In
any event, the three-term representation of the current for all
elements including the MOz terms in (6.119) and (6.120), can only
serve to improve the representation of the amplitudes of the
currents at the expense of a small error in their slopes near z = 0.

In order to determine the complex parameters *F in (6.118)—
(6.120), the approximate expressions on the right are made exactly
equal to the integrals at the three points zt = 0, z{ = hJ3 and
zf = 2hi/3 instead of only at the two points zt = 0 and zt = hi/2
used in section 6.4. That is, three equations are obtained from each
of the relations (6.118H6.120) in the form:

WkiV(0) =

= VZUV sin pohk + V{idV{\ - cos pohk)

(6.121)

WkiViV{hk/3) = f '
J -h

ffo V 6 ) - cos (j80 V 2 ) ] (6.122)
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-hi

(p0 V 3 ) - cos (i?0 V2)]- (6.123)

Each integral when evaluated is a complex number. There are, then,
three simultaneous complex algebraic equations to evaluate the three
complex parameters *F£W, ¥{WK, and *Fj|lW for each pair of values
/ and k. A similar second set of three equations is obtained with
the different complex numbers WkW(Q\ WkiU(hk/3) and WkiU(2hk/3)
on the left. These are obtained from the same integrals when
MQz.i is replaced by FOz>i. The simultaneous solution of these three
equations for each pair of values i and k yields the complex para-
meters ^kidu, ^(idu a n d ^kidu- A third set of three equations is
obtained with the quantities WkiD{0), WkiD(hk/3) and WkiD(2hk/3)
appearing on the left in (6.121)—(6.123). These quantities are
defined by the integrals in (6.121)—(6.123) with MO z l replaced by
HOzi. For each pair of values of i and k this third set of three
equations yields ^PJ^, ^{ l d D and *FJ!WD. I n this manner all values
of the parameters *FfcW are determined. They have the following
forms for each of the subscripts K U and D on the *F's and W's:

Wki(0) 1 - cos pohk

\VJhJ3) cos (^0^,73) - cos pohk

Wki(2hk/3) cos (20o V3) - cos 0o/ifc

1 - cos (Pohk/2)

cos (ft,V6) - cos (fi0hk/2)

cos (jff0 V3) - cos (0Ohk/2)

= A"

where

A =

sinpohk Wki(0) l - c o s ( 0 o V 2 )

sin (2j80 V3) Wi,-( V3) cos (0O V6) - cos (0o

sin (0o V3) WM2V3) cos (0O V3) - cos (0O/ik/2)

sin0o/zfc l-cos0o/i f c W^O)

sin (20o V3) cos (0O V 3 ) - cos 0o/ik Wki(hk/3)

sin (0OV3) cos (20OV3) - cos pohk W^ThJl

(6.124)

(6.125)

(6.126)

1 - cos 0o/ikp o k 0 o k 1 - cos (0O V2)
sin (20o V 3 ) cos (00^^/3) - cos 0o/ifc cos (0O V 6 ) - cos (
sin (0oV3) cos (200*1^3) - cos 0o/ik cos (0OhJ3) - cos (0OhJ2)

(6.127)
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The N simultaneous integral equations for the currents in the
elements are

i = l I J -hi J -hi

-hi

tiV0kM02k+UkF0zk] (6.128)

k = 1 ,2 , . . . AT

where U
_ 7 N fhk

L = / I
4TT i t j - ,

__ 'iau(hk) + Di¥kiD{hk)] (6.129)

with *FWK(/ik), ^ w # k ) and ^WD(fcfc) defined in (6.32)-(6.34). If the
integrals in (6.128) are replaced by their approximate algebraic
equivalents, the following set of algebraic equations for the co-
efficients Ai,Bi and Dt is obtained:

N

V *A>\*¥m> M +*¥* F + l F
i= 1

i + ^kidUFOzk + '

fcMozfc+t/fc^J- (6.130)
onk

Finally, if (6.129) is substituted for Uk, the set of equations may be
arranged as follows:

Co

t l(AMuv+ BPLU + DPLD) cos pohh
i= 1

+ HOzk £ [AXuv + BAv + DM^cospoh, = 0 (6.131)
i = 1

with k = 1, 2,... iV. These equations are satisfied if the coefficient of
each of the three distribution functions is allowed to vanish. The
result is a set of 3N simultaneous equations for the 3N unknown
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coefficients A, B and D. They are:
N j2n Fc

Ok

[6.11

(6.132)
i= 1 Co cos pohk

i^kiu + Di^kiD] = 0 (6.133)

= 0 (6.134)
i = 1

with k = 1,2,... N. In (6.133) the following notation has been in-
troduced :

«W = VuAK) - nuv cos pohk (6.135)
« W = Vkiu(hk)-VLu<x>*pohk (6.136)

*HD s VkiD(h) ~ ^LD cos iSo/j,. (6.137)

These equations can be expressed in matrix notation. Let

[ < * > ] = (6.138)

where the Ofcj's are defined in (6.135)—(6.137) for each subscript
V, U and D. Also let

Til
11

11/
iVAT J

jm \T/m

M J
(6.139)

where the ¥*,- are obtained from (6.127). The following column
matrices are needed:

>N J

D2

* (6.140)

Co

J2n

' Co

F02/cos poh2

F0Ar/cos J

(6.141)
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With this notation, the equivalent matrix equations for determining
the coefficients Ah Bt and Dt are

(HTT y *)

cos poh)
= 0 (6.142b)

= 0. (6.142c)

These equations correspond to (6.29) with (6.46) and (6.47) in the
simpler case of the Yagi array with two-term fitting of the integrals.

The solutions of (6.132)—(6.134) or (6.142a, b, c) express each of
the coefficients At, Bt and Dt as a sum of terms in the N voltages
Vok,k = 1,2,... N. That is

( 6 - 1 4 4 )

h ^ (6-145)
onk

where the ocik, fiik and yik are the appropriate cofactors divided by
the determinant of the system.

It follows that with the coefficients At, Bt and Dt evaluated, the
currents in all elements are available in the form:

2n N V
Uz) = jy I ^T" I ««•*sin Po(hk -1 z\) + /Ucos fa ~ cos fiohk)

C cos Ph
Cok=i cos Poh

(p0z/2)-cos (p0hk/2)]} (6.146)

U 0 ) = 7 ^ £ - ^ V {aiJk sin
SO k 1 c o s P0nkSO k= 1 c o s P0nk

£ K,*^- (6-147)

In these relations / = 1, 2,... JV, and

so

+ y,k[l-cos(i?0V2)]}. (6.148)
The quantities Yik, with k = i, are the self-admittances of the N
elements in the array; the Yik, with k ^ /, are the mutual admittances.
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They are readily determined from (6.148). Note that in general the
self-admittance of an element when coupled to other antennas is not
the same as the self-admittance of the same element when isolated.

In matrix form, the equations for the JV driving-point currents
are

(6.149)

where

'zl(O) y

K)N

(6.150)

and [YA] =

YN1
lNN

(6.151)

The solution for the currents in the JV-elements of the array is
thus completed in terms of arbitrary voltages. When these are
specified, the complete distributions of current are given in the
form (6.146). The driving-point admittances Yoi and impedances
Zoi are given by

(6.152)
Y0i

6.12 The log-periodic dipole array

An interesting and important example of a curtain of driven
elements that all have different lengths and radii and that are un-
equally spaced is the so-called log-periodic dipole array illustrated
in Fig. 6.29. In spite of the fact that in this array all elements are
connected directly to an active transmission line, its operation
when suitably designed is closely related to that of the Yagi-Uda
antenna in which only one element is driven and all others are
parasitic. However, unlike the Yagi antenna, the log-periodic
array has important broad band properties. These are best intro-
duced in terms of an array of an infinite number of centre-driven
dipoles arranged as shown in Fig. 6.29. Let the half-length of a
typical element i be ht, let its radius be at. The distance between
element i and the next adjacent element to the right is bii+l where



6.12] LOG-PERIODIC DIPOLE ARRAY 245

i = l , 2 , 3 , . . . . The array is constructed so that the following
parameters

*' h'^ ", 2 h 3 = Q (6.153)— T

hi+i

are treated as constants independent of i. As throughout this book,
it is assumed that ht > at.

Element (z'+l)

Element /

Fig. 6.29. Seven elements of an infinite log-periodic array.

If the dipoles individually approximate perfect conductors, the
electrical properties of the array (such as the driving-point admit-
tances of the elements and the field pattern of the array) at an
angular frequency coo depend only on the electrical dimensions
Po^h /?(A-,i+i> a n d Poat where jS0 = coo/c = 2U/A0 and c is the
velocity of light. If the angular frequency is changed to a>n = Tnco0,
where n is a positive or negative integer, the original electrical
properties are determined by T ~ 7 ? A , T~npnbu+1 and x~n$nai

where /?„ = cojc. However, there are along the array antennas with
half-lengths hi+n = T~% for which (hi + n+1/bi+nJ+n+l) = a and
21n(2/z I +> l +J = Q. Since poht = x~nKK = AA + ̂ i t follows that
all properties of the array at the angular frequency co0 referred to
element i are repeated at the angular frequency con but referred
to the element i + n. This periodicity of the properties with respect to
frequency is linear with respect to the logarithm of the frequency.
That is, since log con = log co0 + n log T, it is clear that any property
shown graphically on a logarithmic frequency scale is periodic with
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period log T. Accordingly, arrays with this construction are known
as log-periodic dipole arrays [7-10]. Such arrays are generally
driven from a two-wire line in the manner illustrated in Figs. 6.30a, b.
The arrangement with reversed connections in Fig. 6.30ft is the
one required for end-fire operation.

(a)

hi h2

^ 1 2 ^23 ^34 *>45

(b)

Fig. 6.30. Log-periodic array driven from a two-wire line with {a) direct connexions,
{b) reversed connexions.

Actual arrays are, of course, never infinite so that the ideal fre-
quency-independent properties of the infinite array are modified
by asymmetries near the ends. These may be modified by the use
of a terminating impedance ZT as shown in Fig. 6.30 which pro-
vides an additional parameter. The value ZT = Zc, where Zc is
the characteristic impedance of the line, is an obvious choice.
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6.13 Analysis of the log-periodic dipole array
The theory developed in section 6.11 for arrays of antennas with

unequal lengths, spacings and radii can be applied directly to the
log-periodic dipole array. It is only necessary to specify the driving-
point voltages to the elements in order to obtain a complete solution
for the distributions of current along the elements and their indi-
vidual input admittances. The driving-point admittance of the
array and the complete field pattern are then readily obtained over
any frequency range for which the condition Poht ^ 5n/4 is satis-
fied for all elements. Such quantities as the beam width, the
directivity, front-to-back ratio and side-lobe level can, of course,
be obtained from the field pattern.

Consider specifically the array shown in Fig. 6.306. The driving
voltage is applied to a transmission-line that is connected succes-
sively to all of the elements beginning with the shortest. Between
each adjacent pair of elements the connexions are reversed by
crossing the conductors of the transmission line in order to achieve
the desired phase relations. The analysis of this circuit is con-
veniently carried out following the method introduced by Carrel [9].
The procedure is simply to determine first the matrix equation
for the antenna circuit shown in Fig. 6.31a, then the matrix equation
for the transmission-line circuit shown in Fig. 6.316, and finally
the matrix equation for the two circuits in parallel. Note that in
Fig. 6.31, a generator is connected across each of the N terminals.

The matrix equation for the antenna circuit in Fig. 6.31a has al-
ready been given in (6.149). The elements of the admittance matrix
[YA] are the self- and mutual admittances of the antenna array.

The matrix equation for the transmission-line circuit in Fig. 6.316
is readily derived. Consider a typical section of the line between the
terminal pairs i and i +1 which are separated by a length of line
biti+1 as shown in Fig. 6.32. The relations between the current and
voltage at terminals i and those at terminals / +1 are readily
obtained.! For temporary convenience let dt = bii+l\ also let
(j) be any constant phase-shift introduced between adjacent ele-
ments in addition to the value pod which is determined by the
length of line between elements i and i + 1.

Vt = Vi+l cos (podt +(j)) + jri+lRc sin (podt + (l)) (6.154a)

I'!Rc = JVi+i sin (Podi + </>) + I'i+ iKccos(jM* + 4>) (6.154b)
where Rc is the characteristic resistance of the lossless line.

f [11], p. 83, equations (6) and (7).
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1 I
+1/ -

/ Z N ( O ) | I

+ 1/ -

i
+ v —

(C)

Fig. 6.31. Schematic diagram of (a) the antenna circuit, (b) the transmission-line circuit,
and (c) the antenna and transmission-line circuits connected in parallel.

These equations can be rearranged in the form

(6.155a)

(6.155b)

where Gc = R~1 is the characteristic conductance of the lossless
line. It follows that

I'l+i = -jGc[Vi+lcot(p0di+i+<l>)-Vi+2csc(l30di+1+(l))]

(6.156a)

/ ; + 2 = -jGe[Vi+! esc (j80dJ+ ,+(j>)-Vi+2 cot ()Sodi+ !+</>)].

(6.156b)
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Fig. 6.32. Section of transmission line between the terminal pairs i and i +1 when the
voltages Vj and Vi+l are maintained.

The total current in the generator at the terminals i + 1 is

+ cot 0 M . +1

In particular, when (j> = n as in Fig. 6.316,

^ + 2 csc (podi+ i+</>)}.

(6.157)

(6.158)

Also Ix = I'[ = -jG^ cot p0b12 + V2 csc p0b12] (6.159)

and

IN = — jGc\VN_l csc PobN_lN+ FN(cot PobN-lN+jyN)]

(6.160a)
since /^ = VNYN = K^y^G,. (6.160b)

where
- YN/G< ~ [GC+jYT tan pobT\

is the normalized admittance in parallel with element N. YT = 1/Zr

is the admittance terminating the final section of line of length
bT = bN,N+1/2.

With (6.158), (6.159) and (6.160), the matrix equation for the
transmission line has the form

{/} = m m (6.162)

where
V,

VK

(6.163)
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cot pobl2

esc pobl2

0

0
0
0

csc pobt2
)^12+COt

csc pob23

0
0

0
0
0

(cot p0bN.2,N-! + cot j
esc pobN-UN

0
csc pob23

(cot p0b23 + cot pob3A)

0
0

0
0
0

0
0

csc Pob3A..

0
0

(6.164)

The final step in the analysis of the array in Fig. 6.30b is to
connect the transmission-line circuit in Fig. 6.316 in parallel with
the antenna circuit in Fig. 6.31a as shown schematically in Fig.
6.31c. The same driving voltages are maintained across the N input
terminals. Let the total currents in the generators be represented by
Iti = Izi{0) + It where Izi(0) is the current entering antenna i and It

is the current into the transmission line at terminals i. The matrix
equation for the total current is

This gives the N currents supplied by N generators connected
across the N sets of terminals in Fig. 6.31c. In the actual circuit in
Fig. 6.30b, there is only one generator, Vol9 and all of the total
currents Iti are zero except Itl. Hence, in (6.165)

0

0

0

K 01

(6.166)

(6.167)

The voltages VOi driving the N elements are, therefore, given by
{V0} = [Y]-1{It} (6.168)

in terms of the total current In. The driving-point admittances of
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the N elements can be determined as follows. The substitution of

{Vo} = [YA\-l{Iz(0)} (6-169)
in (6.165) yields

{It} = [U + [YL][YA]-1]{Iz(0)} (6-170)
where U is the unit matrix. Note that [ZA] = [YAyx is the im-
pedance matrix of the array. The equation (6.170) can be solved for
the driving-point currents of the several elements in terms of the
driving-point current in element 1. Thus,

{IM} = [U + [YL][YAyTl{It}. (6-171)
These currents with a common phase and amplitude reference
value are convenient for calculating the field pattern and for com-
paring relative amplitudes. The admittances of the N elements are

YOi = GOi+jBOi = U0)/Fo , , i = 1, 2,... N (6.172)
where VOi and 7ZI(0) are given, respectively, by (6.168) and (6.171).
The driving-point admittance of the array at the terminals i = 1 of
the first element is

Yx = Gl+jBx ±In/V01. (6.173)

6.14 Characteristics of a typical log-periodic dipole arrayf

A complete determination of the properties of the log-periodic
dipole array involves a systematic study in which the several para-
meters that characterize its operation are varied progressively
over adequately wide ranges. These include the degree of taper of
the array (r = ht/hi+l\ the relative spacing of the elements (a =
hi+ i/bii+1), the relative thickness of the elements (Q = 2 In (2hja^\
the total number of elements N, the normalized admittance
(yT = YTRC) terminating the transmission line beyond the Nth

element, and the phase shift 4> introduced between successive
elements in addition to that specified by the electrical distance
Po^u+i between adjacent elements. Such an investigation could
also make use of optimization procedures for the forward gain,
front-to-back ratio, band width, and other properties of practical
interest in a manner similar to that used earlier in this chapter for
the Yagi-Uda array. Use of the formulation of sections 6.11-6.13,
which takes full account of the coupling among all elements in
determining the different distributions of current and the individual

t This section is based on chapter 9 of [6]. Parts of sections 6.14-6.16 were first published
in Radio Science [12].
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driving-point admittances, should lead to results of considerable
quantitative accuracy to supplement those of earlier, more approxi-
mate investigations [7-10]. Although no such exhaustive numerical
study is yet available, a complete analysis of a typical log-periodic
dipole array has been made by Cheong [6] with a high-speed com-
puter. The parameters for this array are i = 0*93, a = 0-70,
Q = H-4, N = 12, YTRC = 1, and (j) = n. The results obtained
serve admirably to illustrate both the detailed operation of the log-
periodic dipole array and the power of the theory.

Consider first the operation of the array at a frequency! s u ch that
an element k near its centre is a half wavelength long. At this
frequency the admittances of the twelve elements when individually
isolated lie on a curve in the complex admittance plane that is very
nearly an arc of a circle that extends on both sides of the axis
Bo = 0 as shown in Fig. 6.33. Note that element 7 is nearest to
resonance with only a small negative susceptance. The actual
admittances YOi = GOi+jBOi of the same elements when driven
as parts of the log-periodic array lie on a curve that departs signi-
ficantly from the circle for the isolated admittances. J It is roughly
circular for the group of elements from No. 3 to No. 9, but the
circle has a much greater radius than that for the isolated elements.
Indeed, it is so great that the conductances of a number of elements
(Nos. 2 and 3) are negative. This large difference in the driving-point
admittances is due to coupling; it indicates a strong interaction
between the currents in this group of elements. Note that element
7 is still very nearly resonant. Since the admittance curve near
its ends bends inward and comes quite close to the circle for the
isolated elements, it must be concluded that the elements near the
ends of the array behave much as if they were individually isolated.
This is possible only if their currents are relatively small and
contribute little to the properties of the array.

In Fig. 6.34 are shown the magnitudes and relative phase angles^
of the complex voltages VOi that obtain across the input terminals
of the elements in the array. The amplitudes are fairly constant for
the shorter capacitive elements but they decrease rapidly as soon as
the elements are long enough to pass through resonance and become
inductive. The phase of the voltages is seen to shift continuously

t Designated a s / 1 4 in a notation described in section 6.15.
X Note that only the plotted points are physically meaningful; the continuous curve

serves only to guide the eye.
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-10 -

- 5 15 205 10

GOl in millimhos
Admittances of elements in a log-periodic dipole array when individuallyFig. 6.33

isolated and when in an array with T = 0-93, a = 0-7, Q = 11-4, YTRC =
frequency/,4). # . Isolated admittances; x , admittances in array.

= n (operating

from element to element along the line. Corresponding curves for
the driving-point currents /zl(0) are also in Fig. 6.34. Note particu-
larly that elements 4, 5 and 6 all carry larger currents than element
7 which is nearest resonance. Note also that the phase curve for
the current crosses that for the voltage at resonance. The shorter
elements have leading (capacitive) currents, the longer elements
lagging (inductive) currents. The relative powersf POi in each
element and in the termination are given in Fig. 6.35. Note that in
the elements 2 and 3, which have a negative input conductance,
the power is negative. This means that power is transferred from the
other elements to Nos. 2 and 3 by radiation coupling and then from
these back to the feeder. The small rise in voltage shown in Fig. 6.34

t Note that only the plotted points are physically significant. The continuous curve
serves merely to guide the eye.
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X)
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a.
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-90° -

1 2 3 4

Element number

Fig. 6.34. Relative amplitudes and phases of driving-point currents and voltages for a
log-periodic dipole array; x = 0-93, o = 07, Q = 11-4, YTRC = 1, <\> = n. # , driving-point
voltages, KOl; x , driving-point currents, I:i(0).
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Fig. 6.35. Relative power in the twelve elements and the termination. (Operating frequency

at elements 3 and 4 may be ascribed to elements 2 and 3 acting as
generators and not as loads. It is significant that the maximum
power per element is not in the resonant element 7 but in the
shorter elements 5 and 6 which also have larger currents. This is a
consequence of the very much smaller voltage maintained across
the terminals of element 7 as compared with the voltages across the
terminals of elements 5 and 6.

The roles played by the several elements in the array may be seen
most clearly from their currents. The distributions of current IOi(z)
along all twelve elements are shown in Fig. 6.36a referred to the
driving voltage V01 at the input terminals of the array. Note these
distributions differ greatly from element to element—they are not
simple sinusoids. The quantity Ioi{z)/Vol is represented in its real
and imaginary parts; it provides the relative currents that together
maintain the electromagnetic field. It is seen that (as predicted
from the admittance curves in Fig. 6.33) the currents in the outer
elements 1,2,9,10,11,12 are extremely small so that their contribu-
tions are negligible. Clearly, the distant electromagnetic field is
determined essentially by the currents in elements 3 to 8 and of
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Fig. 6.36. (a) Normalized currents in the elements of a log-periodic dipole array; Izi{z)/V01;
T = 0-93, a = 0-7, Q = 11-4, YTRC = 1, <j> = n. (b) Normalized currents in the log-periodic
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Q = 11-4, YTRC= 1,0 = 7i.
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these elements 4, 5, 6 and 7 predominate. Note in particular that
the currents in the shorter-than-resonant elements 4, 5 and 6
actually exceed the current in the practically resonant element 7.

The current distributions are also shown in Fig. 6.36b but each
current is now referred to its own driving voltage. Thus, the quanti-
ties represented are Izliz)/VOi = [ T O + ;7;MI/*o,- where I^z) is
the component in phase with VOi9 I'zi(z) the component in phase
quadrature. Note that Izi{0)/VOi = Y0i so that I^(0)/VOi = G0i and
rzi{0)/VOi = B0i. The power in antenna i is P0i = \VOi\

2GOi9 but
since the value of VOi differs greatly from element to element as seen
in Fig. 6.34, the relative powers in the several elements are not
proportional simply to the real parts of the currents 7^(0) in the
terminals. However, the distributions in Fig. 6.36b are instructive
since they show the negative real parts for elements 2 and 3 that
transfer power to the feeding line. They also show that the imaginary
parts of the currents in elements 1 to 6 are capacitive, those in
elements 7 to 12 inductive. This means that each of the elements 1 to
6 acts as a director for the elements to its right, whereas each of the
elements 7 to 12 acts as a reflector for all elements to its left. Actually,
the capacitive components of current in elements 3, 4 and 5 exceed
the conductive components so that relatively little power is sup-
plied to them from the line, and they behave substantially like
parasitic directors. The inductive component of current predomin-
ates in elements 8 to 12 and these act in major part like parasitic
reflectors. However, since the amplitudes of the currents in elements
9 to 12 are quite small, it is clear that the principal reflector action
comes from element 8. In summary, Figs. 6.36a, b indicate that
of the twelve elements numbers 1, 2,9,10,11 and 12 may be ignored
since their currents are small; elements 5, 6, 7 are supplied most of
the power from the feeder and behave primarily like driven antennas
in an endfire array; elements 3 and 4 act predominantly like
parasitic directors; and element 8 is essentially a parasitic reflector.
Thus, the log-periodic antenna is very much like a somewhat
generalized Yagi-Uda array when driven at a frequency for which
the antenna closest to resonance is not too near the ends and the
array is long enough to include relatively inactive elements at each
end. A lengthening of the array by the addition of one or two or
even a great many more elements at either end or at both ends
cannot significantly modify the circuit or field properties of the
array at the particular frequency since these are determined by the
active group.
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The normalized far-field pattern in the equatorial or H-plane
(variable Q> with 0 = n/2) is shown in Fig. 6.37. Note the smooth-
ness of the pattern and the very small minor lobes. As is to be
expected this low minor-lobe level is achieved at the expense of
the beam width. A comparison with the field pattern in Fig. 6.28 for
a 10-element Yagi-Uda array shows that the latter has larger minor
lobes but a much narrower beam. However, the Yagi-Uda array
does not have the important frequency-independent properties of
the log-periodic dipole array.

0° 60° <D 120° 180°

Fig. 6.37. Normalized far field of log-periodic array with currents shown in Fig. 6.36a.

6.15 Frequency-independent properties of the log-periodic dipole
array

The principle underlying the properties of the log-periodic dipole
array when driven at the terminals of the shortest element as shown
in Fig. 6.30b and operated as illustrated in the preceding section
depends upon the following: (1) A small group of about seven dipoles
constitutes the active or radiating part of the array. These may be
described approximately as including (a) three strongly driven and
radiating elements near resonance, (b) three shorter elements each
of which combines the functions of a rather weakly driven antenna
and a highly active parasitic director, and (c) one longer antenna
that acts both as a weakly driven element and a strong parasitic
reflector. (2) All other elements in the array and the terminating
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admittance YT have such small currents and so little power that
they may be ignored both as loads on the feeding line and as
contributing radiators of the far-zone field. (3) The driving-point
admittance of the array at the terminals of the shortest element is
approximately equal to the characteristic conductance Gc of the
transmission line. (4) The currents in the active elements maintain
a unilateral endfire field pattern with very small minor lobes.

The effect of a change in frequency is to shift the active group
toward the terminated end with longer elements when the frequency
is lowered. So long as the frequency range is bounded so that neither
the shortest nor the longest element in the array is a part of the
active group, there can be no significant change in either the circuit
or the field properties. The array must behave substantially as if
infinitely long. On the other hand, as the frequency is increased or
decreased sufficiently to make the element at either end of the array
a member of the active group, all of the properties of the array must
begin to change. This change becomes drastic when the frequency
is varied so much that none of the N elements is near resonance.

The general behaviour of the twelve-element log-periodic dipole
array as a function of frequency has been investigated by Cheong
[6] using a discrete set of frequencies/ t,/2, — §21- These are chosen
so that the lowest frequency fx is below the resonant frequency of
the longest element No. 12 and the highest frequency f21 is above
the resonant value for the shortest element No. 1 as shown in the
table on page 260. In order to distribute the frequencies according
to the log-periodic scheme of lengths and spacings, the ratio factor

^0-93 was chosen so that fj + 2/fj
 = 0"93 where j is an integer.

This provides an intermediate frequency step fj+ Jfj = ^0*93
to achieve a closer approximation of a continuous spectrum.
The properties of the array described in the preceding section and
represented in Figs. 6.33-6.37 are obtained specifically at the centre
frequency/x 4 in this set for which an element (No. 7) near the middle
of the array is most nearly resonant.

Consider first a decrease in frequency from / 1 4 to / 7 so that
resonance is moved from approximately element 7 to approximately
element 10. The corresponding driving-point admittances are
shown in the complex admittance plane in Fig. 6.38 together with
the admittances of the elements when these are individually
isolated. The admittance circle for the isolated antennas and the



260 ARRAYS WITH UNEQUAL ELEMENTS [6.15

Relation between the relative heights of the elements, h/X,
and the frequencies f{.

i in f

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

00962
00998
01035
0-1073
01113
01154
01197
01241
0-1287
01335
01384
01435
01488
01543
01600
01659
01721
0-1785
01850
01918
01989
0-2063
0-2139
0-2218
0-2300
0-2385
0-2473

0-2138
0-2217
0-2299
0-2384
0-2473
0-2564
0-2659
0-2757
0-2859
0-2966
0-3075
0-3188
0-3306
0-3428
0-3555
0-3686
0-3824
0-3966
0-4110
0-4261
0-4419
0-4583
0-4752
0-4928
0-5110
0-5299
0-5494

f when/*! = 1 m

28.86 M H z
29.94
3105
3219
33-39
34-62
35-91
37-23
38-61
4005
41-52
43-05
44-64
46-29
48-00
49-77
51-63
53-55
55-50
57-54
59-67
61-89
6417
66-54
6900
71-55
74-19

admittance curvet for the array resemble those in Fig. 6.33 but
appear to have been moved in a counter-clockwise direction. The
admittances of the short elements from 1 to 6 now form a small
spiral around the values for the same elements when isolated. The
previous tight little spiral of admittances for the longer elements in
Fig. 6.33 is completely unwound and the admittance curve for the
array no longer comes near to the circle for the admittances of the
isolated elements. It is clear that in Fig. 6.38 elements 6 to 12
instead of 3 to 9 as in Fig. 6.33 form the active group. This is further
confirmed in Fig. 6.39 which shows the voltages and currents at the
driving points of the elements. The voltage amplitudes are quite
constant from elements 1 to 8, then decrease rapidly. The associated
current amplitudes are small for elements 1 to 6, large for elements
6 to 11 and again small for element 12. Evidently, with reference to

t Note that only the plotted points are physically significant. The continuous curve serves
merely to guide the eye.
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Fig. 6.38. Like Fig. 6.33 but for lower frequency with resonance near element 10. (Operating
frequency/7.) # . Isolated admittances; x, admittances in array.

Fig. 6.39 (and Fig. 6.34), the group consisting of director-radiators
6, 7 and 8 (instead of 3,4, 5), radiators 9, 10, 11 (instead of 6, 7, 8)
and reflector-radiator 12 (instead of 9) are primarily responsible
for the properties of the array. These conclusions may also be
reached from a study of the current-distribution curves for Izi(z)/V01

in Fig. 6.40a and for Izi(z)/VOi in Fig. 6.406. The former show clearly
that the amplitudes of the currents in elements 1 through 5 are
negligibly small. The latter indicate the following: the capacitive
currents dominate in elements 6, 7 and 8, in element 9 the capacitive
and conductive currents are practically equal, element 10 is nearly
resonant with a very small capacitive current, element 11 has large
inductive and conductive components, and in element 12 the
inductive current exceeds the conductive component. It may be
concluded, therefore, that the decrease in frequency which moved
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Element number

Fig. 6.39. Like Fig. 6.34 but for lower frequency with resonance near element 10.
• , Driving-point voltages, VOi; x, driving-point currents, /ZI(0).

resonance from near element 7 to near element 10 has not sig-
nificantly changed the properties of the active group and, hence, of
the array.
If the frequency is decreased still further to/3 at which even element

No. 12 is too short to be resonant, the admittance curve is that
shown in Fig. 6.41. The counter-clockwise rotation of the curves
has been increased beyond that in Fig. 6.38 so that now none of the
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Fig. 6.41. Like Fig. 6.38 but for lower frequency with resonance beyond element 12.
(Operating frequency/3.)

elements is either inductive or resonant. The small spiral formed by
the admittances of the short elements around the circle of their
isolated values has two complete turns. It is to be expected, there-
fore, that elements 1 through 7 must have negligible currents. The
active group in Fig. 6.41 includes dipoles 8 to 12. However, none of
these is resonant and there are no inductive reflectors. Moreover,
since there must be a significant voltage across the terminals of
element No. 12, considerable power must be dissipated in the
terminating admittance YT. Under these conditions the properties
of the array must differ significantly from those existing for the
frequencies determining Figs. 6.33 and 6.38. The frequency-
independent behaviour requires at least two radiating and reflecting
elements longer than the one nearest resonance.

If the frequency is increased to /19 so that element No. 4 is
most nearly resonant, the admittance curve takes the form shown
in Fig. 6.42. As compared with Fig. 6.33, the curves have been
rotated clockwise with respect to the axis Bo = 0. The admittances
of the longer elements Nos. 8 through 12 in the array are all
clustered close to one end of the circular arc formed by the admit-
tances of the isolated elements. On the other hand, not even the
shortest element No. 1 is near the other end of the circular arc.
Since a detailed study (in conjunction with Figs. 6.33 and 6.36a)
of the currents and power in the elements longer than resonance
has shown that at most two elements longer than the one nearest
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- 1 5
0 15 205 10
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Fig. 6.42. Like Fig. 6.33 but for higher frequency with resonance near element 4. (Operating
frequency/19.) # . Isolated admittances; x , admittances in array.

resonance carry significant currents, it follows that all elements
from No. 12 down through No. 7 play no significant role in the
array. On the other hand, it is clear from Fig. 6.42 that the admit-
tance of element No. 1 does not produce a curve that bends inward
toward the circular arc of isolated admittances, but rather outward
away from the arc. This is a consequence of the fact that the region of
active elements has been moved too close to the end of the array.
It is clear from Fig. 6.36a that the active region includes at least
four elements shorter than the one nearest resonance. For the
frequency fx 9 leading to Fig. 6.42 there are only three such elements
available. This means that the frequency responsible for Fig. 6.42
is already somewhat higher than acceptable for the frequency-
independent properties of the array and that the currents in element



266 ARRAYS WITH UNEQUAL ELEMENTS [6.15

No. 1 must differ from the expected since one of the required
director-radiators is missing.

The useful range for a frequency-independent behaviour lies
between the frequencies at which elements 5 and 10 (or, in general,
N — 2) are resonant. In the scale of discrete frequencies used for the
twelve-element array this range is approximately /7 ^ / ^ fx 7.
The power in the several elements at the frequencies/3,/7,/14,/19

and /2 3 is shown in Figs. 6.35 and 6.43. Note that in these figures
only the plotted points are significant. The connecting curves
serve only to guide the eye.

a 0 1

- 0 1

1 2 3 4 5 6 7 8 9 10 11 12

Element number

Fig. 6.43. Like Fig. 6.35 but for frequencies/3,/7,/19, and/23.

A detailed study of the operation of the twelve-element array
over the full range of frequencies from/j to / 2 7 has been made by
Cheong [6]. Important results in addition to those already dis-
cussed are contained in Figs. 6.44-6.46. They may be summarized
as follows:
1. As shown in Fig. 6.44, curve T, a large fraction of the total power
is dissipated in the terminating admittance YT = Gc, in the ranges
f < f5 and / > /2 6 . As a consequence only a small fraction of
power appears in the dipoles so that little is radiated. It is also clear
from Fig. 6.44 that in the range f5 ^ / < /2 6 only a small part of
the power is dissipated in the terminating admittance, most of it
appears in and is radiated from a relatively small group of active
dipoles near resonance.
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Fig. 6.44. Relative power in the elements and the termination.

2. In the range/5 ^ / < / 1 7 elements which have half-lengths /i,
in the range 0-18 < hjk ^ 0-255 form the active group. Resonance
occurs with hjk = 0-216. Elements which have half-lengths ht less
than 018/1 or greater than 0-255/1 play an insignificant part in the
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operation of the array. On the other hand, outside this range of
frequencies the shorter and longer elements cannot be ignored.
3. As shown in Fig. 6.45 the driving-point admittance of the array,
Yn is reasonably constant at a value very near the characteristic
conductance Gcofthe transmission line over the range f5 < / < /17.
Specifically YT = (23-0+y0-0)x 1(T3 mhos with Gc = 20xl(T3

mhos. Outside this range of frequencies YT varies widely in both
real and imaginary parts.
4. The band of frequencies fs ^ / < fl7 is characterized by a very
stable main lobe in the forward direction, i.e. toward the shorter
elements and the driving point, and very small side and back lobes.
This is clear from Fig. 6.37 and Fig. 6.46. Figure 6.47 shows that the
ratio of the forward field to the largest side or back-lobe level is
roughly constant near 15 and that the 3 db forward beam width
remains quite stable at about 38° in the range f5 < / ^ / 1 7 .
Outside this band of frequencies large side and back lobes appear.

/ = 5 25
Frequency/

Fig. 6.45. Input admittance Y1 = Gt +7!?! of the log-periodic array.
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Fig. 6.46. Like Fig. 6.37 but for a number of different frequencies.

It is important to note that all of the computed data apply to a
particular array with a single set of values of the basic parameters
T, <r, Q, yT, Rc and <j>. An extensive study by high-speed computer
of the effects of changes in these parameters and of optimum
designs based on the three-term theory is indicated but is not avail-
able at the time of this writing. Additional information is given in
Cheong [6], Cheong and King [12], and Carrel [9].

6.16 Experimental verification of the theory for arrays of unequal
dipoles

In order to verify experimentally the predictions of the general
theory developed in section 6.11 for arrays of dipoles with a wide
range of lengths and spacings, a series of measurements on the
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twelve-element log-periodic dipole array would be appropriate.
However, arrays of this type are driven from two-wire lines in a
manner that makes accurate measurements of current distributions,
admittances, voltages and field patterns very difficult—especially
over a two-to-one or greater range of frequencies. For this reason a
less elaborate array arranged to permit precision measurements
was preferred by Cheong [6].

As a first step, an extensive experimental study was made of
two-coupled dipoles over wide ranges of lengths and spacings in
order to verify the adequency of the three-term representation of
the currents. When this had been established, a complete array of
five elements was constructed after the log-periodic design with
the longest element approximately twice as long as the shortest
element. This array consisted of monopoles over a very large
ground screen. Each element was the extension of the inner con-
ductor of a coaxial line of which the outer conductor pierced the
metal ground screen. In order to provide an equivalent for the
reversal of the connexions between adjacent pairs of elements,
provision was made to permit the insertion of an arbitrary length of
coaxial line in addition to a length equal to the spacing of the
elements. Since the added phase shift had to be exactly n for each
different frequency, it was necessary to readjust the length of the
sections of coaxial line between the elements for each frequency.
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Careful measurements were made of the driving-point admittance,
the currents and voltages in amplitude and phase at the base of
each element, and the field pattern over a range of some 17 dif-
ferent frequencies that included resonance for the longest and the
shortest elements. The agreement between theory and measure-
ment was remarkable in all details, thus confirming the adequacy
of the theory for use not only on the five-element array but on an
array of any type that satisfies the requirements of the theory.
Details and extensive graphs are in the work of Cheong [6] and
Cheong and King [13].



CHAPTER 7

PLANAR AND THREE-DIMENSIONAL
ARRAYS

The study of dipole arrays in chapters 3 through 6 has proceeded
from simpler to more complicated configurations. In chapters 3
and 4 all elements are physically alike and arranged to be parallel
with their centres uniformly spaced around a circle so that when
driven in suitable phase sequences all elements are geometrically
and electrically identical. Chapter 5 is also concerned with parallel
elements that are structurally alike, but they lie in a curtain with
their centres along a straight line of finite length; consequently
the electromagnetic environments of the several elements are not
all the same. In chapter 6 the requirement that the elements in a
curtain array be equal in length is omitted and consideration is
given first to arrays of elements that differ only moderately in
length, then to arrays in which not only the lengths but also the
radii of the elements and the distances between them vary widely.
The lifting of each restriction introduces additional complications
in the approximate representation of the currents on the elements
by simple trigonometric functions and in the reduction of the
integrals in the simultaneous integral equations to sums of such
functions with suitably defined complex coefficients.

The final generalization which is carried out in this chapter is the
omission of the requirement maintained throughout the book
until this point, that all elements be non-staggered. The removal
of this condition leads to the discussion of arrays of parallel elements
that are arranged in a plane as in Fig. 7.1 and in three dimensions
as shown in Fig. 7.2. Note that such arrays include arbitrarily
staggered elements and collinear elements which do not occur in
the circular and curtain arrays considered in chapters 3 through 6.
When the centres of the elements are displaced from a common
plane, the halves of many antennas are in different electrical
environments so that an even symmetry with respect to their
individual centres no longer obtains for the distributions of
current. An important new complication is thus introduced:
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Fig. 7.1. Planar array of nine identical elements.

Fig. 7.2. Three-dimensional array of twelve identical elements.

components of current with odd symmetries in addition to those
with even symmetries.

7.1 Vector potentials and integral equations for the currents

Four typical elements in an array of N parallel dipoles are
shown in Fig. 7.3. All antennas have their axes parallel to the Z-axis
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Element i

dki

Element N

Element k I

dz'k

t(Xk,Yk,Zk) 2ht

-TV
2ak

Fig. 7.3. Typical elements in an array of N parallel antennas.

of a system of rectangular coordinates X, Y, Z. The centre of the
kth element is at Xk, Yk, Zk\ its radius is ak, its half-length /zk, it is
centre driven by a delta-function generator with EMF VOk. As
before, the antennas are assumed to be perfectly conducting and
electrically thin so that poak <̂  1 for k = 1, 2,..., N. A local axial
coordinate zk has its origin at the centre of element k.

The vector potential on the surface of antenna k no longer has
the simple form given in (2.3), since the even symmetry conditions
Izk( — zk) = Izk{zk) for the current and Azk( — zk) = Azk(zk) for the
vector potential no longer apply. However, the vector potential



7.1] EQUATIONS FOR THE CURRENTS 275

can be resolved into two parts, one with even symmetry, the other
with odd symmetry. Thus

Azk(zk) = Atr(zk) + A?k
d(zk) (7.D

where, in the range — hk^zk^hk,

as in (2.3), and

= -f[Ckl cos pozk + $Vok sin po\zk\] (7.2)

(7.3)

The vector potential on the surface of antenna k is also given by
the sum of integrals,

= £ £ r UzdG^z^z'ddz't (7.4)

e-jPoRki

where Gki(dki, zk, z't) = — (7.5a)

with Rki = y/idu + z't-z^ + bl. (7.5b)

As shown in Fig. 7.3, dki = \Zk — Zt\ is the axial distance between the
plane containing the centres of elements k and i, dkk = 0;
bki = ^/(Xk-Xl)

2 + (Yk-Yi)
2, i ^ k9 is the distance between the

centre of element k and the projection of the centre of element i
onto the plane zk = 0; bkk = ak. The currents lzi(zj) in the N elements
that generate the vector potential on the surface of antenna k as
given in (7.4) include even and odd parts with respect to the centres
of the respective elements. That is,

U*i) = ITn(Zi) + I$d(Zi) (7.6)
where

In order to separate the even and the odd parts of the vector
potential in (7.4), the kernel Gki(zk,z'i) in (7.4) must be separated
into its even and odd parts. Thus,

Gki(dki,zk,zd = GlTn(dki,zk,^ + G^(dki,zk,^ (7.7)
where, as is readily shown,

Gtr(dki, zk, z't) = &KJzk-du, zd + Kki(zk + dki, z't)] (7.8)

G$*(du, zk, z't) = \[Kki{zk-dki, z;.)-Xfcl.(z, + 4,-, A)}- (7.9)
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The function K occurring in (7.8) and (7.9) is the kernel previously
used for non-staggered arrays, viz.,

e l
Kki(zk, z;.) = KkiR(zk, z;.)+7Xw/(zk, z;.) = r . (7.10)

Note that when dki = 0, G^en(0, zk, zj) = Xw(zk, zj) and
G£dd(0, zfc, z-) = 0, as required for the previously analysed non-
staggered array. By means of the obvious relation,

it is readily shown that, when (7.6) and (7.7) are substituted in (7.4),
the parts of the integral that involve the products jevenGeven,
/OddGodd a r e themselves even in z, the parts that contain jevenGodd,
joddGeven ^ themselves odd in z. It follows that the even part of the
vector potential is given by

hk /*r(4)G£rn(o, zk9
-hk

i=l J -hi

-hi

ni?0|zk|] (7.11)
so

where k = 1, 2,... N; Co == 1207T ohms; and S' is the sum with i = k
omitted. The odd part of the vector potential is contained in

I?Az'k)G
e
kr

n(0, zk, z'k) dz'k
-hk

+

= -(j4n/t;o)Ck2smpozk (7.12)

where k = 1,2,... AT.
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The relations on the right in (7.11) and (7.12) are 2N simul-
taneous integral equations for the even and odd parts of the currents
in the N elements.

7.2 Vector potential differences and integral equations

In order to determine approximate distributions of current from
the two sets of N simultaneous integral equations in the general
manner described in earlier chapters, it is convenient to introduce
the vector potential differences. This is quite straight forward for
the even part of Azk{zk). Thus, if 4UJUQ

 lAzk(hk) is subtracted from
both sides of (7.11), the result is

-hi

o\zk\ - sin pohk)

+ Ck 1 (cos pozk - cos pohk)]

= (j4n/{0 cos Pohk)tiVOk sin P0(hk-\zk\)

+ Uk(cospozk-cospohk)] (7.13)

where k = 1,2,... N and

-/Co - Uk + (l/2)Vok sin pohk
Uk = -^AiriKX Ckl = k ^ (7.14)

H0 cos fJohk

as in the corresponding equation with dki = 0 for the curtain array.
The difference kernel (with extra subscript d) is defined by

Gffi*(dki9zk,zd = Girn(dki9zk9z[)-Gir(dki9hh9zd. (7.15)

It is not possible to form an equation like (7.13) with A°zf
d(zk)

since this is an odd function of zk so that if A°zk
d(zk) — A°zk

d(hk) is
zero at zk = hk, it is —2A°zk

d(hk) at zz = — hk. A convenient alter-
native! is to subtract the odd function (zk/hk)A°zk

d(hk) which is
equal to the vector potential at both zk = hk and zk = —hk.

t See [1].
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Thus, with (7.12),

-hk

+

i = 1 •> -hi

= -(/47rCk2/Co)[sin pozk-(zk/hk) sin pohk] (7.16)
where k = 1,2,... N and the difference kernels are given by
@lldn(dki? zk, z •) = Gl]en(dki, z k , z •) — {zk/hk)Glyien(dki, /ifc, z •) (7.17a)

(^<kid(dki'> zk-> z'i) = G^i (dki, zk, zfi) — (zk/hk)G^i (dki, hk, z'i). (7.17b)

For each superscript, the kernel may be expanded into its real and
imaginary parts as follows:

%d(dki, zk9 z'J = %dR(dkh zk9 z'J+MidMki, Zk, z'i)- (7.18)
The desired alternative set of 2N simultaneous integral equations
for the even and odd parts of the currents in the JV elements is
contained in (7.13) and (7.16).

7.3 Approximate distribution of current
It has been shown in earlier chapters that the first integral in

(7.13) is well approximated by
hk r^k

-hk ' J -hk

and
rhk

- HOzl (7.20)
where HOzk = cos (P0zk/2)-cos (Pohk/2) (7.21)

provided /30hk ^ 5TT/4. By the same procedure it is readily shown
that the first integral in (7.16) can be separated into analogous
parts for which the following relations are good approximations:

M » zk, z'k) dzk ~ I?k\zk) (7.22)

(*hkr
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where EOzk = sin (p0zk/2) - (zk/hk) sin (Pohk/2). (7.24)

As a consequence of (7.19) and (7.22) it follows that the trigono-
metric functions that occur on the right side of (7.13) and (7.16)
must also occur as leading terms in the approximate expressions
for the currents, together with (7.21) and (7.24). That is, appropriate
approximate formulas for the even and odd currents in antenna k
are given below. For the even currents

Itr(zk) = AkMOzk + BkFOzk + DkHOzk (7.25a)

or the alternative equivalent form:

Itr(zk) = A'kSOzk + B'kFOzk + DkHOzk (7.25b)

where Ak,A'k,Bk, B'k and Dk are complex coefficients and

MOzk = sinpo(hk-\zk\) (7.26)

SOzk = sin po\zk\ - sin pohk (7.27)

FOzk = cos pozk - cos pohk (7.28)

HOzk = cos (Pozk/2) - cos OScA/2). (7.29)
For the odd currents

I?k
d(zk) = QkPOzk + RkEOzk (7.30)

where Qk and Rk are complex coefficients and

POzk = sin pozk-(zk/hk) sin pohk. (7.31)

EOzk is defined in (7.24). The above formulas are for k = 1, 2,... N.
The approximate formulas (7.25a, b) and (7.30) are obtained
specifically from the first integrals in (7.13) and (7.16). When there
are no staggered elements (dik = 0), it is known that the induced
currents are well represented by a linear combination of FOzk and
HOzk. It may be argued that a similar linear combination must
also be an acceptable representation of the even parts of the
currents induced in staggered elements. This follows from the
theoretical and experimental studies referred to in chapter 6 of
currents in non-staggered elements that differ greatly in length.
If the current induced on a relatively long element (but with
Pohk ^ 57t/4) by an adjacent very short antenna is well represented
by (7.25a, b), it may be concluded that the same must be true of the
current induced in antenna k by other coupled elements which
maintain a vector potential with an even part that varies less in
amplitude and phase along antenna k than the vector potential
generated by the currents in a very short element. Since no measure-
ments were available of the currents induced by coupled staggered
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elements, a numerical check was made of the degree in which the
assumed current distributions satisfy the integral equation. The
results were quite satisfactory.

It may be concluded that the current along any element k in an
array of N parallel antennas is approximately

Izk(zk) = Aksin po(hk-\zk\) + Bk{cos pozk-cos pohk) + Dk[cos{pozk/2)

- cos (Pohjl)] + Qk[sin pozk - (zk/hk) sin pohk]

+ i?k[sin (pozk/2) - (zk/hk) sin (pohk/2)]. (7.32)

If more convenient, the first two terms may be replaced by those in
(7.25b). The first three terms for the even part of the current are the
same in form as for arrays of parallel, non-staggered elements.
They include the term sin po{hk — \zk\) which represents that part
of the current excited directly by the generator voltage Vok. No
such term is possible for the odd part of the current in a centre-
driven dipole. The remaining problem is to determine the co-
efficients in (7.32).

7.4 Evaluation of coefficients
The coefficients in the approximate formula (7.32) for the current

in a typical element k in an array of N arbitrarily located parallel
elements may be evaluated in various ways. The method outlined
here is the one selected by V. W. H. Chang in his study of planar and
three-dimensional arrays. He preferred to use the following alter-
native form for the current:

Izk(zk) = Ak(sin fio\zk\ - sin pohk) + Bk(cos pozk - cos pohk)

+ Dk[cos(P0zk/2)-cos(P0hk/2)]

+ Qk[sin pozk - (zk/hk) sin pohk]

+ Rk[sin (pozk/2) - (zk/hk) sin (p0hk/2)] (7.33)

where k = 1,2,... N. Instead of substituting the even and odd parts
into the integral equation (7.13) and (7.16) he used the simpler
integral equation for the total current obtained when (7.4) is
equated to (7.1) with (7.2) and (7.3). That is,

N r>h{ e-JP0Rki

£ J /„•(*;•)— dz\ = -(/47T/C0)[Ckl cos P0zk + Ck2 sin pozk

+ {l/2)VOksm po\zk\]. (7.34)

The substitution of (7.33) in the integral in (7.34) yields N equations
with 7N unknowns, viz. the 5N coefficients in (7.33) and the 2N
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constants Cki and Ck2 with /c = 1,2,... N. The required IN
equations can be obtained by satisfying (7.34) exactly at seven points
along each antenna. The points chosen for zk are hk, 2hk/3, hk/3,0,
— hJ3, — 2hk/3, and — hk. These correspond to the values used in
the evaluation of the coefficients for the array of unequal elements
in the last sections of chapter 6, but since the currents are now not
even functions of zk, the negative values — hk9 —2hk/3 and —hk/3
must also be used.

The number of unknowns can be reduced by the elimination of
the constants Cki and Ck2. The former is conveniently evaluated
at zk = hk where the current vanishes; the latter can be obtained
from the equation at zk = 2hk/3. Thus, with the notation

= I f ' lM)Gki(dki,hk,z^dz\
i = 1 •> - h i

(7.35)

(7.36)
i = 1 J -hi

(7.34) evaluated at zk = hk and 2hk/3 yields

(/47E/C0)Ckl = [Uklsin (20 O V3)- Uk2 sin pohk] esc 03oV3)
(7.37)

U4n/Co)(Ck2 + VOk/2) = [Uk2cosp0hk- Uklcos(2pohk/3)]csc(p0hk/3).

(7.38)

Note that in the range fiohk ^ 5TT/4, these expressions remain
finite.

With (7.37) and (7.38), Ckl and Ck2 can be eliminated from (7.34)
to obtain

£ sin (/?0V3) ["' Izi(zdGki(dki, zk9 z't) dz\
i=l J -hi

X s i n PodK ~ Zk) Izi(zdGki(dki, K, z'i) dz\
i=l J -h

[hi

0(hk - zk) Izi(
zdGki(dki, \K, zj) dz\

J -hi

sin WohJ3) sin pozkH{ - zk) (7.39)

-h

N

- X sin
i=l J -hi

to
where H( — zk) is the Heaviside function defined by H( — zk) = 0,
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The next step is to substitute the current (7.33) in the integrals in
(7.39). This leads to quantities of the following form:

Zki{zk) = sin (j»0V3) fkl JMGktfu, zh, z[) dz\

+ sin po(ihk-zd ' JifflG^du, hh, z\) dz\
J

+ sin /30{hk — zk) Jjzi(z'i)Gki(dki > 2hJ39 z j) dz\
J-hi

(7.40)

where k = 1, 2,... AT, / = 1, 2,... JV and j = 1, 2,... 5. The notation

J^zj) = SOzi = sin po\zt\ - s i n jffofef (7.41a)

J^.(z;) = FOzi = cos poz(-cos poht (7.41b)

J*.(zj) = //Ozj. = cos(P0Zi/2) — cos{f}0hi/2) (7.41c)

Jti(z'i) = POzi = sin pozi — {zi/h^ sin poht (7.41d)

J5Jz'd = EOzi = sin (PozM-izJhd sin (^ /z^) (7.41e)
is used. Note that for any specified value of zk in a fixed array, (7.40)
defines a set of N complex numbers that can be evaluated by high-
speed computer. With (7.40) and (7.41 a-e), (7.39) becomes:

N

Z \A':^ki i (zk) + Bfj^ki2(zk) + D:£kn(zk) + Qi^iciAZi) + -R;£fc;s(Zfr)]
i = 1

= 7(47r W C o ) s i n (^o^fc/3) sin pozkH( - zk) (7.42)
with k = 1,2,... Af. Five sets of JV equations can be obtained from
(7.42) if zk is successively made equal to the five values hJ39 0,
— hJ3, —2hk/3 and —hk. These contain the M = 5JV unknown
coefficients given by the column matrix

{^1} = t r ( A l 9 . . . AN9 B u . . . BN9 D l 9 . . . DN9 Q u . . . , QN9 R l 9 . . . RN)

(7.43)

where tr indicates the transpose. Let

[ j (7.44)

OM1...OMM

where M = 5N and

*&k + (m-l)N i + ('-l)N = Zkii2™) (7-45)

withy = 1,2,... 5; m = 1,2,... 5; k = 1,2,... N; i = 1,2,... AT. The
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notation z{ = hj\ z2 = 0, z\ = -hJ39 z* = -2hJ39 z\ = -hk is
used. Also let the following column matrix of 5N terms be defined:

{W) = tr (0 ... 0,0 ... 0, Wx ... WN9 7\ ... TN9 Sx ... SN) (7.46)

where Wk = -{j4nVOk/£o) s in2 (jff0V3) (7.47a)

r* = - (y47TKok/Co) sin ()?0 V 3 ) sin (2£0 V 3 ) (7.47b)
Sk = — (j4nV0k/£0) sin (f!ohk/3) sin ŷ ô fc (7.47c)

withfc = 1,2,... AT.
With this matrix notation the 5N equations for the N coefficients

of the currents in terms of the N driving voltages VOk with
k = 1,2,... N are given by the single matrix equation

[O]{i4} = {W}. (7.48)

If (7.48) is solved for the 5N coefficients given by (7.43), the N
currents Izk{zk), k = 1,2,... TV given in (7.33) are known in terms of
the N voltages Vok. The currents at the driving points are then given
by the matrix equation

0} (7.49a)

where {/z(0)} =

The square matrix

vr01

(7.49b)

l 1 2

(7.49c)

is the admittance matrix. The terms Ya are the self-admittances, the
terms Yij9 i ̂  j are the mutual admittances.

The N driving voltages can be expressed in terms of the currents
at the driving points in the form

{Vo} = [Z]{/z(0)} (7.49d)

where [Z] = [Y]~x is the impedance nlatrix.
The driving-point admittance of element k is defined by

^o* = Izk(0)/Vok. (7.49e)

7.5 The field patterns
The radiation field of an array of arbitrarily located parallel

elements is the superposition of the fields generated by the
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individual elements. The far field of element i in such an array is
given by

Em = ^ r ^ ^—R— I I*i(z'i) ejPoZ>iCOS@ sin 0 dz[ (7.50a)
i •* — hi

where Rt is the distance from the centre of the antenna i at Xh Yi9 Zt

to the point of calculation P, and 0 is the angle between the Z-axis
and the line OP from the origin of coordinates near the centre of
the array.

If the distribution of current (7.33) is substituted in (7.50a), the
field of element i can be expressed in the following integrated form:

+ D;Dm(0, p0hi) + QiQm(®, Pohi)+ RiRmi®, Pohi)] (7.50b)

where the individual field factors are as follows:

f*'

= {cos 0 — [1 —cos f}ohi cos (Pohi cos 0)]}sec 0 csc 0

(7.51a)

HJO, poht) = Hm(n, poh{) = 0 (7.51b)

(7.51c)

Gm(0, poht) =
Chi

(cos
J -hi

dz\

= [cos 0 sin poht cos {Poht cos 0 )

— cos poht sin {Poht cos 0)] sec 0 csc 0 (7.52a)

Gm(0, Poh,) = Gm(7i, poht) = 0 (7.52b)

71 „

Dm(e,poht) =

= sin Poht -Pohj cos poht

[cos (0ozl/2)-cos (/50

(7.52c)

sin 0
[2 cos 0 sin (j80/ii/2)

cos 0(1 — 4 cos2 •

x cos (Pohi cos 0) — cos (PohJ2) sin (̂/z,- cos 0

(7.53a)
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A - I J ' A A - J = 2 sin (Poh^-pQhi cos (poht/2) (7.53b)

/3.j,/M 3 " ohi - sin poht) (7.53c)

Qjejoh;) = ^ S '" e f ' [Si
^ J -hi

sin PoZ'i-iZi/hi) sin /Jofc.j ^ ° ^ — - rfZ;

= U/Pohi)[ ~ Pohi cos2 0 cos /?0/!; sin (/?0/z£ cos 0 )

— sin2 0 sin poht sin (/?0/2; cos 0 )

+ Pohi cos 0 sin poht cos (yS0/zz cos 0)]

xcsc 0 sec2 0 (7.54a)

Qm(0, PA) = Qn = Qm(n, PA) = 0 (7.54b)

Rm(e, Poht) = B°-—±L [sin (p^/2) - (z-A
** J —hi

j sin 0
sin (/?0/z. cos 0-^-j 2 — T T

^o/z lcos20(l-4cos2

x [ - 2^0/i- cos2 0 cos 0 W 2 ) - sin (0oh,/2)

+ 4 sin (jSo î/2) cos2 0 ] + j80/if sin (^/z

x cos 0 cos { i cos Gl\\\ (7.55a)

(7.55b)

(7.55c)

The radiation field of N parallel antennas is the sum of the
contributions from each element. In the far-field approximation

= -R.
2n

T> PA

Ti • fto) (7.56)

where rt is the vector drawn from the origin near the centre of the
array to the centre of antenna / and Ro is the unit vector along the
line OP where P is the point of calculation as shown in Fig. 7.4.
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Fig. 7.4. Point P in the far field of an array of parallel elements of which element i at X,, Y^
Z, is typical.

With (7.56) the far-field of the array is
•r e~JPoRo N

? ^O(" ' "o)[4H{0p
E"& =

+ D,Dm(0, J80/I;) + QiQJ©, Pohd + RiRJL®, Poh,)] • (7.57)
If the point P where the field is calculated is located by the

spherical coordinates Ro,@, $ and the centre of element / is at
Xi9 Yi,Zi9 then

r(. Ro = Xt sin 0 cos <D + Yt sin 0 sin <D + Zt cos 0 . (7.58)

7.6 The general two-element arrayt

In the introductory analysis of the two-element array in chapter 2
only parallel non-staggered antennas are considered. As a conse-
quence of the resulting even symmetry for the currents in the
elements and the vector potentials, a three- or even two-term
representation is adequate. The more general five-term approxima-
tion of the currents introduced in this chapter includes the previous
three terms to describe the even currents and two additional terms

t The computations in this section were planned and programmed by V. W. H. Chang.
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to represent the odd currents generated by asymmetrical coupling
when the elements are collinear as shown in Fig. 7.5 or staggered as
in Fig. 7.6.

2a2

T

1°
L,

-JU - I L - 2
2a,

Fig. 7.5. Two-element collinear array. Fig. 7.6. Two-element staggered array.

The general formulas for the currents, driving-point admittances
and field patterns derived in the preceding sections are readily
specialized for the two-element array. Comparative examples of the
admittances of coupled full-wave and half-wave elements when
driven symmetrically with V0l = V02 = 1 and anti-symmetrically
with V0l = — V02 = 1 as a function of the distance between centres
are given in Tables 7.1a, b, c for antennas with a/1 = 0007022.
These tables give the symmetrical admittance Ys = Gs+jBs and the
anti-symmetrical admittance Ya = Ga +jBa. The associated self- and
mutual admittances are yls = (Ys+ Ya)/2 and Yl2 = -(Ys- Ya)/2.
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Table 7.1a applies to the non-staggered antennas considered in
chapter 2; the variable parameter is bl2/X, the normalized distance
between centres. Table 7. lb is for the collinear pair with the distance
(dx2 — 2h) between the adjacent ends as the parameter (dl2 is the
distance between centres). The admittances in Table 7.1c are for
the staggered pair as the centre of element 2 is moved along a 45°
line so that bl2 = dl2. The impedances Zs = 1/YS and Za = \/Ya

corresponding to the admittances in Tables 7.1a, b, c are shown
graphically in Figs. 7.7 and 7.8, respectively, for the symmetrically
and anti-symmetrically driven pairs. In these figures Ro and Xo are
the resistance and reactance for infinite separation. The interaction

Table 7.1a. Symmetrical and anti-symmetrical admittances in
millimhos of parallel, non-staggered array of two elements;

ajl = 0-007022.

bl2/X

005
010
015
0-25
0-50
0-75
100
1-25
1-50

h/X =

ys

O-813+J1-397
1-028+J1-668
1-197 + ; 1-749
1-448+71-627
1079+70-932
0-635+J1-374
0-872+71-657
1-157+71-537
1053+71-226

0-50

ya

0-071 +7*0-941
0-146+71-122
0-230+71-286
0-408+71-531
0-865+71-774
1-244+71-570
1066+71141
0-728+71-359
0-877+71-602

h/X

ys

4-939-70-820
5-572-70-290
6-258+70-112
7-853+70-809

14-321-71-496
8-960-77-101
7-211-73-839
8-543-72-095

10-725-72-875

= 0-25

ya

4-831-753-897
4-344-724-150
4-385-715-386
4-758-J8-655
6-129-J3-340
8-318-71-318

11-577-/2-517
9-5O3-/5-7O7
7-777-/3-918

Table 7.1b. Symmetrical and anti-symmetrical admittances in
millimhos of collinear array of two elements; a/X = 0*007022.

dl2-2h
X

0
005
010
0-15
0-25
0-50
0-75
100
1-25
1 50

ys

1 050+71
1-042+71
1035+71
1-026+71
0-999+7I
0-941 +j\
0-945+71
0-958 +7*1
0-959+71
0-953+7"!

h/X

•581
•505
•465
•437
•403
•409
•435
•435
•426
•425

= 0-50

ya

0-816+71139
O-8O8+71-338
0-844 +71-409
0-875+71-440
0-919+71-461
0-966+71-446
0-965+71-422
0-950+/1-422
0-950+71-431
0-956+71-432

h/X

ys

5-549-71-953
7-508—7I-868
8-444-7*1-913
9-100-72-104
9-850-7*2-764
9-521 -7*4-026
8-923-7*3-800
9-042-73-445
9-295 -7*3-518
9-238-7*3-708

= 0-25

ya

15-281-76-078
11-013-7*6-483
9-529-7*5-821
8-858-75-208
8-412-7*4-288
8-832-73-243
9-415-7*3-404
9-300-7*3-785
9-045-7*3-699
9-103-7*3-517
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Table 7.1c. Symmetrical and anti-symmetrical admittances in
millimhos of parallel, staggered array of two elements;

ajX = 0-007022.

b l 2 _ d l 2

X ~~ X

005
010
015
0-25
0-50
0-75
100
1-25
1 50

h/X

ys

0-825+71-318
l-040+;l-720
1-189+71-832
1-363+71-681
1035+71110
0-785+71-474
1008+71-489
0-976+71-380
0-918+71-400

= 0-50

ya

0-086+70-608
0-786+70-801
0-236+70-984
0-420+71-379
0-965+71-673
1089+7"l-414
0-906+71-350
0-939+71-484
0-989+71-419

h/X

ys

4-692-70-775
5-456-70-470
6-336-70-297
8-372-70-097

11-077-74-641
8-235-73-925
9-340-72-908
9-483-74-115
8-729-73-561

= 0-25

ya

11-923-776-274
8-631-729120
7-399-716-489
6-669-78084
7-804-72-856

10159-73106
8-903-74-302
8-862-73-166
9-650-73-650

200 •

S Xs (staggered)

-10
0-2 0-4 0-6 0-8

bl2/X or {dx 2 — 2h)/X for collinear array

Fig. 7.7. Resistance and reactance of symmetrically driven array of two parallel half-wave
dipoles when non-staggered, staggered with bl2 = dl2, and collinear; a/X = 0-007022
h/X = 0-25, V02 = V0l.
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150
Ra (nonstag.)

(staggered)

= 37-3

0-4 0-6 0-8
A or (</ 1 2 -2/ I ) /A for collinear array

Fig. 7.8. Like Fig. 7.7 but for anti-symmetrically driven elements, V02 =

10

- v 0 l .

between the elements is seen to be greatest for the non-staggered
pair, smallest for the collinear arrangement. The self- and mutual
impedances are given by Z s l = (Zs + Za)/2 and Z1 2 = (Zs —Za)/2;
they are listed in Tables 7.2a, b.

The current distribution along the lower element of a collinear
pair when the adjacent ends are separated by a distance
dl2 — 2h = 01 k is shown in Fig. 7.9 for both symmetrically and
anti-symmetrically driven full-wave elements. Note that in both
cases the currents are asymmetrical with respect to the centre of
the element. When the excitation is symmetrical (F01 = F02), the
current in the outer half is greatest; when the excitation is anti-
symmetrical (V0l = — V02), the current in the inner half is greatest.

The current distribution for a pair of coupled full-wave antennas
in the staggered position with bxljX = dl2/A = 01 is shown in Fig.
7.10 for symmetric excitation (VOi = V02) in broken line. Since
the two elements are very close together, the interaction is great.
When centre driven with equal and opposite voltages, the two
conductors form a slightly displaced two-wire line with a large
and only slightly asymmetrical reactive current lf

zX(z) that is almost
sinusoidal, and a very small in-phase component l"zX{z\ Since the
current induced in each element by that in the other is essentially



Table 7.2a. Self- and mutual impedances of coupled half-wave dipoles; hjX = 0*25; ajX = 0-007022.

0
005
010
015
0-25
0-50
0-75
100
1-25
1-50

Parallel, non-staggered

x = b,

Zsl=Rsl+jXsl i

99-4+725-6
93-1+7247
88-4+728-6
87-4+7'37-9
97-4+7-37-9
92-9+736-4
95-3+7377
93-9+7-37-8
94-8+7-37-5

Table 7.2b. Self- and

0
005
010
015
0-25
0-50
0-75
100
1-25
1-50

2/l

*12 = *12+7*12

977+77-15
85-9-715-4
71-3-731-5
38-6-750-8

-28-4-7307
- 24-4+717-9

12-8+7'19-8
16-5-797

-7-8-714-2

Staggered

x = bl2/X = d

Zsl=Rsl+jXsl Z12

104-7+723-5 :
95-6+723-6
901+728-9
90-1+737-5
941+7391
94-9+736-8
94-5+7-37-3
94-3+737-2
94-4+737-1

12/A

= #12+7*12

102-7 +7IO7
86-3-77-9
67-4-721-5
29-4-7361

-1-7-730-9
- 1 8 1 - 7 4 6

4-5+79-8
3-3-76-8

-5-7+71-4

mutual impedances of coupled full-wave dipoles;

Parallel, non-staggered

x = bx

Zsl =Rsl+jXsl

195-5-7795-5
190-9-7655-5
200-5-7571-3
233-8-7476-4
376-4-7457-1
293-7-7495-5
342-9-7470-3
309-3-7493-5
333-0-7-474-8

2/1

Zl2 = R12+jX12

115-6+7260-8
76-8+7221-0
66O+7I82O
71-4+7133-5

154-2-/1-6
-16-4-7104-2
-94-4-72-3

3-2+778-2
70-0+75-4

Staggered

x = b12/X •

Z s l =Ral+jX8l

285-1-71078-8
250-5-7825-2
239-9-7672-3
246-6-7511-3
354-2-74651
311-8-7486-2
327-3-7485-7
3231-7482-0
322-5-7484-5

= d12/l

Z12 = Ri2+jXl2

56-2+75337
7-0+7399-4
9-4+7288-3

44-4+7152-4
95-4-716-6

-30-2-742-2
— 15-6—7*25-1

18-4-7O8
- 8 1 - 7 1 0 - 2

Collinear

x = (d12-2h)/A

Zsl=Rsl+jXsl Z

108-4+739-5
96-4+735-4
94-5+7361
94-1+736-7
94-2+737-3
94.4+7-37-2
94.4^37.2
94-4+737-2
94-4+737-2
94-4+737-2

h/X = 0-5; a/X--

l2=*12+;*12

51-9+717-0
290-74-2
I8I-7IO6
10-2-712-6

-01-710-8
-5-3+70-5

0-5+7-3-2
2-2-70-4

-0-3-71-6
-1-2+70-2

= 0-007022.

Collinear

x = (dl:

^sl == si ~^~J si

353-7-7-509-5
320-8-7'498-4
317-3-7488-9
318-6-7484-1
322-6-7481-8
323-5-7'484-5
323-3-7'4837
323-4-7484-0
323-3-7483-9
323-4-7484-0

2~2h)/A

Zi2 = Ri2+jXl2

-62-1+770-6
-9-8+749-2

4-4+7-337
10-5+723-1
14-1+78-7
4-1-76-4

-3 -4 -72-4
- 1 - 6 + 7 2 1

l-3+7' l l
0-8-70-9
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0-5

0-4 -

03 -

0-2 -

01 -

0 -

-01 -

-02 -

-03 -

-04 -

- 0 5
- 3

-

/

——

********* *̂******'*»w

V — V
K02 — K01

\ \

\ \
\ \

\ \

\ \ r { 2 ) / v

\V1-1
\ \\ \

/ /
- 2 - 1 0

Current in milliamperes per volt

Fig. 7.9. Currents in element No. 1 of a symmetrically and anti-symmetrically driven pair
of collinear antennas./zl(z) = l'^(z)-{-jrzl(z\ V02 = ± K01 = ±\,a/k = 0-007022, h/X = 0-5,
dl2/X = 11. (Element 1 is below element 2.)

180° out of phase, the coupling reinforces the currents excited by
the generator voltages. When centre driven by equal and co-
directional generators the distribution of current is extremely
asymmetrical. The half of each element that is removed from the
other has a very large approximately sinusoidal reactive current
I'zi(z), whereas the adjacent halves have only a small and oppositely
directed reactive component. The in-phase component l"zi{z) is
much greater than when the antennas are anti-symmetrically
driven and the asymmetry is in the opposite directions.
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- 5 - 4 - 3 - 2 - 1 0 1

Current in milliamperes per volt

Fig. 7.10. Like Fig. 7.9 but for two staggered elements with bl2/X = dx2lk = 01 .

The distributions of current for the symmetrically and anti-
symmetrically driven staggered pair are sketched approximately
to scale in Figs. 7.11 a, b. Note that the more closely coupled adjacent
halves of the elements have the greater current when the excitation is
asymmetrical, very much the smaller when the excitation is sym-
metrical. In the former case the coupling between the elements
reinforces the generators, in the latter it opposes them.

It is interesting to note that the distribution along the sym-
metrically driven pair in Fig. 7.11a resembles that along a sleeve
dipole.t This is to be expected since the two elements are very
closely coupled.

7.7 A simple planar arrayj

The application of the general theory developed earlier in this
chapter to planar arrays is conveniently illustrated with the three
by three nine-element array shown in Fig. 7.12. This involves non-
staggered, staggered and collinear elements, so that the effects of
the different types of coupling on otherwise identical elements can
be studied.

t See, for example, R. W. P. King, [2], p. 413, Fig. 30.7e.
% The computations on this section are those of V. W. H. Chang. Parts of sections 7.7-7.10

were first published in Radio Science [3].
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Fig. 7.11.
and {b) anti-symmetrically with V02 = — V0l

Fig. 7.10.
The distributions of current are taken from

Consider first the broadside array in which all elements are driven
with equal voltages, that is, VOi = 1, i = 1,2, ...9. Since conven-
tional theory is unable to treat full-wave elements, let an array of
nine elements with h/X = 0*5 be analysed. Let the lateral distances
between elements be b = 025 and the axial distance between
adjacent ends be (d — 2h)/A = 01 where d is the distance between
centres of adjacent collinear elements. With this symmetric
excitation, elements 1, 2 and 3 are like elements 7, 8 and 9 in the
even parts of these currents, but the algebraic sign of the odd parts
is reversed. The coefficients of the five trigonometric functions in the
current distribution given in (7.33) are listed in Table 7.3 for all of
the elements. The associated driving-point admittances and im-
pedances are also listed. Note that these differ significantly. The
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b

295

0)

> VosJ
+

V09J
2h

+
v (,
K04 _

Element
No. 0 ©

VoiJ

Fig. 7.12. Planar array of 9 identical, equally-spaced elements.

four different distributions of current are shown in Fig. 7.13 in the
form IZi(zt) = I'^ZiJ+jTziiZi) where /^(z,) is in phase with VOi,
rzi(Zi) in phase quadrature. Note that the currents for elements 7, 8
and 9 are like those for 1, 2 and 3 but with — zi substituted for zt.
Elements 4, 5 and 6 have even currents. The contribution by the
odd currents in elements 1, 2 and 3 is seen to be large.

When the same nine-element array is driven to obtain a unilateral
endfire pattern with V0l = F04 = V01 = 1, V02 = V05 = V08 = -j\
K>3 = ^06 — K)9 = ~~ 1J ^ e coefficients for the trigonometric
functions in the current distribution (7.33) are listed in Table 7.4.
Note that there are now six different sets of coefficients since
elements 1 and 3 and their counterparts are no longer electrically
identical. The driving-point admittances and impedances are also
given in Table 7.4. They are seen to have a wider range of values
than in the broadside array. Note that the resistances of the elements



296 PLANAR AND THREE-DIMENSIONAL ARRAYS [7.7

Table 7.3. Nine-element planar array—broadside
all = 0-007022, h/X = 0-5, b/X = 0-25, d/X = 1 1 ,

VOi=l, £ = 1, 2,... 9
Coefficients of trigonometric functions in milliamperes per volt

at

1,3,7.9
2,8
4,6

5

0006-73-626
0-010-73-580
0007-73-615
0-010-73-567

0-763 -jO-739
1065-70-643
0-832-70-590
1176 -70-443

0-287 +72-849
0197+73164
0176+72-596
0-087+72-821

0-197+70-444
0-317+70-604

0+7*0
O+7O

- 0008+7'0-134
0-279+70199

O+7O
O+7O

t Reverse signs for i = 7, 8,9.

Admittances in millimhos and impedances in ohms

i Yoi = GOi+jBoi Zoi = ROi+jXOi

1,3,7,9 1-759+71-371
2,8 2-328+71-878
4,6 1-840+71-416

5 2-440+71-955

353-7-7275-7
260-2-7209-9
341-3-J262-8
249-6-72000

Table 7.4. Nine-element planar array—endfire
ajl = 0-007022, h/k = 0-5, b/k = 0-25, d/k = 1-1

Voi = V04 = V07 = 1, V02 = V05 = Vos = -j\

K)3 = ^06 = ^09 = ~" 1
Coefficients of trigonometric functions in milliamperes per volt

1, 7 0053-73-674 0-321 -jO-426 0-391 -;2-060
2.8 -3-675-70006 -0-282 -jO-501 2-375-70027
3.9 0-042+73-668 -0-724-jO-152 0-480-;2-201
4 0053-73-664 0-381-70-299 0-321+71-845
5 -3-665-70005 -0129-70-546 2-137+jO-OlO
6 0044+73-657 -0-735-J0-344 0-463-71-918

0-206 +70-463 0-288 +7'0-213
0-500-70-151 0196-70168

-0119-70-562 -0-223 -/0-124
0+7'0 O+7O
0+7*0 O+7O
O+7O 0 + /0

t Reverse signs for i = 7, 8,9.

Admittances in millimhos and impedances in ohms

YOi = Goi+jBoi

1,7
2,8
3,9
4
5
6

1-034+71-208
1030+71-811
0-966+72-506
1-084+71-250
1-083+71-879
1008+7'2-607

409-0-7477-8
237-2-/417-2
134-0-7'347-4
3960-7456-7
230-2-7399-5
129-0-7333-7
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- 2 - 1 0 1

Current in milliamperes per volt
Fig. 7.13. Currents in a planar array of 9 elements in broadside. /ZI(z,) = /l',-(z() +./7i,-(zI-),

Vo. = l ; a/x = 0007022, h/k = 0-5, b/X = 0-25, d/A = 11.

in the collinear trio in the backward direction (1,4,7) are much
greater than the corresponding resistances in the forward trio
(3, 6,9). This is characteristic of endfire arrays of full-wave elements.
The six different currents are shown in Figs. 7.14 and 7.15. The
currents in elements 7, 8 and 9 are like those in 1, 2 and 3 but with
— zt substituted for zt. Note that the currents in the rear collinear
trio (1,4, 7) are greater and contribute more to the far field than the
currents in the forward trio of the elements (3, 6, 9). The far-field
patterns in the horizontal or //-plane and the vertical or £-plane
are shown in Fig. 7.16 for both the broadside and the endfire arrays.
The horizontal pattern of the broadside array is bidirectional with
maxima at O = 90° and 270°, the endfire pattern is unidirectional
with a broad maximum in the direction O = 0°. The vertical
patterns in the direction <S> = 0 are seen to be very sharp as would be
expected when three full-wave elements (which correspond to six
half-wave elements) are stacked. (Note that the vertical pattern
shown for the broadside array is not in the direction of the maximum
at <D = 90°.)



- 3 - 2 - 1 0
Current in milliamperes per volt

Fig. 7.14. Like Fig. 7.13 but driven in endfire with V0l = K04 = V01 = 1,
*02 = K>5 = ^os = ~h vo2, = *06 = K>9 = - 1 - Currents in elements 1, 2, 3.

- 2 - 1 0 1 2
Current in milliamperes per volt

Fig. 7.15. Like Fig. 7.14 but for elements 4, 5 and 6.
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£«(90°,<t»

£«(90°, 0)

Fig. 7.16.

0 or O in degrees

Horizontal (0 = 90°) and vertical (O = 0°) patterns of a 9-element planar array
of full-wave antennas; broadside and endfire excitation.

When the length of the elements is a half wavelength instead of a
full wavelength, it is usually desirable to assign the driving-point
currents /zl-(0) instead of the voltages VOi. If the array shown in
Fig. 7.12 is constructed of half-wave elements with h/k = 0-25,
bjk = by/k = 0'259(d — 2h)/k = 0-1, and the currents are assigned for
a broadside pattern with /ZI-(0) = 2-5 milliamperes for / = 1, 2,... 9,
the coefficients for the trigonometric functions in the expression
(7.33) for the currents in the elements are those given in Table 7.5.
The required driving voltages VOi are also listed together with the
associated driving-point admittances and impedances. Note that
the voltages differ considerably, as do the impedances. This is due
entirely to mutual coupling.

The fact that the driving-point currents are all maintained equal
and in phase by a suitable choice of voltages does not mean that the
several distributions of current are therefore also equal and in phase.



300 PLANAR AND THREE-DIMENSIONAL ARRAYS

Table 7.5. Nine-element planar array—broadside
a/X = 0-007022, h/X = 0-25, b/X = 0-25, d/X = 0-6,

Izi(0) = 2 - 5 x l O - 3 ; i = 1,2, ...9
Coefficients of trigonometric functions in milliamperes

[7.7

i

1,3,7,9
2,8
4,6
5

A\

-0-810-71-304
-1-233-72-300
— 1 194—yi 2 1 3
-1-188-72-419

B\

-4-422-72-913
-5-529-75-054
-5-759-72-193
-7-570-74-620

D\

20-869+75-492
23-204+79-404
24120+73-342
27-976+77-513

t Reverse signs for i = 7, 8,9.

Admittance in millimhos, impedances in

YOi = Goi+jBOi

1,3,7,9 8-203+74-310
2,8 4-817+72-320
4,6 6-369+75-538

5 3-713+72-663

Zoi = ROi+jXo

95-5-750-2
168-6—7*81-1
89-4-777-7

177-8—7127-5

Q,-t

-0-392+70-650
-0-202 +71-214

0+/0
0+7'0

2-679-/6-099
0-897-711-409

0 + /0
0+./0

ohms, EMF's in volts

Vot

0-239-70-125
0-421 -yO-203
0-223-/0-194
0-445-70-319

The very different interactions among the several elements
necessarily leads to distributions of current that are quite dis-
similar in both amplitude and phase. This is shown graphically in
Fig. 7.17 for the real and imaginary parts of the currents. The real
parts are seen to be more nearly triangular than cosinusoidal; the
imaginary parts are quite large and distributed so differently from
the real part that the phase angle is very far from constant. This
means that even for half-wave elements the conventional assump-
tion that all currents are cosinusoidally distributed and constant in
phase along each element is of questionable validity for determining
impedances and minor lobe structures.

The far-field pattern of the nine-element broadside planar array
of half-wave elements is shown in Fig. 7.18 in the horizontal plane
(0 = 90°) and the vertical plane in the direction of the maximum
horizontal field (<D = 90°).

The general five-term theory is also valid for arrays that include
parasitic elements. For example, in the nine-element planar array,
the upper and lower rows may be parasitic with only elements 4, 5
and 6 driven and all constants the same as for the array described
in Table 7.5 except that V0l = V02 = V03 = V01 = Vos = V09 = 0,
V04r = V05 = V06 = 1. The coefficients of the trigonometric
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Fig. 7.17. Normalized currents in the nine elements of a planar array.
/z.(z.) = rzi{z^+jrzi{z& /2l(0) = 2-5 milliamperes with i = 1, 2,... 9.

a/k = 0007022, h/k = 0-25, b/k = 0-25, d/k = 0-6.

functions in the distribution of current (7.33) are as given in Table
7.6. The admittances and impedances for the three driven elements
are also tabulated. The distributions of the real and imaginary
parts of the current referred to the driving voltage are shown in
Fig. 7.19. The currents in the collinear parasitic elements are, of
course, much smaller than in the driven elements and their distri-
butions are quite different. Note, however, that the current in the
middle element No. 5 has quite a different distribution from that
of the other two driven elements Nos. 4 and 6.

7.8 A three-dimensional array of twenty-seven elements!

As a final example of the application of the five-term theory con-
sider a three-dimensional array consisting of three stacked, three-
element, broadside curtains arranged in endfire as shown in Fig.
7.20. Let the lateral distances between the adjacent identical
elements be bJX = byjX — 025, the axial distance between adjacent
ends (d-2h)/k = 0 1 ; also let a/A = 0-007022. If the antennas are

t The computations in this section are those of V. W. H. Chang.



Table 7.6. Nine-element planar array, with three elements driven

i

1,3,7,9
2,8
4,6

5

V — V — VK o i — K 02 — v(

Coefficients

A\

O-O2O-7O-O38
0-026-70-045

-0-386-75-485
-O-3O9-75-731

)3 — Voi — ^08 = K)9 = 0; K)4 = K)5 = K)6 =

of trigonometric functions in milliamperes per volt

-0-554-70-197
-0-519-70-340
— 8106—714193
-7-211-718-733

D\

-1-305-/3-260
-1-735-74-588
54-503+729-666
45-860+ /62-562

Oft

- 2-225 -/3-406
-2-145-72-471

O+7O
0+/0

1

Rt

16-467-733-106
16-336—7*27-315

O+7O
O+7O

4,6 8-244-70-019 121-3+70-3
5 6.530+75-322 92-0-775-0

a/X = 0-007022, h/X = 0-25, bjX = 0-25, d/A = 0-6;

t Reverse the signs for / = 7, 8,9.

Admittances in millimhos and impedances in ohms

 5

Oi = ROi+jXoi

 r
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0
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0 and 4> in degrees

Fig. 7.18. Horizontal ( 0 = 90°) and vertical (O = 90°) patterns of a planar array of nine
elements with currents shown in Fig. 7.17; a/X = 0-007022, h/k = 0-25, bjX = 0-25, d/X = 0-6;
/zl(0) = 2-5 milliamperes, i = 1, 2,... 9.

individually a full wavelength long {h/X = 0-5), the desired uni-
directional endfire pattern is well realized when the driving voltages
(which directly excite the large sinusoidal components of the
currents) are assigned the following values: Vl + 3n = 1, V2 + 3n = —j,
*3 + 3II = — 1 W^h n = 0,1, 2,... 8. The unidirectional beam is to be
in the positive x direction. With this choice of parameters the five
coefficients for the trigonometric components of the current in
(7.33) have been computed and listed in Table 7.7. The associated
driving-point admittances and impedances are also given. These
are seen to vary widely as a necessary consequence of differences
in the induced currents. Since the power in each element is given
by POi = jVlfion and V%{ = VOiV^ = 1, the relative powers are
proportional to the driving-point conductances. It is seen from
Table 7.7 that the nine elements in the plane x = — bx (which are



Table 7.7. Twenty-seven element three-dimensional endfire array
Main beam in direction 0 = 0

a/k = 0-007022, h/k = 0-5, bjk = by/k = 0-25, d/k = 1-1
Vl + 3n=h V2 + 3n=-j\ F3 + 3 n = - l ; n = 0 , l , 2 , . . . 8

Coefficients of trigonometric functions in millimhos per volt

i

1,7,19,25
2, 8, 20, 26
3,9,21,27

4,22
5,23
6,24
10,16
11,17
12,18

13
14
15

A-

0062-73-633
-3-639-70017

0033+73-613
0-062-73-623

-3-628-70-017
0037+73-599
0075-73-590

-0-359-70025
0-037+73-559
0-074 -73-578

-2-358-70-023
-0-041+73-545

t Reverse signs for i = 7. 8.9.16.17.18.25.26.:

B't

0-442-70-687
-0-394-70-815
-1-355-70-336

0-522-70-544
-0189-70-869
-1-348-70-608

0-744-70-361
-0157-70-934
-1-381-70-642

0-846-70-422
0097-70-945

-1-330-70-931

>7

Admittances in millimhos

i YOi = GOi+jBOi

1,7,19,25 1-917+71-217
2,8,20,26 1-297+72-630
3,9,21,27 1-076+73-102

4,22 2-008+71-269
5,23 1-357+72-761
6,24 1-096+73-257

Z0i = Rot+jXoi

371-9-7236-1
15O-9-73O5-9
99-8-7287-7

355-9-7225-0
143-4-7291-8
92-8-7275-8

D\

1033-72-590
3-419-70-333
1-635-72-430
0-963-72-358
2-314+70-382
1-601-72041
1063+72.997
3-637+70-656
1-915-72-338
0-985+72-675
3-310-70-646
1-828-71-936

and impedances in

Yoi = GOiA

10,16 2.552 +7I
11,17 1-212+73

flit

0-157+70-529
0-593-70120

-0110-70-651
O+7O
O+7O
O+7O

0-242+70-686
0-762+70006
0060-70-746

O+7O
O+7O
O+7O

ohms

VjBOi Zo, = ROi+jXc

•735 268-0-7182-2
•322 96-9-7265-6

12,18 0-847+73-623 61-2-7261-7
13 2-678+71•830 254-6-7174-0
14 1-245+73-504 900-7253-4
15 0-831+73-798 550-7251-3

RJ

0102+70-430
0-225-70015

-0-309+70062
O+7O
O+7O
O+7O

0-306+70-474
0-494-70-002

- 0 1 2 6 - 7 0 1 6 5
O+7O
O+7O
O+7O
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0 2-5 5-0 7-5
Current in milliamperes per volt

Fig. 7.19. Currents in the nine elements of a planar array. Izi(zj) = /^(z;)+i/Jz,(zf),
V01 = V02 = V03 = V01 = V08 = V09 = 0, V04 = V05 = V06 = Vo = 1. a/X = 0-007022,
h/X = 0-25, b/X = 0-25, d/X = 0-6.

the rear elements if the forward direction along the positive x-axis
is that of the maximum beam), receive the largest amount of power
from the generators (9-78 FQ); the nine elements in the plane x = 0
the next largest amount (5-78 FQ); and the nine forward elements
in the plane x = bx the smallest amount (4-51 VQ). However, the
power is reasonably well divided among the elements. It is greatest
in the middle elements 10, 13, 16 of the rear plane (3-89FQ) where
induced currents are relatively small; it is least in the middle
elements 12, 15, 18 of the forward plane (1-26FQ) where induced
currents are relatively large.

The computed currents in 18 of the elements are shown graphic-
ally in Figs. 7.21a, b, c. The currents in elements 7, 8, 9, 16, 17, 18,
25, 26, 27 are obtained, respectively, from those in elements 1, 2, 3,
10,11,12,19,20,21 with the substitution of - zi for zt. Both the real
and imaginary parts of the currents on differently situated but
otherwise identical elements are seen to vary widely. Those in the
outer tiers of elements with centres in the planes z = ± d exhibit
a large asymmetry owing to the one-sidedness of the coupling.

If the full-wave elements in the array are replaced by half-wave
elements (h/k = 0-25) with the same axial distance (d-2h)/k = 0-1
between adjacent ends and all other conditions, including the
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2/J

Fig. 7.20. Three-dimensional array of 27 identical, equally-spaced elements.

driving voltages unchanged, the coefficients for the trigonometric
components of the currents are computed to have the values listed
in Table 7.8. The associated driving-point admittances and im-
pedances are also given in Table 7.8. Note their very wide range.

As with the full-wave elements, the power in the nine elements in
the rear plane (x = —bx) is greatest (35-56 KQ), in the nine elements
in the middle plane next greatest (4-90 FQ), and in the nine elements
in the forward plane least (094 FQ). The distribution of power is
seen to be very uneven. Indeed, the currents induced in the central
forward elements 12, 15, 18 are now so great that these act as
negative resistances or generators. The assigned voltage at the
terminals of these elements can be maintained only if loads are
connected across their terminals instead of generators. This is also
true of the central element 14 in the middle plane. In evaluating the
powers in the elements in the three planes, the negative values were



Table 7.8. Twenty-seven element three-dimensional endfire array
Main beam in direction 0 = 0

ajl = 0-007022, h/k = 0-25, bjk = by/X = 0-25, d/k = 0-6
V = 1, V = —/, V = — 1, n = 0, 1,2, 8

Coefficients of trigonometric functions in milliamperes per volt

1,7, 19,25
2, 8, 20, 26
3,9,21,27

4,22
5,23
6,24
10, 16
11,17
12, 18

13
14
15

t Reverse signs for i

-0-432-7*5-436
-5-365+7*0-084

0033+7*5-467
-0-411-7*5-509
-5-415+70-079

0-039+75-511
- 0 3 7 3 - 7 5 - 6 6 9
-5-461-70-004
-0-024+75-556
-0332-7*5-754
-5-505-7*0-014
-0-026+75-595

= 7, 8,9, 16, 17, 18,25,2

-9-874-7*12-025
-11-235+7*1-644

0526+712-608
-10-672—712-054
-11-015+7*1-880

1-022+7*12-365
— 9-514—7*16-649

-13-163+70023
-0-643+714-403

-10184-717-271
-13-073—70-071

— 0-359+714-166

6 27

62-110+7*20-189
12-666 — 711-274

-3-857-724-434
61-129+7*27-424
17-355—711122

-5-463-J28-184
56-729+7*51-632
25-922-70547

3-868-7*37-307
53-761 +760-828
30191+7*1-477

3-450-739-822

-2-912+72-092
2-203+70-779
0-807-/1-716

0+7'0
O + 7O
0+7*0

-2-990+70-788
1-665+7*0-330
0-504-/1-226

0+7'0
0+7'0
0 + /0

24-552-7*20379
-19-840-76-877

-7-485 +/16-453
0 + 70
O+7O
0 + /0

26-280-710-367
-15-317-73-610

-5-271+/12-429
O+7O
0+7'0
0+/0

Admittances in millimhos, impedances in ohms

Zoi = ROi+jXOi ^0/ = GOi+jBOi ZOi = ROi+jXOi

1,7,19,25
2, 8, 20, 26
3,9,21,27

4,22
5,23
6,24

8-749 - ;0-675
1-742—72-160
0-637 +;0-015
7-643+;1-488
1-456—yO-517
0-617 +71-400

113-6 +y8-8
226-2+7280-5

1570-1 —7*38-0
126-1-7*24-5
609-8+7216-6
263-5-7*598-0

10, 16
11,17
12,18

13
14
15

7-475+74-143
0-141 —7*0-109

-0-513+72-087
5-895+76-299

-0-367+7*1-275
-0-678+7*3-093

102-3-756-7
4432-9 +7*3430-8

-111-1-7*451-9
79-2-7 84-6

-208-7-7724-4
-67-6-7*308-5



308 PLANAR AND THREE-DIMENSIONAL ARRAYS [7.8

(a)

-3 - 2 - 1 0 1

Current in milliamperes per volt

(b)

- 1 0 1 2 3

Current in milliamperes per volt
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-0-5

(c)

- 1

Current in milliamperes per volt

Fig. 7.21. (a) Currents in elements Nos. 1, 4, 10 and 13 of the 27-element array shown in
Fig. 7.20. Vl + 3n = 1, V2 + 3n = -j, V3 + 3n= - 1 , n = 0, 1,2,... 8; a/A = 0007022, h/k = 05,
bjk = by/X = 0-25, d/k = 11. (b) Like (a) but for elements 2, 5, 11 and 14. (c) Like (a) but
for elements 3, 6, 12 and 15.

subtracted since they represent power dissipated in a load, not
radiated power. Note that the powers in elements 11 and 17 are not
negative but very small. The entire admittance is very low, the input
impedance correspondingly high. It might be supposed that these
elements contribute negligibly to the radiation field. But this is not
necessarily true. The fact that /zu(0) is near zero does not mean
that / z l l (z1 1) is everywhere equally small. It may be quite large.

The currents in the elements of the 27-element array of half-wave
dipoles when the driving voltages are assigned to be Vl + 3n = 1,
2̂ + 3« = —j\ ^3 + 3n

 = — 1 with n = 0,1,... 8 are shown in Fig.
7.22. Note that the currents on the elements in the rear plane (top
figure) are greater than those in the middle plane (lower left) and
still greater than those in the forward plane (lower right). Specifi-
cally, the current in element 11 is very small at z = 0, but quite
comparable with the other currents out along the antenna. It is seen
from Fig. 7.22 that even with half-wave elements the conventional
assumption that the distributions of current along all elements are
identical and cosinusoidal is not well satisfied. Since this assump-
tion also implies that the phase of each current is the same along
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- 4 0 5

Current in milliamperes per volt

10

- 2 0 2 4 - 2

Current in milliamperes per volt

Fig. 7.22. Like Figs. 7.21a, fe, c but with h/k = 025 and d/k = 0-6.
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the antenna as at the driving point, it is of interest to examine the
relative phases referred to a common reference, viz. Vo x. This is done
in Fig. 7.23 where the phase angles of the currents along all elements
are shown. For the elements in the rear plane where induced cur-
rents are not of major significance, the phase angle varies relatively
little from z = 0 to z = + /i, much as in an isolated antenna. On the
other hand, when induced currents constitute the major parts of
the currents in an element, the phase angle varies very widely—as
much as 153° in the middle element 14. It is clear that when large
currents are induced in some elements of an array, as in endfire
arrangements which maintain a maximum field along the antennas,
an assumed current with constant phase cannot be expected to
represent even approximately the actual currents in an array.

Since with half-wave antennas the principal component of the
current has its maximum value at z = 0, the progressive phases
in the currents required for a specified field pattern can be
approximated more closely when the maxima of the currents,
i.e. the values /zl(0) are assigned instead of the voltages. Let
the values /1+3n(0) - 2-5 x lO" 3 , /2 + 3w(0) = -y2 -5x l (T 3 ,
^3 + 3«(0) = —2-5xlO~3 amperes be specified for the same 27
element array. The corresponding coefficients for the currents as
evaluated by computer are in Table 7.9 together with the required
driving voltages and the associated admittances and impedances
for the elements. Note that the voltages range from
V02 = -0-006-70-236 to V\s = - 1-173+J0-403. The complete
distributions of current are in Figs. 7.24a, b, c in the normalized
form: Uz^ /UO) =r:i(zi)/Li(0) + JTzi(zi)/I2i(0).

With the driving-point currents specified, the power in each
element is conveniently determined from POf = j\Izi(0)\2R0i. It is
seen to be proportional to ROi as given in Table 7.9. The distribu-
tion of power to the elements with the driving-point currents
assigned is quite different from when the voltages are specified. Note
that the nine elements in the rear plane (x = —bx\ which with
voltages specified received the greatest power, now receive the
least (411-8 /Q), the middle plane (x = 0) is again intermediate
(523-6 /Q), and the elements in the forward plane (x = bx), which
with voltages assigned received the least power, now receive the
greatest (1484-8 IQ). However, the division of power is not as ex-
treme as before and there are no elements that have negative resist-
ances and, therefore, feed power into a load instead of receiving



Table 7.9. Twenty-seven-element three-dimensional endfire array
Main beam in direction 0 = 0

a/k = 0-007022, h/k = 0-25, bjk = by/k = 0-25, d/k = 0-6

1 + 3M(0) = 2-5, / 2 + 3M(0) = -y'2-5, 73 + 3n(0) = -2-5 milliamperes, n = 0, 1,2,... 8

Coefficients of trigonometric functions in milliamperes

1,7,19,25
2, 8, 20, 26
3,9,21,27

4,22
5,23
6,24
10,16
11,17
12,18

13
14
15

t Reverse signs for i =

-0-981-71-034
-1-289+7*0-157

1-088+7*3-730
-1-615-7*1-016
-1-362+7*0-257

2-298+74-128
-1-524-7*1-647
-2-062+7*0-445

0-907+7*5-463
-2-408-7*1-738
-2-273+J0-712

2-341 +7*0-639

7,8,9, 16, 17, 18,25,

-4-633-7*1-870
-2-825-7*2-993

4-704+7*8-473
-6-550-7*1-345
-2-582+7*3-699

8-353+7*8-561.
-5-991-7*3-109
- 4-486+7'3-812

4-470+7*12-196
-8-521-72-671
-4-393+7*4-988

8-894+713-302

26, 27.

21-004+7*2-854
5-244-7*18-220

-20-880-7*16-196
25-384+71-124
4165-720-288

-29-207-7*15-136
23-784+7*4-991
8-275-720-031

-20-701-7*22-986
29-404+7*3-185
7-235-7*23-137

-30-910-7*23-585

-0-096+J0-670
0-702+J0-802

-0-066-7*1-859
O+7O
O+7O
0 + /0

0-194+7*1-044
1-141+./0-698
0-010-/2-896

0+jO
0+jO
0+7'0

-0-252-7*6-390
-6-607-7*6-543

1-803+7*17-612
O+7O
O+7O
O+7O

-2-972-7*9-951
-10-697-7*5-579

1-103+726-825
O+7O
O+7O
O+7O

Admittances on millimhos, impedances in ohms, driving EMF's in volts

O|- — ROi+jXOi Vn;

1,7,19,25
2, 8,20,26
3,9,21,27

4,22
5,23
6,24

7-810+7*6-470
10-580+./0-277
3-430+7*0-888
4-299+7*6-231
9-898+./0-910
2-591+7*1-353

75-9-7*62-9
94-4-7*2-5

273-2-770-8
75-0-7108-7

100-2-7*9-2
303-2-7*158-3

0190-70157
-0-006-7*0-236
-0-683+./0-177

0-186-J0-272
-0-023-7*0-250
-0-758+7*0-396

10,16
11,17
12,18

13
14
15

4-804+74-082
6-459+71007
2-447+./O-351
2.896+7*3-771
5-622+71-427
1-905+70-654

120-9-7*102-7
151-1-7*23-6
400-4-7*57-5
128-1-7*166-8
167-1-./42-4
469-5-7*161-2

0-302-70-257
-0-059-70-378
-1-001+70-144

0-320-7"0-417
-0-106-7*0-418
-1-173+7*0-403
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power from a generator. A comparison of the relative powers in
all of the elements is shown schematically in Fig. 7.23 in which boxes
are located in the three-dimensional pattern of the array. The upper
number in each box is the conductance GOi when the conditions of
Table 7.8 with voltages specified obtain; it is proportional to the
power POi in each element. The lower number in each box is the
resistance ROi for the same array when the conditions of Table 7.9
are maintained with input currents assigned; it is proportional to
the power POi in each element. The relative distribution of power is
seen to be reversed.
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Fig. 7.23. Schematic diagram showing the relative powers supplied to the half-wave
{hjl = 0-25) elements in a 27-element endfire array. The upper number in each box is GOi

(in millimhos) which is proportional to power supplied when the VOi are specified. The lower
number is ROi (in ohms) which is proportional to power when the driving-point currents
7ZI(0) are specified.

The distributions of current in Fig. 7.24a, £>, c all have the same
value at z{ = 0 and the components in phase with the input current
are similarly distributed along the antenna in a rough sense. They
range from a flattened cosine to a triangle. However, the quadra-
ture currents are by no means negligible (they are presumed not
to exist in conventional array theory). Indeed, they are of major
significance in those elements which radiate most of the power.
Note in particular the very large quadrature currents in all of the
elements in the forward plane x = bx which are shown in Fig. 7.24c.



314 PLANAR AND THREE-DIMENSIONAL ARRAYS

0-25

[7.8

-0-25
- 0 - 4 -0-2

(b)
0-2 04 0-6

Normalized current
0-8 10



7.8] THREE-DIMENSIONAL ARRAY 315
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Normalized current

0-6 0-8 10

Fig. 7.24. (a) Currents in elements Nos. 1, 4, 10 and 13 of the 27-element array shown in
Fig. 7.20. / 1 + 3n(0) = 2-5 mA, /2 + 3n(0) = -/2-5mA, / 3 + 3lI(0) = -2-5mA, with n = 0,1,2,... 8.
a/k = 0-007022, h/k = 0-25, bjk = bjk = 0-25, d/k = 0-6. (b) Like Fig. 1.24a but for i = 2,
5, 11 and 14. (c) Like Fig. 1.24a but for i = 3, 6, 12 and 15.

(The currents in elements 9, 18 and 24 are like those in 3, 12 and
21 with —zi substituted for zt.) These have distributions quite
different from the conventionally assumed cosine curve. Evidently
the phases are also as far from constant as those shown in Fig.
7.25 for the same array with assigned voltages.

The purpose of an array is to maintain a useful far field. The
computed far-field patterns of the 27-element endfire array shown
in Fig. 7.20 are in Fig. 7.26 for all the cases considered in this section,
that is, for h/k = 05 with voltages assigned, h/k = 025 with
voltages and currents assigned. The horizontal patterns in the
equatorial plane 0 = 90° all have the principal maximum in the
desired direction, 0) = 0, 0 = 90°. They also have a minor maxi-
mum in the backward direction, 0> = 180°, 0 = 90°. This is
smallest with the array of half-wave elements with specified input
currents, it is largest with the half-wave elements with voltages
specified. The array of full-wave elements with voltages specified
has a backward lobe of intermediate height. The vertical patterns
for the array of half-wave elements are essentially the same when
currents or voltages are specified. The former has a very slightly
broader main beam and a correspondingly slightly lower minor
lobe level. The array of full-wave elements has the narrowest main
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Fig. 7.25. Phases of the currents in Fig. 7.22 all referred to V0l.

beam in the vertical pattern—the array is, of course, axially twice
as long. On the other hand, its minor lobe level is correspondingly
somewhat higher. Note that since very good approximations of
actual currents on all of the elements are used, there are no nulls as
would have been obtained with assumed sinusoidal currents with
constant phase along each antenna. The details of the minor lobe
structure derived from the five-term approximations of the several
currents should have an accuracy comparable to that of the major
lobe.

If all of the 27 elements are driven in phase, an approximately
circular pattern with some undulations is obtained as would be
expected; of interest is the fact that in this case, too, a number of
the elements have negative driving-point conductances and
resistances. This indicates that the induced currents in these
elements predominate so that they act as generators and not as
loads when connected to a transmission line. Elements with
negative resistances are likely to occur in most arrays with large
numbers of rather closely coupled elements.

7.9 Electrical beam scanning

The major lobe in the endfire patterns shown in Fig. 7.27 is in
the direction 0 = 90°, O = 0°. This is readily switched electrically
to the direction 0 = 90°, <J> = 90° simply by interchanging the
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- = 0-5; VOi; assigned

= 0-25; /ZI(0) assigned

VOi assigned

0 o r
90 120
in degrees

Fig. 7.26. Horizontal (0 = 90°) and vertical (O = 0°) patterns of a three-dimensional
endfire array of 27 elements; a/X = 0007022, bJX = by/X = 0-25,(d-2h)//. = 0 1 ; F 1 + 3M = 1,
>2 + 3n= ~hV3 + 3n= - l o r / 1 + 3n(0) = 2-5mA,/2 + 3n(0) = -J2-5 mA,/3 + 3n(0) = -2-5 mA,
withn = 0,1, 2, ...8.

phases of the voltages or currents in the broadside rows (parallel
to the y-axis in Fig. 7.20) and the endfire rows (parallel to the
x-axis). For example, the assigned voltages would be VOi = 1,
1 < i < 9; VOi= - / , 10 < i < 18; VOi = - 1 , 19 < i < 27 or, if
the driving-point currents are assigned, Izi(0) — 2-5 mA, 1 ^ i ^ 9;
/z.(0) = -j2-5 mA, 10 < i < 18; /ZI(0) = -2-5 mA, 19 < i < 27.

More generally, the direction of the beam is specified by the far-
field formula (7.57) in which the field factor of each individual
antenna / is given by the square bracket, and the combination of
these into a pattern for the array is determined by the phase factors
exp (jPoTi. Ro). The contribution to the pattern by each element is
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3
e
0

£e(90°, 0°)

2 £e(0,45°)
£©(90°, 45°)

0 or O in degrees

Fig. 7.27. Horizontal (0 = 90°) and vertical patterns of 27-element tnree-dimensional
endfire array with beam in the directions <£> = 0° and <S> = 45°. Driving voltages specified as
in Table 7.10; a/A = 0-007022, h/k = 05, bjk = by/k = 0-25, d/k = 11.

greatest when the amplitudes A'i9 B'i9 D\, Qt and /?. all include the
common factor exp (—jPo

ri • &o)- When this is true the contribu-
tions from all the elements arrive in phase in the direction specified
by particular values of 0 , <1> in (rt. Ro) as given in (7.58). This is,
evidently, a necessary condition for a maximum in the field pattern.
However, it is not a sufficient condition since the directional
properties of the individual elements, as given by the square
bracket in (7,57) for element /, are also involved. These may differ
considerably from element to element owing to differences in the
distributions of current so that no simple formula for the direction
0W, <I>m of the main lobe on the field pattern can be written down.
In the special case of maxima in the equatorial plane (0W = 90°)
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the presence of the common phase factor

exp ( - j f o i . Ro) = exp [-jPQ{Xt cos Ow + Yt sin <DJ],

is sufficient to fix the main beam in the direction Om. For example,
when Om = 0, the factor is exp (—jP0Xt). This means that when
voltages are assigned, these must have the relative phases exp(jPobx\
1, exp {—j/30bx\ respectively, for the elements in the planes
X( = —bx,Xt = 0, and Xt = bx. When bx = A/4 as in the arrays
considered in this chapter, the phases are exp [/(TT/2)] = J\ 1, and
e xP [—yW2)] = — j \ or, if j is removed as a common factor, the
relative phases are given by 1, —j\ — 1, which are the values used in
Table 7.7. When the beam is switched to <£m = 90°, the phase
factor is exp(— y/?0^) so that the voltages in the planes
Yt= -by= -XIA, Yt = 0, Yt = by = 1/4 must have the relative
phases exp [j{n/2)]9 1, and exp [—j{n/2)]. When driving-point cur-
rents instead of voltages are assigned, the coefficients apply to them
unchanged.

If the direction of the maximum beam is to be 0 m = 90°,
(Dm = 45°, the coefficients are given by

exp (-jp0Yt. Ro) = exp [-jpo(Xt+Y^/2/2l
For the three-dimensional array of 27 elements shown in Fig. 7.20,
the elements are located at X{ = - bx = - A/4, Xt = 0, Xf = bx = X/4
and Yt = -by= -A/4, Y{ = Q,Y, = by = A/4. Thus, the following
relative phases must be assigned to the driving voltages (or currents
if these are specified instead of the voltages):

X, = Y,= ~ : exp (77^/2/2)

Xi = ~,Yt = 0;Xt = 0, Yi = ~ : exp

- ,

Alternatively, if exp (jn^Jl/7) is removed as a common factor,
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the five-phase coefficients are, respectively, 1, exp(—jny/2/4),
exp (— jnjlll\ exp (—j3n^/2/4) and exp (— /7rx/2). With reference
to Fig. 7.20, the required assigned voltages are listed in exponential
form near the top of Table 7.10 and in complex numerical form
later in the table. If these assigned voltages are used in the computer
programme, the coefficients for the currents in the 27 elements of
the same array analysed in Table 7.7, but with the beam rotated
45°, are as listed in Table 7.10. Note that the number of different
currents is greater than when the main beam is in the direction
Q> = 0 or O = 90°. The currents in the elements with centres in the
plane Z = d are, of course, the same as those in the plane Z = —d
with zi replaced by —zt. The associated admittances and im-
pedances are also given together with the numerical values of the
assigned voltages.

Since the voltage magnitudes are |FOl| = 1, the relative powers
to the elements are proportional to the driving-point conductances.
In general, these are quite comparable in magnitude and range to
those in Table 7.7 but the larger values are shifted to the new ele-
ments in the backward direction (O = 225°), the smaller values to
the new elements in the forward direction (O = 45°).

The horizontal field pattern in the plane © = 90° and the vertical
pattern in the plane O = 45° are shown in Fig. 7.27 together with
the corresponding patterns from Fig. 7.26. It is seen that in the
horizontal plane the main lobe has been rotated substantially
unchanged through 45°, but that the minor lobe structure is some-
what different. The change in the vertical pattern is so small that it
can be distinguished only near the peak of a minor lobe. Evidently,
the rather narrow beam of a three-dimensional array of full-wave
elements in collinear, broadside, and endfire combinations is
readily rotated by appropriate changes in the phases of the driving
voltages. A similar rotation of the corresponding array of half-wave
elements is readily achieved with precisely the same changes in the
phases of the assigned driving-point currents.

7.10 Problems with practical arrays
The theory developed in this and the preceding chapters provides

a complete, practical tool for the quantitative determination of the
properties of very general arrays when the active elements are
driven by a concentrated EMF at their centres. In practice, antennas
are driven from transmission lines that maintain the desired



Table 7.10. Twenty-seven-element three-dimensional endfire array—Beam direction <J> = 45
a/X = 0-007022, h/X = 0-5, bJX = by/X = 0-25, d/X = 11

I V ^ = exp ( -7^2/

= vio + 3n = exp (-7*371^/2/4), V2l + 3n = exp {-jn^/l\ n = 0, 1, 2
Coefficients of the trigonometric functions

A-

1,7
2,8,10,16
3,9,19,25

4
5,13
6,22
11,17

12,18,20,26
14

15,23
21,27

24

t Reverse signs for /

0096-73-641
-3-219-71-657
-2-898-72-189

0096-73-631
-3-210-71-652
-2-889+72181
-2-878+72-160

0-701 +73-532
-2-867+72-154

0-702+73-519
3-5OO+7O-888
3-491+70-879

= 7,8,9, 16, 17, 18,25,

0-147 -70-558
- 0-308 -jO-769
-0-974-70-365

0-216-70-427
-0108-70-767
-0-878-70-552
-0-793-70-646
-1-3O7+7OO3O
-0-598-70-817
-1-346-70-236
-1364+70-883
-2161+70-730

26, 27.

1-204+71-871
3-264+70-528
2-792-72-055
1142+71 641
2-994+70-473
2-632-70181
3-415—7I 816
1112-73167
3147-71-620
1152-72-800

-0-930-72181
- 0-596-7I-941

0184+70-572
0-613+70097
0-300-70-442

O+7O
O+7O
O+7O

0-613-70-473
-0141-70-697

O+7O
O+7O

-0-695-70160
O+7O

0-334 +70-528
0-424+70-058
0104+70025

O+7O
O+7O
O+7O

0-398-70-321
-0-906-70147

O+7O
O+7O

-0-207+70-471
O+7O

Admittances in millimhos, impedances in ohms

YOi = GOi+jBO YOi - GOi+jBOi ZOi = ROi+jXOi

1,7
2,8,10,16
3,9,19,25

4
5,13
6,22

1-498+70-755
2-081+71-925
1-704+72-358
1-574+70-788
2186+72-019
1-789+72-464

532-3-7268-2
258-9-7239-6
2013-7278-6
508-1-7254-3
246-9-7228-0
192-9-7265-7

IOOOO+7OOOOO
0-4440+70-8960

-0-6057-70-7957
IOOOO+7OOOOO
0-4440+70-8960

-0-6057-70-7957

11,17
12,18,20,26

14
15,23
21,27

24

1366+73-339
0-886+73-335
1-408+73-524
0-893+73-505
0-573+73-637
0-550+73-779

1050-7256-6
74-4-7280-1
97-7-7244-7
683-7267-9
42-3-7268-3
37-4-7257-8

-0-6057-70-7957
-0-9819+701894
-0-6057-70-7957
-0-9819+70-1894
-0-2662+70-9639
-0-2662+70-9639
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voltage across the terminals of the antennas, but also introduce
the complications that accompany transmission-line end-effects
and the coupling between the antenna and the line. There is also
the possibility of unbalanced currents on open-wire lines or on the
outside surfaces of coaxial lines. These latter can be excited by
asymmetrical conditions at the junctions of antennas and feeding
lines, or by the intense near fields in an array whenever transmission
lines are not in a neutral plane of these fields. Since such currents
induced along transmission lines usually contribute significantly
to the radiation field and can, therefore, constitute a non-negligible
part of the load, both the circuit and field properties of an array
can be modified greatly whenever they are excited. Important
aspects of the problems relating to end-effects and coupling effects
between antennas and transmission lines as well as techniques of
measurement are considered in the next chapter. However,
questions relating to the maintenance of the required voltages for
antennas with positive conductances and loads for those with
negative conductances in large arrays are not analysed since they
involve the specific geometry of each array. A problem of this sort
in which elements with both positive and negative resistances play
important roles is treated in detail at the end of chapter 6 where
the log-periodic array is analysed. This antenna includes not only
radiating elements with specified geometrical properties but also a
feeding line with definite electrical characteristics. Since it is in the
neutral plane, the problems of unbalanced currents are avoided,
but those relating to the transfer of power from the radiating
elements to the line and vice versa constitute a major aspect of the
analysis.



CHAPTER 8

TECHNIQUES AND THEORY OF
MEASUREMENTS

The preceding chapters are devoted to the development of a
theory to predict the characteristics of arrays of physically real
dipoles and monopoles. This chapter is concerned with the experi-
mental determination of these characteristics and with the correla-
tion of measured and theoretical results. In practice, the mathe-
matical intricacies of theoretical formulas can be largely avoided by
means of a computer programme to which a user need only supply
the parameters of a particular array to obtain radiation patterns,
driving-point admittances or impedances, and other characteris-
tics. When programmed in this manner, the computer becomes a
simulator which can be substituted for the repeated testing and
adjusting commonly required in designing an array. However,
the value of such a simulator rests entirely on how well pre-
dictions agree with observation when the final model is assembled.
Comparisons in the preceding chapters between measured and
computed results indicate that the theory is capable of describing
an actual experimental model with acceptable accuracy. How-
ever, in applying the theoretical results to different experimental
systems, account must be taken of certain considerations and
precautions if such agreement is to be obtained. It is these con-
siderations which are of primary concern in the present chapter.

The required measuring techniques have been discussed in
general in several booksf; the purpose here is to examine difficulties
and procedures which apply particularly to arrays of dipoles and
monopoles. Although the discussions are not restricted to any
particular range of frequencies, most of the procedures have been
used in the 100-1200 MHz range.

8.1 Transmission lines with coupled loads

Owing to fundamental differences between theoretical and
experimental models, theoretical and measured driving-point

t See [1] to [8].
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impedances often do not agree if compared blindly. In the former,
the radiating elements are in free space and coupled only to one
another. In the latter, the radiating elements are coupled not only
to one another but to transmission lines as well. Measurements are
made on transmission lines that are not infinite but terminated,
and equipped with probes that are rather crude approximations of
the assumed ideal. Although these differences are commonly
ignored, they can have important effects on the measured results.

Adequate theoretical expressions for predicting the principal
characteristics of measured radiation patterns are relatively easy
to obtain, for they are the result of an integration. This, in effect,
yields a kind of average, so that a precise value of the current at any
point on the dipole is not required, except possibly in determining
the details of a minor lobe structure. In contrast, theoretical expres-
sions for predicting the measured driving-point impedances are
very difficult to obtain since they require precise values of the
current near the driving point. When transmission lines are
attached to antennas, they may have a negligible influence on the
radiation patterns but produce important modifications in the
boundary conditions and hence in the fields and currents near the
driving point. The analysis of a complete system (consisting of the
antennas together with their attached transmission lines) as a
boundary-value problem has thus far proved to be too complicated
to yield solutions, so that effects due to the presence of the trans-
mission lines must be taken into account separately. An exception
is the complete analysis of a coaxial line that drives a monopole
through a hole in a highly conducting ground screen for which a
formal solution is available [9].

In general, if the termination of a transmission line is to be
described as a lumped circuit element and to be characterized in a
useful manner as an impedance, it should ideally be independent of
the circuit to which it is attached. However, such an ideal im-
pedance can be defined only under very special conditions and
these are frequently not adequately satisfied at microwave frequen-
cies.f If they are violated, impedance measurements of a given
physical load can be expected to yield different results when this is
connected to physically or electrically different transmission lines.

Coupling between the transmission line and load usually extends
throughout a small region near the line-load junction. This is called

t Chapter 2 of [6].
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the terminal zone, and the coupling effects are called terminal-
zone effects or end-effects.

Many properties of the terminal zones can be determined from
the differential equations for the voltage and current along the
transmission line. In the usual method of deriving these equations,
the line is divided into identical infinitesimal sections, each section
is represented by a lumped capacitance, an inductance, and a
resistance, and Kirchhoff's laws of ordinary circuits are assumed to
apply to each section. The results obtained by this method strictly
apply only to infinite, unloaded lines. They can contain no informa-
tion about terminal-zone effects or radiation which require a deri-
vation based on a more complete theoretical model. Detailed steps
of the more exact derivation are given in chapter 2 of [5] and [6].
Regardless of the particular transmission-line model and termina-
tion used in the derivation, the following generalized equations are
obtained:

i (8.1a)

M , , , - v , — . . . . ( 8 . 1 b )
1LV ' z(w) dw v ;

The distance, w, is measured along the transmission line from the
line-load junction. V(w) is the scalar potential difference or voltage
between conductors of the transmission line at w, /1L(w) is the total
current in one of the conductors at w, and the line is assumed to be
perfectly balanced so that I2L(W) = — ^IL(W)-

In the following definitions, W{w) is the vector potential difference
between the conductors at w, and a subscript p indicates the
component of vector potential parallel to the transmission line.
A subscript L denotes that part of a quantity which is determined
only from currents and charges in the line, and a subscript T denotes
that part which is determined only from currents and charges in
the termination or load. The various quantities in (8.1a, b) are

^ W f l i W ^ ( w ) ; propagation'constant' (8.2)

*i(w) — —pL
 u/ f T — ; coefficient of inductive (8.3)

pL coupling

>1(w) = ,L
 T / , , ; coefficient of capacitive (8.4)
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z(w) = r(w)+ja>le(w) impedance per unit (8.5)

= joile{w) l e n g t h

y(w) = g(w) + ja>c(w) admittance per unit (8.6)
= jooc(w) length

(8.7)

Zc(w) = J^y-[ = sl"—f-{ 'characteristic' impedance
(8.8)

[i and s are the permeability and permittivity of the material in
which the transmission-line conductors are embedded; ji — jirfi0,
8 — 8r80, where /i0, a0 are the values for free space.

Vector and scalar potentials are calculated from the Helmholtz
integrals of currents and charges over all conductors. These
integrals are defined in chapter 1. A detailed discussion of the
transmission-line parameters is in [5] and [6], where it is shown
that differences in the potential of equipotential rings located just
outside the conductors of the transmission line at a distance w from
the line-load junction are given approximately by

Wp(w) = WpL{w)+ WpT(w) = le(w)IiL(w) (8.9)

V(w) = VL(w)+VT(w) = ^ ^ (8.10)

where qL{w) is the charge per unit length along one of the trans-
mission-line conductors. Those parts due only to currents and
charges in the line are

w) (8.11)

(8.12)

With these approximations, (8.3) and (8.4) become
ax(w) = le(w)/le

L(w) (8.13)
(/>t(w) - c(w)/cL(w). (8.14)

When coupling between the line and its termination is expressed
in terms of the vector potential, it is inductive; if there is no inductive
coupling, ax{w) = 1. Note that if all conductors of a termination are
perpendicular to all conductors of the transmission line, there is no
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inductive coupling between them. When coupling between the line
and its termination is expressed in terms of the scalar potential, it is
capacitive; if there is no capacitive coupling, ^ (w) = 1.

Because the form of y(w) differs for each line and termination,
(8.1a, b) have no general solution. For most specific lines and
loads, they are too complicated to yield useful solutions although
digital computer techniques [10] could be used to obtain numerical
results. However, these would be of limited value since the computa-
tion would have to be repeated for each change in the geometrical
arrangement of the line or load. An approximate but more general
procedure, which is especially useful for experimental work, is
developed in the following discussion.

A detailed examination of the parameters in (8.2)—(8.14) reveals
that non-uniformities decrease rapidly with distance from the line-
load junction. Along the transmission line, a^w) and </>i(w) usually
differ negligibly from one and z(w) and y(w) are sensibly constant
at distances from the line-load junction that exceed ten times the
centre-to-centre spacing between the conductors of a two-wire
line, or ten times the difference in radii between outer and inner
conductors of a coaxial line. This is a rough measure of the extent
of the terminal zone. For most transmission lines it is less than
Ol/L At greater distances from the line-load junction, all para-
meters are constant and (8.1a, b) reduce to the usual linear form:

since

dw2

1

z(w) =

y(w) =

y2(w) =

y

i

zo

yo

= 7
= 0

2F(w)-0

1 dV(w)

z0 dw

= r+jcole

= g+jcoc

— zoyoi

(8.15a)

(8.15b)

(8.16a)

(8.16b)

(8.16c)

(8.16d)

Thus, except within a small terminal zone, conventional trans-
mission-line theory applies and the usual measuring techniques
are valid. Changes that occur in the line parameters over short
distances near the line-load junction appear as lumped inductances
and capacitances in series and parallel with the actual terminating
impedance. When a load impedance is determined in the usual
manner from measurements on the uniform part of the line, the
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quantity determined is always a combination of the actual load
impedance with the inductances and capacitances caused by
changes of the line parameters within the terminal zone. Approxi-
mate account can be taken of such changes if it is assumed that the
uniform line parameters of an infinite unloaded line apply every-
where including the terminal zone, and the differences that occur
within the terminal zone between the actual parameters and the
assumed ones are represented by a balanced network of equivalent
lumped series inductances and shunting capacitances, as shown in
Figs. 8.1a or 8.1b. The lumped elements are defined as follows:

LT=

CT = f [c(w)-c0]
J 0

dw

(8.17a)

(8.17b)

(a)

(b)

Region
of

uniform
line

parameters

d ~ X/\0

Terminal
zone

region
(non-uniform)

line
parameters)

1 tftfW^_

\CT %YL

Fig. 8.1. (a) Terminal-zone region and network. (/?) Alternative representation for terminal-
zone network.

where le{w) = le
L(w) + le

T(w) is the true inductance per unit length,
c~l(w) = C~L

1(W) + CT
 l(w) is the true reciprocal capacitance or

elastance per unit length, and 1% and CQ l are the corresponding
quantities for an infinite line. Everywhere along an infinite line or
outside of the terminal zone of a terminated line, the ratio of the
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tangential component of vector potential difference to the current
and the ratio of scalar potential difference to charge per unit length
are constant and given by

Wp(w)/IlL(w) = 1% (8.18a)

V(w)/cllL(w)= l/c0. (8.18b)

With (8.13) and (8.14), the integrals for LT and CT are

fd
LT= Ul(w)a{(w)-le

0]dw (8.19a)
J o

CT= f [c^wWiM-Coldw. (8.19b)
J o

One advantage of the procedure of assuming line parameters to
be uniform throughout the terminal zone and representing terminal-
zone non-uniformities by a network of lumped elements is that
useful approximate expressions for LT and CT can frequently be
derived from considerations of the static and induction fields. Also,
CT and LT can be obtained from measurements. If the load is
characterized by its impedance and the terminal-zone network is
like Fig. 8.1a, the actual load impedance Z , , and the apparent load
impedance Za (or the apparent load admittance YJ, are related by

y- - i = z ^

If the load is characterized by its admittance and the network of
Fig. 8.1b is used,

( 8 -2 3 )

The terminology used here is that of the lower-frequency
transmission lines. Problems involving waveguides and some of
those involving coaxial lines are conveniently solved in terms of
propagating and evanescent modes [11]. The latter decay rapidly
with distance from a discontinuity and it is this distance which
defines the extent of the terminal zone.
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8.2 Equivalent lumped elements for terminal-zone networks

Whenever an antenna that is ideally approximated by an
independent impedance ZL is attached to a transmission line, the
impedance that appears to be loading the transmission line is Zfl,
not ZL. The apparent impedance, Za, is a combination of ZL and a
terminal-zone network consisting of a series reactance XT = coLT,
and a shunting susceptance, BT = coCT. This network takes
account of changes in the parameters of the line as its end is
approached and of coupling between the transmission line and the
antenna.

LT and CT can be evaluated theoretically, or determined from
measured values of Za and ZL. The former is measured directly,
the latter is obtained by repeating the measurement of Za as the
distance between the conductors of the transmission line is de-
creased successively, and then extrapolating the results to a
fictitious 'zero' spacing. The extrapolated value of Za is ZL.

One common use of a terminal-zone network is to transform
driving-point impedances which have been calculated from an
established theory into those which can be measured on a particular
transmission line. For this purpose, a single model of the desired
antenna and its attached transmission line can be constructed,
Ya = Ga+jBa measured, and ZL = RL+jXL computed from the
theory. Then, from (8.20),

uCT = Ba±J{GJRL)-G2
a (8.24a)

OJLT = -XL±j(RJGa)-R
2
L. (8.24b)

For some models, YL may be more convenient to compute than
Z7. From (8.22),

OJCT = ~BL±J{GJRa)-G
2
L (8.25a)

coLT = Xa±J{RJGL)-Ri. (8.25b)

The resulting values of toLT and coCT can then be used for all other
elements of the same kind in the array, as long as the element
spacing is not so small that the terminal zones are directly coupled
to one another.

The sign to be used in (8.24) and (8.25) is usually the one which
makes the magnitudes of coLT and coCT smallest; in any case,
their correct values are the ones that satisfy the imaginary parts
of (8.20) and (8.22). Equations (8.24) and (8.25) may involve small
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differences between quite large numbers so that high accuracy is
required in Ya or Za. Therefore account must be taken of adapters,
bends, or connectors which are between the antenna and the point
where the measurements are made.

Theoretical determinations of LT and C7 can be based on (8.17)
or (8.19). Expressions for the inductances and capacitances in the
integrands of (8.17) are themselves integrals of the static or induc-
tion fields for the particular load and transmission line that is
being analysed. An evaluation of these integrals is readily carried
out by computer and numerical methods no more complicated than
Simpson's rule. Approximate formulas that are applicable to
dipoles as end-loads on two-wire lines and to monopoles as end-
loads on coaxial lines are summarized in the following paragraphs.

Symmetrical dipole as a load on two-wire lines

This model is shown in Fig. 8.2. Approximate expressions for
LT and CT are

Lj ~ 2n^b~a)* -CT/<-'ob = l'5/ln(b/a) (8.26)

11
2LT

Fig. 8.2. Network for terminal zone of dipole as end-load of two-wire line.

where a is the radius of the conductors and b the distance between
the conductors of the transmission line. These expressions are
accurate to within about 20% for b/a = 3 and improve in accuracy
as b/a increases. Expressions with higher accuracy have been
derived.t

The inductance given by (8.26) accounts for non-uniformities
near the end of the transmission line. Most theoretical models
assume the antenna to extend from z = 0 to z = ± h, whereas in
some experimental models a section of the antenna may be missing
between z = +jb. Account can be taken of this missing section by

t [6], p. 50.



332 TECHNIQUES AND THEORY OF MEASUREMENTS [8.2

subtracting from the measured input reactance the difference in
zero-order input reactance between an antenna of length (h — b/2)
and one of length h [12]. That is,

Xg = a>Lg = - y ^ - [ c o t p0(h-b/2)-cot Poh] (8.27)

f |Cfl(/i,0)sinj8o/i-Sa(fe,0)cosj3o/i|
: 7T—7 , poh < 71/1 (

I Ca(K h - //4) sin /?0/i - Sa(/z, fc - //4) cos /?0/z|, poh :

(8.28b)

The integral functions Ca(h, z) and Sa(/z, z) are defined in (1.56a, b);
they are tabulated in the literature [13]. The total correction for
end-effect is a shunt susceptance BT = coCT with CT given by (8.26)
and a reactance X£/2 in series with each conductor where

Y V _i_ V iW T _i_ T "I /̂ Q 0 Q \

with LT given by (8.26) and Lg by (8.27). The location of CT in the
network shown in Fig. 8.2 is arbitrary. It may be connected across
the terminals of the dipole or across the line between Lg and LT if
more convenient.

Monopole over a ground plane fed by a coaxial lincf

In this model the outer conductor of the coaxial line ends at the
surface of the ground plane, and the inner conductor continues
through it to form the monopole shown in Fig. 8.3a. When the
coaxial line and monopole are perpendicular to the ground plane,
currents on its surface are not coupled inductively to the antenna
or the transmission line so that LT = 0. Since the current on the
inner conductor is continuous at the line-load junction, Lg = 0.
Hence, the terminal network consists only of a shunting capacitance
that is given in Fig. 8.3b. When considered on an admittance basis,
this model is especially simple since the terminal-zone correction
applies only to the susceptance

GL +j(BL + coCT) = Ga +jBa (8.30)

so that Ga = GL and Ba and BL differ only by an additive constant
for any particular combination of a coaxial transmission line and
monopole antenna.

t [5], p. 430; also Trans. I.R.E., AP-3, 66, April 1955.
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Fig. 8.3. (a) Monopole over a ground plane, (b) Experimentally determined capacitive end
correction for monopole over a ground screen driven by a coaxial line.

Change in conductor radius or spacing of two-wire lines'f or coaxial
lines%

Applications frequently occur in which the conductors of the
dipole or monopole must have diameters different from those of
the attached feeding lines, or the base separation at the driving
point must be different from the spacing between the conductors
of the feeding lines. End-effects associated with these various
changes have been analysed separately in the literature and the
results can be applied directly, provided the conductors of the

t[5], p. 368 and p. 411.
J [5], p. 377; [11], p. 380; [14], p. 96.
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dipole are extended to form a short section of two-wire line, or
the monopole and the associated hole in the ground plane arc
extended to form a short section of coaxial line. This section of
line should be at least twice as long as the terminal zone to prevent
coupling between the different terminal regions.

Consider first a two-wire line (Fig. 8.4a) with constant spacing
between the axes of its conductors but with conductors of radius
ax for y ^ s and ar for y ^ s. The current in each conductor is con-
tinuous and in only one direction near the junction at y = s;
therefore, LT — 0 and the terminal-zone network consists only of
a shunting susceptance. The value of BT = wCT for the two-wire
line is one-half of that obtained for a coaxial line (Fig. 8.46) which
has a corresponding change in radius of the inner conductor, as
long as the ratios bjax and b/ar are the same for the two-wire line
and the coaxial line.t

Consider next a two-wire line (Fig. 8.4c) with conductors of
constant radius a but with a distance bx between their axes y < s
and br for y ^ s. Short sections of conductors normal to the axis
of the transmission line join the two parts at y = s. The junction
and its terminal-zone network are shown in Fig. 8.4c. Approxi-
mate formulas for calculating LT/, L7v, CTll CTr and CTc are
straightforward but quite long.J

Terminal-zone networks for many other combinations and
junctions are given in [5, 11 and 14]. A commonly used element is
the dipole shown in Fig. 8.5, which is centre-driven from a coaxial
line perpendicular to the antenna. This model has not been analysed
theoretically. Since it is unbalanced, currents are excited on the
outside surface of the coaxial line and this becomes a part of the
radiating source. The unbalanced condition can be avoided if a
shielded two-wire line is used instead of a coaxial line.

8.3 Voltages, currents, and impedances of uniform sections of lines

Whenever an array is driven from a single generator, the various
non-parasitic elements are connected to the generator through a
network of transmission lines that supply at the several terminals
currents and voltages which have the necessary amplitudes and
phases to produce the desired radiation pattern. In addition,

t Formulas and graphs for determining Br for changes in the radius of both inner and outer
conductors of a coaxial line are in [11].p. 368 and [14], p. 96.

| They are given respectively by (8), (13), (29), (38), and (39) of [5], p. 368 and p. 411.
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Fig. 8.4. Terminal-zone networks for changes in conductors of two-wire lines and coaxial
lines. Within terminal zone of length d = /./10, line parameters are non-uniform, (a) Change
in radius of two-wire line conductors; (b) change in radius of inner conductor of coaxial line;
(c) change in spacing of two-wire line.
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h , h

C

Fig. 8.5. Dipole driven normal to the axis of a coaxial line.

they must give correct impedance matches for a maximum transfer
of power. A detailed consideration of the design of power-dividers,
phasing and matching networks is beyond the scope of this book.t
Experimental procedures for evaluating an array and for measuring
the impedances and admittances of the elements are based on the
solutions of the linearized transmission-line equations. A short
review of relevant forms of the solution and their properties is given
in this section.

Near line-load junctions and the ends of a transmission line the
propagation 'constant' y is usually a function of position along the
line. A practical procedure for taking account of terminal-zone
effects with lumped networks and uniform sections of line has
already been discussed. Outside the terminal zones the line is
essentially uniform and the simple wave equations with constant
coefficients, (8.15a) and (8.15b), apply. Solutions of these equations
may have many forms. One of the most useful is

V{w) = Aeyw + Be~yw (8.31)

where y = a+jfl and a is the attenuation constant in nepers per
unit length, ji the phase constant in radians per unit length. This
solution is fitted to a particular line and load when the terminal
conditions at the ends of the line are used to determine A and B.
Note that these conditions must be specified within the terminal
zones at the line-load junction or the line-generator junction. Hence,
the apparent terminal impedance must be used in determining

t See [4] and [5].
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A and B. If the line is terminated at w = 0 by an apparent impe-
dance Za with current 7(0) and voltage drop F(0), it follows that

V(0) = I(0)Za. (8.32)

With (8.32), (8.31) and (8.15b) A and B are readily evaluated and the
following expressions obtained:

V(w) = J-^[(Za + Zc)e^ + (Za-Zc)e-n (8.33a)

^ w - (Z f l -Z c )e -H (8.33b)

where Zc is the characteristic impedance of the transmission line.
These solutions suggest that an incident wave, travelling in the

— w direction from the generator at w = s toward the load at
w = 0, strikes the load and is partially or completely reflected
back toward the generator. The incident and reflected parts are

V + (w) = ~Y-(Za + Zc)e
yw; incident wave (8.34a)

j/"(w) =I^-(Za-Zc)e~yw; reflected wave. (8.34b)

The relative amplitude and phase of the reflected wave are specified
in terms of the apparent reflection coefficient of the load, a quantity
defined by

a~V + (0) 7 + (0) Za + Zc Yc+Ya ' "' ' l '

Yc = 1/ZC is the characteristic admittance of the line. It follows that

V{W) = ( n ^ ~ ) ^ W + r"e~yW] = (yrTj[ey w + r a e - ^ ] (8.36)

/(w) = jr^-yw-rae-n = ̂ ^Ww-Yae-n- (8-37)

The superposition of the incident and reflected waves yields an
interference pattern called a standing wave along the transmission
line. When Za = Zc, Ya = 0, V~(0) = 0, the line is matched.
For pure travelling waves outside the terminal zones the line
appears to be infinite in length. When \Za\ <^ |ZC|, as when the load
is a short circuit, Fa -> — 1, and the incident wave is reflected with
a 180° shift in phase. The voltage and current distributions are pure
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standing waves given by

V(w) = J(O)ZC sinh yw, I(w) = 1(0) cosh yw. (8.38)

When Za §> Zc, the entire incident wave is again reflected but with
no change in phase so that Fa = 1. The distributions of current and
voltage are given by (8.38) with the sinh and cosh interchanged.

The impedance looking toward the load at any point w is given
by

Z(w) = V(w)/I(w) = Zc
l+rae~2yw

?-2yw (8.39)

and the admittance is Y(w) = 1/Z(w).
Alternative expressions in terms of the hyperbolic functions are

V(w)/V(0) = cosh yw + (YJYc) sinh y w (8.40a)

J(w)//(O) = cosh yw + (ZJZC) sinh yw (8.40b)

V(w)/[I(0)Zc] = sinh yw + (ZJZc) cosh yw (8.41a)

I{w)/[V(0)Yc] = sinh yw + (YJYc) cosh yw (8.41b)

Z(w)/Zc = . f ^ + ̂ f • (8.42)
v ;/ c l+(Z f l/Zc)tanhyw

The preceding equations for current, voltage and impedance
express V(w) and I{w) in terms of V{0) and 1(0) at the load. They do
not involve the actual driving voltage of the generator. A complete
solution is obtained by imposing boundary conditions at both
ends of the linef in terms of a generator with apparent internal
impedance Zg and voltage P at w = s or y = s - w = 0 and a
load with an apparent impedance Za at w = 0 or y = s. Specifically

y = 0: Vo = Ve-I0Zg

y = s: Vs = IsZa.

The elimination of A and B in (8.31) yields
Ve7 p~yy-\-V p-y(2s~y)

i-rj-..-*- (843a)

p-yy — T P-y(2s~y)

( 8 4 3 b )

where Fg is the reflexion coefficient corresponding to Zg.
The introduction of functions to describe separately the attenua-

tion and the phase characteristics of the terminations makes it

t [5], p. 75.
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possible to express currents and voltages in a completely hyper-
bolic form. These terminal functions are defined as follows:

Z Y
= coth " 1 — = tanh " l — (8.44a)

Y Z
or P+ffl = c o t h " 1 - - = tanh"1—. (8.44b)

The corresponding expressions for the currents and voltages are:

(8.45a)
V(w) _ sinh {pg+j(j)g) cosh [(aw + pa)+j(pw + <ftj
Ve sinh [(as + pg + pa

sinh (pg + ;0g) sinh [(aw + pa) + jtfw + 0J]
sinh [(as + pg + pfl) + ;(j8s + 0g + 0J] * l " j

The effects of a termination are now shown to be equivalent to
those of a section of transmission line with a total loss specified
by p and a total phase shift specified by 0. Note that the denomi-
nator of (8.45a, b) includes the total loss and total phase shift of the
line plus its terminations at both ends. Impedance and admittance
are given by

Z(w) = coth [(aw + pa) + j(Pw + (/>J] (8.46a)

Y(w) = tanh [(aw + pa) + j(pw + </>J]. (8.46b)

The terminal functions and the reflexion coefficient are related as
follows:

r = ir i e^ — e~2ip+j<f>)

| | ^ (8.48)

For most transmission lines that are useful as feeders for an
array or for measuring sections, the line losses are very small and
can often be neglected. Under these conditions

y = jp, ZC = RC = jWc

and (8.36) and (8.37) give
V(c\\ pJPw

V(w) = y [1 +|rj e-^w-^] (8.49a)
1 + 1

/(w) = a ^ ! [ i _ | r j e-*2'"-*'*]. (8.49b)
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These have the following maxima and minima:

V(0)
[i+irj], 1(0)

2pw-\j/a = 0,2*,... = 2nn
V(0)

[i-irj],

l-r.

1(0)

[i-irj],

(8.50a)

[i+irj],

2pw -il/a = n, 3n,... = [In + l)n, n = 0, 1,2.... (8.50b)

The ratio of the maximum-to-minimum of either the current or the
voltage on a lossless line is called the standing wave ratio and
abbreviated SWR.

SWR = |Fm a x(w)/Fm i»| = |/max(w)//min(w)| = ( l + | r j ) / ( l - O

(8.51)

\Za + Zc\+\Za-Zc\ _\YC+ Ya\ +\YC- Ya\
= \Za + Zc\-\Za-Zc\ ~ \YC+Ya\-\YC-Ya\

The distributions of voltage and current are periodic and repeat
every half wavelength; the adjacent maxima and minima of voltage
or current are separated by a quarter wavelength; the current
maxima occur at voltage minima and vice versa. The impedance
and admittance looking toward the load also repeat every half
wavelength. At maxima and minima of the current or voltage the
impedance and admittance are real with the following values
[from (8.39)]:

Voltage maxima or current minima

= GC/[SWR]. (8.53a)

Voltage minima or current maxima

Z(w) = Kc Y(w) = Gc

= GC[SWR]. (8.53b)

The relative distributions of current and voltage for lossless lines

are:
V(w)/V(0) = cos jSw + ;(YJGc) sin fiw (8.54a)
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/(w)//(0) = cos pw + j(ZJRc) sin pw (8.54b)

V(w)/[I(0)Rc] = (ZJRC) cos jSw + j sin /?w (8.55a)

/(w)/[F(0)GJ = (YJGC) cos £w + ; sin /Sw. (8.55b)

The corresponding impedance is
jtanP

The admittance is given by an identical expression with Za and Rc

replaced by Ya and Gc.
The input power to a section of line is P = VI* = \V\2/Z with

the asterisk denoting the complex conjugate. At a voltage or
current maximum (8.53a, b) give

P = IKnaJWSWR] = |/max|2tfc/[SWR]. (8.57)

Equation (8.57) is sometimes of help in measuring the relative
power in the branches of a feeding network.

Useful properties of a quarter-wave section of transmission line
follow from (8.54) and (8.55). If 7(0) and 7(0) are the required
driving-point current and voltage and, if fiw = TT/2,

V = jV(0)/Rc9 Z

8.4 Distribution-curve and resonance-curve measuring techniques

A number of techniques have been developed for measuring the
apparent impedance or admittance of a load terminating a trans-
mission line. When the load is a monopole or a dipole and the
frequency ranges from a few hundred to a few thousand MHz,
a choice is usually made between the distribution-curve or the
resonance-curve methods. In the distribution-curve method, the
total length of the transmission line and its excitation point remain
fixed and a loosely-coupled probe is moved along the line to locate
a current or voltage minimum and measure either the SWR or the
curve width at twice-minimum power. In the resonance-curve or
Chipman method a movable short circuit is used to tune the line
with its terminations to resonance by adjusting its length. A small
loop probe projecting from the short circuit is used to locate a
resonance maximum and measure either the curve width at half-
maximum power or the SWR.

There are variations of these methods which are sometimes
convenient. Three fixed probes may be used with the distribution-
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curve method! in place of a single movable one, or a pair of direc-
tional couplers may be used to sample the incident and reflected
wave directly.J An advantage of the resonance-curve method is
that it can be used with a receiving as well as with a transmitting
antenna. When the antenna is driven, the line can be excited
by a loosely coupled stub probe located on the transmission line
near the line-load junction. Also, in this method, the locations of
the generator and sampling probe can be interchanged.

Distribution-curve and resonance-curve methods are illustrated
schematically in Figs. 8.6 and 8.7. The quantities to be measured
are the position of a maximum or minimum and either a SWR or
a curve width. With reference to accuracy in the measured quan-
tities, three significant figures in the SWR are usually sufficient.

Fixed feeding
point II

Coaxial slotted line
Movable probe

n
Line-load
junction
(w = 0)

I

Fixed total length s

Terminal-zone regions of length d to be avoided

Voltage curve with
unknown Z

Voltage curve with short
circuit termination

Standing-wave pattern

Fig. 8.6. Distribution-curve method of measurement.

(For example, uncertainties of ±0-02 in the SWR and +0-02/ in
the location of a current minimum of a thin quarter-wave mono-
pole driven over a ground screen at a wavelength of about 44 cm
may introduce errors of up to 2 % in measured values of Ga and up
to 5% in measured values of Ba [15].) This is readily achieved
except with very high or very low standing wave ratios. When the
actual ratio of maximum-to-minimum is measured, the detecting

t See chapter 4 of [5].
t See p. 235 of [2].
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Coaxial line with sliding short-circuiting plunger

coaxial line short-circuiting plunger lightly-coupled
to receiver (sliding) probe

343

resonance curve
with

unknown Za

line-load ̂ ^^1
resonance curve junction '

with short-circuit (w = 0)
termination

*min

Resonance-curve pattern (current)

Fig. 8.7. Resonance-curve method of measurement.

and display system must be linear or obey a square law over a
wide range, or a calibrated attenuator must be available. The
curve width is generally more convenient to use if the ratios to be
measured exceed ten with the distribution-curve method or five
with the resonance-curve method. If Aw is the curve width at
twice-minimum power for a distribution curve or a half-maximum
power for a resonance curve, the SWR and apparent terminal
attenuation function, pfl, are given by [5] in its eqs. (19) and (23).

SWR = coth 7 i ^ = - 4 s - = — (8.58)
kg TTAW pa

where Xg is the wavelength measured on the transmission line. The
approximate equalities in (8.58) are true when Aw/Ag <̂  1. When
Aw is small or when the SWR is small, the distribution or resonance
curve may require graphing on an enlarged scale in order to obtain
sufficient accuracy. In determining the location of a distribution-
curve minimum or a resonance-curve maximum, readings on
each side of the minimum or maximum at several power levels
should be averaged to increase the accuracy.

Much of the tedious work of graphing can be avoided with a
recorder. The use of a miniature d.c. motor to drive the probe and
a coupled miniature selsyn motor permits the direct acquisition of
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linear position information at a convenient scale to replace the
usual angular position information in a standard antenna pattern
recorder.

For either the distribution-curve or the resonance-curve method
the detecting probe must be properly tuned and loosely coupled
in order to provide high sensitivity without significantly distorting
the standing wave pattern. Any distortion or loading introduced
by the probe is most pronounced at a current maximum with a
current probe and at a voltage maximum with a voltage probe.
When a probe is too tightly coupled to the transmission line, the
measured SWR is less than the true one and maxima are shifted
from points midway between adjacent minima. A simple test for
excessive probe coupling is to measure a moderate SWR with
probes of different sizes. If there is no change in the measured SWR,
the probes are not introducing significant errors. Another useful
test is to measure the location of a maximum, the adjacent minima,
and the curve width at half-maximum power with a short circuit
as the termination. If the probe is introducing no errors, power
variations about the maximum should be like cos2 /Jw [from (8.54)]
and the maximum should fall midway between the minima. This
test is particularly severe, for the standing wave is very large and
only the probe is absorbing power from the line.

A short circuit at or very near the line-load junction is commonly
used as reference in determining electrical distances from the
junction to a convenient distribution-curve minimum or resonance-
curve maximum. If the feeding line is coaxial, this may simply be a
conducting plug which makes good contacts with the inner and
outer conductors. If the feeding line is an unshielded two-wire line,
the short circuit may be provided by a conducting disk which makes
good contact with both conductors and which has a radius of at
least five times the centre-to-centre spacing of the conductors [16].

When standing wave measurements are made on open two-wire
lines, the principal difficulty that is encountered is keeping the
lines balanced so that /2(w) = —/^w). This requires that perfect
symmetry be maintained everywhere in the vicinity of the lines.
A small probe placed midway between the conductors and con-
nected to a sensitive detector is usually necessary to monitor the
condition of balance. When the lines are perfectly balanced, nothing
is received on the monitor probe.

The resonance-curve method requires that the distances y and
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w, which specify the location of the probes with respect to the ends
of the line in Fig. 8.7, remain fixed and only the total length, s,
be varied. One method already suggested is to use a probe attached
to a sliding short circuit for sampling the current along the line.

Constant impedance
line stretchers

Vernier

Millimetre
scale

Steel or
brass base

Motion controlled
by fine-toothed
rack and pinion

Fig. 8.8. Trombone line stretcher or phase shifter for precision measurements.

However, a movable short circuit that maintains good electrical
contact during its motion is difficult to construct. If the load being
investigated has a small loss, the resonance-curve maximum is
especially sensitive to erratic contacts. When there is sufficient
room between inner and outer conductors, a 'non-contacting'
short circuit can be used [17, 18]. An alternative method that is
very satisfactory is to hold the short-circuit fixed and adjust the
line length with a constant-impedance-trombone line as shown
in Fig. 8.8. Additional characteristics of the individual components,
the effects of probe errors, errors introduced by irregularities in the
slotted line, and methods for correcting some of the errors are
discussed in [1, 2, and 8].

The measured SWR and location for a minimum or maximum
can be used to determine the apparent load impedance or admit-
tance by means of a Smith chart, rectangular or other type of
impedance chart, or by direct calculation from formulas. The
graphical techniques are generally useful but they frequently
introduce uncertainties as large as those involved in the measure-
ment of SWR's and distances. In order to preserve all of the experi-
mental precision it is usually advantageous to determine the
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impedances or admittances from formulas. In fact, if many measure-
ments are to be converted, the use of a small digital computer is
faster and cheaper since the required averaging can be done on the
computer and it is then unnecessary to graph current or voltage
distributions.

A useful property of the terminal functions defined in (8.44) is
their comparatively slow variation with respect to poh. Hence,
graphs of these functions are useful for determining errors or irre-
gularities in the measured data.

Distribution-curve method

Assume that a voltage probe is used to measure the SWR and
the location of a voltage minimum. Let wn be the distance from the
line-load junction to the nth voltage minimum; in Fig. 8.6, n = 1.
If transmission line losses are negligible over the section of line
used in the measurements, the impedance at a voltage minimum is
i?c/[SWR]. From (8.56),

" ZJRc + j tan.
[SWR]

When this equation is solved for Za = Ra + jXa, the result is

-7*[SWR]tan/?wM~| __ , u / o __ x
Jl J H " ' Voltage probe (8.59a)

+ 7(1 - [SWR]2) tan Pwn}. (8.59b)

P = 2TT//1, n is the number of the minimum corresponding to wn,
X is the wavelength along the transmission line.

If a current probe is used and wn is the distance from the line-load
junction to a current minimum,

Zo = Ra + jXa =
+ [SWR]2tan2j8wn

+ ;([SWR]2 - 1 ) tan Pwn}. (8.59d)

The reflexion coefficient is defined by (8.35) with magnitude and
phase given by
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_ f 2[Pwn -(n + |)TT] Voltage probe (8.60b)
a ~ { 2[/3wn - nn] Current probe. (8.60c)

For high SWR's the curve-width method may be used and the
SWR calculated from (8.58). If the admittance is to be determined
and a voltage probe is used, (8.59c) and (8.59d) apply with
Ga+jBa substituted for Ra+jXa and with Gc substituted for 7^.
If a current probe is used for admittance measurements, (8.59a)
and (8.59b) apply with the indicated substitutions.

The terminal functions defined by (8.44) can be obtained from
(8.47) and (8.48). The relations are

pa = coth-1 j ^ p j = coth-1 SWR = ^ l n | ^ | ± j (8.61a)

= TCAVV/A, Aw = curve width (8.61b)

n-Pwn Voltage probe (8.62a)

^a [nn-Pwn Current probe. (8.62b)

Real and imaginary parts of impedances or admittances in terms of
the terminal functions can be found from (8.44a, b). The results are

Z. = R. + jX.= ~' S i n h
c [cosh 2pa - cos 2<t>a cosh 2pa - cos 2<f>a

(8.63a)

c |cosh 2pa + cos2(/)a ' ^cosh 2pfl-f cos2(/)fl

(8.63b)

Frequently the total distance wn from the line-load junction to a
convenient minimum is difficult to measure accurately. Since on a
lossless line the impedance is repeated at intervals of A/2 or /?w = n
radians, it is necessary only to determine the location of a minimum
with respect to an integral number of half wavelengths from the
junction. If the load being investigated is removed and a short
circuit is placed at the junction, a voltage null will appear at the
junction and along the line at each half wavelength from the junc-
tion. Let wv be the distance from the nih voltage null with the short
circuit as a load to the nearest voltage minimum with the antenna
as a load. Distances toward the generator are positive, those
toward the load are negative. Then,

Pwn = nn±Pwv (8.64)
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tan jm ± tan fi
and tan (nn ± Pwv) = = ± tan fiwv

1 ± tan nn tan fiwv

so that wv, the shift in the location of a minimum when the unknown
impedance is substituted for the short circuit, can be used directly
in (8.59a) and (8.59b) if due regard is given to the sign. Similar
results hold for a current minimum and (8.59c) and (8.59d). In
terms of the minimum shift, the phase of the terminal functions
and of the reflexion coefficient is

(8.65a)

(8.65b)

The various distances are illustrated in Fig. 8.6.

Resonance-curve method

_ .n/2 + pwv Voltage probe
<Pa~ -Wat - \ _ ^ Current probe.

Let the solution of (8.45) be written for a balanced generator
located at an arbitrary point y = yg along the transmission line
instead of at y = 0. Also let the hyperbolic functions be separated
into their real and imaginary parts.t Then the magnitudes of cur-
rents and voltages along the line are:

Z!
(ayg+ pg) +s in 2 (j8yg

x ^/s inh2 (aw + pa) + sin2 (pw + (j)a)

+ pa) + sin2
a)

+ pg) + sin2

\v\ = ve x ^/s inh2 (aw + pa) + cos2 (jSw + </>fl)

sinh2 (as + pg + pa) + sin2 (fis + </>g + 4>a)

(awg + pa) + sin2

ay + pg) + sin2 (jffy + <j>g)

as + pg + p J + sin2 (j8s + <j)g + ^Rc

(awg + p j + sin2(j8wg

\V\ _ Ve x ^/sinh2 (ay + pg) + cos2 (Py + (j)g

^/sinh2 (as + pg + pa) + sin2 (ps + (j)g + <j)a)

where wg = s -y g is the distance from the load to the generator.

t See chapter 4 of [5].
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The first two equations give current and voltage distributions
between the load at y = s and the generator as illustrated in Fig. 8.7.
The last two equations give the distributions between the generator
and the end of the line at y = 0. If the distance yg or wg between the
appropriate ends of the line and the generator, and the distance w or
y between the appropriate ends of the line and the probe are held
constant, while the total length s is changed, the current and
voltage vary in the same manner,

I(w) ~ V(w) ~ [sinh2 (as + pg + pa) + sin2 (fis + </>g + </>J]~ 1/2. (8.66)

The line is resonant when (8.66) has its maximum value. Maxima
and minima of (8.66) are defined by

nn — \ sin ~ M — sinh 2(as + pg + pa) Maxima

(n + j)n + j sin " l - sinh 2(as + pg + p j Minima.

For lossless lines, a/j6 =

(£ s m i n + (/>e

= 0, and

+ 0J =(
^271

>z + T)7C

Maxima

Minima.

(8.67a)

(8.67b)

With a short circuit at w = 0, </>a = n/2; this value is commonly
used as a reference. Let ss be a convenient resonant length with a
short circuit as the termination at w = 0 and let sx be the corres-
ponding resonant length with the unknown impedance at w = 0.
When (8.67a) is written successively for both loads and the one is
subtracted from the other, the result is

</)a = n/2 + P(ss-Sl). (8.68)

For lines with very small losses, as <c: 1, the ratio of maximum-to-
minimum in (8.66) is

SWR = coth (pg + pa). (8.69)

This equation illustrates an important additional requirement in the
resonance-curve method that does not occur in the distribution-
curve method. In the distribution-curve method, only the para-
meters that characterize the generator are involved in the measure-
ments ; in the resonance-curve method, pg must be known or the
generator must be lightly coupled so that pg <t pa for the loads
under investigation. When these conditions are satisfied, pa is
given by (8.69), and impedances or admittances can be computed
directly from (8.63a) or (8.63b). The magnitude of the reflexion
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coefficient can be calculated from (8.60a) and its phase, \\ja, from

^a= -2ct>a = P(Sl-ss)-n. (8.70)

With the resonance-curve method, it is frequently more convenient
to measure the curve width than the SWR, and sometimes it is
simpler to measure the curve widths at power levels other than 1/2.
For low-loss transmission lines and symmetrical resonance curves,
(8.58) is simply

n As

where As is the width of the resonance curve at a level l/p of the
maximum.

8.5 The measurement of self- and mutual impedance or admittance

At the driving points of the several elements in an array, currents
and voltages are related by the usual coupled circuit equations.
Let Vk be the driving voltage across the terminals of element k in an
array of N elements; let Ik(0) be the current in the same terminals.
Then, if a Kirchhoff equation is written for each element, the
following set is obtained:

(8.71)

VN =

The coefficient Zkp, p ^ /c, is the mutual impedance between element
k and element p. As long as the array is in an isotropic medium such
as air, Zkp = Zpk. Zkk is the self-impedance of element k. The input
or driving-point impedance of element k is

z _ vk _ii(0)z z /P(0) iN(oyz (S12)Zkin ~W)~ W) kl kk "W) kp "W) kN'
If the elements are fed by transmission lines, Zkin is the apparent
load impedance of the transmission line. The driving terminals
of an antenna coincide with the line-load junction between it and
its feeding transmission line. The self-impedance of an element is
the input impedance at the terminals of that element when the
driving-point currents of all other elements in the array are zero—

Vk = / t (0 )Z u +/2(0)Zk2 + ..
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that is, when all other elements are open-circuited at their driving
points. The mutual impedance between element k and element p
is the open-circuit voltage at the driving point of element p per unit
current at the driving terminals of element /c, with the driving
points of all elements but k open-circuited.

The relations that involve the admittances are the duals of
(8.71). They are

IN(0) = VlYN1 + V2YN2 + ...VkYNk + ...VpYNp + ...VNYNN

- =
IM=

llY +Yly . y . Ypy
kin Vk Vk

 ki^Vk
 k2^'~ kk^'"Vk

 kpl'~Vk

(8.73)

...irYkN. (8.74)

The self-admittance of an element is its input admittance when the
driving-point voltages of all other elements in the array are zero—
that is, when all other elements are short-circuited at their driving
points. The mutual admittance between element k and element p
is the short-circuit current at the driving point of element p per
unit voltage at the terminals of element /c, when the terminals of all
elements but k are short-circuited.

Self- and mutual impedances or admittances depend upon the
geometrical configuration of each element, the relative orientation
and location of the elements in the array, and the total number of
elements. Once the self- and mutual impedances or admittances
have been determined for an array, they can be used in equations
like (8.72) and (8.74) to predict the driving-point impedances or
admittances for any set of driving voltages or currents that may be
applied to the array.

In principle, there is no difficulty in determining self- and mutual
impedances. If known sets of currents or voltages are maintained
at the terminals of the several elements and a sufficient number of
input impedances or admittances are measured, (8.72) or (8.74)
can be inverted and the self- and mutual impedances evaluated.
There are, however, two practical difficulties. The first is that the
only set of excitation coefficients useful in measuring self- and
mutual impedances is that which can be adjusted with high accuracy



352 TECHNIQUES AND THEORY OF MEASUREMENTS [8.5

independently of the driving-point impedances. The second
difficulty is that so many quantities must be determined. In a linear
array of N identical, equally spaced elements there are N/2 different
self-impedances and N2/4 different mutual impedances if N is
even; (N+l)/2 different self-impedances and (N2 —1)/4 different
mutual impedances if N is odd. For N = 100 there are 2550
different quantities to be determined. Fortunately, many of the
mutual impedances are sufficiently small so that they can be
neglected and many of the self-impedances are alike within tolerable
limits. The measuring procedure should provide a rapid indication
of such possible simplifications as well as relatively simple steps for
determining the significant self- and mutual impedances.

In the case of dipole or monopole arrays, the laborious measure-
ment of self- and mutual quantities may be avoided by applying the
two- or three-term theory as discussed in the preceding chapters.
The theory has been shown to give good agreement with measured
results in applications to circular and Yagi arrays, and this agree-
ment will generally hold for other arrays.

An important especially simple array consists of identical
elements uniformly spaced about the circumference of a circle.
Since all elements have the same self-impedance, symmetry reduces
the total number of unknowns to N/2 if N is even or (N +1)/2 if N
is odd. Self- and mutual admittances can be measured as follows:
Let element k be driven, all others short-circuited at their driving
points. Measure the apparent input admittance of element k. From
(8.74)

Yhini = Ykk. (8.75)

Next, let elements k and p be driven with the voltages Vp = —Vk;
let the terminals of all other elements be short-circuited. Again
measure the apparent input admittance of element k. Then

*kin2 — *kk~Ykp> \p = \in\ ~ *kin2 ' (8.76)

Thus, for the circular array, all mutual admittances can be found
by successively driving element k and one other element with equal
voltages in opposite phases, and each time measuring the input
admittance of only element k. The driving voltages Vk = —Vp

produce a null in the electromagnetic field along the perpendicular
bisector of a chord joining elements k and p. This property can be
used to obtain the correct voltages by locating a probe at the centre
of the array and adjusting the phase and amplitude of element p or
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k until no signal is observed in the probe. A 30-40 db range of
receiving sensitivity provides an accurate adjustment of the voltages.
The short circuits in the elements other than p and k can be placed
at the driving terminals or at the ends of lossless sections of trans-
mission lines which are electrically a half wavelength long. This
length is critical and must take account of phase shifts in connectors,
terminal zones, etc. For monopoles driven over a ground plane by
coaxial lines in the manner shown in Fig. 8.3a, the short circuits
can consist of very thin plugs in the ends of the coaxial lines.
End-effects are quite simple for this model since the terminal-zone
network consists of a shunting capacitance. If the measured
apparent input admittances given in (8.75) and (8.76) are Ykai and
7kfl2, then

Ykk= Ykal-jcoCT (8.77a)

YPP= Ykal-Yka2. (8.77b)

Note that the end-effect contributes only to the self-susceptance.
The self- and mutual impedances of a circular array can be

measured with analogous procedures. To determine the self-
impedance, drive one element, open-circuit all others so that all
the driving-point currents are zero, and measure the input
impedance of the driven element. To determine the mutual admit-
tances, drive the elements successively in pairs with a receiving
probe at the centre of the circle to aid in setting Jp(0) = — Ik(0\
and measure the input impedance of a driven element. Equations
(8.75) and (8.76) apply with the corresponding impedances substi-
tuted for admittances. On an impedance basis, the experimental
model of monopoles driven by coaxial lines offers little simplifica-
tion in terminal-zone effects, and the actual load or input impe-
dances are obtained from the measured apparent ones with (8.21).

In a linear, planar or more general array, the self-admittances
or impedances can be measured by the method used for circular
arrays, i.e. by driving the element of interest, loading the other
elements with short circuits for admittances or open circuits for
impedances, and measuring the input admittance or impedance of
the driven element. Difficulties arise in measuring mutual admit-
tances by the method of driving the elements in pairs so that
f p(0) = ~ ^*(0) or Kp = - Vk9 since, in general, there is no simple
null in the field at which a receiving probe can be located to aid
in the adjustment of the current or voltage. For example, in a



354 TECHNIQUES AND THEORY OF MEASUREMENTS [8.5

7-element curtain array of identical equispaced elements, there are
4 self- and 8 mutual impedances which must be determined.
Among the 8 mutual impedances only Zll,Z26 and Z3 5 correspond
to pairs of elements symmetrically placed about the centre of the
array. For these elements, a null at the centre ensures that each pair
is driven by voltages with equal amplitudes and opposite phases.

The open circuit-short circuit method is a traditional procedure
for measuring self- and mutual impedances [3,6]. The self-impe-
dances are measured as already discussed by driving the element of
interest and open circuiting the driving points of all other elements.
If element k is the driven element, (8.72) becomes

ZUnl = Vk/Ik(0) = Zkk. (8.78)

To determine a given mutual impedance a short circuit is substi-
tuted for the open circuit in the appropriate element, and the input
impedance of the driven element is again measured. If element k
is driven and element p is short-circuited, the applicable pair of
equations is

Vk = Ik(0)Zkk+Ip(0)Zkp (8.79a)

0 = Ik(0)Zkp + Ip(0)Zpp. (8.79b)

From (8.79a)

kin2" W)" kk W) kp' ( }

The use of (8.79b) to eliminate the current ratio in (8.79c), the
subsequeni solution for Zkp, and the expression of Zkk and Zpp in
terms of their measured values, Zkinl and Zpinl, yields

Zkp = ±jZpinl(Zkinl-Zkin2). (8.80)

Mutual admittances may be determined in the same manner by an
interchange of open and short circuits and the substitution of the
appropriate admittances in (8.80). A satisfactory method of
providing the required open circuits is to short-circuit the feeding
line at an electrical quarter wavelength from the line-load junction.

An alternative procedure! for determining mutual impedances is
based on the measurement of both the relative amplitude and phase
of the driving-point currents or voltages. Let element k in an array
be driven and all other elements be open-circuited. The complete

t See [6], p. 349.
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set (8.71) then becomes

vx = ik(0)zlk

vk =
\ (8.81)

Vp = Ik(O)Zpk

vN = i,
It follows that

Zkin = j ^ = Zkk (8.82a)

7? = ^ - (8.82b)
k kk

The relative amplitudes of the voltages immediately indicate which
mutual impedances are large enough to be important, and the
relative phases need be measured only for these.

Let the open circuits in the elements other than k be provided by
identical sections of transmission line that are terminated in short
circuits. It follows from (8.56) that the transmission line may be
either A/4 or 3A/4 in length, and (8.54) suggests that the apparent
voltages across the loads can be measured by a probe placed at a
distance w = A/2 from the line-load junction. Thus, if a section of
transmission line is assembled with a short circuit at w = 3A/4 and
a probe at w = A/2, the apparent driving-point voltages can be
measured by interchanging this measuring section with the other
loads. When the short circuit is removed, the measuring section can
be incorporated in the line feeding the driven element and used to
measure Vk. Note that the probe must be loosely coupled to the
line and the electrical distances carefully adjusted. A coaxial
measuring section for use with this procedure is shown in Fig. 8.9.

For the measurement of admittances, one eleroent is driven while
the others are short-circuited. From (8.73) it is seen that

Ykin = Ik(0)/Vk = Ykk (8.83a)

/p(0)//*(0) = W (8.83b)
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Constant-impedance
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Fig. 8.9. Coaxial measuring section. For apparent open-circuited load voltages: wp = X/2,
ws = 3A/4. For apparent open-circuit load currents: wp = A/4, ws = X/2.

If a current probe is used in the measuring section, it must be
placed at w = A/2, with the short circuit at w = L However, from
(8.55a) with pw = n/29 it is seen that

V(A/4) = jI(0)Rc (8.84)

so that a voltage probe may be used at w = A/4 and the short
circuit placed at w = A/2.

8.6 Theory and properties of probes

Successful techniques for sampling fields, currents and charges
must be based on the responses of physically real probes, not ideal
infinitesimal electric and magnetic doublets. Electric-field or
charge probes are usually one-dimensional, short thin dipoles or
monopoles that have a simple behaviour without serious errors.
The usual magnetic-field or current probes, on the other hand, are
small loops that have complicated behaviour because they are two-
dimensional and can be excited in more than one mode. For
electrically small loops only the first two modes are important.
Because of the manner in which current is distributed around the
loop, they are called the circulating or transmission-line mode and
the dipole mode, respectively. In the transmission-line mode, there
is a continuous current circulating around the loop; currents on
opposite sides are equal but in opposite directions in space. In the
dipole mode, currents on opposite sides are equal but in opposite
directions around the loop, hence in the same direction in space;
there is no net circulating current and the probe resembles a small
folded dipole. As is shown below, currents in the transmission-line
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mode are related to the amplitude of the magnetic field at the centre
of the loop; currents in the dipole mode are related to the amplitude
of the electric field at the centre of the loop. Generally, currents in
both modes can maintain a potential difference across a load.
Hence, when the objective is to measure magnetic fields, the
presence of dipole-mode currents in the loop may introduce an
error that must be eliminated or corrected.

Charge or electric-field probes

To examine the properties of a small charge or electric field
probet consider the short thin centre-loaded dipole in a linearly
polarized field of El volts per metre shown in Fig. 8.10a. In the
figure E1 and El

p are in the plane wave front perpendicular to the
propagation vector k; Ej, and k are in the plane containing the
axis of the antenna. The equivalent circuit, Fig. 8.10&, consists of a
Thevenin generator of voltage Vg(ZL = oo) in a series combination
with the load impedance ZL and the input impedance of the
antenna Z o . Vg(ZL = oo) is the open-circuit voltage at the terminals.

(a) (b)

Za

(c)

Terminal -
zone

network

(d)

Fig. 8.10. Centre-loaded receiving dipole for electric field probe, (a) idealized with no
feeding lines; (b) idealized equivalent circuit; (c) actual with feeding lines; (d) actual equivalent
circuit.

t See [6], [19] and [20]. In particular [6], p. 184 and p. 475.
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It is given by

Vg(ZL = oo) = -2he{®)Eicosijj (8.85)

where he(&) is the complex effective length of a short dipole and
El cos \\f = E\ is the projection of El onto the plane containing the
axis of the antenna and the direction of advance of the incident
plane wave through the centre of the antenna. The load current is

Vg(ZL = oo) -2he(e)Ecos^

where Sc = —

is a sensitivity constant. As indicated in (8.86), the load current is
proportional to the average tangential electric field along the
dipole. Directions of the field can be determined by rotating the
probe until IL is maximum. If the incident electric field is elliptically
polarized, it can be resolved into two linearly polarized components
along the major and minor axes of the ellipse and an open-circuit
voltage defined for each. The total current is the algebraic sum of
the currents due to each generator.

For many applications a short monopole over a conducting
surface is an effective electric field probe. Such a probe is easily
made by extending the inner conductor of a coaxial line. Equations
(8.85)-(8.86) still apply if the appropriate value of Z o is used. For
a monopole of length h over a ground plane, the input admittance
is twice that of a dipole of the same thickness and length 2h. With
either dipole or monopole probes, most errors of measurement are
introduced because the probe is too long or bent or both.

Computed and measured sensitivities Sc of some monopole
probes are given in Fig. 8.11. Usually, the probe is loaded by a
section of transmission line terminated in a matched detector so
that ZL can be calculated from (8.39), (8.42) or (8.46a). The complex
electrical effective length of a short dipole is

pohe(®) = $poh sin 0 . (8.87a)

The input impedance of a short dipole, poh ^ 1, with
fi = 2 In (2h/a) = 10 is [6]

Zo = 18-3^/z2(l+0-086^/z2)-j(396-0/i8o/z)(l-0-383^/z2). (8.87b)
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Fig. 8.11. Relative sensitivity S = Sc of monopole probes (Whiteside).

When j30h ^ 05 and a <̂  /z, the reactance is quite accurately given
by

Y -60(0-3-39)
(8.87c)

the resistance by

Ro = 20p2
oh

2(l +0-133^/z2). (8.87d)

If terminal-zone effects are significant, account must be taken of
them in determining the apparent resistance and reactance.
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Current or magnetic-field probes

To illustrate the important features of small loops as probes,t
consider an unloaded square loop of side w, and perimeter /
immersed in a linearly polarized electromagnetic field as shown in
Fig. 8.12a. A convenient starting point in the analysis is the integral
form of the Maxwell equation, V x E = — jcoB together with
B = V x A. That is,

& E . ds = jco IT n. B dS = jco&A . ds (8.88)

s=l/2-

OB1

2a-

(a)

E[(y)

(c)

1(1/2) = IT-1D

/(0) = / r + /D

s = l/2i>ZL

(d) (e)

Fig. 8.12. Loop probe in linearly polarized field, (a) Coordinates; (b) even magnetic field;
(c) odd magnetic field; (d) singly-loaded loop; (e) doubly-loaded loop.

t [19] p. 270, [20], [21], [22] and [23].
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where s is measured along the contour of the loop, S is the plane area
bounded by the contour, n is a unit normal to this area in the right-
hand screw sense with respect to integration around s, E is the
complex amplitude of the total electric field and B of the total
magnetic field at any point on the surface S of the loop. The radius
of the wire, a, is assumed small, so that a quasi-one-dimensional
analysis is adequate. The analysis is no more complicated for a
rectangular than for a square loop, but the latter can be shown to
have the optimum shape for minimizing averaging errors in a
general incident field. E on the surface of the wire can be related
to the total axial current by E. ds = zll ds where z1 is the internal
impedance per unit length of the wire. In general, it is convenient
to treat the total field in two parts, the incident field and the
reradiated field maintained by the currents induced in the loop,
i.e. E = E' + E'. With these relations and (1.8a), (8.88) becomes

n. BldS = £> z7(s) ds + ^ o & C / ( s ' ) ^ - ^ - ds'. ds (8.89)

where fl0 = 2n/X and R is the distance from the element ds' at sf

along the axis of the wire to the element ds on its surface. At this
point, the assumption is usually made that the loop is sufficiently
small to replace Bl by its value at the centre of the loop and I(s) by a
constant /. Actually a more careful treatment is often required.

Suppose that B1 can be resolved into an even and an odd part
with respect to an axis through the centre of the loop. For example,
if the loop lies in the yz plane and B1 is a function of y only and is
directed parallel to the x-axis as in Fig. 8.12, the even and odd
parts of Bl with respect to y are

Bl = BV + Bi) (8.90)
even: WT{y) = \[W{y) + B<( - y)] (8.91)

odd: WD{y) = ±[W(y) - B( - y)] (8.92)

with the following symmetry conditions:

BV( - y) = WT{y); WD{ - y) = - WD(y). (8.93)
The subscripts T and D denote the transmission-line and dipole
modes of the induced currents.

The electric field is related to the magnetic field by the Maxwell
equation

El = -^-—V x B\ (8.94)
CO/Z£
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Since E1' is obtained from the first spatial derivative of B1', E* is odd
when Bl is even, and vice versa. That is,

EV( - y) = - EUy); Ei,( -y)= E^y). (8.95)

Note that Bl
T = xBl

0 over the area bounded by the loop when
/30w <? 1; the current, IT(s), is, then, essentially constant around the
loop as indicated in Fig. 8.12b. With the symmetry conditions (8.91)
and (8.94), (8.89) becomes

& = IT \ i z[ ds + — <f <f ds . ds > = ITZ0. (8.96)

The quantity in braces in (8.96) is the impedance Zo = Yo
 l of the

loop with constant current.f Therefore

IT = iT(0) = -jcoB^S = MB(cB\>) (8.97)

where the sensitivity constant SB for the unloaded loop has been
introduced. It is defined by

SB = -jkSYJX (8.98)

and depends only on the geometry of the probe. The magnetic
field is conveniently multiplied by c = 3 x 108m/sec to give it the
same dimensions as E\ Note that the current IT is directly pro-
portional to and, hence, a measure of the incident magnetic field
jBJj = 5^(0) at the centre of the loop.

Bj)(y) is odd in y and therefore zero at the centre of the loop;
it makes no contribution to the surface integral in (8.89). The
associated electric field E^ in (8.95) has a non-zero value at the
centre of the loop and is approximately constant over the space
occupied by the small loop. It maintains equal and codirectional
currents in the two sides of the loop which are parallel to the z-axis
and hence parallel to E^ as shown in Fig. 8.12c. These dipole-mode
currents are zero at s = ± 1/4 (y = 0, z = ± w/2). In so far as they
are concerned, the loop could be cut at these points and treated as
an array of two bent receiving antennas. The current at the centre
of each side is

ID(0) = KDYD&O = *SEEl
o (8.99)

where heD is the effective length of each half of the array for the
dipole mode, YD is the input admittance at the centre of each
antenna when both are driven with equal and codirectional
currents, and El

0 = El
0(0) is the electric field at the centre of the loop.

t See chapter 6 of [24].
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The electric sensitivity constant SE for the unloaded loop has been
introduced in (8.99). It is defined as follows:

SE = KDYD/l (8.100)

Note that /D(0) is proportional to and, therefore, a measure of the
incident electric field El

0 at the centre of the loop.
Transmission-line and dipole-mode currents have the following

symmetries with respect to the anti-clockwise direction:

. MV-/, ~u.~ , . - ID\S)' (o.lOl)

Hence, IT(s) corresponds to the zero-sequence current /(0)(s), and
ID(s) to the first-sequence current J(1)(s). Higher-order sequence
currents are assumed to be negligible in a sufficiently small loop.
The total currents at points s and 5 +1/2 in the loop are

(8.102)

(8.103)

A very important fact is now evident. The magnetic field that
contributes to the surface integral is related only to loop currents
in the transmission-line (zero-sequence) mode and not to those in
the dipole (first-sequence) mode. Conversely, if the magnetic field
at the centre of the loop is to be determined from the current
induced in the loop, measurements must involve currents in the
transmission-line mode only.

When a small loop is used as a probe, the quantity of primary
concern is the load current. Let a load ZL be located at s = 0, as
shown in Fig. SA2d. The loaded loop can be analysed by replacing
the load by a Thevenin generator of voltage V = — /L(0)ZL, where
/L(0) is the current in the load. This generator maintains a current
VY{s) = —I(0)ZLY{s) where Y(s) is the input admittance when
the loop is driven at the point s. The total current at s = 0 is
then

/L(0) = /r(0) + /D(0)-/L(0)ZLY(0) (8.104)

With (8.97) and (8.99), it follows that

jL(0) = IS^cB^ + ̂ E^ (8.105)

where the sensitivity constants for the singly-loaded loop are
defined as follows:

( 8 1 0 6 )



364 TECHNIQUES AND THEORY OF MEASUREMENTS [8.6

Y
S{£] = — S E . (8.107)

E YL+Y(0) }

The importance of the location of the load with respect to the
incident fields is now evident. When the load is located at s = 1/2
instead of s = 0 (a change that is equivalent to rotating the loop
through 180° about the x-axis), the input admittance of the loop is
still the same but the current is given by (8.103) so that

'••2
(8.108)

This equation and (8.105) are useful for determining the relative
importance of ID. If the load current remains constant when the
probe is rotated 180° about the x-axis, ID is negligible and IL = IT.
If the load current does not remain constant, readings of amplitude
and phase may be taken in both positions. Then

IT =

ID =ID

(8.109a)

(8.109b)

Instead of rotating the probe and taking two readings of amplitude
and phase, one may use two loads with a hybrid junction to
evaluate the sum and the difference.

In the simple example of a linearly polarized electric field
indicated in Fig. 8.12, ID is easily eliminated by a simple rotation of
the loop until the side containing the load is perpendicular to the
electric field. That is, the load is located at s = ±1/4 in Fig. 8.12.
However, when the electric field is elliptically polarized this
expedient is unavailable and a doubly-loaded probe is probably
the simplest solution in spite of the increased constructional
difficulties.

The analysis of a doubly-loaded loop with identical loads
ZL at s = 0 and s = //2, as shown in Fig. 8.12e, parallels that of the
singly-loaded loop. The two load currents are

= M0)+/D(0)- [/(0)y(0)+/^)y^)]/y (8110a)

yI, (8.110b)

The driving-point admittances 7(0) and Y(//2) may be resolved
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into the zero- and first-sequence admittances Y(0) and Y(1). These
can be introduced as follows:

7(0) = y(0)+y(D ; y _ y(D

2 Y
Let h = hi+hi = y+2y(o)fi<0) = ^B2)CB{, (8.1Ha)

h = /L I - /L2 = 7 ^ 0 ) ^ ( 0 ) = ^ 2 ) F 0 . (8.111b)

The sensitivity constants for the doubly-loaded probe are defined
as follows:

2 Y
S ( 8 1 U C )

S{E2)= YlY
2
L

YiUSE- (8-Hid)

In actual practice, the hybrid junctions used to perform the sum-
ming and differencing operations will have good but not infinite
isolation, so that the actual measurable currents are

IB = h + yh = kSWc&o + ykSW&o (8.112a)
h = h + y'h = ^E^ + y'XS^cB^ (8.112b)

where y and / are the coefficients of cross-coupling between the
adding and subtracting circuits. It is assumed that they are small.

In the measurement of the magnetic field (especially near the
end of a dipole antenna where the polarization of the electric field
is highly elliptical) it is particularly important that those parts of
the current in the load that are excited in the dipole mode, viz. 7D,
be negligible. To provide a measure of the ability of a probe and
loading system to discriminate against such currents, a system
error ratio e(n) can be defined as the ratio of the output current
due to unit parallel electric field (El

0 = 1 volt/metre) to the output
current due to unit normal magnetic field (cBl

0 = 1 volt/metre),
e<i> = S<i>/sa> (8.113a)

si2) = Sgystf (8.113b)
where the superscript indicates the number of loads in the probe.
Note that (8.113b) applies to the combination of the probe and its
summing and differencing circuits. The actual ratio of the two
currents depends on the ratio of the fields El

0/cBl
0 and generally
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equals s{n) only in a plane-wave field. For a system to be capable
of measuring the magnetic field with an error of no more than 10%,
it is necessary that s(n) ^ - 2 0 d B , where s{n) in dB = 201og10 £(n).

So far, the discussion has been concerned with square loops,
although circular loops are often more desirable. Actually, a
comparable analysis of circular loops follows precisely the steps
outlined for the square loop including the definition of sensitivity
constants, error ratios, etc; differences between the two shapes
arise in the theoretical expressions for evaluating the sensitivity
constants.

The final step in the practical analysis of loops as probes is to
obtain expressions for the sensitivity constants. Consider first
the square loop. Yo, required in the definition of SB in (8.98), may
be found from (8.96) by an expansion of the exponential in a power
series. The result for a loop of side w and wire radius a is [23]

70 = CoPoM^i -4-32 + O-37/Jg w2) {SAU)

°hms and Q = 2 In (4w/a). Hence

— TCW

where £0 = vA*o/eo —

*WY (8J15)

The unloaded electric sensitivity SE is defined by (8.100) in terms of
heD and YD. The effective length for the dipole mode is found by
cutting the loop at s = ±1/4, treating the two halves as a trans-
mitting array, and applying the Rayleigh-Carson reciprocal
theorem.! The result is

2 f//4

heD = -- I(s)ds (8.116)
ô J o

where I(s) is the transmitting current when the array is driven with
codirectional currents, and Jo is its value at the driving point. To
zero order, this current is

j2nV sinjS0(w-|z|) , 8 1 1 7 ,
C(i2 —3-17) cos pow

With (8.117), (8.116) becomes

KD = C O S J o S o ^ ° W - (8*118)

f [6], p. 568.
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The input admittance isf

_ j2n tan pow
Y (

It follows that for the square loop,

<? 7 tan /?0 w(cos $p0 w - cos
J 7~77^ r

)

C0(fi-3-17) sinijSow
In order to calculate the sensitivity constants SE, SB for loaded
loops, note that Y(l) = YD/2 and Y(0) a Yo

 s o that the values from
(8.119) and (8.114) can be directly substituted into the following
equations for S{2) and S<£

2): (8.106), (8.107), (8.111c) and (8.11 Id).
For a circular loop of diameter w and wire radius a,

7 = - 3-52 + O-
— 7TW

where Q = 2 In (nw/a).
The unloaded electric sensitivity is found from the response of

the loop to an electric field that is uniform in the plane of the loop
and pointing in the z-direction. The result is J

w
/(<£) = El

z0 —— cos 0 (8.123a)

where $ is the angular coordinate measured from the y-axis and ax

is an expansion parameter calculated by Storer [26]. For w < 01 A,

ax = - (Q-3-52)( l -Plw2/4)/npow (8.123b)

S'-C(P-3^('f-W) <U23C)
(̂ Q̂ ii j j z ^ i y ow /A, )

for the circular loop. Zero and first-phase-sequence admittances
are again needed for evaluating the sensitivity constant for the
loaded loop. They can be found from Storer's results [26]. The
expressions are complicated but subject to the conditions w ^ 0-03A
and YL > 10Y(1), Y(0) and Y(1) are

y(o> ^ _y2/l[7cwCo(fi-3-52)]-1 (8.124a)

Y(1) =y47rw[ACo(fi-3-52)]-1. (8.124b)

Generally (8.114)—(8.124b) provide quite accurate results for loop

f [6], p. 568.
t [25], chapter 10.
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diameters or sides w < 0*032 and serve as a useful guide for w < O i l
When w ^ 003A, most of the expressions can be simplified. Note
that 7( 0 ) > 7(1). They are summarized in Table 8.1.

Table 8.1. Probe characteristics of electrically small loops

Square loop, side w. w ^. 0-03/1

cm YL s , , , =
D -w r . -w ri C\\ * L* / —̂v A f* ** \ ill

YL+Y{0) AC0(ft-4-32) E YL + y{0)

wfl -4-32
J AQ-3-17

- 1 7(1) =y27r2w[/iC

Q = 2 In (4w/a)

Circular loop, diameter w. w ^ 0-03A

( U =
"̂̂  £,y ( 0 ) AC0(fl - 3-52) £ YL + y ( 0 ) /L2C0(Q - 3-52)

Q = 2 In (nw/a)

Square and circular loops, w ^ 0-03A

v -\- y(0) Y -i- y(0)

^(2) — ? L s:(1) <\(2) — >̂ L c d )

_
y L + 2 y ( 1 )

The simplified relations of Table 8.1 reveal that the error ratio
g(1) of singly-loaded probes is independent of the load and approxi-
mately a linear function of the length of the side of square probes
and of the diameter for circular probes. The magnetic fields
measured with a circular loop will have an error less than 10%
provided w ^ 00161 At 600 MHz this corresponds t o w - 05 cm;
at 3000 MHz to w — 1 mm. It is obviously advantageous to make
such measurements at frequencies below 1000 MHz.

Sensitivities and error ratios as functions of loop size are shown
in Fig. 8.13 for typical square loops, in Fig. 8.14 for circular loops.
The sensitivities are in dB referred to 1 mho, the error ratios are in
dB referred to 1, and magnitudes are absolute, phases are relative.
Important characteristics of the graphs are the relatively slow
increase in sensitivity as w/A increases beyond about 003 or 004,
and the minimum of e(2) at about w/A = 004, indicating that this
size may be a good compromise for probes. From the curves of
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Figs. 8.13c and 8.14c, a singly-loaded loop with dimensions as
large as w/X = 01 is seen to respond nearly as well to the electric
field in the dipole mode as to the normal magnetic field in the
circulating mode.

A comparison of the theoretical and experimental results in
Figs. 8.13-8.14 shows good agreement and suggests that the
theoretical results are adequate guides for the design of probes.
Graphs of the limiting loop sizes and wire thicknesses required to
keep error ratios below given limits are in Fig. 8.15 for singly-loaded
loops, in Fig. 8.16 for doubly-loaded loops. In Fig. 8.16, y, the cross-
coupling coefficient between the adding and subtracting circuits,
is assumed to be 1; in an actual system it will be at least — 20 dB,
reducing the indicated error ratio by this amount. Since the effects
of changes in wire thickness and load resistance are similar for
circular and square loops, the curves of Figs. 8.15 and 8.16 provide
a useful qualitative guide for the former.

8.7 Construction and use of field probes

In many applications probes are used either in a free-standing
arrangement or in conjunction with an image plane, t In the former,
shown in Fig. 8.17, the probe is supported at the end of a long
rigid tube which contains the feeder lines to the receiving equip-
ment. The supporting tube is attached by a movable carriage to a
track on a pivoting arm that permits the accurate placement and
orientation of the probe. A loop is usually mounted with its plane
perpendicular to the axis of the supporting tube. The free-standing
arrangement is versatile and useful for measuring near-zone
fields and surface currents on three-dimensional models. A
principal disadvantage is that the supporting tube is always present
in the field. Its disturbing effects can be reduced with quarter-wave
sleeves and absorbing material. An alternative procedure incor-
porates a rectifying crystal directly in the probe and makes use of
resistive wire to measure the d.c. voltage.

The image-plane arrangement, Fig. 8.18, is well-suited for
measuring the surface currents on symmetrical models that can
themselves be mounted on an image plane [28]. It has the advan-
tage that all cables and supports are contained within the metal
walls of the object under investigation or behind the image plane.

t See [6], p. 127 and [27].
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Fig. 8.13c. Typical error ratios of square loops.
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Fig. 8.15. Maximum dimension of singly-loaded square loop for given error ratio |e(1)|.
Theoretical curves independent of ZL (Whiteside).

The probe is mounted at the end of a tube that serves both to move
the probe and as the outer conductor of a coaxial line that connects
the probe to its receiving system. The entire assembly is contained
within a second slotted tube that serves to guide the probe at a
constant height along the slot. In an alternative arrangement that
permits the probe to move more easily along curved surfaces, the
probe is mounted in a short cylindrical block, and a flexible feed
line is used in conjunction with only the outer slotted tube, which
can be bent to guide the probe along the surface. If the slot is
parallel to the direction of the current, it has no significant effect.
If it cuts the lines of flow, it must be covered with conducting tape
except in the immediate vicinity of the probe.

Examples of probes that may be used in a free-standing arrange-
ment are shown in Fig. 8.19. A balanced charge probe consists of an
electrically short dipole formed by 90° bends in the conductors of
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Fig. 8.16. Maximum dimension of doubly-loaded square loop lor given error ratio |e(2)| ^ 1.
Theoretical curves, load impedance Z L = 60 r ohms (Whiteside).
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Fig. 8.17. Arrangement for free-space probe measurements.
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Fig. 8.18. Arrangement for probe measurements on an image plane.

a two-wire transmission line, or by bends in the inner conductors
of a shielded-pair line or in a pair of adjacent miniature coaxial
lines (Fig. 8.19a). Loop probes (Figs. 8.196 and 8.19c) are made one-
half from a solid brass rod and one-half from a miniature rigid
coaxial line. At the junction, which is the location of the load, a
small gap is left in the outer conductor and insulator of the coaxial
line. Typical gap widths are 1-2 mm. The load ZL is the impedance
seen looking into the coaxial line at the gap. For singly-loaded
loops, the gap is located symmetrically with respect to the axis of
the supporting tube. Typical dimensions of the coaxial line are:
outer diameter 0032 inch, wall thickness 0004 inch, and an
inner conductor of 34 gauge wire. The characteristic impedance is
50 ohms. With doubly-loaded loops, the vertical supporting tube
causes some degradation of the error ratio and the bridged loop
shown in Fig. 8.19d may be more satisfactory. The mechanical
construction must preserve a high degree of symmetry.
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Fig. 8.19. Probes for free-space system, (a) Balanced charge probes; (b) singly-loaded
square loop; (c) doubly-loaded circular loop; (d) bridged loop.

Probes for use with the image-plane technique (Fig. 8.20) have
the same basic construction as those just described, except that the
charge probes are usually monopoles and the current probes are
half-loops. The half-loops may be either singly- or doubly-loaded.

The probes just described are shielded loops. Open-wire loops
could be used instead of shielded loops,! but they are less con-
venient in the elimination of dipole-mode currents. With shielded
loops the currents induced on the outside of the shield maintain

t See [5], p. 209 and [4], p. 231.
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Fig. 8.20. Probes for image-plane equipment, (a) Charge probe; (b) current probe; (c) probe
socket.

a potential difference across the gap which is small and located at the
point where dipole-mode currents vanish. If the gap is not at this
point a dipole-mode voltage is also developed across the load.

Several simple tests can be used to reveal the sensitivity of loop
probes to dipole-mode currents.! If the current in the load circuit
of the probe is constant under a 180° rotation of the probe, dipole-
mode currents are negligible. If the load current is not constant,
readings must be taken with the probe in each position and aver-
aged. With the image-plane technique, the probe cannot be
rotated but can be tested in a short-circuited coaxial line. Let the
probe current be measured with the probe successively at
w = vv0 = A/4 and w = wx = A/2. Then

41
b
) = 201og|/L(w0)//L(w1)|.

When doubly-loaded probes are used with summing and dif-
ferencing circuits, the output currents must be balanced because
neither the probe nor the attached lines and loads are perfectly

t[20], chapter VII, p. 5.
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symmetrical. For this purpose, variable attenuators and phase
shifters (or line stretchers) are used in the feed lines. The differencing
circuit may be balanced by placing the probe so that it is sym-
metrically excited and adjusting the attenuators and phase shifters
until the difference current is constant under 180° rotations of the
probe. An alternative procedure is to measure individually the
difference currents /A1 and /A2 due to the probe loads 1 and 2
when the probe is placed so that it is symmetrically excited. The
probe is rotated 180° and the new currents /A1 and 7A2 are measured,
and the attenuators and phase shifters adjusted until

I u/hi =1**1/1*2. (8.125)
Similar procedures can be used to balance the summing circuits.
If a single hybrid junction is used to provide the outputs for both
the sum and difference, the balancing adjustment cannot be
optimized for both arms simultaneously, but a satisfactory com-
promise can usually be found.

The measurement of surface distributions of current and charge
on good conductors actually involves the measurement of magnetic
and electric fields near the surface. Most of the current in a good
conductor at high frequencies is concentrated within a very small
distance of the surface, ds, called the skin depth and given byt

ds = (2/co/i<7)1/2. (8.126)
Such a thin layer of current is well approximated by the surface
density K on a perfect conductor and is related to the total magnetic
field at the surface by the boundary condition

n x B = iBt = - K / v (8.127)

Similarly, the surface charge r\ is related to the total electric field by

n . E = £ n = -rj/e0 (8.128)

where n is an outward unit normal from the surface. On thin
cylinders, K and rj have no angular variation around the cylinder,
so that the total axial current and charge per unit length are
I(z) = 2naK(z) and q(z) = 2narj(z). Except near the ends or edges
of conductors distributions of Bt and En are often unchanged at
very small fractions of a wavelength from the surface, so that
probes placed sufficiently near the surface and moved parallel to it
sample fields which are proportional to K and r\. In the image-
plane method, the effective centre of the probe is usually quite

t [20], chapter VII, p. 5.
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near the surface; in the free-standing method, it is at least a probe
radius away. At distances from a surface that are less than a few
probe diameters, a probe is tightly coupled to its image so that its
distance from the surface must be kept constant. Since the coupling
between a probe and an ideal image does not exist near edges
and corners, meaningful measurements cannot be made.

The most difficult fields to measure are linearly polarized
magnetic fields associated with elliptically polarized electric fields.
Figures 8.21-8.23 show the effects of size and orientation of probes
in such fields and illustrate the effective use of singly- and doubly-
loaded loops to make measurements. The near-zone elliptically
polarized electric field of a quarter-wave monopole over an image
plane is shown in confocal coordinates in Fig. 8.21a. t In Fig. 8.22a
are graphs of measurements made along the coordinate ke = 2 with
a singly-loaded square loop with w/A = 0*013, oriented in the four
positions indicated in Fig. 8.2Ib. Owing to its small size, this loop
was relatively insensitive to dipole-mode fields and its orientation
with respect to the electric field was not critical. In contrast, for a
loop with w/A = 01, the orientation is seen in Fig. 8.23a to be very
important. When the probe is oriented in the positions marked
'In' and 'Out' the dipole-mode current excited by the component
Ee maintains a voltage across the load, that excited by Ep does not.
In the positions marked 'Right' and 'Left', the dipole-mode currents
due to Ep maintain a voltage across the load, those due to EE do not.
Since EE is nearly proportional to B&, whereas Ep is not, no signifi-
cant error is introduced in a relative measurement with the probe
in the 'In' and 'Out' positions, a very large error in the 'Right' and
'Left' positions. The doubly-loaded loop with its summing and
differencing circuits is seen to provide accurate results regardless of
orientation even for sizes as large as w/A = 01.

8.8 Equipment for measuring amplitude and phase
Measurements of the relative amplitudes of fields, currents, and

charges are straightforward when the sampling probes are cor-
rectly used. The requirements are a signal source with sufficient
power and stability in frequency and amplitude during a measure-
ment, and a receiving system that is accurate and obeys a square
law or is linear over the relevant range of power levels. For trans-
mission-line measurements, a signal source must be isolated from

f See chapter 5 in [6].
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Fig. 8.21. {a) Elliptically polarized electric field near quarter-wave monopole over an image
plane; (b) probe orientations for measurements of Figs. 8.22 and 8.23.

the line by at least 10 dB in order that its output be independent of
changes in the apparent load impedances. The isolation can be
provided by attenuators, resistive cables, isolators, or loosely
coupled probes. Bolometers and barretters obey a square law at
powers below their saturation and burn-out points. Crystals such as
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Fig. 8.22. Relative magnetic field measured with small probe (square loop) (Whiteside).

the 1N21 or 1N23 are more sensitive than bolometers by about
15-20 dB but may have response laws with exponents either greater
or less than 2 and several crystals may have to be tested before a
satisfactory one is found. The superheterodyne receiving system is
most sensitive but is susceptible to interference from stray leakage
signals. This can be reduced by shielding the receiver with a metal
screening, covering coaxial connectors and other possible sources
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Fig. 8.23. Relative magnetic field measured with large probe (square loop) (Whiteside).

of spurious radiation with aluminium foil, and by a careful arrange-
ment of the parts of the circuit. The components required for
amplitude measurements with a superheterodyne or amplitude-
modulated system are indicated in the block diagrams of Figs.
8.24a and S.24b.

The complete receiving system (consisting of a probe, detector,
amplifiers, and a display meter or recorder) can be calibrated by
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measuring the distance between half-power points of the standing-
wave pattern on a transmission line that is terminated with a short
circuit. For Za = 0, (8.54) and (8.55) give

= COS ,
V(w)

= j sin /?w = j cos

Power is proportional to I2 or V2 and hence to cos2 j8w or
cos2 P(w + X/4). In either case, if the power level as indicated on the
output meter is P and the exponent of the response law of the system
is n,

i 2nd]

where d is distance measured from a maximum. Let Aw be the total
distance between points at which P/Pmax = 1/2; then, the response
law is

log*
n =

log cos
In Aw

(8.129)
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Fig. 8.24. (a) Amplitude-modulated system for amplitude measurements; (b) superhetero-
dyne system for amplitude measurements.

Techniques for measuring phase are commonly based on the
interference of two signals from the same transmitter. The principal
signal is fed to the system under investigation, sampled by a probe,
and returned to the receiver. The reference signal, obtained usually
from a directional coupler, is fed through an adjustable attenuator
and a precision phase shifter and then combined with the signal from
the probe. If the signal from the probe is e^t) = U cos cot and the
reference signal is e2{t) = R cos (cot + cf)d\ where 4>d is the difference
in phase or electrical path length between the signals, it follows that

e(t) = ex(t) + e2(i) = U cos cot + R cos (cot + (j)d) = [U - R] cos cot,

cj)d = (2n + l)7i. (8.130)

A minimum is observed when cj)d is an odd integral multiple of n
and a null when, in addition, the amplitudes are equal. In practice,
the difference signal is displayed on a meter and, for each probe
position, the phase shifter is adjusted until a minimum is indicated
by the meter. As in determining transmission-line minima, readings
may be taken at equal power levels on each side of a minimum
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and averaged to increase accuracy. A superheterodyne receiving
system that is based on these principles and designed for use with
doubly-loaded probes is shown in the block diagram of Fig. 8.25a.
A comparable arrangement for singly-loaded probes and amplitude
modulation is given in Fig. 8.25b. Doubly-loaded probes permit
accurate measurements with one mechanical adjustment of the
probe, and the superheterodyne system provides high sensitivity
that permits precise adjustments of the phase but, as is evident from
the figures, at a considerable additional complexity.

An effective precision phase shifter can be made from a high-
quality constant-impedance line stretcher or alternatively the
power along a well-matched slotted line can be sampled with an
r.f. probe. In the latter case the phase is a linear function of the
position of the probe along the line.

Coaxial hybrid junctions are convenient devices for combining
the two signals. In a perfect coaxial hybrid junction, a signal fed
into one terminal divides equally between the two opposite ter-
minals with 0° change in phase at the far terminal and 90° change
in phase at the nearest opposite terminal. No signal appears at the
adjacent terminal. If the probe signal and the reference signal are
fed into adjacent terminals and the electrical path length of the
reference signal is properly adjusted, the two signals will be in
phase and add at one of the two opposite terminals, while at the
other they will be in opposite phase and subtract. The loads at all
four terminals of the hybrid junction must be carefully matched.

When carefully used, the procedure just described is capable of
yielding accurate results, but it has the serious inconvenience that
the depth of the null in the difference signal depends on the relative
amplitudes of the input signals. Since deep nulls are required for
high precision, frequent readjustment of an attenuator in the
phase reference line is necessary. Unfortunately, attenuators either
introduce shifts in phase or have very high insertion losses. Figure
8.26 shows a system that avoids this difficulty and produces a
deep null independently of the relative amplitude of the two input
signals.f

In the arrangement of Fig. 8.26, let the signal from the probe be
e^t) = (7(1 +m cos comi) cos cot, that from the phase-reference line
e2(t) = R(l + m cos a)m£) cos (ort + (/>d); </>d is their phase difference,

t [5], p. 233 and [29].
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Fig. 8.26. Amplitude-insensitive phase detector (Burton).

m is the modulation factor, and com is the modulation frequency.
The hybrid junction combines the signals to give

+ y (1 + m cos comt) cos cotez(t) = — (1 + m cos comt) cos cot + 0d + -

e4(t) = — (1 + m cos comt)cos (cot + (j)d) + —(1 + m cos comt)cos icot + -

After detection by the square-law crystals, the signals can be

represented as

R{1 + m cos comt) cos loot + <\>d +

I2
+ 1/(1 + m cos comt) cos cot

e6(t) = -j \R(\ + m cos comt) cos (cot + 0d)

/ 7r\l2

+ 1/(1+m cos comt) cos cot-hy .
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The coefficients a2 and a2 can be equated by the balancing potentio-
meter. With balanced currents, the output of the i.f. transformer
circuit is

e7(t) = a2RUm sin cj)d cos coj. (8.131)

When cj)d is an integral multiple of n, e7(t) = 0 for all values of R
and U that differ from zero.

The principal errors with this procedure come from improper
balancing of the coefficients a2 and a'2, mismatches looking into
the crystals, and a standing wave on the phase-reference line.
With either system it is important that the phase-reference line
have no standing wave. A SWR of 11 to 1-5 can introduce phase
errors of 2-5° to 12°.

More sophisticated techniques for measuring phase are avail-
able [30]. The procedures outlined above are relatively simple and
capable of precise results; they are convenient for general laboratory
use. Additional details of the individual components are discussed
in [1] and [2].

8.9 Measurement of radiation patterns

The radiation pattern of an antenna is one of the most important
and frequently measured parameters. In the usual procedure the
test antenna is mounted at a distance R = 2D2/X from a transmitting
antenna and the received power is recorded as a function of the
angular intervals of interest. D is the larger of the maximum
dimensions of the test antenna and the transmitting antenna. R is
chosen to satisfy the requirements for far-field conditions. Its
minimum value implies that the incident field closely approximates
a plane wave in the volume occupied by the test antenna during
the measurement. Also D/R <g 1. The quantity actually measured
is the square of the magnitude of the generalized effective length
of the receiving antenna.t As discussed in section 6.10 the reciprocal
theorem shows that this is the same as the radiation pattern of the
antenna when used for transmitting. Occasionally, measurements
of the magnitude and phase of the far-zone fields are required.
The equipment for either measurement is substantially that des-
cribed in section 8.8 with the probe replaced by a receiving antenna.

The gain of an antenna in a given direction may be defined as
the ratio of the magnitude of the Poynting vector \S\ = |£2|/2£0

t [6], p. 690.
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maintained in that direction by the test antenna to the magnitude
of iS at the same location due to a fictitious isotropic radiator when
both have the same input power. It may be measured by comparing
the power received on the test antenna to the power received on a
reference antenna when both are in the same transmitted field. The
reference antenna is one for which the gain relative to an isotropic
radiator can be computed. Wave-guide horns and dipoles near
resonance are useful for this purpose. The gain of a sufficiently
thin half-wave dipole compared to an isotropic radiator is 1-64 or
2-15 dB.

When the radiated fields of antennas or arrays are not very
directive, there are two potential sources of error in measuring their
radiation patterns and gain. The first arises from the coupling of the
array to its mount, the second is due to extraneous reflexions of the
transmitted field, notably from the ground. Interference from
ground reflexions can be reduced by arranging the transmitting
antenna with a null of its pattern along the ground and by mounting
it on a sufficiently high tower. It can be eliminated by an image-
plane form of testing site in which the antennas are mounted close
to a level conducting earth. For grazing incidence, the reflexion
coefficient of the forward reflexion is close to — 1 and the vertical
variation of the field at the test antenna can be represented by

E(hr) = E0 sin ( ^ ^ ) (8.132)

where hr and ht are the heights of the test antenna and the trans-
mitting antenna, respectively, and R is the distance between them.
The test antenna is located at the lowest maximum given by (8.132).
This type of testing facility is particularly convenient for use on a
flat roof.t

A complete image-plane technique [33] is useful for investigating
all of the properties—radiated fields, gain, current distributions,
and apparent driving-point impedances or admittances—of small
arrays of monopoles. In this arrangement, the test array is mounted
on a large circular disk that is located several wavelengths from the
nearest edges of a large rectangular ground screen; an auxiliary
antenna is mounted near one corner. A monopole with corner
reflector makes a satisfactory auxiliary antenna that may be used

t Additional discussions on the measurement of radiation patterns and gain may be found
in [3], [31] and [32], chapters 15 and 16.
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either for transmitting or receiving. Radiation patterns are
measured by rotating the large circular disk which is supported
on rollers.

If both current distributions along the monopoles and the
driving-point admittances are to be measured, a combined antenna
and measuring line similar to that shown in Fig. 8.27 is suitable.
This model was designed to investigate monopoles with lengths up
to h/X = 3/4 at frequencies near 650 MHz. It was part of the five-
element circular array used to obtain the measurements discussed
in chapter 4. The antenna is a slotted cylinder containing a coaxial
line for the probe as discussed in section 8.7. It extends several
wavelengths below the image plane inside an additional tube that
forms the outer conductor of a second slotted line for measuring
admittances. The assembly is mounted vertically below the circular
disk in the image plane. When measurements of current and charge
distributions are not required, an antenna may be a solid rod and
the outer coaxial line need extend only a wavelength below the
image plane. When terminated in a suitable connector and fitted
with fixed voltage probes it becomes the measuring section dis-
cussed in section 8.5.

A minimum permissible size for a ground screen is difficult to
specify. Edge reflexions are less troublesome with rectangular
shapes than with square or circular ones [34], and their effects can
be reduced by locating the test antenna at unequal distances from
all edges. The rectangular screen (dimensions: 16Ax32A or
24 x 38 feet) used for the measurements discussed in chapter 4
produced no measurable interference in either the radiation patterns
or driving-point admittances when the circular disk was located
about six wavelengths from the nearest edge.



APPENDIX I

Tables of ^ , T(m) or T'(m)

and
Self- and mutual admittances for single elements and

circular arrays

Notation:
Self- and mutual admittances are written in the form

with the self-admittance given by the row corresponding to m = 0, the
first mutual Y12 by the row corresponding to m = 1, etc. A factor of 10"3

has been suppressed in the admittances; hence, tabulated values are in
millimhos. The characteristic impedance of free space, f0, was taken to
be Co = 376-730 ohms.



Table 1. *¥dR,T(h)orT' and admittances for isolated antenna

(N = l,a/A = 7-022 x 10"3)

Poh

1-200
1-350
1-432
1-501
1-570
1-652
1-796
1-997
2-355
2-751
3141
3-398
3-649
3-800
3-926

h

01910
0-2150
0-2280
0-2390
0-2500
0-2630
0-2860
0-3180
0-3750
0-4380
0-5000
0-5410
0-5810
0-6050
0-6250

5-31670
5-69058
5-88844
6-05385
6-21771
6-37511
6-54009
6-61380
6-44947
6-05835
5-73687
5-66947
5-74850
5-86161
5-98717

T(h)

Real

0-27602
-0-37945
-0-98304
-113164
2-65166

-0-78390
-0-51411
-0-32658
-019988
-016459
-017204
-019117
-0-22145
-0-24791
-0-27769

or T
X
A

Imag.

-0-74791
-116933
-0-87529
-0-36538
3-79157
0-20461
0-30471
0-30590
0-26239
0-21601
017559
015329
014008
014155
0-15443

Go

412999
12-28333
15-51296
13-56922
1017040
709591
4-24183
2-63298
1-63816
1-23747
102096
0-91729
0-87181
0-91248
103854

Bo

9-59504
9-12585
2-93684

-2-22898
-4-43037
-4-77136
-3-92426
-2-72756
-1-33809
-018730
100032
1-91899
2-99706
3-80520
4-65317

flo + 0-72

10-315
9-846
3-657

-1-509
-3-710
-4051
-3-204
-2008
-0-618
0-533
1-720
2-639
3-717
4-525
5-373



Table 2. *PdK, T'(m) and admittances of circular arrayf of N elements
{a/X = 7-022 x 10-3)

h/X = 0-25, poh = n/2, Q = 8-54

Sequence

m

0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771

t Note that T{m) = T{m)

Re T'im)

108745
6-32221
0-89928
4-89530
0-74401
402973
0-68981
3-43500
0-88064
2-99078
1-53690
2-63905
2-69527
2-34955
3-78922
210691
4-22845
•90584

4-12243
1-75053
0-65962

X
4

Im T'(m)

2-72968
1-96537
312073
204351
3-60819
2-14188
4-23444
2-25488
500919
2-38197
5-78029
2-52512
608303
2-68812
5-55813
2-87646
4-62546
3-09727
3-84925
3-35869
1-97164

Sequence admittance

Q(m)

7-32201
5-27186
8-37095
5-48146
9-67851
5-74531
11-35834
604843
13-43651
6-38933
15-50489
6-77331
16-31694
7-21053
14-90897
7-71574
12-40720
8-30803
10-32511
900926
5-28868

B(m)

-0-23458
-14-27616

0-27016
-10-44863

0-68667
-8-12687
0-83205

-6-53158
0-32017

-5-34001
-1-44016
-4-39654
-4-54733
- 3-62001
-7-48172
-2-96914
-8-65991
-2-42981
-8-37552
-201319
0-91303

Self- and mutual

G,«-,>

6-29694
102507
6-92620
1-44475
7-71191
1-96660
8-70338
2-65496
9-91292
3-52359
1113910
4-36579
11-76374
4-55321
11-31236
3-59661
10-35762
204958
9-66718
0-65793
5-27747

admittances

-7-25537
702079

- 508924
5-35939

-3-72010
4-40677

- 2-84976
3-68181

-2-50992
2-83009

-2-91835
1-47819

-4-08367
-0-46366
- 5-22543
-2-25629
- 5-54486
-311505
-519435
-318117
-9-21309

d

1
0-1875
0-1875
0-2500
0-2500
0-3125
0-3125
0-3750
0-3750
0-4375
0-4375
0-5000
0-5000
0-5625
0-5625
0-6250
0-6250
0-6875
0-6875
0-7500
0-7500
01875

N

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3

>ffl DX 395



Table 2

Sequence

m

1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
2
0
1
2

(continued)

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771

Re T'im)

6-32221
0-33433
4-89530

-008089
402973

-0-62328
3-43500

-1-33434
2-99078

-206303
2-63905

-0-52523
2-34955
7-51808
210691
7-73778
1-90584
5-86472
1-75053
0-40910
4-64950
912118

-001844
3-61790
6-57371

Im T'(WI)

1-96537
2-29021
204351
2-69241
2-14188
3-27474
2-25488
4-27609
2-38197
6-38546
2-52512
10-97641
2-68812
10-33528
2-87646
4-56984
3-09727
2-79150
3-35869
1-61526
206586
0-56670
1-89994
2-21455
0-83287

Sequence admittance

Qim)

5-27186
614320
5-48146
7-22203
5-74531
8-78406
604843
11-47006
6-38933
17-12817
6-77331

29-44281
7-21053
27-72306
7-71574
12-25800
8-30803
7-48783
900926
4-33274
5-54141
1-52011
509635
5-94025
2-23406

B(m)

-14-27616
1-78558

-10-44863
2-89935

-8-12687
4-35423

-6-53158
6-26158

-5-34001
8-21617

-4-39654
409124

-3-62001
-17-48391
-2-96914

-18-07322
-2-42981

-1304899
-201319
1-58500

-9-78933
-21-78403

2-73183
-7-02217

-14-95077

Self- and mutual

Gl(m+1)

000561
5-70204
0-22058
6-23755
0-49224
6-96030
0-91188
8-08291
1-69358

10-22493
3-45162
14-62129
7-41076
14-38485
6-66911
9-62469
1-31666
8-50211

-0-50714
4-23392
0-70316

-1-30749
4-80273
0-71557

-1-13752

admittances

#l(m+l)

506306
-6-37056
4-07807

-445146
3-67541

-2-90297
3-62860

-1-47282
3-86720

-019230
4-20424

-104959
2-57042

-7-80740
-4-83826
-7-64428
-5-21447
-5-69179
-3-67860
-9.94442
5-84226

-015509
-6-56582
4-42065
0-45635

d

I
0-1875
0-2500
0-2500
0-3125
0-3125
0-3750
0-3750
0-4375
0-4375
0-5000
0-5000
0-5625
0-5625
0-6250
0-6250
0-6875
0-6875
0-7500
0-7500
0-1875

0-2500

N

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
4

4

396 > a<s >—*



Table 2 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771

Re T'(m)

-0-63097
2-96320
5-09732

-1-59127
2-49201
413220

-3-34395
212940
3-44273

-6-93658
1-85172
2-91237
12-59562
1-67463
2-47658
9-49153
1-66405
209596
613225
1-93857
1-74386
5-74651
2-03672
1-67501
4-63831
2-54993
1-40005

Im T{m)

2-25790
2-39158
1-08085
2-81668
2-60144
1-30629
405396
2-85620
1-51270
919894
3-17452
1-70695

19-02475
3-57861
1-89731
3-80603
4-07540
2-09344
2-43284
4-59131
2-30763
2-36377
4-67782
2-35405
2-26944
4-87384
2-55764

Sequence admittance
Qim)

605652
6-41511
2-89924
7-55539
6-97803
3-50394
10-87422
7-66138
4-05763
24-67498
8-51526
4-57867
5103145
9-59917
508929
10-20918
10-93173
5-61538
6-52578
12-31559
618991
6-34051
12-54766
6-31443
608749
1307345
6-86054

*->

4-37485
- 5-26603

-10-99055
6-95074

-400212
-8-40172
11-65209
- 3-02948
-6-55232
21-28884
-2-28462
-512969
-3110376
-1-80960
-3-96072

-22-77744
-1-78124
-2-93977
-13-76660
-2-51759
-1-99530

-12-73189
-2-78086
-1-81063
-9-75930
-415749
-107309

Self- and mutual

G1( m + 1 )

5-44649
0-78932

-0-96862
6-25385
101286

-0-72418
7-56365
1-70415

-009773
11-57104
502408
3-05578
18-82977
11-48554
9-23060
9-42201
1-14845

-1-50973
9-33672
008397

-2-97887
9-43757
000652

-311010
9-77373

-019326
-3-29972

admittances

-4-28694
3-84135
0-97909

-2-36381
3-83811
1-63832

-0-23979
4-55110
2-78968
2-89748
6-60463
518210

-9-67092
-6-78576
-7-86132
-7-31992
-4-95942
-5-53868
-519927
-2-94282
-2-68168
- 502606
-2-73032
-2-24520
-4-78684
-2-17155
-0-62935

d

I
0-3125

0-3750

0-4375

0-5000

0-5625

0-6250

0-6875

0-7000

0-7500

N

4

4

4

4

4

4

4

4

4



Table 2 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771

Re T(m)

0-21514
3-38329
8-57189

-0-33422
2-57552
6-18088

-1-21851
1-99727
4-79641

-2-92127
1-50745
3-89003

-415869
1-32071
3-60681

-7-54050
104301
3-23949

-9-81216
0-92770
310265

-3-91456
0-70033
2-85149
11-71804
0-59141
2-73538

Im T{m)

1-40228
1-96748
0-63877
1-66115
2-16720
0-92448
1-99594
2-40790
118564
2-65004
2-71553
1-42112
3-23605
2-86853
1-50951
5-70219
3-14776
1-63771
8-71608
3-28782
1-69000

26-67988
3-62681
1-79350

22-64512
3-83461
1-84506

Sequence admittance

Q(m)

3-76143
5-27752
1-71342
4-45583
5-81324
2-47981
5-35384
6-45887
3-18031
710840
7-28405
3-81196
8-68029
7-69445
404908
15-29540
8-44346
4-39293

23-37976
8-81917
4-53321
71-56534
9-72844
4-81084

60-74263
10-28586
4-94912

B(m)

210529
-6-39288
-20-31061

3-57888
-4-22614

-13-89704
5-95086

-2-67505
-10-18338
10-51830
-1-36117
-7-75215
13-83752
-0-86027
-6-99243
22-90879
-011536
-600714
2900223
019394

- 5-64009
1318266
0-80383

-4-96639
-28-74975

109600
-4-65492

Self- and mutual admittances

Gl(m+1)

3-54866
0-85015

-0-74377
4-20839
0-80724

-0-68352
4-92644
0-83996

-0-62626
5-86009
108846

-0-46430
6-43347
1-37683

-0-25343
8-19364
2-68116
0-86972
1001690
4-29908
2-38234

20-12878
13-95875
11-75953
18-24252
11-81836
9-43170

*M(m+ 1)

-10-26034
6-20351

-002069
-6-53350
4-69057
0-36562

-3-95320
415493
0-79710

-1-54167
4-44406
1-58593

-0-37358
4-92397
2-18158
2-13276
6-51145
3-87657
3-62199
7-64959
5-04053
0-97151
4-34305
1-76253

-7-17352
-4-10811
-6-68000

d

1
0-1875

0-2500

0-3125

0-3750

0-4000

0-4375

0-45313

0-48438

0-5000

N

5

5

5

5

5

5

5

5

5



Table 2 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
3
4
0
1
2
3
4

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
14-83942
8-04324
3-73120
4-39219
2-56902
8-48656
7-82203
6-21771
4-61340
3-94887

Re Tim)

13-94954
0-48991
2-62455
8-42858
0-31035
2-31774
5-44546
1-26107
1-95089
4-22835
4-95667
1-61255
3-96685
5-73836
1-49504
3-64504
5-65993
1-29053
0-76543
5-28009
9-62409

2219073
1603502
0-21045
2-78655
719363
10-31149
10-77021

Im T(m)

12-57851
407569
1-89671
4-54611
507731
205426
3-30165
7 19498
2-27860
3-18268
719221
2-53586
3-20896
5-99691
2-64128
3-29276
4-08688
2-85284
1-60211
1-57354
015395

-004765
-004660

1-19329
1-76586
0-75322
004917

-001094

Sequence admittance

G<-

33-74024
10-93251
508769
1219435
13-61924
5-51030
8-85624
19-29960
6-11205
8-53713
19-29217
6-80212
8-60762
1608594
7-08489
8-83240
10-96254
7-65238
1-80064
3-26285
0-68816

-018092
-0-30252
2-34512
3-76519
202043
0-17777

-004619

B(m)

-34-73548
1-36826

-4-35766
-19-92622

1-84991
-3-53468

-11-92436
-0-70028
-2-55063
-8-65964

-10-61325
-1-64308
-7-95818

-12-71004
-1-32788
-709499

-12-49968
-0-77932
0-26364

-8-87507
-38-54906
-80-46642
-97-60802

1-55166
-3-80931

-16-61362
-33-66265
-41-26493

Self- and mutual admittances

1315613
6-45297
3-83909
1009068
2-33913

-1-28730
11-93591
217891

-3-71874
1214514
1-89086

- 3-69486
10-98986
1-41714

-2-60826
9-21245
0-64516

-0-83519
112981
0-87168
001520

-0-34588
-0-41117
1-77822
0-93309

-0-21774
-0-33526
-019327

-8-14286
-5-36780
-7-92851
-4-65915
-2-61274
- 502080
-3-68524
-1-64603
-2-47353
-6-63446
-2-51209
1-49950

-7-20681
-2-73297
2-35729

-6-73060
-2-71185
2-52965

-4414067
24-88961
-2-53078
-0-42171
0-53006

-18-48555
10-62944
-0-81075
007470
0-25043

d

I
0-51563

0-5625

0-6250

0-6875

0-7100

0-7500

00625

01250

N

5

5

5

5

5

5

8

8



Table 2 (continued)

Sequence

m

0
1
2
3
4
0
1
2
3
4
0
1
2
3
4
0
1
2
3
4
0
1
2
3
4

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771

Re T'(m)

-0-30497
1-51389
4-52861
8-56067
10-58235
-1-61604
0-86391
3-22073
5-99746
7-49628

-3-07274
0-51587
2-76714
516270
6-44788

-6-26287
011521
2-38182
4-50764
5-59887

-3-84144
-0-37948
203733
3-98168
4-90003

Im T(m)

104952
1-60947
1-20601
0-28472
002433
1-26374
1-85441
1-58968
0-61091
012651
1-59436
1-99731
1-76689
0-79124
0-21396
3-48135
2-16787
1-94322
0-97178
0-32552
14-56160
2-39001
212667
1-14798
0-45641

Sequence

G(m)

2-81521
4-31719
3-23497
0-76372
006525
3-38982
4-97421
4-26410
1-63868
0-33936
4-27665
5-35752
4-73947
212240
0-57391
9-33828
5-81502
5-21243
2-60668
0-87318
3905962
6-41089
5-70452
307932
1-22425

admittance

B(m)

3-50041
-1-37844
-9-46505

-20-28053
-25-70343

7-01720
0-36504

- 5-95683
-13-40505
-17-42544
10-92459
1-29862

-4-74013
-1116592
-14-61324
19-48172
2-37333

-3-70656
-9-40879

-12-33586
12-98655
3-70027

-2-78250
-7-99797

-10-46134

Self- and mutual

2-43903
0-97192

-0-44869
-0-28443
-010143
318540
0-97095

-0-59988
-0-20834
-012105
3-66117
1-03474

-0-57855
-010905
-0-07879
4-68497
1-62530

-002668
0-49098
0-47411
8-83417
5-31836
3-60935
4-14048
408906

admittances

-10-55638
6-99193

-0-40912
0-30903
0-27310

-605024
5-48956
018818
0-62110
0-46977

-411294
5-39567
0-72395
0-98879
0-82071

-1-79227
606000
1-81987
1-89439
1-72546

-1-45440
4-99896
101128
0-86301
0-69445

X

0-1875

0-2500

0-28125

0-3125

0-34375

N

8

8

8

8

8



Table 2 (continued)

Sequence

m

0
1
2
3
4
0
1
2
3
4
0
1
2
3
4
0
1
2
3
4
5
6
7
8
9
10

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771

Re T(m)

4-74469
-103911
1-71403
3-54993
4-31831
3-60511

-1-99948
1-39645
3-18782
3-82897
2-61065

-3-51453
107151
2-87791
3-41217
0-97143

-0-58939
0-64311
1-72937
318240
516224
7-38030
9-39761
10-99347
12-02388
12-38084

Im T{m)

8-23353
2-71812
2-32753
1-31820
0-59990
5-20813
3-29915
2-56053
1-48290
0-74937
4-38490
4-63664
2-84911
1-64397
0-89960
2-43161
0-96375
112504
105916
0-70144
0-26348
004658

-000104
-000840
-001052
-001120

Sequence admittance

Q(m)

22-08539
7-29101
6-24331
3-53589
1-60915

13-97015
8-84954
6-86828
3-97768
201009
11-76194
12-43719
7-64236
4-40975
2-41305
6-52248
2-58513
3-01778
2-84107
1-88152
0-70676
012494

-000279
-002253
-0-02823
-003004

B(m)

-1004466
5-46964

-1-91530
-6-83985
-8-90094
-6-98788
8-04573

-106342
- 5-86853
-7-58834
-4-32035
1210963
-019182
- 5-03724
-6-47035
007664
4-26334
0-95730

-1-95645
- 5-85400
-1116468
-1711434
-22-52551
-26-80619
-29-57014
-30-52763

Self- and mutual admittances

7-22937
3-22335
1-40099
1-89571
1-81592
6-92141
2-35624
0-28046
0-63578
0-50779
7-89420
2-58768

-0-13872
-0-25045
-0-52927
1-43500
1-04357
0-30332

-002529
006437
019925
0-22424
0-20842
0-20638
0-21217
0-21460

-3-18958
203307

-1-88938
-2-31900
-2-50447
-1-54358
2-53477

-1-55617
-2-38466
-2-63218
0-37131
3-29992

-1-30088
-2-76242
-316489

-12-49961
8-55105

-0-63750
-0-20626
-005895
-012010
-0-22323
-0-27115
-0-28878
-0-30248
-0-30893

d

I
0-3750

0-40625

0-4375

01700

N

8

8

8

20



Table 2 (continued)

Sequence

m

0
1
2
3
4
5
6
7
8
9
10
0
1
2
3
4
5
6
7
8
9
10

6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771
6-21771

Re T'(m)

-102714
1-00569

-1-67840
0-34365
1-51934
2-71476
4-11322
5-62312
6-89325
7-69158
7-96098
105103

-2-34603
0-65817

-0-87100
-0-43591
111157
2-22382
3-25400
4-24964
5-02288
5-31204

Im T'(m)

1-71496
301550
202008
1-59237
1-42374
1-03755
0-53003
016006
002510

-000100
-000395
3-85805
3-18249
3-07359
7-04184
2-47257
1-93507
1-45216
0-88492
0-37783
010007
002995

Sequence admittance

Qim)

4-60017
808869
5-41861
4-27133
3-81899
2-78309
1-42174
0-42935
006733

-000270
-001059
10-34872
8-53661
8-24451
18-88884
6-63236
5-19058
3-89524
2-37368
101349
0-26843
008034

B(m)

5-43753
-001526
7-18446
1-76059

-1-39307
-4-59963
-8-35082

-12-40092
-15-80788
-17-94931
-18-67192
-0-13687
8-97530
0-91691
5-01871
3-85164

-0-29926
-3-28274
-604608
-8-71674

-10-79085
-11-56648

Self- and mutual

G\(m+l)

2-85913
1-73291
0-20562

-001856
009549

-006486
-0-20028
-0-23897
-0-25558
-0-25782
-0-25483
6-02583
2-94009

-0-50792
-101616
-0-83124
006403
102681
115323
0-41960

-0-57409
-102580

admittances

^l(m+l)

-5-81890
5-81862

-0-80449
-0-36063
-0-41945
-0-39799
-011090
0-22478
0-52470
0-74258
0-82200

-1-62248
4-10157

-0-95743
-019390
006052
0-32155
006635

-0-41290
-0-78701
-0-95892
-0-99404

d

I
0-2500

0-3400

N

20

20



Table 3. Td R, T(m) and admittances of circular arrayf of Nelements
(a/X = 7-022 x 10" 3)

h/X = 3/8, poh = 37i/4, Q = 9-34

Sequence

m

0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1

tNote

6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947

that T(m) =

Re T(w)

-034647
-0-12274
-0-30504
-0-18438
-0-24661
-0-22537
-0-17613
-0-25359
-011086
-0-27267
-007291
-0-28423
-007068
-0-28878
-009430
-0-28608
-0-12872
-0-27546
-016365
-0-25628
-0-47138
-012274

3/1

¥

Im T(W|)

0-34841 ;

Sequence

M7514
007664 0-47845
0-39203 :
010463 (
0-42127 :
013263 (
0-42372 ;
016070
0-39101 :
0-18898
0-33159 :
0-21759
0-26849
0-24643
0-22053
0-27500
019294
0-30211
0-18248
0-32549 :
0-35091 :

2-44750
3-65319
>-63OO3
>82801
>-64534
100324
2-44112
•17984

2-07016
1-35844
•67624

1-53846
•37682
•71683

1-20452
•88610
13923

>03209
M9075

007664 0-47845

admittance

B(m)

-0-42294
-1-81968
-0-68161
-1-43485
-104640
-117899
-1-48639
-100277
-1-89389
-0-88369
-213080
-0-81153
-2-14471
-0-78313
-1-99728
-0-79995
-1-78236
-0-86622
-1-56431
-0-98599

0-35693
-1-81968

Self- and mutual

Gl(m+1)

1-32680
0-84834
1-55035
0-89716
1-72902
0-90101
1-82429
0-82105
1-81048
0-63064
1-71430
0-35586
1-60735
006889
1-54683

-017001
1-54531

-0-34079
1-58566

-0-44643
104922
0-57076

admittances

Bl(m+l)

-112131
0-69837

-105823
0-37662

-111269
006630

-1-24458
-0-24181
-1-38879
-0-50510
-1-47116
-0-65964
-1-46392
-0-68079
-1-39861
-0-59867
-1-32429
-0-45807
-1-27515
-0-28916
-109414

0-72553

d

I
0-1875

0-2500

0-3125

0-3750

0-4375

0-5000

0-5625

0-6250

0-6875

0-7500

0-1875

N

2

2

2

2

2

2

2

2

2

2

3



Table 3 (continued)

Sequence

m

0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
2
0
1
2
0
1
2

6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947

Re T(m)

-044657
-018438
-038446
-022537
-0-24901
-025359
-002896
-027267

013984
-0-28423

012450
-028878

002068
-028608
-007859
-027546
-015342
-025628
-055329
-019581
-003909
-054954
-0-24507
-012860
-0-48519
-027373
-019443

Im T(w)

043938
010463
054228
013263
063644
016070
063299
018898
0-45236
021759
023956
024643
012744
0-27500
009350
0-30211
009624
032549
035643
011142
001468
0-48678
015105
003216
0-68375
019101
005584

Sequence admittance

2-74308
0-65319
3-38553
0-82801
3-97336
100324
3-95182
117984
2-82412
1-35844
1-49557
1-53846
0-79560
1-71683
058373
1-88610
0-60083
203209
2-22523
0-69561
009163
303902
0-94301
0-20081
4-26873
1-19247
0-34860

0-20198
-1-43485
-018574
-117899
-103141
-100277
-2-40516
-0-88369
-3-45905
-0-81153
-3-36327
-0-78313
-2-71512
-079995
-209536
-086622
-1-62816
-0-98599

086829
-1-36349
-2-34192

084487
-105600
-1-78309

0-44314
-0-87708
-1-37211

Self- and mutual

1-34982
069663
1-68051
085251
1-99328
0-99004
210384
092399
1-84700
0-48856
1-52417

-001430
1-40975

-0-30708
1-45198

-0-43412
1-55500

-0-47709
092702
053340
0-23141
1-28146
0-70955
033845
1-75057
0-98003
055810

admittances

BHm+l)

-088924
054561

-084791
0-33108

-101232
-000954
-1-39084
-0-50716
-1-69403
-0-88251
-1-64317
-0-86005
-1-43834
-0-63839
-1-27594
-0-40971
-1-20004
-0-21406
-105015

0-80255
031334

-076256
065699
029345

-067078
0-45381
0-20630

d

I

0-2500

0-3125

O3750

04375

O5000

05625

O6250

06875

0-7500

01875

0-2500

0-3125

N

3

3

3

3

3

3

3

3

3

4

4

4



Table 3 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947

Re T(m)

-019693
-0-28731
-0-24463
0-32272

-0-28670
-0-28340
0-29755

-0-27039
-0-31334
007700

-0-23702
-0-33597
-006893
-019080
-0-35175
-015616
-014737
-0-35980
-016904
-014096
-0-36028
-0-21007
-012720
-0-35715
-0-61970
-0-27081
-005584

Im T(m)

0-91255
0-23157
008409
0-70498
0-27216
011569
0-22178
0-30999
015009
006927
0-33817
018749
005805
0-34549
0-22874
008162
0-32377
0-27520
0-08762
0-31630
0-28527
011293
0-28125
0-32854
0-36751
014413
001790

Sequence admittance

G(m)

5-69715
1-44574
0-52501
4-40129
1-69915
0-72225
1-38458
1-93530
0-93700
0-43245
211123
117052
0-36244
215694
1-42802
0-50959
202131
1-71810
0-54702
1-97472
1-78094
0-70504
1-75587
205113
2-29438
0-89982
011174

B(m)

-1-35650
-0-79228
-1-05872
-4-60077
-0-79610
-0-81668
-4-44362
-0-89794
-0-62975
-306671
-110623
-0-48847
-215564
-1-39480
-0-38996
-1-61108
-1-66597
-0-33968
-1-53067
-1-70593
-0-33673
-1-27449
-1-79184
-0-35628
1-28290

-0-89527
-2-23737

Self- and mutual admittances

^l(m+ 1)

2-27841
1-29303
0-83267
213046
0-91976
0-43131
1-54804
011189

-0-38725
1-45636

-018452
-0-65487
1-52608

-0-26640
-0-63085
1-56757

-0-30213
-0-45373
1-56935

-0-30848
-0-40537
1-56698

-0-33652
-018889
0-86350
0-53394
018150

-0-99994
-007445
-0-20767
-1-75241
-0-94602
-0-95631
-1-71731
-0-95347
-0-81938
-1-44191
-0-64456
-0-33568
-1-33380
-0-44142
006100

-1-32067
-0-31785
0-34529

-1-31981
-0-29848
0-38611

-1-30361
-0-22955
0-48822

-0-99648
0-86995
0-26974

d

J
0-3750

0-4375

0-5000

0-5625

0-6250

0-6875

0-7000

0-7500

0-1875

N

4

4

4

4

4

4

4

4

5



Table 3 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947

R e r(wi)

-0-64486
-0-31193
-014433
-0-54344
-0-33241
-0-20862
0-32595

-0-33217
-0-25667
0-57666

-0-32429
-0-27237
0-42187

-0-30048
-0-29276
0-31785

-0-28518
-0-30023
014751

-0-24284
-0-31352
0-08327

-0-21527
-0-31937

Im T(WI)

0-55417
019746
003840
0-93294
0-25558
006537
111700
0-32142
009684
0-70317
0-35016
011037
0-23114
0-39465
013152
014604
0-41283
014063
0-07588
0-44530
0-15938
006638
0-45754
016903

Sequence admittance

Q(m)

3-45972
1-23277
0-23975
5-82443
1-59564
0-40812
6-97358
200669
0-60459
4-39000
218607
0-68904
1-44306
2-46383
0-82111
0-91174
2-57737
0-87798
0-47375
2-78003
0-99503
0-41440
2-85645
105530

1-43995
-0-63857
-1-68489
0-80675

-0-51070
-1-28353
-4-62090
-0-51224
-0-98354
-618612
-0-56143
-0-88555
-5-21980
-0-71005
-0-75828
-4-57038
-0-80556
-0-71161
-3-50693
-106989
-0-62863
-3-10585
-1-24202
-0-59209

Self- and mutual admittances

^l(m+ 1)

1-28095
0-76674
0-32265
1-96639
1-23005
0-69897
2-43923
1-44711
0-82007
202805
0-92523
0-25574
1-60258
0-32744

-0-40720
1-56449
0-21681

-0-54318
1-60478
011638

-0-68189
1-64758
009445

-0-71104

^l(m+l)

-0-64140
0-75430
0-28637

-0-55634
0-51358
016796

-1-52249
-0-66922
-0-87999
-1-81601
-102005
-116500
-1-63129
-0-88634
-0-90791
-1-52095
-0-78337
-0-74135
-1-38079
-0-63020
-0-43286
-1-35482
-0-58309
-0-29243

d

0-2500

0-3125

0-3750

0-4000

0-4375

0-45313

0-48438

0-5000

N

5

5

5

5

5

5

5

5



Table 3 (continued)

Sequence

m

0
1

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
8-34383
8-25111
7-98204

Re T(w)

003044
-018355
-0-32471
-007925
-007441
-0-33765
-015781
001552

-0-34722
-019469
-002918
-0-34575
-0-20126
-006173
-0-34162
-0-20643
-012027
-0-32801
-002515
-0-83304
-0-53929

Im T(m)

Sequence admittance

G(m)

006516 0-40683
0-46529 :
0-17888

2-90484
111679

008411 0-52513
0-44607 ;
0-20974

2-78486
1-30944

012414 0-77502
0-31211
0-25448
016288
0-17778
0-30407
017513

1-94857
1-58877
101690
110991
1-89837
109336

015075 0-94115
0-32311 :
019347

201720
1-20785

012776 0-79763
0-35800 :
0-40052
0-41564 :
0-24478

2-23501
•93278
2-02828
t-23478

B(m)

- 2-77603
-1-44006
-0-55877
-209120
-212141
-0-47798
-1-60074
-2-68287
-0-41822
-1-37050
-2-40384
-0-42743
-1-32949
-2-20057
-0-45322
-1-29723
-1-83511
-0-53821
-1-87751
204386
0-63094

Self- and mutual

Gl(m+ l)

1-69002
007902

-0-72062
1-74275
002551

-0-63432
1-56994

-011828
-0-27918
1-40669

-0-27375
007886
1-40201

-0-31778
016345
1-45463

-0-38310
0-25971
0-51502
0-43561
0-25643

admittances

#l(m+l)

-1-35474
-0-55239
-015826
-1-45800
-0-52578
0-20918

-1-56058
-0-51643
0-49635

-1-40661
-0-43291
0-45097

-1-32741
-0-39124
0-39020

-1-20877
-0-31211
0-26788

-113221
0-84404
019158

d

I
0-51563

0-5625

0-6250

0-6875

0-7100

0-7500

01500

N

5

5

5

5

5

5

20



Table 3 (continued)

Sequence

m

3
4
5
6
7
8
9
10
0
1
2
3
4
5
6
7
8
9
10

7-56295
703486
6-44947
5-86408
5-33600
4-91690
4-64783
4-55512
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947
6-44947

Re T(w)

-0-37900
-0-24489
-015155
-011432
-011294
-012607
-013954
-014497
0-35836

-0-44839
009217

-0-62997
-0-50165
-0-40107
-0-31037
-0-22595
-0-16422
-0-13077
-012053

Im T(m)

0-12488
003860
000584
000036

-000012
-000015
-000015
-000015
0-88997
0-45566
0-37118
0-63638
0-29433
015795
006941
002062
0-00380
0-00038

-000003

Sequence admittance

Q(m)

0-66487
0-22095
003649
000248

-000089
-000122
-000131
-000133
5-55618
2-84473
2-31731
3-97298
1-83756
0-98612
0-43331
012870
002375
000240

-000016

B(m)

-0-18747
-0-96914
-1-63983
-205918
-2-27337
-2-35962
-2-37952
-2-37994
-4-82325
0-21335

-316144
1-34698
0-54586

-008206
-0-64832
-1-17535
-1-56073
-1-76954
-1-83351

Self- and mutual admittances

009682
001625

-000505
-000889
-001514
-002320
-002871
-003047
1-53249
100305
017140

-010521
001334
018889
0-30382
0-29188
016145
001048

-005450

-009386
-014187
-016493
-019133
-0-21710
-0-23417
-0-24255
-0-24494
-0-96196
009476

-0-59347
-0-31997
-002415
013000
011621

-007330
-0-34748
-0-57893
-0-66864

d

I

0-2800

N

20



Table 4. *PdR, T(m) and admittances of circular arrayf of N elements
(a/X = 7-022 x K T 3 )

h/X = 0-5, poh = 7r, Q = 9-92

Sequence

m

0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1

5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687

f Note that Tim) =

Re T{m)

-0-24563
-015275
-0-21332
-018456
-017004
-0-20704
-012443
-0-22249
-009046
-0-23212
-007897
-0-23642
-008921
-0-23541
-011205
-0-22878
-013840
-0-21618
-016285
-019765
-0-32803
-015275

T(m) I

Im T(w)

0-26072
005051
0-28152
0-07187
0-28854
009352
0-27467
011526
0-23989
013704
019532
0-15874
015582
018005
0-12974
0-20024
0-11752
0-21798
011602
0-23111
0-29439
005051

Sequence admittance

Q(m)

1-51595
0-29370
1-63686
0-41791
1-67767
0-54375
1-59702
0-67017
1-39480
079681
113564
0-92300
0-90602
104688
075438
116429
068333
1-26743
067459
1-34377
1-71168
0-29370

B(m)

1-42818
0-88815
1-24030
107312
0-98868
1-20379
0-72347
1-29364
052596
1-34962
0-45915
1-37462
051869
1-36875
0-65153
1-33024
0-80471
1-25697
0-94690
114920
1-90727
0-88815

Self- and mutual

G — •

0-90483
0-61112
102739
0-60948
111071
056696
1-13360
046342
109581
0-29900
102932
010632
097645

-007043
095933

-0-20495
0-97538

-0-29205
100918

-033459
076636
047266

admittances

BHm+l)

115817
0-27001
115671
008359
109623

-010755
1-00855

-0-28509
093779

-0-41183
0-91689

-0-45774
094372

-0-42503
0-99088

-033936
103084

-0-22613
1-04805

-010115
1-22786
033971

d

I

01875

0-2500

0-3125

O3750

0-4375

O5000

05625

O6250

06875

0-7500

01875

N

2

2

2

2

2

2

2

2

2

2

3



Table 4 (continued)

Sequence

m

0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
2
0
1
2
0
1
2

5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687

Re r<">

-0-29727
-018456
-0-22826
-0-20704
-010932
-0-22249
002165

-0-23212
006652

-0-23642
001613

-0-23541
-005914
-0-22878
-012272
-0-21618
-016955
-019765
-0-38958
-019076
-011166
-0-36068
-0-21789
-015660
-0-24528
-0-23260
-019403

Im T(m)

0-35169
007187
0-40826
009352
0-42957
011526
0-35891
013704
0-21555
015874
010388
018005
005632
0-20024
004855
0-21798
005915
0-23111
0-32298
007711
000951
0-42208
010779
002205
0-54869
013859
003976

Sequence admittance

c«

204486
0-41791
2-37378
0-54375
2-49770
0-67017
208686
0-79681
1-25327
0-92300
0-60400
1-04688
0-32744
116429
0-28230
1-26743
0-34394
1-34377
1-87795
0-44835
005532
2-45413
0-62675
0-12818
3-19030
0-80581
0-23119

B(m)

1-72846
1-07312
1-32720
1-20379
0-63563
1-29364

-012586
1-34962

-0-38679
1-37462

-009378
1-36875
0-34386
1-33024
0-71352
1-25697
0-98581
1-14920
2-26516
110916
0-64925
2-09712
1-26688
0-91051
1-42614
1-35240
112817

Self- and mutual admittances

0-96023
0-54232
115376
0-61001
1-27935
0-60918
1-22683
1-43002
103309
011009
0-89925

-014763
0-88534

-0-27895
0-93905

-0-32838
101050

-0-33328
0-70749
0-45566
0-25914
0-95895
0-58149
0-33220
1-25828
0-73978
0-45247

1-29157
0-21845
1-24493
004114
107430

-0-21934
0-85779

-0-49183
0-78749

-0-58714
0-88124

-0-48751
100145

-0-32879
1-07582

-018115
109474

-005446
1-28318
0-40398
017403
1-38535
0-29665
011847
1-31478
007449

-003762

d

I
0-2500

0-3125

0-3750

0-4375

0-5000

0-5625

0-6250

0-6875

0-7500

01875

0-2500

0-3125

N

3

3

3

3

3

3

3

3

3

4

4

4



Table 4 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687

Re T(m)

003603
-0-23660
-0-22442
0-21558

-0-22971
-0-24835
009549

-0-21098
-0-26639
-0-03885
-018107
-0-27884
-012339
-014652
-0-28533
-017437
-012132
-0-28443
-0-18188
-011866
-0-28312
-0-20546
-011730
-0-27283
-0-44337
-0-23258
-011985

Im T(">

0-57029 :
016917 (

Sequence admittance

3-31589
>98359

006156 0-35796
0-28252
019830

•64266
•15297

008646 0-50271
006553 0-38103
0-22272 •29499
011394 0-66250
001820 010581
0-23615 •37308
014403 0-83744
002822 016409
0-23091
017718
005243 (
0-20555
0-21410
005774 (
019889
0-22199

•34259
03020
>30486
•19513
•24487
>33572
•15643
•29075

007919 0-46045
017165 0-99803
0-25522
0-35405 :

•48397
>-O5857

010524 0-61191
001172 006813

£(m)

-0-20949
1-37571
1-30489

-1-25348
1-33565
1-44399

-0-55524
1-22672
1-54890
0-22588
105281
1-62126
0-71746
0-85195
1-65902
101388
0-70539
1-65379
105751
0-68991
1-64615
1-19464
0-68205
1-58631
2-57796
1-35233
0-69687

Self- and mutual

^l(m+ 1)

1-41026
0-73948
0-42667
111283
0-28499

-004014
0-90838

-007037
-0-38661
0-92235

-018291
-0-45073
0-96987

-0-21653
-0-37272
0-98500

-0-23500
-0-21013
0-98483

-0-23876
-017160
0-98512

-0-25588
-001291
0-68373
0-46530
0-22212

admittances

0-96170
-0-37859
-0-41400
0-71545

-0-67437
-0-62020
0-86177

-0-52603
-0-36495
0-98819

-0-34885
-006462
102010

-0-23539
016814
101961

-015998
0-31422
102087

-014716
0-33096
103626

-009792
0-35421
1-33527
0-45724
016411

d

1
0-3750

0-4375

0-5000

0-5625

0-6250

0-6875

0-7000

0-7500

0-1875

N

4

4

4

4

4

4

4

4

5



Table 4 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687

Re T{m)

-0-41387
-0-25661
-016545
-014964
-0-26445
-0-20253
0-35041

-0-25376
-0-23165
0-30621

-0-24246
-0-24123
0-14471

-0-21531
-0-25353
008545

-019977
-0-25794
-000645
-016073
-0-26553

Im Tim)

0-51736
014733
002654
0-75703
019253
004688
0-42661
0-24152
007129
0-20277
0-26157
008193
004886
0-28980
009868
002679
0-29980
010593
001543
0-31321
012088

Sequence admittance

G(m)

300811
0-85663
015434
4-40167
111942
0-27258
2-48049
1-40429
0-41452
117897
1-52085
0-47638
0-28409
1-68502
0-57378
015579
1-74317
0-61591
008970
1-82113
0-70284

2-40640
1-49204
0-96200
0-87007
1-53760
117759

-2-03744
1-47545
1-34690

—

-(

-(

1-78041
1-40974
1-40260
>84143
1-25190
1-47410
>49686
t-16155
•49975

003748
0-93455
•54390

Self- and mutual

100601
0-65756
0-34349
1-43714
0-93049
0-55178
1-22362
0-53554
009290
103469
0-26962

-019748
0-96034
007942

-0-41754
0-97479
004731

-0-45681
1-02753
001560

-0-48451

admittances

*•-•• •

1-46290
0-35440
011736
1-26009

-001700
-017801
0-72145

-0-66098
-0-71847
0-76885

-0-63572
-0-63891
0-92211

-0-49057
-0-39120
0-96515

-0-44113
-0-28988
0-99888

-0-37660
-010409

d

0-2500

0-3125

0-3750

0-4000

0-4375

0-45313

0-48438

N

5

5

5

5

5

5

5



Table 4 (continued)

Sequence

m

0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2
0
1
2

5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687
5-73687

Re T{m)

-004103
-013765
-0-26871
-006970
-011303
-0-27148
-012986
-0-04373
-0-27718
-0-17222
-001972
-0-27789
-018928
-0-07632
-0-26826
-019114
-010210
-0-26143
-019034
-014431
-0-24366

Im T(m)

001824
0-31486
012859
002385
0-31186
013645
004795
0-26898
016104
008301
015994
019628
011386
008466
0-23410
012315
007336
0-24804
013638
006840
0-27226

Sequence

G(m)

010608
1-83072
0-74764
013868
1-81328
0-79337
0-27882
1-56397
0-93633
0-48267
0-92995
114124
0-66204
0-49228
1-36115
0-71602
0-42653
1-44218
0-79297
0-39769
1-58301

admittance

H«

0-23859
0-80033
1-56240
0-40525
0-65720
1-57848
0-75507
0-25424
1-61162
100134
011463
1-61574
110052
0-44377
1-55976
111135
0-59366
1-52007
110669
0-83910
1-41671

Self- and mutual admittances

GKm+l)

105256
000556

-0-47880
107040

-000487
-0-46099
105588

-005392
-0-33461
0-92501

-0-15783
-006334
0-87378

-0-24722
014135
0-89069

-0-27077
018344
0-95087

-0-30452
0-22557

0-99281
-0-35896
-001815
0-97532

-0-34852
006349
0-89736

-0-33909
0-26795
0-89242

-0-30843
0-36289
102151

-0-22979
0-26930
106776

-019626
0-21805
112366

-013340
012492

d

I

0-5000

0-51563

0-5625

0-6250

0-6875

0-7100

0-7500

N

5

5

5

5

5

5

5



APPENDIX II

Summary of the two-term theory for applications

To facilitate practical applications of the theory apart from its detailed
development and verification, principal points of the two-term theory,
together with the steps required in its utilization, are summarized in this
appendix. Numerical results for arrays containing only a few elements
can be computed by hand with the aid of the tables in appendix I or
those in the literature [1]. Calculations for larger arrays or for element
parameters not included in the tables generally require a computer.
For these applications, the theory can be conveniently packaged as a
computer programme to which the user need only supply input data
cards specifying the parameters of the elements and array to obtain a
numerical evaluation of any properties of the array [2]. In this form, the
theory can be used without considering either intricate mathematics or
complicated programming steps once the initial programming is com-
pleted. In a reasonably general programme, the parameters that can be
specified as input data are the number N of antennas in the array, their
radius a, length 2/z, spacing d, and the relative driving voltages Vt or
currents 7,(0).

The theory applies to arrays of thin, identical, parallel, non-staggered,
centre-driven, highly conducting dipoles which are uniformly spaced
around a circle. If the admittances and currents are multiplied by two,
they also apply to arrays of vertical monopoles over a large highly-
conducting ground plane. The normalized radiation patterns apply to
either dipoles or monopoles, but for the latter the ground plane must
extend beyond the radius at which the field is evaluated and measured.
Dipole lengths should not exceed 1-2A and the distance between adjacent
elements should be at least A/8; the complete three-term theory is required
for high accuracy when Podik < 1. To satisfy completely the mathematical
conditions of the theory, the element thickness should satisfy a ^ 001L
However, useful results can be obtained for elements that are two or
three times as thick. Comparisons of theoretical and measured results
show that predicted radiation patterns are usually well within + 1 dB of
the measured ones, and that calculated self- and mutual admittances are
generally within 5 %—10 % of the measured values except near resonant
lengths or spacings. Near resonance, theoretical values are shifted toward
larger values of h/k and djX by approximately one-half of the element
radius. The comparison of self- and mutual admittances assumes that
proper account has been taken of end-effects. The theoretical driving-
point admittances apply only to dipoles with no attached transmission
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lines, and the presence of these lines must be taken into account as dis-
cussed in sections 2.8, 4.3, and 8.2.

The central point of the two-term theory is that the current along each
dipole can be accurately represented in the form Ik(z) = sk sin po{h-\z\) +
ck(cos Poz — cos poh). Driving-point admittances are then given by
Yk = Ik(0)/Vk = sksin fl0h + ck(l — cos fi0h) and the far-zone fields by
eqs. (4.23). The principal computing problem is to evaluate the sk and ck

coefficients which are functions of all of the parameters of the array.
Because the sk and ck coefficients corresponding to different elements are
not simply related, the field expressions cannot be summed in a closed
form as with the usual one-term sinusoidal theory. However, in the single-
term sinusoidal theory the current is always represented by the sine term
alone and this is accurate only for very thin dipoles with lengths very
near 2/z = X/2. With the two-term theory, general expressions for the
currents become indeterminate at 2/z = k/2 and correct expressions are
found by taking limits as /?0/z -• n/2(2h -• X/2). The special expressions
applicable to fioh = n/2 are indicated in the text (e.g. (2.35) on p. 56).

For a general array, the evaluation of sk and ck or their equivalents
requires the solution of a system of coupled integral equations as in
chapters 5 and 6. However, the symmetry of a circular array of identical
equispaced elements permits a reduction of the system of equations to a
single integral equation. This reduction is accomplished by the method of
symmetrical components in which the elements are all excited with equal
amplitudes but with uniformly progressive phase so that the total phase
change around the circle is 2nm radians where m is an integer ranging
from zero to N —\. Each value of m gives one of the N phase sequences
which is designated by a superscript m. The resulting functions are called
sequence functions and they form a set that is characteristic of the ele-
ments and their spacing in the array. The associated properties of the
elements such as the driving-point admittances for arbitrary driving
conditions can be obtained from the sequence functions.

In the engineering design of arrays, the quantities of primary concern
are radiation patterns and driving-point admittances or impedances.
Regardless of whether the objective is to calculate only radiation patterns
and driving-point admittances or to perform a complete analysis of the
array, the same basic sequence of steps is required in a programme of
calculation that utilizes the two-term theory. These steps are as follows:
1. Evaluation of the Cw, Sbi, and Ebi integrals (right part, eqs. (4.13)).
2. Calculation of the sequence sums (left part, eqs. (4.13)).
3. Calculation of required differences of the sequence sums (eqs. (4.12)).
4. Calculation of VdR—from eq. (4.16).
5. Calculation of the remaining *¥ functions—from eqs. (4.7)-(4H).
6. Calculation of Tim) or T(m)—from eqs. (4.5).
7. Calculation of s(m) and c(m) or s'{m) and cf(m)—from eqs. (4.15).

Results obtainable at this point:
a. Sequence currents /(m)(z)—from eqs. (4.16).
b. Sequence admittances Yim)—from eqs. (4.17).
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c. Self- and mutual admittances Ylk—from eqs. (4.19).
d. Self- and mutual impedances Zlk—from eqs. (4.26) and (4.27).
e. Driving-point admittances Yk—from eq. (4.24b).
f. Driving-point impedances Zk—from reciprocals of driving-point

admittances.

8. Calculation of sequence voltage V{m)—from eqs. (4.20a).
Note: If driving-point currents are specified, sequence currents

/(m)(0) are calculated from eq. (4.20b) and sequence voltages from
eq. (4.17).

9. Calculation of sk and ck—from eqs. (4.22).

Final results obtainable:
g. Element currents Ik(z)—from eqs. (4.21).
h. Driving-point admittances—from eqs. (4.24a).
i. Far-zone fields—from eqs. (4.23).
j . Normalized power radiation pattern—from eq. (4.28).

Steps 1-3 will be discussed in detail. The driving-point admittances
can be calculated either as in steps e or h. Also, driving-point impedances
are simply the reciprocals of corresponding driving-point admittances.
If the driving-point voltages or currents are to be specified according to
some rule so as to provide a particular distribution such as a Tcheby-
scheff, provision can be made for a subroutine to calculate them as part
of step 8.

The special case of /?0/z = n/2(h = X/4) is most easily incorporated in a
general programme by providing a subroutine to carry out parts of the
calculation for this length. If the programme is designed to examine the
input data and use the appropriate subroutine whenever h = X/4 is speci-
fied, the range of h/X for which the programme can be used is continuous
except for values of h/X that differ from ^ by less than about 0-0011 At these
values some of the functions may be sufficiently close to the indeterminate
form 0/0 to produce computer overflow.

The integrals of eqs. (4.13) must be evaluated numerically. Although
more efficient methods may be found, Simpson's Rule is adequate. Let
the integrand/(z) of an integral / be evaluated at an odd number of points
which are uniformly spaced at multiples of the interval Az'. Then, accord-
ing to Simpson's Rule,

• J : f(z')dz'

+ ...f(s-Az'j\

... f(s-2Az')]\ (1)
with an approximate error of integration e given by

W(
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As a convenient starting point in their evaluation, the integrals may be
written in the following form:

E(h, z) = Re E(h, z) + j Im E(h, z)

R sin2nR sin2nR\] , , _
( 3 a )

C(h, z) = Re C(h, z)+j Im C(h, z)

f*M

- J .
-J z,

(3c)

V V (3d)
One set of integrals must be evaluated for each element of the array and
the sum of these values in subsequent steps takes account of the inter-
coupling of the elements. The distance from antenna 1 to the ith antenna
is bt given by

Thus, for i = 2, bJX corresponds to the distance between adjacent an-
tennas and equals d/L

When i = 1, the integrals are to be evaluated at the dipole surface and
the value to be used for bt is bJA. = a/A, the dipole radius. Very small
integration intervals Az' are required for these integrals because the
element is thin, a/A < 1, and some of the integrands rise rapidly to a
sharp maximum of XIa at z\ = zjL These integrals with b x = a correspond
to a single isolated dipole; they are functions only of h/A and ajX and
remain constant as the other array parameters are changed. Their evalua-
tion comprises one of the longest parts of the calculation and consider-
able computer time can be saved by evaluating them once and supplying
their values as input data for subsequent analyses of different arrays that
use dipoles of the same h/X and a/L

As a guide in choosing the interval size Az', or the number of points
np at which the integrands are to be evaluated, the error s of eq. (2) is less
than 10"5 for any of the 'b' integrals when djX > 1/8 with the following
choice of np: h = /1/4, np = 17; h = 3/1/8, np = 25; h = A/2, np = 33.
For the 'a' integrals, the following choice of np produces an error of 10~5

or less in the integrals with a = 0-007/1: h = A/4, np = 193; h = A/2,
np = 385. For a = 0-002A and h = A/4, np = 1537 points are necessary to
ensure that the error remains less than 10"5 for all of the integrals.
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Each integral is a function of the three parameters h/k, z/k, and bjk.
The distances bjk are obtained from eq. (4) with d/k supplied as part of
the input data; the element length h/k and radius a/k must also be specified
with the input data. For each h/k and bjk, the two-term theory requires
an evaluation of the integrals at the values of z in the following list:
h > k/4: 'ft' integrals (i > 1) V integrals (i = 1)

C(K h\ C(h 0) C(K h\ C(h9 0) Re C(h, h - k/4)
S(h, h\ S(K 0) S(h, h\ Im S(h, 0), Re S(h, h - k/4)
E(h,h\E(h,0) E(Kh\E(h,0)

h < k/4: Required 'ft' integrals are the same but in 'a' integrals, Re C(h, 0)
and Re S(h, 0) are required instead of Re C(h, h — k/4) and
ReS(h,h-k/4).

h = k/4: 'ft' integrals (i > 1) 'a' integrals (i = 1)
C(h, h) C(h, h\ Re C(h, 0)
S(h, h) S(h, h), Re S(h, 0)
E(h,h) E(h,h)

After the required integrals have been evaluated and stored in an
ordered array, the sums to be used in calculating *F functions may be
computed. Four different kinds of sums are used in eqs. (4.6)—(4.11) and
each is designated by a subscript as follows: A subscript £ means the sum
is to be extended over all values of i; a subscript Zl means that only the
integral corresponding to i = 1 with bjk = bjk = a/k is to be used;
a subscript £2 means that the sum excludes i = 1 but includes all other
values of i; and a subscript d indicates that a difference of two sums is to
be used as in eq. (4.12).

The general arrangement of a programme that might be used to package
the two-term theory for applications is shown schematically in Fig. 1
(pp. 419-21).
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Start

Input a/I h/X

Input
necessary

a/A
integrals

.. No

Input N, d/A,
np for

'6' integrals

Calculate

Calculate E^\

No h< A/4 N o ,

Yes
Input np

for
V integrals

Call integration subroutine
to calculate necessary

V integrals

Call integration subroutine
to calculate necessary

wb' integrals

Yes

Calculate

Yes
Call

4
subroutine to calculate

Return to ®

Calculate

Calculate

Fig. 1. Flow chart for applications of two-term theory.
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APPENDIX III

Summary of formulas for the curtain array

This appendix contains (1) a summary of formulas for the curtain
array, (2) tables of ̂ d K , Ou and Ot, for single elements as functions of Q and
hjk and tables of OM and <X>t, for off-diagonal elements as functions of
(k — i)(b/A) and h/X (Table 1), (3) sample computer printouts for two cases
are included. They give the currents, impedances and field patterns for
curtain arrays both for the case of driving-point currents specified and
driving voltages specified.

A summary of the curtain array formulas is given below.
I. Driving-point current, voltages, admittances and impedances:

1. Base currents specified.

{/2(0)} specified.
Then

Poh i=- nn/2, n odd (A3-1)

and near poh = nn/2,

{Vo} = 7 6 0 ^ [ - s i n ^ [ 0 ) J + (l-cos//0/z)[a);]]-1[OL]{F0}. (A3-2)
2. Base voltages specified

{Vo} specified
Then

Vo)

poh # nn/2, n odd (A3-3)
and near poh = nn/2, n odd

The individual driving-point impedances ZOl and admittances
Yoi,i= 1,2, 3, ...Ware

ZOi = Voi/I.M yOi = UOyVot- (A3-5)
II. Distributions of current on the individual elements:

poh

Poh^^,n odd (A3-6)



where T = —

and A =

A P P E N D I X III 4 2 3

j(YJA) + sinj60/>
1 — cos (50h

In

dR cos fioh'

2- l ^ = r uj~JlU o u t s i n Poz ~ sin Poh + Hcos £oz - cos poh)l
^ COS Po"

Poh near ^ , n odd (A3-7)

III. Field patterns
1. Array of N elements, /?0/i ^ n7c/2, M odd

— V p-JPoRo N
Fr (fa G>\ — 0 1 V C 0-JPob[(N-2i+l)/2]sm®cos<t> / n o\

*dR K 0 C O S P o ' l i = l

where

1 v0l
(A3-9)

2. Array of N elements, Poh near nn/2
y p-JPoRo N

ErJS O) = 0 1 Y C'.e-JPob[(N-2i+l)/2]sin®cos<l> (A3-10)

where

Numerical values for the functions 4/
dK, Ou and Ot, needed to solve the

matrix equations for the driving-point impedances and currents of curtain
arrays are given in Table 1. Note that the off-diagonal matrix elements are
dependent only on the spacing between the two elements. The integration
programme used to compute these functions is an improved Romberg
method. The programme is arranged so as to include the correct contri-
butions from the major singularities.

A sample calculation for the case of a three-element endfire array with
quarter-wavelength spacing and half-wavelength elements follows. The
following headings appear in the printout:

N Number of elements
BETAH /?0/i, electric half-length of the antenna
BETAB pob, electrical distance between two adjacent elements
IZ(0) /ZI(0), driving-point currents
VO VOi, base voltages
A D M T C YOi, admittances
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IMPDC ZOl, impedances
PSI €t — V0i/V0l, ratios of base voltages
C Ch source strength coefficients for radiation patterns
IZ(Z) Izi(z\ element currents where z = 0, 1/4)8, 1/2/5, 3/4)3,... 3/j8,

TI//? where i = 1,2,3,... N

In the sample printout, values are read from left to right under each
heading. For example, driving voltages are read as follows:

V0

Re(V01)Im(J/01) Re(F02)Im(K02)

IZ(Z), or /_,(z), is arranged so that all 14 values for one particular value of
/ are in one group. The groups are then read vertically down each of the
two columns on the page. For example:

IZ(Z) = Uz)

Re (/zl(0)) Im (Jzl(0)) Re (/zl(l/4/J)) Im (Jzl(l/4jB))

Re (J2l(3/j8)) Im (Jzl(3/j8)) Re (Izl(n/P)) Im (Isl(n/P))
Re(/z2(0))...

Re(/z3(0)...

Note that only terms for values of z equal to or less than h are used. For
example, when h = n/2f}, the last term used is 3/2/?. If h = n/P all terms are
used.

NOTE

The off-diagonal values of OM and <PV on pages 431-49 depend only on
the distance bik. The left-hand column, i.e. (k — i)b/h is the distance be-
tween elements k and i. The two columns under each OW|I and 0>kiv are
the real and imaginary parts.



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with driving-point currents specified

N = 3 PSIDR = 5-83400 BETAH = 314159 BETAB = 1-57080 FM = 200000 GM = 314159

IZ(O)
100000000

-100000000

PHIV
0-67210
0-67210
0-67210

PHIU
-6-68980
-6-68980
-6-68980

VO
611-59042358

-61-54054213

IMPDNC
611-59042358

61-54054213

ADMTNC
000084547
O.OOO31835

PSI
100000000

-0-40773164

0-
0-

-1-66050
-1-66050
-166050

2-89590
2-89590
2-89590

-59104013824
435-34058380

-59104013824
-435-34058380

000081706
0.00225204

- 0 -
0-31778590

0-

-0-68130 -0-85700
-0-68130 -0-85700

102170 1-52470
102170 1-52470

- 590 09282684

160-23533821

000042856

-0-36798476

-100000000

-0-62960
-0-62960

110300
110300

-160-23533821

-59009282684

000157827

-0-61761774

0-40710
0-40710

-0-66350
-0-66350

-0-68130
-0-68130

102170
102170

-0-85700
-0-85700

m

1-52470

 2

1-52470

 2



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with driving-point currents specified—contd.

IZ(Z)YOI
000084547
000079372
000065114
000045264
000024682
000008406
000000422

000081706
-000007885
-000085544
-000132257
-000136586
-000097471
-000024490

-000084547
-000035847
000011279
000045294
000057869
000045925
000012388

000081706
-000060257
-000177466
-000241222
-000235917
-000162847
-000039905

-000084547
-000028972
000023346
000059599
000070909
000054508
000014412

-000081706
-000020861
000035089
000072446
000082064
000061586
000016028

000083233
000073204
000055603
000034738
000015718
000003199

-0-
000036784

-000049524
-000113706
-000140045
-000122094
-000064248
000000000

-000060772
-000011321
000030550
000054593
000054919
000031449

-000000000

000009757
-000123987
-000217371
-000247534
-000207090
-000105940
000000000

-000057224
-000001546
000044160
000068704
000066077
000036922

-000000000

-000051618
000008653
000056803
000081044
000075440
000041363

-000000000



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with driving-point currents specified—contd.

000153787
-000126944

0
8
16
24
32
40
48
56
64
72
80
88
96
104
112
120
128
136
144
152
160
168
176

001162040
001162772
001163937
001162538
001153924
001132374
001091982
001027817
000937182
000820733
000683161
OOO533357
000384534
000256502
000183734
000194210
000246059
000296339
000332797
000355213
000366990
000372122
000373816

-000461196
000253471

2
10
18
26
34
42
50
58
66
74
82
90
98
106
114
122
130
138
146
154
162
170
178

-000361550

001162091
001163108
001163985
001161272
001149984
001124261
001078323
001007678
000910378
000788044
000646418
000495435
000349566
000231355
000179002
000205668
000259605
000306866
000339614
000358995
000368751
000372771
000373944

-000157552

4
12
20
28
36
44
52
60
68
76
84
92
100
108
116
124
132
140
148
156
164
172
180

001162239
001163444
001163815
001159474
001145143
001114879
001063106
000985856
000881989
000754129
000609070
000457800
000316235
000210349
000179765
000218605
000272615
000316450
000345585
000362176
000370158
000373250
OOO373985

6
14
22
30
38
46
54
62
70
78
86
94
102
110
118
126
134
142
150
158
166
174
182

001162473
001163737
001163358
001157056
001139304
001104144
001046284
000962351
000852080
000719119
000571312
000420730
000285022
000194265
000185201
000232258
000284899
000325087
000350764
000364819
000371265
000373590

;>hdffl0XM



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with driving-point currents specified—contd.

El
0
8
16
24
32
40
48
56
64
72
80
88
96
104
112
120
128
136
144
152
160
168
176

000492699
000494024
000497545
000501928
000505054
000504210
000496417
000478903
000449665
000408011
000354953
000293329
000227673
000164104
000111156
000082221
000085846
000105704
000125691
000140866
000150872
000156651
000159233

2
10
18
26
34
42
50
58
66
74
82
90
98
106
114
122
130
138
146
154
162
170
178

000492784
000494736
000498629
000502925
OOO5O533O
000503029
000493045
000472746
0-00440407
000395735
000340200
000277083
000211307
000149450
000101037
OOOO8O33O
000090162
000111014
000129991
000143824
000152669
000157563
000159464

4
12
20
28
36
44
52
60
68
76
84
92
100
108
116
124
132
140
148
156
164
172
180

000493038
000495573
000499744
000503807
000505313
000501366
000489025
000465829
000430369
0-00382772
000324966
000260662
000195174
000135605
000092682
000080527
000095089
000116163
000133955
000146467
000154220
000158291
000159541

6
14
22
30
38
46
54
62
70
78
86
94
102
110
118
126
134
142
150
158
166
174
182

000493454
0-00496517
0-00500855
000504531
000504956
000499177
000484321
000458138
000419565
000369162
000309318
000244159
000179394
000122765
000086350
000082500
000100342
0-00121072
000137579
000148810
000155541
000158844



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with base voltages specified

N

IZ(O)
000097904

-000080815

PHIV
0-67210
0-67210
0-67210

PHIU
-6-68980
-6-68980
-6-68980

VO
100000000

-100000000

IMPDNC
67501622772
17018375969

ADMTNC
000097904
000080815

PSI
100000000

-100000000

= 3 PSIDR = 5-83400 BETAH = 314159

000070133
-000202375

-166050
-1-66050
-1-66050

2-89590
289590
2-89590

0-
0-

-483-54592133
-42617085266

000070133
000202375

0-
0-

-0-68130
-0-68130

102170
102170

000133570

-0-85700
-0-85700

1-52470
1-52470

0-

359-48430634

000100300

- 0 -

BETAB = 1-57080

-000100300

-0-62960
-062960

110300
110300

-100000000

-478-72311783

000133570

-100000000

FM = 200000

0-40710
0-40710

-0-66350
-0-66350

GM = 314159

-0-68130
-0-68130

102170
102170

-0-85700
-0-85700

1-52470
1-52470

wa



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with base voltages specified—contd.

IZ(Z)
000097904
000091912
000075401
000052415
000028580
000009734
000000490

000133570
000011568
000137523
000213456
000220776
000157691
000039646
O0OO8O815
000075868
000062239
000043266
000023592
OOOOO8O35
000000404

000070133
-000071122
-000186379
-000247418
-000239295
-000163998
-000039963

-000100300
-000094161
-000077247
-000053698
-000029280
-000009973
-000000501
-000202375
-000053025
000084533
000176620
000200690
000150850
000039302

000096382
000084770
000064388
000040226
000018201
OOOOO37O5

-0-
000060815

-000079080
-000183263
-000226225
-000197448
-000103977
000000000

-000079559
-000069973
-000053149
-OOOO332O5
-000015024
-OOOOO3O58
0-

-000001635
-000134006
-000224983
-000252289
-000209241
-000106378
000000000

-000098742
-000086845
-000065964
-000041211
-000018647
-000003796
-0-
-000128551
000019506
000138012
000197954
000184656
OOO1O1373

-000000000



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with base voltages specified—contd.

0
8
16
24
32
40
48
56
64
72
80
88
96
104
112
120
128
136
144
152
160
168
176

000132806
000048764

0-00772204
000769426
000760600
000744344
000718673
000681487
000631244
000567778
000493156
000412563
000335229
000274985
000246640
000252901
0-00279079
000308578
000332496
000348332
000356995
000360689
000361645
000361513
0-00361248

-000443017
000104618

2
10
18
26
34
42
50
58
66
74
82
90
98
106
114
122
130
138
146
154
162
170
178

-000224539

000772032
0-00767826
0-00757303
000738894
000710532
000670187
000616582
000550026
0-00473284
000392462
000317939
000264467
0-00245317
0-00258327
000286629
000315262
000337216
000351093
000358290
000361107
000361665
000361437
000361217

000077446

4
12
20
28
36
44
52
60
68
76
84
92
100
108
116
124
132
140
148
156
164
172
180

000771517
000765837
000753516
000732822
000701638
000658051
000601098
000531621
0-00453135
0-00372729
000301960
000256182
000246091
000264687
000294158
000321502
000341418
000353434
000359313
000361389
000361641
000361362
000361206

6
14
22
30
38
46
54
62
70
78
86
94
102
110
118
126
134
142
150
158
166
174
182

000770652
000763436
000749207
000726093
000691964
000645070
000584818
000512636
000432844
O-OO353575
0-00287558
000250234
000248718
000271690
0-00301513
0-00327255
000345115
0-00355388
000360101
000361560
000361586
000361297



Sample output from FAP programme to compute currents, impedances and field patterns for curtain arrays
with base voltages specified—contd.

El
0
8
16
24
32
40
48
56
64
72
80
88
96
104
112
120
128
136
144
152
160
168
176

2-99999997
2-99976629
2-99629834
2-98158598
2-94329914
2-86645940
2-73590815
2-53940907
2-27090105
1-93312947
1-53879254
110958548
0-67308814
0-25814093
011011214
0-41421304
0-64646117
0-80876961
0-91067540
0-96628844
0-99103274
0-99882185
0-99998536

2
10
18
26
34
42
50
58
66
74
82
90
98
106
114
122
130
138
146
154
162
170
178

2-99999905
2-99943051
2-99409226
2-97478038
2-92831475
2-83941054
2-69333220
2-47909155
219262639
1-83913770
1-43375127
100000045
0-56624962
016086308
019262574
0-47909095
0-69333168
0-83941018
0-92831454
0-97478033
0-99409228
0-99943053
0-99999908

4
12
20
28
36
44
52
60
68
76
84
92
100
108
116
124
132
140
148
156
164
172
180

2-99998534
2-99882182
2-99103278
2-96628857
2-91067564
2-80877000
2-64646170
2-41421363
211011279
1-74185981
1-32691267
0-89041533
0-46120823
006687122
0-27090044
0-53940848
0-73590770
0-86645908
0-94329897
0-98158590
0-99629838
0-99976631
0-99999999

6
14
22
30
38
46
54
62
70
78
86
94
102
110
118
126
134
142
150
158
166
174
182

2-99992591
2-99782327
2-98693159
2-95587531
2-89013717
2-77433190
2-59518206
2-34479681
202354059
1-64162478
1-21870857
0-78129232
0-35837606
002353985
0-34479616
0-59518150
0-77433146
0-89013688
0-95587515
0-98693153
0-99782326
0-99992595

> tn 0><



A P P E N D I X III 433

Table of elements ofQ>u and 0>v matrices for h/X = 0-125
Values for single element {Q>kkin <&kkv and

Q
700
7-50
800
8-50
9-00
950
1000
10-50
1100
11-50
1200
12-50
1300
1500

(k-Mb/Z)
0-250
0-500
0-750
1000
1-250
1-500
1-750
2000
2-250
2-500
2-750
3000
3-250
3-500
3-750
4000
4250
4-500
4-750
5000
5-250
5-500
5-750
6000
6-250
6-500
6-750
7000
7-250
7.500
7-750
8000
8-250
8-500
8-750
9000

405418
4-51933
4-99202
5-47065
5-95394
6-44089
6-93071
7-42276
7-91657
8-41174
8-90797
9-40504
9-90275
11-89766

2-64345
2-97163
3-30540
3-64353
3-98508
4-32928
4-67555
502343
5-37257
5-72268
607356
642503
6-77696
8-18757

'fcfcu

019772
019776
019778
019779
019780
019781
019781
019781
019781
019781
019781
019781
019781
019781

0-78608
0-79628
0-80428
0-81054
0-81544
0-81926
0-82224
0-82457
0-82638
0-82780
0-82890
0-82976
0-83043
0-83192

Off diagonal values of <S>U and <bv (see note on page 424)

<•>«•

0-09815
008361

-001455
-004655
000539
003167

-000277
-002393
000168
001921

-000113
-001603
000081
001376

-000061
-001205
000047
001071

-0-00038
-000965
000031
000877

-000026
-000804
000022
000742

-000019
-000690
000016
000644

-000014
-000603
000013
000568

-000011
-000536

011183
-003104
-006033
000834
0-03774

-000376
-0-02727
000213
002131

-000136
-001748
000095
001481

-000070
-001285
000053
001134

-000042
-001015
000034
000919

-000028
-000839
000024
000772

-000020
-000715
000017
000666

-000015
-000623
000013
0-00585

-000012
-000552
000011

®kiv

-019198
-016178
002796
008992

-001034
-006116
000532
004619

-000323
-003708
000216
003095

-000155
-002656
000117
002325

-000091
-002068
000073
001862

-000059
-001693
000050
001552

-000042
-001433
000036
001331

-000031
-001242
000027
001165

-000024
-001096
000021
001035

-0-38223
-038230
-0-38234
-0-38237
-0-38238
-0-38239
-0-38240
-038240
-0-38240
-0-38240
-0-38240
-0-38240
-0-38241
-0-38241

i

-0-21626
005987
011660

-001602
-0-07287
000722
005265

-000408
-004114
000262
0-03374

-000182
-002859
000134
002480

-000102
-002189
000081
001960

-000066
-001773
000054
001620

-000046
-001490
000039
001380

-0-00033
-001285
000029
001202

-000026
-001129
000023
001065

-000020



434 A P P E N D I X III

Table of elements ofQ>u and Q>v matrices for h/k = 0-125
Values for single element ($>kku, Q>kkv and *FkWK = ^F^)—contd.

{k-i){b/X)

9-250
9-500
9-750
10000
10-250
10-500
10-750
11000
11-250
11-500
11-750
12000
12-250
12-500
12-750
13000
13-250
13-500
13750
14000
14-250
14500
14-750
15000
15-250
15-500
15-750
16000
16-250
16-500
16-750
17000
17-250
17-500
17-750
18000
18-250
18-500
18-750
19000
19-250
19-500
19-750
20000
20-250
20-500
20-750
21000
21-250
21500
21-750
22000
22-250
22-500
22-750

000010
000508

-000009
-000483
000008
000460

-000007
-000439
000007
000420

-000006
-000402
000006
000386

-000005
-000371
000005
000358

-000005
-000345
000004
000333

-000004
-000322
000004
000312

-000003
-000302
000003
000293

-000003
-000284
000003
000276

-000003
-000268
000003
000261

-000002
-000254
000002
000248

-000002
-000241
000002
000236

-000002
-000230
000002
000225

-000002
-000220
0-00002
000215

-000002

* « •

000522
-000009
-000495
000009
000471

-000008
-000449
000007
000429

-000006
-000411
000006
000394

-000005
-000379
000005
000364

-000005
-000351
000004
000339

-000004
-000327
000004
000317

-000004
-000307
000003
000297

-000003
-000288
000003
000280

-000003
-000272
000003
000265

-000003
-000258
000002
000251

-000002
-000245
000002
000239

-000002
-000233
000002
000227

-000002
-000222
000002
000217

-000002
-000212

*

-000019
-000981
000017
000932

-000016
-000888
000014
000847

-000013
-000810
000012
000777

-000011
-000746
000010
000717

-000009
-000690
000009
000666

-000008
-000643
000008
000621

-000007
-000601
000007
000583

-000006
-000565
000006
000548

-000006
-000533
000005
000518

-000005
-000504
000005
000491

-000004
-000478
000004
000466

-000004
-000455
000004
000444

-000004
-000434
000003
000424

-000003
-000414
000003

-001007
000018
000956

-000016
-000909
000015
000867

-000014
-000828
000012
000793

-000011
-000761
000011
000731

-000010
-000703
000009
000678

-000008
-000654
000008
000632

-000007
-000611
000007
000592

-000006
-000574
000006
000557

-000006
-000540
000005
000525

-000005
-000511
0-00005
000497

-000005
-000484
000004
000472

-000004
-000460
000004
000449

-000004
-000439
000004
000429

-000003
-000419
000003
000410



A P P E N D I X III 435

Table of elements ofQ>u and Q>v matrices for h/k = 0-125
Values for single element {Q>kku, <S>kkv and xVkkdR = *Fd_p)—contd.

(k-i)(b/l)
23-000
23-250
23500
23-750
24000
24250
24-500
24-750
25000
25250
25-500
25-750
26000
26-250
26-500
26-750
27000
27-250
27500
27-750
28000
28-250
28-500
28-750
29000
29-250
29-500
29-750
30000
30-250
30-500
30-750
31000
31-250
31-500
31-750
32000
32-250
32-500
32-750
33000
33-250
33-500
33-750
34000
34-250
34-500
34-750
35000
35-250
35-500
35-750
36000
36-250
36500

-000210
000002
000206

-000002
-000201
000001
000197

-000001
-000193
000001
000189

-000001
-000186
000001
000182

-000001
-000179
000001
000176

-000001
-000173
000001
000169

-000001
-000167
000001
000164

-000001
-000161
000001
000158

-000001
-000156
000001
000153

-000001
-000151
000001
000149

-000001
-000146
000001
000144

-000001
-000142
000001
000140

-000001
-000138
000001
000136

-000001
-000134
000001
000132

hiu

000002
000208

-000002
-000203
000001
000199

-000001
-000195
000001
000191

-000001
-000188
000001
000184

-000001
-000181
000001
000177

-000001
-000174
000001
000171

-000001
-000168
000001
000165

-000001
-000162
000001
000160

-000001
-000157
000001
000155

-000001
-000152
000001
000150

-000001
-000147
000001
000145

-000001
-000143
000001
000141

-000001
-000139
000001
000137

-000001
-000135
000001
000133

-000001

d
000405

-000003
-000397
000003
000388

-000003
-0-00381
000003
000373

-000003
-000366
000002
000359

-000002
-000352
000002
000345

-000002
-000339
000002
000333

-000002
-000327
000002
000321

-000002
-000316
000002
000311

-000002
-0-00306
000002
000301

-000002
-000296
000002
000291

-000002
-000287
000002
000283

-000001
-000278
000001
000274

-000001
-000270
000001
000266

-000001
-000263
000001
000259

-000001
-000255

-000003
-000401
000003
000393

-000003
-000384
000003
000377

-000003
-000369
000003
000362

-000002
-000355
000002
0-00349

-000002
-000342
000002
000336

-000002
-0-00330
000002
000324

-000002
-000319
000002
000313

-000002
-000308
000002
0-00303

-000002
-000298
000002
000294

-000002
-000289
000002
000285

-000002
-000280
000001
000276

-000001
-000272
000001
000268

-000001
-000264
000001
000261

-000001
-000257
000001



436 A P P E N D I X III

Table of elements ofQ>u and O^ matrices for h/X = 0125
Values for single element (OfckM, Q>kkv and *FkWu = *Fd/?)—contd.

{k-i){bll)
36-750
37000
37250
37500
37-750
38000
38-250
38500
38-750
39000
39-250
39-500
39-750
40000
40-250
40-500
40-750
41000
41-250
41-500
41750
42000
42-250
42-500
42-750
43000
43-250
43-500
43-750
44000
44-250
44500
44-750
45000
45-250
45-500
45-750
46000
46-250
46-500
46-750
47000
47-250
47-500
47-750
48000
48-250
48-500
48-750
49000
49-250
49-500
49-750
50000

* « •

-000001
-000131
000001
000129

-000001
-000127
000001
000125

-000001
-000124
000001
000122

-000001
-000121
000001
000119

-000001
-000118
000001
000116

-000000
-000115
000000
000114

-000000
-000112
000000
000111

-000000
-000110
000000
000109

-000000
-000107
000000
000106

-000000
-000105
000000
000104

-000000
-000103
000000
000102

-000000
-000101
o-ooooo
000100

-000000
-000099
000000
0-00098

-000000
-000097

-000131
000001
000130

-000001
-000128
000001
000126

-000001
-000125
000001
000123

-000001
-000122
000001
000120

-000001
-000119
000001
000117

-000000
-000116
000000
000114

-000000
-000113
000000
000112

-000000
-000110
000000
000109

-000000
-000108
000000
000107

-000000
-000106
000000
000104

-000000
-000103
000000
000102

-000000
-000101
000000
000100

-000000
-000099
000000
000098

-000000
-000097
000000

000001
000252

-000001
-000249
000001
000245

-000001
-000242
000001
000239

-000001
-000236
000001
000233

-000001
-000230
000001
000227

-000001
-000225
000001
000222

-000001
-000219
000001
000217

-000001
-000214
000001
000212

-000001
-000210
000001
000207

-000001
-000205
000001
000203

-000001
-000200
000001
000198

-000001
-000196
000001
000194

-000001
-000192
000001
000190

-000001
-000188
000001
000186

Uv

000254
-000001
-000250
000001
000247

-000001
-000244
000001
000241

-000001
-000238
000001
000235

-000001
-000232
000001
000229

-000001
-000226
000001
000223

-000001
-000221
000001
000218

-000001
-000216
000001
000213

-000001
-000211
000001
000208

-000001
-000206
000001
000204

-CT00091
-000202
000001
000199

-000001
-000197
000001
000195

-000001
-000193
000001
000191

-000001
-000189
000001
000187

-000001
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Table of elements of<S)u and <S>V matrices for hjX = 0-250
Values for single element (Q>kku, <S>kkv and *¥k

kkdR

Q
700
7-50
800
8-50
900
950
1000
10-50
1100
11-50
1200
12-50
1300
1500

(k-i)(b/A)
0-250
0-500
0-750
1000
1-250
1-500
1-750
2000
2-250
2-500
2-750
3000
3-250
3-500
3-750
4000
4-250
4-500
4-750
5000
5-250
5-500
5-750
6000
6-250
6-500
6-750
7000
7-250
7-500
7-750
8000
8-250
8-500
8-750
9000

4-73675
5-21607
5-69991
618729
6-67744
716976
7-66377
815911
8-65547
915263
9-65042
1014870
10-64736
12-64438

0-61497 -
0-63565 -
0-65181 -
0-66443 -
0-67427 -
0-68196 -
0-68794 -
0-69261 -
0-69625 -
0-69908 -
0-70129 -
0-70301 -
0-70435 -
0-70734 -

Off diagonal values of Q>u and Q>v
<D

-0-47248
-0-49881
011054
0-29570

-004437
-0-20507
002341
015607

-001436
-0-12573
000968
010517

-000696
-009036
000524
007918

-000409
-007046
000328
006346

-000269
-0-05772
000224
005293

-000190
-004888
000163
004540

-000141
-004238
000124
003974

-000109
-003741
000097
003533

kiu

-0-67976
0-20887
0-37495

-006686
-0-24260
003146
017734

-001807
-013929
001168
011455

-000816
-009721
000601
008440

-000461
-0-07457
000365
006678

-000296
-006046
000245
005522

-000206
-005083
000175
004707

-000151
-004384
000132
004102

-000116
-003854
000103
003634

-000092

1-21658
1-21746
1-21800
1-21832
121852
121864
1-21871
121876
1-21878
1-21880
1-21881
1-21882
1-21882
1-21883

4-73675
5-21607
5-69991
618729
6-67744
716976
7-66377
815911
8-65547
915263
9-65042
1014870
10-64736
12-64438

, (see note on page 424)

*«„
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
-000000
000000
000000

-000000
000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
-000000
000000

-000000
-000000
-000000
-000000
-000000
-000000
-000000
-000000
-000000
-000000
-000000
-000000
-000000
-000000

-000000
-000000
000000

-000000
-000000
000000
000000

-000000
-000000
-000000
000000

-000000
-000000
-000000
000000

-000000
-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
000000
000000
000000
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Table of elements ofQ>u and Q>v matrices for h/X = 0-250
Values for single element (<J>kfcM, ®kkv and ^ ^ = ^F^)—contd.

9-250
9-500
9-750
10000
10-250
10500
10-750
11000
11250
11500
11-750
12000
12-250
12-500
12-750
13000
13-250
13-500
13-750
14000
14-250
14500
14-750
15000
15-250
15-500
15750
16000
16-250
16500
16-750
17000
17250
17-500
17-750
18000
18250
18-500
18-750
19000
19-250
19500
19-750
20000
20-250
20-500
20-750
21000
21-250
21-500
21-750
22000
22-250
22.500

-000087
-003348
000078
003181

-000071
-003029
000064
002892

-000059
-002766
000054
002651

-000049
-002545
000046
002447

-000042
-002357
000039
002273

-000037
-002194
000034
002121

-000032
-002053
000030
001989

-000028
-001929
000026
001872

-000025
-001818
000024
001768

-000022
-001720
000021
001675

-000020
-001632
000019
001591

-000018
-001552
000017
001515

-000016
-001480
000016
001447

-000015
-001414

-003438
000082
003262

-000074
-003103
000067
002959

-000061
-002828
000056
002707

-000052
-002597
000048
002495

-000044
-002401
000041
002314

-000038
-002233
000035
002157

-000033
-002087
000031
002020

-000029
-001958
000027
001900

-000026
-001845
000024
001793

-000023
-001744
000022
001697

-000021
-001653
000020
001611

-000019
-001572
000018
001534

-000017
-001498
000016
001463

-000015
-001430
000015

000000
-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
000000
000000

-000000
-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
000000
000000

-000000
-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
000000
000000

-000000
-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
000000
000000

-000000
-000000
-000000
0-00000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
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Table of elements o/OM and O^ matrices for h/X = 0-250
Values for single element (OkkM, <&kkv and *FfcWK =

22-750
23000
23-250
23-500
23-750
24000
24-250
24-500
24-750
25000
25-250
25-500
25-750
26000
26-250
26-500
26-750
27000
27-250
27-500
27-750
28000
28-250
28500
28-750
29000
29-250
29-500
29-750
30000
30250
30-500
30-750
31000
31-250
31-500
31-750
32000
32-250
32-500
32-750
33000
33-250
33-500
33-750
34000
34-250
34-500
34-750
35000
35-250
35-500
35-750
36000
36-250

000014
001384
000014
001354
000013
001326
000013
001299
000012
0-01273
000012
001248
000011
001224
000011
001201
000010
001179
0-00010
001157
000010
001137
000009
001117
000009
001098
000009
001079
000008
001061
000008
001044
000008
001027
000008
001010
000007
000995
000007
000979
000007
000965
000007
000950
000007
000936
000006
000923
000006
000909
000006
000897
000006
000884
000006

001399
-000014
-001369
000013
001340

-000013
-001312
000012
001286

-000012
-001260
000011
001236

-000011
-001212
000011
001190

-000010
-001168
000010
001147

-000009
-001127
000009
001107

-000009
-001088
000009
001070

-000008
-001052
000008
001035

-000008
-001019
000007
001002

-000007
-000987
000007
000972

-000007
-000957
000007
000943

-000006
-000929
000006
000916

-000006
-000903
000006
000890

-000006
-000878

kkdR — x dR)

000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000
000000

-000000
-000000
000000
000000

000000
-000000
-000000
000000
000000

-000000
-000000
000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000
000000

-000000
-000000
000000
000000

-000000
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Table of elements of<t>u and <&v matrices for h/X = 0-250
Values for single element (Q>kku, Q>kkv and xVkkdR = ^JR)—contd.

36-500
36-750
37000
37-250
37-500
37-750
38000
38250
38-500
38-750
39000
39-250
39-500
39-750
40000
40-250
40-500
40-750
41000
41-250
41-500
41-750
42000
42-250
42-500
42-750
43000
43-250
43-500
43-750
44000
44-250
44-500
44-750
45000
45-250
45-500
45-750
46000
46-250
46-500
46-750
47000
47-250
47-500
47-750
48000
48-250
48-500
48-750
49000
49-250
49-500
49-750
50.000

<

-000872
000006
000860

-000005
-000849
000005
000838

-000005
-0-00827
000005
000816

-000005
-000806
000005
000796

-000005
-000786
000004
000776

-000004
-000767
000004
000758

-000004
-000749
000004
000740

-000004
-000732
000004
000723

-000004
-000715
000004
000707

-000004
-000700
000004
000692

-000003
-000685
000003
000677

-000003
-000670
000003
000663

-000003
-000656
000003
000650

-000003
-000643
000003
000637

000006
000866

-000005
-000854
000005
000843

-000005
-000832
000005
000821

-000005
-000811
000005
000801

-000005
-000791
000005
000781

-000004
-000772
000004
000762

-000004
-000753
000004
000745

-000004
-000736
000004
000728

-000004
-000719
000004
000711

-000004
-000703
000004
000696

-000004
-000688
000003
000681

-000003
-000674
000003
000667

-000003
-000660
000003
000653

-000003
-000646
000003
000640

-000003

<

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
-000000
000000

-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
0-00000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
000000
000000

-000000
-000000
-000000
000000
000000
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Table of elements ofQ>u and Q>v matrices for h/k = 0-375
Values for single element (OkkM, Q>kkv and HfkkdR = V^)

Q

700
7-50
800
8-50
900
9-50
1000
10-50
1100
11-50
1200
12-50
1300
1500

k i b k
0-250
0-500
0-750
1000
1-250
1-500
1-750
2000
2-250
2-500
2-750
3000
3-250
3-500
3-750
4000
4-250
4-500
4750
5000
5-250
5-500
5-750
6000
6-250
6-500
6750
7000
7-250
7-500
7-750
8000
8-250
8-500
8-750
9000
9-250

419919
4-67051
514769
5-62962
611538
6-60417
709538
7-58849
808311
8-57890
907561
9-57305
1007105
1206658

Off diagonal

0-91495
102366

-0-30409
-0-65434
013707
0-46915

-007549
-0-36234
004724
0-29408

^-0-03220
-0-24705
002329
021281

-001761
-018682
001377
016643

-001106
-015003
000908
013656

-000758
-012529
000642
011574

-000551
-010753
000478
010041

-000419
-009417
000370
008866

-000329
-008375
000294

®kk>

-3-23123
-3-60298
-3-97013
-4-33386
-4-69506
-505439
-5-41231
-5-76918
-612526
-6-48075
-6-83578
-719047
-7-54490
-8-96103

values of <!>„ and Q>v

1-41028
-0-50347
-0-80374
019794
0-54781

-009974
-0-40923
005896
0-32477

-003866
-0-26857
002721
0-22868

-002016
-019898
001552
017604

-001231
-015781
001000
014298

-000828
-013068
000697
012033

-000594
-011148
000513
010385

-000447
-009719
000393
009133

-0-00348
-008613
000311
008150

2-57558
2-57993
2-58257
2-58417
2-58514
2-58573
2-58609
2-58631
2-58644
2-58652
2-58657
2-58660
2-58661
2-58664

®kkv

0-21311 -
0-24365 -
0-26761 -
0-28638 -
030105 -
0-31251 -
0-32146 -
0-32844 -
0-33388 -
0-33812 -
0-34143 -
0-34401 -
034602 -
0-35049 -

180626
1-80933
1-81119
t-81232
1-81301
1-81343
L-81368
L-81383
1-81393
1-81398
1-81402
1-81404
1-81405
1-81407

(see note on page 424)
/ft
^ki

-0-64760
-0-71398
0-22402
0-46271

-010339
-0-33434
005748
0-25917

-003613
-0-21074
002468
017724

-001788
-015278
001353
013418

-001059
-011957
000851
010782

-000698
-009815
000583
009006

-000494
-008320
000424
007731

-000368
-007219
000322
006771

-000285
-006375
000253
006023

-000227

-098392
0-36254
0-56460

-014798
-0-38918
007566
0-29226

-004501
-0-23255
002960
019258

-002088
-016412
001548
014288

-001193
-012646
000946
011339

-000769
-010276
000637
009393

-000536
-008650
000457
008015

-000395
-007467
000344
006988

-0-00303
-006567
000268
006194

-000239
-0.05861
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Table of elements of<S>u and Q>v matrices for h/X = 0-375
Values for single element (<bkku, Q>kkv and ^FfcWu = ^d/?)—contd.

(k-MW)
9-500
9-750
10000
10-250
10-500
10-750
11000
11.250
11-500
11-750
12000
12-250
12-500
12-750
13000
13-250
13-500
13-750
14000
14-250
14-500
14-750
15000
15-250
15-500
15750
16000
16-250
16-500
16-750
17000
17-250
17-500
17-750
18000
18-250
18-500
18-750
19000
19-250
19-500
19-750
20000
20-250
20-500
20-750
21000
21-250
21-500
21-750
22000
22-250
22-500
22-750
23000

007936
-000265
-007541
000240
007183

-000218
-006857
000199
006560

-000183
-006287
000168
006036

-000155
-005805
000144
005590

-000134
-005391
000124
005205

-000116
-005032
000109
004870

-000102
-004718
000096
004575

-000090
-004441
000085
004314

-000080
-004194
000076
004081

-000072
-003974
000068
003872

-000065
-003775
000062
003683

-000059
-003596
000056
003512

-0-00053
-003432
000051
003356

-000049
-003283

* « •

-000279
-007733
000252
007358

-000229
-007016
000208
006705

-000191
-006421
000175
006159

-000161
-005918
000149
005695

-000138
-005489
000129
005297

-000120
-005117
000112
0-04950

-000105
-004793
000099
004646

-000093
-004507
000087
004377

-0-00082
-004253
000078
004137

-000074
-004027
000070
003922

-000066
-003823
000063
003729

-000060
-003639
000057
003553

-0-00055
-0-03472
000052
003394

-000050
-003319
000048

a
-005707
000204
005423

-000185
-005166
000168
004932

-000153
-004718
000141
004522

-000130
-004342
000120
004175

-000111
-004021
000103
003877

-000096
-0-03744
000089
003619

-000084
-003503
000078
003394

-000074
-003291
000069
003194

-000065
-003103
000062
003017

-000058
-002936
000055
0-02858

-0-00053
-0-02785
000050
002716

-000047
-002649
000045
002586

-000043
-002526
000041
002469

-000039
-002414
000038
002362

>kiv

000215
005561

-000194
-005291
000176
005046

-000161
-004822
000147
004618

-000135
-004430
000124
004257

-000115
-004096
000107
003948

-000099
-003809
000092
003681

-000086
-003560
000081
003447

-000076
-003341
000071
003242

-000067
-003148
000064
003059

-000060
-0-02976
000057
002896

-000054
-002821
000051
002750

-000049
-002682
000046
002618

-000044
-002556
000042
002497

-000040
-002441
000038
0-02388

-000037
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Table of elements ofQ>u and Q>v matrices for h/k = 0-375
Values for single element (Okfcw, Q>kkv and *¥kkdR = ^JR)—contd.

ik-i){b/k)

23250
23500
23750
24000
24250
24500
24-750
25000
25-250
25-500
25-750
26000
26-250
26-500
26-750
27000
27-250
27500
27-750
28000
28-250
28-500
28-750
29000
29-250
29500
29-750
30000
30250
30-500
30-750
31000
31-250
31500
31750
32000
32-250
32-500
32-750
33000
33-250
33-500
33-750
34000
34-250
34-500
34-750
35000
35-250
35500
35-750
36000
36-250
36500

000047
003123

-000045
-003147
000043
003082

-000041
-003021
000040
002962

-000038
-002905
0-00037
002850

-000035
-002797
000034
002746

-0-00033
-002697
000032
002650

-000031
-002604
000030
002560

-000029
-002518
000028
002476

-000027
-002436
000026
002398

-000025
-002360
000024
002324

-000024
-002289
000023
002255

-000022
-002221
000022
002189

-000021
-002158
000020
002128

-000020
-002098
000019
002069

003248
-000046
-003180
000044
003114

-000042
-003051
000040
002991

-000039
-002933
000037
0-02877

-000036
-002823
0-00035
002771

-0-00033
-002722
000032
002673

-000031
-002627
000030
002582

-000029
-002539
000028
002497

-000027
-002456
000026
002417

-000025
-002379
000025
002342

-000024
-002306
000023
002272

-000023
-002238
000022
002205

-000021
-002174
000021
002143

-000020
-002113
000019
002084

-000019

*«.
-000036
-002311
000035
002263

-0-00033
-002217
000032
002173

-000031
-002130
000029
002089

-000028
-002050
000027
002012

-000026
-001975
000025
001940

-000024
-001906
000024
001873

-000023
-001842
000022
001811

-000021
-001781
000021
001753

-000020
-001725
000019
001698

-000019
-001672
000018
001646

-000018
-001622
000017
001598

-000017
-001575
000016
001552

-000016
-001530
000015
001509

-000015
-001489

-002336
000035
002287

-000034
-002240
000032
002195

-000031
-002151
000030
002110

-000029
-002069
000028
002031

-000027
-001994
000026
001958

-000025
-001923
000024
001890

-000023
-001857
000022
001826

-000022
-001796
000021
001767

-000020
-001738
000020
001711

-000019
-001685
000018
001659

-000018
-001634
000017
001610

-000017
-001586
000016
001563

-000016
-001541
000015
001520

-000015
-001499
000015
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Table of elements ofQ>u and Q)v matrices for h/k = 0-375
Values for single element (Q>kku, Q>kkv and *FkJWu = ^K)—con td .

ik-i)(b/l)

36-750
37000
37-250
37-500
37-750
38000
38-250
38-500
38-750
39000
39-250
39-500
39-750
40000
40-250
40-500
40-750
41000
41-250
41-500
41-750
42000
42-250
42-500
42-750
43000
43-250
43-500
43-750
44000
44-250
44-500
44-750
45000
45-250
45-500
45-750
46000
46-250
46-500
4̂ -750
47000
47-250
47-500
47-750
48000
48-250
48-500
48-750
49000
49-250
49-500
49-750
50000

-000019
-002041
000018
002014

-000018
-001988
000017
001962

-000017
-001937
000016
001912

-000016
-001888
000016
001865

-000015
-001842
000015
001820

-000014
-001798
000014
001777

-000014
-001757
000014
001736

-000013
-001717
000013
001697

-000013
-001679
000012
001660

-000012
-001642
000012
001624

-000012
-001607
000011
001590

-000011
-001574
000011
001557

-000011
-001542
000010
001526

-000010
-001511

-002055
000018
002028

-000018
-002001
000018
001975

-000017
-001949
000017
001924

-000016
-001900
000016
001877

-000015
-001854
000015
001831

-000015
-001809
000014
001788

-000014
-001767
000014
001746

-000013
-001726
000013
001707

-000013
-001688
000012
001669

-000012
-001651
000012
001633

-000012
-001616
000011
001599

-000011
-001582
000011
001565

-000011
-001549
000011
001534

-000010
-001518
000010

000014
001468

-000014
-001449
000014
001430

-000013
-001411
000013
001393

-000013
-001375
000012
001358

-000012
-001342
000012
001325

-000011
-001309
000011
001294

-000011
-0-01278
000011
001264

-000010
-001249
000010
001235

-000010
-001221
0-OOCiO
001207

-000010
-001194
000009
001181

-000009
-001168
000009
001156

-000009
-001144
000009
001132

-000008
-001120
000008
001109

-000008
-001098
000008
001087

iv

001478
-000014
-001459
000014
001439

-000013
-001420
000013
001402

-000013
-001384
000012
001367

-000012
-001350
000012
001333

-000012
-001317
000011
001301

-000011
-001286
000011
001271

-000011
-001256
000010
001242

-000010
-001228
000010
001214

-000010
-001201
000009
001188

-000009
-001175
000009
001162

-000009
-001150
000009
001138

-000008
-001126
000008
001115

-000008
-001103
0-00008
001092

-000008
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Table of elements o/<Du and <!>„ matrices for h/X — 0-50
Values for single element {<&kku, ®kkv and *¥kkdR = ¥ d *)

Q
700
7-50
800
8-50
900
9-50
1000
10-50
1100
11-50
1200
12-50
1300
1500

0-250
0-500
0-750
1000
1-250
1-500
1-750
2000
2-250
2-500
2-750
3000
3-250
3-500
3-750
4000
4-250
4-500
4-750
5000
5-250
5-500
5-750
6000
6-250
6-500
6-750
7000
7-250
7-500
7-750
8000
8-250
8-500
8-750
9000

2-96068
3-42057
3-88899
4-36420
4-84477
5-32957
5-81769
6-30841
6-80117
7-29552
7-79112
8-28768
8-78501
10-77905

- 3-65469
-416756
-4-67618
-518191
-5-68568
-618815
-6-68975
-719079
-7-69146
-819189
-8-69217
-919235
-9-69246
-11-69262

Off diagonal values of <X>U and <I>̂

102173
1-10298

-0-45462
-0-76996
0-23434
0-58100

-013673
-046021
008803
0-37862

-006093
-0-32062
004450
0-27757

-003385
-0-24448
002659
0-21832

-002141
-019714
001761
017966

-001473
-016500
001250
015253

-001074
-014180
000932
013247

-000817
-012429
0-00722
011706

-000642
-011061

1-52473
-0-66347
-0-90710
0-32113
0-66433

-017648
-0-51431
010856
041571

-0-07267
-0-34732
005177
0-29760

-003864
-0-26000
002989
0-23067

-002379
-0-20720
001937
018800

-001607
-017202
001354
0-15852

-001157
-014697
000999
013698

-000872
-012825
000767
012056

-000680
-011374
000607

2-87405
2-88308
2-88857
2-89191
2-89393
2-89516
2-89590
2-89635
2-89662
2-89679
2-89689
2-89695
2-89699
2-89704

048701
0-52709
0-55866
0-58344
0-60287
0-61807
0-62995
0-63923
0-64647
0-65212
0-65653
0-65996
0-66264
0-66860

(see note on page 424)

-0-68124
-0-62956
0-29109
0-44407

-016567
-0-34702
010187
0-28103

-006739
-0-23423
0-04737
019993

-003492
-017397
002673
015376

-002107
-013764
001702
012451

-001403
-011362
001175
010446

-000999
-009664
000859
008990

-000746
-0-08403
000654
007888

-0-00578
-007431
000515
007024

—

—
—

1-64559
1-65089
1-65410
t-65605
1-65724
L-65796
1-65839

-1-65866
-1-65882
-1-65891
-1-65897
-1-65901
-1-65903
-1-65906

-0-85698
040704
0-51517

-0-21742
-0-39044
012866
0-31107

-008216
-0-25573
005612
0-21582

-004046
-018610
003042
016327

-002365
-014527
001889
013076

-001542
-011882
001282
010885

-001082
-010040
000925
009315

-000800
-008687
000698
008137

-000615
-007653
000545
007222

-000487
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Table of elements of<S)u and Q>v matrices for h/k = 0-50
Values for single element (®kku, Q>kkv and 4 ^ ^ = N^)—contd.

9-250
9-500
9-750
10000
10-250
10.500
10-750
11000
11-250
11-500
11-750
12000
12-250
12-500
12-750
13000
13-250
13-500
13-750
14000
14-250
14-500
14-750
15000
15-250
15-500
15-750
16000
16-250
16-500
16-750
17000
17-250
17-500
17-750
18000
18-250
18-500
18-750
19000
19-250
19-500
19-750
20000
20-250
20-500
20-750
21000
21-250
21-500
21-750
22000
22-250
22-500

000575
010484

-000518
-009964
000469
009492

-000427
-009063
000390
008672

-000357
-008312
000329
007981

-000304
-007676
000281
007393

-000261
-007130
000243
006885

-000227
-006656
000212
006442

-000199
-006241
000187
006052

-000175
-0-05875
000166
005707

-000157
-005549
000148
005400

-000141
-005258
000133
005123

-000127
-004995
000121
004874

-0-00115
-004758
000110
004647

-000105
-004542
000100
004441

010765
-000545
-010217
000493
009722

-000447
-009273
000407
008863

-000373
-008488
000343
008143

-000316
-007826
000292
007531

-000271
-007259
000252
007005

-000235
-006768
000220
006547

-000206
-006340
000193
006145

-000182
-005962
000171
005790

-000161
-005627
000153
005473

-000144
-005328
000137
005190

-000130
-005059
000124
004934

-000118
-004815
000112
004702

-000107
-004594
000102
004491

-000098

-000461
-006659
000416
006330

-000376
-006032
000342
005760

-000313
-005512
000287
005284

-000264
-005074
000244
004881

-000226
-004701
000210
004534

-000196
-004379
000183
004233

-000171
-004097
000160
003970

-000150
-003850
000142
003737

-000134
-003631
000126
003531

-000119
-003435
000113
003345

-000107
-003260
000102
003179

-000097
-003101
000092
003028

-000088
-002957
000084
002890

-000080
-002826

-006837
000438
006491

-000395
-006177
000359
005893

-000327
-005633
000300
005396

-000275
-0-05177
000254
004976

-000235
-004789
000218
004616

-000203
-004455
000189
004305

-000177
-004164
000165
004033

-000155
-003909
000146
003793

-000138
-0 03683
0-00130
003580

-000123
-003482
000116
003390

-000110
-003302
000105
003219

-000099
-003139
000095
003064

-000090
-002992
000086
002923

-000082
-0.02858
000079
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Table of elements ofQ>u and Q>v matrices for hjX = 0-50
Values for single element (0>kku, Q>kkv and *FfcW1? = ^P^)—contd.

22-750
23000
23-250
23-500
23-750
24000
24250
24-500
24-750
25000
25-250
25-500
25-750
26000
26-250
26-500
26-750
27000
27250
27-500
27-750
28000
28250
28-500
28750
29000
29250
29-500
29-750
30000
30-250
30-500
30-750
31000
31-250
31-500
31750
32000
32-250
32-500
32-750
33000
33-250
33-500
33750
34000
34250
34-500
34-750
35000
35-250
35-500
35-750
36000
36-250
36-500

-000096
-004345
000092
004252

-000088
-004164
0-00084
004079

-000081
-003998
000078
003919

-000075
-003844
000072
0-03772

-000069
-003702
000067
003635

-000064
-003570
000062
003507

-000060
-003447
000058
003388

-000056
-003332
000054
0-03277

-000052
-003225
000051
003173

-000049
-003124
000048
003076

-000046
-003029
000045
002984

-000043
-002940
000042
002898

-000041
-002856
000040
002816

-000039
-0-02777
000038
002739

-004392
000094
004298

-000090
-004208
000086
004121

-000082
-004038
000079
003958

-000076
-003881
000073
003807

-000070
-003736
000068
003668

-000065
-003602
000063
003538

-000061
-003477
000059
003417

-0-00057
-003360
0-00055
003304

-000053
-003251
0-00052
003199

-000050
-003148
000048
003100

-000047
-003052
000045
003007

-000044
-002962
000043
002919

-000042
-0-02877
000040
002836

-000039
-002796
0-00038
002758

-OOOO37

000077
002765

-000074
-002706
000071
002650

-000068
-002596
000065
002544

-000062
-002494
000060
002446

-000058
-002400
000056
002356

-000054
-002313
000052
002272

-000050
-002232
000048
002194

-000047
-002157
000045
002121

-000044
-002086
0-00042
002052

-000041
-002020
000040
001988

-000038
-001958
0-00037
001928

-000036
-001899
0-00035
001871

-000034
-001844
0-00033
001818

-000032
-001792
000031
001768

-000030
-001743

002795
-0-00075
-002735
000072
002678

-000069
-002623
000066
002570

-000064
-002519
000061
002470

-000059
-002423
000057
002378

-0-00055
-002334
0-00053
002292

-000051
-002252
000049
002213

-000047
-002175
000046
002139

-000044
-002103
000043
002069

-000041
-002036
000040
002004

-000039
-001973
0-00038
001943

-0-00037
-001914
0-00035
001885

-000034
-001858
0-00033
001831

-0-00033
-001805
000032
001780

-000031
-001755
000030
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Table of elements ofQ>u and Q>v matrices for h/l — 0-50
Values for single element (Q>kku, $>kkv and x¥kkdR = ^^—contd.

36-750
37000
37-250
37-500
37-750
38000
38-250
38500
38-750
39000
39-250
39-500
39-750
40000
40-250
40-500
40-750
41000
41-250
41-500
41-750
42000
42-250
42-500
42-750
43000
43-250
43500
43-750
44000
44-250
44-500
44750
45000
45-250
45-500
45-750
46000
46-250
46-500
46-750
47000
47-250
47-500
47-750
48000
48-250
48-500
48-750
49000
49-250
49-500
49-750
50000

-0-00037
-002702
000036
002666

-0-00035
-002631
000034
002597

-0-00033
-002563
000032
002531

-000031
-002499
000031
002469

-000030
-002438
000029
002409

-000028
-002380
000028
002352

-000027
-002325
000026
002298

-000026
-002272
000025
002247

-000025
-002222
000024
002197

-000024
-002174
000023
002150

-000023
-002127
000022
002105

-000022
-002083
000021
002062

-000021
-002041
000020
002020

-000020
-002000

-002720
000036
002684

-0-00035
-002648
000034
002614

-0-00033
-002580
0-00033
002547

-000032
-002515
000031
002484

-000030
-002453
000029
002424

-000029
-002395
000028
002366

-000027
-002339
000027
002312

-000026
-0-02285
000026
002259

-000025
-002234
000024
002210

-000024
-002185
000023
002162

-000023
-002139
000022
002116

-000022
-002094
000021
002072

-000021
-002051
000021
002030

-000020
-002010
000020

000029
001720

-000029
-001697
000028
001675

-000027
-001653
000027
001632

-000026
-001611
000025
001591

-000025
-001571
000024
001552

-000023
-001534
0 00023
001515

-000022
-001497
000022
001480

-000021
-001463
000021
001446

-000020
-001430
000020
001414

-000019
-001399
000019
001384

-000019
-001369
000018
001354

-000018
-001340
000017
001326

-000017
-001312
000017
001299

-000016
-001286
000016
001273

001732
-000029
-001708
000028
001686

-000028
-001664
000027
001642

-000026
-001621
000026
001601

-000025
-001581
000024
001562

-000024
-001543
000023
001524

-000023
-001506
000022
001489

-000022
-001472
000021
001455

-000021
-001438
000020
001422

-000020
-001407
000019
001391

-000019
-001376
000018
001361

-000018
-001347
000018
001333

-000017
-001319
000017
001306

-000017
-001292
000016
001279

-0-000x6
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Table of elements ofQ>u and Q>v matrices for h/k = 0-625
Values for single element (0>Uu, <DU, and

Q
700
7-50
800
8-50
900
9-50
1000
10-50
1100
1150
1200
12-50
1300
1500

2-81599
3-26383
3-72310
419134
466659
514730
5-63227
612057
6-61145
710435
7-59882
809452
8-59116
10-58370

-206379
-2-40814
-2-75320
-309919
-3-44620
-3-79420
-414312
-4-49286
-4-84330
-519435
-5-54589
-5-89783
-6-25011
-7-66140

1-28068
1-28795
1-29236
1-29505
1-29668
L-29766
1-29826
L-29863
1-29885
1-29898
1-29906
1-29911
1-29914
1-29918

a
0-83173
0-88239
0-92221
0-95343
0-97785
0-99694
101185
102348
103255
103963
104514
104944
1-05278
106024

-102685
-103206
-103523
-103716
-1-03833
-103904
-103947
-103973
-103989
-103998
-104004
-104008
-104010
-104013

Off diagonal values of <!>„ and <S>V (see note on page 424)

*«
0-250
0-500
0-750
1000
1-250
1-500
1-750
2000
2-250
2-500
2-750
3000
3-250
3-500
3750
4000
4-250
4-500
4.750
5000
5-250
5-500
5-750
6000
6-250
6-500
6-750
7000
7-250
7-500
7-750
8000
8-250
8500
8-750

0-45164
0-42851

-0-38272
-0-41223
0-22288
0-35176

-013186
-0-29107
008436
0-24383

-005790
-0-20826
0-04198
018113

-003176
-015997
002484
014310

-001994
-012936
001635
011799

-001365
-010842
001157
010027

-000993
-009325
000861
008714

-000754
-008177
000665
007702

-000592

0-59842
-0-45552
-0-42507
0-29489
0-38447

-016988
-0-31989
010445
0-26579

-006935
-0-22480
004901
019382

-003635
-016993
002798
015108

-002219
-013589
001801
012342

-001491
-011300
001255
010419

-001070
-009663
000923
009009

-0-00805
-008437
000707
007933

-000627
-007485

-0-56525
-0-40583
017624
0-23084

-0-15177
-019944
012048
018209

-009121
-016453
006922
014794

-005348
-013324
004221
012058

-003399
-010977
0-02787
010053

-002322
-009259
001962
008574

-001678
-007977
001450
007454

-001266
-006993
001114
006584

-000987
-006218
000881

-0-53538
0-24351
0-28315

-016312
-0-21024
013674
019073

-010500
-017329
007932
015603

-006068
-014033
0-04738
012666

-0-03778
-011496
003071
010497

-002539
-009641
002131
008904

-001812
-008265
001558
007707

-001353
-007217
001186
0-06783

-001047
-006396
000932
006050
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Table of elements ofQ)u and Q>v matrices for h/X =
Values for single element {Q>kku, Q>kkv and *¥

9000
9-250
9-500
9-750
10000
10-250
10-500
10-750
11000
11-250
11500
11-750
12000
12-250
12-500
12-750
13000
13250
13-500
13-750
14000
14-250
14-500
14-750
15000
15-250
15-500
15-750
16000
16-250
16-500

16-750
17000
17-250
17-500
17-750
18000
18250
18500
18-750
19000
19-250
19-500
19-750
20000
20-250
20-500
20-750
21000
21-250
21500
21-750
22000
22-250

22-500

-007279
000530
006900

-0-00477
-006558
000431
006249

-000392
-005967
000358
005709

-000328
-005473
000302
0-05255

-000279
-005054
000258
004868

-000240
-004695
000223
0-04534

-000209
-004383
000195
004242

-000183
-004110
000172
003986

-000162
-003869
000153
003759

-000144
-003655
000136
003556

-000129
-003463
000122
0-03375

-000116
-003290
000111
003210

-000105
-003134
000101
003061

-000096
-002992
000092
002925

000559
007085

-000502
-006725
000453
006400

-000411
-006105
000375
005835

-000343
-005589
000315
005362

-000290
-005153
000268
004959

-000249
-004780
000231
004613

-000216
-0-04457
000202
004312

-000189
-004175
000177
004047

-000167
-003927
0-00157
003813

-000148
-003706
000140
003605

-000133
-003509
000126
003418

-000119
-003332
000113
003250

-000108
-00317?
000103
003097

-000098
-003026
000094
002958

-000090

kkdR = ^dR

005890
-000791
-005594
000713
005326

-000647
-005082
000589
004859

-000539
-004654
000495
004465

-000456
-004291
000421
004130

-000391
-003981
000363
003842

-000338
-003712
000316
0-03590

-000296
-003476
000277
003370

-000261
-003269
000246
003174

-000232
-003085
000219
003000

-000207
-002920
000196
002844

-000186
-002772
0-00177
002703

-000168
-002638
000160
002576

-000153
-002516
000146
002460

-000140
-002405

0-625
)—contd.

-000834
-005739
000751
005457

-000679
-005201
000617
004968

-000563
-004754
000516
004558

-000475
-004377
000438
004209

-000406
-004054
000376
003910

-0-00350
-003776
000327
003650

-000306
-003532
000286
003422

-000269
-003318
000253
003221

-000238
-003129
000225
003042

-000213
-002959
000202
002881

-000191
-002807
000182
002737

-000173
-002670
000164
002606

-000157
-002546
000150
002488

-000143
-002432
000137
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Table of elements o/<DM and Q>v matrices for h/X = 0-625
Values for single element (Okku, <t)kkv and = ^djd—contd.

(k-i)W)
22-750
23000
23-250
23-500
23-750
24000
24-250
24-500
24-750
25000
25-250
25-500
25-750
26000
26-250
26-500
26-750
27000
27-250
27-500
27-750
28000
28-250
28-500
28-750
29000
29-250
29-500
29-750
30000
30250
30-500
30-750
31000
31-250
31-500
31750
32000
32-250
32-500
32-750
33000
33-250
33-500
33-750
34000
34-250
34-500
34-750
35000
35-250
35-500
35-750
36000
36-250

-000088
-002862
000084
002801

-0-00080
-002743
000077
002687

-000074
-002633
000071
0-02582

-000068
-002532
000066
0-02484

-000063
-002439
000061
002394

-000059
-002352
000057
002310

-000055
-002271
0-00053
0-02232

-000051
-002195
000050
002159

-000048
-002124
000046
002091

-000045
-002058
000044
002026

-000042
-001996
000041
001966

-000040
-001937
000039
001909

-0-00038
-001882
000037
001855

-000036
-001829
0-00035

-002893
000086
002831

-000082
-0-02772
000079
002715

-000076
-002660
0-00073
002607

-000070
-002557
000067
002508

-000065
-002461
000062
002416

-000060
-002373
000058
002331

-000056
-002290
000054
002251

-000052
-002213
000050
0-02177

-000049
-002141
000047
002107

-000046
-002074
000044
002042

-000043
-002011
000042
001981

-000040
-001951
000039
001923

-000038
-001895
000037
001868

-000036
-001842
000035
001817

000134
002354

-000128
-002304
000123
002256

-000118
-002210
000113
002167

-000109
-002124
000104
002084

-000100
-002045
000097
002007

-000093
-001971
000090
001936

-000087
-001902
000084
001869

-000081
-001838
000078
001807

-000076
-0-01778
000073
001749

-000071
-001722
000069
001695

-000067
-001669
000065
001644

-000063
-001619
000061
001595

-000059
-001572
000057
001550

-000056
-001528
000054
001507

-0-00053

iv

002379
-000131
-002328
000125
002280

-000120
-002233
000115
002188

-000111
-002145
000106
002104

-000102
-002064
000099
002026

-000095
-001989
000092
001953

-000088
-001919
000085
001885

-000082
-001853
000080
001822

-000077
-001792
000074
001763

-000072
-0-01735
000070
001708

-000068
-001682
000066
001656

-000064
-001631
0-00062
001607

-000060
-001584
000058
001561

-000057
-001539
0-00055
001518

-000054
-001497
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Table of elements o /O u and Q>v matrices for h/k = 0-625
Values for single element {Q>

kku,
and = *¥dR)—contd.

36-500
36-750
37000
37-250
37-500
37-750
38000
38-250
38-500
38750
39000
39-250
39-500
39-750
40000
40-250
40-500
40-750
41000
41-250
41-500
41-750
42000
42-250
42-500
42-750
43-000
43-250
43-500
43-750
44000
44-250
44-500
44750
45000
45250
45-500
45-750
46000
46-250
46-500
46-750
47-000
47-250
47-500
47-750
48000
48250
48-500
48-750
49000
49-250
49-500
49-750
50000

001804
-000034
-001780
OOOO33
001756

-000032
-001733
000031
001711

-000030
-001689
000029
001667

-000029
-001647
000028
001626

-000027
-001606
000027
001587

-000026
-001568
000025
001550

-000025
-001532
000024
001514

-000024
-001497
000023
001480

-000023
-001464
000022
001448

-000022
-001432
000021
001416

-000021
-001401
000020
001387

-000020
-001372
000019
001358

-000019
-001344
000019
001331

-000018
-001317

-000034
-001792
0-00033
001768

-0-00032
-001745
000031
001722

-000031
-001700
000030
001678

-000029
-001657
000028
001636

-000028
-001616
000027
001597

-000026
-001578
000026
001559

-000025
-001541
000025
001523

-000024
-001505
000023
001488

-000023
-001472
000022
001456

-000022
-001440
000021
001424

-000021
-001409
000021
001394

-000020
-001379
000020
001365

-000019
-001351
000019
001337

-000019
-001324
000018

-001486
000051
001466

-000050
-001447
000049
001428

-000047
-001409
000046
001391

-000045
-001374
000044
001357

-000043
-001340
000042
001324

-000041
-001308
000040
001292

-000039
-001277
000038
001262

-000037
-001248
000036
0-01234

-000035
-001220
0-00035
001206

-000034
-001193
000033
001180

-000032
-001167
000032
001155

-000031
-001143
000030
001131

-000030
-001119
000029
001108

-000029
-001097
000028
001086

000052
001476

-000051
-001457
000049
001437

-000048
-001419
000047
001400

-000046
-001383
000044
0 01365

-000043
-001348
000042
001332

-000041
-001316
000040
001300

-000039
-001285
000038
001270

-000038
-001255
0-00037
001241

-000036
-001227
0-00035
001213

-000034
-001200
000034
001187

-0-00033
-001174
000032
001161

-000031
-001149
000031
001137

-000030
-001125
000030
001114

-000029
-001102
000028
001091

-000028



APPENDIX IV

Tables of admittance and impedance
curtain arrays

This table is abridged from the report 'Tables for Curtain Arrays'
by Ronold W. P. King, Barbara H. Sandier and Sheldon S. Sandier, Cruft
Laboratory Scientific Report No. 4 (Series 3), Harvard University,
May 1964.

The calculations for the individual elements are given for Q = 2 In 2h/a =
8-6138 for fioh = n/4 and for Q = 10 for all other electrical lengths.
The admittances are given in millimhos and the impedances in ohms.
The vertical listings begin with the first element at the top. The unilateral
endfire patterns are prescribed to point in the direction away from the
first element toward the last element.
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Broadside array (driving-point currents specified)

poh = 0-78539

Admittance
pob =

N
0-122+;3-250

N
0-123 +73135
0-223+;3-047
0-223+73-047
0-123+73135

N =
0-152 + 73-154
0-202+73-084
0170 + 73-020
0151+73030
0166+73-078
0166+73-078
0151+73030
0-170 + 73-020
0-202 + 73-084
0152 + 73-154

N =
0-140 + 73146
0-210 + 73-071
0-184 + 73-029
0-141 +73045
0-148+73-066
0-180 + 73-057
0-177+73-046
0-150+73053
0-151+73-058
0-176 + 73-052
0176 + 73-052
0-151+73-058
0150 + 73-053
0-177+73-046
0-180 + 73057
0-148+73066
0141+73045
0-184 + 73-029
0-210+73-071
0-140 + 73-146

Impedance
1-57080

= 1
11-564-7307-244

= 4
12-532-7318-521
23-894-7326-465
23-894-7326-465
12-532-7318-521

= 10
15-277-7316-276
21113-7322-911
18-620-7330103
16-446-7329-235
17-493-7323-927
17-493-7323-927
16-446-7329-235
18-620-7330103
21-113-7322-911
15-277-7316-276

= 20
14-158-7317-252
22-183-7324-119
19-973-7328-914
15134-7327-710
15-754-7325-408
19-217-7325-963
18-957-7327-166
16-056-7326-795
16158-7326.263
18-842-7326-573
18-842-7326-573
16-158-7326-263
16-056-7326-795
18-957-7327-166
19-217-7325-963
15-754-7325-408
15-134-7327-710
19-973-7328-914
22-183-7324-119
14-158-7317-252

Admittance
pob = 3-

N =
0-122+73-250

N =
0-100 + 73-204
0-078+73-170
0-078+73-170
0100 + 73-204

N =
0101 +73.210
0-076+73-161
0-083+73-185
0-080 + 73-172
0-081 +73-178
0-081 +73-178
0-080 + 73.172
O-O83+73-185
0-076+73-161
0-101+73.210

N -
0-101+73-211
0-076+73-159
0-084+ 73-187
0-080 + 73169
0-082 + 73-182
0-081+73-173
0-082 + 73.179
0081+73.175
0081+73.178
0-081+73176
0-081+73-176
0-081+73-178
0-081+73-175
0-082+73-179
0-081+73.173
0-082 + 73.182
0-080 + 73-169
0-084 + 73-187
0-076 + 73-159
0-101+73-211

1415S

= 1

= 4

= 10

= 20

Impedance
>

11-564-7307-244

9-690-7311-824
7-786-7315-273
7-786-7315-273
9-690-7311-824

9-786-7311-261
7-615-7316-127
8-207-7313-805
7-963-7315015
8-058-7314-481
8-058-7314-481
7-963-7315-015
8-207-7313-805
7-615-7316-127
9-786-7311-261

9-804-7311-079
7-599-7316-331
8-233-7313-549
7-934-7315-316
8106-7314-096
7-998-7314-970
8-071-7314-345
8024-7314-780
8-052-7314-506
8-039-7314-639
8-039-7314-639
8-052-7314-506
8-024-7314-780
8-071-7314-345
7-998-7314-970
8-106-7314096
7-934—J315-316
8-233-7313-549
7-599-7316-331
9-804-7311-079
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Broadside array (base voltages specified)

poh = 0-78539

Admittance
Pob =

N
0-122 + 73-250

N
0-118+73-137
0-229 + 73-045
0-229+73-045
0-118+73-137

N
0-153+73-157
0-204 + 73-087
0-168+73-014
0-148+73-026
0-169+73-083
0-169+73-083
0-148+73-026
0-168+73014
0-204 + 73087
0-153+73-157

0-137+73-147
0-215+73-071
O-187+73-O25
0-136+73046
0-146+73069
0-184+73-056
0180+73044
0146+73054
0-148+73-059
0180+73-050
0-180+73-050
0-148+73-059
0-146+73-054
0-180+73044
0-184+73056
0146+73069
0-136+73046
0-187+73-025
0-215+73-071
0-137+73-147

Impedance
1-57080

= 1
11-564-7307-244

= 4
11-937-7318-359
24-512-7326-608
24-512-7326-608
11-937-7318-359

= 10
15-298-7316-064
21-338-7322-502
18-457-7330-739
16-125-7329-718
17-702-7323-419
17-702-7323-419
16-125-7329-718
18-457-7330-739
21-338-7322-502
15-298-7316-064

13-778-7317-153
22-654-7324092
20-346-7329-273
14-591 -7327-645
15-423-7325119
19-673-7326-009
19-327-7327-375
15-636-7326-695
15-791-7326-090
19-235-7326-688
19-235-7326-688
15-791-7326090
15-636-7326-695
19-327-7327-375
19-673-7326009
15-423-7325119
14-591-7327-645
20-346-7329-273
22-654-7324-092
13-778-7317-153

Admittance
Pob =

N
0-122 + 73-250

N
0100 + 73-204
0-078+73-170
0-078+73-170
0-100 + 73-204

N
0102 + 73-210
0-075+73161
0-084+73.185
0-080 + 73-172
0-082 + 73-178
0-082 + 73-178
0-080 + 73-172
0-084 + 73-185
0-075+73-161
0102 + 73-210

0102+73-211
0-074+73-158
0-084+73-187
0-079+73-168
0-082+73-181
0-080+73-172
0-082+73-179
0-080+73-174
0-081 +73-178
0-081+73176
0-081+73-176
0-081+73-178
0-080+73-174
0-082+73179
0-080+73-172
0-082+73-181
0-079+73168
0-084+73-187
0-074+73-158
0102+73-211

Impedance
314159

I

11-564-7307-244
= 4

9-724-7311-807
7-753-7315-290
7-753-7315-290
9-724-7311-807

= 10
9-848-7311-209
7-517-7316-212
8-263-7313-749
7-931-7315-051
8-068-7314-470
8-068-7314-470
7-931-7315-051
8-263-7313-749
7-517-7316-212
9-848-7311-209

9-844-7311-084
7-449-7316-530
8-278-7313-535
7-842-7315-477
8116-7314110
7-932-7315-103
8064-7314-379
7-966-7314-901
8-062-7314-490
8-036-7314-645
8-036-7314-645
8-062-7314-490
7-966-7314-901
8064-7314-379
7-932-7315-103
8-116-7314-110
7-842-7315-477
8-278-7313-535
7-449-7316-530
9-844-7311-084
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Endfire array (driving-point current specified)

poh = 0-78539

Admittance Impedance
pob = 1-57080

Admittance Impedance
Pob = 314159

N = 1
0122+73-250

N = 4
0-059+73193
0151+73-309
0150+73-308
0-257+73-427

N = 10
0-063+73-203
0-142+73-292
0-169+73-333
0192+73-399
0196+73-409
0-215+73-469
0-209 +73-457
0-236 +73-528
0-203+73-482
0-309+73-580

N = 20
0-064+73-207
0-141+73-288
0-170+73338
0189+73-392
0-199+73-418
0-211+73-458
0-215+73-472
0-224+73-507
0-226+73-513
0-235+73-547
0-234+73-546
0-243+73-580
0-240+73-573
0-251+73-611
0-245+73-595
0-259+73-640
0-245+73-610
0-272+73-673
0-232+73-611
0-344+;3-706

11-564-7307-244

5-778-7313-123
13-761-7301-623
13-659-7301-691
21-769-7290196

6120-7312060
13-121-7303166
15-135-7299-277
16-544-7293-286
16-847-7292-350
17-814-7287-133
17-416-7288-192
18-875—7*282157
16-706-7286198
23-931-7277-234

6188-7311-699
13-044-7303-581
15-223-7298-777
16-416-7293-886
17-012-7291-597
17-564-7288-089
17-802-7*286-910
18-174-7283-963
18-255-7283-463
18-571-7280-729
18-548-7280-770
18-869-7278-028
18-740-7278-613
19130-7275-641
18-836-7276-916
19-423-7273-359
18-749-7275-767
20-021 -7270-784
17-682-7275-761
24-834-7267-513

N = 1
0-122+73-250

N = 4
0168+73-367
0195+73-404
0195+73-404
0168+73-367

N = 10
0-183+73-442
0-217+73-498
0-228+73-526
0-233+73-541
0-235+73-548
0-235+73-548
0-233+73-541
0-228+73-526
0-217+73-498
0-183+73-442

N = 20
0-193+73-500
0-229+73-564
0-243+73-599
0-250+73-621
0-255+73-637
0-258+73-649
0-260+73-657
0-261 +73-663
0-262+73-667
0-263+73-668
0-263 +73-668
0-262+73-667
0-261 +73-663
0-260+73-657
0-258+73-649
0-255+73-637
0-250+73-621
0-243+73-599
0-229+73-564
0193+73-500

11-564-7307-244

14-796-7296-304
16-735-7292-822
16-735-7292-822
14-796-7296-304

15-431-7289-678
17-657-7284-743
18-267-7282-387
18-520-7281-159
18-619-7280-616
18-619-7280-616
18-520 -7*281 159
18-267-7282-387
17-657-7*284-743
15-431-7289-678

15-723-7284-807
17-992-7279-463
18-651-7276-631
18-964-7274-831
19145-7273-590
19-258-7272-700
19-335-7272-063
19-385-7271-619
19-415-7271-339
19-428-7271-203
19-428-7271-203
19-415-7271-339
19-385-7271-619
19-335-7272-063
19-258-7272-700
19-145-7273-590
18-964-7274-831
18-651-7276-631
17-992-7279-463
15-723-7284-807
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Endfire array (base voltages specified)

poh = 0-78539

Admittance Impedance
pob = 1-57080

Admittance Impedance
Pob = 3-14159

N = 1
0122+73-250

N = 4
0053+73191
0149+73-309
0142+73-306
0-245+73-423

N = 10
0-059+73-202
0140+73-294
0-161 +73-329
0187+73-396
0189+73-403
0-210+73-464
0-201 +73-450
0-230+73-520
0-198+7'3-477
0-293+73-571

N = 20
0061 +73-206
0-138+73-289
0-163+73-335
0-184+73-389
0192+73-411
0-205+73-453
0-208+73-464
0-219+73-501
0-219+73-504
0-229+73-539
0-227+73-536
0-238+73-572
0-233+73-563
0-246+73-601
0-237+73-584
0-254+73-629
0-239+73-600
0-265+73-659
0-228+73-605
0-324+73-693

11-564-7307-244

5-215-7313-290
13-563-7301-579
12-988-7301-907
20-806-7290-646

5-753-7312-223
12-839-7303024
14-500-7299-689
16167-7293-555
16-230-7292-965
17-472-7287-643
16-837-7288-855
18-527-7282-918
16-294-7286-701
22-792-7278-154

5-895-/311-808
12-707-7303-472
14-649-7299156
15-985-7294162
16-458-7292-213
17-166-7288-556
17-287-7287-644
17-813-7284-541
17-772-7284-267
18-242-7281-386
18-087-7281-618
18-568-7278-749
18-293-7279-483
18-853-7276-425
18-398-7277-783
19-162-7274-232
18-329-7276-574
19-715-7271-845
17447-7276-327
23-582-7268-702

N = 1
0-122+73-250

N = 4
0-169+73-367
0193+73-403
0193+73-403
0169+73-367

N = 10
0-187+73-446
0-217+73-499
0-227+73-526
0-232+73-540
0-234+73-546
0-234+73-546
0-232+73-540
0-227+73-526
0-217+73-499
0-187+73-446

N = 20
0-199+73-508
0-231+73-567
0-243+73-600
0-249+73-621
0-254+73-636
0-257+73-647
0-259+73-655
0-260+73-660
0-261 +73-664
0-261+73-666
0-261 +73-666
0-261 +73-664
0-260+73-660
0-259+73-655
0-257+73-647
0-254+73-636
0-249+73-621
0-243+73-600
0-231+73-567
0199+73-508

11-564-7307-244

14-886-7296-227
16-646-/292-899
16-646-7292-899
14-886-7296-226

15-675-7289-334
17-654-7284-681
18-207-7282-464
18-439-7281-305
18-531-7280-791
18-531-7280-791
18-439-7281-305
18-207-7282-464
17-654-7284-681
15-675-7289-334

16092-7284146
18068-7279167
18-651-7276-528
18-933-7274-843
19096-7273-675
19-200-7272-836
19-270-7272-234
19-316-7271-815
19-343-7271-550
19-356-7271-421
19-356-7271-421
19-343-7271-550
19-316-7271-815
19-270-7272-234
19-200-7272-836
19096-7273-675
18-933-7274-843
18-651-7276-528
18-068-7279-167
16-092-7284-146
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Broadside array (driving-point currents specified)

poh = 1-57079

Admittance Impedance
Pob = 1-57080

Admittance Impedance
Pob = 3-14159

N = 1
10-449-73-889

N = 4
12-709+;3-576
5-807 +;3-319
5-807 +73-319

12-709+73-576
N = 10

10-113+71-428
7-202+72-746
5-923+75-391
6-572+76-018
8-176+7'3-532
8-176 +-73-532
6-572+76-018
5-923+75-391
7-202+72-746

10-113+71-428
AT = 20

11-322+72-266
6-558+73-070
6-008 +74-532
7-939+J6-197
8-713+74-980
6-889 +73-994
6-640+74-415
8-040+75-486
8-225+75-215
6-835 +74-270
6-835+74-270
8-225+75-215
8-040+75-486
6-640+74-415
6-889+73-994
8-713 +74-980
7-939+76-197
6-008 +7'4-532
6-558+73-O7O

11-322+72-266

84-059+7 31-286

72-913-720-518
129-803-7 74-198
129-803-774-198
72-913 -720-518

96-946-713-689
121-234-746-219
92-343-7 84-042
82-765-775-783

103-068-744-525
103-068-744-525
82-765-7'75-783
92-343-7'84-042

121-234-746-219
96-946-/13-689

84-924-/16-998
125-075-758-542
106-088-780-025
78-268 -76IO95
86-512-7 49-440

108-645-7 62-989
104-430-769-432
84-866-7 57-908
86-717-7 54-984

105-235 -765-740
105-235 -7'65-740
86-717-7'54-984
84-866-757-908

104-430-769-432
108-645-762-989
86-512 -7'49-440
78-268-76I-095

106-088-780025
125-075-758-542
84-924-7-16-998

N = 1
10-499-73-889

N
14-944 -70-824
18-493+71-493
18-493+71-493
14-944-70-824

N
14-720-70-850
18-832+71-491
17-703+71-442
18-161+71-434
17-978+71-440
17-978+71-440
18-161+71-434
17-703+71-442
18-832+71-491
14-720-70-850

N
14-668-70-855
18-882+71-487
17-645+71-450
18-234+71-427
17-883+71-452
18-112+71-431
17-957+71-447
18-060+71-436
17-997+71-443
18-027+71-440
18-027+71-440
17-997+71-443
18-060+71-436
17-957+71-447
18-112+71-431
17-883+71-452
18-234+71-427
17-645+71-450
18-882+71-487
14-668-70-855

= 4
84-059+731-286

66-715+7 3-678
53-723-7 4-336
53-723-7 4-336
66-715+7 3-678

: 10
67-711+7 3-909
52-771 - 7 4-177
56-116-7 4-572
54-721-7 4-321
55-268-7 4-428
55-268-7 4-428
54-721-7 4-321
56-116-7 4-572
52-771 - 7 4-177
67-711+7 3-909

= 20
67-946+7 3-961
52-634-7 4-145
56-294-7 4-625
54-509-7 4-267
55-553-7 4-509
54-870-7 4-336
55-328-7 4-459
55-023-7 4-374
55-210-7 4-427
55-120-7 4-402
55-120-7 4-402
55-210-7 4-427
55-023-7 4-374
55-328-7 4-459
54-870-7 4-336
55-553-7 4-509
54-509-7 4-267
56-294-7 4-625
52-634-7 4-145
67-946 +7 3-961
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Endfire array (driving-point current specified)

poh = 1-57079

Admittance Impedance
1-57080

Admittance Impedance
pob = 3-14159

N = 1
10-449 -73-889

N = 4
21021-
7-128-
7-400-
3-999-

18-995-
7-821-
6-462-
4-552-
4-458 -
3-461 -
3-638-
2-863-
3-232-
2-450-

18-250-
8-076 -
6-252-
4-693-
4-300-
3-591-
3-467-
3019-
2-993-
2-659-
2-683-
2-405-
2-465-
2-211-
2-305-
2-053-
2-190-
1-912-
2-119-
1-787-

•jO-O9\
•74-119
-74-432
•J2-972

N = 10
-71-976
-7'4-265
-74-040
•73-546
-73-576
•73-112
•73-296
•72-783
•7'3-222
-72-360

N = 20

84-059+7 31-286

47-571 +7 0-205
105-169+7 60-777
99-455+7 59-563

161-068+7119-715

52-082+7 5-419
98-548+7 53-747

111-269+7 69-563
136-734+7106-504
136-500+7109-499
159-762+7143-670
150-965+7136-780
179-606+7174-555
155-171+7154-712
211-705+7203-950

•72-610
-74-268
-74-000
-73-602
•73-500
•73-196
•73-172
-72-926
-72-945
•72-729
•7'2-778
•72-573
-72-651
•7'2-443
•7'2-556
-72-325
•72-497
•72196
•72-521
•71-965

53-695+7 7-678
96-793+7 51152

113-486+7 72-618
134-084 +7102-908
139-895+7113-871
155-387+7138-288
156-992+7143-647
170-781+7165-519
169-756+7167026
183-170+7187-995
179-903+7186-225
193-846+7207-450
188-140+7202-324
203-633 +7225-004
194-603+7215-766
213-437+7241-665
198-569+7226-323
225-537+7258-968
195-412+7232-494
253-380+7278-536

10-449-

5-122-
4-399-
4-399-
5-122-

3-533-
2-986-
2-754-
2-640-
2-591-
2-591-
2-640-
2-754-
2-986-
3-533-

2-755-
2-366-
2-175-
2060-
1-984-
1-932-
1-895-
1-870-
1-855-
1-847-
1-847-
1-855-
1-870-
1-895-
1-932-
1-984-
2060-
2-175-
2-366-
2-755-

N
73-889

N
-73-827
•73-396
73-396

-73-827
N

-73-361
-7'2-896
•7'2-736
-72-661
•72-629
-72-629
•72-661
-72-736
-7'2-896
-73-361

N
-72-976
-72-566
-72-404
-72-313
•72-254
•72-213
•72-184
-72165
•72-152
-72-146
•72-146
•72-152
-7'2-165
•72-184
•72-213
•72-254
-72-313
•72-404
-7'2-566
•7'2-976

= 1

= 4

= 10

= 20

84-059+7 31-286

125-295+7 93-607
142-437+7109-966
142-437+7109-966
125-295+7 93-607

)
148-595+7141-338
172-544+7167-362
182-750+7181-551
187-898+7189-374
190-138+7192-923
190-138+7192-923
187-898+7189-374
182-750+7181-551
172-544+7167-362
148-595+7141-338

)
167-509+7180-951
194-207+7210-621
206-910+7228-769
214-737+7241-090
220-090+7249-939
223-909+7256-432
226-647+7261167
228-549+7264-491
229-753 +7266-612
230-338+7267-646
230-338+7267-646
229-753+7266-612
228-549+7264-491
226-647+7261-167
223-909+7256-432
220-090+7249-939
214-737+7241-090
206-910+7228-769
194-207+7210-621
167-509+7180-951
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Broadside array (driving-point currents specified)

Poh = 2-35620

Admittance Impedance
Pob = 1-57080

Admittance Impedance
pob = 314159

N = 1
1-416—jl-335

N = 4
l-772-;2-166
2-885 +./O-558
2-885+;O-558
1-772-72-166

N = 10

373-800+7352-429

226-222+7276-570
334125-7 64-674
334125-7 64-674
226-222+7276-570

2-546-71-081
2-273 -70-367
4-977-71-391
5-319-72-786
2-547-70-541
2-547-70-541
5-319-72-786
4-977-71-391
2-273 -70-367
2-546-71-081

N = 20

332-848+7141-276
428-840+7 69-202
186-363+7 52-072
147-544+7 77-279
375-674+7 79-816
375-674+7 79-816
147-544+7 77-279
186-363+7 52-072
428-840+7 69-202
332-848+7141-276

1-768-71-569
3-253+7O-O18
3-757+J1-121
2-666-71-466
2-367-71-387
3-422-jO-000
3-590+70-494
2-689-71-268
2-397-71-327
3-683+70-277
3-683+P-277
2-397-71-327
2-689-71-268
3-590+70-494
3-422-7OOOO
2-367-71-387
2-666-71-466
3-757+71-121
3-253+7O-O18
1-768-71-569

316-473+7280-864
307-387-7 1-730
244-412-7 72-928
288002+7158-418
314-522+7184-290
292-212+7 0020
273-339-7 37-627
304-189+7143-435
319-318+7176-796
269-994-7 20-304
269-994-7 20-304
319-318+7176-796
304-189+7143-435
273-339-7 37-627
292-212+7 0020
314-522+7184-290
288-002+7158-418
244-412-7 72-928
307-387-7 1-730
316-473+7280-864

N = 1
1-416-71-335

N = 4
1-688-
1-761-
1-761-
1-688-

1-668-
1-706-
1-767-
1-743-
1-766-
1-766-
1-743-
1-767-
1-706-
1-668-

1-674-
1-622-
1-797-
1-660-
1-814-
1-690-
1-802-
1-721-
1-779-
1-751-
1-751-
1-779-
1-721-
1-802-
1-690-
1-814-
1-660-
1-797-
1-622-
1-674-

-71-860
-72-489
•72-489
-71-860

N = 10
-71-738
-72-798
-72-111
•7'2-477
-72-302
-72-302
-7'2-477

-72-798
-71-738

N = 20
-71-677
•7'2-887
•7'2006
•7'2-6OO
-72-142
•72-481
-72-227
-72-406
-72-291
•72-347
-7'2-347
./2-291

•72-406
•72-227
-72-481
•72-142
72-600
72006

•7'2-887
•71-677

373-800+7352-429

267-545+7294-791
189-461 +7267-725
189-461+7267-725
267-545+7294-791

d
287-394+7299-522
158-797+7260-557
233130+7278-516
189-977+7270-003
209-859 +7273-425
209-859+7273-425
189-977+7270-003
233-130+7278-516
158-797+7260-557
287-394+7299-522

298-066+7298-738
147-942+7263-273
247-732+7276-631
174-426+J273-219
230-212+7271-886
187-563+7275-284
219-579+7271-342
196-649+7274-916
211-463+7272-272
204-192+7273-668
204-192+7273-668
211-463+7272-272
196-649+7274-916
219-579+7271-342
187-563+7275-284
230-212+7271-886
174-426+7273-219
247-732+7276-631
147-942+7263-273
298066+7298-738
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Broadside array (base voltages specified)

poh = 2-35620

Admittance Impedance
pob = 1-57080

Admittance
pob = 3-14159

Impedance

N = 1
1-416—71-335

2-378-
3-440-
3-440-
2-378-

2-326-
3-232-
3-597-
3-509-
3-341 -
3-341 -
3-509-
3-597-
3-232-
2-326-

2-266-
3-186-
3-508-
3-359-
3-197-
3-189-
3-205-
3-184-
3-206-
3-267
3-267
3-206
3-184
3-205
3-189
3197
3-359
3-508
3-186
2-266

N = 4
-jl-235
-70-465
-70-465
-71-235

N = 10
-71136
-70-566
-70-879
-71021
-70-911
-70-911
-71-021
-70-879
-70-566
-71136

N = 20
-71-086
•jO-506
-70-761
-70-926
•70-897

-70-676
-70-709
-70-826
-70-798
-70-771
-70-771
-70-798
-70-826
-70-709
-70-676
-70-897
-70-926
-70-761
-70-506
- 7 I O 8 6

373-8OO+7352-429

331-264+7172-017
285-452+7 38-575
285-452+7 38-575
331-264+7172-017

[)
347-120+7169-481
300-210+7 52-564
262-334+7 64099
262-762+7 76-455
278-568+7 75-945
278-568+; 75-945
262-762+7 76-455
262-334+7 64099
300-210+7 52-564
347-120+7169-481

358-924+7172-045
306136+7 48-569
272-249+7 59-083
276-676 +7 76-317
289-962+7 81-384
300-102+7 63-641
297-486+7 65-803
294-272+7 76-330
293-755+7 73-121
289-930+7 68-405
289-930+) 68-405
293-755+7 73-121
294-272+7 76-330
297-486+7 65-803
300-102+7 63-641
289-962+7 81-384
276-676 +7 76-317
272-249+7 59-083
306136+7 48-569
358-924+7172-045

N = 1
1-416-71-335

N = 4
1-667-
•796-
•796-
•667-

•638-
•845-
•719-
•782-
•756-
•756-
•782-
•719-
•845-
•638-

•630-
•850-
•707-
•790-
•738-
•773-
• 7 4 9 -

•765-
•755-
•760-
•760-
• 7 5 5 -

•765-
•749-
•773-
• 7 3 8 -

•790-
•707-
• 8 5 0 -

•630-

-7*1-929
-72-409
-72-409
-71-929

N
-71-901
-72-474
-72-288
-7'2-366
-72-334
-72-334
-7'2-366
-7'2-288
-72-474
-71-901

N
-71-884
-72-475
-7'2-269
-72-370
-72-309
-72-350
-72-322
-72-341
-7'2-329
•7'2-335
-72-335
-72-329
•72-341
-72-322
-72-350
•72-309
-72-370
•7'2-269
•7'2-475
•71-884

= 10

= 20

373-800+7352-429

256-499+7296-734
198-923+7266-764
198-923+7266-764
256-499+7296-734

3
260172+7301-832
193-668+7259-699
209-960+7279-353
203-171+7269-662
205-799+7273-575
205-799+7273-575
203-171+7269-662
209-960+7279-353
193-668+7259-699
260-172+7301-832

3
262-611+7303-586
193-750+7259-242
211-723+7281-430
202-871 +7268-669
208-073+7276-419
204-593+7271-231
206-964+7274-743
205-359+7272-381
206-355+7273-839
205-877+7273-139
205-877+7273-139
206-355+7273-839
205-359+7272-381
206-964+7274-743
204-593+7271-231
208-073+7276-419
202-871+7268-669
211-723+7281-430
193-750+7259-242
262-611+7303-586
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Endfire array (driving-point current specified)

poh = 2-35620

Admittance Impedance
1-57080

Admittance Impedance
Pob = 3-14159

N = 1 N = 1
l-416—yl-335

N = 4
0-768-
1181-
0-995-
0-811-

0-719-
1-399-
0-823 -
0-942-
0-751 -
0-750-
0-694-
0-633-
0-656-
0-537-

1-317-
2159-
1140-
1-353-
1-018-
1-079-
0-886-
0-899-
0-781-
0-754-
0-719-
0-652-
0-684-
0-588-
0-603-
0-518-
0-494-
0-445-
0-462-
0-383 -

-;2-562
•70-897
71165

•;0-485

373-800+;352-429

107-348+;358-072
536-798+7407-909
423-857 +7'496-201
908-772+7543-270

N = 10
-71-989 160-692+7444-648
-70-929 496162+7329-370
-70-999 491-292+7596033
-70-508 822-512+7443-818
-70-657 754-637+7659-352
-70-337 1108-900+7498-327
-70-473 984-268+7670-369
-70-227 1399-044+7502042
-70-359 1173-727+7642-474
-70-150 1727-200+7481-071

N = 20
-71-946 238-516+7352-369
-;-0-457 443-325+7 93-749
-70-949 518-065+7431-501
-70-279 709-164+7146166
-70-603 727-155+7'430-732
-70-213 892-289+7176-135
-70-440 905-806+7449-935
-70-164 1076-254+7196-561
-70-332 1084-904 +7'460-938
-70-102 1302-915+7175-574
-70-235 1255-957+7410-737
-70-051 1523-627+7118167
-70-151 1394-547+7308-085
-70-055 1686-099+7156-772
-70-142 1571-217+7368-572
-70-081 1884-893+7293-189
-70-164 1824-240+7606-325
-70-052 2218-386+7260-922
-70-131 2003-505+7567-693
-70-026 2597-795+7175-311

1-416-71-335
N = 4

1009-
0-932-
0-932-
1-009-

0-816-
0-718-
0-671 -
0-646-
0-635-
0-635-
0-646-
0-671-
0-718-
0-816-

-70-493
-70-393
-70-393
-70-493

N = 10
-70100
-70-035
-7OOIO
-7*0004
-7OOIO
-70-010
-70-004
-70-010
-70-035
-70-100

N =
0-757+70-160
0-652+70-191
0-595+70-206
0-558+70-216
0-532+70-223
0-514+70-228
0-501 +70-232
0-491 +70-235
0-485 +70-236
0-483 +70-237
0-483 +70-237
0-485+70-236
0-491 +70-235
0-501 +70-232
0-514+70-228
0-532+70-223
0-558+70-216
0-595+70-206
0-652+70-191
0-757+70-160

373-800+7352-429

800083+7391-021
910-638+7384-363
910-638+7384-363
800-083+7391-021

1207-569+7147-854
1390-182+7 68-698
1489-227+7 22-603
1547-295-7 8-699
1573-637-7 23-788
1573-637-7 23-788
1547-295-7 8-699
1489-227+7 22-603
1390-182+7 68-698
1207-569+7147-854

20
1263-562-7267-384
1412-576-7413-497
1500-532-7519-963
1558-218-7603-151
1597-740-7669-409
1625-266-7721-834
1644-340-7762-222
1657-144-7791-705
1665-037-7811004
1668-794-7820-548
1668-794-7820-548
1665-037-7811004
1657-144-7791-705
1644-340-7762-222
1625-266-7721-834
1597-740-7669-409
1558-218-7603-151
1500-532-7519-963
1412-576-7413-497
1263-562-7267-384
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Endfire array (base voltages specified)

poh = 2-35620

Admittance Impedance
pob = 1-57080

Admittance Impedance
Pob = 3-14159

N = 1 N = 1
l-416-;l-335

l-587-;l-820
1-187-70-653
l-038-;0-426
0-739+70-188

N ••=

1-568-71-797
1-220-J0-689
0-979-70-326
0-814-70-133
0-736-70-056
O-658+7O-O33
0-641 +7'O-O53
0-560+70-162
0-605+70-072
0-487 +70-468

N =
1-881-71-656
1-445-70-580
1-149 -70-242
1-004-70-058
0-837+70-001
0-631 +70-003
0-607+70-054
0-507+70-076
0-516+70121
0-509+70-179
0-491 +70-195
0-489+70-250
0-442+70-240
0-361 +70-248
O-335+7O-238
0-174+70-210
0-249+70-214
0-234+70-310
0-282+70-211
0-253+70-559

373-800 + j 352-429
N = 4

272-125+7 312-111
646-777 +7 355-615
824-490+7 338-479

1271-479-7 323-466
10

275-752+ 7 316-025
621-279+7 350-921
919-565+7 305-944

1195-813+7 196023
1351188+7 103-261
1516-022-7 76-287
1550-594-7 128-146
1646-217-7 476-624
1631125-7 193-964
1066-800-71025-906

20
299-529+7 263-639
595-950+7 239114
833-526+7 175-946
993-159+7 57-727

1194-570-7 1-535
1583-581-7 6-286
1634-380-7 145-843
1929067-7 290-680
1837-440-7 429-232
1748-511-7 615-388
1757-837-7 698-636
1621102-7 827-013
1748-191-7 947-672
1880-501-71295187
1986-679-71409-322
2335-692-72818-250
2307-799-71986-459
1552071-72055-252
2274-708-71702-714
671-650-71484-457

1-416-71-335
N =4

1-004-70-597
0-931-/0-300
0-931-70-300
1004-70-597

373-800+7352-429

735-858+7437-483
972-956+7313-400
972-956+7313-400
735-858 +7'437-483

N = 10
O-833-7O-377
0-734-70054
0-670+70-055
0-637 +70-101
0-624+70120
0-624+70120
0-637 +70-101
0-670+70-055
0-734-70-054
0-833-/0-377

N :
0-742-70-258
0-650+70057
0-584+70171
0-545 +70-229
0-520+70-264
0-503 +70-287
0-491+70-303
0-484+70-313
0-479+70-320
0-477+70-323
0-477+70-323
0-479+70-320
0-484+70-313
0-491+70-303
0-503+70-287
0-520+70-264
0-545 +70-229
0-584+70-171
0-650+70-057
0-742-70-258

996-584+7451-392
1355-209+7 99-818
1482051-7121-931
1529-885-7243-575
1545-965-7297-753
1545-965-7297-753
1529-885-7243-575
1482-051-7121-931
1355-209+7 99-819
996-584+7451-392

20
1201-877+7418-102
1526-390-/132-914
1576-159-7462011
1560-743-7655-797
1530-486-7776-945
1500-443-7856095
1475-286-7908-707
1456-283-7943-151
1443-647-7964-120
1437-399-7974022
1437-399-7974-022
1443-647-7964-120
1456-283-7943151
1475-286-7908-707
1500-443-7856-095
1530-486-7776-945
1560-743-7655797
1576-159-7462-011
1526-390-7132-914
1201-877+7418102
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Broadside array (driving-point currents specified)

poh = 314159

Admittance

Pob =

N
0-985+71000

N
1-300+71158
2-605+70-524
2-605+70-524
1-300+71-158

N
1-417+71-159
2-785+70-718
2-318+70-788
2-325+J0-865
2-438 +70-876
2-438+70-876
2-325+70-865
2-318+70-788
2-785+70-718
1-417+71-159

1-410+71-161
2-761 +70-700
2-337+70-773
2-343+70-890
2-405+70-899
2-409+70-834
2-381+70-833
2-378+70-878
2-390+70-879
2-392+70-840
2-392+70-840
2-390+70-879
2-378+70-878
2-381+70-833
2-409+70-834
2-405+70-899
2-343 +70-890
2-337+70-773
2-761 +70-700
1-410+71-161

Impedance
1-57080

= 1
499-710-7507-494

= 4
428-935-7382-052
368-900-7 74-220
368-900-7 74-220
428-935-7382-052

= 10
422-724-7345-951
336-688-7 86-845
386-673-7131-498
377-747-7140-553
363-270-7130-614
363-270-7130-614
377-747-7140-553
386-673-7131-498
336-688-7 86-845
422-724-7345-951

422-735-7348-012
340-320-7 86-216
385-711-J127-522
372-969-7141-735
364-852-7136-406
370-623-7128-334
374-226-7130-931
370-031-7136-654
368-540-7135-585
372168-7130-632
372-168-7130-632
368-540-7135-585
370-031-7136-654
374-226-7130-931
370-623-7128-334
364-852-7136-406
372-969-7141-735
385-711-7127-522
340-320-7 86-216
422-735-7348-012

Admittance

pob =

N
0-985+71000

N
1-122+70-538
1051+70-284
1-051+70-284
1-122+70-538

N
1-133+70-556
1-031 +70-271
1-101+70-324
1071+70-304
1082+70-311
1-082+70-311
1071+70-304
1101 +70-324
1031+70-271
1-133+70-556

N
1135 +70-561
1028+70-270
1-105+70-326
1-066+70-302
1-088+70-315
1074+70-307
1084+70-312
1-077+70-309
1-081+70-311
1079+70-310
1079+70-310
1081 +70-311
1-077+70-309
1084+70-312
1-074+70-307
1-088+70-315
1066+70-302
1-105+70-326
1-028+70-270
1135+70-561

Impedance
314159

= 1
499-710-7507-494

= 4
724-851-7347-681
886-543-7239-267
886-543-7239-267
724-851-7347-681

= 10
711-388 -7349-311
907-602-7238-628
835-998-7246-013
864-154-7245-716
853-393-7245-529
853-393-7245-529
864-154-7245-716
835-998-7246013
907-602-7238-628
711-388-7349-311

= 20
708-268-7349-951
910-264-7239139
832-672-7245-894
868-043-7246-271
848-027-7245-190
860-805-7246-146
852-290-7245-320
857-942-7245-875
854-451-7245-464
856-102-7245-671
856102-7245-671
854-451-7245-464
857-942-7245-875
852-290-7245-320
860-805-7246-146
848-027-7245-190
868-043-7246-271
832-672-7245-894
910-264 -7239-139
708-268-7349-951



APPENDIX IV 465

Broadside array (base voltages specified)

Poh = 3-14159

Admittance Impedance
pob = 1-57080

Admittance Impedance
Pob = 3-14159

N = 1
0-985+71-000

N = 4
499-710-;507-494

1-568+70-815
2-530+71186
2-530+71-186
1-568+70-815

1-624+70957
2-329+71-180
2-562+70-859
2-452+70-762
2-310+70-894
2-310+70-894
2.452+70-762
2-562+70-859
2-329+71180
1-624+70-957

1-626+70-929
2-368+71-183
2-558 +70-901
2-400+70-756
2-319+70-832
2-393+70-910
2-428+70-879
2-376+7*0-826
2-362+70-838
2-408+70-883
2-408 +70-883
2-362+70-838
2-376+70-826
2-428+70-879
2-393+70-910
2-319+70-832
2-400+70-756
2-558 +7'0-901
2-368+71-183
1-626+70-929

502-274-
324-034-
324-034-
502-274-

N = 10
457-034-
341-631-
350-885-
371-908-
376-473-
376-473 -
371-908-
350-885-
341-631-
457-034-

0
463-503-
337-980-
347-775 -
379-037 -
382-028 -
365-151-
364115-
375-550-
376-066-
366082-
366082-
376-066-
375-550-
364115-
365-151-
382-028-
379-037 -
347-775 -
337-980-
463-503-

-7260-992
-7151-902
•7151-902
-7260-992

-7269-359
-7173109
-7117-687
-7115-630
-7145-732
-7145-732
•7115-630
-7117-687
-7173109
-7269-359

-7264-895
-7168-790
-7122-478
-7119-387
-7136-976
-7138-824
•7131-830
-7130-485
-7133-411
-7134-306
-7134-306
-7133-411
-7130-485
-7131-830
-7138-824
-7136-976
•7119-387
-7122-478
•7168-790
-7264-895

N = 1
0-985+71-000 499-710-7507-494

N = 4
1078+70-563
1-085+70-255
1-085+70-255
1-078+70-563

N = 10
1-059+70-600
1-109+70198
1-058+70-363
1-092+70-285
1-076+70-317
1-076+70-317
1092+70-285
1-058+70-363
1109+70198
1-059+70-600

N = 20
1-053+70-609
1115+70190
1-051+70-374
1-101+70-272
1-065+70-334
1090+70-294
1-072+70-321
1-084+70-303
1-077+70-314
1-081+70-309
1-081+70-309
1-077+70-314
1-084+70-303
1-072+70-321
1090+70-294
1-065+70-334
1-101+70-272
1051+70-374
1115+70190
1-053+70-609

728-585-
873-469-
873-469-
728-585-

3
714-585-
873-705-
845-679-
857-310-
855-336-
855-336-
857-310-
845-679-
873-705-
714-585-

711-428-
871-458-
844-861 -
856-088-
855-035-
855-212-
855-872-
855-462-
855-814-
855-664-
855-664-
855-814-
855-462-
855-872-
855-212-
855-035-
856-088-
844-861-
871-458-
711-428-

•7*380-868
7205141

•7205141
-7380-868

-7405086
-7156039
•7290-370
•7223-673
-7252-234
-7252-234
-7223-673
-7290-370
-7156039
-7405-086

-7411-334
-7148-401
-7300-449
•7211-894
-7268-393
-7230-435
•7256-175
-7238-823
-7249-498
-7244-371
•7244-371
-7'249-498
-7238-823
-7256-175
-7230-435
•7268-393
-7211-894
•7300-449
-7148-401
-7411-334
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Endfire array (driving-point current specified)

Poh = 314159

Admittance Impedance
Pob = 1-57080

Admittance Impedance
Pob = 314159

N = 1
0-985+71000

N
0-823 +yO-798
0-438+71-615
0-336+71-896
0-058+72-375

499-710-7507-494

N = 10
0-842+70-819
0-453+71-600
0-470+71-926
0-464+7*2050
0-439+72-119
0-424+72191
0-403+72-220
0-402+72-279
0-363+72-280
0-241 +72-621

0-842+70-819
0-452+71-599
0-470+71-928
0-463 +72047
0-440+72-123
0-422+72-185
0-407+72-229
0-394+72-270
0-384+72-298
0-374+72-329
0-365+72-349
0-357+72-376
0-350+72-387
0-344+72-413
0-337+72-417
0-334+72-446
0-324+72-441
0-329+72-474
0-304+72-461
0-205+72-754

626-331 -
156-481-
90-012-
10-328-

610-374-
163-769-
119-479-
104-931 -
93-669-
85-172-
79130-
75-038-
68-208 -
34-754-

N = 20
610-364-
163-874-
119-354-
105074-
93-566-
85-189-
79-317-
74-339-
70-687 -
67-160-
64-664-
61-925-
60187-
57-913-
56-628 -
54-847-
53-464-
52-816-
49-407-
26-829-

-7607101
-7576-885
-7511-616
-7'420-763

-7593-897
-7578-767
-7489-972
-7464035
-7452-559
-7439-884
-7436-040
-7425-585
-7'427-764
-7'378-347

-7593-637
-7579-215
-7'489-435
-;464-774
-7451-597
-7441-258
-7434-217
-7427-698
-7423-376
-7418-519
-7415-738
-7411-645
-7410030
-7406109
-7'405-766
-7401-269
-7402-653
-7397-207
-7400-177
-7361165

N
0-985+71-000

N
0-866+71-595
0-665+71-803
0-665+71-803
0-866+71-595

N
0-822+71-788
0-585+72-028
0-528+72-138
0-504+72-187
0-495+72-207
0-495+72-207
0-504+72187
0-528+72-138
0-585+72-028
0-822+71-788

N
0-787+71-896
0-544+72-129
0-481 +7*2-246
0-450+72-307
0-431 +7*2-344
0-417+7*2-368
0-409+72-384
0-402+7*2-395
0-399+7*2-402
0-397 +7*2-405
0-397+7*2-405
0-399+7*2-402
0-402+7*2-395
0-409+7*2-384
0-417+7*2-368
0-431 +7*2-344
0-450+7*2-307
0-481+7*2-246
0-544+7*2-129
0-787+7*1-896

= 1
499-710-7*507-494

= 10

= 20

262-842-
180-000-
180-000-
262-842-

)
212-309-
131-295-
108-895-
100117-
96-704-
96-704-

100117-
108-895-
131-295-
212-309-

)
186-738-
112-526-
91-227-
81-435-
75-825-
72-217-
69-844-
68-253-
67-288-
66-835-
66-835-
67-288-
68-253-
69-844-
72-217-
75-825-
81-435-
91-227-

112-526-
186-738-

-7*484-190
-7*488-263
-7*488-263
-7*484-190

-7*461-649
-7*455-109
-7*440-821
-7*434-080
-7*431-406
-7*431-406
-7*434-080
-7*440-821
-7*455-109
-7*461-649

-7*449-810
-7*440-877
-7*425-781
-7*417-597
-7*412-756
-7*409-642
-7*407-524
-7*406119
-7*405-231
-7*404-819
-7*404-819
-7*405-231
-7*406-119
-7*407-524
-7*409-642
-7*412-756
-7*417-597
-7425-781
-7*440-877
-7*449-810
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Endfire array (base voltages specified)

Poh = 3-14159

Admittance Impedance
Pob == 1-57080

Admittance Impedance
Bab = 3-14159

N = 1
0-985 +j\ -000

N
1-062+;0-567
0-912+71-492
0-860 +j\ -706
0-680+;2-257

1015+70-656
0-940+71-444
0-826+71-754
0-719+71-948
0-663+72-032
0-595+72-136
0-577+72-155
0-512+72-251
0-547+72-186
0-506+72-472

1012+70-660
0-943+71-439
0-822+71-760
0-723+71-940
0-657+72-042
0-602+72-123
0-567+72-172
0-531+72-223
0-512+72-251
0-485+72-291
0-474+72-307
0-451+72-343
0-446+72-349
0-425+72-386
0-425+72-380
0-403+72-423
0-410+72-404
0-376+72-462
0-417+72-388
0-408+72-615

499-710-7507-494

732-748-
298-230-
235-711-
122-374-

N = 10

N = 20

694-918-
316-569-
219-728-
166-737-
145060-
120-953-
116025-
96063-
107-662-
79-476 -

693-386-
318-711-
217-821-
168-775-
142-835-
123-550-
112-536-
101-632-
96033-
88-376-
85-487-
79-227-
78-112-
72-358-
72-675-
66-816-
68-970-
60-644-
70-880-
58-233-

-7391-436
-7487-943
-7'467-372
-7406108

-7449-322
-7486-420
-7466-639
-7451-867
-J444-764
-J434-437
-7433-058
-7422-314
-7430-552
-7388190

-7451-865
-7486-074
-7466-334
-7452-604
-7443-665
-7436-002
-7431044
-7'425-476
-7'422-381
-7417-712
-7415-897
-7411-531
-7410-911
-7'406-303
•7407110
-7401-672
.J404-249
-7396-977
•7406-343
-7373-316

N = 1
0-985+J1-000

N
0-776+71-612
0-761+71-800
0-761+71-800
0-776+71-612

N
0-636+J1-827
0-608+72-045
0-585+72-135
0-570+72-180
0-562+72199
0-562+72199
0-570+72-180
0-585+72-135
0-608+72-045
0-636+71-827

N
0-556+71-946
O-53O+J2-155
0-505+72-249
0-484+72-305
0-468+72-340
0-456+72-363
0-447+J2-379
0-441 +72-390
0-437+72-397
0-435+72-400
0-435+72-400
0-437+72-397
0-441 +72-390
0-447+72-379
0-456+72-363
0-468+72-340
0-484+72-305
0-505+72-249
0-530+72-155
0-556+71-946

499-710-7507-494

= 10

= 20

242-440-
199-335-
199-335-
242-440-
)
169-953-
133-598-
119-452-
112-239-
109080-
109080-
112-239-
119-452-
133-598-
169-953-

)
135-869-
107-519-
95051-
87-325-
82-177-
78-648-
76-234-
74-611-
73-614-
73-133-
73-133-
73-614-
74-611-
76-234-
78-648-
82-177-
87-325-
95-051-
107-519-
135-869-

-7503-755
-7471-228
-7471-228
-7503-755

-7488-127
-J449-294
-7435-688
-7429-418
-7426-883
-7426-883
-7429-418
-7435-688
-7449-294
-7488-127

-7475-068
-7'437-577
-7"423-302
-7415-556
-7410-927
-J407-944
-7405-963
-7404-642
-7403-834
-7403-451
-7403-451
-7403-834
-J404-642
-7405-963
.J407-944
-7410-927
-7415-556
-7423-302
-7'437-577
-7475-068
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Programme for the Yagi-Uda array

Equations used in the programme:

Wkiv(zk) = f ' MOzi{z[)Kkid{Zk, z\) dz\

= sin PohJiC^iht, zk)-Cbki(ht, hk)]

- c o s Pohi[SbJhi> zJS^ihi, hk)] (A)
(cf. 6.48a and 6.48b)

f '
WhW{zk) = FOzl{zfiKkiAzk, z'i)

= C6kl(fc,, zk) - C^JLhi, hk) - cos PohJiE^JLhi, zk) - E^fr, hk)] (B)

(cf. 6.49a and 6.49b)

WkiD{zk) =

= HbJhhzk)-HbJhhhJ-CQstfohtlE^JLht,zk)-£bki.(/if,hk)] (C)

(cf. 6.50a and 6.50b)

Numbered equations refer to equations in chapter 6.

A brief description of the Yagi-Array programme:
1. The programme was written in Fortran II language for the IBM 7094.
2. List of symbols used in the programme:

N number of elements in the Yagi array.
HL column matrix of N elements, each corresponding to the

half-length of the antenna, beginning from element 1 to
element N.

BKI square matrix of order N. The kith element corresponds to
the separation between the feth and the ith element.

Al A2 or A2 in eq. (6.23) or eq. (6.64).
A column matrix of IN elements. The matrix element is

arranged as B1, B2,... BN, DX,D2,... DN with B2 either
primed or unprimed [eq. (6.33) or eq. (6.64)] at output.

NF incremental angle of the field pattern desired = 10°/NF.
NYESFD if NYESFD = 0, omit field pattern evaluation; otherwise,

the field pattern is evaluated.
NYESRS if NYESRS = 0, omit evaluation of residuals; otherwise,

residuals are evaluated.
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3. The programme assumes that
y2 = 1-0+/H) and Vk = 0 for k * 2.

4. The programme assumes that the radii of the antennas are all the same
throughout the array. It also assumes that the separation between the
two neighbouring director antennas is the same as that between the
elements 2 and 3.

5. Input:
The programme requires 4 input cards for each case.

Card 1: Read N
Card 2; Read HD, HP, HR

where HD is the half-length of the driven antenna (element
No. 2)
HP is the length of the parasitic director antennas
(element No. 3 through No. N)
HR is the half-length of the reflector antenna (element
No. 1)

Card 3: Read SI, S2, S3
where SI is the radius of the antenna

52 is the spacing between the reflector and the driven
antenna
53 is the spacing between adjacent parasitic director
antennas.

HD, HP, HR, SI, S2 and S3 are in terms of wavelength
Card 4; Read NYESFD, NF, NYESRS

6. Brief description of subroutines:
a. Main programme:

Purpose: To control the flow of the programme
b. FI Subroutine:

Purpose: To evaluate eqs. (A) through (C) and (6.76a)-(6.76d),
(6.32H6.34), (6.15H6.17), (6.20)-(6.22), (6.53H6.62). (6.38), (6.39).
Eb(h, z), Cb(h, z), Sb(h, z), Hb(h, z) are evaluated by Simpson's rule.

c. Yagi subroutine:
Purpose: To establish eqs. (6.40), (6.41) or (6.71), (6.72) and solve
these simultaneous equations by Modified Gauss' method. The
Al and A obtained are the coefficients of the current distributions.

d. Curdis subroutine:
Purpose: To evaluate actual current distribution along the
antennas. These are evaluated in 10 equal-distance points. The
results are printed at output.

e. Field subroutine:
Purpose: To evaluate (6.84b), (6.89b), (6.90a), (6.90b), (6.97) and
input admittance and impedance of the driving antenna of the
Yagi array. The results are printed at the output. These are input
admittance, input impedance of the driving antenna and field
pattern, forward gain, backward gain and front to back ratio.

f. Resid subroutine:
Purpose: To check the result of the programme, evaluate the
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differences between the left-hand side and the right-hand side
of eq. (6.8) when the Iz obtained is substituted back. These
differences are called residuals. When hk = 2/4, eq. (6.8) is changed
to the following form in this subroutine:

i= W -hi ±0

/c=l,2, . . .JV (D)

where 3j° \ '

The values of the right-hand side of eq. (6.8) or eq. (D) [which is
4 7 ^ 1Azk(zk)] together with the resultant difference and absolute
value of ratio of the difference 4n^Q lAzk are printed,

g. ECSH subroutine:
Purpose: To evaluate necessary integrals for Resid subroutine.

Maximum number of elements of the Yagi array is arbitrarily set to be
20. However, the programme does not use up all the storage positions.
If one desires to increase the number of elements beyond 20, one has to
redefine all the dimension statements in the programme.
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A vector potential, 4
4f coefficient, 131, 139, 188, 191, 192
k) even and odd parts of vector potential, 275

», O) array factor, 21
a radius of antenna, 3

an Fourier coefficient, 38
a^w) coefficient of inductive coupling of line

and load, 325, 326

B magnetic vector, 3
W magnetic vector in radiation zone, 7

Bi9BiRj'Bu coefficient and real and imaginary parts,
131, 139

BD(y) magnetic field in dipole mode of loop, 361
BT(y) magnetic field in transmission line mode

of loop, 361
B& cylindrical or spherical component of mag-

netic field, 6
B® cylindrical or spherical component of

magnetic field in radiation zone, 6
b distance between parallel antennas, 32

bik distance between antennas i and /c, 32

CT lumped capacitance for terminal zone, 328
Cin x integral function, 25

Ca(K z\ Cb(h, z) integral functions, 24, 141
Ct, C2 constants in integral equation, 48, 51

c velocity of light, 6
cim\ c'im) parameters, 102

ck complex amplitude function, 103
c(w) capacitance per unit length of line, 326

cL(w) part of c(w) due to charges in line, 326
c0 capacitance per unit length of uniform

line, 329
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D directivity, 14
Dr(0) relative directivity, 206

£>m(0, poh) field factor, 60
d12 distance between centres of collinear an-

tennas, 288

E electric vector, 3
Er electric vector in radiation zone, 6

En E& spherical components of electric field, 6
Ep9 Ez cylindrical components of electric field, 6

Ez
nc incident electric field, 66

EOz component in five-term current, 278
Ea(h, z), Eb(h, z) integral functions, 55, 141

E@ 0 component of electric field in radiation
zone, 6

FOz component in two-term, three-term and
five-term current, 127

F o ( 0 , poh\ Fm(&, poh) field functions of antenna with sinusoidal
current, 7, 14

fi discrete frequency applied to array, 259
/ ( 0 , poh)J'(©9 poh) field characteristics, 59, 60, 84, 85

/ L ( 0 , poh)J'L(@, poh) field characteristics, 61, 62

Gc characteristic conductance of line, 248
Gr(0) relative gain, 206

Gm(0, poh) field factor, 60
Gjy(7c/2,0) absolute gain, 206

Gw(dw,zk,z;) kernel, 275
Girn(dki i zk i z'i) even part of kernel, 275
Gitd(dki, zk, z[) odd part of kernel, 275

g(0, fioh), g'(®, poh) field functions of array, 84, 85

HOz component in three-term and five-term
current, 127

//m(0, poh) field factor, 60
h half-length of antenna, 3

heD effective length of each half of loop for
dipole mode, 362

he(n/2) effective length, 68
heN(&, <J>) effective length of Af-element array, 237
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/(m)(z) phase sequence current, 78
^IL(W) current along transmission line, 325

Iz(z) total axial current, 5
ITn(Zi)> I°ztd(Zi) even and odd parts of current, 275

/D(0, O) current in receiving antenna, 236

J volume of density of current, 3
Jj

zi{Zi) current functions, 282
Jj(h, z), JR(K z) shorthand notation for imaginary and real

parts of integral, 49

K surface density of current, 4
K(z, z) kernel in integral equation, 49

K(1)(z, z'), K(2)(z, z') kernels for phase sequences, 72
Kd(z, z) difference kernel, 51
Kki(z, z) kernels involving antennas / and /c, 99

Kkid(z, z') difference kernels involving antennas /
and /c, 99

KR(z, z'\ Kj(z, z) real and imaginary parts of X(z, z'), 49
Kd

1](z,z')9 Kd
2)(z, z) difference kernels for phase sequences, 72

Kti(z,z\ Kl2(z,z) kernels for coupled antennas, 71
Kud(z, z'\ K12d(z, z) difference kernels for coupled antennas, 71

Kki(zk,z'i) kernel, 276
KkiR(zk, zj), KkiI(zk, z\) real and imaginary parts of Kki(zk, z[)

LT lumped inductance for terminal zone, 328
le(w) external inductance per unit length of

line, 326
le

L(w) part of le(w) due to currents in line, 326
/o external inductance per unit length of

uniform line, 328

MOz component in two-term, three-term and
five-term current, 127

N number of elements in array, 17
n distance between elements in fractions of

wavelength, 21
n unit normal, 4
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P time-average power, 10
Pk time-average power transferred across sur-

face of fcth antenna, 29
POz component in five-term current, 279

Q denominator of T functions, 54
Qim) denominator of T(m) functions, 78

Qk complex coefficient, 279
g m (0 , poh) field factor, 285

q(z) charge per unit length, 5

R distance from arbitrary point to field
point, 3, 5, 6

Re characteristic resistance of line, 247
Rk complex coefficient, 279
Rki distance between elements on antennas

i and k9 99
JRfctt distance to end of antenna k from point

on antenna i, 99
R^ radiation resistance, 16

Poh) field factor, 285
RQ distance to origin, 3
Ro distance to centre of antenna, 16
Ro driving-point resistance, 25

^I/M Rih distances to ends of antenna, 16
^ i i9^ i2 distances between elements of coupled

antennas, 71
li*» Run distances to ends of coupled antennas, 71
RQ, 0 , <I> spherical coordinates, 286

rFB front-to-back ratio, 207
r, 0 , O spherical coordinates, 6
f, 0 , <f> unit vectors in directions of spherical co-

ordinate axes, 6

S Poynting vector, 9
SB sensitivity constant of unloaded loop, 362
Sc sensitivity constant of short antenna, 358

Ski Poynting vector on element k due to
current in element i9 29

SOz component in two-term, three-term and
five-term current, 128
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sensitivity constants for singly loaded
loop, 363, 364

S(i\ S(£2) sensitivity constants for doubly loaded
loop, 365

Sa(h, z), Sb(k z) integral functions, 24, 141
SWR standing wave ratio, 340

sim\ s/(m) parameters, 102
sk complex amplitude function, 103

T, TD, Tv, T'D, T'v complex coefficients, 53, 56
\ T{{?\ T'km\ T'Sm) complex coefficients for phase sequences,

75,79

U function proportional to vector potential
at end of antenna, 51

Uk function proportional to vector potential
at end of antenna /c, 98

u(z) normalized current in unloaded receiving
antenna, 67, 68

V{0\ V{1) phase-sequence voltages, 72
V(w) scalar potential difference along trans-

mission line, 325
JL(W), VT(W) parts of V{w) due to charges in line and

termination, 326
Vo voltage at driving point, 23

v(z) normalized current distribution, 80

WkiD(zk) normalized vector potential difference of
cos ?poz — cos ijS0/i, 238

WkiU(zk) normalized vector potential difference of
cos poz — cos poh, 238

WkiV(zk) normalized vector potential difference of
sinj80(fi-|z|),238

WpL(w\ WpT(w) component of vector potential difference
due to currents in line and load, 325

w distance from load along transmission
line, 325

w(z) normalized current distribution, 80
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Xi,Yi,Zi Cartesian coordinates for centre of ele-
ment i, 286

y(0), Y(1) zero- and first-phase-sequence admittance
of loop, 365

Ya apparent admittance of load terminating
line, 329

Ykin driving-point (input) admittance of ele-
ment fc, 104

Yiin driving-point (input) admittance, 82
YL admittance loading loop, 363

Ysi, Ys2 self-admittance, 80
YT terminating admittance, 249

7(0), Y - driving-point admittance of loop, 365

Y(o m ) phase sequence admittance, 78
y0 admittance of circular loop and square

loop with constant current, 362, 366
Yx driving-point admittance of array, 251

Y12, Y2i mutual admittance, 80
yT normalized terminating admittance, 249

y(w) admittance per unit length of line, 325
y0 admittance per unit length of line, 327

Za apparent impedance of load, 329
Zc characteristic impedance of line, 246

Zik mutual impedance, 30
Zlin driving-point (input) impedance, 82
Zkk self-impedance, 32
ZL load impedance, 68; for loop, 363
ZL impedance of loop with constant current,

362
Z s l , Zs2 self-impedances, 81

ZT terminating impedance, 246
Zo impedance of antenna, 23

Z x , Z2 series impedances for antennas, 81
Zu> Z2 2 impedances of primary and secondary

circuits, 81
Z12,Z21 mutual impedances, 81

zl internal impedance per unit length, 361
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z(w) impedance per unit length of line, 325
z0 impedance per unit length of line, 327

a a t tenuat ion constant of line, 327
aik cofactor divided by determinant , 243

// phase constant of line, 327
pik cofactor divided by determinant , 243
jS0 wave number in air, 5

Ta complex reflexion coefficient of line, 337
y p ropaga t ion constant of uniform line, 327

y, / coefficients of cross coupling for loop, 365
yik cofactor divided by determinant, 243

y(w) propagation constant of line, 325

A determinant, 240
x, A2 denominators, 198

As width of resonance curve, 350
6 phase angle of current, 18

dik Kronecker delta, 136
8(z) Dirac delta function, 2

), e(2) error rat ios for singly and doubly loaded
loops, 365

g0 fundamental electric constant (permittivity
of free space), 3

Co character is t ic impedance of free space, 7

rj surface density of charge, 4

0 spherical coordinate , 6

AQ wavelength in free space, 5

ju0 fundamental magnetic constant (perme-
ability of free space), 3

£, ratio of voltages, 156
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p volume density of charge, 3
p, pa, pg apparent terminal attenuation function in

general, for load, and for generator, 339
p, O, z cylindrical coordinates, 6
p, O, z unit vectors in directions of cylindrical

coordinate axes, 6

Z surface, 9
Sk surface of /cth antenna, 29
o spacing ratio for log-periodic antenna, 245

T length ratio for log-periodic antenna, 245

O cylindrical and spherical coordinate, 6
<&ki matrix element, 138

<b{fii matrix element, 127
<t> phase shift in section of line, 247
(j) scalar potential, 3

</>> </>«> <t>g apparent terminal phase function in
general, for load and for generator,
339, 348

^dDi > ^di > ^dui coefficients, 53
R > ^dUR coefficients, 53
, ^kidu, coefficients, 141
vp

L coefficients, 197
coefficients, 197
coefficients, 197, 198
coefficients for mth phase sequence, 76

*i"fi\ ¥ * $ , coefficients for wth phase sequence, 77

coefficients, 53
coefficients, 141

*¥ft\h), VpXh) coefficients for wth phase sequence, 77

Q thickness parameter, 56
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Admittance, of loop in dipole mode, 367
phase sequence, three-term theory, 78,

127; two-term theory, 127, 128
self- and mutual, defined, 350; difficulties

in measuring, 351, 352; measure-
ment of, 351-6

transmission-line. See Impedance, trans-
mission-line

Amplitude, equipment for measuring, 384,
385; relative measurement of, 380

Antenna, cage, 125; simple transmitting,
1-3; see also Antenna with sinusoidal
current, Cylindrical antenna, Re-
ceiving antenna, Short antenna

Antenna with sinusoidal current, approxi-
mated by discrete sources, 35;
currents in, 14, graphs of, 26; field
of, 16, 24; impedance of, 24, 25;
relation of, to centre-driven antenna,
27,28

Antenna system, 1, 2
Apparent load admittance. See Apparent

load impedance
Apparent load impedance, 329; measure-

ment of, 341, 348, 349
Apparent reflexion coefficient, 337; measure-

ment of, 348
Array, broad band, 244

circuit problem of, 132
conventional analysis for, currents in, 131;

driving-point impedance of, 132
definition of, 70
difficulties in analysis of, 96
of dipoles, centre-driven and with sinu-

soidal currents, 30, 31, far-zone elec-
tric field of, 31; with triangular
currents, 31, far-zone electric field
of, 31

uniform, definition of, 21
See also Arrays with staggered elements,

Arrays with unequal elements, Broad-
side array, Circular array, Collinear
array, Couplet, Curtain array, End-
fire array, Log-periodic array, Para-
sitic array, Planar array, Receiving
array, Scanned array, Three-dimen-
sional array, Uniform arrays, Yagi-
Uda array

Array factor, approximations in, 44; of
broadside array, 18, 19; of curtain
array, 143, 144, 151; definition of,
20; of endfire array, 19; of Af-element
array, 20, 21, graph of, 22; synthesis
of, 32; of two-element array, 18; of
uniform array, 21, 22

Array theory, conventional, 130, 138; com-
parison with two-term theory, 130-3;
limitations of, 44-7

synthesis of, 37
when applicable, 30

Arrays, circuit equations for, 350, 351;
practical, 320

Arrays with staggered elements, 272; ad-
mittances of, 283; approximations
of currents in, 278; currents in, 275,
278; driving-point currents in, 283;
equations for vector potential of,
276; evaluation of coefficients for,
280; far-zone fields of, 283-6; vector
potential differences for, 277

Arrays with two staggered elements, currents
when symmetrically and antisym-
metrically driven, graph of, 294;
self- and mutual admittances of,
table of, 291; symmetrical and anti-
symmetrical admittances of, graph
of, table of, 289, 290

Arrays with unequal elements, admittances
of, formulas for, 244; analytical
formulation for, 237 ff; currents in,
formula for, 243; experimental veri-
fication of theory of, 269-1 \; im-
pedances of, formulas for, 243, 244

Barzilai, G., xi
Beamwidth, definition of, 13; of half-wave

dipole, 35; of N-element array, 22;
of short antenna, 13; see also Array

Bessel function, 43, 44
Bontsch-Bruewitsch, M.A., xi
Boundary conditions, for electric field, see

Electric field, boundary conditions
for

general, 4
at surface of cylindrical antenna, 25
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Broadside array, conventional theory for,
field of, 18; patterns of array factors
of, 19

field patterns of, graphs of, 163
resistance and reactance graphs, currents

specified, 160,161; voltages specified,
162

See also Curtain array, Planar array,
Three-dimensional array

Brown, G. H., xi
Briickman, H., xi

Carter, P. S., xi
Charge, conservation of, 6; per unit length,

5; surface density of, 4; volume
density of, 3

Charges, in dipoles with sinusoidal currents,
graphs of, 27

Cheong, W.-M, xii, 238, 239, 252, 259, 266,
269-71

Chipman measurement method. See Reson-
ance curve, measurement method

Circular array, coefficients for currents in,
table of, 393^13

corrected three-term susceptance of, 106,
107

diagram of, 42, 97
discussion of, 40-4, 95-119
driving-point admittances of, 104
driving-point currents in, 99,103
far-zone electric field of, 104; related to

vector potential, 41
field of, determined from conventional

theory, 41-4
general description of, 95, 96
integral equations for sequence currents

in, 97-100, 125
with one driven element, 112 ff
phase sequence currents in, 99, 100; in

terms of driving-point currents, 103;
in matrix notation, 124

radiation patterns of, 113-20; graphs of,
118, 119

resonant spacings in, 105, 109
self- and mutual admittances of, 103-17;

formulas for and discussion of,
103-13; graphs of, 106-17; relations
between calculated and • measured,
107-11; resonances in, 105, 109;
tables of, 393-413

sequence admittances of, 102; tables of,
393-413

sequence functions of, 103 ff
three-term theory, for sequence ad-

mittances of, 127; for sequence
currents in, 127

two-term theory, for currents in elements,
103; for far-zone fields of, 104; for
sequence admittances of, 100, 102,
128; for sequence currents in, 100,
102, 128

vector potential difference on the surface
of each element of, 97-9

voltages in, driving, 103; relation of phase
sequence, 99; phase sequence, in
terms of driving voltages, 103

Collinear array, two-element, currents in
when symmetrically and antisym-
metrically driven, graph of, 292; self-
and mutual admittances of, table of,
291; symmetrical and antisym-
metrical admittances of, graph of,
289, 290, table of, 288

Conductance. See Admittance
Continuity, equation of, 6
Correction for susceptance, in three-term

theory, 57, 58; in two-term theory,
64,65

Coupled circuits, matrix equation for, 122,
123, 130

Couplet, currents in, in terms of driving
voltages, 83; two-term formula for,
90-3, graph of, 93

description of, 19, 83
driving-point admittances of, 83, 92
field of, full-wave, 92, graph of, 94; ideal,

20, graph of, 94
See also Curtain array of two elements

Coupling, between transmission-line and
load, 324

Coupling coefficient, capacitive, 325-7; in-
ductive, 325-7

Cox, C. R., xi
Crystals, calibration of, 384
Current, in antennas and arrays, see under

name of antenna or array
capacitive and inductive components of,

261
discrete representation of, 35
distribution of, approximation by array

of elements, 35; relation to far
field, 6, 33-6; sinusoidal, 2, 14,
25-8, 30, 46, 52; transmission-line,
337-41; two-term, 63, 101, 137 ff,
182; three-term, 55, 188; five-term,
280

driving-point, in conventional theory, 17,
18, 20; determination by Fourier
synthesis, 37-40

even and odd, 277
integral equation for, 48; rearranged, 51;

reduced, 52-4
phase sequence, 127
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sequence, 123, 124; in circular array, two-
term, 99, 100, 102; integral equation
for, 72; in matrix notation, 125, 127,
128; relation to driving-point
currents, 80; relation to element
currents, 103; in two-element array,
three-term, 78, 79, two-term, 86, 87

sinusoidal assumption, x, 1, 2, 3
sinusoidal distribution in transmission

line and antenna, 46
surface density of, 4
in synthesis, 33, 34
transmitting and receiving parts of, 137
volume density of, 3

Curtain array, approximation of current in,
34

broadside, 158; driving-point impedances
of, 160-2; field patterns of, 163

circuit properties of, graphs of, 160-5
currents in, 131, 139
definition of *F functions, 135
design of, example, 173-9
diagram of, 21
driving-point admittances of, 139, 140
driving-point impedances of, 139, 140
driving voltages specified, 140
endfire, 143, 144, 166, bilateral, 166, 167;

driving-point impedances of, 164,
165, 168; radiation patterns, 169

three-element example, 132, 143;
currents in, 149, 150; full-wave ele-
ments in, 147, 148; half-wave ele-
ments in 145, 146

unilateral, 166, 167; driving-point
impedances of, 164, 165, 168; field
patterns of, 169

equations for *P functions for, 141
far-zone electric field of, formula for, 142
field properties of, graphs of, 169, 170
field with sinusoidal currents, 19-22, 37
input currents specified, 140
integral equation for currents, 134
matrix equations for, 138, 139
sample outputs of computation, with

currents specified, 424-8; with volt-
ages specified, 428-30

simultaneous equations for coefficients
for, 136-9

special case with poh = n/2, 171-3
summary of formulas for, 422-4
tables of admittances and impedances

of, 452-65
tables of matrix elements, 433-52
three-element example, 143, 152; full-

wave, beam pointing error, 157;
impedance variation with scan angle,
155

two-term theory of, 133 ff; when poh =
n/2, 177 ff

vector potential difference of, functional
variation of, 133-5

Curtain array of two elements, analysis of,
16-19,70-79

arbitrarily driven, 80
corrected form for self-susceptance, 88, 89
current in, three-term theory, 80, 82;

two-term theory, 85-94
currents specified for, 18
diagram of, 71
field of, 84, 85; for couplet, 94; with

identical sinusoidal currents, 16-19;
with specified phase difference
between currents, 18

integral equations for phase sequence
currents of, 72, 73; properties of,
73-5; reduction of, 75-8

mutual impedance of, of half-wave dipoles
with sinusoidal currents, formulas
for, 32, graphs of, 33; of short
antennas with triangular currents, 31

phase sequence admittances of, three-
term theory, 78, 79; two-term theory,
86

phase sequence currents, in antennas
driven by arbitrary voltages, 80;
graph of, 87; integral equations for,
72, 73; three-term, 78, 79; two-term,
86-8

self- and mutual admittances of, com-
parison of two-term theory with
measured values, graphs of, 89; three-
term, 81; two-term, 88

self- and mutual impedances of, table of,
291; three-term, 81; two-term, 89

symmetrical and antisymmetrical ad-
mittances of, graph of, 289, 290;
table of, 288

vector potential difference of, 70-2
Curtain array of three elements, 143 ff;

beam pointing error of, 157; currents
in elements of, graphs of, 149, 150;
diagram of, 132; impedances of,
145-8; power in elements of, 148;
scanning with, 152 ff; variation of
impedance with beam angle, 155

Curve width, 343, 350
Cylindrical antenna, admittance of,

measured, 65; table of, 394; three-
term approximation of, 55, 56, com-
parison with experiment, 57; two-
term approximation of, 63, 64, com-
parison with experiment, 65

boundary conditions at surface of, 25
charges in, 27
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current in, assumed sinusoidal distribu-
tion of, 46

graphs of, 26, 27, 58, 59
integral equation for, 48; rearranged, 51
three-term approximation of, compared

with measurements, 56-9; deriva-
tion of, 52-5; formulas for, 55, 56;
graphs of, 58, 59

total axial, definition of, 5
two-term approximation of, compared

with measurements, 64; formulas
for, 63, 64

field factors for, approximate, for 0 < 30°,
62; formulas for, three-term theory,
59-63; graphs of, 63; referred to
currents, 61, 62; referred to voltages,
59-61

integral equation for current in, 48;
rearranged, 51

lumped corrective network for suscept-
ance, three-term theory, 57, 58; two-
term theory, 64, 65, comparison with
measured and theoretical (King-
Middleton) values, graphs of, 65

Delta function, definition of, 2; as generator
for antenna, 2

Detector, amplitude-sensitive, 388
Dipole, as charge or electric field probe, 357

sensitivity constants of, 358
short, complex effective length of, 358;

input impedance of, 358, 359
Dipole mode, 356, 361; in small loops,

362-4; tests for, 364, 378
Directivity, definition of, 13; of short an-

tenna, 14; of Yagi-Uda array, 206,207
Distribution curve, measurement method,

341; equations for, 348; precautions,
342-4

Divergence theorem, 10; applied to an-
tenna, 10

Dolph, C. L., xi

Effective length, 236; complex, 68, 69; of
loop in dipole mode, 366; of short
dipole, 358

Electric field, boundary conditions for, array,
30; conductor and air, 4; receiving
antenna, 66; transmitting antenna,
23-6, 28, 47

for cylindrical conductor, 6, 7
in cylindrical coordinates, 6
definition of, 3
elliptically polarized, 380; diagram of, 381
far-zone, of antennas, see Antenna with

sinusoidal current, Cylindrical an-
tenna. Short antenna

for an array of two identical elements,
17,18

for arrays. See Array
of cylindrical conductor, 6, 7, 35
for half-wave dipole with different

current distributions, 34
instantaneous, 7, 8
of an TV-element array, 20
for a two-element array with driving-

point currents out of phase, 18
for two-term current, 7, 8
for three-term current, 104; referred to

current, 61, 62; referred to voltage,
59,60

measurement of, 357, 358, 364, 365
near-zone, for antenna with sinusoidal

current, 16, 24; for short antenna, 12
in spherical coordinates, 6

Electric vector, 3
EMF method, impedance determination

with, for coupled antennas, 29; for
single antenna, 22, 23

validity of, 24
End-correction, 331, 332
End effects. See Terminal-zone effects
Endfire array, 19, 44, field pattern with

sinusoidal currents, 20
field patterns, graphs of, two-term theory,

unilateral, 169; bilateral, 170
resistances and reactances, graphs of,

currents specified, 164, 165; voltages
specified, 168

specified currents, 166
specified voltages, 167
See also Curtain array, Planar array,

Three-dimensional array
Equivalent circuit for receiving antenna, 68,

236
Error ratio, 378; for loop probe, 365, 368;

graphs of, 374, 375
Euler-Maclaurin sum formula, 43

Far field conditions for measurement of,
389; See also Electric field, far-zone

Field, of antennas and arrays, see Electric
field, Magnetic field, also under name
of antenna or array

of dipole with different distributions of
current, 34

electric. See Electric field
elliptically polarized, 380
magnetic. See Magnetic field

Field characteristic. See Field factor
Field factor, definition of, 7

effect of different currents on, 33, 34
of sinusoidal current, 14; compared with

discrete sources, 36; graph of, 15
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of three-term current, 59-62; graph of, 63
of triangular current, 11-13; graph of, 13

Field pattern, actual and prescribed for
synthesis, 38-41

of antennas and arrays. See Field factor,
also under name of antenna or array

errors in conventional assumptions, 44,45
Fitch, E, xi
Five-term theory, 273, 300
Fourier series, synthesis by, 37-40

Generator, delta-function, 2, 10, 25, 48
Generators, continuous distribution of, 25
Green's functions, even and odd, 277-8
Ground screen for measurement, 392

Hansen, R. C, xii
Helmholtz equations, 5
Hertzian dipole, 31
Hybrid junction, 386; with doubly-loaded

probes, 365; use of in phase measure-
ments, 386-8

Impedance, of antennas and arrays, see
under name of antenna or array

apparent load, 329, 330, 350
characteristic, transmission-line, general,

326; lossless, 339
driving-point, 350; agreement between

theory and experiment, 323, 330
phase sequence, 123, 124, 127
self- and mutual, calculation by EMF

method, 23-5, 29-32, graph of, 33;
comparison of sinusoidal and more
accurate theories, 145-8; measure-
ment of, 351-6; practical limitations
for centre-driven antenna, 28

transmission-line, lossless, 341; lossy, 338;
at SWR maxima or minima, 340

Impedance matrix, 130; in curtain array,
symmetry properties of, 131,140, 154

Integral equation, matrix notation, for
circular array, 125; for curtain array,
133

for sequence currents of circular arrays,
72, 98; properties of, 73; solution of,
75-8, 99-102

for single receiving antenna, 66; solution
of, 67

for single transmitting antenna, 48, 51;
properties of, 49; solution of, 52

Integral equations, simultaneous, for arrays
with unequal elements, 189, 241;
solution of, 188-90

for circular array, 98; in matrix notation,
125; reduction to single equation,
99, 125

for curtain array, 134; solution of, 138-43
for planar and three-dimensional arrays,

273-7; solution of, 277
for two-element array, 70, 71; reduction

to single equation, 72
Integrals, generalized sine and cosine, 24,

55

King, R. W. P., xii, 146,147
King-Middleton second-order values of

susceptance, graph of, 65
King-Sandier theory for curtain arrays,

133 fif, 184, 185,187

Least square approximation for radiation
pattern, 37

Length, complex effective, 68, 69
Log-periodic array, active and inactive

elements in, 252, 253, 261
admittance of elements in, formula for,

251
analysis of, 247 ff
beamwidths, 270
characteristics of 12-element array, 251 ff;

see also Log-periodic array of 12-
elements

current in, 254-8, 263; in elements, 251;
input, 250

description of, 244-6
diagram of. 245; driven from a two-wire

line, 246
driving-point admittances of, 251, 252,

264, 265, 268
effects of frequency changes in, 259
example of 12-element array, 266; see

also Log-periodic array of 12-ele-
ments

field patterns of, 258, 269
frequency-independent properties of, 258;

useful range of, 266
frequency periodicities in, 245
parameters of, 245
relative power distributions, 253, 255,

266, 267
schematic diagram of, 248
side lobes, 270
transmission line, antenna connection

for, 248 ff
voltages driving elements in, formula

for, 250
Log-periodic array and two-wire line, 246
Log-periodic array of 12-elements, admit-

tances of elements in, graphs of, 253,
261, 264, 265; beamwidth for, graph
of, 270; currents in elements of,
graphs of, 254, 256, 262, 263; driving-
point admittance of, graph of, 268;
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far field pattern of, 258, 269; power
in elements and termination of,
graphs of, 255, 266, 267; ratio of
forward field to side lobe, graph of,
270; relation between heights and
frequencies, table of, 260

Loop, bridged, 377
doubly-loaded, 376, 377; analysis of, 364,

365
maximum dimension for given error ratio,

graphs of, 374, 375
open wire, 377
shielded, 376, 377
small, as current or field probe, 360;

sensitivity constants for, 362, 366-8
dipole mode currents in, 356, 362, 363;

tests for, 364, 378
as doubly-loaded probe, 364; error

ratios, 365, 368, 370-4; sensitivities,
365, 368, 370-4

measurement of electric fields of, 364,
365

as singly-loaded probe, 363; error
ratios, 365, 368, 370-4; sensitivities,
365, 368, 370-4

transmission-line mode currents in, 356,
362, 363

small circular, 367, 368
small rectangular, dipole mode effective

length, 366; dipole mode input im-
pedance of, 367; driving-point ad-
mittance of, 366

See also Probe
Lorentz condition, 5

Mack, R. B., xii, 32, 58, 59, 89, 174, 208
Magnetic field, definition of, 3

even and odd parts of, 361
far-zone, instantaneous, 8; measured with

different loops, 382, 383
of finite cylindrical conductor, 6
measurement of, 360; in presence of

elliptically polarized electric field,
380-3

near-zone, for kth element of an array,
29; of short antenna, 12; for
sinusoidal current, 16

Magnetic vector, 3
Mailloux, R. J., xii, 183-7
Matrix notation for circular array, 121-5
Maxwell-Lorentz equations, 3; boundary

conditions for, 4
Measurement of fields, discussion, 380
Monopole, as electric field probe, 358;

relative sensitivity, 359; terminal-
zone correction for, 64, 108, 111;
see also Cylindrical antenna

Morris, I. L., xii, 215
Mutual admittance, definition of, 351

measurement of, circular array, 352;
general array, 354, 355

Mutual impedance, definition of, 350
of half-wave dipoles with sinusoidal

currents, formula for, 32; graphs of,
33

measurement of, circular array, 352;
general array, 353-5

of short antennas with triangular currents,
31

See Self- and mutual impedance, also
under name of antenna or array

Open circuit-short circuit, measurement
method, 354

Parallel non-staggered array. See Curtain
array

Parasitic array, with elements of equal
length, 181 ff, admittance compared
with King-Sandier theory for, 184

current amplitude in, 185
current in each element of, 182
diagram of, 182
field pattern of, 182
field pattern compared with King-

Sandier theory for, 187
2-element example. See Parasitic array

with two equal elements
20-element example. See Parasitic array

with 20 equal elements
with elements of unequal length, 188 ff;

integral equation for parasitic ele-
ment, 189; two-element example,
currents in, graphs of, 214

three-term theory with half-wave ele-
ments, 198 ff

two-term theory for, 181 ff
Parasitic array with two equal elements,

207 ff, admittance of, 92, 208, 210,
212

currents in, formulas for, 82, 83, 92, 191;
graphs of, 93, 209; measured, 211

computer printout of properties of, 212
field patterns of, 92, 94, 210, 213, 215
with tuned parasite, 90; currents in, 82,

89, 90; graphs of currents, 91
with untuned parasite, 82, 89, 90, current

distributions in, general, 82; two-term
theory for, f$oh = n, 89; graph of, 91

driving-point admittance and imped-
ance of, general, 82; two-term theory
for, poh = n, 89, 90

Parasitic array with 20 equal elements,
admittances of, graph of, 184
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currents at centres of elements of, 183;
amplitudes in, graph of, 185; phases
in, graph of, 186

field patterns of, 187
See also Yagi-Uda array

Phase, measurement of, 385-9; equipment
for, 387, 389; errors in, 389

Phase sequence, 121, 126; transformation
matrix for, 124

Planar array, general, analysis of, 272 ff;
currents in elements of, formula for,
279, 280; field pattern of, formula for,
284-6; full-wave elements, broad-
side, 294, endfire, 295; half-wave
elements, broadside, 299; integral
equation for, 276; vector potentials
for, 276

nine-element broadside, 293 ff, full-wave
elements in, admittances of, table
of, 296; coefficients for currents in,
296; currents in, graphs of, 297;
description of, 294; field patterns
of, graphs of, 299; impedances of,
table of, 296

half-wave elements in, admittances of,
table of, 300; coefficients for currents
in, 300; currents in, graphs of, 301;
field patterns of, graphs of, 303;
impedances of, table of, 300

nine-element endfire, full-wave elements
in, admittances of, table of, 296;
coefficients for currents in, 296;
currents in, graphs of, 298; des-
cription of, 295; field patterns of,
graphs of, 299; impedances of, table
of, 296

nine-element parasitic, admittances of,
table of, 302; coefficients for currents
in, 302; impedances of, table of, 302

Potential, scalar, 4, 5, 48; vector, see Vector
potential

Potentials, field in terms of, 4; Helmholtz
equations for, 5; integral forms of, 5

Power, in couplet, 92
radiated, in antenna with sinusoidal

current, 10, 16, 22, 23; EMF method
for determining, 23; in terms of
current, 16

in three-element array, 148
time-average, across closed surface, 13;

derivation of equation for, 9, 10;
of /cth element of an array, 29, 30

Power equation, 10
Power pattern, definition of, 12; for short

antenna, 13
Poynting vector, 9; for dipoles aligned in

the z-direction, 29

Poynting-vector theorem, 9; for an array,
29, 30; EMF form of, 23; use in
determining radiated power, 10, 11

Probe, characteristics of, for small loops,
table of, 368; construction of, 374,
378; for free space system, diagram of,
369, 374, 375, 377; for image-plane,
369, 376, 378; for measuring charge or
electric field, 357-9; for measuring
current or magnetic field, 360-9;
see also Loop, small

Probe coupling, test for, 344
Probes, shielded loop, 377; voltage and

current, transmission-line measure-
ments with, 346, 348, 349, 355, 357;
see also Loop, small

Propagation constant, transmission-line,
general, 325; uniform, 327, 336

Radiation, spurious, in measurements, 383
Radiation pattern, measurement of, 389-92;

groundplane method, 390; see Field
factor, Field pattern, also under name
of antenna or array

Radiation resistance, definition of, 16; of
single antenna, 16

Receiving antenna, boundary conditions for
vanishing electric field on surface of,
66; complex effective length of, 68;
current distribution of, when loaded,
68, 69, when unloaded, 67; integral
equation for current in, 66; vector
potential on surface of, when un-
loaded, 66

Receiving array, discussion of, 232-7;
effective length of, 237

Receiving system, calibration of, 383, 384;
diagram of, 384; for doubly-loaded
loop, 387

Reciprocal theorem, applied to receiving
array, 235-7

Reactance. See Impedance
Resistance. See Impedance
Resonance curve, measurement method,

341; equations for, 346; precautions,
342-5, 347

Sandier, S. S., xii
Scalar potential, 4, 5, 48
Scalar potential difference, between con-

ductors of transmission line, 325,
326; for uniform sections of lines, 329

Scanned array, 150 ff, 316; beam pointing
error, 156, 157; circuit properties of,
poh = n, 155; field properties of,
156-8; variation of driving-point im-
pedance of, 155
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Scanning, with three-dimensional array,
316 ff

Schelkunoff, S. A., xi
Self-admittance, definition of, 351; measure-

ment of, 352, 353, 355
Self-impedance, definition of, 350; measure-

ment of, 353-5
Sensitivity constant, electric, of doubly-

loaded loop, 364, 365; of singly-
loaded loop, 363, 364; graphs of,
370-4

magnetic, of small loop, 362
of short dipole, 358; graph of, 359

Sequence admittances, in small circular
loop, 367

Short antenna, with assumed triangular
current, 12, 31; admittance of, 56;
current in, 56; directivity of, 14;
effective length of, 358; field of,
11-13; graph of field, 13; impedance
of, 358, 359; sensitivity of, definition
of, graphs of, 358, 359; vector
potential of, 12

Southworth, G. C, xi
Standing wave, transmission line, lossless,

340; uniform, 337
Standing wave ratio, 340; measurement of,

342, 344, 347; relation to curve
width, 343

Starnecki, B., xi
Sterba, E. J., xi
Stratton, J., xii
Susceptance, correction for, three-term

theory, 57,58; two-term theory, 64,65
See also under Admittance

Surface distributions, measurements of, 379
Symmetrical components, method of, 70-3,

95-7,99,121,123-5
Synthesis, pattern, 32-40; effect of current

distribution on, 33-5

Tai, C. T., xii
Taylor, T. T., xi
Terminal functions, 338, 339; measurement

of, 343, 349, 350
Terminal zone, 325, 327, 328; correcting

susceptance for, 1, 58, 64, 65, 107,
108, 328; extent of, 327

Terminal-zone effects, 325; representation
by lumped network, 327

Terminal-zone network, for change in con-
ductor radius of coaxfal line, 333

for change in spacing of two-wire line, 333
for coaxial-driven monopole over a

groundplane, 332, 333
for dipole as two-wire line load, 331
with load impedance, 329, 330

lumped elements for, 327-9; measure-
ment of, 330; theoretical calculation
of, 331

Thevenin's theorem, 68
Three-dimensional array, analysis of, 272 ff

discussion of excitation, 321, 322
example of 27-element array, see Three-

dimensional array of 27 elements
field pattern of, formula for, 284-6
integral equations for, 276 ff
scanning with, 316 ff
vector potentials for, 276

Three-dimensional array of 27 elements,
analysis of, 301-16; geometry of,
306; phases of currents in, graph of,
316; power in elements of, graph
of, 313

full-wave elements in, with <£> = 0°, ad-
mittances of, table of, 304; coefficients
for currents in, 304; currents in,
graphs of, 308, 309; field patterns of,
graphs of, 318; impedances of, table
of, 304

full-wave elements in, with <S> = 45°, ad-
mittances of, table of, 321; coefficients
for currents in, 321; field patterns of,
graphs of, 318; impedances of, table
of, 321

half-wave elements in, with driving-point
currents specified, admittances of,
table of, 312; coefficients for currents
in, 312; currents in, graphs of, 310,
314, 315; field patterns of, graphs of,
317; impedances of, table of, 312

half-wave elements in, with driving volt-
ages specified, admittances of, table
of, 307; coefficients for currents in,
307; currents in, graphs of, 310, 314,
315; field patterns of, graphs of, 317;
impedances of, table of, 307

Three-element array. See Curtain array of
three elements

Three-term theory, when elements differ
greatly in length, 237; currents,
formula for, 243; evaluation of ¥
functions, 239; impedances, formula
for, 243; matrix equations for co-
efficients, 241-3

modified, correction for susceptance, 208
for Yagi-Uda arrays, 188; evaluation of

¥ functions, 196, 197; far field,
formula for, 201; gain, formula for,
205; matrix equations for coefficients,
195

Transmission line, admittance per unit
length of, 326, 327

analysis of uniform, 335 ff



I N D E X 493

apparent load terminating, 329
characteristic impedance of, 326
coupling coefficients for, 325, 326
currents in, 340, 341
current and voltage distributions in, 337;

expressed in terms of load, 337; load
and generator, 338; with terminal
functions, 339

differential equations for, 325, 327
discussion of measurements with, 323, 324
impedance per unit length of, 326, 327
lossless, 339
lumped elements for terminal zone, 328-31
maxima and minima along, 340
measurement procedures for, 341
propagation constant of, 325
quarter-wave section, 341
reflexion coefficient for, 339
resonant, 347
standing wave ratio of, 340 ff
terminal functions for, 339
terminal zone, 327-34
uniform, 327, 336

Transmission-line end effects, for change in
line spacing, 333, 334; for dipole and
two-wire line, 331,332; for monopole,
332, 333

Transmission-line equations, general, 325;
solutions for the voltage and current,
337, 339; uniform sections of lines,
327

Transmission-line measurements, apparent
terminal admittances and im-
pedances, 347; balancing for, 344;
distribution-curve method, 341-3,
346 ff; probe coupling, 344; reson-
ance-curve method, 341-3, 348 ff

Transmission-line mode, 356, 361; in small
loop, 363, 364

Transmission-line theory, conventional, 325;
regions of validity, 327, 328

Two-element array. See under Arrays with
two staggered elements, Collinear
array, two element, Curtain array of
two elements, Parasitic array, with
two equal elements, with two unequal
elements

Two-term theory, 128; for curtain arrays,
131, 133; flow chart for, 419-21;
summary for applications of, 414-21;
for Yagi-Uda arrays, 181

Two-wire line, short-circuiting disks for,
344; test for balance, 344

Uniform arrays, 19-22; array factor of,
21,22

Unilateral couplet, 19

Vector, electric. See Electric vector
magnetic. See Magnetic vector

Vector potential, approximation of, for two
elements, 73-5; of elements which
differ greatly in length, 238; even
and odd symmetry in, 275; functional
variation of, in curtain array, 133-5;
of pairs of elements, 70, 71; of pairs
of elements with zero- and first-
phase sequences, 72; near short
antenna, 12; for thin finite con-
ductor, 5, 47; for unloaded receiving
antenna, 66

Vector potential difference, between con-
ductors of transmission line, 325,
326; on each element of a circular
array, 97-9; for uniform sections of
lines, 329

Vector potential integral, variation with
current, 49-51

Voltages, driving-point, relation to sequence
voltages, 72, 73, 103; for uni-
directional couplet, 83, 90

sequence, in circular arrays, 99; relation
to arbitrary driving voltages, 80,
103; in two-element arrays, 72, 73

Walkinshaw, W., xi
Wave equation, for vector potential, for

receiving antenna, 66; for trans-
mitting antenna, 48

Wave number, in air, 5
Whinnery, J. R., xi
Wu, T. T., xii

Yagi-Uda array, 191 ff; analysis of, with
half-wave elements in, 198; calcula-
tion of T functions for, 200

analysis of, with three-term theory, 188
conductance of, 205
contour diagrams for directional prop-

erties of, 219, 221, 222
current coefficients for, equations for,

193, 195
diagram of, 191
directivity of, 205-7
element currents in, 191
evaluation of 4* functions for, 195-8
far field of, formulas for, 201-4
front-to-back ratio of, 204
field factor of, referred to current, 203;

referred to voltage, 202
gain of, 205-7; graph of, 231
with half-wave elements in, 198 ff
with identical elements in, analysis of,

with two-term theory, 181; current
distributions on driven element,
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182-4; current distributions on para-
sitic elements, 182, 185; currents in
two elements with fioh = n, 208-11;
driving-point admittance of, 184;
field pattern of, 184

integral equation, for driven element, 192;
for parasitic elements, 192

reactance of, graph of, 232
resistance of, 205; graph of, 232
simultaneous equations for coefficients

for, 193-5; with half-wave elements,
198, 199

three-term theory for, 191 ff
two-term theory for, 181 ff
with one director, 215 ff; computer print-

out for, 217; contour diagrams for,
217, 219; currents in, graphs of, 216;
field pattern of, graph of, 216, 223;
forward gain of, contour diagram of,
219, graph of, 231; input reactance
and resistance, contour diagram of,
219, graph of, 231

with two directors, 223; forward gain of,
graph of, 231; front-to-back ratio of,
graph of, 231; input reactance and
resistance, graph of, 232

with four directors, 219 ff; field pattern
of, 223; forward gain, contour dia-
gram of, 221, graph of, 231; front-

to-back ratio of, contour diagram
of, 221, graph of, 231; input reactance
and resistance, contour diagram of,
222, graph of, 232; phasor diagrams
of currents in, 224, 225

with eight directors, coefficients for
currents in, 226; computer printout
for, 226-30; currents in elements of,
226-9, graphs of, 233, 234; dimen-
sions of array, 226; field pattern of,
230, graph of, 235; front-to-back
ratio of, 230; gain of, forward and
backward, 230; input admittance
and impedance of, 230

two-element, 208-15,223,224; coefficients
for currents in, 212; currents in,
208-12, 214; driving-point ad-
mittance of, 212; driving-point im-
pedance of, 212; field pattern of,
210, 213, 215; front-to-back ratio
of, 212; gain of, 212

three-element, 215-18, 224; currents in,
216; driving-point impedance of, 219,
232; field pattern of, 216, 223; front-
to-back ratio of, 217, 219, 231;
gain of, 219, 231

Yagi-Uda receiving arrays, 232-7; analysis
of, by reciprocal theorem, 235; effect-
ive length of, 237


